
2020-2021学年复变函数A考试题

一:填空题（30）

1:设方程为ex= 2
p

+ 2
p

i，那么方程的全部根为:－－－－－－－－－－－

2:若函数f(x)=x3¡ 3xy2+ i(�x2y¡ y2¡ 1)是复平面上的解析函数，那么实常数�========－－－－－－－

3:设函数f(x; y)= ax3+ bx2y+ cxy2+ dy3是平面上的调和函数，其中ab cd为实数常数。那么实

常数abcd应满足下面的条件：－－－－－－－

4:
R
0

�+2i(ez¡ cosz
2)dz ======== －－－－－－－

5:设f(z)=
z2e

1

z¡1

(e2z¡ 1)sinz ;给出f(z)的全体奇点（不包括1），并且指出每个奇点的类型

（极点指出阶数）：－－－－－－－－－－－－－－－－－－－－－－－－－－－－－－－－－－－

6:Res(1z(
1

z¡ 1 +
1

(z¡ 1)2 + � � �+
1

(z¡ 1)2021); 1)======== －－－－－－－－

Res(z2sin 1

z¡ i ; i)=－－－－－－－－

7:对函数f(t);记F(p)=L[f(t)]为它的Laplace变换，并且记f(t)=L¡1[F(p)]:

(1)设f(t)满足f
00
(t)¡ f(t)=4 sint+5 cos2t，f(0)=¡1; f 0(0)=¡2;那么F(p)=－－－－－－－

(2)L¡1[ 3p+7

p2+2p+2]========－－－－－－－－－－

8:方程z5+ 13z2+ 15=0在圆环1< |z|< 2和圆环2< |z|< 3内的根的个数分别为－－－和－－－:

二:计算题（40）

1:求函数f(z)=
z

ez+1
在z=0处泰勒展开前五项（展开到z4项为止），并且标出所得幂级数的收敛半径:

2:将函数f(z)=x2 sin(� z+1

z )在区域{z 2C: 0< |z|<1}内展开成罗朗级数:

3:计算积分
R
|z|=2

sin(z¡ 1)
(z2¡ z)sinz dz:

4:计算积分
R
|z|=1

z(1¡ cos2z)sin3z
(1¡ e3z)5 dz:

5:计算积分
R
0

2� d�

(a+ b cos�)2 ; (0<b<a):

6:计算积分
R
0

+1 x2¡ 1
x2+1

sin2x
x

dx:

三:综合题（30）

1:设函数f(x)在游街区域D内解析，在有界闭域C+D上连续，这里C为D的边界，证明：如果函数f(x)

没有零点，并且对z 2C有|f(z)|=M(M > 0为常数)，那么存在实数�使得f(z)=Mei�:
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2:计算积分
1

2�i

R
|z|=R

z+ a

z¡ a
dz

z
; (|a|<R);并且由此证明

1

2�

R
0

2� R2¡ |a|2

|Rei�¡ a|2 d�=1:

注：此题答案中并未考虑a=0的情况

3:函数w= f(z)=
3z¡ i
3iz¡ 1把下半平面Im z < 0变成复平面中的什么区域？(给出答案以及论证过程)

4:设f(z)=u(z)+ iv(z)在|z|< 1内解析，0<r < 1;证明：

(1)
R
|z|=r

f(z)

zn+1
=0; (n> 1):

(2)设f(z)=
P

n=0
1 anz

n;则an=
1

�i

R
|z|=r

u(r)

zn+1
dz; (n> 1):

(3)f(0)=
1

2�i

R
|z|=r

f(z)

z¡ z0
dz;其中|z0|<r:
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ë�)�
�. W�K

1. ln2+ i(2kπ +
π

4
), 2. a = 3

3.3a+ c = 0, b+ 3d = 0 4.−e−π(cos2− i sin2)− 2 cosh1+ 1

5. z = 1��5Û:, z = 0���Û:, z = nπ Úz = nπi�1?4:(n��"�ê)

6. 1, −7
6
. . 7.− p

p2 + 4
− 2

p2 + 1
, 3e−t cos t+ 4e−t sin t

8. 2Ú3 .

�

1. �

f(z) =
z

ez + 1
= a0 + a1z + a2z

2 + a3z
3 + a4z

4

=

z =
(
a0 + a1z + a2z

2 + a3z
3 + a4z

4 + ...+
)
(2 + z +

z2

2!
+
z3

3!
+
z4

4!
+ ...)

