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¯K(8). �u = u(x, y, z)§¦e��§�Ï)µ

(1) uy + a(x, y)u = 0¶

(2) uxy + uy = 0¶

(3) utt = a2uxx + 3x2.

). (1) 5¿�0 = e
∫ y
0
a(x,y)dy(uy + a(x, y)u) = (e

∫ y
0
a(x,y)dyu)y"¤±

e
∫ y
0
a(x,y)dyu = f(x, z).

¤±

u = e−
∫ y
0
a(x,y)dyf(x, z).

(2) (ux + u)y = 0"¤±ux + u = f(x, z)"=

(exu)x = f(x, z).

¤±

exu =

∫
f(x, z)dx+ g(y, z).

¤±u = e−x(
∫
f(x, z)dx+ g(y, z)"

(3) XJa 6= 0§A)v = − x4

4a2
"�w = u− v§K

wtt = a2wxx

��

w = f(x+ at) + g(x− at).

¤±Ï)u = f(x+ at) + g(x− at)− x4

4a2
"

XJa = 0§

u =
3x2t2

2
+ g(x) + th(x).

¯K(��). ¦�à�½��Ã.u�Ä¯K
utt = a2uxx, x > 0, t > 0

u(0, x) = sinx, ut(0, x) = kx

u(t, 0) = 0.

). à:�½£u(t, 0) = 0¤�Ûòÿ§à:gd$Ä£ux(t, 0) = 0¤�óòÿ§ùp0 :�½§Ï


Ûòÿ"#�½)¯K� 
vtt = a2vxx,−∞ < x < +∞, t > 0

v(0, x) = sinx, vt(0, x) = kx

v(t, 0) = 0.
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d�K��úª

u(t, x) = v(t, x)|x≥0 =
sin(x+ at) + sin(x− at)

2
+

1

2a

∫ x+at

x−at
ksds = sin(x) cos(at) + 2kxt.

¯K. ¦)��u��Ä¯Kµ{
utt = uxx − 4t+ 2x,−∞ < x < +∞, t > 0

u(0, x) = x2, ut(0, x) = sin(3x)

). �K��úª�¦�§àg§��½�§���A)v(t, x) = − 2t3

3
+ xt2"�w = u− v§�{

wtt = wxx,−∞ < x < +∞, t > 0

w(0, x) = x2, wt(0, x) = sin(3x).

d�K��úª

w =
(x− t)2 + (x+ t)2

2
+

1

2

∫ x+t

x−t
sin(3s)ds = x2 + t2 +

1

3
sin(3x) sin(3t).

¤±

u(t, x) = w + v = x2 + t2 − 2t3

3
+ xt2 +

1

3
sin(3x) sin(3t)

2 1�Ù

3. �^þ!�u�½ux = 0 9x = l§3m©��]m§§�/G´�^±( l
2
, h) �º:��Ô

�§Ð�Ý�"§�vk	å�^§¦u� £¼ê"

). ½)¯K�µ 
utt = a2uxx, 0 < x < l, t > 0

u(0, x) = 4h
l2
x(l − x), ut(0, x) = 0

u(t, 0) = 0, u(t, l) = 0

©lCþ§b�

u(t, x) = T (t)X(x).

�\�½�§��
T ′′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï
�½�~�§��−λ"l
·���±e�k�
¯Kµ {

X ′′ + λX = 0, 0 < x < l

X(0) = 0, X(l) = 0.

±9

T ′′(t) + λa2T = 0.

©�¹?Øµ
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(1) λ < 0�§X = C1e
√
−λx + C2e

−
√
−λx"�\>.^���C1 = C2 = 0"��"

(2) λ = 0�§X = C1x+ C2"�\>.^���C1 = C2 = 0"��"

(3) λ > 0�§X = C1 cos(
√
λx) + C2 sin(

√
λx)"�\>.^��\>.^�{

C1 = 0,

C1 cos(
√
λl) + C2 sin(

√
λl) = 0.

��C1 = 0 ±9 √
λl = nπ, n = 1, 2, 3 · · · .

�k�Ú�k¼ê�µ

�k�:λn = (
nπ

l
)2éA�k¼ê:Xn = sin(

nπx

l
), n = 1, 2, 3 · · · .

�½λn§K�±��éATn�~�©�§µ

T ′′n = −λna2Tn = −(
nπa

l
)2Tn.

)�

Tn(t) = An cos(
nπat

l
) +Bn sin(

nπat

l
), n = 1, 2 · · · .

�n��½)¯K�)�

u(t, x) =

∞∑
n=1

(
An cos(

nπat

l
) +Bn sin(

nπat

l
)

)
sin(

nπx

l
).

dÐ©^�

ut(0, x) =

∞∑
n=1

Bnnπa sin(
nπx

l
) = 0.

¤±Bn = 0"Ðmu(0, x)

4h

l2
x(l − x) =

∞∑
n=1

cnXn =

∞∑
n=1

cn sin(
nπx

l
).

Ù¥

cn =
〈ϕ,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

4h

l2
s(l − s) sin(

nπs

l
)ds =

16h((−1)n − 1)

(nπ)3
.

�n �Ûê��ÿcn = 32h
(nπ)3

§�n �óê�§cn = 0"¤±

u(t, x) =
∑∞

n=0
32h

(2n+1)3π3 cos( (2n+1)πat
l

) sin( (2n+1)πx
l

)

5.(3) 
utt = a2uxx − 2hut, (0 < x < l, t > 0, 0 < h < πa

l
, h �~ê),

u(t, 0) = u(t, l) = 0,

u(0, x) = ϕ(x), ut(0, x) = ψ(x).
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). ©lCþ§b�u(t, x) = T (t)X(x). �\�½�§��

T ′′ + 2hT ′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï
�½�~�§��−λ"l
·���±e�k�
¯Kµ {

X ′′ + λX = 0, 0 < x < l

X(0) = 0, X(l) = 0.

±9

T ′′(t) + 2hT ′ + λa2T = 0.

)�k�¯K���k�Ú�k¼ê�µ

�k�:λn = (
nπ

l
)2éA�k¼ê:Xn = sin(

nπx

l
).

