
Group Theory Homework I
Small Black Zi PB11451419

January 7, 2024

Problem I
Proof:

(1)Closure:

For (a, b), (c, d) ∈ G, where a, b, c, d ∈ R a ̸= 0, c ̸= 0, we have:

(a, b)(c, d) = (ac, ad+ b)

where ac ∈ R ac ̸= 0 ad+ b ∈ R So (ac, ad+ b) ∈ G

(2)Associativity:

For (a, b), (c, d), (e, f) ∈ G, we have

[(a, b)(b, c)](e, f) = (ac, ad+ b)(e, f)

= (ace, acf + ad+ b)

(a, b)[(b, c)(e, f)] = (a, b)(ce, cf + d)

= (ace, acf + ad+ b)


=⇒ [(a, b)(b, c)](e, f) = (a, b)[(b, c)(e, f)]

(3)Identity:

Obviously, (1, 0) is the identity of G.

∀(a, b) ∈ G, we have

(1, 0)(a, b) = (a, b)(1, 0) = (a, b)(1, 0)(1, 0) = (1, 0)

(4)Invers:

Obviously,
(
1
a ,−

b
a

)
is the inverse of (a, b)

(
1

a
,− b

a

)
(a, b) = (a, b) = (1, 0)

In conclusion, G is a Group.
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Group Theory Homework II

True ikun PB11451419

January 7, 2024

Problem 2

Proof:

(1)Closure: Assume θ1, θ2 ∈ [0, 2π), we have

R(θ1) =

 cosθ1 sinθ1

−sinθ1 cosθ1

 R(θ2) =

 cosθ2 sinθ2

−sinθ2 cosθ2



=⇒ R(θ1)R(θ2) =

 cosθ1cosθ2 − sinθ1sinθ2 cosθ1sinθ2 + sinθ1cosθ2

−sinθ1cosθ2 − cosθ1sinθ2 −sinθ1sinθ2 + cosθ1cosθ2



=

cos(θ1 + θ2) sin(θ1 + θ2)

sin(θ1 + θ2) cos(θ1 + θ2)

 = R(θ1 + θ2) ∈ G

(2)Associatity: Since R(θ1)R(θ2) = R(θ1 + θ2), we have

R(θ1)R(θ2)R(θ3) = [R(θ1)R(θ2)]R(θ3) = R(θ1) [R(θ2)R(θ3)] = R(θ1 + θ2 + θ3)

(3)Identity: Obviously, R(θ = 0) is the identity, we have:

R(0)R(0) = R(0) =

1 0

0 1


∀θ ∈ G, R(0)R(θ) = R(θ)R(0) = R(θ)

(4)Inverse: There is the inverse element of R(θ) (∀θ ∈ [0, 2π)), which is given by R−1(θ) = R(−θ),

R( − 1)(θ)R(θ) = R(−θ)R(θ) = R(0)

R(θ)R( − 1)(θ) = R(θ)R(−θ) = R(0)

1



Which means the left inverse and right inverse are same for all the element in G

In Conclusion, G is Group.

Problem 3

Note that

G =

T (α)
∣∣∣∣∣∣∣∣(α) =

1 α

0 1

 , α ∈ R


(1)Closure: Asssume α1, α2 ∈ R, we have T (α1), T (α2) ∈ G

T (α1)T (α2) =

1 α1

0 1


1 α2

0 1

 =

1 α1 + α2

0 1

 ∈ G

(2)Associatity: Assume α1, α2, α3 ∈ R =⇒ T (α1), T (α2), T (α3) ∈ G

T (α1)T (α2)T (α3) = T (α1) [T (α2)T (α3)] = [T (α1)T (α2)]T (α3) =

1 α1 + α2 + α3

0 1


(3)Identity: Obviously, when α = 0, T (0) is the identity

T (0)T (0) =

1 0

0 1


1 0

0 1

 =

1 0

0 1

 = T (0)

∀α ∈ R, T (0)T (α) = T (α)T (0) = T (α)

(4)Inverse: There is the inverse element of T (α) (∀α ∈ R), which is given by T−1(α) = T (−α),

T ( − 1)(α)T (α) = T (−α)T (α) = T (0)

T (α)T ( − 1)(α) = T (α)T (−α) = T (0)

Which means the left inverse and right inverse are same for all the element in G

In Conclusion, G is Group.
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Problem 4

The two multiplication rules for four order group are given by

e a b c

e e a b c

a a c e b

b b e c a

c c b a e

e a b c

e e a b c

a a e c b

b b c e a

c c b a e

Problem 5

Proof: If x2 = e =⇒ x = x−1, Note that H1 =
{
y|y ∈ G, y2 ̸= e

}
H2 =

{
x|x ∈ G, x2 = e

}
Obviously, H1 ∩H2 = G.

We know that y2 ̸= e =⇒ y ̸= y−1, but according to the closure of group, there is an element

z ̸= y(z ∈ G) satisfied zy = e, where z ∈ H1 due to z ̸= y

Therefore, y and z always appear together, which means the number of H1 is even.

As result,

Num(H1) +Num(H2) = Ord(G)

Num(H1) mod 2 = 0

Ord(G) mod 2 = 0


=⇒ Num(H2) mod 2 = 0

Alternatively, x2 = e has an even number of solutions.
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Group Theory Homework III

ikun PB11451419

January 7, 2024

Problem 6

Proof:

∀a ∈ G, a−1a = e =⇒ e−1e = e

∀g ∈ G (g ̸= e), g−1g = e =⇒ e−1g−1g = e−1e = e

=⇒ (ge)−1g = e

Due to g−1g = e, and the element in Set G can not repeat

=⇒ ge = g

Therefore, e is also a right identity of G.

Furthermore,

∀g ∈ G (g ̸= e), g−1g = e =⇒ gg−1g = g =⇒ (gg−1)g = g

=⇒ gg−1 = e

Which means g−1 is also the right inverse of g ∈ G. In conclusion, G is Group.

Problem 7

Proof:

According to the statement, assume b = a such that

xa = a

ay = a

 =⇒ a has left and right identity e ∈ G
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Assume b = e, we have

xa = e =⇒ x = a1

ay = e =⇒ y = a2

=⇒ a2 = ea2 = (a1a)a2 = a1(aa2) = a1e = a1

Therefore, we have the inverse a−1 = a1 = a2 such that a−1a = aa−1 = e

Problem 8

(1) Proof:

a) First, (RC2
+) is a Abel Group:

∀x, y ∈ RC2
x+ y = y + x = (x0 + y0)e+ (x1 + y1)a ∈ RC2

if x = 0 (∀y ∈ RC2)
x+ x = x

x+ y = y

 =⇒ x = 0 is the identity of the Group.

b) Second, (RC2
·) is a SemiGroup:

∀x, y ∈ RC2
x · y = y · x =(x0y0 + x1y1)e+ (x0y1 + x1y0)a ∈ RC2

∀x, y, z ∈ RC2
(x · y) · z = x · (y · z) =(x0y0z0 + x1y1z0 + x0y1z1 + x1y0z1)e

+(x0y0z1 + x1y1z1 + x0y1z0 + x1y0z0)a

c) Third, Distributive law:

∀x, y, z ∈ RC2 (x+ y) · z = x · z + y · z = (x0z0 + y0z0 + x1z1 + y1z1)e

+ (x0z1 + y0z1 + x1z0 + y1z0)a

e) Furthermore, (RC2
+ ·) is a Commutative Ring:

∀x, y ∈ RC2 , x · y = y · x = (x0y0 + x1y1)e+ (x0y1 + x1y0)a

f) Furthermore, (RC2 + ·) has identity e:

∀x ∈ RC2

x · e = e · x = x

e · e = e

 =⇒ e is identity

In conclusion, (RC2
+ ·) is a Commutative Ring with identity.
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(2) Solution:

(RC2
+ ·) is not a Field:

If ∀y ∈ RC2
∃x ∈ RC2

such that xy = yx = e, we have

(x0y0 + x1y1)e+ (x0y1 + x1y0)a = e

=⇒

y0 y1

y1 y0


x0
x1

 =

1

0


The system of linear equations has a solution if and only if det(Y ) ̸= 0

Therefore, if det(Y ) = 0, the system has no solution.∣∣∣∣∣∣∣∣
y0 y1

y1 y0

∣∣∣∣∣∣∣∣ = 0 =⇒ y20 = y21

For example, the Nonzero Element y = e+ a ∈ RC2
has no inverse.

(3) Solution: Assume x = x0e+ x1a ∈ RC2 ,

exp(x) = exp(x0e+ x1a) = exp(x0e)exp
[
i
x1
i
a
]

=

[
e+ x0e+

1

2!
(x0e)

2 + . . .

]
exp

[
i
x1
i
a
]

= e

[
1 + x0 +

1

2!
+ . . .

]
exp

[
i
x1
i
a
]

= e · exp(x0)exp
[
i
x1
i
a
]

= e · exp(x0)
[
e+ i

x1
i
a− 1

2!

(x1
i
a
)2

− i
1

3!

(x1
i
a
)3

+ . . .

]
= e · exp(x0)

[
e

[
1− 1

2!

(x1
i

)2
+

1

4!

(x1
i

)4
+ . . .

]
+ a

[
i
(x1
i

)
− i
(x1
i

)3
+ i
(x1
i

)5
+ . . .

]]
= e · exp(x0)

[
e · cos

(x1
i

)
+ ia · sin

(x1
i

)]
= exp(x0)cos

(x
i

)
· e+ iexp(x0)sin

(x1
i

)
· a
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Group Theory Homework IV

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 9

Solution:
D4 群的乘法表为：（其中 t 为对角线二次轴，σ 为对边二次轴）

e σ1 σ2 t1 t2 τ τ 2 τ3

e e σ1 σ2 t1 t2 τ τ 2 τ3

σ1 σ1 e τ 2 τ τ 3 t1 σ2 t2

σ2 σ2 τ 2 e τ 3 τ t2 σ1 t1

t1 t1 τ 3 τ e τ 2 σ2 t2 σ1

t2 t2 τ τ 3 τ 2 e σ1 t1 σ2

τ τ t2 t1 σ1 σ2 τ2 τ 3 e

τ 2 τ 2 σ2 σ1 t2 t1 τ3 e τ

τ 3 τ 3 t1 t2 σ2 σ1 e τ τ 2

根据乘法表可以看出 D4 群的共轭类为：{e}{τ 2}{σ1, σ2}{t1, t2}{τ, τ 3}

Problem 10

Proof:
充分性：

记 C = AB = {c = ab|a ∈ A, b ∈ B} D = BA = {d = ba|a ∈ A, b ∈ B}, 其中 C ≤ G，下证

C = D：

因为 A,B,C 均是 G 的子群，所以 A,B,C 都满足封闭性、结合律、含幺元和含逆元。

由于 C 中含有幺元 e，而 C = AB，所以 eA = Ae ⊆ C eB = Be ⊆ C，即：

∀a ∈ A, ∀b ∈ B =⇒ a ∈ C, b ∈ C

同时，由于群乘法的封闭性，C 中任意两元素相乘结果任在 C 中，所以：

∀a ∈ A ⊆ C, ∀b ∈ B ⊆ C =⇒ ab ∈ C, ba ∈ C

由于 D = BA = {d = ba|a ∈ A, b ∈ B}, 所以 D ⊆ C, 同理 C ⊆ D，因此 C = D，即 AB = BA.
必要性:
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记 C = AB = {c = ab|a ∈ A, b ∈ B} D = BA = {d = ba|a ∈ A, b ∈ B}, 其中 C = D，下证

