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7.1.5 Ã¡¦È∗

� p1, p2, · · · ´���"¢ê�. ¡
∞∏
n=1

pn = p1p2 · · · pn · · ·

���Ã¡¦È.¡

Pn =

n∏
k=1

pk = p1p2 · · · pn

�ù�Ã¡¤1�c n�Ü©¦È.eê� {Pn}Âñuê P,� P 6= 0,

K¡ù�Ã¡¦È´Âñ�,P�
∞∏
n=1

pn = P.

eê� {Pn}uÑ½öÂñu 0,K¡ù�Ã¡¦È´uÑ�.
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~ 1 Ã¡¦È
∞∏
n=1

(
1− 1

(n+1)2

)
Âñu 1

2
.

y² Ï�

Pn =

n∏
k=1

(
1−

1

(k + 1)2

)
=

n∏
k=1

k(k + 2)

(k + 1)2

=
1 · 3
2 · 2
·
2 · 4
3 · 3
· · ·

n(n + 2)

(n + 1)(n + 1)

=
n + 2

2(n + 1)
→

1

2
(n→∞),

¤±
∞∏
n=1

(
1−

1

(n + 1)2

)
=

1

2
.

5 EulerQ��

sin(πx)

πx
=

∞∏
n=1

(
1−

x2

n2

)
.
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~ 2 � |x| < 1�,
∞∏
n=1

(
1 + x2n−1

)
= 1

1−x.

y² Ï�

Pn = (1 + x)(1 + x2)(1 + x4) · · ·
(
1 + x2n−1

)
=

(1− x)(1 + x)(1 + x2)(1 + x4) · · ·
(
1 + x2n−1

)
1− x

=
1− x2n

1− x

→
1

1− x
(n→∞),

¤±
∞∏
n=1

(
1 + x2n−1

)
= 1

1−x.
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~ 3 Ã¡¦È
∞∏
n=1

(2n)2

(2n− 1)(2n + 1)
Âñ.

y² Ï� (2n)2

(2n−1)(2n+1)
> 1, ¤± Pn =

∏n
k=1

(2k)2

(2k−1)(2k+1)
´î�4Oê

�. ,	,

Pn =

n∏
k=1

(2k)2

(2k − 1)(2k + 1)
=

n∏
k=1

(2k)2

2k − 1

n∏
k=1

1

2k + 1

=

n∏
k=1

(2k)2

2k − 1

n+1∏
k=2

1

2k − 1

=
1

2n + 1

n∏
k=1

(
2k

2k − 1

)2

.

Ïd

lnPn = 2 ln

n∏
k=1

2k

2k − 1
− ln(2n + 1).
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du

ln

n∏
k=1

2k

2k − 1
=

n∑
k=1

ln

(
1 +

1

2k − 1

)
<

n∑
k=1

1

2k − 1

=

n∑
k=2

∫ k

k−1

1

2k − 1
dx + 1

<

n∑
k=2

∫ k

k−1

1

2x− 1
dx + 1

=

∫ n

1

1

2x− 1
dx + 1

=
1

2
ln(2n− 1) + 1.

Ïd lnPn < ln 2n−1
2n+1

+ 2 < 2.ù`² Pn k.. � {Pn}Âñ.

±�·�¬y²TÃ¡¦ÈÂñ� π
2
.
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½n 1 Ã¡¦È
∞∏
n=1

pn Âñ�7�^�´ lim
n→∞

pn = 1.

y² �
∞∏
n=1

pn Âñu P 6= 0.Kéu Pn = p1p2 · · · pn k

lim
n→∞

Pn = P.

Ïd lim
n→∞

pn = lim
n→∞

Pn

Pn−1
= 1.

