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§9.4 �m��¡

9.4.1 ëê�

��m¥��^� Ldëê�§

~r = ~r(t) = x(t)~i + y(t)~j + z(t)~k : [α, β] ⊂ R −→ R3

L«.

1◦ ��þ �þü: M0 ÚM ,§��»�©O´ ~r(t0)Ú ~r(t).

u´
−−−⇀
M0M = ~r(t) − ~r(t0), �

~r(t)−~r(t0)
t−t0

Ò�
−−−⇀
M0M ²1, ¿��ëê�O\��. � t →
t0 �,XJu�þ ~r(t)−~r(t0)

t−t0
�4���3

~r′(t0) = lim
t→t0

~r(t)− ~r(t0)

t− t0
Kd4�Ò¡��3M0 ���þ.

M M0
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ØJwÑ,��þ�����ëêO\���.�3 t0 ���þ�3,

�du ~r(t)���©þ x(t), y(t), z(t)3 t0 ��,�

~r′(t0) = x′(t0)~i + y′(t0)~j + z′(t0)~k

XJ x′(t), y′(t), z′(t)Ñ3 [α, β]þëY,�ØÓ��",K¡� L´1w

�.XJ L�±©¤k�ã,�z�ãÑ´1w�,K L¡�Åã1w�.

XJ L g�Ø��, =é?¿ α 6 t1 < t2 < β, Ñk ~r(t1) 6= ~r(t2), K¡ L

´{ü�½ Jordan�.e ~r(α) = ~r(β),K¡ L´4�.

k
��þ,Ò���3M0 ����§�

x− x(t0)

x′(t0)
=
y − y(t0)

y′(t0)
=
z − z(t0)

z′(t0)
.

�3M0 �{²¡�§�

x′(t0)(x− x(t0)) + y′(t0)(y − y(t0)) + z′(t0)(z − z(t0)) = 0.
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2◦ l� �O�²¡��l��{�

�,(½�m��l�¤¦^��{´:

±S�ò������l����Cq�,

-S�ò��>êÃ�O\,Ù4�Ò½Â�

��l�. ��äkëê�§L«�, ù

��4��±|^½È©?1O�.

A

M

M

M

M

MM

1

2

3

n-1

k
k-1

B

äNL§Xe. 3� Lþ�S�ò� AM1M2 · · ·Mn−1B,©�:

T : α = t0 < t1 < t2 < · · · < ti−1 < ti < · · · < tn−1 < tn = β

��©:´�º:¤éA�ëê�,Kù^ò��o�Ý�

l(T ) =

n∑
i=1

|~r(ti)− ~r(ti−1)|

=

n∑
i=1

√
[x(ti)− x(ti−1)]2 + [y(ti)− y(ti−1)]2 + [z(ti)− z(ti−1)]2.
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éz��©þ©O¦^�©¥�úª��

l(T ) =

n∑
i=1

√
x′2(ξi) + y′2(ηi) + z′2(ζi) ∆ti,

Ù¥ ti−1 < ξi, ηi, ζi < ti, ∆ti = ti−ti−1. 5¿�þª¿Ø´î�� Riemann

Ú�/ª,Ïd·�I���:?�,¦ÙCq�� RiemannÚ.

Ï� x′(t), y′(t), z′(t)´ëY�,¤±

f(ξ, η, ζ) =
√
x′2(ξ) + y′2(η) + z′2(ζ)

´½Â3n�4«m [α, β]3 þ�ëY¼ê, Ïd��ëY, �é?� ε > 0,

�3 δ1 > 0. � ‖T‖ := max
16i6n

∆ti < δ1 �, é?Û (ξi, ηi, ζi) ∈ [ti−1, ti]
3(i =

1, 2, · · · , n)Ñk∣∣∣√x′2(ξi) + y′2(ηi) + z′2(ξi)−
√
x′2(ti) + y′2(ti) + z′2(ti)

∣∣∣ < ε.
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Ï� |~r′(t)| =
√
x′2(t) + y′2(t) + z′2(t),�� ‖T‖ < δ1 �∣∣∣∣∣l(T )−

n∑
i=1

|~r′(ti)|∆ti

∣∣∣∣∣ < ε

n∑
i=1

∆ti = ε(β − α).