C < G：

1. 封闭性：
∀c1, c2 ∈ C, c1c2 = a1b1a2b2

∵ b1 ∈ B, a2 ∈ A

∴ b1a2 ∈ D = BA

∵ D = BA = AB = C

∴ ∃c3 ∈ C, c3 = a3b3 = b1a2

=⇒ c1c2 = a1b1a2b2 = a1a3b3b2

∵ a1a3 = as ∈ A, b3b2 = bs ∈ B

∴ cs = asbs ∈ C

=⇒ ∀c1, c2 ∈ C, c1c2 ∈ C

2. 结合律：显然，由于 A,B 均为 G 的子群，所以由 AB 组成的 C 中的所有元素继承了 G 中的

结合律。

3. 含幺：由于 A,B 中都含有幺元 e, 所以 C 也存在幺元 e。

4. 含逆：
∀c ∈ C, c = ab, ∃c−1 such that cc−1 = e

=⇒ c−1 = b−1a−1

因此 C 是 G 的一个子群

Problem 11

Proof:
记 R = {r}，T = {t} = R−1 = {r−1}
已知 R 为子群 A 右陪集代表元系，即：

∀r ∈ R =⇒ r /∈ A

显然，T = R−1 = r−1 与 A 交集为空，并且由于陪集中存在公共元素则陪集相同，所以

∀ri, rj ∈ R ∀ai, aj ∈ A =⇒ airi ̸= ajrj

为了证明 T 是 A 的左陪集代表元系，即要求：

∀ti, tj ∈ T ∀ai, aj ∈ A =⇒ tiai ̸= tjaj

不妨假设 ∃ti, tj ∈ T ∃ai, aj ∈ A 使 tiai = tjaj，即

r−1
i ai = r−1

j aj
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由于 ri, rj , r
−1
i , r−1

j 以及 A 中所有元素都在群 G 中，所以

=⇒ rjr
−1
i ai = aj

∀ak ∈ A, akrjr
−1
i ai = akaj

=⇒ akrjr
−1
i = akaja

−1
i

=⇒ akrj = akaja
−1
i ri

由于群的封闭性，因此上式即：

∃ax, ayinA ∃ri, rj ∈ R =⇒ axrj = ayri

显然与已知矛盾，所以不存在 ti, tj ∈ T 使 tiA = tjA，即 T 是子群 A 的一种左陪集代表元系
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Group Theory Homework V

NoName PB11451419

January 7, 2024

Problem 12

Proof :

∀(a, b) ∈ G (a, b)(a, b) = (a2, ab+ b) = (a, b) =⇒ e = (1, 0)

∀(a, b) ∈ G (a, b)(c, d) = (1, 0) =⇒ (a, b)−1 = (c, d) =

(
1

a
,− b

a

)
First, ∀(1, b1), (1, b2) ∈ K =⇒ (1, b1)(1, b2) = (1, b1)(1, b2) = (1, b1 + b2) ∈ K

K is a Group

Furthermore,

∀(x, y) ∈ G ∀(1, b) ∈ K, (x, y)(1, b)(x, y)−1 = (x, y)(1, b)

(
1

x
,−y

x

)
= (1, xb) ∈ K

Therefore, K is a Invariant Subgroup of G(also Normal Subgroup).

The Quotient Group is given by G/K = {gK| ∀g ∈ G}

Construct a mapping as f : G/K → R∗,

∀A,B ∈ R∗, ∀(x, y), (x′, y′) ∈ G, we have mapping:
A→ (x, y)K

B → (x′, y′)K

f(AB) = f(A)f(B) = (x, y)K(x′, y′)K = (x, y)(x′, y′)KK = (xx′, xy′ + y)K = f(C)

(xx′, xy′ + y)K = (x′′, y′′)K ∈ G/K and C ∈ R∗

Similarly, the reverse is also correct: φ : R∗ → G/K.

Therefore, G/K ∼= R∗
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Problem 13

Proof :

Note that M = (R+,×), N = (R,+)

Construct a mapping as f :M → N

∀a, b ∈ R+ x, y ∈ R =⇒


a→ x

b→ y

f(a× b) = f(a) + f(b) = x+ y ∈ R

Therefore, M f−→ N

Similarly, construct a mapping as φ : N →M

∀a, b ∈ R+ x, y ∈ R =⇒


x→ a

y → b

φ(x+ y) = φ(x)φ(y) = ab ∈ R∗

Therefore, N φ−→M

In conclusion, M ∼= N

Problem 14

Proof :

Suppose the order of g ∈ G is n, which means gn = eG

Assume f(g) = k ∈ H,

f(eG) = f(gn) = f(g)n = kn = eH

Suppose the order of k ∈ H is m (km = eH), we have to prove that n mod m = 0

We can suppose n mod m ̸= 0, which means:
n / m = i

n mod m = j

i, j ∈ N
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Obviously,

kn = eH =⇒ kn−im(km)i = eH =⇒ kj(eH)i = eH =⇒ kj = eH

Which means j is the order of k ∈ H instead of m

This contradicts the assumption, so n / m = q ∈ N.
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Group Theory Homework VI

NoName PB11451419

January 7, 2024

Problem 14

Proof :

∀g1, g2 ∈ G, π(g1g2) = π(g1)π(g2) = g1Ng2N

∵ N ◁G =⇒ gN = Ng

∴ g1Ng2N = g1g2NN = g3N ∈ G/N

Therefore, this mapping is Homomorphic Mapping.

Since kerπ = g|π(g) = 1π ∀g ∈ G, if g ∈ kerπ, it will satisfy

∀g ∈ G, π(gg) = π(g)π(g) = π(g)

=⇒ gNgN = gN

=⇒ ggNN = ggN = gN

Case 1: g ∈ N

ggN = N = gN

Case 2: g /∈ N

ggN = gN =⇒ gg = g =⇒ g = e ∈ N

Therefore, kerπ = N
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Problem 15

(1) Proof :

∀A1, A2 ∈ SL(2,C), A1 =

a1 b1

c1 d1

 A2 =

a2 b2

c2 d2


We have

A3 = A1A2 =

a1a2 + b1c2 a1b2 + b1d2

c1a2 + d1c2 c1b2 + d1d2


According to Mobius Trasform,

Â3z =
(a1a2 + b1c2)z + (a1b2 + b1d2)

(c1a2 + d1c2)z + (c1b2 + d1d2)

On the other hand

Â1Â2z = Â1
a2z + b2
c2z + d2

=
a1

a2z+b2
c2z+d2

+ b1

c1
a2z+b2
c2z+d2

+ d1

=
(a1a2 + b1c2)z + (a1b2 + b1d2)

(c1a2 + d1c2)z + (c1b2 + d1d2)

Therefore,

Mobius(A1A2) = Â3 = Â1Â2

This mapping is Homomorphic Mapping.

(2) Solution: Since kerˆ = {A|Â = 1ˆ ∀A ∈ SL(2,C)}, if A ∈ kerˆ, it will satisfy

∀A ∈ SL(2,C) A =

a b

c d

 , ÂÂz = Âz = z

Therefore,

kerˆ =

A
∣∣∣∣∣∣∣∣
1 0

0 1

 ,

−1 0

0 −1




Problem 16

(1) Proof :

Note that a = a0 + a1i1 + a2i2 + a3i3 b = b0 + b1i1 + b2i2 + b3i3

∀a, b ∈ H, a+ b = (a0 + b0) + (a1 + b1)i1 + (a2 + b2)i2 + (a3 + b3)i3 = c

φ(a+ b) = φ(a) + φ(b) =

a0 − a3i −a2 − a1i

a2 − a1i a0 + a3i

+

b0 − b3i −b2 − b1i

b2 − b1i b0 + b3i



=

(a0 + b0)− (a3 + b3)i −(a2 + b2)− (a1 + b1)i

(a2 + b2)− (a1 + b1)i (a0 + b0) + (a3 + b3)i

 = φ(c)
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Furthermore,

∀a, b ∈ H, d = ab = (a0 + a1i1 + a2i2 + a3i3)(b0 + b1i1 + b2i2 + b3i3)

= (a0b0 − a1b1 − a2b2 − a3b3) + i1(a1b0 + a0b1 + a2b3 − a3b2) + i2(a2b0 + a0b2 + a3b1 − a1b3) + i3(a3b0 + a0b3 + a1b2 − a2b1)

φ(ab) = φ(a)φ(b) =

a0 − a3i −a2 − a1i

a2 − a1i a0 + a3i


b0 − b3i −b2 − b1i

b2 − b1i b0 + b3i



=

(a0b0 − a1b1 − a2b2 − a3b3)− (a3b0 + a0b3 + a1b2 − a2b1)i −(a2b0 + a0b2 + a3b1 − a1b3)− (a1b0 + a0b1 + a2b3 − a3b2)i

(a2b0 + a0b2 + a3b1 − a1b3)− (a1b0 + a0b1 + a2b3 − a3b2)i (a0b0 − a1b1 − a2b2 − a3b3) + (a3b0 + a0b3 + a1b2 − a2b1)i


= ϕ(d)

This mapping is Homomorphic Mapping.

(2) Proof :

φ(a) =

a0 − a3i −a2 − a1i

a2 − a1i a0 + a3i

 =⇒ det(φ(a)) =

∣∣∣∣∣∣∣∣
a0 − a3i −a2 − a1i

a2 − a1i a0 + a3i

∣∣∣∣∣∣∣∣ = a20 + a21 + a22 + a23

Obviously, |a| = det(φ(a))

∀a, b ∈ Q, ab = c

|c| = |a||b| = det(φ(a))det(φ(b))

∵ det(φ(a)) = det(φ(b)) = 1

∴ |c| = det(φ(a))det(φ(b)) = 1

=⇒ c ∈ Q

Furthermore, 
∀a, b, c ∈ Q, (ab)c = a(bc) = abc ∈ Q

e = 1
2 (1− i1 − i2 − i3)

Therefore, Q is a Group.

