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k, 1 f(n) = 1k +2k + · · ·+n
k.

S � 5 !*=*>*? f(n) = a1n + a2n
2 + a3n

3 + a4n
4 + a5n

5 R
f(n) − f(n − 1) = a1[n − (n − 1)] + a2[n

2 − (n − 1)2] + a3[n
3 − (n − 1)3]

+ a4[n
4 − (n − 1)4] + a5[n

5 − (n − 1)5]

= (a1 − a2 + a3 − a4 + a5) + (2a2 − 3a3 + 4a4 − 5a5)n

+ (3a3 − 6a4 + 10a5)n
2 + (4a4 − 10a5)n

3 + 5a5n
4 = n

4

Q*> O*� a1, a2, a3, a4, a5
$*% 5 T*U*!*V*W*X






a1 − a2 + a3 − a4 + a5 = 0 (1)

2a2 − 3a3 + 4a4 − 5a5 = 0 (2)

3a3 − 6a4 +10a5 = 0 (3)

4a4 −10a5 = 0 (4)

5a5 = 1 (5)

Y[Z*\*]*^ !*_*Q*V*Wa`[b*c a5 =
1

5
, a4 =

1

2
, a3 =

1

3
, a2 = 0, a1 = − 1

30
. d*e

Sn =
1

5
n

5 +
1

2
n

4 +
1

3
n

3 − 1

30
n =

n(6n4 + 15n3 + 10n2 − 1)

30
. 2

f*g 7 U*!*V*W*X  U*�*h L g J f*g  U*!*V*W*X*i*?*j*k*l “ m*n*o ”, D*p*U*�*V*W*qr UC�CsCt � a5, u.vCwCbCcC+CJyxCz ] UC�CVCWC{C�Cc a4.
Y|ZC\C]C^ !C�CcC}CQCsCt �C C~ J� 8;�*� c*�*�*��� 7 m*n*o*V*W*X*�*�*�9� � 8;�*� c*� P ���*)*�*b : o : l*m*n*o*J
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�
2 )*�*�*�*n*�*� O `  m*� (1, 1), (2, 2), (3, 0) �*�*�*� y = ax

2 + bx + c. �*�*�
�*V*W*J

S�� �*�*� ] m*�*�*�*x*z*V*W y = ax
2 + bx + c, d*e M*N*O*� a, b, c

$*%  V*W*X





c + b + a = 1 (1)

c + 2b + 4a = 2 (2)

c + 3b + 9a = 0 (3)

(I)

� 7 =*>*?  *M*N*O*� a, b, c
$*%  m*T*U*!*V*W*X*J�i*?*j*k*� 7 m*n*o*,��*)*�*b : o : l

m*n*o*+*b*J�*L `[� � �*b*�*T*U*!*V*W*X  *�*�*�* *P , � V*W*X (I) `[p*�*¡*�*V*W*¢ 3 �* *£ 1

�*V*W*,.d*e*¡*�*¤*V*W
(2) − (1) : b + 3a = 1 (2′)

(3) − (1) : 2b + 8a = −1 (3′)

L V*W (2’),(3’) ¢ 3 K*x*V*W*Xa`  p*¡*�*V*W (2),(3), d*e*¤*V*W*X





c + b + a = 1 (1)

b + 3a = 1 (2′)

2b + 8a = −1 (3′)

(II)

¥ V*W*X (I)
 b*¦ 7 ¤*V*W*X (II)

 b*J.(*)*+*, � V*W*X (II)
 p*¡*�*V*W (2’),(3’)

¢ 3 � ] V*W (1) : l ¥ V*W (2),(3),
Y V*W*X (II) :¨§ ¥ V*W*X (I), u*A*¤*V*W*X (II)

 b
¦ 7 ¥ V*W*X (I)

 b*J.V*W*X (II) © (I) �*b*J
{ L V*W*X (II) `  V*W (3’)

�*  V*W (2’)
 

2 ª*,.d*e*¤*V*W
(3′) − 2 × (2′) : 2a = −3 (3′′)

L ¤*V*W (3′′) K*x*V*W*X (II)
 

(3′), d*e  ¤*V*W*X





c + b + a = 1 (1)

b + 3a = 1 (2′)

2a = −1 (3′)

(III)

©*V*W*X (II) �*b*,._ \ © (I) �*b*J.V*W*X (III) j*k 7 m*n*o*,.u*v ^ !*b*c

a = −3

2
, b =

11

2
, c = −3.

�*�*�*V*W*G y == −3
2
x

2 + 11
2
x − 3. 2

g
2 ��b�V�W�X (I)

 �«�¬ 7 ��)���b : o ��  V�W�X�j�k��®�V�W  s�t � , : l�m�n
o*J � V*W*X (I)

 p*¡*�*V*W*¢ 3 �* *£ 1 �*V*W*, B*¯ 7 � £ 1 �*V*W (1)
 −1 ª � e
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p*¡*�*V*W (2),(3)
�* 

c, d*e*V*W*X (II).
� V*W*X (II)

 *£
2 V*W (2′)

 −2 ª � e £ 3

V*W (3′)
�* 

b, d*e*m*n*o*V*W*X (III).

U*° 4 , � �*± U*�*V*W*Xa` �*± U*�*V*W  *²*� ª � e*³*U*V*W*,�d*e  ¤*V*W*X*© ¥ V
W*X*�*b*J

�
3
�*´* �*¡*> 7 1,2,

£ m*>*µ*¶ 7 0?
����· ��¸�¹�º�c���¡�� � 1,2, »���¼�½ Z U�� � ,.¾�¾ 7�¿�À ��¼ §ÂÁ Z U�� � 7 3.

-*/*½ Z U*� � 7 4, m*� � 1,2,4 l*iaÃ �*´ , B*Ä*Å G 7 �* J.Æ*-*/*½ Z U*� � 7 0,
� u

µ.Ç*È*¹*É*G*Ê*Ë*J�C´ �CmC>CµC¶ ^ !CG 1,2,0? qCÌCµCÍCÎCcCUC�C�C>CÏC? un = f(n) R f(1) = 1, f(2) =

2, f(3) = 0, d*e  *�*´* �*m*> ¯ 7 1,2,0.
S �*�*>*Ï*? un = f(n) = an

2 + bn + c
$*%

f(1) = 1, f(2) = 2, f(3) = 0.
B*¯ 7

$*% V*W*X 




c + b + a = 1

c + 2b + 4a = 2

c + 3b + 9a = 0
� ¯ 7 g 2 `  V*W*X (I).

g
2 `*Ð[Ñ*�*d*V*W*X  *Ò U*b a = − 3

2
, b = 11

2
, c = −3.

�*>*Ï*?*G un = −3
2
n

2 + 11
2
− 3

 *�*´* �*m*>*G 1,2,0.

