
Fourier C� Fourier C��5� òÈ Parseval �ª ~f

12.4.2 Fourier C�

b� f(x)3 (−∞,+∞)þëY!Åã1w�ýé�È,@o

f(x) =

∫ +∞

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ. (1)

¤á,Ù¥

a(λ) =
1

π

∫ +∞

−∞
f(t) cosλt dt, b(λ) =

1

π

∫ +∞

−∞
f(t) sinλt dt, (2)

ò§��\ (1)�

f(x) =
1

π

∫ +∞

0

(∫ +∞

−∞
f(ξ)

(
cosλx cosλξ + sinλx sinλξ

)
dξ

)
dλ

=
1

π

∫ +∞

0

(∫ +∞

−∞
f(ξ) cosλ(x− ξ) dξ

)
dλ. (3)

dª¡� FourierÈ©úª. dum>)Ò¥'u λ´ó¼ê,
 sinλ(x− ξ)
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´ λ�Û¼ê,|^ Eulerúª,�

f(x) =
1

2π

∫ +∞

−∞
dλ

∫ +∞

−∞
f(ξ)e−iλ(ξ−x)dξ.

òS�È©¥� ξ Ã'�þ eiλx ��	�È©¥,��

f(x) =
1

2π

∫ +∞

−∞
eiλxdλ

(∫ +∞

−∞
f(ξ)e−iλξdξ

)
. (4)

dª¡� FourierÈ©úª�EêL«. -

F (λ) =

∫ +∞

−∞
f(ξ)e−iλξdξ, (5)

Kk

f(x) =
1

2π

∫ +∞

−∞
F (λ)eiλxdλ. (6)

Ï~ F (λ)¡� f(x)� FourierC� (�¼ê). P�

F [f ](λ)½ö f̂(λ).
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f(x)¡� F (λ)�_C� (�¼ê½��¼ê). d f(x)��¼ê F (λ)£�

f(x)�úª (6)¡� FourierC���üúª.

� f(x)´ó¼ê�, f(x) sinλx´Û¼ê,d (5),k

F (λ) = 2

∫ +∞

0

f(ξ) cosλξdξ, (7)

dª¡� f(x)�{uC�.Ï� F (λ)E´ó¼ê,¤±d (6),�

f(x) =
1

π

∫ +∞

0

F (λ) cosλxdλ. (8)

� f(x)´Û¼ê�, f(x) sinλx´ó¼ê,d (5),k

F (λ) = −2i
∫ +∞

0

f(ξ) sinλξdξ, (9)

-

G(λ) = iF (λ) = 2

∫ +∞

0

f(ξ) sinλξdξ, (10)
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dª¡� f(x)��uC�.Ï� G(λ)E´Û¼ê,¤±d (6),�

f(x) =
1

π

∫ +∞

0

G(λ) sinλxdλ. (11)

~ 1 ¦�êP~¼ê f(x) =

e
−βx, x > 0

0, x < 0,
(β > 0)� FourierC�.

) f(x)� FourierC��

F (λ) =

∫ +∞

−∞
f(ξ)e−iλξdξ =

∫ +∞

0

e(−iλ−β)ξdξ

=
−1

iλ + β
e−(iλ+β)ξ

∣∣∣ξ=+∞

ξ=0
=

1

β + iλ
=
β − iλ
β2 + λ2

.

�â�üúª,�

1

2π

∫ +∞

−∞

β − iλ
β2 + λ2

eiλx dλ =


e−βx, x > 0

1
2
, x = 0

0, x < 0.
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~ 2 ¦¼ê f(x) = 1√
x
(x > 0)��uC�.

) f(x)��uC��

G(λ) = 2

∫ +∞

0

1
√
ξ
sinλξdξ

=
2
√
λ

∫ +∞

0

sinu
√
u
du

=
2
√
λ
·
√
π

2
=

√
2π

λ
.

�â�üúª (11)�

1
√
x

=
1

π

∫ +∞

0

√
2π

λ
sinλxdλ.

=, ∫ +∞

0

sinλx
√
λ
dλ =

√
π

2
·

1
√
x
.
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12.4.3 FourierC��5�

P f � FourierC��

F [f ] = F (λ) =

∫ +∞

−∞
f(ξ)e−iλξdξ. (12)

± F −1[F ] = f(x)L«¼ê F (λ)� Fourier_C�.

1◦ (�5'X) e f, g �3 Fourier C�, Ké?¿~ê α, β, ¼ê

αf(x) + βg(x)��3 FourierC�,�

F [αf + βg] = αF [f ] + β F [g].

y² l (12)wù´w,�.
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2◦ (ª£A5Ú�£A5) e f �3 FourierC�,Ké?¿¢ê λ0, ¼

ê f(x)e−iλ0x ��3 FourierC�,�

F [f(x)e−iλ0x] = F [f ](λ + λ0).

Fourier_C��aq5�¡��£A5,=,

F −1[F (λ)eix0λ] = f(x + x0).

y²

F [f(x)e−iλ0x] =

∫ +∞

−∞
f(ξ)e−iλ0ξe−iλξdξ

=

∫ +∞

−∞
f(ξ)e−i(λ+λ0)ξdξ

= F [f ](λ + λ0).

aq/,�±y²�£A5.
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3◦ (�¼ê�©{) e� |x| → +∞�, f(x)ªu",� f ′(x)� Fourier

C��3,K

F [f ′(x)](λ) = iλF [f(x)](λ).

