
5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

5.1.3 �È¼êa

·�b½3«m [a, b]þ�¼ê f(x)´k.�,¿�§�þ(.Úe(

.©O´M Úm,Ïd

m 6 f(x) 6M, x ∈ [a, b].

éu«m [a, b]�?¿��©�

T : a = x0 < x1 < · · · < xn = b,

�¼ê f(x)3«m [xi−1, xi]þ�þ!e(.©O�

Mi = sup
{
f(x) : x ∈ [xi−1, xi]

}
mi = inf

{
f(x) : x ∈ [xi−1, xi]

}
¿P

ω = M −m; ωi = Mi −mi, i = 1, · · · , n

©O¡�¼ê f(x)3«m [a, b]Ú [xi−1, xi]þ��Ì.
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½Â 1 éuþ¡�½�k.¼ê f(x)Ú«m [a, b]�©�,Úª

S(T ) =

n∑
i=1

Mi∆xi, S(T ) =

n∑
i=1

mi∆xi

©O¡��¼ê f(x)�/DarbouxþÚ0�/DarbouxeÚ0.

w,,éu?¿�: ξi ∈ [xi−1, xi],k

m 6 mi 6 f(ξi) 6Mi 6M, i = 1, · · · , n

Ïd¼ê f(x)�?¿�� RiemannÚ

S(T ) =

n∑
i=1

f(ξi)∆xi

�½0u§� DarbouxþÚ� DarbouxeÚ�m,
�n«ÚÑ´k.�

m(b− a) 6 S(T ) 6 S(T ) 6 S(T ) 6M(b− a)
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DarbouxþÚ�eÚã«:

O a b
x

y
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y3�Ä©��Czé DarbouxÚ�K�.5¿�,XJ T ′´©� T ¥

O\��©�: x′k /¤�©�,=

T : a = x0 < x1 < · · · < xk−1 < xk < · · · < xn = b,

T ′ : a = x0 < x1 < · · · < xk−1 < x′k < xk < · · · < xn = b.

K¼ê f(x)©O3ü�f«m [xk−1, x
′
k]Ú [x′k, xk]�þ(.Ø¬�L§3

«m [xk−1, xk]þ�þ(.£Ü©�þ(.Ø¬�L�N�þ(.¤

Mk >M ′
k = sup

{
f(x) : x ∈ [xk−1, x

′
k]
}
,

Mk >M ′′
k = sup

{
f(x) : x ∈ [x′k, xk]

}
Ïd,·�k

S(T )− S(T ′) = Mk(xk − xk−1)−M ′
k(x
′
k − xk−1)−M ′′

k (xk − x′k)

>Mk(xk − xk−1)−Mk(x
′
k − xk−1)−Mk(xk − x′k) = 0.
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,��¡,k

S̄(T )− S̄(T ′) 6M(xk − xk−1)−m(x′k − xk−1)−m(xk − x′k)

= ω(xk − xk−1) 6 ω‖T‖.

=

S̄(T ) > S̄(T ′) > S̄(T )− ω‖T‖.

�©� T ′ ´ÏLò T O\õ�©�:¤���©��,kaq�(J;

��±�Ä DarbouxeÚ��¹.

½n 1 � T ′ ´ÏLé©� T V\ l�©�:¤���#�©�,K

S (T ) 6 S (T ′) 6 S (T ) + lω‖T‖,

S̄(T ) > S̄(T ′) > S̄(T )− lω‖T‖.

½n 1`²,3é©�\�£=©�:��ÝO\¤�L§¥,þÚØO,

eÚØ~,äk�«/üN50.
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½n 2 éu«m [a, b] �?¿ü�©� T1 Ú T2, òü�©��©�:Ü

å5/¤��#�©� T ,K T Q´é T1 �\�,�´é T2 �\�,Ïd

k

S(T1) 6 S(T ) 6 S(T ) 6 S(T2).

ù`²��©�éA�eÚ,o´Ø�L,��©�éA�þÚ.

·�y3*	 DarbouxþÚ�eÚ� ‖T‖ → 0��4�.Ï�þÚ�

eÚÑ´k.�, 
�äk,«üN5£½n 1¤, a'u/üNk.ê�k

4�,
�4�Ò´ê��þ(.½e(.0�¯¢,¤±éu¼ê f(x),·

��Ä¤kþÚ£eÚ¤|¤�8Ü�e(.£þ(.¤,P

I = sup
T
S(T ), I = inf

T
S(T )

©O¡�¼ê f(x)�eÈ©ÚþÈ©. ��½n 2���íØ,éu?¿ü

�©�,kØ�ª

S(T1) 6 I 6 I 6 S(T2)
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½n 3 éu?¿��k.¼ê f(x),k

lim
‖T‖→0

S(T ) = I, lim
‖T‖→0

S(T ) = I.

y² ·��y²1��úª, 1��úª�y²´aq�. �âþ(

.�½Â,éu?¿�½��ê ε,�3«m [a, b]���©�

T0 : a = x0 < x1 < · · · < xl = b

¦�

I −
ε

2
< S(T0) 6 I.

