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1 8 Ù �m)ÛAÛ

§8.1 �þ��IX

8.1.1 �þ�½Â

�m¥Qk��qk���þ¡��þ. 3êÆ¥^k��ã
−→
AB 5

L«å:� Aª:� B ��þ, �ã��ÝÒ´�þ���, l A�� B

���Ò´�þ���.�~^��Þ���çNi1 ~a,~b,~c�5L«�þ.

eü��þ���Ú��Ñ��, Ò¡ùü��þ´���. ��þ ~a

����,�������þP� −~a,¡� ~a�K�þ. �þ ~a���¡�

d�þ��, P� |~a|. �� 1 ��þ¡�ü �þ. ��"��þ¡�"�

þ,P� ~0."�þ�k��vk��.
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e�þ ~b �����þ ~a ����Ó½��, Ò¡ ~b � ~a ²1, P�

~b//~a. e�þ ~b �����þ ~a ���p�R�, Ò¡ ~b � ~a R�½��,

P� ~b ⊥ ~a.

�½"�þ�?Û�þ²1,��?Û�þR�.

�þ
−→
OA��þ

−→
OB ¤Y��,¡�§��m�Y�. 5½�þ�Y�

3 0� π �m. w,ü��"�þ²1��=�§��Y�´ 0½ π,ü�

�"�þR���=�§��Y�´ π
2
.
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8.1.2 �þ�\{Úê¦

\{$� òü��"�þ ~a Ú ~b �å:£�Ó�:, =, - ~a =
−→
OA,

~b =
−→
OB.¡

−→
OA�

−→
OB 3�m¥¤Ü¤�²1o>/�k�é��

−→
OC ¤

L«��þ¡� ~a� ~b�Ú,P� ~a +~b.

O
A

B
C

~a

~b ~a +~b

~{$�¡ ~a + (−~b)� ~a� ~b��,P� ~a−~b.
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ê¦$� éu¢ê λ Ú�þ ~a, ½Â λ~a ����þ, §���u

|λ| · |~a|,§���� λ > 0�� ~a�Ó,� λ < 0�� ~a��.d½Â��

0~a = ~0.

\{$�Úê¦$�÷ve¡�$�{K:

~a +~b = ~b + ~a; (��Æ) (8.1)

(~a +~b) + ~c = ~a + (~b + ~c); ((ÜÆ) (8.2)

~a +~0 = ~a; (k"�) (8.3)

~a + (−~a) = ~0; (kK�) (8.4)

1~a = ~a; (8.5)

λ(µ~a) = (λµ)~a; (8.6)

(λ + µ)~a = λ~a + µ~a; (�þ'uê�©�Ç) (8.7)

λ(~a +~b) = λ~a + λ~b; (ê'u�þ�©�Ç) (8.8)
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8.1.3 �þ�����¡

�|�þ¡�´���, XJ§�Ñ²1u,^��. �|�þ¡�

´�¡�,XJ§�Ñ²1u,�²¡.

�|�þ ~a1, ~a2, · · · , ~an ¡�´�5�'�,e�3Ø��"�¢ê λ1,

λ2, · · · , λn ¦�
λ1~a1 + λ2~a2 + · · · + λn~an = ~0.

e ~a1, ~a2, · · · , ~an Ø´�5�'�Ò¡�´�5Ã'�.

5� 1 ü��þ����=�§��5�'.
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5� 2 n��þ�¡��=�§��5�'.

|^�þ$��±)ûNõAÛ¯K§Ùg�´òAÛ5�=z��

þ��ê$�"
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~ 1 34ABC ¥§D,E ©O´> BC,AC �¥:§AD,BE ��

u: G. y²µAG = 2
3
AD.

y² �
−→
AG = x

−−→
AD,

−−→
BG = y

−→
BE.Ï�

−−→
AD = 1

2
(
−→
AB +

−→
AC),

−→
BE =

1

2
(
−→
BA +

−−→
BC) =

1

2
(−
−→
AB +

−→
AC −

−→
AB) =

1

2

−→
AC −

−→
AB.

qÏ�
−→
AG−

−−→
BG =

−→
AB,¤±

x

2
(
−→
AB +

−→
AC)− y

(
1

2

−→
AC −

−→
AB

)
=
−→
AB.