�½λn§K�±��éATn�~�©�§µ

T ′′n (t) + 2hT ′n + (
nπ

l
)2a2Tn = 0.

)�

Tn(t) = e−ht
(
An cos(

√
(
nπa

l
)2 − h2t) +Bn sin(

√
(
nπa

l
)2 − h2t)

)
, n = 1, 2 · · · .

�n��½)¯K�)�

u(t, x) =

∞∑
n=1

e−ht
(
An cos(

√
(
nπa

l
)2 − h2t) +Bn sin(

√
(
nπa

l
)2 − h2t)

)
sin(

nπx

l
).

Ù¥

An =
2

l

∫ l

0

ϕ(s) sin(
nπs

l
)ds,

Bn =
1√

(nπa
l

)2 − h2

(
han +

2

l

∫ l

0

ψ(s) sin(
nπs

l
)ds

)
.

5.(6) ��S�)|�4¯Kµ {
∆2u = 0, (a < r < b),

u(a, θ) = 1, u(b, θ) = 0.

). N´wÑu �θ Ã'§Ø��u = u(r)§¤±

∆2u = urr +
ur
r

= u′′ +
u′

r
= 0.

�CþO�r = et ��
d2u

dt2
= 0.

¤±u = A+Bt = A+B ln r"�\>.^��

A+B ln a = 1, A+B ln b = 0.
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)�µA = − ln b
ln a−ln b , B = 1

ln a−ln b"¤±

u =
ln r − ln b

ln a− ln b
.

8. ���»�a ���/²�§Ù�±>.þ�§Ý�±u(a, θ) = Tθ(π− θ), 
�»>.þ�§
Ý�"Ý§��þeý¡ý9§Á¦�S�§Ý©Ù"

). �Ñ½)¯K 
∆2u = urr + ur

r
+ uθθ

r2
= 0, 0 < r < a, 0 < θ < π

u(a, θ) = Tθ(π − θ)
u(r, 0) = u(r, π) = 0

©lCþ§�u(r, θ) = R(r)Θ(θ)§Kk

−r
2R′′ + rR′

R
=

Θ′′

Θ

�~ê§��−λ§���k�¯K{
Θ′′ + λΘ = 0, 0 < θ < π

Θ(0) = Θ(π) = 0.

)��k�9éA�k¼êµλn = n2,Θn = sin(nθ), n = 1, 2, 3 · · · . ò�k��\R ��©�
§

r2R′′n + rR′n − n2Rn = 0,

�CþO�r = et§�
d2R

dt2
− n2R = 0.

)�§�

Rn = Cn,1e
nt + Cn,2e

−nt = Cn,1r
n + Cn,2r

−n, n = 1, 2, 3 · · · .

5¿�|R(0)| <∞ �
Rn = Cnr

n, n = 1, 2, 3 · · · .

l


u =

∞∑
n=1

Cn sin(nθ)rn.

¦Xê§òTθ(π − θ) U�u¼ê©)µ

Tθ(π − θ) =

∞∑
n=0

8T0

(2n+ 1)3π
sin((2n+ 1)θ).

éì�C2n = 0, C2n+1 = 8T0

(2n+1)3πa2n+1"¤±

u(r, θ) =

∞∑
n=0

8T0

(2n+ 1)3π

( r
a

)2n+1

sin((2n+ 1)θ).
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1. )e��k�¯K

(1). {
y′′ − 2ay′ + λy = 0, 0 < x < l, a = constant,

y(0) = y(l) = 0.

). z� {
[e−2axy′]′ + e−2axλy = 0, 0 < x < l, a = constant,

y(0) = y(l) = 0.

dSL nØ§"Ø´�k�§��k��u"")�§t2 − 2at + λ = 0§�t = a ±
√
a2 − λ"XJλ < a2§)�§��"XJλ = a2§)�§��"XJλ > a2§y =

C1e
ax cos(

√
λ− a2x)+C2e

−ax sin(
√
λ− a2x)"�\>.^�§�C1 = 0§sin(

√
λ− a2l) =

0"�
√
λ− a2l = nπ, n = 1, 2, · · · .

�k�λn = a2 +
(
nπ
l

)2
§�k¼êyn = eax sin(nπx

l
), n = 1, 2, · · · .

¯K. ¦�k�¯Kµ {
y′′ + 2y′ + λy = 0, 0 < x < 9,

y(0) = y(9) = 0.

). z� {
[e2xy′]′ + e2xλy = 0, 0 < x < 9,

y(0) = y(9) = 0.

dSL nØ§"Ø´�k�§��k��u"")�§t2 + 2t+ λ = 0§λ ≤ 1 ?Ø�±�

�§λ > 1 ��t = −1 ±
√
λ− 1i"¤±y = C1e

−x cos(
√
λ− 1x) + C2e

−x sin(
√
λ− 1x)"

�\>.^�§�C1 = 0§sin(9
√
λ− 1) = 0"�

9
√
λ− 1 = nπ, n = 1, 2, · · · .

�k�λn = 1 +
(
nπ
9

)2
§�k¼êyn = e−x sin(nπ

9
x), n = 1, 2, · · · .

(2). {
[r2R′]′ + λr2R = 0, 0 < r < a,

|R(0)| <∞, R(a) = 0; [ J«µy = rR]

). dJ«�ÏCþO�y = rR§KR = y/r"

[r2R′]′ + λr2R = [r2(y/r)′]′ + λyr = ry′′ + λry = 0.

= {
y′′ + λy = 0, 0 < r < a,

|y(0)| = 0, y(a) = 0.

�k�ÚéA�k¼ê�λn = (nπ
a

)2§Rn = yn/r = 1
r

sin(nπr
a

), n = 1, 2, · · · .
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(3). {
y(4) + λy = 0, 0 < x < l,

y(0) = y(l) = y′′(0) = y′′(l) = 0.

). )A��§µµ4 + λ = 0"©�¹?Øµ

XJλ = 0§ko­�0§)�y = C0 + C1x + C2x
2 + C3x

3§�\>.^��C0 = C1 =

C2 = C3 = 0§��"

XJλ < 0§k�µ1 = |λ|1/4§µ2 = −|λ|1/4§µ3 = |λ|1/4i§µ4 = −|λ|1/4i"�©�§�)
�

y = C0exp(|λ|1/4x) + C1exp(−|λ|1/4x) + C2 cos(|λ|1/4x) + C3 sin(|λ|1/4x).

