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1.1 Fp�C�{

�f(x) �(−∞,+∞) �ÅãëY¼ê§KFp�C�½Â�

F [f ] = F (λ) =

∫ ∞
−∞

f(x)eiλxdx.

��5`§·�¬�¦f ´ýé�È�§=∫ ∞
−∞
|f(x)|dx <∞.

XJI��{§·����¬b�f(±∞) = 0, f ′(±∞) = 0 · · ·§·�%@I���ÿù
^�Ñ´
gÄ¤á"£32Âeéõ^�Ñ�±ÃÀ§¤±��/ªü�6§vk�Ø�{§(J�Ø¬k

�Ø"¤3ýé�È5b�e§F (λ) ´(−∞,+∞) þ�k.ëY¼ê"¿�k�üúª

f(x+ 0) + f(x− 0)

2
=

1

2π

∫ ∞
−∞

F (λ)e−iλxdλ.

AO/§XJf �´ëY�§K

f(x) =
1

2π

∫ ∞
−∞

F (λ)e−iλxdλ.

Fp�C�kéõÚ.Ê.dC��q�5�"±e�ÑÜ©5�"

(1) �55�µF [C1f + C2g] = C1F [f ] + C2F [g]¶

(2) ª£5�µF [f(x)eiλ0x] = F (λ+ λ0)¶

F [f(x)eiλ0x] =

∫ ∞
−∞

f(x)eiλ0xeiλxdx =

∫ ∞
−∞

f(x)ei(λ+λ0)xdx = F (λ+ λ0).

(3)  £5�µF [f(x+ a)] = F (λ)× e−iλa¶

F [f(x+ a)] =

∫ ∞
−∞

f(x+ a)eiλxdx =

∫ ∞
−∞

f(x)eiλ(x−a)dx = e−iλaF (λ).

(4) �q5�µa > 0, F [f(ax)] = 1
a
F (λ

a
)¶

F [f(ax)] =

∫ ∞
−∞

f(ax)eiλxdx =
1

a

∫ ∞
−∞

f(x)eiλ
x
a dx =

1

a
F (
λ

a
).

(5) �©5�µF [f (n)(x)] = (−iλ)nF (λ)¶

=I`²n = 1 ��/=�µ∫ ∞
−∞

f ′(x)eiλxdx = f(x)eiλx|∞−∞ − iλ
∫ ∞
−∞

f(x)eiλxdx = −iλF (λ).
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(6) òÈ5�µF [f ∗ g] = F [f ]× F [g]"ùp�òÈ½Â�

f ∗ g =

∫ ∞
−∞

f(s)g(x− s)ds.

∫ ∞
−∞

(∫ ∞
−∞

f(s)g(x− s)ds
)
eiλxdx =

∫ ∞
−∞

f(s)

(∫ ∞
−∞

g(x− s)eiλxdxds
)

=

∫ ∞
−∞

f(s)F [g]eiλsds = F [f ]F [g].

~^�´§��C�§

F−1[fg] = F−1[f ] ∗ F−1[g].

�
²;�Fp�C���C�µ�a > 0§Kµ

F [e−ax
2

] =

∫ ∞
−∞

e−ax
2

eiλxdx = e−
λ2

4a

∫ ∞
−∞

e−a(x−
λ

2
√
a
i)2dx =

√
π

a
e−

λ2

4a .

��

F−1[e−aλ
2

] =
1

2π

∫ ∞
−∞

e−aλ
2

e−iλxdx =
1

2
√
πa
e−

x2

4a .

p�Fp�C�µ�f(x, y, z) �R3 þ�ÅãëY¼ê§÷v∫ ∫ ∫
|f |dxdydz <∞.

KkFp�C�

F (λ, µ, ν) =

∫ ∫ ∫
f(x, y, z)ei(λx+µy+νz)dxdydz.

Fp��C��

f(x, y, z) =
1

(2π)3

∫ ∫ ∫
F (λ, µ, ν)e−i(λx+µy+νz)dλdµdν.

kaq��©5�µ

F [
∂f

∂x
] = −iλF [f ], F [

∂2f

∂x2
] = −λ2F [f ].