�*¡*>*G 1,2
 *�*´* *£ m*>*u*v 7 0. 2

g
2,
g

3
f + 7 �*�  �*�*,.Ó*Ô*G*�*U*�*V*W*X*+*��b*J.-*/�U*�*V P q�µ*b*Õ�U*�*�

�*, �aÖØ×*Ù*Ú JÛ-*/*U*�*V P µ*Í*b*Õ*Ü*Ü*Ý*Ý*�*�*�  �*�*, �ÞÖ[×*ßCà J ß*à 7 � �  2 �
# 2*á , B 7 � �  *â*ã #*ä ã.å*æ*ç J

§ 1.1 è�é�ê�ë�ì�í�î�ï�ð�ñ
���ò�ó

1. ô*õ*ö*÷*ø*ù*ö*úû*ü
1.1.1 n �*s*t � x1, x2, . . . , xn

 - Z o*?  V*W

a1x1 + a2x2 + · · ·+ anxn = b (1)

ý G n T�U�!�V�W�, B ý n þ�ø�ù�ô�õ (linear equation in n variables), ÿ `ÂU�!�> O��
a1, . . . , an # ²*� > b ¦ 7 Ð[t � J

-*/ c1, c2, . . . , cn
7

n � � , � � x1 = c1, x2 = c2, . . . , xn = cn x*z*V*W (1) µ R V
W : G*i*?*,�� a1c1 + a2c2 + · · ·+ ancn = b l��*,|1 � U*X � (c1, c2, . . . , cn)

ý G*V*W (1) U*� S (solution).
� Xa`  *£ i � � ci ( � xi

 K ~ )
ý G*b  *£ i ¢ < J
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Ù�� ��� n �*s*t � x1, x2, . . . , xn
 ���	 �*��
*V*W*X*l  V*W*X






a11x1 + a12x2 + · · · + a1nxn = b1,

a21x1 + a22x2 + · · · + a2nxn = b2,

· · · · · · · · · · · · · · · · · · · · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm

(2)

ý G n þ*ø*ù*ô*õ*ö (linear equations in n variables). -*/*U*X � (c1, c2, . . . , cn)
7 V*W

X (2) ` æ � V*W  Ï��*b*, B*¯ 7�� � � x1 = c1, x2 = c2, . . . , xn = cn x*z*V*W*X  � U*�
V*W*,.µ R æ �*� ®*V*W*¦ : G*i*?*, ¯ ý*� X � (c1, c2, . . . , cn) G � �*V*W*X  b*J 2

� V*W*X (2)
 Q*V*W*¢ 3�� vaÐ[t ²*� λ1, λ2, . . . , λm {�� � ,.d*e  ¤*V*W

a1x1 + a2x2 + · · ·+ anxn = b

ý G ¥ V*W*X (2)
 ø*ù*ö*ú (linear combination),

B ý G ¥ V*W*Xa`[Q*V*W  ��
*X��*, ÿ
` xj

 *O*�
aj = λ1a1j + λ2a2j + · · ·+ λmamj (1 ≤ j ≤ n) i�� ¥ V*W*X*Q*V*W  xj

 *O
�* ��
*X��*, ²*� > b = λ1b1 + λ2b2 + · · · + λmbm i�� ¥ +*Q*V*W  *²*� >  ��
*X��*J
-*/ � £ i �*V*W � 1 �.ÿ��*V*W*¦ � 0, d*e  ��
*X�� ¯ 7 £ i �*V*W*J.u*A*, ¥ V*W*Xa` �*V*W*¦ 7 � �*V*W*X  ��
*X��*J�-*/ � æ �  V*W*¦ � 0 {�� � ,�d*e  ��
*X�� ¯ 7��
i*? 0 = 0.

û��
1.1.1 (1)

¥ V*W*X  � X*b*U N 7 ¥ V*W*X  � �*��
*X��  b*J
(2) -*/*¡*�*V*W*X��*G*��
*X��*, � ¡*�*V*W*X*�*b*J 2

-*/*¡*�*V*W*X (I) © (II) �*G*��
*X��*, ¯ ý*� ¡*�*V*W*X*i��*J b*V*W*X  �� f V P ,¯ 7 � V*W*X*�*)��*5  : o����Þ, R  ! : o*��p  V�W*X�i���,.��e*D�p*d�e  V�W*X  b
u*v����*º*c*+*J

2. ���*÷�� S� �!
û��

1.1.2 V*W*X  v Z m�" : o 7 �*b : o*�
(1) #�$*ÿa` �*� ¡*�*V*W  �%�& ,.ÿ��*V*W*� : J
(2)
� � U*�*V*W � v*U*��'�( ²*� λ, ÿ��*V*W*� : J

(3)
� � U*V*W  *²*� ª � e*³*U*V*W ] ,.ÿ��*V*W*� : J 2

N*)
1.1.2

æ �  �*
�V�W�X  m*+���b : o�, ý G��*
�V�W�X  -,*.  */ (elementary

transformations). (�0 �*L � m�"�1*i : $*,.u*v � ��
*V*W*X � T*,.�*c*b*+*J
G3234CV35C, L - Z36373839 v ] m3"C�Cb : oCJ ÿÞ`  3:3; �CpC¢ 3 7C: oC�Cp  VCWCXC,:�; ] V 7 �*æ�<*L* : o  �>= J
(I) (i,j)→ (II). (

�*¥ V*W*X (I)
 *£

i �*V*W*© £ j �*V*W���$ %�& J )
(I) λ(i)→ (II). (

�*¥ V*W*X (I)
£

i V*W � '�( ²*� λ.)
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(I) λ(i)+(j)→ (II). (
�*¥ V*W*X (I)

£
i V*W  λ ª � e £ j V*W*J )

3. ?�@
�*L 1*i : $*�*b*��
*V*W*X*,BA 7 �*¥ V*W*X*Q*V*W  *O*� Ñ*) �*� ��C�D�E d*e*¤*V*W

X  �O�� ,.D�p�d�c  b B Y ¥ V�W�X�Q�V�W  �O�� Ñ�) �*� �*C d�c�J.-�/ ¥ V�W*X  �O�� 7� )*� ,;Ñ*) �*� ��C d*c  b*U N�F 7 � )*� JG+�H 4 , O*� -*/C¦ 7�I � ,;Ñ*) �C� ��C dCc U N�F 7�I � J
û*ü

1.1.2 J F
7 0 ��K �  �L�K ,�M r 0 # 1, N � ç*� � � � � � C�D�E*Z�O�P (

×
C P 6 C � �*G 0),

¯ ý
F
7 ?�@ (number field). 2

-C/C�3
CVCWCX  COC� ¦ ç C� �3Q F

 3RTS3U ,VN � � �CVCWCX � Ò UCb*, 1*b  ¢ < B
¦ ç F

 �R>S�U J
W�X*� 0 ��K � C, I ��K � R,

� )*��K � Q ¦ 7 ��Q J 2

�ZYZ[Z\Z] ïZ^
1.1.1 (1) � 13 + 23 + · · ·+ n

3.

(2) � 15 + 25 + · · ·+ n
5.

S
(1) � 4 !*=*>*? f(n) = a1n + a2n

2 + a3n
3 + a4n

4 R
f(n) − f(n − 1) = a1[n − (n − 1)] + a2[n

2 − (n − 1)2]

+ a3[n
3 − (n − 1)3] + a4[n

4 − (n − 1)4]

= (a1 − a2 + a3 − a4) + (2a2 − 3a3 + 4a4)n

+ (3a3 − 6a4)n
2 + 4a4n

3 = n
3

Q*> O*� a1, a2, a3, a4
$*% ��
*V*W*X






a1 − a2 + a3 − a4 = 0

2a2 − 3a3 + 4a4 = 0

3a3 − 6a4 = 0

4a4 = 1

Y[Z�_*]*^ ! Y Q*�*V*W*b*c
a4 =

1

4
, a3 =

6

3
a4 =

1

2
, a2 =

1

2
(3a3 − 4a4) =

1

4
, a1 = a2 − a3 + a4 = 0.