�

δ =
ε

2lω + 1
> 0,

éu?¿©� T , �� ‖T‖ < δ �, ò T Ú T0 �©�:Üå5|¤��

#�©� T ′, ù� T ′ ´3 T �©�:Ä:þ, �õO\
 T0 � l �©�
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:£/�õ0�¹Â´k�U©�:k­E¤. Ïd,d½n 1��,

S(T ) > S(T ′)− lω‖T‖ > S(T0)− lω‖T‖

> I −
ε

2
− lω

ε

2lω + 1
> I − ε

5¿�w,k

S(T ) 6 I,

¤±

|S(T )− I| 6 ε.

ùÒy²


lim
‖T‖→0

S(T ) = I.
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½n 4 k.¼ê f(x)� DarbouxþÚ�eÚ�4���,�du

lim
‖T‖→0

n∑
i=1

ωi∆xi = 0

ù�(J�y²´{ü�,��5¿�u?¿©� T ,
n∑
i=1

ωi∆xi = S(T )− S(T )

=�.
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½n 5 �¼ê f(x) 3«m [a, b] þk., K¼ê f(x) 3«m [a, b] þ�

È�¿©7�^�´§� DarbouxþÚ�eÚ�4���,½ö`

lim
‖T‖→0

n∑
i=1

ωi∆xi = 0

Ù¥, ωi = Mi−mi ´¼ê f(x)3«m [xi−1, xi], (i = 1, · · ·n)þ��Ì.

y² éu��k.¼ê f(x),� ‖T‖ → 0�,�,¿Ø��§�?¿

Riemann Ú S(T ) ´Äk4�, �§� Darboux þÚ S(T ) �eÚ S(T ) �

4�´�3�. d'un«Ú�Ø�ª

S(T ) 6 S(T ) 6 S(T )

á���, XJ Darboux þÚ�eÚ�4���, K?¿� Riemann Úk

�Ó�4�,=, f(x)�È.

��,XJ¼ê f(x)�È,=§� RiemannÚk4�,=�3��ê I ,
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éu?¿��ê ε,�3���ê δ,¦��©� T ÷v ‖T‖ < δ �,k

I −
ε

2
<

n∑
i=1

f(ξi)∆xi < I +
ε

2

é��: ξi ∈ [xi−1, xi], i = 1, · · · , n ¤á, Ï
©Oéz���«m¥�

þ(e)(.,k

I − ε < I −
ε

2
6 S(T ) 6 S(T ) 6 I +

ε

2
< I + ε

=þÚ�eÚ�4���.

AÛ¿Â: Darboux þÚ�eÚ��Ò´@
�ÐCX¼êã���


�Ý/�¡È�Ú (X1 3 ��ã), �X©��\�, §ªu"� (=, ¼

êã��¡È�")¼êÒ´�È�.
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½n 6 e¼ê f(x)3«m [a, b]þüN,K f(x)3 [a, b]þ�È.
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½n 6 e¼ê f(x)3«m [a, b]þüN,K f(x)3 [a, b]þ�È.

y² Ø�� f(x)üN4O.éu [a, b]�?¿©� T ,k

0 6
n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi
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½n 6 e¼ê f(x)3«m [a, b]þüN,K f(x)3 [a, b]þ�È.

y² Ø�� f(x)üN4O.éu [a, b]�?¿©� T ,k

0 6
n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

=

n∑
i=1

(f(xi)− f(xi−1))∆xi 6 ‖T‖
n∑
i=1

(f(xi)− f(xi−1))
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½n 6 e¼ê f(x)3«m [a, b]þüN,K f(x)3 [a, b]þ�È.

y² Ø�� f(x)üN4O.éu [a, b]�?¿©� T ,k

0 6
n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

=

n∑
i=1

(f(xi)− f(xi−1))∆xi 6 ‖T‖
n∑
i=1

(f(xi)− f(xi−1))

= ‖T‖(f(b)− f(a)).
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½n 6 e¼ê f(x)3«m [a, b]þüN,K f(x)3 [a, b]þ�È.

y² Ø�� f(x)üN4O.éu [a, b]�?¿©� T ,k

0 6
n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

=

n∑
i=1

(f(xi)− f(xi−1))∆xi 6 ‖T‖
n∑
i=1

(f(xi)− f(xi−1))

= ‖T‖(f(b)− f(a)).

ùp5¿�üN4O¼ê3«m [xi−1, xi]þ��ÌÒ´¼ê3ü�à:¼

ê���,¤±

lim
‖T‖→0

n∑
i=1

ωi∆xi = 0.
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½n 7 e¼ê f(x)3«m [a, b]þëY,K f(x)3 [a, b]þ�È.
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½n 7 e¼ê f(x)3«m [a, b]þëY,K f(x)3 [a, b]þ�È.

y² Ï�4«mþëY¼ê�½´��ëY�, ¤±é?¿�½��

ê ε,�3���ê δ,¦��?¿ü: x, x′ ∈ [a, b]÷v |x−x′| < δ�,k

|f(x)− f(x′)| <
ε

b− a
.
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½n 7 e¼ê f(x)3«m [a, b]þëY,K f(x)3 [a, b]þ�È.

y² Ï�4«mþëY¼ê�½´��ëY�, ¤±é?¿�½��

ê ε,�3���ê δ,¦��?¿ü: x, x′ ∈ [a, b]÷v |x−x′| < δ�,k

|f(x)− f(x′)| <
ε

b− a
.