�\>.^�
C0 + C1 + C2 = 0

C0exp(|λ|1/4l) + C1exp(−|λ|1/4l) + C2 cos(|λ|1/4l) + C3 sin(|λ|1/4l) = 0

C0|λ|1/2 + C1|λ|1/2 − C2|λ|1/2 = 0

C0|λ|1/2exp(|λ|1/4l) + C1|λ|1/2exp(−|λ|1/4l)− C2|λ|1/2 cos(|λ|1/4l)− C3|λ|1/2 sin(|λ|1/4l) = 0

)�§C0 = C1 = C2 = 0§C2 sin(|λ|1/4l) = 0"�

|λ|1/4l = nπ, n = 1, 2, 3, · · ·

k�")"�k�λn = −(nπ
l

)4§�k¼êyn = sin(nπx
l

), n ≥ 1.

XJλ > 0§k�µ1 = |λ|1/4exp(πi
4

)§µ2 = |λ|1/4exp( 3πi
4

)§µ3 = |λ|1/4exp( 5πi
4

)§µ4 =

|λ|1/4exp( 7πi
4

)"�©�§�)�

y = C1e
|λ|1/4exp(πi4 )x + C2e

|λ|1/4exp( 3πi
4 )x + C3e

|λ|1/4exp( 5πi
4 )x + C4e

|λ|1/4exp( 7πi
4 )x.

�\>.^�
C1 + C2 + C3 + C4 = 0

C1e
|λ|1/4exp(πi4 )l + C2e

|λ|1/4exp( 3πi
4 )l + C3e

|λ|1/4exp( 5πi
4 )l + C4e

|λ|1/4exp( 7πi
4 )l

C1 − C2 + C3 − C4 = 0

C1e
|λ|1/4exp(πi4 )l − C2e

|λ|1/4exp( 3πi
4 )l + C3e

|λ|1/4exp( 5πi
4 )l − C4e

|λ|1/4exp( 7πi
4 )l

)�C1 = C2 = C3 = C4 = 0§��"

10. )e��àg�k�¯Kµ

(2) 
ut = a2uxx, 0 < x < l, a = constant > 0,

u(t, 0) = 0, ux(t, l) = − q
k

u(0, x) = u0.

¿¦limt→+∞ u(t, x)"
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). ½)¯K�àg§Äkàgzµ�v(t, x) = − q
k
x§�w = u− v ��


wt = a2wxx, 0 < x < l, a = constant > 0,

w(t, 0) = 0, wx(t, l) = 0

w(0, x) = u0 + q
k
x.

©lCþ§�w = T (t)X(x)§�
T ′

T
=
X ′′

X
.

�þª�−λ ��k�¯K {
X ′′ + λX = 0

X(0) = 0, X ′(0) = 0.

)�§�k��λn = ( (2n−1)π
2l

)2§�k¼ê�Xn = sin( (2n−1)πx
2l

), n ≥ 1")~�©�§

T ′n + λna
2Tn = 0

�Tn = exp(−( (2n−1)πa
2l

)2t)"¤±

w(t, x) =

∞∑
n=1

Anexp(−(
(2n− 1)πa

2l
)2t) sin(

(2n− 1)πx

2l
).

òw(0, x) = u0 + q
k
x ©)�µ

u0 +
q

k
x =

(
4u0

(2n− 1)π
− (−1)n8ql

k[(2n− 1)π]2

)
sin(

(2n− 1)πx

2l
).

éì�

w(t, x) =

∞∑
n=1

(
4u0

(2n− 1)π
− (−1)n8ql

k[(2n− 1)π]2

)
exp(−(

(2n− 1)πa

2l
)2t) sin(

(2n− 1)πx

2l
).

�ª

u = v+w = − q
k
x+

∞∑
n=1

(
4u0

(2n− 1)π
− (−1)n8ql

k[(2n− 1)π]2

)
exp(−(

(2n− 1)πa

2l
)2t) sin(

(2n− 1)πx

2l
).

lim
t→+∞

u(t, x) = − q
k
x.

(5) 
utt = uxx + g, g �~ê,

u(t, 0) = 0, ux(t, l) = E

u(0, x) = Ex, ut(0, x) = 0.

). �ũ(t, x) = xE 9w = u− ũ"��½)¯K
wtt = wxx + g,

w(t, 0) = 0, wx(t, l) = 0

w(0, x) = 0, wt(0, x) = 0.
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-w̃ = g
2
x(2l − x) 9v = w − w̃ �µ

vtt = vxx,

v(t, 0) = 0, vx(t, l) = 0

v(0, x) = − g
2
x(2l − x), vt(0, x) = 0.

©lCþ§·�b�

v(t, x) = T (t)X(x).

�\�½�§��
T ′′

T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï
�½�~�§��−λ"l
·���±e�
k�¯Kµ {

X ′′ + λX = 0, 0 < x < l

X(0) = 0, X ′(l) = 0.

±9

T ′′(t) + λa2T = 0.

)��k�Ú�k¼ê�µ

�k�:λn =

(
(2n− 1)π

2l

)2

éA�k¼ê:Xn = sin(
(2n− 1)πx

2l
), n ≥ 1.

�½λn§K�±��éATn�~�©�§µ

T ′′n = −λnTn = −
(

(2n− 1)π

2l

)2

Tn.

)�

Tn(t) = An cos(
(2n− 1)πt

2l
) +Bn sin(

(2n− 1)πt

2l
), n = 0, 1, 2 · · · .

�n�

v(t, x) =

∞∑
n=1

(
An cos(

(2n− 1)πt

2l
) +Bn sin(

(2n− 1)πt

2l
)

)
sin(

(2n− 1)πx

2l
).

���Ú§(½AnÚBn���"éϕ(x)�Ðm

−g
2
x(2l − x) =

∞∑
n=1

cnXn =

∞∑
n=1

cn sin(
(2n− 1)πx

2l
).