Sn = f(n) =
1

4
n

4 +
1

2
n

3 +
1

4
n

2 =

[
n(n + 1)

2

]2

.
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(2) � 6 !*=*>*? f(n) = a1n + a2n
2 + a3n

3 + a4n
4 + a5n

5 + a6n
6 $*%*&*'

f(n) −
f(n − 1) = n

5, � f(n)
 Q O*� ai (1 ≤ i ≤ 6) $*% V*W*X






a1 − a2 + a3 − a4 + a5 − a6 = 0

2a2 − 3a3 + 4a4 − 5a5 + 6a6 = 0

3a3 − 6a4 + 10a5 − 15a6 = 0

4a4 − 10a5 + 20a6 = 0

5a5 − 15a6 = 0

6a6 = 1

b å d (a6, a5, a4, a3, a2, a1) =
(

1

6
,

1

2
,

5

12
, 0,− 1

12
, 0
)

. _ \

Sn = 15 + 25 + · · · + n
5 = f(n) =

1

6
n

6 +
1

2
n

5 +
5

12
n

4 − 1

12
n

2. 2

1.1.2 �*�*!*0 � y = f(x)
Ù�� - Z � h ~

x 2 3 4

y 7 16 29

S J f(x) = ax
2 + bx + c, ÿa` a, b, c

7 M*N*²*� J.1





f(2) = c + 2b + 4a = 7

f(3) = c + 3b + 9a = 16

f(4) = c + 4b + 16a = 29

−(2)+(3),−(1)+(2)→






c + 2b + 4a = 7

b + 5a = 9

b + 7a = 13

−(2)+(3)→






c + 2b + 4a = 7

b + 5a = 13

2a = 4

1
2
(3),−4(3)+(1),−5(3)+(2)→






c + 2b = −1

b = 3

a = 2

−2(2)+(1)→






c = −7

b = 3

a = 2

f(x) = 2x2 + 3x − 7. 2

1.1.3
L*� T P b*��
*V*W*X

(1)






x1 + 2x2 + 3x3 = 1

2x1 + 2x2 + 5x3 = 2

3x1 + 5x2 + x3 = 3

; (2)






x2+x3+x4= 1

x1 +x3+x4= 2

x1+x2 +x4= 3

x1+x2+x3 = 4

.
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S
(1)

¥ V*W*X −2(1)+(2),−3(1)+(3)→





x1 + 2x2 + 3x3 = 1

−2x2 − x3 = 0

−x2 − 8x3 = 0

−2(3)+(2)→






x1 + 2x2 + 3x3 = 1

15 x3 = 0

−x2 − 8x3 = 0

Y D*p*U*�*V*W*X £ 2 V*W*b*c x3 = 0, x*z £ 3 V*W*b*c x2 = 0, {*x*z £ 1 V*W*b*c
x1 = 1.¥ V*W*X � Ò U*b (1, 0, 0).

(2)
¥ V*W*X (2)+(1),(3)+(1),(4)+(1), 1

3
(1)→






x1+x2+x3+x4=
10
3

x1 +x3+x4= 2

x1+x2 +x4= 3

x1+x2+x3 = 4

−(1)+(2),−(1)+(3),−(1)+(4)→






x1+x2+x3+x4=
10
3

−x2 = −4
3

−x3 = −1
3

−x4=
2
3

Y D�p�U���V�W�X�p�m���V�W�¢ 3 b c x2 = 4
3
, x3 = 1

3
, x4 = −2

3
. x�z £ 1 V�W�b�c

x1 = 7
3
.¥ V*W*X � Ò U*b (7

3
,

4
3
,

1
3
,−2

3
). 2

1.1.4 (1) ` = � ��a 3 � � y1, y2, y3, b ç 0 � f(n) = an
2 + bn + c, R v an = f(n)

G*�*>*Ï*?  *�*´* � 3 >*G y1, y2, y3.

(2)
ç U*!�c ã�d�e `[,�È*¹ a }*U*� �*´* � 3 > 1, 2, 3, »*�*¼�f*º £ 4 >*Jhg�` = �i�j ç*£
4 >�f ]�k � � y, ¦�b ç U*�*0 � f(n) = an

3 + bn
2 + cn + d, R v an = f(n) G

�*>*Ï*?  *�*´* � 4 >*G 1, 2, 3, y.
S

(1) f(n)
 Q*> O*� a, b, c

$*%  �l ¢�m*Ì &*' G





f(1) = c + b + a = y1

f(2) = c + 2b + 4a = y2

f(3) = c + 3b + 9a = y3

Ñ*)�1*i : $����*,.d

−(2)+(3),−(1)+(2)→






c + b + a = y1

b + 3a = y2 − y1

b + 5a = y3 − y2

−(2)+(3)→






c + b + a = y1

b + 3a = y2 − y1

2a = y3 − 2y2 + y1

Y[Z�_*] �*c a = 1
2
y1 − y2 + 1

2
y3, b = −5

2
y1 + 4y2 − 3

2
y3, c = 3y1 − 3y2 + y3. _ \

f(n) = (1
2
y1 − y2 + 1

2
y3)x

2 + (−5
2
y1 + 4y2 − 3

2
y3)x + (3y1 − 3y2 + y3).
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@ e ` � �*=*>*? f(n) $*% æ Ì*�  &*' f(n) = y1, f(2) = y2, f(3) = y3.

(2)
�C´

α = (1, 2, 3, y) uCvCºClC¡C� �C´Cå # (1, 2, 3, y) = (1, 2, 3, 4)+(0, 0, 0, y−4).

ÿa`[�*U*� �*´ β = (1, 2, 3, 4)
 �*>*Ï*? bn = n. Ì R p*U*� �*´ γ = (0, 0, 0, y − 4)

 �
m*>*G 0, q*Ì*K*�*>*Ï*? cn = g(n) = λ(n − 1)(n − 2)(n − 3) �*u*,.ÿa` λ

7 M*N*²*� J
q�n*{��*5�o�p λ R c4 = g(4) = λ(4− 1)(4− 2)(4− 3) = 6λ = y − 4, @*A λ = 1

6
(y − 4)6 �*Ì*�*J

K f(n) = n + g(n) = n + 1
6
(y − 4)(n − 1)(n − 2)(n − 3), 1*v an = f(n) G*�*>*Ï

?  *�*´* � 4 > ^ I*G 1, 2, 3, y,
6 �*Ì*�*J 2

q�r ��s @ � e*,�t*� 1.1.4(2) u*v*�*)*b*V*W*X





f(1) = d + c + b + a = 1

f(2) = d + 2c + 4b + 8a = 2

f(3) = d + 3c + 9b + 27a = 3

f(4) = d + 4c + 16b + 64a = y

+�` = J;q*Ì*�*)�1*i : $*�*c � �*V*W*X  b*, ¯ ` = }*�*>*ÏC?  b ç 
*J;�*)C,;v ]  ` =u �3v �3w3x3yC®CJ ��z3{CcC,|tC� 1.1.4(1)
B uCvC�C)C© (2) +3H  V P +Cb Á J GCIC, qCÌ ��C´

(y1, y2, y3) ¢CbCGC¡C� �C´Cå #C� (y1, y2, y3) = (y1, y2, 2y2−y1)+(0, 0, y1−2y2 +y3).