AO/µ

F [∆3f ] = −(λ2 + µ2 + ν2)F [f ].

~f1. ^Fp�C�¦)9D��§�Ð©¯K"{
ut = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = ϕ(x)

). �

ū(t, λ) =

∫ ∞
−∞

u(t, x)eiλxdx.

K

ūt = −λ2a2ū.
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ū(0, λ) = F [ϕ].

�

ū(t, x) = C(λ)e−λ
2a2t.

dÐ©^�

C(λ) = F [ϕ].

¤±

ū = F [ϕ]e−λ
2a2t.

¤±

u(t, x) = F−1[F [ϕ]] ∗ F−1[e−λ
2a2t] = ϕ ∗

(
1

2a
√
πt
e−

x2

4a2t

)
=

1

2a
√
πt

∫ ∞
−∞

ϕ(x− s)e−
s2

4a2t ds.

��C��eµ

~f2. ^Fp�C�¦)9D��§�Ð©¯K"{
ut = uxx + u,−∞ < x < +∞, t > 0

u(0, x) = e−x
2

). �

ū(t, λ) =

∫ ∞
−∞

u(t, x)eiλxdx.

K

ūt = −λ2ū+ ū.

ū(0, λ) = F [e−x
2

].

�

ū(t, λ) = C(λ)e−(λ
2−1)t.

dÐ©^�

C(λ) = F [e−x
2

].

¤±

ū = F [e−x
2

]e−(λ
2−1)t.

¤±

u(t, x) = F−1[F [ϕ]] ∗ F−1[e−(λ
2−1)t] = e−x

2

∗
(

et

2
√
πt
e−

x2

4t

)
=

et

2
√
πt

∫ ∞
−∞

e−(x−s)
2

e−
s2

4t ds.

��(J

u(t, x) =
1√

1 + 4t
et−

1
1+4tx

2

.

~f3. )½)¯Kµ {
utt + a2uxxxx = 0,−∞ < x < +∞, t > 0

u(0, x) = ϕ(x), ut(0, x) = 0
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). �

ū(t, λ) =

∫ ∞
−∞

u(t, x)eiλxdx.

K

ūtt + a2λ4ū = 0.

ū(0, λ) = F [ϕ],

ūt(0, λ) = 0.

�

ū(t, x) = C1(λ) cos(aλ2t) + C2(λ) sin(aλ2t).

dÐ©^� {
C1(λ) = F [ϕ]

C2(λ) = 0.

¤±

ū = F [ϕ] cos(aλ2t).

¤±

u(t, x) = F−1[F [ϕ]] ∗ F−1[cos(aλ2t)].

I�O�F−1[cos(aλ2t)], =�

1

2π

∫ ∞
−∞

cos(aλ2t)e−iλxdλ =
1

2π

∫ ∞
−∞

eiaλ
2t−iλxdλ =

1

2π
e−i

x2

4at

∫ ∞
−∞

eiat(λ−
x

2at )
2

dλ =
1

2π
e−i

x2

4at

∫ ∞
−∞

eiatλ
2

dλ.

�O�
∫∞
−∞ e

iatλ2

dλ. =

2

∫ ∞
0

eiatλ
2

dλ = 2e
π
4 i

∫ ∞
0

e−atµ
2

dµ =

√
π

at
e
π
4 i.

¤±

F−1[cos(aλ2t)] =
1

2π
e−i

x2

4at ×
√
π

at
e
π
4 i =

cos( x
2

4at
) + sin( x

2

4at
)

2
√

2πat
.

¤±dFp�C��òÈ5�§�

u(t, x) =

∫ ∞
−∞

ϕ(x− s)
cos( s

2

4at
) + sin( s

2

4at
)

2
√

2πat
ds.

