
Ä�Vg ©lCþ{ àg�§ �zàg�§ ���5�§

1 6 Ù �©�§ÐÚ

§6.1 �©�§Ä�Vg

éXX��gCþ x� (��)¼ê y 9Ù�û y′, y′′, · · · , y(n) �'X

ª (�§)

F (x, y, y′, y′′, · · · , y(n)) = 0

¡�(~)�©�§. �§¥¤¹��¼ê�û��p�ê n,¡�ù��§�

�. e�§'u y, y′, · · · , y(n) þ´�g�, �Ø¹§��m�¦È, =�§

/ª´

an(x)y(n) + an−1(x)y(n−1) + · · · + a1(x)y′ + a0(x)y = b(x), an(x) 6≡ 0.

K¡Ù� (n�)�5�©�§,AO� b(x) ≡ 0�,�§¡�àg�5�©

�§. ��¼ê y = y(x) ¡��©�§�), XJ§U÷vT�§. Ïd�

�½�§�,�Ä��¯��,´¦Ñ�§�),=��¼ê y = y(x).
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Ä�Vg ©lCþ{ àg�§ �zàg�§ ���5�§

�©�§3êÆÚÙ¦g,�Æ (ÔnÆ!zÆ!)ÔÆ!U©Æ)¥´

ÊH�3�. Ï�g,.¥Cþ9ÙCzÇ�m  ´*d�éX�, ò

ù«éX^êÆ�ªL�Ñ5,Ò�)�� (½A�)�©�§.

Newton Ä�½Æ �:��þ m ¦±$Ä�\�Ý�u�:¤É�

	å. XJÀ½�I,��:3�� t�ål (½ �)� x(t),¤É�	å�

F (x(t)),K x(t)÷v Newton�§

F (x(t)) = mẍ(t)

Ï~,3åÆ¥^ ẋ, ẍ©OL«é�m t���Ú���ê.

�{ü�~f´gdáN�$Ä,§÷v

ẍ(t) = −g (g ´å\�Ý)

±9�:÷ x¶��5å.��:�$Ä,d��:� �¼ê x(t)÷v

mẍ(t) = −kx(t) (k ´�5Xê)
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~ 1 �±¯K b�,[ÌlÕ1�± 50 ��	�, �Õ1c|Ç

5%,T[ÌÀJz����±,¿Oy 10c���±. Á¯z�I�±õ�?
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~ 1 �±¯K b�,[ÌlÕ1�± 50 ��	�, �Õ1c|Ç

5%,T[ÌÀJz����±,¿Oy 10c���±. Á¯z�I�±õ�?

) �T[Ì3 t���j±W (t)�,b� t´ëYCþ. òc|Ç=

z��|Ç r = 0.05
12
.�z��± k �,Kü �mS (z��S)W (t)�C

zþ�uj±�)�|E����±��,=

dW

dt
= rW − k.

dT¯K�¢S�¹�,W (t)A÷v^�ü�

W
∣∣
t=0

= 500 000, W
∣∣
t=120

= 0

d�§���)�

W (t) = Cert +
k

r
(C �~ê).

�\ü�^�Ò�¦�

k = 500 000
re120r

e120r − 1
≈ 5294.78�.
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��5`�©�§)��êØ��. kõ�)��§¡��½�§. ~

X,�{ü����§

y′ = f(x)

§�)�½´e�/ª

y =

∫
f(x)dx = F (x) + C,

Ù¥ F (x) ´ f(x) ?��(½��¼ê, C ´?¿~ê. =é?¿�~ê,

F (x) + C Ñ´�§�). �¡ù�/ª�)��§�Ï).XJ¯k�¦¤

¦�)3��A½�: x0 ÷v y(x0) = α,KÎÜ�¦�)´���

y(x) =

∫ x

x0

f(x)dx + α

¡��§���A).
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éu��/ª����©�§

F (x, y, y′) = 0

XJvk?Û�¦,§�)���¹k��?¿~ê C,Ï~L«�Ûª

Φ(x, y, C) = 0

¡��§�ÏÈ©. elÏÈ©¥�)Ñ y ���w¼ê y = y(x,C)Ò�

��§�Ï).

