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1"Ù ý��£
§0.1 VÇ�ÿÝ�Ä���ÅÁ�,Ù¥�z��Á�(J�¡Ǒ����,PǑω. ¡¤k��|¤�8ÜǑ���m, PǑΩ, §´����8Ü. ¡Ω �f8Ǒ¯�, Ï~PǑA,B, ¨ ¨ ¨ . ¡��±¯�Ǒ���8ÜǑ8ÜX. ���8ÜXdΩ �¤kf8|¤, TΩ :“ tA : A Ď Ωu. b�F Ď TΩ ÷ve¡n^5�:

(i) Ω P F ;

(ii) eA P F , KAc P F ;

(iii) eAn P F , n “ 1, 2, ¨ ¨ ¨ , KŤ8
n“1An P F ,�o, ¡F ǑΩ þ���σ �ê, ¡pΩ,Fq Ǒ���ÿ�m. F ¥����¡Ǒ�ÿ¯�,du�Ö¥¤�Ä�Ñ´�ÿ¯�, Ïd3e©¥·�ò�Ñ/�ÿ0�i. ?�Ú, b�P : F Ñ R ÷ve¡n^5�:

(i) �K5: é?¿A P F þkP pAq ě 0, ;

(ii) 5�5: P pΩq “ 1;

(iii) ���\5: eAn P F , n “ 1, 2, ¨ ¨ ¨ üüØ�, K
P

˜ 8
ď

n“1

An

¸

“
8
ÿ

n“1

P pAnq.�o,¡P ǑF þ���VÇ,Ǒ¡P ǑΩþ�VÇ.¡P pAqǑ¯�A (u))�VÇ.¡pΩ,F , P qù�n�|Ǒ��VÇ�m.��/, b�pΩ,Fq Ǒ���ÿ�m, µ : F Ñ R` Y t8u. XJµpHq “ 0 ¿�µ ÷v���\5, �o¡µ ǑF þ�ÿÝ, Ǒ¡µ ǑΩ þ�ÿÝ. XJµpΩq ă 8, �o·�o�±ò§?18�z, l��VÇ
P pAq :“ µpAq

µpΩq , A P F .

§0.2 �È�mb�I ´�I81. b�pΩα,Fαq, α P I ´�x�ÿ�m. �½�x��ωα P Ωα, α P I,Pω “ pωα : α P Iq. -
Ω “

ź

αPI
Ωα :“ tω : ωα P Ωαu.

1�I8��,�±´�ê8,Ǒ�±´Ø�ê8.

1
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2 8 ¹~0.2.1. eI “ t1, ¨ ¨ ¨ , nu, KΩ “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn, ω “ pω1, ¨ ¨ ¨ , ωnq Ǒ��n ��þ. ω �1r�©þ(=, 1r ��I)÷v: ωr P Ωr.eI “ t1, 2, ¨ ¨ ¨ u, Kω “ pω1, ω2, ¨ ¨ ¨ q Ǒ���¡��þ, ½��S�. d�, ǑòΩ PǑΩ1 ˆ Ω2 ˆ ¨ ¨ ¨ .b�E ´Ω þ������8ÜX. K
σpEq :“

č

F´σ�ê,FĚE

F´�¹E ����σ �ê, ¡ÙǑE )¤�σ �ê, PǑσpEq. �
E “

 

tω : ωα P Du, α P I,D P Fα
(

, F “
ź

αPI
Fα :“ σpEq.¡pΩ,Fq ǑpΩα,Faq, α P I ��È�m.?�Ú, b�é?¿α P I, ·��kΩα þ�VÇPα. dN¹¥�½n 4.0.13, �±íÑ3F þ�3���VÇP ÷vXe^�: é?¿n ě 1, α1, ¨ ¨ ¨ , αn P I üüØÓ, D1 P

Fα1
, ¨ ¨ ¨ , Dn P Fαn

,

P
`

tω : ωα1
P D1, ¨ ¨ ¨ , ωαn

P Dnu
˘

“
n
ź

r“1

Pαr
pArq.òdVÇPǑś

αPI Pα. ¡pΩ,F , P q ǑpΩα,Fa, Pαq, α P I ��È�m.�I “ t1, ¨ ¨ ¨ , nu ½t1, 2, ¨ ¨ ¨ u, ǑòF PǑF1 ˆ ¨ ¨ ¨ ˆ Fn ½F1 ˆ F2 ˆ ¨ ¨ ¨ ; òP PǑP1 ˆ
¨ ¨ ¨ ˆ Pn ½P1 ˆ P2 ˆ ¨ ¨ ¨ . qeΩr “ Ω1, ǑòΩ PǑΩn1 ½Ω8

1 , aq/kFn
1 , F

8
1 ; Pn1 , P

8
1 .b�A1, ¨ ¨ ¨ , An P F , eé?¿1 ď k ď n, 1 ď i1 ă ¨ ¨ ¨ ă ik ď n,

P pAi1 ¨ ¨ ¨Aikq “ P pAi1 q ¨ ¨ ¨P pAikq,K¡A1, ¨ ¨ ¨ , An �pÕá. ØJ�y, 3�È�m¥, tω : ωα1
P A1u, ¨ ¨ ¨ , tω : ωαn

P Anuùn �¯�´�pÕá�. ¯¢þ, XJpΩα,Fα, Pαq, α P I Ǒx
�x�.�ÅÁ�, �o,

pΩ,F , P q KǑx
�pÕá��.�ÅÁ�|¤��.�ÅÁ�.~0.2.2 (Ëã|Á�). Ëã|(Bernoulli)Á���´Õá/Æ�qM1��ÅÁ�. ^H�LÆ��¡(=, I �þ), ^T �LÆ��¡(=, I �þ). ¿b�Æ��¡�VÇǑp, Ù¥, 0 ď p ď 1. b��Æ�g, �oT�.�ÅÁ�éA�VÇ�mpΩ1 ,F1, P1q Xe:

Ω1 “ tH,Tu, F1 “ TΩ1
,

P1pHq “ 0, P1ptHuq “ p, P1ptTuq “ 1 ´ p, P1ptH,Tuq “ 1.�opΩn1 ,Fn
1 , P

n
1 q ÒǑx
Õá/Æn gM1��ÅÁ�, pΩ8

1 ,F
8
1 , P

8
1 q KǑx
( ØÊ/)Õá/ÆùqM1��ÅÁ�.
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§0.3 lÑ.�ÅCþ 3SK
1. y²: F1 ˆ ¨ ¨ ¨ ˆ Fn ´¤k/XA1 ˆ ¨ ¨ ¨ ˆAn �¯�)¤�σ �ê, F1 ˆ F2 ˆ ¨ ¨ ¨ ´¤k/XA1 ˆ ¨ ¨ ¨ ˆ An ˆ Ωn`1 ˆ Ωn`2 ˆ ¨ ¨ ¨ �¯�)¤�σ �ê, Ù¥, n ě 1, Ar P Fr,

r “ 1, ¨ ¨ ¨ , n.

2*. b�I Ø�ê. �α1, α2, ¨ ¨ ¨ Ď I, üüØ�. -
Fα1,α2,¨¨¨ :“

#

tω : pωα1
, ωα2

, ¨ ¨ ¨ q P Du, D P
8
ź

n“1

Fαn

+

.y²: Fα1,α2,¨¨¨ Ǒσ �ê, ¿�
F “

ď

α1,α2,¨¨¨ĎI, üüØ�Fα1,α2,¨¨¨.

3*. |^½n 4.0.13,y²:
ś

αPI Pα �3��.

§0.3 lÑ.�ÅCþ3¡é¢S¯K�, <�  ´ò¤'5�þ���ÅCþ5?n. bX·�¿Ø'%ù�þ�Ï"Ú���êiAÆ, �o·��±ò?n�é�ÿ°Ǒ��Ø�½´¢ê�/þ0. ��Ù�U��´�ê�, §��þÒÚlÑ.�ÅCþ��. Ǒ
ØÚ\Lõ��, ·�E,¡�Ǒ��lÑ.�ÅCþ.±eb�S ´������ê8, §L«lÑ.�ÅCþ�����, �¡ǑG��m.

S ¥�z�:Ñ�¡Ǒ��G�, Ï~^i, j, k, ¨ ¨ ¨ L«. lÑ.�ÅCþ��´l,����mΩ �S �N�, Ï~^X,Y, ¨ ¨ ¨ �L«, §L÷vXe^�:

tX “ iu :“ tω : Xpωq “ iu P F , @i P S.lÑ.�ÅCþ~^uL«��XÚ¤?�G�. ·�^âf5�Lù�XÚ, �tX “ iuu)�, ·�¡âf?uG�i.Ǒ«©F þ�VÇ, ·�¡TS þ�VÇǑS þ���©Ù. e
µi ě 0, @i P S � ÿ

iPS
µi “ 1,K¡tµi : i P Su ǑS þ���©Ù�. ØJuy, ©Ùµ �©Ù�tµi : i P Su 3eª�¿Âe´�d�, Ïd·�Ǒ¡tµi : i P Su ǑS þ���©Ù:

$

&

%

µi “ µptiuq, i P S,
µpAq “ ř

iPA µi, A P TS .
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4 8 ¹aq/, XJµi P R` Y t8u, i P S, �oǑ¡tµi : i P Su ǑS þ���ÿÝ, ÏǑ§éAXTSþ���ÿÝµpAq :“
ř

iPA µi, A P TS .�½F þ���VÇP , �ÅCþX Bp�
TS þ���©Ù:

µi “ P pX “ iq, @i P S,¡ÙǑX �©Ù.d�,¡X Ñl©Ùµ. u´, X �¤kÚOÆ5�ÑdÙ©Ùµ ��û½.~0.3.1. ò�i´���Ï&Ò�¤?�G�ÀǑ���ÅCþ, XJ^R, G, Y ©OL«&Ò�?uù�!É�!���å�G�, KG��m´S “ tR,G,Yu. 'X`, 3,��Ǒ,&Ò�?uù�!É�!���VÇ©ÙǑ0.45, 0.45, 0.1. �o,

µR “ 0.45, µG “ 0.45, µY “ 0.1.^X L«&Ò�(ÀǑâf)¤?�G�. �o, X ´lÑ.�ÅCþ, X „ µ, Ïd, ¯�tX “ Ru �VÇǑP pX “ Rq “ 0.45.3éõ�.¥, ·�I�òlÑ.�ÅCþX n)Ǒ��âf¤?� �. Ïd, G�iÒ´âf����U� �, S Ò´¤k�U� �. d�, tX “ iu =´Tâf u �i�ù�¯�.~0.3.2. ò��âf�Å/��3S “ Z` :“ t0, 1, , ¨ ¨ ¨ u ¥, ò§�3i ?�VÇǑ
µi “ λi

i!
e´λ, i “ 0, 1, 2, ¨ ¨ ¨Ù¥, λ ą 0. òTâf� �PǑX, KX ´��lÑ.�ÅCþ, Ù©Ùµ Ò´ëêǑλ�Ñt©Ù.

§0.4 ��.�ÅCþb�Ω,F ÚpS,S q Ǒ�ÿ�m, Ù¥, S �±´Ø�ê�. b�X : Ω Ñ S. e
tX P Du :“ tω : Xpωq P Du P F , @D P S ,K¡X Ǒ��uS ��ÅCþ, ¡S ǑX �G��m½��m. qeP ǑΩ þ�VÇ, K¡

µ : S Ñ R, D ÞÑ P pX P DqǑX �©Ù, ¡X Ñlµ, PǑX „ µ. eü��ÅCþX �Y Ñl�Ó�©Ù, K¡§�Ó©Ù, PǑX d“ Y .
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§0.4 ��.�ÅCþ 5�½�ên ě 2. b�X1, ¨ ¨ ¨ , Xn ´Ω þ��ÅCþ, ©O��uS1, ¨ ¨ ¨ , Sn, Ùþ�σ�ê©OǑS1, ¨ ¨ ¨ ,Sn. �o, ¡X “ pX1, ¨ ¨ ¨ , Xnq Ǒ��n Ǒ�Å�þ. ¯¢þ, �S :“
śn
r“1 Sr, �oX ´��uS :“ śn

r“1 Sr ��ÅCþ, ¡X �©ÙǑX1, ¨ ¨ ¨ , Xn �éÜ©Ù. é?¿1 ď k ă n, 1 ď i1 ă ¨ ¨ ¨ ă ik ď n, ¡pXi1 , ¨ ¨ ¨ , Xikq ǑX ���k �>Æ, ¡ÙéÜ©ÙǑX ���k �>Æ©Ù. eéÜ©Ù�u¤k1 �>Æ©Ù��È, =, é?¿A1 P S1, ¨ ¨ ¨ , An P Sn,

P pX1 P A1, ¨ ¨ ¨ , Xn P Anq “ P pX1 P A1q ¨ ¨ ¨P pXn P Anq,K¡X1, ¨ ¨ ¨ , Xn �pÕá. b�X1, X2, ¨ ¨ ¨ ´���ÅCþ.~0.4.1 (�Å�þ��pÕá5). 5¿��Å�þ��þ´��u�È�m����ÅCþ, þ¡�Xi ��±�Ǒ�Å�þ. äN/, b�n ě 2, é?¿i “ 1, ¨ ¨ ¨ , n, Xi “
pXi,1, ¨ ¨ ¨ , Xi,mi

q´��mi ��Å�þ,��uSi “ śmi

r“1 Si,r,Ùþ�σ�êǑSr “ śmi

r“1 Si,r.�o, X1, ¨ ¨ ¨ ,Xn �pÕá��=�eé?¿A1 P S1, ¨ ¨ ¨ , An P Sn,

P pX1 P A1, ¨ ¨ ¨ ,Xn P Anq “ P pX1 P A1q ¨ ¨ ¨P pXn P Anq.b�I ´���I8. b�é?¿α P I, pSα,Sαq ´�ÿ�m, Xα ´��uSα ��ÅCþ. u´, ·����x�ÅCþX :“ tXα : α P Iu. �S :“ ś

αPI Sα, �oX ¯¢þ´��uS “ ś

αPI Sα ��ÅCþ. é?¿n ě 1, α1, ¨ ¨ ¨ , αn P I üüØ�, pXα1
, ¨ ¨ ¨ , Xαn

q Ñ´X ���k��>Æ, ¡Ù©ÙǑX �k��éÜ©Ù. b�Y :“ tYα : α P Iu Ǒ´��uS ��ÅCþ, e§�?¿k��éÜ©ÙÑ�X ��Ó, =
pXα1

, ¨ ¨ ¨ , Xαn
q “ pYα1

, ¨ ¨ ¨ , Yαn
q, @n ě 1, α1, ¨ ¨ ¨ , αn P I,KY �X Ó©Ù, =, Y

d“ X.b�Xp1q, ¨ ¨ ¨ ,Xpnq ´n x�ÅCþ, XJéXpiq �?¿k��>ÆXi , i “ 1, ¨ ¨ ¨ , n, þkX1, ¨ ¨ ¨ ,Xn �pÕá, K¡Xp1q, ¨ ¨ ¨ ,Xpnq �pÕá. b�X1,X2, ¨ ¨ ¨ ´���ÅCþx.eé?¿n ě 2, Xp1q, ¨ ¨ ¨ ,Xpnq �pÕá,K¡X1,X2, ¨ ¨ ¨ �pÕá. ek�½����ÅCþ�pÕá, ¿�©ÙÑ�Ó, K¡§�ÕáÓ©Ù(independent and identically distributed).~0.4.2. b�X :“ tXα : α P Iu �Y :“ tYβ : β P Ju ´üx�ÅCþ, G��m9Ùþ�σ�ê©OǑpSα,Sαq, α P I �pŜβ , Ŝβq, β P J . �o, §��pÕá��=�é?¿n,m ě 1,

α1, ¨ ¨ ¨ , αn P I, β1, ¨ ¨ ¨ , βm P J , A1 P Sα1
, ¨ ¨ ¨ , An P Sαn

, B1 P Ŝβ1
, ¨ ¨ ¨ , Bm P Ŝβm

, P
A “ tXα1

P A1, ¨ ¨ ¨ , Xαn
P Anu, B “ tYβ1

P B1, ¨ ¨ ¨ , Yβm
P Bmu.KP pABq “ P pAqP pBq.
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6 8 ¹~0.4.3 (lÑ.). �½�ên ě 2. b�X1, ¨ ¨ ¨ , Xn ´Ω þ�n �lÑ.�ÅCþ, ©O��uS1, ¨ ¨ ¨ , Sn. K¡X “ pX1, ¨ ¨ ¨ , Xnq Ǒ��n �lÑ.�Å�þ. d�, X1, ¨ ¨ ¨ , Xn �pÕá��=�é?¿i1 P S1, ¨ ¨ ¨ , in P Sn,

P pX1 “ i1, ¨ ¨ ¨ , Xn “ inq “ P pX1 “ i1q ¨ ¨ ¨P pXn “ inq.·K0.4.4. b�X,Y ´ü�lÑ.�ÅCþ, ©O�HS1, S2. XJ
P pX “ i, Y “ jq “ µiP pY “ jq, @i P S1, j P S2,�o, X �Y �pÕá, �X „ µ.y: þªü>éj �Ú, ·�íÑX „ µ, 2òÙ2�\þªB�X �Y �pÕá. l~0.4.5 (ëY.). ¡R þd¤k�mm4�«mpa, bs, ´8 ă a ă b ă 8 )¤σ �êǑÅ4�(Borel) σ �ê, PǑB. u´pR,Bq Ǒ�ÿ�m. b�pΩ,Fq ´�ÿ�m, X : Ω Ñ R. e�3¼êρ : R Ñ R ��:

P pa ă X ď bq “
ż b

a

ρpxqdx, a, b P R, a ă b,K¡X ´ëY.�ÅCþ, ¡ρ ǑX �VÇ�Ý¼ê, {¡�Ý, PǑpX . þ¡�ρ ÷v:

ρpxq ě 0, x P R � ż 8

´8
ρpxqdx “ 1.¡÷vþª�¼êρ ǑR þ���VÇ�Ý¼ê, {¡�Ý. u´, eX ´ëY.�ÅCþ,KpX ´�Ý.��/, b�X “ pX1, ¨ ¨ ¨ , Xnq ´����Å�þ, Ù¥�z�Xi Ñ��uR. XJ�3¼êρ : Rd Ñ R ��: é?¿ai ă bi, i “ 1, ¨ ¨ ¨ , d, PD “ pa1, b1s ˆ ¨ ¨ ¨ ˆ pad, bds, K

P pX P Dq “
ż

D

ppx1, ¨ ¨ ¨ , xnqdx1 ¨ ¨ ¨dxn,�o¡X Ǒd �ëY.�Å�þ, ¡ρ ǑX1, ¨ ¨ ¨ , Xn �éÜ(VÇ)�Ý, PǑpX. d�,

X1, ¨ ¨ ¨ , Xd Ñ´ëY., §��pÕá��=�
pXpx1, ¨ ¨ ¨ , xdq “ pX1

px1q ¨ ¨ ¨ pXd
pxdq, @x1, ¨ ¨ ¨ , xd P R.

§0.5 ^�VÇ!̂ �©Ù�^�Ï"b�pΩ,F , P q Ǒ��VÇ�m. b�P pAq ą 0. ¡
P pABq
P pAqǑ3A u)�^�e, ¯�B �^�VÇ, PǑP pB|Aq ½PApBq.
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§0.5 ^�VÇ!̂ �©Ù�^�Ï" 750.5.1. b�P pAq ą 0. PAp¨q : F Ñ R, B ÞÑ P pB|Aq ´��VÇ.b�X ´lÑ.�ÅCþ, ��uS. e
P pX “ i|Aq “ µi, @i P S,K¡3A u)�^�e, X Ñl©Ùµ. ?�Ú, b�Y Ǒ´lÑ.�ÅCþ, ��uŜ. e

P pX “ i, Y “ j|Aq “ P pX “ i|AqP pY “ j|Aq, @i P S, j P Ŝ.K¡3¯�A u)�^�e, X �Y �pÕá.b�S Ď R. XJ
ÿ

iPS
iP pX “ iqýéÂñ, K¡X �Ï"�3, ¡þªǑX �Ï", PǑEX .b�X �Ï"�3. ?�Ú, b�Y ´lÑ.�ÅCþ, G��mǑŜ. é?¿j P Ŝ, -

EpX |Y “ jq :“
ÿ

iPS
iP pX “ i|Y “ jq.Pϕ : Ŝ Ñ R, j ÞÑ EpX |Y “ jq. ¡ϕpY q ǑX 'uY �^�Ï", PǑEpX |Y q. I�AO5¿�´, ^�Ï"EpX |Y q ´���ÅCþ, §´Y �¼ê.b�X ´ëY.��ÅCþ. XJ

ż 8

´8
xpXpxqdxýé�È, K¡X �Ï"�3, ¡þªǑX �Ï", PǑEX . b�X �Ï"�3. ?�Ú,b�pX,Y q ´2 �ëY.��Å�þ, éÜ�ÝǑpX,Y . �½y P R. b�pY pyq ą 0. ¡

pX|Y px|yq :“ pX,Y px, yq
pY pyq , x P RǑ3Y “ y �^�e, X �^��Ý. -

ϕ : R Ñ R, y ÞÑ EpX |Y “ yq :“
ż 8

´8
xpX|Y pyqdx.¡ϕpY q ǑX 'uY �^�Ï", PǑEpX |Y q. éuþãlÑ.ÚëY.�ü«�/, e¡�Ï"úªþ¤á.·K0.5.2 (Ï"úª). eX �Ï"�3, KEpX |Y q �Ï"�3, �

EX “ EEpX |Y q.
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8 8 ¹
§0.6 �ÅL§b�pΩ,F , P q ǑVÇ�m, pS,S q Ǒ�ÿ�m, I Ǒ�I8. òI ÀǑ�mëê, ¡�x��uS ��ÅCþX “ tXα : α P Iu Ǒ���ÅL§(stochastic process). �I “ Z` “

t0, 1, 2, ¨ ¨ ¨ u ½t0, 1, ¨ ¨ ¨ , nu �, ¡X ǑlÑ�mëê��ÅL§; �I “ R` “ r0,8q ½«mra, bs �, ¡X ǑëY�mëê��ÅL§. �Ä�È�m
pSI ,S Iq :“

˜

ź

αPI
Sα,

ź

αPI
Sα

¸

,¡SI ¥���Ǒ� /̂;�0, �o,�ÅL§X��þ´�^�Å;�, ÏǑ§´��uSI��ÅCþ. X �©Ù¡Ǒ;�©Ù. 3�Ö¥, ·�ò0�na�ÅL§: ê¼ó(��lÑ�mëê�lÑ.�ÅCþx), aL§(��ëY�mëê�lÑ.�ÅCþx), ÙK$Ä(��ëY�mëê�ëY.�ÅCþx). 3ùnaL§¥, �ÅL§�;�©ÙÑ�X�¤k�k��éÜ©Ù��(½, ù�(Ø�y²�Ñ
�Ö�����, k,��ÓÆ�±ë� [1] ¥�1ÊÙ, ½N¹¥�½n 4.0.14.

§0.7 ïÆ�ÖÖ8ǑN�ó��:?

[11]´Ǒ{I�Æ)���	ÖÔ. [25]�[16]´��î³��Æ)��,ék/�¿Â.

[21] �SN��\�
, ·Ü�Ǒ�Æ)�ï�Ñu:.�ÅiÄ´ê¼ó���A~. ���ê¼ó�', <�é�ÅiÄ��£�\�\!´L!��. Oy�\ÆS�ÓÆ�±ë� [13] �1nÙ. [27] ´ù�¡��%ë�Ö��.XJé+þ��ÅiÄa,�, K�ë� [10] Ú [29].

§0.8 PÒǑN�����:?

R: ¢ê8, R` “ r0,8q �K¢ê8.

Z: �ê8, Z` “ t0, 1, 2, ¨ ¨ ¨ u �K�ê8.

A YB: 8ÜA �B �¿8; A XB ½AB: 8ÜA �B ��8.

x^ y “ mintx, yu, x_ y :“ maxtx, yu, x, y P R.

t¨u L«¢ê��êÜ©, =, é?¿x P R, txu L«Ø�Lx �����ê.

}~x}: b�d ě 1, é?¿d ��þ~x P Rd, }~x} L«~x 3Rd ¥�î¼�, =, e~x “
px1, ¨ ¨ ¨ , xdq, K}~x} “

a

x21 ` ¨ ¨ ¨ ` x2d.
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1�Ù ê¼ó
§1.1 ½Â�~f�!½Â.ê��Åó(Markov Chain), {¡ê¼ó, ´�Ä���ÅL§��. §�©{ü, �·^¡2. �Ö�0��à�ê¼ó, §Ǒx
��3���ê8S þ$Ä�âf,¡S ǑG��m,¡S ¥���ǑG�,§Ǒ´âf¤?� �,PǑi, j, ¨ ¨ ¨ . Ǒ
�*/n)ê¼ó, ·�kÚ\Æf�Vg. 3��Ä��Æf¥,z��¡éAXS ¥���G�,Ïd§�¤kÝ�(JÒéAX8ÜS. é?¿i P S, 3 �i þ���Æf, §Ý�j �VÇǑpij , j P S.,�, ·��±ò�àê¼ón)Ǒe¡�êÆ�.. 4��âf3S ¥Uìe¡�$Ä5K�Ú�Ú/a�: XJâf u �i, �o·�(Õá/)Ý�i ?�Æf, �âÝ��(J4âfa�, äN/, eÝ� �j, K4âfe�Úa�j. é?¿n P Z` “ t0, 1, 2, ¨ ¨ ¨ u,òâfn �Ǒ(=, 1n Ú)¤?� �PǑXn. Kâf$Ä�;�Ò´tXn : n ě 0u, {PǑtXnu.Ý�gÆf��ÅÁ�¬�)S þ���©Ù, �L5, S þ���©ÙǑéAXÝ�gÆf��ÅÁ�. é?¿S þ�©Ùµ, ·�òµ ÀǑ��1�þ, §�1j �©þÒ´µj .~X, eS “ t1, ¨ ¨ ¨ , nu, Kµ “ pµ1, ¨ ¨ ¨ , µnq.  �i þ�ÆféA�©ÙǑtpij : j P Su, §Ǒx�´ �i þ�âfe�Ú¤3�Å ��©Ù.òÙÀǑ1�þ¿�3Ý
�1i1, ·�B����Ý
P “ ppijqSˆS , §�1i 1!1j ����Ò´pij . §ÎÜXe½Â.½Â1.1.1. b�

pij ě 0, @ i, j P S;
ÿ

jPS
pij “ 1, @ i P S.òpij �Ǒ1i 11j ����, ��Ý
P “ ppijqSˆS. ¡P ǑS þ���=£VÇÝ
,{¡=£Ý
. ¡pij Ǒli �j �=£VÇ(transition probability).51.1.2. ·�3��=£Ý
�, �IJ9=£VÇ¥��"�, �J9�=£VÇ%�Ǒ0. k�, Ǒ
PÒ��ß, ·�Ǒòpij PǑpi,j.3þ¡£ã�$Ä5Ke, ��âf3,�Ǒn  u �i, �o, �Ø§n Ú´XÛa� �i �, ǑÒ´�Ø§n ´ 1 Ú�g²{L=
 �, ·�Ñ��, §e�Úa� �j �VÇÑ´pij , ÏǑ·�´Õá/Ý� �i ?�ÝÆf. ù�5�¤Ǒê¼ó�½Â¥�'�5��, ^^�VÇ��ó�Ñ5Ò´e¡� (1.1.1). b�S ´���ê8,

tXn : n ě 0u ´��uS �lÑ�mëê��ÅL§.

9
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10 1�Ù ê¼ó½Â1.1.3. e=£Ý
P ��: @ n ě 0, @ i0, ¨ ¨ ¨ , in´1, i, j P S,

P pXn`1 “ j|Xn “ i,X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1q “ pij , (1.1.1)K¡tXnu ´S þ���(�à�)ê��Åó(Markov chain), {¡ê¼ó. Ǒ¡tXnu ´ê¼�. d�, Ǒ¡P ǑtXnu �=£Ý
.51.1.4. �uP pB|Aq 3P pAq “ 0 �vk½Â, Ïd, (1.1.1) ¤á�¿g´: ��ªü>k¿Â�, �ª¤á. �é{`, �k3
P pXn “ i,X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1q ą 0,�âI�y (1.1.1) ´Ä¤á. e©aq, ��Ñy�y^�VÇ��ª, Ñ´�=3T^�VÇk¿Â��ÿâ�y�Ò¤á.51.1.5. d�Vúª�±íÑ: é?¿n ě 0, i0, ¨ ¨ ¨ , in´1, i, j P S,

P pXn`1 “ j|Xn “ i,X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1q “ P pXn`1 “ j|Xn “ iq.���/, þª�¡Ǒê¼5, ¡÷vþª��ÅL§tXnu Ǒê¼ó. �þªm>�6un�, ¡Tê¼ó´��à�.�!~f.~1.1.6 (�ÅiÄ9ÙÚ�). �Ä��3Z þ$Ä�âf. §z�g��U/��½�m£Ä�Ú. �±�Ǒz� �i þ��
��Æf, §Ý�i` 1 �VÇÚÝ�i´ 1 �VÇÑ´ 1
2
. Ïd, S “ Z,

pi,i`1 “ pi,i´1 “ 1

2
, @i P Z.·�Ǒ�±^Õá/Æ�qú²�M1��ÅÁ�5Ǒxù��., Ò´zgÆ��¡K4âf mr( �\1 ), Æ��¡K4âf �r( �~1). ·���±^�ÅCþS�5?1Ǒx, b�ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù,

P pξ1 “ 1q “ P pξ1 “ ´1q “ 1

2
.b�S0 Ǒ��ê���ÅCþ, �§Õáuξ1, ξ2, ¨ ¨ ¨ . -

Sn :“ S0 ` ξ1 ` ¨ ¨ ¨ ` ξn “ Sn´1 ` ξn.�o, tSn : n ě 0u ǑlS0 Ñu�(��){ü�ÅiÄ.
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§1.1 ½Â�~f 11��/, -S “ Zd. �ξ1, ξ2, ¨ ¨ ¨ ��uZd, ÕáÓ©Ù, K¡Xþ½Â�tSn : n ěu Ǒd��ÅiÄ, ¡ξ1, ξ2, ¨ ¨ ¨ ǑÚ�, ¡Ù�Ó�©ÙǑÚ�©Ù. ò1i ��I�1, Ù��I�0 �d ��þPǑei. e
P pξ1 “ eiq “ P pξ1 “ ´eiq “ 1

2d
, i “ 1, ¨ ¨ ¨ , d,K¡tSnu Ǒd �{ü�ÅiÄ.~1.1.7 (üG�ê¼ó). G��mǑS “ t0, 1u, =£VÇǑ

p01 “ 1 ´ p00 “ p, p10 “ 1 ´ p11 “ q,Ù¥0 ă p, q ă 1. �±`ü�G��ê¼ó´�{ü�ê¼ó. �ê��ÅJÑê¼óù�Vg�, �'%�´#�.�êÆ5�, ¿Ø3¿T�.´Äk^. ØL��´�Ñ��äN�~f: ÊF7�yEugenie Onegin p,�ã(�Ý�Ǒ12 �)¥�Ñi1Ú9Ñi1�OÑy�5Æ. r�Ñi1PǑ0, 9Ñi1PǑ1, ���O
p01 Úp10.~1.1.8 (Ehrenfest�.). �kN �ØÓ?Ò�¥ÚA, B ü���. Äk, �Å/rùN �¥©C3ü���¥, Ù¥��A ¥kX0 �¥. ,�, zgÕá/±1{N �VÇÀ½,��¥, r§lÙ¤3���¥<Ñ¿��,����¥. òn gö����A ¥¥��êPǑXn. KtXnu ´��ê¼ó, G��mǑS “ t0, 1, 2, ¨ ¨ ¨ , Nu, =£VÇǑ:

pi,i`1 “ 1 ´ i

N
, 0 ď i ď N ´ 1, pi,i´1 “ i

N
, 1 ď @i ď N.Ø
^L�ª�Ñ=£Ý
, ·���±^VÇ=£ã5�Ñ=£Ý
. 3VÇ=£ã¥, z�º:�L��G�. XJpij ą 0, �o·�x�^li �j �k�>, òpij IP3ù^>þ. ~X, Ehrenfest �.�VÇ=£ãXe.

  1

1 

i 0 N 

 ã 1.1 Ehrenfest �.�=£VÇã.~1.1.9 (�#L§). b�L “ L1, L2, ¨ ¨ ¨ ´ÕáÓ©Ù����ê��ÅCþ�, Lr L«1r ����Æ·. b��Ǒ0 �þ1����, �����ÿáǑ�þ��#��.Kt0, L1, L1 ` L2, ¨ ¨ ¨ u L«�����m, §��¡Ǒ�#�Ǒ. Xeã¤«.
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12 1�Ù ê¼ó
 

     

  ã 1.2 �#�Ǒ^¢%�IP, Ù��Ǒ^�%��IP.PXn Ǒ3�Ǒn �3�^������{Æ, =§�oÆ·~�®²�^��m. 3ãþ, Xn Ò´�Ǒn �§m>�C��#�Ǒ�m�ål. ~X, ã¥�X3 “ 3. �n Ǒ�#�Ǒ, Xn “ 0, §L«��e�Î���{Æ. tXnu �¡Ǒ�#L§, §´��ê¼ó,

S “ Z`, =£VÇǑ:

pi,i´1 “ 1, @i ě 1; p0,i “ P pL “ i` 1q, @i ě 0,VÇ=£ãXeã¤«.

  

i 
0 

 

 ã 1.3 �#L§�=£VÇã.~1.1.10 (ãþ��ÅiÄ). b�V ´������ê8. ¡V ¥��Ǒº:½(:. E ´±V �,
:éǑ���8Ü, ei ‰ j �ti, ju P E, K3i �j �më�^(���)>, ¿�¡i �j ��, ½¡§�´�Ø. ¡º:i ��Ø�ê8Ǒi �Ý, PǑdi. ¡G “ pV,Eq Ǒ��{üã. b�i ‰ j, en ě 1, i1, ¨ ¨ ¨ , in´1 ��ir`1 �ir ��, r “ 0, ¨ ¨ ¨ , n´ 1, Ù¥i “ i0,

j “ in, Kpi0, i1, ¨ ¨ ¨ , inq Ǒ�^ë�i, j �´», ¡n ǑT´»��Ý. eé?¿i ‰ j Ñ�3ë�i, j �´», K¡G ´ëÏ�. ~X, ã 1.4 ¥�·¶ãÚnÆ/ã´ëÏ�{üã.b�G ´ëÏ�{üã, G þ��ÅiÄ´��ê¼ó, G��mǑS “ V , =£VÇǑ:

pij “

$

&

%

1{di, e j � i ��,
0, Ù§,âfz�Ú3§¤?º:�¤k�Ø¥�Å��U/ÀJ��, ,�aL�. AO/, �V “

Zd, ��=�ü�º:�m�î¼ålǑ1 �3§��më�^>. �o·�����ã,¡�Ǒd ��:. 3ØÚåÜÂ��¹e, ·�E,^Zd L«ù�ã, Tãþ��ÅiÄÒ´~ 1.1.6 ¥0��d �{ü�ÅiÄ.
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§1.1 ½Â�~f 13

 

ã 1.4 �ãǑ·¶ã, mãǑnÆ/ãeã¥vk�, =?¿ü:�m=k�^´»�ë, K¡TãǑä, PǑT. À½T ¥��:�Ǒ�:, òÙPǑo, ·�B����k�:�ä. e�:�Ý´d, Ù{z�º:�ÝþǑd ` 1, K¡ÙǑ5Kä, PǑTd. ~X, T2 Xã 1.5 ¤«. é?¿º:u ‰ o, òë�u�o �´»��ÝPǑ|u|. e|u| “ n, K¡u  uä�1n �. eu ��:o ��, K¡u Ǒo�Æf, d�, |u| “ 1. �u ‰ o �, §k�=k���Øv ÷v|v| “ |u| ´ 1, ¡v Ǒu �I(:, ¡u �Ù��ØǑu �f(:, u �?¿f(:w Ñ÷v|w| “ |u| ` 1. ~X, ã¥�w1,

w2 ´u �f(:. b�tXnu ´Td þ��ÅiÄ. ØJwÑ,

P pXn`1 “ Xn �I(:|Xn ‰ oq “ 1

d ` 1
, P pXn`1 “ Xn �f(:|Xn ‰ oq “ d

d ` 1
.

 

 

 

  

ã 1.5 5KäT2n!k��éÜ©ÙX¤ã,ê¼ó�du��3S¥$Ä�âf,Ù$Ä5KÏL=£Ý
P�½. ¡X0�©ÙǑ�©Ù. �
�©Ùµ, ·�Ò�±�â (1.1.1) O�Ñ;��?¿k��éÜ©Ù.äN/, é?¿n ě 0 ±9i0, ¨ ¨ ¨ , in P S,

P pX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inq “ µi0pi0i1 ¨ ¨ ¨ pin´1in . (1.1.2)
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14 1�Ù ê¼ó�L5, XJþªé?¿n ě 0 ±9i0, ¨ ¨ ¨ , in P S þ¤á, �o�â^�VÇ�½ÂØJ�ytXnu ´±P Ǒ=£Ý
�ê¼ó.·K1.1.11 (ê¼5). �½n ě 1, i P S. -Ym “ Xn`m, @m ě 0. �o, 3Xn “ i �^�e,

tYmu ´li Ñu�±P Ǒ=£Ý
�ê¼ó, ¿�, §�~Z “ pX0, ¨ ¨ ¨ , Xn´1q �pÕá.y: ò^�VÇP p¨|Xn “ iq{PǑP̂ p¨q. é?¿m ě 0, j0, ¨ ¨ ¨ , jm P S,±9?¿i0, ¨ ¨ ¨ , in´1 P
S, P

~Y “ pY0, ¨ ¨ ¨ , Ymq, ~j “ pj0, ¨ ¨ ¨ , jmq, ~i “ pi0, ¨ ¨ ¨ , in´1q.�j0 ‰ i �, t~Y “ ~ju �tXn “ iu Ø�; �j0 “ i �, �â (1.1.2),

P p~Z “~i,Xn “ i, ~Y “ ~jq

“ P pX0 “ i0, ¨ ¨ ¨ , Xn´1 “ in, Xn “ i,Xn`1 “ j1, ¨ ¨ ¨ , Xn`m “ jmq

“ µi0pi0i1 ¨ ¨ ¨ pin´2in´1
pin´1i ˆ pj0j1 ¨ ¨ ¨ pjm´1jm .2�â (1.1.2),

µi0pi0i1 ¨ ¨ ¨ pin´2in´1
pin´1i “ P

´

~Z “~i,Xn “ i
¯

“ P pXn “ iqP̂
´

~Z “~i
¯

.Ïd, �Øj0 ´Ä�ui, ·�ok
P
´

~Z “~i,Xn “ i, ~Y “ ~j
¯

“ P pXn “ iqP̂
´

~Z “~i
¯

ˆ
`

1tj0“iupj0j1 ¨ ¨ ¨ pjm´1jm

˘

.þªü>Ó�Ø±P pXn “ iq =�
P̂
´

~Z “~i, ~Y “ ~j
¯

“ P̂
´

~Z “~i
¯

ˆ 1tj0“iu ˆ pj0j1 ¨ ¨ ¨ pjm´1jm .�â·K 0.4.4,dm, ~j, ~i �?¿5�·K¤á. lb�r ě 1, 0 ď n1 ă ¨ ¨ ¨ ă nr ă n ă n ` m, i1, ¨ ¨ ¨ , ir, i, j P S. �âê¼5, 3®�tXn “ iu �^�e, pXn1
, ¨ ¨ ¨ , Xnr

q �Xn`m �pÕá, ÏǑö�±ÀǑ·K 1.1.11 ¥�L�;�~Z �¼ê, �ö�±ÀǑ·K 1.1.11 ¥�ò5;�tYnu �¼ê. u´,

P pXn`m “ j|Xn “ i,Xn1
“ i1, ¨ ¨ ¨ , Xnr

“ irq “ P pXn`m “ j|Xn “ iq. (1.1.3)�â�à5, P pXm`n “ j|Xn “ iq ´��Ø�6un �~�, òÙPǑppmq
ij . k�Ǒ
��ß, ǑPǑppmq

i,j . ØJwÑ, p
p0q
ij “ 1ti“ju, p

p1q
ij “ pij . ��/, ·��±UìXn ���y©���m, ¿d�Vúª� (1.1.3) ��Xe·K.
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§1.1 ½Â�~f 15·K1.1.12 (Chapman-Kolmogorov�ª). é?Ûi, j P S, m,n ě 0,

p
pn`mq
ij “

ÿ

kPS
p

pnq
ik p

pmq
kj .dêÆ8B{, Chapman-Kolmogorov�ª%¹X

p
pnq
ij “ pPnqij . (1.1.4)½Â1.1.13. ¡ppnq

ij Ǒli �j �n Ú=£VÇ. ¡Ý
Pn “ pppnq
ij qSˆS Ǒê¼ó�n Ú=£(VÇ)Ý
.�â (1.1.3), ·��±r(1.1.1) ?1Xeí2: é?¿0 “ n0 ă n1 ă ¨ ¨ ¨ ă nr,

i0, i1, ¨ ¨ ¨ , ir P S,

P pX0 “ i0, Xn1
“ i1, Xn2

“ i2, ¨ ¨ ¨ , Xnr
“ irq “ µi0p

pm1q
i0i1

p
pm2q
i1i2

¨ ¨ ¨ ppmrq
ir´1ir

, (1.1.5)Ù¥ms “ ns ´ ns´1, @s.o!ê¼ó��E.�âê¼ó�½Â, e®�y3�G�´i, =��Xn “ i Ke�Ú��ÅCþXn`1 �L���Å;�pX0 , ¨ ¨ ¨ , Xn´1q ´�pÕá�. �é{`, Xn`1 �©Ù�Xn ��(½. du2e�ÚXn`2 �©Ùq�±dXn`1 �����(½, Ïd·��±|^48��{5�Eê¼ó.òS ¥�G�?Ò, Ø��S “ t1, 2, ¨ ¨ ¨ , Nu ½t1, 2 ¨ ¨ ¨ u. b�P Ǒ��=£Ý
,=pij ě 0, i, j P S �ř

jPS pij “ 1; b�µ ǑS þ���©Ù, =µi ě 0, i P S �ř

iPS µi “ 1.�ÕáÓ©Ù��ÅCþS�U0 , U1, U2, ¨ ¨ ¨ ,��U1Ñl«mp0, 1qþ�þ!©ÙUp0, 1q.�g : p0, 1s Ñ S ��: é?¿i ě 1,

gpuq :“ i, @u P
˜

i´1
ÿ

r“1

µj ,

i
ÿ

r“1

µj

ff

.�o,

P pgpU0q “ iq “ P

˜

i´1
ÿ

r“1

µj ă U ď
i
ÿ

r“1

µj

¸

“ µi, @i ě 1.=, gpU0q „ µ.é?¿i P S, �fpi, ¨q : p0, 1s Ñ S ��: é?¿i ě 1,

fpi, uq :“ j, @u P
˜

j´1
ÿ

r“1

pir,

j
ÿ

r“1

pir

ff

.
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16 1�Ù ê¼ó�o, é?¿n ě 1,

P pfpi, Unq “ iq “ P

˜

j´1
ÿ

r“1

pir ă U ď
j
ÿ

r“1

pir

¸

“ pij , @j ě 1.-X0 :“ gpU0q, ¿48/½Â
Xn`1 :“ fpXn, Un`1q, n “ 0, 1, 2, ¨ ¨ ¨ .·K1.1.14. tXnu ´±µ Ǒ�©Ù, ±P Ǒ=£Ý
�ê¼ó.Ö¿�£.ê¼ó´ù����.: ·�3�mS �z�� �þ���Æf, U,��©Ùµ òâf��3S ¥�,��Å �, ,�4âf3S ¥�Ú�Ú/a�. ù��.��þ3���é���ÅÁ�, Á�(Jω, ǑÒ´��, Ù¢Ò´âf$Ä�;�px0, x1, ¨ ¨ ¨ q, Ù¥xn ´âf3n �Ǒ� �. Ïdù��ÅÁ�����mΩ Ù¢Ò´;��m, =, d¤k;�|¤�8ÜSZ` :

Ω “ SZ
` “ tω “ px0, x1, ¨ ¨ ¨ q : xn P S,@n P Z`u.�uΩ “ SZ` , §q�¡Ǒ��;��m, Ù¥�ω q�¡Ǒ��;�.âf3�Ǒn � �Xn Ò´;��1n ��I, =
Xnpωq “ xn, @ω “ px0, x1, ¨ ¨ ¨ q.ù�½Â�tXnu �¡Ǒ��;��mΩ þ��IL§. ?�Ú, ÏǑω Ù¢Ò´ ~Xpωq, ¤±, Ω þ�?¿�ÅCþÑ�±ÀǑ ~X �¼ê.·��±òê¼ótXnun)Ǒ�^�Å;�, =,��u;��mSZ` ���Ä���ÅCþ. Ǒ�±òtXnu n)Ǒ���¡�Å�þ ~X “ pX0, X1, X2, ¨ ¨ ¨ q. Ò�éu���ÅCþX ó,���´X �©Ù��, éuê¼ó5`, XJòÙÀǑ�^�Å;�, ���Ò´ù^�Å;��©Ù, =;�©Ù. ��5¿�´, �+S ´�ê�, �´, ¤k;�|¤�8ÜSZ` %´Ø�ê�, Ïd, tXnu   Ø2´lÑ., !Ø§T���,^A½;��VÇ´vk¿Â�,ÏǑù  ´0. l ~X �ÆÝw,;�©Ù��´ù��¡�Å�þ�éÜ©Ù. N¹¥�½n 4.0.14 �Ñ, ;�©Ù ~X �?¿k�ÚéÜ©Ù��û½. �é{`,��é¤k�n ě 0, i0, ¨ ¨ ¨ , in P S �ÑtX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu �VÇ=�.ù�¯�, ^��ω 5L�Ò´

tω “ px0, x1, ¨ ¨ ¨ q : x0 “ i0, ¨ ¨ ¨ , xn “ inu.
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§1.1 ½Â�~f 17ù��¯��¡ǑÎ8, PǑCi0i1¨¨¨in . u´, ê¼óÙ¢3`, Ω þ�VÇP ÷v:

P pCi0i1¨¨¨inq “ µi0pi0i1 ¨ ¨ ¨ pin´1in , @n ě 0, i0, ¨ ¨ ¨ , in P S. (1.1.6)N¹¥�½n 4.0.14 KL²÷vþã^��VÇP ´�3���.Äuþã?Ø,·�±�3kI���±Ø�b��Ä�Ò´þ¡��ÅÁ�, =, Ω´��;��m, P ´Ω þ÷v (1.1.6) ������VÇ, tXnu ´Ω þ��IL§.Ùg, ê¼5��¿´3®�y3G��^�e, L��ò5Õá, ù«Õá5Ny3þãy²¥�U1, U2, ¨ ¨ ¨ �m�pÕáþ. �´, ê¼5Ù¢¿Ø��âfz�Úa��5Æ7L��, =pij �±�6u�m�, ǑÒ´`, 3þ¡�y²¥, zg^uS��¼êf �±´Ø���. XJpij Ø�6u�m, ùÒ´·��Ù?Ø��/, ·�¡�Ǒ�à�ê¼ó; XJpij �6u�m, ·�¡�Ǒ��à�ê¼ó. 3��à�ê¼ó¥, 3?¿�ǑÑk��=£Ý
, �é{`, ·�k��=£Ý
Pn “ ppn;i,jqSˆS , @n ě 1, ±µ Ǒ�©Ù�ê¼ók�Ú;��éÜ©ÙǑ
P pX0 “ i0, ¨ ¨ ¨ , Xn “ inq “ µi0p1;i0i1p2;i1i2 ¨ ¨ ¨ pn;in´1in .ù�ªf´ (1.1.2) �í2. ¯¢þ, 31 §1.2!¥, e�L§tXnu ��©ÙØ´ØC©Ù,Ù_L§tYm : 0 ď m ď Nu, Ù¥Ym :“ XN´m, Ò´����à�ê¼ó.��,ê¼ó´�ê��ÅCþ,3fâ�Qã¥,·�Ǒw�,_L§tYm : 0 ď m ď Nu�k���ÅCþ. ��/, ��lÑ�mëê!lÑG��mþ��ÅL§��´k�½�ê��ÅCþ�3�å. §k�����mS,Ò´�Ù¤`�G��m;�k���mëê�mT , §3�ÙÏ~��Ǒt0, 1, 2, ¨ ¨ ¨ u, 3?Ø_L§���Ǒt0, 1, ¨ ¨ ¨ , Nu. S ¥�:�¡ǑG�, Ï~PǑi; T ¥�:�¡Ǒ�m, Ï~PǑn. ¤¢lÑG��m´�S ´�ê8, ¤¢lÑ�mëê´�T ´�ê8. ��/, ·�Ø���mëê�mI ¥k�S'X.~X: 3tpn,mq : n,m P Zu �z�º:þ���Õá�lÑ.�ÅCþ, Ò�����ÅL§; 3k�:�5KäTd �z�º:�����uS ��ÅCþ, 5K´: 3,º:x P Td?��Ǒi P S �^�e, Ùf�º:þÕá���Ó©Ù��ÅCþ, ��Ǒj �VÇǑpij .ù��±48½ÂÑ�x�ÅCþ,§Ǒ´���ÅL§,�¡Ǒäþ�ê¼|. ~X,3T2�ê¼|¥, ü�w�Xã§1.1 ¤«G��VÇǑ

µi0 ¨ ppi0i11 ¨ pi0i12 ¨ pi0i13 q ¨
`

ppi11i111pi11i112q
˘

¨
`

ppi12i121pi12i122 q
˘

¨
`

ppi13i131pi13i132q
˘

.½Â1.1.15. �pΩ,Fq Ǒ��VÇ�m, T , S Ǒ���ê8. eé?¿n P T , Xn : Ω Ñ S ÷vtXn “ iu P F , K¡tXn : n P T u Ǒ���ÅL§. ¡pΩ,Fq ǑÙ���m, S ǑÙG��m, T Ǒ�mëê�m.
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i0 

i12 i11 i13 

i121 i122 i131 i132 i112 i111 ã 1.6 T2 �ê¼|·�E,ò�ÅL§tXnu ÀǑ���ST “ tpsnqnPI : sn P S,@n P Iu ��ÅCþ,u´, �ÅL§���Ò´§3ST þ�©Ù. e|I| ă 8, �o�ÅL§Ò´��k����Å�þ, Ù©ÙÒ´d�Å�þ�éÜ©Ù; |I| “ 8, ¯K¬C�E,éõ. 3ê¼ó¥, ·�¢Sþ��Ñ
L§3?¿k���Ǒþ�éÜ©ÙP pXn1
“ i1, ¨ ¨ ¨ , Xnr

“ irq,
@ n1, ¨ ¨ ¨ , nr P T , @i1, ¨ ¨ ¨ , ir P S, ·��±^ÕáÓ©Ù�þ!©Ù�ÅCþ�Eê¼ó.�´, 3���L§¥, ¯K´: ´Ä3ST þ��/�3��©Ù, ��§38ÜtpsnqnPI :

sn1
“ i1, ¨ ¨ ¨ , snr

“ iru þ��Ò´·��Ñ�P pXn1
“ i1, ¨ ¨ ¨ , Xnr

“ irq? ù�¯K��Y´�½�, �Kolmogorov �N5½n(N¹¥�½n4.0.14), §®²�Ñ
�Ö�����,k,��Öö�±ë� [1] 1oÙ13 !.SK
1. b�X0, X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, X0 ´lÑ.�ÅCþ, ©ÙǑµ. y²: tXnu ´ê¼ó, �Ù=£VÇ.

2. b�tSnu ´��{ü�ÅiÄ. -Xn “ max
0ďkďn

Sk, n ě 0. Á¯: tXnu ´ê¼óí? �y²\�(Ø.

3. 3~ 1.1.9¥,PYn Ǒ�Ǒn �§�>�C��#�Ǒ�m�ål,=, �Ǒn �3^�����®²�^��m, AO/, �n Ǒ�#�Ǒ, Yn “ 0. y²tYnu ´��ê¼ó,¿�Ù=£VÇ. (5: ¡tYnu Ǒ��PzL§.)

4. ,;¥$Ä
Ý¥¤õ�VÇ�ûu�üg�Ý¥¤1. XJügÑ¤õ, KegÝ¥¤õ�VÇǑ3/4; XJügÑ�}, KegÝ¥¤õ�VÇǑ1/2; XJügÝ¥¥k�g¤õ�g�}, KegÝ¥¤õ�VÇǑ2/3. (1) Á^��ê¼ó5ǑxT¥
�ëYÝ¥, (2) ò�1n gÝ¥¤õ�VÇPǑpn, � lim
nÑ8

pn.
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5. ,�m�õ�±S�s�ÅK, XJ1n �(Ïm©þ���kXn “ i �ÅK�±�^, �mÌ?Ò¾	s ´ i �#ÅK, �u±"�À,e(Ïm©þ��Ý\�^. 3ù�(ÏqkYn ��K�¢, ®�P pYn “ j|Xn “ iq “ 1{p1 ` iq, 0 ď j ď i. ÏdXn`1 “ s ´ Yn. u´tXnu Ǒ��ê¼ó. (1) �ÑÙ=£VÇ, (2) -an “ EXn. Á�ÑS�a0, a1, a2, ¨ ¨ ¨ �4íª, ¿� lim
nÑ8

EXn.

6. b�,\hÕ��ý�\hI���ü �m('X, Ê©¨). ξn ´1n �ü �m5\h�ð�ê. b�ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, ���K�ê, P pξ1 “ kq “ pk, k ě 0. 3?¿�Ǒn, XJ\hÕk�, �o\hÕǑÙ¥�ý\h(Ñ���ü �m, ,�Tð�3�Ǒn` 1 lm\hÕ);ÄK,\hÕ�oÑØ�.òn �Ǒ\hÕ¥�ð�êPǑXn. u´tXnu Ǒ��ê¼ó. �ÑÙG��m�=£VÇ.

7. ��âf3nÆ/�n�º:�ma�, §U^����£Ä�VÇǑp P p0, 1q, U_����£Ä�VÇǑ1 ´ p. Á�n Ú��TâfT�?3Ñu:�VÇpn , ¿O� lim
nÑ8

pn.

8. �S “ t1, 2, 3, 4u,=£Ý
P Xe, (1) Á�P2, (2) �pp2nq
ii , @i.

P “

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0.6 0.4

0 0 0.2 0.8

0.25 0.75 0 0

0.5 0.5 0 0

˛

‹

‹

‹

‹

‹

‹

‚

.

9. ,êâÏ&XÚdn �¥UÕ|¤,lþ�Õ�e�ÕDx&Ò0½1�, �Â��(ÇǑp. X^X0 L«�©ÕuÑ�êi. ^Xk L«1k �¥UÕ�Â��êi. Áy:

tXk : 0 ď k ď nu ´��ê¼ó,

P pX0 “ 1|Xn “ 1q “ α ` αpp ´ qqn
1 ` p2α´ 1qpp ´ qqn ,Ù¥α “ P pX0 “ 1q, q “ 1 ´ p. ¿�`²þã^�VÇ�¢S¿Â.

10. b�tXnu ´5KäTd þ��ÅiÄ, �Yn “ |Xn|. y²tYnu ´ê¼ó, ¿�ÙG��m�=£VÇ.

11*. b�P ´S þ�=£Ý
, Ŝ ´�ê8, f : S Ñ Ŝ ´÷�. y²: XJé¤ki, i1 P S,efpiq “ fpi1q, K
ÿ

j:fpjq“k
pij “

ÿ

j:fpjq“k
pi1j , @k P Ŝ,�o, é?¿S þ±P Ǒ=£Ý
�ê¼ótXnu þktfpXnqu ´Ŝ þ�ê¼ó.
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12. éuê¼ó, @n ă m, @B0, ¨ ¨ ¨ , Bn´1, A Ď S, i P S, y²: P pXn`1 P A|Xn “ i,X0 P

B0, ¨ ¨ ¨Xn´1 P Bn´1q “ P pXn`1 P A|Xn “ iq.

13. y²·K 1.1.14.

14*. b�é?¿n ě 0, i P S, fpn, i, ¨q : r0, 1s Ñ S ��é?¿U „ Up0, 1q,

P pfpn; i, Uq “ jq “ pn;i,j , j P S.

(1) y²: é?¿n ě 0, Pn “ ppn;i,jqSˆS Ǒ=£Ý
. (2) b�X0, U1, U2, ¨ ¨ ¨ �pÕá,

Un „ Up0, 1q, n ě 1, X0 ��uS. 48½ÂXn`1 “ fpn ` 1;Xn, Un`1q, n “ 0, 1, 2, ¨ ¨ ¨ .�o, tXnu ´ê¼ó. (5: tXnu �±Ǒ��à�.)
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§1.2 ØC©Ù��_©Ù�!ØC©Ù.b�tXnu ´±P Ǒ=£VÇ�ê¼ó, �© �Ǒi, =X0 “ i. d�, ·�¡tXnu ´li Ñu�ê¼ó, òÙéA�VÇPǑPi, =
PipX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inq “ 1ti0“iu ¨ pi0i1 ¨ ¨ ¨ pin´1in ,XJtXnu �©ÙǑµ, �o·�òÙéA�VÇPǑPµ. �â�Vúª,

PµpAq “
ÿ

iPS
µiPipAq.©OòPi �Pµ éA�êÆÏ"PǑEi ÚEµ. �â�ª(1.1.2), tXnu �k���;�©Ù�Ù�©Ùµ Ú=£Ý
P ��û½. ~X, ·��±�Ñ

PµpX1 “ jq “
ÿ

iPS
PµpX0 “ i,X1 “ jq “

ÿ

iPS
µipij . (1.2.1)y3, ·�òS þ�©Ùµ ÀǑ��1�þ, 1i �©þ(½, 1i ��©þ)Ò´µi. aquÝ
nØ¥�1�þm�Ý
����#�1�þ, ·���µP �´S þ���©Ù, Ù1j��©þÒ´ř

iPS µipij . �o, �âþ¡�úª (1.2.1), eX0 „ µ, KX1 „ µP.½Â1.2.1. b�π “ tπj : j P Su ǑS þ�ÿÝ. eπ ÷vXeØC�§:

πj “
ÿ

kPS
πkpkj , @ j P S,K¡π ǑP ���ØCÿÝ. ?�Ú, eπ �´©Ù, K¡π Ǒ��ØC©Ù (invariant dis-

tribution). Ǒ¡π Ǒ±P Ǒ=£Ý
�ê¼ó�ØCÿÝ½ØC©Ù.51.2.2. w,, πi ” 0 ´ØCÿÝ, §´²��ØCÿÝ. eπ ´�²��ØCÿÝ, ¿�ř

iPS πi ă 8, �o, ·�o�±òÙ8�z, ����ØC©Ùπi{řjPS πj , i P S.51.2.3. b�π ǑØC©Ù. XJX0 „ π, �o,

pX0, X1, ¨ ¨ ¨ , Xnq d“ pXm, Xm`1, ¨ ¨ ¨ , Xm`nq, n,m ě 1,Ù¥,/ d“0L«Ó©Ù. ÷vþª�L§�¡Ǒ²L§. éu��²L§, ?¿�ǑmÑ�±�ÀǑ�må:. éuê¼óó, ÏǑÓ���©Ù�5Ó��k�Ú;�©Ù.Ïd, ØC©ÙǑ�¡Ǒ²©Ù(stationary distribution). ,	, ØC©Ù3Ôn¥�¡Ǒ�(steady state), ¹ÂǑ: d�XÚk,«½5.
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22 1�Ù ê¼óXJS k�, Ø��|S| “ N . �o, l�5�ê�*:5w, �²��ØCÿÝéA�1�þ´N ˆN Ý
P �AÆ�Ǒ1 ��AÆ�þ, ÀǑ1�þ�, ØC�§Ò�±U�Ǒ
π “ πP.u´, ·��±ÏL)�5�§|5�ØC©Ù. ·�Ǒ�±^êÆ©Û��£y²ØC©Ù�3(��!SK8), 3�Y��§¥, ·��òlVÇØ�ÆÝy²ØC©Ù�3.51.2.4. �S k��, �â�5�ê¥�Perron-Frobenius½n(N¹¥�½n 4.0.15), �²��ØCÿÝo�3, ò§8�z±�B��ØC©Ù.~1.2.5 (üG�ê¼ó, ~ 1.1.7Y). S “ t0, 1u, p01 “ p, p10 “ q, Ù¥0 ă p, q ă 1. XJ�¤Ý
, 1�1/�éAG�0, 1�1/�éAG�1, �o, =£Ý
P /X:

¨

˝

1 ´ p p

q 1 ´ q

˛

‚.d�, ØC©Ùπ ¤÷v��§|Ǒ:

$

&

%

π0p00 ` π1p10 “ π0,

π0p01 ` π1p10 “ π1.ùü��§��´Ó��, ÏǑ©Oé§���mü>�Ú´��ð�ªπ0 ` π1 “ π0 ` π1.��/, XJS “ |N |, �o, ØC©Ù��§|πP “ π ���kN ´ 1 ��§. ùN ´ 1 ��§, (Ü8�z^�ř

iPS πi “ 1 �)Ñπ. 3ù�~K¥, ·�)�π0 “ q
p`q , π1 “ p

p`q .�S ��½öN é��, ÏL)�§|π “ πP 5ÏéØC©Ù��{ÒØ��1
.ØL,éu�
'�AÏ�=£Ý
, ·��±l=£VÇã�(�X�5ÏéØC©Ù. ¯¢þ, éS �?¿f8A,
ÿ

iRA,jPA
πipij “

ÿ

iPA,jRA
πipij . (1.2.2)þª�y²3ǑSK(�!SK2). �L5, XJþªéS �?¿f8A Ñ¤á, �o·��±òA �Ǒ?¿ü:8tiu, B�π ´ØC©Ù. �é{`, π ´ØC©Ù��=�þªé?¿A Ď S ¤á. ù��d^�k�ÿǑ�±�Ï·�ÏéØC©Ù.~1.2.6 (�#L§, ~ 1.1.9Y). S “ Z`, =£VÇǑ:

pi,i´1 “ 1, @i ě 1; p0,i “ P pL “ i ` 1q,@i ě 0.Ù¥L �L(1��)���Æ·.
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0 i ã 1.7 A “ ti, i` 1, i` 2, ¨ ¨ ¨ u.b�π ǑØC©Ù. �½i ě 1. �
A “ ti, i` 1, i` 2, ¨ ¨ ¨ u,§=´ã 1.7¥J�xÑ���. duâflA ¥a�Ac ¥��U´li a�i ´ 1, Ïd

(1.2.2)�m>�uπipi,i´1 “ πi; âflAc ¥a�A ¥, �U´l0 a�A ¥�,�G�j,Ïd (1.2.2) ��>�uπ0p0,i ` π0p0,i`1 ` ¨ ¨ ¨ “ π0P pL ě i ` 1q. �âi �?¿5, π 7L÷v:

πi “ π0P pL ě i` 1q, @i ě 1.?�Ú, π �L÷v8�z^�ř8
i“0 πi “ 1, =

1 “ π0 p1 ` P pL ě 2q ` P pL ě 3q ` ¨ ¨ ¨q “ π0EL.�EL “ 8, 8�z^�ØU�÷v, ÏdØC©ÙØ�3. �EL ă 8 �, XJπ ´ØC©Ù, §7L/X
π0 “ 1

EL
, πi “ P pL ě i` 1q

EL
, i “ 1, 2, ¨ ¨ ¨ .�L5, ØJ�y, þª½Â�π �(÷vØC�§, Ïd§´(���)ØC©Ù.~1.2.7. b�S “ Z`, =£VÇǑp0,1 “ 1; é?¿i ě 1,

pi,i´1 “ λ

λ` 1
, pi,i`k “ pk

λ` 1
, @k ě 1,Ù¥,

ř8
k“1 pk “ 1. �Tê¼ó�ØC©Ù.): b�π ´ØC©Ù. �½i ě 2. �A “ ti, i ` 1, i ` 2, ¨ ¨ ¨ u. �þ��~Kaq, duâflA ¥a�Ac ¥��U´li a�i ´ 1, Ïd (1.2.2) �m>�uπipi,i´1 “ πi; âflAc ¥a�A ¥, �±lG�i´ 1 9Ù�>�,�G�j a�G�i 9Ùm>�,�G�l.Pfr :“ ř8
k“r pk, K (1.2.2) �>�u

i´1
ÿ

j“1

8
ÿ

l“i
πjpjl “

i´1
ÿ

j“1

πj

8
ÿ

k“i´j

pk

λ` 1
“ 1

λ` 1

i´1
ÿ

j“1

πjfi´j .
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24 1�Ù ê¼ó
 

0    ã 1.8 A “ ti, i` 1, i` 2, ¨ ¨ ¨ u, l “ j ` k.âflA ¥a�Ac ¥, �UlG�i a�G�i´1, Ïd�VÇ6é{ü, Ò´li 6�i´1,o6þǑπi λ
λ`1

. di �?¿5, ØC©Ù7L÷vXe�§|:

πi “ 1

λ

i´1
ÿ

j“1

πjfi´j , @i ě 2. (1.2.3)òþªéi �Ú��
1 ´ π0 ´ π1 “ 1

λ

8
ÿ

i“2

i´1
ÿ

j“1

πjfi´j “ 1

λ

8
ÿ

j“1

8
ÿ

i“j`1

πjfi´j “ 1

λ

˜

8
ÿ

j“1

πj

¸˜

8
ÿ

r“1

fr

¸

.du
8
ÿ

r“1

fr “
8
ÿ

r“1

8
ÿ

k“r
pk “

8
ÿ

k“1

k
ÿ

r“1

pk “
8
ÿ

k“1

kpk “ m,Ïd�
m :“

8
ÿ

k“1

kpk “ 8�, ØC©ÙØ�3. �m ă 8 �, ·�íÑØC©Ù7L÷v:

1 ´ π0 ´ π1 “ m

λ
p1 ´ π0q.?�Ú, �âG�0 ?�ØC�§,

π0 “
ÿ

iPS
πipi0 “ π1

λ

λ` 1
.Ïd,

π0 “ λ´m

λ´m ` λ` 1
, π1 “ λ´m

λ´m` λ` 1
¨ λ` 1

λ
.��, �â4íª (1.2.3) ���πi, i ě 2. �λ ď m �, ùw,Ø´ØC©Ù, ÏdØC©ÙØ�3. �λ ą m �, ØJ�yùÒ´ØC©Ù.é,
AÏ��., ·���±|^�m�²£ØC5ÏéØC©Ù.
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§1.2 ØC©Ù��_©Ù 25~1.2.8 (lÑ�±þ��ÅiÄ). b�N ě 3. �ÄkN �º:�lÑ�±SN “ t0, 1, ¨ ¨ ¨ , N´
1u þ�ê¼ótXnu, Ù=£VÇǑ:

p0,1 “ p1,2 “ ¨ ¨ ¨ “ pN´2,N´1 “ pN´1,0 “ p, p0,N´1 “ p1,0 “ ¨ ¨ ¨ “ PN´1,N´2 “ 1 ´ p,Ù¥0 ă p ă 1. �p “ 1
2
�, tXnu Ò´Sn þ��ÅiÄ; �p ‰ 1

2
�, tXnu �¡ǑSn þ�k �ÅiÄ. e¡, ·�|^�m�²£ØC5ÏéØC©Ù. òN �Óu0, ¿�ò´1�ÓuN ´ 1, ·�kØC�§�du,

πi “ pπi´1 ` p1 ´ pqπi`1é¤kG�i Ñ¤á. Ïd, ØJ�yπi ” 1 ÷vØC�§. òÙ8�z��πi “ 1
N
, i P S,�\þã�§B�π Ò´ØC©Ù.�!�_©Ù.[�²ï^�:

πipij “ πjpji, @ i, j P S, (1.2.4)½Â1.2.9. b�P Ø��, π ǑS þ���ÿÝ. e[�²ï^� (1.2.4) ¤á, K¡π ǑP��¡ÿÝ(symmetric measure). d�, ¡P Ǒ��¡�. ?�Ú, eπ ´��©Ù, K¡πǑP ��_©Ù (reversible distribution). d�, ¡P Ǒ�_�(reversal).51.2.10. �¡ÿÝ´ØCÿÝ. �_©Ù´÷v[�²ï^��ØC©Ù, Ǒ´÷v8�z^���¡ÿÝ.51.2.11. b�π ´ØC©Ù, tXnu ´±π Ǒ�©Ù!P Ǒ=£Ý
�ê¼ó. �½N ,-Yn :“ XN´n, KtYn : 0 ď n ď Nu �¡ǑtXn : 0 ď n ď Nu ��m�_L§, {¡_L§.�o, tYn : 0 ď n ď Nu Ǒ´��ê¼ó, Ù=£VÇǑ
p̃ij “ πjpji

πi
, @i, j P S. (1.2.5)Ïd, π ´�_©Ù��´P̃ “ P, =, _L§tYn : 0 ď n ď Nu ��L§tXn : 0 ď n ď Nuäk�Ó��©ÙÚ=£VÇ. d�, ·�Ǒ¡±π Ǒ�©Ù!P Ǒ=£Ý
�ê¼ó´�_�.�_©Ù�`�5��´N´O�. ·�kw��{ü�~f.~1.2.12 ()«ó). )«óǑx,+N¥��Nê8, b�y3ki ��N, ²L��ü �m�, +N¥¬O\���N(=, ��#�NÑ)), VÇǑbi , ½~����N(=, ���
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26 1�Ù ê¼óN«�), VÇǑdi. �o, +N¥��Nê´��ê¼ó, ÙG��mǑS “ Z`, =£VÇǑ
pi,i`1 “ bi, @ i ě 0, pi,i´1 “ di, @i ě 1,Ù¥b0 “ 1, bi ` di “ 1, @i ě 1.3)«ó¥, ·�?�Úb�bi, di ą 0, i ě 1. �j “ i´ 1, �o (1.2.4) B=zǑ

πidi “ πi´1bi´1, @i ě 1.ùL²πi “ πi´1
bi´1

di
, i ě 1. S��, ·�k�_©Ù7L÷vXe�§|:

πi “ π0
b0 ¨ ¨ ¨ bi´1

d1 ¨ ¨ ¨ di
, @i ě 1.¯¢þ, þã�§|®²�¹
¤k��pij ą 0 ��§|, Ïd§�)Ò´�¡ÿÝ.�C :“ 1 ` ř8

i“1
b0¨¨¨bi´1

d1¨¨¨di ă 8 �,

π0 “ 1

C
, πi “ 1

C
ˆ b0 ¨ ¨ ¨ bi´1

d1 ¨ ¨ ¨ di
, i ě 1´�_©Ù. �C “ 8 �, �_©ÙØ�3, ¯¢þ, d�ØC©ÙǑØ�3.��/, b�é?¿i, j P S, Ñkpij ą 0 ô pji ą 0 (ÄK�_©ÙØ�3). �o, ·�o�±ÏLe¡�6§(i) „ (iii) 5��_©Ù.