ÿ `Â��U�� ��´ β = (y1, y2, 2y2 − y1)
7 v y1, y2 G���¡�>  i*} ��´ ,.��> Ï�? G bn =

y1 + (n − 1)(y2 − y1). p U � � ´ γ = (0, 0, y1 − 2y2 + y3)
 � ¡ > G 0, o � > Ï ?

cn = g(n) = λ(n− 1)(n− 2) u 6 �CÌC�C, {3o λ R c3 = g(3) = 2λ = y1 − 2y2 + y3 �CuCJv*~ U*��,.u � ��´ α = (y1, y2, y3) ¢�b�G�m�� ��´�å # α = (y1, 0, 0) + (0, y2, 0) +

(0, 0, y3). ÿ ` α1 = (y1, 0, 0)
 ��>�Ï�?�u�K�G f1(n) = λ1(n − 2)(n − 3) R £ 2,3 ¡

> f1(2) = f1(3) = 0, � 5�o K λ1 u R f1(1) = λ1(1 − 2)(1 − 3) = y1. +�H 4 u d
e α2 = (0, y2, 0)

 ��>�Ï�? f2(n) = λ2(n − 1)(n − 3), v*� α3 = (0, 0, y3)
 ��>�Ï�?

f3(n) = λ3(n−1)(n−2). � 7 d e α = (y1, y2, y3)
 � > Ï ? f(n) = f1(n)+f2(n)+f3(n).� �*V P u � B u*v L +*d*e��*>�Ï*? an = f(n) = f1(n) + · · · + fk(n) R �*´* � k >*i

� �*���*N* *~ y1, . . . , yk.
v3~ U3�C, L � �CV P uCvCdCeC=C>C?C0 � f(x) R3� çC�C� k �C�C�  8 :C< ~ x1, . . . , xkæ K  0 �*~ f(x1), . . . , f(xk) i�� �*���*N* y1, . . . , yk,

B*¯ 7 �*=*>*?>�[� y = f(x) Ñ
)*�*n*�*� O `B�*�*�*�*�  *�*� k �*� (xi, yi).

� �*d*e  =*>*? f(x)
ý G������>�B��������

. 2
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1.1.5 V*W*X U Ñ*)�1*i : $ U
−(1)+(2),−(1)+(3)→U1

−3(2)+(3)→U2
− 1

8
(3)→W �*l






x + y + z = 0

y + 3z = −1

z = −1

(W)

º*c*V*W*X U, N*�*c �  b*JS �  U���1*i : $  �� : $*d

W

−8(3)→






x + y + z = 0

y + 3z = −1

−8z = 8

3(2)+(3)→






x + y + z = 0

y + 3z = −1

3y + z = 5

(1)+(2),(1)+(3)→






x + y + z = 0

x + 2y + 4z = −1

x + 4y + 2z = 5

(U)

¥ V*W*X U © W �*b*J � W ���*�*)�1*i : $����*�

W

−(3)+(1),−3(3)+(2)→






x + y = 1

y = 2

z = −1

−(2)+(1)→






x = −1

y = 2

z = −1

d*e ¥ V*W*X  b (−1, 2,−1). 2

1.1.6 (1) ��`*� -*/�0 ��K �  �L�K P M r _�� U*��'�( � ,�N � �*� � � � � � C (
C

� �*G 0)
O�P ,.1 P M r 0, 1, _ \ 7 ��Q J

(2) ��*̀� æ �  *��Q ¦�M r � )*��Q J
(3) ��*̀� K � F = {a + b

√
2 | a, b ∈ Q} 7 ��Q J (ÿa` Q

7 � )*��Q J )
(4) g*��M r 3

√
2
 D ·* *��Q J

���
(1) J 0 6= a ∈ P , 1 0 = a − a ∈ P , 1 =

a

a

∈ P . N � P

�*�*� ��C�O�P J.H
I P

7 ��Q J
(2) J F

7 � U �*Q J L�� ��Ó*� P ` = ��������� n ∈ F . ��w�, 1 ∈ F . J �����
k ∈ F , 1 Y �*�*P* O�P 
*t k + 1 ∈ F .

� ¯ ` = } æ �  *�*�*� n ∈ F . � Y 0 ∈ F � F�*�*P O�P d −n = 0 − n ∈ F . H*I F M r æ �  *�*� J � � )*� a µ*Í*º*l �*�*å�� a = m
n
, ÿa` m, n

7 �*� �
n 6= 0.

Y
F

� C P O�P t
a = m ÷ n ∈ F .� ¯ ` = } F M r æ �  � )*� ,._ \ M r�� Ú�� )*� X*l  � )*��Q Q.

(3) K a = b = 0 d 0 = 0 + 0
√

2 ∈ F . K a = 1, b = 0 d 1 = a + 0
√

2 ∈ F .
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�
F ` �*� ¡*� � α = a1 + b1

√
2, β = a2 + b2

√
2 (a1, b1, a2, b2 ∈ Q),

�
α ± β = (a1 + b1

√
2) ± (a2 + b2

√
2) = (a1 ± a2) + (b1 ± b2),

αβ = (a1a2 + 2b1b2) + (a1b2 + a2b1)
√

2.Y
Q

�C�C� �3D3E3O3P t a1±a2, b1±b2, a1a2+2b1b2, a1b2+a2b1 ∈ Q. HCI α±β, αβ ∈
F .
� ` = } F

�*�*� ��D�E�O�P J
5 β 6= 0 6*,

β
−1 =

1

a2 + b2

√
2

=
a2 − b2

√
2

(a2 + b2

√
2)(a2 − b2

√
2)

= c2 + d2

√
2

ÿa`
c2 =

a2

a
2
2 − 2b2

2

, d2 =
b2

a
2
2 − 2b2

2

.

Y
β = a2 + b2

√
2 6= 0

�
a2 6= 0 � b2 6= 0.

-*/ b2 = 0 6= a2, 1 c2, d2
 ¢�� a

2
2 − 2b2 = a

2
2 6= 0.

J b2 6= 0. -�/ a
2
2 − 2b2

2 = 0, 1
(

a2

b2

)2

= 2. ¡�� � )�� a2, b2
 *� a2

b2

� 7 � )
� ,.��V�� u�µ�i*� 2.

� ` = } c2, d2
 ¢*� a

2
2 − 2b2

2 6= 0. c2, d2
Y�� )��

a2, b2 Ñ�)��� �*C
(
C � ��G 0) d.e , � 7 � )�� J � ` = } β

−1 ∈ F . { Y F

� � P� O*P 
�t* 
α ÷ β = αβ

−1 ∈ F .