þªü>'�~ê�Xêw,a0 = 0, 3'�z�z4�Xê§��µ

z : 2a1 = 1, z2 : a1 +2a2 = 0, z3 :
a1
2
+ a2 +2a3 = 0 z4 :

a1
6
+
a2
2
+ a3 +2a4 = 0

)�µ

a1 =
1

2
, a2 = −

1

4
, a3 = 0, a4 =

1

48

ù�

f(z) =
1

2
z− 1

4
z2 +

1

48
z4 + ...

,	)�§ez + 1 = 0, ��ålz = 0�C�ü�Û:z = ±iπ, ÏdÂñ�»R = π

2) f(z) = z2 sin
(
π
z + 1

z

)
= z2 sin

(
π +

π

z

)
= −z2 sin

(π
z

)
= −z2

+∞∑
n=0

(−1)nπ2n+1

(2n+ 1)!z2n+1
= −πz−

+∞∑
n=1

(−1)nπ2n+1

(2n+ 1)!z2n−1
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4.��Sk2?4:z = 0(z = 1���Û:), Ïd

�È© = 2πiRes[f(z), 0],

Ù¥f(z) =
sin(z − 1)

(z2 − z) sin z

Res[f(z), 0] = lim
z−→0

(z2f(z))′ = lim
z−→0

(
z sin(z − 1)

(z − 1) sin z

)′

= lim
z−→0

[sin(z − 1) + z cos(z − 1)] (z − 1) sin z − z sin(z − 1) [sin z + (z − 1) cos z]

(z − 1)2 sin2 z

= lim
z−→0

[(z − 1) cos(z − 1)− sin(z − 1)] z sin z

(z − 1)2 sin2 z
+ lim

z−→0

[sin z − z cos z] (z − 1) sin(z − 1)

(z − 1)2 sin2 z

= − cos 1 + sin 1

�È© = 2πi(− cos 1 + sin 1) = 2πi(sin1− cos1)

4.��Sk�?4:z = 0, Ïd

�È© = 2πiRes[f(z), 0],

Ù¥f(z) =
z(1− cos 2z) sin 3z

(1− e3z)5

Res[f(z), 0] = lim
z−→0

zf(z) = lim
z−→0

z2(1− cos 2z) sin 3z

(1− e3z)5
=

2× 3

(−3)5
= − 2

81

�È© = 2πi(− 2

81
) = −4πi

81

5.

�È© =

∫ 2π

0

dθ

(a+ b cos θ)2
=

∫
|z|=1

dz

iz
(
a+ b

2
(z + 1

z
)
)2 =

∫
|z|=1

4zdz

i (bz2 + 2az + b)2

=

∫
|z|=1

4zdz

ib2(z − z1)2(z − z2)2
= 2πiRes

[
4z

ib2(z − z1)2(z − z2)2
, z1

]
(1)
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Ù¥z1 =
−a+

√
a2 − b2
b

, z2 =
−a−

√
a2 − b2
b

. 


Res

[
4z

(z − z1)2(z − z2)2
, z1

]
=

(
4z

(z − z2)2

)′
|z=z1=

−4(z + z2)

(z − z2)3
|z=z1=

b2a

(a2 − b2) 3
2

2(Ü(1)ª��µ

�È© =
2πa

(a2 − b2)
3
2

6.

�È© =
1

2
Im

[∫ +∞

−∞

(x2 − 1)ei2x

(x2 + 1)x
dx

]

 ∫ +∞

−∞

(x2 − 1)ei2x

(x2 + 1)x
dx = 2πiRes[F (z), i] + πiRes[F (z), 0]

Ù¥F (z) =
(z2 − 1)ei2z

(z2 + 1)z
, äNO��µ

Res[F (z), 0] =
(z2 − 1)ei2z

z2 + 1
|z=0= −1

Res[F (z), i] =
(z2 − 1)ei2z

(z + i)z
|z=i= e−2

ù�§nþk

�È© = e−2π − π

2

n. nÜK

1. y²µ1)ky²|f(z)|3«�D�~ê§̄ ¢þd����n§|f(z)| �U3
>.þ�����§
3>.þ|f(z)| =M , Ïd3«�S

|f(z)| ≤M. (z ∈ D) (1)

q®�f(z)3DSvk":§ù�g(z) = 1
f(z)�3DS)Û§ù�g(z)������

U3>.þ��§�Ò´|f(z)|�����3>.Cþ��§=

|f(z)| ≥M. (z ∈ D) (2)
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Ïd

|f(z)| =M. (z ∈ D) (3)

�â(Øµ/f(z)3DS)Û���~ê§Kf(z)3DS�~ê0§Ïdf(z)�~ê§


|f(z)| =M , Ïdf(z)L«�

f(z) =Meiα

·K�y²"