(3) Proof :

Note that a→ A ∈ φ(Q)

Obviously, |a| = det(φ(a)) = det A = 1 (Proved in (2))

A =

a0 − a3i −a2 − a1i

a2 − a1i a0 + a3i



A† =

 a0 + a3i a2 + a1i

−a2 + a1i a0 − a3i


=⇒ A†A =

 a20 + a21 + a22 + a23 (a0a2 − a0a2)− (a1a3 − a1a3)i

(a0a2 − a0a2)− (a1a3 − a1a3)i a20 + a21 + a22 + a23

 = I2×2

3



Group Theory Homework VII

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 17

D8 群的展示为：D8 = ⟨σ, τ |τ 8 = e, σ2 = e, στσ−1 = τ−1⟩，作用空间大小为 38 种情况

Case 1: e xe = x |xe| = 38

Case 2: τ, τ 7 xτ = x |xτ | = 3

Case 3: τ 2, τ 6 xτ
2

= x |xτ2 | = 32

Case 4: τ 3, τ 5 xτ
3

= x |xτ3 | = 33

Case 5: τ4 xτ
4

= x |xτ4 | = 34

Case 6: σ, τ 2σ, τ 4σ, τ 6σ xσ = x |xσ| = 34

Case 7: τσ, τ 3σ, τ 5σ, τ 7σ xτσ = x |xτσ| = 35

因此共计不同种手链数目为 |X/G| = 1

16
(38 + 3 + 32 + 33 + 34 + 34 + 35) = 501 种

Problem 18

(1) Proof:

记仿射变换 F : (α1, α2, α3, α4, β1, β2)

∀

F : (α1, α2, α3, α4, β1, β2) ∈ R

F ′ : (α′
1, α

′
2, α

′
3, α

′
4, β

′
1, β

′
2) ∈ R

FF ′

(
x

y

)
= F

[(
α′
1 α′

2

α′
3 α′

4

)(
x

y

)
+

(
β′
1

β′
2

)]

=

(
α1 α2

α3 α4

)(
α′
1 α′

2

α′
3 α′

4

)(
x

y

)
+

(
α1 α2

α3 α4

)(
β′
1

β′
2

)(
β1

β2

)
显然我们有

∃ F ′′ : (α′′
1 , α

′′
2 , α

′′
3 , α

′′
4 , β

′′
1 , β

′′
2 ) ∈ R =⇒



α′′
1 = α1α

′
1 + α2α

′
3

α′′
2 = α1α

′
2 + α2α

′
4

α′′
3 = α3α

′
1 + α4α

′
3

α′′
4 = α3α

′
2 + α4α

′
4

β′′
1 = α1β

′
1 + α2β

′
2 + β1

β′′
2 = α3β

′
1 + α4β

′
2 + β2

1



满足群封闭性，同时显然满足结合律，单位元为 FI = (1 0 0 1 0 0)，有逆，因而 ∀F 构成群, 记为
Aff(2,R)

(2) Proof:

对于任意出现在 κ 中的分子分母元素

⟨a, b, c⟩ =


xa xb xc

ya yb yc

1 1 1


我们有： ∣∣∣∣∣∣∣∣

xa xb xc

ya yb yc

1 1 1

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣xa xb

ya yb

∣∣∣∣∣+
∣∣∣∣∣xb xc

yb yc

∣∣∣∣∣+
∣∣∣∣∣xc xa

yc ya

∣∣∣∣∣
对于任意的仿射变换 F ∈ Aff(2,R)，我们有(

x′a x′b

y′a y′b

)
=

[
α1 α2

α3 α4

](
xa xb

ya yb

)
+

[
β1 β1

β2 β2

]

取模

=⇒
∣∣∣∣∣x′a x′b

y′a y′b

∣∣∣∣∣ =
∣∣∣∣∣α1 α2

α3 α4

∣∣∣∣∣
∣∣∣∣∣xa xb

ya yb

∣∣∣∣∣
如果将转动变换阵 αi 记为 A，那么上式可写为 ⟨a, b, c⟩′ = |A| ⟨a, b, c⟩
于是

κ′ =
A ⟨125⟩A ⟨134⟩
A ⟨124⟩A ⟨135⟩

=
⟨125⟩ ⟨134⟩
⟨124⟩ ⟨135⟩

= κ

即 κ 为投影不变量

(3) Solution:

在 S5 群作用下，显然只存在四种置换使投影不变量不发生变化，分别为

单位元 e： (1)(2)(3)(4)(5)

25 对换，34 对换 (1)(25)(34)

23 对换，45 对换 (1)(23)(45)

24 对换，35 对换 (1)(24)(35)

因此 κ 在 S5 作用下的小群即包含以上四个元素

(4) Solution:

S5 群阶为 5! = 120，κ 在 S5 群作用下的小群群阶为 4，根据轨道公式，κ 在 S5 群作用下不

重复的元素个数 |Sκ5 | =
|S5|
|[κ]|

= 30 个

2



Problem 19

(1) Solution:

s =

(
2 3 5 4 6 1

1 2 3 4 5 6

)
=

(
1 2 3 4 5 6

6 1 2 4 3 5

)

(2) Solution:

s = (1 6 5 3 2)(4)

这是一个长度为 5 的轮换乘一个 1 轮换，是偶置换

(3) Solution:

长度为 5 的轮换，阶为 5.

(4) Solution:

s = (1 6)(2 1)(5 3)(3 2)(2 1)(4)

Problem 20

Solution:

s =(1 2 3)(2 5 3 4)

=(1 2)(2 3)(2 5 3)(3 4)

=(1 2)(2 3)(3 2 5)(3 4)

=(1 2)(2 3)(3 2)(2 5)(3 4)

=(1 2)(2 5)(3 4)

=(1 2 5)(3 4)

3



Group Theory Homework VIII

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 21

(1) Solution:

如图所示，正四面体共有 7 个对称轴：其中坐标轴 x, y, z 分别为 3 个二次轴，记为 tx, ty, tz，

正四面体的四根体对角线为分别为 4 个三次轴，记为 r1, r2, r3, r4

(2) Solution:

T 群共 12 个元素，其中包括恒元 1 个元素，3 个二次轴给出 3 个元素，4 个三次轴给出 8 个
元素。

T = {e, tx, ty, tz, r1, r2, r3, r4, r21, r22, r23, r24}

其表示同构于 S4 群的一个子群，表示为：

tx (1 4)(2 3) ty (1 2)(3 4) tz (1 3)(2 4)

r1 (1)(2 3 4) r2 (2)(1 3 4) r3 (3)(1 2 4) r4 (4)(1 2 3)

r21 (1)(2 4 3) r22 (2)(1 4 3) r23 (3)(1 4 2) r24 (4)(1 3 2)

(3) Solution:

根据置换群的共轭类性质可知，相同轮换结构的置换属于同一个共轭类，因此 T群共 3个类，其
中恒元自成一类 {e}，三个二次轴一类 {tx, ty, tz}，四个三次轴给出的置换为一类 {r1, r2, r3, r4, r21, r22, r23, r24}

1



Problem 22

如图所示，给小盘标上序号：

绕左轴顺时针旋转
2

3
π 操作记为 l(l3 = e)，右轴同理记为 r(r3 = e)

根据轨道定理，保持 1 位置不动的小群为 e, r, r2，在 S5 子群作用下轨道数为 5，因此玩具小盘满
足的对成群 W 含有 15 个群元

e (1)(2)(3)(4)(5) l (1 3 2) l2 (1 2 3) r (2 5 4) r2 (2 4 5)

lr (1 3 2 5 4) lr2 (1 3 2 4 5) l2r (3 1 2 5 4) l2r2 (3 1 2 4 5)

rl (5 4 2 1 3) rl2 (5 4 2 3 1) r2l (4 5 2 1 3) r2l2 (4 5 2 3 1)

rlr (1 3 5 2 4) lrl (5 4 1 2 3)

左侧图样可以通过右转 4/3π，再左转 2/3π 得到

右侧图样存在 1、3 色块的镜像操作，所以无法通过旋转得到

2



Group Theory Homework IX

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 23

D4 群的群元包括:{e, r, r2, r3, a, ar, ar2, ar3}
R⊗M 群元为:{(e, e)(r, e)(r2, e)(r3, e)(e, a)(r, a)(r2, a)(r3, a)}
显然 R⊗M 与 D4 拥有相同的群阶，但乘法无法做到同构映射，因此 D4 群并不同构于 R⊗M

我们对 R 群建立以 M 群元素为基础的自同构映射:

êe =⇒ e âe =⇒ e

êr =⇒ r âr =⇒ r3

êr2 =⇒ r2 âr2 =⇒ r2

êr3 =⇒ r âr3 =⇒ r

考虑乘法：

∀(k1, h1), (k2, h2) ∈ R⊗M, (k1, h1)(k2, h2) = (k1ĥ1k2, h1h2)

满足该乘法关系的半直积 R⊗S M，与 D4 群同构，且满足一一映射关系：

e↔ (e, e) r ↔ (r, e) r2 ↔ (r2, e) r3 ↔ (r3, e)

a↔ (e, a) ar ↔ (r, a) ar2 ↔ (r2, a) ar3 ↔ (r3, a)

例如：(r, a)(e, a) = (eâr, a2) = (r3, e) ↔ ara = r3

Problem 24

675 = 3× 3× 3× 5× 5

所有的 675 阶 Abel 群包括： 
Z2

5 ⊗ Z3
3 Z25 ⊗ Z3

3

Z2
5 ⊗ Z3 ⊗ Z9 Z25 ⊗ Z3 ⊗ Z9

Z2
5 ⊗ Z27 Z25 ⊗ Z27

1



Problem 1

(1) detT (G)

detT (gh) = det(T (g)T (h)) = det(T (g))det(T (h))

是线性表示

(2) trT (G)

trT (gh) = tr(T (g)T (h)) ̸= tr(T (g))tr(T (h))

不是线性表示

(3) T †(G)

T †(gh) = (T (g)T (h))† = T †(h)T †(g) ̸= T †(g)T †(h)

不是线性表示

(4) T T (G) 转置

T T (gh) = (T (g)T (h))T = T T (h)T T (g) ̸= T T (g)T T (h)

不是线性表示

(5) T ∗(G)

T ∗(gh) = T ∗(g)T (h) = T ∗(g)T ∗(h)

是线性表示

(6) T−1(G)

T−1(gh) = (T (g)T (h))−1 = T−1(h)T−1(g) ̸= T−1(g)T−1(h)

不是线性表示

(7) T−T (G) 转置逆

T−T (gh) = (T (g)T (h))−T = T−T (g)T−T (h)

是线性表示

2



(8) T ∗−1(G)

T ∗−1(gh) = (T ∗(g)T ∗(h))−1 = T ∗−1(h)T ∗−1(g) ̸= T ∗−1(g)T ∗−1(h)

不是线性表示

Problem 2

(1) Solution:

对于 g(θ)f(x) = f(g−1(θ)x) = f(g(−θ)x)

x′ = xcosθ + ysinθ

y′ = −xsinθ + ysinθ
=⇒


x′2 = x2cos2θ + y2sin2θ + xysin2θ

y′2 = x2sin2θ + y2cos2θ − xysin2θ

x′y′ = −x2sinθcosθ + y2sinθcosθ + xycos2θ

因此 g(θ) 在三维空间中的线性表示为：

T (g(θ)) =


cos2θ sin2θ −sinθcosθ
sin2θ cos2θ sinθcosθ

sin2θ −sin2θ cos2θ


同理对于 P 有三维空间线性表示： 

1 0 0

0 1 0

0 0 −1


(2) Solution:


T †(g(θ))T (g(θ)) ̸= I3×3

Tij ∈ R

由于sin函数和cos函数具有周期性，因此为同态

Tg(θ) 不是幺正表示，是实表示，不是忠实表示。

类似地 
P † P = I3×3

Pij ∈ R

镜像对称与P线性表示唯一对应，为同构

P 是幺正表示，是实表示，是忠实表示。

3



Group Theory Homework X

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 3

Proof:
乘法封闭：

∀X,Y ∈ SU(2), x ∗ y = [X,Y ] = XY − Y X =
3∑
i=1

3∑
j=1

xiyjsisj −
3∑
i=1

3∑
j=1

yixjsisj

= 2i(x2y3 − x3y2)s1 + 2i(x3y1 − x1y3)s2 + 2i(x1y2 − x2y1)s3

= z1x1 + z2x2 + z3x3 = Z ∈ SU(2)

分配律：

∀X,Y, Z ∈ SU(2),

[X,Y + Z] = [X,Y ] + [X,Z]

[X + Y, Z] = [X,Z] + [Y, Z]

数乘：

∀X,Y ∈ SU(2), α ∈ C, α[X,Y ] = [αX, Y ] = [X,αY ]

所以 SU(2) 代数是线性代数

Problem 4

(1) Solution:

∵ ∀{i, j} ∈ {1, 2}, {θi, θj} = θiθj + θjθi = 0

∴

θ21 = θ22 = 0

θ1θ2 = −θ2θ1

=⇒ xy = (x0 + x1θ1 + x2θ2 + x3θ1θ2)(y0 + y1θ1 + y2θ2 + y3θ1θ2)

= x0y0 + (x1y0 + x0y1)θ1 + (x2y0 + x0y2)θ2 + (x3y0 + x0y3 + x1y2 − x2y1)θ1θ2

= z ∈ Grassmann

1



(2) Solution:

在 (1) 中已证 Grassmann 代数对乘法封闭，同样有：∀x, y, z ∈ Grassmann x(y + z) = xy + xz

∀x, y ∈ Grassmann, ∀α ∈ C αxy = (αx)y = x(αy)

说明 Grassmann 代数是线性代数，此外

∀x, y, z ∈ Grassmann,(xy)z = x(yz) = x0y0z0 + (x0y0z1 + x1y0z0 + x0y1z0)θ1

+ (x0y0z2 + x2y0z0 + x0y2z0)θ2

+ (x3y0z0 + x0y3z0 + x0y0z3 + x1y0z2 + x0y1z2 + x1y2z0 − x2y1z0 − x2y0z1 − x0y2z1)θ1θ2

满足结合律，因此 Grassmann 代数为结合代数

Problem 5

Suppose

(e, P, T, PT ) =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


We have



e(e, P, T, PT ) = e(e, P, T, PT )

P (e, P, T, PT ) = (P, e, PT, T )

T (e, P, T, PT ) = (T, PT, e, P )

PT (e, P, T, PT ) = (PT, T, P, e)

=⇒



L̂(e) =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 L̂(P ) =


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0



L̂(T ) =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 L̂(PT ) =


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0



2



Group Theory Homework XI

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 6

SU(3) 群的中心定义为 CSU(3) = {g ∈ SU(3)|∀a ∈ SU(3), gag−1 = a}

gag−1 = a =⇒ ga = ag

根据舒尔引理 1
g = λI3×3g†g = I3×3

|g| = 1
=⇒ λ3 = 1 =⇒ CSU(3) = I3×3{1, e−i

2
3π, ei

2
3π}

Problem 7

(1) Solution:

φ(θ) =

kθ kθ ∈ [0, 2π)

kθ mod 2π kθ ∈ [2π,+∞)
(k ∈ Z)

(2) Solution:

f(θ) =

∫ 2π

0

C(α)eiφ(θ)dα

(3) Solution:

C(α) =
1

2π

∫ 2π

0

f(α)e−iφ(θ)dθ

1



Problem 8

8 的因子有 1, 2, 4, 8
8 = 12 + 12 + 12 + 12 + 12 + 12 + 12 + 12 Z8群

8 = 12 + 12 + 12 + 12 + 22 D4群

8 = 22 + 22 无对应群 (必有恒等表示)

共有 2 种可能的群，其中 Z8 群有 8 个一维不等价不可约表示，D4 群有 4 个一维和 1 个二维不等
价不可约表示

2



下北泽大天使 PB11451419 

Problem 9: 

Solution: 

(1) 

𝑆(𝑒) = ൭
1 0 0
0 1 0
0 0 1

൱  𝑆(𝑑) = ൭
0 0 1
1 0 0
0 1 0

൱  𝑆(𝑓) = ൭
0 1 0
0 0 1
1 0 0

൱ 

𝑆(𝑎) = ൭
1 0 0
0 0 1
0 1 0

൱  𝑆(𝑏) = ൭
0 0 1
0 1 0
1 0 0

൱  𝑆(𝑐) = ൭
0 1 0
1 0 0
0 0 1

൱ 

(2) 

𝜒(𝑒) = 3     𝜒(𝑑) = 0    𝜒(𝑓) = 0    𝜒(𝑎) = 1    𝜒(𝑏) = 1    𝜒(𝑐) = 1 

(3) 

𝜒(𝑒) = 3     𝜒(𝑑) = 0    𝜒(𝑓) = 0    𝜒(𝑎) = −1    𝜒(𝑏) = −1    𝜒(𝑐) = −1 

(4) 

根据等价表示理论，𝑆(𝐷ଷ)和𝑇(𝐷ଷ)无法通过相似变换相互得到，所以线性表示并不等价 

(5) 

根据特征标定理，𝑆(𝐷ଷ)和𝑇(𝐷ଷ)并不等价 

(6) 

一个表示是不可约表示的充要条件是其特征标满足方程： 

෍ 𝜒∗(𝑅)𝜒(𝑅)

ோ∈ீ

= |𝐺| 

显然𝑆(𝐷ଷ)和𝑇(𝐷ଷ)并不满足，因而是可约表示 

(7) 

𝑆(𝐷ଷ)包含了 1 个一维表示和 1 个二维表示。 

Problem 10 

Solution: 

𝐷ସ群群元记为{𝑒, 𝜏, 𝜏ଶ, 𝜏ଷ, 𝜎ଵ, 𝜎ଶ, 𝑡ଵ, 𝑡ଶ} 

共轭类为{𝑒}{𝜏, 𝜏ଷ}{𝜏ଶ}{𝜎ଵ, 𝜎ଶ}{𝑡ଵ, 𝑡ଶ} 

类算符： 

𝑘෠ଵ = 𝑒 

𝑘෠ଶ = 𝜏 + 𝜏ଷ 



𝑘෠ଷ = 𝜏ଶ 

𝑘෠ସ = 𝜎ଵ + 𝜎ଶ 

𝑘෠ହ = 𝑡ଵ + 𝑡ଶ  

类代数的结构常数： 

𝑘෠ଵ𝑘෠ଵ = 𝑘෠ଵ       𝑘෠ଵ𝑘෠ଶ = 𝑘෠ଶ       𝑘෠ଵ𝑘෠ଷ = 𝑘෠ଷ       𝑘෠ଵ𝑘෠ସ = 𝑘෠ସ     𝑘෠ଵ𝑘෠ହ = 𝑘෠ହ 

𝑘෠ଶ𝑘෠ଵ = 𝑘෠ଶ       𝑘෠ଶ𝑘෠ଶ = 2𝑘෠ଵ + 2𝑘෠ଷ       𝑘෠ଶ𝑘෠ଷ = 𝑘෠ଶ       𝑘෠ଶ𝑘෠ସ = 2𝑘෠ହ     𝑘෠ଶ𝑘෠ହ = 2𝑘෠ସ 

𝑘෠ଷ𝑘෠ଵ = 𝑘෠ଷ      𝑘෠ଷ𝑘෠ଶ = 𝑘෠ଶ       𝑘෠ଷ𝑘෠ଷ = 𝑘෠ଵ       𝑘෠ଷ𝑘෠ସ = 𝑘෠ସ     𝑘෠ଷ𝑘෠ହ = 𝑘෠ହ 

𝑘෠ସ𝑘෠ଵ = 𝑘෠ସ      𝑘෠ସ𝑘෠ଶ = 2𝑘෠ହ       𝑘෠ସ𝑘෠ଷ = 𝑘෠ସ       𝑘෠ସ𝑘෠ସ = 2𝑘෠ଵ + 2𝑘෠ଷ     𝑘෠ସ𝑘෠ହ = 2𝑘෠ଶ 

𝑘෠ହ𝑘෠ଵ = 𝑘෠ହ      𝑘෠ହ𝑘෠ଶ = 2𝑘෠ସ       𝑘෠ହ𝑘෠ଷ = 𝑘෠ହ     𝑘෠ହ𝑘෠ସ = 2𝑘෠ଶ       𝑘෠ହ𝑘෠ହ = 2𝑘෠ଵ + 2𝑘෠ଷ 

即 

𝐶ଵଵଵ = 𝐶ଵଶଶ = 𝐶ଵଷଷ = 𝐶ଵସସ = 𝐶ଵହହ = 𝐶ଶଵଶ = 𝐶ଶଷଶ = 𝐶ଷଵଷ = 𝐶ଷଶଶ = 𝐶ଷଷଷ = 𝐶ଷସସ = 

= 𝐶ଷହହ = 𝐶ସଵସ = 𝐶ସଷସ = 𝐶ହଵହ = 𝐶ହଵହ = 1 

𝐶ଶଶଵ = 𝐶ଶଶଷ = 𝐶ଶସହ = 𝐶ଶହସ = 𝐶ସଶହ = 𝐶ସସଵ = 𝐶ସସଷ = 𝐶ସହଶ = 𝐶ହଶସ = 𝐶ହସଶ = 

𝐶ହହଵ = 𝐶ହହଷ = 2 

其余结构常数均为 0 
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Problem 11: 