��/,e� |x| → +∞�, f(x)9c k− 1��¼êÑªu",¿� f (k)(x)

� FourierC��3,K

F [f (k)(x)](λ) = (iλ)k F [f(x)](λ).

y² ©ÜÈ©�±��

F [f ′(x)](λ) =

∫ +∞

−∞
f ′(ξ)e−iλξdξ

= f(ξ)e−iλξ
∣∣∣+∞
−∞
−
∫ +∞

−∞
f(ξ)(−iλ)e−iλξdξ

= iλ

∫ +∞

−∞
f(ξ)e−iλξdξ

= iλF [f(x)](λ).
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4◦ (�¼ê�©{) e¼ê f(x) Ú xf(x) � Fourier C�Ñ�3, K

f(x)� FourierC�´���,�

(F [f(x)](λ))′ = F [−ixf(x)](λ).

y² Ï�

F [f(x)](λ) =

∫ +∞

−∞
f(ξ)e−iλξdξ,

|^¦��È©���5�,�

(F [f(x)](λ))′ =

∫ +∞

−∞
(−iξ)f(ξ)e−iλξdξ

= F [−ixf(x)](λ).
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òÈ �¼ê f(x)Ú g(x)Ñ3 (−∞,+∞)þ�È�²��È.¡¹ëCþ

È©

f ∗ g(x) :=
∫ +∞

−∞
f(x− t)g(t) dt

� f � g �òÈ.´�,òÈkXe5�:

1) �¼ê f(x)Ú g(x)Ñ3 (−∞,+∞)þ�È�²��È,K f ∗g(x)
3 (−∞,+∞)þýé�È.

2) òÈ÷vÏ~¦È�n�5�:

f ∗ g = g ∗ f (��Æ)

(f ∗ g) ∗ h = f ∗ (g ∗ h) ((ÜÆ)

(f + g) ∗ h = f ∗ h + g ∗ h (©�Æ)

5,3y²(ÜÇ����ü�Ã¡È©Ò�^S.
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5◦ (òÈ� Fourier C�) �¼ê f(x) � g(x) 3«m (−∞,+∞) þ�

È�²��È,Kk

F [f ∗ g] = F [f ] · F [g].

y² d½Â��

F [f ∗ g] =
∫ +∞

−∞

[∫ +∞

−∞
f(x− t)g(t)dt

]
e−iλxdx,

5¿� f(x)� g(x)�ýé�È5,��È©gS´����,u´��

F [f ∗ g] =
∫ +∞

−∞
g(t)

[∫ +∞

−∞
f(x− t)e−iλxdx

]
dt.

�Cþ�� x = t + ξ,Òk

F [f ∗ g] =
∫ +∞

−∞
g(t)

[∫ +∞

−∞
f(ξ)e−iλ(t+ξ)dξ

]
dt

=

∫ +∞

−∞
g(t)e−iλtdt ·

∫ +∞

−∞
f(ξ)e−iλξdξ = F [f ] · F [g].
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6◦ (Parseval�ª) � f(x)3«m (−∞,+∞)þ�È�²��È,K∫ +∞

−∞
f 2(t)dt =

1

2π

∫ +∞

−∞

∣∣F [f ](λ)
∣∣2dλ.

y² -

g(x) =

∫ +∞

−∞
f(t)f(x + t)dt,

§� FourierC��

F [g](λ) =

∫ +∞

−∞
g(x)e−iλxdx =

∫ +∞

−∞

(∫ +∞

−∞
f(t)f(x + t)dt

)
e−iλxdx

=

∫ +∞

−∞
f(t)

(∫ +∞

−∞
f(x + t)e−iλxdx

)
dt

=

∫ +∞

−∞
f(t)

(∫ +∞

−∞
f(u)e−iλudu

)
eiλtdt

=

∫ +∞

−∞
f(t)eiλtdt

∫ +∞

−∞
f(u)e−iλudu

= F [f ](λ) F [f ](λ) =
∣∣F [f ](λ)

∣∣2.
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d_C�úª�

g(x) =
1

2π

∫ +∞

−∞

∣∣F [f ](λ)
∣∣2eiλxdλ,

� x = 0,Ò��

g(0) =

∫ +∞

−∞
f(t) · f(0 + t)dt =

∫ +∞

−∞
f 2(t)dt

=
1

2π

∫ +∞

−∞

∣∣F [f ](λ)
∣∣2eiλ·0dλ =

1

2π

∫ +∞

−∞

∣∣F [f ](λ)
∣∣2dλ.
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~ 3 � g, h´3«m (−∞,+∞)þ�È�²��È�®�¼ê. ¦)

'u��¼ê f �È©�§

f(x) = g(x) +

∫ +∞

−∞
h(x− t)f(t) dt.

) �§�±�� f = g + h ∗ f.�â FourierC��5�,k

F [f ] = F [g] + F [h] · F [f ].

u´

F [f ] =
F [g]

1− F [h]
.

�â�üúª,�

f(x) =
1

2π

∫ +∞

−∞

F [g](λ)

1− F [h](λ)
eiλx dλ.
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~ 4 O�pd¼ê f(x) = e−ax
2
(a > 0)� FourierC�.

) Ï f ′(x) = −2axf(x),� f(x)Ú f ′(x)Ñ3 (−∞,+∞)þýé�

È,�� |x| → 0�, f(x), f ′(x)Ñªu 0. Ïd,d FourierC��5�,�

iλF [f(x)](λ) = F [f ′(x)](λ) = F [−2axf(x)](λ)

= −2aiF [−ixf(x)](λ) = −2ai(F [f(x)](λ))′,

=,

(F [f(x)](λ))′ = −
λ

2a
F [f(x)](λ).

)d�©�§,�

F [f(x)](λ) = Ce−
λ2

4a .

ùp C = F [f(x)](0) =

∫ +∞

−∞
e−aξ

2

dξ =

√
π

a
.u´

F [f(x)](λ) =

√
π

a
e−

λ2

4a .
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