Ù¥

cn =
〈− g

2
x(2l − x), Xn〉
〈Xn, Xn〉

= −g
l

∫ l

0

x(2l − x) sin(
(2n− 1)πs

2l
)ds = − 16gl2

(2n− 1)3π3
.

-t = 0¿éì§·��±��µ {
An = − 16gl2

(2n−1)3π3

Bn = 0.
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¤±

v(t, x) = −16gl2

π3

∞∑
n=1

1

(2n− 1)3
cos(

(2n− 1)πt

2l
) sin(

(2n− 1)πx

2l
).

½)¯K�)�

u = ũ+ w̃+ v = Ex+
g

2
x(2l− x)− 16gl2

π3

∞∑
n=1

1

(2n− 1)3
cos(

(2n− 1)πt

2l
) sin(

(2n− 1)πx

2l
).

12. �ωn ´J0(2ω) = 0 ��¢�§r¼ê

f(x) =


1, 0 < x ≤ 1

0.5, x = 1

0, 1 < x < 2

Ðm¤J0(ωnx) �?ê"

). ω2
n ±9J0(ωnx) �éAXe"��l��k�¯K��k�Ú�k¼ê{

x2y′′ + xy′ + µx2y = 0, 0 < x < 2

|y(0)| <∞, y(2) = 0.

>.^��I a>.^�§¤±N 2
0,n = 2J2

1 (2ωn)"

Äk¦

〈f(x), J0(ωnx)〉 =

∫ 1

0

J0(ωnx)xdx =
1

ω2
n

∫ ωn

0

J0(x)xdx =
1

ω2
n

∫ ωn

0

(xJ1(x))′dx =
J1(ωn)

ωn
.

l


f(x) =

∞∑
n=1

〈f(x), J0(ωnx)〉
N 2

0,n

J0(ωnx) =

∞∑
n=1

J1(ωn)

2ωnJ2
1 (2ωn)

J0(ωnx).

13. �ωn ´J1(ω) = 0 ��¢�§r¼êf(x) = x, 0 < x < 1 Ðm¤J1(ωnx) �?ê"

). ω2
n ±9J1(ωnx) �éAXe1��l��k�¯K��k�Ú�k¼ê{

x2y′′ + xy′ + (µx2 − 1)y = 0, 0 < x < 1

|y(0)| <∞, y(1) = 0.

>.^��I a>.^�§¤±N 2
1,n =

J2
2 (ωn)

2
= 1

2

(
2J1(ωn)

x
− J0(ωn)

)2
=

J2
0 (ωn)

2
"

Äk¦

〈x, J1(ωnx)〉 =

∫ 1

0

J1(ωnx)x2dx =
1

ω3
n

∫ ωn

0

J1(x)x2dx =
1

ω3
n

∫ ωn

0

(x2J2(x))′dx =
J2(ωn)

ωn
= −J0(ωn)

ωn
.

l


f(x) =

∞∑
n=1

〈x, J1(ωnx)〉
N 2

1,n

J1(ωnx) = −
∞∑
n=1

2

ωnJ0(ωn)
J1(ωnx).
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16. �»�R �Ã���Î�ýL¡�±�½�§Ýu0§ÎfS�Ð©§Ý�0§SÜÃ9
§¦

ÎfS�§Ý©ÙCzº

). dé¡5§N´��§Ý©Ù��ÝÃ'§�z Ã'§Ø��§Ýu = u(t, r)"Ï
�±

�Ñ½)¯K {
ut = a2

(
∂u
∂r2

+ 1
r
∂u
∂r

)
, 0 < r < R, t > 0.

u|r=R = u0, u(0, r) = 0.

Äk>.^�àgz§�v = u− u0§��{
vt = a2

(
∂v
∂r2

+ 1
r
∂v
∂r

)
, 0 < r < R, t > 0.

v|r=R = 0, v(0, r) = −u0.

©lCþ§v(r, z) = R(r)T (t)§k

T ′

a2T
=
rR′′ +R′

rR
.

�þª�~�−µ§���k�¯K{
r2R′′ + rR′ + µr2R = 0, 0 < r < R

|R(0)| <∞,R(R) = 0.

ù´"���l��k�¯K§Ï�k��>.^�´I a>.^�"Ï
"Ø´�k�§�

J0(ωR)

�¤k�)�0 < ω1 < ω2 < · · ·"KéA�k�ω2
n§�k¼êJ0(ωnr)§ò�k��\Tn ��

§§��µ

T ′n + a2ω2
nTn = 0.

Tn = Ane
−a2ω2

nt"l


v(t, r) =

∞∑
n=1

Ane
−a2ω2

ntJ0(ωnr).

¦Xê§-t = 0, ��

−u0 =

∞∑
n=1

AnJ0(ωnr).

>.�Ia>.^�§¤±

N 2
0,n =

R2J2
1 (ωnR)

2
,

¿�

〈−u0, J0(ωnr)〉 = −u0
∫ R

0

J0(ωnr)rdr = − u0
ω2
n

∫ ωnR

0

J0(r)rdr = − u0
ω2
n

∫ ωnR

0

(rJ1(r))
′dr = −u0RJ1(ωnR)

ωn
.

¤±

−u0 =

∞∑
n=1

− 2u0
ωnRJ1(ωnR)

J0(ωnr).
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éì�µ

v(t, r) =

∞∑
n=1

− 2u0
ωnRJ1(ωnR)

e−a
2ω2
ntJ0(ωnr).

¤±

u(t, r) = v(t, r) + u0 = u0 − 2u0

∞∑
n=1

1

ωnRJ1(ωnR)
e−a

2ω2
ntJ0(ωnr).

Ù¥ωn �J0(ωR) = 0 �¤k��"

18(1). )e�½)¯Kµ
urr + ur

r
+ uzz = 0, 0 < r < a, 0 < z < l

u(a, z) = 0,

u(r, 0) = 0, u(r, l) = T0(~ê).

). ©lCþ§u(r, z) = R(r)Z(z)§k

−Z
′′

Z
=
rR′′ +R′

rR
.

�þª�~�−µ§���k�¯K{
r2R′′ + rR′ + µr2R = 0, 0 ≤ r ≤ a
|R(0)| <∞, R(a) = 0.