𝐷ହ群是正五边形群，拥有一根五次轴和 5 根一次轴，因而群元记为 

𝐷ହ = {𝑒, 𝜏, 𝜏ଶ, 𝜏ଷ, 𝜏ସ, 𝜎ଵ, 𝜎ଶ, 𝜎ଷ, 𝜎ସ, 𝜎ହ} 

且群元间满足： 

𝜎௜𝜏௝𝜎௜ = 𝜏ହି௝ 

𝜎(௜ାଵ) ௠௢ௗ ହ = 𝜎௜𝜏 

(1) 群元标准格式为𝜎௠𝜏௡，其中𝑚 ∈ {0,1}，𝑛 ∈ {0,1,2,3,4} 

(2) 共轭类：{𝑒}{𝜏, 𝜏ସ}{𝜏ଶ, 𝜏ଷ}{𝜎ଵ, 𝜎ଶ, 𝜎ଷ, 𝜎ସ, 𝜎ହ} 

(3) 类算符： 

𝑘෠ଵ = 𝑒 

𝑘෠ଶ = 𝜏 + 𝜏ସ 

𝑘෠ଷ = 𝜏ଶ + 𝜏ଷ 

𝑘෠ସ = 𝜎ଵ + 𝜎ଶ + 𝜎ଷ + 𝜎ସ + 𝜎ହ 

(4) 结构常数： 

𝑘෠ଵ𝑘෠ଶ = 𝑘෠ଶ      𝑘෠ଵ𝑘෠ଷ = 𝑘෠ଷ      𝑘෠ଵ𝑘෠ସ = 𝑘෠ସ 

𝑘෠ଶ𝑘෠ଵ = 𝑘෠ଶ      𝑘෠ଶ𝑘෠ଷ = 𝑘෠ଶ + 𝑘෠ଷ       𝑘෠ଶ𝑘෠ସ = 2𝑘෠ସ 

𝑘෠ଷ𝑘෠ଵ = 𝑘෠ଷ      𝑘෠ଷ𝑘෠ଶ = 𝑘෠ଶ + 𝑘෠ଷ      𝑘෠ଷ𝑘෠ସ = 2𝑘෠ସ 

𝑘෠ସ𝑘෠ଵ = 𝑘෠ସ      𝑘෠ସ𝑘෠ଶ = 2𝑘෠ସ     𝑘෠ସ𝑘෠ଷ = 2𝑘෠ସ 

(5) 𝐷ହ群有 4 个共轭类，因此有 4 个不等价不可约表示。由完备性定理，表示维数平方和为

群阶，可推测10 = 1ଶ + 1ଶ + 2ଶ + 2ଶ，𝐷ହ群有 2 个一维表示和 2 个二维表示。 

第一行为恒等表示，特征标为 1 

 1𝐶ଵ 2𝐶ଶ 2𝐶ଷ 5𝐶ସ 

𝜒஺
ଵ(𝐷ହ) 1 1 1 1 

𝜒஻
ଵ (𝐷ହ) 1 1 1 -1 

𝜒஼
ଶ(𝐷ହ) 2 𝑥 𝑦 𝑧 

𝜒஽
ଶ (𝐷ହ) 2    

 第一列为恒元特征标，为表示维数。 

(6) 对于第二行𝜒஻
ଵ，首先由于5𝐶ସ中群元𝜎௜

ଶ = 𝑒，可知𝜒஻
ଵ(𝐶ସ) = ±1 



如果𝜒஻
ଵ (𝐶ସ)为+1，将得到𝜒஺

ଵ(𝐷ହ)恒等表示，重复； 

如果𝜒஻
ଵ (𝐶ସ)为−1，由特征标定理：特征标模方和为群阶，可以得到𝜒஻

ଵ(𝐶ଶ) = 𝜒஻
ଵ (𝐶ଷ) = 1 

为求得二维表示特征标，不妨假设第三行未知元素分别为𝑥, 𝑦, 𝑧。由特征标表性质得： 

ቐ
2ଶ + 2𝑥ଶ + 2𝑦ଶ + 5𝑧ଶ = 10

2 + 2𝑥 + 2𝑦 − 5𝑧 = 0
2 + 2𝑥 + 2𝑦 + 5𝑧 = 0

 

其中第一条方程为特征标模方和为群阶，后两条为特征标正交定理。 

由后两条方程可知 

൜
𝑧 = 0

𝑥 = −1 − 𝑦
 

带入第一条方程可以得到 

𝑦 =
−1 ± √5

2
 

于是有 

⎩
⎪
⎨

⎪
⎧

𝑦 =
−1 + √5

2

𝑥 =
−1 − √5

2

                               

⎩
⎪
⎨

⎪
⎧

𝑦 =
−1 − √5

2

𝑥 =
−1 + √5

2

 

分别为𝜒஼
ଶ(𝐷ହ)和𝜒஽

ଶ (𝐷ହ)，于是𝐷ହ群的特征标表为： 

 1𝐶ଵ 2𝐶ଶ 2𝐶ଷ 5𝐶ସ 

𝜒஺
ଵ(𝐷ହ) 1 1 1 1 

𝜒஻
ଵ (𝐷ହ) 1 1 1 -1 

𝜒஼
ଶ(𝐷ହ) 2 −1 + √5

2
 

−1 − √5

2
 

0 

𝜒஽
ଶ (𝐷ହ) 2 −1 − √5

2
 

−1 + √5

2
 

0 

由特征标表可见，𝑘𝑒𝑟𝜒஺
ଵ = 𝐷ହ，𝑘𝑒𝑟𝜒஻

ଵ = 𝐶ହ，𝑘𝑒𝑟𝜒஼
ଶ = 𝑘𝑒𝑟𝜒஽

ଶ = {𝑒} 

由此可见𝐷ହ群的非平庸正规子群为五阶循环群𝐶ହ和{𝑒, 𝜎ଵ, 𝜎ଶ, 𝜎ଷ, 𝜎ସ, 𝜎ହ} 
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Problem 12

D4 群群元记为 {e, τ, τ 2, τ 3, a, aτ, aτ 2, aτ 3}，共轭类为 {e}{τ, τ 3}{τ 2}{a, aτ 2}{aτ, aτ 3}
根据完备性定理，22 + 12 + 12 + 12 + 12 = 8，所以 D4 群共有 4 个一维表示及 1 个二维表示
C4 群为 Abel 群，所有 4 个一维不可约表示构成特征标表，C2 群也为 Abel 群，所有 2 个一维不
可约表示构成特征标表：

C4 e τ τ 2 τ 3

A 1 1 1 1

B 1 i −1 −i
C 1 −1 1 −1

D 1 −i −1 i

C2 e a

A 1 1

B 1 −1

由 C4 和 C2 群直乘得到的 D4 群由此拥有四个一维不可约表示写为：

D4 e τ τ 2 τ 3 a aτ aτ 2 aτ 3

A 1 1 1 1 1 1 1 1

B 1 i −1 −i 1 i −1 −i
C 1 −1 1 −1 1 −1 1 −1

D 1 −i −1 i 1 −i −1 i

E 1 1 1 1 −1 −1 −1 −1

F 1 i −1 −i −1 −i 1 i

G 1 −1 1 −1 −1 1 −1 1

H 1 −i −1 i −1 i 1 −i

根据特征标定理可知，其中 B、D、F、H 不是 D4 群的一维表示，因此 D4 群的所有四个不等价

不可约一维表示写为：

D4 e τ τ 2 τ3 a aτ aτ 2 aτ 3

A 1 1 1 1 1 1 1 1

B 1 −1 1 −1 1 −1 1 −1

C 1 1 1 1 −1 −1 −1 −1

D 1 −1 1 −1 −1 1 −1 1

1



而对于 D4 群的二维表示，由诱导表示可知，D4 群生成元 τ 和 a 的表示为：

D
(2)
11 (τ) = D(1)n(e−1τe) = D(1)n(τ) = exp

(
2nπi

4

)
D

(2)
12 (τ) = D(1)n(e−1τa) = D(1)n(τa) = 0

D
(2)
21 (τ) = D(1)n(a−1τe) = D(1)n(aτ) = 0

D
(2)
22 (τ) = D(1)n(a−1τa) = D(1)n(τ−1) = exp

(
−2nπi

4

)

D(2)(τ) =

(
exp

(
2nπi
4

)
0

0 exp
(
− 2nπi

4

)) D(2)(a) =

(
0 1

1 0

)
其中 n 为生成元的第 n 类一维表示，n = 1, 2, 3, 4，很显然这个二维不可约表示相互等价，取其中

一个即可。

D(2)(e) =

(
1 0

0 1

)
D(2)(τ) =

(
i 0

0 −i

)
D(2)(τ2) =

(
−1 0

0 1

)
D(2)(τ3) =

(
−i 0

0 i

)

D(2)(a) =

(
0 1

1 0

)
D(2)(aτ) =

(
0 −i
i 0

)
D(2)(aτ 2) =

(
0 1

−1 0

)
D(2)(aτ 3) =

(
0 i

−i 0

)

2
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Problem 13

若 A ∼ B∗, 也就是说 ∃X ∈ GL(2,R) 使得 XAX−1 = B∗

=⇒ ∀R ∈ G, χA(R) = χB∗(R) = χ∗
B(R)

为求出 A
⊗
B 中恒等表示重数，根据特征标定理有：

aE =
1

|G|
∑
R∈G

χE(R)χA⊗
B(R)

由于 χE(R) = 1 以及 χA⊗
B(R) = χA(R)χB(R) = χ∗

B(R)χB(R) 因此

aE =
1

|G|
∑
R∈G

χ∗
B(R)χB(R)

根据特征标类函数空间的正交完备定理可知

aE =
1

|G|
∑
R∈G

χ∗
B(R)χB(R) = 1

综上，A
⊗
B 中恒等表示重数为 1 的条件是 A ∼ B

1
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Problem 15

(1)Solution:

T =


cosθ −sinθ a

sinθ cosθ b

0 0 1


T 的代数余子式 C = {(−1)i+jCij} 为

C =


cosθ −sinθ 0

sinθ cosθ 0

−bsinθ − acosθ −bcosθ + asinθ 1

 =⇒ 伴随矩阵A = CT =


cosθ sinθ −bsinθ − acosθ

−sinθ cosθ −bcosθ + asinθ

0 0 1



=⇒ T−1 =
A

|T |
=


cosθ sinθ −bsinθ − acosθ

−sinθ cosθ −bcosθ + asinθ

0 0 1



∵ dT =


−sinθdθ −cosθdθ da

cosθdθ −sinθdθ db

0 0 0



∴ T−1dT =


0 −dθ cosθda+ sinθdb

dθ 0 −sinθda+ cosθdb

0 0 0

 dT T−1 =


0 −dθ bdθ + da

dθ 0 −adθ + db

0 0 0


(2)Solution: 由于任意 T−1dT3 个矩阵元的外积是 T 矩阵的左不变体积，由此可得左不变积分测

度为：

ρL(a, b, θ)dθdadb = dθ ∧ (cosθda+ sinθdb) ∧ (−sinθda+ cosθdb) = dθ ∧ da ∧ db

同理任意 dT T−13 个矩阵元的外积是 T 矩阵的右不变体积

ρR(a, b, θ)dθdadb = dθ ∧ (bdθ + da) ∧ (−adθ + db) = dθ ∧ da ∧ db

∴ ρL = ρR = 1

1
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Problem 15

Solution:

eiφ(θ) =

eikθ kθ ∈ [0, 2π)

ekθ mod 2π kθ ∈ [2π,+∞)
(k ∈ Z)

第三章 Problem 1

Proof:
SO(3) = {R ∈ R3×3|RTR = I3×3, detR = 1}

封闭性：

∀a, b ∈ SO(3), c = ab =⇒

cT c = (ab)Tab = bTaTab = I3×3

det|c| = det|ab| = det|a| det|b| = 1
=⇒ c ∈ SO(3)

结合律：

∀a, b, c ∈ SO(3), (ab)c = a(bc)