éu��/ª� n��©�§

F (x, y, y′, y′′, · · · , y(n)) = 0

ÏÈ©½Ï)�¹Â�þ¡�aq, Ù¥�¹X n �Õá, =*dØUÜ¿

�?¿~ê. e�Ð©^�

y(x0) = y0, y
′(x0) = y′0, · · · , y

(n−1)(x0) = y
(n−1)
0 .

��5`û½
�§���A).
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�©�§�½)^� (Ð©^�½Ù§^�)éáÒ����½)¯K.

�3¢S¯K¥, �©�§�ïá, Ñ´384¯K����Ñ
�
g�

Ï�����êÆ�., �±`´¢S¯K�n�z½{z. ¤���)�

=´é¯K��«Cq£ã. Ï~�Ä½)¯KI�(½±en�¯K:

(1)½)¯K´Ä���3��),=�35;

(2)½)¯K´Ä�õ�k��),=��5;

(3))´ÄëY�6u¤�Ð©^�Úëê,=ëY�65.

¦�©�§�), ´����(JÚE,�¯K. �lþ¡��
äN

~fwÑ,¦)�L§Ò´��È©�L§. ¤±��©�§�ÏÈ© (½Ï

)) U
^Ð�¼ê9Ð�¼ê�Ø½È©5L«, K¡�§��È�©�

§,�Ñù«)��{¡�Ð�È©{.

6/22

‖J I‖ J I �£ �¶ '4 òÑ



Ä�Vg ©lCþ{ àg�§ �zàg�§ ���5�§

§6.2 ���©�§

6.2.1 ©lCþ{

·��Ä/X
dy

dx
= f(x, y) (6.1)

����§. =B´ù�{ü��§,¦)�´��(J�¯�.��§äk

,«AÏa.�,K´u^Ð�È©{)û.

e f(x, y) = g(x)h(y),ùp g, h©O´ xÚ y �ëY¼ê,� h(y)Ø

ð�". K�§�
dy

dx
= g(x)h(y). (6.2)

ù� (©lCþ)z�

dy

h(y)
= g(x)dx. (6.3)

7/22

‖J I‖ J I �£ �¶ '4 òÑ



Ä�Vg ©lCþ{ àg�§ �zàg�§ ���5�§

·�5¿,�â���©/ª�ØC5,e y �gCþ�k∫
dy

h(y)
= H(y) + C,

K� y ´ x���¼ê�, �ªE,¤á. ¤±, 3 (6.3)ªü>©O¦'u

y Ú x�Ø½È©,�Ñ

H(y) =

∫
g(x) dx = G(x) + C, (6.4)

Ù¥G(x)´ g(x)����¼ê, C ´?¿~ê. ùÒ´�§ (6.2)�ÏÈ©.

5¿, é h(y) �?�":: h(a) = 0, ~�¼ê y = a w,´�§ (6.2)

�). ù
),   3©lCþ (= (6.2) z� (6.3)) �¿�, �k�ØU�¹

3ÏÈ© (6.4)¥,�Aòù��)Öþ.

·�w�,�§ (6.2)¥,�òÙ¥ x�¼ê� dx�u�ª�>,ò y

�¼ê� dy �u�ª�,�>, lü>��g¦Ø½È©. ù���§

¡��©lCþ��§,ù�){�¡�©lCþ{.
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~ 2 ¦)�§
dy

dx
= −

x

y
.
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~ 2 ¦)�§
dy

dx
= −

x

y
.

) ò�§©lCþ�,k

ydy = −xdx.

üà¦ (Ø½)È©,��§�ÏÈ©

y2 = −x2 + C,

=,

x2 + y2 = C (C �?¿�K~ê),

T�§�È©�,3 Oxy �IX¥,L«�´±�:��%�Ó%�x.
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~ 3 ¦)�§

(1 + x2)ydy +
√

1− y2dx = 0.
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~ 3 ¦)�§

(1 + x2)ydy +
√

1− y2dx = 0.

) � 1− y2 6= 0�,©lCþ�,�§�U�¤�

−
ydy√
1− y2

=
dx

1 + x2
.

ü>È©,��§�ÏÈ©�√
1− y2 = arctanx + C (C �?¿~ê).

q y = ±1Ñ´��§�),�AÖþ. Ïdù��§�)´√
1− y2 − arctanx = C 9 y = ±1.
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6.2.2 àg�§

k
�§��ØU��©lCþ, ��·�����, �^©lCþ{

¦). ¤¢�àg�©�§Ò´ù���a�§.