�uC��{uC�µ�·��k�u��ÿ§·��±^�uC�½ö{uC�"�f

�[0,∞) þ�ýé�È¼ê§�{uC�©O½Â�µ

fs(λ) =

∫ ∞
0

f(x) sin(λx)dx;

fc(λ) =

∫ ∞
0

f(x) cos(λx)dx.
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fs �Û¼ê§fc �ó¼ê"�A��{u�C�©O½Â�µ

f(x) =
2

π

∫ ∞
0

fs(x) sin(λx)dλ;

f(x) =
2

π

∫ ∞
0

fc(x) cos(λx)dλ.

�{uC��±w�Fp�C��,«C/§¢Sþ·�òf óÐm§�

g(x) =

{
f(x), x ≥ 0

f(−x), x < 0.

K

F [g] =

∫ ∞
−∞

g(x)eiλxdx = 2

∫ ∞
0

f(x) cos(λx)dx = 2fc(λ).

��§éux ≥ 0§k

f(x) = g(x) = F−1[F [g]] =
1

2π

∫ ∞
−∞

2fc(λ)e−iλxdλ =
2

π

∫ ∞
0

fc(λ) cos(λx)dλ.

Ó�éu�uC�§·��±�ÛÐm§�

h(x) =

{
f(x), x ≥ 0

−f(−x), x < 0.

K

F [h] =

∫ ∞
−∞

h(x)eiλxdx = 2i

∫ ∞
0

f(x) sin(λx)dx = 2ifs(λ).

��§éux ≥ 0§k

f(x) = h(x) = F−1[F [h]] =
1

2π

∫ ∞
−∞

2ifs(λ)e−iλxdλ =
2

π

∫ ∞
0

fs(λ) sin(λx)dλ.

�{uC�kXe�©5�

(f ′)s = −λfc;

(f ′)c = λfs − f(0).

¢Sþ

(f ′)s =

∫ ∞
0

f ′(x) sin(λx)dx = f(x) sin(λx)|∞0 − λ
∫ ∞
0

f(x) cos(λx)dx = −λfc.

(f ′)c =

∫ ∞
0

f ′(x) cos(λx)dx = f(x) cos(λx)|∞0 + λ

∫ ∞
0

f(x) sin(λx)dx = λfs − f(0).

¤±

(f ′′)s = −λ(f ′)c = −λ2fs + λf(0),

(f ′′)c = λ(f ′)s − f ′(0) = −λ2fc − f ′(0).

AO/§XJf(0) = 0§K(f ′)c = λfs,(f
′′)s = −λ(f ′)c = −λ2fs"XJf

′(0) = 0,K(f ′′)c = −λ2fc"
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~f4. ^{uC�)½)¯Kµ 
ut = a2uxx, x > 0, t > 0

u(0, x) = 0, ux(t, 0) = Q,

u(t,+∞) = ux(t,+∞) = 0

). �

ū(t, λ) =

∫ ∞
0

u(t, x) cos(λx)dx.

K

(uxx)c = λ(ux)s − ux(t, 0) = −λ2ū−Q.

=

ūt = −λ2a2ū− a2Q.

ké��A)v(t, λ) = − Q
λ2 .2-w(t, λ) = ū− v"��

wt = −λ2a2w.

��Ï)w(t, λ) = C(λ)e−λ
2a2t§¤±

ū = C(λ)e−λ
2a2t − Q

λ2
.

-t = 0 ��

C(λ) =
Q

λ2
.

¤±

ū =
Q

λ2
e−λ

2a2t − Q

λ2
= −a2Q

∫ t

0

e−λ
2a2τdτ.

^�{uC�

u =
2

π

∫ ∞
0

(
−a2Q

∫ t

0

e−λ
2a2τdτ

)
cos(λx)dλ = −2a2Q

π

∫ t

0

∫ ∞
0

e−λ
2a2τ cos(λx)dλdτ

= −2a2Q

π

∫ t

0

1

2a

√
π

τ
e−

x2

4a2τ dτ

= − aQ√
π

∫ t

0

1√
τ
e−

x2

4a2τ dτ.

