3| Measures

| -4 2i9) /
tn)eu;iov\ i ﬁg §M»Yj6<—ﬁ°" “/1%55 bU’Cctivn X §3 .
f(u) mog e f"(%) Flofmaje,

2. Measure should *

0, Coum'talole, additll/'l‘(j ond honnegative

(’}7 W\dcmge -fOY Y"gioimo’c'wn

® I Br(x), St. the meamsure of Bruxy 70

@ There could be some sets that can’t be measured.

3.Can't be measuyed.

Meosure : M1db — Co+oo) satictied . _

DY Ui, Ua, - Usa, - o(isjoiv\teol, then Au( fé, Un ) = %,a(ua)
® If Vis o vigidk motion thenttl V(L)) =0 ( W),

@) IBp(%y | St MLBy (%)) 7 0.

De { X~y @ XY EQ, Ttis well-defined.

x)=%yere, 3 |Yy~x

We pick & Yo from every LRI, [ond= U Tl

EN

Then A:ag\wds HA+B) = mLA). fE Q.

Then Lo, 3T U A+j& C Cne)
P»é&ﬂ[on

=) - =) — < S .
| s /{"(Emo,oﬁ*ﬁ ) €3 =D 1l T ULA)
So A Caw/t he W\QCAGWYed.

4. An a(gébm of Sets on X is & honempty collection A of
subsets of X that is clesed under finite unions and complements.
A s-adlgebra is an algebro. that s closed under countable unions.

Then &, X € 4
0.9. 0 5¢,xy ©PX)y O o elgebro generated by epen sets,

@ Xis uncountable s 4= T UCX, Uis countahle or U countahle}



&. Def a-olgebra generated by X , 4 ?'J(Q B, R i< ulso 6- olgeby .

Differant X can genernte the same - algebre .
¢d. BR) & O (my) @ lab] HImb) @ (1)
® (a/t09)  generate.,

6. wnéidey' X: OL.TérA Xo( , PYO)‘QC‘(’,{OV' ﬂd . X-—? X ot .
V)SDL , Jo- u(gebm B Propluce © a‘gebra 1S Qenerateo( b_‘j
%TT*(EOK)" Ed €L , RENAT ,we call it 0@/\,60(

&?AAoL Can be genc\rc«teo( Jpj (T (B, Bueda, tENT

11 Au can be generated Ifj T, then T Eo,Bd€2al generute ?e/é“'

7. Measuwre

De]c: A measure M on A o {unction y2x 4 — To,+09)

wln'uoh 1S sa,tisjfieo( that .

(j) /M/(¢) =0 co po

& Ul in A disjoint then ([ Un) = 3 4lUa)
(Countahle aololti\/it\j )

e.g. consider H=P(x) , w(U= 2, T

(9 —f(m =1, COuntiV\Q Mmeao suy é.
& i) = { b Xt Dirac measure
0 X#Xo

g. (1) FOY‘ (/(vl\/é/é ! a'\U( UCV
then MW < u(V)
Proof * (V)= smlW) +ulV\UY 7 4 (U)

_ o 0o .
@ For {Un)p C A, s JUaY S = prlUn)
FYOOS"‘ De]c : \A:Ml, V;-’-Mz\\/, L "7 0\7\0( \/n C Un ,

0 0O
/alg‘ Un) :/A'(.g‘ V) = E}AU/V\\ = V\Z”



® Congioler $Unips in 4
U C UL C , then /uLg Un) = Lim plln)

Proo : ALY Un) = LU U (Ka\ W) U (Us\Ue) U=+ U (Wa\Un=) V)
o
= MUY + = () AWM ) = i Lk

@ FO( ulDML> \_A%D S -
Gnol () < oo | phen

/AL:(E Un) 3‘!"_;.,"@0 /A(M"‘) : Proof (5 the same (s @ :

?- FO(CXI/AJ/u') ll':’{ (/{G/é 5'1'/“(1/(') >0 .
ten Uis called null set.

If a statément for Fp'mts XE X s true except -for
the points in  « nwll set , we called that it is true
olmost eve;rjwlaere (pu-o-e-)

S For (X Ao ), i or any aull set ued, and any
VCUW  we hwe Ve d , then wesay (X, A, m) is complete.

Thm : (X,A,/MJ Meas Uye SFaLe . N=3iNEA, /(/-LI\/);OS
let ,Z:‘(MU\/:UQGA JVC N for aV\j NE NS

Then 4 is an o= algebro » and u can be uniguel
extended to 4 J 2 /

P{: O ,x € b B
@ UG,,E = M.Cézé
3ve A, WweNeN St U= VUW , make Unw= $.
L= (VUW)S = ¢ v U (WM \W))E = (UM () ©

= ((WUN) N(NWWIS) S (VUNS U (M) € &

® (WST:A C/A— = \A({\ Un EA /o 0o o9
Un= V,UWn € s WnCNa , @Y M Un={ VUl W)
O) Whe J\I.



7. Duter measure
Def : pu* 2 PLX) —> 10, +00)
@ /A“(Cﬁ)ﬁo
(7 f UCV .then 45 (U) < 4L5(V)
O W (0 un) & = WUn)

Thm = let ZEPOX) , P ¢ =2 [o.106)

5. P XEL , PlP)20 , premeasure. ~
For 0mYy ACX s define pm*(A)=in{f Z pLIa), UnEL, AC U
th@r\/ﬁ* 1S on outey measure .

P£: O +trvial
@ If Vis OOVQYCd ’ ‘th@V\ U ic¢ covereo(.

X O - £

® 4530 3 UnC DUy , st 4" (Un) > Z p(Vu) “ 7

00 oo 3 = g
,lll—lSZZ(L P(Vn))‘ -—-,:) = 2 Plv"j)"i
hz| * j=1 2- e 1=\

> /M-X(:LZ l/(n\ _,Z | ¢ —> 0,
9.3. Lebesgu,e outey mealuyre,
¢ = fopen intervel 3 In=(@nibn) o p(La)=bhn-&n,
A= nf{ Z iy - ACT Tl

lo. Defi UC X is called w*-meosurable ' ¥ Vep(X)
W)= VAW + MR (yn k) ( (am»t’/\eooeorj Thw»}

0, /ﬁ*—MQOLS%m)?LC SAP j'—Ofvvs G- algebm A

B u* vestricted to p*-measuvable sets becomes «
%wl'ta,l@le meniure

Pf: 0 #/Xé«ér-
@Ff‘ Ue 4, (/(,CEA.



Consider W, /6L  want to show LUV EL
MW = pX (WA UL+ % (W NUE)

s MW AUNY) + 4% (wn (unv) <)

+ X Cw Aunv ) A (waunue )

z A (WAULY) + A (WN (Uuy)©)

So UUV EA. .
For TAn)val r\:QlAi . VECX . B:Hl An

SECENBAY = #¥(EN BaN An) 2% (£0 By N AS)

= X (EOAR) + pX(ENBa) =D MTENR) = T ALENAN)
/{Ax(é) =/A*(Eﬂoljn)+//t’<(5{) By ) = i/u*CE/l Ai)+eX(ENBy)
n0o. JR(E)2 = 4 (EOA) + ¥ (EABC)

7 M (ENR) ++ LENBS) 2 ¥ (E)
So B :g A, 1 /,,*., YVleaSb(Y‘able _

Il e.9. Leloesgwe MeSILY e
z = topen itevval Caib)l ., PLLabI= b
V LER ,jﬁ*(u):inff '\L: PCIn)y + LC QL\S .

i§ \/ sgj,'.g{ 0 the Cc«YatkEoo(orj Thm n Lebesgwe oter measwy
C.
We souy U is an Lebeﬁgue measweble set, V€ d-

/U'*’L =M.

2. Thm Y WEBUR)
MU= i fm (V] , Vopen ond UC V]
= Supgmil) » k compact amd kKC U3
PI? Qucy = mi) Smv) = miny < inf §miv)s Vopen, UCV3
Mm)= WALA} 22 m(In)-S 2 m(@ In) — ¢
n=t n=|
L0 Aevwev\stmted.



@ §u|)PO$6 L bold ,hot closed.
2\U & BUR)
Y<70, IV opepn , .t m (U\W) 2m (V) -5
kK= U\V ; Compatt
M)z (W) -mUAV) =mud) = (mLV)-m (V)
Smr) -mV) 4m(V\V) Z2m (-4

3. Thn* Let, UEB(R) ,define
Uts=§xts, xeUd rU=7vx, xcUi.
Then mCUTS)=m(W), Mm(vL)=ym(WN)

Vf: We know that UtS, rihe BIR). .
mines)z ind § 2 11al, Urs € JIal=inf {2

._.,l(In‘Sl ) UKL M(I“'S}
=m ).

The Same tl/\eofj as TIUL.

It Comtor sets ( C [oit].
V’xecoll) ) X = %—'-{*%1"-1%%1-...
C:‘{)CGC"IU, on=0,21.
Pop. @ € is compact and discountable. mcg)=o

If { is countable . % Xv, =, Ka, " 2L

a . Q &
XI: 3—'4—?'%- + v b _E'T?.-t---

X, > R + G ...y Gon .
3 Jt 3"

choose OnEQun. SO %_T %)7.-'1“"1- %%‘TQ .
It's vidiculow .
&, Awa_tj to create (o Countov Set:

71 mn\
\ :
D | o

Question: How to oadjust the measure 4o make [C|=0



5. Housdorff measwre

we have ¢ wetylc space (X .P).
YUC X, we define

H (W) = in {2 (diam (W), e T U Un €POA) climmlli<5 |
a5 diom(U) = Sup OLxY) |
X.yEu
Let HALMF g'_"_‘;\o HZ(LUL) ( Hausa(ovﬁ outey measure) .

Pf. O HA()
O fUc V. then HAU) = HAY)
® V3 fixed ,¢¥Un, ¥Lz0
J{l/(n) S.t. Un C @ l/(n)

Cnol HO; (Un) Z %.'o(o(iam Un))O(— -3

nL)t Un QML.)]-‘(/(“J ni’-: Hgl( Un) 2 :5:: (O(IG(W\U/(VU ))p(—i
d, o :

6. Hausdovﬁ dimension — ob. dimy(A)= m]’fO<o(.<m | - (A)a-oi.
Thm: @ I1f {or p>0 A HP(W<0°
tl/levx Va>p, HYu) =
® Lf Jor bp>O NTNE O
thevx Vg <p, HQUAI
Pt ® HelU) = mf 12 (d.am(u.\))e& uc Q) Un , olicwm Un< &1
ésQ " 'n]c f Z@.amtunﬂ s LWC U Un diawmUa < 85
uéw H ¢ (bc\ §-00 = H‘llw =0 .

® the same ¢ O



1. eq. C . dim 69351
(ﬁ;\){’,zw =7 p= Lajs-z,

¢-9. Snowflake

('g'\'n)P‘ 4% 5> prlog, & /"

IS’- The saturution of the measuye .

(X, M, f£) 1s o mEasure space . B CX s Called
Locelly measuraple if GNA EM ,YACM, m(B)<oo
le+ AN be the collection ol (occc“j measurayl e
cets . If M2 M | then o s called saturcted .

) Lf mis o-finite | then mis saturated .
Pf. ¥ ECX locally measurahle. .
Becawse I 1S & - ’fl'l/l;'te, = {AV\SV(: CM X-= HA"
/(A(An\<o<> . So pf;.lﬂAn &SN -
Therefore E= M (ENAn) EM D MM, iis saturicted.

) A s 6= oolgebra.
pf: ) pem
(| For BEM , YA, u(Al<co
we have ESNA= A\(ENA)EAN. =2 ETEM.
it V) For {EQ 2\ CN , VAear, sA) <o .
o o o= ~
V%E-)'.En r\A - ;}-_-j,(E'\/\A) G'/(/L => MtEﬂ En -

Define /Z‘( on /1//‘\,/ ‘{‘j /Z:LE):/‘MES lf EEM and
/a’(.E)z o fo:\:o-tl'\er wise . Ther\/&’ (s o Sctuwrated
measure on M, called the sptunration of M.



(3) /7( s saturated .
P Tt ig obvious that /bT is & measure v A .
For (X.,/ﬁ',/A ), E s [oCch(j mecsuruble .
So W AEIR, JilAl<oo ,” JA(ENA) S pL(A)<co
= ENA '5-/1’/\( , ENAEAN | 50 /9C=/Jvt\”-/'x‘v’»‘s satuyeted .