�Ò´`, l(T )���î�� RiemannÚ�/ª
∑n

i=1 |~r′(ti)|∆ti ��é�.

qÏ |~r′(t)|3 [α, β]þ�ëY,¤±�È. |~r′(t)|3 [α, β]þ� Riemann

Ú�4��Ò´ |~r′(t)| 3 [α, β] þ�È©. ^/ε − δ0�ó5£ã, Ò´�

3 δ2 > 0,� ‖T‖ < δ2 �∣∣∣∣∣
n∑
i=1

|~r′(ti)|∆ti −
∫ β

α

|~r′(t)|dt

∣∣∣∣∣ < ε.

Ïd,� δ = min(δ1, δ2). u´� ‖T‖ < δ �Òk∣∣∣∣l(T )−
∫ β

α

|~r′(t)|dt
∣∣∣∣ < ε(β − α + 1).
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= L�l��½Â�

s =

∫ β

α

|~r′(t)|dt =

∫ β

α

√
x′2(t) + y′2(t) + z′2(t) dt. (9.1)

�� L ´Åã1w��, �±Åã�Ä��l�, éAþªm>

�È©,�Ò´3 [α, β]þ�©ãÈ©.

XJ²¡�´dwL« y = f(x), x ∈ [a, b]�Ñ,Äk�±r§w¤

´ëêL«�AÏ�¹

~r(x) = (x, f(x), 0), x ∈ [a, b]

Ù¥, x´ëê,Kl�úª�

s =

∫ b

a

|~r′(x)|dx =

∫ b

a

√
1 + f ′2(x)dx.

·�3c¡�Ù!¥Q²�í�Ñù��(J.
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3◦ l�ëê 3 L þ��Ä: M(t), Klå: A �Ä: M(t) �l)
AM ���

s(t) =

∫ t

α

√
x′2(τ ) + y′2(τ ) + z′2(τ ) dτ =

∫ t

α

|~r′(τ )| dτ.

�M 3 LþCz�,l� s = s(t)´��Cþ��È©,Ïd(½
�� t

�¼ê. ù�¼êXe5�µ

Ù�´ s(α) = 0, s(t) > 0£�Ýo´��¤.

Ù�é t¦��
ds

dt
=

√
x′2(t) + y′2(t) + z′2(t) = |~r′(t)|.

Ïd, �� |~r′(t)| 6= 0, ¼ê´î�üNO�£lAÛþw, �XÄ:��?

ò�,�Ýo´î�O\�¤.
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¤±¼ê s = s(t) k�¼ê t = t(s), �Ò´ëê t �±L«¤ s �¼

ê. �\��ëê�§L«,�

~r = ~r(s) = ~r(t(s))

½ö

x = x(s), y = y(s), z = z(s),

�Ò´`,��±^±l� s�ëê�ëê�§5L«.

Ï�l�ëê s ´��AÛþ, §´���¤�k�, Ø�ëêL«

�ØÓUC.Ïd·�rd��k�AÛþl���ëê���ëê

�§L«¡��m��g,�§.
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,��¡,ÏL�©úª

ds =

√
x′2(t) + y′2(t) + z′2(t) dt = |~r′(t)| dt,

k

ds2 = dx2 + dy2 + dz2.

ùÒ´�m��l��©úª. XJr ds w¤´l�����Ý, K

dx, dy, dz ©O´ ds3n��I¶þ�ÝK,Ïdþª�±w¤´��/

ª���½n.

Ï�

d~r = (dx, dy, dz)

¤±

|d~r| = |~r′(t)| · |dt|,

XJ ~r = ~r(s)é s¦�,K∣∣∣∣d~rds
∣∣∣∣ =

∣∣∣∣d~rdt · dtds
∣∣∣∣ = 1.
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½�¤ (
dx

ds

)2

+

(
dy

ds

)2

+

(
dz

ds

)2

= 1.

�Ò´`,3g,ëê�§e, ~r(s)él� s��û´� L3: M(s)

?�ü ��þ, ¿��l� s �O\��. ePù���þ�n���{

u� (cosα, cosβ, cos γ),Kk

dx

ds
= cosα,

dy

ds
= cosβ,

dz

ds
= cos γ.

²¡� ~r = (x(t), y(t))�±w¤AÏ��m� ~r = ~r(x(t), y(t), 0),

dd2g���ã L : ~r = (x(t), y(t)), t ∈ [α, β]�l�úª

s =

∫ β

α

√
x′2(t) + y′2(t) dt.

éuÅã1w�,Ùl��½Â��ã1w�l��Ú.
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4◦ Ç ±eob½�K� L : ~r = ~r(t), α 6 t 6 β äkëY��

��ê.

du��þ ~̇r ´ü �þµ~̇r · ~̇r = 1 ,�k
d

ds
(~̇r · ~̇r) = 2~̇r · ~̈r = 0.