�CþO�y =
√

x2

4a2τ
§Kτ = x2

4a2y2
"�\�

u = −xQ√
π

∫ x
2a

√
t

+∞

1

y2
e−y

2

dy.
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1.2 .Ê.dC�{

.Ê.dC�µ�f(t) �½Â2[0,∞) þ�©ãëY¼ê§f �.Ê.dC�½Â�

L[f ] =

∫ ∞
0

f(t)e−ptdt.

L[f ](p) ��´½Â3Rep > c þ"f ��±w�´(−∞,+∞) þ�¼ê§Ù3(−∞, 0) þ����

""�p = σ + iλ§K.Ê.dC�ÚFp�C�kXe'X

L[f ] = L(σ + iλ) = F [f(t)e−σt].

¤±

f(t)e−σt =
1

2π

∫ ∞
−∞

L(σ + iλ)eiλtdλ.

.Ê.dC���üúª�

f(t) =
1

2π

∫ ∞
−∞

L(σ + iλ)eσ+iλtdλ =
1

2πi

∫ σ+∞

σ−∞
L(p)eptdp

AO/§XJlimp→∞ L(p) = 0§Kk

f(t) =
∑

Res(L(p)ept, pi).

Ù¥pi ���²¡Rep < c �¤kÛ:"

ÚFp�C���§.Ê.dC��kaq5�§�)

(1) �55�µL[C1f + C2g] = C1L[f ] + C2L[g]¶

(2) ª£5�µL[f(t)eλt] = L(p− λ)¶

L[f(t)eλ0t] =

∫ ∞
0

f(t)e−(p−λ0)tdt = L(p− λ0).

(3) ò´5�µτ > 0§L[f(t− τ)h(t− τ)] = L(p)× e−pτ§Ù¥h(t) = 1, t ≥ 0;h(t) = 0, t < 0¶

L[f(t− τ)] =

∫ ∞
0

f(t− τ)e−ptdt = e−pτ
∫ ∞
0

f(t)e−ptdt = e−pτL(p).

(4) �q5�µa > 0, L[f(at)] = 1
a
L( p

a
)¶

L[f(at)] =

∫ ∞
0

f(at)e−ptdt =
1

a

∫ ∞
0

f(t)e−p
t
a dt =

1

a
L(
p

a
).

(5) �©5�µL[f (n)(t)] = pnL(p)− pn−1f(0+)− pn−2f ′(0+)− · · · .

=I`²n = 1 ��/=�µ∫ ∞
0

f ′(t)e−ptdt = f(t)e−pt|∞0 + p

∫ ∞
−∞

f(t)e−ptdt = pL[f ]− f(0+).
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(6) �¼ê�©µL[f(t)](n) = L[(−t)nf ].

L[f(t)](n) =

∫ ∞
0

f(t)
∂ne−pt)

∂pn
dt = L[(−t)nf ].

(7) �¼êÈ©µL[
∫ t
0
f(s)ds] = L[f ]

p
.

(8) òÈ5�µL[f ∗ g] = L[f ]× L[g]"ùp�òÈ½Â�

f ∗ g =

∫ t

0

f(s)g(t− s)ds.

~^�´§��C�§

L−1[fg] = L−1[f ] ∗ L−1[g].

·��±O��
{ü�.Ê.dC�"

L[eλt] =
1

p− λ
;

L[
tn

n!
] =

1

pn+1
;

L[sin(ωt)] =
ω

p2 + ω2
;

L[cos(ωt)] =
p

p2 + ω2
.

~f5. )·Ü¯Kµ 
utt = a2uxx + f(t), x > 0, t > 0

u(0, x) = 0, ut(0, x) = 0,

u(t, 0) = 0, u(t,+∞) k..

). �.Ê.dC�§�

U(p, x) =

∫ ∞
0

u(t, x)e−ptdt.

d�©'X

p2U(p, x) = a2Uxx(p, x) + L[f(t)].

kA)V (p, x) = L[f(t)]
p2
"�W (p, x) = U(p, x)− V (p, x)§��

p2W (p, x) = a2Wxx(p, x).