(&), Lf pris complete , go is .
Pf: For po-nuwll set N EAL , NEM, (V)2 iAW) <o,
M is/boomiylete, so VY Fc M, mlF) = A (F) =0
= M (4 coMPlQ'fQ .

(S) §uq7,705€ thot M 1S semf‘fmite , €. Y& :/“(I:)“—“’-
JdFce, FeM, o ulp)<ee.
Define po om M by polB) = Su4PeplF) 2 FCE, ulF) <00}
Then m= o .
Pf> 1f MLE)<oce . then M(EIZMolE ).
Foyr Een, MLE)Z O . Then folE) > 0.
L. o (E) < MLE) =09 - _
w{e /:hoose, FLC E, s.t. éu_ffl <M (F) € pollz)
Co Mo LG\ F.) = _Mo (E) -MULE ) < -%//‘o(.E) o
We pick Fo CE\F, , st sp) >3 mE\R) 7 53
So we get {EWR, disjoint | u(F) > = MolE)
We choose F= EZF,\ . FcE .
MFN = 3 L(Fa) = Mo (B). <00
So MLE\E) =00, bwt MolE\F)=0 .
It is contradict with A is sewmifinite .

).

(6) Suppose that M i< Semifinite . For E€, olefine
MLE)= SUPR iA) : AEM gngl ACEY Then £ (s o
satwyoted Mmeasure on X that extends /.
pf: We cleums that #(E)3 SUP T A AEM, L (A)coq ACE| SMB
VEec | it 1S tywial.
We need <o prove thot if JACE , Aem st ulA) =00,



then /1/.0(.:6()300- ngsé/t 1 4 5emi][im't‘t€,, ooccora(n'nj to (§)

HolA) >t (AY2 oo Tnthis case, MholZ) ZM(A) =00 D olE)e 0o
And A n2 M, we need €o show 4 is meAWre on AX .
() For disjomt set seguence fAnlC M.

¥y EC A é}g\An, satis]‘ieo( JMLE)<co, ENAne.

Co MIE) s 5 MUENAR) < = M (An).

= M IE) ¢ :ﬁ::/eu,Au)

(1) W-L-0.G M (An) S MUILA) <C2 . .
V{?O, n e N.. 3 En CA‘n / S't-/M"Eﬂ)<°°//‘LE"')7/@'-(A")‘—;:“'.

fEf\sﬂo'-ol are 6(150 04'5}01”‘.'6; /2|M=/t
ME) 7 SAULE) = MU Ba) = T uiEn) > ’zf’/é(a.) -

=20, M(E|= f;‘:/_f_t(&).
PE"\C(HJJ we neeo( to Show A s SaWVQtec(.

Loy Loc,a,u,j mecsSwrehle set E in (X, ﬁ,/g\; we cloom

’CL\CU(, E 6/1/\ ' FOT AG/V\. //M-Léﬂ)<0<) . Dne 4o /é(’Mz/a‘
S0 Ac K, A(A)coo. ENAEM = ENAEM. 2 ES -

(7) Let X\, %2 be disjoint uncounteble sets , X=X UX. and
M the o= aljebra of countable or o —countable sets
WX . Let Mo Le coumtim9 measure 6n P(X.), ancl c(ef.'me
Sfon M by HLE)2 Mo (ENX,) . Then pmis o measure on
M, JK=PCK ), and

PT: Mis o s- a,lgebra | ano(/u 'S measure on M.
We -fiYSt show JK=PX) . YECX, and AeM, ulA)ces.
I A is (o-countable |, then
card (Xi) = card (A) + covd (X\A) = card At card A= N,
But X, is uncountable . A is wuntuble.
Se ENAGCGM, Ee/t"/\/
Xao =X, i uncountuble , Xi 16 clso uncountable .
X2 & /A, ﬁ:LXL)iOQ . Put YAeM, ACKXe , ANX = 6. Q=9
So M (K=o :/ﬁ:l’/‘f.



9. The egual state of measurable -

AC Px) is on odgebroe , As is the wlléction of countalle
unions of sets m A, andl Ao is the countable intersections
of sets in Ae. Mo is o premeasure on 4 and f*is inoced

outer measure .
1y VEcX, s50. 3A€EALs, ECA and u*(A) LM (E) +5,

< o
p{ : /,*(g) = M-ff Z_‘,MO(A«), ECM'A,\, A€ AL
So V&0, I A :GlA,\eAc , S.-&./U»x(A) < 4&: /Lo“(,An) 5/0‘*(5)1’{.

(] I]( M (E)< 0o, then L l's/u*—meaguralole 1ﬁ exist s
Be A with Ec B and /MX(B\C—) = 0.
Ff; “2 . we consider fA’\$ff| ) S~t.//°*(A")S/“x(E) -I-ﬁ‘.
A€ds. Wepick Az N An. S0 AcAsg, ECA
(T é//«"(A) S/‘-x(An)“;/(/{'* (E)*% .
n-zoe. So MX(A)=4X(ETy .
Anol E is measurodle, so # (A) = (A NE) T//“*(A\T:')
=) pXCAE) ~p (A ) - %(B) = 0 = 4% (A\T)=0
" &' Because B éwés‘s, B ts meaisab[e.
So YScXx  u*(S) > m*(BNS)+HX(S\I3)
MX(BNS) 2 ARIENS)
IR LS\B) =27 (61B) \ (B\B)) 2 s (S\E)

S0 (ENS) tAF(5\By 20X (5) 7 AT BASI M (s E)

(3) If mo (s &-Ainite , the restriction M'(El<0o in (2

¢ superfluous.
Py - X=@‘ Xn, Xn€ A, M(Xn)<oo .
EazENYn , then P2 CUPINES
JAm €4S, En T Aum |, /(/‘*(Anm) <./M-*Lé'n)"§\-lt7~ .
/‘AX(AV\M\E")‘ZT.\FR :
o #*( Thm\EVE S 50> 0
o o

Consider B= N U Anm /A*Us\EK;L = X (B\E) =0

m=1 Nn=l|



) AT ig the o algebra of u*-measurable set.

/,/1 ://"‘[M* , I-f M 1S 6§ - -f,'mi‘fe , thewn /o_o LS the oomflct}on of/u-
oF Obuiouslj, i—f ECE, m(E)=0, then #*LFl=o.

/TECM* : /ﬁ ‘s the coMP(etLon S - algebm of/m.

VEG/V\*, e ¢o I (S G—{inlte, d Be Mag,

sit. ECB, mX(B\E)zo = u¥IE“\R)=0.

So W¥n , 3 An €M, St ES\BE CAn, *(Anl< R

A= ﬁl An. E“R‘cAe M, mlA) =0

C

Sop "E% BCU(E\BY) €, so EEin

(s) In 9en6YaL, fa 1S ii\e Scturation of the completion of 4.
P{: We cluim that %
S'teP 1 i C /1/\.*.
v ée/f/\—v , We neeg| +o pYoUe v/ F X% )
WMXCE) 2 WX (FNE) +A*(E\E)
W.L.0.G mX(E) <0o. ¥, JAneM, S.t. wlAN <K F)+R  Feh,
fick A= ﬁ‘A.\ So A= U (F) <=
So ENAEM ( *(F) = M(A) = (ENA) +M(A\E)
X (FOE )+ X (F\E). = BEem®.
S‘(’eF 2 : M C ,(:V/I
JAn s the cmv\,?let}on o-f e
Pick AUF e,  MIAUR) = it (A) <eo
Ee M¥, EN(AUF) = (ENA)YENE) . Jixt
MFENAY< oo , ENAemX
Auord(.ivxﬁ to éb), ENA EUn . o Eé/{f :
Therefore , AN = ir . ~ _
Now v]\cze showld show /ZLE') 3{#(5) cEm |
R othenwice

T

NF)=o.

Gk

E= AUREM , ACG, ECN M EM | fALE) =0
MLB) 2 lA) | pA) 2 X (B) € MCAUNY = mA)
(K) holdl fﬁr Cc . ~

For Be T \ A , i LE) =00 . 1 mlei<oo.
S‘Lm'tloij' J.l\('&.(_‘torj.



§2 Integmtc' on

|- measwrople function

For measuve spaces (X, 4, m) cnd (Y, B,V)

F:X7Y ,wesay Fis (4, B) measurcble ,if ¥ UEB
{7 e 4.

2. Some  properties
O compocition of measurable functions ove mensurable.
8. Foy (XA, ), (1B, V), L2&C .2C)

{:X2Y, 9:Y->2Z , are all measurable .
Tlneln 3°f 1S meagu,mbte :
®) T.f B 1 S 3cmem,t8d, loj z
we 9nlj need t0 ohec/k VY UE L .{"LU,] e A .
Bis a O algebro\ then { {71, UeBY is o- algebre.
@ {: X Bx) = (Y, By) continuous.
then -f s (Bx, By ) measurable
® {: (X, 4, n) —= (R, Bir)
f_ifs (4, B.p\/u) mec{gwrabl:@? {7 ((1+e2)y e A Hoelr
® f: (Rih,m) = (€, B¢) is (L,Ba) measurable.
Then we say fis Lebesque measursble.
I (AT — (Y, 8,v).
if forh, Y VeB, {7'(v)OW is measuvrable.
Then we say fis measurable on W .

5.4 (X, A, ) — (Y, B,v) 1=J,Yd
Penccle Tw:Y->Yd pg the projection
Then {is measurable iff. fo=Txf (s measuvable -

Pf«"=" YU« €SBy T (Ua)EB

]C; =f oUWy Ya Y DX s measurable.
e FUeR st I, UeEB , U= T (U)

Ut = Tl (W) = £7'(TT' (Us)) measuruble .



T Tam: .9 (X Apm) =€ Bg) are measurable .
then So ore frg , £-9 - ~
Pf: :F‘l-gl X—=> €CxC > C X —5 (,-f(x) ,j(xU Loy f(x)*‘f}CK)‘
Ty 1% measurable + T, S continwOWs .
S0 ToTi =1+9 (s measurable .
The same as -4, -9 .

5. Given ffalt (X, 4,0 = (R, Be) measurcble .
Then Sup fn, nff ) Limsup fa, limv""‘f Tn tre cll mecsuyahle

Pl G upf, >0y = [ ¢ fuo

md

{x:itf fuo2T= B fxt fa 200
limsup £, = iny Sup fn
oQ
fxi limsup fo 22f= N {0 supf.23
“—ﬁ G { x: ‘f-v\>>\$ .

n=I\ J.'_'—V\

I

6-D@f{nitl0n'. jC":. M&X{"f\, 0 , IF-: moxf-§,0%
0 g

7' SiMFl@ fu,y\(;t;ﬂh LS'teP fwl'\c:l;'l,on )
v\

'F("’z E—;\ 0 X“ﬁ / {“j 5;\_.,\ c 4, Tajf Ore mu’cual,lj distinct

0, i]c 'f: X > [0.00) measurable . Then 3 @l g'lw\},le
{uﬂC‘t'LOh . S-1. 0<4>|SCP;, <--- € _j: 4’»« %jt

iy
P~ letpn= Xy, + 2 SRy .
Ve=Fxe X, Fzo™) " Uy = Txe X, el < 5%t

4’n54>m+t, CP,\% JL ;



@ :f? (X//AJ/“) —) (@: Bc) measurable
I, swple, bl &lbils < | . @ %56
S 'f: UtiVv = (U-U )+ (VI-vT)

bn> UT, ST U, ¥ 2V, Y=

§. Forsimple function ¢ = Laj Xu
ole]c.we, fCP dm= & = i, /‘“f() f bdu = z_v;a,- A SNARLY

Proi?'-@ J‘Cqb = C #}

@ [ duy = [¢+]y
AE

So ¢+ _ M M Al
'r \7[/ S\ J'{:l %) E:‘XMJAE‘< ! %—Q bka':l Xuﬂ\ek
- [ 4" hm

J l C%*‘bk)x(uj NEw.) = JZT (_QJ'”O[L) /'('(u) NE< )

= for [y

9, L]Ccp ¢ ﬂnen fd> <fy/

)=l = =l
n\wm

\ W =
5‘ b) /a’l )[\ Vi ) f\.[/

Cl FOV nonnega’owe ‘J‘M,Y\C'tloy\ JC
[fop £ supf [gke, ¢ sinple, 0casf ]
prop: O fcf = cff

@ 5= [F+]q.



® If {<q,then [f<[9

lo. For real valued function f -

fop'- g

Fov complex valued Hunction { .
LoV 2 (U-u") ti(v-v))

H = fw‘—fw‘ +i( fvt-[v)
ijf fl:f\ <00 , we Sa,y theet fis fnteﬁ\(cblale,-
anot f € L'(X,//»).

