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1. p��ê� Leibnizúª;

2. EÜ¼ê�¦��óª{K;

3. �©¥�½n;

4. Taylorúª;

5. üN5,à5,4�.
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~ 1 ¦ a, b��,¦�¼ê

f(x) =

ln(1 + x), −1 < x < 0,

ax + b, x > 0

3½Â�¥??��.

) d¼êw,3 (−1, 0) Ú (0,+∞) þ��. �I§3 x = 0 ���.

Äk��y§3 x = 0ëY.Ï�

lim
x→0−

f(x) = lim
x→0−

ln(1 + x) = 0,

lim
x→0+

f(x) = lim
x→0+

(ax + b) = b,

¤± b = 0.Ïd f(0) = 0.

Ï�

lim
x→0−

f(x)− f(0)
x− 0

= lim
x→0−

ln(1 + x)

x
= 1.

� f ′−(0) = 1.
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qÏ�

lim
x→0+

f(x)− f(0)
x− 0

= lim
x→0−

ax

x
= a.

� f ′+(0) = a.u´7L a = 1âU�y f(x)3 x = 0��.
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~ 2 � f(x) = xn|x| (n´g,ê). ¦y: f (n)(0)�3,� f (n+1)(0)Ø

�3.

y²

lim
x→0−

f(x)− f(0)
x− 0

= lim
x→0−

−xn+1

x
= 0,

lim
x→0+

f(x)− f(0)
x− 0

= lim
x→0+

xn+1

x
= 0.

�, f ′(0) = 0.|^8B{�y f (n)(0) = 0.Ï�

f
(n+1)
− (0) = lim

x→0−

f (n)(x)− f (n)(0)

x− 0
= lim

x→0−

−(n + 1)!x

x
= −(n + 1)!,

f
(n+1)
+ (0) = lim

x→0+

f (n)(x)− f (n)(0)

x− 0
= lim

x→0+

(n + 1)!x

x
= (n + 1)!.

�, f (n+1)(0)Ø�3.
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~ 3 ¦ (sinx cosx)(n)

) Ï� sinx cosx = 1
2
sin(2x),¤±

(sinx cosx)(n) =
1

2
(sin(2x))(n)

=
1

2
· 2n sin(2x +

nπ

2
)

= 2n−1 sin(2x +
nπ

2
).
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~ 4 � f(x) 3 [0, 1] þëY, 3 (0, 1) ��, � |f ′(x)| < 1, q f(0) =

f(1).¦y: éu [0, 1]þ�?¿ x1, x2 k |f(x1)− f(x2)| < 1
2
.

y² Ø�� f(0) = f(1) = 0, ÄK�Ä g(x) = f(x) − f(0). 2�
x1 < x2.e x2 − x1 6 1

2
,K�â�©¥�½n,k

|f(x2)− f(x1)| = |f ′(ξ)(x2 − x1)| 6
1

2
|f ′(ξ)| <

1

2
.

e¡� x2 − x1 >
1
2
.=, x2 > x1 +

1
2
.

du |f ′(x)| < 1,k (x + f(x))′ = 1 + f ′(x) > 0,=, ¼ê x + f(x)î

�4O.�,

0 < x + f(x) < 1, (0 < x < 1). (1)

aq/,¼ê −x + f(x)î�4~. �,

−1 < −x + f(x) < 0, (0 < x < 1). (2)
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e f(x2) > f(x1),d (1),k

f(x2) < 1− x2 < 1− (x1 +
1

2
) =

1

2
− x1. (3)

dd,9 (1)��à,�

f(x2)− f(x1) <
1

2
− (x1 + f(x1)) 6

1

2
.

e f(x2) < f(x1),d (2),k

f(x1) < x1 < x2 −
1

2
.

�,

f(x1)− f(x2) < x2 −
1

2
− f(x2)

= (x2 − f(x2))−
1

2

< 1−
1

2
= 1.

�,ok

|f(x1)− f(x2)| <
1

2
.
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~ 5 � f(x) 3 [0, 1] þk���¼ê, � f(0) = f ′(0), f(1) = f ′(1).

¦y: �3 ξ ∈ (0, 1)¦� f(ξ) = f ′′(ξ).

y² - g(x) = ex(f(x) − f ′(x)). K g(x) 3 [0, 1] ��, � g(0) =

g(1) = 0.�,�3 ξ ∈ (0, 1)¦� g′(ξ) = 0.=,

eξ(f ′(ξ)− f ′′(ξ)) + eξ(f(ξ)− f ′(ξ)) = 0.

�, f(ξ) = f ′′(ξ).
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~ 6 y²
x

sinx
>

4

3
−

1

3
cosx, x ∈ (0,

π

2
),

�mà�~ê 4
3
ØU�¤���ê.

y² �

f(x) = x−
4

3
sinx +

1

6
sin 2x.

K

f ′(x) = 1−
4

3
cosx +

1

3
cos 2x.

f ′′(x) =
4

3
sinx−

2

3
sin 2x =

4

3
sinx(1− cosx) > 0, x ∈ (0,

π

2
).

ù`² f ′(x) 3 [0, π
2
] þî�4O. �, f ′(x) > f ′(0) = 0, x ∈ (0, π

2
). l


f(x)3 [0, π
2
]þî�4O.u´, f(x) > f(0) = 0, x ∈ (0, π

2
).=,

x

sinx
>

4

3
−

1

3
cosx, x ∈ (0,

π

2
).

� x→ 0+ �,þª�müà4�Ñ´ 1,�, 4
3
ØU�¤���ê.
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~ 7 � a ∈ (0, 1), b1 = 1− a,

bn+1 =
bne

bn

ebn − 1
− a, n = 1, 2, · · · .

¯ {bn}´ÄÂñ? eØÂñ,K��y²;eÂñ,K¦4�.

) w,ê� {bn}´�ê�,e¡y²§Âñ. �

f(x) =
xex

ex − 1
, x > 0.

K

f ′(x) =
ex(ex − x− 1)

(ex − 1)2
> 0, (x > 0).

Ï
 f(x)3 (0,+∞)þî�4O.d f(0 + 0) = 1,�

f(x) > 1, (x > 0).

,	,¼ê x
ex−1 3 x > 0þüN4~,���� (0, 1).�,�3��� b > 0

¦�
b

eb − 1
= a. (1)
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Ï� f(b) > 1,¤±
beb

eb − 1
> 1.

=,

1 < f(b) = b

(
1

eb − 1
+ 1

)
=

b

eb − 1
+ b = a + b.

u´

b1 = 1− a < b.

b� bn < b.K

bn+1 = f(bn)− a < f(b)− a = (a + b)− a = b.

u´ok bn < b.

q

b2 = f(1− a)− a > 1− a = b1
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�â f �4O5,�� {bn}î�4O.�, {bn}Âñ. � lim
n→∞

bn = t.K

t = f(t)− a =
tet

et − 1
− a.

=,
t

et − 1
= a.

d b�½Â�,k t = b.u´

lim
n→∞

bn = b.

12/15

‖J I‖ J I �£ �¶ '4 òÑ



~ 8 � f(x) ´ [0, 1] þ�����¼ê, f(0) = f(1). y²: �3

ξ ∈ (0, 1)¦� f ′′(ξ) = 2f ′(ξ)
1−ξ .

y² Ï� f(0) = f(1), ¤±d Rolle ½n, �3 x0 ∈ (0, 1) ¦�

f ′(x0) = 0.·

g(x) = (1− x)2f ′(x).

K g(x) 3 [0, 1] þ��, � g(1) = 0, g(x0) = 0. Ed Rolle ½n, �3

ξ ∈ (x0, 1)¦� g′(ξ) = 0,=

(1− ξ)2f ′′(ξ)− 2(1− ξ)f ′(ξ) = 0.

�,

f ′′(ξ) =
2f ′(ξ)

1− ξ
.
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~ 9 ¦ lim
n→∞

(
1 + 1

n2

) (
1 + 2

n2

)
· · ·
(
1 + n

n2

)
.

) P An =
(
1 + 1

n2

) (
1 + 2

n2

)
· · ·
(
1 + n

n2

)
. K

A2
n =

n∏
k=1

(
1 +

k

n2

)(
1 +

n + 1− k
n2

)
6

n∏
k=1

(
2 + n+1

n2

2

)2

=

(
1 +

n + 1

2n2

)2n

→ e (n→∞).

A2
n =

n∏
k=1

(
1 +

k

n2

)(
1 +

n + 1− k
n2

)
>

n∏
k=1

(
1 +

n + 1

n2

)
=

(
1 +

n + 1

n2

)n
→ e (n→∞).

�, A2
n→ e.Ï
 An→

√
e, (n→∞).
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y{ 2 Ï� x− x2

2
< ln(1 + x) < x, (x > 0),¤±

k

n2
−
k2

2n4
< ln

(
1 +

k

n2

)
<
k

n2
, k = 1, 2, · · · , n.

þªé k = 1, 2, · · · , n¦Ú,�

n + 1

2n
−

(n + 1)(2n + 1)

12n3
< ln

n∏
k=1

(
1 +

k

n2

)
<
n + 1

2n
.

Ïd

lim
n→∞

ln

n∏
k=1

(
1 +

k

n2

)
=

1

2
.

lim
n→∞

n∏
k=1

(
1 +

k

n2

)
=
√
e.
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