=, (x
2
+ y − 1)

−→
AB = y−x

2

−→
AC. du

−→
AB �

−→
AC Ø��, Ïdk x

2
+ y − 1 = y−x

2
= 0, =

x = y = 2
3
.

A

B CD

G

E
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8.1.4 �þ�:¦��¦

½Â 1 ü��þ ~a � ~b �êþÈ���¢ê, §�uùü��þ��

��Y��{u�¦È,P� ~a ·~b. XJ�þ ~a, ~b�Y�� θ,K

~a ·~b = |~a||~b| cos θ. (8.9)

êþÈ�~¡�SÈ.

lêþÈ�½Â��,�þ ~a� ~bp�R��¿©7�^�´

~a ·~b = 0.
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5� 3 é�þ ~a,~b,~c9¢ê λ,·�k

~a ·~b = ~b · ~a, (8.10)

(~a +~b) · ~c = ~a · ~c +~b · ~c, (8.11)

(λ~a) ·~b = λ(~a ·~b) = ~a · (λ~b), (8.12)

~a2 := ~a · ~a > 0,�Ò¤á��=� ~a = ~0. (8.13)

(8.11) �y² Ø�� ~c 6= ~0. ��þ
−→
OA = ~a,

−→
AB = ~b,

−→
OC = ~c, K

k
−→
OB =

−→
OA +

−→
AB = ~a + ~b. L: A,B ��� OC �R�, Rv©O�

A′, B′. K�3¢ê x, y ¦�
−−→
OA′ = x~c,

−−→
A′B′ = y~c,

−−→
OB′ = (x + y)~c.

dêþÈ�½Â��

~a · ~c = x|~c|2, ~b · ~c = y|~c|2,

(~a +~b) · ~c = (x + y)|~c|2.

¤± (~a +~b) · ~c = ~a · ~c +~b · ~c. O

A

B

C
A' B'

~a

~b
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½Â 2 ü��þ ~a,~b��þÈ ~a×~b�
���þ, §���� ~a,~b ÑR�, �¦ ~a,~b,

~a×~b�¤mÃX¶§���u± ~a,~b�>�

²1o>/�¡È, = |~a × ~b| = |~a||~b| sin θ,
Ù¥ θ � ~a,~b�Y�. ~a

~b

~a×~b

½Â 3 �½n��þ ~a,~b,~c§¡ (~a×~b) · ~c� ~a,~b,~c�·ÜÈ.

·ÜÈ�AÛ¿Â ·ÜÈ (~a × ~b) · ~c L«�´± ~a,~b,~c �c�²1

8¡N�/k�NÈ0. =µ� ~a,~b,~c �mÃX�, Ò´8¡N�NÈ¶�

~a,~b,~c��ÃX�,§´8¡NNÈ���ê.
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·ÜÈAÛ¿Â�y² ± ~a,~b,~c�c�²18¡N�NÈ V �u±

~a,~b �>�²1o>/�¡È S ¦±p h = V = S h. d�þÈ�½Â�

S = |~a×~b|,,��¡,� ~a×~b� ~c�Y�� ϕ,Kk |h| = |~c|| cosϕ|. u´

V = |~a×~b||~c|| cosϕ| = |(~a×~b) · ~c|.

5¿� ϕ �b��, ~a,~b,~c �¤mÃX, V = (~a × ~b) · ~c¶� ϕ �ð��,

~a,~b,~c�¤�ÃX§V = −(~a×~b) · ~c. Ïd(Ø¤á.