[ I
JHIf _ . 0
& LHS_. el f%f —JR (%“)f

2. The following Statements are eguivalent .
07‘[&-} : L\,g for YL e 4.

@jlf-g\-—o
® =6 mae

SRR R TR JTM\JC-ﬁ + Jfﬁj) g =e
& SO Suppose 3 ulW)>o, st {19,

then J 1f-g]= LA\]C—_CJ\ +Juc_ {-%1 >o.

O=0 [0, = [pauft faaue T = laaue 13 oG
L=Tf+9N .



5. McT
noneqative valeed function St fu € f,, YN

f=lim f. as. , then f{é,ﬁ:ﬁ[ggc[fna(/«_
ij‘S{«ePli fnéf.‘—‘> f][nd/ﬁﬁfj[d/b‘
D b [fudu < [ fom.

Step 2 © for any Simple function @, 0€ P <f.
Consider Un =SxeX , fn720P, x€E(o,1]7]
ny o, Un 2 X

| Fo2 Jy, fo2ef, ¢
| J‘fn 'ZOLJC# D ‘QL’MgOJ\fancﬁ

4. T5d, faz0. f2 oy ithen [f:Z [ fa
N ‘ )J | N
Pfe [f = [l =t = o, [ & fes bn 2 1
- = [ 4,

1§, Fatow’s Lemme, .

fnb, fo20. g0 [ Liming f, < liminf [ £

n=) 6o n 2co
_ L ma o .
e 1= T g 4 i T

Sdn gl e = Beid [

N0 [z



6. Lebesque Domingted Converagence . (vcT ).

0l in L (X, M) sttisfieo that.
%) fo &5 §

b) 39 in LGA) L ST fal €9
Then £ L' (x4 , and “0(/,{ :,{i;";o f{na{/u.

PT: We know that {f;gzo
§4a 70

According to  Fautou’s Lemma

| Li"yﬂf(ﬂ-]‘ﬂ)d,a < biminf | 9-1Tada.
= [ g-f dn & [Golu - Limsup [ fuouc.
2 [fodpz limsup [f.du.

[ liminf (g din < Liminf [ gtfudp

= [fdm = Lk, [fadm,

1. Thm - O Simple functions are dense ;n L'(X,/A)
® Whem X=IR (or R") , #=m . then (ontinuous
functions are dense in L (IR,M).

Pf: ONeed to show that 7 feL', 31dn) Swple function
st. - ball, =9 - (n—>oo)
f:'ft"f‘z (lonffJf' N Pn =P

SO [n-Fldp = [ 1 @) == | din
= JJ i+ $ - fudu >0 (oen



)
According +o (/fvythcn’s Therome .
VM.CIR“ close set , FC(RW open s . FC&

There s o continuous Hunctisn setisfied thet.
D) o<t sl oh RN, 5 f=L on F i) 720 on IR\G
Then there is o continuous function Jnml.

gnml« L, Yam. Llé—70’<> ).

%0 Gamm £ &
% f: Xx (a.b] = C
F(-ot): X2 € is integrable for eacht .
F= || oot duss

@ If 3gel’ . st {xt)| 19| ¥ x,¢ .
z][ L;M‘C ’:fCXJt) = {(X)tO) VX

+->To
then k,'.é“%o FCE) = Flto )
oF -
& Surpose >t exists . ond 38éU/ st ,%”L(X,T,)\ SleX)J.

Vx.t. Then Fis differential , Fib)= | oF J
P)Ci ® Limn Flt)-= _é'iw\ jx -f(x,-l;) o(/,(x

t-7t¢ 1o
DCT . _
— j.x J(!-;\fto foat) dmx = [X fix,tor oty = Flto)
' 2) - Fooy ‘ J (X A+E) ~{(x
LIM F(H _ ttE) 'j(, 9y
O —F i ) T A
DT of

: (
= [im f)( -J:Uﬁ, ttée) d//t;c — Jy 3¢ (A/Mx

¢ =0



19. é-9. (.lp‘“JW‘)
1)z [ loft® dm (Dirichlet energy)

Voriational method .
Suppose T attain its min - ot -

Liftep) 2z 1(f) Ve=zo.

%li';o Lifrep)= -ﬁ—é[ - f 19§+ £V | “plm

12"

For |V({tepyle |2 wn bdl. (HY)
- . [ 4 *
AP AL

= [0 2@f+Evg) (9p) dm
Co [an V{ VP =0 VegeH

If -f how COmpact Surpport fuzw of =0, af=0

2o. Thm - § is bdol rveal valued function on [0b].
O If fis Riemann - integrable, then fic L-integruble.
® fi5 R- ivxfegmble & $xelab] 18 distontinuouws otx g
1S of Mm-measure 2y 0 .

Pf: O+ R- integroble

, - ‘
Consider Ln(w = %i [)‘ 76[&),694:'3 ’ fjl nin f , = b
120 Lo Oy

- > ¢ . e b
Rn 0= 5, %) 2o sy ) d&%yaﬂ[ A

Ln . Rn Gre S'm\Ple ']CW\(,'HOV\. L 7\, Rad
So l,lW\ J:Lh o(x = JC&:EJ j)-'dm = Lim SQL, RthX

_ b
gjtmb] ‘fd/u—b fdx.



® ki!"oo &a.bl Lndlm = Lim fm.bj Rn ol m

N2

From MCT fEa.bJ Lim Rn = bimln Am =O.

n-?2cX N

= LiW\ RDn= [ima Ln , 1.2 :-)f s continuous c¢.€-.

n-7090 W-) o0

2. Convergence in measure .
o Zeas, £ Lif Y270 , m({X] | fatxi -0 >43) ~ 0.

1£p s (auchy in the gense of Convergen e n measure .
€. VE70, uflfa-fml>2] -0 as mn—ooo
Then @ 3§, ct. Tn s £
® 3waseq/wenc,e {'fnﬁ , S-1. 'fnj- &e"j f
®) I Jch mELY G, then jfr-g . €.

b§: Pick {ns st u3 1fw - fuy 122798 =paiEj) $270
Then for k (arge Zan_uj j.L=kK.

- _ - =Y
l{nj. 0 - 001 < %ﬂ |f£, (]| S2

For x & Pke,-’ ,we have | fn 0 -F, (0] €2

So for x & (JWSV‘P E) : ffnﬂ LS Cau,(/hy segulhnce.
o(e]f{n;tg/ ]CL)(): { LilM _j[lf\) (_;() X& L'lMSbLI) E)

0 else
Then ©® are demonstrated .

® Nilf-gl2el su{l{,-flze]tU{fs-91s2} 2o
=) f:g a-€ .

22 . ‘—Of (Xizé*)/(/") (\rz _B.,U>

If Ac4, BeB , the AxB is the rectangle in Xx Y.
Define TTCAxB)= 4(A) v(B)

we claims that TTlrectange Satisfies countable
ceololitvity . -

Let, AxB= O (AnxB,) ,cach  AnxBn is disjoint.

-5+l



- oS
%Axl} (IX'&) - % %An)‘B,\ (-X'}j) = E%Ah()@ %5n(y) T %A(X)%B Lj).
X ( JY xA(X)XBl{j) dl{y ) M//{y = fX(JY > %An()(, XB.M) AVJ)%

N

= Z JX %An(X)UY %gntj)a(%j) oM
= 5[ Hp 0 v d = T ko) viB= E e
n=l - n

23. Fubini — Tonell;
(X, 8, p) (Y, B,v) are o= finite.
® (Tomelli) Lf § € LT (XxY)

then gu)= f\( 7 (Y) oV, , hwy) = [ fuy) o pmx
are pevspectively in L¥(x) anol LYCOY) .
Anol we hove

g T dipovy = S U ftx"j)dvﬁdfm":j\(va“'Ww")d%

® (Fubini) . Tonelli holds for L'(XxY)

The Proof (s later.

24, Thm (X, 4, 4) (1, B,v). are bvth o~finite.
For UEAXB .
W= fyeY « teyleut , W=fxexs xyeug,
Then W* is U-measurable for etery «e&WU.
Ad s = measuyrable for everj 36UL.

PL: © we claim ureB , uled.
consider R=§$ UCXxY , W ER, Ae LT
we only need to show R s o «a.Lgclgm.
‘?’;f)x"\f SR IUER | Uf:GR (U= @)
nu-l Un€R (,\;,j\ Uv\)k = }LZL Un €R

& As a Yesult, if §is uxu measurable .



'Then f(,x.\j) 1S U-mets -(or ][l'xed X
flxy) s p-meas for fixed y

TIPS: MXV s not COMPle‘CQ now .

2S5, The PrOOJL 0{ Fubini Thm.
we neecd to show.

Sy X gy = [ ([ audpe) oluy ey

First , show this holds for rectangles
U= Axb o sy (W) = i A) v(B) = f\( (fx X, px) dv,

R.:{(/(QAX.B , ) hold s fm US .
we need to show that R s a - algebre .

L@MW\O\ ( /V\DY\OTOV\'ICi'tj Lemma) A a@e}om / 4 1S the
monotone class generoteol by A o M TS the o -algebro
generated by 4 . Then € =41

The proof of the Lemma -

Mis o monotone Class . then € <N

For E€ € ., plefine CLE)= §FeC . E\F/.F\G,ENFELH
® ¢, EE L(E

® EedfR)> FellE)

®» CT(B) (s a monotone clags
Fi CFac --CRC - in CLE)

Cons)der g/l:n )
E\WYF = EN(YF) S = EN(QFR) = Q(EORT) = (ERJ €L,
IfEed ,then VFed  Fe CCE)
So ACC(E) ,EEAL. so CC CLE)
VEEe? , FELLE) > A4CeLF), Y&l .



Angl ELFY C€ => €= €(F)
€ is closed uncdeyr C\[- , ENE
Vun =Yh e €, so € is a 6-algebro.

we. neeot to show that R s monotone closs -
FOY‘ UL CULC - C Un , L eR

Then J‘xx\( %GMV\ 0((/‘»)6\)) meT L',w\ J;(xY XMY\O((/UXU)

n w00

= Lim g :Jx Tuondpo duy = [, ([ Xuokin ) duy

And we know that for fe L (XxY) .
:F UtV = (W-WU )+i(vi-v7) 2,2

1)

"‘l ﬁl/('(' cb“-) 7\(/( \.ki""[\ [/ : ‘/’;MT V™. e ;\’//4 S’WF
SO XXy f duxv) = fxx\( Ut o (uxv) - J)(x\f ok Gnev)
: S‘X%T \/"' d(/,{x\/) - J‘X“Y VﬂxtﬂXV)

MCT

— Lim de bp A puxv) — an {

n=) 00 e JxxY

| n-) o J)(\(T ‘.l/lmo((/uXV) - ‘!:,_:;VZO JX&T \'//14“/) O(Q/MXVS

N V\Ll)”éo j\f( g>< - - (e A/“XJO(VV

\
e iy

26. Applicotions  0f Fubini Thm .
O [, fiPdn= [7 oA s Cilon) o)
Pf RHS =~ J Jx )\P | Xflfl”\} 0(/,{ AN

Jx J p N igong ok daa 2 ﬁc f F>\" 'dx A
= Jx FIFebpn



® [ ~AL= 0
_ > ,Rh-' { U.:'f Xélkmﬂ‘

Cone = Thik)={ x GIR',\ A l= h IX-® | = (xoxn) }
Def.’ne Sguare jcwf\c*fh?h

1
Sty (@Y = ( fm&) o] X&.L dx)L
T
[ SLw) (@yIl* = LRM

( fm@) ol 7"32_‘ dx)d .

r |
Juz"" le:\ L T Xfoxomx-y dx A&

= Mz g "~ -
L n -I—Y-—"l;; C }é- O(X = Cfer\ lVM«lLXn AX . CiSenst.




§ 5 Signeo( measure & D(;ﬁCYen'éia.L

|. Def: (X, A) Asigned measure .
(S Otjftmcﬁ'non Ty A [0, 100 ).
@ \/LqB) -~ 0
® V connot achieve o0 éimutwmeomsly .
©, fU»ns nh 4 diS).O'W\'t CThen v ( \n/ Un) = > VU )
Lf vl uw) is finite, then Z yll,) convergences fasolutely.