ù´"���l��k�¯K§Ï�k��>.^�´I a>.^�"Ï
"Ø´�k�§�

J0(ωa)

�¤k�)�0 < ω1 < ω2 < · · ·"KéA�k�ω2
n§�k¼êJ0(ωnr)§ò�k��\Zn �

�§§��µ

Z ′′n − ω2
nZn = 0.

Zn = Ane
ωnz +Bne

−ωnz"l


u(r, θ) =

∞∑
n=1

(Ane
ωnz +Bne

−ωnz)J0(ωnr).

¦Xê§

N 2
0,n =

a2J2
1 (ωna)

2
,

¿�

〈T0, J0(ωnr)〉 =
T0aJ1(ωna)

ωn
.

u(r, l) = T0 =

∞∑
i=1

2T0

aωnJ1(ωna)
J0(ωix).

éì� {
An +Bn = 0

Ane
ωnl +Bne

−ωnl = 2T0

aωnJ1(ωna)
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)� {
An = 2T0

(eωnl−e−ωnl)aωnJ1(ωna)

Bn = − 2T0

(eωnl−e−ωnl)aωnJ1(ωna) .

l


u =

∞∑
n=1

2T0

sh(ωnl)aωnJ1(ωna)
sh(ωnz)J0(ωnr).

26 3�»�1�¥S¦NÚ¼ê(∆u = 0)§¦�

u|r=1 = 3 cos(2θ) + 1.

). =I¦)Ñt�§�½)¯Kµ{
∆3u = 0

u|r=1 = 3 cos(2θ) + 1.

5¿�3>.þ÷v¶é¡§Ï
u ���´¶é¡"3¥�IXe^V4�õ�ª§)�

±L«�£P277§1�1¤

u =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).

Q,3¥%?k½Â§¤±Bn = 0. -r = 1 ��

3 cos(2θ) + 1 =

∞∑
n=0

Anpn(cos θ) = 6 cos2 θ − 2.

´cos θ �ó¼ê§Ï
k�½Xê

6 cos2 θ − 2 = ap2(cos θ) + bp0(cos θ).

�L¿)�a = 4, b = 0"¤±

u = 4r2p2(cos θ) = 2r2(3 cos2 θ − 1).

24 re�¼êUV4�õ�ªÐmµ

(1) x3

(2) x4

(3) |x|

). (1)Ú(2)^�½Xê{§�µ

x3 =
2

5
p3(x) +

3

5
p1(x).

x4 =
8

35
p4(x) +

4

7
p2(x) +

1

5
p0(x).
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(3)K�¦Xê§du´ó¼ê§�ØI��ÄÛê�"

〈|x|, p2k(x)〉 = 2

∫ 1

0

xp2k(x)dx.

�k = 0 ��ÿ§þª�u1"�k 6= 0 ��ÿ§þª�u

2

∫ 1

0

xp2k(x)dx =
2

2k + 2

∫ 1

0

p2k−1(x)dx =
p2k−2(0)− p2k(0)

(k + 1)(4k − 1)
.

�n�

〈|x|, p2k(x)〉 =
2(−1)k−1(2k − 2)!

22k(k − 1)!(k + 1)!
.

¤±

|x| =
∞∑
k=0

〈|x|, p2k(x)〉
‖p2k‖2

p2k(x) =
1

2
+

∞∑
k=1

(−1)k−1(4k + 1)(2k − 2)!

22k(k − 1)!(k + 1)!
p2k(x).

28 �¥�¥¡�±§Ýu0§©O3e�^�e¦­½§Ý©Ùµ

(1) .¡�±"Ý¶

(2) .¡ý9"

). (1) r�¥Ö¤�����¥¡§ð§=0§Û*¿§e�¥¡§Ý�−u0§¤±

u(r, θ) =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).

3¥%?k½Â§¤±Bn = 0"¤±

u(r, θ) =

∞∑
n=0

Anr
npn(cos θ).

�r �u�¥��»a§Kk

f(cos θ) =

∞∑
n=0

Ana
npn(cos θ),

Ù¥f(cos θ) = u0, cos θ ∈ [0, 1], f(cos θ) = −u0, θ ∈ [−1, 0]. òf(cos θ) �©)§Ï�´Û¼

ê§ØI��ÄÛê�

〈f(cos θ), p2k+1(x)〉 = 2u0

∫ 1

0

p2k+1(x)dx = 2u0
p2k(0)− p2k+2(0)

4k + 3
=

2u0(−1)k(2k − 1)!!

(2k + 2)!!
.

þª=ék > 0 ¤á§�k = 0 �§〈f(cos θ), p1(x)〉 = u0. ¤±

f(cos θ) =

∞∑
k=0

〈f(cos θ), p2k+1(x)〉
‖p2k+1‖2

p2k+1(x) =
3u0
2

+ u0

∞∑
k=1

(−1)k(2k + 3)(2k − 1)!!

(2k + 2)!!
p2k+1(x).

éì�§

A2k = 0, A2k+1 =
(−1)k(2k + 3)(2k − 1)!!

(2k + 2)!!

1

a2k+1
, A1 =

3u0
2
× 1

a
.
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¤±

u(r, θ) =
3u0
2
× r

a
cos θ +

∞∑
k=1

(−1)k(2k + 3)(2k − 1)!!

(2k + 2)!!

( r
a

)2k+1

p2k+1(cos θ).

(2),w,u = u0.

29 �»�R þÝ�R/2 ��%�¥§S	¥¡�§Ý�±�

A sin2(
θ

2
), θ ∈ [0,

π

2
],

.¡§Ý�A/2§¦��%¥§Ý©Ùº

). ·�g,��{´r�¥�C¤�����¥�".¡ð§§Ï
�^Û*¿§�´§Ý

Ø´"§¤±�ké�A)A/2§,�-v = u−A/2. d�S	¥�§Ý©O�

f(cos θ) = −A/2× cos θ.

UV4�©)�£�½Xê¤

f(cos θ) = −A/2p1(cos θ).

q

v(r, θ) =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).

©O-r = R,R/2 ¿éì�µ

An = Bn = 0, n 6= 1;

A1R+B1R
−2 = −A/2, A1R/2 +B1(R/2)−2 = −A/2.

