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���!!!(z�K8©§�24©)

1.¦¼êf(x, y) =
√

1− x2 − y23:(0, 0)�4�TaylorÐmª.

2.�¼êu =
√
x2 + y2 + z2, ­¡2z = x2 + y23:M(1, 1, 1)?�ü 	{�þ�~n,

¦
∂u

∂~n

∣∣∣
M

.
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3.3>��1���NABCD − A1B1C1D1¥§N´CC1�¥:§O´��/ABCD�¥

%§ M ´A1D1 �¥:§¦:M �²¡OB1N�ål.

���!!!(10©)�y = ϕ(x)´�§sin y + ex − xy − 1 = 03(0, 0):,��S(½�Û¼ê§

¦ϕ′(0), ϕ′′(0).

2



Æ
Ò

6
¶

Æ
)
¤
3
X

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.
C

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.
¾

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.
�

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.

nnn!!!(12©) ¦¼êf(x, y) = x2y(4− x− y)34«�

D = {(x, y)
∣∣x > 0, y > 0, x+ y 6 6}þ��������.

ooo!!!(12©)�½��ên§�¼êf(x, y) =

(x+ y)n ln(x2 + y2), (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

?Øn�Û��§f(x, y)3:(0, 0)?:(1)ëY; (2)��.
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ÊÊÊ!!!(z�K8©§�24©)

1. O�

∫∫
D

y2dxdy, Ù¥D´d{�

x = a(t− sin t)

y = a(1− cos t)
(0 6 t 6 2π, a > 0)9 y = 0�¤

�4«�.

2. O�

∫∫
Σ

|xyz|dS, Σ�I¡ x2 + y2 = z2 u²¡z = 0, z = 1�m�Ü©.

4



Æ
Ò

6
¶

Æ
)
¤
3
X

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.
C

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.
¾

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.
�

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

..
..

.

3.O�

∫∫∫
V

|z|dxdydz, Ù¥V´­¡ (x2 + y2 + z2)2 = a2(x2 + y2 − z2) ¤�¤�4«

�(a > 0).

888!!!(10©)®�­� 5x2 − 6xy + 5y2 − 6x + 2y − 4 = 0´ý�§|^.�KF¦ê{¦T

ý��¡È.
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ÔÔÔ!!!(8©)y²µÈ©�§

f(x, y) = 1 +

∫ x

0
du

∫ y

0
f(u, v)dv

3D : 0 6 x 6 1, 0 6 y 6 1þ�õk��ëY).
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�!(z�K8©§�24©)

1.¦¼êf(x, y) =
√

1− x2 − y23:(0, 0)�4�TaylorÐmª.

)))µµµ |^��¼ê�Taylorúª

√
1 + t = 1 +

1

2
t+

1
2(−1

2)

2!
t2 + o(t2)

f(x, y) =
√

1− x2 − y2 = 1− 1

2
(x2 + y2)− 1

8
(x2 + y2)2 +R4

2.�¼êu =
√
x2 + y2 + z2, ­¡2z = x2 + y23:M(1, 1, 1)?�ü 	{�þ�~n,

¦
∂u

∂~n

∣∣∣
M

.

)))µµµPF (x, y, z) = x2 + y2 − 2z, (F ′x, F
′
y, F

′
z) = (2x, 2y,−2), ~n =

1√
3

(1, 1,−1)

∂u

∂~n

∣∣∣
M

=

(
x√

x2 + y2 + z2
,

y√
x2 + y2 + z2

,
z√

x2 + y2 + z2

)∣∣∣
M
·~n =

1√
3

(1, 1, 1)· 1√
3

(1, 1,−1) =
1

3
.

3.3>��1���NABCD − A1B1C1D1¥§N´CC1�¥:§O´��/ABCD�¥

%§ M ´A1D1 �¥:§¦:M �²¡OB1N�ål.

)))µµµXãïá�IX, Ke�:��Iµ

B1(
1

2
,
1

2
, 1), O(0, 0, 0), N(−1

2
,
1

2
,
1

2
),M(0,−1

2
, 1)

LO,B1, Nn:�²¡�§´∣∣∣∣∣∣∣∣
x y z

1
2

1
2 1

−1
2

1
2

1
2

∣∣∣∣∣∣∣∣ = −1

4
x− 3

4
y +

2

4
z = 0

= x+ 3y − 2z = 0. :M�²¡�ål d =
|3(−1

2)− 2|
√

1 + 9 + 4
=

√
14

4
.

���!!!(10©)�y = ϕ(x)´�§sin y + ex − xy − 1 = 03(0, 0):,��S(½�Û¼ê§

¦ϕ′(0), ϕ′′(0).