éu [a, b]���©�

T : a = x0 < x1 < · · · < xn = b

ÏëY¼ê34«mþ�½U
��þ£e¤(.,��

Mi = f(si), mi = f(ti), si, ti ∈ [xi−1, xi], i = 1, · · · , n
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� ‖T‖ < δ �,w,k |si − ti| 6 ‖T‖ < δ,¤±

n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

14/38

‖J I‖ J I �£ �¶ '4 òÑ



5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

� ‖T‖ < δ �,w,k |si − ti| 6 ‖T‖ < δ,¤±

n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

=

n∑
i=1

(f(si)− f(ti))∆xi
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� ‖T‖ < δ �,w,k |si − ti| 6 ‖T‖ < δ,¤±

n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

=

n∑
i=1

(f(si)− f(ti))∆xi

<
ε

b− a

n∑
i=1

∆xi = ε.

14/38

‖J I‖ J I �£ �¶ '4 òÑ



5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

� ‖T‖ < δ �,w,k |si − ti| 6 ‖T‖ < δ,¤±

n∑
i=1

ωi∆xi =

n∑
i=1

(Mi −mi)∆xi

=

n∑
i=1

(f(si)− f(ti))∆xi

<
ε

b− a

n∑
i=1

∆xi = ε.

ù`²

lim
‖T‖→0

n∑
i=1

ωi∆xi = 0.

¤±¼ê f(x)�È.
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5.1.4 ½È©�Ä�5�

½n 8 (È©��55�) �¼ê f Ú g 3«m [a, b]þ�È.Ké?¿~

ê α, β,¼ê αf + βg 3 [a, b]þ�È,�∫ b

a

(αf(x) + βg(x)) dx = α

∫ b

a

f(x) dx + β

∫ b

a

g(x) dx;

½n 8 ¡�È©��55�: =ü��È¼ê�/�5|Ü0E´�È

�, ¿�È©�Ò�uùü�¼ê�È©� (�A�)/�5|Ü0. AO, �

g(x)ð�",Kd f(x)�È,�íÑ αf(x)�È,�∫ b

a

αf(x) dx = α

∫ b

a

f(x) dx,

=�ÈL�ª¥�~êÏf�J��È©Ò�	.
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½n 9 (È©��\5) � a < c < b. e¼ê f 3«m [a, b]þ�È,K f

3«m [a, c]Ú [c, b]þþ�È.�L5,e f 3 [a, c]Ú [c, b]þ�È,K f

3 [a, b]þ�È. f 3n�«mþ�È©÷v∫ b

a

f(x) dx =

∫ c

a

f(x) dx +

∫ b

c

f(x) dx. (5.1)

AÛ�*þT½n�(Ø´�Ù�, ©Û�y²¥, �Ueã�ª©�

«m: =r c����©: c = xm£½ö`é��©�,��\ c¦�¤�

��©:¤. ù� [a, b]���©�,Ò©¤� [a, c]Ú [c, b]�©�. ��X

J [a, c] Ú [c, b] ©Ok�g�©�, KÜ3�åÒ´ [a, b] ���©�. Ø

Juy [a, b]�©� T � [a, c]Ú [c, b]�©� T1 9 T2 �°Ý�m�'X

‖T1‖, ‖T2‖ 6 ‖T‖ = max{‖T1‖, ‖T2‖}
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� c ´©:�, 3 [a, b], [a, c], [c, b] ùn�«mþ� Dabourx þeÚ�

�,±9 RiemannÚkXe'X:∑
[a,b]

ωi∆xi =
∑
[a,c]

ωi∆xi +
∑
[c,b]

ωi∆xi (5.2)∑
[a,b]

f(ξi)∆xi =
∑
[a,c]

f(ξi)∆xi +
∑
[c,b]

f(ξi)∆xi (5.3)

l (5.2)�y²½n 9��È5Øã,l (5.3)�y² (5.1).

� b < a�,�½∫ a

a

f(x) dx = 0,

∫ b

a

f(x) dx = −
∫ a

b

f(x) dx.

ù�,�� f(x)3 [α, β]þ�È,Kéu [α, β]¥�?¿n�ê a, b, c,Ñk∫ b

a

f(x) dx =

∫ c

a

f(x) dx +

∫ b

c

f(x) dx.
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½n 10 (i)e¼ê f Ú g 3«m [a, b]þ�È,K f(x)g(x)�3 [a, b]þ

�È. (ii)e f 3«m [a, b]þ�È,� f(x) > m > 0,K 1
f(x)
�3 [a, b]þ

�È.
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½n 10 (i)e¼ê f Ú g 3«m [a, b]þ�È,K f(x)g(x)�3 [a, b]þ

�È. (ii)e f 3«m [a, b]þ�È,� f(x) > m > 0,K 1
f(x)
�3 [a, b]þ

�È.