þª`²�� ~̈r 6= ~0, ~̈r Ú��þ ~̇r ´���,Ïd§´ L���{�þ,¡

� L�Ì{�þ. P

~κ = ~̇r × ~̈r,

§� ~̇r �´���,¡Ù� L�B{�þ. ØJwÑ

|~κ| = |~̈r|.
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�� L þ�ã�Ý� ∆s

�l�
)

M1M2,lþ��þo=�

� ∆α. K κ̄ =
∣∣∆α

∆s

∣∣Ò´ù�lã
þü l�=Ä��²þ�, κ̄ �

��Ò£ã
ù�ãl��§

Ý,¡�ùãl�²þÇ.

M1

M2

∆α

ã 9.1

P Lþü: M1 ÚM2 ?�ü ��þ� ~̇r1 Ú ~̇r2,K

|∆α| ≈ |∆~̇r|,

¤±

κ = lim
∆s→0

∣∣∣∣∆α∆s

∣∣∣∣ = lim
∆s→0

∣∣∣∣∣∆~̇r∆s

∣∣∣∣∣ = |~̈r| = |~κ|

Ò½Â���Ç.

|^��ëê�l�ëê�'X,�±í�ÑÇ�6u��ëê�L
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«,Ï�

~̇r =
d~r

ds
=
d~r

dt
·
dt

ds
=
~r′(t)

|~r′(t)|
.

u´Ì{�þ�

~̈r =
d~̇r

ds
=
dt

ds
·
d

dt

~r′(t)

|~r′(t)|

=
1

|~r′(t)|

(
~r′′(t)

|~r′(t)|
+

(
d

dt

1

|~r′(t)|

)
~r′(t)

)
=

1

(~r′(t))2
~r′′(t) +

1

|~r′(t)|

(
d

dt

1

|~r′(t)|

)
~r′(t).

�,, Ì{�þ�L�/ªk
�¡, ØLB{�þ�L�/ªÒ{'

�õ. du ~r′(t)× ~r′(t) = ~0,¤±

~κ = ~̇r × ~̈r =
~r′(t)

|~r′(t)|
× ~̈r =

~r′(t)× ~r′′(t)
|~r′(t)|3

.
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3��ëêL«e,��Ç�L�ª�

κ =
|~r′(t)× ~r′′(t)|
|~r′(t)|3

.

AO,éu��: ~r = ~r(t) = ~r0 + t~v, t ∈ R.w,k ~r′′(t) = ~0,� κ = 0.

��,XJ� L�Çð�",@o§�½´�^��.

� L´ Oxy ²¡þ�ëê�:

x = x(t), y = y(t) (α 6 t 6 b).

�3 Oxyz �m¥ ~r(t) = x(t)~i + y(t)~j,Ïd

~κ =
(x′(t)~i + y′(t)~j)× (x′′(t)~i + y′′(t)~j)

(x′2(t) + y′2(t))3/2

=
x′(t)y′′(t)− x′′(t)y′(t)

(x′2(t) + y′2(t))3/2
~k.

=,B{�þ©ª� z ¶²1. ¡

κ =
x′(t)y′′(t)− x′′(t)y′(t)

(x′2(t) + y′2(t))3/2
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� L �Ç. 5¿, ²¡��

ÇØ�ýé�, κ ��K, ©OL

«�����.

du

x′(t)y′′(t)− x′′(t)y′(t)
x′2(t)

=

(
y′(t)

x′(t)

)′
,

~k

~r′
~r′′

ã 9.2

¤±� κ > 0 �, ���Ç¥O\ª³, ù� ~r′(t), ~r′′(t), ~k ¤m^X,

¤± ~r′′(t)���]��ý.

� κ < 0 �, ���Ç¥~�ª³, ù� ~r′(t), ~r′′(t), ~k ¤�^X, ¤±

~r′′(t)�´���]��ý.

AO,�ëê´l��,Ò��Ì{�þo´���]��ý. ��
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��A~´�dw¼ê y = f(x) (a 6 x 6 b)�Ñ�,

~κ =
f ′′(x)

(1 + f ′2(x))3/2
~k,

κ =
f ′′(x)

(1 + f ′2(x))3/2
.

κ > 0�, f ′′(x) > 0,�¥à/; κ < 0�, f ′′(x) < 0,�¥]/.
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