)))µµµ �§ü>éx¦�� cos yy′(x) + ex − y − xy′(x) = 0,

¤± y′(x) =
y − ex

cos y − x
. ...... (3©)

ϕ′(0) = −1 ......(5©)

y′′(x) =
(y′(x)− ex)(cos y − x)− (y − ex)(− sin yy′(x)− 1)

(cos y − x)2
...... (8©)

¤±ϕ′′(0) = −3 ...... (10©)
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nnn!!!(12©) ¦¼êf(x, y) = x2y(4− x− y)34«�

D = {(x, y)
∣∣x > 0, y > 0, x+ y 6 6}þ��������.

)))µµµk¦7:§ f
′
x = 2xy(4− x− y)− x2y = xy(8− 3x− 2y) = 0

f ′y = x2(4− x− y)− x2y = x2(4− x− 2y) = 0

)�x = 0,

x = 4

y = 0
,

x = 2

y = 1
. ...... (6©)


f ′′xx = 8y − 6xy − 2y2

f ′′xy = 8x− 3x2 − 4xy

f ′′yy = −2x2

3>.:kf(0, y) = 0, f(x, 0) = 0§

3��x+ y = 6þ z = f(x, 6− x) = −12x2 + 2x3, �Ä3>.þ���§

df

dx
= −24x+ 6x2 = 0

)�x = 0, x = 4 ,f(0, 6) = f(6, 0) = 0, f(4, 2) = −64

¤±3>.x+ y = 6þ§���´0§���´−64

nþ¤ã§3«�Dþ§���´4,���´−64. ...... (12©)

ooo!!!(12©)�½��ên§�¼êf(x, y) =

(x+ y)n ln(x2 + y2), (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

?Øn�Û��§f(x, y)3:(0, 0)?:(1)ëY; (2)��.

)))µµµ(2) -x = r cos θ, y = r sin θ

∣∣(x+ y)n ln(x2 + y2)
∣∣ = |2rn(cos θ + sin θ)n ln r| < 2n+1rn| ln r|

lim
r→0+

2nrn ln r = 0 = f(0, 0)é?¿��ên¤á, ¤± é?¿��ên§ f(x, y)3(0, 0)ë

Y" ...... (4©)

(2)

∣∣∣∣∣f(x, y)− f(0, 0)√
x2 + y2

∣∣∣∣∣ =
∣∣2rn−1(cos θ + sin θ)n ln r

∣∣ 6 2n+1rn−1| ln r|

¤± lim
(x,y)→(0,0)

∣∣∣∣∣f(x, y)− f(0, 0)√
x2 + y2

∣∣∣∣∣ = 0 én > 1 ¤á§

n > 2� f(x, y)− f(0, 0) = 0 · x+ 0 · y + o(
√
x2 + y2) , f(x, y)3(0, 0)��. ...... (9©)
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n = 1�§ lim
x→0

f(x, 0)− f(0, 0)

x
= lim

x→0
lnx2 = −∞,  �êØ�3§¤±Ø��....... (12©)

ÊÊÊ!!!(z�K8©§�24©)

1. O�

∫∫
D

y2dxdy, Ù¥D´d{�

x = a(t− sin t)

y = a(1− cos t)
(0 6 t 6 2π, a > 0)9 y = 0�¤

�4«�.

)))µµµ�ëê�§(½
¼êy = y(x), 0 6 x 6 2πa∫∫
D

y2dxdy =

∫ 2πa

0
dx

∫ y(x)

0
y2dy ......(4 ©)

=

∫ 2πa

0
y3(x)

1

3
ydx

x=a(t−sin t)
=========

∫ 2π

0

1

3
a3(1− cos t)3da(t− sin t)

=
a4

3

∫ 2π

0
(1− cos t)4dt =

a4

3

∫ 2π

0
(2 sin2 t

2
)4dt ......(6©)

=
64a4

3

∫ π
2

0
sin8 udu =

35

12
πa4 ......(8 ©)

2. O�

∫∫
Σ

|xyz|dS, Σ�I¡ x2 + y2 = z2 u²¡z = 0, z = 1�m�Ü©.

)))µµµ�âé¡5§�IO�1�%�Ü©­¡þ�È©2¦±4. �Σ1 : z =
√
x2 + y2, D :

x > 0, y > 0, x2 + y2 6 1 �4�I��§ D=z� D′ : θ ∈ [0, π2 ], r ∈ [0, 1] ......(2©)

z′x =
x√

x2 + y2
, z′y =

y√
x2 + y2

, dS =
√

1 + z′2x + z′2y dxdy =
√

2dxdy ......(4©)

∫∫
Σ

|xyz|dS = 4

∫∫
Σ1

xyzdS = 4
√

2

∫∫
D

xy
√
x2 + y2dxdy

= 4
√

2

∫ π
2

0
dθ

∫ 1

0
r3 cos θ sin θrdr =

2
√

2

5
......(8©)

3.O�

∫∫∫
V

|z|dxdydz, Ù¥V´­¡ (x2 + y2 + z2)2 = a2(x2 + y2 − z2) ¤�¤�4«

�(a > 0).

)))µµµÈ©«�'un��I¡é¡§ �È¼ê'ux, y, zÑ´ó¼ê§�IO�1�%�

Ü©�È©§ -x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

>.­¡z� r4 = a2(r2 sin2 θ − r2 cos2 θ) = −a2r2 cos 2θ, =r2 = −a2 cos 2θ,,

1�%�Ü© V ′ : ϕ ∈ [0,
π

2
], θ ∈ [

π

4
,
π

2
], r ∈ [0, a

√
− cos 2θ]. ......(3©)∫∫∫

V

|z|dxdydz = 8

∫ π
2

0
dϕ

∫ π
2

π
4

dθ

∫ a
√
− cos 2θ

0
r cos θr2 sin θdr ......(5©)

=8
π

2

∫ π
2

π
4

1

4
a4(− cos 2θ)2 cos θ sin θdθ =

π

12
a4. ......(8©)

3



888!!!(10©)®�­� 5x2 − 6xy + 5y2 − 6x + 2y − 4 = 0´ý�§|^.�KF¦ê{¦T

ý��¡È.

)))µµµ�ý�¥%:�I�(m,n), -u = x−m, v = y − n, K(u, v)÷v��§AØ¹�g�,

5(u+m)2 − 6(u+m)(v + n) + 5(v + n)2 − 6(u+m) + 2(v + n)− 4

=5u2 − 6uv + 5v2 + (10m− 6n− 6)u+ (10n− 6m+ 2)v + (5m2 − 6mn+ 5n2 − 6m+ 2n− 4) = 0

¤±

10m− 6n− 6 = 0

10n− 6m+ 2 = 0
, )�


m =

3

4

n =
1

4

5m2 − 6mn + 5n2 − 6m + 2n − 4 = −6.

......(3©)

�Äý�þ�:�¥%������.

F (u, v, λ) = u2 + v2 + λ(5u2 − 6uv + 5v2 − 6)

^�7:÷v 
F ′u = 2(u+ 5λu− 3λv) = 0 (1)

F ′v = 2(v − 3λu+ 5λv) = 0 (2)

F ′λ = 5u2 − 6uv + 5v2 − 6 = 0 (3)

®���§���:Ø3�I¶þ§ u 6= 0, v 6= 0, d(1)(2)üª�

u

v
=

3λ

1 + 5λ
=

1 + 5λ

3λ

�n� 16λ2 + 10λ+ 1 = 0, ¤±λ1 = −1

2
, λ2 = −1

8

λ = −1

2
�££1¤ª§ � u = v, �\£3¤ª� 5u2 − 6u2 + 5u2 − 6 = 0, u2 =

3

2

λ = −1

8
�££1¤ª§ � u = −v, �\£3¤ª� 5u2 + 6u2 + 5u2− 6 = 0, u2 =

3

8
......(7©)

l
��ý� �á�¶©O�
√

3,

√
3

2
. ý�¡È´ S = π

√
3

√
3

2
=

3

2
π. ......(10©)

ÔÔÔ!!!(8©)y²µÈ©�§

f(x, y) = 1 +

∫ x

0
du

∫ y

0
f(u, v)dv

3D : 0 6 x 6 1, 0 6 y 6 1þ�õk��ëY).

yyyµµµ£�y{¤b�f(x, y), f1(x, y)´È©�§ü�ØÓ�ëY).

-g(x, y) = f(x, y)−f1(x, y) g(x, y) =
∫ x

0 du
∫ y

0 f(u, v)dv−
∫ x

0 du
∫ y

0 f1(u, v)dv =
∫ x

0 du
∫ y

0 g(u, v)dv

......(3©)

dug(x, y)3[0, 1]× [0, 1]ëY§�k.§ �|g(x, y)| < M ,dÈ©�§��.

|g(x, y)| 6
∫ x

0
du

∫ y

0
Mdv = Mxy

4



dd(Ø§|^È©Ø�ªq��

|g(x, y)| 6
∫ x

0
du

∫ y

0
|g(u, v)|dv 6M

∫ x

0
du

∫ y

0
uvdv = M

x2

2

y2

2
.

8B���

|g(x, y)| 6 Mxnyn

(n!)2
6

M

(n!)2
......(6©) é?¿g,ên¤á§ -n→∞, �� g(x, y) = 0.

¤±È©�§�k��ëY). ......(8©)
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