y² Ï f(x)�È,�� |f(x)| 6M.�

T : a = x0 < x1 < · · · < xn = b

´ [a, b]�?¿©�, Ii = [xi−1, xi].P ωi(f)´ f 3 Ii þ��Ì.Kk

ωi(f
2) = sup

x∈Ii
f 2(x)− inf

y∈Ii
f 2(y)
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½n 10 (i)e¼ê f Ú g 3«m [a, b]þ�È,K f(x)g(x)�3 [a, b]þ

�È. (ii)e f 3«m [a, b]þ�È,� f(x) > m > 0,K 1
f(x)
�3 [a, b]þ

�È.

y² Ï f(x)�È,�� |f(x)| 6M.�

T : a = x0 < x1 < · · · < xn = b

´ [a, b]�?¿©�, Ii = [xi−1, xi].P ωi(f)´ f 3 Ii þ��Ì.Kk

ωi(f
2) = sup

x∈Ii
f 2(x)− inf

y∈Ii
f 2(y) = sup

x,y∈Ii
(f 2(x)− f 2(y))
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½n 10 (i)e¼ê f Ú g 3«m [a, b]þ�È,K f(x)g(x)�3 [a, b]þ

�È. (ii)e f 3«m [a, b]þ�È,� f(x) > m > 0,K 1
f(x)
�3 [a, b]þ

�È.

y² Ï f(x)�È,�� |f(x)| 6M.�

T : a = x0 < x1 < · · · < xn = b

´ [a, b]�?¿©�, Ii = [xi−1, xi].P ωi(f)´ f 3 Ii þ��Ì.Kk

ωi(f
2) = sup

x∈Ii
f 2(x)− inf

y∈Ii
f 2(y) = sup

x,y∈Ii
(f 2(x)− f 2(y))

6 sup
x,y∈Ii

|(f(x)− f(y))(f(x) + f(y))|
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½n 10 (i)e¼ê f Ú g 3«m [a, b]þ�È,K f(x)g(x)�3 [a, b]þ

�È. (ii)e f 3«m [a, b]þ�È,� f(x) > m > 0,K 1
f(x)
�3 [a, b]þ

�È.

y² Ï f(x)�È,�� |f(x)| 6M.�

T : a = x0 < x1 < · · · < xn = b

´ [a, b]�?¿©�, Ii = [xi−1, xi].P ωi(f)´ f 3 Ii þ��Ì.Kk

ωi(f
2) = sup

x∈Ii
f 2(x)− inf

y∈Ii
f 2(y) = sup

x,y∈Ii
(f 2(x)− f 2(y))

6 sup
x,y∈Ii

|(f(x)− f(y))(f(x) + f(y))|

6 2M sup
x,y∈Ii

|(f(x)− f(y))| 6 2Mωi(f).
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

½n 10 (i)e¼ê f Ú g 3«m [a, b]þ�È,K f(x)g(x)�3 [a, b]þ

�È. (ii)e f 3«m [a, b]þ�È,� f(x) > m > 0,K 1
f(x)
�3 [a, b]þ

�È.

y² Ï f(x)�È,�� |f(x)| 6M.�

T : a = x0 < x1 < · · · < xn = b

´ [a, b]�?¿©�, Ii = [xi−1, xi].P ωi(f)´ f 3 Ii þ��Ì.Kk

ωi(f
2) = sup

x∈Ii
f 2(x)− inf

y∈Ii
f 2(y) = sup

x,y∈Ii
(f 2(x)− f 2(y))

6 sup
x,y∈Ii

|(f(x)− f(y))(f(x) + f(y))|

6 2M sup
x,y∈Ii

|(f(x)− f(y))| 6 2Mωi(f).

Ï f �È,¤±
∑n

i=1 ωi(f)∆xi → 0,Ï

∑n

i=1 ωi(f
2)∆xi → 0.u´ f 2 �

È.2l fg = 1
4

(
(f + g)2 − (f − g)2

)
,�� fg �È.

aq�y² (ii).
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½n 11 �¼ê f(x)Ú g(x)3 [a, b]þ�È.

(i) (�Ò5) eé¤k x ∈ [a, b]k f(x) > 0,K∫ b

a

f(x) dx > 0;

(ii) (�S5) eé¤k x ∈ [a, b]k f(x) 6 g(x),K∫ b

a

f(x)dx 6
∫ b

a

g(x) dx;

(iii) (ýé�È5) ¼ê |f(x)|3 [a, b]þ��È,�k∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ 6 ∫ b

a

|f(x)| dx.

�Ò5, �S59 (iii) ¥�Ø�ªÑ�±lÈ©½Âá���. ýé�

È5¤á´Ï�: |f(x)|3�«mþ��ÌØ�L f(x)3�«mþ��Ì.
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½n 12 �¼ê f 3«m [a, b]þ�È,M 9m©O´ f 3 [a, b]þ��

�þ.9��e.,=é¤k x ∈ [a, b],k

m 6 f(x) 6M,

K

m(b− a) 6
∫ b

a

f(x) dx 6M(b− a).
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½n 12 �¼ê f 3«m [a, b]þ�È,M 9m©O´ f 3 [a, b]þ��

�þ.9��e.,=é¤k x ∈ [a, b],k

m 6 f(x) 6M,

K

m(b− a) 6
∫ b

a

f(x) dx 6M(b− a).