~a

~b

~c

~a×~b

h ϕ
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�þ��þÈÚ·ÜÈ$�äk±e5�.

5� 4 � ~a,~b,~c�n��þ, λ�¢ê,Kk

(~a×~b) · ~c = (~b× ~c) · ~a = (~c× ~a) ·~b, (8.14)

~a×~b = −~b× ~a, (8.15)

(λ~a)×~b = λ(~a×~b) = ~a× (λ~b), (8.16)

(~a +~b)× ~c = ~a× ~c +~b× ~c. (8.17)

y² cn�ªfl½Â½AÛ¿ÂwÑ´w,�. e¡·�y²

(8.17). éu?¿�þ ~d,k

(~a× ~c +~b× ~c) · ~d = (~a× ~c) · ~d + (~b× ~c) · ~d

= ~a · (~c× ~d) +~b · (~c× ~d) = (~a +~b) · (~c× ~d)

=
(
(~a +~b)× ~c

)
· ~d.

u´ (8.17)¤á.
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8.1.5 �þ��IL«

½n 1 � ~e1, ~e2, ~e3 ��m¥n�Ø�¡��þ§Kéz��þ ~a Ñ�3

���n�kS¢ê| (x1, x2, x3),¦�

~a = x1~e1 + x2~e2 + x3~e3. (8.18)

½n1�y² (��5)ekü|ê (x1, x2, x3), (y1, y2, y3)¦�

~a = x1~e1 + x2~e2 + x3~e3, ~a = y1~e1 + y2~e2 + y3~e3.

K

x1~e1 + x2~e2 + x3~e3 = y1~e1 + y2~e2 + y3~e3.

Ïd

(x1 − y2)~e1 + (x2 − y2)~e2 + (x3 − y3)~e3 = ~0.

du ~e1, ~e2, ~e3 Ø�¡,Ïd (x1, x2, x3) = (y1, y2, y3).
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(�35¤ 3�m¥?��: O§��þ
−→
OA = ~e1,

−→
OB = ~e2,

−→
OC =

~e3,
−→
OP = ~a.L P :��� OC �²1�,� AOB ²¡u Q:. 2L Q:

��� OB �²1�,� OA��u R:. K ~a =
−→
OP =

−→
OR +

−→
RQ +

−→
QP.

du
−→
OR//

−→
OA,

−→
RQ//

−→
OB,

−→
QP//

−→
OC,|^5� 1�,�3¢ê x1, x2, x3¦

�
−→
OR = x1~e1,

−→
RQ = x2~e2,

−→
QP = x3~e3.

Ïd ~a = x1~e1 + x2~e2 + x3~e3.

O

A

B

C P

Q
R
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½Â 4 �m¥?¿n�kS�Ø�¡��þ ~e1, ~e2, ~e3¡��m��|Ä"

éu�þ ~a§e

~a = x1~e1 + x2~e2 + x3~e3,

K¡ (x1, x2, x3)��þ ~a3Ä ~e1, ~e2, ~e3 e����I½{¡�I.
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8.1.6 �m�IX

½Â 5 �m¥?¿�: O Ú�|Ä ~e1, ~e2, ~e3 Ü3�å¡��m��

����IX,P� [O ;~e1, ~e2, ~e3]. : O ¡��I�:, ~e1, ~e2, ~e3¡��I�

þ. ~e1, ~e2, ~e3 ¤3��©O¡� x¶, y ¶Ú z ¶, Ú¡��I¶. n��I

¶�?¿ü�û½
��²¡,¡��I¡,©OP� Oxy, Oyz, Ozx.

�½���IX [O ;~e1, ~e2, ~e3],é�m¥�: P ,�þ
−→
OP 3Ä ~e1, ~e2, ~e3

e��I¡�: P 3���IX [O ;~e1, ~e2, ~e3] e��I. Ïd: P 3

[O ;~e1, ~e2, ~e3]e��I� (x1, x2, x3)��=�
−→
OP = x1~e1 + x2~e2 + x3~e3.