� ¯ ` = } F M r 0,1
� �*�*� ��C

(
C � �*G 0)

O�P , 7 ��Q J
(4) J F

7 M r 3
√

2
 D ·*��Q J.1 F M r � )*��Q Q, N � M r 3

√
2 �*ÿ*© 8G¡  �¢

( 3
√

2)2 = 3
√

4. � 7 F M r 1, 3
√

2, 3
√

4 © �*� � )*� a0, a1, a2
 � ¢ å #*X*l  �K �

E = {a0 + a1
3
√

2 + a2
3
√

4 | a0, a1, a2 ∈ Q}.
£�¤ ` = E

�*�*� ��C�O�P , ¯ 7 M r 3
√

2
 D ·*��Q J

E `  � � α = a0 + a1
3
√

2 + a2
3
√

4 7 U � �¦¥¨) 2 !  � ) O � = > ? f(x) =

a0 + a1x + a2x
2 �

x = 3
√

2 x*z*d*e  *~ f( 3
√

2).
�*� ¡*� � α = f( 3

√
2) © β = g( 3

√
2)
 

#��§}�� ¢ α± β, αβ u*v ç �*h  =*>*? f(x) = a0 + a1x + a2x
2
, g(x) = b0 + b1x + b2x

2

 #���}�� ¢ f(x) ± g(x), f(x)g(x) ` � x = 3
√

2 x*z*d*e*J� )*O*� =*>*? f(x), g(x)
 #���}�� ¢ � 7 � )*O*� =*>*?*J

��¥*)*�*!  =*>*? f(x), g(x)
 #*©�} f(x)± g(x)

� ��¥*)*�*!*, � x = 3
√

2 x*z*p
d*e  α ± β

� ç
E `[J� ¢

p(x) = f(x)g(x) 7 ��¥*) 4 !  � )*O*� =*>*?
p(x) = c0 + c1x + c2x

2 + c3x
3 + c4x

4

ÿa` ci ∈ Q (0 ≤ i ≤ 4).
Y � ( 3

√
2)3 = 2, ( 3

√
2)4 = 2 3

√
2,

αβ = p( 3
√

4) = c0 + c1
3
√

2 + c2
3
√

4 + 2c3 + 2c4
3
√

2
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= (c0 + 2c3) + (c1 + 2c4)
3
√

2 + c2
3
√

4 ∈ E.

q�Ì�µ�Í�` = 5 β = b0 + b1
3
√

2 + b2
3
√

4 6= 0 6 β
−1 ∈ E, 1 α © β � C d�e  *�

α ÷ β = αβ
−1 ∈ E. G*I*,�J P o*K γ ∈ E R βγ = c G�'�( � )*� ,.1 β

−1 = c
−1

γ ∈ E.

5 b1 = b2 = 0 6 β = b0 6= 0 7 � )*� ,.5 � β
−1 = b

−1
0 ∈ Q ⊂ E.

5 b1 6= 0 = b2 6 β = b0 + b1
3
√

2, K γ1 = b
2
0 − b0b1

3
√

2 + b
2
1

3
√

4 ∈ E. 1
βγ1 = c1 = b

3
0 + (b1

3
√

2)3 = b
3
0 + 2b3

1 ∈ Q.

�
c1 6= 0, ¶*1 3

√
2 = −b0

b1

7 � )*� ,�¨�©*J�� 7 β
−1 = c

−1
1 γ1 ∈ E.

5 b1 = 0 6= b2 6 β = b0 + b2
3
√

4, K γ2 = b
2
0 − b0b2

3
√

4 + b
2
22

3
√

2 ∈ E, 1
βγ2 = c2 = b

3
0 + (b2

3
√

4)3 = b
3
0 + 4b3

2 ∈ Q.

�
c2 6= 0, ¶*1 3

√
4 = −b0

b2

7 � )*� ,�¨�©*J�� 7 β
−1 = c

−1
2 γ2 ∈ E.

J b1b2 6= 0. K γ3 = b2(b2
3
√

2 − b1) ∈ E. 1
βb2 = (b2

3
√

4 + b1
3
√

2 + b0)b2 = (b2
3
√

2)2 + b2b1
3
√

2 + b
2
1 + (b0b2 − b

2
1)

βγ3 = βb2(b2
3
√

2 − b1) = (b2
3
√

2)3 − b
3
1 + (b0b2 − b

2
1)(b2

3
√

2 − b1) = c0 + c1
3
√

2

ÿa` c0 = 2b3
2 − b0b1b2 © c1 = (b0b2 − b

2
1)b2 ¦ 7 � )*� J � Y β 6= 0 © γ3 6= 0 t βγ3 6= 0.

�*�aÐB` = (βγ3)
−1 = (c0 + c1

3
√

2)−1 ∈ E, β
−1 = γ3(βγ3)

−1 7
E `[¡*� � γ3 © (βγ3)

−1

 � ¢ , Y E

� � P* O�P 
*t β
−1 ∈ E. 2

q*r f � £ (4)
· � � � E

� � P #�� �� O*P 
  ` = <�L } Ã�ª “ « ”
 *¬ E  VP J v3  E P 7 �CL =C>C?  3® � C P J Y � 3

√
2 7 � )COC� =C>C? m(x) = x

3−2
 3¯ J � ¡

� � )COC� =C>C? f(x) © g(x)
 � ¢ L

x
3 − 2

C dCe � q(x) ©3�C? r(x) = c0 + c1x+ c2x *O*� B ¦ 7 � )*� J ç � i*? f(x)g(x) = q(x)(x3 − 2) + r(x) ` � x = 3
√

2 x*z*,hN�° �
e ( 3

√
2)3 − 2 = 0,

¯ d*e f( 3
√

2)g( 3
√

2) = r( 3
√

2) = c0 + c1
3
√

2 + c2
3
√

4 ∈ E.
� ¯ ` = } E� � P* O�P 
*Jf � £ (3),(4)

· �3` = � C PC O3P 
C¦3±3�CG3'3( � β � � 1

β

,
¯ 7 � ¢3� β

� ) �CJ
£

(3)
· � � β = a2+b2

√
2
� ) � 7 `|�C¼3²3³  J £ (4)

· � � β = b0+b1
3
√

2+b2
3
√

4
� )

� ¯ Ã�ª3´3zC}CJ D �3µ  V P 7 �CL - Z N3) � � �3¶  � )COC� =C>C? g(x) = b0+b1x+b2x
2

© m(x) = x
3 − 2 u*v ×�· ±�� C P d*e � )*O*� =*>*? u(x), v(x) $*%*&*'

u(x)g(x) + v(x)m(x) = 1
�

x = 3
√

2 x�z�,�N*° � e m( 3
√

2) = 0,
¯ d�e u( 3

√
2)g( 3

√
2) = 1, β

−1 = g( 3
√

2)−1 =

u( 3
√

2) ∈ E.

v ] 2�4 æ*L e  *« �*=*>*?  t�¸�¹*A £ 5 º*J.���  ` P�F u*v*d*e v U*°  Ô j �
J�0 � α

7  ��'�( � ) O � = > ?  �¯ ,.1�b ç D�» O �  � ) O � = > ? m(x) =

x
d + ad−1x

n−1 + · · ·+ a1x + a0 R m(α) = 0. J m(x)
 ! � G d. 1

14



E = {c0 + c1α + · · · + cd−1α
d−1 | ci ∈ Q, ∀ 0 ≤ i ≤ d − 1}

7 M r α

 D ·� ��*Q J � �  �� α

ý G½¼*?*? . m(x)
ý G α

 ½¾*¿ �*�*�
.
g - , i ©

3
√

2 ¦ 7 x �*� ,.D · =*>*?*¢ 3 G x
2 + 1 © x

3 − 2. 2

1.1.7 ` = � (1) ��
*X��  �À�Á 
*�.-*/*V*W*X II 7 V*W*X I
 ��
*X��*,.V*W*X III

7 V*W*X II
 ��
*X��*,.1*V*W*X III 7 V*W*X I

 ��
*X��*J
(2) i��  �À�Á 
*�.-*/*V*W*X I ©*V*W*X II i��*,.V*W*X II ©*V*W*X III i��*,.1*V*W

X I ©*V*W*X III i��*J
��� J*V*W*X I

Y V*W a1, . . . , am X*l*, V*W*X II
Y V*W b1, . . . ,bn X*l*, V*W*X IIIY V*W c1, . . . , cp X*l*J

