
Æ
Ò

:
6
¶

:
¤
3
�
X

:
�
|

:
�
 
Ò

:

�
��

�
���
µ
�
�
K
�
Ø
�
�
L
d
�

�
��

�
��
¥I�ÆEâ�Æ 2022c¢GÆÏ

(êÆ©Û(B2) Ï"�ÁÁò, 2022 c 7 � 1 F)
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�. (10©) ¦ Γ

(
5

2

)
.

)�: Γ

(
5

2

)
=

3

2
· 1

2
· Γ
(

1

2

)
=

3

4

√
π.

�. (10©) ¦¼ê f(x) = cos2 x − sin2 x +
1

3
sin 2x (x ∈ [−π, π]) � Fourier X

ê.

)�: Ï�

f(x) = cos2 x− sin2 x+
1

3
sin 2x = cos 2x+

1

3
sin 2x,

¤± f(x) � Fourier Xê� a2 = 1, b2 = 1
3
, Ù§ Fourier XêÑ�".

n. (12©) ¦�þ| v = (y + z)i + (z + x)j + (x + y)k ÷­� L : r(t) =

(cos t, sin t, t) ( t ∈ [0, 2π]) �È©, ùp t ´­����ëê.

)�: �þ| v k³¼ê ϕ(x, y, z) = xy + yz + zx, Ïd, ¤¦�È©�

ϕ(r(2π))− ϕ(r(0)) = ϕ(1, 0, 2π)− ϕ(1, 0, 0) = 2π.

o. (15©) ò¼ê f(x) =

{
1 |x| < 1

0 1 6 |x| 6 π
3«m [−π, π] þÐm� Fourier

?ê, dd¦?ê
∞∑
n=1

sinn

n
�

∞∑
n=1

sin2 n

n2
�Ú.

)�: Ï� f ´ó¼ê, ¤± bn = 0, n = 1, 2, · · · ,

a0 =
2

π

∫ π

0

f(x)dx =
2

π

∫ 1

0

dx =
2

π
;

an =
2

π

∫ π

0

f(x) cosnxdx =
2

π

∫ 1

0

cosnxdx =
2

π
· sinn

n
, n = 1, 2, · · · ;
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�, f(x) � Fourier ?ê�

1

π
+

∞∑
n=1

2 sinn

nπ
cosnx.

Ï� 0 ´ f �ëY:, � f(0) = 1, ¤±

1 =
1

π
+

∞∑
n=1

2 sinn

nπ
,

dd�
∞∑
n=1

sinn

n
=
π − 1

2
.

2�â Parseval �ª, k

2

π2
+

∞∑
n=1

4

π2
· sin2 n

n2
=

2

π

∫ π

0

f 2(x)dx =
2

π

∫ 1

0

dx =
2

π
.

dd�
∞∑
n=1

sin2 n

n2
=
π − 1

2
.

Ê. (15©) ¦�þ| v = xy2i + yz2j + zx2k 3¥¡ S : x2 + y2 + z2 = z �È©,

­¡ S ���´	{�.

)�: ¤¦È©�

I =

∫∫
S

xy2dydz + yz2dzdx+ zx2dxdy

=

∫∫∫
V

(
y2 + z2 + x2

)
dxdydz (Gauss úª)

ùp V ´ S �¤�¥N.

V �ëê�§� 
x = r sin θ cosϕ,

y = r sin θ sinϕ,

z = 1
2

+ r cos θ,
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ùp (r, θ, ϕ) ∈ F = [0, 1

2
]× [0, π]× [0, 2π]. u´

I =

∫∫∫
F

(
1

4
+ r2 + r cos θ

)
· r2 sin θ drdθdϕ

= 2π

∫∫
06r6 1

2
06θ6π

(
1

4
+ r2 + r cos θ

)
· r2 sin θ drdθ

= 2π

∫∫
06r6 1

2
06θ6π

(
1

4
+ r2

)
· r2 sin θ drdθ

= 2π

∫ 1
2

0

(
1

4
r2 + r4

)
dr

∫ π

0

sin θdθ

= 2π

(
1

4
· 1

3
· 1

8
+

1

5
· 1

32

)
· 2 =

π

15
.

8. (15©) �~ê a, b Ñ´�¢ê, ²¡�þ| v =
−yi + xj

a2x2 + b2y2
.

(1) ¦ v 3«� D1 = {(x, y) ∈ R2 | x > 0} �¤k³¼ê;

(2) y² v Ø´«� D2 = {(x, y) ∈ R2 | x2 + y2 > 0} þ��Å(k³)|.

)�: (1)

ϕ(u, v) =

∫ (u,v)

(1,0)

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

=

∫ (u,0)

(1,0)

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

+

∫ (u,v)

(u,0)

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

=

∫ v

0

u

a2u2 + b2y2
dy

=
1

ab
arctan

bv

au
.

�, ¤¦�³¼ê� ϕ(x, y) = 1
ab

arctan by
ax

+ C, Ù¥ C ´?¿~ê.

(2) � L ´_�����ý� a2x2 + b2y2 = 1, ¤�¤�«�� D, K D �¡È

� σ(D) = π
ab
. �þ| v ÷ L �1�.­�È©�∮

L

−y
a2x2 + b2y2

dx+
x

a2x2 + b2y2
dy

=

∮
L

−ydx+ xdy = 2σ(D) =
2π

ab
6= 0.
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�, v Ø´«� D2 = {(x, y) ∈ R2 | x2 + y2 > 0} þ��Å(k³)|.

Ô. (15©) y²�~È©
∫ +∞

0

ln(1 + 4x2)

1 + x2
dx Âñ, ¿¦Ù�.

)�: � I(α) =

∫ +∞

0

ln(1 + α2x2)

1 + x2
dx (α > 0). Ï� lim

x→+∞

ln(1 + α2x2)√
x

= 0, ¤

±�3~ê C > 0 ¦� 0 <
ln(1 + α2x2)

1 + x2
< C

√
x

1 + x2
. d

∫ +∞

0

√
x

1 + x2
dx Âñ, ��∫ +∞

0

ln(1 + α2x2)

1 + x2
dx Âñ.

P f(x, α) = ln(1+α2x2)
1+x2

. Kéu α > α0 > 0, k∣∣∣∣∂f∂α
∣∣∣∣ =

∣∣∣∣ 2αx2

(1 + x2)(1 + α2x2)

∣∣∣∣ 6 2

α0(1 + x2)
.

dd��
∫ +∞

0

∂f

∂α
dx 3 [α0,+∞) þ��Âñ. u´

I ′(α) =

∫ +∞

0

2αx2

(1 + x2)(1 + α2x2)
dx, (α > 0).

éu α > 0 � α 6= 1 k

I ′(α) =

∫ +∞

0

2αx2

(1 + x2)(1 + α2x2)
dx

=
2α

α2 − 1

∫ +∞

0

(
1

1 + x2
− 1

1 + α2x2

)
dx

=
2α

α2 − 1

(
π

2
−
∫ +∞

0

1

1 + α2x2
dx

)
=

2α

α2 − 1

(
π

2
− 1

α

∫ +∞

0

1

1 + x2
dx

)
=

2α

α2 − 1

(
π

2
− 1

α

π

2

)
=

π

1 + α
.

´�y, é α = 1 �k I ′(α) = π
1+α

. du I(0) = 0. �,

I(α) = π ln(1 + α) (α > 0).

u´¤¦�~È©��� π ln 3.
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l. (8©) �¼ê f(x, y, z) 3 R3 þk��ëY �ê, ¿�é?¿: P0 =

(x0, y0, z0) 9?¿�ê r > 0 k

1

4πr2

∫∫
S

f(x, y, z)dS = f(P0), (1)

Ù¥ S ´± P0 �¥%, r ��»�¥¡. ¦y: f ÷v Laplace �§

∆f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0.

y²: é?¿ r > 0 �¥¡ S �ëê�§�

x = x0 + r sin θ cosϕ, y = y0 + r sin θ sinϕ, z = z0 + r cos θ,

Ù¥ (θ, ϕ) ∈ D = [0, π]× [0, 2π]. P

P = (x0 + r sin θ cosϕ, y0 + r sin θ sinϕ, z0 + r cos θ).

�â^� (1), k ∫∫
D

f(P ) sin θdθdϕ = 4πf(P0). (2)

ù´¹ëCþ r �È©. 'uCþ r ¦�, �∫∫
D

(
sin θ cosϕ · ∂f

∂x
(P ) + sin θ sinϕ · ∂f

∂y
(P ) + cos θ · ∂f

∂z
(P )

)
sin θdθdϕ = 0.

ù�du ∫∫
S

∂f

∂x
dydz +

∂f

∂y
dzdx+

∂f

∂z
dxdy = 0.

Ï� f këY��� �ê, ¤±�â Gauss úª, k∫∫∫
V

(
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2

)
dxdydz = 0,

Ù¥ V ´ S �¤�¥N. �âÈ©¥�½n, �3 ξ ∈ V ¦�(
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2

)
(ξ) = 0.

- r → 0+, =� (
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2

)
(P0) = 0.

du P0 ´?¿�, �,

∆f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0.
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