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(1) ¦¼êu = xyz 3:(1, 2, 1) ÷��~e = (2,−1, 1)����ê.

))) gradu =

(
∂u

∂x
,
∂u

∂y
,
∂u

∂z

)
= (yz, zx, xy),

∂u

∂~e
= gradu

∣∣∣∣
(1,2,1)

· ~e
|~e|

=
5
√

6

6
.

ïÆµ�ÑFÝ�2©;�Ñ���ê�FÝ�'Xúª2�2©;�ª�é(J

2�1©"

(2) ¦L��l :

2x+ y − z − 2 = 0,

3x− 2y − 2z + 1 = 0

��²¡π : 3x+ 2y + 3z − 9 = 0R��²

¡�§.

)))�¤¦²¡�§�λ(2x+ y− z− 2) +µ(3x− 2y− 2z+ 1) = 0,Ù¥λ, µ´Ø�

�"�¢ê.= (2λ+ 3µ)x+ (λ− 2µ)y + (−λ− 2µ)z + (−2λ+ u) = 0.dK¿�

(2λ+3µ, λ−2µ,−λ−2µ)·(3, 2, 3) = 0,l3(2λ+3µ)+2(λ−2µ)+3(−λ−2µ) = 0.

í�µ = 5λ, ?��K¤¦�²¡�§´ 17x− 9y − 11z + 3 = 0.

�Où�K,õ��ÓÆØ¬ùo��§¦�¬k�¦Ñ��l�:�ª�§´
x− 1

−4
=
y − 1

1
=
z − 1

−7
, 2©

,�¦Ñ�¦²¡�{�þ´n1 = s× (3, 2, 3) = (17,−9,−11) 2©

�Ñ�ª�Y 1©

(3) �¼êf(x, y)äkëY��� �ê, f(1, 1) = 1, f ′x(1, 1) = a �f ′y(1, 1) = b,¦

¼êu(x) = f(x, f(x, x))3x = 1?��©.

��� du|(x=1) = (a+ ab+ b2) dx. ïÆ:

-t = f(x, x), K dt

∣∣∣∣
x=1

= f ′1dx+ f ′2dx = (a+ b)dx 2©

du

∣∣∣∣
x=1

= f ′1

∣∣∣∣
x=1

dx+ f ′2

∣∣∣∣
x=1

dt = adx+ b dt = (a+ ab+ b2) dx 3©
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(4) ¦I =

∫ 1

0

dy

∫ π

0

x cosxy dx.

))) -D = [0, π]× [0, 1],

I =

∫∫
D

x cosxydxdy =

∫ π

0

dx

∫ 1

0

x cosxy dy =

∫ π

0

sinxdx = 2.

ïÆµ��È©gS�3©,�é(J2�2©.

(5) ®�z = z(x, y)´d�§f(yz, y − x) = 0¤(½�Û¼ê,Ù¥fäkëY���

 �ê,�f ′1(yz, y − x) 6= 0,¦
∂z

∂x
Ú
∂z

∂y
.

)))-F (x, y, z) = f(yz, y − x), KF ′x = f ′1 · 0 + f ′2 · (−1) = −f ′2; F ′y = zf ′1 + f ′2;

F ′z = yf ′1. Ïd

∂z

∂x
= −F

′
x

F ′z
=

f ′2
yf ′1

,
∂z

∂y
= −

F ′y
F ′z

= −zf
′
1 + f ′2
yf ′1

.

ïÆ:ù�K�Ú½o�5��ª§zª1©"

(6) O�I =

∫∫
D

1 + xy

1 + x2 + y2
dxdy, Ù¥«�D = {(x, y)|x2 + y2 ≤ 1, x ≥ 0}.

))) «�D'ux¶é¡,PD1 : 0 ≤ θ ≤ π

2
, 0 ≤ r ≤ 1,dÛóé¡5,��

I =

∫∫
D

1

1 + x2 + y2
dxdy + 0 = 2

∫∫
D1

r

1 + r2
drdθ = 2

∫ π
2

0

dθ

∫ 1

0

r

1 + r2
dr =

ln 2

2
π. ïÆµ|^
Ûó5z{�1©¶�¡|^4�I���2©§�ª�é

(J2�2©.

(7) I = [1, 2]× [3, 4]þkëY��� �ê,¦È©I =

∫∫
I

∂2f

∂x∂y
dxdy.

��� I = f(2, 4) + f(1, 3)− f(1, 4)− f(2, 3).

ïÆ:

I
2©

===

∫ 2

1

dx

∫ 4

3

∂

∂y
(f ′x)dy

2©
===

∫ 2

1

(f ′x(x, 4)−f ′x(x, 3))dx
1©

=== (f(x, 4)−f(x, 3))

∣∣∣∣2
1

.
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�!(10 ©)¦¼êz = (x2 + y)e2x+y�4�.

)))
∂z

∂x
= 2(x2 + y + x)e2x+y = 0,

∂z

∂y
= 2(x2 + y + 1)e2x+y = 0 �7:(1,−2), 4©

?�Úk

A =
∂2z

∂2x

∣∣∣∣
(1,−2)

= 6, B =
∂2z

∂x∂y

∣∣∣∣
(1,−2)

= 2,
∂2z

∂2y

∣∣∣∣
(1,−2)

= 1,

4©

KAC −B2 > 0,�A > 0, �4���z(1,−2) = −1. 2©

n!(12 ©) O�I =

∫∫∫
V

(x2 + y2)dxdydz,Ù¥Vdx2 + y2 = z2�²¡z = 1¤�¤.

)))I =

∫ 1

0

dz

∫∫
x2+y2≤z2

(x2 + y2)dxdy =

∫ 1

0

dz

∫ 2π

0

dθ

∫ z

0

r2r dr =
π

10
.