)�

A1 = −3A

7R
,B1 = −AR

2

14
.

¤±

v(r, θ) = −(
3

7R
+

R2

14r2
)A cos θ.

¤±

u(r, θ) =
A

2
− (

3

7R
+

R2

14r2
)A cos θ.

3 1oÙ

1.^Fp�C�)e�¯Kµ

(1) 
∆2u = 0,−∞ < x <∞, y > 0

u(x, 0) = f(x),

limx2+y2→∞ u(x, y) = 0.
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). �Fp�C�§�

U(λ, y) =

∫
R
u(x, y)eiλxdx.

K {
−λ2U + Uyy = 0,−∞ < λ <∞, y > 0

U(λ, 0) = F [f ].

ù´~�©�§§)�

U(λ, y) = C1(λ)e−λy + C2(λ)eλy.

qÏ��y → +∞�ÿ§�0§¤±�λ > 0��ÿ§C2(λ) = 0¶�λ < 0��ÿ§C1(λ) = 0"

=

U(λ, y) =

{
C1(λ)e−λy, λ > 0, y > 0

C2(λ)eλy, λ < 0, y > 0.

�y = 0§��

C1(λ) =

{
F [f ], λ > 0, y > 0

0, λ < 0, y > 0.

±9

C2(λ) =

{
0, λ > 0, y > 0

F [f ], λ < 0, y > 0.

¤±

U(λ, y) =

{
F [f ]e−λy, λ > 0, y > 0

F [f ]eλy, λ < 0, y > 0.

^Fp��C�

u(x, y) =
1

2π

(∫ ∞
0

F [f ]e−λye−iλx +

∫ 0

−∞
F [f ]eλye−iλxdλ

)
.

XJ-h(λ) = 1, λ > 0, h(λ) = 0, λ < 0§Kþª�

F−1[F [f ]× e−λyh(λ)] + F−1[F [f ]× eλy(1− h(λ))].

O�

F−1[e−λyh(λ)] =
1

2π

∫ ∞
−∞

e−λyh(λ)e−iλxdλ =
1

2π

∫ ∞
0

e−λye−iλxdλ =
1

2π

e−λy−iλx

−y − ix
|∞0 =

1

2π

1

y + ix
.

O�

F−1[eλy(1− h(λ))] =
1

2π

∫ 0

−∞
eλye−iλxdλ =

1

2π

eλy−iλx

y − ix
|0−∞ =

1

2π

1

y − ix
.

¤±

F−1[F [f ]×e−λyh(λ)]+F−1[F [f ]×eλy(1−h(λ))] =
1

2π

(
f ∗ 1

y + ix
+ f ∗ 1

y − ix

)
=
y

π
×f∗ 1

x2 + y2
.

=

u(x, y) =
y

π

∫ ∞
−∞

f(ξ)

(x− ξ)2 + y2
dξ.
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(2) {
ut = a2uxx + f(t, x),−∞ < x <∞, t > 0

u(0, x) = 0.

). k^Àþ�n§��¦ {
vt = a2vxx,−∞ < x <∞, t > τ

v(τ, x) = f(τ, x)

�F -C�§V = F [v]"�� {
Vt = −a2λ2V

V (τ, λ) = F [f ].

)�

V = C(λ)e−a
2λ2t.

�\t = τ§�

V (t, λ; τ) = F [f ]e−a
2λ2(t−τ).

�C�§

v(t, x; τ) = f ∗ 1

2a
√
π(t− τ)

e
− x2

4a2(t−τ) =

∫ ∞
−∞

f(τ, ξ)
1

2a
√
π(t− τ)

e
− (x−ξ)2

4a2(t−τ) dξ.

dÀþ�n§

u =

∫ t

0

v(t, x; τ)dτ =

∫ t

0

∫ ∞
−∞

f(τ, ξ)
1

2a
√
π(t− τ)

e
− (x−ξ)2

4a2(t−τ) dξdτ.

(3) 
ut = a2uxx, 0 < x <∞, t > 0

u(t, 0) = ϕ(t), u(0, x) = 0,

u(t,+∞) = ux(t,+∞) = 0

). ��uC�§�

U(t, λ) =

∫
R
u(t, x) sin(λx)dx.

K {
Ut = −λ2a2U + a2λu(t, 0) = −λ2a2U + a2λϕ(t),−∞ < λ <∞, t > 0

U(0, λ) = 0.

l


(eλ
2a2tU)t = a2λϕ(t)eλ

2a2t.

¤±dÚî4ÙZ[úª

eλ
2a2tU(t, λ) = eλ

2a2×0U(0, λ) +

∫ t

0

a2λϕ(τ)eλ
2a2τdτ =

∫ t

0

a2λϕ(τ)eλ
2a2τdτ.
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¤±

U(t, λ) = e−λ
2a2t

∫ t

0

a2λϕ(τ)eλ
2a2τdτ =

∫ t

0

a2λϕ(t− τ)e−λ
2a2τdτ.

���uC���µ

u(t, x) =
2

π

∫ ∞
0

∫ t

0

a2λϕ(t−τ)e−λ
2a2τdτ sin(λx)dλ =

1

π

∫ t

0

a2ϕ(t−τ)dτ

∫ ∞
−∞

λe−λ
2a2τ sin(λx)dλ.

O�∫ ∞
−∞

λe−λ
2a2τ sin(λx)dλ =

1

i

∫ ∞
−∞

λe−λ
2a2τeiλxdλ =

1

i

∫ ∞
−∞

λe−(a
√
τλ− ix

2a
√
τ
)2− x2

4a2τ dλ

=
1

ia2τ

∫ ∞
−∞

λe−(λ−
ix

2a
√
τ
)2− x2

4a2τ dλ

=
1

ia2τ

(∫ ∞
−∞

(λ− ix

2a
√
τ

)e−(λ−
ix

2a
√
τ
)2− x2

4a2τ dλ+

∫ ∞
−∞

ix

2a
√
τ
e−(λ−

ix
2a
√
τ
)2− x2

4a2τ dλ

)
=

1

ia2τ

ix

2a
√
τ
e−

x2

4a2τ

∫ ∞
−∞

e−λ
2

dλ

=
xe−

x2

4a2τ

2a3τ3/2
×
√
π

¤±

u(t, x) =
1

π

∫ t

0

a2ϕ(t− τ)
xe−

x2

4a2τ

2a3τ3/2
×
√
πdτ =

x

2a
√
π

∫ t

0

ϕ(t− τ)
e−

x2

4a2τ

τ3/2
dτ.

