
-
-
-
-
-
-
-
-
-
-
-
-
◦
-
-
-
-
-
-C
¾
�
�
K
�
Ø
�
�
L
d
�
-
-
-
-
-
-
◦
-
-
-
-
-
-
-
-
-
-
-
- ¥I�ÆEâ�Æ

2019—2020Æc1�ÆÏ"�ÁÁò

�Á�8: êÆ©ÛB2 �©

Æ)¤3�X: 6¶ ÆÒ

�£10©¤: �f(u, v)3R2þkëY� �ê, -F (α) =

∫ cosα

sinα

f(x+ α, x− α)dx,

¦F ′(α).

ë��YµUCþ�úª¦�§5¿�È¼ê´��¼êf(ξ, η)§Ïd

df

dα
=

df

dξ

dξ

α
+

df

dη

dη

α

�£10©¤:

O�n­È©

∫∫∫
V

(x2 + y2)dxdydz, Ù¥È©«�Vd­¡z = 1
2
(x2 + y2)�

²¡z = 8 ¤�¤.

) ∫ 8

0

dz

∫∫
x2+y2=2z

(x2 + y2)dxdy =

∫ 8

0

dz

∫ 2π

0

dθ

∫ √2z

0

r3dr =
1024π

3

n£10©¤:

O�È©

∫ +∞

0

e−ax − e−bx

x
sinxdx, Ù¥0 < a < b.

)

=

∫ ∞
0

∫ b

a

e−uxdu sinxdx =

∫ b

a

∫ ∞
0

e−ux sinxdxdu =

∫ b

a

1

1 + u2
du

= arctan b− arctan a.

½æ�¦��ª

F ′(b) =

∫ ∞
0

e−bx sinxdx =
1

1 + b2



2È©.

�`²��nd"

o£10©¤:

�n,m > 0, |^Euler È©O�È©

∫ 1

0

xn−1

√
1− xm

dx.

) -t = xm. x = t1/m, dx = 1
m
t1/m−1

=
1

m

∫ 1

0

t
n
m
−1(1− t)

1
2
−1dt =

1

m
B

(
n

m
,
1

2

)
=

1

m

Γ
(
n
m

)
Γ
(

1
2

)
Γ
(
n
m

+ 1
2

)
Ê£10©¤:

O�­¡È©I =

∫∫
Σ

xdydz + ydzdx+ zdxdy, Ù¥Σ ��Î¡

x2 + y2 = 1�z = 0 Úz = 3¤�Ü©�	ý.

)

\XÚ.¿|^Gauss úªS = Σ + S+ + S−∫
S

xdydz + ydzdx+ zdxdy = 9π∫
S−

= 0,

∫
S+

xdydz + ydzdx+ zdxdy =

∫
x2+y2=1

3dxdy = 3π

¤±I = 6π. ½^Ù§�{.

8£10©¤µ

£1¤ò¼êf(x) =


1 , |x| < π

2

0 , π
2
≤ |x| ≤ π

Ðm¤±2π�±Ï�Fourier?ê(L

?ØÙÂñ5).

£2¤©O¦?ê
∞∑
n=0

(−1)n

2n+ 1
Ú
∞∑
n=0

1

(2n+ 1)2
��.

) |^Ûó5bn = 0

£1¤

a0 = 1, an =
1

π

∫ π
2

π
2

cosnxdx =
2

nπ
sin

nπ

2
=

0, n = 2k

2(−1)k

(2k+1)π
n = 2k + 1

1

2
+
∞∑
k=0

2(−1)k

(2k + 1)π
cos(2k + 1)x =


1 |x| < π

2

0 π
2
< |x| ≤ π

1
2

x = ±π
2



£2¤-x = 0
∞∑
k=0

(−1)k

(2k + 1)
=
π

4

3[0, π/2] þÈ©§��^Parseval �ª

∞∑
n=0

1

(2n+ 1)2
=
π2

8

Ô£6©¤µ

Á½Ñ�êλ, ¦e�­¡

F (x, y, z) = xyz − λ = 0, G(x, y, z) =
x2

a2
+
y2

b2
+
z2

c2
− 1 = 0

31���,�:��, =k�Ó��²¡.

) �â��^�

(F ′x, F
′
y, F

′
z) = t(G′x, G

′
yG
′
z)

í�

yz = t
2x

a2
, xz = t

2y

b2
, xy = t

2z

c2
,

ü>©O¦±x, y, z �

λ = t
x2

a2
= t

y2

b2
= t

z2

c2
,

�\�3λ = t, Ïd�:£1���¤

x0 =
a√
3
, y0 =

b√
3
, z0 =

c√
3
,

�\1���§�

λ = x0y0z0 =
abc

3
√

3

l£10©¤µ?Øf(x, y) =


xy√
x2 + y2

, (x, y) 6= (0, 0)

0 , (x, y) = (0, 0)

3(0, 0)?�ëY5Ú��

5.