y² P I =

∫ b

a

f(x) dx.Kéu [a, b]�?¿©�

T : a = x0 < x1 < · · · < xn = b.

k

m(b− a) 6 S(T ) 6 I 6 S(T ) 6M(b− a).
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½n 13 (È©¥�½n) �¼ê f(x) 34«m [a, b]þëY, K�3

ξ ∈ [a, b],¦� ∫ b

a

f(x) dx = f(ξ)(b− a).
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½n 13 (È©¥�½n) �¼ê f(x) 34«m [a, b]þëY, K�3

ξ ∈ [a, b],¦� ∫ b

a

f(x) dx = f(ξ)(b− a).

y² � m ÚM ©O´ëY¼ê f(x) 3«m [a, b] ����Ú��

�.�â½n12,k

m 6
1

b− a

∫ b

a

f(x) dx 6M.

k0�½n��3 ξ ∈ [a, b]¦�

f(ξ) =
1

b− a

∫ b

a

f(x) dx,

=, ∫ b

a

f(x) dx = f(ξ)(b− a).
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½n 14 (í2�È©¥�½n) �¼ê f(x) 34«m [a, b]þëY, ϕ(x)

3 [a, b]þ�È�ØCÒ,K�3 ξ ∈ [a, b],¦�∫ b

a

f(x)ϕ(x) dx = f(ξ)

∫ b

a

ϕ(x) dx. (5.4)

22/38

‖J I‖ J I �£ �¶ '4 òÑ



5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

½n 14 (í2�È©¥�½n) �¼ê f(x) 34«m [a, b]þëY, ϕ(x)

3 [a, b]þ�È�ØCÒ,K�3 ξ ∈ [a, b],¦�∫ b

a

f(x)ϕ(x) dx = f(ξ)

∫ b

a

ϕ(x) dx. (5.4)

y² Ï� f(x)3 [a, b]þëY,¤±�±�����mÚ���M ,

Kk

m 6 f(x) 6M.

Ø�� ϕ(x)´�K�. Ïdk

mϕ(x) 6 f(x)ϕ(x) 6Mϕ(x).

Ï


m

∫ b

a

ϕ(x) dx 6
∫ b

a

f(x)ϕ(x) dx 6M

∫ b

a

ϕ(x) dx.

XJ
∫ b
a
ϕ(x)dx = 0, @odþ¡��

∫ b
a
f(x)ϕ(x)dx = 0, Ï
 (5.4) ¤á.
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XJ
∫ b
a
ϕ(x)dx > 0,K

m 6

∫ b
a
f(x)ϕ(x)dx∫ b
a
ϕ(x)dx

6M.

�â0�½n��3 ξ ∈ [a, b]¦�

f(ξ) =

∫ b
a
f(x)ϕ(x)dx∫ b
a
ϕ(x)dx

.

23/38

‖J I‖ J I �£ �¶ '4 òÑ



5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

~ 1 � f(x)´ [a, b]þ�KëY¼ê. e

∫ b

a

f(x) dx = 0,K f(x) ≡ 0.

y² Ï� f(x)ëY,¤±3 [a, b]þ�����,�M = max f(x) =

f(x0). Ø�� x0 ∈ (a, b) (x0 ´à:��¹�aq?Ø). e M > 0, K�

3 δ > 0 ¦� (x0 − δ, x0 + δ) ⊂ [a, b]. ¿�� x ∈ (x0 − δ, x0 + δ) �, k

f(x) > M
2
.du f(x)3 [a, b]þ�K,·�k∫ b

a

f(x) dx =

∫ x0−δ

a

f(x) dx +

∫ x0+δ

x0−δ
f(x) dx +

∫ b

x0+δ

f(x) dx

>
∫ x0+δ

x0−δ
f(x) dx

>
∫ x0+δ

x0−δ

M

2
dx

= δM > 0.

ù�^�gñ. ÏdM = 0.Ï
 f(x) ≡ 0.
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

~ 2 � f(x) 3 [0, 2] þ��� |f ′(x)| 6 1, f(0) = f(2) = 1. ¦y:

1 6
∫ 2

0

f(x) dx 6 3.

y² � x ∈ [0, 1]�,�3 ξ ¦� f(x)− f(0) = f ′(ξ)x. Ïd

−x 6 f(x)− f(0) 6 x.

3 [0, 1]þÈ©�

−
1

2
6
∫ 1

0

f(x) dx− 1 6
1

2
. (1)

� x ∈ [1, 2]�,�3 η ¦� f(x)− f(2) = f ′(η)(x− 2). Ïd

x− 2 6 f(x)− f(2) 6 2− x.

3 [1, 2]þÈ©�

−
1

2
6
∫ 2

1

f(x) dx− 1 6
1

2
. (2)

(1)� (2)�\=�¤y.

