Group Theory Homework 1

Small Black Zi PB11451419
January 7, 2024

Problem 1

Proof:
(1)Closure:

For (a,b), (¢,d) € G, where a,b,c,d € R a# 0, ¢ # 0, we have:
(a,b)(c,d) = (ac,ad +b)

where ac€ Rac#0 ad+b€ R So (ac,ad+b) € G
(2)Associativity:
For (a,b),(c,d), (e, f) € G, we have
[(a,0)(b,c)](e, f) = (ac,ad + b)(e, f)
= (ace,acf + ad + b)

= [(a,b)(b,c)](e, f) = (a,b)[(b, c)(e, )]
(a,0)[(b, c)(e, f)] = (a,b)(ce,cf +d)

= (ace,acf + ad + b)
(3)Identity:
Obviously, (1,0) is the identity of G.

V(a,b) € G, we have
(1,0)(a,b) = (a,b)(1,0) = (a,b)(1,0)(1,0) = (1,0)

(4)Invers:

Obviously, (é, —2) is the inverse of (a, b)

(5:-1) @b =@h =00

a a

In conclusion, G is a Group.
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Problem 2

Proof:

(1)Closure: Assume 61,65 € [0,27), we have

costl;  sinb, costly  sinfs
R(6,) = R(62) =

—sinfy  cosb —sinfy  cosbs

cosblicosly — sinbisinbs cosfy sinby + sinbicosts
— R(91)R(02) =

—sinbicosly — coslisinfy —sinbisinby + cosldicosls

cos(01 + 02)  sin(61 + 62)
= = R(91 + 92) eqG

sin(01 + 02) cos(61 + 02)

(2)Associatity: Since R(61)R(02) = R(61 + 02), we have

R(6:)R(62)R(6s) = [R(01)R(9:)] R(6) = R(61) [R(0:)R(6)] = R(61 + b2 + o)

(3)Identity: Obviously, R(¢ = 0) is the identity, we have:



Which means the left inverse and right inverse are same for all the element in G

In Conclusion, G is Group.

Problem 3

Note that

1 oy 1 oy 1 o1+
T(al)T(ag) = = eqG

0 1 0 1 0o 1

(2)Associatity: Assume ai,a2,a3 € R = T(oq),T(a2),T(a3) € G

1 og+as+as
T(0)T(a2)T(15) = T(an) [T(a2)T(0)] = [T(ar)Trr)] Tas) =

0 1
(3)Identity: Obviously, when oo = 0, T'(0) is the identity
1 0 1 0 1 0
T(0)T(0) = = =1T(0)
0 1)\0 1 0 1

Vae R, T(0)T(a)=T(x)T(0)="T(x)
(4)Inverse: There is the inverse element of T'(a) (Va € R), which is given by T~ !(a) = T(—«),
T~ 1)(0)T(0) = T(~a)T(@) = T(0)
T()T = 1)(a) = T(a)T(—a) = T(0)
Which means the left inverse and right inverse are same for all the element in G

In Conclusion, G is Group.



Problem 4

The two multiplication rules for four order group are given by

e a b ¢ e a b c
e|le a b ¢ e|le a b ¢
ala ¢ e b ala e ¢ b
b|b e ¢ a b|b ¢ e a
clc b a e c|lc b a e

Problem 5

Proof: If 22 =e = z = 27!, Note that H; = {y|y €G,y? # e} Hy, = {x\m €G,2?= e}
Obviously, H; N Hy = G.
We know that y?> # e = 1y # y~!, but according to the closure of group, there is an element
z # y(z € G) satisfied zy = e, where z € H; due to z £ y
Therefore, y and z always appear together, which means the number of H; is even.
As result,

Num(Hy) + Num(Hz) = Ord(QG)

Num(Hi) mod2=0 = Num(Hs) mod 2 =0

Ord(G) mod 2 =0

Alternatively, 22 = e has an even number of solutions.
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Problem 6

Proof:

VaeG, ala=e = e le=e

VgeG(g#e), g 'lg=e = ¢ 'glg=ele=c¢

= (ge) 'g=e

Due to g~'g = e, and the element in Set G can not repeat
= ge = g

Therefore, e is also a right identity of G.

Furthermore,
VgeG (g#¢€), g 'g=e = g9 'g=9g = (99 Ng=g
-1 _
= g9 '=e

1

Which means g~ is also the right inverse of g € G. In conclusion, G is Group.

Problem 7

Proof:

According to the statement, assume b = a such that

ra=a
= ¢ has left and right identity e € G

ay =a



Assume b = e, we have

ra=e — r=a
ay =e = Y =as

= ag = eas = (a1a)ag = ai(aas) = are = a;

1 1

Therefore, we have the inverse a=! = a; = as such that e la =aa ' =e

Problem 8

(1) Proof:
a) First, (R, +) is a Abel Group:
Ve,y € Ro, w+y=y+x=(2o+y)e+ (z1+y1)ac R,
r+r=x

ifx =0 (Yy € Re,) = x = 0 is the identity of the Group.
T+y=y

b) Second, (R¢, -) is a SemiGroup:
Vo,y € R, x-y=y-z=(zoyo +z191)e + (voy1 + 21y0)a € Re,
Vr,y,2 € Ro, (z-y) 2=z (y-2) =(ToYo20 + T1y120 + ToY121 + T1Yo21)e

+(zoyoz1 + T1y121 + Toy120 + T1Yo20)a

¢) Third, Distributive law:
Va,y,2z€ R, (x4vy)-z=z-24+y-2z= (2020 + Yoz0 + 2121 + y121)€

+ (zo2z1 + yoz1 + 120 + Y120)a

e) Furthermore, (Rc, + -) is a Commutative Ring:

Vz,y € Re,, -y =y - = (Toyo + x1y1)e + (xoy1 + T1y0)a

f) Furthermore, (Rc, + -) has identity e:

Vo € Re, = e is identity

In conclusion, (R¢, + -) is a Commutative Ring with identity.



(2) Solution:

(Re, +

-) is not a Field:

If Yy € Rc, 3 € R, such that xy = yx = e, we have

(oyo + x1y1)e + (voy1 + 21Y0)a = e

—

Yo

U1

(7A1

Yo

Lo

T

The system of linear equations has a solution if and only if det(Y") # 0

Therefore, if det(Y") = 0, the system has no solution.

Yo Y1

Y Yo

= Yo = VY1

2

2

For example, the Nonzero Element y = e 4+ a € R¢, has no inverse.

(3) Solution: Assume z = xpe + z1a € R¢,,

exp(x) = exp(xoe + x1a) = exp(zoe)exp [ix—_la}
i

1
[e + xge + —(Jcoe)Z + .. } exp [i%a}

2!