��¼ê f(x, y)¡� ngàg¼ê,XJé,���S� x, y � tk

f(tx, ty) = tnf(x, y).

���©�§

P (x, y)dx +Q(x, y)dy = 0

¡�àg�,XJ¼ê P Ú Q´Óg�àg¼ê. y3 P (x,y)
Q(x,y)

´ 0gàg¼

ê,Ïd§��� ϕ
(
y
x

)
�/ª. u´þã�àg�©�§�z�/ª

dy

dx
= ϕ

(y
x

)
. (6.5)

�
)�§ (6.5). ·�Ú\#���¼ê

u =
y

x
.
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K y = ux,l
dy

dx
= u + x

du

dx
.

u´�§ (6.5)C¤

x
du

dx
= ϕ(u)− u. (6.6)

�§ (6.6)�©lCþ,¤�

du

ϕ(u)− u
=
dx

x
.

ü>È©,�� ∫
du

ϕ(u)− u
= ln |x| + C.

¦Ñþª�>�Ø½È©�,2^ y
x
��Ù¥� u,=��§ (6.5)�ÏÈ©.

5¿,e ϕ(u)− uk��¢": u0,K y = u0xÒ´¿����A),A�

Öþ.
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~ 4 ¦)�§
dy

dx
=
x + y

x− y
.
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~ 4 ¦)�§
dy

dx
=
x + y

x− y
.

) ù´��àg�§,3Ù¥- y = ux,¿©lCþ,�Ñ
1− u
1 + u2

du =
dx

x
,

È©�

arctanu−
1

2
ln(1 + u2) = ln |x| + C1,

òu = y
x
�\þª,�Ñ��§�ÏÈ©�√

x2 + y2 = Cearctan y
x, Ù¥ C = e−C1.

eæ^4�I,KþãÏÈ©��¤

r = Ceθ,

ùL«²¡þ�x±�:�%�éêÚ�.
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~ 5 ¦)�§ xdy = (y +
√
x2 + y2)dx.
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~ 5 ¦)�§ xdy = (y +
√
x2 + y2)dx.

) x ≡ 0´��).éu x > 0��/,d���§�z�

dy

dx
=
y

x
+

√
1 +

(y
x

)2

,

ù´��àg�§. ��� y = ux,�

x
du

dx
=
√

1 + u2, =
du

√
1 + u2

=
dx

x
.

È©�� ln(u +
√

1 + u2) = lnx + C1,Ù¥ C1 ´?¿~ê. ± u = y
x
�\

dª,��¤��©�§�ÏÈ©

y +
√
x2 + y2 = Cx2, Ù¥ C = eC1 > 0.

dd�)ÑÏ)

y =
1

2

(
Cx2 −

1

C

)
.

� x < 0 �, �¦��þ¡�Ó�(J. ���§�)� y = 1
2

(
Cx2 − 1

C

)
,

Ù¥ C > 0´~ê,±9 x ≡ 0.
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6.2.3 �z�àg�§��§

�©�§

dy

dx
= f

(
a1x + b1y + c1

a2x + b2y + c2

)
, a1b2 − a2b1 6= 0 (6.7)

�±z�àg�©�§5¦).
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6.2.3 �z�àg�§��§

�©�§

dy

dx
= f

(
a1x + b1y + c1

a2x + b2y + c2

)
, a1b2 − a2b1 6= 0 (6.7)

�±z�àg�©�§5¦).

�{´ÀJ~ê d1 Ú d2 ¦�

a1d1 + b1d2 + c1 = 0,

a2d1 + b2d2 + c2 = 0

Ï� a1b2−a2b1 6= 0,¤±ù�� d1, d2´�3�. ,��²£C� x = ξ+d1,

y = η + d2,�§ (6.7)Òz�

dη

dξ
= f

(
a1ξ + b1η

a2ξ + b2η

)
, (6.8)

ù´àg�©�§.
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~ 6 ¦)�§
dy

dx
=
−7x + 3y + 7

3x− 7y − 3
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~ 6 ¦)�§
dy

dx
=
−7x + 3y + 7

3x− 7y − 3

) �²£C� ξ = x− 1, η = y,K�§C�
dη

dξ
=
−7ξ + 3η

3ξ − 7η
.ù´à

g�©�§. 2- u = η
ξ
,K�§C� u + ξ

du

dξ
=
−7 + 3u

3− 7u
,=,

ξ
du

dξ
=

7(u2 − 1)

3− 7u
.