25/38

‖J I‖ J I �£ �¶ '4 òÑ



5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

5.1.5 �È©Ä�½n

½n 15 �¼ê f(x)3 [a, b]þ�È,K f(x)�Cþ�È©

ϕ(x) =

∫ x

a

f(t)dt, a 6 x 6 b

3«m [a, b]þëY.
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5.1.5 �È©Ä�½n

½n 15 �¼ê f(x)3 [a, b]þ�È,K f(x)�Cþ�È©

ϕ(x) =

∫ x

a

f(t)dt, a 6 x 6 b

3«m [a, b]þëY.

y² du f 3 [a, b]þ�È,¤± f 3ù«mþk.,=�3M ¦�

|f(t)| 6 M, a 6 t 6 b. � a 6 x1 6 x2 6 b, �â½n 9, ½n 11 (iii) 9½

n 12,·�k

|ϕ(x2)− ϕ(x1)| =

∣∣∣∣∫ x2

x1

f(t)dt

∣∣∣∣ 6 ∫ x2

x1

|f(t)|dt 6M |x2 − x1|.

ù�Ø�ª`² ϕ(x)3«m [a, b]þ÷v Lipschitz^�.Ïd ϕ(x)3 [a, b]

ëY.
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½n 16 (�È©Ä�½n) �¼ê f(x)3 [a, b]þ�È.XJ f 3 x = x0

?ëY,K f(x)�Cþ�È© ϕ3 x = x0 ?��,� ϕ′(x0) = f(x0).
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½n 16 (�È©Ä�½n) �¼ê f(x)3 [a, b]þ�È.XJ f 3 x = x0

?ëY,K f(x)�Cþ�È© ϕ3 x = x0 ?��,� ϕ′(x0) = f(x0).

y² Äk�Ä x0 Ø´ a½ b��/. du f 3 x0 ?ëY,Ké�½

� ε > 0,k���ê δ,¦�3 |t− x0| < δ � a 6 t 6 b�,

|f(t)− f(x0)| < ε.

Ïd,e 0 < |x− x0| < δ 
� a 6 x 6 b,Kdþ�Ø�ª,�íÑ∣∣∣∣ϕ(x)− ϕ(x0)

x− x0

− f(x0)

∣∣∣∣ =

∣∣∣∣ 1

x− x0

∫ x

x0

(
f(t)− f(x0)

)
dt

∣∣∣∣ < ε.

ùÒ��y�
 ϕ′(x0) = f(x0).

e x0 � a ½ b, òþ¡�y²�·��?U, BU�Ñ¤��(J. y

..

ù�½n`²: e f(x) 3 [a, b] þëY, K§�Cþ�È© ϕ(x) ´§

����¼ê.
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½n 17 (Newton–Leibniz úª) � f(x)´«m [a, b]þëY¼ê, F (x)

´§�?¿���¼ê. Kk∫ b

a

f(x)dx = F (b)− F (a).

ù��ª�~L«� ∫ b

a

f(x)dx = F (x)
∣∣∣b
a
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½n 17 (Newton–Leibniz úª) � f(x)´«m [a, b]þëY¼ê, F (x)

´§�?¿���¼ê. Kk∫ b

a

f(x)dx = F (b)− F (a).

ù��ª�~L«� ∫ b

a

f(x)dx = F (x)
∣∣∣b
a

y² � ϕ(x) ´ f(x) �Cþ�È©, K ϕ(x) �´ f(x) ��¼ê. Ï

d�3~ê C ¦� ϕ(x) = F (x) + C.Ï� ϕ(a) = 0,¤± C = −F (a).u

´ ϕ(x) = F (x)− F (a).AO x = b�,k ϕ(b) = F (b)− F (a),=,∫ b

a

f(x)dx = F (b)− F (a).
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½n 18 � f(x)´«m [a, b]þ�È,¼ê F (x)3 [a, b]þëY,3 (a, b)

S��,� F ′(x) = f(x),K·�k∫ b

a

f(x)dx = F (b)− F (a).
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½n 18 � f(x)´«m [a, b]þ�È,¼ê F (x)3 [a, b]þëY,3 (a, b)

S��,� F ′(x) = f(x),K·�k∫ b

a

f(x)dx = F (b)− F (a).

y² �

T : a = x0 < x1 < · · · < xn−1 < xn = b

´«m [a, b]�?��©�. K

n∑
i=1

(
F (xi)− F (xi−1)

)
= F (b)− F (a).

w, F (x) 3z��«m [xi−1, xi] þ÷v�©¥�½n�^�. Ïd, �3

ξi ∈ (xi−1, xi),¦�
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F (xi)− F (xi−1) = F ′(ξi)∆xi = f(ξi)∆xi.

u´·��Ñ
n∑
i=1

f(ξi)∆xi = F (b)− F (a).

þª�>´�Aucã©� T ��� Riemann Ú. du f(x) 3 [a, b] þ�

È, �� ‖T‖ = max
16i6n

∆xi → 0 �, ù�È©Úªu
∫ b
a
f(x)dx, l
�Ñ


È©ÆÄ�úª.
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~ 3 � n´g,ê. K

∫ b

a

xn dx =
1

n + 1
(bn+1 − an+1).
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~ 3 � n´g,ê. K

∫ b

a

xn dx =
1

n + 1
(bn+1 − an+1).

) Ï� xn ����¼ê´ 1
n+1
xn+1,¤±∫ b

a

xn dx =
1

n + 1
xn+1

∣∣∣b
a

=
1

n + 1
(bn+1 − an+1).
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~ 3 � n´g,ê. K

∫ b

a

xn dx =
1

n + 1
(bn+1 − an+1).