1 .1
ell+xog+ —=+... exp[z—,a]

2! i

L1
e - exp(xg)exp [z—,a}
i

[ 1 2 1
e - exp(xp) _e—l—i%a— a1 (%a) —ig (
[ 1 I 2 1 I 4
ot o2 5 (2)
e - exp(xo) _e[ o1 \ o ;

[ T . .
e -exp(xzg) |e - cos (—) +ia- sin ( _
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Problem 9

Solution:

Dy BERIRIER . CHirr ¢ X f 2 — K, o Jynid — D

oy |l oy e T T Tty oy ty
oy | oa T2 e T T ty o1 t
tt |ty ™ 1 e T2 09 ta o7

T T ty t; o1 o9 T2 T e

T T oy 01 to 1 T e T

sl oty ty o9 04 e T T

WRIEFGERTT LA ) Dy BEOIHIEN: {el{m*Hor, o2 H{t1, t2 {7, 73}

Problem 10

Proof:
F:
i C=AB ={c=abla€ A,be B} D= BA=1{d=bala e A,be B}, Hh C < G, TiE
C=D:
KN A, B,C 3552 G B8, Frbh A B, C #is e, g6/, &L ufiEi.
HT C FEHLite C=AB, filleA=A4e CC eB=BeCC(C, R
Vaoe AAVbe B — acC,beC
IR, BT ERE NS, C T EEM GRS JAEE C T, Frbl:
Vaoec ACCVbe BC(C = abe C,ba e C

HT D=BA={d=balac A,bc B}, itk DC C, ¥ C C D, Kt C =D, B} AB = BA.
WhE



il C=AB ={c=abla€ A,be B} D= BA={d=bala€ Abe B}, ¥ C = D, TiF
C <G@G:

1. PPk
Ver, o € C) cieca = arbiasgby
by €Bas €A
c.bias € D=DBA
“D=BA=AB=C
codes € Cyes = aszbs = bias
—> 16y = a1bjasby = ajasbsbs
‘rajaz3 =ags € A,bsby =bs € B
Soes=ashs € C
— Ve, € C, ciep €C
2. aiat: B, BT A B YN G HITRE Pl AB AR C TR TRAEAK T G T
GEat.

3.8 % T A B PHEHXIT e, FTLL C LT e
4. Fi

Ve e C, ¢=ab, 3¢ such that cc™! =e
— c¢cl=bla!

it C & G ’—T1HE

Problem 11

Proof:
WR={r}, T={t} =R '={r1}
CF1 R ATHE A AREEREK TR, Rl

VreR = r¢A
B, T=R'=r'5 ATENT, HFHETRHENFEAILITRNEEMF, Fril
Vri,r; € RVa;,a; € A = a;r; # a;r;
NTAEH T & A BMAEREREF TR, HEK.
Vti,t; € T Vaj,a; € A = ta; # tja,
GBI 3t t; € T 3ai,a; € AL tia; = tja;, B
—1 —1

rooa; =T

i i Qj



HIT 7oy ry, ey eyt BLR A A SCRAAERE G, FEL

== T;T; a; = a;
-1
Vap € A, agrjr; a; = aga;
-1 _ -1
= apr;r; = ara;a;

-1
— aET; = ArQ;a; T;

MR A, DR B SR
Jday,a,inA Ir;,r; € R = a,r; = ayr;

BRECITIE, UL tit; e T i t,A=t;A, Bl T 278 A R—FAREREITLR
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Problem 12
Proof:
Y(a,b) € G (a,b)(a,b) = (a*, ab+b) = (a,b) = e = (1,0)
Y(a,b) € G (a,b)(c,d) = (1,0) = (a,b)" " = (c,d) = (Clb,Z)
FiI’St, V(].,bl), (].,bg) eK = (1,{)1)(17172) = (1,b1)(1,b2) = (1,b1 + bg) eK
K is a Group
Furthermore,

Y(z,y) € GVY(1,b) € K, (2,9)(1,b)(x,y) " = (z,y)(1,b) (i, —g) =(l,2b) e K

Therefore, K is a Invariant Subgroup of G(also Normal Subgroup).
The Quotient Group is given by G/K = {¢K| Vg € G}
Construct a mapping as f: G/K — R*,
VA, B € R*, V(z,y), (2',y") € G, we have mapping:
A= (z,y)K
B— (¢, y)K
f(AB) = f(A)f(B) = (z,y)K(z',y') K = (z,y)(2",y ) KK = (z2’, 2/ + y) K = f(C)
(x2’ 2y +y)K = (2",y")K € G/K and C € R*
Similarly, the reverse is also correct: ¢ : R* — G/K.

Therefore, G/K = R*



Problem 13

Proof:
Note that M = (RT, x), N = (R, +)

Construct a mapping as f : M — N

a— T
VYa,b€ R" z,y€ R =

b—y
flaxb)=fla)+ f)=24+y€R

Therefore, M Y

Similarly, construct a mapping as ¢ : N — M

T —a
Va,be RT z,y€ R =

y—b

o(r+y) = o(x)p(y) = ab € R*

Therefore, N —25 M

In conclusion, M = N

Problem 14

Proof:
Suppose the order of g € G is n, which means ¢g" = eq

Assume f(g) =k € H,

flea) = f(g") = flg9)" =k" =en

Suppose the order of k € H is m (k™ = ey ), we have to prove that n mod m = 0

We can suppose n mod m # 0, which means:

n/m=i
i,7 €N

n mod m = j



Obviously,

anGH — kn—im(km)i:eH — kj(eH)i:eH — kj:eH

Which means j is the order of & € H instead of m

This contradicts the assumption, son / m =¢ € N.
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Problem 14

Proof:

V1,92 € G,m(g192) = 7(91)7(g2) = g1 NgaN
"NaG = gN =Ng

S91Ng2N = g1g2NN = gsN € G/N

Therefore, this mapping is Homomorphic Mapping.
Since kerm = g|n(g) = 1. Vg € G, if g € kern, it will satisfy
Vg € G, m(g9) = m(g)m(g) = 7(9)
= gNgN =gN
= ggNN = ggN =gN
Case 1: g€ N
ggN = N =gN
Case 2: g ¢ N
ggN =gN =— gg=9g =— g=e€N

Therefore, kerm = N



Problem 15

(1) Proof:

a; by az by
VAl,AQ S SL(2,(C), A= Ay =

C1 dl C2 dg
We have

aias + b102 albg + b1d2
Az = A1Ax =

craz +dica  ci1by + dida
According to Mobius Trasform,

(a1a2 + blcg)z + (a1b2 —+ bldg)

Aqz =
3% (Clag + dlcg)z + (Clbg + dldg)

On the other hand

o ) b aq a2z+by +b
e =
Coz + do Clczerdz + dy
(a1a2 + b102)2 + (a1b2 + bldg)

(Cla2 + dlcz)Z + (Clbg + d1d2)

Therefore,

MObiUS(AlAQ) = AAJ = AlAQ

This mapping is Homomorphic Mapping.

(2) Solution: Since ker” = {A|A =1" VA € SL(2,C)}, if A € ker”, it will satisfy

a b . .
VAe SL(2,C) A= , Adz = Az =2
c d
Therefore,
10 -1 0
ker =< A ,
0 1 0 -1
Problem 16
(1) Proof:

Note that a = ag + a1i1 + agte + asis b= by + b1t1 + baio + b3ig

Va,b € H, a+ b= (ao + bo) + (a1 + bl)il + (az + bg)ig + (a3 + bg)ig =cC

apg — agi —a — ali bo - bgi —b2 — bli
pla+b) = ¢(a) + ¢(b) = +
as — (Lli ag + ag’i b2 — bll bo + bg’L

(CLO + bo) — (0,3 + bg)l 7((12 + bg) — ((11 + bl)l ( )
= = p(c
(az +b2) — (a1 +b1)i  (ag +bo) + (az + b3)i



Furthermore,

Va,b e H, d =ab= (ao + a1y + agiz + a3’i3)<bo + b171 + baio + bg’ig)

= (aobo —aib; — azby — a3b3) + il(albo + agby + agbz — agbg) + i2(a2b0 + agby + aszb; — a1b3) + ig(agbo + agbs + a1by — agbl)

ap — aszt —ag — ait

p(ab) = p(a)p(b) =

as — a1t ag + ast

(aobo — a1b1 — azbg — a3b3) - (a3b0 + aob3 + albg - azbl)i

(a2b0 —+ aobg + a3b1 — albg) — (a1b0 =+ a0b1 —+ a2b3 — agbg)i
= ¢(d)

This mapping is Homomorphic Mapping.