(1) V*W*X II 7 I
 ��
*X�� ⇒  �
bi = bi1a1 + · · ·+ bimam (∀ 1 ≤ i ≤ n) (1)

ÿa` bi1, . . . , bim
7  m � ²*� J

V*W*X III 7 II
 ��
*X�� ⇒  �

ck = ck1b1 + · · ·+ cknbn (∀ 1 ≤ k ≤ p) (2)

ÿa` ck1, . . . , ckn
7  n � ²*� J� i*? (1) x*z (2), d*e

ck = ck1(b11a1 + · · · + b1mam) + · · · + ckn(bn1a1 + · · ·+ bnmam)

= λk1a1 + · · ·+ λkmam

ÿa`  � λkj = ck1b1j + · · · + cknbnj
7 ²*� J � ` = }*V*W*X III `  �*V*W ck

7 V*W*X I ��
*X��*J._ \ V*W*X III 7 V*W*X I
 ��
*X��*J

(2)
¯�Â

(1)
 Ô j , Y V*W*X II 7 I

 ��
*X���� III 7 II
 ��
*X��*u*d*c III 7 I ��
*X��*J.(*)*+*, Y V*W*X II 7 III

 ��
*X���� I 7 II
 ��
*X��*u*d*c I 7 III

 �

*X��*J � ¯ ` = }*V*W*X III © I �.G*��
*X��*,����*i��*J 2
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§ 1.2 ÃZÄZÅZÆZÇ
���ò�ó

1. È�É�Ê�Ë�Ì*ø*ù*ô*õ*ö
çC�CL 1Ci : $CbC�3
CVCWCX  )*WÞ`[, I3Í ] q � QCVCWa`|Q*> OC� ~3Î } D3E (

� � � �� � C�D�E ). x 8 s*t �* �Ï ��N�Ð � ¹ � D�E , æ�Ñ* � L q 7 L +�Ò Å�Ó ® 7 ��+�> O*� u
v���N*JÛG*}�Ô*º  ��5*, v G*}�Õ*c*b*V*W*Xa` f�Ö  �×�Ø —

O*�* D�E , £�¤ <*L ¢�Ù O*�P , � x 8 s*t �* �Ï ��Ú   , � i 7 B Ú   ,.q*º*c O*� + 8�9 Q*V*W*J �*��
*V*W ai1x1 + · · · + ainxn = bi
Y �  Q O*��Û l*U Î + 8�9 �

(ai1, . . . , ain, bi)

��
*V*W*X 




a11x1 + a12x2 + · · ·+ a1nxn = b1,

a21x1 + a22x2 + · · ·+ a2nxn = b2,

· · · · · · · · · · · · · · · · · · · · · · · ·
am1x1 + am2x2 + · · ·+ amnxn = bm,

(1)

L�Ü o � 8 








a11 a12 · · · a1n b1

a21 a22 · · · a2n b2
...

... · · · ...
...

am1 am2 · · · amn bm










(2)

+ 8*9 J.ÿ `  U Î 8*9 U���V�W�,.��U���s�t �� �O�� ]*Z �*Ý X�l�U ´ , ²�� >*X�l�D�p*U´ J � � 8 L�Þ 7 Þ�Ñ + 7 8�9 æ �  *� X*l*U*� � Ú , 8�9 U*�*V*W*X*J
û*ü

1.2.1
�*�*� 8;� �

m, n,
Y ��Q

F ` m × n � ��Û l m
Î � n

´*æ d*e  *�8 , ý G F

]  
m × n É�Ê (matrix).

� 8 `  � � � ý G Ü�ß� U*� þ�à (element),
B

ý G Ü�ß* U*� ��á (entry), ÿa` Û*ç*£ i
Î £

j

´* *� ý G Ü�ß* *£ (i, j) T�� £ (i, j) ¢
< J F

] � Ú
m × n

Ü�ß* �K ��â*� F
m×n. 2

û*ü
1.2.2

Y ��Q
F ` n � � ai (1 ≤ i ≤ n)

Û l  ��ã � X (a1, a2, . . . , an)
ý G

F

]  
n ä�å á (n-dimensional vector),

B ý
n æ � X>ç < , ai

ý G �  *£ i ¢ < J æ � ¢
< ¦*G 0

 ç < (0, . . . , 0)
ý Géè�å á (zero vector), â*� 0. ( � ² B*� (>ç < â*� 0, _ ]Z�ê u*v*t�  � 7 8�9 (>ç < F 7 8�9 � 0, � Ä�ë�ì J ) F

] � Ú
n æ>ç < X*l  �K � ý G F]  

n ä�å á�í�î (n-dimensional vector space), â*� F
n.
�

F
n `  �>ç < º*l*U Î  o

?*, ¯ 7 U*� 1× n

Ü�ß , ý G n æðï�å á , F

] � Ú
n æ Î ç < X*l  �K � F

1×n ý G n æ
ï�å á�í�î . +�H 4 , F

n×1 `  � n × 1
Ü�ß B 7

n æ>ç < , ý G n æéñ�å á , F
n×1 ý G

n æòñ�å á�í�î . 2
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ó�ô v ] N�õ , O*�*ç*��Q F `  � � n T*��
*V*W L F
n+1 `  U*�>ç < 8�9 J \ n T

��
*V*W*X  � U*X*b 7 F
n `  U*�>ç < J F

m×n `  � Ü�ß* � U Î*7 U*� n æ>ç < , 
U ´ 7 U*� m æ>ç < J Y m �*V*W*X*l  n T*��
*V*W*X (1)

L
(2) `  m× (n + 1)

Ü�ß
M

8�9 , M

 � n

´ Y Q*V*Wa`[Q*s*t �* *O*� X*l*, � n

´ X*l*U*� m × n

Ü�ß
A,
ý

G*V*W*X (1)
 òö ?�É�Ê . M

Y O*��Ü�ß
A ÷ �*²*� >*X*l  *´ ç < b d*e*, ý Gðø�ù�É�Ê .

2 É�Ê*÷ ,�. ï  �/
� ��
*V*W*X L�Ü�ß 8�9 ,.��
*V*W*X  1*i : $ ¯ u*v*�*) ��Ü�ß* 1*i : $*+ I�ú J
û�ü

1.2.3 (1) ( ç <  ���P ) J α = (a1, a2, . . . , an), β = (b1, b2, . . . , bn) 7 ��U �*Q
F

] ¡�� n æûç < , � � ¤*ó ¢ < � � d�e  ç < (a1 + b1, a2 + b2, . . . , an + bn) ∈ F
n ý

G � ¡*�>ç <  #*,�â*� α + β. ���*u*v N�õ =*� (
��ü � ) ç < α1, α2, . . . , αm ∈ F

n  #
α1 + α2 + · · · + αm ∈ F

n, �  *£ j ¢ < (1 ≤ j ≤ n) i��*Q αi (1 ≤ i ≤ m)
£

j ¢ < å
#*J

(2) ( ç < © �* � P )
� � U λ ∈ F ý � � U α = (a1, a2, . . . , an) ∈ F

n  Q*¢ < ,.d
e  ç < (λa1, λa2, . . . , λan) ∈ F

n ý G α

 
λ ª*,�â*� λα.