4 1ÊÙ

3 )e�½)¯Kµ

(1) 
ut = a2uxx, (0 < x < l, t > 0)

u(t, 0) = u(t, l) = 0,

u(0, x) = δ(x− ξ), 0 < ξ < l.

). ^©lCþ{§½)¯K´àg�§Ï
ØI�àgz§�u = T (t)X(x)"Kk

T ′X = a2TX ′′.

¤±
T ′

a2T
=
X ′′

X
.

�à�t �¼êqà�x �¼ê§¤±�~ê§P�−λ"���k�¯K{
X ′′ + λX = 0, (0 < x < l, t > 0)

X(0) = X(l) = 0.

±9

T ′ + λa2T = 0.
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>.^�þ�Ia>.^�§dslnØ§"Ø´�k�§�¤k�k�Ñ�u"")��

k�9éA�k¼ê�µ

λn = (
nπ

l
)2, Xn = sin(

nπx

l
), n = 1, 2, 3, · · · .

ò�k��\T �~�©�§§��

Tn = Ane
−(nπal )2t.

¤±

u(t, x) =

∞∑
n=1

Ane
−(nπal )2t sin(

nπx

l
).

-t = 0§��

δ(x− ξ) =

∞∑
n=1

Ansin(
nπx

l
).

dFp�©)

An =

∫ l
0
sin(nπx

l
)δ(x− ξ)dx∫ l

0
sin2(nπx

l
)dx

=
2

l
sin(

nπξ

l
).

¤±

u(t, x) =

∞∑
n=1

2

l
sin(

nπξ

l
)e−(

nπa
l )2t sin(

nπx

l
).

(2) 
utt = a2uxx, (0 < x < l, t > 0)

ux(t, 0) = ux(t, l) = 0,

u(0, x) = 0, ut(0, x) = δ(x− ξ), 0 < ξ < l.

). ^©lCþ{§½)¯K´àg�§Ï
ØI�àgz§�u = T (t)X(x)"Kk

T ′′X = a2TX ′′.

¤±
T ′′

a2T
=
X ′′

X
.

�à�t �¼êqà�x �¼ê§¤±�~ê§P�−λ"���k�¯K{
X ′′ + λX = 0, (0 < x < l, t > 0)

X ′(0) = X ′(l) = 0.

±9

T ′′ + λa2T = 0.

>.^�þ�IIa>.^�q = 0§dslnØ§"´�k�§¤±λ0 = 0, X0 = 1"Ù{¤

k�k�Ñ�u"")�Ù¦�k�9éA�k¼ê�µ

λn = (
nπ

l
)2, Xn = cos(

nπx

l
), n = 1, 2, 3, · · · .
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ò�k��\T �~�©�§§��

T0 = A0 +B0t, Tn = An cos(
nπat

l
) +Bn sin(

nπat

l
).

¤±

u(t, x) = A0 +B0t+

∞∑
n=1

(
An cos(

nπat

l
) +Bn sin(

nπat

l
)

)
cos(

nπx

l
).

-t = 0§��A0 = An = 0§±9

δ(x− ξ) = B0 +

∞∑
n=1

Bn
nπa

l
cos(

nπx

l
).

dFp�©)

B0 =

∫ l
0

1δ(x− ξ)dx∫ l
0

12dx
=

1

l
,

Ú�n ≥ 1 �

Bn
nπa

l
=

∫ l
0
cos(nπx

l
)δ(x− ξ)dx∫ l

0
cos2(nπx

l
)dx

=
2

l
cos(

nπξ

l
).

¤±�n ≥ 1 �§

Bn =
2

nπa
cos(

nπξ

l
).

u(t, x) =
t

l
+

∞∑
n=1

2

nπa
cos(

nπξ

l
) sin(

nπat

l
) cos(

nπx

l
).

6. ¦e�«�S1�>�¯K���¼êµ

(1) o©���mµx > 0, y > 0¶

). �M0 = (ξ, η, ζ) ?k�>Ö���ε0 ��2éA:{þ>Ö§43>.þ>³�"

=�µ3M1 = (−ξ, η, ζ) ÚM2 = (ξ,−η, ζ) ?�{þ−ε0 �>Ö§3M3 = (−ξ,−η, ζ)

?{þ���ε0 �>Ö§ù�dé¡5§Ò��>.þ>³�0§¤±��¼ê

G(M ;M0) =
1

4π

(
1

r(M,M0)
− 1

r(M,M1)
− 1

r(M,M2)
+

1

r(M,M3)

)
;

(2) þ�¥x2 + y2 + z2 < a2, z > 0;

). �M0 = (ξ, η, ζ) ?k�>Ö���ε0 ��2éA:{þ>Ö§43>.þ>³�"

=�µ3M1 = (ξ, η,−ζ) ?{þ���−ε0 >Ö§3M2 = a2

|OM0|2 (ξ, η, ζ) ?{þ− a
|0M0|ε0

�>Ö§3M3 = a2

|OM0|2 (ξ, η,−ζ) ?{þ��� a
|0M0|ε0�>Ö§ù�dé¡5§Ò��>

.þ>³�0§¤±��¼ê

G(M ;M0) =
1

4π

(
1

r(M,M0)
− 1

r(M,M1)
− a

|0M0|
1

r(M,M2)
+

a

|0M0|
1

r(M,M3)

)
;

(3) �G�mµ0 < z < H.



4 1ÊÙ 21

). �M0 = (ξ, η, ζ), 0 < ζ < H ?k�>Ö���ε0 ��2éA:{þ>Ö§43>.

þ>³�"=�µ3M1 = (ξ, η,−ζ) ?{þ���−ε0 >Ö§3M2k = (ξ, η, ζ + 2kH) ?