(2) Proof:

—ag — alz' apgp — CLgi

— det(p(a)) =
ags — ali

as — a1t ag+ ast

Obviously, |a| = det(p(a))

bo — b3t

by — b1t

—by — b1

bo + bsi

—(a2b0 + aobg + a3b1 - a1b3) - (a1b0 + (Iobl + &ng - a3b2)i

(aobo — a1b1 — a2b2 — agbg) —+ (agbo + a0b3 + a1b2 — agbl)i

—a2 — a1 2, 2, 2, 2
=aptayt+a;+a;

ag + ast

Va,be Q, ab=c

¢ = lal[b] = det(p(a))det(p(b))

- det(p(a)) = det(p(b)) = 1

- el = det(p(a))det(p(b)) =1

= c€Q

Furthermore,

Va,b,c € Q, (ab)c = a(bc) = abc € Q

e=1(1—1i3 —iy —i3)
Therefore, Q is a Group.
(3) Proof:
Note that a — A € ¢(Q)

Obviously, |a| = det(p(a)) = det A =1 (Proved in (2))

ag — a3i —Qa — ali
A =
ag—ali a0+a3i a%—&—a%—ka%—ka%
= ATA=
ap + asi  as + ai (apaz — apaz) — (araz — ajas)i
Al =
—ag + ali ag — ag’é.

(aoag — a0a2) — (a1a3 — a1a3)i _ IQ><2

aj +af + a3 + a3
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Problem 17

Dg ##MIEARN: Dg = (o,7|m8 =e,0%> =e, 010!

Case 1:
Case 2:
Case 3:
Case 4:
Case 5:
Case 6:
Case T:

2024 1 H

e
7,77
72,76
73, 75
A
o, 70,70, 7%
3.5 .7

TO,T°0,T°0, T 'O

TIbEFE R RAE  PB11451419

7 H

=70, fERZMEAKNN 38 FiE i

=z |z¢|=3"
2T=x |27 =3
e =z |27 | =32
e =z |27 =33
e =z |27 =3
=z |27]=3%
270 =z |27 =35

PRI AR FEEEH N | X /G| = %(38 +3+3%+3%+3*+3*+3%) =501 F

Problem 18

(1) Proof:

WA F (o, o, i3, v, B1, Ba)

v F (a15a25a35a4yﬂlaﬂ2) eR
F'i(ah, o, 0,00, 81, B3) € R

!
°51
!
Qg3

Qo

aq
Qs

Qg

WIREA T

" " 1

"o o n
3F '(a17a2aa37a4a 19 Q)GR =

)

X
FF (
Yy

Oz% z N oy
Oy Yy (%]

)G
)G

of = a1 + agal

oy = ajah + asdl

af = azal + g

o) = azah + ayed
1 =a1f) +ofy+ B
3 = a3f] + aufy + Be




WA, AR R EE S, BAITN Fr=(100100), FI, K VF #REE, idH
Aff(2,R)
(2) Proof:

MTAERHITE « PR TFHRTER

LTag Ty e

(a,b,¢) = ya U Ye

1 1 1
HATH -
Ty Tp e
Ty Tp Ty Te Te T
Yo Yo Y| = +
1 1 1 Ya Yo Y Yc Ye  Ya

WAL R R B F e Aff(2,R), FATH

)= el G-
Yo YUp as g \Ya U B2 B2

Hy 5
x a1 asl| |z, T
= =
Yo Yp sz a4 |Ya Yo
WKL WPE o i A, B4 ERATEAR (a,b,¢)' = |A] (a,b,c)
FR
, A(125) A(134)  (125) (134)

K = = = K

A(124) A(135) — (124) (135)
Bk AR &

(3) Solution:
£ S5 BHEAT, BARRAAENM EHRMABEALEARERA, 250

HANLIG e: (1)(2)(3)(4)(5)
25 X, 34 X (1)(25)(34)
23 W4, 45 XfHe (1)(23)(45)
24 X, 35 XfHE (1)(24)(35)

Rt k #8 Ss AFHF R/ NEBIA S BRGNS TEER

(4) Solution:

Sy BN 51 = 120, & 76 Ss BEAEFIFHUNEERENI N 4, HURBLUEAR, & 78 S BEER TR
FHIEE 55| = 18l 50 4+

[~




Problem 19

(1) Solution:

(23546 1\ (123456
\1 23456/ \61243s:5
(2) Solution:
s=(16532)4)
X NKEN 5 R —A 1 8, SMEEHR

(3) Solution:
KRN 5 ke, By 5.

(4) Solution:

s=(16)(2 1)(53)(32)(2 )(4)

Problem 20

Solution:

534)
(25 3)(3 4)
(3 2 5)(3 4)

32)(25)(34)
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Problem 21

(1) Solution:

PR, IEMEARISE 7 DXFRE . A bR 2y, 2 205009 3 A TIKE RN Lty L
A DU R I PUARAR S A 2O 30 4 A= 105h, CA 71, 72,73, 74

(2) Solution:

T B3t 12 Moz, HPaEET 1 AAE, 3 ARG 3 Mok, 4 D=IEsGH 8 A
TLE .
T = {e,tx,ty,tz,rl,rg,7“3,7“4,7"3,7‘3,7‘?2),7‘2}
HEIRFEM T Sy B — T8, RN
LoODE3) f, (1234 L (134
ri (1)(234) r2 (2)A34) 5 (3)(124) ry (4)(123)
r? (1)(243) r3 (2)(143) r2 (3)(142) r2 (49(132)

(3) Solution:

B4 LA T 0 SR R T 1, B D 4 A 0 L0 T F)— /S8, BRI T RSt 3 /2K, 3¢
RIS R (e} S IR {t by, £} DOAS S U BB 2K (e, r, s, a1, 73,72, 02



Problem 22

mEpTR, ?%/J‘Qﬁﬁliﬁ%:
et il Iinka 3 3T BRI N (13 =¢), HEIFEBALHN r(r =e)

RIEPIEEE, REF 1 ALEASIEVNEEN e,r,r?, 18 Sy FEHER TPUEECH 5, BRI
RN EAE W EH 15 T

e M@B)@G) | (132 2 (123)  r  (254) 1 (245)
Ir  (13254) U2 (13245) 20 (31254) 122 (31245)

rl (54213) 2 (54231) 2 (45213) 722 (45231)

rir  (13524) Irl (54123)

FEMIEIRE R LLB I %% 4/3n, W% 2/3n 193]
AMBEREAAAE 1 3 BRIVBTBRIRIE, PrUlticdid e 152
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Problem 23

D, BB CAEE {e, r, 72,13, a, ar, ar? ar®}
R® M Fuh:{(e,e)(r,e)(r?,e)(r®, e)(e,a)(r,a)(r?, a)(r3,a)}
B ReoM 5 D, TG FERREY, (HRETGEME FAYS, Bik D, #IFARKET Reo M
FATR R AR UL M TR OVEA 1 B R R

e — e ae — e

ér = r  ar = r’

ér? = r?2 ar? = r

3

3 — r ard

er E

2% Sk
V(k1,h1), (ko ha) € R® M, (k1,hy)(ka, he) = (/ﬁh}k‘g, hihs)
WEZRIERLARTFEMN Reos M, 5 D,y #FK, HiL——Bgez:
e (e,e) r(re) r2e(rfe) 1o (rde)

a<+ (e;a) ar < (r,a) ar? << (ra) ar® < (r®a)