幺元：

I3×3 ∈ SO(3), ∀R ∈ SO(3), IR = RI = R

逆元：

∀R ∈ SO(3), ∃R−1 ∈ SO(3), RR−1 = R−1R = I3×3

综上，SO(3) 在矩阵乘法下构成群

Problem 2

A =


0 1 0

−1 0 2

0 −2 0



1



|A− λI| = 0 =⇒


λ0 = 0

λ1 =
√
5i

λ2 = −
√
5i

由 Cayley-Hamilton 定理推论可知，etA = c0I + c1tA+ c2t
2A2 由特征值得到待定系数方程：

e0t = c0 + c1 × t× 0 + c2 × t2 × 02

e5it = c0 + c1 × t×
√
5i+ c2 × t2 × (

√
5i)2

e−5it = c0 + c1 × t× (−
√
5i) + c2 × t2 × (−

√
5i)2

=⇒


c0 = 1

c1 =
sin

√
5t√

5t

c2 =
1− cos

√
5t

5t2

因此，

etA = c0I + c1tA+ c2t
2A2 =


1 0 0

0 1 0

0 0 1

+
sin

√
5t√

5


0 1 0

−1 0 2

0 −2 0

+
1− cos

√
5t

5


−1 0 2

0 −5 0

2 0 −4


Problem 4

Solution:
(1)

Aad = (Xj)ab(Xk)bd = ϵjabϵkbd = ϵbjaϵbdk = δjdδak − δjkδad

=⇒ Tr(XjXk) =
∑
a

Aaa =
∑
a

δjaδak − 3δjk = δjk − 3δjk = −2δjk

(2)
Tr(XjXn) =

∑
i=j,k,l

Tr(niXjXi) = njTr(X
2
j ) = −2nj

(3)

X2
n = n2

1X
2
1 + n2

2X
2
2 + n2

3X
2
3 + n1n2(X1X2 +X2X1) + n1n3(X1X3 +X3X1) + n2n3(X2X3 +X3X2)

= −n2
1X1 − n2

2X2 − n2
3X3 + n1n2(X1X2 +X2X1) + n1n3(X1X3 +X3X1) + n2n3(X2X3 +X3X2)

Tr(XjX
2
n) = nknl(XjXkXl +XjXlXk) = nknl(XjXkXl −XjXkXl) = 0

2
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Problem 5

Solution:
对转动矩阵参数化，即 R(ψ) = R(n(θ, ϕ), ψ)，那么求 ψ 即求其参数表示 ψ(θ, ϕ, ψ)

由随体坐标系转动可知，三维空间中的任意转动 R(ψ(ϕ, θ, ψ)) 可分解为 Rz(ϕ)Rx(θ)Rz(ψ)，其矩

阵表示分别为：

Rz(ϕ) =


cosϕ −sinϕ 0

sinϕ cosϕ 0

0 0 1

 Rx(θ) =


1 0 0

0 cosθ −sinθ
0 sinθ cosθ

 Rz(ψ) =


cosψ −sinψ 0

sinψ cosψ 0

0 0 1



=⇒ R(ψ(ϕ, θ, ψ)) =


cosϕcosψ − sinϕcosθsinψ −cosϕsinψ − sinϕcosθcosψ sinϕsinθ

sinϕcosψ + cosϕcosθsinψ −sinϕsinψ + cosϕcosθcosϕ −cosϕsinθ
sinθsinψ sinθsinψ cosθ


若已知 R 的全部矩阵元 Rij 那么

cosθ = R33 =⇒ θ = arccosR33

sinθsinψ = R31 =⇒ ψ = arcsin
R31

sinθ

sinθsinϕ = R13 =⇒ ϕ = arcsin
R13

sinθ

即为 ψ 的参数化表示

Problem 6

Proof:
(1) 张量关于某两个指标 l, k 对称，即

Tj1...jl...jk...jN = Tj1...jk...jl...jN

经历三维空间中的转动 R(ψ) 后，有
T ′
j1...jl...jk...jN

= Rj1j′1 . . . Rjlj′l . . . Rjkj′k . . . RjN j′NTj′1...j′l...j′k...j′N

T ′
j1...jk...jl...jN

= Rj1j′1 . . . Rjkj′k . . . Rjlj′l . . . RjN j′NTj′1...j′k...j′l...j′N

T ′
j1...jl...jk...jN

= T ′
j1...jk...jl...jN
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为了证明转动后 T ′ 矩阵依旧关于 k, l 指标对称，即证明

Tj′1...j′k...j′l...j′N = Tj′1...j′l...j′k...j′N

就需要证明三维空间中的 N 阶张量转动群 R 关于指标 k, l 具有交换不变性，即

Rj1j′1 . . . Rjlj′l . . . Rjkj′k . . . RjN j′N = Rj1j′1 . . . Rjkj′k . . . Rjlj′l . . . RjN j′N

这显然是正确的，因为张量转动群是单个指标 Rj 的直积，转动操作只会对相应的张量分量起作用，

不会影响其他指标，所以 R 具有指标交换不变性，因此转动后的 T ′ 矩阵仍旧关于指标 k′, l′ 对称

(2) 张量关于某两个指标 l, k 反对称，即

Tj1...jl...jk...jN = −Tj1...jk...jl...jN

与第一问类似，经历三维空间中的转动 R(ψ) 后，我们有
T ′
j1...jl...jk...jN

= Rj1j′1 . . . Rjlj′l . . . Rjkj′k . . . RjN j′NTj′1...j′l...j′k...j′N

T ′
j1...jk...jl...jN

= Rj1j′1 . . . Rjkj′k . . . Rjlj′l . . . RjN j′NTj′1...j′k...j′l...j′N

T ′
j1...jl...jk...jN

= −T ′
j1...jk...jl...jN

同样由于三维空间中的 N 阶张量转动群 R 关于指标 k, l 具有交换不变性，所以

Rj1j′1 . . . Rjlj′l . . . Rjkj′k . . . RjN j′N = Rj1j′1 . . . Rjkj′k . . . Rjlj′l . . . RjN j′N

=⇒ Tj′1...j′l...j′k...j′N = −Tj′1...j′k...j′l...j′N

即转动后的 T ′ 矩阵依旧关于指标 k′, l′ 反对称

(3) T 矩阵关于 l, k 无迹，即 ∑
s

Tj1...jl...jk...jN δjksδjls = 0

经过旋转操作 R 后，∑
s

Rj1j′1 . . . Rjlj′l . . . Rjkj′k . . . RjN j′NTj′1...j′l...j′k...j′N δjksδjls = 0

=⇒
∑
s

Rj1j′1 . . . Rss′ . . . Rss′ . . . RjN j′NTj′1...s′...s′...j′N = 0

=⇒ Tj′1...s′...s′...j′N

∑
s

Rj1j′1 . . . Rss′ . . . Rss′ . . . RjN j′N = 0

由于 Rss′Rss′ 不一定为 0 (当且仅当转角为 π 时为 0)，因而

Tj′1...s′...s′...j′N = Tj′1...j′l...j′k...j′N δjksδjls = 0

即转动后张量 T ′ 仍旧关于指标 k′, l′ 无迹
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Problem 7

Solution:
(1)

(a · τ )(b · τ )(c · τ ) =
∑
j,k,l

(ajτj)(bkτk)(clτl) =
∑
j,k,l

ajbkclτjτkτl

=
∑
j,k,l

ajbkcl(δjkI + iϵjklτl)τl =
∑
j,k,l

ajbkclδjkτl +
∑
j,k,l

iajbkclϵjklτ
2
l

=
∑
j,k,l

ajbkclδjkτl +
∑
j,k,l

iajbkclϵjklI

=⇒ Tr(a · τ )(b · τ )(c · τ ) =
∑
j,k,l

ajbkclδjkTr(τl) +
∑
j,k,l

iajbkclϵjklTr(I)

= 2i
∑
j,k,l

ajbkclϵjkl

=⇒ − i

2
Tr(a · τ )(b · τ )(c · τ ) =

∑
j,k,l

ajbkclϵjkl

= a1b2c3 + a2b3c1 + a3b1c2 − a2b1c3 − a3b2c1 − a1b3c2

(2) 不妨假设
− i

2
Tr[(a · τ )(b · τ )(c · τ )] =

∑
j,k,l

ϵjklajbkcl > 0

即拥有右手手征，那么下面证明在 R(u) 变换下，上式的右手手征保持不变:

− i

2
Tr[(R(u)a · τ )(R(u)b · τ )(R(u)c · τ )]

= − i

2
Tr[u(a · τ )u−1u(b · τ )u−1u(c · τ )u−1]

= − i

2
Tr[u(a · τ )(b · τ )(c · τ )u−1]

= − i

2
Tr[u(a · τ )(b · τ )(c · τ )u−1]

= u[a · (b× c)]u−1 = a · (b× c) > 0

即 R(u) 变换下，手征保持不变

3



Group Theory Homework XIX

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 8

Solution:
u(a, b, c) = uz(a)Huz(b)Huz(c)

=
1

2

(
e−i

a
2 0

0 ei
a
2

)(
1 1

1 −1

)(
e−i

b
2 0

0 ei
b
2

)(
1 1

1 −1

)(
e−i

c
2 0

0 ei
c
2

)

=
1

2

(
e−

i
2 (a+b+c) + e−

i
2 (a−b+c) e−

i
2 (a+b−c) − e−

i
2 (a−b−c)

e
i
2 (a−b−c) − e

i
2 (a+b−c) e

i
2 (a−b+c) + e

i
2 (a+b+c)

)

Problem 9

Solution:
伴随矩阵法求得 u 的逆为

u−1 =

(
cosβ

2
e

i
2 (α+γ) sinβ

2
e−

i
2 (α−γ)

−sinβ
2
e

i
2 (α−γ) cosβ

2
e−

i
2 (α+γ)

)

du =
∂u

∂α
dα+

∂u

∂β
dβ +

∂u

∂γ
dγ

=⇒ u−1du =

(
− i

2
cosβdα− i

2
dγ isinβ

2
cosβ

2
eiγdα− 1

2
eiγdβ + isinβ

2
cosβ

2
eiγdγ

isinβ
2
cosβ

2
e−iγdα+ 1

2
e−iγdβ i

2
cosβdα+ i

2
cosβdγ

)
计算外积得到

dV =
sinβ

16π2
dα ∧ dβ ∧ dγ

积分不变测度即为
sinβ

16π2

1



Group Theory Homework XX

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 10

Proof: 由
u(ψ) = e−

i
2ψ·τ

=⇒ u(α)u(ψ)u(α) = e−
i
2α·τe−

i
2ψ·τe

i
2α·τ

根据 BCH 公式推论：eAeBe−A = exp(eABe−A)，可得

u(α)u(ψ)u(α) = exp

[
e−

i
2α·τ

(
− i

2
ψ · τ

)
e

i
2α·τ

]
= exp

[
− i

2
u(α)(ψ · τ )u(α)−1

]
= exp

[
− i

2
(R(α)ψ) · τ

]
= u (R(α)ψ)

证毕

Problem 11

(1)Proof:

∀u ∈ SE(2), u


x1

x2

1

 =


x′1

x′2

1

 =


cosθ −sinθ a

sinθ cosθ b

0 0 1



x1

x2

1

 =⇒ u−1 =


cosθ sinθ −acosθ − bsinθ

−sinθ cosθ asinθ − bcosθ

0 0 1


所以对于小于 n 次的多项式张成的空间 F

f(x1, x2) =
n∑

i,j=0

Cijx
i
1x
j
2

在 SE(2) 群作用下保持空间不变，即

∀u ∈ SE(2), ∀f(x) ∈ F, ûf(x) = f(u−1x)

= f(x1cosθ + x2sinθ − acosθ − bsinθ,−x1sinθ + x2cosθ + asinθ − bcosθ) = f(x′) ∈ F

因此小于 n 次的多项式构成 SE(2) 群表示下的不变子空间

(2)Solution:
为方便起见 SE(2) 群取 (1) 中的参数化，因此对于多项式

f(x) = αx+ βy + γ

1



有

∀u ∈ SE(2), ûf(x) = f(û−1x) = αx′ + βy′ + γ

再由参数化可知 x′ = cosθx+ sinθy + a

y′ = −sinθx+ cosθy + b

=⇒ αx′+βy′+γ = x(αcosθ−βsinθ)+y(αsinθ+βcosθ)+γ−α(acosθ+bsinθ)+β(asinθ−bcosθ)

= α′x+ β′y + γ′

=⇒


α′ = αcosθ − βsinθ

β′ = αsinθ + βcosθ

γ′ = −α(acosθ + bsinθ) + β(asinθ − bcosθ) + γ

=⇒


α′

β′

γ′

 =


cosθ −sinθ 0

sinθ cosθ 0

−a cos θ − bsinθ asinθ − bcosθ 1



α

β

γ


由此可见 SE(2) 群的三维表示即为

cosθ −sinθ 0

sinθ cosθ 0

−a cos θ − bsinθ asinθ − bcosθ 1


(3) Solution:
由第 16 次作业可知 SE(2) 群的左右积分不变测度均为 1，
于是对三维表示特征标 χ(3) = 2cosθ + 1 在 SE(2) 群上积分有⟨

χ(3)|χ(3)
⟩
=

1

2π

∫ 2π

0

(2cosθ + 1)2dθ = 3

说明该三维表示可约，但由于表示矩阵无法化为 Jordan 标准型，因此无法完全可约
(4) Solution:
由于 SE(2) 群是非紧致李群，因此 SE(2) 群不存在等价的幺正表示

Problem 12

(1) Solution:

D1 =


a2

√
2ab b2

−
√
2ab∗ aa∗ − bb∗

√
2a∗b

b∗2 −
√
2a∗b∗ a∗2


其中 

a = cos
ψ

2
− isin

ψ

2
cosθ

b = −isinψ
2
sinθe−iϕ

(2) Solution:

TrD1 =
1∑

m=−1

e−imψ =
sin
(
3
2
ψ
)

sinψ
2

= 1 + 2cosψ

2



Group Theory Homework XXI

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 13

Solution:
由欧拉角参数的定义有：

R(α, β, γ) = Rz(α)Ry(β)Rz(γ)

=⇒



∂R(α, β, γ)

∂α
=
∂Rz(α)Ry(β)Rz(γ)

∂α
=
∂Rz(α)

∂α
Ry(β)Rz(γ)

∂R(α, β, γ)

∂β
=
∂Rz(α)Ry(β)Rz(γ)

∂β
= Rz(α)

∂Ry(β)

∂β
Rz(γ)

∂R(α, β, γ)

∂α
=
∂Rz(α)Ry(β)Rz(γ)

∂α
= Rz(α)Ry(β)

∂Rz(γ)

∂γ

=⇒ ∂R(α, β, γ)

∂(α, β, γ)

∣∣∣∣∣
(α,β,γ=0)

=



∂Rz(α)

∂α

∣∣∣∣∣
α=0

=


0 −1 0

1 0 0

0 0 0


∂Ry(β)

∂β

∣∣∣∣∣
β=0

=


0 0 −1

0 0 0

1 0 0


∂Rz(γ)

∂γ

∣∣∣∣∣
γ=0

=


0 −1 0

1 0 0

0 0 0


Problem 14

(1) Solution:

D1 =


a2

√
2ab b2

−
√
2ab∗ aa∗ − bb∗

√
2a∗b

b∗2 −
√
2a∗b∗ a∗2


其中 

a = cos
ψ

2
− isin

ψ

2
cosθ

b = −isinψ
2
sinθe−iϕ

1



=⇒



∂D1

∂ψ

∣∣∣∣∣
ψ=0

=


1 0 0

0 0 0

0 0 −1


∂D1

∂θ

∣∣∣∣∣
ψ=0

=


0 − i√

2
0

i√
2

0 − i√
2

0 i√
2

0


∂D1

∂ϕ

∣∣∣∣∣
ψ=0

=


0 1√

2
0

1√
2

0 1√
2

0 1√
2

0


(2)Solution:

S =


− 1√

2
0 1√

2

− i√
2

0 − i√
2

0 1 0



2



Group Theory Homework XXII
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2024 年 1 月 7 日

Problem 15

(1)Solution:

T =


cosθ −sinθ a

sinθ cosθ b

0 0 1



=⇒ Ĵθ =
∂T

∂θ

∣∣∣∣
ψ=0

=


−sinθ −cosθ 0

cosθ −sinθ 0

0 0 0


∣∣∣∣∣∣∣∣
ψ=0

=


0 −1 0

1 0 0

0 0 0



p̂x =
∂T

∂a

∣∣∣∣
ψ=0

=


0 0 1

0 0 0

0 0 0



p̂y =
∂T

∂b

∣∣∣∣
ψ=0

=


0 0 0

0 0 1

0 0 0


对易关系：

[p̂x, p̂y] = p̂xp̂y − p̂yp̂x =


0 0 0

0 0 0

0 0 0



[Ĵθ, p̂x] = Ĵθp̂x − p̂xĴθ =


0 0 0

0 0 1

0 0 0

 = p̂y

[Ĵθ, p̂y] = Ĵθp̂y − p̂yĴθ =


0 0 1

0 0 0

0 0 0

 = p̂x

(2)Proof:
函数空间中，SE(2) 群的表示为

p̂xf(x) =
∂T

∂a

∣∣∣∣
0

f(x)

1



p̂yf(x) =
∂T

∂b

∣∣∣∣
0

f(x)

Ĵθf(x) =
∂T

∂θ

∣∣∣∣
0

f(x)

=⇒



p̂x = −i ∂
∂x

p̂y = −i ∂
∂y

Ĵθ = iy
∂

∂x
− ix

∂

∂y
= i

∣∣∣∣∣∣ y x

∂
∂y

∂
∂x

∣∣∣∣∣∣ = −iθ ∂
∂θ

将 g(θ, a, b) 作用在 f(x) 上

=⇒ ĝ(θ, a, b)f(x) = (ap̂x + bp̂y + θJθ)f(x) =

(
−ia ∂

∂x
− ib

∂

∂y
− iθ

∂

∂θ

)
f(x)

=⇒ ĝ(θ, a, b) = e−(iap̂x+ibp̂y+iθĴθ)

2



Group Theory Homework XXIII
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Problem 16

Solution:
记

ϕ1 =

(
1

0

)
ϕ2 =

(
0

1

)

两自旋为
1

2
的粒子耦合，得到的直积态包括

ϕ1 ⊗ ϕ1 ϕ1 ⊗ ϕ2 ϕ2 ⊗ ϕ1 ϕ2 ⊗ ϕ2

约化后，总自旋为 1 的波函数为

ϕ1 ⊗ ϕ1
1√
2
(ϕ1 ⊗ ϕ2 + ϕ2 ⊗ ϕ1) ϕ2 ⊗ ϕ2

自旋为 0 的波函数为
1√
2
(ϕ1 ⊗ ϕ2 − ϕ2 ⊗ ϕ1)

Problem 17

Solution:

χ(ψ) = Tr[Dj1(ψ)⊗Dj2(ψ)] = χ(j1)(ψ)χ(j2)(ψ) =

j1∑
m1=−j1

j2∑
m2=−j2

e−i(m1+m2)ψ

对于 j1 = j2 = 2 有

χ(ψ) = χ(4)(ψ) + χ(3)(ψ) + χ(2)(ψ) + χ(1)(ψ) + χ(0)(ψ)

=⇒ (χ, χ) = |j1 + j2| − |j1 − j2|+ 1 =

2j2 + 1 (j1 > j2)

2j1 + 1 (j2 > j1)

(χ, χ(0)) = (χ, χ(1)) = (χ, χ(2)) = 1

1



Problem 18

Solution:

χ(ψ) = Tr[Dj1(ψ)⊗Dj2(ψ)] = χ(j1)(ψ)χ(j2)(ψ) =

j1∑
m1=−j1

j2∑
m2=−j2

e−i(m1+m2)ψ

对于 j1 = j2 = 2 有

χ(ψ) = χ(4)(ψ) + χ(3)(ψ) + χ(2)(ψ) + χ(1)(ψ) + χ(0)(ψ)

=⇒ (χ, χ) = |j1 + j2| − |j1 − j2|+ 1 =

2j2 + 1 (j1 > j2)

2j1 + 1 (j2 > j1)

(χ, χ(0)) = (χ, χ(1)) = 1

Problem 19

Proof:

⟨j,m′|Jx|j,m⟩ = 1

2

√
j(j + 1)−m(m+ 1)δm′,m+1 +

1

2

√
j(j + 1)−m(m− 1)δm′,m−1

⟨j,m′|Jy|j,m⟩ = − i

2

√
j(j + 1)−m(m+ 1)δm′,m+1 +

i

2

√
j(j + 1)−m(m− 1)δm′,m−1

⟨j,m′|Jz|j,m⟩ = mδm′,m

很显然

trJj =
J∑

m=−J

⟨JM |Jj |JM⟩ = 0

然后对于第二个等式

tr(JjJk) =
J(J + 1)(2J + 1)

3
δjk

我们有 
tr(JxJy) =

1
4i

⟨
JM |J2

+ − J+J− + J−J+ − J2
−|JM

⟩
=

J∑
m=−J

−m
2i

= 0

tr(JxJz) =
1
2
⟨JM |J+J0 + J−J0|JM⟩ = M

2
⟨JM |J+ + J−|JM⟩ = 0

tr(JyJz) =
1
2i
⟨JM |J+J0 − J−J0|JM⟩ = M

2i
⟨JM |J+ − J−|JM⟩ = 0

而

tr(J2
x) =

1
4

⟨
JM |J2

+ + J2
− + J+J− + J−J+|JM

⟩
= 1

4
(|ξm|2 + |ξm−1|2) = 1

2
J(J + 1)− 1

2

J∑
m=−J

m2 = J(J+1)(2J+1)
3

tr(J2
y ) = − 1

4

⟨
JM |J2

+ + J2
− − J+J− − J−J+|JM

⟩
= 1

4
(|ξm|2 + |ξm−1|2) = 1

2
J(J + 1)− 1

2

J∑
m=−J

m2 = J(J+1)(2J+1)
3

tr(J2
z ) =

J∑
m=−J

m2 = J(J+1)(2J+1)
3

因此

tr(JjJk) =
J(J + 1)(2J + 1)