Prop* v Signed measure
LCU. C--CUnC n A
then v ( Q‘MV\) = Lim v (Un)

1524 %%

P v Un) = LAY (AU U -~ U\ o) U+
VLU + vg v (Untt \Un] =vLlW) nZ_‘(\/(,\Amt)-VLW\))
= lim V(L Un)

w=)6o

2D Signed( mecasSUuye
Ued ¢ culled pesitve . if YVed, V< U, we hawr ul)20

Lemma - The union of  countable many positive Sets 1s
Pos‘ltl'/@/

PF: Pln) positive set
NLOG  Un is disjoint .
rvc Uun , V2 U UnNV) V) = T vll.nV) Zo.

Thm ( Hahn o(emeosittom) (X, 4.,u) £39ne0( mecisure .
They\ ks P }705;1;1'\/@ , N negati\/@ s.t. X= PUN and
PON =% ; If 3P ,N' another such pair, then

pop’ 15 null set.



P—f? D@J(;ne YN = SMF {V(E)S s ﬂ?“s POS”’WQ’ 5°t°V(F'A) fm.
E positive,

Then (et P- l,{ Pn 1 then P is¢ Fosiiive- vipP)=m.
N=X/P.

ngPoSe N s not /legativé.

First, N/ canmmot  Contoin Ghy nonnull positive subset
otheywise , then extroct that set out of M andl comoine
itwith P . Contyodiction .

Second, ,if JF Ac N . st. VIAI2O.

then 3 B C A, s-t.u(B)=v(A)

Construct TAIC N, fnf, n,ig the smallest (nteger s.q.
ABC Nist. viBy>5 1+ hame A=B.

- Ny is the Smallet integer St 3BCA- St
V(B)>V(A-t) > 'y,l" - AGQA;

Then 0a>U(A) = lim (A}l > S 7L, then N 7 so

Then there existd no Sswbset o ‘A, set. vLB) >v(A)
O‘C,/lerlsQ ,take VLB)>U(A)*,\;\ , then "for N sn)'( B C A+
then controdict  the smallest efn; .

£ X=PUN =P UN'.

tnen p\ Pl C p positive . P\p' c N' neqotive .

So P\P' 15 null set

3 MV s}gmeﬂ( meEasures , are mwmcd(ﬂ sfmgular I f
JUWVEL, st- UNV=F gnd UUV =X, Uis null for U and
VSis nutl ]Cor V. we sccﬂ thaet ULV .

4. Thm ( Jordan decomPo Sition )

V 5@/\@0( meagsuwre , J | |7os'|tive measure yt.,v-.
st-J=UT-V~ cnd ytLv-.
Pf: X=PUN , let vI(W)=v(UNP) , V(W) =- (U N)
then v=yt-v- ,ytLv-.
IJ[ V>/“+-/“ﬂ 1S another decoymi)os;‘b{om

3X=EVF ,s-t. ENF= P . p#iF)> mE) =0 -



then EUF (s another Hehn dewmyosifton.

PAE s V-nll .

v A A . (A =4 (ANT) =V(ANE) : V(ANP) 2V (A)
So //‘-4"'-\/-*,//(‘:.\/ -

5. Deff VIS @ signe&( Measuyre ,/4 1S & Fosh‘ive
measuye . We Sy Vg cbsolutely continuous
Wyt o (V<SM)iff min)zg imples viU)=0 polds for
ony .

Thm: U<<pA iff HE€30,3670 . st. when utel<$ ,we
have, V(B <Z.

Pf: «:v

= ! §u,mmge J<>0, ¥$>0, A Set =

St. mIE)<8, |[ULE)| >%

Hence we con finol $En§ , s-t. MIEA) <277
but [L(Bn)|>€  ¥n.

Vk = ,}zk En V’i@ Vi

o =

/{L(Vn) < > //U«En) < 54244 ':.)_l- ‘4—> O (k=eo0)

h=le

So uW)=0. but |yiV))ze, contradiction

b. Thm Lebesgue ~Randow = Nikody e
V o-fimte sighed measure , s S finite positive
measure ,Then 3! S-finite signed measure A, 0.
S-t- Uz AP
O /\'L/o s AP
Ep<<p. 3T € LU stops fdMe T=

Pfi Case L J,/M re || -fivx}'te ) Fosltive,
F =13 X>0le, 00y o [ fdu=vlE), forall Eed)



@ F nonevvupt‘j
® I{ figekt 1 then mox(f,9) €~

Defimc @ = Sup ¢ fx{o(,ot - fe

then a Sy (X) . lick o Sequence.

{'fns CE . st fx -fno(/p\ — o

COY\S;OLQV‘ p(,>\= 0(\/ - 700(/“ Cleiim AL

Lemma - vV, S ](imi'te positive
Then either vl oy 3¢20, E€d 5t pL8)20 E (s
positive set of U-Z .

P{: Let X>Ph UN, be a« Hehn decompositiom Of Y~ M.
L et P?—VP" I\/‘—Q Mn '

Tl/len N (s negative fer‘ V‘E/M- \V[V'-

So v(N)<€7 wlN) ) viw) =0

® 1f #LP) =0 vhen vl

@If m(pP)7o.
thew /uLPnDO for [arge' n then Pn s Fositlue -for V»;:/,(‘
1

Cons'ldev* A anol SA

O AL m v

9 3E ,st-A-Emzo0 {or & dv - jCA/u-t ol X -

Then £Xg dr < dv- fo(//t. L;f%ixe )o(/u < Ay

50 ]({- Z_XE 6/1/‘ J ]L'(: ZXE 0(/0‘«7— oLt E/U.LE) ZCx Cm'(:v‘ao(ici't'ey\

Case 2 . )CoY Ay M O'-jcini'te -
f dv = fdutdh = Aue AN dr-olA =(F-€)dn,



N ,,\'_I_/u =) 75'—3‘:0 M=C. €l

€-4. M=  V=2point muss at X g.
vl . quzodutdv = fdm- (fis dirac function)
T is calledd distribution.

haymonic measuye
G(Kuj) LS (areen 'fWVLC't'LOV\ D'f {

: S 1oy I
wtx)-faw = fuyd L H 1Y)

_ 26X -|
Def dv* = ,éﬁc\t dH"" (v

, SU=0
For > Wxn) ¢+ Xm0 ] e

su= °

U’lglﬂ\ i f_ |

7 PYoP.‘. V S‘lghéo( measuyre o- fimite
M N O- 'J"\..V\‘l'te y USS w<< A
© If Ge L'(dv) "
thenfxgdu: Jx 3@,-0{/“
@Ol\/_ i\LOL/A _g-€ .
7S R VTR ) S )
PO ¥Xe , viB)= | Frdu
sQ S C{,(SO }‘\0[0(.60(. {firaij & LI(O(\/).

& V(E)= fe 5;%%{0(//\ . Ile[;tace Q) .| by %,a{u bj w(/k.
§o dzo(/u: Q(_‘—/— Ay AN\ = dv



§. Back to CIR“,B,m)
v s o signed measure <<m.

From R-N. du=Sdm Hor some fEL .

COﬂS\Lder : = | (
W‘(BrCX)) J\B,r(zx) OQV M(.Br()(}) By(x){'pa(mj

= R x).

Vitali Lemme : € = Some opev balls  in R

el 12

then 5 a(ig)"oth B.,--sBre T, st JZ-TV"‘(BJ) > 'EC:T\

Ar -j’\)ﬁ):. YV‘LB\YD‘)) (Br()‘) -fl,‘]) O(Vhty) = }BY(?‘){'LW O(M(;J}.

_ll’)vl/\ lj‘ :,CE; [_L%(,CIIZ“J ,then Arf(x) 1S continwe witL\X,Y‘.
PT: Fix Yo.Xo. (et (Fix) = (Yo, Xo) . S0 mUbrlx)) —2m(Brx)

3 s folm - jWD) £ dwn |

:H‘IR’\ f(xl%mt) - XBYUQXO) ) JW\
< fan I]LJ I/)GBYU() ’X’S’rbbﬁ))l O(VV‘

-‘H:l l ;(BYOQ d‘)quo(ﬂo)l < ,:H XB )YD(» 0) C L\.
From DCT LR" T lx@y(,)() "XBy,(.Xa)I O(IM <0

1. Maximal function (Hardy _ Littlewood )
Hf(x) = %19 Ay 1 XY

Thw weak L' beundary
m( Hf>ot) S S0fl 7 (e, tHflles < CUFIL)

PE: B T HE 708 31y, 5t g lflco 7%
Byt Covers G



. <
3 {By ll.x). . BYK.:.(XK)f O{lSJDIV\'L, % By l()(,) > Zc’—h-
< o\ n
n s— n < 3

fo. 1§ § €100 (R then Lim Arfoo = oo,
PT: WLDG .OVLM need + " Y < 2 L’
’ e o prove -for IX| £N gnd +€L°
Since CUR™) 222 ,* i
7€>0, 39 continuous, st. |p 'F9ldm<s
| Ao - 0 | s LArfe) = Argoo | +1ArGuy — 9o+ 1§69-J0n)
S HH-9) 00+l =-F]
{X’ Lir‘ng | Ar $U0 —f i[> { S ¥x: H(-f-ngfg Jix: 19 -fl 71:}

d\ o C
m(x, HY-g) 7% ) € o [0 fgldx < 228

A
m(x 19-9175) < g7 (. 1fglolx € T
= M({X”‘U;"_‘i""r | Avf - o] > §) < 2—'——(&3{- —> 0 .

Co  lim Arflj( C.€. L]C=€s<, ’l;}_;«o Avf (x)= fox)y

=20

1. Leb%gwe diﬁemntiatlor\

Assume thot fELE (R") , then for xelf . lim T Hu-fooldm=0
_ ‘ . Y=29 E

wheye Er shrink nice ly to X . r

P]['. Ykl."(;'r) L;y lf(j)-*f(X)( O(Vv‘j < VS\l(B,IX)) jBr(X)I-fLyj -ﬁx)lo(m]
—0 .l

We S0y that {Ev) Borel sets chrink o x nicely if
EcC B ¥r , 34>, indepedent for r, p(Er) >t m(Betn)

2. BV functions

Tr(n = SU.Pg % [ oy =) |, e Vv, -ee <& &< X7 XY
Tf 00 is the o3l llicotion 0T function,

f Tron<oo . we soy § s oo B.V. fwnction on Lxe,¥nJ.



13, Def A Borel measure U on RY s reju(w ,’f .
@V k compecet v [K) coo.

@ HEe Bpr , vIE)=inf{viw, EC Uopenl.

9-3. dy = fD(W\ ,

dv= oA+ fdm, Then for m-c.e . ¥ , we have
UVV‘ V(Evy)

r-90 m(Gy)

Pf-“ Vg regu(mr , then N and fo{W\ Qare both regu(qr.
oyt = Ad" FD{M(E ) o
) allit

need to chow TTLE%) + fér folm — fwx)

-'- Qs
Me neegl €0 show DY) — 9

_ M _
Since Nim™, 3 Bor@&EE)et A, s-t. MA)" m (A”) =0

Consider Fk:fx €A , limsg MP A (Br(x)) 5 (
Woane to Show m |f.) =0
V¢20,IAC Ug, s-t. MUg)<E.

) ’< 3 S.t. ?\(BY)A.X))
Vxebe » 3Br(x) C Ug o (B (%)

14. Thm v Yeﬁp( lor .S;;gned MeaSUTre
y

= fo) . Cy Shrink V\;ce(j to X .

P

™—

Consider m (U _ Br) >0 .

4= FF

3 BYK‘(Xl) ) BYXV(X") R BY)( P\(XV\) O(.lSjD;V\t )
"o "y s .
m(x\é}FKBYK(K)\ <3 :’%‘ m(lg.&}\x;\) <3k )Z>|>\LBYKJ. X))

- Bh k A \I\\éﬁ( @YXDQ)

1S- Thm - £: R—>IR 7
gou=£0xt) = Lim 1)

© The set ofjdfsconﬂnuous point of § (s countoble
& § g e d:ﬁerelmeio\( e.e. , =9 ae.

P;F: @ Sin(,e'f 7



(<) fXT) ore dicjo‘.nt

So m( lx(éN ). I 2 (=M, fuwy)

> (foet)-fx)) = fm - Fi-V) <o

IX|<N
Then 1 X =;f(x')*]£t"+)3 S at most countahle

® 97T Continous.
Define Glxth) - Gix)= {

/(3((\(; Xthl) h7o
—/Mﬂ( (,xt—h,)(J) Lh<o.

CV\D(ULL@S K BoYeL MECSUYE -
Mg 15 v‘eﬁwlw . bk CoMPOLCt Mg (K)=X
VE Borel, Jopen et U gt MUg(U\E) <<
P=9-1 , want t9 show
=0 a-e. ang P =0 a.e.
J[*g O.tofx)'ijo:l . Then P(Xj)z0
get M= %@LX)) o) then pris vegulor. ulm.