) ëY5µ�â½Â

|f(x, y)− f(0, 0)| = |x||y|√
x2 + y2

≤ 1

2

x2 + y2√
x2 + y2

≤ 1

2

√
x2 + y2 → 0



��5 µ

Ï3(0, 0)
f(x, 0)− f(0, 0)

x
=
f(0, y)− f(0, 0)

y
= 0

¤±ü� �ê�3�f ′x(0, 0) = f ′y(0, 0) = 0

e��, k

f(x, y) = f(0, 0) + f ′x(0, 0)x+ f ′y(0, 0)y + o(ρ)

¤±
f(x,y)
ρ

= o(ρ)
ρ
→ 0 �´

f(x, y)

ρ
=

xy

x2 + y2

3(0, 0) vk4�§¤±Ø��"

Ê£6©¤µ

�f(x, y), g(x, y)3ü ��U = {(x, y) : x2 + y2 ≤ 1}þk��ëY �ê,

�
∂f

∂y
=
∂g

∂x
, y²µ3ü �±þ�3�:(ξ, η), ¦�f(ξ, η)η = g(ξ, η)ξ.

y² |^Green úªk

0 =

∫∫
D

(g′x − f ′y)dxdy =

∮
f(x, y)dx+ g(x, y)dy

=

∫ 2π

0

(−f(cos θ, sin θ) sin θ + g(cos θ, sin θ) cos θ)dθ.

�È¼êëY, ÏddÈ©¥�úª, �3θ0 ∈ (0, 2π) ¦�

−f(cos θ0, sin θ0) sin θ0 + g(cos θ0, sin θ0) cos θ0 = 0,

P(ξ, η) = (cos θ0, sin θ0), §´�±þ�:§Òk

f(ξ, η)η = g(ξ, η)ξ.

�£6©¤µ

�¼êf(x, y, z)3«�Ω = {(x, y, z) : x2 + y2 + z2 ≤ 1}þäkëY��� 

�ê, �÷v
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
=
√
x2 + y2 + z2, O�

I =

∫∫∫
Ω

(
x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z

)
dxdydz.



) é0 < r < 1, ¥¡x2 + y2 + z2 = r2 �{�þ�~n =
~r

r
, ~r = (x, y, z),

I =

∫∫∫
Ω

(
x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z

)
dxdydz =

∫∫∫
Ω

~r · ∇fdV

=

∫ 1

0

dr

∫∫
x2+y2+z2=r2

~r · ∇fdS =

∫ 1

0

rdr

∫∫
x2+y2+z2=r2

∇f · ~ndS

=

∫ 1

0

rdr

∫∫∫
x2+y2+z2≤r2

∇ · ∇fdV =

∫ 1

0

rdr

∫∫∫
x2+y2+z2≤r2

∆fdV

=

∫ 1

0

rdr

∫∫∫
x2+y2+z2≤r2

√
x2 + y2 + z2dV

|^¥�Ix = ρ sin θ cosϕ, y = ρ sin θ sinϕ, z = ρ cos θ ���È©�

I =

∫ 1

0

rdr

∫ r

0

ρ3dρ

∫ 2π

0

dθ

∫ π

0

sin θdθ =
π

6

��(12©¤µ1. �u = ax+ by, v = cx+ dy, Ù¥

(
a b

c d

)
´��~êÝ
.

y²µé²¡þ?¿�1w£��k��ëY �ê¤êþ|f , k

∂2f

∂u2
+
∂2f

∂v2
=
∂2f

∂x2
+
∂2f

∂y2

2. �C�u = u(x, y), v = v(x, y) k��ëY� �ê. ®�é²¡�?¿1w

êþ|f , e��ª¤á
∂2f

∂u2
+
∂2f

∂v2
=
∂2f

∂x2
+
∂2f

∂y2
.

(1)y²µëêC��JacobiÝ


∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

´��Ý
.

(2)y²µ

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

´~�Ý
"
)�µ

1 ���y.

2(1) ��O���

∂2f

∂x2
= fuuu

2
x + 2fuvuxvx + fvvv

2
x + fu uxx + fv vxx,

∂2f

∂y2
= fuuu

2
y + 2fuvuyvy + fvvv

2
y + fuuyy + fvvyy.



¤±^�Ò�dué?¿êþ|f ,

fuu(u
2
x + u2

y − 1) + 2fuv(uxvx + uyvy) + fvv(v
2
x + v2

y − 1)

+fu(uxx + uyy) + fv(vxx + vyy) = 0.

©O�f = u, f = v, f = u2, f = v2, f = uv�\þª§Ò�

uxx + uyy = 0, vxx + vyy = 0,

u2
x + u2

y − 1 = 0, uxvx + uyvy = 0, v2
x + v2

y − 1 = 0,

Ù¥�n��ªÒíÑJacobiÝ
´��
"

2£2¤ é�ªu2
x + u2

y = 1¦ �§Ò��

uxuxx + uyuxy = 0, uxuxy + uyuyy = 0.

¤±�þ(uxx, uxy)‖(uxy, uyy), ù`²Ý


(
uxx uxy

uxy uyy

)
=

(
uxx uxy

uxy −uxx

)

�1�ª�u0. Ïduxx = uyy = uxy = 0§ù`²u = u(x, y)´(x, y)��g¼ê"

Ón�±y²v´(x, y)��g¼ê"