~ 4 Ã¡¦È
∞∏
n=1

(
1 +

1

n

)
uÑ.

y² Ï�

Pn =

n∏
k=1

(
1 +

1

k

)
= 2 ·

3

2
·
4

3
· · ·

n + 1

n
= n + 1→ +∞,

¤±TÃ¡¦ÈuÑ.
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½n 2 � an > −1. KÃ¡¦È
∞∏
n=1

(1 + an) Âñ�¿©7�^�´?ê

∞∑
k=1

ln(1 + an)Âñ. 3Âñ�,XJT?ê�Ú� S,K

∞∏
n=1

(1 + an) = eS.

y²
∞∏
n=1

(1+an)Âñu p > 0�du Pn = (1+a1)(1+a2) · · · (1+an)

Âñu p,�du lnPn Âñu ln p.=
∞∑
n=1

ln(1 + an)

Âñu ln p.Âñ�,k ln p = S,=, p = eS.

±�Ø��Ã¡¦È�Ï� pn = 1 + an ÷v an > −1.
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½n 3 el,�åÑk an > 0 (½ö an < 0), @oÃ¡¦È
∞∏
n=1

(1 + an)

�?ê
∞∑
n=1

an k�Ó�ñÑ5.

y² ÃØ
∞∏
n=1

(1 + an)�?ê
∞∑
n=1

an=�Âñ,Ñk lim
n→∞

an = 0.Ïd

Ø�� lim
n→∞

an = 0.d�k

lim
n→∞

ln(1 + an)

an
= 1.

Ø��l,�m©k an > 0.d��?ê�'��O{�4�/ª�,?ê
∞∑
k=1

ln(1 + an)�

∞∑
n=1

an k�Ó�ñÑ5. 2�â½n 2,��
∞∏
n=1

(1 + an)�

?ê
∞∑
n=1

an k�Ó�ñÑ5.
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½n 4 e?ê
∞∑
n=1

a2
n Âñ,@oÃ¡¦È

∞∏
n=1

(1 + an)�?ê
∞∑
n=1

an k�

Ó�ñÑ5.

y² Ï�

∞∑
n=1

a2
n Âñ,¤± lim

n→∞
an = 0.Ïd,

lim
n→∞

an − ln(1 + an)

a2
n

=
1

2
.

d��?ê�'��O{�4�/ª�, ?ê
∞∑
k=1

(an − ln(1 + an)) Âñ.

Ï?ê
∞∑
k=1

ln(1 + an) �

∞∑
n=1

an k�Ó�ñÑ5. 2�â½n 2, ��

∞∏
n=1

(1 + an)�?ê
∞∑
n=1

an k�Ó�ñÑ5.
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5þ¡�½n¥,^� “

∞∑
n=1

a2
n Âñ”Ø��K.

~ 5 � an =
(−1)n−1
√
n

.K

∞∑
n=1

an Âñ.

∵ ln(1 + an) = an −
1

2
a2
n +

1

3
a3
n −

1

4
a4
n + o(a4

n),

∴ lim
n→∞

an − 1
2
a2
n + 1

3
a3
n − ln(1 + an)

a4
n

=
1

4
.

d��?ê�'��O{�4�/ª�,?ê
∞∑
n=1

(
an −

1

2
a2
n +

1

3
a3
n − ln(1 + an)

)
Âñ,Ï?ê

∞∑
k=1

ln(1 + an)
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�?ê
∞∑
k=1

(
an −

1

2
a2
n +

1

3
a3
n

)
ÓñÑ.5¿�

∞∑
n=1

an �

∞∑
n=1

a3
n Âñ,�´

∞∑
n=1

a2
n uÑ,Ïd,

∞∑
k=1

(
an −

1

2
a2
n +

1

3
a3
n

)

uÑ.�,

∞∑
k=1

ln(1 + an)uÑ.���â½n 2,��
∞∏
n=1

(1 + an)uÑ.
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e

∞∏
n=1

(1 + |an|)Âñ,K¡
∞∏
n=1

(1 + an)ýéÂñ.

½n 5 e

∞∏
n=1

(1 + an)ýéÂñ,@o§�½Âñ.

y² �
∞∏
n=1

(1 + an)ýéÂñ,=,

∞∏
n=1

(1 + |an|)

Âñ, Kk

∞∑
n=1

|an|. �â'��O{��
∞∑
k=1

| ln(1 + an)| Âñ. ù�íÑ

∞∑
k=1

ln(1 + an).�â½n 2,��
∞∏
n=1

(1 + an)Âñ.
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