Ú\���IX�,3e�nöm�3��éA�'X:

�m¥�: P ←→ �þ
−→
OP ←→ �I (x1, x2, x3)
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éu�½����IX [O ;~e1, ~e2, ~e3], �·��ÑmÃ�� ~e1 ���,

¿� ~e2 ���ºL��, XJ�-�����Ð� ~e3 ���¤b�, @o

ù��IX¡� mÃ���IX; �·��Ñ�Ã�� ~e1 ���, ¿� ~e2

���ºL��,XJ�Ã�-�����Ð� ~e3 ���¤b�,@où�

�IX¡��Ã���IX.�kùü«a.��IX.

O O

1e

e e

e

e e2

3

1

2

3

(a)mÃX (b)�ÃX
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�þ��I$�

�3�m¥�½
�����IX [O ;~e1, ~e2, ~e3], du�þ�Ù�I�

m�3��éA�'X,�þ�$��±=z�Ù�Im�$�.

� ~a = (x1, x2, x3), ~b = (y1, y2, y3), λ���¢ê,K

~a +~b = (x1~e1 + x2~e2 + x3~e3) + (y1~e1 + y2~e2 + y3~e3)

= (x1 + y1)~e1 + (x2 + y2)~e2 + (x3 + y3)~e3,

λ~a = λ(x1~e1 + x2~e2 + x3~e3) = λx1~e1 + λx2~e2 + λx3~e3.

¤±·�ke¡��IO�úªµ

(x1, x2, x3) + (y1, y2, y3) = (x1 + y1, x2 + y2, x3 + y3), (8.19)

λ(x1, x2, x3) = (λx1, λx2, λx3). (8.20)
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���IX

����IX [O ;~i, ~j, ~k]�n��I�þ~i, ~j, ~k �üüR��ü �

þ�, Ò¡����IX. ��ÀJmÃ���IX. 3���IX¥, �±

^�þ��I5O���ÚY�.

� [O ;~i, ~j, ~k]����m���IX,e�þ ~a = a1
~i + a2

~j + a3
~k,K

|~a| =
√
a2
1 + a

2
2 + a

2
3. (8.21)
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��þ ~a = (a1, a2, a3)��I�þ~i,~j Ú ~k �Y�©O� α,β,γ,K

cosα =
~a ·~i
|~a| |~i|

=
a1

|~a|
.

Ón,

cosβ =
a2

|~a|
, cos γ =

a3

|~a|
.

cosα, cosβ, cos γ ¡��þ ~a���{u. ·�k

(cosα, cosβ, cos γ) =

(
a1

|~a|
,
a2

|~a|
,
a3

|~a|

)
. (8.22)

l

cos2α + cos2 β + cos2 γ = 1.
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���IXeêþÈ�O�

� [O ;~i, ~j, ~k]����m���IX.Kk

~i ·~i = 1, ~j ·~j = 1, ~k · ~k = 1

~i ·~j = 0, ~j · ~k = 0, ~k ·~i = 0.

Ïdéu�½�ü��þ ~a = a1
~i + a2

~j + a3
~k, ~b = b1~i + b2~j + b3~k§Kk

~a ·~b = a1b1 + a2b2 + a3b3,

=,

(a1, a2, a3) · (b1, b2, b3) = a1b1 + a2b2 + a3b3. (8.23)

� ~a� ~b�m�Y�� θ,Kk

cos θ =
~a ·~b
|~a||~b|

=
a1b1 + a2b2 + a3b3√

a2
1 + a

2
2 + a

2
3

√
b21 + b

2
2 + b

2
3

. (8.24)

dþ¡�ªf,��
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|a1b1 + a2b2 + a3b3| 6
√
a2
1 + a

2
2 + a

2
3

√
b21 + b

2
2 + b

2
3. (8.25)

ùÒ´ CauchyØ�ª. dØ�ª�±í2����¹:

∣∣∣∣∣
n∑
i=1

aibi

∣∣∣∣∣ 6
(

n∑
i=1

a2
i

)(
n∑
i=1

b2i

)
. (8.26)
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~ 2 � A(x1, y1, z1), B(x2, y2, z2) ´�mþ�ü:, �ã AB þ�:

P (x, y, z)òd�ã©¤½' λ,=, |AP | = λ|PB|.¦ P ��I.