©lCþ�,�§�±�¤(
−2

1

u− 1
− 5

1

u + 1

)
du =

7

ξ
dξ.

ü>È©��

−2 ln |u− 1| − 5 ln |u + 1| = 7 ln |ξ| + C1

=,

|ξ|7|u− 1|2|u + 1|5 = e−C1.
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Ïdk

ξ7(u− 1)2(u + 1)5 = C2,

=,

(y − x + 1)2(y + x− 1)5 = C2,

Ù¥ C2 ´�"~ê. du u = ±1,=, y − x + 1 = 0½ y + x− 1 = 0�´

�§�),¤±��§�)´

(y − x + 1)2(y + x− 1)5 = C,

Ù¥ C ´?¿~ê.
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6.2.4 ���5�§

���5�©�§�IO/ª´
dy

dx
+ p(x)y = f(x). (6.9)

Ù¥ p(x)Ú f(x)´ëY¼ê. e f(x) ≡ 0,K�§¡���àg�5�§;

ÄK,¡��àg�5�§. éuàg�§
dy

dx
+ p(x)y = 0 (6.10)

©lCþ����
dy

y
= −p(x)dx,

È©��� ln |y| = −P (x) + C1, 5¿ y = 0 �´ (6.10) ���), Ïd

(6.10)�Ï)´

y = Ce−P (x),

Ù¥ P (x)´ p(x)����¼ê, C ´?¿~ê.
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éu�àg�5�§ (6.9), ·�3§ü>¦±Ïf eP (x) (P (x) ´ p(x)

����¼ê),�� (
yeP (x)

)′
= f(x)eP (x),

ü>È©�� (6.9)�Ï)�

y = e−P (x)

(∫
f(x)eP (x) dx + C

)
.

5¿þ¡ù�Ï)�±©�ü��Ú,��´àg�§�Ï) Ce−P (x),

,��´

e−P (x)

∫
f(x)eP (x) dx

§´�àg�§���A),ù�A)qT´òàg�§�Ï)¥�~ê

C C� C(x) =
∫
f(x)eP (x) dx���. LagrangeddJÑ�«¦�àg�§

A)�~êC´{: òàg�§�Ï)¥�~ê C C� x �¼ê C(x), 2

ò��\�àg�§)Ñ C(x).
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~ 7 ¦)�§ (2y2 + y − x)dy − ydx = 0.
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~ 7 ¦)�§ (2y2 + y − x)dy − ydx = 0.

) éuù��§,XJò y w¤´ x�¼ê,K�§Ø´�5�,�X

Jò xw¤´ y �¼ê,K�§�±�¤�5�§
dx

dy
+

1

y
· x = 1 + 2y.

Ï� 1
y
����¼ê´ ln y,¤±�§�ÏÈ©´

x = e− ln y

(∫
(1 + 2y)eln y dy + C

)
=

1

y

(∫
(y + 2y2) dy + C

)
=

1

2
y +

2

3
y2 +

C

y
.

5¿, y = 0 �´��§���), §¿Ø�¹3ÏÈ©¥, AÖþ. ���

§�)�

x =
1

2
y +

2

3
y2 +

C

y
9 y = 0,

Ù¥ C ´?¿~ê.
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k
���§, ¿Ø´�5�§, ��±ÏL·����z��5�§,

~X,e¡� Bernoulli (Ëã|)�§:

dy

dx
+ p(x)y = q(x)yn, n�Ø�u 0, 1�¢ê.

éuù��§,�æ^e¡��{: k± yn Ø�§�ü>,�

y−n
dy

dx
+ p(x)y1−n = q(x),

2��� u = y1−n,K�§z�'u��Cþ u��5�§
du

dx
+ (1− n)p(x)u = (1− n)q(x).

ù�ÒN´¦ÑËã|�§�Ï).
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~ 8 ¦)�§
dy

dx
= xy + x3y3.
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~ 8 ¦)�§
dy

dx
= xy + x3y3.

) ù´Ëã|�§,��� u = y−2,ò§z��5�§
du

dx
+ 2ux = −2x3,

ÙÏ)´¦Ñ� u = 1− x2 + Ce−x
2
,���§�ÏÈ©´

1

y2
= 1− x2 + Ce−x

2

,

�k��A) y = 0.
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