(3) ( ç <  �*
�X*� ) F
n `  U�Xûç < α1, . . . , αm © F U�X � λ1, . . . , λm

� h*� �
{�� � ,;d*e  ç < λ1α1 +λ2α2 + · · ·+λnαm ∈ F

n ý G α1, α2, . . . , αm
 ��
*X��*J 2

ûCü
1.2.4 J A, B

7
F

m×n `  ¡C� Ü3ß J -C/ B

 3 U Î ¦ 7 A

 Î  �3
CX3�C,
A

 � U Î B 7 B

 Î  ��
*X��*, ¯ ý*� ¡*� Ü�ß ï .�þ (row equivalent). 2

û��
1.2.1 J F

]  �Ü�ß
A Ñ*)*v Z : o å U : l Ü�ß B, 1 A © B

Î i��*�
(1)
� *¡ Î ��$ %�&�ÿ

(2)
L

F `[*��'�(  *� � v* Î ÿ
(3)
�  Î  *²*� ª � e*³*U Î ] J 2

û*ü
1.2.5

N�)
1.2.1 ` æ �  m�+ : o ý G Ü�ß* é,�. ï  �/ (elementary transfor-

mation of rows).

G*}�2�4*V�5*, £�¤ L�Ü�ß A e B

 �:�; + 8�9 A Ñ*)�1*i Î*: $ : G B,
:�; ] V�°

= æ*L* 7 Ó U*� : $*�
(1) A

(i,j)−→ B ; (2) A

λ(i)−→ B ; (3) A

λ(i)+(j)→B

:�; ]  
(i, j)

8�9 � £
i
Î © £ j

Î ��$*, λ(i)
8�9 L '�( � λ

� v £ i
Î , λ(i) + (j)

8
9 � £

i
Î  

λ ª � e £ j
Î ] J
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�ZYZ[Z\Z] ïZ^
1.2.1

L�Ü�ß*� T P b*��
*V*W*X

(1)






2x1 +x2−5x3 +x4= 8

x1−3x2 −6x4= 9

2x2 −x3+2x4= −5

x1+4x2−7x3+6x4= 0

; (2)






x1+3x2−5x3−5x4 = 2

x1+2x2+2x3−2x4+x5= −2

2x1 +x2+3x3−3x4 = 2

x1−4x2 +x3 +x4−x5= 3

x1 +3x3 −x4+x5= 1

.

S
(1)










2 1 −5 1 8

1 −3 0 −6 9

0 2 −1 2 −5

1 4 −7 6 0










(1,2),−2(1)+(2),−(1)+(4)→










1 −3 0 −6 9

0 7 −5 13 −10

0 2 −1 2 −5

0 7 −7 12 −9










−(2)+(4),−3(3)+(2)→










1 −3 0 −6 9

0 1 −2 7 5

0 2 −1 2 −5

0 0 −2 −1 1










−2(2)+(3)→










1 −3 0 −6 9

0 1 −2 7 5

0 0 3 −12 −15

0 0 −2 −1 1










1
3
(3),2(3)+(4)→










1 −3 0 −6 9

0 1 −2 7 5

0 0 1 −4 −5

0 0 0 −9 −9










− 1
9
(4),6(4)+(1),−7(4)+(2),4(4)+(3)→










1 −3 0 0 15

0 1 −2 0 −2

0 0 1 0 −1

0 0 0 1 1










2(3)+(2)→










1 −3 0 0 15

0 1 0 0 −4

0 0 1 0 −1

0 0 0 1 1










3(2)+(1)→










1 0 0 0 3

0 1 0 0 −4

0 0 1 0 −1

0 0 0 1 1










D*p*d*e  �Ü�ß x 8  V*W*X 




x1 = 3

x2 = −4

x3 = −1

x4 = 1
 b (3,−4,−1, 1) 7 ¥ V*W*X  *Ò U*b*J
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(2) Á�� � (−26
3
,−11

3
,

5
3
,−6,−4

3
). ( b Á )*W�Ú ) 2

q3r�ç I3Í h L `|, �C)31Ci ÎC: $3�3� Ü�ßC )CWCu*v����3��� E���� ' +��Cl*J g -C,
MATLAB # Mathematica

� ' ¦*u*v��*l � U ��	 J.v f � £ (2)
· �*G g Jç

Mathematica `�
*z*- Z��� �
M={{1,3,-5,-5,0,2},{1,2,2,-2,1,-2},{2,1,3,-3,0,2},{1,-4,1,1,-1,3},

{1,0,3,-1,1,1}}; RowReduce[M]

ÿÞ` M=
å p 7 ^ !�
Cz  3Ü3ß Q Î  T�¶*,  Î QCT�¶ L���Þ 7 Þ�Ñ +*J RowReduce[A]8�9 �

M
~�Î 1*i Î*: $��*e*D��*o*?*J D Î v ]��� d*e*- Z 
*c*Ô*/

{{

1, 0, 0, 0, 0,−26

3

}

,

{

0, 1, 0, 0, 0,−11

3

}

,

{

0, 0, 1, 0, 0,
5

3

}

,

{0, 0, 0, 1, 0,−6},
{

0, 0, 0, 0, 1,−4

3

}}

æ x 8  �Ü�ß*� h  V*W*X  *Ò U*b (−26
3
,−11

3
,

5
3
,−6,−4

3
)
¯ 7 ¥ V*W*X  *Ò U*b*J

B u L MATLAB
� ' �*l*���  *��	 J ç MATLAB `�
*z*- Z��� �

M=[1,3,-5,-5,0,2; 1,2,2,-2,1,-2; 2,1,3,-3,0,2; 1,-4,1,1,-1,3;

1,0,3,-1,1,1]; rref(M)

d*e�
*c*Ô*/
1.0000 0 0 0 0 −8.6667

0 1.0000 0 0 0 −3.6667

0 0 1.0000 0 0 1.6667

0 0 0 1.0000 0 −6.0000

0 0 0 0 1.0000 −1.3333

° � MATLAB © Mathematica
 
*z �� #�
*c*Ô*/  �� 3 �

(1) 
*z Ü�ß 6*, Mathematica
L���Þ 7 +*¢��*�*�  Î ,�{ L���Þ 7 � æ �  Î Þ*ç UÑ 8�9 � � Ü�ß J MATLAB

L ¢ 7 +*¢��*�*�  Î , L V Þ 7 � æ �  T�¶ Þ*ç U Ñ J
(2) Mathematica

L
RowReduce[M]

8*9 L 1�i Î�: $*�*� Ü*ß M , MATLAB 1 L
rref(M).