) ®�
−→
AP = λ

−−→
PB,=

−→
OP −

−→
OA = λ(

−→
OB −

−→
OP ).

^�IL«Ò´

(x− x1, y − y1, z − z1) = λ(x2 − x, y2 − y, z2 − z).

u´

x =
x1 + λx2

1 + λ
, y =

y1 + λy2

1 + λ
, z =

z1 + λz2

1 + λ
.
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���IXe�þÈÚ·ÜÈ�O�

� [O ;~i,~j,~k]���mÃ���IX"du~i,~j,~k�üüR��ü �

þ�÷vmÃ{K,d�þÈ�½Â�

~i×~i = ~0, ~j ×~j = ~0, ~k × ~k = ~0

~i×~j = ~k, ~j × ~k =~i, ~k ×~i = ~j.

� ~a = a1
~i + a2

~j + a3
~k, ~b = b1~i + b2~j + b3~k, ~c = c1~i + c2~j + c3~k. Kk

~a×~b = (a2b3 − a3b2)~i + (a3b1 − a1b3)~j + (a1b2 − a2b1)~k (8.27)

=

∣∣∣∣∣∣∣∣
~i ~j ~k

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣ . (8.28)
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(~a×~b) · ~c = (a2b3 − a3b2)c1 + (a3b1 − a1b3)c2 + (a1b2 − a2b1)c3 (8.29)

=

∣∣∣∣∣∣∣∣
c1 c2 c3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣ . (8.30)

5� 5 n��þ ~a = (a1, a2, a3), ~b = (b1, b2, b3), ~c = (c1, c2, c3)�¡�

�=� ∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣ = 0.

y² du·ÜÈ (~a×~b) · ~cL«�´ ~a,~b,~c�¤�²18¡N�k�

NÈ, ~a,~b,~c�¡��=� (~a×~b) · ~c = 0. dþ¡�úª=�y.
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��þÈ

�½n��þ ~a,~b,~c,¡ (~a×~b)× ~c�ùn��þ���þÈ.

5� 6 é?¿�þ ~a,~b,~c,k

(~a×~b)× ~c = (~a · ~c)~b− (~b · ~c)~a. (8.31)

y² ���mÃ���IX,�

~a = (a1, a2, a3), ~b = (b1, b2, b3), ~c = (c1, c2, c3).

���y�ªü>��þäk�Ó��I=�.du

~a×~b = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1),

¤± (~a×~b)× ~c�1���I�

(a3b1 − a1b3)c3 − (a1b2 − a2b1)c2.
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�þ $� �'5 êþÈ �þÈ �IL« �IX

,��¡, (~a · ~c)~b− (~b · ~c)~a�1���I�

(a1c1 + a2c2 + a3c3)b1 − (b1c1 + b2c2 + b3c3)a1

= (a3b1 − a1b3)c3 − (a1b2 − a2b1)c2.

Ïd�ªü>�þ�1���I�Ó,Ón,ü��I�Ó,l�ª¤á.

úª (8.31)Ï~¡���þÈÐmª,lù�úª�±wÑ,�þÈØ

÷v(ÜÆ,Ò´`,���¹e,

(~a×~b)× ~c 6= ~a× (~b× ~c),

Ï�þª�>´ ~aÚ ~b��5|Ü,m>´ ~bÚ ~c��5|Ü.
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