LN, o= oA+ $dm, $=0.
Pixth) - QX Pt tP) 2w (x=2h ,yvarh)

<
h n h
p— Z/A( BZI'\(X)) —> O s 11—> o .

6. For f:IR—> (C.\ (the otal variotion of F (s

Te (0 2 SMFg 2. F)-FOG-0) [, hEN, -0 &% &t L Kn=X]
Lf J¢ (o) = [,'..,i_lT,:Lm 1S finite .

théen we So\g-mli LS OJ‘ bild  variation.

7. Thm: ® F:R—>C BV 'l‘f'(‘ ReF.ImFERV -
@ F:R>R BV Hff Fis the difference of 2 bdod 7' functiov
F- S(CTF{'F) -3 (Tg ~F) (Jordan o(ewvnFOSu'tlovx)
Q) If Fe BV ,then F (X%, Fu) exists.



@I-]C Fe RV  then the o(iscontinuous Poith are ot most
countable .

® Lf Fe BV, Gx):= FUx™), then F.G exists and ove equed o-e.

1§ Def’ NBV=3{ FEBV . Fis right continuous and F(-m)=o].
Lemmex Lf FEBV 1 then Tr(=9) 20 . Lf - 1s r35)1t LNTIAUOWS,
the Tp (¢ also -

Thm: pu complex Borel measure on IR. Fozm(C-0%x])
then FE€ NBV . IT FeNBV , 3! complex Borel measure
/I/(q: St I':LK):/LF((-D%XJ).

PT @ From  Hahn o(ecomPositiom.
M- _ ]
Ded Frou=mt((-0ox]) , FT(x)= ((-09,X7).
F)= FF (w-F7 0.
®© F=G-H , #*((-00,X]) =G (x), # (0o, x]) > H¥).



§ 4.5 Point Set To po (093

. X is & nonewmpty set . A topology on X is & fonily
I of subsets of X that contains & and X . And it is
closed under arbityury uniows and finite intersections.
(_XI T) | S CC(U.QCX ‘tOPO (09i(6¢t SPCLCQ .

2-9. 0 PX) ( called discrete tOPologg)

2 (P, X ) ( called +rivial fepology).

® Xis an infinite set . {UC K :U=¢ or U is finitedis

o ‘toPolaw on X , called c,ofu'n'tte topo(ogy-

® X metric space . the rollection of el open cets
with respect to metvic space i -copo(ogj on X .

® (X, T) is a topological spuce and Y C X, then
TY: fl/((\\(, UETY ts o foPD(Oﬁ‘j on .

2. The membe,v‘s of T(m: Ca,l(eo( opev\ sets | and tl’leiV
complements gre called closed sets. If Y C X, the
open (Closed ) subsets of Y in the velative topology
are calted Ye (oct'l\/eLj OFCVl-

3. I]C AC X, /\={d? Od open set OoLC’AS.

M Od is called the iwnterior of A, denoted A’
T=¥p:Cp closed set, AcCpi. B
N\ C@ s called the closure of A, denoted A .

PET]
/—A\\_Ao 15 called the )oouManj of A, denoted IA .
If A=X, Ais called dense in X

L{ (A)=0, A 1S calledd nowhere dence .

t.xex(or ECX), a neighborhoed of X is a set ACX st XeA”

Cor ECA) .
A point x i called an accumulotion point of A if
AN CUNEY) 2 .-fov e\/e‘rj neighborhood U(o-f X .



5- CLCC(A\ = {Tl’\@ accumuletion Pa'mf_s O‘f AS
Then ﬁ=AanCA) . Al¢ closed iﬁ ceco (A) C A
Pf: IfX& A ,then A i & neighborhood of
Then A(\(AC\{xé) = cﬁ =) X & c(c_g(/f\).
So AUaccCA) ¢ ,&
If xe AUacelA) . So I U open se t__(,or\fa:""!"ﬁ X
UNA=® , o AC L and X & A = A C AU (A)

6. T, ond J2 GQre topoLogies on X , JL.C T+ , We Qaj that
T is weaker thun T», Ty (s stronger that J«.

I{ £ C PX) ,vhere is @ unigue weckest topology T (%)
on X that contuins € . Tt ts called the -tolm(ow
geneYated by £, T called a subbase of J(z).

/. O(;T> 1S & 'toPDLOSfCaL é})ace_.
o neig)\borhooo( base -for J ot XEX is & —fwm](\j NcT
st. @xeV ,YVEN
& if UE T and XEU |, there exists VeN |, ¢.t.\/C U
A base for ] s a -familg BCJT .
B = U ? The Vleighloovhooo( base O‘f X §

XE X

c.-9. Br(X) 1nh metric SpaLLe .

§. 2 1% a base for T iff every Monempty UET {5 o union
0{' memb ers o{- ¢ .
Pf: If Cis abase . XxeWeT. IVxEL . xeWC U

So W= U W .

XEWU | o
The wnyevrse ctatement (s trweeel

9. £ s the l)O-SQ 'J(O( A tOPolog\j on X & the —](ou.ow'lv\rj two
conditions .
@) ecch xeX LS Con’calneﬂ 'n seme \/EL.
® 4 LVeL and xeuUNV , IWEL, XEW C WNV.



& et T=fUCX: YxeUl ,3VEL with xeyC2 i,
Then ¢, X €T . J is closed under wunion.

If W ,UeeT , xeéUNUe, IV, heg xelicU,,
XEV,C U . sSo3WCUINV., XxeW. Wed.

Thuws UWNULET. SoJ i¢ toPolo(}M .

[o. (X,T)is a topological space . it is fist countahle
'] there is « countable neighborhood basc for T at every
point of X . Tt (s gecond countable | £ ) has «
countable base. (X, T) ig sepevcble if X hts c countoble
ense suhset.

(. E\/anﬁ second countable space is seperchle .
pf: X is second countable .
¢ is the countable base of T .

V\Aéi, EiCk CL PD]V\'( Xu_ém.
Then fx.plkéiﬂ ¢ (S an openset that does not nclude

OU’\:!j WLET. So fxut LEZL] = X .

2. A Segpence {Xj§ in c topological spacle X tonverges
toxeX (xj2x) if Y neighhorhoodk W of X 1 INEN,s-t.
XjeW . M)y>N . .

I{ X is -f{vst countable and ACX , then xeA ff there
(S @ cegpence i) in A that converges 0 X .

3. 11 X has property Tj, we Say that X is o Tj space.

o™ —L{- Yi‘j , there 1< on open Cet Cen’caining X but not Y
Or on open set. Oontodmiv\.j y but not X

Ti - Tf x#y . 3 open Set wV‘TCA:IV\'MB Y but not X .

To: Lfx#+y » 3 digjont gpen sets U, Vi st XEU ,yeV.

Tz Xisa T Space, ¥ cloced se+ A CX ,¥xeA, 3 Glisjo'mt
opensets W UV, xeU, AcC V.



Tat Xiso T Space , B disjoint closed sets A,B in X, 3
disjoint open sets UV, AcWU, BCV .

T space is also calted Hausdorff space.

T3 space s called regulew space-

Ty space 14 called noymal Spo e

Xico T Space fﬁ Syl s closed foy every XCX.

14. X, Y are topological SpeLLes -
)c: X =Y , then jL s cclled continuows i{ v} \/openset
0‘} Y/ ‘f-'(\/) is on open St in X .
& ¥ A closed set of ¥, £7(A) is « closed set jnX .
Denote + € C (X, Y).
I]f xeX, T1s called continweus at x {{ \f neighborhood
Vof {03, 3 neighborhood U of x , st- flUIcV,
FECWKY) & f is continuous at every x € X.
If the topolegy on 1 is genevated by 2. f€CY) &
¥ VEZ, (V) is open.

(5. I $:X2Y is bijective and f , f™ ave hoth continuous
-fis Called @ homeOMOVFhism . ond X &Y are calleo
homeo morphi ¢ .

[f §-X->Y (s injective but not surjective , {:X—=fX)
(S how\eomorl;)\’. sm  when j(xj C Y (s given the
relative 'l:oPo[OStj  f s called an embedding.

6. (fa: X2 Ya i is o fomily of maps from X inte some
topological spaces Yo , there is o weakest topology T onX
that mokes all the fo continwous , it is called the
weak topology generated by {fufuea

€-5. P‘roo(uc,t 'tOPDlOB_\j = Cavtegian PYOdu(,Jc o]c toPDlogiCGt(
éPCLC,es :



7. If‘ VOLéA ; KXol 1S HOWLSO(DY“]C']L ) them X = EAX% 'S
Halx.sdor—ﬁl
Pf: Vx4y, X.yeX . JolL €A, TalX)* TulY),
LE‘t U ' \/ be OgSjDiht V\CighbvrhOOds of T (X)), Tlcxkj) (n X .
So T (U), Ta' LV) are disjoint Vleigf)\bwhoods of .y,

[§ - MW_/,QO)’MIS Lemme. Cin fopological Spcc(,e)-

Let X be o noymel spete . Lt A and B re disjomt
closed sets in X , 3f€ C(X), T€lot), st.- f=0 on A
an ol f=-' on B

> TietZe Extensioh Thm

X normal space , closed subset A . fe CCA),f€(ab]
ALfe XY, Fela,b) , s-t. F‘A:jc' :

9. Def A topolosical space X is compecct tf whenevey
{(Uslac & 1S an open cover of X , 3 B finite subset of A,
St fUajacB (s also the open cover of X .

A subset Yof X is compoct if (t (s compact inthe
Yetat'we 1’;0'70109y : I‘f its closure ¢ wmract , ‘{(S called
{JfECOW\IJaLt :

20, X toro(ogical space IS compact iﬁ" every famil\j
iFﬂgd&A Of closed sets with '([l'nite intersection prop

OQ-AFOL:FQPQ C
2 Ua = U:ol) o,)en. OQ_AFN_'FCI’ & }éAu"** X .

e Yoea has finite intersection prop iff mo finite subtover
ot X . w,

L. It F is 0 compact subset of Hamso(orﬁ— space X and
x& F o 3disjont open cets UV, st.xeU, FCv.

Pf- YV yeF , choose disjoint open set Uy, Vy, xeUy,yeVy.
SoiVyf is the open cover of F, finite subtover §Vu3;, .



Ple M; (‘)luj“l V: 'gt\/ﬂi ‘

LL . Compact subset of HauSo(oyf( s closed.
Pt If Fis Compact . So FCis o nei\?hborh()od of every poit
o(/it. o Fis closed.

23, Compuct Hausdocff spoce is normel .
|7]C'- X wmpauc I‘Iausdovﬁ spac,e-
EiF are disjoint closed Subsets of X.
YxeE, 3 Ux, Vx o(isjoint and open s.t.xEUx, ECx.
TU\(SXC—B LS thenoPeh couernof E . We Flok f;n'.te subcovey
TUdim 1+ U  Ux;, V= ﬂ| Ve, , Then K,V open ECWA, Fc\/

24 PV-OP: @ I_f >( 1 € (,ow,Pa(_-( l—f‘-'X“? \f LS COHt'IﬂWOM$,tL\CK
(X 14 comp ot ct
@ X is compact . T€ LX), then T ¢ bdd.

25. A directed set is a set A equipped with binary
relation S s-t.

- x gk VorehA - ouslPond BTV then v LY

‘ szﬁeA/QYEA, st. oL XV, @%Y

A net in ouset X s o mopping o > Xa from o dircected
ﬁ nto X Adenoted XD aep or Xy , {Xa? |¢ indexed bj

26 . Eis o subset of tOPoLoy]cal. spuue X . A net LXA746A 18
eventually in B if J €A St Xa€E, X Z0o. . LXaD (S
frequently in E if Vo€A 3 PR K ,st.YEE

A point XEX is a [imit of <xw? Cie.xu =% if VU
V\eigh)yforhood of X, x> is eventably in L.

A point x EX 18 & cluster point of <xa> { YU ne'«gh)abf}md
o\fx . LXdY 18 -freqlu..emtlg n U.