2. d3ê½nµ∫
|z|=R

z + a

z − a
dz

z
= 2πi

{
[Res

[
z + a

z(z − a)
, 0

]
+Res

[
z + a

z(z − a)
, a

]}
= 2πi(−1 + 2) = 2πi

Ïd
1

2πi

∫
|z|=R

z + a

z − a
dz

z
= 1. (1)

3|z| = Rþ�ëêO�z = Reiθ, ù�þª(1)z�µ

1

2π

∫ 2π

0

Reiθ + a

Reiθ − a
dθ = 1. (2)

©f©1Ó¦±©1��ÝEê��µ

1

2π

∫ 2π

0

(Reiθ + a)(Re−iθ − a)
(Reiθ − a)(Re−iθ − a)

dθ = 1. (3)

=

1

2π

∫ 2π

0

R2 − |a|2

|Reiθ − a|2
dθ +

1

2π

∫ 2π

0

aRe−iθ −Raeiθ

|Reiθ − a|2
dθ = 1. (4)

dup��Ý�Eê�~�XJê§���aRe−iθ − Raeiθ = ig(θ),Ïdþª(4)�U

��

1

2π

∫ 2π

0

R2 − |a|2

|Reiθ − a|2
dθ +

i

2π

∫ 2π

0

g(θ)

|Reiθ − a|2
dθ = 1. (5)
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'�¢ÜÒ��¤y²(Øµ

1

2π

∫ 2π

0

R2 − |a|2

|Reiθ − a|2
dθ = 1.

4.�µdC�re�²¡C�ü �	Ü |ω| > 1. ndXeµ

(1)�z = x�§

|ω(x)| = |3x− i|
|3ix− 1|

=
|3x− i|
|3ix+ i2|

=
|3x− i|
|3x+ i| |i|

=
|3x− i|
|3x+ i|

= 1

Ïd§dC�rþ�²¡�>.x¶C�ü �>.|ω| = 1

(2) �e�²¡:z = −i

|ω(−i)| = | − 3i− i|
|3i(−i)− 1|

=
| − 4i|

2
= 2

Ïdrz = −iC��ü �|ω| = 1�	Ü"

nÜ±þ(1),(2)±9�Ä��/C��>.éA"ÏdC�re�²¡Imz < 0C

�ü �	Ü|ω| > 1.

4.y²µ(1)3|z| = r�§f(z) =
+∞∑
k=0

akzk =
+∞∑
k=0

ak
r2k

zk
, ¤±

∫
|z|=r

f(z)

zn+1
dz =

∫
|z|=r

+∞∑
k=0

ak
r2k

zk

zn+1
dz =

∞∑
k=0

∫
|z|=r

akr
2k

zn+k+1
dz, (1)

dun ≥ 1, Kn+ k + 1 ≥ 2, K

∫
|z|=r

dz

zn+k+1
= 0. d(J�\þª(1), =y²
µ

∫
|z|=r

f(z)

zn+1
dz = 0, (n ≥ 1).

(2), d�?êXê�(½úª

an =
1

2πi

∫
|z|=r

f(z)

zn+1
dz
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qdþ�¯(Øµ ∫
|z|=r

f(z)

zn+1
dz = 0, (n ≥ 1).

ù�

an =
1

2πi

∫
|z|=r

f(z) + f(z)

zn+1
dz =

1

πi

∫
|z|=r

u(z)

zn+1
dz, (n ≥ 1)

(3)3|z| = r�§f(z) =
+∞∑
k=0

akzk =
+∞∑
k=0

ak
r2k

zk
,¤±

∫
|z|=r

f(z)

z − z0
dz =

∫
|z|=r

a0
z − z0

dz +
+∞∑
k=1

akr
2k

∫
|z|=r

1

(z − z0) zk
dz, (1)

du|z0| < r, ¤±éu?¿R > rÑkµ∫
|z|=r

1

(z − z0) zk
dz =

∫
|z|=R

1

(z − z0) zk
dz, (2)


k ≥ 1�kµlim
z→∞

z
1

(z − z0) zk
= 0, , dÚn1k

lim
R→+∞

∫
|z|=R

1

(z − z0) zk
dz = 0,

Ïd3(2)¥7kµ ∫
|z|=r

1

(z − z0) zk
dz = 0

d(Ø�\(1)Òk ∫
|z|=r

f(z)

z − z0
dz =

∫
|z|=r

a0
z − z0

dz = 2πi a0

�Ò´

f(0) =
1

2πi

∫
|z|=r

f(z)

z − z0
dz
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