(i) �½o, PS0 “ tou.
(ii)ÏL[�²ï^�,8B½ÂloÑu²LnÚâU���G�i�πi. äN/,én ě

1, P
Sn “ ti P S : p

pnq
oi ą 0uzpS0 Y ¨ ¨ ¨ Y Sn´1q,b�Y8

n“0Sn “ S (ÄK�¹'�E,, ·�±�2?Ø). é?¿i P Sn, �B���k P Sn´1��pki ą 0, ¿-
πi “ πkpki

pik
. (1.2.6)

(iii) �y[�²ï^� (1.2.4), ¿?�Úòπ 8�z, (ØǑ±en«�/��.�/�!�3ü�G�i, j ��πipij ‰ πjpji. �o, (Ø´: P vk�¡ÿÝ, lǑvk�_©Ù.�/�![�²ï^� (1.2.4) ¤á, �π Ø�±8�z. �o, (Ø´: P k�¡ÿÝ,�vk�_©Ù.�/n![�²ï^� (1.2.4) ¤á, �π �±8�z. �o, (Ø´: ���T��πo��π Ò´P ��_©Ù.
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§1.2 ØC©Ù��_©Ù 27~1.2.13 (k�ãþ��ÅiÄ, ~ 1.1.10 Y). b�tXnu ´ëÏãG “ pV,Eq þ��ÅiÄ, Ù¥|V | ă 8. b�º:i �ÝǑdi. é¤kº:i, -µi “ di. �o,

µipij “ µjpji “

$

&

%

1, e i, j ´�Ø;

0, ÄK,Ïd, [�²ï^�¤á, =, µ ´�¡ÿÝ. ÏǑ|V | ă 8, ¤±·��±ò§8�z, =-πi “ di
ř

jPV
dj
, i P V , �o, π ´�_©Ù.�_©Ù�`�5��´�¡ÿÝäkU«5: b�D Ď S. y3, ·�B�¤klm«�D �a�, òÙUǑâf��/a�. =, -

$

&

%

p̃ij “ pij , @ i, j P D, j ‰ i,

p̃ii “ pii ` ř

jRD pij , @i P D.�o, P̃ “ pp̃ijqDˆD ´D þ�=£Ý
. eπ ´P ��_©Ù, Kπ|D E,÷v[�²ï^�(1.2.4), u´òÙ8�z=��P̃��_©Ù;�´, eπ ==´P�ØC©Ùvk�¡5, Kµ|D �8�z�7´P̃ �ØC©Ù.~1.2.14 (~ 1.1.6Y). �Ä��{ü�ÅiÄ, S “ Z, pi,i`1 “ p, pi,i´1 “ 1´ p “: q, @i P Z.Ù¥, 0 ă p ă 1.Äk, �_©ÙØ�3. ÄK, �â[�²ï^�9Ù8B{, ·�k, @i ě 1,

π1 “ π0
p

q
, ¨ ¨ ¨ , πi “ π0

pi

qi
, ¨ ¨ ¨ ; π´1 “ π0

q

p
“ π0

p´1

q´1
, ¨ ¨ ¨ , π´i “ π0

p´i

q´i , ¨ ¨ ¨ØJ�y, þ¡½Â�π ÷v[�²ï^�, =,§´�¡ÿÝ. ,, 1`
ř8
i“1

pi

qi
`
ř8
i“1

qi

pi
“

8, @0 ă p ă 1. Ïd, þ¡½Â�π ØU?18�z. l�_©ÙØ�3. ?�Ú, XJ·���Ä��¶, �oT�¡ÿÝÄ�þE,·^, äN/, ��!SK3.Ùg, ¯¢þØC©ÙǑØ�3. ÄK, �A “ ti, i` 1, ¨ ¨ ¨ u, �o (1.2.2) Ò=zǑ[�²ï^�. ùL²ØC©Ù7L´�_©Ù, l§Ø�3.��, ·�®²uy, ��¡, þ¡½Â�πi “ π0
pi

qi
, @i P Z ÷v�¡5, Ïd§´ØCÿÝ. ,��¡, d�m�àg5, ØJwÑπi “ π0, @i Ǒ´ØCÿÝ. �p “ q �, §���´Ó�aØCÿÝ, =§����~ê�. �p ‰ q �, §���´ØÓ�ØCÿÝ, Ïd,·�Ù¢é�
ü«ØÓa.�ØCÿÝ.n!�¯ªÇb�L1, L2, ¨ ¨ ¨ ÕáÓ©Ù, ��K�ê, P pL1 “ 0q ă 1. -

S0 “ 0, Sr “ L1 ` ¨ ¨ ¨ ` Lr, r ě 1.
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28 1�Ù ê¼ó-
Rn “ maxtr ě 0 : Sr ď nu.½n1.2.15 (�#½n).

P

ˆ

lim
nÑ8

Rn

n
“ 1

EL1

˙

“ 1.y: ·��±òS1, S2, ¨ ¨ ¨ IP3�m¶þ,Xeã¤«�¢%:. Rn “ r��=�Sr ď
n ă Sr`1, ~X, ã«Ǒr “ 4.

 

     

      ã 1.9 Rn “ 4.��¡,ØJwÑ, Rn üNþ,��¡�,Ǒ,§¿Ø´î�üNþ,�,½ö`, þ,�éú. î�/`, P p lim
nÑ8

Rn “ 8q “ 1. ,��¡, �âr�ê½Æ, P p lim
rÑ8

Sr

r
“ ELq “ 1,Ù¥L “ L1. �é{`, P

Ω1 “
!

ω lim
nÑ8

Rnpωq “ 8
)

, Ω2 “
"

ω : lim
rÑ8

Srpωq
r

“ EL

*

,�o, P pΩ1q “ P pΩ2q “ 1.�½ω P Ω1Ω2. ÏǑω P Ω2, ¤±, �r Ñ 8 �, ¢êS�ar “ Srpωq
r

Ñ EL. u´,dêÆ©Û��£, ·���, XJ lim
nÑ8

rn “ 8, �oǑk lim
nÑ8

arn “ EL. AO/, ·��rn “ Rnpωq. ÏǑdω P Ω2 � lim
nÑ8

rn “ 8, ¤± lim
nÑ8

Srnpωq
rn

Ñ EL. Ón,
Srn`1pωq

rn
“

Srn`1pωq
rn`1

ˆ rn`1
rn

Ñ EL. ù(ÜSrn ď n ă Srn`1 L² lim
nÑ8

n
rn

“ EL, = lim
nÑ8

Rnpωq
n

“ 1
EL

.nþ, ·�kP pΩ1Ω2q “ 1 �Ω1Ω2 Ď
!

ω : lim
nÑ8

Rnpωq
n

“ 1
EL

)

, u´(Ø¤á. le¡, ·��3�#L§ÚüG�ê¼óùü�~f¥, |^�#½nwÑØC©Ù�G���¯ªÇ�m�'X.~1.2.16 (�#L§,~ 1.2.6Y). 3�#L§¥, Lr Ò´1r����Æ·, Sr “ L1`¨ ¨ ¨`LrÒ´1r ��#�Ǒ(�����Ǒ). ÏǑXn L«��{Æ, ¤±Xn “ 0 ��=�n ´���#�Ǒ. �é{`, tXnu z�¯�gG�0, Ò¿�X�^��#��, ǑÒ´ã 1.9 ��m¶þÑy��¢%�:. Ïd, 3�Ǒn �o�Ñy
1`Rn gG�0. G�0 Ñy�ªÇÒ´ 1`Rn

n
. �â�#½n, G�0 Ñy�ªÇA�7,Âñ, §�4� 1

EL
Ò´3ØC©Ùe, G�0 Ñy�VÇπ0.~1.2.17 (üG�ê¼ó, ~ 1.2.5 Y). 3üG�ê¼ó¥, �	X0 “ 0 �;�. �*þ, XJ·�òâfe�Úa�G�1 ÀǑ¤õ, òâf3G�0 �/aÀǑ�}, b�âf3G
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§1.2 ØC©Ù��_©Ù 29�0 �/a�ξ ´ 1 g, ¿31ξ ga�G�1, �o, ξ ÑlAÛ©Ù, ëê´p01 “ p. Ón,XJâf uG�1, §3G�1 �/a�η ´ 1 g, ¿31η ga�G�0, �o, η ÑlAÛ©Ù, ëêǑp10 “ q. Ïd, ·��±^�pÕá�ÑlAÛ©Ù��ÅCþS�5�EüG�ê¼ó. äN��EXe.b�ξ1, ξ2, ¨ ¨ ¨ , η1, η2, ¨ ¨ ¨ ´�pÕá��ÅCþ, ©Ù�Xe:

P pξr “ mq “ p1 ´ pqm´1p, m “ 1, 2, ¨ ¨ ¨ ; P pηr “ mq “ p1 ´ qqm´1q, m “ 1, 2, ¨ ¨ ¨ .PS0 “ T0 “ 0, Sr “ ξ1 ` ¨ ¨ ¨ ` ξr, Tr “ η1 ` ¨ ¨ ¨ ` ηr. �o, ��lG�0 Ñu�ê¼ówþ�Ò´: âf�/a, ���ǑS1 a�G�1, ,��/a, ���ǑS1 ` T1 a�G�0, ,��/a, ���ǑS1 ` T1 ` S2 a�G�1, , ,��/a, ���ǑS1 ` T1 ` S2 ` T2 a�G�0, ¨ ¨ ¨ ¨ ¨ ¨ . äN/, -L0 “ 0, Lr “ Sr ` Tr, -
XLr

“ ¨ ¨ ¨ “ XLr`Sr`1´1 “ 0, XLr`Sr`1
“ ¨ ¨ ¨ “ XLr`1´1 “ 1, @r ě 0.�o, tXnu Ò´��l0 Ñu�ê¼ó. Ón, -

YLr
“ ¨ ¨ ¨ “ YLr`Tr`1´1 “ 0, YLr`Tr`1

“ ¨ ¨ ¨ “ YLr`1´1 “ 1, @r ě 0.�o, tYnu Ò´��l0 Ñu�ê¼ó. Öö�±�â (1.1.1) ���yù�(Ø.XJ·�òL1, L2, ¨ ¨ ¨ ÀǑ�����m. �â�#½n, 3�Ǒn ��
Rn ���, Ïd, G�0 Ñy�gêV0pnq 0uSRn
�SRn`1 �m. �âr�ê½Æ��#½n, G�0 Ñy�ªÇ 1

n
V0pnq A�7,Âñu

Eξ1 ¨ 1

EL
“ Eξ1

Eξ1 ` Eη1
“ 1{p

1{p` 1{q “ q

p` q
“ π0.Ón, G�1 Ñy�ªÇA�7,Âñuπ1.o!�¯VÇ�Âñ5.~1.2.18 (üG�ê¼ó, ~ 1.2.5 Y). òüG�ê¼ó�=£Ý
P ÏL�qC�?1éÆz, L�Xe:

P “

¨

˝

1 ´ p p

q 1 ´ q

˛

‚“ A´1

¨

˝

1 0

0 λ

˛

‚A,Ù¥, λ “ 1 ´ p´ q,

A “

¨

˝

q
p`q

p
p`q

1
p`q ´ 1

p`q

˛

‚, A´1 “

¨

˝

1 p

1 ´q

˛

‚.
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30 1�Ù ê¼óu´,

Pn “ A´1

¨

˝

1 0

0 λn

˛

‚A.d0 ă p` q ă 2 �|λ| ă 1. l, �n Ñ 8 �, λn Ñ 0. u´,

P̂ :“ lim
nÑ8

Pn “ A´1

¨

˝

1 0

0 0

˛

‚A “

¨

˝

q
p`q

p
p`q

q
p`q

p
p`q

˛

‚.duP̂ �z�1�1�þÑ´ØC©Ùπ “ pπ0, π1q, Ïdþ¡�(ØL²: é?¿i Ñk
lim
nÑ8

p
pnq
ij “ πj , @j.?, é?¿�©Ùµ, Ñk�n Ñ 8 �, PµpXn “ jq “ µ0p

pnq
0j ` µ1p

pnq
1j Ñ πj, @j. ��,

Pn ´ P̂ “ A´1

¨

˝

0 0

0 λn

˛

‚A “ λn

¨

˝

p
p`q ´ p

p`q

´ q
p`q

q
p`q

˛

‚.ùL², p
pnq
ij ´ πj “ Opλnq, =ppnq

ij ´ πj ±�ê�Ýªu0.ê¼ó�±vkØC©Ù(~X, ��{ü�ÅiÄ, �~ 1.2.14),Ǒ�±kõ�ØC©Ù(~X, pii “ 1, @i). ê¼óïÄ¥���Ä�¯K´é�¤k�ØC©Ù.Ïd, 3�Y�Ù!¥, ·�ò�ïÄØC©Ù��3��5. éuØC©Ùπ �3���ê¼ó, ·��ò?�ÚïÄe�¯K, §��±`´3lØÓ�ÆÝǑxê¼ótXnu �,«4�1Ǒ.

1. b�3n Ú¥, G�i Ñy
Vipnq g. �n Ñ 8 �, ªÇVipnq
n
´Äªuπi? Ò�3~ 1.2.17 �~ 1.2.16 ¥w����, G�0 Ñy�ªÇA�7,Âñ�π0 .

2. 3�o^�e, é?¿�©Ùµ, ÑkµPn Âñ�ØC©Ù? Ò�3~ 1.2.18 ¥w����.

3. XJµPn Âñ�ØC©Ù, �oÂñ�Ýkõ¯? �o�¹e¬XÓ~ 1.2.18 ��LyÑ�ê�Ý?Ö¿�£.¯¢þ, P ��¡��=�Kolmogorov OK¤á: ei0, i1, ¨ ¨ ¨ , in, in`1, Ù¥n ě 1, /¤VÇ=£ã¥����, =, in`1 “ i0, pirir`1
ą 0, K

pi0i1pi1i2 ¨ ¨ ¨ pinin`1
“ pin`1inpinin´1

¨ ¨ ¨ pi1i0 . (1.2.7)��þ, KolmogorovOK£ã�´: elG�o Ñu�±kü^ØÓ�´»��G�i, b�§��¥mG�©O´i1, ¨ ¨ ¨ , in Új1, ¨ ¨ ¨ , jm, Ù¥n,m ě 0 �n ` m ą 0, K÷Xùü^´»ÏL (1.2.6)�Ñ�µi ´���.SK
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§1.2 ØC©Ù��_©Ù 31

1. ÏL)�§���Xe=£Ý
�ØC©Ù.

P “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1{2 0 0 0 1{2
1{3 0 1{3 0 0 1{3
0 1{2 0 1{2 0 0

0 0 1{3 0 1{3 1{3
0 0 0 1{2 0 1{2
1{4 1{4 0 1{4 1{4 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

2. y²: eπ ǑØC©Ù, Ké?¿A Ď S, (1.2.2) ¤á.

3. �tXnu ´��uZ` �ê¼ó, Ù=£VÇǑ:

p01 “ 1 ´ p00 “ q, pi,i`1 “ 1 ´ pi,i´1 “ p, @ i “ 1, 2, ¨ ¨ ¨ .Ù¥0 ă q ď 1, 0 ă p ă 1. �p ă 1{2 �, �ØC©Ùπ ¿O�EπX100. (5: �q “ 1 �,

tXnu �¡ǑZ` þ����9��ÅiÄ; �q “ 0 �, tXnu �¡ǑZ` þ��áÂ9��ÅiÄ, �0 ă q ă 1 �, tXnu �¡ǑZ` þ��Ê¢>.��ÅiÄ.)

4. b�S “ t1, 2, 3u,=£Ý
Xe. (1) �ØC©Ù, (2) � lim
nÑ8

P pXn “ 1q.

P “

¨

˚

˚

˚

˝

0.6 0.3 0.1

0.2 0.7 0.1

0.1 0.3 0.6

˛

‹

‹

‹

‚

.

5. y²: =£Ý
P�ØC©Ù�N�¤��à8, =,eµ, π Ñ´P�ØC©Ù, 0 ă p ă
1, Kpµ` p1 ´ pqπ Ǒ´P �ØC©Ù.

6. b�π ´ê¼ó�ØC©Ù. b��3~êc ą 0 ��pki “ cpkj , @k. y²πi “ cπj .

7. e=£Ý
P “ ppijqSˆS ÷vř

iPS pij “ 1, K¡P ǑV�Å� (double stochastic).y²: (1) eP ´V�Å�, Ké?Ûn, PnǑ´V�Å�; (2) eP ´V�Å�,Kµ ” 1 ´ÙØCÿÝ.

8. b�S k�, P´S þ�=£Ý
. �½i P S. y²: (1)�3��ê�f�n1, n2, ¨ ¨ ¨ �� lim
rÑ8

1
nr

řnr´1

m“0 p
pmq
ij �3(òd4�PǑπj), @j P S. (2)y²: π “ pπj , j P Sq´P�ØC©Ù.

9. y²: �_©Ù´ØC©Ù.
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32 1�Ù ê¼ó
10. �y5 1.2.11¥�tYn, 0 ď n ď Nu´ê¼ó,¿�,Ù�©ÙEǑπ,=£VÇd (1.2.5)�Ñ.

11. b�S k�; pij ą 0, @ i ‰ j; ¿�pijpjkpki “ pikpkjpji, @ i, j, k. y²: P ´�_�.

12. b�π ǑP �ØC©Ù. b�tXnu �tYnu Ñ´S þ�ê¼ó, ÷v: (i) =£VÇ©OǑP �P̃ (d (1.2.5)½Â), (ii) Y0 “ X0 „ π, (iii) 3®�X0 “ Y0 “ i �^�e,

tXn : n ě 1u �tYn : n ě 1u �pÕá. -
Zn “

$

&

%

Xn, e n ě 0;

Y´n, e n ă 0y²: �½N P Z, -Wn “ ZN`n, @n ě 0. �o, tWnu ´±π Ǒ�©Ù, P Ǒ=£Ý
�ê¼ó.
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§1.3 G��©a¡·�®²J�L, ê¼ó�du��3S ¥$Ä�âf. 3�e5�ùA!¥, ·�òïÄTâf�;�5�, ~X, ÷ù^�Å�;�, ·�´ÄU*	�,�A½�G�,=, âf´Ä¬��(½�¯),�G�.½Â1.3.1. ePipD n ě 0 ��Xn “ jq ą 0, K¡i �� j, PǑi Ñ j.3ïÄ��ù�5��, VÇ=£{ã´��Ä�óä, §Ò´3=£VÇã¥ØIPpij ��, �épij ą 0 �G�épi, jq xÑli �j ��Þ(=, k�>). ~X:

P1 “

¨

˚

˚

˚

˚

˚

˚

˝

1{2 1{2 0 0

0 0 1 0

1{3 1{3 0 1{3
1{2 0 1{2 0

˛

‹

‹

‹

‹

‹

‹

‚

, P2 “

¨

˚

˚

˚

˚

˚

˚

˝

0 1{2 0 1{2
1{2 0 1{2 0

0 0 0 1

0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‚éA�=£VÇãXe.

 

 

  

  

  

 

ã 1.10 VÇ=£{ã3VÇ=£{ã¥, i ��j ���Ö)Ǒ: li Ñu, �±^X�Þ����j, ù=´e¡·K¥�(1).·K1.3.2. b�i ‰ j. �oi Ñ j �e�ü^�d:

(1) �3n ě 1, 9n ` 1 �pØ�Ó�G�i0, ¨ ¨ ¨ , in P S, ��i0 “ i, in “ j �pi0i1 ą 0,

pi1i2 ą 0, ¨ ¨ ¨ , pin´1in ą 0.

(2) �3n ě 1 ��ppnq
ij ą 0.3ã 1.10 ¥, �ã÷vù��5�: l?¿º:i ÑuÑ�±^X�Þ��Ñ�±��?¿�,��º:j, =?¿º:éi, j Ñki ��j. mãKØ÷vd5�.½Â1.3.3. ei Ñ j �j Ñ i, K¡i �j pÏ(communicate), PǑi Ø j. eS ¥?¿ü�G�ÑpÏ, K¡Tê¼óØ��(irreducible); ÄK¡Tê¼ó��(reducible).
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34 1�Ù ê¼ó51.3.4. ���pÏ��þ´d=£Ý
P û½�5�, Ïd, ·�Ǒ`P ��½Ø��.3²(=£Ý
��ÿ, ·�Ǒ`S ��½Ø��.��ù�5�äkD45: ei Ñ j �j Ñ k, Ki Ñ k. u´·�íÑ:

i Ø i; i Ø j K j Ø i; i Ø j � j Ø k, K i Ø k.ùL²pÏ'X´S þ����d'X. òS UìpÏ'Xy©ǑpØ����da, z��da�¡Ǒ��pÏa, {¡a(class). u´, ê¼óØ��Ò´��k��pÏa, ~Xþ¡�=£Ý
P1. 3þ¡�P2 éA�ê¼ó¥, kü�pÏa: C1 “ t1, 2u, C2 “ t3, 4u.lC2 Ñu�âf[�3C2 ¥, ùL²C2 k,«µ45. �´, C1 vkù«µ45, ÏǑlC1 Ñu�âf�±lmC1 . �âpÏa�½Â, âf��lmC1 ÒØU2£�C1 ¥, u´, �e5C1 ¥�G�ò2ǑØ¬Ñy. lù�ÆÝw, �C2 ù�kµ45�pÏaÒ���ïÄ�
.½Â1.3.5. eA Ď S ÷v:
ř

jPA pij “ 1, @i P A, K¡A Ǒ��48.·K1.3.6. b�A Ǒ48, KPipXn P A, @n ě 0q “ 1, @i P A.XJA ´48, �o·��±òG��m �ǑŜ “ A, =£VÇÒ´P̂ “ ppijqi,jPA, ù�Ý
�,´=£Ý
,ÏǑA´48. AO/,XJA´��4�pÏa,�oP̂�´��Ø��ê¼ó. ØL, ¿Ø´¤k�ê¼óÑk4�pÏa, ~X: S “ Z, pi,i`1 “ 1, @i P S.~1.3.7 ()«ó, ~ 1.1.8 � 1.2.12 Y). 3Ehrenfest�.¥, Ö¿½Âbi “ 0, di “ 1, @ i ě
N`1,B����)«ó. 3T)«ó¥, G�0�¤3�pÏaA´��48. Ehrenfest�.K�ÀǑT)«ó3A þ���.SK
1. ò�xà�3Xeã¤«�Ǒû¥��Å�£Ä. =, �§?u,��f�d�fkk��Ï\Ù§�f,K�xà±1{k �VÇÀJ?�^´». bX�xàzg£Ä���f, Á�Ñ§�=£VÇ, ¿UpÏ�'X©)G��m.

2. y²·K1.3.2 Ú·K1.3.6.

3. b�A ´48, C ´��pÏa. y²: ½öC Ď A, ½öC XA “ H.

4. y²: G��mS ����=�S k��!4�ýf8.

5. b�G��mS k�. y²: �34�pÏa.
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1 2

4 5 6 

3

987ã 1.11 SK1 �ã
§1.4 Ä���rê¼5b�tXnu ´��ê¼ó, i P S. -
τi :“ inftn ě 0 : Xn “ iu, (1.4.1)Ù¥, ·��½inf H “ 8. �o, τi L«ê¼ótXnu Äg�¯G�i ��m, §�¡ǑtXnu�Ä�� (hitting time). duXn Ñ´�ÅCþ, ÏdÄ��´���±���K�êÚ8�(2Â)�ÅCþ. k�, Ǒ
rN§´�ÅCþ, ǑÒ´`, Ǒ
âÑ��ω, ·�Ǒòω �Ñ5; k�, Ǒ
rN§´ê¼ótXnu �Ä��, ·�Ǒ3þI¥�Ñ/pXq0. äN/,

τipωq “ τ
pXq
i “ inftn ě 0 : Xnpωq “ iu.·���±½Â

σi :“ inftn ě 1 : Xn “ iu, (1.4.2)§�¡ǑtXnu �Ä\�, L«ê¼ótXnu Ägl,??\ �i ��m, =3n “ σi ��Ǒ, âf(Ägl,G�Xn´1) a�G�Xn “ i. I�5¿�´, okσi ě 1. b��©G�X0 “ i0. ��ó, Ä��τi õ^ui0 ‰ i ��¹, §L«li0 Ñu�âfÄg��G�i��m, d�σi “ τi; Ä\�Kõ^u�©G�i0 “ i ��¹, §L«��li Ñu�âfÄg£�G�i ��m, d�τi “ 0 ă σi. aq/, é?¿D Ď S, ·��±½Â
τD :“ inftn ě 0 : Xn P Du, σD :“ inftn ě 1 : Xn P Du.aq/, ·��±�äN/�τD pωq, τ pXq

D , σDpωq, σpXq
D ,. l½Âw, τi �σi Ñ´3;�¥|Ï1�g�¯G�i ��Ǒ, §��«O´: |Ï��må:´0 �´1.
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36 1�Ù ê¼ó~1.4.1. -Yn “ X1`n, n “ 0, 1, 2, ¨ ¨ ¨ . �o, σ
pXq
i “ 1 ` τ

pY q
i , @i P S. 5¿�tYnu ´3tXnu¥DK�©G�X0 ���L§, ½ö`, tYnu ´3tXnu �;�¥ò�Ǒ1 ÀǑ#��©�Ǒw���Y;�. ~X, ã 1.12 ´S “ Z þ�^l0 Ñu�{ü�ÅiÄ�;�, î�I´�m¶, p�I´�mS, tYnu �;�Ò´Ù¥�¢�Ü©, §´�^l´1 Ñu�;�. lãþ�±wÑ, σ

pXq
0 “ 1 ` τ

pY q
0 .

 

 

 

 

 

 

 

 

 ã 1.12 σ
pXq
0 = 8, τ

pY q
0 = 7.e¡, ·��½i, òτi {PǑτ . b�X0 „ µ, òPµ {PǑP . b�P pτ ă 8q ą 0. 3¯�tτ ă 8u þ, ·��±òtXnu �;�©¤üã: �Ǒτ ��;�, PǑ~Z; �Ǒτ ���;�, PǑ~Y “ tYmu. ~X, ã 1.13¥�¢�Ü©´~Y , J�Ü©´~Z . äN/, -

 

 

 

 

 

 

 

 

 

 

ã 1.13 i “ 2. ~Y “ p2, 1, 2, 3, 4, 3, 2, 1, 0,´1, ¨ ¨ ¨q; ~Z “ p0,´1,´2,´3,´4,´3,´2,´1, 0, 1, 2q.

Ym :“ Xτ`m, @m ě 0; ~Z :“ pX0, ¨ ¨ ¨ , Xτ q. (1.4.3)e¡·���Ä�´3¯�τ ă 8 u)�^�e�;�5�, ǑÒ´3^�VÇP p¨|τ ă 8qe�Ä. �ud, �±�ǑtYmu Ú~Z �½Â®²��, �é{`, ·�ØI�3¯�tτ “ 8uþé§�?1Ö¿½Â. 3τ ă 8 u)�^�e, ·��±ò~Z ÀǑ�^�Å;�, §��
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§1.4 Ä���rê¼5 37ÝǑ´�ÅCþ. du�Ýk�, ¿�G��mS ´lÑ�, Ïd, ~Z �±�ÀǑ��lÑ.�ÅCþ, §�¤k�U��|¤�8ÜPǑI, ½ÂXe: -
In :“

!

pi0, i1, ¨ ¨ ¨ , inq P Sn`1 : i0, ¨ ¨ ¨ , in´1 ‰ i � in “ i
)

, @n ě 0,=In ´¤k÷v/3�Ǒn Äg��G�i0ù����k�Ú;�, §´Sn`1 �f8; �o, ~Z ��uI :“ Y8
n“0In. ?�Ú,

!

~Z “~i
)

“
!

pX0, ¨ ¨ ¨ , Xnq “~i
)

, @~i “ pi0, ¨ ¨ ¨ , inq P In. (1.4.4)ù´ÏǑ: �~i P In �, �â~Z �½Â, �Ò�>�¯�%¹Xτ “ n, ?%¹X~Z “
pX0, ¨ ¨ ¨ , Xnq, l%¹X�Òm>�¯�; �L5, �âIn �½Â9Ù~i P In, �Òm>�¯�%¹Xτi “ n, =τ “ n, ?%¹X~Z “ pX0, ¨ ¨ ¨ , Xnq, l%¹X�Ò�>�¯�.¯¢þ, �~i �HIn �, þã¯�(�Òü>�¯�)Ò´τ “ n �y©. u´,

P pτ ă 8q “
8
ÿ

n“0

P pτ “ nq “
8
ÿ

n“0

ÿ

~iPIn

P
´

~Z “~i
¯

“
8
ÿ

n“0

ÿ

~iPIn

P
´

pX0, ¨ ¨ ¨ , Xnq “~i
¯

.?�Ú, �â (1.1.2),

P
´

pX0, ¨ ¨ ¨ , Xnq “~i
¯

“ µi0pi1i1 ¨ ¨ ¨ pin´1in .Ïd, ·���±��P pτ ă 8q, ±93τ ă 8 �^�e, Z �^�©Ù�:

P
´

~Z “~i
ˇ

ˇ

ˇ
τ ă 8

¯

“ 1

P pτ ă 8qµi0pi1i1 ¨ ¨ ¨ pin´1in , @n ě 0, ~i P In`1.·K1.4.2. 3tτi ă 8u u)�^�e, tYmu ´��li Ñu�, ±P Ǒ=£Ý
�ê¼ó,¿�§�~Z �pÕá.y: ·�ky²3tτ “ nu u)�^�e(Ø¤á, ,�2y²3τ ă 8 u)�^�e(Ø¤á.�½n ě 0. b�P pτ “ nq ą 0,ò^�VÇP p¨|τ “ nq {PǑPnp¨q. (5: 3dy²¥, 6��^Pnp¨q ù�ÎÒ, �&ÖöØ¬òÙ�lG�n Ñu�ê¼óéA�VÇ· .) 5¿�eτ “ n, K~Z P In. �â·K 0.4.4,Ǒy²3τ “ n u)�^�e(Ø¤á,·��I�y
Pn

´

~Y “ ~j, ~Z “~i
¯

“ g
´

~j
¯

Pn

´

~Z “~i
¯

(1.4.5)é?¿m ě 0, ~j P Sm`1 ±9?¿~i “ pi0, ¨ ¨ ¨ , inq P In Ñ¤á, Ù¥~Y “ pY0, ¨ ¨ ¨ , Ymq,
~j “ pj0, ¨ ¨ ¨ , jmq, g

´

~j
¯

“ 1tj0“iupj0j1pj1j2 ¨ ¨ ¨ pjm´1jm . e¡, ·��y�. �	¯�t~Y “
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38 1�Ù ê¼ó
~j, ~Z “ ~i, τ “ nu. �τ “ n u)�, ��¡, Y0 “ Xτ “ Xn, Y1 “ Xτ`1 “ Xn`1, ¨ ¨ ¨ , Ïd,

t~Y “ ~ju �U�Ǒ
A :“ tXn “ j0, ¨ ¨ ¨ , Xn`m “ jmu;,��¡, ÏǑ~i P In, ¤±�â (1.4.4), t~Z “~iu �U�Ǒ
B :“ tX0 “ i0, ¨ ¨ ¨ , Xn “ inu.Ïd,

t~Y “ ~j, ~Z “~i, τ “ nu “ A XB X tτ “ nu.?�Ú, �âIn �½Â, d~i P In �in “ i, ¿�¯�B %¹Xτ “ n, ǑÒ´`
tX0 “ i0, ¨ ¨ ¨ , Xn “ inu Ď tτ “ nu, @~i P In. (1.4.6)�é{`, B “ B X tτ “ nu “ t~Z “~i, τ “ nu. u´,

P
´

~Y “ ~j, ~Z “~i, τ “ n
¯

“ P pA XB X tτ “ nuq “ P pABq “ P pBqg
´

~j
¯

“ g
´

~j
¯

P pB X tτ “ nuq “ g
´

~j
¯

P
´

~Z “~i, τ “ n
¯

. (1.4.7)�mü>Ó�Ø±P pτ “ nq =� (1.4.5).��, �Ätτ ă 8u, §�±y©Ǒtτ “ nu, n “ 0, 1, ¨ ¨ ¨ . é?¿~i P I “ Ť8
n“0 In, �3����K�ên ��~i P In. E,tX0 “ i0, ¨ ¨ ¨ , Xn “ inu. d�, �â (1.4.7), ·�k

P p~Y “ ~j, ~Z “~i, τ ă 8q “ P p~Y “ ~j, ~Z “~i, τ “ nq

“ g
´

~j
¯

P pB X tτ “ nuq “ g
´

~j
¯

P pB X tτ ă 8uq

“ g
´

~j
¯

P p~Z “~i, τ ă 8q.ü>Ó�Ø±P pτ ă 8q, 2(Ü·K 0.4.4 B�(Ø¤á. l51.4.3. ·K 1.4.2 ´rê¼5�AÏ�/, Ù���/���!Ö¿�£¥�·K 1.4.11.íØ1.4.4. eP pτi ă 8q “ 1, �otYmu ´li Ñu�ê¼ó, ¿��~Z �pÕá.íØ1.4.5. òτi UǑσi, K·K 1.4.2 �íØ 1.4.4E,¤á.y: -X̃n :“ Xn`1, n ě 0. étX̃nu A^·K 1.4.2 �íØ 1.4.4=�. l51.4.6. ê¼5�r,��½��Ǒn ��y3, �o3®�y3?uG�i �^�e, ò5´li Ñu�ê¼ó, ¿��L��;��pÕá. rê¼5K´`, ò�Å�Ǒτi (½σi)��y3, �o·�®²��y3�G�´i,3d^�e, ò5´li Ñu�ê¼ó, ¿��L��;�~Z �pÕá.
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§1.4 Ä���rê¼5 39Ö¿�£.rê¼5Ø=éτi Úσi ¤á, ¯¢þ§é�õ��Å�Ǒ¤á. 3·K 1.4.2 �y²L§¥, ·��±w�, �'��´úª (1.4.6). òn Ú;�PǑ~i “ pi0, ¨ ¨ ¨ , inq. úª
(1.4.6) K´`: d~i P In ��ä¯�τi “ n ¤á. ¯¢þ, ·���±wÑ, d~i P Sn`1zIn ��ä¯�τi “ n Ø¤á. ÷vù�5���Å�m�¡ǑÊ�, ÙêÆ½ÂXe.½Â1.4.7. �tXnu ´S þ����ÅL§, τ ´����ut0, 1, 2, ¨ ¨ ¨ u Y t8u �2Â�ÅCþ. eé?¿n ě 0, i0, i1, ¨ ¨ ¨ , in P S, e�ü«�¹¥k�=k�«¤á, K¡τ ǑtXnu���Ê�(stopping time), {¡τ ´Ê�.

tX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu Ď tτ ď nu; (1.4.8)

tX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu Ď tτ ą nu. (1.4.9)·K1.4.8. τ ǑÊ���=�é?¿n ě 0, i0, i1, ¨ ¨ ¨ , in P S, ±eü^¥k�=k�^¤á.

tX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu Ď tτ “ nu, (1.4.10)

tX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu Ď tτ ‰ nu. (1.4.11)y: b�τ ´Ê�. XJ(1.4.9) ¤á, �o(1.4.11) ¤á. ÄK, (1.4.8) ¤á, d�, �âÊ��½Â, tX0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1u �¹utτ ď n ´ 1u ½tτ ą n ´ 1u, ù(Ü(1.4.8) L²tX0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1, Xn “ inu �¹utτ ď n ´ 1, τ ď nu “ tτ ď n ´ 1u Ď tτ ‰ nu½tτ ą n ´ 1, τ ď nu “ tτ “ nu, =(1.4.11)½(1.4.10) ¤á.�L5,e(1.4.10)¤á,K(1.4.8)¤á. ÄK, (1.4.11)¤á,d�,etX0 “ i0u Ď tτ “ 0u,
tX0 “ i0, X1 “ i1u Ď tτ “ 1u, ¨ ¨ ¨ , tX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu Ď tτ “ nu ��¤á,K(1.4.8) ¤á. ÄK, tX0 “ i0, X1 “ i1, ¨ ¨ ¨ , Xn “ inu Ď tτ ‰ 0, τ ‰ 1, ¨ ¨ ¨ , τ ‰ nu “ tτ ą nu,=(1.4.9) ¤á. l~1.4.9. é?¿D Ď S, τD �σD Ñ´Ê�.~1.4.10. b�tSnu ´Z1 þ��ÅiÄ, pi,i`1 “ 1 ´ pi,i´1 “ p P p1

2
, 1q. é?¿i ě 0,

εi :“ suptn ě 0 : Xn “ iu Ø´Ê�.·K1.4.11 (rê¼5). b�tXnu ´��ê¼ó, =£Ý
ǑP. b�τ ´tXnu ���Ê�. 3¯�tτ ă 8u þ, ½Â
Ym :“ Xτ`m, @m ě 0; ~Z “ pX0, ¨ ¨ ¨ , Xτ q.�o, 3tτ ă 8, Xτ “ iu u)�^�e, ½ö3tτ “ n,Xτ “ iu u)�^�e, ·�ÑkXe(Ø: tYmu ´��li Ñu�, ±P Ǒ=£Ý
�ê¼ó, �§�~Z �pÕá.
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40 1�Ù ê¼óy: PEn “ tτ “ n,Xτ “ iu, E “ tτ ă 8, Xτ “ iu. ·�E,ky²3¯�En u)�^�e, (Ø¤á, ,�2y²3¯�E u)�^�e, (Ø¤á.b�P pEnq ą 0, ¿ò^�VÇP p¨|Enq {PǑPnp¨q. eEn u), Kτ “ n. ù¿�XK~Z “ pX0, ¨ ¨ ¨ , Xnq. �â·K 1.4.8, d�, ~Z �U��u
In “ t~i “ pi0, ¨ ¨ ¨ , inq P Sn`1 : (1.4.10)¤áu.¿�,é?¿~i P Sn`1zIn Ñk (1.4.11)¤á. Ǒy²3¯�En u)�^�e,(Ø¤á,·��I�y (1.4.5), �d/, é?¿m ě 0, ?¿~j “ pj0, ¨ ¨ ¨ , jmq P Sm`1, ?¿~i “ pi0, ¨ ¨ ¨ , inq P

In,

P p~Y “ ~j, ~Z “~i, Enq “ gp~jqP p~Z “~i, Enq. (1.4.12)Ù¥~Y “ pY0, ¨ ¨ ¨ , Ymq, g
´

~j
¯

“ 1tj0“iupj0j1pj1j2 ¨ ¨ ¨ pjm´1jm .�¯�En u)�, ��¡, τ “ n, l~Z “ pX0, ¨ ¨ ¨ , Xnq �~Y “ pXn, ¨ ¨ ¨ , Xn`mq, ,��¡, Xn “ Xτ “ i. u´, (1.4.12)¢SþÒ´
P pXn “ j0, ¨ ¨ ¨ , Xn`m “ jm;X0 “ i0, ¨ ¨ ¨ , Xn “ in; τ “ n,Xn “ iq

“ gp~jqP pX0 “ i0, ¨ ¨ ¨ , Xn “ in; τ “ n,Xn “ iq.du~i P In, =(1.4.10) ¤á, Ïd, þªü>�τ “ n Ñ�±�K. �in ‰ i �, þª¤á, ÏǑ�Òü>Ñ´0; �in “ i �, ü>�Xn “ in Ñ�±�K, u´þª=zǑ
P pXn “ j0, ¨ ¨ ¨ , Xn`m “ jm;X0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1, Xn “ iq

“ g
´

~j
¯

P pX0 “ i0, ¨ ¨ ¨ , Xn´1 “ in´1, Xn “ iq.dtXnu ´ê¼ó�Tª¤á, l(1.4.12) ¤á.��, �ì·K 1.4.2 �y²����ã, �±y²3E u)�^�e, (Ø¤á. l3τ ă 8 u)�^�e,·��±ò~Z ÀǑ�^�Å�k�Ú;�,ÙÚ�´�ÅCþ,Ù¤k�U��ǑY8
n“0In (Ø´Y8

n“0S
n`1), äN/, é?¿~i “ pi0, ¨ ¨ ¨ , inq P In,

P p~Z “~iq “ P pX0 “ i0, ¨ ¨ ¨ , Xn “ inq,ÏǑ�Òü>�¯�Ñ%¹Xτ “ n, l%¹X~Z “ pX0, ¨ ¨ ¨ , Xnq. �~i P Jn �, �â~Z �½Â, �>�¯�~Z “ ~i %¹Xτ “ n, l%¹X~Z “ pX0, ¨ ¨ ¨ , Xnq, Ïd%¹Xm>�¯�X0 “ i0, ¨ ¨ ¨ , Xn “ in, ù¿�Xτ ‰ n, ÏǑ~i P Jn. u´, P p~Z “~iq “ 0, @n, @~i P Jn.I�5¿�´, 3$^rê¼5�, �½�u�¤�9��Å�Ǒ÷vÊ��½Â. �X`, ~ 1.4.10 ¥�εi Ø´Ê�, εi ��Y;�Ǒ,´li Ñu, �´§Ø´�ÅiÄ, ÏǑUìεi �½Â, Ù�Y;��1�Ú7L ���a.
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§1.4 Ä���rê¼5 41SK
1. b�i, j ´ü�ØÓ�G�, Pipτj ă 8q “ Pjpτi ă 8q “ 1 �Pipτj ă σiq “ Pjpτi ă σjq.b�li Ñu�ê¼ó3£�i �, �¯
G�j o�ξ g. �ξ �©Ù��Ï".

2*. �n P Z`, -τ ” n. y²: τ ´Ê�.

3*. y²τ “ inftn ě n0 : Xn P Au ´Ê�.

4*. b�τ ǑÊ�, A Ď S. -σ1 :“ inftn ě τ : Xn P Au,

σ2 :“

$

&

%

inftn ě τ ` 1 : Xn P Au, e τ ă 8;

8, e τ “ 8.y²: σ1, σ2 Ñ´Ê�.

5*. b�τ , σ ´Ê�. Áy²e��Å�mÑ´Ê�: mintτ, σu, maxtτ, σu, τ ` σ.
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42 1�Ù ê¼ó
§1.5 ~�531 §1.3!¥,·�?Ø
lG�i0 Ñu�ê¼ó´Äk�U(=,±�VÇ)�¯G�i,ù´���Vg. 3�!, ·�òïÄ�¯K´: ê¼ó´Ä�½(=, VÇǑ1)�¯G�i?3�^;�þ, o��¯G�i õ�g? �¯i �¤k�mk�o5�?�!£��m.�½G�i. ÷^ (1.4.1) Ú (1.4.2) ½Â�ÎÒ. P

τi “ inftn ě 0 : Xn “ iu, σi “ inftn ě 1 : Xn “ iu.·��Äli Ñu�âf, =b�X0 “ i. §Äg�£G�i ��m(=, £��m)Ò´σi, ò§PǑTi,1, ,�·�8B½Ââf1r g£��m. äN/, -Ti,1 :“ σi,

Ti,r :“

$

&

%

inftn ě Ti,r´1 ` 1 : Xn “ iu, e Ti,r´1 ă 8;

8, e Ti,r´1 “ 8,
@ r ě 2.�â½Â, Ti,r L«ê¼ó1r g£�G�i ��m. b�σi ă 8, ·���âf3�ǑTi,1�£G�i. �ârê¼5, âf��Y$ÄE,´��li Ñu�ê¼ó, ¿�§�σi ��;�(AO´, �ùã;���Ýσi)´�pÕá�. Ïd, §2g�£G�i ¤I��m�Ti,2 ´ Ti,1 �σi äk�Ó�©Ù, ¿�´�pÕá�. î�/`, -Ti,0 :“ 0,

σi,r :“

$

’

&

’

%

Ti,r ´ Ti,r´1 e Ti,r´1 ă 8;

8, e Ti,r´1 “ 8,

@r ě 1,Ù¥σi,1 Ò´σi.·K1.5.1. é?¿r ě 1 ±9?¿m1, ¨ ¨ ¨ ,mr ě 1,

Pipσi,1 “ m1, σi,2 “ m2, ¨ ¨ ¨ , σi,r “ mrq “
r
ź

s“1

Pipσi “ msq. (1.5.1)?�Ú, ePipσi ă 8q “ 1, Kσi,1, σi,2, σi,3, ¨ ¨ ¨ ÕáÓ©Ù.y: P
A “ tσi,2 “ m2, ¨ ¨ ¨ , σi,r “ mru.�o, (1.5.1) ��>Ò´Pipσi “ m1, Aq, �â�{úª, §�uPipσi “ m1qP pA|σi “ m1q.3¯�tσi ă 8u þ, -Yn “ Xσi`n, n ě 0. �â½Â, ·�kσpY q

i,1 “ σi,2, ¨ ¨ ¨ , σpY q
i,r´1 “ σi,r .Ïd, ¯�A Ò�±U�Ǒ

Ã “
 

σ
pY q
i,1 “ m2, ¨ ¨ ¨ , σpY q

i,r´1 “ mr

(

.
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§1.5 ~�5 43�5¿, A Ò´Ã, ·��ÎÒ�´Ǒ
rNT¯���´^tXnu L�, y3KU^tYnu5L�. �ârê¼5(íØ 1.4.5), 3σi “ m1 þ, tYnu ´li Ñu�ê¼ó, Ïd¯�Ã �^�VÇÒ�u¯�
Â “ tσi,1 “ m2, ¨ ¨ ¨ , σi,r´1 “ mru�VÇ. �é{`,

P
`

Ã|σi “ m1

˘

“ Pi
`

Â
˘

.ÏǑA “ Ã, ¤±P pA|σi “ m1q “ Pi
`

Â
˘

, l
Pipσi “ m1, Aq “ Pipσi “ m1qP pA|σi “ m1q “ Pipσi “ m1qPipÂq.��, |^8B{, ·��±y²(Ø¤á.?�Ú, ePipσi ă 8q “ 1, Kσi,1, σi,2, ¨ ¨ ¨ Ñ´����ê��ÅCþ. u´, (1.5.1) L²§�ÕáÓ©Ù. l51.5.2. ·�Ù¢�±��y² (1.5.1). ·�±r “ 2 Ǒ~?1y². b�σi,1 “ m, σi,2 “

n, =, âf3m �ǑÄg�£G�i, ��q²{
�m�n 1�g�£i. ù�duâf30,m,m` n ùn��Ǒ�¯i, ¿�3�mãr0,m` ns ¥�Ù§�Ǒ�¯Ù§G�. u´,·��±òù�¯�^m ` n Ú;��Ñ. òm ÀǑy3, Kù�¯��±�Ǒ��L�9y3�¯�C Ú��ò5�¯�B ��8, Ù¥
$

&

%

B “ tXm`r ‰ i, 1 ď r ď n ´ 1;Xm`n “ iu,
C “ tX0 “ i;Xr ‰ i,@1 ď r ď m´ 1;Xm “ iu.u´

Pipσi,1 “ m,σi,2 “ nq “ PipC XBq “ PipCqPipB|Cq.��¡, C “ tσi “ mu. ,��¡, dê¼5(·K 1.1.11),

PipB|Cq “ P pXm`r ‰ i, 1 ď r ď m` n´ 1;Xn`m “ i|Xm “ iq

“ P pXr ‰ i, 1 ď r ď n´ 1;Xn “ i|X0 “ iq “ Pipσi “ nq.u´,

Pipσi,1 “ m,σi,2 “ nq “ Pipσi “ mqPipσi “ nq.ù=´ (1.5.1) �r “ 2 ��/.�ÄG�i �£�VÇ
ρi :“ Pipσi ă 8q. (1.5.2)
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44 1�Ù ê¼ó�ρi ă 1 �, σi,1, σi,2, ¨ ¨ ¨ �±��8. d�, (1.5.1) ØUL²§�ÕáÓ©Ù, ¯¢þ, �â½Â, σi “ 8%¹Xσi,2 “ 8,Ïd§�Ø´�pÕá�. 3(1.5.1)¥, 4m1, ¨ ¨ ¨ ,mr �H¤k��ê,,��Ú,B��e¡�íØ.§Ì��ρi ă 1��/, ÏǑ�ρi “ 1�, σi,r ă 8,

@r, ÏdTi,r ă 8, @r, u´�ª´²��, ÏǑÙü>Ñ�u1.íØ1.5.3. PipTi,r ă 8q “ ρri .�!£�ogê.-
Vi “

8
ÿ

n“0

1tXn“iu “ |tn ě 0 : Xn “ iu|.§L«ê¼ó÷Ù;��¯i�ogê. k�,Ǒ
rN¤�9�ê¼ó´tXnu,·�ǑòViPǑV pXq
i . eê¼óli Ñu, KVi ´ 1 Ò´Tê¼ó£�i �ogê. �*þ, e£�VÇρi “ 1, KâfÑi�7,�£i, u´§ò�2!2n��£i, ÏdVi “ 8; eρi ă 1,KâfzgÑiÑ±(�)VÇ1 ´ ρi Ø�£i, u´ªk�gÑi�§Ø¬�£, ÏdVi ă 8.Ǒd, ·����ÆM1��ÅÁ�, �¡L«£�¤õ(=, £�i), �¡L«£��}(=,Ø£�i). �ÕáÆM1Á�ØÓ�´, 3y3��ÅÁ�¥, �kÆ��¡â�±?1e�gÆM1(ÏǑ�k£�¤õ,!9e�g£���mâk¿Â);��Æ��¡,Á�Ò(å. 3T�ÅÁ�¥, ·�'%�£�gêÒ´Æ��¡��¡Ñy�gê, ù�ÕáÆM1Á��(J´���. �é{`, Vi ÑlëêǑρi �AÛ©Ù. ù�(Ø��þÒ´íØ 1.5.3, ÏǑ��£�r g(=, ���¯r ` 1 g)�du1r g£��mTi,r k�, l

PipVi ě r ` 1q “ PipTi,r ă 8q “ ρri , @ r ě 0,þªL²Vi ÑlëêǑρi �AÛ©Ù.�âþ¡�©Û, ·���Xeo(: �£�VÇρi “ 1�, PipVi “ 8q “ 1,d�EiVi “
8; �£�VÇρi ă 1 �, PipVi ă 8q “ 1, d�EiVi “ 1

1´ρi ă 8. u´, Xe��J�{K¤á:

Pipσi ă 8q “ 1 ðñ PipVi “ 8q “ 1 ðñ EiVi “ 8,

Pipσi “ 8q “ 0 ðñ PipVi ă 8q “ 1 ðñ EiVi ă 8.
(1.5.3)d�J�{KL²,/£�i �¡õg0ù�¯�k0-1 Æ, =PipVi “ 8q “ 0 ½1. edVÇǑ1, ·��Ǒli Ñu�ê¼óǑ¬²~�£i, Ïd¡ù��G�i Ǒ��~��.½Â1.5.4. ePipVi “ 8q “ 1, K¡G�i ´��~��, ½ö`i ´~��(recurrent). ÄK¡i ´��6�, ½¡i ´�~��(transient).
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§1.5 ~�5 45b�i ´~��, �d/, Pipσi ă 8q “ 1, ¿�P pTi,r ă 8q “ 1, @r ě 1. �â·K 1.5.1,

σi,1, σi,2, ¨ ¨ ¨ ÕáÓ©Ù. ¯¢þ, ·���±y²Xe�r�(Ø.·K1.5.5. b�i ~�, X0 “ i. -
~Zprq :“

`

XTi,r´1
, ¨ ¨ ¨ , XTi,r

˘

, @ r ě 1.K~Zp1q, ~Zp2q, ¨ ¨ ¨ ÕáÓ©Ù.y: di ~�±9X0 “ i �σi ă 8. PYn “ Xσi`n, n ě 0. �otYnu 1r g�£i ��mT pY q
i,r �uTi,r`1 ´ σi. 3~Zprq �½Â¥, òtXnu UǑtYnu, u´Ti,r �A/UǑT pY q

i,r , ·���~Zp~Y ,rq. �o, é?¿r ě 1,

~Zp~Y ,rq “
´

Y
T

pY q
i,r´1

, ¨ ¨ ¨ , Y
T

pY q
i,r

¯

“
´

X
σi`T pY q

i,r´1

, ¨ ¨ ¨ , X
σi`T pY q

i,r

¯

“
`

XTi,r
, ¨ ¨ ¨ , XTi,r`1

˘

“ ~Zpr`1q.�ârê¼5(íØ 1.4.5), tYnuǑ´liÑu�±PǑ=£Ý
�ê¼ó,�tYnu�~Zp1q�pÕá. �âp~Zp2q, ~Zp3q, ¨ ¨ ¨ q “ p~Zp~Y ,1q, ~Zp~Y ,2q, ¨ ¨ ¨ q, ·���e¡�ü^(Ø:(Ø (a): p~Zp2q, ~Zp3q, ¨ ¨ ¨ q �p~Zp1q, ~Zp2q, ¨ ¨ ¨ q Ó©Ù, ÏǑtYnu �tXnu Ó©Ù, §�Ñ´liÑu�ê¼ó;(Ø (b): p~Zp2q, ~Zp3q, ¨ ¨ ¨ q �~Zp1q �pÕá, ÏǑtYnu �~Zp1q �pÕá.��¡, �â(Ø(a), p~Zpr`1q, ~Zpr`2q, ¨ ¨ ¨ q �p~Zprq, ~Zpr`1q, ¨ ¨ ¨ q Ó©Ù, ÏǑ§�©O´(Ø(a)¥J��ü�S��l1r �m©��YS�. d8B{, ·���(Ø (c): p~Zprq, ~Zpr`1q, ¨ ¨ ¨ q �p~Zp1q, ~Zp2q, ¨ ¨ ¨ q Ó©Ù. l, ~Zp1q, ~Zp2q, ¨ ¨ ¨ Ó©Ù.,��¡, (Ø(b)£ã�5�´S��1���¤k�Y��pÕá. d(Ø(c), é?¿r ě 1, p~Zprq, ~Zpr`1q, ¨ ¨ ¨ q Ñ÷vT5�, l~Zprq �p~Zpr`1q, ~Zpr`2q, ¨ ¨ ¨ q �pÕá, @r ě 1.ù(Ü8B{L²~Zp1q, ¨ ¨ ¨ , ~Zprq �pÕá, @r ě 1. ù=´`, ~Zp1q, ~Zp2q, ¨ ¨ ¨ �pÕá.nþ, ~Zp1q, ~Zp2q, ¨ ¨ ¨ ÕáÓ©Ù. le¡·�ïÄ~Zp1q �©Ù�. Äk, §��U��Ǒ
Ei “

!