Bl (r,a)(e,a) = (ear,a?) = (r3,e) <> ara =13

Problem 24

675 =3x3x3x5x5H

a1 675 B Abel FEELHE:
Z§ & Z§ Zos ® Zg
ZERLs Ly ZLos ® Lz Ly
L ® Loz ZLigs @ Ly



Problem 1

(1) detT(G)

detT (gh) = det(T(g)T(h)) = det(T(g))det(T(h))

RLNEFR
(2) trT(G)
trT(gh) = tr(T(g9)T(h)) # tr(T(g))tr(T(h))
RRLNEFR
(3) T(G)
T'(gh) = (T(9)T(h))" =T (h)T'(g) # T"(9)T"(n)
RRLNEFR

(4) T7(G) % &

T" (gh) = (T(9)T(h))" =T"(W)T"(g) # T" (9)T" (h)

ARG FR
(5) T*(G)
T"(gh) =T"(9)T(h) = T"(9)T"(h)
REHEFR
(6) T7(G)
T (gh) = (T(@)T(h)"" =T (W)T " (g) # T~ (9)T'(h)
RRLNEFOR

(7) T77(G) % EiF

LRI



(8) T71(@)

T *(gh) = (T*(¢)T*(h)) "' =T (R)T* " (g9) # T* (g)T" "' (h)
AR IR
Problem 2

(1) Solution:
MY g0)f(x) = flg7'(0)z) = f(g(—0)x)

22 = 2%c0s%0 + y*sin20 + xysin20
x' = xcosh + ysind
= { y"? = 2%5in20 + y?cos?0 — xysin20
y = —xsinf + ysind
2’y = —x%sinfcosh + y*sinfcosh + xycos20
Kl g(0) 7E =473 (B H R A :
cos®  sin*0  —sinfcost

T(g(0)) = | sin?0  cos*)  sinfcosh

sin260 —sin20 cos20

[T P A =47 (A MR

o O =
o = O
o

(2) Solution:

TH(9(0))T(g(0)) # I°7®
T, €R
i1 T sin B B M cos BCRA FIE, BRIV RIZS
Tg(0) ARELIEFRIR, REER, MEEEFRIR.
Al
PtP =
]Dij eR
BARRIR G PEAAEFRORME—XT R, A A

P R LIERIR, REER, RBILRTR.
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Problem 3

Proof:
ekt

3 3 3 3
VX,Y € SU(2), x*y:[X,Y]:XY—YX:Zinyjsisj—ZZyixjsisj

i=1 j=1 i=1 j=1

Zi(.’Egyg — $3y2)81 + 2Z($3y1 — .’L’ly3)82 + 27,(.’E1y2 — SCle)Sg

= 21T1 + 29%2 + 23T3 = A SU(Q)

S Be e
[(X,Y + 7] = [X,Y] + [X, Z]

VXY, Z € SU(2), {
(X +Y,2]=[X,Z] + ]V, Z]

Kok
VXY € SU(2), a €C, o[X,Y]=[aX,Y]=[X,aY]

FrbA SU(2) fREUZEZ AL
Problem 4

(1) Solution:

V{Z,]} S {1,2}, {91',9]'} = 91'9]‘ + 9]91 =0

Je=02=0
B Y/ —

= a2y = (¥ + 2101 + 2205 + 2361602)(yo + y101 + y202 + y36,02)
= Toyo + (1Yo + Toy1)01 + (T2Yo + oy2)02 + (T3yo + Toys + T1y2 — T2y1)0102

= z € Grassmann



(2) Solution:
7E (1) H 2iE Grassmann AABOM ik ], FIFEA

Vx,y,z € Grassmann z(y + z) = zy + 2

Vz,y € Grassmann,Va € C  azy = (ax)y = z(ay)

Ui Grassmann UEGE L MHEAREL, BEAb
Vr,y, z € Grassmann,(xy)z = x(yz) = ZoYozo + (ToYoz1 + T1Yozo + Toy120)01
+ (oYoz2 + T2yo2o + ToY220)02

+ (23020 + Toyszo + ToYozs + T1Yo22 + ToY1 22 + T1Y220 — T2Y120 — T2YoZ1 — ToY221)0102

WA, Kt Grassmann RECHZ S HREL

Problem 5
Suppose
1 0 00
01 00
(e, P, T,PT) =
0 010
0 0 01
We have
10 00 01 00
R 01 00 R 1 0 00
L(e) = L(P) =
e(e, P,T,PT)=¢e(e, P, T,PT) 0 010 0 0 01
P(e,P,T,PT) = (P,e, PT,T) 0 0 01 0 010
=
T(e,P,T,PT)= (T, PT,e,P) 0 010 0 0 01
PT(e,P,T,PT) = (PT,T,P,e) R 0 0 0 1 R 0 010
L(T) = L(PT) =
1 0 00 01 00
01 00 1 000
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Problem 6
SU(3) #EHIHLE XN Csys) = {g € SU(3)|Va € SU(3), gag™ = a}
gag_1 =a = ga=ayg

MR & /R 513 1
g = M3zx3

fg=1 L
{g g e - >\3 =1 = CSU(S) = ISX3{176_Z§W7ei%W}
gl =1

Problem 7

(1) Solution:

k6 k6 € [0, 2m)
p(0) = (ke z)
kO mod 21 kO € [2m,+00)

(2) Solution:

(3) Solution:



Problem 8
8 MKETH 1,2,4,8

8=12+12+12+ 12+ 12+ 12+ 12+ 12 Z¥F
8§=12+12+1% 4+ 1% 4 22 D,
8 =22 422 Toxt A (LA EELR)

A 2 MATRERIRE, Hoh Zs #H 8 N —HAEMATLIRIR, Dy #H 4 D4/ 1 >4 A%
AR LRI



TIEE R KA PB11451419

Problem 9:
Solution:
(1)
100 00 1 010
S(e)=<0 1 0) S(d)=<1 0 0) S(f)=<0 0 1)
00 1 010 100
100 00 1 010
S(a)=<0 0 1) S(b)=<0 1 0) S(c)=<1 0 0)
010 100 00 1
2
xe)=3 x(d)=0 x(f)=0 y(@=1 x(b)=1 x(c)=1
()
xe)=3 x(d=0 x(f)=0 y(@=-1 y(b)=-1 x(c)=-1
(4)
WRIEFN TR, S(D3) T (Do) ol i AR HAR HAF R, T LA IER R IFASEM
)
IRYEEFERS B, S(D3)FIT (D3) FEA A
(6)

MR R AT AR5 5 4% R SR b A2 7
> X ®x®) = 6]

REG

BIRS(D)MT (D) I A2, B2 L3RR
(7)

S(DHEE T I A—YEFRIRF 1 A 4ERIR.
Problem 10

Solution:

D, FERETCIC N{e, 1,172,173, 04, 05, £y, 5}
M eHr, v He?Hoy, ooty £}

KA

&
S
I
®

Gl
[\S)

Il
~
+
~

w



FAREI A B 2

R
Ci111 = Ci22 = Cy33 = Ci4q = Ci55 = Co1p = (o33 = C313 = €333 = (333 = Cy4q =
= (355 = Ca14 = Cy34 = C515 = (515 = 1
Ca21 = Ca23 = Ca45 = (54 = Caz5 = Cp41 = Ca3 = Ca52 = Cs24 = Cogp =
Cs51 = Css53 = 2
HARERFHIIN 0
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Problem 11:
DsHE2 IETUJERE, A — MR TLoChAn 5 AR — ol BRI ocic
Ds = {e,1,7%,13,1%, 01, 0,, 03,04, 05}

H A TCIA)H AL -

oitlo; =157

O(i+1) mod5 = 0iT
(1) #outrtitk X vo™e™, Hm e {0,1}, n €{0,1,2,3,4}
(2) LBk {e}r, 11?3, 13Yoy, 05, 03,04, 05}
(3) KEF:
k,=e
k,=t+1*
ky =12+ 13
E4=01+02+03+a4+05

(4) Z5MHEHL:

E4i€1 = E4 E4i€2 = 2]24_ I’é4_i€3 == 2k4
(5) DsHEA 4 MLRESE, ILA 4 DAFEMATAFRR. HTEKIEER, FoRYEECrETT N
BERY, TTHEINL0 = 12 + 12 + 22 + 22, DA 2 D —4ERRmAl 2 A 4EkoR.