).]. X 'boFoleﬁ'!ga,L 5P&¢Q ,ECX r ke X I them X 15 an
cecumnletion point of C iﬂ- 3Inet n E\IX) that Convere s
toX ,and x EE iff 3 net inE converges to x

Pi: If x is on accumulation point of E , let N bethe set
pf Vle'tghborlnoods of X , directed bj reveyse inclusion,

fF LEN ,P’lok Xy € (U\{X}) NE |, % — x . Con\/ersel‘j,

;f Xo(,éE\{xﬁ and X — X, then VY PbCV\CtU'VQOQ neighbwhood
of X contung Some Xo , SO X is the accwmylation powmt

of € -

25 X, Y toPD[ogicaL Spaces. € CLx,Y) T ¥ net <X
Converg‘mﬁ to X , {fXx)> onverges to £0¢) .

2L9. A Subnet Oj(‘ net <X&’ep 1S « Vet LYp2pen w‘(ietl'\er
with o map B> olg Lrom B to A st
+ Yoo €A, 3beB c.t. olgZolo whenevey B %P
BV ERCTE
f_f XA DPdeA 'S A het in g topo[ogfccgl spacc X . then
Xe X is o cluster point of <xe> iff has ¢ subnet tha
wnuergeé to X .

39. Thm X (s a topologica( space , the following are equivalent
&. X (S compect
b. ¥ net inX has a cluster point -
C- ¥V net in X has o (,ovlvergemﬁ su,lonet .
Pf: b& ¢ we have got it.
it X is compact and <Xu> is & net in X .
Let Ew =3Xg:f 2t}  Since Yo, pech , AYEA st. Y2, 124,
So {Exlaen has vhe finite intersection property .
So GQAéi#:?S' I.]C XE QA E ,yand U (¢ a V\C'lghbm’hood D'JE
X ;, then U intersects each Ew, So KXo s {fe@uzmtlj
m U x is a clustey point Of <k« 2.
On the other hand . i(f X s not Compact .



Let {Mp{ﬂea be an bpen cover of X with neo f{v\ite

Subcover -

Let 4 be the collection o f -finite cubset of R,

directed by nclusion . YAed, xa is point in Cpké} Us) .
: . . A

Then <*A>ped (s a net with no cluster point .

Indeed | if xeX ,choose BB with xcUp . 1f A6R and

A ZBT then Xu £ Up . So X (< not & clucter point of

KA.

3. X 'S ccclleo( COlLVl't(LHIj COM)?ch:t I’f V wuvﬁcable Oren
covey O‘f X has o -fl'nite Sub Lover .

X is culled sequentially compact if ¥ Seqpence in
X has o subsegirence.

3a. A tOPOLogica[ 9,>ace s colled local(] oomPac,t if
every point has o compect neighborbooo;o

We call locally compact “Hausdorff space LCH
—for shart .

$-Prop. () X LCH .UCX 15 open , xeW , 3 ompact
ne‘tg\'»bw%co& Nof x ,st.ivC WU.

@ X LCH ) kKC UCX, K is compatt and WU is open.
3 precompact open set V st. KCVCTUc U

® X LcH, then X is @ normel Space .

3¢. Xisa topological Space , £ECIX).

SU'PP (-f) ES Cal,lea( the SuTP}?OYt Df f , 1t g t}'lﬁ closure
of fxif00 o0} .

If Supp(f)is compact, we say Tis Compactly Swrpported
Cc(X) = § FECX) : supplf) is comprcty .

We say f vaniches ot fnfihi't\j ;]C \f< 70 , {X‘lf‘ﬁ\?is LS
Compalt Co (><)=€—feC(X) . 4 von'ishes ot c'vr{(nf'tfj{o



38. X LcH , Co(X) is the closure of (c(X) in the
Uniform me+ric .

Pf: If ffnl is a sequence in Cc(X) that Converges
uniformly to £ € C(X).

220, AneN st If,-flloe <€. Then Hx|4% if x& supia
So £ & Co(X).

Conversely , if FECo(X) . let k=X {WI25 ]  Compact.
God GnC Cc(X) , Yn &Cei1l, and 31\[(4“ =1 .

So fn=gnf == £ - ( Urysohn's Lemma in LCH)

S6. 1‘f X i¢ o honww\[;ac.t LCH QPaCC et oo denote o
point that i not an element of X , X"=XU{eol ,and Llet
T be the collection of all swhsets of X* s.t. either i)
Uis on OPeln set of X , ey (it) coe U ano( (/(C{S CaYMPc(Lt
then (X*,T) 15 @& comperct Hausdwf{ Space oncl the
nclugion mop L X2 XN is an mbedding.

X* is called the one-ppint compactification or
Alexon 0".\(01"6 c,ompacti—fica.tion of X .

3(. X L.CH SPac,e EcX closegl ':ﬁ i k compact | ENk

¢ closedl.

Ffi " Eis C(OSQA, Kig COW\P&(_t SO |< 1 S C(oseo(.
So EN K s closecl.
“&' If €/ not closed.

Pick xe E\E , k is @ CompCuct Y\eighborhooo( ot x .

Then x s on accumulation point of ENK, but xé& BNk .
So ENK s not closed .

38. X LCH Space . C(X) i« a closed subspace Of CX In
the topolog\_j of uniform convergence on Compact sets.
P{: 1§ f & )  then 18 & uniform Limit of CONtINLOUS
functions on each compact KX | So e (s ontinuouns.
If ECC closed, f(BINK =(f] )" (E) closed. Thus



]c-\(a (S 6(0560( ! ]C 'S continwow s .

39. A topological space X s called o= compact if it
(s O Countable unon of compact sets.
If__X 15 @ - compact LCIH space 3 fUnduz; , Un open,
s.t Un C U'V\'t'\ O'WO( X = Q“/(.n.
P]C-' X=:LZ Kn, Knis Compiect .
3 U, precompact open neighhorhood of K.
3 Un precompact open neighborhood of Uni Vlkn.
So X= SZ Un, Un Unt|

4o. X "COPOl,OjiCCLl, Spa,(,e - ECXx.
A Pm‘titlon O'f un‘ltlj on € is a collection {l’wl{oteA of
functions tn C (X, [0.1]) s.t.
» YxeX, 3 YteigHoor%ood ofx : OMly finite(5 mony ha ¥0.
® gé_:AhoL‘*’ , U XEE

A povtition of unity {hel s subordinate to an open
covey WL of E if Yo, 3 Ue U s.t. supplha)C K.

4. Tychonoft's Thm

I{ X ep 1S (ny fayuily of Compace tol>ologica( SpGaCes,
then X=T Xa iS Compoct in Vfaﬂ(‘kct topology

4> . Arzelo - Ascoly Thm.
EcCcCcX), £is called egluitontinuoUs ot x EX , if V&7°.

E\ne‘«gkborhood Uof X st WyeU fefF , fwyp-fwlcs.

L X compuct Houmsdorft spuce . If F is an €quwicontinuous.

Po'mtwlse, bou,nded, S uwbset o—f C(X) , then E s to'ta,ttg
boundled. in the uniform metric , and £ is precompoet.

I.X G-Covnlaccct L.ClH §Pa(.c : L]C ffns 1S Cvn e@u.'icom‘(nwems,

pointwise bounded sequence in CLx) » IFECIK) gend
o SWIDSQCLVJG“CC Oj: ?’fn\ convenge to f un‘t-formlcj In coW\Pc(ut



5ets.

43 The Stone - Weierstyass Thm

A Su))SC'l:A ef C(leR) or C(X) is Sai(?( €o selparate po‘m’(s
i1 b‘x:jéx, xty , IfEAL st OENICTE

Atz called wn a[gelora f itis G veal Vectoy sulosPace
Ojf C(X,IR). s.t. ;:f 4.4 ¢4 f%(—l—A

I1 4 CCXiR), B is called o (attice {f mox(fig) miv(hq
ore in & f f.9€48.

X compact Hausdov{f space . 1f 4 is o closed
Subalgebra o]C C(X, IRy the Separctes points , then either
A=CTx Y pr A= FECKIRY, £(X)= 0] for Some x.€X.
The first alternative holels iff A4 contains the constant
'{"M,HC'('/|LOV\S.



8§85 Functional Analysis

- Def o X vecter spal
I-l: X = To,+ 69)

S-t.  (LwtVI < Uuwiitnvi , Ixwll = INHIwI
-l is o semi -noym.
T_]ﬁ T E iﬁ- =0 , Then l-ll (¢ & norm.

(_X.ll'lu 1S a HDTMQD( Vector SFCOOC-

2. A nomeol vector space that (s complete , is called
BGMC(CJ/\ spaoe..

A Lineay maP T: XY ¢ calleo( bo(a( ;ff Nl € ClLwl,

the {olww’lhﬁ stutements Qre e@m';va[ent.
VT wwntinpous
2 T continwouns ot O

@ T s bdd.

3 Deft © WTi=inf §c o ITull £ clun = swp{ Liwd wex]
@ 0] 2 {bdo Linear map from X o1,
(L), 1-0) 18 normed vector space

4. Thm Hahn - Banach
X (s a real vecotor space . p is « sublineay functional.
A C X SMhSPac,e -1 is a lineay fmnctional. M, st Ty S
[?UQ . TII\CV\ 'f Caln be extend(eo( ‘o X Ccall l:3 ;) St
Flws T, F < p .

PT: f extond to M ® Spandx}
then Fly+Ax) = Fu + AFGa = fuyy+ AR(x) € PYtav,
co FIX) € mf{ply+x) T, Yyemy,
FOO 2 sup £ fup - ply-x), yem] -
conn’sider supffly) -py-xy ,4 ey € p s MFf Pyt —fu JeM
{: M@ SpanIyy — [R. , Y+ x — -jtj)-\-)\{) . Sodcisfted,(,checlcj



ACcovolinﬁ to Zomlé Lemma, we an 6)<ten0( it to X .

-1

5. .. { <G < Em 08y where Q1S bolol .
LL= 0 SO
Varictional methodl.
JLW) = f&lvwzo{{
— 2
([ tultolx)a
Consider w« e \/\/l; (L) = fu: wel (), vnlelay ,wvanishos 7
Constder m= ing [19«dlx on e
weW. (f(wlq')i
Assume Itud=wm . then LCTut€pd 2 LLud , VPECT(R)
Then ﬁ—i'i?—o IDJL-&Z?J =0

2
L[Vu.'l' QV:P—I: ) (f LVUA-eQSa)v(P) (fl%-tisﬂ ,4)?—(-.;
(‘f et iw@)} (f lu‘ciﬁﬂli}%
Motice [\7(/0\7(? 2 flwm"'u,-ﬁﬂ = f~ P (week golu-tiov\)
So —OU= [UIT'U a-e.

JuUk in Wo St. IL[ud \Ym .
We need to show Uk} is bool jn Wo .

llwllwn - ( f Lu.|7“+ | Qu ™ D(,K) =
Lot Uwillie = |, then |q VUi “oly Yy

(&
LO- Ul V™ Then |vUg| s bold in L
el <

[ w1 < (g wF ) ey = e u

1
v= ;('zl'li-«o

Y

che r Wo e re]ltexlue.

So 3 iulose(tmcv\ce fUg ) wWeak cenvergent
Wk, >w, wic the solution ot %), anodl 1] =m



Def ¥ Pe (o (<)
[ U v+ U @ > [ouvy tugp

L 1S [ weak So((,d:'ton pf ~AU=~ UL

Meed : ||ullq=1.
L. ukJ \Lg A .

Sob v lev nequality * UKy € C W,
So LLy_J 5(/(

A

é. Tkm Baire [cc'tegwy
Com,;le'l'é mety. x élpace ‘¢ the 2nol categorj-

Pt - 1 Un) open dense in X -

“

then 7§ g, =X .
28,
vV w open , WnN QQ‘ An) +®  (need +o Prove )
WNWe gpen  — B (%),
Br.(x) MUy open — Brilxy)

B{n()(.v\\ ﬂ u.nﬂ(')FGV\ — Bfm_‘ LXW.“\ ST X)' — X
X WNLHQ Un) 2

- His tomplex vector space
HXH - (Xs‘j) —> (x,y; '
) Laxtby, 2 > = L. 2> +h<Y, 2>
<L Yix2 = <y
) ¥\ %X720 & X=0
ConSioker |Ixi= <><,><7?3
I:" His melete with |, H is called Hilbert QI;QCQ,
X.\_SQ <X.y7:0\
Foy EcH , EL={xecH, x1y .WycEL




§. Thm: Iff€ HY, 3'YeH s-t.fx=<xy> ,¥xeH
Thm (Bessel)

L 2
f"‘"’do&é/\ or thongrmal i H y 0%,\ [<%WaZ [~ < 1K

Thm * The Hol lowing s are equivalent.
O “M.ll Z- l<M-JWx?|

® If <u.uu.> 0 ok ,then w=o -

7. €.9. For the solution 0]5 - &g u=Au
'1\93 are oéeme m LSS
I p 3

ASL - S'IV\Q b@’ (‘S' SQ) N Sm' D e,cp
(6 <{>)- Y10) 2(¢)

. 3y o — \
50 = Sep 565D ’5’% I (55 =22
Cons«der P:\ ngeno(ve e
M:,/%&,ﬁj)‘ Pé(wse)é , LEL, mLL

T_t s the §phencaL L\armomc |7 SL.
They ore dense in L7(gY).

m)_Q 1S Frewnr\)?ac:t OP€V\ gset.

o o ~AL= AU X elXh
. 9 { L =0 X €L

Then there exicts WL eWeol),s.t. wis the weak

2
Colwtion of (%), Ond the {irst eigenunlue = otvc\f f;‘ ool
W ;[ =

Pfl T’/\Q WQQ|< SOL\LT;.OV\ of (%) SatiSfies
J_Q_W vpdx = /\f U dx ¢ PeECL ().
J‘_Q_IV \zo{x

Ja w

(AT = f_Q_\OU\I)'D(X , mf J[uwd = m'f ACu] .
Wew,* nes?

Considey Iru]=  Note S%=FueX() [wlpey]



W\:_A-: t\n'f ——‘2'-—-—)_—— .:Mf JC"‘]
(Lew‘:(g.) J’_Q, W DQ.)C C(,éw:a.(a)

Then 3 sequence U C SF, 5t QUul >m.
So Sue} €2 is bounded in Wo ()

And  bown ded Seq RN (e (N Wo 16 Lompalt v L*
W'L-O-él l/(g — U ;Vl Lj\(.-f)—) : 5

Then IIWKIL= ngtlutcllz = |. UES .

We neegl to prove u € Wo -
We know whet @[u‘;"""] t &["“;’“"} = %(&twc} +QC0UT).

bue to JMIZm YwueWw, .

Then  [o 1WuPdc zm [ wox Yuews™

We know hect ll ‘%Lui'_ Ully—0 s <, U—>o<
>0 “l%j&“,_ — | aS &l 2co.

Thus &[‘%i&] = 3 (Qlued+aCwd) _&[u;MLJ

< :}j (@_Cu[{] + QLU ) ) — m l\__l’k-:wj_ [\‘; — ',l:(lM’rM) -m =9

ZZ) “ W;"A'(,“Wn — 0

TULILS is the ch—chj Sequence i W'L(_.(Z-).
ACCOY‘OL'W\S to the um':q/vuenesg yf Limitation .

Ue = U it W) T neW™ (), JluJ=m.
Then considen T)=J[wttdd telr, el T ().

& %fw)ltzo =0 = Ll\‘NV‘P dx = m fsx“?dx - HpeC)

Thus W 15 the weak Solution ef ) N\=m,
If <A satisfies (x). .
Then [ quve dx = A [ updx ¥PeC(@)

Becaurse ~ e W) , 3 9,300 | @Pa—> U in WAL,
Then |im [Q quaphdx = f,q 9 W2chx

n—209

= X \tf\'-!;‘oo Jn we Ax :'>‘f51 L dx , = J) <n.
Contvadiction -



36 [P Space

. Def: LF(xopy=(F:x> €| [ 1P du <o} is 1P space.
”f“L.P*' (flflpol P 'S oL norm., (,l‘P<°bl
Holder inégualicy ~ [ 1Fgl < ([1£1P)7 ( [19)%, 33 =

LY ¢ n Banach Space

2. Some ](acts
® Simple functions are dense i 18
& LP c |2t pegep<r<oo
Pf—d -f:e-;l/l? ,Le-t E:(lj‘(;qu]}l :]cl ]C%B.rfxé(.

[ el ® < [1xel® <ufuf
(3) Uil 2 Sll‘f”zp + II-FHL;A for ¢ome A £|
P{: Holder ine(‘wa(itj

® (1) = P
Ps - vd>cm** v fel®
$f) 2 [fg Aor some geL’
V@e L can be VlCWQJ s Q@ Lbhan fw'\ctmr\a(-
&(/b“’\g On LP ( +"‘ =-l)

Tgtfr= 19 < < u{uq, 19llp =2 |ngt\<tlﬁuP
Pick - (_3— )q, , =2 UTqll=M9Up. (--- in functiond avw(gsis)

\

{’yoof 1: We considey J\avuw U= J‘_Q— AW - m=L)_(-A)EuL-A)"w
(—a)% am Cnf WM g

R"  [x-y|™! ‘
) v 1Y) ) | : l g P
3! = =
IP~“ (j\lR | X - 5 [n-t ) X C lv('lll_l? ll\/ lLP ( P P*-,

l-b LS HQ.Y'dj Lttt(.QWeO(K SOI)D Q\) (,V\QQ/DLC(LF(B



In -I:a(;b , 1t 1S SO ham(
Pfeofl ’ FlTS'(; prove p =l

6( fllz" (A 0& )W < Ccn Jl\z VUL

I we reFlace |\*I bg ul "

(flw\ T X ) " = CW\) J ATl dx G
>\ P
ZC\ Y J I\MYl VW < CWh) Y JIWIP (J\k\ll -l -L'I)

P‘Clé Y.,S‘t YV\ :LY")P . —‘;\(L_/_'\'(:.PK

n-t ’|7:‘

So we Onlj <0 clnow P=L.
WIX) = JX' |,(,)( (Xx,, ‘ --+, ¥a) O(/ﬂ

o W Y, |
woal € [ 1% 19Uk, Yy, - Ka) | a(y
o = T ([ Iouteg, sl dy )

1 =1 -
— oo LN ce
= ij [ A(x)| ™ 0LX,$ (f—oo lVlALi,'",XV\)H‘f]l)
0Q 4 S e UL . n—,:|

j—oo IT (J-cx [V ULB -3 g5 ,Xu)IO(y,)

\':_‘ i |
h-
N

ST L o v
H%\deruco IFWY, "vxﬂ)l"(\j | )M il (Foo meuoc..--;\j-.,--;xn)(::!j;ﬂ(x)

- t-

[ [ ol ([ 5 [ 1omwbeote el dgbe )
) L

st )

n co -
‘ _D; ( &-oo S: [VMLKW')H‘:.“‘,X«\S IO{j‘ AX:)VH OLX).
U™

—
n-|

- (replicate this metion for n times) = j

A 00

< E ( J-—Oo E;:Q EVAVAR. PRV TR 9 ) dx, dy,;~AXu )

(Ju\" VUl )n-t However , we con't get the relationship



between (C ang n P

PYOOf 5 IUA“LP* SCn.F IV, p ‘

"="holols Hf wly=z Tk
| (atbiXI7) 7 1

Cnp= —T1 ( P2|"p [ T(e3)TN )n
" @ ( n-Pp ) ( T(‘%)PIHVI*]

wl\e\n \p:».\ Cn. 1 = L Cn

-.)l

Wm I\M“Ax) < (a, ng" [V |

J‘Ioj‘ oul = H -'(én_\
WA= inf ] m(u>t) Z8o0 |

Claim ® W[, P —Hlxﬁulj*
® 1wl P 2 gu? I
So 1 We prove “W‘llu’* < Caw |>" JuWllr , @ED.

0 fx 1£1F du =—f7 M(THIZ M) oO\

E L p* A ! m (¥ > W) k) = llm*llz:*

® POlya — Szego
M) = mfux)>t
then tt) =



So INWILP Z 1TU*| 2

Bk o OYaglnal @u,esuon
oo *( nh-l
RS E [~ e’ v ey

B pliTAL Tl S
( f lw*m\" r" Av) P

\
\ SIP“ IVO((XHF dx) P < \"‘.19 J‘IR 19U O(X) P |

(W" L N*(Y)IF r IOW)We S Cap (w.,\ KD: lM*'(r)er"-‘o(r)F.

Assume I attains mnimal ot W
Then lm <ITL[wteP,1 PeE

P

U:‘" B tego e g0 @ ote) ([ e P )

M-

<fow Wt fl r" O(F)?E‘ ( fomlwr f‘PIr T"-'o[r)-'gyI fomP*lufd”‘F -
N e
(utep) -GV o

v

6o S
(J‘aool\)"lp-l U'I(P'VWIO{Y‘ )(fo [Mll,}’6 Y“"o(v—)/Px_ K[o lu-lrr lO(T)l(:"x

N

M

([ e )R ™ ety
AN\



> W)z ,— 5 n-p
) ( 1 loy‘.E-")nP

PY‘OOf 4 Op'tm'\aL 't\fan§[)OT't
De:f R - R™ '(:rar\sport .
M '6‘0 tf F <L Borel in IR", pr) =/4LT (1))

y=Tx. fQ G dy = [ o) Foadx = GUTO 1Tr ool = Fon

Thm Brewer
s PTopab ity measwre ju<sm 3TV R R
when € R" IR s convex
et T -(;mngrowt M to v such convex funttion is

um.q/we

\

"
-

I B
HMQ (7 OWX)) - (><) det(v e\ < n F "0 oP
f G’"(VCP&X)) F(W(X = n " F" (¥) 0P AX
R

\
|

Jig © G Gpdy € F [ Log ) 0P
= I:\L(:\d;))) Jr 1 T of v A PP
S l:»ttyv\r% (fuz"‘ 1\73ClPo(x)""3( juz“ (,]q'%) l??‘ FM)?
) %y;\-% il o qu" If\P* ,v{bq\fvf-'lp(x)"?l
- %‘{1?\}1 .5 LTI (o 97 Gy
5 Je T

P

=
Jur ™ gupdy
Plck Gny 3 S.1i. QP*Uj) DQ\{ S FroPa bllé'tj meuswuye .

nin-p)



TG = - =3
{ "3 (0t blxiF ) P

P LX) = X

¢. Ham(g; s ineguality P>
s P . (PP &
Z ( Z ak) S (""‘ ) 2 Aw

n=] "ok vl
|~ (%], -f&)o(-t)Fa(x < —‘f_-,)" [T 1 e
Pf: Pick p=x. Havd(j S Meqluuodu-tj -2
(%’;—L)ZLRA g S o

|x|?
Becuse “ L I\M n—i
|VUH flllm 0&)( ]‘“L \\7M'l‘ X

%" T ¥*
=3 Wy
J‘NZV’ | Xt
ufu poo 2 .nﬁ C oo Moy < /'_, oS
Thus « Fot, mil>%} < | Ui pooo

VLl

2

chx

[

é \(UI/W\SI S CDHUO(.UUUOY) ""@Qw(ltj
[ flll xlk ]‘\Xlg(x—j) l'\(j) o(XO(j | < llfll “fil\glll'\lly

Then }J} ftx}g(x—\j\ hw o(xo(tj |
S Jpe RO 'JC‘X’F’“B’” « [0 Paoeyd®| Y v ‘S‘X*ﬁﬁ hy)' | P'Axdj
S S B (y [R" ool iy Mx)ﬁ' (LR o 3“’5)4")'( q o)) ”“J’M‘)dj



P GL

= II{HP “8” f Ihupl‘” thj’\ F' (fuz [fu) leleI dk)r'Jg

< @ ngu{ ( y\n lhl,\jllrd\j ( fm L)z foal” l?}(x“%IUXO(J)
/ll‘fHP G llq Nhily

s TO\M\S S lheqmlttj
| llﬁgllr < uflp 1Gllg

where [+y = -l—’--"% - I=P.r S22

|
Pf: We know that 746 - 2\t () =

Thus —S‘IR lJ‘lR ftj)ﬁtx—‘jydj\ O{X
i e epl1gepidy Yol

Q L 2
= [ S“l“ lfu))\r 1901 T il 19y dy) ox
y-p r-
éjlp" ( J 1| Plg ”(3> il Wqig A x



é 6 Fouriey Anal.ysis & Distribution

[ '76](’ i/[:\({\) = J‘qz" "J[me—)mXiO(X , X, ZelR
5 the Fourier transform of { .

2 50kwmtz class N
X: (X“X», "',)(n) 6”2“ : aif = g(:' ! 0(’: ('o(‘o.n.'l 0‘”) mu.l'(:ll'mde)(
Then 3% = 3% 355307 § , otz Trohl L ol X I
_ olv\ ; o, Aay - ‘= =
#I9= 3 GG ()40

Def : { € CURY g Schwart function CSIRY)) if
Yo, B, 3 Cap , §t- SUP [X* 3P | < Cop <o

xe 1"

3.3‘ 0, Q"m @ Q'IX\ not Schwartz since Nonsmooth Gt x=o
@ W no-t gbl’\wayt5 .