3
δjk

2



对于第三个等式，同理代入
Jx = 1

2
(J+ + J−), Jy =

1
2i
(J+ − J−), Jz = J0

ξ∗m = ⟨JM |J−|J,M + 1⟩ , ξm = ⟨J,M + 1|J+|J,M⟩

ξm =
√
J(J + 1)−M(M + 1)

对对角元 M 指标求和同样得证

tr(JjJkJl) = i
J(J + 1)(2J + 1)

6
ϵjkl

第四个等式也同理

tr(JjJkJlJm) =
1

30
J(J + 1)(2J + 1)[(2J2 + 2J + 1)(δjkδlm + δjmδkl) + 2(J − 1)(J + 2)δjlδkm]

以此类推

(不会张量分析只能一项一项算了 (哭))

3



下北泽大天使 PB11451419 

第 21 题 

Solution： 

(1) 五阶笛卡尔张量等价于 5 个三维矢量做直积，维度为3 × 3 × 3 × 3 × 3 = 243维。 

可视为 5 个自旋为 1 的粒子做角动量耦合 

𝑗ଵ = 1    𝑗ଶ = 1    𝑗ଷ = 1    𝑗ସ = 1    𝑗ହ = 1 

2𝑗௡ + 1 = 3     (笛卡尔三维坐标) 

 对直积态做约化，根据角动量耦合理论，耦合态总角动量可以取0, 1, 2, 3, 4, 5，由其表示

特征标可知 

𝜒(𝜓) = 𝑇𝑟 ራ⊗

ହ

௡ୀଵ

𝐷௝೙ = ෑ 𝑇𝑟𝐷௝೙

ହ

௡ୀଵ

= ෍ 𝑒ି௜(௠భା௠మା௠యା௠రା௠ఱ)ట

ଵ

௠భ,௠మ,௠య,௠ర,௠ఱୀିଵ

 

共计3ହ = 243项，由所有可能的排列组合可得 

𝜒(𝜓) = 𝑒ିହ௜ట + 5𝑒ିସ௜ట + 15𝑒ିଷ௜ట + 30𝑒ିଶ௜ట + 45𝑒ି௜ట + 51𝑒଴௜ట 

+𝑒ହ௜ట + 5𝑒ସ௜ట + 15𝑒ଷ௜ట + 30𝑒ଶ௜ట + 45𝑒௜ట 

= 1 × 𝜒(ହ) + 4 × 𝜒(ସ) + 10 × 𝜒(ଷ) + 15 × 𝜒(ଶ) + 15 × 𝜒(ଵ) + 6 × 𝜒(଴) 

每一项对应一个不可约不变子空间，且通过特征标完备定理可以计算出对应维度空间的重

数： 

特征标𝜒(௡) 空间维数 重数 

𝜒(଴) 一维 6 

𝜒(ଵ) 三维 15 

𝜒(ଶ) 五维 15 

𝜒(ଷ) 七维 10 

𝜒(ସ) 九维 4 

𝜒(ହ) 十一维 1 

共计1 + 4 + 10 + 15 + 15 + 6 = 51个不可约不变子空间，其中一维不可约不变子空间

有 6 个。 

(2) 独立迷向张量数目等于一维不变子空间（对应 0 自旋）个数，因此五阶张量的独立迷向

张量个数为 6 个。 

𝛿௜௝𝜖௞௟௠ = 𝛿௞௝𝜖௜௟௠ + 𝛿௟௝𝜖௞௜௠ + 𝛿௠௝𝜖௞௟௜ 



第 22 题 

Solution: 

(1)  

 SO(3)的三阶张量场描述最高自旋粒子，粒子的最高自旋为 3 

(2)  

 三阶张量一共3 × 3 × 3 = 27个自由度，记为𝑇௜௝௞ 

计算方法有很多，我选择直接数 

1.       𝑇ଵଵଶ = 𝑇ଶଵଵ = 𝑇ଵଶଵ 

2.       𝑇ଵଵଷ = 𝑇ଷଵଵ = 𝑇ଵଷଵ 

3.       𝑇ଵଶଶ = 𝑇ଶଵଶ = 𝑇ଶଶଵ 

4.       𝑇ଵଶଷ = 𝑇ଷଵଶ = 𝑇ଶଷଵ = 𝑇ଵଷଶ = 𝑇ଶଵଷ = 𝑇ଷଶଵ 

5.       𝑇ଵଷଷ = 𝑇ଷଵଷ = 𝑇ଷଷଵ 

6.       𝑇ଶଶଷ = 𝑇ଷଶଶ = 𝑇ଶଷଶ 

7.       𝑇ଷଷଶ = 𝑇ଶଷଷ = 𝑇ଷଶଷ 

8.      𝑇ଵଵଵ 

9.      𝑇ଶଶଶ 

10.      𝑇ଷଷଷ 

 共有 10 个自由度，但是考虑无迹： 

𝑇ଵଵଵ + 𝑇ଵଵଶ + 𝑇ଵଵଷ = 0 

𝑇ଶଶ + 𝑇ଶଶଶ + 𝑇ଶଶଷ = 0 

𝑇ଷଷଵ + 𝑇ଷଷ + 𝑇ଷଷ = 0 

 要减去 3 个自由度，因此，独立的三阶无迹对称张量共有 7 个，自由度为 7. 

 

 



Group Theory Homework XXV

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 1

Proof:
二维晶格：L =

{
r =

2∑
i=1

niai|n1, n2 ∈ Z
}

, G ∈ O(2)

对于二维平面内的一个转动 R ∈ G,

R(a1, a2) = (a1, a2)C
T (R)

=⇒ RA = ACT (R)

=⇒ CT (R) = A−1RA

由此得到二维晶体限制定理：

Tr(CT (R)) = Tr(R) =

∣∣∣∣2cos(ψ2
)∣∣∣∣ ≤ 2

=⇒ ψ = 0 or π

因此二维晶体中的转动元素只有 {E,C2}, 转动反演元素只有 {I, IC2}

Problem 1

Solution:
(1) S4 群的所有轮换结构包括

S4



14 = 4

12 + 21 = 4

22 = 4

1 + 31

41 = 4

=⇒



[λ]1 = [1111]

[λ]2 = [211]

[λ]3 = [22]

[λ]4 = [31]

[λ]5 = [4]

分别对应一个杨图:

1



图 1: S4 [4] 图 2: S4 [31]

图 3: S4 [22] 图 4: S4 [211]

图 5: S4 [1111]

2



(2) 根据杨图性质可知，不等价不可约表示共有 5 个，维数分别为

[4] 一维

[31] 三维

[22] 二维

[211] 三维

[1111] 一维

3



Group Theory Homework XXVI

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 2

Solution: (1) S4 群的 [22] 标准杨表有两种表示方法：对第一种标准杨表：

行算符： P (T
[22]
1 ) = E + (12) + (34)

列算符： Q(T
[22]
1 ) = E − (13)− (24)

因此杨算符为

Y (T
[22]
1 ) = P (T

[22]
1 )Q(T

[22]
1 ) = E + (12) + (34)− (13)− (24)− (132)− (143)− (124)− (234)

(2) S4 群标准表示：
对 S4 群所有相邻对换：(12)(23)(34)

(12) : U [22](12) =

(
1 0

0 −1

)

(23) : U [22](23) =

(
− 1

2

√
3
2√

3
2

1
2

)

(34) : U [22](34) =

(
1 0

0 −1

)

Problem 3

Solution: 四个一轮换有 2 种正则填法，宇称都是 1；
两个一轮换一个二轮换有 2 种正则填法，宇称分别为 1 和-1；

1



1(14) 6(211) 3(22) 8(13) 6(4)

T [22] 2 0 2 -1 0

两个二轮换有 2 种正则填法，宇称均为 1
一个一轮换一个三轮换只有一种填法，宇称为-1
一个四轮换没有填法，宇称为 0

Problem 1

Proof:
(1) ∈ T X ∈ T
(2) ∀A1, A2, . . . , Ak ∈ T =⇒ A1 ∩A2 ∩ · · · ∩ Ak ∈ T
(3) ∀A1, A2, · · · ∈ T =⇒ A1 ∪A2 ∪ · · · ∈ T
因此 (X, T ) 构成了拓扑空间

2



Group Theory Homework XXVII

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 2

Solution:
E(2) 群包含了二维平面上所有的旋转、平移和镜像操作，是二维欧几里得空间上的一组有界

线性变换，并且其中只有一个变换定义了一条带有有限个阶段转换点的曲线。由于存在镜像操作，

因此由镜像操作所分割开的两个拓扑空间是不互相连通的，因此 E(2) 群是非连通群。

E(2) 群包含的平移没有上确界，因此是非紧致群

E(2) 具有 2 个连通分支，每个连通分支都是无穷连通

1



Group Theory Homework XXVIII

下北泽大天使 PB11451419

2024 年 1 月 7 日

Problem 3

(1) Proof:
封闭性

∀M1,M2 ∈ GL(2,C), M1M2 ∈ GL(2,C)

结合律

∀M1,M2,M3 ∈ GL(2,C), (M1M2)M3 =M1(M2M3)

幺元

∀M ∈ GL(2,C), MI = IM =M

逆元

∀M ∈ GL(2,C), ∃M−1 ∈ GL(2,C) =⇒ MM−1 = I

因此 {M} 在矩阵乘法下构成群
(2) Solution:
M ∈ GL(2,C) 不妨记为

M =

(
x y

z w

)
=

(
x1 + x2i y1 + y2i

z1 + z2i w1 + w2i

)
拥有 8 个自由度，但 M 需要满足 Bogliubov 变换不变性，因此维度应小于 8(

a′

a′†

)
=M

(
a

a†

)
=

(
xa+ ya†

za+ wa†

)

由对易子不变性

[a′, a′†] = 1

=⇒ a′a′† − a′†a′ = (xa+ ya†)(za+ wa†)− (za+ wa†)(xa+ ya†)

= yz[a†, a] + xw[a, a†] = xw − yz = 1

=⇒

x1w1 − x2w2 − y1z1 + y2z2 = 1

x2w1 + x1w2 − y2z1 − y1z2 = 0

约束方程有两条，因此自由度为 8− 2 = 6

(3) Solution:

1



只要满足上述两条约束方程，GL(n,C) 李群的参数可以取无穷大，因此是非紧致群
同样该群是连通群，连通度为单连通李群

(4) Solution:
进一步要求 (a)† = a†，且满足 M 变换不变性

(a′)† = a′†

=⇒ (xa+ ya†)† = za+ wa†

=⇒ x†a† + y†a = za+ wa†

=⇒

y† = z

x† = w
=⇒

z1 = y1 z2 = −y2

w1 = x1 w2 = −x2

而对于之前的对易不变性，要求

xw − yz = 1 =⇒ xx† − yy† = 1

仅给出一个约束条件，因此一共五条约束，M 的李群维度为 8-5=3，是三维李群

Problem 4

SU(5) 群的维数为 52 − 1 = 24 维，是紧致李群，连通李群，连通度为单连通

2
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