ïÆ: �Ñ��¡�ªf�4©, 3�¡þ^4�I��2�4©§�ª�é(J2

�4©.

o!( 10 ©)�f(x, y) =


x2y2

(x2 + y2)3/2
, x2 + y2 6= 0,

0, x2 + y2 = 0.

¦f(x, y)3:(0, 0)÷��~e = (cos θ, sin θ)����ê,Ù¥θ ∈ [0, 2π),¿y²f3(0, 0)?

Ø��.

)))
∂f

∂~e

∣∣∣∣
(0,0)

= lim
t→0

f(0 + t cos θ, 0 + t sin θ)− f(0, 0)

t

= lim
t→0

1

t

(t cos θ)2(t sin θ)2

((t cos θ)2 + (t sin θ)2)3/2

= lim
t→0

t4 cos2 θ sin2 θ

t|t3|
.

4©

¤±f�U3θ = 0,
π

2
, π,

3π

2
��þ�3���ê,����0. 2©

w,f ′x(0, 0) = f ′y(0, 0) = 0,�ef(x, y)3(0, 0)?��,dúª
∂f

∂~e

∣∣∣∣
(0,0)

= f ′x(0, 0) cos θ+

f ′y(0, 0) sin θ = 0,gñ! 4©

Ê!(12 ©)O�^=�Ô¡z = x2 + y2�²¡z = 2x¤�¤��m«�Ω�NÈ.

))) Ω3xoy²¡þ�ÝK«�D´(x− 1)2 + y2 = 1�¤���,Ù4�IL«�:

x = r cos θ, y = r sin θ,Ù¥− π

2
≤ θ ≤ π

2
, 0 ≤ r ≤ 2 cos θ. 2©
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¤±

V
3©

===

∫∫
D

(2x− (x2 + y2))dxdy
2©

===

∫∫
−π

2 ≤θ≤π
2

0≤r≤2 cos θ.

(2r cos θ − r2)r dr dθ

2©
===

∫ π
2

−π
2

dθ

∫ 2 cos θ

0

(2r cos θ − r2)r dr
2©

===
8

3

∫ π
2

0

cos4 θ dθ
1©

===
π

2
.

8!(12 ©) �Ω : x2 + y2 + z2 ≤ 1, ¦y

(4
√

2− 4)π

3
≤
∫∫∫

Ω

√
x2 + 2y − 2z + 3dxdydz ≤ (4

√
2 + 4)π

3
.

yyy �f(x, y, z) = x2 + 2y − 2z + 3,duf ′y = 2 6= 0, f ′z = −2 6= 0.¤±¼êf3«�Ω�

SÜÃ7:,73>.þ����. 2©

-F (x, y, z, λ) = x2 + 2y − 2z + 3 + λ(x2 + y2 + z2 − 1). 1©

d



F ′x = 2x+ 2λx = 0,

F ′y = 2 + 2λy = 0,

F ′z = −2 + 2λz = 0,

x2 + y2 + z2 = 1

2©

�Ñ7:� P1 =

(
0,−
√

2

2
,

√
2

2

)
,P2 =

(
0,

√
2

2
,−
√

2

2

)
. 2©

f(P1) = 3−2
√

2,f(P2) = 3 +2
√

2,¤±f(x, y, z)34«�Ωþ�����3−2
√

2,�

���3 + 2
√

2. w,,f�
√
fk�Ó���:,¤±

√
f����´

√
2 − 1,���

�
√

2 + 1. 2©

¤±k

(4
√

2− 4)π

3
=

∫∫∫
Ω

(
√

2−1) dv ≤
∫∫∫

Ω

√
x2 + 2y − 2z + 5 dv ≤

∫∫∫
Ω

(
√

2+1) dv =
(4
√

2 + 4)π

3
.

3©

Ô!(9 ©)�f(x, y)3D = {(x, y)|x2 + y2 ≤ 1}þkëY��� �ê, ¿÷

vf(0, 0) = f ′x(0, 0) = f ′y(0, 0) = 0 ±9(f ′′xx)
2 + 2(f ′′xy)

2 + (f ′′yy)
2 ≤ 1.

¦y:

∣∣∣∣∣∣
∫∫
D

f(x, y)dxdy

∣∣∣∣∣∣ ≤ π

4
.
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yyy 3:(0, 0)Ðmf(x, y)� f(x, y) =
1

2

(
x2∂

2f

∂x2
+ 2xy

∂2f

∂x∂y
+ y2∂

2f

∂y2

) ∣∣∣∣
(θx,θy)

,Ù¥θ ∈

(0, 1). 3©

P(u, v, w) =

(
∂2f

∂x2
,
√

2
∂2f

∂x∂y
,
∂2f

∂x2

) ∣∣∣∣
(θx,θy)

,K

f(x, y) =
1

2
(ux2 + 2vxy + wy2).

du||(u, v, w)|| =
√

(f ′′xx)
2 + 2(f ′′xy)

2 + (f ′′yy)
2 ≤ 19||(x2,

√
2xy, y2)|| = x2 + y2,u´|

^Cauchy-SchwarzØ�ªk

|(u, v, w) · (x2,
√

2xy, y2)| ≤ x2 + y2,

=|f(x, y)| ≤ 1

2
(x2 + y2). 3©

l∣∣∣∣∣∣
∫∫
D

f(x, y)dxdy

∣∣∣∣∣∣ ≤ 1

2

∫∫
D

(x2 + y2)dxdy =
1

2

∫∫
0≤r≤1
0≤θ≤1

r2 · r dr dθ

=
1

2

∫ 2π

0

dθ

∫ 1

0

r3 dr =
π

4
.

3©

1 5 � , � 5 �




