
4.2.1 4.2.2

§4.2 kn¼ê�Ø½È©

4.2.1 kn¼ê�Ø½È©

¤¢kn¼ê´���©f!©1Ñ´ x�õ�ª�©ª P (x)
Q(x)

,Ù¥

P (x) = anx
n + an−1x

n−1 + · · · + a0, an 6= 0;

Q(x) = bmx
m + bm−1x

m−1 + · · · + b0, bm 6= 0.

e n > m,¡ P (x)
Q(x)
�knb©ª;e n < m,K¡ P (x)

Q(x)
�kný©ª.

dõ�ª�Ø{´�,?Ûknb©ª�L«���õ�ª���kn

ý©ª�Ú. duõ�ª��¼ê´uO�, Ù(JE´��õ�ª. Ïd,

¦kn¼ê�Ø½È©,�I�Äkný©ª�Ø½È©.
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4.2.1 4.2.2

½n 1 (�{Ø{) � P (x) ´ n g¢Xêõ�ª, Q(x) ´ m g¢Xê

õ�ª� m 6 n, K�3��� n − m gõ�ª S(x) Úõ�ª R(x)

(degR < m)¦�

P (x) = S(x)Q(x) +R(x). (2)

y² � P (x) = anx
n + · · · + a0, Q(x) = bmx

m + · · · + b0.K
P (x)

Q(x)
−
an

bm
xn−m =

P (x)− an
bm
xn−m(bmx

m + · · · )
Q(x)

u´ P (x)
Q(x)
�L«�

P (x)

Q(x)
=
an

bm
xn−m +

P1(x)

Q(x)
, degP1 < n.

e degP1(x) = n1 > m,K P1(x)
Q(x)
�L«�

P1(x)

Q(x)
= cxn1−m +

P2(x)

Q(x)
, degP2 < n1.
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4.2.1 4.2.2

UYù�L§,k�Ú��ò P (x)
Q(x)
L«�

P (x)

Q(x)
= S(x) +

R(x)

Q(x)
, degR < m.

Ù¥ S(x), R(x)Ñ´¢Xêõ�ª,�

degS = n−m, degR < m.

ùÒy²
 (2).

e�3,	�éõ�ª S1(x)Ú R1(x)¦�

P (x) = S1(x)Q(x) +R1(x),

¿� degS1 = n−m, degR1 < m.Kk

(S(x)− S1(x))Q(x) = R1(x)−R(x).

'�þªüà�gê, ���k� S(x) = S1(x), R1(x) = R(x) �, þªâ

�U¤á. u´��5�y.
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4.2.1 4.2.2

½n 2 (�êÆÄ�½n) �

P (z) = anz
n + an−1z

n−1 + · · · + a1z + a0

´��EXê ngõ�ª,=, ai ∈ C, (i = 0, 1, · · · , n)� an 6= 0.K�3

Eê z1, z2 · · · , zn ¦�

P (z) = an(z − z1)(z − z2) · · · (z − zn).

y² ·��ã��3EC¼ê�§¥�y²�½n:

?¿�~êõ�ª P (z)ÑkEê�,=,�3Eê z1 ¦� P (z1) = 0.

dd(Ø,k

P (z) = P (z)− P (z1) =

n∑
j=1

aj(z
j − zj1) = (z − z1)P1(z), degP1 = n− 1.

Ï
d8B{Ò�±y²½n 2.
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4.2.1 4.2.2

½n 3 (õ�ªÏª©)) ?Û¢Xê�mgõ�ª Q(x)�©)�¦È

Q(x) = bm(x−α1)
r1 · · · (x−αk)rk(x2+β1x+γ1)

s1 · · · (x2+βlx+γl)
sl, (4.1)

ùp r1 + · · · + rk + 2s1 + · · · + 2sl = m, ¤k� αi, βj, γj Ñ´¢ê, �

β2
j − 4γj < 0 (j = 1, 2, · · · , l).
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4.2.1 4.2.2

½n 3 (õ�ªÏª©)) ?Û¢Xê�mgõ�ª Q(x)�©)�¦È

Q(x) = bm(x−α1)
r1 · · · (x−αk)rk(x2+β1x+γ1)

s1 · · · (x2+βlx+γl)
sl, (4.1)

ùp r1 + · · · + rk + 2s1 + · · · + 2sl = m, ¤k� αi, βj, γj Ñ´¢ê, �

β2
j − 4γj < 0 (j = 1, 2, · · · , l).

½n 4 (Ü©©ª©)) � P (x)Ú Q(x)©O´ nÚmg¢Xêõ�ª,

¿� n < m. eQ(x)®©)� (4.1)¥�/ª,K�3¢êAi,j, Bi,j, Ci,j,

¦�
P (x)

Q(x)
=

A1,1

(x− α1)
+ · · · +

A1,r1

(x− α1)r1
+ · · · +

Ak,1

(x− αk)
+ · · · +

Ak,rk

(x− αk)rk

+
B1,1x + C1,1

(x2 + β1x + γ1)
+ · · · +

B1,s1x + C1,s1

(x2 + β1x + γ1)s1
+ · · ·

+
Bl,1x + Cl,1

(x2 + β1x + γl)
+ · · · +

Bl,slx + Cl,sl
(x2 + βlx + γl)sl

.
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4.2.1 4.2.2

~ 1 ò 1
x3+1

dx?1Ü©©ª©).

) Ï� x3 + 1 = (x + 1)(x2 − x + 1),d½n 4,��
1

x3 + 1
=

A

x + 1
+

Bx + C

x2 − x + 1
,

Ù¥, A,B,C þ´�½�¢ê. òþª�©1,��ð�ª

A(x2 − x + 1) + (Bx + C)(x + 1) = 1.

'��ªü>Óg��Xê,k
A +B = 0,

−A +B + C = 0,

A + C = 1.

dd�)� A = 1
3
, B = −1

3
, C = 2

3
. u´

1

x3 + 1
=

1

3
·

1

x + 1
+

1

3
·
−x + 2

x2 − x + 1
.
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4.2.1 4.2.2

¦kn©ª�Ø½È©,�±z�¦±eü«AÏa.©ª�Ø½È©:

(1)
1

(x− a)k
; (2)

ax + b

(x2 + px + q)k
,

Ù¥ k ´g,ê, p2 − 4q < 0, k = 2, 3, · · · .

éu1�a�Ø½È©,k∫
1

x− a
dx = ln |x− a| + C.

∫
1

(x− a)k
dx =

1

1− k
·

1

(x− a)k−1
+ C. (k > 1)
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4.2.1 4.2.2

éu1�a�Ø½È©,k

ax + b

(x2 + px + q)k
=

a(x + p
2
) + b− ap

2(
(x + p

2
)2 + q − p2

4

)k
= a

t

(t2 + d2)k
+ b1

1

(t2 + d2)k
,

ùp b1 = b− ap
2
, d =

√
q − p2

4
, t = x + p

2
.
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4.2.1 4.2.2

éu1�a�Ø½È©,k

ax + b

(x2 + px + q)k
=

a(x + p
2
) + b− ap

2(
(x + p

2
)2 + q − p2

4

)k
= a

t

(t2 + d2)k
+ b1

1

(t2 + d2)k
,

ùp b1 = b− ap
2
, d =

√
q − p2

4
, t = x + p

2
.

� k = 1�,

∫
t

t2 + d2
dt =

1

2
ln(t2 + d2) + C,∫

1

t2 + d2
dt =

1

d
· arctan

t

d
+ C
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4.2.1 4.2.2

éu1�a�Ø½È©,k

ax + b

(x2 + px + q)k
=

a(x + p
2
) + b− ap

2(
(x + p

2
)2 + q − p2

4

)k
= a

t

(t2 + d2)k
+ b1

1

(t2 + d2)k
,

ùp b1 = b− ap
2
, d =

√
q − p2

4
, t = x + p

2
.

� k = 1�,

∫
t

t2 + d2
dt =

1

2
ln(t2 + d2) + C,∫

1

t2 + d2
dt =

1

d
· arctan

t

d
+ C

� k > 1�,

∫
t

(t2 + d2)k
dt =

1

2(1− k)
·

1

(t2 + d2)k−1
+ C,∫

1

(t2 + d2)k
dt�^4íúª¦Ñ.
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.

) �âc¡�~f�� 1
x3+1

= 1
3
· 1
x+1

+ 1
3
· −x+2
x2−x+1

.
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.

) �âc¡�~f�� 1
x3+1

= 1
3
· 1
x+1

+ 1
3
· −x+2
x2−x+1

.∫
1

x + 1
dx = ln |x + 1| + C.∫

−x + 2

x2 − x + 1
dx
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.

) �âc¡�~f�� 1
x3+1

= 1
3
· 1
x+1

+ 1
3
· −x+2
x2−x+1

.∫
1

x + 1
dx = ln |x + 1| + C.∫

−x + 2

x2 − x + 1
dx =

∫ −t + 3
2

t2 + (
√
3
2
)2
dt (t = x−

1

2
)
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.

) �âc¡�~f�� 1
x3+1

= 1
3
· 1
x+1

+ 1
3
· −x+2
x2−x+1

.∫
1

x + 1
dx = ln |x + 1| + C.∫

−x + 2

x2 − x + 1
dx =

∫ −t + 3
2

t2 + (
√
3
2
)2
dt (t = x−

1

2
)

= −
1

2
ln

(
t2 + (

√
3

2
)2

)
+

3

2
·

2
√
3
arctan

(
2
√
3
t

)
+ C
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.

) �âc¡�~f�� 1
x3+1

= 1
3
· 1
x+1

+ 1
3
· −x+2
x2−x+1

.∫
1

x + 1
dx = ln |x + 1| + C.∫

−x + 2

x2 − x + 1
dx =

∫ −t + 3
2

t2 + (
√
3
2
)2
dt (t = x−

1

2
)

= −
1

2
ln

(
t2 + (

√
3

2
)2

)
+

3

2
·

2
√
3
arctan

(
2
√
3
t

)
+ C

= −
1

2
ln(x2 − x + 1) +

√
3 arctan

(
2
√
3
(x−

1

2
)

)
+ C
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4.2.1 4.2.2

~ 2 ¦
∫

1

x3 + 1
dx.

) �âc¡�~f�� 1
x3+1

= 1
3
· 1
x+1

+ 1
3
· −x+2
x2−x+1

.∫
1

x + 1
dx = ln |x + 1| + C.∫

−x + 2

x2 − x + 1
dx =

∫ −t + 3
2

t2 + (
√
3
2
)2
dt (t = x−

1

2
)

= −
1

2
ln

(
t2 + (

√
3

2
)2

)
+

3

2
·

2
√
3
arctan

(
2
√
3
t

)
+ C

= −
1

2
ln(x2 − x + 1) +

√
3 arctan

(
2
√
3
(x−

1

2
)

)
+ C

u´ ∫
1

x3 + 1
dx =

1

6
ln

(x + 1)2

x2 − x + 1
+

√
3

3
arctan

(
2
√
3
(x−

1

2
)

)
+ C.
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4.2.1 4.2.2

4.2.2 �knz¼ê��¼ê

�knz¼ê: ÏL���ò¼êL«�#Cþ�kn¼ê.

��õ�ª: /X P (x, y) =

m∑
i=0

n∑
j=0

aijx
iyj ���¼ê.

��knª: e P (x, y)Ú Q(x, y)´��õ�ª,K

R(x, y) =
P (x, y)

Q(x, y)

¡���knª.
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4.2.1 4.2.2

1. � R(x, y)´��knª,K
∫
R(cosx, sinx)dx�knz

Ú\�UC�:

t = tan
x

2
, |x| < π

Kk

cos2
x

2
=

1

1 + t2
, sin2

x

2
=

t2

1 + t2
,

cosx =
1− t2

1 + t2
, sinx =

2t

1 + t2
.

x

2
= arctan t, dx =

2dt

1 + t2
.∫

R(cosx, sinx)dx =

∫
R

(
1− t2

1 + t2
,

2t

1 + t2

)
2

1 + t2
dt.
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4.2.1 4.2.2

~ 3 ¦ I =

∫
dx

sinx(1 + cosx)
.
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4.2.1 4.2.2

~ 3 ¦ I =

∫
dx

sinx(1 + cosx)
.

) d�UC�: t = tan x
2
,k

I =

∫
1

2t
1+t2

(
1 + 1−t2

1+t2

) · 2dt

1 + t2
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4.2.1 4.2.2

~ 3 ¦ I =

∫
dx

sinx(1 + cosx)
.

) d�UC�: t = tan x
2
,k

I =

∫
1

2t
1+t2

(
1 + 1−t2

1+t2

) · 2dt

1 + t2

=
1

2

∫ (
t +

1

t

)
dt
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4.2.1 4.2.2

~ 3 ¦ I =

∫
dx

sinx(1 + cosx)
.

) d�UC�: t = tan x
2
,k

I =

∫
1

2t
1+t2

(
1 + 1−t2

1+t2

) · 2dt

1 + t2

=
1

2

∫ (
t +

1

t

)
dt

=
1

2

(
1

2
t + ln |t| + C

)
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4.2.1 4.2.2

~ 3 ¦ I =

∫
dx

sinx(1 + cosx)
.

) d�UC�: t = tan x
2
,k

I =

∫
1

2t
1+t2

(
1 + 1−t2

1+t2

) · 2dt

1 + t2

=
1

2

∫ (
t +

1

t

)
dt

=
1

2

(
1

2
t + ln |t| + C

)
=

1

4
tan2

x

2
+

1

2
ln
∣∣∣tan x

2

∣∣∣ + C1.
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
=

∫
sinxdx

sin2 x(1 + cosx)
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
=

∫
sinxdx

sin2 x(1 + cosx)

=

∫
−d cosx

(1− cos2 x)(1 + cosx)
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
=

∫
sinxdx

sin2 x(1 + cosx)

=

∫
−d cosx

(1− cos2 x)(1 + cosx)

= −
∫

dt

(1− t)(1 + t)2
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
=

∫
sinxdx

sin2 x(1 + cosx)

=

∫
−d cosx

(1− cos2 x)(1 + cosx)

= −
∫

dt

(1− t)(1 + t)2

= −
1

2

∫ (
1

(1 + t)2
+

1

2
·

1

1− t
+

1

2
·

1

1 + t

)
dt
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
=

∫
sinxdx

sin2 x(1 + cosx)

=

∫
−d cosx

(1− cos2 x)(1 + cosx)

= −
∫

dt

(1− t)(1 + t)2

= −
1

2

∫ (
1

(1 + t)2
+

1

2
·

1

1− t
+

1

2
·

1

1 + t

)
dt

= −
1

2

(
−

1

1 + t
−

1

2
ln |t− 1| +

1

2
ln |t + 1|

)
+ C
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4.2.1 4.2.2

,	�){: - t = cosx,

I =

∫
dx

sinx(1 + cosx)
=

∫
sinxdx

sin2 x(1 + cosx)

=

∫
−d cosx

(1− cos2 x)(1 + cosx)

= −
∫

dt

(1− t)(1 + t)2

= −
1

2

∫ (
1

(1 + t)2
+

1

2
·

1

1− t
+

1

2
·

1

1 + t

)
dt

= −
1

2

(
−

1

1 + t
−

1

2
ln |t− 1| +

1

2
ln |t + 1|

)
+ C

=
1

2
·

1

1 + cosx
+

1

4
ln

1− cosx

1 + cosx
+ C.
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4.2.1 4.2.2

2. � R(x, y)´��knª,K
∫
R(coshx, sinhx)dx�knz

Ú\�UC�:

t = tanh
x

2
,

|^ cosh2 x− sinh2 x = 1, cosh2 x + sinh2 x = cosh 2x,��

coshx =
1 + t2

1− t2
, sinhx =

2t

1− t2
, dx =

2dt

1− t2
.

K ∫
R(coshx, sinhx)dx =

∫
R

(
1 + t2

1− t2
,

2t

1− t2

)
2dt

1− t2
.
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4.2.1 4.2.2

3. � R(x, y) ´��knª, K
∫
R

(
x,

n

√
ax + b

cx + d

)
dx �knz, Ù¥

ad 6= bc

��� t = n

√
ax+b
cx+d

,K

tn =
ax + b

cx + d
, x =

dtn − b
−ctn + a

,

dx
dt
´ t�knª.∫

R

(
x,

n

√
ax + b

cx + d

)
dx =

∫
R

(
dtn − b
−ctn + a

, t

)
dx

dt
· dt.
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4.2.1 4.2.2

~ 4 ¦
∫

dx

x +
√
2 + x

.
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4.2.1 4.2.2

~ 4 ¦
∫

dx

x +
√
2 + x

.

) - t =
√
2 + x,K x = t2 − 2, dx = 2tdt.¤±∫

dx

x +
√
2 + x

=

∫
1

t2 + t− 2
2tdt
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4.2.1 4.2.2

~ 4 ¦
∫

dx

x +
√
2 + x

.

) - t =
√
2 + x,K x = t2 − 2, dx = 2tdt.¤±∫

dx
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√
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4.2.1 4.2.2

4. � R(x, y)´��knª,K
∫
R
(
x,
√

1− x2

)
dx�knz

��� x = cos tKk∫
R
(
x,
√

1− x2

)
dx = −

∫
R (cos t, sin t) sin t dt.
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5. � R(x, y)´��knª,K
∫
R
(
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√
x2 − 1

)
dx�knz

��� x = cosh t,Kk∫
R
(
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√
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)
dx =

∫
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4.2.1 4.2.2

6. � R(x, y)´��knª,K
∫
R
(
x,
√
x2 + 1

)
dx�knz

��� x = sinh t,Kk∫
R
(
x,
√
x2 + 1

)
dx =

∫
R (sinh t, cosh t) cosh t dt.
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����^C�

u = x +
√
x2 + 1.

K

x =
u2 − 1

2u
,
√
x2 + 1 =

u2 + 1

2u
, dx =

u2 + 1

2u2
du.

Ïd ∫
R
(
x,
√
x2 + 1

)
dx =

∫
R

(
u2 − 1

2u
,
u2 + 1

2u

)
u2 + 1

2u2
du.
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