) Ï� xn ����¼ê´ 1
n+1
xn+1,¤±∫ b

a

xn dx =
1

n + 1
xn+1

∣∣∣b
a

=
1

n + 1
(bn+1 − an+1).

~ 4 O�
∫ b

a

sinx dx.
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~ 3 � n´g,ê. K

∫ b

a

xn dx =
1

n + 1
(bn+1 − an+1).

) Ï� xn ����¼ê´ 1
n+1
xn+1,¤±∫ b

a

xn dx =
1

n + 1
xn+1

∣∣∣b
a

=
1

n + 1
(bn+1 − an+1).

~ 4 O�
∫ b

a

sinx dx.

) Ï� sinx����¼ê´ − cosx,¤±∫ b

a

sinx dx = − cosx
∣∣∣b
a

= cos a− cos b.

AOk, ∫ π

0

sinx dx = 2.
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~ 5 ¦4� lim
n→∞

∫ 1

0

xn sinx dx.
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~ 5 ¦4� lim
n→∞

∫ 1

0

xn sinx dx.

) ∣∣∣∣∫ 1

0

xn sinx dx

∣∣∣∣ 6 ∫ 1

0

xn dx =
1

n + 1
→ 0.

Ïd¤¦4��".
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~ 5 ¦4� lim
n→∞

∫ 1

0

xn sinx dx.

) ∣∣∣∣∫ 1

0

xn sinx dx

∣∣∣∣ 6 ∫ 1

0

xn dx =
1

n + 1
→ 0.

Ïd¤¦4��".

~ 6 ¦4� lim
n→∞

∫ π
2

0

sinn x dx.
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~ 5 ¦4� lim
n→∞

∫ 1

0

xn sinx dx.

) ∣∣∣∣∫ 1

0

xn sinx dx

∣∣∣∣ 6 ∫ 1

0

xn dx =
1

n + 1
→ 0.

Ïd¤¦4��".

~ 6 ¦4� lim
n→∞

∫ π
2

0

sinn x dx.

) - In =
∫ π

2

0
sinn x dxK In �K�üN4~, Ïdk4�.�Ù4�

� I.w, I > 0.é?¿ ε ∈ (0, π
2
),k

In =

∫ π
2−ε

0

sinn x dx +

∫ π
2

π
2−ε

sinn x dx

6
π

2
sinn(

π

2
− ε) + ε.

- n→∞� I 6 ε.2- ε→ 0,� I 6 0.u´ I = 0.
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

~ 7 � f(x)´ [a, b]þüN4O�ëY¼ê. ¦y∫ b

a

xf(x) dx >
a + b

2

∫ b

a

f(x) dx.
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~ 7 � f(x)´ [a, b]þüN4O�ëY¼ê. ¦y∫ b

a

xf(x) dx >
a + b

2

∫ b

a

f(x) dx.

y² -

F (t) =

∫ t

a

xf(x) dx−
a + t

2

∫ t

a

f(x) dx.

Kdu f(x)´ëY¼ê, F (x)3 [a, b]þ��,�

F ′(t) = tf(t)−
1

2

∫ t

a

f(x) dx−
a + t

2
f(t)

=
t− a

2
f(t)−

1

2

∫ t

a

f(x) dx

>
t− a

2
f(t)−

1

2
(t− a)f(t) = 0.

ù`² F (t)3 [a, b]þüN4O.Ï� F (a) = 0,¤± F (b) > 0.y..
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

~ 8 � f(x)´ [0, a]þëY¼ê,��3�~êM, c¦�

|f(x)| 6M + c

∫ x

0

|f(t)| dt,

¦y: |f(x)| 6Mecx, x ∈ [0, a].
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~ 8 � f(x)´ [0, a]þëY¼ê,��3�~êM, c¦�

|f(x)| 6M + c

∫ x

0

|f(t)| dt,

¦y: |f(x)| 6Mecx, x ∈ [0, a].

y² -

F (x) =

∫ x

0

|f(t)| dt, G(x) = F (x)e−cx +
M

c
e−cx.

Kk

G′(x) = F ′(t)e−cx − cF (x)e−cx −Me−cx

= |f(x)|e−cx − cF (x)e−cx −Me−cx

6 (M + cF (x))e−cx − cF (x)e−cx −Me−cx = 0.

ù`² G(x)3 [0, a]þüN4~. Ï� G(0) = M
c
,¤± G(x) 6 M

c
.Ï


F (x) +
M

c
6
M

c
ecx.