~i “ pi0, i1, ¨ ¨ ¨ , inq : n ě 1; i0 “ in “ i; i1, ¨ ¨ ¨ , in´1 ‰ i
)

.Ùg, é?¿~i “ pi0, i1, ¨ ¨ ¨ , inq P Ei, ÑkpX0, ¨ ¨ ¨ , Xnq “~i ½ö~Zp1q “~i Ñ%¹Xσi “ n, l%¹X~Zp1q “ pX0, ¨ ¨ ¨ , Xnq. Ïd,

P
´

~Zp1q “~i
¯

“ P
´

pX0, ¨ ¨ ¨ , Xnq “~i
¯

“ p~i,Ù¥
p~i “ pi0i1 ¨ ¨ ¨ pin´1in , @~i “ pi0, i1, ¨ ¨ ¨ , inq P Ei.
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46 1�Ù ê¼ó·�¡Ñld©Ù��k����Å;�Ǒ��G�i�i1. {ü/`, i1��´��liÑu�ê¼ó,Äg£�i�²{�(k���);�. ~X,·K 1.5.5¥�~Zp1q, ~Zp2q, ¨ ¨ ¨Ò´ÕáÓ©Ù�i1.ØJ�y,

Pipσi “ nq “
ÿ

~iPSn`1XEi

p~i, Pipσi ă 8q “
ÿ

~iPEi

p~i.ùL²�i�~��, π~i, @i P Ei �Ñ�Ø´©Ù�,ÏǑ§Ø÷v�Ú�u1�8�z^�.n!~��pÏa.·K1.5.6. b�i ~��i Ñ j. Kj ~��j Ñ i. ?�Ú, PipVj “ 8q “ PjpVi “ 8q “ 1. l, Pipτj ă 8q “ Pjpτi ă 8q “ 1.y: �j “ i �, �â~��½Â, (Ø¤á. e¡b�j ‰ i. ·�Äky²(Ø1:

PipVj “ 8q “ 1, ùL²Pipτj ă 8q “ 1, ,�y²(Ø2: PjpVi “ 8q “ 1, ùL²Pjpτi ă
8q “ 1, lj Ñ i, ��y²(Ø3: j ~�.�Äli Ñu�;�, =, b�X0 “ i. �Ä¯�Ar “/G�j Ñy3G�i �1r �i1¥0, =

Ar :“ tD n P rTi,r´1, Ti,rs �� Xn “ ju.d·K 1.5.5, 1A1
,1A2

, ¨ ¨ ¨ ÕáÓ©Ù, l, E1An
“ P pAnq “ p, @n, Ù¥, p “ P pA1q. yp ą 0. ù´ÏǑ

tτj ă 8u “
 

D n ě 0 �� Xn “ j
(

“
8
ď

r“1

Ar,i Ñ j L²þã¯��VÇǑ�. �âVÇ�g���\5,

8
ÿ

r“1

PipArq ě Pipτj ă 8q ą 0,lp ą 0.dr�ê½Æ,

Pi

˜

lim
nÑ8

1

n

n
ÿ

r“1

1Ar
“ p

¸

“ 1.dVj ě ř8
r“1 1Ar

�íÑPipVj “ 8q “ 1. ǑÒ´`, G�j ò¬Ñy3�¡õ�i1¥, lÑy�¡õg. ù=´(Ø1.duVj “ 8 %¹Xτj ă 8, ÏdPipτj ă 8q ě PipVj “ 8q “ 1. -Yn “ Xτj`n, n ě 0.�o,

V
pY q
i :“

8
ÿ

n“0

1tYn“iu “
ÿ

n“τj
1tXn“iu.
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§1.5 ~�5 47ÏǑV pY q
i ď Vi ď τj ` V

pY q
i �τj ă 8, ¤±Vi “ 8 ��=�V pY q

i “ 8. �ârê¼5,

PipV pY q
i “ 8|τj ă 8q “ PjpVi “ 8q. 2di ~��τj ă 8 �,

1 “ PipVi “ 8, τj ă 8q “ Pipτj ă 8qPipV pY q
i “ 8|τj ă 8q “ Pipτj ă 8qPjpVi “ 8q,Ù¥Pipτj ă 8q “ 1. l, PjpVi “ 8q “ 1. ù=´(Ø2.aq/, �ÄV pY q

j , ·�ǑkVj “ 8��=�V pY q
j “ 8. d®y�(Ø1 ±9τj ă 8�

1 “ PipVj “ 8, τj ă 8q “ Pipτj ă 8qPipV pY q
j “ 8|τj ă 8q “ Pipτj ă 8qPjpVj “ 8q.ùL²PjpVj “ 8q “ 1, =j ~�. ù=´(Ø3. lþ¡�·K 1.5.6L²~�´pÏa�5�. e,pÏa¥�¤kG�Ñ~�, K·�¡�Ǒ~�a, ÄK¡�Ǒ�~�a. ?�Ú, ~�a�½´48. äN/, e��pÏaC Ø´48, �o�3i P C, j R C ��pij ą 0, Ïdi Ñ j �Pjpτi ă 8q “ PjpVi “ 8q “ 0, d·K 1.5.6 �i �~�. Äud, ·��I��Ä4�pÏa�~�5. d�, ·��±òê¼ó��3ù�4�pÏaþ, ����G��m��:�Ø��ê¼ó. Ïd, 3?Ø~�5�, ·�Ø�b�ê¼óØ��. d�, ¤kG�½öÑ~�, ½öÑ�~�, ·�Ǒ�¡Tê¼ó´~��, ½�~��. d (1.5.3), ·��±ÏL�£�VÇPipσi ă 8q ½�²þ�¯�mEiVi 5�OG�i �~�5, ¤^�óä©OǑáÂVÇÚ��¼ê.o!áÂVÇ�ÄÚ©Û{.P

ρij “ Pipτj ă 8q.

ρij Ò´½Â 1.3.1 ¥�9�VÇ, =, i Ñ j ��´ρij ą 0.½Â1.5.7. XJpii “ 1, K¡i Ǒ��áÂ�.G�i ´áÂ��¿gÒ´: âf����G�i, Ò�i áÂ
. ÏǑ��kXn “ i, ·�Ò��Xn`m “ i, @m ě 0. 3ïÄρij �, ·��±òG�j ��Ǒ��áÂ�, �é{`,�Ä±
p̂ik “ pik, @i ‰ j, @k, p̂jj “ 1Ǒ=£Ý
�ê¼ótX̂nu 9ÙÄ��τ pX̂q

j . �o,

Pipτj ă 8q “ Pipτ pX̂q
j ă 8q, @i. (1.5.4)þª��y¿Ø(J, 3ǑSK. Ïd, ρij L«li Ñu�âf�ª�G�j áÂ�VÇ. §�¡ǑáÂVÇ.
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48 1�Ù ê¼ó�½��G�o. Äk,·��ÄliÑu�ê¼óU��G�o�VÇPipτo ă 8q. X¤ã,ei “ o, Kτo “ 0,lPipτo ă 8q “ 1. e¡b�i ‰ o, d�τo “ σo./ÄÚ©Û{0�4ê¼ókr�Ú, �â1�ÚX1 �äNG�?1©�¹?Ø. $^�Vúª, ��
Pipτo ă 8q “ Pipσo ă 8q “

ÿ

jPS
PipX1 “ jqPipσo ă 8|X1 “ jq.�ÄYn “ X1`n, @n ě 0. �â~ 1.4.1, σo “ σ

pXq
o “ 1` τ

pY q
o ,lσo ă 8��=�τ pY q

o ă 8.�âê¼5(·K 1.1.11),3X1 “ j �^�e, tYnu ´lj Ñu�ê¼ó. u´,

Pipσo ă 8|X1 “ jq “ Pipτ pY q
o ă 8|X1 “ jq “ Pjpτo ă 8q.òxi “ Pipτo ă 8q, @i P S ÀǑ�|��ê. �âþ¡�©Û, §�÷ve¡��§|:

xi “
ÿ

jPS
pijxj , @ i ‰ o; xo “ 1, (1.5.5)Ù¥, xo “ 1 ��ÀǑ>.^�. 5¿xo “ Popτo ă 8q, Ø´Popσo ă 8q.¯¢þ, é?¿S �f8D, ·�Ñ�±òD ��Ǒ��dáÂ�|¤�«�. �o,

xi :“ PipτD ă 8qÒL«liÑu�âf�ª�«�DáÂ�VÇ,§Ǒ�¡ǑáÂVÇ,Ù¥τD ´âfÄ�D ��Ǒ. aq/, éS �?¿f8D, ù�|áÂVÇ÷vXe�§|:

xi “
ÿ

jPS
pijxj , @ i R D; xi “ 1, @i P D. (1.5.6)Ù¥, xi “ 1, @i P D ´>.^�. �D “ tou �, þªÒ´ (1.5.5).·K1.5.8. áÂVÇ´�§| (1.5.6) ����K), =, etx̃i, i P Su Ǒ´�§| (1.5.6) ��K), �o, x̃i ě xi, @i.y: b�tx̃i, i P Su Ǒ´�§| (1.5.6) ��K). �o, �â>.^�, é?¿i P D,

x̃i “ xi “ 1 lx̃i ě xi ¤á. e¡b�i R A,  yx̃i ě xi. �â�§|,

x̃i “
ÿ

jPS
pij x̃j “

ÿ

jPD
pij x̃j `

ÿ

jRD
pij x̃j .3m>1��¥�\>.^�x̃j “ 1, @j P D, ¿é1��|^�§|?1S�?n, ·�k

x̃i “
ÿ

jPD
pij `

ÿ

jRD
pij

˜

ÿ

kPS
pjkx̃k

¸

.UYòk P S ©¤k P D Úk R D, ¿éö�\>.^�, é�ö?1S�, ¨ ¨ ¨ ¨ ¨ ¨ . ·�íÑ, é?¿n ě 1,

x̃i “
ÿ

i1PD
pii1 `

ÿ

i1RD,i2PD
pii1pi1i2 ` ¨ ¨ ¨ `

ÿ

i1,¨¨¨ ,in´1RD,inPD
pii1pi1i2 ¨ ¨ ¨ pin´1in

`
ÿ

i1,¨¨¨ ,inRD
pii1pi1i2 ¨ ¨ ¨ pin´1in x̃in .
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ÿ

i1PD
pii1 “ PipX1 P Dq “ PipτD “ 1q,

ÿ

i1RD,i2PD
pii1pi1i2 “ PipX1 R D,X2 P Dq “ PipτD “ 2q,

¨ ¨ ¨ ¨ ¨ ¨
ÿ

i1,¨¨¨ ,in´1RD,inPD
pii1pi1i2 ¨ ¨ ¨ pin´1in “ PipX1, ¨ ¨ ¨ , Xn´1 R D,Xn P Dq “ PipτD “ nq,Ïd

x̃i ě PipτD “ 1q ` PipτD “ 2q ` ¨ ¨ ¨ ` PipτD “ nq “ PipτD ď nq, @n.��, -n Ñ 8 �x̃i ě PipτD ă 8q “ xi, @i R D. laq/, ·��±�ÄÄ�«�D �²þ�mEiτD. �D “ tou �, Ò´Ä�G�o �²þ�m. ei P D, KEiτD “ 0; ei R D, Kæ^ÄÚ©Û{, �ÄYn “ X1`n, @n. ÏǑσD “ 1 ` τ
pY q
D , ¤±

EiτD “ EiσD “
ÿ

jPS
pijEipσD|X1 “ jq,Ù¥EipσD|X1 “ jq “ Eip1 ` τ

pY q
D |X1 “ jq “ 1 ` Eipτ pY q

D |X1 “ jq “ 1 ` EiτD. u´,òyi :“ EiτD, @i P S ÀǑ�|��ê, K§÷ve¡��§|:

yi “ 1 `
ÿ

jPS
pijyj , @ i R D; yi “ 0, @i P D. (1.5.7)¯¢þ, yi, i P S ´(1.5.7) ����K), y²�·K 1.5.8 �aq, 3ǑSK.e¡·�?ØXÛ^áÂVÇ�O~�5. X¤ã, ·�Ø�b�ê¼óØ��, ÄKTê¼ó�~�. �½G�o. ��¡, XJo ~�, d·K 1.5.6, �oPipτo ă 8q “ 1, @i,=, ¤k�áÂVÇÑ´1. ,��¡, XJ¤k�áÂVÇÑǑ1, �o, �âÄÚ©Û{·�k

Popσo ă 8q “
ÿ

iPS
poiPopτ pY q

o ă 8|X1 “ iq “
ÿ

iPS
poiPipτo ă 8q “ 1.Ïd, o ~���=�¤k�áÂVÇÑ´1.duáÂVÇPipτo ă 8q, @i ´�§| (1.5.5) ����K), Ïd§�ðǑ1 �duT�§vkÙ§([0,1] ¥�)), ǑÒ´`, o ~���=��§ (1.5.5) (3[0,1]¥)=kðǑ1 �).~1.5.9 (~ 1.2.12 Y). b�tXnu ǑZ` þ�Ø��)«ó, Ñ)VÇǑbi, k�VÇǑdi.Pxi “ Pipτ0 ă 8q, K�â (1.5.5), xi “ bixi`1 ` dixi´1, @i ě 1, l

xi ´ xi`1 “ pxi´1 ´ xiq
di

bi
“ ¨ ¨ ¨ “ p1 ´ x1qd1 ¨ ¨ ¨ di

b1 ¨ ¨ ¨ bi
. (1.5.8)
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50 1�Ù ê¼ó�ªü>éi �Ú�
1 ´ xi`1 “ Rip1 ´ x1q,Ù¥

R0 :“ 1, Ri :“ 1 `
i
ÿ

k“1

d1 ¨ ¨ ¨ dk
b1 ¨ ¨ ¨ bk

.�i Ñ 8 �, Ri üNþ,�
R :“ 1 `

8
ÿ

k“1

d1 ¨ ¨ ¨ dk
b1 ¨ ¨ ¨ bk

.eR ă 8, �x1 “ R´1
R

, K0 ă x1 ă 1, ¿�0 ă Rip1 ´ x1q “ Ri

R
ă 1, u´

xi :“ 1 ´ Ri´1

R
, i “ 1, 2, ¨ ¨ ¨Ò´ (1.5.5) ���3r0, 1s ¥�ØðǑ1 �), lTê¼ó�~�.eR “ 8, K

1 ´ x1 “ 1

Ri
p1 ´ xi`1q ď 1

Ri

iÑ8ÝÑ 0.u´x1 “ 1, lxi ðǑ1, ê¼ó~�. Ïd, Tê¼ó~���=�R “ 8.~1.5.10 (~ 1.1.10Y,5KäTd þ�λ-biased�ÅiÄ). 5KäTd þ�λ-biased �ÅiÄ���ê¼ó, Ù=£VÇǑ: é�:o �?¿f(:j, poj :“ 1{d; é?¿i ‰ o,

pij “ λ

λ` d
, j “ i0; pij “ 1

λ` d
, j P ti1, ¨ ¨ ¨ , idu,Ù¥i0 ´i �I(:, i1, ¨ ¨ ¨ , id ´i �d �f(:.Xã 1.14 ¤«, Td äkXe�¥é¡5: b�(:i, j ÷v|i| “ |j|, �o, i, j � ��±��. äN/, ·��±ïáTd �g����N�ϕ, ��i �j � �. �X, ã 1.14w«�´d “ 2 ��/, �ã´�ã, mãǑ§3ϕ N�e��. u´, �:o �i �´»(ã¥�J�)�o �j �´»(ã¥�:y�)Ǒ��
. ?�Ú, XJtXnu ´li Ñu�ê¼ó,

Yn “ ϕpXnq, @n ě 0, �otYnu Ò´lj Ñu�ê¼ó.�âÄ���½Â, τ
pXq
o “ τ

pY q
o . ùL²éA�áÂVÇ��, =Pipτo ă 8q “ Pjpτo ă

8q. Ïd, áÂVÇ�±{zǑ|i| �¼ê, =�3a0, a1, a2, ¨ ¨ ¨ ��Pipτo ă 8q “ a|i|. �§ (1.5.5) KCǑ
an “ λ

λ` d
an´1 ` d

λ` d
an`1,@n ě 1; a0 “ 1.·�òÙ¥�48ªC/Ǒdbn “ λbn´1, Ù¥bn “ an ´ an`1. -κ “ λ

d
. )�bn “ κbn´1 “

¨ ¨ ¨ “ κnb0. Ïd,

a0 ´ an “ b0 ` b1 ` ¨ ¨ ¨ ` bn´1 “
`

1 ` κ` ¨ ¨ ¨ ` κn´1
˘

b0.
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ã 1.14 T2, |i| “ |j| “ 3.�λ ă d �, κ ă 1. d�, �b0 “ 1 ´ κ, ��an “ κn, n ě 1, ùB´�§ (1.5.5) ��K��), ÏdTê¼ó�~�. ?�Ú, d·K 1.5.8, Pipτo ă 8q “ κ|i|, @i P Td.�λ ě d �, Ǒ�y0 ď an ď 0, @n, �U�b0 “ 0. �é{`, �§ (1.5.5) ��K��)Ò´an ” 1, @n. Ïd, Tê¼ó~�.��, ·�0���(Ø. Ǒ,§�~�5vk����'X, �´·��±3y²¥w�ÄÚ©Û{�|©A^±9Z2 þ{ü�ÅiÄ�é¡5.·K1.5.11. �ÄZ2 þ�{ü�ÅiÄ, Po “ p0, 0q, e1 “ p1, 0q. �o,

Popτe1 ă σoq “ 1

2
.y: �Älo Ñu�{ü�ÅiÄtSnu. duS1 3B “ te1, e2,´e1,´e2u ¥��UÀ�,Ù¥e2 “ p0, 1q, Ïd�âÄÚ©Û{,

Popσo ă τe1q “ 1

4

ÿ

iPB
Pipτ0 ă τe1q. (1.5.9)PBn “ ty P Z2zt0u : |y1|, |y2| P rn, 2nsu, ¿òÙþ�þ!©ÙPǑµn. dZ2 ~��,

Pµn
pτB ă 8q “ 1. e¡, ·��ÄSτB . eS0 Ñlµn, KT{ü�ÅiÄ3À!H!Ü!�o���þ´é¡�. l

Pµn
pSτB “ iq “ 1

4
, @ i P B.ÏǑS0 P Bn �e1 P B, ¤±τ0 ě τB �τe1 ě τB . drê¼5(·K 1.4.11), 3SτB “ i �^�e, τB ���L§Yn “ SτB`n, n ě 0 ´��li Ñu�{ü�ÅiÄ. d�Vúª,

Pµn
pτ0 ă τe1 q “

ÿ

iPB
Pµn

pSτB “ iqPµn
pτ0 ă τe1 |SτB “ iq

“ 1

4

ÿ

iPB
Pipτ0 ă τe1 q “ Popσo ă τe1 q,
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pτ0 ą τe1 q “ Popσo ą τe1 q.  y

lim
nÑ8

pPµn
pτ0 ă τe1q ´ Pµn

pτe1 ă τ0qq “ 0. (1.5.10)XJþª¤á, �oPopσo ă τe1 q “ Popτe1 ă σoq, lPopσo ă τe1 q “ 1
2
.e¡, ·�y² (1.5.10). Äk, �âµn 3À!Ü��þ�é¡5, Pµn

pτe1 ă τ0q “
Pµn

pτ´e1 ă τ0q. ?�Ú, �â�m�²£ØC5, Pjpτ´e1 ă τ0q “ Pj`e1 pτ0 ă τe1 q. �j �HBn �, j ` e1 �HCn “ tj ` e1 : j P Bnu. l,

Pµn
pτe1 ă τ0q “ 1

|Bn|
ÿ

jPCn

Pjpτ0 ă τe1q,Ù¥, ·�^�
|Cn| “ |Bn|. ,�,

|Pµn
pτ0 ă τe1q ´ Pµn

pτe1 ă τ0q| “ 1

|Bn|

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPBn

Pjpτ0 ă τe1 q ´
ÿ

jPCn

Pjpτo ă τe1q
ˇ

ˇ

ˇ

ˇ

ˇ

“ 1

|Bn|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPBnzCn

Pjpτ´e1 ă τ0q ´
ÿ

jPCnzBn

Pjpτ´e1 ă τ0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď |BnzCn| ` |CnzBn|
|Bn| .��, -n Ñ 8, þªm>ªu0, l (1.5.10)¤á. lÊ!��¼ê.é?¿i, j P S, -

Gij “ EiVj “ Ei

8
ÿ

n“0

1tXn“ju “
8
ÿ

n“0

PipXn “ jq “
8
ÿ

n“0

p
pnq
ij ,¿¡�Ǒê¼ó���¼ê. �â�J�{K (1.5.3), G�i ~���=�Gii “ 8.~1.5.12. (~1.1.6Y) b�tSnu ´d �{ü�ÅiÄ. �o, �d “ 1 ½2 �, tSnu ~�;�d ě 3 �, tSnu �~�.): òZd ��:PǑ0. ·�òy², �d “ 1 ½2 �, G00 “ 8; �d ě 3 �, G00 ă 8.Ø�b�S0 “ 0.ØJwÑ, d �{ü�ÅiÄ²LÛêÚ£��:�VÇǑ0, =S2n`1 “ 0, @n P Z`. XJ§²L2n Ú£��:, �oé?¿r P t1, ¨ ¨ ¨ , du, §31r ���þ ! �7Lr���Úê, PǑnr Ú. u´,

p
p2nq
00 “ P0pS2n “ 0q “

ÿ

n1`¨¨¨`nd“n

p2nq!
pn1!q2 ¨ ¨ ¨ pnd!q2

¨ 1

p2dq2n . (1.5.11)3þ¡��Ú±9e©¥, n1, n2, ¨ ¨ ¨ , nd Ñ���K�ê.
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p

pnq
00 “ Cn2n

1

22n
“ p2nq!

pn!q2 ¨ 1

22n
.é?¿ε ą 0, �3δ ą 0 ��

1 ´ ε ă 1 ´ δ

p1 ` δq2 � 1 ` δ

p1 ´ δq2 ă 1 ` ε.�âStirlingúª:

lim
nÑ8

n!

pn{eqn
?
2πn

“ 1. (1.5.12)�3n0 ��
1 ´ δ ď n!

pn{eqn
?
2πn

ď 1 ` δ, @n ě n0.u´,

p1 ´ εq 1?
πn

ď Cn2n
1

22n
ď p1 ` εq 1?

πn
, @n ě n0. (1.5.13)lG00 “ 8, =tSnu ~�.�d “ 2 �,

p
p2nq
00 “

ÿ

n1`n2“n

p2nq!
pn1!q2pn2!q2

¨ 1

42n
“ p2nq!

n!n!
¨ 1

42n

ÿ

n1`n2“n

n!

n1!n2!
¨ n!

n2!n1!

“ Cn2n ¨ 1

42n

n
ÿ

n1“0

Cn1

n Cn´n1

n “ Cn2n ¨ 1

42n
¨ Cn2n “

ˆ

Cn2n
1

22n

˙2

.ù(Ü (1.5.13) L²G00 “ 8, =tSnu ~�.�d ě 3 �, ·��±y²�n ¿©��,

P0pS2n “ 0q ď Cd ¨ n´d{2, (1.5.14)Ù¥Cd ´�6ud �~ê. ·�±d “ 3 Ǒ~?1y². òZd ¥�n���©O¡Ǒx, y, z.�Ä��kn�¡�ú²Úf, Ý�(J�UǑx, y, z, ±9n�ú²M1, ©O¡Ǒx-M1,

y-M1, z-M1. e¡, ·�Õá/Ý�Úf, ,�Æùn�M1��, ¿UìUXeö�$1Z3 þ�{ü�ÅiÄ.z�g,kwÝ�Úf�(J,XJÝ�(JǑw (Ù¥w�Ǒx, y, z��), �o2Æw-M1, Æ��¡Kâf3w ��þ?�Ú, Æ��¡K3w ��þ�ò�Ú. ò©OdM1x, y, z �)���{ü�ÅiÄPǑtXmu, tYmu, tZmu, §�Ñl0 Ñu. b�2n gö��, âf3x, y, z ��þ©O$Ä
K,L,M Ú. �o, K, L, M ÑÑl��©ÙBp2n, 1
3

q. �5¿§�Ø�pÕá, ÏǑ§�÷v���å^�K ` L ` M “ 2n. ��5¿�´, ÝÚf, Æx- M1, Æy-M1, Æz-M1´�pÕá/?1�, Ïd, pK,L,Mq,
tXmu, tYmu, tZmu ´�pÕá�. duS2n “ pXK , YL, ZM q, ·�kSn “ 0 ��=�XK “
YL “ ZM “ 0.
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p
p2nq
00 “ P pXK “ YL “ ZM “ 0q

“
ÿ

n1`n2`n3“n
P pK “ 2n1, L “ 2n2,M “ 2n3qP pX2n1

“ Y2n2
“ Z2n3

q,(1.5.15)Ù¥, �âpK,L,Mq Ñlõ�©Ù,

P pK “ 2n1, L “ 2n2,M “ 2n3q “ p2nq!
p2n1q!p2n2q!p2n3q! ¨ 1

32n
,q�âtXmu, tYmu, tZmu ´�pÕá���{ü�ÅiÄ,

P pX2n1
“ Y2n2

“ Z2n3
“ 0q “ Cn1

2n1
¨ 1

22n1

ˆ Cn2

2n2
¨ 1

22n2

ˆ Cn3

2n3
¨ 1

22n3

. (1.5.16)òþ¡üª�\ (1.5.15), ·���
p

p2nq
00 “

ÿ

n1`n2`n3“n

p2nq!
p2n1q!p2n2q!p2n3q! ¨ 1

32n
ˆ Cn1

2n1
¨ 1

22n1

ˆ Cn2

2n2
¨ 1

22n2

ˆ Cn3

2n3
¨ 1

22n3

“
ÿ

n1`n2`n3“n

p2nq!
pn1!q2pn2!q2pn3!q2

¨ 1

p2 ¨ 3q2n ,ù=´ (1.5.11) 3d “ 3 ��L�ª.,��¡, duK „ Bp2n, 1
3

q, ÙÏ"ǑEK “ 2n
3
, Ïd§Ø$un

3
�VÇ´é��, Ón, L �M Ǒ��. -

A “
!

K,L,M ě n

3

)

,¿?1Xe©):

P0pS2n “ 0q “ P pAc, S2n “ 0q ` P pA, S2n “ 0q. (1.5.17)éþª¥�1��, ·�òy²ÙVÇØ�Ln´3{2 ; é1��, ·�ò^��{ü�ÅiÄ�(J?1�O. äN/, 'u (1.5.17)m>�1��, ·�^4 ��'ÈÅØ�ª, ��
P pAcq ď 3P

´

K ă n

3

¯

ď 3P
´

|K ´ EK| ą n

3

¯

ď 3EpK ´ EKq4
pn{3q4 ď 3000

n2
.Ù¥, 31���ª¥·�^�K,L,M Ó©Ù, ����Ø�ª´ÏǑK „ Bp2n, 1

3
q, O��[!3ǑSK. I�`²�´: ·��8I´y² (1.5.14), 4 ��'ÈÅØ�ª�Uy²P pAcq “ Opn´2q. Ïd, �d ě 5 �, I�^O��{�Ñ�°[��O, ùÜ©y²3ǑSK.'u (1.5.17)m>�1��,b�K,L,M ©O��2n1, 2n2, 2n3. �2n1, 2n2, 2n3 ě 2n{3�,

P pK “ 2n1, L “ 2n2,M “ 2n3, S2n “ 0q

“ P pK “ 2n1, L “ 2n2,M “ 2n3qP pX2n1
“ Y2n2

“ Z2n3
“ 0q, (1.5.18)
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2
. �â (1.5.13) � (1.5.16), �n ě 3n0 �,

P pX2n1
“ Y2n2

“ Z2n3
“ 0q ď 8 ¨ 1?

πn1

¨ 1?
πn2

¨ 1?
πn3

ď 8
?
n
3
, (1.5.19)Ù¥, ����Ø�ª^�
ni ě n

3
lπni ě n. ò (1.5.19) �\ (1.5.18), ¿én1, n2, n3�Ú. ·�k

P pA, Sn “ 0q ď 8?
n3
P pAq ď 8

?
n
3
.nþ, �n ě maxt2n0, 3000

2u �,

p
p2nq
00 ď 3000

n2
` 3

?
n
3

ď 4
?
n
3
.ù=´ (1.5.14). §L²G00 ă 8, ltSnu �~�.51.5.13. þ¡�~KL²��Ú���{ü�ÅiÄ~�, n�±þ�{ü�ÅiÄ�~�. F�ÆöKakutani éd�Ñ
��k��5):/A drunk man can find way home, a

drunk bird can not0.Ø
�Oê¼ó�~�5±	, ·���±^��¼êy²,	�ü�(Ø. ��´,~�5´pÏa�5�, ·�r§�¤�íØ�/ª, ÏǑ§´·K 1.5.6 �Ü©(Ø. ,��´, ØC©Ù(e�3, K)3�~��G�þvk�.íØ1.5.14. b�i ~�, i Ñ j. �o, j ~�.y:ej “ i K·K¤á. e¡b�j ‰ i.Äk, ·�^�y{y²j Ñ i. b�j Ñ i Ø¤á, =Pjpτi “ 8q “ 1. d·K 1.3.2, �3n ě 1 �i1, ¨ ¨ ¨ , in´1 P Sztiu ��pi0i1 ą 0, ¨ ¨ ¨ , pin´1in ą 0, Ù¥, i0 “ i, in “ j. u´,

PipX1 “ i1, ¨ ¨ ¨ , Xn´1 “ in´1, Xn “ j,Xn`m ‰ i,@m ě 1q

“ pi0i1 ¨ ¨ ¨ pin´1inPjpτi “ 8q ą 0.,, �âi1, ¨ ¨ ¨ , in´1 ÑØ´i ¿�j ‰ i, þª�Ò�>¥�¯��íÑXn ‰ i, @n ě 1,=σi “ 8. ùL²£�VÇPipσi ă 8q ă 1. d (1.5.3), i �~�, gñ! Ïdb�Ø¤á, ·�kj Ñ i.,�, ·���i Ø j. �â·K 1.3.2, �3n,m ě 1 ��ppnq
ij , p

pmq
ji ą 0. �âChapman-

Kolmogorov�ª,=·K 1.1.12,·�k
p

pm`r`nq
jj “

ÿ

k,lPS
p

pmq
jk p

prq
kl p

pnq
lj ě p

pmq
ji p

prq
ii p

pnq
ij , @ r ě 0.ü>Ó�ér�Ú, �Gjj ě p

pmq
ji Giip

pnq
ij “ 8, Ù¥, �����Ò´dui ~�, =Gii “ 8.Ïd, j ~�. l
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56 1�Ù ê¼ó·K1.5.15. Gii “ Pipτj ă 8qGjj .y: b�i ‰ j,·�ïÄliÑu�ê¼ótXnu�¯j �ogêVj “ ř8
n“0 1tXn“ju �Ï". 3τj “ 8 þ, Vj “ 0; 3τj ă 8 þ, -Yn “ Xτj`n, @n ě 0, �âÄ���½Â,

Vj “ V
pY q
j “

8
ÿ

n“0

1tYn“ju.u´, �m ě 1 �, Vj “ m %¹Xτj ă 8, ù(Ü3¯�τj ă 8 þ, Vj “ V
pY q
j L²

PipVj “ mq “ Pi

´

V
pY q
j “ m, τj ă 8

¯

“ Pipτj ă 8qPi
´

V
pY q
j “ m|τj ă 8

¯

“ Pipτj ă 8qPjpVj “ mq,Ù¥, 3�����Ò¥, ·�^�
rê¼5. ü>�±m, 2ém ě 1 �Ú, ·���
EiVj “ Pipτj ă 8q ¨EjVj .=Gij “ Pipτj ă 8qGjj . líØ1.5.16. ej �~�, KlimnÑ8 p

pnq
ij “ 0, @i.y: ��¡, d·K 1.5.15, Gij ď Gjj . ,��¡, j �~�L²Gjj ă 8. Ïd,

8
ÿ

n“0

p
pnq
ij ă 8.ù%¹X(Ø¤á. líØ1.5.17. eπ ´��ØC©Ù, j �~�, Kπj “ 0.y: d·K 1.5.15, Gij ď Gjj . ü>Ó��±πi, ¿éi �Ú, ·�k: eπ ´ØC©Ù,j �~�, �o

ÿ

iPS
πi

8
ÿ

n“0

p
pnq
ij ď Gjj ă 8.,, ���ÚgS, ·�k

ÿ

iPS
πi

8
ÿ

n“0

p
pnq
ij “

8
ÿ

n“0

ÿ

iPS
πip

pnq
ij “

8
ÿ

n“0

πj ,Ù¥, �����Ò´ÏǑπ ´ØC©Ù. nþ, ·�k8 ¨ πj ď Gjj ă 8. Ïd, πj “ 0. l3e�!¥, ·�òy², éu��Ø��ê¼ó, Ò�·�3~ 1.2.16 �~ 1.2.17 ¥w����, XJ�3ØC©Ùπ, �oTê¼ó�¯j �ªÇÒ¬A�7,Âñ�πj , ù�
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§1.5 ~�5 57(Ø��e�!�úª (1.7.5). lù�ÆÝw, �~��G���¯�ogêk�, l�¯ªÇA�7,ªu0, u´πj “ 0 Ò´�ég,�(Ø.Ö¿�£.'u�Å$Ä��
{¤5PXe. 31905, =IÆöKarl Pearson3Nature,�þuL©Ù/The problem of random walker0, Äg^
�ÅiÄù�¶¡. ��¯KXe: A

man starts from a point 0 and walks l yards in a straight line: he then turns through any angle

whatever and walks another l yards in a second straight line. He repeats this process n times. I

require the probability that after these n stretches he is at a distance between r and r`δr from

his starting-point 0. The problem is one of considerable interest, but I have only succeeded in

obtaining an integrated solution for two stretches. I think, however, that a solution ought to

be found, if only in the form of a series in power of 1{n, where n is large. Ù¢, �ÅiÄ�,
A5�®�<�ïÄL. Lord Rayleigh31880Ú1889uL�©ÙÒ)�
Pearson�¯K. Pearson¤�Ä�´���ÅiÄ.{¤þ, �ÅiÄǑQ�ÈǑ�Åþ}½�Åir. �ÅiÄØ=´ïÄÙ§�ÅL§�Ä:óä, �´�8�©¹��ïÄ�K. §��©Ǒü��¡, �´é{ü�ÅiÄ��©°O�Ǒx, �´ïÄ+þ��ÅiÄ, ~X�	,aÝ
|¤+þ��ÅiÄ.â`�i�p�nóÆ�±��«��5K,�´���:Z2 ,þ�V���Polya3�p�¿ûÚ��2!2n/���é�¿. Ǒ
`²gC¿Ø3·�<[, Polyar�¿ûÚw¤´���:þ�{ü�ÅiÄ, ü�Õá�{ü�ÅiÄtSnu �tTnu ���du���ÅiÄtSn ´ Tnu £��:, ùÚu
<�é~�5�ïÄ.SK
1. y²úª (1.5.4).

2. b�S Ø��, ~�, A,B Ď S �A XB “ H. Pxi “ PipτA ă τBq, �Ñxi, i P S ÷v��§|.

3. �E,«�¬I�²L�ü�óS.3�¤1��óS��, 10%�\ó�¤
¢¬,

20%�\ó�I��ó,�{�70%K?\1��óS.3�¤1��óS��, 5%�\ó�¤
¢¬, 5% �\ó�I��£�1��óS, 10% �\ó�I��£�1��óS; �{�80% �±Ñ�. (1) Áïá��ê¼ó�[dXÚ, (2) |^áÂVÇ���)�L§�¢¬Ç.

4. ����3�á�N�º:þ��ÅiÄ, zg±1/4�VÇÊ3ØÄ, ±1/4�VÇÀ
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58 1�Ù ê¼ó��^>¿a����º:. Á�: (1)l��N���º:v ÑuÄg£�v �²þ�m; (2) lv ÑuÄg��é»:w �²þ�m.

5. ,Ùäë\ú²Æ�, zgÑ!I�VÇþǑ 1
2
. ��Ù5�ªXe: XJ��paØ�L5 �, �ò�ÜÙǑÙ5; XJ��paêi �L5 ��Øv10 �, K�Ù510 ´ i �;XJ��pvka½k10 �a,�Ò(åÙÆ£[. b����k2 �a,�: �£[���pk10 �a�VÇ.

6. b�tSnu ´���ÅiÄ, Ú�©ÙǑP pξ “ kq “ 1
6
, k “ 1, ¨ ¨ ¨ , 6. -T “ mintn ě 1 :

Sn ´ 1 �±�8 �Øu©Á�: E0T .

7. �tXnu ´���ÅiÄ, X0 “ 0, Ú�©ÙǑP pξ “ 1q “ 1 ´ P pξ “ ´1q “ p P
`

1
2
, 1
˘

.

(1) éu��êk, Á�E0τk. (2) �Y “ mintX0, X1, X2, ¨ ¨ ¨ u �VÇ©Ù.

8. ,û[Ǒr�, 3�¬�Cp¡Yl?�Ü�x¡. b����kN «�x¡, z«�x¡�ÑyVÇÑ�Ó. b�,<zU	ï��T�¬, 1n U�LXn «ØÓ��x¡. (1) �ÑtXnu �=£VÇ, (2) b�d<o�s
τ UÂ8à���x¡, |^áÂVÇ�Eτ .
9. �tXnu Ǒ�ÅiÄ, Ú�©ÙǑP pξ “ 2q “ P pξ “ ´1q “ 1{2. -φpsq “ E1s

τ0 , @s P
p0, 1q. y²: sφpsq3 ´ 2φpsq ` s “ 0.

10. y²yi “ EiσD, i P S ´(1.5.7) ����K).

11. ïÄ�#L§(~ 1.1.9)�~�5.

12. y²5KäTd þ�{ü�ÅiÄ�~�, Ù¥, d ě 2.

13. �Ät0, 1, 2, ¨ ¨ ¨ u þ�ê¼ótXn : n ě 0u, Ù=£VÇǑp01 “ 1;

pi,i`1 “ i2 ` 2i` 1

2i2 ` 2i` 1
, pi,i´1 “ i2

2i2 ` 2i` 1
i ě 1;e|i ´ j| ě 2, Kpij “ 0. y²Tê¼ó´�~��, ¿O�ρi “ Pipσ0 ă 8q. (J«:

ř8
k“1 1{k2 “ π2{6.)

14. �ξ1, ξ2, ¨ ¨ ¨ ´ÕáÓ©Ù�lÑ.�ÅCþS�, Eξ1 ‰ 0. -S0 “ 0, Sn “ ξ1 ` ξ2 `
¨ ¨ ¨ ` ξn. y²: �ÅiÄtSnu ´�~��.

15. y²: (1) eA ´k�48, K�3~�aC ��C Ď A; (2) k�G��mþ�ê¼ók~��.
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16. �ê¼ó�G��mǑt0, 1, ¨ ¨ ¨ , 6u,=£Ý
Xe.Á(½=
G�´~��,=
´�~��, ¿�3z�~�aþ�ØC©Ù.

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1{2 0 1{8 1{4 1{8 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

1 0 0 0 0 0 0

0 0 0 0 1{2 0 1{2
0 0 0 0 1{2 1{2 0

0 0 0 0 0 1{2 1{2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

17. b�ξ1, ¨ ¨ ¨ , ξn ÕáÓ©Ù, P pξ1 “ 1q “ 1 ´ P pξ1 “ 0q “ p P p0, 1q. PK “ ξ1 ` ¨ ¨ ¨ ` ξn.y²: EpK ´ EKq4 “ řn
r“1Epξ1 ´ pq4 ` C2

nC
2
4 pVarpξ1qq2.

18. PÒÓþK. b�0 ă q ă p, a ą 0. y²: (1) P pK ă qnq ď e´aqnppea ` 1 ´ pqn. (2)�ϕpaq “ e´aqppea ` 1 ´ pq ����:a˚, ¿y²ϕpa˚q ă 1.

19. b�d ě 3. y²: �3~êCd ��P0pS2n “ 0q ď Cd ¨ n´d{2. (J«: �ì (1.5.18)�(1.5.19), |^þK(Ø.)

20. y²: é?¿i ‰ j, e¡n^�d: ρij ą 0; i Ñ j; Gij ą 0.

21. y²: ρii “ 1 ´ 1{Gii.

22. b�ê¼óliÑu,PFij Ǒτj �1¼ê,=Fijpsq “ ř8
n“0 Pipτj “ nqsn. y²: Gijpsq “

FijpsqGjjpsq.

23*. é?¿pi, jq P Z2, ÕáÆ�qú²M1, eÆ��¡, K3pi, jq �pi ` 1, jq �më�^>, ÄK,3pi, jq�pi, j ` 1q�më�^>. u´,·������:����ÅfãG,±Z2 Ǒº:. y²: P pG ëÏq “ 1.
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§1.6 *��¡ê¼ó�~�5�!�Ì�8�´lÔn¥�>��ÀÆ�Ñ��¡ê¼ó~�����O{. b�PØ��!��¡, π Ǒ���¡ÿÝ, ÷v: πi ą 0, @i P S, �Xe[�²ï^�¤á.

πipij “ πjpji, @ i, j P S.�!��¡ê¼ó�>�.òS ¥�?¿G�ÀǑ>�¥���(:. é?¿i ‰ j, epij ą 0, K·�3i, j �më�^��, Ù>{Ǒ
rij “ ri,j :“

1

πipij
. (1.6.1)�âP ��¡¿�π ´P ��¡ÿÝ�, d�, pji ą 0,¿�rji “ rij . Ïd, ±þö�´Ün�. �pij “ 0�,Ö¿½Ârij “ 8. dPØ��,±þö��.�, ·�B����ëÏ�>�. XJ�À>{���, �w´Äk>�ë�, �o>�ÒòzǑ��ã, PǑG “ pV,Eq.~1.6.1 (~ 1.1.10Y). XJP Ò´,�ëÏãG “ pV,Eq þ��ÅiÄ, �o, �±�πi “

di, Ù¥di Ǒ(:i �Ý. d�, rij “ rji “ 1. ǑÒ´`, P éA�>�ãÒ´G “ pV,Eq, Ù¥E ¥�z^>�>{Ñ´1. eãG þ��ÅiÄ~�, K·�¡G ~�, ÄK¡G �~�. y3, �½,º:, PǑo. 3Ônþ, XJ3o :�>³Ǒ1 �>, Ù§/�vk>(�¡��/), ^Vi L«>�¥(:i �>³, K0 ď Vi ď 1, @i, ¿�Vi, i P S ÷v��§Ǒ:
ÿ

jPS

1

rij
pVj ´ Viq “ 0, @ i ‰ o; Vo “ 1.ò(1.6.1) �\¿�n, T�§B�U�Ǒ

Vi “
ÿ

jPS
pijVj , @ i ‰ o; Vo “ 1.ùÒ´áÂVÇPipτo ă 8q ÷v��§|(1.5.5). Ïd, ßÿ

Vi “ Pipτj ă 8q, @i P S´äkÜn5. ¯¢þ,êÆ[�y²
e¡�·K 1.6.2,§L²þª´�(�. �â1 §1.5¥~�5�áÂVÇ�O{, Tê¼ó´Ä~��duVi ´ÄðǑ1. ^>���ó5£ãÒ´: T>�¥(:o ��¡�:�m�/ok�>{Ro0́ ÄǑ�¡�. �âõÇ�uI2R,Ù¥I ´>6, R ´>{, ¿�>6�õÇ´���, ·��±ÏLõÇ5½Â>{R. Ǒd,
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§1.6 *��¡ê¼ó�~�5 61·�kÚ\/ü 60�Vg. ��loÑu�ü 6��´S2 þ÷vXe���¼êf ,Ù¥fij “ fpi, jq:

fij “ 0, e i  j; fij “ ´fji, @i ‰ j;
ÿ

j„i
fij “ 1ti“ou.b�i „ j. efij “ 0, K3ë�i, j �>þvk6ÏL; efij ą 0, (d�, fji ă 0), Kk6þǑfij �6li 6�j. 'u���^, �i “ o �,

ř

j„o foj “ 1, ùL²o ´, 6þǑ1;�i ‰ o �,
ř

j„i fij “ 0, �d/,

ÿ

j„i:fiją0

fij “
ÿ

j„i:fijă0

fji.ùL²(:i=Ø´ǑØ´®. 3i?�6\oþ(�Òm>)�u6Ñoþ(�Ò�>). òSþ¤klo Ñu�ü 6|¤�8ÜPǑF0. é?¿f P Fo, òf �5�õÇ½ÂǑ
Ipfq :“ 1

2

ÿ

i,j

f2
ijrij ,Ù¥, Xê 1

2
´ÏǑz^>ÏXà:i, j �^SØÓ�O�
üg. �f Ǒlo Ñu�ü >6�, §Ò´Ro. �â>6�õ���n, (:o ��¡�:�m�k�>{�½ÂǑ

Ro :“ inf tIpfq : f P Fou . (1.6.2)·K1.6.2. b�P Ø��!��¡. �o, e¡n^�d: (1) P ~�, (2) �3o P S ��Ro “ 8, (3) Ro “ 8, @o P S.~1.6.3. éu��k��>�ä, Fo “ H, u´Ro “ inf H, �â�½, inf H “ 8. Ïd, k�ê¼óo´~��.íØ1.6.4. b�G1 ´G2 �fã. eG2 ~�, KG1 Ǒ~�.y: �½G1¥���:o. éi “ 1, 2,òGi¥o��¡�:�m�k�o>{PǑRo pGiq,ò3Gi¥loÑu�6|¤�8ÜPǑFopGiq. ÏǑG1´G2�fã,¤±é?¿f P FopG1q,·�Ñ�±òf �3G2 ¥w, =FopG1q Ď FopG2q. ù(Ü~ 1.6.1 � (1.6.2) L²RopG1q ě
RopG2q. Ïd, (Ø¤á. l~1.6.5 ()«ó�~�5. ~ 1.2.12, 1.3.7 Ú 1.5.9 Y). b�π ÷v[�²ï^�, �o, �â (1.6.1), ·�k

ri,i`1

ri´1,i

“ ri,i`1

ri,i´1

“ πipi,i´1

πipi,i`1

““ pi,i´1

pi,i`1

. (1.6.3)Ïd,

ri,i`1 “ di

bi
ri´1,i “ ¨ ¨ ¨ “ d1 ¨ ¨ ¨di

b1 ¨ ¨ ¨ bi
r01.
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62 1�Ù ê¼ó�r0,1 “ 1. d>�Ǒ¤k��Gé, Ïdo>{Ǒ
R0 “

8
ÿ

i“0

ri,i`1 “ 1 ` d1

b1
` d1d2

b1b2
` ¨ ¨ ¨ .d·K 1.6.2 �)«ó~���=�ř8

i“1
d1¨¨¨di
b1¨¨¨bi uÑ.~1.6.6. S “ t0, 1, 2, ¨ ¨ ¨ u, p0,1 “ 1;

pi,i`1 “ 1

2
, pi,i´1 “ expt´ci´αu

2
, pii “ 1 ´ expt´ci´αu

2
, @i ě 1.�~ 1.6.5 aq, (1.6.3) E,¤á. d�,

ri,i`1 “ expt´ci´αuri´1,i “ ¨ ¨ ¨ “ exp

#

´c
i
ÿ

j“1

j´α
+

r0,1.�r0,1 “ 1, ·�k
R0 “ 1 `

8
ÿ

i“1

exp

#

´c
i
ÿ

j“1

j´α
+

.l, Tê¼ó~���=�þ¡�?êuÑ. ec “ 0, KR0 “ 8, dê¼ó~�, §Ò´���9�{ü�ÅiÄ. e�c ą 0.�α ą 1 �,
ři
j“1 j

´α ă ř8
j“1 j

´α ă 8, lexp
!

´cři
j“1 j

´α
)

ě ε ą 0, @i ě 1. u´,

R0 “ 8, =, Tê¼ó~�.�0 ď α ă 1 �,
ři
j“1 j

´α ě
şi`1

1
x´αdx “ 1

1´α ppi ` 1q1´α ´ 1q. u´�3i0 ��exp
!

c
ři
j“1 j

´α
)

ě i2, @i ě i0. ùL²R0 ă 8, =, Tê¼ó�~�.�α “ 1 �, ��¡,
ři
j“1 j

´1 ď 1 `
şi

2
x´1dx “ 1 ` ln i, @i ě 2. ,��¡,

ři
j“1 j

´1 ě
şi`1

1
x´1dx “ lnpi ` 1q ě ln i, @i ě 1. Ïd, exp

!

´cři
j“1 j

´1
)

P rpekq´c, k´cs. Ïd, �c ď 1�, R0 “ 8, =, Tê¼ó~�; �c ą 1�, R0 ă 8, =, Tê¼ó�~�.o(å5, Tê¼ó~��¿�^�´: α ą 1; ½öc “ 0; ½öα “ 1 �c ď 1. ~�5éëêα, c ��6'XXã 1.15 ¤«, Ù¥, ¢�L«~�, J�L«�~�.

 

 

 

 

  

 

 ã 1.15 ~�: α ą 1; α “ 1 �c ď 1; α ă 1 �c “ 0.
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§1.6 *��¡ê¼ó�~�5 633þ¡�ü�~f¥, ê¼óéA�>�(��~{ü, Ò´�
��Géå5. �ê¼óéA�>�(�éE,�, ��ó·�´�{��O�Ùo>{�. ù��·�I��
Ù§�{5�äã�~�5. e¡, ·�ò0�ü«�{: Thomson �nÚDirichlet �n. Ù¥, Thomsom�n(·K 1.6.7)^uy²,ê¼ó�~�, Dirichlet�n(·K 1.6.10)^uy²,ê¼ó~�.���J�´,Ǒ,·K 1.6.2Ú·K 1.6.7´^Ôn��ó£ã�,�´§�Ñkî��êÆy². k,��Öö�±ë� [11].�!Thomson �n.�â·K 1.6.2,·���Xe(Ø, §Ï~^uy²,ê¼ó�~�.·K1.6.7 (Thomsom �n). e�3lo Ñu�ü 6f ��Ipfq ă 8, KTê¼ó�~�.~1.6.8. 3~ 1.5.12 ¥, ·�w�, �d ě 3 �, Zd �~�. y3, ·�^Thomsom �n5y²ù�(Ø.�d ě 3 �, Z3 ´Zd �fã. díØ 1.6.4, ·��Iy²Z3 �~�=�.�Ä3 ��:ã, Ù¥, ?¿>�>{ÑǑ1. =, �
rpi,j,kqpi`1,j,kq “ rpi,j,kqpi,j`1,kq “ rpi,j,kqpi,j,k`1q “ 1, @pi, j, kq P Z3.e¡, ·��Ä��ü 6f , §lo “ p1, 1, 1q Ñu, 31���6��¡�. äN/, é?¿n ě 0, P
Sn :“ tpi, j, kq P Z3 : i, j, k ě 1, i` j ` k “ 3 ` nu, S “

8
ď

n“0

Sn. (1.6.4)ØJwÑ, S0 “ tp1, 1, 1qu, �
|Sn| “ 1

2
pn` 1qpn ` 2q.e¡, ·�4f lSn 6�Sn`1. äN/, é?¿n ě 0, ?¿pi, j, kq P Sn, 6�±lpi, j, kq 6�pi` 1, j, kq, pi, j ` 1, kq, pi, j, k ` 1q, 6þ©OǑ

fpi,j,kq,x :“ 1

|Sn| ¨ i

i` j ` k
,

fpi,j,kq,y :“ 1

|Sn| ¨ j

i` j ` k
,

fpi,j,kq,z :“ 1

|Sn| ¨ k

i` j ` k
,Ù¥, ÆI�x!y!z ©OL«6���´÷Xx ¶!y ¶!z ¶. ØJ�y, f (¢´��lp1, 1, 1q Ñu�ü 6. ?�Ú,

f2
pi,j,kq,x ` f2

pi,j,kq,y ` f2
pi,j,kq,z “ 1

|Sn|2 ¨ i
2 ` j2 ` k2

pi` j ` kq2 ď 1

|Sn|2 ,
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64 1�Ù ê¼óÙ¥, Ø�Ò´ÏǑi2 ` j2 ` k2 ď pi` j ` kq2. Ïd,

Inpfq “
ÿ

pi,j,kqPSn

´

f2
pi,j,kq,x ` f2

pi,j,kq,y ` f2
pi,j,kq,z

¯

ď |Sn| ¨ 1

|Sn|2 “ 2

pn ` 1qpn` 2q .u´, Ipfq “
ř8
n“0 Inpfq ă 8. ùL²Z3 �~�.þã~K¥�6f kÙäN�VÇ¹Â, §Ù¢Ò´e¡0��Polya �f�.¥�VÇ6.~1.6.9 (Polya �f). b��¥��k��ù¥!��ç¥Ú��x¥. z�Ú, l�¥�Å<Ñ��¥, 2òd¥ëÓ����ÓÚ�¥�å�£�¥. b�n Ú��¥kRn �ù¥, Bn �ç¥, Wn �x¥, �oRn ` Bn ` Wn “ 3 ` n, @ n ě 0. -Xn “ pRn, Bn,Wnq,KtXnu ´��ê¼ó, G��mS d (1.6.4) �Ñ. =£VÇXe:

ppi,j,kq,pi`1,j,kq :“ i

i` j ` k
,

ppi,j,kq,pi,j`1,kq :“ j

i` j ` k
,

ppi,j,kq,pi,j,k`1q :“ k

i` j ` k
.d�©G�ǑX0 “ p1, 1, 1q ØJ�yXn ÑlSn þ�þ!©Ù, Ù¥Sn Ǒd (1.6.4) �Ñ.u´, �pi, j, kq P Sn �, lpi, j, kq �pi ` 1, j, kq �VÇ6Ò´

P
`

Xn “ pi, j, kq
˘

ppi,j,kq,pi`1,j,kq “ 1

|Sn| ¨ i

i` j ` k
“ fpi,j,kq,x.Ón, lpi, j, kq �pi, j ` 1, kq �VÇ6Ǒfpi,j,kq,y, �pi, j, k ` 1q �VÇ6Ǒfpi,j,kq,z.n!Dirichlet �n.y3·�0�^uy²ê¼ó~����óä¨¨Dirichlet�n. XJS k�, �o§~�. e¡b�S ��. �½o P S. ?��¹o �k�ëÏf8A. /ëÏ0��´: é?¿i, j P A, �3n ě 1 9ÙA ¥�G�i1, ¨ ¨ ¨ , in´1 ��pir´1ir ą 0, r “ 1, ¨ ¨ ¨ , n, Ù¥i0 “ i,

in “ j. �o, ·��±�Ä��#�ê¼ótX̃nu,§�G��mǑS̃ “ AY tBu,=£VÇǑ:

p̃ij “ pij , @i, j P A; p̃iB “
ÿ

jRA
pij ; p̃BB “ 1.§Ù¢Ò´3S ¥rAc ¥�¤kG�lǑ��:B, ¿4B Ǒ��áÂ�. -

εA :“ inftn ě 0 : Xn R Au “ inftn ě 0 : X̃n “ Bu “ τ̃B.
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§1.6 *��¡ê¼ó�~�5 65§�¡Ǒê¼ó�<º�m, =, <l«�A ��m. u´, PipεA ă 8q “ P̃ipτ̃B ă 8q “ 1,

@i P A. l,

Popσo “ 8q ď PopǫA ă σoq. (1.6.5)e¡�·K�±�Ǒ´�Ñ
PopεA ď σoq �þ..·K1.6.10. (Dirichlet�n) b�π ´P ��¡ÿÝ, πo “ 1. b�A k�, o P A Ď S,

PopεA ă 8q “ 1, �o
2πoPopǫA ă σoq “ inf

fPF
Φpfq “ Φpgq,Ù¥, F ´S þ÷vXe5��¼êf : S Ñ R, i ÞÑ fi.

0 ď fi ď 1,@i P S; fo “ 0; fi “ 1,@i R A, (1.6.6)

Φpfq “
ÿ

i,jPS
πipijpfj ´ fiq2; gi “ PipǫA ă σoq, i P S.y: ·�©nÚ?1y².1�Ú, é?¿f P F, duf |Ac ” 1, =, 1 ´ f 3Ac þðǑ0, Ïd·��±ò1 ´ f ÀǑA þ�¼ê.  yΦpfq ă 8. ¯¢þ,

Φpfq “ 2
ÿ

iPA
πip1 ´ fiq2 ´ 2

ÿ

i,jPA
πipijp1 ´ fiqp1 ´ fjq. (1.6.7)òfj ´ fi U�Ǒp1 ´ fiq ´ p1 ´ fjq, Bk

Φpfq “
ÿ

i,jPS
πipij

`

p1 ´ fiq ´ p1 ´ fjq
˘2

“
ÿ

i,jPS
πipijp1 ´ fiq2 `

ÿ

i,jPS
πipijp1 ´ fjq2 ´ 2

ÿ

i,jPS
πipijp1 ´ fiqp1 ´ fjq.��¡, ÏǑf |Ac ” 1, ¤±þªm>1n�?ê¢Sþ´k��Ú. äN/,

ÿ

i,jPS
πipijp1 ´ fiqp1 ´ fjq “

ÿ

i,jPA
πipijp1 ´ fiqp1 ´ fjq.,��¡, �â[�²ï^�, 1��?êÚ1��´���. äN/,

ÿ

i,jPS
πipijp1 ´ fjq2 “

ÿ

i,jPS
πjpjip1 ´ fjq2 “

ÿ

i,jPS
πipijp1 ´ fiq2, (1.6.8)Ù¥, 1���Ò^�
[�²ï^�, 1���ÒK´��
�Úå�i, j �ÎÒ. ?�Ú,

ÿ

i,jPS
πipijp1 ´ fiq2 “

ÿ

iPS
πip1 ´ fiq2 “

ÿ

iPA
πip1 ´ fiq2.
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66 1�Ù ê¼óo(å5, ·�k (1.6.7) ¤á. ?�Ú, ÏǑA k�, ¤±Φpfq ă 8.1�Ú,  yΦpgq ď Φpfq, @f P F.

gi “
ÿ

jPS
pijgj, @i P Aztou. (1.6.9)Ph “ g ´ f . ÏǑf, g P F, ¤±

ho “ 0; hi “ 0, @i R A.�ì1�Ú�í�, �±y²Φphq ă 8. l,

Φpfq “ Φpgq ` Ψphq ` 2a,Ù¥,

Ψphq “ 2
ÿ

iPA
πih

2
i ´ 2

ÿ

i,jPA
πipijhihj “ Φphq ě 0,a Ǒ�����Ú, =

a :“ 2
ÿ

iPA
πip1 ´ giqhi ´

ÿ

i,jPA
πipijp1 ´ giqhj ´

ÿ

i,jPA
πipijhip1 ´ gjq.�ì (1.6.8) �±y², þª���ü��Ú��. dg|Ac ” 1 �

ÿ

jPA
pijp1 ´ gjq “

ÿ

jPS
pijp1 ´ gjq “ 1 ´

ÿ

jPS
pijgj .?�Ú, e�ki P Aztou, K�â (1.6.9), þªm>��u1 ´ gi. Ïd,

ÿ

i,jPA
πipijhip1 ´ gjq “

ÿ

iPA
πihi

ÿ

jPA
pijp1 ´ gjq

“ πoho

˜

1 ´
ÿ

jPS
pojgj

¸

`
ÿ

iPAztou
πihip1 ´ giq. (1.6.10)òþã(Ø�\a �L�ª. dho “ 0 B�íÑa “ 0. nþ, Φpfq “ Φpgq ` Ψphq ě Φpgq. qÏǑg P F, ¤±inffPF Φpfq “ Φpgq.1nÚ,  yΦpgq “ 2πoPopǫA ă σoq. ò (1.6.7) ¥�f �Ǒg. ·�kO� (1.6.7) m>�1��. �ì (1.6.10), äN/, ò (1.6.10)¥�hi UǑ1 ´ gi. dgo “ 0 B�íÑ

ÿ

i,jPA
πipijp1 ´ giqp1 ´ gjq “ πo

˜

1 ´
ÿ

jPS
pojgj

¸

`
ÿ

iPAztou
πip1 ´ giq2.òÙ�\ (1.6.7), ·�k

Φpgq “ 2πo
ÿ

jPS
pojgj “ 2πo

ÿ

jPS
pojPjpǫA ă σoq “ 2πoPopǫA ă σoq,
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§1.6 *��¡ê¼ó�~�5 67Ù¥, ·�31���Ò¥^�
go “ 0, 31���Ò¥�\
g �½Â, 31n��Ò¥^�
ÄÚ©Û{. l·K 1.6.10 (Ü (1.6.5) �^uy²ê¼ó~�. äN��{Xe: (i) é���¹o k�ëÏf8A1, A2, ¨ ¨ ¨ ; (ii) éz�n, �A “ An ¿�E��÷v (1.6.6) �¼êf , PǑf pnq,��Φpf pnqq Ñ 0; (iii) u´, �â·K 1.6.10 � (1.6.5), Popσo “ 8q “ 0, =P ~�.~1.6.11. 3~ 1.5.12 ¥, ·�w�, Z1 �Z2 Ñ~�. y3, ·�^Dirichlet �n5y²ù�(Ø. �âíØ 1.6.4, �Iy²Z2 ~�=�.òZ2 ¥�º:i �î�IPǑi1, p�IPǑi2, =i “ pi1, i2q. ��¡©Ùπi “ 1, @i P
Z2. �Ä���|i| :“ maxt|i1|, |i2|u. �o Ǒ�:. �½n ě 1, �A “ tj : |j| ď nu, fj “ a|j|,Ù¥a0 “ 0, an “ 1, a1, ¨ ¨ ¨ , an´1 ´�½~ê, §�Ñò3r0, 1s ¥À�. dDirichilet �n,

2PopǫA ă σoq ď Φpfq “
n
ÿ

r“1

p2r ´ 1qpar ´ ar´1q2.AO/, �
ar “

řr
s“1 1{p2s´ 1q

řn
t“1 1{p2t´ 1q , r “ 1, ¨ ¨ ¨ , n ´ 1.�o,

2PopǫA ă σoq ď
n
ÿ

r“1

p2r ´ 1q
ˆ

1{p2r ´ 1q
řn
t“1 1{p2t´ 1q

˙2

“ 1
řn
t“1 1{p2t´ 1q .þªé?¿n ě 1 Ñ¤á. -n Ñ 8, ·�B��PopǫA ă σoq “ 0, =, Z2 ~�.
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68 1�Ù ê¼ó
§1.7 H{½n��~�3�e5�A!¥, ·�?Ø1 §1.2 !���A�'uØC©Ù�¯K. 3�!, ·�ïÄØC©Ù��35ÚL�ª. dþ!�íØ 1.5.17,eπ ǑØC©Ù, Kπ 3�~��G�þ�´0. ¤±,·��ïÄ~�a. d·K 1.5.6,~�a´48. u´,·��±òê¼ó��3z��~�aþ. ǑÒ´`, ÏǑ�!3?ØØC©Ù, ¤±·�ob�ê¼óØ��, $�b�ê¼óØ��!~�.�!ªÇ�4�.-

Vipnq :“
n´1
ÿ

m“0

1tXm“iu “ |t0 ď m ď n´ 1 : Xm “ iu,§L«ê¼ó3n Ú(=, 10 Ú, 11 Ú, ¨ ¨ ¨ , 1n´ 1 Ú)¥�¯i �ogê.½n1.7.1. b�P Ø��. �o, é?¿i P S, �¯i �ªÇVipnq
n
A�7,Âñu 1

Eiσi
. äN/, é?¿�©Ùµ, Ñk

Pµ

ˆ

lim
nÑ8

Vipnq
n

“ 1

Eiσi

˙

“ 1, @i P S.y: b�P �~�. �o,

Vi “
8
ÿ

n“0

1tXn“iu ă 8.u´(Ø¤á. äN/, ��¡, Vi “ 8 L²τi ă 8, d�, -Yn “ Xτi`n, @n ě 0. u´Vi “ V
pY q
i . �ârê¼5±9�~�5, é?¿G�j P S,

PjpVi “ 8|τi ă 8q “ PjpV pY q
i “ 8|τi ă 8q “ PipVi “ 8q “ 0.u´

PjpVi “ 8q “ Pjpτi ă 8qPipVi “ 8q “ 0.Ïd, PµpVi ă 8q “ ř

j µjPjpVi ă 8q “ 1. duVipnq ď Vi, @n, ÏdtVi ă 8u Ď
!

lim
nÑ8

Vipnq
n

“ 0
)

. l,

Pµ

ˆ

lim
nÑ8

Vipnq
n

“ 0

˙

“ 1.,��¡, ÏǑG�i �~�, ¤±Pipσi “ 8q ą 0, ùL²Eiσi “ 8, = 1
Eiσi

“ 0. l·K¤á.e¡b�P ~�. �½i. P
A “

"

lim
nÑ8

Vipnq
n

“ 1

Eiσi

*

.
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§1.7 H{½n��~� 69 yé?¿�©Ùµ, ÑkPµpAq “ 1 ¤á.Äk, b�X0 “ i, =µi “ 1. �â·K 1.5.5, âf£�G�i ��mm�σi,1, σi,2, ¨ ¨ ¨ ´ÕáÓ©Ù��ÅCþS�. 3�#½n(½n 1.2.15) ¥, òLi �Ǒσi,r , �oVipnq Ò´�#½n¥�1 `Rn´1, u´
lim
nÑ8

Vipnq
n

“ lim
nÑ8

1 `Rn´1

n
“ 1

EL1

,Ù¥EL1 “ Eiσi. =, PipAq “ 1.Ùg, b�X0 “ j, =µj “ 1,Ù¥j ‰ i. duê¼óØ��!~�, �â·K 1.5.6,·�kPjpτi ă 8q “ 1. u´·��±k4âf��G�i, 23�Y�$Ä¥�Ä�¯i �gê½ªÇ.äN/,-Yn “ Xτi`n, @n ě 0. ÏǑ3r0, τi ´ 1sù��mãS,âfØ¬�¯G�i,¤±
Vipnq “ V

pY q
i pn´ τiq,Ù¥V pY q

i pmq “ řm´1
ℓ“0 1tYℓ“iu, @m ě 0. drê¼5(·K 1.4.2),é?¿�½�m ě 1,3τi “

m �^�e, tYnu ´li Ñu�±P Ǒ=£Ý
�ê¼ó. ùL²
Pj

˜

lim
nÑ8

V
pY q
i pnq
n

“ 1

Eiσi

ˇ

ˇ

ˇ
τi “ m

¸

“ PipAq “ 1.u´, 3τi “ m �^�e,

Vipnq
n

“ V
pY q
i pn ´ τiq

n
“ V

pY q
i pn´mq
n´m

¨ n ´m

n

nÑ8ÝÑ 1

Eiσi
.=, PjpA|τi “ mq “ 1. �â�Vúª,

PjpAq “
8
ÿ

m“1

Pjpτi “ mq ˆ PjpA|τi “ mq “
8
ÿ

m“1

Pjpτi “ mq ˆ 1 “ 1.��, éu?¿�©Ùµ, d�Vúª, PµpAq “ ř

jPS µjPjpAq “ 1. l·K¤á. lþã·KL²: 3Ø��!~��ê¼ó¥, é?¿i P S,âf�¯G�i �ªÇVipnq
n
A�7,k4�,Ù4�Ò´ 1

Eiσi
. ?�Ú,·�ò3e¡�·K¥y²,XJØC©Ùπ �3,�o�¯i �ªÇVipnq

n
�4�Ò´πi. Ïd, ØC©Ùäk��5.·K1.7.2. b�P Ø��, π ǑP ���ØC©Ù. Ké¤kG�i þkπi ą 0 �

πi “ 1

Eiσi
. (1.7.1)y: ·�ky²πi ą 0, @i P S. Äk, �3o P S ��πo ą 0, ÄKř

i πi “ 0, ù�©Ù��8�z^�ř

i πi “ 1 gñ. é?¿i P S, ÏǑP Ø��, ¤±o Ñ i, u´�â·K 1.3.2,�3n ě 0 ��ppnq
oi ą 0. �âπ ´ØC©Ù, ·�kπi “ ř

j πjp
pnq
ji ě πop

pnq
oi ą 0.
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70 1�Ù ê¼óe¡, �Ä±π Ǒ�©Ù�ê¼ó. ��¡, ÏǑπ ´ØC©Ù, ¤±
Eπ

Vipnq
n

“ Eπ
1

n

n´1
ÿ

m“0

1tXm“iu “ 1

n

n´1
ÿ

m“0

PπpXm “ iq “ πi.,��¡, ½n 1.7.1 L²Pπ ´ lim
nÑ8

Vipnq
n

“ 1
Eiσi

¯

“ 1. ÏǑ0 ď Vipnq
n

ď 1, @n, ¤±�âk.Âñ½n(N¹¥�½n 4.0.16)·��±íÑ
lim
nÑ8

Eπ
Vipnq
n

“ Eπ

ˆ

lim
nÑ8

Vipnq
n

˙

“ 1

Eiσi
.Ïd, πi “ 1

Eiσi
. lþ¡�·KL², éu��Ø��ê¼ó, ØC©ÙXJ�3K��. òù����ØC©ÙPǑπ, �oé?¿G�i, ÑkEiσi “ 1

πi
ă 8. ·�ò3e¡�½n 1.7.5 ¥y²Ù_·K, ǑÒ´�L5, eEiσi ă 8, -πi “ 1

Eiσi
, i P S, Kπ Ò´ØC©Ù.�!�~��ØC©Ù.½Â1.7.3. eEiσi ă 8, K¡G�i ´�~��, ½`i ´�~��(positive recurrent); ei~��Eiσi “ 8, K¡G�i Ǒ"~��, ½`i ´"~��(null recurrent).�½G�o, -

µi :“ Eo

σo´1
ÿ

n“0

1tXn“iu, @ i P S. (1.7.2)§L«3��G�o �i1¥, âf�¯G�i �²þgê.·K1.7.4. b�o ~�. �o, µ ÷ve¡�ØC�§:

ÿ

jPS
µjpji “ µi, @i P S.y: �â (1.7.2), é?¿j P S,

µj “ Eo

σo´1
ÿ

n“0

1tXn“iu “ Eo

8
ÿ

n“0

1tXn“j,σoąnu “
8
ÿ

n“0

PopXn “ j, σo ą nq. (1.7.3),�, ò�Ǒn ÀǑy3. ÏǑtσo ą nu “ tX1 ‰ o, ¨ ¨ ¨ , Xn ‰ ou, ù´��'uL�9y3�G��¯�, ¤±�âê¼5�±íÑ
pji “ P pXn`1 “ i|Xn “ jq “ P pXn`1 “ i|Xn “ j, σo ą nq.u´,

ÿ

jPS
µjpjk “

ÿ

jPS

8
ÿ

n“0

PopXn “ j, σo ą nqP pXn`1 “ i|Xn “ j, σo ą nq

“
8
ÿ

n“0

ÿ

jPS
PopXn “ j, σo ą n,Xn`1 “ iq “

8
ÿ

n“0

Popσo ą n,Xn`1 “ iq.



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

§1.7 H{½n��~� 71y3, �ì (1.7.3), òř8
n“0 Popσo ą n,Xn`1 “ iq �£âf�¯G�i �²þgê�/ª:

8
ÿ

n“0

Popσo ą n,Xn`1 “ iq “ Eo

8
ÿ

n“0

1tσoąn,Xn`1“iu “ Eo

σo´1
ÿ

n“0

1tXn`1“iu “ Eo

σo
ÿ

n“1

1tXn“iu,Ù¥, �����Ò´òÙ�>�n ` 1 ÀǑ#��Úå�n. nþ,

ÿ

jPS
µjpjk “ Eo

σo
ÿ

n“1

1tXn“iu. (1.7.4)duo ~�, ÏdPopσo ă 8q “ 1. XJi “ o, �o3r0, σos ù��mã¥, âf�k3�Ǒ0Ú�Ǒσo �G�Ǒi, 3Ù��Ǒ�G�ÑØ´i, u´,
řσo

n“1 1tXn“iu “ 1 “ řσo´1

n“0 1tXn“iu;XJi ‰ o, �oX0 �Xσo
ÑØ´i, u´řσo

n“1 1tXn“iu “ řσo´1
n“1 1tXn“iu “ řσo´1

n“0 1tXn“iu. o(å5, é?¿i, ·�ok
σo
ÿ

n“1

1tXn“ku “
σi´o
ÿ

n“0

1tXn“ku.ù(Ü (1.7.2) L² (1.7.4) ¥�Ò�m>Ò´µi. l, ØC�§¤á. l½n1.7.5. b�P Ø��, Ke�A^�d: (1) ¤kG�Ñ´�~��; (2) �3�~��;

(3) ØC©Ù�3.y: ·�òy²p1q ñ p2q ñ p3q ñ p1q, u´§��d. Äk, p1q ñ p2q ´w,�.

p2q ñ p3q: b�(2) ¤á. ?���~��, PǑo. �â·K (1.7.4), (1.7.2)½Â�µ ´ØCÿÝ. duř

iPS µi “ Eoσo ă 8, Ïdπi “ µi

Eoσo
, i P S ´ØC©Ù. Ïd(3) ¤á.

(3) ñ (1): b�(3) ¤á. d·K 1.7.2, ØC©Ù��, ÙL�ªÒ´πi “ 1
Eiσi

, @i. ¿�, é?¿i P S Ñkπi ą 0, =Eiσi ă 8. �â½Â, ù=´`i ´�~��. Ïd, (1) ¤á.

l51.7.6. 3½Â�~�Ú"~��, ¿ØI�b�ê¼óØ��. du§�Ñ%¹X~�,Ïd½n 1.7.5 L²éu���ê¼ó, �~�Ǒ´pÏa�5�.íØ1.7.7. b�G��mS k�!Ø��. �o, ØC©Ù�3.y: d½n 1.7.1, Vipnq
n

Ñ 1{Eiσi, @i. dS k��ř

iPS
Vipnq
n

Ñ ř

iPS
1

Eiσi
, ÏǑk���ÚÒ�±Ú4�ÎÒ��. dř

iPS
Vipnq
n

“ 1�ř

iPS
1

Eiσi
“ 1. l,�3i P S ��Eiσi ă 8,=i �~�. ùL²�3�~��, d½n 1.7.5, ØC©Ù�3. ln!H{½n.(Ü½n 1.7.1 1.7.5 Ú·K 1.7.2, ·�k: XJê¼óØ��!�~�, �o

Pµ

ˆ

lim
nÑ8

1

n
Vipnq “ πi

˙

“ 1, @i P S. (1.7.5)
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72 1�Ù ê¼óù=´`, �¯G�i �ªÇA�7,Âñui 3(���)ØC©Ùπ e�VÇπi. ¯¢þ, ·���±��ªÇ(�Ǒ©Ù�)´ℓ1 Âñ�ØC©Ù�ù��r(Ø(·K 1.7.9),¿?�Ú��H{½n(½n 1.7.10). Ǒy²ù
(Ø, ·�k�Ñ��Ún.Ún1.7.8. b�π, πp1q, πp2q, ¨ ¨ ¨ ´©Ù�, ÷vlimnÑ8 π
pnq
i “ πi, @i P S. �o,

lim
nÑ8

ÿ

iPS
|πpnq
i ´ πi| “ 0.y: eS k�,

lim
nÑ8

ÿ

iPS
|πpnq
i ´ πi| “

ÿ

iPS
lim
nÑ8

|πpnq
i ´ πi| “ 0.e�S ��. @ε ą 0, �3S �k�f8D ��ř

iPD πi ą 1 ´ ε, =
ÿ

iRD
π ă ε. (1.7.6)ÏǑD k�, ¤±

lim
nÑ8

ÿ

iPD
|πpnq
i ´ πi| “

ÿ

iPD
lim
nÑ8

|πpnq
i ´ πi| “ 0. (1.7.7)?�Ú, þªL²�3N ě 1 ���n ě N �, ·�k

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPD
π

pnq
i ´

ÿ

iPD
πi

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

iPD
|πpnq
i ´ πi| ă ε.ÏǑπpnq �π Ñ´©Ù, ¤±ř

i π
pnq
i “

ř

i πi “ 1, l,

ÿ

iPDc

π
pnq
i ´

ÿ

iPDc

πi “
ÿ

iPD
πi ´

ÿ

iPD
π

pnq
i .Ïd,

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPDc

π
pnq
i ´

ÿ

iPDc

πi

ˇ

ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPD
π

pnq
i ´

ÿ

iPD
πi

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε.ù(Ü (1.7.6)L²ř

iPDc π
pnq
i ă 2ε. ?�Ú, ùq(Ü (1.7.6)�(1.7.7) L²

ÿ

iPS
|πpnq
i ´ πi| “

ÿ

iPD
|πpnq
i ´ πi| `

ÿ

iRD
|πpnq
i ´ πi| ď

ÿ

iPD
|πpnq
i ´ πi| `

ÿ

iRD
π

pnq
i `

ÿ

iRD
πi ă 4ε.Ïd, (Ø¤á. l·K1.7.9. b�P Ø��!�~�, π ´ØC©Ù. é?¿i P S, ?¿�©Ùµ, Ñk

Pµ

˜

lim
nÑ8

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

Vipnq
n

´ πi

ˇ

ˇ

ˇ

ˇ

“ 0

¸

“ 1, lim
nÑ8

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n´1
ÿ

m“0

PµpXm “ iq ´ πi

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0.AO/, lim
nÑ8

ř

iPS

ˇ

ˇ

ˇ

1
n

řn´1

m“0 p
pmq
ji ´ πi

ˇ

ˇ

ˇ
“ 0.
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§1.7 H{½n��~� 73y: ÏǑ0 ď Vipnq
n

ď 1, ¤±�âk.Âñ½n�±íÑEµ Vipnq
n

Ñ πi. du
Eµ

Vipnq
n

“ 1

n

n´1
ÿ

m“0

PµpXm “ iq “: aipnq,Ïdaipnq Ñ πi, @i, ¿�aipnq, i P S ´©Ù�. dÚn 1.7.8 �ř

i |aipnq ´ πi| Ñ 0. ù=´1��(Øř

jPS

ˇ

ˇ

ˇ

1
n

řn´1
m“0 PµpXm “ iq ´ πj

ˇ

ˇ

ˇ
Ñ 0. AO/, �µj “ 1, µk “ 0, @k R j,KPµpXm “ iq “ p

pmq
ji . Ïd, 1n�(Øř

iPS

ˇ

ˇ

ˇ

1
n

řn´1

m“0 p
pmq
ji ´ πi

ˇ

ˇ

ˇ
¤á.e¡, ·�y²1��(Ø. Ǒ
ÎÒ��ß, ·�ò��ω �Ñ5, P

Vipn, ωq “ Vipnq “
n´1
ÿ

m“0

1tXmpωq“iu.��¡, �ω �½�, Vipn,ωq
n

, i P S ´©Ù�. ,��¡, P
Ω0 “

"

lim
nÑ8

1

n
Vipnq “ πi, @i P S

*

.�â(1.7.5) �VÇ�g���\5,

PµpΩc0q ď
ÿ

i

Pµ

ˆ

lim
nÑ8

1

n
Vipnq “ πiØ¤á˙

“ 0, = PµpΩ0q “ 1.u´, é?¿ω P Ω0, Ñk 1
n
Vipn, ωq Ñ πi, @i P S.�âÚn 1.7.8,(Üþ¡�ü��¡, ·�kř

jPS

ˇ

ˇ

ˇ

Vipn,ωq
n

´ πi

ˇ

ˇ

ˇ
Ñ 0, @ω P Ω0. ùL²,

Ω0 Ď
#

lim
nÑ8

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

Vipnq
n

´ πi

ˇ

ˇ

ˇ

ˇ

“ 0

+

“: Ω1. (1.7.8)ÏdPµpΩ1q ě PµpΩ0q “ 1, lPµpΩ1q “ 1. l½n1.7.10 (H{½n). b�P Ø��!�~�, π ´ØC©Ù. b�f ´S þ�k.¼ê.�o, é?¿�©Ùµ, Ñk
Pµ

˜

lim
nÑ8

1

n

n´1
ÿ

m“0

fpXmq “
ÿ

iPS
πifpiq

¸

“ 1.y: ÷^ (1.7.8) ¥½Â�Ω1. d·K 1.7.9, PµpΩ1q “ 1. ÏǑ
1

n

n´1
ÿ

m“0

fpXmq “ 1

n

ÿ

iPS
fpiqVipnq “

ÿ

iPS

Vipnq
n

fpiq,¤±3Ω1 þ,
ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n´1
ÿ

m“0

fpXmq ´
ÿ

iPS
πifpiq

ˇ

ˇ

ˇ

ˇ

ˇ

ď M
ÿ

iPS

ˇ

ˇ

ˇ

ˇ

Vipnq
n

´ πi

ˇ

ˇ

ˇ

ˇ

Ñ 0,Ù¥, M “ sup
iPS

|fpiq| ă 8. Ïd, (Ø¤á. l¯¢þ, ½n 1.7.10 ¥�¼êf �±���, �I�÷vř

i πifpiq Âñ=�(�½n
1.7.11). duT½n�y²k�½JÝ, ¤±·�ò§�3�!�Ö¿�£¥.
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74 1�Ù ê¼ó½n1.7.11 (H{½n). b�P Ø��!�~�, π ´ØC©Ù. b�f ´S þ�¼ê, ÷vř

i πi|fpiq| ă 8. �o, é?¿�©Ùµ, Ñk
Pµ

˜

lim
nÑ8

1

n

n´1
ÿ

m“0

fpXmq “
ÿ

iPS
πifpiq

¸

“ 1.o!A^.

1. úª (1.7.1) �A^.b�P Ø��!�~�. (Ü·K 1.7.2 Ú½n 1.7.5, ·�íÑúª (1.7.1) ¤á, =
πi “ 1

Eiσi
.d'Xª�±kXe�üaA^. �a´ÏL�)ØC©Ù5��Eiσi,¿�ä�~�5,'X, ~ 1.7.12; ,�a´ÏL�)²þ£��mEiσi 5�OØC©Ù´Ä�3, ½öO�ØC©Ù, 'X, ~ 1.7.13)�~ 1.5.10.~1.7.12 (~ 1.1.8Y, Ehrenfest�.�ØC©Ù). ÏǑEhrenfest �.´)«ó, ¤±·��±�ì~ 1.2.12 O�ÙØC©Ù, ¿��XeL�ª:

πi “ NpN ´ 1q ¨ ¨ ¨
`

N ´ pi´ 1q
˘

i!
π0 “ CiNπ0, @ i P S “ t0, 1, ¨ ¨ ¨ , Nu,d8�z^�řN

i“0 πi “ 1 �π0 “ 2´N . ¯¢þ, π Ò´ëêǑN , 1
2
���©ÙBpN, 1

2
q. ?�Ú, ·�k

Eiσi “ 1

πi
“ 2N

CiN
.AO/, �N “ 2M , M “ 104, ü �mǑ1 �, K

E0σ0 “ 1

π0
“ 220000 (�), EMσM “ 1

πM
“ 22M

CM2M
« 100

?
π (�).Ù¥, ������Ò^�
Stirling úª (1.5.12), Ù¹Â´�mü>�û�Ǒ1,.~1.7.13 (PzL§). �S “ Z`. é?¿i ě 0, =£VÇǑpi,i`1 “ 1 ´ pi,0 “ pi, @i ě 0. Ù¥, 0 ă pi ă 1, @i ě 0.duâf�U a1 Ú½öa£0, âfǑ�±3G�0 �/a�. �Ä��l0 Ñu�âf. §3a�n Ú�Äg�£0 ��=�§k an´ 1 Ú(u´��G�n´ 1), ,�31n Úa£0. �é{`,

P0pσ0 “ 1q “ 1 ´ p0, P0pσ0 “ nq “ p0 ¨ ¨ ¨ pn´2p1 ´ pn´1q, n ě 2.
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§1.7 H{½n��~� 75u´
E0σ0 “

8
ÿ

n“1

nP0pσ0 “ nq

“ 1 ´ p0 `
8
ÿ

n“2

np0 ¨ ¨ ¨ pn´2p1 ´ pn´1q “ 1 `
8
ÿ

n“1

p0 ¨ ¨ ¨ pn´1.òþªm>�?êPǑR. KTê¼ó�~�(�duØC©Ù�3)��=�R ă 8, d�π0 “ 1
E0σ0

.~1.7.14. 3¥I�Ú�Ú�þk��/ê0, å:´�ÚmÛ�§¤3 �. z²L��ü �m, §£Ä�Ú(3�Ú5K#N���S��UÀ��8�/, ,�a�). ²LT Ú�§(Äg)£�å:. Á�ET .ÏǑê�$Ä�±ÀǑãG “ pV,Eq þ��ÅiÄ, Ù¥V Ò´Ú�¥�¤k9ˆ 10 ���:, ¤±3Ø¥�5ˆ 6 ���:þ, êk8 �(5K#N�)8�/, ǑÒ´`, ù
��:�Ý´8; 34 �Æþ, ê�k2 �8�/, ǑÒ´`, ù4 ���:�ÝǑ2. �â�Ú5K, ·���±êÑ, Ý©OǑ3!4!6 ���:�ê8©OǑ8, 26, 22. ·�òz�a���:�ê8�±Ý2�Ú, ��
ÿ

jPV
dj “ 4 ˆ 2 ` 8 ˆ 3 ` 26 ˆ 4 ` 22 ˆ 6 ` 30 ˆ 8 “ 508.òê�å:PǑo, Kdo “ 2. Ïd, d~ 1.2.13, πo “ d0

508
“ 1

254
, lET “ 1

πo
“ 254.~1.7.15 (~ 1.1.10, 1.5.10 Y, 5KäTd þ�λ-biased �ÅiÄ). 3~ 1.5.10 ¥, ·�w�, e|i| “ |j|, K�3Td �g����N�ϕ ��: XJtXnu ´li Ñu�ê¼ó, Yn “

ϕpXnq, @n ě 0, �otYnu Ò´lj Ñu�ê¼ó. �âÄ���½Â, σ
pXq
i “ σ

pY q
j . ùL²Eiσi “ Ejσj. Ïd, 5KäTd þ�λ-biased �ÅiÄ�ØC©Ùπ XJ�3, K§Ǒäk¥é¡5, =, XJ|i| “ |j|, �oπi “ πj. �é{`, �3cn, n ě 0 ��πi “ c|i|, @i P Td.�A “ ti : |i| ě nu, úª (1.2.2) ÒCǑ

pdn´1cn´1q ¨ d

λ` d
“ pdncnq ¨ λ

λ` d
,=cn “ cn´1 ¨ 1

λ
, @n ě 1. S��, ·�kcn “ c0

1
λn , @n ě 1. ��, 8�z^�ř8

n“0 d
ncn “ 1L²c0 “ 1

R
, Ù¥R “

ř8
n“0p d

λ
qn. nþ, �λ ď d �, R “ 8, Tê¼óØ�3ØC©Ù;�λ ą d �, R ă 8, ØJ�yπi “ 1

R
¨ 1
λ|i| , @i P Td Ò´ØC©Ù, d�, Tê¼ó�~�.

2. H{½n�A^
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76 1�Ù ê¼ó~1.7.16. b�tXnu ´��ê¼ó, G��mǑS, =£Ý
P Ø��!�~�. é?¿i, j P
S, �Äli �j �a�Ñy�ªÇ

fijpnq “ 1

n

n
ÿ

m“0

1tXm“i,Xm`1“ju.y²: fijpnq A�7,Âñuπipij.y: PYn “ pXn, Xn`1q, @n. ØJ�y, tYnu ´��Ø��!�~�ê¼ó, G��mǑS̃ “ tpi, jq : pij ą 0u, =£VÇǑ
p̃pi,jq,pj,kq “ pjk, p̃pi,jq,pℓ,kq “ 0, eℓ ‰ k. (1.7.9)ØC©ÙǑπ̃pi,jq “ πipij , @pi, jq P S̃. étYnu ^H{½nB�
fijpnq “ 1

n

n
ÿ

m“0

1tYm“pi,jqu
a.s.ÝÑ π̃pi,jq “ πipij .b�P Ø��!�~�, π ǑÙØC©Ù. ·���, �n Ñ 8 �, ?¿G�i Ñy�ªÇ¬A�7,Âñ�πi,=, �3Ω0 ��P pΩ0q “ 1,�@ω P Ω0, limnÑ8

1
n
Vipn, ωq “ πi. AO/, �½ω, é��ê�?¿f�n1, n2, ¨ ¨ ¨ Ǒk

lim
rÑ8

1

nr
Vipnr, ωq “ πi. (1.7.10)le¡�~K�±w�, ·�/À�n1, n2, ¨ ¨ ¨ �±�Ï·�|©/)û¯K.~1.7.17. b�ê¼óØ��, �~�. é�½��êm, -σ :“ inftn ě m : Xn “ iu. y²:

Ei

σ´1
ÿ

n“0

1tXn“ju “ πjEiσ. (1.7.11)y: Äk, ·��y�Òü>¤�9�Ï"Ñ´k��. ÏǑřσ´1

n“0 1tXn“ju ď σ, ¤±·��I��yEiσ ă 8 =�. �Ä��li Ñu�âf, òÙ1r g£�i ��mPǑTr. �o, Tm ě m, ùL²σ ď Tm`1. Ïd, Eiσ ď EiTm`1 ă pm ` 1qEiσi ă 8, Ù¥, ���Ú^�
Tê¼ó�~�.Ùg, ÏǑσ ´��Ê�, Xσ “ i, ¿�Tê¼ó~�, ¤±·��±ò;���¤ÕáÓ©Ù�k�Ú;�, äNö�Xe: PS0 “ 0, Sr “ inftn ě m ` Sr´1 : Xn “ iu,
r ě 1. -ξr “ Sr ´ Sr´1, r ě 1. �ârê¼5(·K 1.4.11), ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, ¯¢þ,

pXSr´1
, ¨ ¨ ¨ , XSr

´ 1q, r ě 1 ´ÕáÓ©Ù�.,�, Pηr “ řSr´1
m“Sr´1

1tXm“iu, ·�kη1, η2, ¨ ¨ ¨ ÕáÓ©Ù. ò (1.7.10) ¥�nr �ǑSr. ·�kVipSr, ωq “ η1 ` ¨ ¨ ¨ ` ηr, Ïd,

lim
rÑ8

η1 ` ¨ ¨ ¨ ` ηr

ξ1 ` ¨ ¨ ¨ ` ξr
“ lim
rÑ8

VipSr, ωq
Sr

“ πi.
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§1.7 H{½n��~� 77��, �âr�ê½Æ,

lim
rÑ8

η1 ` ¨ ¨ ¨ ` ηr

ξ1 ` ¨ ¨ ¨ ` ξr
“ lim

rÑ8

1
n

pη1 ` ¨ ¨ ¨ ` ηrq
1
n

pξ1 ` ¨ ¨ ¨ ` ξrq “ Eη1

Eξ1
.Ïd, Eη1 “ πiEξ1. dEξ1 “ Eiσ Eη1 “ Ei

řσ´1

n“0 1tXn“ju, ·�B�íÑ(Ø¤á.·���±(ÜH{½Æ��ê½Æ, ?1í2A^, �X, e¡�~K.~1.7.18. b�,IÓÆzU¥Ì�` ,½¯ ,��¯�. XJ�,U�` ,, K1�U�¯ ,��U5Ǒ0.7; XJ�,U�¯ ,, K1�U�` ,��U5Ǒ0.5. b��zg�` ,, ê¤(ü : �)Õá/��UǑ14, 15, 16; zg�¯ ,, ê¤Õá/��UǑ9, 10, 11. �¯: ��îÌê²þs¤õ��?): ·��±ïá��ê¼ó£ãTÓÆ � ,, ò` ,PǑ0, ¯ ,PǑ1. ò�1n U�� ,PǑXn, KtXnu ´��ê¼ó, G��mǑS “ t0, 1u, =£VÇǑp01 “
0.7, p00 “ 0.3; p10 “ p11 “ 0.5. ·��±)ÑÙéA�ØC©ÙǑπ0 “ 5

12
, π1 “ 7

12
.ò�zg�à	�s¤PǑξ1 , ξ2, ¨ ¨ ¨ , §�ÕáÓ©Ù. b��3n U¥�
à	V0pnqg, �o��à	�o�¤ÒǑF pnq :“ ξ1 ` ¨ ¨ ¨ ` ξV0pnq. u´,

1

n
F pnq “ V0pnq

n
ˆ ξ1 ` ¨ ¨ ¨ ` ξV0pnq

V0pnq
a.s.ÝÑ π0 ˆ Eξ1,Ù¥, 1��^
H{½n, 1��^
r�ê½Æ.Ón, ·��±©Û��ÿH�²þs¤. Ïd, ¤�Ǒ

5

12
ˆ 14 ` 15 ` 16

3
` 5

12
ˆ 9 ` 10 ` 11

3
“ 145

12
.Ö¿�£.b�P Ø��!~�. �½G�o, �Äúª (1.7.2) ½Â�µ, =,

µi :“ Eo

σo´1
ÿ

n“0

1tXn“iu, @i P S,d·K 1.7.4, µ ÷vØC�§. e¡�·K 1.7.20 L², 3�Ñ~ê��¿Âe, µ ¢Sþ´P ���ØCÿÝ. Ǒd, ·�k�Ñ��Ún.Ún1.7.19. b�P Ø��. b�0 ď λi ď 8, @i, �λ “ tλi, i P Su ÷vØC�§. �o, ±en«�¹��á¢: (1) 0 ă λi ă 8, @i; (2) λi “ 0, @i; (3) λi “ 8, @i.
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78 1�Ù ê¼óy: Äk, �3o ��0 ă λo ă 8, �o(1) á¢. ù´ÏǑ, �âØC�§, λ “ λP, ?�Úλ “ λPn, @n ě 1. �é{`,

λi “
ÿ

jPS
λjpji “

ÿ

jPS
λjp

pnq
ji , @i, j.��¡, �j “ o, dØ���é?¿i, �3n ��ppnq

oi ą 0, Ïd, λi ě λop
pnq
oi ą 0. ,��¡,�i “ o. dØ���é?¿j,�3n ��ppnq

jo ą 0,Ïd, λo ě λjp
pnq
jo . ùL²λj ă 8. nÜùü�¡, ·�k0 ă λi ă 8, @i.,�, XJ�3o��λo “ 0,�o(2) á¢. ù´ÏǑé?¿j, Ñk0 “ λo ě λjp

pnq
jo , @n.u´, é?¿j, �n ��ppnq

jo ą 0, K�âØC�§�0 “ νo ě νjp
pnq
jo . ùL²νj “ 0, @j.��, (Üþ¡�(Ø, ��{�±y², XJ�3o ��λo “ 8, �o(3) á¢. l·K1.7.20. b�P Ø��!~�. b�0 ď λi ď 8, @i; λ “ tλi, i P Su ÷vØC�§, ¿�λo “ 1. �o, λi “ µi, @i P S.y: Äk, �â·K 1.7.4 �Ún 1.7.19,é¤ki Ñk0 ă λi ă 8.,�, ·�y²λi ě µi, @i P S. �âØC�§,

λi “
ÿ

jPS
λjpji “ λopoi `

ÿ

j‰o
λjpji “ poi `

ÿ

j‰o
λjpji,Ù¥,�����Ò´ÏǑ·Kb�λo “ 1. e¡,·�^S�,�j ‰ o�,éλj ?1þ¡�©)ö�. u´, ·�k

λi “ poi `
ÿ

j‰o

˜

poj `
ÿ

kPS,k‰o
λkpkj

¸

pji “ poi `
ÿ

j‰o
pojpji `

ÿ

j‰o

ÿ

k‰o
λkpkjpji.òþª¥�����ÚÒ¥�λk 2S��g, ·�k

λi “ poi `
ÿ

j‰o
pojpji `

ÿ

j,k‰o
λopokpkjpji `

ÿ

j,k,ℓ‰o
λℓpℓkpkjpji. (1.7.12)òþªm>1���ÚÒ¥�j U�¤i1, 1���ÚÒ¥�k, j ©OU�¤i1, i2. �âλℓ ě

0, @ℓ, ·�k
λi ě poi `

ÿ

i1‰o
poi1pi1i `

ÿ

i1,i2‰o
λopoi1pi1i2pi2i.3m>�n�¥, ©Oòi ©OÀǑX1, X2, X3 ��, �o, þ¡�Ø�ªÒ�±U�Ǒ

λi ě PopX1 “ iq ` PpX1 ‰ o,X2 “ iq ` PopX1, X2 ‰ o,X3 “ iq

“ Popσo ą 1, X1 “ iq ` Ppσo ą 2, X2 “ iq ` Popσo ą 3, X3 “ iq.
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§1.7 H{½n��~� 79·��±ò (1.7.12) ¥�λℓ 2U�, UYS�e�¨ ¨ ¨ ¨ ¨ ¨ . B�, é?¿n ě 1 Ñk
λi ě Popσo ą 1, X1 “ iq ` Ppσo ą 2, X2 “ iq ` ¨ ¨ ¨ ` Popσo ą n,Xn “ iq.-n Ñ 8. ·�k,

λi ě
8
ÿ

n“1

Popσo ą n,Xn “ iq “ Eo

8
ÿ

n“1

1tσoąn,Xn“iu “ Eo

σo´1
ÿ

n“1

1tXn“iu “ µi, @i.��, ·�y²λ “ µ. ù´ÏǑ, XJ·�-νi “ λi ´ µi, @i, �oν “ tνi, i P Su Ǒ÷vØC�§, �νo “ 0. �âÚn 1.7.19, νj “ 0, @j. l�âþã·K, éuØ��!~��ê¼ó, XJØC�§k���K)λ, �o�3~êc ��λi “ cµi, @i. ¯¢þ, c “ λo. u´, ?�Ú, XJλ �±8�z, �o·�òÙ8�zB��ØC©Ù; XJλ Ø�±8�z, �oØC©ÙØ�3. ù=´XeíØ.íØ1.7.21. b�P Ø��. XJλi, i P S ´ØCÿÝ, �ř

iPS λi “ 8. �o, ØC©ÙØ�3. y: b�P �~�, �o, díØ 1.5.17 �ØC©ÙØ�3.b�P~�,�o,·�^�y{?1y². b�ØC©Ùπ�3. dÚn 1.7.19�πi, λi ą
0 é¤ki Ñ¤á. AO/, πo, λo ą 0, Ïdt 1

πo
πi, i P Su �t 1

λo
λi, i P Su Ñ´ØCÿÝ. u´,d·K 1.7.20,

πi

πo
“ µi “ λi

λo
, @i P S.ùL²

πi “ πo

λo
λi, @i P S.,, �>��ÚǑ1, �m>��ÚuÑ. gñ! Ïdb�Ø¤á, =ØC©ÙØ�3. l���J�´,3·K 1.7.20¥, P ~��ù�b�ØU�K.�~Xe: �ÄZþ��é¡;��ÅiÄ, 'X`,

pi,i`1 “ 1 ´ pi,i´1 “ p P p0, 0.5q.�o, πi “ 1 Úµi “ pi{p1 ´ pqi, @i P Z Ñ´P ØC�, �§��mØ´��~ê��'X.½n 1.7.11�y²: b�X0 “ i. ò;�©)¤ÕáÓ©Ù�i i1. äN/, òê¼ó1r g�£i ��ǑPǑTr , =
T0 “ 0, T1 “ σi “ inftn ě 1 : Xn “ iu, Tr`1 “ inftn ě Tr : Xn “ iu.
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80 1�Ù ê¼óP
ξs “

Ts´1
ÿ

m“Ts´1

fpXmq, ηs “
Ts´1
ÿ

m“Ts´1

|fpXmq|.�o, ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, η1, η2, ¨ ¨ ¨ ÕáÓ©Ù. ÏǑ
Eη1 “

ÿ

jPS
|fpjq|µj ,Ù¥µj d(1.7.2)½Â, =µj “ Ei

řσi´1
m“0 1tXm“ju, ¤±�â½n 1.7.5�íÑµj “ πjEiσi, lEη1 “ Eiσi ˆ ř

j πj |fpjq| ă 8. ùL²ξ1 �Ï"�3, Ón, Eξ1 “ Eiσi ˆ ř

j πjfpjq.òVipnq “ řn´1
m“0 1tXk“iu {PǑr. �o, Tr´1 ď n ă Tr, ¿�, �âr�êÆ, �n Ñ 8�, n{r A�7,ÂñuEiσi. d

n´1
ÿ

m“0

fpXmq “
r
ÿ

s“1

ξs `
n´1
ÿ

m“Ti,s

fpXmq·��±íÑ
1

n

n´1
ÿ

m“0

fpXmq “ r

n
ˆ 1

r

r
ÿ

s“1

ξs ` 1

n

n´1
ÿ

m“Ts

fpXmq.-n Ñ 8, r�êÆL²
r

n
ˆ 1

r

r
ÿ

s“1

ξs
a.s.ÝÑ 1

Eiσi
Eξ1 “

ÿ

j

πjfpjq.Ún 4.0.25L²
1

n

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

m“Ts

fpXmq
ˇ

ˇ

ˇ

ˇ

ˇ

ď ηn

n

a.s.ÝÑ 0.l, (Ø¤á. lSK
1. ê¼óØ��´ØC©Ù���7�^�í? XJ´, �y²�; XJØ´, �U?�.

2. b�G��mS k�. (1) y²�3�~��, (2) y²�3ØC©Ù.

3. �ì·K 1.7.4,y²~ 1.7.17¥�Eiřσ´1

n“0 1tXn“ju, i P S ´ØCÿÝ. (5: òÙ8�z�� (1.7.11)�,	��y².)

4. ,�Ák100 ��äK. b�,K��(�YǑ/´0(½ö, Ǒ/Ä0), Ke�K��(�YǑ/´0�VÇǑ0.6 (½ö, Ǒ0.5). ,Æ)¤kKÑÕá/±VÇp £�/´0(±VÇ1´ p£�/Ä0). (1)Áïá��ê¼ó�.ǑxT)z�K£��(�Ä, (2)�OT)U�õ�©, (3) �p ��`ÀJ.
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5. b�tSnu ´���ÅiÄ, Ú�©ÙǑP pξ “ kq “ 1
6
, k “ 1, ¨ ¨ ¨ , 6. -An “/Sn U�13�Ø0. Á�: lim

n
P0pAnq.

6. b�tXnu ´lÑ�±SN þ��ÅiÄ(ë�~ 1.2.8). ^ü«ØÓ��{�E0σ0.

7. b�tXnu ´Z þ�ê¼ó, pi,i`1 “ 1 ´ pi,i´1 “ pi, @i P Z; pi`d “ pi, @i P Z;�p0, ¨ ¨ ¨ , pd´1 P p0, 1q. y²: 1
n
Xn A�7,Âñ. (J«: �Yn P S “ t0, 1, ¨ ¨ ¨ , d ´ 1u÷vYn ” Xnpmod dq, KtYnu ´S þ�ê¼ó.)

8. b�tXnu ´S þ±P Ǒ=£Ý
�ê¼ó. -Yn “ pXn, Xn`1q, @ n ě 0. y²: (1)

tYnu ´S̃ :“ tpi, jq : pij ą 0u þ�ê¼ó, =£VÇd (1.7.9) �Ñ, (2) XJtXnu Ø��(~�, ½�~�), �o, tYnu Ǒ�A/Ø��(~�, ½�~�).

9. b�tXnu ´Ø��!�~�ê¼ó, π ǑÙØC©Ù. ^ü«�{y²: é?¿ℓ ě 1,

i0, ¨ ¨ ¨ , iℓ P S, Ñk
1

n

ˇ

ˇ

ˇ
t0 ď m ď n´ 1 : Xm “ i0, Xm`1 “ i1, ¨ ¨ ¨ , Xm`ℓ “ iℓu

ˇ

ˇ

ˇ

a.s.Ñ πi0pi0i1 ¨ ¨ ¨ piℓ´1iℓ .

10. b�ê¼óØ��, Ù=£
P ´���, =P “ P2. y²: éu?¿i, j, pij “ pjj .

11. b�tXnu ´N �º:���ãþ��ÅiÄ. (1) �Pipσi “ nq, @n ě 1, ¿|^�O�Eiσi. (2)�âØC©Ù�½Â��§¿)Ñπ, ,��y (1.7.1). (5: 3��ã¥, ?¿ü�ØÓ�º:�mk�=k�^>�ë.)

12. 3~ 1.7.16¥,�ÄliÑu�ê¼ó1r g£�i��mTr. -ξr “ 1tXTr´1`1“ju, r ě 1.Á�ì~ 1.7.18 y²fijpnq A�7,Âñuπipij .
13*. b�tXnu ´N �º:���ãþ��ÅiÄ. òtXnu rH¤kº:��mPǑT ,=T “ max

iPS
σi. �EiT .

14*. b�,ê¼óØ��!�~�. (1) b�*	Tê¼ón Ú, �g��G�i0, ¨ ¨ ¨ , in, �Tê¼ó�=£VÇÝ
���q,�OP̂ “ pp̂ijq, (2) y²��q,�OP̂ äkr�Ü5.
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82 1�Ù ê¼ó
§1.8 rH{½n�!ïÄ�n Ñ 8 �, p

pnq
ij �4�¯K. b�P �~�, ØC©ÙǑπ. �o�âH{½n, eppnq

ij �4��3, K§ATǑπi, u´4��3�7�^�´�n ¿©��, p
pnq
ij ą 0.½Â1.8.1. e�3N ��é?¿n ě N Ñkppnq

ii ą 0, K¡i Ǒ�±Ï(aperiodic)�.·K1.8.2. b�P Ø��, �3�±Ï�. �o, ¤kG�Ñ�±Ï, ¿�é?¿i, j P S, �3N ��ppnq
ij ą 0, @n ě N .y: b�i �±Ï, �m ě N �ppmq

ii ą 0. é?¿j P S, �r, s ��pprq
ij , p

psq
ji ą 0. u´,�n ě N ` r` s�, m :“ n´ r´ s ě N , p

pnq
jj ě p

psq
ji p

pmq
ii p

psq
ij ą 0,lj �±Ï,Ïd¤kG�Ñ�±Ï. ?�Ú, i, j, N, r Óþ, �o�n ě N ` r �, m :“ n ´ r ě N , p

pnq
ij ě p

pmq
ii p

psq
ij ą 0,l·K¤á. l½n1.8.3 (rH{½n). b�P Ø��!�~�!�±Ï. �o, é?¿�©Ùµ Ñk

lim
nÑ8

ÿ

jPS
|PµpXn “ jq ´ πj | “ 0,Ù¥, π ǑP �ØC©Ù. AO/,

lim
nÑ8

p
pnq
ij “ πj , @i, j P S.y: �ÄG��mS̃ “ S ˆ S ±9S̃ þ�=£Ý
R:

rpi,jqpk,ℓq :“ pikpjℓ, @ pi, jq, pk, ℓq P S̃.b�tZnu ´S̃ þ�±R Ǒ=£Ý
�ê¼ó. PZn “ pWn, Ynq. Ǒ�Bå�, òtZnu ��©ÙPǑν. ·�3���y²¥¬À�A½��©Ù, ØL8ν �±´S̃ þ�?¿©Ù.e¡, ·�©AÚy²½n�(Ø.1�Ú, ØJ�y,

r
pnq
pi,jqpk,ℓq :“ p

pnq
ik p

pnq
jℓ , @ pi, jq, pk, ℓq P S̃. (1.8.1)é?¿j P S,

P pWn “ kq “
ÿ

ℓPS
P pWn “ k, Yn “ ℓq “

ÿ

pi,jqPS̃,ℓPS
νpi,jqjp

pnq
ik p

pnq
jℓ

“
ÿ

pi,jqPS̃
νpi,jqp

pnq
ik

˜

ÿ

ℓPS
p

pnq
jℓ

¸

“
ÿ

iPS

˜

ÿ

jPS
νpi,jq

¸

p
pnq
ik .
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P pYn “ ℓq “
ÿ

jPS

˜

ÿ

iPS
νpi,jq

¸

p
pnq
jℓ .1�Ú, -π̃pi,jq :“ πiπj , @pi, jq P S̃. ØJ�y, µ ´R �ØC©Ù.1nÚ, R Ø��. é?¿i, j, k, ℓ P S,duP Ø��!�±Ï,d½n 1.8.6 ¥�(2), �3N1, N2 ě 0 ��ppn1q

ik , p
pn2q
jℓ ą 0 é?¿n1 ě N1, n2 ě N2 Ñ¤á. u´rpnq

pi,jqpk,ℓq ą 0 é?¿n ě maxtN1, N2u ¤á. ùL²pi, jq ��pk, ℓq, lR Ø��.1oÚ, b�tZnu ´S̃ þ±R Ǒ=£Ý
�ê¼ó. dR kØC©Ùπ̃ �R �~�. l, R ~�. PZn “ pWn, Ynq. -
τ :“ inftn ě 0 :Wn “ Ynu.§L«tWnu �tYnu Äg����Ǒ. ù=´��ê¼ótZnu Ä�éÆ�

D̃ “ tpi, iq : i P Su��m, §Ø�LtZnu Ä�,�äN�G�pi, iq ��m. äN/, �½i P S, Kτ ď τpi,iq :“
tn ě 0 : Zn “ pi, iqu. ÏǑtZnu ~�, d·K 1.5.6, P pτpi,iq ă 8q “ 1, lP pτ ă 8q “ 1. �é{`, tWnu �tYnu 7,��.1ÊÚ,  y3tWnu �tYnu ����, §�kÓ��©Ù, =

P pWn “ j, τ ď nq “ P pYn “ j, τ ď nq.b�tWnu �tYnu 3�Ǒm ��uG�i, �o�*þ, l�Ǒm m©, §��Y�$ÄÑ´li Ñu!±P Ǒ=£Ý
�ê¼ó, l§�3?Û�Ǒk�Ó�©Ù. î��y²Xe:

P pWn “ j, τ ď nq “
n
ÿ

m“0

ÿ

iPS
P pWn “ j, τ “ m,Zm “ pi, iqq

“
n
ÿ

m“0

ÿ

iPS
P pτ “ m,Zm “ pi, iqqP pZn P Aj |τ “ m,Zm “ pi, iqq,Ù¥Aj “ tpj, kq : j P Su. XJ·�ò�Ǒm ÀǑy3, �o

tτ “ m,Zm “ pi, iqu “ tZ0, ¨ ¨ ¨ , Zm´1 R D̃, Zm “ pi, iqu´L�9y3�¯�, Zn P Aj K�ÀǑ��ò5�¯�. u´, dtZnu ´ê¼ó�,

P pZn P Aj |τ “ m,Zm “ pi, iqq “ P pZn P Aj |Zm “ pi, iqq

“
ÿ

kPS
r

pn´mq
pi,iqpj,kq “

ÿ

kPS
p

pn´mq
ij ¨ ppn´mq

ik “ p
pn´mq
ij .
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84 1�Ù ê¼ónþ,

P pWn “ j, τ ď nq “
n
ÿ

m“0

ÿ

iPS
P pτ “ m,Zm “ pi, iqq ¨ ppn´mq

ij .Ón, -Bj “ tpk, jq : k P Su, ·�k
P pZn P Bj |τ “ m,Zm “ pi, iqq “ P pZn P Bj |Zm “ pi, iqq

“
ÿ

kPS
r

pn´mq
pi,iqpk,jq “

ÿ

kPS
p

pn´mq
ik ¨ ppn´mq

ij “ p
pn´mq
ij .l, Ǒk

P pYn “ j, τ ď nq “
n
ÿ

m“0

ÿ

iPS
P pτ “ m,Zm “ pi, iqq ¨ ppn´mq

ij .ÏdP pWn “ j, τ ď nq “ P pYn “ j, τ ď nq.18Ú, duP pWn “ jq “ P pWn “ j, τ ď nq ` P pWn “ j, τ ą nq, ¿�éYn aq, ¤±�â1ÊÚ�(Ø·��±íÑ
P pWn “ jq ´ P pYn “ jq “ P pWn “ j, τ ą nq ´ P pYn “ j, τ ą nq.l,

ÿ

jPS
|P pWn “ jq ´ P pYn “ jq|

ď
ÿ

jPS

`

P pWn “ j, τ ą nq ` P pYn “ j, τ ą nq
˘

“ 2P pτ ą nq.�n Ñ 8 �, 1oÚ�(ØP pτ ă 8q “ 1 L²þªm>ªu0.��, òtZnu ��©Ù��Ǒ
νpi,jq “ µiπj . (1.8.2)�o, �â1�Ú(Ø, P pWn “ jq “ PµpXn “ jq, ��P pYn “ jq “ PπpXn “ jq “ πj , @j, Ù¥, ·�^�π ´P �ØC©Ù. òÙ�\18Ú�(Ø¥Ò�íÑ½n¤á. l~1.8.4 (Wright-Fisher�.). T�.5u¢DÆ, ØL, d?·�/^����pÆSù��.¥��ó5£ã§. b�y3kN �<, ���±é,�¯?1L�, /|±0½/�é0. z�U, z�<(¡�Ǒ`)Õá/3N �<¥�Å℄À�<(¡�Ǒ¯, ¯�±´`gC). XJ¯�UL�|±, �o`8U±VÇu UǑL��é, ±VÇ1 ´ u �XL�|±; XJ¯�UL��é, �o`8U±VÇv UǑL�|±, ±VÇ1 ´ v �XL��é, Ù¥0 ă u, v ă 1. PXn Ǒ1n UL�|±�<ê. �o, tXnu Ǒê¼ó, ��ut0, 1, 2, ¨ ¨ ¨ , Nu, =£VÇXe:

pij “ C
j
Nρ

j
i p1 ´ ρiqN´j , Ù¥ρi “ p1 ´ uq i

N
` v

N ´ i

N
.
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j“0 jP pXn “ jq. ÏǑ=£VÇ�ÜǑ�, ¤±Tê¼óØ��!�±Ï, Ïd lim

nÑ8
P pXn “ jq “ πj , Ù¥π ǑTê¼ó���ØC©Ù, Ù�35díØ 1.7.7 �y. � lim

nÑ8
EXn “ řN

j“0 jπj “: a. ÏǑ
a “

N
ÿ

j“0

j

N
ÿ

i“0

πipij “
N
ÿ

i“0

πi

N
ÿ

j“0

jpij “
N
ÿ

i“0

πi

N
ÿ

j“0

jC
j
Nρ

j
i p1 ´ ρiqN´j

“
N
ÿ

i“0

πiNρi “
N
ÿ

i“0

πirp1 ´ uqi` vpN ´ iqs “ p1 ´ u´ vqa ` vN.)�a “ vN
u`v . AO/, �u “ v “ 1

2
�, é?¿i, tpij : j P Su Ñ´��©ÙBpN, 1

2
q. u´,

X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, §�ÑÑlB `

N, 1
2

˘

. �, π Ò´B `

N, 1
2

˘

.~1.8.5 (~ 1.1.8 Ú~ 1.7.12 Y). �ÄEhrenfest �., Ù¥S “ t0, 1 ¨ ¨ ¨ , Nu, =£VÇǑp0,1 “ pN,N´1 “ 1, pi,i´1 “ 1´pi,i`1 “ i
N
, 1 ď i ď N ´1. KP Ø��, �3~ 1.7.12¥��ØC©Ùπi “ CiN2´N , i “ 0, 1, ¨ ¨ ¨ , N . b�ê¼ólG�0 Ñu. e²LÛêÚ, K§�����a�gê7,Ø�, u´§Ø�U£�G�0. ù`²pp2n`1q

00 “ 0, n “ 0, 1, 2, ¨ ¨ ¨ .Ïd, lim
nÑ8

p
pnq
00 “ π0 Ø¤á. ØJuyei �j �Ûó5ØÓ, Kpp2n`1q

ij , n ě N �pp2nq
ij “ 0,

n ě 0; ei �j �Ûó5�Ó, Kpp2nq
ij , n ě N �pp2n`1q

ij “ 0, n ě 0.½n1.8.6. b�P Ø��, �o, �3�����êd ±9S ���©�D0, D1, ¨ ¨ ¨ , Dd´1��e¡�(Ø¤á. Ö¿½ÂDnd`r :“ Dr, n ě 1, K
(1) é?¿r ě 0, i P Dr ±9s ě 0, þkř

jPDr`s
p

psq
ij “ 1;

(2) é?¿r ě 0 Úi, j P Dr, �3N ě 0 ��é?¿n ě N þkppndq
ij ą 0.þã½n�y²L§'�E,, Ǒvk�õVÇg�, Ïd·�r§�3�!�Ö¿�£¥.½n 1.8.6 ¥�(1) L²l,��«�Dr ¥�?¿G�Ñu, r�Ú7,�e��«�Dr ¥,�s “ 1=�.Xã 1.16¥��ã¤«. ½n 1.8.6¥�(2)K´Ǒ
�yd(¢´ù�ê¼ó�±Ï.~X:3ã 1.16¥, ����êii L«G�i. 3mã¥, S “ t0, 1, ¨ ¨ ¨ , 5u,=£VÇǑ: pi,i`1 “ 1, i ‰ 6; p6,0 “ 1. �o, Tê¼ó�±ÏATǑ6, Di “ tiu, @i P S. ,, XJ·�Uìã«òS ©¤d̃ “ 3 �«�: D̃0 “ t0, 3u, D̃1 “ t1, 4u, D̃2 “ t2, 5u, �o, ½n1.8.6¥�(1)E,éd̃�D̃1, D̃2, D̃3Ǒ¤á. d�, p

pp2m`1qd̃q
00 “ p

p6m`3q
00 “ 0,u´ppnd̃q

00 Ñ π0�´Ø¤á. ���Ï´, XJ�ÄY0 “ X0 “ 0, Yn “ Xnd̃, �o, tYnu E,äk±Ï5,Ù±ÏǑ2. o(å5, ½n 1.8.6¥�(2)3`, XJ·��ÄYn “ Xnd, n “ 0, 1, 2, ¨ ¨ ¨ , �otYnu Ø2äk±Ï5, ùâ��ppndq
ii Ñ πi ¤Ǒ�U�¯.½Â1.8.7. ½n1.8.6 ¥�d �¡ǑP �±Ï (period), Ǒ¡ǑS ½ê¼ó�±Ï.
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 ã 1.16 ±Ï~1.8.8. b�S “ t1, 2, 3, 4u,

P “

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0.6 0.4

0 0 0.2 0.8

0.25 0.75 0 0

0.5 0.5 0 0

˛

‹

‹

‹

‹

‹

‹

‚

.ØJ�y
P2 “

¨

˝

A 0

0 B

˛

‚, Ù¥ A “

¨

˝

0.35 0.65

0.45 0.55

˛

‚, B “

¨

˝

0.3 0.7

0.4 0.6

˛

‚.ÏǑA ´t1, 2u þØ��!�±Ï�=£Ý
; B ´t3, 4u þØ��!�±Ï�=£Ý
, ¤±P �±ÏǑ2. qÏǑA �B �ØC©Ù©OǑ`

9
22
, 13
22

˘

,
`

4
11
, 7
11

˘

. d½n 1.8.3,

lim
nÑ8

P2n “ lim
nÑ8

¨

˝

An 0

0 Bn

˛

‚“

¨

˚

˚

˚

˚

˚

˚

˝

9
22

13
22

0 0

9
22

13
22

0 0

0 0 4
11

7
11

0 0 4
11

7
11

˛

‹

‹

‹

‹

‹

‹

‚

.ØJ�y`

9
44
, 13
44
, 4
22
, 7
22

˘ ǑP �ØC©Ù.Ö¿�£.

1. ½n 1.8.6 �y².�½G�o. -
d :“ mintm´ n : m,n P N � m ą nu, Ù¥ N :“ tn ě 0 : pnoo ą 0u.b����3n0 ?��, =, b�

ppn0q
oo , ppn0`dq

oo ą 0. (1.8.3)
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§1.8 rH{½n 87ér P t0, 1, ¨ ¨ ¨ , d ´ 1u, -
Dr :“ ti P S : D n ě 0 �� p

pnd`rq
oi ą 0u.�o, dS Ø���

S “ D0 Y ¨ ¨ ¨ YDd´1.Äk, ·�y²: ¯¢þ, D0, ¨ ¨ ¨ , Dd´1 pØ��, l§�´S ���©�. ǑÒ´`,XJr, s P t0, 1, ¨ ¨ ¨ , d ´ 1u �r ‰ s, �oDr X Ds “ 0. ��{: eØ,, �3i P Dr XDs. �âDr, Ds �½Â, �3n, n̂ ě 0 ��
p

pnd`rq
oi , p

pn̂d`sq
oi ą 0. (1.8.4)Ø�b�n ě n̂, ÄK��r �s. ÏǑS pÏ, ¤±�3m ��

p
pmq
io ą 0. (1.8.5)u´, XJ-

n1 “ nd ` r `m` n0pn ´ n̂q,

n2 “ n̂d ` s`m` pn0 ` dqpn ´ n̂q,�o, (Ü (1.8.3), (1.8.4) � (1.8.5), ·�íÑ
ppn1q
oo ě p

pnd`rq
oi p

pmq
io

´

ppn0q
oo

¯n´n̂
ą 0.=n1 P N. Ón, n2 P N. ,,

n1 ´ n2 “ nd` r `m ` n0pn´ n̂q ´ n̂d ´ s´ dpn ´ n̂q “ r ´ s.ùL²m̃ :“ maxtn1, n2u �ñ : mintn1, n2u ÑáuN, ¿�m̃ ą ñ, �m̃ ´ ñ “ |r ´ s| ă d, ù�d �½Âgñ. Ïd, b�Ø¤á. =, D0, ¨ ¨ ¨ , Dd´1 pØ��.e¡, ·�y²(i). �d/, ·�I��y: XJi P Dr, �ppsq
ij ą 0, �oj P Dr`s. (d=ř

jPS p
psq
ij “

ř

jPDr`s
p

psq
ij , =(i).) �âDr �½Â±9i P Dr, �±�n ě 0 ��ppnd`rq

oi ą 0.u´,

p
pnd`r`sq
oj ě p

pnd`rq
oi p

psq
ij ą 0.ùL²j P Dr`s.��,·�y²(ii). ��¡,(Ü(i)� (1.8.3),·�kd|n0 (=, n0´d��ê�). �nd ě

n2
0 �, �3q ě n0, r P t0, 1, ¨ ¨ ¨ , n0 ´ 1u ��nd “ qn0 ` r. ùL², r “ nd´ qn0 ´d ��ê�, òÙ�¤md, Ù¥m ě 0. u´,

nd “ qn0 ` r “ qn0 `md “ pq ´ mqn0 `mpn0 ` dq.
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88 1�Ù ê¼ódm ď r ă n0 ď q �
ppndq
oo ě

´

ppn0q
oo

¯q´m ´

ppn0`dq
oo

¯m

ą 0.,��¡, é?¿r ě 0, i, j P Dr, dS Ø��, �±�a, b ��ppaq
io , p

pbq
oj ą 0.

p
pa`bq
ij ě p

paq
io p

pbq
oj ą 0,ù(Ü(i) L²�3�K�êk ��a ` b “ kd. nÜ±þü��¡, �N “ k ` n2

0

d
, �o,�n ě N �, nd´ pa ` bq “ pn ´ kqd ě n2

0, u´,

p
pndq
ij ěě p

paq
io p

pn´kqd
oo p

pbq
oj ą 0.Ïd, (ii) ¤á. l

2. "~��/.·K1.8.9. eP Ø��!"~�, Ké?Ûi, j P S, lim
nÑ8

p
pnq
ij “ 0.y: b½Tê¼ó´�±Ï�,ÄK�±�ÄPd . �Ä½n 1.8.3y²¥�ê¼ótpWn , Ynqu,ÙG��mS̃ �=£VÇR Xe:

S̃ “ S ˆ S, rpi,jqpk,ℓq “ pijpkℓ.d½n 1.8.3 y²�1�Ú, R Ø��. e¡·�©R �~�!~�ü«�/?Ø.�/I. b�R �~�. díØ 1.5.16 �(1.8.1) �, �n Ñ 8 �,

´

p
pnq
ij

¯2

“ r
pnq
pi,iqpj,jq Ñ 0.lppnq

ij Ñ 0.�/II. b�R ~�. K§7,-�éÆ�. �½n 1.8.3 y²�18Úaq, ·�d�E,k
lim
nÑ8

|P pWn “ jq ´ P pYn “ jq| “ 0. (1.8.6)AO/, ·��Xe��©©Ù:

P
`

pW0, Y0q “ pk, jq
˘

“ 1tk“iu ¨ ppmq
ij , @pk, jq P S̃.=,

W0 “ i, P pY0 “ jq “ p
pmq
ij , @j P S.d·K 1.1.12 �½n 1.8.3 y²�1�Ú, ·�k

P pWn “ jq “ p
pnq
ij , P pYn “ jq “ p

pn`mq
ij , @j P S.
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§1.8 rH{½n 89ù(Ü (1.8.6) L²
lim
nÑ8

|ppnq
ij ´ p

pn`mq
ij | “ 0, @m ě 1. (1.8.7)Ǒ
y² lim

nÑ8
p

pnq
ij “ 0,=, é?¿ε ą 0, �3N ě 0 ��ppnq

ij ă ε, @n ě N . d(1.8.7), ·��Iy²:

D M ě 1 �� p
pn`mq
ij , 0 ď m ď M ´ 1¥��k��Ø�L ε

2
, @n ě 0. (1.8.8)ù´ÏǑ:XJþª¤á,�o,d (1.8.7)��3N ��|ppnq

ij ´ p
pn`mq
ij | ă ε

2
, 0 ď m ď M ´ 1,

@n ě N . d(1.8.8) ��3m ��ppn`mq
ij ď ε

2
, u´

p
pnq
ij ď p

pn`mq
ij ` |ppnq

ij ´ p
pn`mq
ij | ă ε, @n ě N.��, ·�y² (1.8.8). �ÄS þ±P Ǒ=£Ý
�ê¼ótXnu. �	¯�A “/tXnu3�m«mrn, n`M ´ 1s þ�¯LG�j0. =,

A “
M´1
ď

m“0

tXn`m “ ju.�A u)�, òtXnu ���g�¯G�j ��ǑPǑκ. �o,

tκ “ n`mu “ tXn`m “ j,Xn`r ‰ j,@m` 1 ď r ď M ´ 1u.ò�Ǒn`m ÀǑy3,K�Y�;�lj Ñu,§²L
M ´ 1´ n ��m�vk£�j. dê¼5
Pipκ “ n `mq “ PipXn`m “ jqPipXn`m`r ‰ j,@1 ď r ď M ´ 1 ´m|Xn`m “ jq

“ p
pn`mq
ij Pjpσj ą M ´ 1 ´mq.duþ¡�¯�pØ��, ¯¢þ, §�´¯�A �y©, Ïd

M´1
ÿ

m“0

p
pn`mq
ij Pjpσj ą M ´ 1 ´mq “

M´1
ÿ

m“0

Pipτ “ n`mq “ PipAq ď 1.e¡·�^�y{?1y². b� (1.8.8) Ø¤á. �o, é?¿M , �3n ��
p

pn`mq
ij ą ε

2
, 0 ď m ď M ´ 1.u´,

ε

2
¨
M´1
ÿ

ℓ“0

Pjpσj ą ℓq “ ε

2
¨
M´1
ÿ

m“0

Pjpσj ą M ´ 1 ´mq ď
M´1
ÿ

m“0

p
pn`mq
ij Pjpσj ą M ´ 1 ´mq ď 1.
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90 1�Ù ê¼ó,, -M Ñ 8, ·�k
M´1
ÿ

ℓ“0

Pjpσj ą ℓq Ñ
8
ÿ

ℓ“0

Pjpσj ą ℓq “ Ejσj “ 8,Ù¥, �����Ò´ÏǑj ´"~��. þ¡�ü�ªf´�pgñ�, lb�Ø¤á,= (1.8.8) ¤á. lSK
1. �k6 ��Õ, §��mkú´ë�, ë��¹Xã 1 ¤«. XJð�zU�±l��Õ¨�����kú´�ë�����Õ, 3�m���Õ3�¿�É\h!�W!u?�ÑÖ, gF���ÕU�Ó'~ò�ð�� Ù���Õ. (1) Á`²: 3$1
éõFf±�, �Õz�3��ð�'~ªu½, (2) �Ñù
½�, ±B�(/���Õ�ÑÖ5�.

1

43

2 6

5

2. (1)�·¶ãÚnÆ/ã(�ã 1.4)þ�{ü�ÅiÄ�±Ï; (2)é?¿ëÏã,Á?ØÙþ�{ü�ÅiÄ�±Ï.

3. 3Ehrenfest�.(~ 1.1.8 � 1.7.12)¥, �N “ 8, X0 “ 0, £ãn é��Xn �©Ù, (Uìn �Ûó©O?Ø).

4. b�P Ø��!�±Ï. y²: ½n 1.8.3 �y²¥½Â�=£Ý
R Ǒ´�±Ï�.

5. b�PØ��!�~�, ±Ïd ě 2. ei P Dr, j P Dr`s,K lim
nÑ8

p
pnd`sq
ij “ dπj ,Ù¥π ǑP�ØC©Ù.

6. y²úª(1.8.1) ¤á.

7*. y²: ½n 1.8.3 �y²¥½Â�tWnu �tYnu Ñ´S þ±P Ǒ=£Ý
�ê¼ó.
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§1.9 Âñ�ÝòS þ�¤k©Ù|¤�8ÜPǑM. é?¿µ, ν P M, -
dTV pµ, νq :“ 1

2

ÿ

iPS
|µi ´ νi|,¿¡�Ǒµ �ν �m��C�ål.51.9.1. Ún 1.7.8 �Ñ��©Ùπp1q, πp2q, ¨ ¨ ¨ 3�C�åleÂñu4�©Ùπ �¿©7�^�.b�P Ø��!�±Ï!�~�. drH{½n, lim

nÑ8
dTV pµPn, πq “ 0,Ù¥π ǑP �ØC©Ù. �!?ØdTV pµPn, πq ªu0 ��Ý. ØJ�y

dTV pµP, νPq ď dTV pµ, νq. (1.9.1)þª¥��Òk�U¤á. ~XP �±Ïd ě 2, µ Úν ©O8¥3Dr �Ds þ, Ù¥0 ď r ă
s ă d, Dr d½n 1.8.6¥½Â, d�, (1.9.1) ��mü>oǑ1.·K1.9.2. (DobrushinOK) b�S k�, =£Ý
P “ ppijq ÷vpij ą 0, @i, j P S. K�3~ê0 ď α ă 1, ��

dTV pµP, νPq ď αdTV pµ, νq, µ, ν P M.AO/, eπ ´P �ØC©Ù, KdTV pµPn, πq ď αn, @n ě 0.y: Pδ :“ mini,jPS pij . �oδ ą 0, ¿�Nδ ď ř

jPS pij “ 1, Ù¥N “ |S|. ÏǑ
ÿ

iPS
µipij “ δ `

ÿ

iPS
µippij ´ δq,¤±

dTV pµP, νPq “ 1

2

ÿ

jPS

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPS
µipij ´

ÿ

iPS
νipij

ˇ

ˇ

ˇ

ˇ

ˇ

“ 1

2

ÿ

jPS

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPS
µippij ´ δq ´

ÿ

iPS
νippij ´ δq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 1

2

ÿ

jPS

ÿ

iPS
|µi ´ νi|ppij ´ δq “ 1

2

ÿ

iPS
|µi ´ νi|

ÿ

jPS
ppij ´ δq.�

α :“
ÿ

jPS
ppij ´ δq “ 1 ´Nδ ă 1,
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92 1�Ù ê¼ó=�1��Ø�ª. ?�Ú, b�π ´ØC©Ù, �oπ “ πPn. �ν “ π, ò1��Ø�ªS�n gB�
dTV pµPn, πq “ dTV pµPn, πPnq ď αdTV pµPn´1, πPn´1q ď ¨ ¨ ¨ ď αndTV pµ, πq.ù(ÜdTV pµ, πq ď 1 BíÑ1��Ø�ª. l3þ¡�·K¥, =£Ý
p���ÑǑ�. ù��^�  J±÷v. �«�°^���{´k^Pm �OP.·K1.9.3. b�S k�, P Ø��!�±Ï, π ǑP �ØC©Ù, K�3~êC ą 0, β ą 0,��é?¿µ P M,

dTV pµPn, πq ď Ce´βn, @ n ě 0.y: ÏǑP Ø��!�±Ï, ¤±é?¿i, j P S, �3Nij , �n ě Nij�, p
pnq
ij ą 0.�m “ max

i,jPS
Nij . �o, é¤k�i, j P S, Ñkppmq

ij ą 0. ò?¿��ê�Ǒrm ` s �/ª, Ù¥0 ď s ď m´ 1. dDobrusion OKÚ(1.9.1), �30 ď α ă 1 ��
dTV pµPrm`s, πq “ dTV ppµPrmqPs, πPsq ď dTV pµpPmqr, πq ď αr .t.�C “ 1

α
, β “ 1

m
ln 1

α
B�·K¤á. l·K 1.9.3 L²: l?¿�©ÙÑu, Xn �©ÙÑòÂñ�ØC©Ù, �Âñ�Ý´�ê��. ùA�´<�U�"���(Ø. 3é��ã�m, <�9©u?Ø�ê����, =β ���, Ù´β �XG�ê8|S| �O�eü�5Æ, AO'%β ´Äeü�0.,3þ�Vl��, Persi Diaconis uydTV pπ, νPkq �;.�Ø´�^�ê�,¬Ñy�Ky�(threshold). 'X`,Ï~�Wý�.,�Býk54Ü,À¤�U���Ǒ1�54 ���ü�, ¤±G��mǑ1 �54 �¤kü�, |S| “ 54!. WýÒ´l��ü�CǑ,��ü�, ØC©ÙÒ´¤k1 �54 �ü�þ�þ!©Ù. 3d�/, <�uy��W7g�JÒé�
. 2õW�JU?Ø�. ù3¢�¥ékd�, Ù3�Å�{�Âñ�¡.SK

1. y²: dTV ´M þ�ål, =÷v: �K5dTV pµ, νq ě 0, �Ò¤á��=�µ “ ν; é¡5dTV pµ, νq “ dTV pν, µq; nÆØ�ªdTV pµ, νq ď dTV pµ, πq ` dTV pπ, νq.

2. y²e�éóL�ª¤á, ¿�Ñ��4��f8A Ú¼êf .
dTV pµ, νq “ sup

AĎS
|µpAq ´ νpAq| “ sup

0ďfiď1,iPS

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iPS
µifi ´

ÿ

iPS
νifi

ˇ

ˇ

ˇ

ˇ

ˇ

.
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3. y²Ø�ª(1.9.1) ¤á.

4. b��3µ P M �� lim
nÑ8

dTV pµPn, πq “ 0. y²: π ´ØC©Ù.
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§1.10 ��{ü�ÅiÄ�!�	��{ü�ÅiÄ.3ù�A½��.¥,·�ò���X�k��AÏ(Ø.b�ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù,

P pξn “ 1q “ P pξn “ ´1q “ 1

2
,

S0 “ 0, Sn “ ξ1 ` ¨ ¨ ¨ ` ξn, @n ě 1.�!Ä��.·�Äk�ÄâfÄg��i ��Ǒ, =
τi :“ inftn ě 0 : Sn “ iu.�âé¡5, ·��^ïÄi ě 1 ��/.·K1.10.1 (���n). �½n ě 1. é?¿1 ď i ď n, ·�k

P0pτi ă n, Sn “ i` jq “ P0pτi ă n, Sn “ i´ jq, @j ě 1. (1.10.1)y: �Än Ú;�, ¿ïÄ¯�tτi ă nu. XJT¯�u), �o;�7,3n ��,��Ǒm (=, m ď n ´ 1) ®²(Äg)��Li. �e5, ·��±ò�Ǒm ��;�'uY²pÝi ���. Xã 1.17 ¤«, �Ǒ¢��;�3���CǑ�Ǒm �Ǒ¢�, �Ǒm ��Ǒn �mǑJ��;�. �Äü|n Ú;�, �|÷vtτi ď n, Sn “ i ` ju, ,�
 

  

 

 

 

 

 

 

 

 

 

 

ã 1.17 ���n|÷vtτi ď n, Sn “ i ´ ju. �o, þã���5
ùü|;��m��!�éA'X. duz^;�Ñy�VÇÑ´ 1
2n
,Ïdü�¯�¥¹k�;�ê��Ò¿�Xùü�¯��VÇ��. u´, ·��� (1.10.1). l
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§1.10 ��{ü�ÅiÄ 95·K1.10.2. b�i, n ě 1. �o,

P0pτi “ nq “ i

n
P0pSn “ iq.y: �n ` i ǑÛê�, þª�mü>ÑǑ0, l¤á. e¡b�n ` i Ǒóê. eτi “ n,KSn “ i, =

tτi “ nu Ď tSn “ iu. (1.10.2)·��Ä¤kl0 �i �Ú�Ǒn �;�, =¤k÷vSn “ i �n Ú;�. �â���n(·K 1.10.1),

P pτi ă n, Sn´1 “ i` 1q “ P pτi ă n, Sn´1 “ i´ 1q.òn´ 1 ÀǑy3, �otτi ă nu “ Yn´1
m“0tSm “ iu ´L��y3�¯�.�âê¼5, �mü>�± 1

2
, =©O�±P pSn “ i|Sn´1 “ i ` 1q �P pSn “ i|Sn´1 “ i´ 1q, ·�k

P pτi ă n, Sn´1 “ i` 1, Sn “ iq “ P pτi ă n, Sn´1 “ i´ 1, Sn “ iq.duþª�!mü>�¯�/¤tτi ă n, Sn “ iu �y©, Ïd
P pSn “ i, τi ă nq “ 2P pτi ă n, Sn´1 “ i` 1, Sn “ iq.?�Ú, ÏǑâfzg�a�ÌÝÑ´1, ¤±, Sn´1 “ i ` 1 L²âf3�m«mr0, n ´ 1sþ7,BLi, =, τi ă n. ǑÒ´`,

tSn´1 “ i` 1u Ď tτi ă nu.l,

P pSn “ i, τi ă nq “ 2P pSn´1 “ i` 1, Sn “ iq “ P pSn´1 “ i` 1q.ù(Ü (1.10.2) L²
P0pτi “ nq “ P0pSn “ iq ´ P0pSn “ i, τi ă nq “ P0pSn “ iq ´ P0pSn´1 “ i` 1q.dn` i Ǒóê, Ø�òÙPǑ2k, ·�íÑ

P0pSn´1 “ i` 1q “ pn ´ 1q!
k!pn ´ 1 ´ kq! ¨ 1

2n´1
“ 2pn´ kq

n
ˆ n!

k!pn´ kq! ¨ 1

2n
“ n´ i

n
P0pSn “ iq,Ù¥, 3�����ª¥, ·�^�
2k “ n ` i, =2pn ´ kq “ n´ i. (Üþ¡ü�ªf, ·�B�±íÑ(Ø. líØ1.10.3. P0pτ1 ą 2n´ 1q “ P0pS2n “ 0q.
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96 1�Ù ê¼óy: d���n,

P0pτ1 ă 2n, S2n “ 1 ` jq “ P0pτ1 ă 2n, S2n “ 1 ´ jq, @j ě 1.�!mü>éj �Ú�
P0pτ1 ă 2n, S2n ě 2q “ P0pτ1 ă 2n, S2n ď 0q.du�!mü>�¯�´tτ1 ă 2nu �y©, �S2n ě 2 %¹Xτ1 ă 2n, Ïd

P0pτ1 ă 2nq “ 2P0pτ1 ă 2n, S2n ě 2q “ 2P0pS2n ě 2q.��¡, �âé¡5,

P0pS2n ě 2q “ P0pS2n ď ´2q.,��¡, S2n ´óê. Ïd,

2P0pS2n ě 2q “ P0pS2n ě 2q ` P0pS2n ď ´2q “ P0pS2n ‰ 0q.qtτ1 ą 2n´ 1uc “ tτ1 ď 2n´ 1u “ tτ1 ă 2nu. nþ,

P0pτ1 ą 2n´ 1q “ 1 ´ P0pτ1 ă 2nq “ 1 ´ P0pS2n ‰ 0q “ P0pS2n “ 0q.Ïd, (Ø¤á. líØ1.10.4. P0pτ1 ă 8q “ 1, E0τ1 “ 8.y: �âíØ1.10.3, P0pτ1 ě nq �1{?
πn Ǒ�d�¡�. l

P0pτ1 “ 8q “ lim
nÑ8

P0pτ1 ě nq “ 0,¿�, E0τ1 “
ř8
n“0 P0pτ1 ą nq “ 8. l51.10.5. þãíØ�VÇ¿Â´é�Ù�. l�:Ñu���{ü�ÅiÄ´����1,�²þ¤^��mǑ�¡�. ?�Ú, k4�ÅiÄr�Ú, ·�k

P0pσ0 ą 2nq “ P1pσ0 ą 2n´ 1q “ P0pσ1 ą 2n´ 1q.=, éu��l0 Ñu�{ü�ÅiÄ, l©Ù�ÆÝó, σ0
d“ 1` τ1. ¯¢þ, σ0 “ 1` τ̃1,Ù¥τ̃1 ´Xn “ S1`n, n ě 0 ù��Ǒ1 ��Y;�Ä�´S1 ��m. Ïd, þãíØ�%¹X{ü�ÅiÄ´"~��.
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2

B B B Bã 1.18 τ2 ´ τ1 �τ1 ÕáÓ©Ùe¡·�ïÄτi �5�. Ǒd·�k*	τ2 �τ1 �'X. deã, �âfÄg��1 �,�Y;�Ǒl1Ñu�{ü�ÅiÄ.�â�m�²£ØC5, §�I�²L��Ó©Ùuτ1��Å�m��2, ¿�, dê¼5, ù��Å�m�τ1 �pÕá.u´, aqu·K 1.5.1,·��±y²Xe�·K.·K1.10.6. b�S0 “ 0, �oτ1, τ2 ´ τ1, τ3 ´ τ2, ¨ ¨ ¨ ÕáÓ©Ù.T·KJø
y²E0τ1 “ 8 �,���{: �S1 “ 1�, τ1 “ 1; �S1 “ ´1�, τ1 “
1 ` τ̃2, Ù¥τ̃2 ´��l´1 Ñu��ÅiÄÄ�1 ��m, §�l0 ÑuÄ�2 ��mτ2 Ó©Ù. l

E0τ1 “ 1

2
ˆ 1 ` 1

2
ˆ p1 ` E0τ2q “ 1 ` 1

2
E0τ2 “ 1 ` E0τ1.ùL²E0τ1 “ 8.�. ��uÆÄ���Ä�´tSnu Äg��,G���Ǒ, �«AÏ�/�du1�g�£�:��Ǒσ0 (�5 1.10.5). e¡���uÆ�Ä�K´(3n �)���g�£�:��Ǒ. äN/, ò�Ǒn ����g-�0 ��ǑPǑǫn, =

ǫn :“ maxtm ď n : Sm “ 0, Sm`1, ¨ ¨ ¨ , Sn ‰ 0u.·K1.10.7 (��uÆ). b�0 ă δ ă 1. �o,

lim
nÑ8

P0

`

ǫn ď δn
˘

“ 2

π
arcsin

?
δ.y: P

pn :“ P0

`

ǫn ă δn
˘

“
rδn{2s
ÿ

m“0

P0pǫn “ 2mq. (1.10.3)
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1 
2 
3 
4 

1 
2 
3 

2n 2      n  

ã 1.19 ��uÆ�½m ě 0. duYr :“ S2m`r ´S2m, r ě 0´{ü�ÅiÄ,��S2m �pÕá,Ïd�âǫn �½Â�íÑ
P0pǫn “ 2mq “ P0pS2m “ 0;Yr ‰ 0, r “ 1, ¨ ¨ ¨ , n´ 2mq “ P0pS2m “ 0qP0 pσ0 ą n´ 2mq .

(1.10.4)e¡, ·�O�P0 pσ0 ą n ´ 2mq. �âÄÚ©Û{, ·�k
P0 pσ0 ą n´ 2mq “ 1

2
P1pσ0 ą n´ 2m´ 1q ` 1

2
P´1pσ0 ą n´ 2m´ 1q.�â�m�é¡5�²£ØC5,

P1pσ0 ą n´ 2m´ 1q “ P´1pσ0 ą n ´ 2m´ 1q “ P0pτ1 ą n´ 2m´ 1q.nþ, d·K 1.10.3 �±íÑ
P0 pσ0 ą n ´ 2mq “ P0pτ1 ą n´ 2m´ 1q “ P0 pS2n1´2m “ 0q , (1.10.5)Ù¥,

n1 “

$

&

%

1
2
n, en Ǒóê,

1
2

pn´ 1q, en ǑÛê.òÙ�\ (1.10.4), 2(Ü (1.10.3), ·�íÑ
pn “

rδn{2s
ÿ

m“0

P0pS2m“0qP0pS2pn1´mq “ 0q.dStirling úª (1.5.13), é?¿ε ą 0, �3n0 ��
p1 ´ εq 1?

πℓ
ď P0pS2ℓ “ 0q ď p1 ` εq 1?

πℓ
, @ℓ ě n0.
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§1.10 ��{ü�ÅiÄ 99u´, ��¡, �n1 ě maxt2n0,
1

1´δn0u �,

pn ď
n0´1
ÿ

m“0

P0pS2pn1´mq “ 0q `
rδn{2s
ÿ

m“n0

P0pS2m“0qP0pS2pn1´mq “ 0q

ď p1 ` εq
n0´1
ÿ

m“0

1
a

πpn1 ´mq
` p1 ` εq2

rδn{2s
ÿ

m“n0

1

π
a

mpn1 ´mq
.-n Ñ 8, 'uþªm>1��, ·���

rδn{2s
ÿ

m“n0

1

π
a

mpn1 ´mq
ď

rδn{2s
ÿ

m“1

1

π
a

mpn1 ´mq
“ 1

π

rδn{2s
ÿ

m“0

1
a

m
n1 p1 ´ m

n1 q
¨ 1

n1

Ñ 1

π

ż δ

0

1
a

xp1 ´ xq
dx “ 2

π

ż

?
δ

0

1
a

1 ´ y2
dy “ 2

π
arcsin

?
δ.��, -ε Ñ 0 B�

lim sup
nÑ8

pn ď 2

π
arcsin

?
δ.,��¡,

pn ě
rδn{2s
ÿ

m“n0

P0pS2m“0qP0pS2pn1´mq “ 0q

ě p1 ´ εq2
rδn{2s
ÿ

m“n0

1

π
a

mpn1 ´mq
ě p1 ´ εq2

rδn{2s
ÿ

m“1

1

π
a

mpn1 ´mq
´ p1 ´ εq2

n0´1
ÿ

m“1

1?
n1 ´m

.-n Ñ 8, þªm>1��ªu0, 1��ªup1 ´ εq2 2
π
arcsin

?
δ. 2-ε Ñ 0, B�

lim inf
nÑ8

pn ě 2

π
arcsin

?
δ.(Ü±þü��¡, �±íÑ(Ø¤á. l51.10.8. ��uÆw«, {ü�ÅiÄ�i1�~/�,ù´��§"~�����Ï. 31nÙ, ·��±w�, �Ǒ{ü�ÅiÄ�ëY��,ÙK$ÄǑk�����uÆ,�½n 3.4.16.n!Ùä�..b�,Ùä��kÙ℄i �, Ù¥i ě 1, �/¨ë\,ú²ÙÆ(ú²ÙÆ�z�ÛÕá/��UI½Ñ),z�Ûe51�,é��Ù℄Ǒ�¡�.�o, TÙä�Ù℄�CzÒ´��{ü�ÅiÄ.b�Ø#NÑyK℄�,ǑÒ´`, �Ùä»�(=, ÙÙ℄Ǒ0)�, ÙÆ(å. �o, �âíØ 1.10.4�·K 1.10.6,�ØTÙä��©Ù℄kõ�,�/¨Ñ±VÇ1»�, �ØL»�¤I�²þ�mǑ�¡.
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100 1�Ù ê¼óy3,·�?U�e�.�b�. b�é���kj �Ù℄,Ù¥j ě 1. TÙä»�½��(=, é�»�)�, ÙÆ(å. d�, ÙÆE,VÇ1¬(å. ·�'%e¡�n�¯K: (1)TÙä»�Ú���VÇ©O´õ�? (2) 3ÙÆ(å�, TÙä²þUIõ�a? (3) ù|ÙÆ²þ�?1õ��m?

(1) TÙä��Ú»��VÇ©O´õ�?ùÒ´¤¢�Ùä»�¯K.Ùä�Ù℄´��liÑu�{ü�ÅiÄ,òÙPǑtSnu.�o, ÙÆ(å��ǑÒ´tSnu Äg��0 ½i` j ��Ǒ. P
τ :“ mintτ0, τi`ju ∆“ τ0 ^ τi`j ,Ù¥τk ´tSnu Ä�k ��Ǒ. �âíØ 1.10.4,·K 1.10.6,�m�²£ØC5, ·�k

Pipτ ă 8q ě Pipτi`j ă 8q “ P0pτj ă 8q “ 1.=, ÙÆ±VÇ1 ¬(å. Ùä»�Ú���¯�©OǑ
tτ0 ă τi`ju “ tSτ “ 0u, tτ0 ą τi`ju “ tSτ “ i` ju.ǑO�§��VÇ, ·�æ�ÄÚ©Û{. y3·��Älk Ñu�{ü�ÅiÄÄg��>.0½i` j �� �Sτ ,Ù¥0 ď k ď i` j. ek ‰ 0½i` j,·�Uìâf�Ú�� �S1��?1y©, ¿$^�Vúª, ��

PkpSτ “ 0q “ 1

2
Pk´1pSτ “ 0q ` 1

2
Pk`1pSτ “ 0q, 1 ď k ď i ` j ´ 1.ù(Ü>.^�P0pSτ “ 0q “ 1 ÚPi`jpSτ “ 0q “ 0 L²

PkpSτ “ 0q “ 1 ´ k

i` j
.AO/, Ùä»�VÇÚ��VÇ©OǑ

PipSτ “ 0q “ j

i` j
, PipSτ “ i` jq “ i

i` j
. (1.10.6)

(2) ÙÆ(å�, TÙä²þUIõ�a?ÙÆ(å�, TÙä�²þÙ℄Ǒ
EiSτ “ 0 ˆ PipSτ “ 0q ` pi` jqPipSτ “ i` jq “ i. (1.10.7)duTÙä��©Ù℄Ǒi�,Ïdþ¡�ªfL²3ÙÆ(å�,TÙäI��aSτ ´ i�²þ�Ǒ0. lù�ÆÝw, ÙÆ´ú²�.

(3) ù|ÙÆ²þ�?1õ��m?·�Äky²ù|ÙÆ�²þ�m´k��.
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§1.10 ��{ü�ÅiÄ 101Ún1.10.9. Ekτ ă 8, @ 0 ď k ď i` j.y: PN “ i ` j. elk Ñu, �mëYrN Ú(T¯��VÇǑ2´N ), Kå¥�½U��N . Ïd, Pkpτ ď Nq ě 2´N , =
Pkpτ ą Nq ď 1 ´ 1

2N
, @ 0 ď k ď N. (1.10.8)e¡·�^8B{y²: é?¿n ě 0,

Pkpτ ą nNq ď
ˆ

1 ´ 1

2N

˙n

. (1.10.9)Äk, �n “ 0, 1 �, (1.10.9) ¤á. Ùg, b� (1.10.9) én ¤á,  y§én ` 1 Ǒ¤á. XJτ ą pn ` 1qN , �oâf3nN �Ǒ�vk��>.t0, Nu, =1 ď SnN ď N ´ 1. u´, ·�UìSnN ��?1y©B�
Pk

`

τ ą pn ` 1qN
˘

“
N
ÿ

r“0

Pk
`

τ ą pn ` 1qN,SnN “ r
˘

. (1.10.10)ònN �ǑÀǑy3, òS̃m “ SnN`m, m ě 0 ÀǑ�Y;�. �o,

tτ ą pn` 1qNu “ tτ ą nNu X tτ̃ ą Nu,Ù¥, tτ ą nNu ´'uL��y3�¯�, Xã 1.20 ¤«, ¢�Ü©��Ø-�>.t0, Nu;τ̃ ´tS̃muÄ�>.t0, Nu��m,Xã 1.20¤«,J�Ü©L«tS̃mu�;�, tτ̃ ą NuÒ´J��N Ú��Ø-�>.. nþ,

 

2 

5 

0 
nN (n+1)N ã 1.20 N “ 5, n “ k “ r “ 2

tτ ą pn ` 1qN,SnN “ ru “ tτ ą nN, SnN “ ru X tτ̃ ą Nu,Ù¥, tSnN “ r, τ ą pn ` 1qNu ´'uL��y3�¯�, tτ̃ ą Nu ´'uò5�¯�. dê¼5,

Pk
`

SnN “ r, τ ą pn` 1qN
˘

“ Pkpτ ą nN, SnN “ rqPrpτ ą Nq,
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102 1�Ù ê¼óÙ¥, d (1.10.8)�
Prpτ ą Nq ě 1 ´ 1

2N
.òþ¡�ü��\ (1.10.10), ¿|^8Bb� (1.10.9), ·�k

Pkpτ ą pn ` 1qNq “
N
ÿ

r“0

Pkpτ ą nN, SnN “ rqPrpτ ą Nq

ď
N
ÿ

r“0

Pkpτ ą nN, SnN “ rq
ˆ

1 ´ 1

2N

˙

“ Pkpτ ą nNq
ˆ

1 ´ 1

2N

˙

ď
ˆ

1 ´ 1

2N

˙n`1

.ù=Ǒ (1.10.9). nþ, (1.10.9) é?¿n ě 0 Ñ¤á.?�Ú,

Ekτ “
8
ÿ

m“0

Pkpτ ą mq “
8
ÿ

n“0

N´1
ÿ

s“0

Pkpτ ą nN ` sq

ď
8
ÿ

n“0

NPkpτ ą nNq ď N

8
ÿ

n“0

ˆ

1 ´ 1

2N

˙n

ă 8,l·K¤á. ldÄÚ©Û{, �1 ď k ď i` j ´ 1 �,

Ekτ “ 1 ` 1

2
Ek`1τ ` 1

2
Ek´1τ.(ÜÚn 1.10.9 Ú>.^�E0τ “ Ei`jτ “ 0, ·��±íÑ

Ekτ “ kpi` j ´ kq. (1.10.11)AO/, �k “ i B��ÙÆ²þ?1��m.½n1.10.10. e0 ď i ď N , K
Eiτ0 ^ τN “ iˆ j.�â (1.10.6), Sτ Ñlü:©Ù. ?�Ú, ·��±O�Ù��

VaripSτ q “ EiS
2
τ ´ pEiSτ q2 “ 02 ˆ j

i` j
` pi` jq2 ˆ i

i` j
´ i2 “ iˆ j.dþ¡�(Ø, ·�uyVaripSτ q “ Eiτ . ?�Ú, �â�ÅiÄtSnu �Ú�ξn ���Ǒ1,·�íÑ

VaripSτ q “ Eiτ ˆ Varpξ1q. (1.10.12)
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§1.10 ��{ü�ÅiÄ 103¯¢þ, úª (1.10.7)� (1.10.12)©O´Wald �ª�Wald 1��ª�AÏ�/. 3Ö¿�£¥, ·�ò0�ùü��ª.Ö¿�£.b�ξ “ ξ1, ξ2, ¨ ¨ ¨ ´��ÕáÓ©Ù�!�òz��ÅCþ. -
S0 “ 0, Sn “ ξ1 ` ¨ ¨ ¨ ` ξn, n ě 1.b�τ ´tSnu �Ê�(ë�½Â 1.4.7).½n1.10.11 (Wald �ª). eEτ ă 8, E|ξ| ă 8, KESτ “ Eτ ¨Eξ .y: ·�I�k�ySτ �Ï"�3, =E|Sτ | ă 8. du

Sτ “
τ
ÿ

n“1

ξn “
8
ÿ

n“1

ξn1tτěnu,Ïd
|Sτ | ď |ξ1| ` ¨ ¨ ¨ ` |ξτ | “

8
ÿ

n“1

|ξn|1tτěnu.ÏǑτ ´Ê�, ¤±tτ ě nu “ tτ ď n ´ 1uc ´Äu)��6uS0 , S1, ¨ ¨ ¨ , Sn´1 ��, =, ��6uξ1, ¨ ¨ ¨ , ξn´1 ��. l1tτěnu �ξn �pÕá. u´·�íÑ
E|Sτ | ď

8
ÿ

n“1

E|ξn|1tτěnu “
8
ÿ

n“1

E|ξn| ¨ P pτ ě nq “ Eτ ¨ E|ξ| ă 8.u´, dFubini½n(�N¹¥�½n 4.0.20), ·��±���Ï"��Ú�^S, B��
ESτ “ E

8
ÿ

n“1

ξn1tτěnu “
8
ÿ

n“1

Epξn1tτěnuq “
8
ÿ

n“1

Eξn ¨ P pτ ě nq “ Eξ ¨Eτ.l(Ø¤á. l~1.10.12. éu1 §1.10 !ïÄ�Ùä�.. b�Ùä�Ùé���©Ù℄©OǑi, j. KÙä�Ù℄�Øi Ò´l0 Ñu��ÅiÄ, PǑtSnu. ÙÆ(å��mǑtSnu Ä�´i ½j��m, PǑτ , §´Ê�. �âÚn 1.10.9, Eτ ă 8. d½n 1.10.11,

ESτ “ Eξ ˆ Eτ “ 0 ˆ Eτ “ 0.u´, ·����§|
$

&

%

P0pSτ “ ´iq ` P0pSτ “ jq “ 1

´iP0pSτ “ ´iq ` jP0pSτ “ jq “ E0Sτ “ 0.
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P0pSτ “ ´iq “ j

i` j
, P0pSτ “ jq “ i

i` j
.ù�Ñ�Ùä»�VÇ���VÇ�,�«�{.51.10.13. 3½n 1.10.11¥, Eτ ă 8 �b�ØU�K. ~X: �Äl0 Ñu���{ü�ÅiÄ, ·�kEξ1 “ 0, �d�ØU�Ǒ¤kÊ�Ñ÷vE0Sτ “ 0. 'X`, éuÄ�1 ��Ǒτ1, okSτ “ 1, lE0Sτ “ 1 ‰ 0.½n1.10.14 (Wald1��ª). b�Eτ ă 8, Eξ “ 0, Eξ2 ă 8,��3M ě 0��|Sn| ď M ,

@n ď τ . KES2
τ “ Eτ ¨Eξ2 .y: Ø��Eξ2 “ 1, ÄK^ηn :“ ξ?

Eξ2
�Tn :“ Sn?

Eξ2
©O�Oξn �Sn =�. é?¿n ě 1, �Äτ ^ n “ mintτ, nu. §´Ê�, �

Sτ^n “
τ^n
ÿ

i“1

ξi “
n
ÿ

i“1

ξi1tτěiu.u´
ES2

τ^n “ E

˜

n
ÿ

i“1

ξi1tτěiu

¸2

“ E

n
ÿ

i“1

ξ2i 1tτěiu ` 2E
ÿ

1ďiăjďn
ξiξj1tτěju.d½n 1.10.11, m>1��Ò´Epτ ^ nq ¨ Eξ2. 'u1��, dutτ ě ju ´Äu)=�6uξ1, ¨ ¨ ¨ , ξj´1 ��, Ïdξi1tτěju �ξj �pÕá, lEpξiξj1tτějuq “ Epξi1tτějuq ¨Eξj “ 0.u´,

ES2
τ^n “ Epτ ^ nq ¨Eξ2.e¡, -n Ñ 8. ��¡, dk.Âñ½n(�N¹¥�½n 4.0.19), ÏǑ0 ď S2

τ^n ď M�Sτ^n Ñ Sτ , ¤±
lim
nÑ8

ES2
τ^n “ ES2

τ .,��¡, düNÂñ½n lim
nÑ8

Epτ ^ nq “ Eτ . l(Ø¤á. l51.10.15. Wald�ªǑx
ESτ �êÆÏ", Wald1��ªKǑx
Sτ ���. §I��õ�b�^�,Ø
��ξ ����3	,Ǒ
�yy²¥n Ñ 8�,4�Ò�±Ú�Ï"�ÎÒ��, ·�����ÅiÄ3��Ê�τ Ǒ�, ØU�Ñ���½�k.«�r´M,M s.~1.10.16 (~ 1.10.12Y). éuÙäÙÆ�., τ ǑÙÆÊ���m, KM ��Ǒmaxti, ju.
Wald �ª�Ñ
Ùä»�Ú���VÇ(�~ 1.10.12), 2|^Wald 1��ª, ·�k

Eτ “ ES2
τ “ p´iq2P pSτ “ ´iq ` j2P pSτ “ jq

“ i2
j

i` j
` j2

i

i` j
“ iˆ j.
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§1.10 ��{ü�ÅiÄ 105ùǑ�±�Ñ
 (1.10.11) �,��y².SK
1. b�tYnuǑlÑ�±SN þ�{ü�ÅiÄ. Á�tYnu3Äg£��©:�rH¤kº:�VÇ.

2. b�tSnu ǑZ þ�;��ÅiÄ, (=Ú�
P pξn “ 1q “ 1 ´ P pξn “ ´1q “ p,½Â�1 §1.1!.) b�0 ă p ă 1, �p ‰ 1

2
. N ÚM Ǒ��ê. -τ “ τ´M ^ τN . (1) Á�P0pτN “ nq, �E0τN , (2) y²: P0pτ ă 8q “ 1, (3) �P0pSτ “ Nq, (4) �Eoτ .

3. b�tSnu Ǒ��{ü�ÅiÄ, M,N P Z, N ´M ě 2. P
τ “ τM ^ τN “ mintn : Sn “ M½ Nu.b�i, j P rM ` 1, N ´ 1s X Z, �: Ei

řτ´1
n“0 1tXn“ju.

4*. ,ïÄ
z��ãÕáÓ©Ù��Å�m*	�g¢�?Ý, m��mξ �VÇ/Ǒ1©¨, 2 ©¨, ¨ ¨ ¨ 30 ©¨. b��/¨3,�:?1
�g*	. �¯: ²þõ��m��/¨2�gT�3�:?1*	?

5*. ò½n 1.10.11 ¥�/ÕáÓ©Ù0ù�b�UǑ/�pÕá, �äk�Ó�Ï"0, y²: T½n�(ØE,¤á.

6*. b�tSnu Ǒ��{ü�ÅiÄ. -M p1q
n “ Sn, M

p2q
n “ S2

n ´ n, M
p3q
n “ S3

n ´ 3nSn,

M
p4q
n “ S4

n ´ 6nS2
n ` 3n2 ` 2n. y²: EM

pkq
n “ 0, k “ 1, 2, 3, 4.

7*. 3þK¥, b�τ ´tSnu Ê�. Á�Ñ��¿©^�, ��EM pkq
τ “ 0. (5: k “ 1, 2 �©OéAWald �ª�Wald 1��ª.)
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§1.11 ©|L§31874, =I<Francis GaltonÚReverend H.W. Watsonuy�
=I��P6¼��
. ��3ïÄù�¯K�ïá
ù��.. Ïd,©|L§q�¡ǑGalton-Watson L§, ½{¡ǑGW L§. �,, d�.Ǒ�^u£ã,ÄÔ«+��NêþCz§½Ø�A¥�C��f�ê. ÏǑù��Ï§1�g.�Ô±�, {!��IÑéd�~À.b�¤k¯fÑ�I�6. 3,�[x¥, ·�^ξn,i L«1n �1i �I¶�Æfê,^Xn L«1n ��I¶oê. K·�kXe�48ª:

Xn`1 :“
Xn
ÿ

i“1

ξn,i . (1.11.1)·�b�tξni : n ě 0, i ě 1u ÕáÓ©Ù, ù%¹XtXnu Ǒ��ê¼ó. d�, ¡tXnu Ǒ��©|L§. ©|L§�,	��~^£ãXe: òz�I¶ÀǑ��âf, b�z�âfL��ü �mk�,§k��áǑ©�ǑeZ�#âf(#âf�ê8Ǒ�±Ǒ0). XJvkAO(², ·�ob�X0 “ 1, ¿òP1 {PǑP .3©|L§¥,·�¡��I¶�ÆfǑÙf�,Ù¤kf�ǑÙ��.òξ :“ ξ0,1 �©ÙPǑpk, k ě 0, =
pk “ P pξ “ kq, @k ě 0.T©Ù(�)�¡Ǒ©|L§�f�©Ù(�). u´, ©|L§�=£VÇdÙf�©Ù��(½. �é{`, �Ǒx��©|L§, �I��Ùf�©Ù=�. ǑüØ²��/, e¡·�ob�p1 ‰ 1, (ÄKXn ” 1, @n).XJ3,��Ǒn, uyXn “ 0, �o, é?Ûm ě 1, Xn`m “ 0. =, ��3,��(1n�)®²vkI¶, �o��Ò2ǑØ¬kI¶, L§ÒÊ�ØÄ
, ?uG�0. �é{`,G�0 Ǒ��áÂ�. ¡
τ0 :“ inftn ě 0 : Xn “ 0uǑT©|L§�«ý�m,ÏǑ��[x31τ0 �«ý. eτ0 ă 8,·�¡TL§«ý,ÄK¡TL§�¹. 5¿, «ýÚ�¹Ñ´�¯�. ò«ýù�¯�u)�VÇ

ρ :“ P pτ0 ă 8q¡ǑTL§�«ýVÇ. duØ0	�Ù§G�Ñ´6�(ù�(Ø3ǑSK), ÏdeL§�¹, KXn Ñ 8. �é{`, tτ “ 8u Ď tXn Ñ 8u.3©|L§�ïÄ¥, 1¼ê´����Ä��óä. ò�ÅCþX �1¼êPǑfX , =
fXpsq “ EsX ,
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§1.11 ©|L§ 107òξ �1¼ê{PǑf , =
fpsq “

8
ÿ

k“0

pks
k “ p0 ` p1s` p2s

2 ` ¨ ¨ ¨ .·K1.11.1. fXn
psq “ f pnqpsq, n ě 1.y: ·�^8B{?1y². �n “ 1 �, dX1 “ ξ0,1 “ ξ �fX1

“ f , =·K¤á. b�fXn
psq “ f pnqpsq,  yfXn`1

psq “ f pn`1qpsq. �â8B½Âª 1.11.1 ��Vúª,

fXn`1
psq “ EsXn`1 “ Es

řXn
i“1

ξn,i “
8
ÿ

k“0

P pXn “ kqE
´

s
řk

i“1
ξn,i |Xn “ k

¯

.duXn =�6utξm,i : 0 ď m ď n´ 1, i ě 1u, §�tξn,i : i ě 1u �pÕá, Ïd
E
´

s
řk

i“1
ξn,i |Xn “ k

¯

“ Es
řk

i“1
ξn,i “ fpsqk,Ù¥, ·�^�ξn,i, i ě 1 ÕáÓ©Ù, �Ñ�ξ Ó©Ù. òÙ�\þ¡�ªfB��

fXn`1
psq “

8
ÿ

k“0

P pXn “ kqfpsqk “ fXn
pfpsqq.��, d8Bb�, þªm>Ò´f pn`1qpsq. nþ, ·K¤á. l3�O©|L§´Ä±VÇ1 «ýVÇ�, ���'���IÒ´²þf�ê

m “ Eξ “
8
ÿ

k“0

kpk.·K1.11.2. EXn “ mn, @ n ě 0. ?�Ú, em ă 1, Kρ “ 1.y: �n “ 0 Ú1 �, EX0 “ 1 “ m0, EX1 “ Eξ “ m.

EXn`1 “ E

Xn
ÿ

j“1

ξnj “
8
ÿ

k“0

P pXn “ kqE
˜

k
ÿ

j“1

ξnj
ˇ

ˇXn “ k

¸

“
8
ÿ

k“0

P pXn “ kqkEξ “ mEXn.d8B{�EXn “ mn, @n ě 0.?�Ú, XJm ă 1, �o, dê��ÅØ�ª�, �n Ñ 8 �
P pτ0 “ 8q ď P pτ0 ě nq “ P pXn ě 1q ď EXn “ mn Ñ 0.u´P pτ0 “ 8q “ 0, =ρ “ 1. l·���±^/©|ä05�°[/Ǒx©|L§. äN/, Xã 1.21 ¤«, z�I¶Ò´��º:, If'XÒ´>, 10 ��I¶´�:, d§ eëÑ5ξ0,1 ^>(l��m
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ã 1.21 ξ0,1 “ 4; ξ1,1 “ 2, ξ1,2 “ 0, ξ1,3 “ 1, ξ1,4 “ 3; ξ2,1 “ 3, ξ2,2 “ 0, ξ2,3 “ 5, ξ2,4 “ 0,

ξ2,5 “ 2, ξ2,6 “ 3, ¨ ¨ ¨ ¨ ¨ ¨ .x), Ù¥, ��>�>ë�X�:��Æf, �kξ1,1 �Æf, Ïd, l§ eqëÑξ1,1 ^>,�å1�^>ë�X�:��Æf, �kξ1,2 �Æf,Ïd,l§ eqëÑξ1,1 ^>, (ã«ξ1,2 “ 0, Ïd¢Sþã¥¿vk ex>), ¨ ¨ ¨ ¨ ¨ ¨ . ÏǑξn,i, n ě 0, i ě 1 Ñ´�ÅCþ,¤±Uþã�{xÑ5�´���Å�ä, PǑT. ò�:�1i �ÆfPǑvi. �Ävi �fäTi, =, ämvi ��:�m�>±�, vi �Ùf�¤3�ëÏ©|, Ù¥, vi �ÀǑ#��:. �o, dξn,i, n ě 0, i ě 1 ÕáÓ©Ù, ØJwÑ, XJξ0,i “ n ě 1, �oT1, ¨ ¨ ¨ ,Tn ÕáÓ©Ù, d�, z�Ti �(�E,´��f�©ÙǑpk , k ě 0 �©|ä, =, Ti �T ��©(�´�q�. ù´©|ä�g�q5. ·��±ddg�q��éõ48ª,~X,e¡�·K¥�(Øρ “ fpρq.·K1.11.3. ρ ´�§s “ fpsq ����K). u´, ρ ă 1 ��=�m ą 1.y: d�Vúª,

ρ “
8
ÿ

k“0

P pτ0 ă 8, X1 “ kq “ p0 `
8
ÿ

k“1

pkPkpτ0 ă 8q.e¡·�ïÄPkpτ0 ă 8q, k ě 1. XJ��kk �âf, PAr “/1r �âféA�©|«ý0, =,/Tr k�0. ��¡PkpArq “ P pτ0 ă 8q “ ρ, r “ 1, ¨ ¨ ¨ , k; ,��¡, duâf�©�äkÕá5, ·��A1, ¨ ¨ ¨ , Ak �pÕá. �
Pkpτ0 ă 8q “ PkpA1 X ¨ ¨ ¨ XAkq “ PkpA1q ¨ ¨ ¨PkpAkq “ ρk.
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ρ “ p0 `

8
ÿ

k“1

pkρ
k “ fpρq.ÏǑp1 ‰ 1, ¤±fpρq “ ρ �)Ò´ã 1.22 ¥�������:.

 

   ã 1.22 «ýVÇÏǑm “ f 1p1q, ¤±�m ď 1 �(Xã1.22 ��ã), �§fpsq “ s 3r0, 1sþ�k��ØÄ:,TØÄ:Ò´1, ¤±ρ “ 1; �m ą 1 �(Xã1.22 �mã), �§s “ fpsq kü�ØÄ:: ρ0Ú1, Ù¥0 ď ρ0 ă 1. ÏǑ
ρ “ P pτ0 ă 8q “ lim

nÑ8
P pτ0 ď nq “ lim

nÑ8
P1pXn “ 0q

“ lim
nÑ8

fXn
p0q “ lim

nÑ8
f pnqp0q ď lim

nÑ8
f pnqpρ0q “ ρ0.Ïdρ “ ρ0. l51.11.4. ã 1.22 �mã¥�ò��A
f pnqp0q �S�L§.½Â1.11.5. �âm ă 1, m “ 1 Úm ą 1, ·�©O¡éA�©|L§Ǒg�.�(½e�.�), �.�, Ú��.�(½þ�.�).�â·K 1.11.3, g�.Ú�.�©|L§Ñ±VÇ1 «ý, ��.�©|L§±�VÇ�¹, Ù�¹VÇǑ1 ´ ρ, «ýVÇǑρ.~1.11.6. b�f�©Ù�Ǒpk “ pp1 ´ pqk, k ě 0, Ù¥, 0 ă p ă 1. Á�«ýVÇρ.): Äk, O�²þ��ê.

m “
8
ÿ

k“0

kpk “
8
ÿ

k“0

kpp1 ´ pqk “ pp1 ´ pq
p1 ´ p1 ´ pqq2 “ 1 ´ p

p
.,��Om ą 1 ´Ä¤á¿�ρ. �p ě 1{2�, m ď 1, �ρ “ 1. �p ă 1
2
�, m ą 1,

ρ “ fpρq “
ÿ

k

ρkpk “
ÿ

k

ρkpp1 ´ pqk “ p

1 ´ ρp1 ´ pq .)�ρ “ p
1´p ½1, �ï1 ù��, ��ρ “ p

1´p .
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1. y²: ©|L§¥, ØG�0 ±	�Ù§G�Ñ´6�.

2. b�f�©ÙǑBp2, pq, (1) �«ýVÇρ “ P1pτ0 ă 8q; (2) �P1pτ0 “ 3q; (3) b�X0ÑlëêǑλ �Ñt©Ù, Á�P pτ0 ă 8q.

3. b�²þf�êm “ Eξ ă 1. y²: E1τ0 ă 8.

4. �©|L§tXnu �f�©Ù�þ�Ǒµ, ��Ǒσ2. Áy:

EpX2
n`1q “ µnσ2 ` µ2EX2

n.

5. b�f�©ÙǑp1 “ p2 “ q
2
, p0 “ 1 ´ q. (1) Á¯: q �Û��«ýVÇρ “ 1? (2) b�q “ 0.9, ��X0 “ 4. Á��¹VÇP4pτ0 “ 8q.

6. b�,Ô«�f�ê8ξ ÑlëêǑλ �Ñt©Ù, z��NÕá/±VÇp U¹�¤¿)f. ò1n �¥¤��NêPǑYn , n ě 0. b�Yn “ 1, �otYnu Ǒ´©|L§. (1) �tYnu �f�©Ù, (2) �tYnuǑ��.�¿©7�^�(^λ, p �õ�ª5L«).

7*. �Ä�£¬�©|L§tXnu,=Xn`1 “ řXn

i“1 ξ
n
i `Yn`1. Ù¥z��N±VÇpk�)k���, z��±VÇhk?5k�#£¬. �P pξk “ iq “ pi, P pYn “ jq “ hj . ?�Ú�ř

kpk ă 1,
ř

jhj ă 8. (1) y²tXnuäkØC©Ùπ. (2) Pπpsq “ ř

i πis
i, φpsq “

ř

i pis
i, hpsq “

ř

i his
i. y²πpφpsqqhpsq “ πpsq.



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

§1.12 nÜöSK 111

§1.12 nÜöSK
1. ÁÞÑn�)«L§�~f, ©O´�~��, �~��Ú"~��.

2. b�S k�!P Ø��. (1) y²: eP �_�, KP �¤kAÆ�Ǒ¢ê. (5: P �é¡Ý
Q �q, Ù¥qij “ ?
πipij{?

πj .) (2) Þ~`²: ¤kAÆ�Ǒ¢ê�=£Ý
�7´�_�.

3. b�,/«�Uí�©Ǒ�U!ÒU!�U. e,U´�U, K1�U��UǑÒU½�U, e,UǑÒU(½�U), K1�Uk 1
2
��UUYǑÒU(½�U), k 1

4
��UǑ�U,k 1

4
��UǑ�U(½ÒU). (1)Áïá��ê¼ó£ãT/«�UíCz. (2)ù�ê¼ók�_©Ùí? (3)Á�Ñ²þó,T/«Ñy�U!ÒU!�U�'~. (4)ü����!e��VÇ�V´õ�?

4. b�tXnu ´Z` þ�ê¼ó, =£VÇǑp0,1 “ 1,

pi,i`1 ` pi,i´1 “ 1, pi,i`1 “
ˆ

i` 1

i

˙α

pi,i´1, i ě 1.Á�âα ����äTê¼ó´Ä~�; e´�~�, Á�ØC©Ù; e´�~�, Á�P0pσ0 ă 8q.

5. �tXnu ´G��mt1, 2, 3, 4, 5uþ�ê¼ó, Ù=£Ý

P “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1
2

1
2

0 0

0 0 0 1
5

4
5

0 0 0 2
5

3
5

1 0 0 0 0

1
2

0 0 0 1
2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

(1) Tê¼ó´ÄØ��? ´ÄǑ�±Ï? (2) �ÙØC©Ù; (c) �X0 “ 1, �2g£�G�1¤I��²þÚê; (3)�lG�1Ñu��G�4¤I��²þÚê. (4)�X0 “ 1,�Tê¼ó��G�3���G�5�VÇ.

6. �J1, J2, ¨ ¨ ¨Ǒ��ÕáÓ©Ù�ÅCþ, P pJ1 “ 1q “ p, P pJ1 “ 0q “ 1´ p,Ù¥0 ă p ă
1. (1) �X0 “ 0, é?¿n ě 1, e

Jn “ ¨ ¨ ¨ “ Jn´k`1 “ 1,� Jn´k “ 0,K-Xn “ k. (1)Á)ºtXnu´ê¼ó,�ÑG��mÚ=£VÇ. (2)y²Tê¼óØ��!�~�, ¿�ÙØC©Ù. (3) éu��êk, -
Tk “ mintn ě k : Jn “ Jn´1 “ ¨ ¨ ¨ “ Jn´k`1 “ 1u,
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7*. b�ê¼ótXnu Ø��, k�_©Ù. Áy²e�ü^·K�d. (a) PipXn “ iq “
PjpXn “ jq, @i, j P S, @n ě 0; (b) Pipτj “ nq “ Pjpτi “ nq, @i, j P S, @n ě 0.



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

1�Ù aL§ù�Ù·�¤?Ø�aL§´��ëY�mëê��ÅL§, §�NõSN��Ù´²1�,�´�mëêØÓ®. Ïd,·�ò:0�aL§�ê¼ó�ØÓ�?. 3�Ù¥, t, s, ¨ ¨ ¨ L«R` :“ r0,8q¥�:,§�ǑëY�m�ëê; n,m ¨ ¨ ¨ L«Z` :“ t0, 1, 2, ¨ ¨ ¨ u¥�:,§�Ǒ�mëê. ·�E,òtXt : t P R`u{PǑtXtu,òtYn : n P Z`u{PǑtYnu.

§2.1 ÑtL§ÑtL§(Poisson Process)�(�é{ü, �Ù5���´L. §´�{ü�aL§, Ǒ´?ØÙ§aL§�Ä:. ÑtL§�~~^u�E�E,�ëY�mëê�L§. 3�!¥, ·�òlü�ÆÝ0�ÑtL§. 1��ÆÝÄu�ê©Ù, ýurN�ê©Ù��PÁ5%¹XÑtL§�ê¼5; 1��ÆÝKÄuÑt©Ù�þ!©Ù, ýu0�Ñt6�U\Ú[©.�!l�ê©Ù�ÑtL§.b�k��O¨,§��ξ1 �m�Ǒ�e,,�2��ξ2 �m�2Ǒ�e,,�2��ξ3�m�2Ǒ�e, ¨ ¨ ¨ ¨ ¨ ¨ ·�¡ξ1, ξ2, ¨ ¨ ¨ ǑtXtu ����m. u´, é?¿n ě 1, O¨1ngǑå��ǑǑ
Sn “ ξ1 ` ξ2 ` ¨ ¨ ¨ ` ξn.Ö¿½ÂS0 :“ 0. é?¿t ě 0, ò�Ǒt �O¨Ǒå�ogêPǑXt. �o,

Xt :“ |tn ě 1 : Sn ď tu| “ suptn ě 0 : Sn ď tu, @t ě 0. (2.1.1)½Â2.1.1. XJξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, ¿�ξ1 „ Exppλq, �o, ¡Xþ½Â�tXt : t ě 0u Ǒ��ÑtL§, ¡λ ǑÙëê, rÝ, ½ö�Ç.etXtu ÷v:

(i) �K5: X0 “ 0, Xt ��K�ê�;

(ii) üN5: Xt 'ut üNþ,;

(iii) më�45(continue à droite, limites à gauche, {¡càdlàg): Xt mëY, =, é?¿t ě 0, Ñk lim
sŒt`

Xs “ Xt; ¿�Xt äk�4�, =, é?¿t ą 0, Ñklim
sÕt

Xs �3,K¡tXtu Ǒ��OêL§. ÑtL§´OêL§�A~. XJ��OêL§tXtu Xã
§2.1 ¤«, ·��±ru)�ǑS1, S2, ¨ ¨ ¨ ����mξ1, ξ2, ¨ ¨ ¨ �Ñ5. äN/,

Sn “ inftt ě 0 : Xt ě nu, @n ě 0, ξn “ Sn ´ Sn´1, @n ě 1.

113
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114 1�Ù aL§�ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù�ξ1 „ Exppλq �, ·�¡þ¡�O¨Ǒ���êO¨. �é{`, ���êO¨Ú��ÑtL§´�d�. ·�Ǒòλ ¡ǑT�êO¨�ëê.

 

     

 

      

 

 

 

 

±eob�tXtu ´ëêǑλ �ÑtL§, =, b�ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, �ξ1 „ Exppλq,�Xt d (2.1.1) ½Â. e¡�·KL², é?¿t ą 0, Xt þÑlÑt©Ù, ùǑ´tXtu �¡ǑÑtL§�Æd. y²Ì�^�
tXtu �tSnu �Xe'Xª:

tXt “ ku “ tSk ď t ă Sk`1u, @t P R`, @k P Z`. (2.1.2)T'Xª�±ò��'utXtu �¯�=zǑ'utSnu �¯�, U=zǑ'uξ1 , ξ2, ¨ ¨ ¨ �¯�. u´, ·�B�±�ÑT¯��VÇ.½n2.1.2. é?¿t ě 0, Xt ÑlëêǑλt �Ñt©Ù.y: �½t ě 0. ·�O�Xt �©Ù�.�k “ 0 �, P pXt “ 0q “ P pξ1 ą tq “ e´λt.e¡b�k ě 1. d (2.1.2), ·�I�O�¯�tSk ď t ă Sk`1u �VÇ. 5¿�T¯���9ξ1, ¨ ¨ ¨ , ξk`1. Ǒd, ·�^~x “ px1, ¨ ¨ ¨ , xkq L«pξ1, ¨ ¨ ¨ , ξkq �äN��, Ó�, ^xk`1L«ξk`1 �äN��.òpx1, ¨ ¨ ¨ , xk, xk`1q {PǑp~x, xk`1q. é?¿n ě 1,òx1 ` ¨ ¨ ¨ ` xn PǑsn. -
Cpk; tq “ t~x P Rk : x1, ¨ ¨ ¨ , xk ě 0, � sk ď tu,
Dpk; tq “ tp~x, xk`1q : ~x P Cpk; tq,�xk`1 ą t ´ sku.

(2.1.3)�o,

tSk ď t ă Sk`1u “ tpξ1, ¨ ¨ ¨ , ξk`1q P Dpk; tqu.
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§2.1 ÑtL§ 115þã¯��VÇÒ´pξ1, ¨ ¨ ¨ , ξk`1q �éÜ�Ý3Dpk; tq þ�È©. Ïd, é?¿k ě 1,

P pXt “ kq “ P pSk ď t ă Sk`1q

“
ż

p~x,xk`1qPDpk;tq
λk`1e´λsk`1dx1 ¨ ¨ ¨ dxk`1 (2.1.4)

“
ż

~xPCpk;tq
λke´λsk ˆ

ˆ
ż 8

t´sk
λe´λxk`1dxk`1

˙

dx1 ¨ ¨ ¨ dxk

“
ż

~xPCpk;tq
λke´λsk ˆ e´λpt´skqdx1 ¨ ¨ ¨dxn (2.1.5)

“
ż

~xPCpk;tq
λke´λtdx1 ¨ ¨ ¨ dxk “ λke´λt ˆ tk

k!
,Ù¥, ���tk{k! Ò´k �HNCpk, tq �NÈ.nþ, Xt ÑlëêǑλt �Ñt©Ù. l?�Ú, �½T ą 0. ·���±�Äé?¿t ą 0, 3pT, T ` ts �mãS�êO¨Ǒå�ogê. äN/, -

Yt :“ XT`s ´XT , t ě 0.e¡, ·��	tYtu ����mS�. XJl�ǑT m©, I���η1 ��mO¨â¬Ǒå, �X2��η2 ��mO¨2gǑå¨ ¨ ¨ ¨ ¨ ¨ �o, Xã 2.1 ¤«, �tXT “ ku u)�,

η1 “ ξk`1 ´ pt´ Skq, η2 “ ξk`2, ¨ ¨ ¨ . �é{`,

η1 “ ξXT `1 ´ pt ´ SXT
q, η2 “ ξXT `2, η3 “ ξXT `3, ¨ ¨ ¨ . (2.1.6)

 

 

    

     

   

 

 

 

ã 2.1 Xt “ 2, η1, η2, ¨ ¨ ¨ ÕáÓ©Ù.
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116 1�Ù aL§½n2.1.3. �½T ą 0. XT , η1, η2, ¨ ¨ ¨ �pÕá. ¿�, é?¿n ě 1 Ñkηn „ Exppλq.y: é?¿k ě 0, n ě 1, t1, ¨ ¨ ¨ , tn ą 0, �âη1, η2, ¨ ¨ ¨ �½Â,

tXt “ k, η1 ą t1, ¨ ¨ ¨ , ηn ą tnu “ tSk ď t, Sk`1 ą t` t1, ξk`2 ą t2, ¨ ¨ ¨ , ξk`n ą tnu.u´,

P pXt “ k, η1 ą t1, ¨ ¨ ¨ , ηn ą tnq “ P pSk ď t, Sk`1 ą t` t1q ˆ e´λpt2`¨¨¨`tnq.·���ì (2.1.6) O�, ¿��
P pSk ď t, Sk`1 ą t ` t1q “

ż

~xPCpk;tq
λke´λsk ˆ e´λpt`t1´skqdx1 ¨ ¨ ¨ dxk`1 “ e´λt1P pXt “ kq.Ïd,

P pXt “ k, ℓ1 ą t1, ¨ ¨ ¨ , ηn ą tnq “ P pXt “ kqe´λpt1`¨¨¨`tnq.l(Ø¤á. líØ2.1.4. �½T ą 0. é?¿t ě 0, -Yt :“ XT`t ´XT . �o, tYtu Ǒ´ëêǑλ �ÑtL§. ¿�, é?¿r ě 1, 0 ă t1 ă ¨ ¨ ¨ ă tr ÑkpYt1 , ¨ ¨ ¨ , Ytr q �XT �pÕá.y: tYtu ����m´η1, η2, ¨ ¨ ¨ . �â½n 2.1.3, tYtu ´ëêǑλ �ÑtL§. ¿�, é?¿�K�êi1 ď ¨ ¨ ¨ ď ir, ·��±�ì (2.1.2), òtpYt1 , ¨ ¨ ¨ , Ytr q “ pi1, ¨ ¨ ¨ , irqu U�Ǒ'uη1, ¨ ¨ ¨ , ηir`1 �¯�, d½n 2.1.3, T¯��'uXT �?¿¯�tXT “ iu ÑÕá. Ïd,

pYt1 , ¨ ¨ ¨ , Ytr q �XT �pÕá. líØ2.1.5. b�r ě 1, 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tr. �o, é?¿�K�êk1, ¨ ¨ ¨ , kr,

P pXti ´Xti´1
“ ki, i “ 1, ¨ ¨ ¨ , rq “

r
ź

i“1

P pXti´ti´1
“ kiq.y: �r “ 1 �, (Øg,¤á. b�(Ø'ur ¤á,  y(Ø'ur ` 1 Ǒ¤á.é?¿t ě 0, -Yt “ Xt1`t ´Xt1 . Psi “ ti`1 ´ t1, i “ 0, 1, ¨ ¨ ¨ , r. �o,

tXti ´Xti´1
“ ki, i “ 2, ¨ ¨ ¨ , r ` 1u “ tYsi ´ Ysi´1

“ ki`1, i “ 1, ¨ ¨ ¨ , ru.��¡, díØ 2.1.4,

P pXti ´Xti´1
“ ki, i “ 1, ¨ ¨ ¨ , r ` 1q “ P pXt1 “ k1qP pYsi ´ Ysi´1

“ ki`1, i “ 1, ¨ ¨ ¨ , rq

“ P pXt1 “ k1qP pXsi ´Xsi´1
“ ki`1, i “ 1, ¨ ¨ ¨ , rq.



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

§2.1 ÑtL§ 117�â8Bb�, ¿5¿�si ´ si´1 “ ti`1 ´ ti, i “ 1, ¨ ¨ ¨ , r, ·�íÑ
P pXsi ´Xsi´1

“ ki`1, i “ 1, ¨ ¨ ¨ , rq “
r
ź

i“1

P pXsi´si´1
“ ki`1q “

r`1
ź

i“2

P pXti´ti´1
“ kiq.nþ,

P pXti´Xti´1
“ ki, i “ 1, ¨ ¨ ¨ , r`1q “ P pXt1 “ k1q

r`1
ź

i“2

P pXti´ti´1
“ kiq “

r`1
ź

i“1

P pXti´ti´1
“ kiq.d8B{, ·K¤á. l52.1.6. �L5, b�tXtu ´��OêL§, ¿�é?¿r ě 1, 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tr, ±9�K�êk1, ¨ ¨ ¨ , kr, Ñk

P pXti ´Xti´1
“ ki, i “ 1, ¨ ¨ ¨ , rq “

r
ź

i“1

pλpti ´ ti´1qqki
ki!

e´λpti´ti´1q.�o, tXtu ´ëêǑλ �ÑtL§.íØ2.1.7 (ê¼5). é?¿r ě 1, ?¿0 “ t0 ă t1 ă ¨ ¨ ¨ ă tr ă t ă t` s, ±9?¿üNþ,��K�ê0 ď k1 ď ¨ ¨ ¨ ď kr ď k ď ℓ, Ñk
P
`

Xt`s “ ℓ
ˇ

ˇXt “ k,Xt1 “ k1, ¨ ¨ ¨ , Xtr “ kr
˘

“ P pXt`s “ ℓ|Xt “ kq “ P pXs “ ℓ´ kq.�!lþ!©Ù�Ñt©Ù�ÑtL§.�½t ą 0. b�3r0, ts �mãþO¨ǑLT�k g, Ù¥k ě 1. y3·��	ùk gO¨Ǒå��Ǒ¤Ñl�éÜ©Ù.·K2.1.8. é?¿0 ă s ă t, P pS1 ď s|Xt “ 1q “ s{t.y: �â^�VÇ�½Â,

P pS1 ď s|Xt “ 1q “ P pS1 ď s,Xt “ 1q
P pXt “ 1q

“ P pξ1 ď s, ξ2 ą t´ ξ1q
P pXt “ 1q “

şs

0

ş8
t´u λe

´λu ˆ λe´λvdvdu

e´λtλt

“
şs

0
λe´λue´λpt´uqdu

e´λtλt
“

şs

0
λe´λtdu

e´λtλt
“ s

t
.

l5¿�3tXt “ 1u u)�^�e, S1 �U��up0, tq. þ¡�·KL², XJ3r0, tsþO¨ǑLT��g, �o, ·��±^��ÑlUp0, tq ��ÅCþU1 5IPO¨Ǒå��
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118 1�Ù aL§Ǒ. ��/, XJ3p0, ts þO¨T�Ǒ
k g, Ù¥k ě 1, �o, ·�I�k �ÑlUp0, 1q ��ÅCþU1, ¨ ¨ ¨ , Uk 5IPO¨Ǒå��Ǒ, ¯¢þ, §��´�pÕá�. T(Ø�î�LãǑe¡�·K 2.1.9,ÏǑXJU1, ¨ ¨ ¨ , Uk ÕáÓ©Ù, ÑÑlUp0, tq, �oU1, ¨ ¨ ¨ , Uk �^SÚOþUp1q, ¨ ¨ ¨ , Upkq �éÜ�ÝÒ´ k!
tk

ˆ1t0ăs1ă¨¨¨ăskătu,Ù¥si �LUpiq ���.·K
2.1.9 �y²�k “ 1 ��/aq, �´y²L§�é�¡, ·�ò�3ǑSK.·K2.1.9. 3tXt “ ku u)�^�e, pS1, ¨ ¨ ¨ , Skq �^��ÝǑ

k!

tk
ˆ 1t0ăs1ă¨¨¨ăskătu.�e5,·�òr0,8q��Ǒ�X��ÝǑ1�«m, r0, 1q, r1, 2q, ¨ ¨ ¨ . òO¨31n��mãrn´ 1, nq þǑå�gêPǑZn. �o, díØ 2.1.5 �Zn ÑlëêǑλ �Ñt©Ù. 2d·K 2.1.4 �·K 2.1.9, 3rn´ 1, nq ù��mãþ, O¨Ǒå��ǑAT´�pÕá�ÑÑlUpn ´ 1, nq ��ÅCþS��Zn ��^SÚOþ. ·�^Un,1, Un,2, ¨ ¨ ¨ 5�Lù��ÅCþS�. u´, ¤kO¨Ǒå��ǑÒ´

Ξ :“
8
ď

n´1

tUn,1, ¨ ¨ ¨ , Un,Zn
u.·K2.1.10. b�Zn, Un,i, n, i “ 1, 2, ¨ ¨ ¨ �Ñ�pÕá. b�é?¿n ě 1, Zn ÑlëêǑλ�Ñt©Ù, �Un,i „ Upn´ 1, nq, i “ 1, 2, ¨ ¨ ¨ . �o, t|r0, ts X Ξ|u ´ëêǑλ �Ñt©Ù.þã·K�y²'��¡,·�òÙ3ǑSK.�âþã·K,·�Ǒ�±ÏL�	t|r0, tsX

Ξ|u 5ïÄÑtL§.n!ÑtL§�Ü¿�[©.�!0�ü�½n9Ù�*¹Â. Öö�±�âÑtL§�½Â½·K 2.1.10y²ùü�½n. �y�L§'��¡, ·�òÙ3ǑSK.½n2.1.11. (ÑtL§�Ü¿) b�tXtu �tYtu ´�pÕá�ÑtL§, ëê©OǑλ1Úλ2. -Zt “ Xt ` Yt. �o, tZtu ´��ëêǑλ1 ` λ2 �Ñt6.Ǒ�Bå�, ·�òtXtu, tYtu �tZtu éA�O¨©O¡ǑX O¨, Y O¨�Z O¨.3ã 2.2 ¥�1�^�m¶þ, ·� /̂�0IP
X O¨Ǒå�Ǒ, 31�^¶þ, ·�^/:0IP
Y O¨Ǒå�Ǒ. 1n^¶´ü^�Ü¿, §KIP
Z O¨�Ǒå�Ǒ.�L5,XJtZtu´��ëêǑExppλq�ÑtL§, ·�òZ O¨zgǑå��ǑÕá/�ÅIPǑ/�0½/:0, VÇ©OǑp Úq “ 1 ´ p. äN/, b�φ1, φ2, ¨ ¨ ¨ ÕáÓ©Ù,��tZtu Õá, P pφ1 “ 1q “ p, P pφ1 “ 0q “ q. -
T

p1q
0 :“ 0, T

p2q
0 :“ 0,
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§2.1 ÑtL§ 119

 

 

ã 2.2 ÑtL§�U\�[©
T p1q
n :“ inftn ě T

p1q
n´1 ` 1 : φn “ 1u, T p2q

n :“ inftn ě T
p2q
n´1 ` 1 : φn “ 0u,

Sn :“ inftt ě 0 : Zt ě nu, @n ě 1,

Sp1q
n :“ S

T
p1q
n
, Sp2q

n :“ S
T

p2q
n
, @n ě 1.�o, tSp1q

n u ÒéAX¤k�/�0��Ǒ, §Xã 2.2 �1�^�m¶¤«; tSp2q
n u KéAX¤k�/:0��Ǒ, §X1�^�m¶¤«. ò§�éA�O¨©O¡ǑX O¨�YO¨. =, é?¿t ě 0, -

Xt :“ |tn ě 1 : Sp1q
n ď tu|, Yt :“ |tn ě 1 : Sp2q

n ď tu|.½n2.1.12. (Ñt6�[©) b�tZtu ´��ëêǑExppλq �ÑtL§. �o, Xþ½Â�tXtu �tYtu ´�pÕá�ÑtL§, ëê©OǑλp �λq.ÑtL§�Ü¿�[©L²: ü�Õá����êO¨(=, þãX O¨�Y O¨)�3�åÒ�du�����êO¨(=, Z O¨) ���M1, ùp������´ëê����. ·���±òd(Ø?1í2, �ê����êO¨�3�å(��§��ëê�Úk�), Ò�du�����êO¨���õ¡Úf.~2.1.13. ,<M~, le��M�~��mÑl�ê©Ù, ²þ�mǑ���. M�ú~�VÇǑ0.4, M��~�VÇǑ0.6. b��ëYM~2.5 ��. Á��T�M��^ú~Úü^�~�VÇ.): ò1 ��ÀǑü �m. b���t Ǒ�M~öM�
Zt ^~, Ù¥, ú~kXt ^,�~kYt ^. dK¿, tZtu´ëêǑλ “ 2�ÑtL§. �â·K 2.1.12, tXtu�tYtu´�pÕá�ÑtL§, ëê©OǑλˆ 0.4 “ 0.8 Úλˆ 0.6 “ 1.2. �e5, �â½n 2.1.2, 2.5 ���, �M��ú~êX2.5 Ú�~êY2.5 �pÕá, ÑÑlÑt©Ù, ëê©OǑ0.8 ˆ 2.5 “ 2Ú1.2 ˆ 2.5 “ 3. Ïd, ¤�VÇǑe´221 ˆ e´332{2! “ 9e´5.~2.1.14 (EÜÑtL§). b�tXtu ´��ëêǑλ �ÑtL§, φ1, φ2, ¨ ¨ ¨ ´ÕáÓ©Ù��ÅCþS�, ��tXtuÕá. -Yt “ řXt

n“1 φn. KtYtu �ǑEÜÑtL§.
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120 1�Ù aL§�X, b�,û|zL��Õá�Exppλq �m¬k��À1ì5	Ô,1n �À1ì¥kφn �<. �o, Tû|3�Ǒt ������oêÒ´Yt . ·�kü«�{O�Yt.�«´Uì�mu�?1\O,=, ½Â¥�řXt

n“1 φn; ,�«K´kUìÀ1ì¥���ê?1©a, ,�2\O, =, Yt “
ř8
k“1 kX

pkq
t , Ù¥Xpkq

t “
řXt

n“1 1tφn“ku L«�Ǒt ����Tkk �<�À1ì�ê8. 1�«�{��?3u, �â·K 2.1.12, tXp1q
t u, tXp2q

t u, ¨ ¨ ¨´�pÕá�ÑtL§. Ïd, �·��'%,
AÏìN(~X, ��k50 <�À1ì)�,Ùo<êE/¤��EÜÑtL§.~2.1.15 (�xn�). b�,�xúikK «�xOy, 1k «Oy�n�7�Ǒak , n�ê8/¤��Õá�ÑtL§tXpkq
t u, k “ 1, ¨ ¨ ¨ , K. �o, T�xúi��Ǒt Ǒ�¤�G�7�oêǑYt “ řK

k“1 akX
pkq
t . XJ·���O����G(~X, ü)�LM �)�7�,�o·��IéÑI “ tk : 1 ď k ď K, ak ě Mu, ¿O�Zt :“ ř

kPI akX
pkq
t . Uì½Â, tYtu�tZtu Ñ´EÜÑtL§.Ö¿�£.½Â2.1.16. b�tXt, t ě 0u ´����uR �L§.eé?¿r ě 2, ±9?¿�0 ă t1 ă t2 ă ¨ ¨ ¨ ă tr, ÑkX0, Xt1 ´ X0, Xt2 ´ Xt1 , ¨ ¨ ¨ ,

Xtr ´Xtr´1
�pÕá, K¡tXtu ´��ÕáOþL§.eé?Ût, s ą 0, Xs ´ X0 �Xt`s ´Xt Ó©Ù, K¡tXtu ´��²OþL§.�âíØ 2.1.5,ÑtL§äkÕá²Oþ5, =,ÑtL§Q´ÕáOþL§, q´²Oþ�L§. ¿�,é?¿t ą 0, s ě 0,OþXt`s ´Xs ÑÑlëêǑλt Ñt©Ù.�L5,?Û��÷vXþ^��OêL§Ñ´��ÑtL§. ¯¢þ, Xe�r�·K¤á.·K2.1.17. b�tXtu ´��äkÕáOþ5�OêL§. XJé?¿t ě 0,

lim
sŒ0

P pXt`s ´Xt ‰ 0q
s

“ lim
sŒ0

P pXt`s ´Xt “ 1q
s

“ λ,�o, tXtu ´��ëêǑλ �ÑtL§.e¡, ·��Ä�êO¨Ǒå��ǑS1, S2, ¨ ¨ ¨ , §�´���R` “ r0,8q þ��X��Å�:. ò§�|¤�8ÜPǑΞ. =,

Ξ :“ tS1, S2, ¨ ¨ ¨ u.§Ǒ�¡ǑÑt:L§. ·�^Ξ ãíØ 2.1.5, B��e¡�íØ.íØ2.1.18. é?¿0 ď s ă t, |Ξ X ps, tq| ÑlëêǑλpt ´ sq �Ñt©Ù, ¿�é?¿0 ď
s ă t ă u ă v, |Ξ X ps, tq| �|Ξ X pu, vq| �pÕá.
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§2.1 ÑtL§ 121?�Ú, ��Ξ �pÕá�Ñt:L§Ξ̃ “ tT1, T2, ¨ ¨ ¨ u. -Ξ̂ “ t´T1,´T2, ¨ ¨ ¨ u. �o,d·K 2.1.10 �íÑΞ Y Ξ̂ Ǒ÷vþ¡�íØ 2.1.18, Ù¥s ě 0 �����. ¯¢þ, íØ
2.1.18 �±í2������m, �ǑÑt:L§�½Â.b�S ´��8Ü, G ´Ùþ�σ �ê, µ ´ÿÝ. b�Ξ ´S ��Åf8, ÷v:

(1) eµpAq ă 8, K|Ξ XA| ÑlëêǑµpAq �Ñt©Ù;

(2) eA XB “ H, K|Ξ XA| �|Ξ XB| �pÕá.�o, Ξ �¡ǑS þ���Ñt:L§, µ �¡ǑÙrÝ. ~X, ��p,��?�((�±w¤´��¥¡þ�Ñt:L§, ���°p�ÖsǑ´��Ñt:L§.öSK
1. b�ξ „ Exppλq. y²: é?¿t, s ą 0,

P pξ ´ t ą s|ξ ą tq “ P pξ ą sq.

2. b�ξ, η �pÕá, ¿�ξ „ Exppλ1q, η „ Exppλ2q. y²: (1) mintξ, ηu „ Exppλ1 ` λ2q,
(2) P pξ ă ηq “ λ1

λ1`λ2

. (5: ÁldK(ØÖ)ÑtL§�U\.)

3. b�V, ζ1, ζ2, . . . �pÕá, P pV “ kq “ p1 ´ pqk´1p, k “ 1, 2, . . ., ¿�ζn „ Exppλq,
n “ 1, 2, ¨ ¨ ¨ . -ξ “ ζ1 ` . . . ` ζV . y²: ξ „ Exppλpq. (5: ÁldK(ØÖ)ÑtL§�[©.)

4. b�,ú��Õk`!¯ü´ú��. ò1 ��ÀǑü �m. ò�Ǒt �`´����êþPǑXt, ¯´����êþPǑYt. b�tXtu �tYtu Ǒ�pÕá�ÑtL§,ëê©OǑλ1 �λ2. �: (1)eÌ�:�ü:�ù���pT�5
nýú���VÇ,

(2) ,<3�Õ�`´�, 3��`´���mãS, T�²Lný¯´��VÇ.

5*. 3~ 2.1.14¥, b�φ1 ´�K�lÑ.�ÅCþ. y²: íØ 2.1.5ÚíØ 2.1.7éuEÜÑtL§tYtu Ǒ¤á.

6. ò1 ��ÀǑü �m. ò,��úi3t �Ǒ�uÙ�È¢&E�êþPǑXt . b�tXtu´ëêǑλ �ÑtL§. b�z^&E��dÑlUp300, 2000q (ü : ��). b�,k)�ÖØ�L�dØ�L800 ��&E, �Öz^&E¤s�m´��Õá��ÅCþ, ÑlUp1, 2q. ò,30 U¥uÙ���k'�&E�ê8PǑX , �Ö�ù
&E¤s�o�mPǑY . Á�: (1) X �©Ù, (2) E exppaY q, Ù¥aǑ~ê. (5: �Ö�¤k&E��mk�U�L30 U, =, �UÑyY ě 30 ��/.)

7. y²íØ 2.1.7
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8. y²·K 2.1.9.

9. y²½n 2.1.11 Ú½n 2.1.12.

10*. y²·K 2.1.17 Ú·K 2.1.18.
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§2.2 aL§��E9Ù=£VÇ�!aL§�½Âb�S Ǒ�����ê8, �|S| ě 2. ·��Ä��Õá�êO¨�.: é?¿i, j P S,
j ‰ i, ·�3G�i ������j ��êO¨, Ù�ÇPǑqij ½qi,j . Ù¥, qij �±Ǒ0, T�/¿�X3i ?Ù¢¿vk��j �O¨. b�¤k��êO¨Ñ´�pÕá�. y3, b�k��âf3S ¥UXe5Ka�: XJ§ uG�i, �o§��i þ�O¨Ǒå, �Ù¥,�O¨Ǒå�,Ø�b�´��G�j ��êO¨Ǒå
,�o,TâfÒ3O¨Ǒå��Ǒa��G�j; ,�, §3G�j ��j þ�O¨Ǒ. P

qi :“
ÿ

j‰i
qij , @i P S.Ǒ
þã�.U$1, ·��I�b�qi ă 8, i P S. Ö¿½Â

qii :“ ´qi.·�B����¢Ý
Q “ pqijqi,jPS .½Â2.2.1. b�Q “ pqijqi,jPS Ǒ¢Ý
, ÷v:

p1q qij ě 0,@j ‰ i; p2q
ÿ

jPS
qij “ 0, @i P S.�o, ¡Q Ǒ��(=£)�ÇÝ
.e¡ob�Q´��=£�ÇÝ
. �âÑtL§�[©5,XJqi ą 0,�o�±�Ǒ3z�G�i ��
��ëêǑqi ����êO¨, ±9��õ¡Úf, §Ý�1j �¡�VÇǑ

p̂ij :“

$

&

%

qij
qi
, @ j ‰ i,

0, j “ i.XJqi “ 0, �o, ¯¢þG�i þ¿vk��?ÛO¨. Ïdâf3��G�i �Ò[�Ê33G�i. d�, ·�¡i Ǒ��áÂ�, d�½Âp̂ii “ 1; p̂ij “ 0, j P Sztiu. u´, ·���Xe=£Ý
.

P̂ :“ pp̂ijqSˆS .ly3m©,·�ob�tX̂n : n “ 0, 1, 2, ¨ ¨ ¨ u´��±P̂Ǒ=£Ý
�ê¼ó, ξ0, ξ1, ξ2, ¨ ¨ ¨´�tX̂nu �pÕá�ÕáÓ©Ù�ÅCþS�, Ù¥ξ0 „ Expp1q.e¡,·�ÏLtX̂nuÚtξnu ½ÂXt,^§5£ãÕá�êO¨�.¥âf3t�Ǒ� �. -
ηn “ ξn{qX̂n

, n “ 0, 1, 2, ¨ ¨ ¨
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S0 :“ 0; Sn “ η0 ` η1 ` ¨ ¨ ¨ ` ηn´1, n “ 1, 2, ¨ ¨ ¨b�

P
´

lim
nÑ8

Sn “ 8 | |X̂0 “ i
¯

“ 1, @i P S.én “ 0, 1, 2, ¨ ¨ ¨ ©ã½Â
Xt :“ X̂n, @ t P rSn, Sn`1q. (2.2.1)·�¡Xþ½Â�tXtu Ǒ±Q Ǒ�ÇÝ
�aL§, ¡tX̂nu ǑTaL§�i\ó1 , ¡SnǑ1n ga��Ǒ, ¡η1, η2, ¨ ¨ ¨ Ǒ���m. òli Ñu�aL§éA�VÇPǑPi. XJX0 „ µ, KéA�VÇPǑPµ . ò§�éA�Ï"©OPǑEi ÚEµ. �â�Vúª,

Pµ “ ř

iPS µiPi. e¡�·K9ÙíØ�Ñ
Pi ´ lim
nÑ8

Sn “ 8
¯

“ 1, i P S �eZ¿©^�,3e�!¥·��ò�Ñ�õ�¿©^�.·K2.2.2. b�ζ1, ζ2, ¨ ¨ ¨ �pÕá, �ζn „ Exppλnq, n “ 1, 2, ¨ ¨ ¨e 8
ÿ

n“0

1

λn
ă 8, K P

˜

8
ÿ

n“1

ζn ă 8
¸

“ 1;e 8
ÿ

n“0

1

λn
“ 8, K P

˜ 8
ÿ

n“1

ζn “ 8
¸

“ 1.y: -Tn “ ζ1 ` ¨ ¨ ¨ ` ζn. 5¿�Tn �K, ¿�üNþ,�T8 :“ ř8
n“0 ζn. düNÂñ½n, ET8 “ lim

nÑ8
ETn. eř8

n“0 1{λn ă 8, KET8 ă 8, �P pT8 ă 8q “ 1. XJř8
n“0 1{λn “ 8, �oś8

n“1p1 ` 1{λnq ě
ř8
n“1 1{λn “ 8. 5¿�eζ „ Exppλq, K

Ee´ζ “
ż 8

0

λe´λxe´xdx “ λ

1 ` λ
“ 1

1 ` 1{λ.u´, dk.Âñ½n,

Ee´T8 “
8
ź

n“1

Ee´ζn “
8
ź

n“1

1

1 ` 1{λn
“ 1

ś8
n“1 p1 ` 1{λnq “ 0.5¿�e´T8 ě 0. þªL²P pe´T8 “ 0q “ 1, =P pT8 “ 8q “ 1. líØ2.2.3. �½o P S. b��3λ ą 0 ��

qi ď λ|i|, @i P Sztou, Ù¥ |i| :“ inf
!

n ě 0 : p
pnq
oi ą 0

)

,�o, Po

´

lim
nÑ8

Sn “ 8
¯

“ 1.

15: aL§tXt : t ě 0u��mëê´ëY�;i\ótX̂n : n “ 0, 1, 2, ¨ ¨ ¨ u´ê¼ó,�mëê´lÑ�.3�Ù¥,ˆÎÒ´i\ó�;^ÎÒ,~X, τ̂i L«i\ótX̂nu Äg�¯G�i��Ǒ.
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§2.2 aL§��E9Ù=£VÇ 125y: Ø�b�qo ą 0, ÄKXt ” o, (Øg,¤á. �â|i| �½Â, é?¿n ě 1, Ñk|Yn| ď n. u´qYn
ď λn, l

ηn “ ξn

qYn

ě 1

λ
ˆ ξn

n
, n “ 1, 1, 2, ¨ ¨ ¨ò·K 2.2.2 ¥�ζn �Ǒ ξn

n
B�P ´

ř8
n“1

ξn
n

“ 8
¯

“ 1. l, (Ø¤á. l�!~f~2.2.4 (X)L§). b�S “ t1, 2, ¨ ¨ ¨ u, λ1, λ2, ¨ ¨ ¨ ´���ê. -
qi “ qi,i`1 “ λi, i “ 1, 2, ¨ ¨ ¨ò·K 2.2.2 ¥�ζn �Ǒηn´1 B�: Pi

´

lim
nÑ8

Sn “ 8
¯

“ 1, i P S ��=�ř8
n“0

1
λn

“ 8.d�, éA�aL§�¡ǑX)L§. 5¿�eX̂0 “ i, �oX̂n “ i` n, n “ 1, 2, ¨ ¨ ¨ .~2.2.5 (Yule L§). �
λi “ λi, i “ 1, 2, ¨ ¨ ¨�o, éA�X)L§�¡ǑYule L§. Yule L§k���~�*�¹Â: b�,XÚ¥keZ[�, z�[�Ñg���Õá��êO¨, ëêþǑλ. �O¨Ǒå�, T[�©�Ǒü�(©�Ñ�#[�g���Õá��êO¨). KXÚ¥�[�ê´��Yule L§. ù´ÏǑ�XÚ¥ki�[��,�âÑtL§�U\5,��XÚ¥��uk��ëêǑλi��O¨, u´, [�êlG�i CǑi`1����mÑlExppλiq. 3ù�*:¥, ·�rO¨�3XÚ¥�z�[�þ, Ø´XÚ�G�(=, [�oê) iþ. Äud*:, liÑu�YuleL§�dui ��pÕá�l1 Ñu�Yule L§�Ú. �é{`, b�tXp1q

t u, ¨ ¨ ¨ , tXpiq
t u ´�pÕá�l1 Ñu�Yule L§, -Xt “ X1 ` ¨ ¨ ¨ ` X

piq
t , �o, tXtu ´li Ñu�Yule L§.~2.2.6 ()«L§). b�S “ Z`,

qi,i`1 “ βi, i “ 0, 1, 2, ¨ ¨ ¨ ; qi,i´1 “ δi, i “ 1, 2, ¨ ¨ ¨e|j ´ i| ě 2, Kqij “ 0. KQ éA�aL§tXtu �¡Ǒ)«L§2, ÏǑXt �^uL«,)Ô+N3t �Ǒ��Nê8, Ù¥, βi �¡ǑÑ)�Ç, δi �¡Ǒk��Ç. díØ 2.2.3,

Pi

´

lim
nÑ8

Sn “ 8
¯

“ 1 ���¿©^�´�3~êc ą 0, ��βi, di ď ci, i “ 1, 2, ¨ ¨ ¨ .

23�Ö¥,/)«ó0̂ u1�Ù�ê¼ó,/)«L§0̂ u�Ù�aL§. u´, )«L§�i\óÒ´)«ó.
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126 1�Ù aL§~2.2.7 (ëY�m�©|L§). 3)«L§¥, �
βi “ βi, δi “ δi.�o, ·��±�Ǒz��N�Æ·´��ÑlExppβ ` δq �Õá��ÅCþ, �Nk���)0 �½2 �f�, VÇ©OǑ

p0 “ δ

β ` δ
, p2 “ β

β ` δ
.Ïd, T)«L§Ǒ�¡Ǒ��ëY�mëê�©|L§.n!=£VÇ�=£�Çé?¿i, j P S, t ě 0, P

pijptq :“ PipXt “ jq.§=´aL§�=£VÇ. b�âfli Ñu, ���Ǒt �a�
Nt g, =
Nt :“ suptn ě 0 : Sn ď tu.�n “ 0 �,

PipXt “ j,Nt “ 0q “ PipS1 ą tq ˆ 1tj“iu “ e´qit1tj“iu.�n ě 1 �, P~x “ px0, ¨ ¨ ¨ , xn´1q, §��LaL§����m��; P
∆n :“ t~x “ px0, ¨ ¨ ¨ , xn´1q : xr ą 0, r “ 0, 1, ¨ ¨ ¨ , n´ 1;x0 ` ¨ ¨ ¨ ` xn´1 ă tu.�i0 “ i. é?¿i1, ¨ ¨ ¨ , in P S, D Ď ∆n,

Pi

´

Nt “ n, X̂0 “ i0, ¨ ¨ ¨ , X̂n “ in, pS0, ¨ ¨ ¨ , Sn´1q P D
¯

“
n´1
ź

r“0

pir ,ir`1
ˆ
ż

D

˜

n´1
ź

r“0

qire
´qirxr

¸

e´qin
`

t´
řn´1

r“0
xr

˘

dx0 ¨ ¨ ¨ dxn´1.Ïd, ·���pijptq �L�ª:

pijptq “ e´qit1tj“iu`
8
ÿ

n“1

ÿ

i1,¨¨¨ ,in´1PS

˜

n´1
ź

r“0

qir ,ir`1

¸

ż

∆n

˜

n
ź

r“0

e´qirxr

¸

e´qin
`

t´
řn´1

r“0
xr

˘

dx0 ¨ ¨ ¨ dxn,Ù¥, 3�½n �, �i0 “ i, in “ j.·K2.2.8 (ê¼5). é?¿n ě 2, 0 ď t1 ă t2 ă ¨ ¨ ¨ ă tn ă t, s ě 0, i1, ¨ ¨ ¨ , in, i, j P S,

P pXt`s “ j|Xt “ i,Xt1 “ i1, ¨ ¨ ¨ , Xtn “ inq “ pijpsq.
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§2.2 aL§��E9Ù=£VÇ 127íØ2.2.9 (Chapman-Kolmogorov�ª). é?¿i, j P S, t, s ě 0,

pijpt ` sq “
ÿ

kPS
pikptqpkjpsq.·�®²w�ÏL�ÇÝ
Q XÛL�=£VÇpijptq, e¡·���L5ÏL=£VÇL�=£�Ç.½n2.2.10. b�i, j P S �j ‰ i. �t ªu0 �,

pijptq Ñ 0,
pijptq
t

Ñ qij ; piiptq Ñ 1,
1 ´ piiptq

t
Ñ qi.y. Äk, ·�y²=£VÇ3t “ 0 ëY.

pijptq ď 1 ´ piiptq “ PipXt ‰ iq “ PipS1 ă tq “ 1 ´ e´qit.Ïd, �t Ñ 0 �, piiptq Ñ 1 �pijptq Ñ 0.,�, ·�y²�t ªu0 �,

1

t
PipNt “ 1, Xt “ jq Ñ qij ,

1

t
PipNt “ 1q Ñ qi,

1

t
PipNt ě 2q Ñ 0. (2.2.2)d (??),

PipNt “ 1, Xt “ jq “ qijqj

ż

x1,x2ě0,x1ďtăx1`x2

e´qix1e´qjx2dx1dx2

“ qij

ż t

0

e´qix1´qjpt´x1qdx1 “ qije
´qj t

ż t

0

epqj´qiqxdx.l, �t Ñ 0` �, 1
t
PipNt “ 1, Xt “ jq Ñ qij . ��¡,

lim inf
tÑ0`

1

t
PipNt ě 1q ě lim inf

tÑ0`
1

t
PipNt “ 1q

“ lim inf
tÑ0`

ÿ

j‰i

1

t
PipNt “ 1, Xt “ jq ě

ÿ

j‰i
lim inf
tÑ0`

1

t
PipNt “ 1, Xt “ jq “

ÿ

j‰i
qij “ qi;Ù¥, 1��/ě0́ �âFatou Ún(N¹¥�Ún4.0.17). ,��¡,

lim sup
tÑ0`

1

t
PipNt “ 1q ď lim sup

tÑ0`

1

t
PipNt ě 1q

“ lim sup
tÑ0`

1

t
PipS1 ď tq “ lim sup

tÑ0`

1 ´ e´qit

t
“ qi.l,

lim
tÑ0`

1

t
PipNt “ 1q “ lim

tÑ0`
1

t
PipNt “ 1q “ qi.?�Ú,

1

t
PipNt ě 2q “ 1

t
PipNt ě 1q ´ 1

t
PipNt “ 1q Ñ 0.



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

128 1�Ù aL§nþ, (2.2.2) ¤á.��, ·��=£VÇ3t “ 0 ��ê. 5¿�
pijptq “ PipXt “ jq “ PipNt “ 1, Xt “ jq ` PipNt ě 2, Xt “ jq,

1 ´ piiptq “ PipXt ‰ iq “ PipNt “ 1q ` PipNt ě 2, Xt ‰ iq.d (2.2.2) �, �t ªu0 �,
pijptq
t

Ñ qij , � 1´piiptq
t

Ñ qi. l·K2.2.11. é?¿i, j P S, pijptq 'ut ��, ¿�
p1
ijptq “

ÿ

kPS
pikptqqkj . (Kolmogorov ?�§)

p1
ijptq “

ÿ

kPS
qikpkjptq. (Kolmogorov �ò�§)3¢S¯K¥, ·�  ´ÏL)?�§½�ò�§�Ñpij ptq.~2.2.12 (ü�G��ê¼ó). b�S “ t0, 1u, q01 “ λ, q10 “ µ. �âKolmogorov �ò�§,

$

&

%

p1
00ptq “ ´λp00ptq ` λp10ptq,
p1
11ptq “ ´µp11ptq ` µp01ptq.2|^p10ptq “ 1 ´ p11ptq �p01ptq “ 1 ´ p00ptq, )�

p00ptq “ µ` λe´pµ`λqt

µ` λ
, p01ptq “ λ´ λe´pµ`λqt

µ` λ
.

p11ptq “ λ` µe´pµ`λqt

µ` λ
, p10ptq “ µ ´ µe´pµ`λqt

µ` λ
.5¿�

lim
tÑ8

p00ptq “ lim
tÑ8

p10ptq “ µ

µ ` λ
, lim

tÑ8
p11ptq “ lim

tÑ8
p01ptq “ λ

µ` λ
.3e�!, ·�ò0�, π0 “ µ

µ`λ , π1 “ λ
µ`λ Ù¢´TL§�ØC©Ù, þªÙ¢´aL§�rH{½n, ù
5��þ�Ù�SNÄ�þ´²1�.Ö¿�£SK

1. n<3Ó��ú¿�pÕáó�,�k�Ü>{,1i�<zg�>{��m�ÝÑl�ê©Ù,ëêǑµi; �e>{�e�g�>{�m�m��m�ÝǑÑl�ê©Ù,ëêǑλi. Á^��aL§5ǑxT�ú¿S�ó�G¹,¿�ÑG��mÚ=£�ÇÝ
.
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2. :��.. 3Z1 �z�º:���Ì�, zÌ�k“�”Ú“«”ü�G�, �©�Ǒ¤k�Ñ´«�. ,“:�<”3Z1 þ?1ëY�m�{ü�ÅiÄ,  �Ú ma���ÇÑ´1{2. b�:�<�©�Ǒ u�:, za��gÒ¬UC8�/?���½«G�. Áïá��aL§£ãdXÚ, ¿�ÑG��mÚ=£�ÇÝ
.

3. b�tXtu ´Yule L§, �X0 “ 1. é?¿t ą 0, �Xt �©Ù�.

4. b�tXtu ´l1Ñu�Yule L§. (1) y²: 3p0, ts þ�a�n g�^�e, a��ǑǑn �ÕáÓ©Ù�ÅCþU1, ¨ ¨ ¨ , Un �^SÚOþ, (2) �U1 �©Ù.

5. �Ñ'uÑtL§�=£�ÇÝ
, Kolmogorov?�§Ú�ò�§,¿^��Ñpij ptq.

6. �Ät1, 2, ¨ ¨ ¨ , Nu þ�aL§. y²: é?Ût ě 0, det
`

Pptq
˘

ą 0.

7. (D/�.) b���ÄÔ+N¥�kN ��N, zü��N�m±�Çλ �>, �>��,«;¾�D/. ^Xt L«t�Ǒ�a/��Nê, �X0 “ 1. KtXtu´��aL§.

(1) �ÑG��mÚ=£�Ç, (2) ò¤k�N��a/��ǑPǑτ . �EτN .

8. XJS k�, �yPptq “ etQ´�§P1ptq “ QPptq�), ÷v��^�Pp0q “ I. Ù¥
etQ “

8
ÿ

n“0

tn

n!
Qn.

9. �Ä)«L§tXtu, Ñ)�ÇǑβi “ λi, i ě 0; k��ÇǑδn “ δi, i ě 1.

(1) Phptq “ P1pXt “ 0q. y²: P2pXt “ 0q “ phptqq2.

(2) b�β ‰ δ. y²: hptq “
şt

0
e´pλ`µqsrµ` λh2pt´ sqsds.

(3) |^¡(Øy²:

hptq “ µeµt ´ µeλt

µeµt ´ λeλt
.

10*. |^êÆ8B{y²: p
pnq
ij ptq :“ PipXt “ j,Nt ă nq ÷vXe48�§:

p
pn`1q
ij ptq :“ e´qitδij `

ż t

0

e´qipt´sq
ÿ

k:‰i
qikp

pnq
kj psqds,¿|^�y²pijptq ÷vXe�È©�§: @i, j P S,

pijptq “ e´qitδij `
ż t

0

e´qipt´sq
ÿ

k‰i
qikpkjpsqds.

11. é?¿i, j P S, pijptq 'ut ��ëY.

12*. b�f ´S þ���k.¼ê, y²: d
dt

´

ř

j pijptqfpjq
¯

“
ř

j,k qikpkjptqfpjq, @i.
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130 1�Ù aL§
§2.3 aL§�5�·�÷^þ�!�PÒ.b�tXtu´þ�!½Â�aL§,=£�ÇÝ
ǑQ “ pqijqSˆS .i\ótX̂nu Ǒ��ê¼ó, =£Ý
ǑP̂. b�ξ0, ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, ÑÑlExpp1q,�§��tX̂nu �pÕá. KaL§����mǑηn “ qX̂n

ξn, n “ 0, 1, 2, ¨ ¨ ¨ a��ǑǑS1, S2, ¨ ¨ ¨ . Ö¿½ÂS0 “ 0.ØJuyaL§�g²{�G�Ù¢Ò´Ùi\ó�g²{�G�. Ïd, é?¿i, j P
S, XJ3éA�i\ó¥, i ��j, �o·�¡3aL§¥i �� j, EPǑi Ñ j. aq/,ki �j pÏ. XJéA�i\óØ��, K¡aL§Ø��, Ǒ¡Q Ø��. ±eb�Q Ø��, |S| ě 2. u´, qi ą 0, i P S.�!~�y3·�ïÄaL§Ê33,��½G�i��m. òi\ótX̂nu ��¯G�i��Ǒ�gPǑT̂i,0, T̂i,1, T̂i,2, ¨ ¨ ¨ , �¯i �ogêPǑV̂i. P

Ti,r “ ST̂i,r
, r “ 0, 1, 2, ¨ ¨ ¨ , ζi,r :“ ηT̂i,r´1

“ qiξT̂i,r´1
, r “ 1, 2, ¨ ¨ ¨Xã 2.3 ¤«, aL§�g3Xe��m«m¥Ê33G�i:

rTi,r´1, Ti,r´1 ` ζi,rq “ rST̂i,r´1
, ST̂i,r´1`1

q, r “ 1, 2, ¨ ¨ ¨

 

 

 

   

 

 
  ã 2.3 aL§�¯G�i ��m«m.Ún2.3.1. ±eü^¤á.

(1) 3tV̂i “ 8u u)�^�e, ζi,1, ζi,2, ¨ ¨ ¨ ÕáÓ©Ù, �ζi,1 „ Exppqiq.
(2) 3tV̂i “ nu u)�^�e, ζi,1, ¨ ¨ ¨ , ζi,n ÕáÓ©Ù, �ζi,1 „ Exppqiq.íØ2.3.2. b�Q Ø��, i\ó~�, �oPi ´ lim

nÑ8
Sn “ 8

¯

“ 1.
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§2.3 aL§�5� 131y: ÏǑi\ó~�, ¤±PipV̂i “ 8q “ 1. �tV̂i “ 8u u)�, lim
nÑ8

Sn “ lim
rÑ8

ST̂i,r
“

ř8
r“1 ζi,r “ 8. Ïd(Ø¤á. leV̂i “ 8, K�±é���üNþ,��¡��Ǒsr :“ ST̂i,r

, r “ 0, 1, 2, ¨ ¨ ¨ ��Xsr “
i;eV̂i ă 8,Ki\ó3n :“ T̂i,V̂i´1

` 1��Ø2�¯i, u´aL§3Sn ��Ø2�¯i. Ïd, t@ t ą 0, D s ą t, s.t. Xs “ iu “ tV̂i “ 8u.½Â2.3.3. e
Pi p@ t ą 0, D s ą t, s.t. Xs “ iq “ 1,K¡i ǑtXtu ���~��, ½ö`i ´~��; ÄK¡i Ǒ6�, ½ö`i ´�~��.u´, i ´aL§�~����=�§´i\ó�~��. -

Gij :“
ż 8

0

pijptqdt.¡ÙǑaL§���¼ê. òâf3G�i Ê3�o�mPǑVi, =,

Vi :“
ż 8

0

1tXt“iudt “
V̂i
ÿ

r“1

ζi,r .�âÚn 2.3.1, EipVj |V̂j “ nq “ 1
qj

ˆ n. ?�Ú, �âÏ"úª,

Gij “ EiVj “ 1

qj
EiV̂j “ 1

qj
Ĝij ,Ù¥, Ĝij Ǒi\ótX̂nu ���¼ê. ·�ò±þ(Øo(ǑXe·K.·K2.3.4. i ~��±eü^�d: (1) i ´P̂ �~��. (2) Gii “ 8.�â·K 2.3.4, ei �j pÏ, Ki �j ½öÑ~�, ½öÑ�~�. ?�Ú, b�Q Ø��, �o, ½ö¤kG�Ñ~�(d�, ·�¡TaL§~�, ½öQ ~�); ½ö¤kG�Ñ�~�(d�, ·�¡TaL§�~�, ½öQ �~�).�!�~��ØC©Ù�½G�i. P

τi :“ inftt ě 0 : Xt “ ju, σi :“ inftt ě S1 : Xt “ iu.b�X0 “ i. eqi “ 0, KXt ” i, ù´²���/. e¡b�qi ą 0. d�, Ti,0 “ τi “ 0,

Ti,1 “ σi. òTi,r n)Ǒ1r g£�i ��Ǒ. -σi,r :“ Ti,r ´ Ti,r´1, §L«l1r ´ 1 £�i�1r g£�i ¤²{��m. 3ùüg£��m��mã¥, âf3G�i Ê3��m�ÝǑζi,r. 3Ún 2.3.1 ¥, ·�®²w�, ζi,1, ζi,2, ¨ ¨ ¨ ÕáÓ©Ù, ¯¢þ, �âaL§��E��±íÑXe�r�(Ø.
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132 1�Ù aL§Ún2.3.5. pσi,1, ζi,1q, pσi,2, ζi,2q, ¨ ¨ ¨ ǑÕáÓ©Ù��Å�þ.·K2.3.6 (�¯ªÇ). b�Q Ø��!~�. �oé?¿�©Ùµ,
Pµ

ˆ

lim
tÑ8

1

t

ż t

0

1tXs“iuds “ 1

qiEiσi

˙

“ 1.y: ��¡, �âÚn 2.3.5, σi,1, σi,2, ¨ ¨ ¨ ÕáÓ©Ù. u´, dr�ê½Æ,

Pi

ˆ

lim
rÑ8

Ti,r

r
“ Eiσi

˙

“ 1.é?¿t ą 0, -
Mt :“ suptr ě 0 : Ti,r ď tu.�o, Ti,Mt

ď t ă Ti,Mt
, l�t ªu�¡�, t

Mt
ªuEiσi, =

Mt

t
Ñ 1

Eiσi
.,��¡,

řMt

r“1 ζi,r ď
şt

0
1tXs“iuds ď řMt`1

r“1 ζi,r, dÚn 2.3.5, �t ªu�¡�,

1

Mt

ż t

0

1tXs“iuds Ñ Eζi,1 “ 1

qi
.nþ, �t ªu�¡�,

1

t

ż t

0

1tXs“iuds “ Mt

t
ˆ 1

Mt

ż t

0

1tXs“iuds Ñ 1

Eiσi
ˆ 1

qi
“ 1

qiEiσi
.eX0 ‰ i, -Ys :“ Xτi`s, KtYsu ´li Ñu�aL§. �t ě τi �,
şt

0
1tXs“iuds “

şt

τi
1tXs“iuds “

şt´τi
0

1tYs“iuds, u´ lim
tÑ8

1
t

şt

0
1tXs“iuds “ lim

tÑ8
t´τi
t

ˆ 1
t´τi

şt´τi
0

1tYs“iuds “
1 ˆ 1

qiEiσi
. Ïd, ·K¤á. l½Â2.3.7. ei ~��Eiσi ă 8, K¡i ´�~��; ei ~��Eiσi “ 8, K¡i ´"~��. �½G�o. -

µi :“ Eo

ż σo

0

1tXt“iudt, @ i P S. (2.3.1)52.3.8. òi\ótX̂nu Äg£�o ��mPǑσ̂o. -
µ̂i :“ Eo

σ̂o´1
ÿ

n“0

1tX̂n“ju,Kµi “ 1
qi
µ̂i.
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§2.3 aL§�5� 133·K2.3.9. Q Ø��!~�. �oé?¿s ą 0,

ÿ

jPS
µjpjipsq “ µi, @i P S.y: ÏǑo ~�, ¤±Popσo ă 8q “ 1. �âaL§��E, ØJuytXσo`t : t ě 0u Ǒ´li Ñu�±Q Ǒ=£�ÇÝ
�aL§. u´, é?¿s ą 0,

Eo

ż s

0

1tXt“iudt “ Eo

ż s

0

1tXσo`t“iudt “ Eo

ż σo`s

σo

1tXt“iudt.^Eo şσo`s
0

1tXt“iudt ©O~�þªü>, B�
Eo

ż s`σo

s

1tXt“iudt “ Eo

ż σo

0

1tXt“iudt “ µi. yþª��>=Ǒř

jPS pjipsqµj .

Eo

ż s`σo

s

1tXt“iudt “ Eo

ż σo

0

1tXt`s“iudt “ Eo

ż 8

0

1tXt`s“i,tăσoudt

“
ÿ

jPS

ż 8

0

Po pXt`s “ i,Xt “ j, t ă σoq dt.�±y²,

Po pXt`s “ i,Xt “ j, t ă σoq “ pjipsqPopXt “ j, t ă σoq. (2.3.2)u´,

Eo

ż s`σo

s

1tXt“iudt “
ÿ

jPS

ż 8

0

pjipsqPo pXt “ j, t ă σoq dt

“
ÿ

jPS
pjipsqEo

ż 8

0

1tXt“j,tăσoudt

“
ÿ

jPS
pjipsqEo

ż σo

0

1tXt“judt “
ÿ

jPS
pjipsqµj .Ïd, (Ø¤á. l½Â2.3.10. b�S þ�ÿÝπ “ tπi : i P Su ÷v: é?¿t ě 0 Ñk

πj “
ÿ

iPS
πipijptq, @ j P S,K¡π ǑQ �ØCÿÝ, Ǒ¡ǑaL§�ØCÿÝ.?�Ú, eπ �´©Ù, K¡π ǑQ �ØC©Ù, Ǒ¡ǑaL§�ØC©Ù.
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134 1�Ù aL§·K2.3.11. �Q Ø��, K±eA^�d.

(1) ¤kG�Ñ´�~��; (2) �3�~��; (3) ØC©Ù�3.AO/, eπ ´ØC©Ù, K
πi “ 1

qiEiσi
“ 1

Eoσo
µi, @i P S.y: (1) ñ (2): w,.

(2) ñ (3): b�o �~�. �o,
ř

iPS µi “ Eoσo ă 8. d·K 2.3.9, µ “ tµi, i P Su ´ØCÿÝ. òµ 8�z�=��ØC©Ùπ, ÙL�ªǑπi “ 1
Eoσo

µi, @i P S.
(3) ñ (1). b�π ´��ØC©Ù. é?¿i, PπpXs “ iq ” πi. u´

πi “ 1

t

ż t

0

PπpXs “ iqds, t ą 0.-t ªu�¡. d·K 2.3.6 Úk.Âñ½n,

1

t

ż t

0

PπpXs “ iqds “ Eπ
1

t

ż t

0

1tXs“iuds Ñ 1

qiEiσi
.Ïd, πi “ 1

qiEiσi
. dQØ��,ØJwÑé?¿k±9?¿s ą 0,okpkipsq ą 0. Ïdπi ą 0.l, Eiσi “ 1

πiqi
ă 8, =i �~�. l|^þã·K, ·��±ÏL�ØC©Ù5�äaL§´Ä�~�. Ǒ,3ØC©Ù�½Â¥�9��´=£Ý
ppijptqqSˆS , �´éuaL§ó, ����%´Ù�ÇÝ
Q.Ïd, ·�I�ÏL�ÇÝ
Q ���ÑØC©Ù.íØ2.3.12. b�Q Ø��!~�. �oe�ü^¤á.

(1) eπ ´S þ�ÿÝ, KπQ “ 0 ��=��3~êc ��πi “ cµi, i P S.
(2) eπ ´S þ�©Ù, KπQ “ 0 ��=�π ´ØC©Ù.y: (1) �Äi\ótX̂nu �=£VÇ: p̂ij “ qij{qi, j ‰ i. Äk, �j ‰ i �, òqij U�Ǒqip̂ij . �o, πQ “ 0 KU�Ǒř

j‰i πjqj p̂ji “ πiqi “ 0. �é{`, πQ “ 0 ��=�πiqi,
i P S ´i\ó�ØCÿÝ. Ùg, �â·K 1.7.20, πiqi, i P S ´i\ó�ØCÿÝ��=��3~êc ��πiqi “ cµ̂i, i P S. ��, ÏǑµi “ 1

qi
µ̂i, i P S. Ïd, πiqi “ cµ̂i, i P S ��=�πi “ cµi, i P S. nþ, πQ “ 0 ��=�πi “ cµi, i P S.

(2)XJπQ “ 0,�oπi “ cµi, i P S. d·K 2.3.9�π ´ØCÿÝ.�L5,XJπ ´ØC©Ù, d·K 2.3.11, πi “ cµi, i P S, Ù¥c “ 1
Eoσo

. u´πQ “ 0. nþ, πQ “ 0 ��=�π´ØC©Ù. l~2.3.13. �S “ Z`. b�tXtu ´)«L§, òÙÑ)�Ç�k��Ç©OPǑβi �δi. Ùi\ót̂Xnu ´��)«ó, òÙÑ)VÇ�k�VÇ©OPǑbi �di.
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(1) �
b0 “ 1, d1 “ b1 “ 1

2
; bi “ i´ 1

2i´ 1
, di “ i

2i´ 1
, i “ 2, 3, ¨ ¨ ¨Kt̂Xnu "~�. �q0 “ 1, qi “ i, i “ 1, 2, ¨ ¨ ¨ . Kβi “ ibi, i “ 0, 1, 2, ¨ ¨ ¨ , δi “ idi, i “

1, 2, ¨ ¨ ¨ . )�§πQ “ 0 ��π0 “ 1
2
c, π1 “ c, π2 “ 3

4
c, πi “ 2i´1

ipi´1q c, i “ 3, 4, ¨ ¨ ¨, Ù¥c “
p9
4

` ř8
i“3

2i´1
ipi´1q q´1. ÏǑπ ´Q �ØC©Ù, ¤±tXtu �~�.

(2) �
b0 “ 1; bi “ 1

3
, di “ 2

3
, i “ 1, 2, ¨ ¨ ¨Kt̂Xnu�~�,ÙØC©Ùµ�L�ªǑ: µ0 “ 1

4
, µ1 “ 3

8
, µi “ 3

2i`2 , i “ 2, 3, ¨ ¨ ¨ . �qi “ µi,

i “ 0, 1, 2, ¨ ¨ ¨ . KπQ “ 0 �)/Xπi ” c, Ù¥c ´~ê. u´tXtu vkØC©Ù, l§´"~��.Ǒ,aL§�i\ó�pÏ5�~�5´�Ó�, �´þ¡�~KL²ùüö��~�5´ØÓ�.n!�_©Ùb�Q Ø��!�~�, π ǑØC©Ù. -
q̃ij “ πjqji

πi
, @i, j P S; Q̃ “ pq̃ijqSˆS .dπQ “ 0 �, é?¿i P S, řj‰i πjqji “ πiqi. u´,

q̃i :“
ÿ

j‰i
q̃ij “

ÿ

j‰i

πjqji

πi
“ qi “ ´q̃iiÏdQ̃ E,´=£�ÇÝ
. é?¿i, j P S,

q̂ij :“
q̃ij

qi
“ πjqj p̂ji

πiqi
.-µi “ πiqi, i P S. �o, µiq̂ij “ µj p̂ji, i, j P S. ù%¹Xµiq̂pnq

ij “ µj p̂
pnq
ji , AO/, q̂

pnq
ii “ p̂

pnq
ii ,

n ě 1. Ïdpq̂ijqSˆS ~�.�âíØ 2.3.2,·��±½Â±Q̃Ǒ�ÇÝ
�aL§,PǑtZtu,¿�d·K 2.3.4 �Q̃ ~�. ?�Ú, ØJ�yπQ̃ “ 0, Ïd, π Ǒ´Q̃ �ØC©Ù.b�X0 „ π. é?¿s ą 0, òtXtu 3�Ǒs ��4�PǑXs´, =, Xs´ :“ limuÕsXs.�½T ą 0, -
Y0 “ XT , Yt “ XpT´tq´. (2.3.3)¡tYt : 0 ď t ď T u ǑtXt : 0 ď t ď T u ��m�_L§, {¡_L§3. tXt : 0 ď t ď T u�tYt : 0 ď t ď T u �;�éA'XXã 2.4 ¤«.

3Xþ½Â´Ǒ
�±;��mëY5. 5¿: e3�ǑT ´ t, tXuu lu)
a�, Ø�b�lG�i a��G�j. �o, �â;��mëY., XT´t “ j, �X̃t %½ÂǑi.
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  ã 2.4 ~X, Yt1 “ XT´t1 , Yt2 ‰ XT´t2 .·K2.3.14. b�Z0 „ π, KtZt : 0 ď t ď T u �tYt : 0 ď t ď T u Ó©Ù.y: òtYt : 0 ď t ď T u a��ogêPǑNY , �g²{�G�PǑŶ0, Ŷ1, ¨ ¨ ¨ , §a���Ǒ�gPǑT1 , T2, ¨ ¨ ¨ . �o, P pY0 “ 0, NY “ 0q “ P pX0 “ i, NX “ 0q “ πie
´qiT “

P pZ0 “ i, NZ “ 0q, Ù¥, NZ ´tZtu 3T �a��ogê. �n ě 1 �, etN “ nu u),KTr “ T ´ Sn`1´r. é?¿0 ă u1 ă ¨ ¨ ¨ ă un ă un`1 :“ T , 0 ă δr ă ur`1 ´ ur, r “ 1, ¨ ¨ ¨ , n,-
∆Y :“ tpy0, ¨ ¨ ¨ , yn´1q : ur ă tr ă ur`1, r “ 1, ¨ ¨ ¨ , nu,

∆X :“ tpx0, ¨ ¨ ¨ , xn´1q : T ´ pun`1´r ` δn`1´rq ă sr ă T ´ un`1´r, r “ 1, ¨ ¨ ¨ , nu,Ù¥sr “ x0 ` ¨ ¨ ¨ ` xr´1, tr “ y0 ` ¨ ¨ ¨ ` yr´1. �o,

tNY “ n, pT1, ¨ ¨ ¨ , Tnq P ∆Y u “ tNX “ n, pS1, ¨ ¨ ¨ , Snq P ∆Xu.é?¿i0, ¨ ¨ ¨ , in P S,

P pŶ0 “ i0, ¨ ¨ ¨ , Ŷn “ in, NY “ n, pT1, ¨ ¨ ¨ , Tnq P DY q

“ P pX̂0 “ in, ¨ ¨ ¨ , X̂n “ i0, NX “ n, pS1, ¨ ¨ ¨ , Snq P DXq

“ πinqinin´1
¨ ¨ ¨ qi1i0

ż

∆X

˜

n´1
ź

r“0

e´qin`1´r
xr

¸

e´qi0 pT´snqdx0 ¨ ¨ ¨dxn´1.-y0 “ T ´ sn, y1 “ xn´1, ¨ ¨ ¨ , yn´1 “ x1. �o, x0 “ T ´ py0 ` ¨ ¨ ¨ ` yn´1q, ¿�
˜

n´1
ź

r“0

e´qin`1´r
xr

¸

e´qi0 pT´snq “
˜

n´1
ź

r“0

e´qiryr

¸

e´qin pT´tnq.qÏǑpx0, ¨ ¨ ¨ , xn´1q P DX �dupy0, ¨ ¨ ¨ , yn´1q P DY ; qi “ q̃i, i P S;¿�πinqinin´1
¨ ¨ ¨ qi1i0 “

πi0 q̃i0i1 ¨ ¨ ¨ q̃in´1in , ¤±
P
´

Ŷ0 “ i0, ¨ ¨ ¨ , Ŷn “ in, NY “ n, pT1, ¨ ¨ ¨ , Tnq P DY

¯

“ πi0 q̃i0i1 ¨ ¨ ¨ q̃in´1in

ż

∆Y

˜

n´1
ź

r“0

e´q̃ir yr

¸

e´q̃in pT´tnqdy0 ¨ ¨ ¨dyn´1,
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§2.3 aL§�5� 137ù=´tZtu �©Ù. Ïd, (Ø¤á. l½Â2.3.15. eπ ´ØC©Ù, ¿�÷vXe[�²ï^�:

πiqij “ πjqji, @i, j P S,K¡π ǑQ ��_©Ù.eπ ´�_©Ù, X0 „ π, Ké?¿T ą 0, tYt : 0 ď t ď T u �tZt : 0 ď t ď T u Ó©Ù. d�, ¡tXtu ¡Ǒ�_L§. b�Q ~�, π ´S þ�?�©Ù. e[�²ï^�¤á,KπQ “ 0, u´π ´ØC©Ù, ?´�_©Ù.52.3.16. 3Q �~���/¥, =Bπ ´÷v[�²ï^��©Ù, π ǑØ´�_©Ù, ÏǑ§Ø´ØC©Ù.SK
1. b�i ‰ j. y²: i Ñ j �e�A^þ�d. (1)�3n ě 1, i0, ¨ ¨ ¨ , in (Ù¥i0 “ i, in “ j)��qi0i1 , ¨ ¨ ¨ , qin´1in ą 0; (2)pijptq ą 0, t ą 0; (3) �3t ą 0 ��pijptq ą 0. (5: éuØ���aL§ó, Ø�3ê¼ó¥�±Ï½´�±Ï�?Ø.)

2. �½D Ď S. -τD :“ inftt ě 0 : Xt P Du. Pxi “ PipτD ă 8q, i P S; yi “ EiτD, i P S. �ìê¼ó�ÄÚ©Û{, ©O�Ñxi, i P S �yi, i P S ÷v��§. (5: ¯¢þ, §�´éA�§����K).)

3. 3~ 2.2.7 ¥, b�β ă δ. (1) �: P1pτ0 ă 8q. (2) b�β ă δ. �: E1τ0.

4. b�G�i �~�, X0 “ i. �o, tXtu 3G�i �oÊ3�mÑl�ê©Ù. (J«: 5¿�V̂i ÑlAÛ©Ù, |^Ún 2.3.1Ú1 §2.1!SK3.)

5. y²: i ~��e�ü^�d. (1) é?¿δ ą 0 þkř8
n“0 piipnδq “ 8. (2) �3δ ą 0 ��ř8

n“0 piipnδq “ 8.

6. y²Ún 2.3.5.

7. b�Q Ø��. e�3S þ�ÿÝλ ÷vλQ “ 0 �ř

iPS λi “ 8, KØC©ÙØ�3.

8. b�Q Ø��!�~�, π ´ØC©Ù. y²: é?¿i P S Ú�©Ùµ Ñk
Pµ

˜

lim
tÑ8

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

1

n

ż t

0

1tXs“iuds ´ πi

ˇ

ˇ

ˇ

ˇ

“ 0

¸

“ 1, lim
tÑ8

ÿ

iPS

ˇ

ˇ

ˇ

ˇ

1

t

ż t

0

PµpXs “ iqds ´ πi

ˇ

ˇ

ˇ

ˇ

“ 0.
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138 1�Ù aL§
9. b�Q Ø��!�~�, ÙØC©ÙPǑπ. b�f ´S þ�¼ê. ©O3±eü«b�e, y²: é?¿�©Ùµ,

Pµ

˜

lim
tÑ8

1

t

ż t

0

fpXsqds “
ÿ

iPS
πifpiq

¸

“ 1.

(1) b�f k.. (2) b�ř

iPS πi|fpiq| ă 8.

10. b�Q Ø��!�~�, π ǑÙØC©Ù. y²: lim
tÑ8

pijptq “ πj , i, j P S. (J«: ky² lim
nÑ8

pijpnδq “ πj , 2|^·K ??.)
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§2.4 üèXÚ3F~)¹¥, ·�²~�üè, ~Xüèï»��½ö,|»�üÑ���. <��Õ1�n�Ö, ?��I����Òè, Ù¢Ò´?\��üèXÚ. 3)�NÝ¥, üèy��´Â�Øm, �X�a�Å|~k�Å�ÿå�½üá. ùaXÚéAX��êÆ�.,¡ǑüèXÚ, Ù���): ������Ǒ, ÑÖ�m, ÑÖ
��ê.�!M/M/1 �.4òt �Ǒ�è��ÝPǑXt, �o, tXtu ´��)«L§, Ñ)ÇÒ´#������Ç, PǑλ; k�ÇÒ´ÑÖ
�ÑÖ�Ç, PǑα. =,

S “ Z` “ t0, 1, 2, ¨ ¨ ¨ u, βi “ λ, i “ 0, 1, 2, ¨ ¨ ¨ δi “ α, i “ 1, 2, ¨ ¨ ¨ÏǑqi, i P Z` k.,¤±T)«L§��¿. ?�Ú,TaL§�~���=�λ ă α. e¡,b�λ ă α. d�, ØC©ÙǑ
πi “

ˆ

λ

α

˙i
α ´ λ

α
, @ i “ 0, 1, 2, ¨ ¨ ¨ (2.4.1)5¿�[�²ï^�¤á, Ïdπ Ǒ´�_©Ù.b�X0 „ π. �o, é?¿�Ǒt, ÑkXt „ π. Ïd, ²þ�è��ÝoǑ

EπXt “
8
ÿ

i“0

iπi “ λ

α ´ λ
.duÑÖ
3è��Ý��0�m©>E,,�,²L�ê�mξ „ Exppλq �,ÑÖ
m©ó�, ��e�gè��Ý��0 ��±2gm©>E. Ïd, ÑÖ
ëYó���mǑσ0 ´ ξ,ÙÏ"Ǒ

E0σ0 ´ E0S1 “ 1

q0π0
´ 1

q0
“ 1

δ ´ β
.��, é?¿t, ò?\XÚ���êÚlmXÚ���ê©OPǑIt ÚLt, äN/, -

It :“ |t0 ď s ď t : Xt “ Xt´ ` 1u|, Lt :“ |t0 ď s ď t : Xt “ Xt´ ´ 1u|. (2.4.2)5¿�tXtu ´�_L§. Ïd, é?¿T ą 0, tLt : 0 ď t ď T u �tIt : 0 ď t ď T u Ó©Ù. ùL²tLt : t ě 0u ´ëêǑλ �ÑtL§.�!M/M/s �.�M/M/8 �..

4/M/M/10¥�1��i1/M0L«�����Ǒäk�PÁ5(Memoryless),=�����ǑǑ��Ñt6; 1��i1/M0L«ÑÖ
�ÑÖ�mǑäk�PÁ5,=�(¨)ÑÖ� ����mÑl�ê©Ù; ���êi/10L«XÚ¥k� ÑÖ
.
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140 1�Ù aL§òt �Ǒ�è��ÝPǑXt. �o, tXtu E,Ǒ��)«L§.3M/M/s �.¥, �ks �ÑÖ
, Ïd, Ñ)ÇÚk�ÇXe:

βi “ λ, i “ 0, 1, 2, ¨ ¨ ¨ δi “ α ˆ minti, su, i “ 1, 2, ¨ ¨ ¨3M/M/8 �.¥, �k�¡õ�ÑÖ
, Ïd, Ñ)ÇÚk�ÇXe:

βi “ λ, i “ 0, 1, 2, ¨ ¨ ¨ δi “ αˆ i, i “ 1, 2, ¨ ¨ ¨3y¢)¹¥, Ø�Uk�¡õ�ÑÖ
, ¤±·�l,	�ÆÝ5n)M/M/8 �..~X, b�3��ëêǑλ ��êO¨Ǒå��ǑÒk� i�?\,ú	, z i��i�m�pÕá,ÑÑlExppαq, i(å�g1l�. �o, ·�Ò�±òú	¥�i�êÖ)ǑM/M/8 �.¥�è��Ý.�âíØ 2.2.3, ùü��.Ñ��¿.n!kü�ÑÖ�8�üèXÚ.3ù�XÚ¥kü�ÑÖ�8, Ïdü�è�. b�z��8¥k�¶ÑÖ
. #�����ü31��è���1��ÑÖ, �É�1��ÑÖ�ü31��è���1��ÑÖ.b�#������ÇǑλ, 1��ÑÖ
�ÑÖ�ÇǑα, 1��ÑÖ
�ÑÖ�ÇǑβ.òt �Ǒ1��è���ÝPǑXt, 1��è���ÝPǑYt. PZt “ pXt, Ytq. �o, tZtu´��aL§, G��mǑZ` ˆ Z`, =£�ÇXe:
$

’

’

’

&

’

’

’

%

qpi,jqpi`1,jq “ λ, i, j ě 0;

qpi,jqpi´1,j`1q “ α, i ě 1, j ě 0;

qpi,jqpi,j´1q “ β, i ě 0, j ě 1.3d�.¥, tXtu ´��M/M/1 �.. b�λ ă α, �o, (2.4.1) ½Â�π ´tXtu kØC©Ù. ¿�, eX0 „ π, KtXtu ´�_L§d�, tLtu ´ëêǑλ �ÑtL§, Ù¥, Lt L«��t �ǑǑ�, lm1���8�<ê, X (2.4.2) ¥½Â. u´, 1��è�ǑC¤��M/M/1 �.. �λ ă β �, §kØC©Ù
µi “

ˆ

λ

β

˙i
β ´ λ

β
, @ i “ 0, 1, 2, ¨ ¨ ¨¯¢þ, �β ă δ, α �, π ˆ µ ´tZtu �ØC©Ù.o!Ù�üèXÚb�è��ÝØU�Ls, òt �Ǒ�è��ÝPǑXt. ~X, b�,Ý�?�ks �>{, �s ��Å�Ñ3Ï{�, #>{�{�\, �oXt KL«t �Ǒ�3Ï{�>{ê8.
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tXtu ´��S “ t0, 1, ¨ ¨ ¨ , su þ�)«L§, Ñ)ÇÚk�ÇXe
λi “ β, 0 ď i ď s ´ 1; δi “ d ˆ i, 1 ď i ď s.öSK

1. �3M/M/1 üèXÚ¥�����ÇǑλ, ÑÖ�ÇǑα. �èÎ�ÝǑn �#5���±VÇn`1
n`2
\\��ÿ�èÎ,±VÇ 1

n`2
lm. Á¯: (1)3�o^�eTXÚk²©Ù? (2) �TüèXÚ��²�²þèÎ�Ý´õ�? ��\\�ÿè��VÇ´õ�?

2. Á�M/M/s ÚM/M/8 üèXÚ�²©Ù.

3. b�,nuA�k�¶nu�, Ǒz����ÑÖ�mÑl�ê©Ù,²þ�mµ ă 1.�����ǑǑÑt6,ëêǑ1. (a)XJ��w�nu��a,NÞÒr. ù�¿��d3��Ó�Ü��TA���'~´õ�? (b) XJTAO�Kr«f, ��5
±�,evkÙ���,Kêþnu; enu��a�k�«f, K3e5��, ÄKNÞÒr. O�Kr«f��TA¿��d3��Ó�Ü���'~´õ�?
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142 1�Ù aL§
§2.5 �>L§�!0�Z þ�k��>L§, {¡�>L§. ��z�º:i P Z þk��âf, §½´èx, ½´�(,«;¾�)a/. b�i þ��N�a/, �o, §±�Ç1 gÄ¡Eèx;3¡Eèx�, §±�Çλ a/i ` 1  �þ��âf, Ǒ±�Ç1 a/i ´ 1  �þ�âf. ù��.¥k��ëêλ, §L«D/¾�DÂrÝ.b½Éa/âf�xE±9;¾3�Ø�m�DÂÑ´�pÕá�. �>L§ïÄ�´�a/âf�+N��müz�5Æ.ò�Ǒt Éa/�âf¤?º:|¤�8ÜPǑXt. �é{`, b�3t �Ǒ, Xt ¥�âf�a/, ZzAt ¥�âf´èx�. �o, �>L§´��aL§, ÙG��mǑ

S “ tA : A Ă Z, |A| ă 8u,=£�ÇXe:

qA,Aztiu “ 1, e i P A;
λ|A X ti´ 1, i` 1u|, e i R A;
qA,B “ 0,Ù§ B ‰ A.díØ 2.2.3, tXtu ��¿.3Ö)�>L§�, ·��,�±3?¿Z �k�f8A þ��eZÕá��êO¨,�´, ù��¬ò�>L§���Ôn¹Â��¿�, lÔ�¤k�*. e¡·�0��«�~�*k���E�{¨¨Harris�ãL«{. Xã §2.5 ¤«, é?¿i P Z, �Ä��²¡þlpi, 0q Ñu�þx�^��tpi, tq : t ě 0u, L«�m���. ,�, �Än�Õá��êO¨, Ù¥, 1��O¨�ëêǑλ, 3§Ǒå�?¿�Ǒt, x����Þ/Ð0lpi, tq ��pi ´ 1, tq; 1��O¨�ëêǑǑλ, 3§Ǒå�?¿�Ǒt, x��m�Þ/Ñ0lpi, tq ��pi` 1, tq; 1n�O¨�ëêǑ1, 3§Ǒå�?¿�Ǒt, 3pi, tq x��/ˆ0. XJlpi, 0qÑu,^X�mO���9Ù�Þ��,k�^Ø²L/ˆ0�Ï´��pj, tq,�o,Ppi, 0q ÝÑ pj, tq. b���k�=ki  �þ�âf�a/, =, X0 “ tiu, �o, t �Ǒ�a/�+NÒ´

Xi,t “ ty P Z : pi, 0q Ñ pj, tqu.éZ �?¿k�f8A, b�X0 “ A, �o, t �Ǒ�a/�+NÒ´
XA,t “ YiPAXi,t.lãL«¥, ·��±wÑL§��U\5:

XAYB,t “ XA,t YXB,t.
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0 1 2 3 4-1-2 -3 

Z
1

: A={0}. ·K2.5.1 (üN5). b�G1 Ă G2; A,B ©OǑG1, G2 ¥�ü�k��º:f8, �A Ă B;

λ1 ď λ2. K�3ÍÜtpAt, Btq : t ě 0u ��tAt : t ě 0u ´G1 þlA Ñu�ëêǑλ1 ��>L§, tBt : t ě 0u ´G2 þlB Ñu�ëêǑλ2 ��>L§, �At Ă Bt.e¡, ·�?Ø�>L§�5�. 5¿�8H ´���áÂ�, SztHu ´pÏa. u´·��¯,´Äl?¿AÑu,Ñ�½��H. �©|L§aq, ¡PApτH ă 8qǑ(;¾�)«ýVÇ, PApτH “ 8qǑ(;¾�)�¹VÇ. 5¿�,�ëêλC��,·��I�3ãþO\�Þ=�,u´, Xt ¬C�.Ïd, ØJwÑ, «ýVÇPApτH ă 8q 'uëêλüNeü. dd�±½Â�>L§��.�. òëêǑλ ��>L§éA�VÇPǑP pλq. -
λc “ inftλ ą 0 : P

pλq
t0u pτH “ 8q ą 0u.·K2.5.2. λc ě 1.y: -R̂0 “ 0. òtXtu �i\óPǑtX̂nu. b�X̂n “ A ‰ H, Pi “ maxtj : j P Au. -

R̂n`1 “

$

’

’

’

&

’

’

’

%

R̂n ` 1, e X̂n`1 “ A Y i` 1;

R̂n ´ 1, e X̂n`1 “ Azi` 1;

R̂n, Ù�.XJtτH ă 8u,d�,�3N ��SN “ τ ;XJtτH “ 8u,�o,-N “ 8. é?¿0 ď n ă N ,é¤k�t P rSn, Sn`1q Ñ-Rt “ Rn. �o, Rt ´���ÅiÄ, qi,i`1 “ λ, qi,i´1 “ 1. ¿�,é?¿t ă τH,

Rt ě supti P Z : i P Xtu.XJλ ă 1, �o, �t ªu�¡�, Rt ªuK�¡, Ïd,

supti P Z : i P Xtu Ñ ´8.
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144 1�Ù aL§�âé¡5,

infti P Z : i P Xtu Ñ `8.Ïd, 7,kτH ă 8, =λ ă λc. dλ �?¿5, λc ě 1. l�!ãþ��>L§�Ä«mt1, 2, ¨ ¨ ¨ , Nuþ��>L§. ��G�A0 “ t1, 2, ¨ ¨ ¨ , Nu. �o,

$

’

’

’

&

’

’

’

%

1
logN

EAτH Ñ C, λ ă λc;

1
N
logEAτH Ñ C, λ ą λc;

C1N
2 ď EAτH ď C2N

4, λ “ λc.d(Ø´Durrett�<u1988-1989���[14]. l3ãL«��E�{¥, ·�-AAt “ YxPAAxt . ùÙ¢¿Ø��A k�. �é{`, éV�?¿f8A, Ñ�±½ÂlA Ñu��>L§. �ØL, G��mC�Ø�ê, Ï§Ø´·�ÙG�aL§. Ǒ,|A0| “ 8 ò¿�XτH “ 8, ØL<�E,�±�L§�¹�´«ý��Ün�½Â, ¿?Ø�.�!�C�¯K. �>L§�´�p�^�¡âfXÚ¥��«, Ù§��k�"�.!ü§L§!ÀÞ�.�. k,��ÓÆ�ë�[22].öSK
1. y²: k�ãþ��>L§«ý.

2. Á'���ãþ��>L§Ú)«L§, ¿ïÄT�>L§�5�.

3. b�A ǑZ ���!k�f8. y²:

λc “ inftλ : P
pλq
A pτH “ 8q ą 0u “ suptλ : P

pλq
A pτH ă 8q “ 1u.
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§2.6 *��L§÷^1 §2.2 !�ÎÒ: b�Q “ pqijqSˆS ´=£Ý
, �qi ą 0, i P S. Pp̂ij “ qij
qi
,

i, j P S. tX̂nu ´±P̂ “ pp̂ijqSˆS Ǒ=£Ý
�ê¼ó, ξ0, ξ1, ξ2, ¨ ¨ ¨ ´�tX̂nu �pÕá�ÕáÓ©Ù�ÅCþS�, Ù¥ξ0 „ Expp1q. ηn “ ξn{qX̂n
, Sn “ η0 `η1 ` ¨ ¨ ¨`ηn´1. �½n ě 0,é?¿t P rSn, Sn`1q ½ÂXt :“ X̂n.�!��L§-

τ8 :“ lim
nÑ8

Sn “ η0 ` η1 ` ¨ ¨ ¨�¯�tτ8 ă 8u u)�, Ǒ
½Â���5, ·�V\���#G�, PǑB, ¿Ö¿½ÂXt “ B, t P rτ8,8q. ¡ù�½Â�tXtu Ǒ��L§, ¡τ8 Ǒ�¿�. ePipτ8 “ 8q “ 1,

i P S, K·�¡TaL§��¿, Ǒ¡Q ��¿, d�, ��L§Ò´�½Â�aL§; ÄK, ¡TaL§�¿, Ǒ¡Q �¿.~2.6.1. �S “ Z`,

qi,i`1 “ 2 ˆ 3i, i “ 0, 1, 2, ¨ ¨ ¨ , qi,i´1 “ 3i, i “ 1, 2, ¨ ¨ ¨ .TaL§�i\ótX̂nu �=£VÇǑ: p0,1 “ 1, pi,i`1 “ 2
3
, pi,i´1 “ 1

3
, Ïd§´�~��.-

πi “ 1

3
ˆ
ˆ

2

3

˙i

, i “ 0, 1, 2, ¨ ¨ ¨ØJ�yπQ “ 0. ,, §Ø´ØC©Ù. ¯¢þ, tXtu ´�¿�.ØJwÑτ8 “ ř

iPS Vi, Ïd, E0τ8 “ ř8
i“0G0i. dul0 Ñu�aL§�½¬²{¤kG�, Ïd, G0i “ Gii “ Ĝii

qi
. �±�y, �3M , ��Ĝii ď M , i P S, y²3ǑSK. u´, E0τ8 ď M

ř8
i“0

1
qi

ă 8. Ïd, P0pτ8 ă 8q “ 1.·K2.6.2. b�Q Ø��, π ǑS þ�©Ù. Kπ ǑØC©Ù��=�πQ “ 0 �Q ��¿.y: 7�5®y, Ïde¡·��y²¿©5. -Q̃ “ pq̃ijqSˆS , Ù¥q̃ij “ πjqji
πi

, i, j P S. yπ ǑQ �ØC©Ù. Ǒd, ·�ky²eπQ “ 0 �Q ��¿, KQ̃ ��¿�π ǑQ̃ �ØC©Ù. í�Xe: PtX̃tu ǑQ̃ éA���L§. é?¿t, PNT :“ suptn ě 0 : Sn ď tuǑtXtu 3T �a��gê, eτ8 ď T , KNT “ 8. aq/kÑT . �·K 2.3.14 aq/�±y²: é?¿n “ 0, 1, 2, ¨ ¨ ¨ , i, j P S, πiPipNT “ n,XT “ jq “ πjPjpÑT “ n, X̃T “ iq. ü>én �Ú��πiPipNT ă 8, XT “ jq “ πjPjpÑT ă 8, X̃T “ iq. ò�mü>éi, j P S �Ú,
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146 1�Ù aL§KdQ ��¿��>�ÚǑ1. u´,
ř

i,jPS πjPjpÑT ă 8, X̃T “ iq “ 1. ùL²é?¿j P S,
PjpÑT ă 8q “ 1. dT �?¿5, Q̃ Ǒ��¿. ¿�é?¿T ą 0,

ÿ

jPS
πjPjpX̃T “ iq “

ÿ

jPS
πiPipXT “ jq “ πi, @i P S.Ïd, π ´Q̃ �ØC©Ù.��, ÏǑqij “ πj q̃ji

πi
, i, j P S, ¤±�±��Q �Q̃ � �. ·�®²y²πQ̃ “ 0 �Q̃��¿, Ïd, �âþ¡�ín, π ´Q �ØC©Ù. l�!ëY�mëê�ê¼ób�Q �¿. ·���±3�¿��ÿ,4âf3S ¥). 'X`, b�µ´S þ�©Ù. ���ÕáÓ©Ù�±Q Ǒ=£�Ç, µ Ǒ�©Ù�aL§tXp1q

t u, tXp2q
t u, ¨ ¨ ¨ . òtXprq

t u��¿�PǑτ prq
8 , Kτ p1q

8 , τ
p2q
8 , ¨ ¨ ¨ ÕáÓ©Ù, �Eτ p1q

8 ą 0. -T0 “ 0,

Tr “ τ
p1q
8 ` ¨ ¨ ¨ ` τ

prq
8 , r “ 1, 2, ¨ ¨ ¨�âr�ê½Æ, P

´

lim
rÑ8

Tr “ 8
¯

“ 1. é?¿t ě 0, �3���r ě 0 ��Tr ď t ă Tr`1,-
Xt “ X

prq
t´Tr

.¡tXtu ´�)�L§. é?¿i, j P S, P
pijptq :“ PipXt “ jq.�±�y, tXtu ÎÜe¡�½Â.½Â2.6.3. eé?¿0 ď t1 ă ¨ ¨ ¨ ă tn ă t ă t` s, 9Ùi1, ¨ ¨ ¨ , in, i, j P S,

P pXt`s “ j|Xt “ i,Xt1 “ i1, ¨ ¨ ¨ , Xtn “ inq “ P pXt`s “ j|Xt “ iq,K¡tXtu ´��( ëY�mëê�)ê¼ó. eP pXt`s “ j|Xt “ iq Ø�6us, K¡tXtu ´�à�, d�¡pijptq :“ P pXt`s “ j|Xs “ iq ǑL§�=£VÇ, ¡Pptq :“ ppijptqqi,jPS Ǒ=£(VÇ)Ý
.½Â2.6.4. �tPptq : t ě 0u ´�x=£VÇÝ
, ÷v
(1) Pp0q “ I;

(2) Chapman-Kolmogorov�§: Ppt ` sq “ PptqPpsq;
(3) ëY5: limtÑ0` pijptq “ 1ti“ju,K¡tPptq : t ě 0u Ǒê¼�+5.

53�¼©Ûp, <�S.r(�¡�)Ý
w����f. ¤±3Nõ|Ü,ê¼�+q�¡�ê¼�f�+.
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§2.6 *��L§ 147½Â2.6.5. �Q “ pqijqi,jPS ÷v:

p1q 0 ď qij ă 8; p2q 0 ď qi “ ´qii ď 8; p3q
ÿ

j‰i
qij ď qi,K¡ǑS þ���(=£)�ÇÝ
.52.6.6. ½Â 2.2.1¥�Q �¡Ǒ�Å��ÇÝ
.·K2.6.7. b�tPptq : t ě 0u Ǒê¼�+. �o, é?¿i, j P S,

qij :“ lim
tŒ0

pijptq ´ pijp0q
t�3(�±�u��¡½K�¡). ¿�, Q “ pqi,jqSˆS ´�ÇÝ
.y: ·�ky²�j ‰ i �, lim

tÑ0`
pijptq{t �3.�½i, j P S, j ‰ i. ÏǑlimtÑ0 Pptq “ I, ¤±é?¿ε ą 0, �3T ą 0 ���t ă T �,

piiptq, pjjptq ą 1 ´ ǫ. ùL²pijptq ă ε. �0 ă s ă t ă T ÷vt ą 2s.  y
pijpsq
s

ď pijptq
pt´ 2sqp1 ´ 3ǫq . (2.6.1)3þª¥, k-s Ñ 0`, �

lim sup
sÑ0`

pijpsq
s

ď pijptq
t

1

1 ´ 3ǫ
ă 8,2-t Ñ 0`, �

lim sup
sÑ0`

pijpsq
s

ď
ˆ

lim inf
tÑ0`

pijptq
t

˙

1

1 ´ 3ε
,��-ε Ñ 0, ·�íÑqij :“ limtÑ0` pijptq{t �3, �K�k�.e¡·�y²(2.6.1). ��ên ��ns ď t ă pn ` 1qs. Äk

ε ě pijptq ě PipXt “ j, 3 Xs, ¨ ¨ ¨ , Xns ¥ÑyL jq

“
n
ÿ

k“1

PipXs, ¨ ¨ ¨ , Xpk´1qs ‰ j,Xks “ j,Xt “ jq

“
n
ÿ

k“1

PipXs, ¨ ¨ ¨ , Xpk´1qs ‰ j,Xks “ jqpjjpt´ ksq

ě p1 ´ εq
n
ÿ

k“1

PipXs, ¨ ¨ ¨ , Xpk´1qs ‰ j,Xks “ jq

“ p1 ´ ǫqPip3 Xs, ¨ ¨ ¨ , Xns ¥ÑyL jq.ùL²
Pip3 Xs, ¨ ¨ ¨ , Xns ¥ÑyL jq ď ε

1 ´ ε
. (2.6.2)
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148 1�Ù aL§Ùg,

pijptq ě
n´1
ÿ

k“1

PipXs, ¨ ¨ ¨ , Xpk´1qs ‰ j,Xks “ i,Xpk`1qs “ j,Xt “ jq

“
n´1
ÿ

k“1

PipXs, ¨ ¨ ¨ , Xpk´1qs ‰ j;Xks “ iqpijpsqpjjpt ´ pk ` 1qsq. (2.6.3)5¿�
PipXs, ¨ ¨ ¨ , Xpk´1qs ‰ j;Xks “ iq

ě PipXks “ iq ´ Pip3 Xs, ¨ ¨ ¨ , Xpk´1qs ¥ÑyL jq

ě 1 ´ ε ´ Pip3 Xs, ¨ ¨ ¨ , Xns ¥ÑyL jq

ě 1 ´ ε ´ ε

1 ´ ε
ě 1 ´ 3ε

1 ´ ε
,Ù¥1n�Ø�ÒÒ´(2.6.2). òþª�\(2.6.3)¥, ·�íÑ

pijptq ě
n´1
ÿ

k“1

1 ´ 3ǫ

1 ´ ǫ
pijpsqp1 ´ ǫq ě pn´ 1qp1 ´ 3ǫqpijpsq.u´,

pijpsq
s

ď pijptq
pn ´ 1qsp1 ´ 3ǫq ď pijptq

pt ´ 2sqp1 ´ 3ǫq .=(2.6.1)¤á.��, ·�y²p1
iip0q �3. -qi “ lim inftÑ0`p1 ´ p1

iiptqq{t. eqi “ 8, Kp1
iip0q “ ´8.e�qi ă 8.  y@t ą 0, p1´ piiptqq{t ď qi,u´lim suptÑ8p1´ piiptqq{t ď qi. ùL²p1

iip0q “
´qi. �½t ą 0. é?¿ε ą 0, �h ¿©���

1

h
p1 ´ piiphqq ď qi ` ε

2
; hpqi ` ε

2
q ă 1; 1 ´ piipsq ď εt

2
, @0 ď s ď h.�t “ nh ` s, 0 ď s ă h, u´

piiptq ě piiphqnpiipsq ě r1 ´ hpqi ` ε{2qsnp1 ´ εt{2q

ě 1 ´ nhpqi ` ε{2q ´ εt{2 ě 1 ´ tpqi ` ε{2q ´ εt{2 “ 1 ´ tpqi ` εq,lp1 ´ piiptqq{t ď qi ` ε. -ε Ñ 0 �p1 ´ piiptqq{ε ď qi.éS �?¿k�f8T , 1 ´ piiptq ě ř

jPT,j‰i pijptq, ¤±qi ě ř

jPT :j‰i qij . -T Ñ S�qi ě ř

jPS:‰i qij . l½Â2.6.8. b�tPptq : t ě 0u ´ê¼�+. �o, Q ¡ǑtPptq : t ě 0u �=£�ÇÝ
.
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§2.6 *��L§ 149·K2.6.9. b�tPptq : t ě 0u ´ê¼�+, Q “ pqijqSˆS ´Ù=£�ÇÝ
. �o,

p1
ijptq “

ÿ

kPS
qikpkjptq, @ i, j P S, @ t ě 0 (Kolmogorov�ò�§)¤á�¿�^�´Q �Å; éu�½�j P S, eqj ă 8 ��t ªu0 �, pkjptq{t 3k P Sztjuþ��ªuqkj , K,

p1
ijptq “

ÿ

kPS
pikptqqkj , @ i P S (Kolmogorov?�§).~2.6.10 (��L§). b�Q´�Å�=£�ÇÝ
, �Q�¿. aL§�=£VÇ´pp1q

ij ptq “
PipXp1q

t “ jq; �)�aL§�=£VÇ´pijptq “ PipXt “ jq. PPptq “ ppijptqq
SˆS. �o, tPptqu �=£�ÇÝ
Ò´Q. PPp1qptq “ ppijptqq

SˆS. �o, tPptq : t ě 0u �tPp1qptq :
t ě 0u Ñ÷vKolmogorov �ò�§, ¿�pijptq ě p

p1q
ij ptq. ¯¢þ, tpp1q

ij ptq : i, j P S, t ě 0u´Kolmogorov ?�§��K��), Ǒ´Kolmogorov �ò�§��K��)öSK
1*. y²: 3~ 2.6.1 ¥, Ĝii ď M , i P S. (J«: b�tX̃nu ´Z þ�ê¼ó, =£VÇǑpi,i`1 “ 2

3
, pi,i´1 “ 1

3
, i P Z, ��¼êǑG̃ij . �o, ��M “ G̃00.)
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§3.1 pd©Ù�pdL§�X1, ¨ ¨ ¨ , Xn ´��uR ��ÅCþ, PX “ pX1, ¨ ¨ ¨ , XnqT . eX ´ëY.�Å�þ,¿�éÜ�Ý/X
1

a

p2πqn|Σ|
exp

"

´1

2
p~x´ ~mqTΣ´1p~x´ ~mq

*Ù¥, ~x “ px1, ¨ ¨ ¨ , xnqT P Rn, ~m “ pm1, ¨ ¨ ¨ ,mnq P Rn, Σ “ pσijqnˆn ´�½Ý
, KX Ñln Ǒ��©Ù, PǑX „ Np~m,Σq. P~t “ pt1, ¨ ¨ ¨ , tnqT P Rn, KNp~m,Σq éA�AÆ¼êäkXe/ª:

fXp~tq :“ Ee
?

´1pt1X1`¨¨¨`tnXnq “ exp

"?
´1~mT~t´ 1

2
~tTΣ~t

*

.��/, b�Σ ´n ˆ n ��½Ý
. eX �AÆ¼êäkþ¡L�ª, K¡X Ǒ��n �pd�þ, ½X Ñln �pd©Ù, PǑX „ Np~m,Σq.b�X „ Np~m,Σq. ØJ�y,

EXi “ mi, σij “ CovpXi, Xjq “ EpXi ´miqpXj ´mjq, i, j “ 1, ¨ ¨ ¨ , n.Ïd, éupd�þ, �ÑÙêiAÆÏ"ÚÆ��Ý
, ÙéÜ©ÙÒ��(½
.½Â3.1.1. b�tXα : α P Iu ´�x��uR ��ÅCþ. eé?¿n ě 1, α1, ¨ ¨ ¨ , αd P I,

pXα1
, ¨ ¨ ¨ , Xαn

q ÑÑln �pd©Ù, K¡tXα : α P Iu Ǒ��pdX½pdL§.b�I1, ¨ ¨ ¨ , In ´pØ����I8, ér “ 1, ¨ ¨ ¨ , n, Xr :“ tXα : α P Iru ´�x��uR ��ÅCþ. P
X “

n
ď

r“1

Xr “
#

Xα : α P
n
ď

r“1

Ir

+

.·K3.1.2. b�X ´pdX. e
CovpXα, Xβq “ 0, @r ‰ s, α P Ir, β P Is,KX1, ¨ ¨ ¨ ,Xn �pÕá.öSK.

1. b�X “ pX1, ¨ ¨ ¨ , XnqT Ñln �pd©Ù. y²: (1) �3Ñln ���©Ù��Å�þZ “ pZ1, ¨ ¨ ¨ , ZnqT Ún ˆ n Ý
M ��X “ MZ. (2) é?¿m ˆ n Ý
M, MX ÑÑlm �pd©Ù.

151



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

152 1nÙ ÙK$Ä
2. b�tXα : α P Iu ´��pdX, J ´���I8. b�é?¿β P J , �3n ě 1,

α1, ¨ ¨ ¨ , αn P I ±9a1, ¨ ¨ ¨ , an P R ��Yβ “ a1Xα1
` ¨ ¨ ¨ ` anXαn

. y²: tYβ , β P Ju Ǒ´pdX.

3. y²·K 3.1.2.

4. b�X1,X2, ¨ ¨ ¨ ´��d�pd�þ,�é?¿t P Rd,§��AÆ¼ê::Âñ,=fp~tq “
lim
nÑ8

fXn
p~tq �3�k�. y²: fp~tq E,´d Ǒpd�þ�AÆ¼ê.

§3.2 ÙK$Ä�½Â�Levi�Eb�é?¿t ě 0, Xt ´��uR ��ÅCþ. ·�Ǒ¡tXt : t ě 0u Ǒ����uR ��ÅL§, {PǑtXtu.½Â3.2.1. �tXt : t ě 0u ´���ÅL§, X0 “ 0. eé?¿t ě 0, s ą 0 ÑkXt`s ´ Xt
d“

Xs,K¡tXtuǑ��²OþL§;eé?¿0 ă t1 ă ¨ ¨ ¨ ă tn ÑkXt1 , Xt2 ´Xt1 , ¨ ¨ ¨ , Xtn ´
Xtn´1

�pÕá, K¡tXtu ´��ÕáOþL§.½Â3.2.2. �tBt : t ě 0u ´���ÅL§, B0 “ 0. XJ§÷v±en^,

(1) Bt`s ´Bt „ Np0, sq, @t ě 0, s ą 0.

(2) é?¿0 ă t1 ă ¨ ¨ ¨ ă tn, Bt1 , Bt2 ´Bt1 , ¨ ¨ ¨ , Btn ´Btn´1
�pÕá;

(3) P pBt 'u t ëYq “ 1,K¡tBt : t ě 0u Ǒ(��)IOÙK$Ä.53.2.3. ·òIOÙK$ÄéA�VÇPǑP0. é?¿x P R, ¡tx`Btu Ǒlx Ñu�IOÙK$Ä, éA�VÇPǑPx. ��/, Ǒ¡tx ` σBtu Ǒlx Ñu�ÙK$Ä. ØL, 3e©¥, XJØAO(²,/ÙK$Ä0ÑA�l0 Ñu�IOÙK$Ä.53.2.4. ½Â 3.2.2¥�(1)Ú(2) L²ÙK$Ä´��Õá!²Oþ�L§, �§3�ÝǑs �«mþ�OþÑlNp0, sq. ù�Ñ
ÙK$Ä�?¿k��éÜ©Ù, =, §�Ǒx�´�Å�þ�©Ù. (3) Ǒx�K´;��©Û5�, ¡ÙǑ;�ëY5.·K3.2.5. é?¿0 ă t1 ă t2 ă ¨ ¨ ¨ ă tn,
`

Bt1 , Bt2 , ¨ ¨ ¨ , Btn
˘ Ñln ���©Ù, ÙéÜ©Ù�ÝǑ

pt1,t2,¨¨¨ ,tnpx1, x2, ¨ ¨ ¨ , xnq “
n
ź

k“1

ptk´tk´1
pxk´1, xkq, (3.2.1)Ù¥

ptpx, yq “ 1?
2πσ2t

e´ py´xq2

2σ2t . (3.2.2)
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§3.2 ÙK$Ä�½Â�Levi�E 153y: òpBt1 , Bt2 ´ Bt1 , ¨ ¨ ¨ , Btn ´ Btn´1
q {PǑ~Y “ pY1, ¨ ¨ ¨ , Ynq. d½Â 3.2.2 ¥�(1)�(2), �éÜ�ÝǑp~Y py1, ¨ ¨ ¨ , ynq “

śn
k“1 ptk´tk´1

pykq. 5¿�pBt1 , ¨ ¨ ¨ , Btnq ´~Y ��5C�, �1�ªǑ1, BØJwÑ (3.2.1) ¤á. lþ¡�y²�´E
5VÇØ6�§¥���(Ø: Ñlp���©Ù��Å�þ²L�òz��5C��E,Ñlp���©Ù. Ǒ
òB0 “ 0 �ù�AÏ�òz�/Ǒ�¹?5, ǑǑ
;�zgÑ�y/�òz0�ù�^�, ·�ò/��©Ù0�°Ǒ/pd©Ù0.½Â3.2.6. XJé?¿�ên ě 1 �?¿t1, ¨ ¨ ¨ , tn ě 0, pXt1 , ¨ ¨ ¨ , Xtnq Ñlpd©Ù. �o,¡tXt : t ě 0u Ǒ��pdL§.5¿�p���©Ù�éÜ�Ý�äNL�ª��dÙêiAÆ(Ï"ÚÆ��Ý
)û½, Ïd, ½Â 3.2.2 ¥�(1) Ú(2) �=zǑ�ytBtu ´pdL§, ¿ǑxpBt1 , ¨ ¨ ¨ , Btnq �Ï"ÚÆ��Ý
: é¤k�t ÑkEBt “ 0; �s ě t ě 0 �,

EBtBs “ EBt
`

Bt ` pBs ´Btq
˘

“ EB2
t ` EBtpBs ´Btq “ t.·K3.2.7. b�tXt : t ě 0u ´pdL§, ¿�

EXt “ 0, @t ě 0; CovpXt, Xsq “ t, @s ě t ě 0.�o, tXtu ÷v½Â 3.2.2¥�(1) �(2). ?�Ú, etXtu �äk;�ëY5, �otXtu ´IOÙK$Ä.~3.2.8 (ºÝC�5�(scaling property)). b�tBt : t ě 0u ´IOÙK$Ä, c ą 0. -
Xt “ 1

c
Bc2t, t ě 0.�o, tXt : t ě 0u Ǒ´IOÙK$Ä, ndXe: w,X0 “ 0, tXtu �k��©ÙÑ´���, ¿�é?¿t ě 0, EXt “ 0. e¡·�O�Æ��: é?¿s ě t ě 0,

EXtXs “ E

ˆ

1

c
Bc2t ˆ 1

c
Bc2s

˙

“ 1

c2
ˆ EBc2tBc2s “ 1

c2
ˆ c2t “ t.?�Ú, tXtu Ǒäk;�ëY5, ÏǑ�Ǒ�mt �¼ê, Xt ´Bt �ëY¼ê�EÜ. l,

tXtu ´IOÙK$Ä.b�d ě 2, tBp1q
t : t ě 0u, tBp2q

t : t ě 0u, ¨ ¨ ¨ , tBpdq
t : t ě 0u ´d ��pÕá�IOÙK$Ä. P

~Bt “ pBp1q
t , B

p2q
t , ¨ ¨ ¨ , Bpdq

t qT ,Ù¥þIT L«Ý
�=�.
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154 1nÙ ÙK$Ä½Â3.2.9. ¡t ~Bt : t ě 0u Ǒ��d �IOÙK$Ä.·K3.2.10. b�t ~Bt : t ě 0u ´��d �IOÙK$Ä, O “ poijqdˆd ´��n ���Ý
,KtO ~Bt : t ě 0u E,´��d �IOÙK$Ä.y: P ~Xt “ pXp1q
t , X

p2q
t , ¨ ¨ ¨ , Xpdq

t qT “ O ~Bt. 5¿�tXpiq
t : i “ 1, ¨ ¨ ¨ , d; t ě 0u ´;�ëY�, Ù?Ûk��©ÙÑ´��©Ù, �é?¿t ě 0, EX

piq
t “ 0. Ï, ·��IO�¤k�Æ��. é?¿1 ď i, j ď d, t ą s ě 0,

EX
piq
t Xpjq

s “ E

˜

d
ÿ

k“1

oikB
pkq
t

¸˜

d
ÿ

l“1

ojlB
plq
s

¸

“
d
ÿ

k“1

d
ÿ

l“1

oikojlEB
pkq
t Bplq

s

“
d
ÿ

k“1

d
ÿ

l“1

oikojl ˆ s ˆ 1tk“lu “ s

d
ÿ

k“1

oikojk “ sˆ 1ti“ju.é?¿i, 3þª¥�j “ i B�tXpiq
t : t ě 0u ´��IOÙK$Ä. 5¿�p�pd©Ù�Æ��Ǒ0 �du�pÕá, ·�ktXp1q

t u, tXp2q
t u, ¨ ¨ ¨ , tXpnq

t u �pÕá. Ïd, t ~Xtu E,´��n �IOÙK$Ä. lÙK$Ä�Levi�E.ïÄé���35´êÆnØ¥�?n���Ä�¯K. ÄK,�Y�¤kïÄÑk�UÎ�¿Â.31�Ù,·�^ÕáÓ©Ù�þ!©ÙS��Eê¼ó,31�Ù, ·�^ê¼óÚ�ê©ÙS��EaL§. y3, ·��ÑÙK$Ä��E.Ún3.2.11. b�X „ Np0, σ2q. eX̃ �X ÕáÓ©Ù, �o,

Y :“ 1

2
pX ` X̃q, Z “ 1

2
pX ´ X̃qÑÑlNp0, σ2{2q, ¿�Y �Z �pÕá.5¿�X “ Y ` Z, Ïd·�o�±|^þãÚn, ò��"þ����Cþ©)Ǒü�ÕáÓ©Ù���Cþ�Ú.e¡, ·��EtBt : 0 ď t ď 1u, �{´|^Ún 3.2.11?1��, 48/�Ñ¤k�©:þ��. äN/, -B0 “ 0, ?�ξ “ ξ0,1 „ Np0, 1q, -B1 :“ ξ0,1. 1�Ú, �ξ̃ “ ξ̃0,1 �ξ0,1ÕáÓ©Ù, P

ξ1,1 “ 1

2
pξ ` ξ̃q, ξ1,2 “ 1

2
pξ ´ ξ̃q.-B1{2 :“ ξ1,1, u´, g,kB1 ´ B1{2 “ ξ1,2. b�²Ln Ú�, ·���ξn,i, Bi{2n , i “

1, ¨ ¨ ¨ , 2n, ��ξn,i “ Bi{2n ´ Bpi´1q{2n , 1 ď i ď 2n ÕáÓ©Ù, ÑÑlNp0, 2´nq. �o, 31n` 1 Ú, ·��Õáuξn,i, 1 ď i ď 2n �ÕáÓ©Ù�ÅCþxξ̃n,i, 1 ď i ď 2n, -
ξn`1,2i´1 “ 1

2
pξn,i ` ξ̃n,iq, ξn`1,2i “ 1

2
pξn,i ´ ξ̃n,iq,
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§3.2 ÙK$Ä�½Â�Levi�E 155¿-Bi{2n`1 “ ξn`1,1 ` ¨ ¨ ¨ ` ξn`1,i, i “ 1, ¨ ¨ ¨ , 2n`1. �ª, ·���r0, 1s þ�¤k�©:þ��ÅCþBp i
2n

q, @n ě 1, i “ 0, 1, ¨ ¨ ¨ , 2n. ��, ·�I`², ù
�©:þ��ÅCþA�7,(½
�^'ut ëY��Å;�, §Ò´·��é�ÙK$Ä. äN/, é?¿n,�Bpnq
t ��§3t “ i

2n
��Bp i

2n
q, 0 ď i ď 2n, 3r i´1

2n
, i
2n

s þ´t ��5¼ê, 1 ď i ď 2n.=, éi “ 1, ¨ ¨ ¨ , 2n, t P rpi´ 1q{2n, i{2ns, -
Bpnqptq :“ Bpi´1q{2n ` 2n

ˆ

t´ i´ 1

2n

˙

ξn,i.3«mr i´1
2n
, i
2n

s ¥, '�Bpnq
t �Bpn`1q

t ��, ·�uyØ����/�Ñy3«m¥:, =
max

pi´1q{2nďtďi{2n
|Bpn`1q
t ´B

pnq
t | “ |Bpn`1q

p2i´1q{2n ´B
pnq
p2i´1q{2n | “ 1

2
|ξ̃n,i|.ùL²

max
0ďtď1

|Bpn`1q
t ´B

pnq
t | “ 1

2
ˆ max

1ďiď2n
|ξ̃n,i|.-

An :“
"

max
1ďiď2n

|ξ̃n,i| ě 2´n{4?
n

*

.�½n ě 1, 5¿�ξ̃n,i, 1 ď i ď 2n ÕáÓ©Ù, ÑÑlNp0, 2´nq. ·�íÑ
P pAnq ď 2nP

´

|ξ̃n,1| ě 2´n{4?
n
¯

“ 2nP
´

|Z| ě 2n{4?
n
¯

ď 2n
E|Z|4
2nn2

“ EZ4

n2
.Ù¥Z “ 2n{2ξ̃n,1 „ Np0, 1q. Ïd,

ř8
n“1 P pAnq ă 8. dBorel-Cantelli Ún, An u)�¡õg�VÇǑ0. =, P pY8

N“1 X8
n“N Acnq “ 1. 3¯�X8

n“NA
c
n þ, �n ě N �,

max
0ďtď1

|Bpn`1q
t ´B

pnq
t | ď 1

2
ˆ 2´n{4?

n.ùL²ř8
n“1 max0ďtď1 |Bpn`1q

t ´ B
pnq
t | ă 8, ù%¹XBpnq

t , t P r0, 1s ��Âñ�,ëY¼êBptq, t P r0, 1s. -N Ñ 8 B�
P

ˆ

B
pnq
t

tPr0,1s
Ñ Bt

˙

“ 1.��, |^þã�{, �E��ÕáÓ©Ù�r0, 1s þ��ÅëY¼ê, ò§�©�å5B��Bptq, t ě 0. ØJ�y, et, s, t1, ¨ ¨ ¨ , tn Ñ´�©:, �o½Â 3.2.2 ¥�(1) Ú(2) ¤á. ?�Ú, |^Bt 'ut ëY, �±y²½Â 3.2.2 ¥�(1) Ú(2) ¤á. u´, tBtu ´��IOÙK$Ä.Ö¿�£
1. ÙK$Ä�å
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1827 �ÔÆ[ÙK(Robert Brown)�=I�[Æ¬�w
�3w�ºe*	��Û%y�: ¤23�NL¡�s®(¥�)��â3Î�5Æ��Å£Ä. �5dy��·¶ǑÙK$Ä(Brownian Motion). �ÊV"©fnØ�3/¤, <��£�s®��â$Ä´ÏǑ§É��N©f�Øä-E. ���¢�^�¿ØU��*	©f, <��±ÏL*	ÙK$Ä5u�k'©f�b�´Ä�(. 1905, a¬;|Û���
OÏd"uL
5 �©Ù, Ù¥��´'udÂ�éØ�, ��K�Ñ
ÙK$Ä�Ôn)º. d, {I�Louis Bachelieru19003Í¶êÆ[
\4��e�¤
��Æ¬Ø©, �r�dCz)ºǑÙK$Ä, ©Û
ÙK$Ä��
A5. ½N´K8�êÆ�Ø
ßþ, ��©Ù��¿vk3êÆ.�)Ak�KǑ, ´éõ�â�<5¿�. 8U, .5�7KêÆÆ¬Ò±��¶i·¶. 1923,3MIT?ù���B(Norbert Wiener)�Ñ
ÙK$Ä�î�êÆÄ:. �JÑ
��VÇ�m,^5½ÂÙK$Ä,�<¡�Ǒ�B�m. ù�ïÄó��ù´{I�è�)�1��äk.Y²�êÆïÄ¤J. �g.�ÔÏm, F�ÆöÆ�·Å(Shizuo Kakutani)3+�(î¥uy
ÙK$Ä�Úî ³�m�éX, ��Ó¯�B�(Kiyosi Itô)KJÑk'ÙK$Ä���O�nØ, �¡ǑItôÈ©. ��, ÙK$Ä�ïÄöª��5, k'©zÆÚ¿Å, ±{IPaul Lévy�ó��Ǒ´L�Ǒ.OÏd"�)º: s®��âÉ�
�N©f�Øä-E, �N©f��3�Ø5K�$Ä. òs®��â²L�mt ��� £PǑXt , KX0 “ 0; Xt ��Ó5; Xt`s ´ Xt�Xt �pÕá,��Xs äk�Ó�©Ù;¿�, Xt 'utëY.b�Xt ���þ�3,�o,

EX2
t`s “ Var

`

pXt`s ´Xtq `Xt

˘

“ VarpXt`s ´Xtq ` VarpXtq “ EX2
s ` EX2

t .3ëY5b�e,

EX2
t “ σ2t,Ù¥σ2 Ǒ~ê. ù��ª¡ǑOÏd"�§. ¯¢þ, tXt{σu ǑIOÙK$Ä.

2. �B(Wiener)��z.��uR ��ÅL§�;��mǑ:

Ω “ Rr0,8q “ tω : ω Ǒ r0,8q� R �N�u.Ùþ��Èσ �êPǑF . 5¿�½Â 3.2.2 ¥�(1) Ú(2) �Ñ
L§�?¿k��éÜ©Ù, �âÿÝØ¥�Kolmogorov �N5½n(N¹¥�½n 4.0.14), 3pΩ,Fq þ�3VÇP ,���IL§Xtpωq :“ ωptq, t ě 0 ÷v(1) Ú(2). ·�¡ù��P ǑÙK©Ù. e¡�ÄëY¼ê��N:

Ω0 :“ Cr0,8q :“ tω : ω Ǒ r0,8q � R �ëYN�u.æ��¯�´, Ω0 R F , Ïd·�ØU!ØΩ0 �VÇ. e¡�ÄF0 :“ tA X Ω0 : A P Fu.ØJ�y, §´Ω0 þ�σ �ê. �BK¤õ/�EÑ��pΩ0 ,F0q þ�VÇP0, ���IL
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§3.2 ÙK$Ä�½Â�Levi�E 157§÷v(1) Ú(2). Ïd, ù�VÇǑ¡Ǒ�BÿÝ, ÙK$ÄǑ�¡Ǒ�BL§, k�ǑPǑtWt : t ě 0u. u´, ·���Ω0 “ Cr0,8q �ǑÙK$Ä�²;;��m.

(d?aúk:â�!) [9]���\fÑ,�~·Ü��)�Ö;��\�SN�ë�[13]17Ù½[24]. k'ÙK$ÄéÔnÆu��¿Â, �ë�??, k'Wiener��z�ë�[18].öSK.b�tBt : t ě 0u ´IOÙK$Ä.

1. �tWt : t ě 0u ´IOÙK$Ä, ��tBtu �pÕá. (1) �ξt = aBt ` bWt, etξtuǑ´IOÙK$Ä, �oa Úb A÷v�o^�º(2) �ηt = Bp2tq ´ Bptq, Á¯tηtu´IOÙK$Äí? Øy\�(Ø.

2. �0 ă t1 ă t2 ă t3 ă t4, O�ErBpt1qBpt2qBpt3qBpt4qs;

3. �s ă t, Áy
P pBs ą 0, Bt ą 0q “ 1

4
` 1

2π
arcsin

c

s

t
.

4. y²: (1) d �IOÙK$Ä�=£�Ý
ptpx, yq “

d
ź

i“1

ptpxi, yiq “ 1

p
?
2πtqd

e´
ř

d
i“1

pyi´xiq2{p2tq.

(2) éd ě 3, ��¼ê
Gpx, yq :“

ż 8

0

ptpx, yqdt “ Γpd{2 ´ 1q
2πd{2

1

|x´ y|d´2
.

(5: �Ñ¡�Xê, ��¼ê�´Ôn¥�Úî ³.)

5. �yÙK$Ä�=£�Ý÷vXe �©�§.

Bptpx, yq
Bt “ 1

2

n
ÿ

i“1

B2ptpx, yq
Bx2i

“ 1

2

n
ÿ

i“1

B2ptpx, yq
By2i

.

6. y²e��ÅL§Ñ´IOÙK$Ä.

(1) t´Bt : t ě 0u,

(2) tBt`u ´Bu : t ě 0u,

(3) tBT´t ´BT : 0 ď t ď T u (=k��mã),
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158 1nÙ ÙK$Ä
§3.3 ØC�nVãb�tSn : n ě 0u ´��{ü�ÅiÄ. äN/, b�ξ1, ξ2, ¨ ¨ ¨ ÕáÓ©Ù, P pξ1 “ 1q “

P pξ1 “ ´1q “ 1
2
. PS0 “ 0, Sn “ ξ1 ` ¨ ¨ ¨ ` ξn, n ě 1. é?¿�êm ě 1, ·�|^�5��Ö¿½Â

Sm`r :“ p1 ´ rqSm ` rSm`1, 0 ă r ă 1.�½n, -
S

pnq
t “ Snt?

n
, @t ě 0.KtSpnq

t : t ě 0u ´��;�ëY�L§, §�;�´d��{ü�ÅiÄ(Ö¿�5���)�;����ºÝC���, Ù¥, �*�ü �m�u 1
n
, �*�ü �m�u 1?

n
. ØC�n`�´,�n Ñ 8�,�Å;�tSpnq

t : t ě 0u�©Ù�5���ÅÙK;�tBt : t ě 0u�©Ù. Ǒ
rù�(Ø`��î�, ·�I�Ú\Xe��
½Â.?¿�½T ą 0, òr0, T sþ¤k�ëY¼ê(=�m�ÝǑT �¤këY;�)|¤�8ÜPǑCr0, T s. ǑÎÒ�Ú�5, é?¿ϕ P Cr0, T s, ·�òt 3ϕ N�e�¼ê�PǑϕt .-
dT pϕ, ψq :“ max

0ďtďT
|ϕt ´ ψt|, @ϕ, ψ P Cr0, T s.KdT ´Cr0, T s þ���ål, �pCr0, T s, dT q ´�����©�ål�m. �f : Cr0, T s Ñ

R, �uf ´±;�(=�m�¼ê)ǑgCþ�¼ê, ·�¡�Ǒ���¼. e�3M ą 0 ��
|fpϕq| ď M, @ ϕ P Cr0, T s,K¡f ǑCr0, T s þ���k.�¼. XJf ëY, =é?¿ϕ P Cr0, T s,

@ ε ą 0, D δ ą 0, ��: e ψ P Cr0, T s÷v dpϕ, ψq ă δ, K |fpψq ´ fpϕq| ă ε,K¡f ǑCr0, T s þ���ëY�¼.½n3.3.1. (ØC�n) é?¿T ą 0, ?¿Cr0, T s þ�?¿k.ëY�¼f ,
lim
nÑ8

Ef
´

tSpnq
t : 0 ď t ď T u

¯

“ Ef
`

tBt : 0 ď t ď T u
˘

.~3.3.2. é?¿λ P R, �fλpϕq “ eiλϕp1q. Kfλ ´Cr0, 1s þ�k.ëY¼ê, 
EfλptCt : 0 ď t ď 1uq “ EeiλSn{?

n,d=Sn{?
n �AÆ¼ê, §Âñ�Efλ`tBt : 0 ď t ď 1u

˘

“ EeiλB1 , =B1 �AÆ¼ê. ÏdSn{?
n �©ÙÂñ�B1, =¥%4�½n¤á.
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§3.3 ØC�nVã 159~3.3.3. �n Ñ 8 �,
1?
n

sup
0ďmďn

Sm
dÑ max

0ďtď1
Bt.ndXe: �T “ 1. é?¿ϕ P Cr0, 1s, -Maxpϕq “ max0ďtď1 ϕptq. KMax ´Cr0, 1s þ�ëY¼ê. ù´ÏǑ, ed1pϕ, ψq ă ε, KMpϕq “ ϕpt0q ď ψpt0q ` ε ď Mpψq ` ε, Ù¥t0 Ǒϕ�(,�)���:. ÓnMpψq ď Maxpϕq ` ε, u´|Maxpϕq ´ Maxpψq| ă ε. éR þ�?¿k.ëY¼êF , ·�kF ˝ Max ´Cr0, 1s þ�k.ëY¼ê. dØC�nEF ˝ MaxptSpnq

t :

0 ď t ď 1uq Ñ EF ˝ MaxptBt : 0 ď t ď 1uq, =EF pMnq Ñ EF pMq, Ù¥, Mn “ MaxptSpnq
t :

0 ď t ď 1u “ 1?
n
sup0ďmďn Sm, Mn “ MaxptBt : 0 ď t ď 1u “ max0ďtď1Bt. dF �?¿5,ùL²Mn

dÑ M .Ö¿�£ØC�nQã�¯¢Ò´: {ü�ÅiÄ�)��ÅëY;�, 3·�ºÝC�e, �©ÙÂñuÙK$Ä�)��ÅëY;�. XÓ¥%4�½n��, ØC�n�·^��¿Ø�u{ü�ÅiÄ, �y²�9ÿÝ��£, k,��ÓÆ�ë�[7]1137 �.ØC�nD4
ùo��*:: IOÙK$Ä´{ü�ÅiÄ�4�. ùV«XIOÙK$Ä�{ü�ÅiÄäkNõ�Ó�5�. ~X, ��uÆ(·K 1.10.7 �·K 3.4.16)�e¡�éêÆ, ù
(Ø3{ü�ÅiÄÚIOÙK$Ä¥�N¤�.½n3.3.4 (éêÆ, Khintchine, 1924).

P

ˆ

lim sup
nÑ8

Sn?
2n ln lnn

“ 1

˙

“ P

ˆ

lim sup
tÑ8

Bt?
2t ln ln t

“ 1

˙

“ 1.öSK
1. �f ´Rn �R �ëY¼ê, 0 ď t1, t2, ¨ ¨ ¨ , tn ď T . -

f : Cr0, T s Ñ R, ϕ ÞÑ f pϕt1 , ϕt2 , ¨ ¨ ¨ , ϕtnq .y²: f ´��ëY�¼.
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160 1nÙ ÙK$Ä
§3.4 ÙK;��5��!Ä���ê¼óÚaL§aq, ·�½ÂÙK$Ä�Ä��
τA :“ inftt ě 0 : Bt P Au,Ù¥, A �±´m8, 48, ½�����ÿ8. òτtau {PǑτa. é?¿r ě 0, ·���±�Ä�Ǒr ��Ä�A ��m
τ

prq
A :“ inftt ě r : Bt P Au.b�τ Ǒ��Ä��(=, /Xτ prq

A ), -
B̂t “ Bτ`t ´Bτ .½n3.4.1 (rê¼5). b�tBt : t ě 0u ´ÙK$Ä, τ Ǒ��Ä��. K3®�tτ ă 8u �^�e, tB̂t : t ě 0u ´ÙK$Ä, ��Bτ �pÕá.íØ3.4.2 (���n). é?¿a ą 0,

P0pτa ă t, Bt ą aq “ P0pτa ă t, Bt ă aq.·K3.4.3. é?¿a ą 0, P0pτa ď tq “ 2P0pBt ą aq.y: ÏǑP0pBt “ aq “ 0, ¤±
P0pτa ď tq “ P0pτa ă t, Bt ą aq ` P0pτa ă t, Bt ă aq.d���n, P0pτa ď tq “ 2P0pτa ă t, Bt ą aq. ?�Ú, ÏǑÙK$Ääk;�ëY5, ¿�a ą 0, ¤±tBt ą au Ď tτa ă tu, lP0pτa ă t, Bt ą aq “ 2P0pBt ą aq. Ïd, ·K¤á. líØ3.4.4. é?¿a ą 0, P0pτa ă 8q “ 1, ¿�, τa ´ëY.�ÅCþ, Ù�Ý¼êǑ

pptq “

$

&

%

a?
2πt3

e´ a2

2t , t ą 0,

0, Ù�.y: ÏǑBt{?
t �B1 Ó©Ù, ¤±

P0pBt ą aq “ P0

ˆ

B1 ą a?
t

˙

tÑ8ÝÑ 1

2
.
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§3.4 ÙK;��5� 1612d·K3.4.3, �±íÑP0pτa ă 8q “ 1. ?�Ú, òB1 ��Ý¼êPǑpB1
p¨q, �o, τa ��ÝǑ: é?¿t ą 0,

pptq “ d

dt
P0pτa ď tq “ 2

d

dt
P0

ˆ

B1 ą a?
t

˙

“ 2 ˆ pB1

ˆ

a?
t

˙

ˆ d

dt

ˆ

a?
t

˙

“ 2 ˆ 1?
2π
e´ a2

2t
a

2
?
t3

“ a?
2πt3

e´ a2

2t .l·K¤á. l~3.4.5. é?¿x, a P R, lx Ñu�ÙK$ÄÄ�a ��m�dul0 Ñu�ÙK$ÄÄ�a´ x ��m, Ïd, Pxpτa ă 8q “ 1.~3.4.6. é?¿c, a ą 0. d~ 3.2.8, B̂t :“ 1
c
Bc2t, KtB̂tu Ǒ´IOÙK$Ä. òtB̂tu �Ä��PǑτ̂a, �o, τ̂a

d“ τa. 5¿�
τ̂a “ inftt : B̂t “ au “ inftt : Ba2t “ cau “ 1

a2
infta2t : Ba2t “ cau “ 1

a2
infts : Bs “ cau “ 1

a2
τca.Ïd,

τa
d“ 1

c2
τca.òa ÀǑ/�m0, ·���Ä��L§tτa, a ě 0u, §��ma éAuÙK$Ä���;§���τa KéAuÙK$Ä��m. AO/, -B̃t :“ Bt`τa ´Bt, �o, é?¿b ą 0,

τa`b ´ τa “ τ̂b
d“ τb,¿�, τa`b ´ τa �τb �pÕá. ���/, ØJwÑ: tτa, a ě 0u Ǒ´Õá!²OþL§.~3.4.7. é?¿λ, a ą 0,  O�Ee´λτa . �,, ·�Ǒ�±��^τa ��Ý¼ê?1O�,¿��Ee´λτa “ e´

?
2λa. ØL, ·��±k��£;τa ��Ý¼ê, |^þ~, íÑXe(Ø: �3β ă 0 ��

fpλ, aq :“ Ee´λτa “ eβˆ
?
λˆa. (3.4.1)ínXe: Äk, �½λ. dþ~,

fpλ, a` bq “ Ee´λτa`b “ Ee´λτaEe´λpτa`b´τbq “ Ee´λτaEe´λτb “ fpλ, aqfpλ, bq.ùL²ln fpλ, a`bq “ ln fpλ, aq` ln fpλ, bq. qÏǑfpλ, aq'ua üNeü, Ïdln fpλ, aq´a��5¼ê,=�3βpλq ă 0��ln fpλ, aq “ βpλqˆa, a ě 0. ¯¢þ, βpλq “ ln fpλ, 1q. ?�Ú,dþ~, τa
d“ a2τ1, Ïd, fpa2λ; 1q “ Ee´λa2τ1 “ Ee´λτa “ fpλ, aq, =, βpa2λq “ βpλqˆa.3ù�ªf¥,òλ�Ǒ1,òa2 ÀǑλ,K�íÑβpλq “ βp

?
λ
2ˆ1q “ βp1qˆ

?
λ. Pβ “ βp1q.
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162 1nÙ ÙK$Änþ, =BØ|^τa ��Ý¼ê, ·�Ǒ�±lÙK$Ä�rê¼5ÚºÝC�5�íÑ
(3.4.1) ¤á.�,, Ǒ�Ñ~êβ, ·��´I�|^τa ��Ý¼ê. äN/,

Ee´2τ1 “
ż 8

0

e´2t 1?
2πt3

e´ 1

2t dt “ 1?
π

ˆ I,Ù¥, ·��CþO�s “ 2t, ¿-
I :“

ż 8

0

e´ps` 1

s
q 1?

s3
ds.ò 1

s
ÀǑ#�Cþs, K

I “
ż 8

0

e´p 1

s
`sq?

s
2
d

1?
s

“
ż 8

0

e´ps` 1

s
q 1?

s
ds.-u “ ?

s ´ 1?
s
, �o, u2 “ s` 1

s
´ 2, �du “ 1

2
p 1?

s
` 1

s3
q. Ïd,

I “
ż 8

0

e´ps` 1

s
q ˆ 1

2
p 1?

s3
` 1?

s
qds “

ż 8

´8
e´pu2`2qdu “

?
πe´2.u´, eβˆ

?
2ˆ1 “ Ee´2τ1 “ e´2, =, β “ ´

?
2.�!���ÏǑBs 3s P r0, ts þëY, Ïd§�±�����. -

Mt “ max
0ďsďt

Bs.·K3.4.8. Mt ´ëY.�ÅCþ, �§�|Bt| Ó©Ù.y: w,Mt ě B0 “ 0. d·K 3.4.3, é?¿a ą 0,

P0pMt ě aq “ P0pτa ď tq “ 2P0pBt ą aq “ P0p|Bt| ą aq.l·K¤á. l5¿�P0pMt “ 0q “ 0, ·��±íÑ: ���Mt ØU3«mr0, ts �>.��. ù´ÏǑ: e���3�à:��, =Mt “ B0, �o, Mt “ 0, T¯��VÇǑ0; e���3mà:��, =Mt “ Bt, �o·��±�ÄB̃s “ Bt´s ´ Bt, 0 ď s ď t, ù´��(k��m«mþ�)IOÙK$Ä, Mt “ Bt L²M̃t :“ max
0ďsďt

B̃s “ 0, T¯��VÇǑǑ0. �é{`, ���:�UÑy3«mSÜp0, tq. e¡�íØL², ���:´���.íØ3.4.9. é?¿t ą 0,

P0

`�3 u, v P p0, tq, u ‰ v �� Bu “ Bv “ Mt

˘

“ 0.
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§3.4 ÙK;��5� 163y: e�3ü�Ø����Ǒu�v,Ø��u ă v,·�ÒU3pu, vq¥é���knêr.u´, þã¯�%¹X: �3knêr ��Ar u), Ù¥
Ar :“

 �3 u P p0, rq, v P pr, tq �� Bu “ Bv “ Mt

( yr P Q` X p0, tq ÑkP pArq “ 0. �½r. -
B̂s “ Br´s ´Br, 0 ď s ď r; B̃s “ Bs`r ´Br, s ě 0.KtB̂s : 0 ď s ď ru �tB̃s : s ě 0u ´�pÕá�ÙK$Ä. -

M̂r :“ max
0ďsďr

B̂s, M̃t´r :“ max
0ďsďt´r

B̃s.�o, M̂r �M̃t´r �pÕá. 5¿�§�Ñ´ëY.�ÅCþ, ÏdpM̂r, M̃t´rq ´��ëY.�Å�þ. u´,

P0pArq “ P0

´

M̂r “ M̃t´r
¯

“ 0.��,

P0

`

D u, v P p0, tq, u ‰ v ��Bu “ Bv “ Mt

˘

ď P0

`

YrPQ`Xp0,tqAr
˘

ď
ÿ

rPQ`Xp0,tq
P0pArq “ 0.Ïd, TíØ¤á. líØ3.4.10. P0

`

limtÑ8
1
t
Bt “ 0

˘

“ 1.y: 5¿�
Bn “ pB1 ´B0q ` pB2 ´B1q ` ¨ ¨ ¨ ` pBn ´Bn´1q,Ù¥, Bm ´Bm´1, m “ 1, 2, ¨ ¨ ¨ ´ÕáÓ©Ù��ÅCþS�. dr�ê½Æ,

1

n
Bn

a.s.ÝÑ EB1 “ 0.é?¿n ě 0, -
Xn “ sup

nďtďn`1

pBt ´Bnq, Yn “ sup
nďtďn`1

pBn ´Btq,KX0, X1, X2, ¨ ¨ ¨ ´ÕáÓ©Ù��ÅCþS�,�X0 �M1 Ó©Ù,=§�|B1| Ó©Ù.dÚn 4.0.25,
1

n
Xn

a.s.ÝÑ 0,
1

n
Yn

a.s.ÝÑ 0.5¿��n ď t ď n` 1 �, |Bt| ď |Bn| `Xn ` Yn. ·�B�±íÑ 1
t
Bt

a.s.ÝÑ 0. l
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164 1nÙ ÙK$Ä-
Wt “

$

&

%

tB1{t, t ą 0;

0, t “ 0.íØ3.4.11. tWtu ´��IOÙK$Ä.y: �âþ¡�íØ, Wt ;�ëY.ØJwÑ, tWtu´pdL§; é?¿t ě 0, EWt “ 0;¿�é?¿s ě t “ 0, EWtWs “ EW0Ws “ 0, é?¿s ě t ą 0,

EWtWs “ EtB1{t ˆ sB1{s “ tsˆ EB1{tB1{s “ tsˆ 1

s
“ t.Ïd, tWtu ´��IOÙK$Ä. ln!;�5�·K3.4.12. P0p@ a ă b, Bt 3«m ra, bs ¥Ø´üN¼êq “ 0.y: �½r ă s, P

Ar,s :“ tBt 3«m rr, ss ¥üNu.é?¿��ên,Prn,m “ r` m
n

ps´ rq, m “ 0, 1, ¨ ¨ ¨ , n. �o, Brn,m
´Brn,m´1

, m “ 1, ¨ ¨ ¨ , nÕáÓ©Ù, ÑÑlNp0, s´r
n

q. eAr,s u), KBrn,m
´ Brn,m´1

, m “ 1, ¨ ¨ ¨ , n �ÜÓÒ. Ïd,

P pAr,sq ď P pBrn,m
´Brn,m´1

ě 0,m “ 1, ¨ ¨ ¨ , nq`P pBrn,m
´Brn,m´1

ď 0,m “ 1, ¨ ¨ ¨ , nq ď 2¨2´n.dn �?¿5, P pAr,sq “ 0.é?¿a ă b, �3knêr, s ÷va ă r ă s ă b. eBt 3«mra, bs ¥üN, KAr,s u).u´,

P0

`

D a ă b �� Bt 3«m pa, bq ¥üN˘

ď P0 pYr,sPQ,0ărăsAr,sq ď
ÿ

r,sPQ,0ărăs
P0pArq “ 0.Ïd, ·K¤á. l·K3.4.13. P0p@t0 ě 0, Bt 3 t0Ø��q “ 1.y: k�Äs P r0, 1s. P

AN “
"

Dt0 P rN,N ` 1s �� lim
tPrn,n`1s,tÑt0

Bt ´Bt0
s´ t0

�3*

.
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§3.4 ÙK;��5� 165k�ÄN “ 0 ��/. b�A0 u), �t0 P r0, 1s ��limtPrn,n`1s,tÑt0

Bt´Bt0

s´t0 �3. �o, �3M ą 0 Ú¿©��δ ą 0 ��
|Bt ´Bt0 | ď M |t´ t0|, @ t P r0, 1s X rt0 ´ δ, t0 ` δs.�4{n ă δ �, �30 ď k ď n ´ 3 ��k`i

n
P r0, 1s X rt0 ´ δ, t0 ` δs, i “ 0, 1, 2, 3. u´,

ˇ

ˇBpk`iq{n ´Bt0
ˇ

ˇ ď 4M

n
, i “ 0, 1, 2, 3.ù%¹Xe¡½Â�¯�An,k u),

An,k “
"

ˇ

ˇBpk`iq{n ´Bpk`i´1q{n
ˇ

ˇ ď 8M

n
, i “ 1, 2, 3.

*nþ,

A0 Ď
8
ď

M“1

8
ď

N“1

8
č

n“N

n´3
ď

k“0

An,k. yþªmà�¯��VÇǑ0. é?¿M,N ě 1, n ě N , �½k “ 0, ¨ ¨ ¨ , n ´ 3, 5¿�Bpk`iq{n ´Bk`i´1q{n, i “ 1, 2, 3 ´�pÕá��ÅCþ, §�Ñ� 1?
n
B1 Ó©Ù, ¿�

P0

ˆ

1?
n

|B1| ď 8M

n

˙

“
ż 8M{?

n

´8M{?
n

1?
2π
e´ x2

2 dx ď 8M?
n
.u´P pAn,kq ď p8M{?

nq3. ?�Ú,

n´3
ÿ

k“0

P pAn,kq ď np8M{
?
nq3 nÑ8ÝÑ 0.ùL²P0

`

X8
n“N Yn´3

k“0 An,k
˘

“ 0. y.. lé?¿δ ą 0, -
oscpδq :“ max

t,sPr0,1s,|t´s|ďδ
|Bt ´Bs|.§L«ÙK$Ä3ü �m«mS�δ �Ì(oscillation).·K3.4.14. P0

ˆ

lim sup
δÑ0

oscpδq
p´δ log δq1{2 ď 6

˙

“ 1.y: é?¿�ên,m ě 0, �Ä�©«mIn,m “ rm´1
2n

, m
2n

s, m “ 1, ¨ ¨ ¨ , 2n. -
∆n,m :“ max

sPIn,m

|Bs ´Bm{2n |.dÙK$Ä�²!ÕáOþ5, ∆n,1, ¨ ¨ ¨ ,∆n,2n ÕáÓ©Ù. �âÙK$Ä�ºÝC�5�(äN/, 3~ 3.2.8 ¥�c “ 2´n)�
∆n,1

d“ 2´n{2 max
0ďuď1

|Bu|.
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2π

,

P0p∆n,m ą 2´n{2xq “ P0

ˆ

max
0ďuď1

|Bu| ą x

˙

“ P0

ˆ

max
0ďuď1

Bu ą x ½ max
0ďuď1

p´Buq ą x

˙

“ 2P0 pM1 ą xq “ 2P0 p|B1| ą xq “ 4P0 pB1 ą xq

“
ż 8

x

4?
2π
e´z2{2dz ď

ż 8

x

ze´z2{2dz “ e´x2{2.AO/, �½ε ą 0, ¿-
xn “

a

2p1 ` εqn ln 2,-
An :“

!�3 1 ď m ď 2n ��∆n,m ą 2´n{2xn
)

.�n ě 2 �,

P0pAnq “ 2n ˆ 2´p1`εqn “ 2´εn.duř8
n“1 2

´εn ă 8, �âBorel-Cantelli Ún, P pX8
N“1 Y8

n“N Anq “ 0. =,

P pY8
N“1 X8

n“N Acnq “ 1.e¡b�¯�X8
n“NA

c
n u). Pn “ t ´ ln δ

ln 2
u, =, 2´pn`1q ă δ ď 2´n. �δ ď 2´N �,

n ě N . b�t, s P r0, 1s, |t ´ s| ă δ. b�s P In,m, t P In,m1 . Ø�b�t ą s, =, m1 ě m. �ât´ s ă δ ď 2´n, m1 ��UǑm ½m ` 1. �ânÆØ�ª,
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

|Bt ´Bs| ď |Bt ´Bm{2n | ` |Bm{2n ´Bs|
ď 2∆n,m, em1 “ m;

|Bt ´Bs| ď |Bt ´Bpm`1q{2n | ` |Bpm`1q{2n ´Bm{2n | ` |Bm{2n ´Bs|
ď ∆n,m`1 ` 2∆n,m, em1 “ m ` 1.u´, ·�ok:

|Bt ´Bs| ď 3 ˆ 2´n{2xn ď 3 ˆ
?
2δ
a

2p1 ` εq lnpδ´1q “ 6
?
1 ` ε ¨

?
´δ ln δ.nþ, XJ¯�X8

n“NA
c
n u), �oé?¿δ ď 2´N Ñkoscpδq{

a

δ log2pδ´1q ď 6
?
1 ` ε.-δ Ñ 0 �,

X8
n“NA

c
n Ď

"

lim sup
δÑ0

oscpδq
p´δ ln δq1{2 ď 6

?
1 ` ε

*

.��, -N Ñ 8 �þªm>�¯��VÇ�u1, 2dε �?¿5�(Ø¤á. l53.4.15. é?¿α P
`

0, 1
2

˘

, �3�ÅCþη ��
P0 p|Bt ´Bs| ď η ¨ |t ´ s|α, @t, s P r0, 1sq “ 1.�d(Ø3α “ 1{2 �Ø¤á.
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§3.4 ÙK;��5� 167o!":òÙK;�3r0, tsþ�����":PǑLt. �âÙK$Ä�;�ëY5, BLt
“ 0. Ïd,

Lt :“ supts ď t : Bs “ 0u “ maxts ď t : Bs “ 0u.·K3.4.16 (��uÆ). é?¿t ě s ě 0,

P0pLt ď sq “ 2

π
arcsin

c

s

t
.

Lt ǑëY.�ÅCþ, Ù�ÝǑ
ppsq “

$

&

%

1

π
?
tpt´sq

, s P p0, tq,

0, Ù�.y: 5¿�Lt ���u«mr0, ts, Ïd·��^�Äs P p0, tq ��/. �½s. é?¿u ě 0, -Bu “ Bu`s ´ Bs. KtBuu ´ÙK$Ä, ¿�§�Bs �pÕá. òtB̃uu Ä�a ��mPǑτ̃a. �o,

tLt ď su “ tτ̃´Bs
ą t´ su .u´,

P0pLt ď sq “
ż 8

´8
psp0, xqP0 pτ̃´x ą t´ sq dx.�â���n,

P0 pτ̃´x ą t ´ sq “ P0

´

|B̃t´s| ď |x|
¯

.u´
P0pLt ď sq “

ż 8

´8
psp0, xqP0p|B̃t´s| ď |x|qdx “ P0p|B̃t´s| ď |Bs|q.P

W “ Bs{
?
s, Z “ B̃t´s{

?
t ´ s.�o, W �Z �pÕá, ÑÑlNp0, 1q. òpZ,W q^4�IL�ǑW “ R cosU , Z “ R sinU ,Ù¥R ą 0, U P p´π, πq. �o, U „ Up´π, πq. u´,

P0pLt ď sq “ P
`?
t´ s|Z| ď

?
s|W |

˘

“ P
´

|U | ď arcsin
a

s{t
¯

` P
´

|U | ě π ´ arcsin
a

s{t
¯

“ 4 ˆ 1

2π
arcsin

a

s{t “ 2

π
arcsin

a

s{t.òþªm>és ��, ·���Lt ��Ý¼ê3s ���, ¤±�s P p0, tq �,

ppsq “ 2

π

1
b

1 ´ p
a

s{tq2
d
a

s{t
ds

“ 2

π

c

t

t ´ s

1

2
?
st

“ 1

π
a

spt´ sq
.
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lP

σ0 “ inftt ą 0 : Bt “ 0u.íØ3.4.17. P0pσ0 “ 0q “ 1.y: é?¿�ên ě 1,�â��uÆ, P0p0 ă L1{n ă 1{nq “ 1. Ïd,¯�A :“ X8
n“1t0 ă

L1{n ă 1{nu �VÇǑ1. �¯�A u)�, L1{n ą 0 �limnÑ8 L1{n “ 0, u´, σ0 “ 0. l,

P0pσ0 “ 0q ě P pAq “ 1. l53.4.18. þ¡�íØL²ÙK$Ä¯¢þvk/Äg�£��m0. ?�Ú, é?¿a ‰ 0,-B̃t “ Bτa`t ´ Bt, t ě 0; σ̃0 “ inftt ą 0 : B̃t “ 0u. �ârê¼5, tB̃tu ´l0 Ñu�ÙK$Ä, ÏdP0pσ̃0 “ 0q “ 1. l, tBtu vk/1�g��a0��m.-
Z :“ tt ě 0 : Bt “ 0u.§´ÙK;��":8, ´r0,8q����Åf8. ÏǑÙK$Ä�;�´ëY�, ¤±Z A�7,Ǒ��48.½Â3.4.19. b�D ǑR ¥���48. XJ?¿t P D Ñ�3��t1, t2, ¨ ¨ ¨ P D ��é¤k�n ě 1 Ñktn ‰ t, ¿�limnÑ8 tn “ t, �o¡D Ǒ����48.íØ3.4.20. P0pZ ´��48q “ 1.y: P

Z 1 :“ tt P Z : D t1, t2, ¨ ¨ ¨ P Z X r0, tq �� lim
nÑ8

tn “ tu. yP0pZ Ď Z 1q “ 1. -
C´ :“ tt ą 0 : D t1, t2, ¨ ¨ ¨ P Z X r0, tq �� lim

nÑ8
tn “ tu,

C` :“ tt ą 0 : D δ ą 0 s.t. Bs ‰ 0, @ s P pt ´ δ, tqu.�o,

Z “ t0u Y C´ Y C`,dP0pσ0 “ 0q “ 1 �P0p0 P Z 1q “ 1; �âC´ �½Â, P0pC´ Ď Z 1q “ 1. Ïd, ·��Iy²P0pC` Ď Z 1q “ 1. é?¿t P C`, �3r P Q X p0, tq ���s P rr, tq �Bs ‰ 0. u´t ´�Ǒr ���1��":, =
t “ τ

prq
0 :“ infts ě r : Bs “ 0u.
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τ

prq
0

“ 0. -
B̂t “ B

τ
prq
0

`t, @t ě 0.�ârê¼5, tB̂tu ´ÙK$Ä. Pσ̂0 “ inftt ą 0 : B̂t “ 0u. �¯�tσ̂0 “ 0u u)�,�3s1, s2, ¨ ¨ ¨ ą 0 �� lim
nÑ8

sn “ 0, ¿�B̂sn “ 0. Ptn “ τ
prq
0 ` sn, ·�kt1, t2, ¨ ¨ ¨ P Z,� lim

nÑ8
tn “ τ

prq
0 . Ïd, τ

prq
0 P Z 1. nþ,

P0pτ prq
0 P Z 1q ě P0pσ̂0 “ 0q “ 1.l, ·K¤á. löSK

1. �tWtu ´��IOÙK$Ä, ��tBtu �pÕá, b ą a ą 0. -Ya “ Wτa . (1) �Ya �©Ù, ¿y²Ya �aY1 Ó©Ù; (2) y²: Ya �Yb ´ Ya �pÕá. (5: tYa : a ě 0u �¡Ǒ�Ü(Cauchy)L§, §´Õá²Oþ�, �;�ØëY.)

2. Áy: é?Ût ą 0, Mt �|Bt| Ó©Ù.

3. �x ą y, Á�P pMt ě x,Bt ď yq. (^È©L�)

4. y²pMt, Btq ´��ëY.�ÅCþ, ¿�ÙéÜ�Ý¼ê.

5*. òr0, ts þ������:PǑΛt. y²pMt, Bt,Λtq ´n�ëY.�ÅCþ, ¿�ÙéÜ�Ý¼ê.

6. y²: P0pMt ą a|Bt “ Mtq “ e´a2{2t.

7. b�C ą 0. y²:

P

ˆ

sup
0ďuďt

|Bu| ą C

˙

ď 2t

C2
.

8*. y²þK¥, Ø�Òm>�~ê2 �±UǑ1.

9. y²: P0

`

limyÑx τy “ τx
˘

“ 1.

10. |^þKy²P0pσ0 “ 0q “ 1.

11. ^ü«�{y²��IOÙK$Ä´:~��, =,

P0

`

@ t ą 0, D s ą t, �� Bs “ 0
˘

“ 1.

12. �0 ă t0 ď t1 ď t2. Á�P0 pBs ‰ 0,@ s P pt0, t2q|Bs ‰ 0,@ s P pt0, t1qq.



北
京

大
学

数
学

学
院

 

试
用

教
材

 

20
22

年
3月

170 1nÙ ÙK$Ä
13. et “ τ1, �Xt “ 0; et ‰ τ1, -Xt “ Bt. �y: tXtu ÷v½Â 3.2.2 ¥�(1) Ú(2), �Ø÷vÙ¥�(3). (5: ÷v(1) Ú(2) �L§¿Ø��).

14. y²: R :“ inftt ą 1 : Bt “ 0u �VÇ�ÝǑ
ρptq “

$

&

%

1

πt
?
t´1

, t ą 1;

0, Ù�.
15. y²ÙK;��ÛÜ4�:´È8, =

 

t ě 0 : D δ ą 0 ��e|s ´ t| ă δ, s ‰ t,K Bs ă Bt
(±VÇ1 ´R ¥�È8.

16*. y²: é?¿α P p0, 1{2q,�3�6uα ��ÅCþηα ��
P0 p|Bt ´Bs| ď ηα|t´ s|α, @t, s P r0, 1sq “ 1.

17*. -
Xn “

ˇ

ˇ

ˇ

ˇ

"

i : 1 ď i ď n,Z X
„

i´ 1

n
,
i

n



‰ H
*ˇ

ˇ

ˇ

ˇ

.y²: limnÑ8 EXn{?
n “ 1. (5: Z �Hausdorff �êA�7,Ǒ 1

2
.)
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§3.5  ³nØ�!���/3���/, ·�ob�
a ă x ă b, tBt : t ě 0u ´lx Ñu�ÙK$Ä.é?¿c P R, P

τc :“ inftt ě 0 : Bt “ cu, τ “ mintτa, τbu.·K3.5.1. é?¿a ď x ď b,

Pxpτb ă τaq “ x´ a

b´ a
, Pxpτa ă τbq “ b´ x

b´ a
.y: Pϕpxq “ Pxpτb ă τaq. b�a ă x ă b, δ ą 0 ��a ď x ´ δ ă x ă x ` δ ď b.-σ :“ τx´δ ^ τx`δ. ��¡, dé¡5,

PxpBσ “ x` δq “ Pxpτx`δ ă τx´δq “ 1

2
.,��¡, �â;�ëY5, σ ď τa ^ τb. PB̂t “ Bσ`t, �ârê¼5, 3tBτ “ x ` δu �^�e, tB̂tu ´lx ` δ Ñu�ÙK$Ä, 3tBσ “ x ´ δu �^�e, tB̂tu ´lx ` δ Ñu�ÙK$Ä, ¿�, ok

τa “ τ ` τ̂a, τb “ τ ` τ̂b.Ïd,

ϕpxq “ P pBσ “ x` δqP pτa ă τb|Bσ “ x` δq ` P pBσ “ x´ δqP pτa ă τb|Bσ “ x´ δq

“ 1

2
P pτ̂b ă τ̂a|Bσ “ x` δq ` 1

2
P pτ̂b ă τ̂a|Bσ “ x´ δq

“ 1

2
Px`δpτb ă τaq ` 1

2
Px´δpτb ă τaq “ 1

2

`

ϕpx` δq ` ϕpx ´ δq
˘

.5¿�>.�ϕpaq “ 0, ϕpbq “ 1. u´, �âþª, ϕpa`b
2

q “ 1
2

pϕpaq ` ϕpbqq “ 1
2
. ,�, |^8B{ØJy², é«mra, bs ¥��©:x (=�3�ên ě 1, 1 ď m ď 2n, ��x “ a` m

2n
pb´ aq �:), okϕpxq “ px´ aq{pb´ aq. ?�Ú, drê¼5,�a ă x ă y ă b�,

ϕpxq “ Pxpτy ă τaqϕpyq ď ϕpyq.Ïd, ϕpxq ´üNþ,�. Ïd, é?¿x P pa, bq, ·��±����©:x1, x2, ¨ ¨ ¨ üNþ,�x; 2����©:y1 , y2, ¨ ¨ ¨ üNeü�x, u´íÑϕpxq “ px ´ aq{pb ´ aq ¤á. ?�Ú, díØ 3.4.4,

Pxpτa ă 8q “ Pxpτb ă 8q “ 1.Ïd, 7kτa ‰ τb, u´Pxpτa ă τbq “ Pxpτb ă τaq “ 1. l(Ø¤á. l
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172 1nÙ ÙK$Ä~3.5.2. b�tBtu ´l0 Ñu��ÙK$Ä. -σ0 “ 0. éun ě 1, 48/½Â
σn :“ inftt ě σn´1,

ˇ

ˇBt ´Bσn´1

ˇ

ˇ “ 1u.Kσ1, σ2 ´ σ1, σ3 ´ σ2, ¨ ¨ ¨ ÕáÓ©Ù. -S0 :“ 0, Sn “ Bσn
, n ě 1. �o, drê¼5(½n

3.4.1)Úþã·K, tSnu ´��{ü�ÅiÄ.íØ3.5.3 (WaldÚn). ExBτ “ x.y: ExBτ “ bPxpBτ “ bq ` aPxpBτ “ aq “ x. lÚn3.5.4. sup
aďxďb

Exτ
α ă 8 é?¿α ą 0 Ñ¤á.y: Pδ “ sup

aďxďb
PxpB1 P ra, bsq. 5¿�fpxq :“ PxpB1 P ra, bsq 'ux ëY, ¤±§3«mra, bs þ�±�����, =�3x0 P ra, bs ��δ “ fpx0q. Ïd, δ ă 1. ?�Ú, é?¿�ên ě 1, 5¿�¯�tτ ą nu ´Ä¤á, =�6utBt : t ď nu, Ïd§�B̂1 “ Bn`1 ´ Bn �pÕá. 3®�tBt : t ď nu�^�e,XJtτ ą nuǑý,�oBn P ra, bs,u´tBn`1 P ra, bsu�(^�)VÇØ�Lδ. nþ,

Pxpτ ą n` 1q ď Pxpτ ą n,Bn`1 P ra, bsq ď δPxpτ ą nq.d8B{, é?¿n ě 1 ÑkPxpτ ą nq ď δn. w,, dØ�ªén “ 0 Ǒ¤á. Ïd, é?¿α ą 0,

Exτ
α “

ż 8

0

Pxpτα ą tqdt “
8
ÿ

n“0

ż pn`1qα

nα

Pxpτα ą tqdt

ď
8
ÿ

n“0

pn` 1qαPxpτ ą nq ď
8
ÿ

n“0

pn ` 1qαδn ă 8.y.. lÚn3.5.5 (Wald1�Ún). ExpBτ ´ xq2 “ Exτ .duTÚn�y²®²�L�Ö�����, �dÑ�. Öö�'ì{ü�ÅiÄ�(Ø?1n), k,��Öö�±ë�??.íØ3.5.6. Exτ “ px´ aqpb´ xq.y: d·K 3.5.1 Úþã·K,

Exτ “ ExpBτ ´ xq2 “ x´ a

b´ a
pb ´ xq2 ` b´ x

b´ a
pa ´ xq2 “ px´ aqpb´ xq.

l
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§3.5  ³nØ 173b�f : ta, bu Ñ R ´«m>.þ�¼ê, -
ϕpxq :“ Exf

`

Bτ
˘

,b�g : pa, bq Ñ R ´«mSÜ�¼ê, -
ψpxq :“ Ex

ż τ

0

gpBtqdt.·K3.5.7. ϕ ´Xe)|�4(Dirichlet)¯K�):

$

’

&

’

%

ϕ2pxq “ 0, @x P pa, bq,
lim

yPpa,bq,yÑx
ϕpyq “ fpxq, x “ a ½ b.b�g k.ëY. �o, ψ ´XeÑt¯K�):

$

’

&

’

%

ψ2pxq “ ´2gpxq, @x P pa, bq,
lim

yPpa,bq,yÑx
ψpyq “ 0, @x P ta, bu.y: éu1���§. díØ3.4.49·K3.5.1,

ϕpxq “ fpaqPxpBτ “ aq ` fpbqPxpBτ “ bq “ fpaqb´ x

b´ a
` fpbqx´ a

b´ a
,�(Ø¤á.éu1���§. Äk,·�y²ψ3pa, bqþëY.b�M ą 0��é¤k�x P pa, bqÑk|gpxq| ď M . dÚn 3.5.4, ψpxq ď }g}Exτ ă 8,Ù¥}g} “ supxPpa,bq |gpxq|. Äk,·�y²ψ3pa, bq ¥ëY. é?¿x P pa, bq, �δ ą 0 ��a ă x´ δ �x ` δ ă b. -σ “ mintτx´δ, τx`δu.u´, �ârê¼5, �y P px´ δ, x` δq �,

ψpyq “ Ey

ż σ

0

gpBtqdt ` PypBσ “ x´ δqψpx ´ δq ` PypBσ “ x` δqψpx ` δq,díØ 3.5.6,
ˇ

ˇ

ˇ

ˇ

Ey

ż σ

0

gpBtqdt
ˇ

ˇ

ˇ

ˇ

ď M |Eyσ| ď Mδ2.-y Ñ x. 5¿�PypBσ “ x´ δq 3px´ δ, x` δq þëY. Ïd,

lim sup
yÑx

|ψpyq ´ ψpxq| ď 2Mδ2.2-δ Ñ 0, B�ψ 3x ëY.Ùg, ·�y²é?¿x P pa, bq Ñkψ2pxq “ gpxq. �δ �σ Óþ. �o,

Ex

ż τ

0

gpBtqdt “ Ex

ż σ

0

gpBtqdt ` Ex

ż τ

σ

gpBtqdt.
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174 1nÙ ÙK$Ädrê¼5,

Ex

ż τ

σ

gpBtqdt “ 1

2
pψpx` δq ` ψpx´ δqq.u´

ψpx` δq ´ 2ψpxq ` ψpx´ δq “ ´2Ex

ż σ

0

gpBtqdt.PMδ :“ supx´δďyďx`δ |gpxq ´ gpyq|. 5¿�Ex şσ0 gpxqdt “ gpxqExσ “ δ2gpxq. ·�íÑ:

ˇ

ˇψpx ` δq ´ 2ψpxq ` ψpx ´ δq ´
`

´ 2δ2gpxq
˘ˇ

ˇ

“ 2

ˇ

ˇ

ˇ

ˇ

Ex

ż σ

0

`

gpBtq ´ gpxq
˘

dt

ˇ

ˇ

ˇ

ˇ

ď 2Ex

ż σ

0

|gpBtq ´ gpxq|dt

ď 2Mδ ˆ Exσ “ 2Mδδ
2.-δ Ñ 0. dg �ëY5, Mδ Ñ 0, Ïd,

lim
δÑ0

ψpx` δq ´ 2ψpxq ` ψpx´ δq
δ2

“ ´2gpxq.qÏǑϕ ´ëY¼ê, dSchwarz½n(N¹¥�½n 4.0.22), (Ø¤á.��, ·�y²�y ªu>.a ½b �, ψpyq Ñ 0. M Óþ, ·�k
|ψpyq| ď MEyτ “ Mpy ´ aqpb ´ yq.m>3y Ñ a ½y Ñ b �ÑÂñ�0, Ïd(Ø¤á. l53.5.8. ¯¢þ, g �/k.ëY0����±�°, ~X, b�g k., �=kk��ØëY:x1, ¨ ¨ ¨ , xn. �o, (ØKUǑ: ψ 3pa, bq ¥ëY��, ψ1 3pa, bq ¥=3x1, ¨ ¨ ¨ , xn Ø��, �ψ2pxq “ ´2gpxq é?¿x P pa, bqztx1, ¨ ¨ ¨ , xnu ¤á.�!p��/9ÙA^¡Rd ¥���!k.!ëÏ�m8Ǒ��«�, PǑD. ¡BD “ D̄zD ǑD �>., Ù¥D̄ ǑD �4�. 3p��, ·�I�é«�>.BD \�
¤¢�“�K5”b�, ±�y�x ªu,�a P BD �, BτBD
Âñ�a, u´e¡½Â�ϕ Úψ �±ëY�>.(Öö�±éì���/�y²5n)). �K5b�´�'��, 1w�>.Ñ´�K�, d?·��Û�(Ø, k,��ÓÆ��Ö [9].b�D ´Rd ¥���>.1w�«�. b�f ´BD þ�ëY¼ê. g ´D þ�k.ëY¼ê, -

ϕpxq :“ Exf
`

Bτ
˘

, ψpxq :“ Ex

ż τ

0

gpBtqdt.P∆ “ řd
i“1

B2

Bx2

i

.
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§3.5  ³nØ 175·K3.5.9. ϕ ´e�)|�4¯K�):

$

&

%

∆ϕpxq “ 0, @x P D,
lim

yPD,yÑx
ϕpyq “ fpxq, @x P BD.

ψ ´e�Ñt¯K�):
$

&

%

∆ψpxq “ ´2gpxq, @x P D,
lim

yPD,yÑx
ψpyq “ 0, @x P BD.53.5.10. ���/, f Úg ��±´©ãëY¼ê. �o, 'uϕ �(Ø?UǑ: ef 3x ëY, K lim

yPD,yÑx
ϕpyq “ ϕpxq; 'uψ �(ØK?UǑ: ψpxq 3D S��ëY��, 3g �ëY:x �3���ê, ¿�∆ψpxq “ ´2gpxq.53.5.11. ÷v∆ϕ “ 0 �¼êϕ �¡ǑNÚ¼ê. Ïd, ϕ ´>.¼êf 3«mSÜ�NÚòÿ.~3.5.12 (d �IOÙK$Ä�~�5). b�t ~Btu ´d �IOÙK$Ä. é?¿r ą 0, -

τr :“ inftt ě 0 : } ~Bt} “ ru,Ù¥} ¨ } L«d Ǒî¼�. ǑÒ´`, τr L«t ~Btu ÄgÂ¥Rd ¥�»Ǒr �¥¡��m. b�~x P Rd. 0 ă ε ă }~x} ă R, ·��Ä
ϕp~xq “ P~xpτε ă τRq.-D “ t~y : ε ă }y} ă Ru, Kϕp~xq ´)|�4¯K�). dup�ÙK$Ä3^=(=, ��C�)eE´ÙK$Ä, ¤±ϕ ´»�é¡�¼ê, =, Ù¼ê���6ur :“ }~x}. -z “ r2,Pϕp~xq “ F pzq, ¿-F 1 “ G. u´

∆ϕp~xq “ 4F 2pzq ` 2dˆ F 1pzq “ 4G1pzq ` 2dˆGpzq.d∆ψ 3«�D Sð�u0, ·�íÑ
2G1pzq ` dˆGpzq “ 0, @z P pε2, R2q.)�G1 “ Cz´d{2, Ù¥C ´�½~ê. ?�Ú, dF 1 “ G íÑ
F pr2q “

$

’

’

’

&

’

’

’

%

C1r ` C2, d “ 1,

C1 ln r ` C2, d “ 2,

C1r
2´d, d ě 3.
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176 1nÙ ÙK$Ä�â>.^�, �}~x} “ R �, F pR2q “ ϕp~xq “ 1; �}~x} “ ε �, F pε2q “ ϕp~xq “ 0. u´, ·�íÑ
ϕp~xq “

$

’

’

’

&

’

’

’

%

pR ´ }~x}q{pR ´ εq, d “ 1,

plnR ´ ln }~x}q{plnR ´ ln εq, d “ 2,

pR2´d ´ }~x}2´dq{pR2´d ´ ε2´dq, d ě 3.�d “ 1 ½2 �, �½ε, -R Ñ 8, K
P~xpτε ă 8q ě P~xpτε ă τRq RÑ8ÝÑ 1.ùL²ÙK$Ä±VÇ1 Â¥�»Ǒε ��¥. ¯¢þ, d “ 1 �, d��(ØP0pτa ă

8q “ 1 9Ù;�ëY5, ·�®²��ÙK$Ä±VÇ1 �HR.�d ě 3 �, Äk, t ~Btu �1���ItBp1q
t u ´��ÙK$Ä, §±VÇ1 U��R ` 1,d�, t ~Btu lmRd ¥�»ǑR �¥, Ïd, P~xpτR ă 8q “ 1. Ùg, -R Ñ 8, KτR üNþ,, òÙ4�PǑτ . �o, é?¿T ą 0, etτ ď T u u), K3r0, T s ù�k��4«mþ, Bt vkþ., ù�;�ëY5´gñ�, Ïd, T¯��VÇǑ0. -T Ñ 8, B�íÑP~xpτ “ 8q “ 1. nþ, ·���Xe(Ø:

P~xpτR ă 8q “ 1, @R ě }~x}, � P~x

ˆ

lim
RÑ8

τR “ 8
˙

“ 1.��, �½ε, é�ên ě }~x}, PAn “ tτε ă τnu. �o,

P~xpτε ă 8q “ P~xp�3n ě }~x} �� τε ă τnq “ lim
nÑ8

P~xpτn ă τεq “ εd´2

}~x}d´2
.Ïd, ÙK$Ä±�VÇØUÂ¥�»Ǒε ��¥. ��, -τ~y,ε :“ inftt ě 0 : } ~Bt ´ ~y} ď εu,·��±��Xeo(:�d “ 1 �, é?¿x, y P R, Pxpτy ă 8q “ 1 Ñ¤á;�d “ 2 �, é?¿~x, ~y P R2 9?¿ε ą 0, P~xpτ~y,ε ă 8q “ 1 Ñ¤á;�d “ 3 �, é?¿~x, ~y P R2 9?¿ε ą 0, Xe(Ø¤á: e}~x ´ ~y} ď ε, KP~xpτ~y,ε ă

8q “ 1; e}~x´ ~y} ą ε, K
P~xpτ~y,ε ă 8q “ εd´2

}~x´ ~y}d´2
.53.5.13. ·�¡��ÙK$ÄǑ/:0~��, ��ÙK$ÄǑ/8Ü0~��, n�±þÙK$ÄǑ�~��"~3.5.14. �ÄD “ r0, 1s, Pτ “ τBD “ mintτ0, τ1u. �½0 ď y ă z ď 1. é?¿x P r0, 1s, -

ψpxq :“ Ex

ż τ

0

1tyďBtďzudt.
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§3.5  ³nØ 177§´Ñt¯K�), Ù¥gpxq “ 1tyďxďzu ´©ãëY¼ê. Ïd, ψ 3ry, zs þǑ�g¼ê,3r0, ys �rz, 1s þÑǑ�5¼ê. �â>�^�ψp0q “ ψp1q “ 0, ØJ��
ψpxq “

$

’

’

’

&

’

’

’

%

´x2 ` ax` b, y ď x ď z;

x
y
hpyq, 0 ď x ď y;

1´x
1´zhpzq, z ď x ď 1,Ù¥a, b Ǒ�½~ê. ?�Ú, �âψ �ëY��, ·��ÏLψ 3y Úz ��m�ê��)Ña, b. äN/, a, b ÷vXe�§:

$

&

%

ψ1pyq “ h1pyq “ hpyq
y

;

ψ1pzq “ h1pzq “ ´hpzq
1´z .)�

a “ 2z ´ pz2 ´ y2q, b “ ´y2.?�Ú, é0 ď u ď w ď 1, -
ppu,wq “ ppw, uq :“ 2up1 ´ wq.�o,

ψpxq “
ż z

y

ppx,wqdw.~˚ 3.5.15 («�þ���¼ê). b�t ~Btu Ǒd �ÙK$Ä, D0 ǑRd ¥���>.1w�«�, ~x P D. Pτ “ τBD0
. é?¿D0 �f«�D, ·��Äl~x Ñu�ÙK$Ä3��>.�s3D ¥�²þo�m

µpDq :“ E~x

ż τ

0

1Dp ~Btqdt “ E~x

ż 8

0

1t~BtPD,τątudt “
ż 8

0

P~xp ~Bt P D, τ ą tqdt.�±y²�3ρtpx,wq ��é¤kf«�D Ñk
P~xp ~Bt P D, τ ą tq “

ż

~wPD
ρtp~x, ~wqd~w,Ù¥,·�òdw1 ¨ ¨ ¨ dwd {�Ǒd~w. ù�y²I�^�ÿÝØ¥��£:(Radon-Nikodym�ê), ®²�Ñ�Ö�����, �dÑ�, k,��Öö�±ë� [1] 1oÙ13 !. -

Gp~x, ~wq “
ż 8

0

ρtp~x, ~wqdt.§�¡Ǒ«�D0 þ���¼ê. �o,

µpDq “
ż 8

0

ż

D

ρtp~x, ~wqd~wdt “
ż

~wPD
Gp~x, ~wqd~w.
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178 1nÙ ÙK$ÄAO/, ed “ 1, D0 “ ry, zs, dþ~�Gpx,wq “ 2mintx,wup1 ´ maxtx,wuq.?�Ú, µp¨q �Ñ
D0 þ���VÇ. b� ~W „ µ. �o, é/X1D �«5¼êg, ·�k
E~x

ż τ

0

gp ~Btqdt “
ż

~wPD
Gp~x, ~wqgp~wqd~w.¯¢þ, |^ÿÝØ��£:(;.�{), þªé�2�a�¼êg Ñ¤á, ù�y²®²�Ñ�Ö�����, �dÑ�, k,��Öö�±ë� [1] 1�Ù15 !. u´, ψp~xq “

ş

~wPD Gp~x, ~wqgp~wqd~w �Ñ
Ñt¯K∆ψpxq “ ´2gpxq, x P D �). Ïd, Gp~x, ~wq 3�©�§¥�¡ǑÑt¯K�Ä�).Ö¿�£b�tBtu ´l0 Ñu��ÙK$Ä. �½N ě 1. -σ0 “ 0. éun ě 1, 48/½Â
σn :“ inftt ě σn´1,

ˇ

ˇBt ´BσN,n´1

ˇ

ˇ “ 1?
N

u.-S0 :“ 0, Sn “
?
NBσn

, n ě 1. �ì~ 3.5.2,·�íÑtSpNq
n u ´��{ü�ÅiÄ.�ì1

§3.3 !, òtSpNq
n u �5����tSpNq

t u, ¿-
B

pNq
t :“ S

pNq
Nt?
N
, t ě 0.�o, é?¿T ą 0,

max
0ďtďT

}BpNq
t ´Bt} PÑ 0.duTy²�L
�Ö�����,�dÑ�. �Ǒþª�íØ, tBpNq

t : 0 ď t ď T u3Cr0, T s�©ÙÂñutBt : 0 ď t ď T u,ÏdØC�n¤á.öSK
1. Pτ :“ inftt ą 0 : |Bt| “ 1u. Á�τ ���.

2. Á�P0pτ1 ă τ´1 ă τ2q.

3. b�ηt “ Bt ` ct. ¡tηt : t ě 0u Ǒ�¤£�ÙK$Ä, Ù¥c ą 0´~ê. �τ :“ inftt ą
0 : ηt R pa, bqu, a ă 0 ă b. Á�P0pητ “ aqÚE0τ .

4. b�t ~Bt : t ě 0u Ǒd �IOÙK$Ä, ~x P Rd �}~x} ă 1. -τ :“ inftt ě 0 : | ~Bt| “ 1u. Á�: E~xτ .
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5. Á^ÙK$Ä9ÙÄ¥�5L«e��©�§�):
$

&

%

f2pxq “ gpxq, x P pa, bq,
fpaq “ c1, fpbq “ c2,Ù¥gpxq ´pa, bq þ�k.ëY¼ê, c1, c2Ǒ~ê.

6. b�t ~Wt : t ě 0u Ǒ��IOÙK$Ä. L Ď R2, σ “ inftt ě 0 : ~Wt P Lu. 3±e�/¥,y²: P0pσ ă 8q “ 1. (1) L ´�^��; (2) L ´�^�ã; (3) L ´�^�.

7. b�d ě 3, t ~Btu ´d ǑÙK$Ä. y²:

P0

´

lim
tÑ8

} ~Bt} “ 8
¯

“ 1.

(5: ùǑL²n�±þÙK$Ä´�~��.)
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180 1nÙ ÙK$Ä
§3.6 ÙKx�OU L§�!ÙKxb�tBt : t ě 0u ´��IOÙK$Ä, (B0 “ 0, B2

t “ t). -
Xt “ Bt ´ tB1, 0 ď t ď 1.é?¿0 ď t ď s ď 1,

EXtXs “ EpBt ´ tB1qpBs ´ sB1q

“ EBtBs ´ tEBsB1 ´ sEBtB1 ` stEB2
1

“ t ´ 2st` st “ tp1 ´ sq.½Â3.6.1. b�tWt : 0 ď t ď 1u ´��;�ëY�pdL§, ÷v:

EWt “ 0, @t P r0, 1s; EWtWs “ tp1 ´ sq, @0 ď t ď s ď 1.�o, ¡tWt : 0 ď t ď 1u ǑÙKx.Uì½Â, tXt : 0 ď t ď 1u ´ÙKx. 5¿�tXt : 0 ď t ď 1u Y tB1u Ǒ´pdX, �
EXtB1 “ EBtB1 ´ tEB2

1 “ t´ t “ 0, @t P r0, 1s.·�íÑ: tXt : 0 ď t ď 1u �tB1u �pÕá, ÏǑpdX¥, Ø�'�du�pÕá(·K 3.1.2). 3tB1 “ 0u �^�e, Bt “ Xt é¤kt P r0, 1s Ñ¤á. Ïd, é?¿n ě 1,

0 ă t1 ă ¨ ¨ ¨ ă tn ă 1, pXt1 , ¨ ¨ ¨ , Xtnq �éÜ�ÝǑ:

p̂t1,¨¨¨ ,tnpx1, ¨ ¨ ¨ , xnq “ pt1,¨¨¨ ,tn,1px1, ¨ ¨ ¨ , xn, 0q
p1p0q ,Ù¥, ps1,¨¨¨ ,smpy1, ¨ ¨ ¨ , ymq ǑÙK$Ä�k��éÜ©Ù, L�ª� (3.2.1).�½t P p0, 1q, -

Yu :“ Xu ´ u

t
Xt, u P r0, ts, Zs :“ Xs ´ 1 ´ s

1 ´ t
Xt, s P rt, 1s.�o, tXv, v P r0, 1su Y tYu, u P r0, tsu Y tZs, s P rt, 1su´pdX, Ù¥¤k�ÅCþ�Ï"Ñ´0, Æ��Xe: é?¿u ď t ď s,

EYuXs “ EXuXs ´ u

t
EXtXs “ up1 ´ sq ´ u

t
ˆ tp1 ´ sq “ 0,Ïd, tYu, u P r0, tsu �tXtu Y tZs, s P rt, 1su �pÕá; q

EXuZs “ EXuXs ´ 1 ´ s

1 ´ t
EXuXt “ up1 ´ sq ´ 1 ´ s

1 ´ t
ˆ up1 ´ tq “ 0,
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§3.6 ÙKx�OU L§ 181Ïd, tZs, s P rt, 1su �tXtu ùn�pdX�pÕá. l, Xt, tYu, u P r0, tsu, tZs, s P rt, 1su´�pÕá�.e¡, ·��	tYu, u P r0, tsu. 5¿�
Yu “ Xu ´ u

t
Xt “ Bu ´ uB1 ´ u

t
pBt ´ tB1q “ Bu ´ u

t
Bt.§÷v: EYu “ 0, u P r0, ts; �

EYsYu “ spt ´ uq
t

, @0 ď s ď u ď t.½Â3.6.2. b�tWt : 0 ď t ď T u ´��;�ëY�pdL§, ÷v:

EWt “ 0,@t P r0, T s; EWtWs “ tpT ´ sq
T

, @0 ď t ď s ď T.�o, ¡tWt : 0 ď t ď T u Ǒ(�ÝǑT �)ÙKx.~3.6.3. �½Â�tYu, u P r0, tsu ÚtZs, s P rt, 1su Ñ´ÙKx, �Ý©OǑt Ú1 ´ t.�!Ornstein-Uhlenbeck L§b�tBt : t ě 0u ´ÙK$Ä. -
Xt “ e´αtBe2αt , @t P R.é?¿s P R, t ą 0,

Xt`s “ e´αpt`sqBe2αpt`sq

“ e´αpt`sqBe2αs ` e´αpt`sq pBe2αpt`sq ´Be2αsq .P
Y :“ e´αpt`sq pBe2αs ´Be2αsqK, Y �tXu : 0 ď u ď su �pÕá, Y „ Np0, 1 ´ e´2αtq, �

Xt`s “ e´αtXs ` Y.

. òNp0, 1q ��ÝPǑφ, -
φpxq “ 1?

2π
e´ x2

2-
qtpx, yq “ 1

a

2πp1 ´ e´2αtq
exp

"

´ 1

2p1 ´ e´2αtq py ´ e´αtxq2
*

.�o, é?¿n ě 1, 0 “ t0 ăă t1 ă ¨ ¨ ¨ ă tn ă 1, pX0, Xt1 , ¨ ¨ ¨ , Xtnq �éÜ�ÝǑ:

q0,t1,¨¨¨ ,tnpx0, x1, ¨ ¨ ¨ , xnq “ φpx0q
n
ź

i“1

qti´ti´1
pxi´1, xiq.
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182 1nÙ ÙK$Ä½Â3.6.4. ¡±Xþ½Â�qtpx, yq, t ě 0, x, y P RǑ=£VÇ�Ý��àê¼L§ǑOrnstein-

Uhlenbeck L§, {¡OU L§.5¿�Xt „ Np0, 1q é?¿t ě 0 Ñ¤á. ùL², Np0, 1q ´OU L§�ØC©Ù. �o,ØJ�y,

φpxqqtpx, yq “ φpyqqtpx, yq, @t ě 0, @x, y P R.�é{`, Np0, 1q �´�_©Ù.~3.6.5. -W0 :“ 0, Wt :“ tB1{t, t ą 0. �âíØ 3.4.11, tWtu ´ÙK$Ä. -Yt “ X´t. �o, é?¿t P R,

Yt “ eαtBe´2αt “ eαt ˆ 1

e2αt
We2αt “ e´αtWe2αt .Ïd, tYtu Ǒ´OU L§, �§�tXtu Ó©Ù.öSK±eb�tBt, t ě 0u ´IOÙK$Ä, B0 “ 0.

1. -Yt “ eBt , ¡tYt, t ě 0u ǑAÛÙK$Ä. b�y ą 0. Á�:

lim
hÑ0`

E pY pt ` hq ´ Y ptq|Y ptq “ yq
h

Ú lim
hÑ0`

E
`

pY pt` hq ´ Y ptqq2|Y ptq “ y
˘

h
.

2. -Xt “ Bt ´ tBtu, ¡tXt : t ě 0uǑ�±þ�ÙK$Ä. y²: tXtu ´�àê¼L§, ¿�Ù=£�Ý¼ê.

3. b�t ~Bt : t ě 0u Ǒd �IOÙK$Ä. y²: t} ~Bt}, t ě 0u ´ê¼L§. (5: §�¡Ǒ�l�(Bessel)L§.)

4. é?¿R ě 0, T ą 0, -
Wt :“ BR`t ´

ˆ

R ´ t

R
BR ` t

R
BR`T

˙

, 0 ď t ď T.y²: tWt, 0 ď t ď T u ´�ÝǑT �ÙKx, ¿�§�pBR, BR`T q �pÕá.

5. b�tWt : 0 ď t ď T u ´�ÝǑT �ÙK$Ä½ÙKx, n ě 1, t0 :“ 0 ă t1 ă ¨ ¨ ¨ ă tn ă
tn`1 :“ T . ér “ 1, 2, ¨ ¨ ¨ , n` 1, -Tr “ Tr`1 ´ Tr,

X
prq
t :“ Xtr´1`t ´

ˆ

Tr ´ t

Tr
Xtr´1

` t

Tr
Xtr

˙

, 0 ď t ď Tr.y²: (1) tXprq
t , 0 ď t ď Tru ´�ÝǑTr �ÙKx, r “ 1, 2, ¨ ¨ ¨ , n` 1; (2) tXp1q

t , 0 ď t ď
T1u, tXp2q

t , 0 ď t ď T2u, ¨ ¨ ¨ , tXpn`1q, 0 ď t ď Tn`1u,
`

Wt1 , ¨ ¨ ¨ ,Wtn ,Wtn`1

˘ ùn` 2 �pdX�pÕá.
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6. b�tXt, 0 ď t ď 1u ´�ÝǑ1 �ÙKx. -
X

pT q
t :“

?
TXt{T , 0 ď t ď T.�o, tXpT q

t , 0 ď t ď T u ´�ÝǑT �ÙKx.

7. -Ut :“ p1 ´ tqBt{p1´tq, 0 ď t ă 1; U1 :“ 0. y²: tUt : 0 ď t ď 1u ´ÙKx.

8. b�tUt : 0 ď t ď 1u ´ÙKx. -Wt “ pt ` 1qUt{pt`1q, 0 ď t ď 1. y²: tWt : t ě 0u ´IOÙK$Ä.

9. �tXt : 0 ď t ď 1u ´ÙKx. y²:

P

ˆ

max
0ďtď1

Xt ą b

˙

“ e´2b2 , @b ą 0.

10. b�qtpx, yq ´OU L§�=£VÇ�Ý, φpxq ´IO��©Ù��Ý¼ê. y²:

lim
tÑ8

qtpx, yq “ φpyq, � ż

qtpx, yqφpxqdx “ φpyq.
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184 1nÙ ÙK$Ä
§3.7 �ÅÈ©��Å�©�§{0b�tft : t ě 0u ´���ÅL§. 3�!, ·�ò0��ÅÈ©şT

0
ftdBt �½ÂÚ5�.�,, ùI�tftu ÷v�½�^�. �½t. �ìiùÈ©�½Â, �*þ·�ATòr0, T s ?1y©, -

∆ “ ∆T : 0 “ t0 ă t1 ă . . . ă tn “ T.,�, ?�si P rti, ti`1s, i “ 0, 1, ¨ ¨ ¨ , n, -
X∆ :“

n´1
ÿ

i“0

fsipBti`1
´Btiq;��, -

|∆| :“ max
0ďiďn´1

pti`1 ´ tiq,¿òşT

0
ftdBt ½ÂǑ lim

∆Ñ0
X∆.,, ù��½Â¬��ü���5�(J. ��¡, X¤ã, ÙK;�A�7,´??Ø���. ù��þã1nÚ[½Â�4�3A�7,Âñ�¿ÂeØ�3. ,��¡, ·�òw�: 3rti, ti`1s ¥ÀJØÓ�si ò�5ØÓ�4�. �!0��Itô È©´ÀJsi “ ti.d�, X∆ 3L2 ¿ÂeÂñ.½Â3.7.1. b�X,X1, X2, . . .´���ÅCþ, �n Ñ 8�EpXn´Xq2 Ñ 0,�o·�¡Xn�L2 ÂñuX, PǑXn
L2

ÝÑ X.b�:

(1) é?¿t ě 0, ft ��=�6utBs : s ď tu;
(2) ft 'ut ëY;

(3) é?¿T ą 0, lim|∆T |Ñ0

řn´1

i“0

şti`1

ti
Epfu ´ ftiq2du “ 0.�o, �±y²�3��;�ëY�L§tXtu ��:

n´1
ÿ

i“0

ftipBti`1
´Btiq

L2

ÝÑ Xt, @t ě 0.d�, Xt Ǒ�PǑşt

0
fudBu.½Â3.7.2. ¡Xt Ǒtftu �Itô È©.�±y²�ÅÈ©÷vXe5�:

ż t

0

pfu ` guqdBu “
ż t

0

fudBu `
ż t

0

gudBu;
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E

ż t

0

fudBu “ 0;

E

ż s

0

fudBu

ż t

0

gudBu “
ż s

0

Epfuguqdu, @0 ď s ď t.~3.7.3 (ÙK;���mC�). b�ft´(½5¼ê,KXt “
şt

0
fudBu´pdL§. Pϕptq “

şt

0
f2
udu. �â½Â, ϕ ´üNþ,¼ê. b�ϕ î�üNþ,, Ù_¼êPǑψ. -Yt “

Xψ´1ptq, KtYtu ´;�ëY�pdL§; é?¿t ě 0, EYt “ 0; é?¿s ě t ě 0, K
EYtYs “ EXψptqXψ´1psq “ ϕ

`

ψptq
˘

“ t.ùL²tYtu ´IOÙK$Ä.~3.7.4. �şt

0
BudBu.): �Är0, ts �y©∆ : 0 “ t0 ă t1 ă . . . ă tn “ t. ��O���

n´1
ÿ

i“0

ż ti`1

ti

EpBu ´Btiq2du “
n´1
ÿ

i“0

ż ti`1

ti

pu´ tiqdu “
n´1
ÿ

i“0

1

2
pti`1 ´ tiq2 ď 1

2
|∆|t |∆|Ñ0ÝÑ 0.e¡, ·�O�řn´1

i“0 BtipBti`1
´ Btiq. 5¿�px ` yq2 “ x2 ` y2 ` 2xy. �x “ Bti , y “

Bti`1
´Bti �2BtipBti`1

´Btiq “ B2
ti`1

´B2
ti

´ pBti`1
´Btiq2. l

n´1
ÿ

i“0

2BtipBti`1
´Btiq “ B2

t ´B2
0 ´

n´1
ÿ

i“0

pBti`1
´Btiq2. yřn´1

i“0 pBti`1
´Btiq2 �L2 Âñut5¿�řn´1

i“0 EpBti`1
´Btiq2 “

řn´1

i“0 pti`1 ´ tiq “ t. u´
E

˜

n´1
ÿ

i“0

pBti`1
´Btiq2 ´ t

¸2

“ Var

˜

n´1
ÿ

i“0

pBti`1
´Btiq2

¸

“
n´1
ÿ

i“0

Var
`

pBti`1
´Btiq2

˘

“
n´1
ÿ

i“0

pti`1 ´ tiq2VarpZ2q ď VarpZ2q ˆ |∆| ˆ t Ñ 0,Ù¥Z „ Np0, 1q, ¿�31���Ò¥, ·�^�
ÙK$Ä�ÕáOþ5. Ïd,

ż t

0

BudBu “ 1

2
pB2

t ´ tq.53.7.5. þ~L²řn
i“1Bti`1

pBti`1
´Btiq “

řn´1

i“0 BtipBti`1
´Btiq `

řn
i“1pBti ´Bti´1

q2 �L2Âñu 1
2

pB2
t ´ tq ` t “ 1

2
pB2

t ` tq. ùL²À�ØÓ�si, ¬��řn´1

i“0 fsipBti`1
´Btiq kØÓ�4�.·�®²`²si ØU3rti, ti`1s ¥�¿À�, ÄK4�Ø�3. ��/, Ú���à:si “ ti (½mà:si “ ti`1)�, \Oþ3L2 ¥k4�, d4��¡Ǒ
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186 1nÙ ÙK$Ä�½��X0 (�ÙK$ÄtBtu �pÕá),

Xt :“ X0 `
ż t

0

σudBu `
ż t

0

budu, (3.7.1)½Â
��;�ëY��ÅL§, §éA��Å�©/ªXe:

dXt “ σtdBt ` btdt. (3.7.2)�é{`, Xt ÷v(3.7.2) �¿g´: �3,�X0 ��(3.7.1) ¤á.�â~ 3.7.4, ·���Xt :“ B2
t ´÷vXe�Å�©�§:

dXt “ 2BtdBt ` dt.XJ·�-ϕpxq “ x2, Kþª�±�¤
dϕpBtq “ ϕ1pBtqdBt ` 1

2
ϕ2pBtqdt, (3.7.3)ù�·�3�È©¥~��úªdϕpxq “ ϕ1pxqdx Ø��(Àx “ Bt). Ù�Ï3u, XJ·�éϕ 3?1�V�m, ϕ �Oþ�±�Ǒ

ϕpx ` ∆xq ´ ϕpxq “ ϕ1pxqp∆xq ` 1

2
ϕ2pxqp∆xq2 ` op∆x2q,Ù¥∆x ��uBti`1

´ Bti . d~ 3.7.4, p∆xq2 �\È�JØ´0 ´t. ù´�� (3.7.3) ¤á��Ï.¯¢þ, XJXt ÷v(3.7.2), ϕpt, xq 'utëY��, 'ux ��ëY��, KYt “
ϕpt,Xtq ÷vXe�Å�©�§:

dYt “ Bϕ
Bx pt,XtqdXt ` 1

2

B2ϕ

Bx2 pt,XtqpdXtq2 ` Bϕ
Bt pt,Xtqdt (3.7.4)Ù¥pdXtq2 :“ σ2

t dt. þª�¡Ǒ´Itô úª, §´�)�Å�©�§��óä. ¤¢�)�Å�©�§, Ò´�éu��Xt ��Å�©�§, �Ñ��/X(3.7.1) �), ÷v: tσtu,
tbtu Ñ´Ø�6utXtu �®���ÅL§. e¡, ·��Ñ�
~f.~3.7.6. (�¤£��ÙK$Ä) �§dXt “ σdBt ` µdt �)ǑXt “ X0 ` σBt ` µt.~3.7.7 (OUL§). ��Å�©�§

dXt “ σdBt ´ bXtdt�). �5¿, ØU�ǑT�§�)´X0 ` σBt ´
şt

0
bXudu, ÏǑbu “ bXu ´������ÅL§.): ò�Å�©�§U�ǑdXt ` bXtdt “ σdBt. -ϕpt, xq “ ebtx, Yt “ ϕpt,Xtq. KYt÷v�§

dYt “ ebtpdXt ` bXtdtq “ ebtσdBt.
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§3.7 �ÅÈ©��Å�©�§{0 187ÏdYt “ Y0 ` σ
şt

0
ebsdBs. u´
Xt “ e´btpY0 ` σ

ż t

0

ebsdBsq “ e´btX0 ` σ

ż t

0

e´bpt´sqdBs,Ù¥·�^�Y0 “ ϕp0, X0q “ X0.AO/, �σ “
?
2α, b “ α, Ù¥α Ǒî���~ê. KdXt “

?
2αdBt ´ αXtdt �)Ǒ

Xt “ e´αtX0 `
?
2αe´αt

ż t

0

eαudBu.b�X0 „ Np0, 1q, ¿��tBtu �pÕá. �o, tXtu ´;�ëY�pdL§; EXt “ 0 é?¿t ě 0 ¤á; EXsXt “ e´αpt´sq é?¿t ě s ě 0 ¤á. ù=´`: tXtu ´OU L§.~3.7.8 (Black-Scholes�.). 37K¥, ^Xt L«t �Ǒ,�¬��d�, �o, Xt ě 0 é¤kt ě 0 Ñ¤á, ¿�tXtu ÷vXe�Å�©�§:

dXt “ XtpσdBt ` µdtq,Ù¥, σ ´ÅÄÇ, µ ´²þÂ�Ç. -Yt “ lnXt, �o,

dYt “ 1

Xt

dXt ´ 1

2
¨ 1

X2
t

pdXtq2 “ pσdBt ` µdtq ´ 1

2
¨ 1

X2
t

pσXtq2dt

“ σdBt ` pµ ´ 1

2
σ2qdt.Ïd, Yt “ Y0 ` σBt ` pµ´ 1

2
σ2qt. l, Xt “ X0e

σBt`pµ´ 1

2
σ2qt.~3.7.9 (©ÜÈ©). PXt “

şt

0
fudBu, �:

şt

0
Xudu.): �ϕpt, xq “ tx, ¿-Yt “ ϕpt,Xtq. KY0 “ 0 �dYt “ Xtdt ` tdXt “ Xtdt ` tftdBt.u´şt

0
Xudu “ Yt ´

şt

0
ufudBu, =

ż t

0

ż u

0

fsdBsdu “ tXt ´
ż t

0

ufudBu.�*þ, ùÒ´©ÜÈ©úªşt

0
Xudu “ uXu|t0 ´

şt

0
udXu.�ì(3.7.4), ·��±�Äõ�L§�¼ê. b�

dXi,t “ σi,tdBt ` bi,tdt, i “ 1, ¨ ¨ ¨ , d.P ~Xt “ pX1,t, . . . , Xd,tq. KYt “ ϕpt, ~Xtq ÷vXe�Å�©�§:

dYt “
d
ÿ

i“1

Bϕ
Bxi

pt, ~XtqdXt ` 1

2

d
ÿ

i,j“1

B2ϕ

BxiBxj
pt, ~XtqpdXi,tqpdXj,tq ` Bϕ

Bt pt, ~Xtqdt,Ù¥pdXi,tqpdXi,tq “ σi,tσj,tdt.
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188 1nÙ ÙK$Ä~3.7.10. �şt

0
fudBu

şt

0
gudBu ÷v��Å�©�§.): -Xt “

şt

0
fudBu, Yt “

şt

0
gudBu, Zt “ XtYt. K

dZt “ YtdXt `XtdYt ` dXtdYt “ pftYt `XtgtqdBt ` ftgtdt.?�Ú, �¤È©/ª·�k
Zt “

ż t

0

pfuYu `XuguqdBu `
ż t

0

fugudu.Ïd, EZt “
şt

0
fugudu.~3.7.11. (~ 3.7.7 Y). b�dXt “ σdBt ´ bXtdt, dYt “ Xtdt, X0 “ x0, Y0 “ y0. �)Yt.): �â~ 3.7.7, Xt “ e´btX0 ` σe´bt şt

0
ebsdBs. -Zt “

şt

0
ebsdBs, �o

Yt “ y0 ` x0
1 ´ e´bt

b
` σ

ż t

0

e´buZudu. (3.7.5)Ù¥dZt “ ebtdBt. e¡·�O�şt

0
e´buZudu. -ϕpt, zq “ e´btz,KWt “ ϕpt, Ztq÷vW0 “ 0±9�§dWt “ e´btdZt ´ be´btZtdt “ dBt ´ be´btZtdt. u´

ż t

0

e´buZudu “ 1

b
pBt ´Wtqb “ 1

b
pBt ´ e´btZtq “ 1

b

ż t

0

p1 ´ e´bpt´sqqdBu.(ÜZt �½Â�(3.7.5), ·�k
Yt “ y0 ` 1

b
p1 ´ e´btqx0 ´ σ

b

ż t

0

p1 ´ e´bpt´sqqdBu.ù=´Yt �).öSK
1. �∆ Ǒr0, ts �y©. y²: �|∆| Ñ 0 �,

n´1
ÿ

i“0

B

ˆ

ti ` ti`1

2

˙

`

Bpti`1q ´Bptiq
˘3L2 ¥�4��3, ¿�d4�. d4��¡ǑStratonovichÈ©.

2. 3�½Bt “ x�^�e�Yt “
şt

0
Bsds�©Ù.

3. 3Zì??? b�tSn : n ě 0u ´Z þ�{ü�ÅiÄ, S0 “ 0. PWn “ řn
m“1 S

2
m{n2. (1)y²Wn �©ÙÂñ, (2)òÙ4�PǑW ,Á�EW , (3)\Uí2d·Kí? ��ã�.
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1oÙ N¹Ún4.0.12. b�E é�$�µ4, Ω P E, �F “ σpEq, P �P̃ Ñ´F þ�VÇ. eP pEq “
P̃ pEq é¤kE P E þ¤á, KP pAq “ P̃ pAq é¤kA P F þ¤á.dÚn´[1]¥�·K2.3.1���íØ.½n4.0.13. b�pΩn,Fn, Pnq, n “ 1, 2, ¨ ¨ ¨ ´��VÇ�m. K3`

ś8
n“1 Ωn,

ś8
n“1 Fn,

ś8
n“1 Pn

˘þ�3���VÇP ��é?¿n “ 1, 2, ¨ ¨ ¨ , A1 P F1, ¨ ¨ ¨ , An P Fn, þk
P

˜

n
ź

k“1

Ak ˆ
8
ź

n“k`1

Ωk

¸

“
n
ź

k“1

PkpAkq.½n4.0.14. (Kolmogorov�N5½n) b�S Ǒ�ê8, I Ǒ�I8(�UØ�ê). -
Ω “ SI “ tω “ pωiqiPI : ωi P S,@i P Iu,

F Ǒk�Î8)¤�σ �ê, =��tωi “ su, i P I, s P S Ñ�ÿ���σ �ê. e
tpi1,¨¨¨ ,inps1, ¨ ¨ ¨ , snq : n ě 1; i1, ¨ ¨ ¨ , in P I pØ��; s1, ¨ ¨ ¨ , sn P SuǑ�x�N�VÇ�, =:

(1) pi1,¨¨¨ ,inps1, ¨ ¨ ¨ , snq ě 0;

(2)
ř

s1,¨¨¨ ,snPS pi1,¨¨¨ ,inps1, ¨ ¨ ¨ , snq “ 1;

(3)
ř

sPS pi1,¨¨¨ ,in,jps1, ¨ ¨ ¨ , sn, sq “ pi1,¨¨¨ ,inps1, ¨ ¨ ¨ , snq, @j P Szti1, ¨ ¨ ¨ , inu,K3pΩ,Fq þ�3���VÇP ��
P pωi1 “ s1, ¨ ¨ ¨ , ωin “ snq “ pi1,¨¨¨ ,inps1, ¨ ¨ ¨ , snq.½n4.0.15. (Perron-Frobenius½n) �A “ paijqǑn ˆ nØ��¢Ý
, ¤k��þ�K,

aij ě 0. Ke�(Ø¤á.

(1) �3��¢AÆ�r, Ù�AÆ�λ��þØ�Lr, =|λ| ď r.

(2) �réA��(m)AÆ�þ�¤k���K.

(3) mini
ř

j aij ď r ď maxi
ř

j aij.½n4.0.16. (k.Âñ½n) �X1, X2, ¨ ¨ ¨ Ǒ���ÅCþ, �VÇÂñuX. e�3M ą 0��P p|Xn| ď Mq “ 1, @n ě 1, KlimnÑ8 EXn “ EX.y: N´wÑ, P p|X | ď Mq “ 1. é?¿ε ą 0, E|Xn ´ X | “ E|Xn ´ X |1|Xn´X|ąε `
E|Xn ´ X |1|Xn´X|ďε ď 2MP p|Xn ´ X | ą εq ` ε, -n Ñ 8 �lim supnÑ8 E|Xn ´ X | ď ε,

@ε ą 0. l, (Ø¤á. l

189
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190 1oÙ N¹½n4.0.17. (FatouÚn) �i P I �ê. limnÑ8 an,i Ñ ai, @i. Klim infnÑ8
ř

i an,i ě ř

i ai,Ù¥, n �±Ǒ�ê½¢ê.y: ?�k�f8A P I. lim infnÑ8
ř

i an,i ě lim infnÑ8
ř

iPA an,i “ ř

iPA ai. �·K¤á. líØ4.0.18. b�ajpεq ě 0, @j ÷v: lim infεÑ0 ajpεq “ aj, @j �limεÑ0

ř

j ajpεq “ ř

j aj ă
8. �o, limεÑ0 ajpεq “ aj, @j.y: ?¿�½i, lim supεÑ0 aipεq “ lim supεÑ0

´

ř

j ajpεq ´ ř

j‰i ajpεq
¯

“ limεÑ0 sumjajpεq´
lim infεÑ0

ř

j‰i ajpεq. dFatou Ún, lim infεÑ0

ř

j‰i ajpεq ě
ř

j‰i lim infεÑ0 ajpεq “
ř

j‰i aj ,l, lim supεÑ0 aipεq ď ř

j aj ´ ř

j‰i aj “ ai. ù\þlim infεÑ0 ajpεq “ aj �limεÑ0 aipεq “
ai.½n4.0.19. (üNÂñ½n)�X1, X2, ¨ ¨ ¨ Ǒ���K�ÅCþ, üNþ,�X,KlimnÑ8 EXn “
EX.½n4.0.20. (Fubini½n) eş ş

|fpx, yq|µpdxqνpdyq ă 8, K
ż ż

fpx, yqµpdxqνpdyq “
ż ż

fpx, yqνpdyqµpdxq.½n4.0.21. (Borel-CantelliÚn)eř

n P pAnq ă 8, KP pAn i.o.q “ 0;eř

n P pAnq “ 8 �A1, A2, ¨ ¨ ¨ �pÕá, KP pAn i.o.q “ 1.½n4.0.22. (Schwarz½n) �f, ϕ : pa, bq Ñ R ëY, �
lim
hÑ0

fpx` hq ´ 2fpxq ` fpx´ hq
h2

“ ϕpxq, @x P pa, bq.Kf 3pa, bq þ��ëY��, �f2 “ ϕ.½n4.0.23. (Kolmogorovr�ê½Æ) b�X1, X2, ¨ ¨ ¨ ÕáÓ©Ù, EX1 �3. -Sn “ X1 `
¨ ¨ ¨ `Xn, �oSn{n

a.s.
0 .r�ê½Æ�Ì�y²óä´Xe�Ún, �y²L§®�L��á���.Ún4.0.24 (Borel-CantelliÚn). b�A1, A2, ¨ ¨ ¨ ´�Å¯�,PtAn i.o.u :“ X8

N“1Y8
n“NAn.�o, (1) eř8

n“1 P pAnq ă 8, KP pAn i.o.q “ 0; (2) eř8
n“1 P pAnq “ 8 �A1, A2, ¨ ¨ ¨ �pÕá, KP pAn i.o.q “ 1.
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191y: 5¿�¯�Y8
n“NAn 'uN üNeü, ·�kP pAn i.o.q “ limNÑ8 P pY8

n“NAnq.
(1) é?¿N ě 1, P pAn i.o.q ď P pY8

n“NAnq ď
ř8
n“N P pAnq. -N Ñ 8 �(Ø¤á.

(2) �½N , ¯�YM
n“NAn 'uM üNþ,, ÏdP pY8

n“NAnq “ limMÑ8 P pYM
n“NAnq.dA1, A2, ¨ ¨ ¨ �pÕá, 1´P pYM

n“NAnq “ P pXM
n“NA

c
nq “

śM
n“N P pAcnq “

śM
n“N p1´P pAnqq.5¿�1 ´ p ď e´p, @p ě 0. Ïd1 ´ P pYM

n“NAnq ď e´
ś

M
n“N

P pAnq. -M Ñ 8, k1 ´
P pY8

n“NAnq “ limMÑ8p1 ´ P pYM
n“NAnqq ď e´ limMÑ8

śM
n“N

P pAnq “ 0, Ù¥, �����Ò^�
ř8
n“1 P pAnq “ 8. Ïd, P pY8

n“NAnq “ 1, @N . ùL²P pAn i.o.q “ 1. lÚn4.0.25. �ξ1, ξ2, ¨ ¨ ¨ ´��ÕáÓ©Ù��ÅCþ, E|ξ1| ă 8. K
P

ˆ

lim
nÑ8

ξn

n
“ 0

˙

“ 1.y{�: ·��±|^r�ê½Æ?1y². -Sn “ ξ1 ` ¨ ¨ ¨ ` ξn. dr�ê½Æ,

Sn{n a.s.Ñ Eξ1. �,, Sn´1{n “ Sn´1

n´1
¨n´1
n

a.s.Ñ Eξ1. u´ξn{n “ Sn{n´Sn´1{n a.s.Ñ Eξ1´Eξ1 “ 0.y{�: ·��±��ÏLBorel-CantelliÚny²T(Ø.ÏǑE|ξ1| ă 8¤±ř

n P p|ξn| ą
nεq ă 8, @ε ą 0. dBorel-CantelliÚn(�N¹4.0.21), P p|ξn| ą nε i.o.q “ 0. lξn{n Ñ 0

a.s.. l
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