Remark : £€ SIR") Hff 1PFI€ Gppgm  TNVEN

2. Pap ()= SUR. [X5FH |
Pap (f-9) gives a semingrmm on S (IR
We o(e-jine on,j) - &z{_} l—(lulﬂﬂl) Pa(,:(f-g)

"1+ B}
Prop fn2F = o, L T - Fup (-5
0((]‘1‘3]) 1S a metyix on SCIR“). ) P
P It suffices to prove ’laﬂ)c“U’ é(CP,“Z P«p(—f))

by P SRy
_ 100
157 e = [ e RUfIP + flxm P17 1™ om-,,g dx

< Cpon | apf l\('}o T sup \x\“’tml@éf' PJ % "‘T""’ A
XG:IR-V‘ IX\ > |

SC( Papcs) + f)nﬁ:p(f” < Q.
P

4. 1,9€SUR™ |, Then fG. f¥g € SCIR")
9&(_:‘-'9(9) p (éd-f\*g = f ¥ (.éqg\



pf: 2%(§*9) 2 * (f Foeyagey dy ) = f"Z 0" fuey) guy)o(j
J\I\z -flx*j)gLy) o(j <C f“z W Ll+lyl>”*”‘ dj

< l

= C (\+ [x)M flpf‘ m° 0(7 =

A

6 Def: fesa®y, Fyzf . foo ey
> |fi)] s jmn frax < oo

/\ | A

® {ua (R)= 4 f(%)
N ‘b-zmxi ‘)—n'?S&iO(X
ftxr )z [ o frone™ elx = [len fO0 € %

@ I () = Lz}i‘ﬁ(i)

0 3 F@) = (=2TIX) fuy (2)
® T ESUR

@ f252 Fxg

® £A (D= F(AD) Acow
y-f(AX)eqU'X(DQx — f[]a" '}-( Q—Z‘mAXL 0{\(: ?(A‘L\
hﬂ



é lln\/€YSe |-oumer tVC(V\SfofW‘

Foo [ f) Mg = {10

Prop: @ [n 10400 dx= [1w £00909 dx  (Fubini)
O (f)'= -4

Pt P e Ge(l) = ﬂ—‘it e

gicix = *é;\ Q"T(_—) ( good kernal),

V\/e neeoL to <how flP« '\FLX)Q(X) Ei ‘f(.t)
llgﬁti)l\u = |

| fllz" T+t —i'v\ e T(Z)° Ax — f fuhl = — o T <) d(x(

- Tledl”

{. Extevxguo»f\ of Fourier transform

‘f flk" jwe m'xiAX s well O(C’flheo{ -for fé L'

So we Can extend( from S(R™) to L .

SR 2hse | % )
Vfe ) 3fa€SWR) st f, =5

P(2) = lim fo(2). W12 2 U Matdoll= Ly nfn = 1f e
This we cun ex-l'Qno( frovv\ S(IR) +0 LZ
for pe(ua), f€L7/ 3fel.fiel” £=firf..

We define :F fl f,, .

We can Puc.|< f‘()(); X O l‘f(x)\él j(z(x)— {'f(m \-f(.x)\<,

o I{x) >)



5. Iv\'tevPolat'tom Thm

Thm Mav‘ c\ak‘uew (c2

pef (X, pm).(Y,V) 1 Tis o linear operater from o
Lineay space of €- value meas functions on X <o
meas funutlon on Y .

® T{+g)=T{+T9

® TIM) = NTf.

If O® IT(f+9)1 = ITfITITgl

@ |TM) [ =IN[TF
We say T is sublinear.
O<-Po<{>| éOO p T [ S SI,{JQLI'VIQOLY on LF".[.Z_',':,(]{fo,"foelf°,-{'|e(ﬁj

Assume I Ao, A, , s-t.
[T I Peeo = A ILTH 20 g

I T P < A IifLLP

P’S‘: ‘f:ifj_; :F\OL :f| ¢ .
> xy fl>x oL |
2 { o Hlgawy T f-do

of Po _ Po _ P .t
J‘ ool Pdp = f{lflwé%m = j{l{l»aﬂhcl 1 om

< (o) ufnf_,,

Tis gub lineay . ITFISITFE < 1TA%

Il :'f 17 din '—'J:o rodF_le(flel>0lS ) oot

< 7 ot (wlfr e >3 1)t $3) ) dol
o’ g

M(TY>3) <
HUTE STy ¢ A e ?

=) IIT’fIluS /'HI'f”L" ' PU4F<P'

» p - ,,,
WITHE 2 pranf [P P stk da

+p (2A) 0 Lm Vasting LF &0 ‘Z" At .



@Lﬂl Po b 'I‘ﬂ B ™
— pl2Ao) JXIfIP (fvs oL 77T gl ) dp
P PP
tplzA)™ [ 4f (fLLI T ol ) A
.
. POAYR Po 1417 7P L
P~ fo l7 PP fx 1l 2
+ PU/A:*): \ 2 P-P
“p.- P gPR fx 17 LT A
= A 117

9. Riecz - Thorfn Thm
(X, ) LY, V) o-finite .

I Linear : Qm«Fle functions = meas functions

I<Po .P 4o. @ LS 0O .

“T]C |,% < mallfll | Po

lle—“ L2 < Mol f‘ll ) P
|

where O<9<|; -U 0) p.;* 97, '(' 93@ t03q,
T L.P 7L. 'S bO((V(

j > ITfi,e e m” M i e

PE: Lot |- Z ke Xpy Q>0 A disjoint

quu,j, - 9“'?3@% 198 = 1,9 cingle fafrgdo
M

(ol SRR
= KZ:, )l a-Kb_J pl j\((‘IXAK*)XBJ (f]- }Z__;‘IDJC JXBJ,)

- > .
lee P(2y= p(—5- + B \ ) 2=0+it.



m PRI o 2 Qe) g,
Tz 2o e"" %a, J2r Hbi e & 8.

o [T = 2 o165 oo [ Tty
[ FUtIl < NTFll g WG U, 4

P/o 6/ a’
S Mo Mot ro UGiell 95 = Mo IFUE gy Kt

« ) P/' i'/’
Similarly o IFC#0] < moIF0F 19175
Lemma= Ha,o(aw\arp( 2 Limes Lemw\a-
et F be analyfic on t2ze€ - 0< Rez < (§. bolok.
IFW) | <8, ’W),]an Rez =0 / |F12)]| € B, ,vvhen Re Z =|.
Then [F@) ¢ BS9BY when Rez=¢.

a F&) 2= |
G2 E,—-;g-g , Gnl2l 2 Glye N
° I
(xtiy )™y Vi

[Gnlxtiy) = [ G(xtly) ¢ & | S Ce™™

So}j =+, (9, >0 , when Y L&rge enout9}\ , L@n|s |
For f 2cC: 0<sRe2 sl , -lGIsIm2 <[l

From moximine frin c'zP[e | IG,\(H}jH <. = |Gn®) |21,
VIZGStriP- (et n>2e , |G | <1

[0 Hausdov‘ﬂ . \fou.ng I'V\ezgwalitg :
$4pr =l PECHRT.
N\ o —
Then LG < IHfeoll,  (Gee it by Riese = Thorin Thw )

o CoR™ ¢ S(RMY C C2(RrM).

fie l[;'-;V\Oo i;ﬁl;, | °(fe=f)l =0 Ve,

fo Ss 4 limosup 1xf(-f)l =o Vo,
CIR

Tk G, Fobm 1°He-Pillo =0 ¥ o

kC?UR“) )I = fc,ontinuxous Linear fum(ﬁsn;} = D,(\Q“j distribution
(S(IR“) )! = S (IR 't'ew\PeYQd. distribution.



(CZORY)) = €' (RY)  distribution with cpt swppor - (untrivial
c'(R" C S(IR") < D’(RM,

Te>T  Tth =>TH) , vVfels (R
T > T Tecfy = T(f1 , Ve SR
Te & T Tedd) = Ty ¢ FEec=UR

Prop: © we D'(IR) i1
VK compact ¥m3IC st kuf>] ¢ Eém“adf“l_"’(ki.
¢ {eC® surpported in k-

. Co.
Pf: V4. =2 o  we hauve <w,f.> =o0.
v €20 3N St k 2N ; l(l/tzftc>|<€.
Vm st 2 3%kl < §

loLlg 3
l(l/tl J[K7‘ S -§— IO%E-M “8 ‘fl(llLCb

® wes' Ry H 3Im k. st ¥feSRY
<wif 2l € ¢ 2 sup [aff |

lot| €M

Bl Kk

® we < (RY), iff 3m,n
[<w, o1 € ¢ = sup [0°fw|

X|SM X< N

e-9. 0 Dirac meas v cc'c Sy
S0, T = FL0Y.

® 1€ S
I<1,f> (= lf“z,\ + Ax | SHfN oo N\(B,)*t-fm?l 1 Ix "

S Il mp) + Sup (CUF) | e dy . <oo
® L pceny < SURY.

<wif> :Jw ufdx < UHWLe Ufypr <o

ntlee
ht(oo

olx

14 >\



@ on R . S'Cll'l}

\ dx _ | olx olx
u.4L£> = Lim S ‘fO‘) ~ = lm -F(x;-«f(o) ) % + Lim Tlo)
f 20_(‘7 0 £5b‘\ Sl 7< 20 g< lxl‘l i-) Dé&!)q £|
Ax _
Jo1Zf 29 <uf> < linm o 1 dx s214°
££l><1 g 7 f e70 £n<|{ ol iy
Denote  w(x) = Pv*;l’ . H:errf tmwsform.

2. Def: <O, 7S <uF> LueSM®Y), fe s,
Llet WE SUR") ,
distribution oderivative : <Fw, > U, 0 » - ).
We also call 1+ weak deyivative .

e-q. go, a&é

<é°‘§):<go >“f(0)“fl“f(X)Ax A
<aso,f7~<aga,f> SRS TIE- i e
:(-’l)wU < 60, o (fl,R." fw e” ST IXE Adx ) 2
= 0 S, [ (amin? fog 2R x>

= (=0 (-2 Tix)® fex) ol x

g'éo = Lmix)®

3. wis atevvxpereo( distribution.

Def- @ TF ) 00)= fuett), .
t)\en<'CtuL,j:7“ W, T ‘f?

® (§§)00=fw@x),
tkev\ <$%w , > < S <u, Eﬁga‘f >

(%)= FExY
+’f\€)t\ < m],c >2<u, f?
@fA(XS ‘:FCAX) ( A Lineawr transtorm

h A, £> 3 AS
then LU > 5 [o(etA\ Lu- g




® wesS'r")  he SUr™)
<h*lf(l]c7-:<l,(, h*f>

4. WES(RY) , he C* with ¢t most  poly normied growth.
- €. I(édhl(x)l < Co (ItIx1) 2 (slov)l\\j .'M,qusinff),
Def F Chu > = <w hf >
The Surpport of W€ S'(R") i< the intercection of
il closed set k ct. ¥ el (R") with supp @ Sk©
<Uuie>=0. €-9. Supp bx. = {xs1,

5. WeS RN , PESIR™, then (P¥W) EC=(R").
Moreover, | (@xw)| < Colltlx)®s i ueg/(R) el S
In fact , if We (R , b EC(R") increasing slowly.

Pft <<peeUL, :F? - < U, &*f) = <wu, Jlll" (P(X-y)'f(x)o(x>

= LR“ u, piev)> f(X) A x
So (P£U) (XY= KU, Plxy)>.

L (PEW) (xthe) - @*w)lxy _ WU lim P (xthe-y) ~P (x-Y)
W= ©O h ho2 6o n

—> <, O PUY> = xP* .

7z

(% (pru) ) ] =] @Pxn) 0y = |<u, FPxY>)

o A IS
< ( w%( ;gll;“(ugl) B ﬁga(x-m | € CUhx) ‘;“——“““"3‘) 5 pexy))



® ()" =Tk
@ F ()= ((2mixtu)”

@ (k)V=W

O fri =T

@ ﬁ-_ ]:\-ka_m « -k
® 3 F(furz Z, (W) fo; «

| 7. Thm - SULPI)Ose_ W & S,“R“\ 1 S 5WPPOT',’.€A. L 505:
then Jlc, S-t. U= 2= adédgo .

1€ k
Df l IX[Z2
T n= f D |x] & N € C°C(R™).
r( 1<|¥]| €2 .

KU F7= U nd 72 tu, en)f>
= Cu, un) 3 SOy okt S+ Ly, (-R) 0KY)
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