B AT SRR, FHERRN 1

1¢, 2C, 2C; 5C,
x4(Ds) 1 1 1 1
x5 (Ds) 1 1 1 -1
Xg(Ds) 2 X y z
x5(Ds) 2

E—FNETCR AR, NRIRGEE .
(6) X TH 4T yk, EhmTS5C,THte? = e, AHIYL(C,) = +1



R Y3 (COA+1, HRy1(Ds)EERR, HE,
IRy g (CON—1, HRFIEARE B : FFAEFRETT FOSRERY, AT R x5(C,) = x5(C) =1
NRAF HELORFHERR, APHERRE AT RATER D NN, y, z. HRHEAR RIS
224+ 2x2+2y?2+52z2 =10
24+2x+2y—5z=0
24+2x+2y+5z=0
Hor 88— 25T R RHERR A 7 RO TR, J5 S 25 N RFIERR IE A e B
HJ5 PR D7 2 T AN

k="
x=—-1-y
NG — 2k iR ] LA 2
145
YT
TRA
_—1+445 _—1-+5§
y=— y 5
_—1-+5§ _ —1++5
T2 T2
T3 AxE (Ds)Fxp (Ds), T EDsHEHIFFEIR R A
16, 26, 2€, 5C,
x4 (Ds) 1 1 1 1
x5 (Ds) 1 1 1 -1
x(Ds) 2 —1+v5 —1-V5 0
2 2
x3(Ds) 2 -1-+5 —-1++5 0
2 2

HRFERRR AT W, keryh = Ds, keryxs = Cs, kery2 = kery3 = {e}

HH AT WD B B i IE T BN TN R A Cs A {e, 04, 05, 03, 04, 05}
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Problem 12

D, BE#ETICAN {e, 7,72, 73, a, a7, a7?, a3}, HHIZEN {e}{r, 3 }H{r*}Ha,ar?}{aT, a3}
RAEERIEER, 22 +12+12+12+1% =8, Brbh Dy B3 4 D808 & 1 A 4e300R
Cy #49 Abel B, B 4 AT AFZORH A EIRR, Oy BN Abel £, BT 2 —4EA
AT L) RN SR AR 3 2

Cy e 7 12 73

A 1 1 1 1 C, e a
B 1 i -1 —i A 1

c 1 -1 1 -1 B 1 -1
D 1 — -1 =1

i Cy 1 Co FEEFAFENN Dy Bl A WA — AT RIRE N

D, e 7 7 7 a ar ar?® ar
A 1 1 1 1 1 1 1
B 1 ¢+ -1 —i 1 ) -1 —q
c 1 -1 1 -1 1 -1 1 -1
D 1 — -1 =1 1 - -1 i
EFE 1 1 1 1 -1 -1 -1 -1
F 1 ¢+ -1 — -1 —i 1 1
¢Z 1 -1 1 -1 -1 1 -1 1
H 1 — -1 ¢« -1 1 1 —1
WA R EbR e HE a5, H By Dy Fy H ANE Dy B —4ER0R, Hik Dy BERIFTA U AE
AT L) —HFRIREN:
D, e 7 72 7 a ar ar?® ar®
A 1 1 1 1 1 1 1
B 1 -1 1 -1 1 -1 1 -1
c 1 1 1 1 -1 -1 -1 -1
D1 -11 -1 -1 1 -1 1



M+ Dy B 48R, B SRRAH, Dy #ERIT 7 M a BFIRIRA:

2nmi
D (r) = DV (e tre) = DV™(7) = exp ( 1 )

DY)(7) = DY"(e7'ra) = D" (ra) = 0
D () = DY (@ 're) = DO (ar) =0

2nmi
Dy (1) = DV (a7 ra) = DO (r ") = exp (‘ i )

exp (2nxi 0 9 0 1

Horfn HAEMTTIE n B—4ER0R, n=1,2,3,4, RERXD QNIRRT BEN, B
— AR,

i - 2)/.3 —t 0
—1 2 3 0
DO (q) = <(1) ;) DO (ar) = (? . ) D@ (qr2) = <_01 (1)> D®(ar?) = <_i 0)
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Problem 13
¥ A~ B, AN 3X € GL(2,R) 1§ XAX ! = B*
= VR € G, xa(R) = x5 (R) = xp(R)
R AQ B SR REH, MRIERHERS €A

1
ap = — Y xo(R)xags(R)
Gl =
iR XE(R) =1DK XA®B(R) = XA(R)XB(R) = XE(R)XB(R) PRt
ar = — 3 Xa(R)xs(R)
G
AR R AE A 288 o 502 [ 1) 158 56 46 58 B AT A
1
a5 = i > xp(R)xs(R) =1

ReG

Zilb, AQB HHSERREHCN 1 %2 A~ B
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Problem 15

(1)Solution:
cos —sinf a
T=|sind cosd b

0 0 1
T MRERTK C={(-1)™C;} N
cost —sinf 0 cosf  sinf —bsinf — acosb
C= sind cosb 0| = FEBESEFEA = CT = | —sinf cos® —bcosh + asinf
—bsinf — acos —bcosh + asind 1 0 0 1

cost  sinf —bsinf — acosb

= 7! |ﬁ| —sinf cosd —bcosh + asind
0 0 1

—sinfdf —cosfdf da

dT = | cosfdd —sinfdl db

0 0 0
0 —df cosOda + sinfdb 0 —dbf bdo—+ da
STHdT =1d0 0 —sinfda + cosfdb dIT T-'=1|d0 0 —adf+db

0 0 0 0 0 0

(2)Solution: HFAER T—'dT3 MEFFTTHISMUE T FEFEH AR, kel 153 72 AR5
&

pr(a,b,0)dbdadb = db A (cosfda + sinfdb) A (—sinfda + cosfdb) = df A da A db
FFAER dT T7'3 NHEFETTIAMRE T 3R AR
pr(a,b,0)d0dadb = do N (bdf + da) A (—adf + db) = df A da A db

Sopp=pr=1
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Problem 15
Solution:
L0 _ ettt k6 € [0, 2m) (ke
ek@ mod 2w ke c {271_7 +OO)

% =% Problem 1
Proof:
SO(3) = {R € R*3|RTR = I3,3, detR =1}
B
e = (ab)Tab=b"a"ab = I3

Va,b € SO(3),c=ab = = c€ S0(3)
det|c| = det|ab| = det|a| det|b| = 1

e
Va,b,c € SO(3), (ab)c = a(be)
A7t:
I3 € SO(3), VR e SO(3), IR=RI=R
Woo

VR € SO(3), IR € SO(3), RR™ = R™'R = I35
Zr b, SO(3) FE5E FEeIE T 1) A

Problem 2



)\0 =0
|JA=X|=0 = <\ =50
)\2 - —\/57,
i1 Cayley-Hamilton EFAEIR T A, e = col + c1tA + cot®? A? HEFHEE S 34 2 R BT L
e =co+cp Xt x04cy xt2x0?

e = co 4 ¢y x t X V/Bi+ ¢y x 12 x (V/5i)?
e = co+ 1 Xt x (—V5i) + ey x 12 x (—/5i)?

C():l
sin\/gt
:> C1 =
1 \/gt
1—005\/515
g = ——
2 5¢2
A1k,
100 0 1 0 -1 0
in+/bt 1— 5t
e = ol +ertA+et?A2 =0 1 0 ML R I el 5 0
75 5
0 0 1 0 -2 0 0 -4
Problem 4
Solution:
(1)

Aga = (Xj)ab(Xk)bd = €jab€kbd = €bja€bdk = 5jd5ak - 5jk5ad
= Tr(X;Xp) = Aw = 0jabak — 30 = 8j5 — 305 = —265
(2)

Tr(X;Xn) = Y Tr(nX;X;) =n;Tr(X}) = —2n;
i=j,k,l

(3)
X,,QL = n%X% + ’I’Lng + TL%Xg + TLlTLQ(XlXQ + XQXl) + nlng(X1X3 + X3X1) + ngng(XQXg + X3X2)
= —n%Xl — TngQ — nng + nlng(Xng + X2X1) + n1n3(X1X3 + XXm) + n2n3<X2X3 + X3X2>

T’I‘(XJXTQL) = nknl(XijXl + XleXk) = nknl(XijXl — X]Xle) =0
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Problem 5

Solution:
STEEERES B, B R(p) = R(n(6,¢),), AR ¢ BIRESEHFIIR (0, ¢, )
HHBE A AR R BA] 1, = 4E S A TR RS R(v(0,0,v)) W EN R.(6)R.(0)R.(v), HiE
BTN AN

cosp —sing 0 1 0 0 cosyp —siny 0
R.(¢) = | sing cosp O R.(0)=10 cos —sinf R.(Y) = | sinty  cosyp 0
0 0 1 0 sinf cosb 0 0 1

cospcosy) — singcosfsiny —cospsiny — singpcoshcosy)  singsinb
= R(Y(¢,0,v¢)) = | sinpcosy + cospcoshsiny) —singsiniy + cospcosfcosdp —cospsind

sinfsiny sinfsiny cosl
O R R HAE T Ry B4

cosl = Rss =—> 0 = arccosRss

o . R
sinfsiny = R31 = 1 = arcsin— L
sind

o . Ry
sinfsing = Ri3 = ¢ = arcsin—
sinf

BN o MSHNER

Problem 6

Proof:

(1) KERTHHAFESR [,k XK, B
T.

Jie-Jre-Je--JN

S =4 s R(y) 5, B

J1--Jk---Ji---JN

le...jl...jk...jN = Rjui i -Rm{ s RJM,Q i -RJNJ}vni--»J{--~J;»--J§V
J1eeJkediedN T RJlJ{ s Ryw,’c s Rm{ e 'RJNJEVE{--»J;---J{»--J}V
T =T

Ji---Ji---Jk---JN Ji---Jk---Ji---JN



N TAEWS)fE T FEEARIAR T k1 fabrxd R, RIERA

T/

gttty = Lt gt gt it
T EE =4S AR ) N Bk =R s R S T8 k1 A A, B

Grdl e

R IERA, ROATK RSB BB Ry B, FahiRlE N S0 AR ik & o Sk E
Té‘%ﬂﬂ LA Fads, BTl R A FRFRACHAZYE, R EES R T/ HFEAIH K THabs &1 SR
(2) EIRTIHEWAFERR [k THK, /)

Jigy e ININ

T.

Jiee i Jke N T

_T.

J1e-Jk---Ji-JN

SE—2, G =g s R(yp) 5. AT

/ —_— . . . . . . . . .
Tl i = Riye o Ryt o Ry - Ry Tyt v

/ —_— . . . . . . . . .
Tl e = Riye o Riir o Ryt Ry Tyt v i

/ =T . .

J1eeJieJr- N T TJln-kaszJN

[FIFEH T =4 E ) N Bk @Rl R KT8 k1 BASSHAZN:, B
Rj1j{ e lejl/ e Rjkj;le e RijE\r = leji e Rjkj;lc e lejl/ e Rij;v

- ﬂ;...j;...j;c...jN— ng...jk...g,...jgv

BUEEBNIE I T KEREARIN S THah7 &/, 1 AR
(3) T MMEET 1,k T, B

Z JieJieJk--JN Jksdﬂls =0
Zeid etk R )5,

E Ry Ry Ry Ry T g gt ity OgsOjus = 0

S

: :R.jlji"‘RSS/"'Rss’-- RJNJE\IT s’ ’ - :O
s
> Tyji.“s/...s/mj;v E leji e Rss’ e Rss/ e Rij}v =0
s

EE%: Rss/Rss/ Z:_‘féy‘j O (%H'fﬂ%zﬁgﬁy‘j o Hﬂ‘y‘j 0)7 ﬁﬁ

T.

Jpe8'8" gy

N Tji---jl»--Jk---ij‘syks(syzs =0

B ask & T U5IRCT4Rbs &, 1 Joilk



Problem 7

Solution:
(1)

(@-7)(b-7)(c-7) = (a;m)(bemi)(am) = Y _ a;bperm;Tim

gkl gkl
= Z ajbkcl((ijI + iEjlel)Tl = z ajbkcléjkn + Ziajbkclejkﬁf
4.k, Gk, Gk,
= Z ajbkClCSjle + Z iajbkclejkll
gkl gkl
= Tr(a-7)(b-T)(c-T) = Z a;brc0;Tr(m) + Ziajbkclejler(I)
3ok, Gk,
=2 Z ajbkclejkl
Gkl

7
= —§Tr(a )b -T)(e-T)= ;ajbkclejkl
3.k,

= aleCS + CLngCl + a3b102 — agblcg — a3b201 — a1b362
(2) A%

{
—5Trl(a - 7)(b-7)(e 7)) =Y _uabre >0
Jrk,l

B A FFAE, A NHIEMAE R(u) T, EXWHTFERFAZ:

—%TT[(R(U)G -7)(R(u)b - 7)(R(u)e - 7)]

Yu(e - m)u™

= —%Tr[u(a ~m)u tu(b - T)uT
= —5Trfu(a-7)(b-T)(c: T)u™]

= —%Tr[u(a ) (b-T)(c-T)uY

=ula-(bxc)ut=a-(bxec)>0

Bl R(u) 24T, FALGRREAZ
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Problem 8
Solution:
u(a,b,c) = u,(a)Hu,(b)Hu.(c)
Ctfe 0\ {1 1\ (e 0\ (1 1)\ [eE 0
2\ 0 e35)\1 -1 0 €=/ \1 -1 0 et
1 (e §(a+b+c)+e 2((1 b+c) e §(a+b c) — e~ 2((1 b—c)
= 5 e%(“ b—c) __ e§(a+bfc) e%(a b+c)+62(a+b+c)
Problem 9
Solution:

PEREAEFEVZORAS w 193N

. cosge%(“Jr"f) singe_%(a_”
U = 3 i
—sines@=7  coslemr(0t)

ou ou

du=Stda +%dﬁ+—d7
e uldu— ( —%cosﬁda — %d’y isingcosge”da — %e”dﬁ + isinicosﬁe”dv)
isinScosSe da + Ledp LcosPda + Lcosfdy
THR AR F
AV = i?gda AdB A dy