{þε0>Ö§3M2k+1 = (ξ, η,−ζ + 2kH) ?{þ−ε0>Ö§ù�dé¡5§Ò��>.
þ>³�0§¤±��¼ê

G(M ;M0) =
1

4π

(
∞∑

k=−∞

1

r(M,M2k)
−

∞∑
k=−∞

1

r(M,M2k+1)

)
;

7. ¦e�²¡«�S1�>�¯K���¼êµ

(1) o©��²¡µx > 0, y > 0¶

). �M0 = (ξ, η) ?k�>Ö���ε0 ��2éA:{þ>Ö§43>.þ>³�"=

�µ3M1 = (−ξ, η) ÚM2 = (ξ,−η) ?�{þ−ε0 �>Ö§3M3 = (−ξ,−η) ?{þ�

��ε0 �>Ö§ù�dé¡5§Ò��>.þ>³�0§¤±��¼ê

G(M ;M0) =
1

2π

(
ln

1

r(M,M0)
− ln

1

r(M,M1)
− ln

1

r(M,M2)
+ ln

1

r(M,M3)

)
;

(2) þ���x2 + y2 < 1, y > 0;

). �M0 = (ξ, η) ?k�>Ö���ε0§3M1 = (ξ,−η, ) ?{þ���−ε0 >Ö§
3M2 = 1

|OM0|2 (ξ, η) ?{þ−ε0 �>Ö§3M3 = 1
|OM0|2 (ξ,−η) ?{þ���ε0�>Ö§

ù��±þÚ.>þ>³�0. ¤±

G(M ;M0) =
1

2π

(
ln

1

r(M,M0)
− ln

1

r(M,M1)
− ln

1

r(M,M2)
+ ln

1

r(M,M3)

)
;

(3)

~f1. �²¡«�Ω = {(x, y) : x+ y > 0},

¦«�Ω ���¼ê¶

(1)(2) ¦«�Ω �½)¯Kµ {
∆2u = 0, x+ y > 0

u|x+y=0 = ϕ(x).

). (1). �M0 = (ξ, η)�Ω S:§KM0 'ux + y = 0 �é¡:�M ′0 = (−η,−ξ) ¤±
��¼ê�

G(M ;M0) = − 1

2π
(ln r(M,M0)− ln r(M,M ′0)) =

1

4π
ln

(x+ η)2 + (y + ξ)2

(x− ξ)2 + (y − η)2
.

(2).ü 	{��~n = − 1√
2
(1, 1)§¤±

∂G

∂~n
|ξ+η=0 = − 1√

2
(Gξ +Gη)|ξ+η=0 = −x+ y

π
√

2

1

(x− ξ)2 + (y + ξ)2
.

¤±

u(x, y) =
x+ y√

2π

∫
ϕ(ξ)

(x− ξ)2 + (y + ξ)2
dl =

x+ y

π

∫ ∞
−∞

ϕ(ξ)

(x− ξ)2 + (y + ξ)2
dξ.
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½n. Ñt�§>�¯Kµ {
∆u = −f(x, y, z),M ∈ V
u|∂V = ϕ(x, y, z).

�)�

u(M) = −
∫
S

ϕ(M0)
∂M0

G

∂~n
dS +

∫
V

G(M ;M0)f(M0)dM0,

Ù¥G = G(M ;M0)"

½n. Ñt�§>�¯Kµ {
∆u = −f(x, y),M ∈ V
u|∂V = ϕ(x, y).

�)�

u(M) = −
∫
∂V

ϕ(M0)
∂M0

G

∂~n
dl +

∫
V

G(M ;M0)f(M0)dM0,

Ù¥G = G(M ;M0)"

8. ¦�§ut = a2uxx + bu ��Ü¯K�Ä�).

). =¦)½)¯Kµ {
ut = a2uxx + bu, (−∞ < x < +∞, t > 0)

u(0, x) = δ(x).

�Fp�C�

U(t, λ) =

∫ ∞
−∞

u(t, x)eiλxdx.

Kk {
Ut = −λ2a2U + bU, (−∞ < λ < +∞, t > 0)

U(0, λ) = 1.

ù´��t ~�©�§§�,Úλ k'§)�

U(t, λ) = C(λ)e−(λ
2a2−b)t.

-t = 0§�

C(λ) = 1.

¤±

U(t, λ) = e−(λ
2a2−b)t.
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^Fp��C�

u(t, x) =
1

2π

∫ ∞
−∞

e−(λ
2a2−b)te−iλxdλ

=
1

2π

∫ ∞
−∞

e−(λa
√
t+ ix

2a
√
t
)2+bt− x2

4a2t dλ

=
ebt−

x2

4a2t

2π
× 1

a
√
t

∫ ∞
−∞

e−(λa
√
t+ ix

2a
√
t
)2da
√
tλ

=
ebt−

x2

4a2t

2π
× 1

a
√
t

∫ ∞
−∞

e−λ
2

dλ

=
ebt−

x2

4a2t

2a
√
πt

O�ù«È©Ò´ÃM�²�"

9. ^Ä�){¦)e��Ü¯Kµ

(1) {
ut + aux = f(t, x), (−∞ < x < +∞, t > 0)

u(0, x) = ϕ(x).

). Ä�)=¦½)¯K{
vt + avx = 0, (−∞ < x < +∞, t > 0)

v(0, x) = δ(x).

�Fp�C�

V (t, λ) =

∫ ∞
−∞

v(t, x)eiλxdx.

Kk {
Vt − λiaV = 0, (−∞ < λ < +∞, t > 0)

V (0, λ) = 1.

ù´��t ~�©�§§�,Úλ k'§)�

V (t, λ) = C(λ)eiλat.

-t = 0§��C(λ) = 1§¤±

V (t, λ) = eiλat.

�Fp��C�§Ä�)

U(t, x) = v(t, x) =
1

2π

∫ ∞
−∞

eiλate−iλxdλ = δ(x− at).
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�\Öþ�úª

u(t, x) = U ∗ ϕ+

∫ t

0

U(t− τ, x) ∗ f(τ, x)dτ

=

∫ ∞
−∞

δ(ξ − at)ϕ(x− ξ)dξ +

∫ t

0

U(t− τ, x) ∗ f(τ, x)dτ

= ϕ(x− at) +

∫ t

0

f(τ, x− a(t− τ))dτ.