2(Ü^��� |f(x)| 6M + cF (x) 6Mecx.
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

½n 19 (CauchyÈ©Ø�ª) � f(x)Ú g(x)´ [a, b]þ��È¼ê,K(∫ b

a

f(x)g(x) dx

)2

6
∫ b

a

f 2(x) dx

∫ b

a

g2(x) dx. (5.5)

�Ò¤á��=��3~ê c¦� f = cg (a.e.)½ö g = cf (a.e.).
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½n 19 (CauchyÈ©Ø�ª) � f(x)Ú g(x)´ [a, b]þ��È¼ê,K(∫ b

a

f(x)g(x) dx

)2

6
∫ b

a

f 2(x) dx

∫ b

a

g2(x) dx. (5.5)

�Ò¤á��=��3~ê c¦� f = cg (a.e.)½ö g = cf (a.e.).

y² � g = 0 (a.e.)�,Ø�ªw,¤á. Ø��vk g = 0 (a.e.),=,∫ b
a
g2(x) dx > 0.é?¿¢ê t,k (f(x)− tg(x))2 > 0.Ïd∫ b

a

(f(x)− tg(x))2 dx > 0.

�Ò´

t2
∫ b

a

g2(x) dx− 2t

∫ b

a

f(x)g(x) dx +

∫ b

a

f 2(x) dx > 0.

ù�'u t����gªð�K,`²�Oª��,=

4

(∫ b

a

f(x)g(x) dx

)2

− 4

∫ b

a

f 2(x) dx

∫ b

a

g2(x) dx 6 0.
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

~ 9 � f(x)3 [a, b]þëY��,� f(a) = 0.¦y∫ b

a

f 2(x) dx 6
(b− a)2

2

∫ b

a

(f ′(x))2 dx.
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~ 9 � f(x)3 [a, b]þëY��,� f(a) = 0.¦y∫ b

a

f 2(x) dx 6
(b− a)2

2

∫ b

a

(f ′(x))2 dx.

y² �â Newton-Leibnizúª,k

f(x) = f(x)− f(a) =

∫ x

a

f ′(t) dt, x ∈ [a, b].

¤±A^ CauchyÈ©Ø�ª,��

|f(x)|2 =

∣∣∣∣∫ x

a

f ′(t) dt

∣∣∣∣2 6 ∫ x

a

12 dt

∫ x

a

|f ′(t)|2 dt = (x− a)

∫ x

a

|f ′(t)|2 dt.

Ï


|f(x)|2 6 (x− a)

∫ b

a

|f ′(t)|2 dt, x ∈ [a, b].

ü>3 [a, b]þÈ©=�¤y.
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

½n 20 (Hölder È©Ø�ª) � f(x) Ú g(x) ´ [a, b] þ��K�È¼

ê, p, q ´ü��ê÷v 1
p

+ 1
q

= 1.Kk∫ b

a

f(x)g(x) dx 6

(∫ b

a

fp(x) dx

) 1
p
(∫ b

a

gq(x) dx

)1
q

. (5.6)
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½n 20 (Hölder È©Ø�ª) � f(x) Ú g(x) ´ [a, b] þ��K�È¼

ê, p, q ´ü��ê÷v 1
p

+ 1
q

= 1.Kk∫ b

a

f(x)g(x) dx 6

(∫ b

a

fp(x) dx

) 1
p
(∫ b

a

gq(x) dx

)1
q

. (5.6)

y² P A =
∫ b
a
fp(x) dx, B =

∫ b
a
gq(x) dx.e A,B ¥k���",'

X A = 0,K f(x) = 0 (a.e.),Ï
 f(x)g(x) = 0 (a.e.),d�Ø�ª¤á. Ø

�� A > 0, B > 0.�â YoungØ�ª,k(
fp(x)

A

)1/p(
gq(x)

B

)1/q

6
1

p
·
fp(x)

A
+

1

q
·
gq(x)

B
.

ü>È©,� ∫ b
a
f(x)g(x) dx

A1/pB1/q
6

1

p
+

1

q
= 1.

ù�du (5.6).
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5.1.3 5.1.4 5.1.5 Darboux Ú þÈ© ¿�^� ¥�½n Newton-Leibniz úª

~ 10 � f(x)3 [0, 1]þ�K�È.Kê� In =

(∫ 1

0

fn(x) dx

) 1
n

´ü

N4O�.
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~ 10 � f(x)3 [0, 1]þ�K�È.Kê� In =

(∫ 1

0

fn(x) dx

) 1
n

´ü

N4O�.

y² �â HölderØ�ª,k∫ 1

0

fn(x) dx =

∫ 1

0

1 · (fn(x))dx

6

(∫ 1

0

1n+1dx

) 1
n+1
(∫ 1

0

(fn(x))
n+1
n dx

) n
n+1

=

(∫ 1

0

fn+1(x)dx

) n
n+1

,

=, (∫ 1

0

fn(x)dx

) 1
n

6

(∫ 1

0

fn+1(x)dx

) 1
n+1

.
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~ 10 � f(x)3 [0, 1]þ�K�È.Kê� In =

(∫ 1

0

fn(x) dx

) 1
n

´ü

N4O�.

y² �â HölderØ�ª,k∫ 1

0

fn(x) dx =

∫ 1

0

1 · (fn(x))dx

6

(∫ 1

0

1n+1dx

) 1
n+1
(∫ 1

0

(fn(x))
n+1
n dx

) n
n+1

=

(∫ 1

0

fn+1(x)dx

) n
n+1

,

=, (∫ 1

0

fn(x)dx

) 1
n

6

(∫ 1

0

fn+1(x)dx

) 1
n+1

.

¯K lim
n→∞

In =?
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