B RAE IR s“w



Group Theory Homework XX

TIbEFE R RAE  PB11451419
2024 £ 1 A 7 H

Problem 10

Proof:
’LL(’I’Z)) = 67%@["‘"
- U(a)u(’(p)u(a) = 6_%0"1-@_%"/"7'6%007'

RAE BCH Ax(#fEig: eePe ™ = exp(e”Be ), w15

ula)u(w)u(e) = exp [ <2¢ - T> ] — exp [;u<a><w ()

e {—i(R(a)lb) ~T] — u(R(a)y)

2
it
Problem 11
(1)Proof:
T x} cosd —sinf a T cos  sinf —acost — bsinb
Vue SE2), ulaxy| =2y =|sind cosd b 2y | = u = | —sinf cosd asin — bcosd
1 1 0 0 1 1 0 0 1

B DT/ T o ) 2 Tk B 25 18] F
flar, ) = > Cyaia]

4,j=0
£ SE(2) BAEH T RFFZRIAZL, /i
Vu € SE(2),Vf(x) €F, auf(x) = f(u'x)
= f(z1c080 + z98inf — acosh — bsinf, —x1sinb + xacosb + asind — beosh) = f(x') € F

P/ T n IR Z T Y SE(2) BERIR T AN 177 (6]
(2)Solution:
RAEER N SE(2) B (1) HRIZEUL, B T2 5

f(x) =ax+ By +~

1



#
Vu e SE), if(x) = f(i'z) = oz’ + By +7

S HUE T

' = cosbx + sinfy + a
{y’ = —sinfx + cosy + b
= az'+ By +v = z(acosd — Bsind) +y(asind + Beosh) +~v — a(acosd + bsind) + B(asind — beosb)
=dz+py++
o' = acost — Bsind

= B = asinf + Bcosb

v = —a(acost + bsinf) + [(asind — bcost) + v

o cost —sinf 0 «@
= | 5| = sind cost 0 I}
5! —acosf — bsinf  asinf — bcosf 1 v

LRI 0L SE(2) BRI = 4ERRx BN
cost —sinf 0

sinb cost 0

—acosf — bsinf asinf — bcosd 1

(3) Solution:
% 16 XA RN SE(2) BER AR ARIME N 1,
TR ZHERIRFFIEAR X = 2cos0 + 1 1F SE(2) Bt LA H

1 27
<X(3)|X(3)> - / (20059 + 1)2d9 =3
2m Jo

YWHNZ=4ERoR T4, (iR TLIEN N Jordan driERY, DITEIEE 2 4
(4) Solution:
BT SE2) RERAFREHERE, Bt SEQ2) BAFESM K L ERR

Problem 12
(1) Solution:
a? V2ab b2
D' = | —v/2ab* aa* — bb* /2a*b
b*2 —\/ﬁa*b* CL*2

He
Y

a = cos— — isin—cosb
2 2
b= —isingsinﬁeﬂ‘z’
(2) Solution:

1 i (3
TrD' — Z e imY M =1+ 2cost
S~ sin
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Problem 13
Solution:
FH BB A 2500 € A
R(Oé, 577) = Rz (Q)RU(B)RZ(’Y)
OR OR, ()R R, OR.
OR(0:5.9) _ OR()IIR0) _ ' 0R(E)
P aﬁ( )R- ( )_ Z v aRZ(W)
OR(a,B,7)  OR.(«)R,(B)R.(v) (v
0 -1 0
OR. () B
9 _0— 1 0 0
- 0 0 0
00 -1
8R(Oz, B, 'Y) _ 8Ry (6) _
0.8 |,y A R
” 1 0 O
0 -1 0
OR.(v)|  _
9y 720— 1 0 0
0 0 O
Problem 14
(1) Solution:
a? V2ab b?
D' = | —\/2ab* aa* —bb* /2a*b
b*2 _ﬁa*b* a*2

He

B Y 0
a = CoOS— — 18iN—CoS
2 " 2
b= —isingsinﬁe*w



(2)Solution:

aD!
oY

oD*
o0

oD*
op

=0
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Problem 15

(1)Solution:
cos —sinf a

T=1sin0 cosd b
0 0 1

—sinf —cosf 0 0 -1 0
= Jog= - = cost —sinf O =11
w=0 0 0 0 0
=0

oT

P = 7 =
da =0

or

=0

o

X5 R A

o o O
o o O
o O O

|
=
<

[ijﬁw} = jeﬁw _ﬁacje =

I
>
8

[jéaﬁy} = j@ﬁy _ﬁyja =

(2)Proof:

R, SE(2) BEIERR N
. aT



oT
pyf(x) = —-| f(z)
Y 8b0
A oT
Jof(z) = 90 Of(fv)
)
Pz %r
_ i
Jj .2_. ﬁ_ Yy x
0= 1Yz zxay z@ N
Jy ox

¥ g(0,a,b) fEFHTE f(z) b

= §(0,a,b)f(x) = (ap, + bp, + 0.Jp) f(x) = <—iaa —

0

o0
.0 0
agj Zbaiy _29%

— §(0,a,b) = e (aPaFibhy+i0J)
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Problem 16

Solution:

i

%E%%%%ﬁ%ﬁé,ﬁﬁmﬁﬁu@%
1 RP1 D1 @ P2 P2@P1 P2 @ P
YL, S ETEN 1 RSN

D1 ® P1 (¢1®¢2+¢2®¢1) P2 @ P

Sl

HEA 0 3R ECN
(¢1 ® ¢y — P2 ® ¢1)

Sl -

Problem 17

Solution:

X(W) = Tr[D" () ® D ()] = xV (¥)x*) (1) = Z Z e imitma)y

mi=—ji1 ma=—j2

T ji=jo=2F
(@) = xW (@) + x@ () + xP () + xP () + xO (1)

272+ 1 (j1 > jo)

= (X X)=|h+deol —lj1i—Jo| +1= _ . .
251 +1 (ja>j1)

06X = 6 x™M) = (e x@) =1



Problem 18

Solution:

X(¥) = Tr[D™ () ® D ()] = XV ($)x 2 (¢) =

XN ji=jh=2H

Z Z e mitma)y

mi1=—j1 Ma2=—j2

X(®) = XD @) + xP (@) + xP (W) + xP (@) + x V(@)

. . ) . 2jo+1 (j1 > ja)
= (6X) =+l =i —Jol +1= {

21 +1 (j2>7j1)
06X = (nx™M) =1

Problem 19

Proof:

(g, m' Tz 7,

m)= VG-

1
m<m + 1)5m’7m+1 + 5\/.7(3 + ]-) - m(m - 1)5m',m—1
o/ | Jylgsm) = =53/5G +1) = mm + Do mir + 5750 + 1) = mlm = 1o m-1
<j7ml|‘]z|j7m> = mém’,m
(ERTR/S
J
trJ; = > (JM[J|JM) =0
m=—J
SRIG T 58 A2 HT+ 12T +1)
+ +
t?"(Jij) = 3 (Sjk
(k=] ;
tr(Jody) = = (JM|J? — Jpd_+ J_Jy — J2|IM) = > —-2=0
m=—J
tr(JoJ.) = S (IM|JpJo + J_Jo| M) = 2 (JM|J; + J_|JM) =0
tr(JyJ.) = & (JM|JpJo — J_Jo| M) = L (JM|J; — J_|JM) =0
i}
J
tr(J2) = L(IM|J2 + J2 + JyJ_ + J_Jo | IM) = L& > + [émi|?) = 2T(T+1) = L ;JmZ = JIH@IH)
J
tr(J) = =3 (JMVE 4 J2 = T =TTl TM) = 3l + [6nal?) = 37 (T +1) =5 3 m? = Zsgaid
J T
T(JZQ) — Z m — J+1)(2J+1)
m=—J
IRl