¤±

W (p, x) = C1(p)e
px
a + C2(p)e

− pxa .

¤±

U(p, x) =
L[f(t)]

p2
+ C1(p)e

px
a + C2(p)e

− pxa

Ï�u(t,+∞) k., ¤±U(p,+∞) �k."¤±

U(p, x) =
L[f(t)]

p2
+ C2(p)e

− pxa .
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-x = 0§�C2(p) = −L[f(t)]
p2
"¤±

U(p, x) =
L[f(t)]

p2
− L[f(t)]

p2
e−

px
a .

�.Ê.d_C�µ

L−1[
L[f(t)]

p2
] = L−1[L[f(t)]] ∗ L−1[ 1

p2
] =

∫ t

0

f(t− s)sds.

dò´½n

L−1[
L[f(t)]

p2
e−

px
a ] =

∫ t− xa

0

f(t− x

a
− s)sds× h(t− t− x

a
).

�n�µ

u(t, x) =

{ ∫ t
0
f(t− s)sds, t < x

a∫ t
0
f(t− s)sdst−

∫ t− xa
0

f(t− x
a
− s)sds, t ≥ x

a
.

~f6. �^�Ã���\§Ã9
§§Ýk.§à:�§ÝCz®�§\�Ð©§Ý�"§¦\

�§ÝCz"

). Äk�Ñ½)¯Kµ 
ut = a2uxx, x > 0, t > 0

u(t, 0) = f(t)

u(0, x) = 0, u(t,+∞) k..

�.Ê.dC�§�

U(p, x) =

∫ ∞
0

u(t, x)e−ptdt.

d�©'X

pU(p, x) = a2Uxx(p, x).

¤±

U(p, x) = C1(p)e
√
px
a + C2(p)e

−
√
px
a .

Ï�u(t,+∞) k., ¤±U(p,+∞) �k."¤±

U(p, x) = C2(p)e
−

√
px
a .

-x = 0§�C2(p) = L[f ]"¤±

U(p, x) = L[f ]e−
√
px
a .

�.Ê.d_C�µ

u(t, x) = f ∗ L−1[e−
√
px
a ] = f ∗

(
x

2a
√
πt3

e−
x2

4at

)
=

∫ t

0

f(t− τ)
x

2a
√
πτ3

e−
x2

4aτ dτ.

~f7. )±e½)¯Kµ 
utt = a2uxx, 0 < x < l, t > 0

u(t, 0) = 0, ux(t, l) = A sin(ωt),

u(0, x) = 0, ut(0, x) = 0.

ùpω 6= 2k−1
2l

aπ,(k = 1, 2, 3, · · · ).
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). �.Ê.dC�

U(p, x) =

∫ ∞
0

u(t, x)e−ptdt.

±9>.^�

U(p, 0) = 0, U(p, l) = L[A sin(ωt)].

K

p2U = a2Uxx.

)�

U(p, x) = C1(p)e
p
ax + C2(p)e

− pax.

�\>.^�§k {
C1(p) + C2(p) = 0,

C1(p)e
p
a l − C2(p)e

− pa l = a
p
L[A sin(ωt)].

)�µ  C1(p) = e
p
a
l

e
2p
a
l+1

a
p
L[A sin(ωt)],

C2(p) = − e
p
a
l

e
2p
a
l+1

a
p
L[A sin(ωt)].

¤±

U(p, x) =
e
p
a l

e
2p
a l + 1

a

p
L[A sin(ωt)]

(
e
px
a − e−

p
ax
)

=
Aaωsh( p

a
x)

p(p2 + ω2)ch(pl
a

)
.

§�Û:�

0,±ωi,±2k + 1

2l
aπi, k = 0, 1, · · · .

Ù¥0 ���Û:"¤±

u(t, x) =
∑
pi

Res(
Aaωsh( p

a
x)

p(p2 + ω2)ch(pl
a

)
, pi) =Ñ.