(k) = J(J + 1)3(2J + )5]k




XF8E =A%, [FEARAN
Jo=3(Je+J), Jy=L(Js —J2), J.=Jy
&= (IM|J_|J, M +1), &, = (J,M +1|J|J, M)
bn=+/J(J+1)— MM +1)

XEXFTC M AR BRRAN [FFEAHIE

J(J 4+ 1)(2J +1)
6 €kl

t’I“(JijJl) =1
B OS5 S A 2
1
tr(JjJeJidm) = %J(J + 1)(2J 4+ D[(2J% + 2J + 1) (3;660m + 05m0x1) + 2(J — 1)(J + 2)6;16km]

DAL 4

(AeikES T eI T (R))



TAEEARAE PB11451419
%218
Solution:
(1) TFrE RRKESEN T 5 D=gEREMEM, 453 x 3 x 3 X 3 X 3 = 2434k,

AN S A EREN 1 IR P sh & &

ji=1 jo=1 jz=1 j,=1 js=1
2jp+1=3 (HHR/R=GEALPT)

STEBSMLMN, R A EREIT, BESRMANELUIRO, 1,2,3,4,5, HILFER

RFEAR AT A1

1

5 5
X(w) = Tr U® D]n = nTrD]n = Z e_i(m1+m2+m3+m4+m5)w
n=1 n=1

My My mamyms=—1
FLi13% = 24300, HETA T REIIHESIAH G T4
x(@W) = e 5V 4 574 1 1573 4 30e72W 4 45~ + 510
+e5% 4 5% 4 153 4 302 4 45tV
=1Xxy® +4x)y® +10x y& +15x y@ + 15 x yD + 6 x @
B — TGO L — DNATT AL 723 6], HIE R AE AR 56 £ 5 FE AT DL B0 H of B 4 52 = [A] ) 5
.

R AT ™ 77 [ 4L HEY
£ © 4 6
x@® =4k 15
£®@ Fid 15
@ B4k 10
x® JL4E 4
2® +—4 1

i1+ 4410+ 15+ 15+ 6 = SINARWLARE T, Hrh—4E AT 24 %725 1)
H6 1.
(2) MLk mKER H ST A TR CHR 0 [ i) M kT 7k & ATk 1)
KEAECH 6 4

8ij€kim = Okj€um + O1j€kim + Omj€rui



228
Solution:
(1)
SO =Kk Btk i im B kL, LT iR s H e 3
2)
ok 33 x 3 x 3 = 274N H I, CNT
WEINEARZ, WIEHERN
1 T =Ty =Tinn
2. Ti13=Tz11 =Tz
3. Tz =T =T
4. Tiz3 =Ts12 = To31 = Tiz2 = T213 = T321
5. Tiz3 = Tz13 = T331
6. Taz =Ts22 = To32

7. T33; = Ty33 = T3p3

8. T111
9. T222
10 T333

HEH 10 NMEHE, HEFEIE:
Ti11+ Ti12 + T113 =0
Taz +Tapp +Tpp3 =0
T331 +T33 +T33 =0

BRE 3 ANEME, FUk, AL = el pReKk AT 7 A4S, BN T
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Problem 1

Proof: )
:QEEIEI%I*% L=<r= Zniai|n1,n2 GZ}, G60(2)
i=1
XTI A — NS R € G,
R(al, (12) = (al, CLQ)CT(R)
— RA=AC"(R)
— CT(R)=A"'RA

2cos (g)’ <2

— ¢Y=0orm

PlE = el b A e R R {E, Oy}, Bl BT R R {1,10,}

H A5 1) 4 it A PR A L«

Tr(CT(R)) = Tr(R) =

Problem 1

Solution:

(1) Sy HERIFTA R HE A A

14 = A = [1111]
1242 =4 A2 = [211]
S102° = = 4 [As = [22]
1+ 3! A4 = [31]
At=4 (A5 = [4]

T3NS LN A



Kl 1: S4 [4] B 2: S4 [31]

3: 84 [22] P 4: S4 [211]

Kl 5. S4 [1111]



(2) IR EVE R TR, AN ATTARRIEE 5 4>, 4E80rHh

[4] — 4k
[31] =4
[22] 4k
[211] =4
[1111] —4k
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Problem 2
Solution: (1) S4 B[ [22] ArdEMRAPIFIRIRTTE: X —FirdEs &

T P(TP?) = E+ (12) + (34)
IR QTP = FE — (13) — (24)

PR e A R
V(T = P(rPQ(T*) = E + (12) + (34) — (13) — (24) — (132) — (143) — (124) — (234)

(2) S4 HARHERIN:
XS4 BERTA AR (12)(23)(34)

(12) : UPA(12) = ((1) _01>

V3
2
1
2

(34): UPH(34) = (0 _01>

(23): U (23) = (

ol
Wl o=

—_

Problem 3

Solution: JU/NN—#¥F 2 FriENIE:, FRRERZE 1;
PSR — A R 2 FRIENEYE, FH 0N 1 Al-1;

1



|11 | 6(211) | 3(22) | 8(13) | 6(4)

™ 2 [ o | 2 | a1 |o

PIAS R 2 FHIEMEE, TR 1
—Ah R A=A MR, TRRON-1
AR IS, TN 0

Problem 1

Proof:
1LeT XeT
(2) VA, Aoy .. AL ET = ANAN---NA €T
(B) VA1, Ay, €T = AjUAU---€T
PRIt (X, T) # 7 #hhasial
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Problem 2

Solution:

BE(2) BOE T 4Pl LT A RIess . PR GEAE, & g LRSS B —dHh R
A, I HIHrp U — AR E T — 5 A A IR BUF s it 2e. 1 TAAFE B8R 1E,
PR e R AR BRAE P 20 B PN PR A S A R A HAEE ), Btk E(2) #HEIFEREE.

E(2) HAEH A B, Rt E R

E(2) BA 2 MEMYS, RS SCHZTC 55 il
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Problem 3
(1) Proof:
A
VM, My € GL(Q,(C), MM, € GL(Q,(C)
e
le,MQ, M3 S GL(Z, (C), (MlMg)Mg = Ml(MzMg)
£t
VM € GL(Q,C), MI=IM=M
W

VM € GL(2,C), AM ' € GL(2,C) = MM * =1

I (M) 2R T AR
(2) Solution:
M € GL(2,C) Ayiic N

v l® y>_<l’1+$2i y1+y2i>
z1 + 291wy + wat
WAH S ANEHE, 2 M FEWE Bogliubov A8 # AR, KM 4E N /N 8

()= () - (o)

[d,aT] =1

HIX 5 1 A

= d'd" —d'"d = (va+ya")(za + wa') — (za + wa')(za + ya')
=yzla',a] + zwla,a'] = 2w —yz =1

T1W1 — ToWg — Y121 + Ya2o = 1
—

Towy + Tiwg — Yo21 — Y122 = 0

QRTTREAMR, BILEHE N 8-2=6
(3) Solution:



WS LR PSRRI, GL(n, C) RS ET TS K, BRI E R B0
[FIFEIZAE e R, IRy Rl A
(4) Solution:
BE—ER (o) =af, HIHL M BHALNE
(@) = o'
= (va+ya")' = za + wa'

— zfal + yTa = za + wa'

TR T Z BT HIN Gy AR, EER
Tw—yz =1 = xxf—yyle

e — NS, BRI SRR AR, MRy 8-5=3, R=4E%F

Problem 4

SU(5) #EMLERCN 52 — 1 =24 4, ZEBCRHE, EEFR, SN RIER
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