(3) Mathematica � < 
*c���� ~ (¢ � , ¯ ? ) i*, MATLAB 1�
*c���H ~ J« � Mathematica © Matlab
 v�������� ,���¹������  Ô��*#� �!*J 2

1.2.2
ç�"�# �CnC�C� O `|,E�CmC�C�C� 9x−3y+z = 20, x+y+z = 0 # −x+2y+z =

−10
 Ï��*� K �*J
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S Ï*��� K � ¯ 7 m����*
�V�W�X�X�l  V�W�X  b K� %$ à J � V�W*X L*Ü*ß 8�9 ,.�
)�1*i Î*: $ � Ü�ß ���*d*�







9 −3 1 20

1 1 1 0

−1 2 1 −10







(1,2),−9(1)+(2),(1)+(3)→







1 1 1 0

0 −12 −8 20

0 3 2 −10







1
4
(2)+(3)→







1 1 1 0

0 −12 −8 20

0 0 0 −5







D*p  �Ü�ß*£ 3 Î x 8  V*W 0 = −5
i b*J ¥ V*W*X i b*J.Ï��*� K � 7 "�K J 2

q�r�ç
Mathematica `�
*z ��

M = {{9,-3,1,20},{1,1,1,0},{-1,2,1,-10}}; RowReduce[A]

D Î Ô*/*G
{{

1, 0,
1

3
, 0
}

,

{

0, 1,
2

3
, 0
}

, {0, 0, 0, 1}
}

.

���*d*e  �Ü�ß*£ 3 Î x 8  V*W 0 = 1
i b*J ¥ V*W*X i b*J 2

1.2.3 Ð[t*¡*� :*< x, y

å�# � �"*0 �*«*O y = f(x), N � � - Z � h ~

x 1 2 3 4

y 2 7 16 29

� y
7 ¶*u*µ 7 x

 �*!*0 � �;-*/*u*µ*,�g*�*c $*% Ì*�  �*!*0 � J
S -*/ y = f(x) 7 �*!*0 � ,.1 y = c + bx + ax

2,
M*N*²*�

a, b, c
$*% V*W*X






c + b + a = 2

c + 2b + 4a = 7

c + 3b + 9a = 16

c + 4b + 16a = 29
��&�'�Ü�ß × 1�(�)�*�+�,�-










1 1 1 2

1 2 4 7

1 3 9 16

1 4 16 29










−(1)+(i),(∀ i=2,3,4)→










1 1 1 2

0 1 3 5

0 2 8 14

0 3 15 27










−2(2)+(3),−3(2)+(4)→










1 1 1 2

0 1 3 5

0 0 2 4

0 0 6 12










1
2
(3),−6(3)+(4),−3(3)+(2),−(3)+(1),−(2)+(1)→










1 0 0 1

0 1 0 −1

0 0 1 2

0 0 0 0
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.�/ -�0�1�2�3�4�5�6�1�7�8�9�1�:�;�< (c, b, a) = (1,−1, 2) =�>�?�7�8�9�1�:�;�<�@
y A�B�> x 1�C�D�E�F�@�:�;�G�H�I�J�1�C�D�E�F�K y = 1 − x + 2x2. 2

1.2.5 L�M�F�N�O�P�<�Q�R�7�8�9





x +3y+2z= 4

2x +5y−3z=−1

4x+11y +z= 7

S�T 7�8�9�1�<�U�L 3 V�W�X�Y�1�Z�[ Π >�\�]_^`�S�T 7�8�9�1�a�F�b�c�d�)�e 0, -�0�1�7�8�9�1�<�U�L 3 V�W�X�Y�1�Z�[ Π0 >�\�]_^
Π0 f Π g�\�]�h�i_^j ` 7�8�9�k�2�3�6�l�m�n�k�o�(�p�)�*�+�, ( +�,�q�8�r�s�tum�n�A�v�k Mathematicaw e ), -







1 3 2 4

2 5 −3 −1

4 11 1 7





→







1 0 −19 −23

0 1 7 9

0 0 0 0







+�, / 1�2�3�5�6�1�7�8�9





x − 19z = −23

y + 7z = 9
⇔






x = 19z − 23

y = −7z + 9

<�U S = {(19t − 23,−7t + 9, t) | t ∈ R} = {(−23, 9, 0) + t(19,−7, 1) | t ∈ R}. x�1�Z
[ Π y�z�{ P |�}�~�{ P1(−23, 9, 0) � f }�~���� u = (19,−7, 1) ��p�1�7�����z�-�0�1� Q�@ ��� ` 7�8�9�1�a�F�b�c�d�)�e 0, -�0�1�7�8�9�+�,�K






x − 19z = 0

y + 7z = 0

<�U�K S0 = {t(19,−7, 1) | t ∈ R}, Z�[ Π0 >�q�?�{ O n f u = (19,−7, 1) ��p�1 � Q�@� Q Π0 f Π ��p�����; T }�~���� u n�������t���� Π f Π0 >���p � Q�@ ` Π0 ��p���z
0���q�{ P1(−23, 9, 0), =�-�0 � Q Π. 2

1.2.6 C���;�D�7�8�9 




a1x + b1y = c1

a2x + b2y = c2

1�i�F���>���F�@
(1) x�1�<�>���;�~�>���F_^�������1���y�@
(2)

���
a1b2 − a2b1 = ±1, ����v�����i�F�C���;�D�7�8�9�1�<�;�~�>���F�@

21



j��
(1) ��i�F�C���;�D�7�8�9�1�<���;�~�>���F�@��

�





2x = 1

3y = 1

>���i�F�C���;�D�7�8�9�t�x�1�<�K (1
2
,

1
3
), ������>���F�@

(2) � ε = a1b2 − a2b1 = ±1, � ε
−1 = ε.

���
?�7�8�9�g�< (x, y),

` (� 
a1x + b1y = c1 (1)

a2x + b2y = c2 (2)

��¡�¢ b2, b1 £�¤�¥ -�0
(a1b2 − a2b1)x = b2c1 − b1c2 ⇒ x = ε(b2c1 − b1c2) >���F�@¦�§�¨ t ` (�  (2),(1) ��¡�¢ a1, a2 £�¤�¥ -�0
(a1b2 − a2b1)y = a1c2 − a2c1 ⇒ y = ε(a1c2 − a2c1) >���F�@© q�ª�t ` (x, y) = (ε(b2c1 − b1c2), ε(a1c2 − a2c1)) 5�«�?�7�8�9�¬��t�-

a1ε(b2c1 − b1c2) + b1ε(a1c2 − a2c1) = ε(a1b2 − a2b1)c1 = ε
2
c1 = c1

a2ε(b2c1 − b1c2) + b2ε(a1c2 − a2c1) = ε(a1b2 − a2b1)c2 = ε
2
c2 = c2

A�® (x, y) = (ε(b2c1 − b1c2), ε(a1c2 − a2c1)) >�?�7�8�9�1�:�;�<�t�m�n�y���F�9�e�@ 2

§ 1.3 ¯±°±²±³±´±µ±¶±·±¸±¹±º¼»
½±¾±¿±À

1. Á�Â�Ã�Ä�Å
m

T 7�8�9�e�1 n ��Q�R�7�8�9�A�v�k�x�1�Æ�Ç�F�i�F�È�a�F�b�9�e�1 m× (n + 1) É�Ê
2�3 M ª�6�l�@ £�Ë M Ì�;�i�Í�o�(�p�)�* ` M +�e�Î�A�B�,�Ï�1�Ð�Ñ S, Ò S 4�5�6�1
Q�R�7�8�9�1�<�A�v�Ó�Ô�-�Õ�ª�@Ö_×�Ø�Ù�Ú�Û \�]�Ü�1�2�3 S Ý�>�Þ�� Ù�ß 1 . ,�Ð�Ñ_^�à�Ü�y S á�Õ�7�8�9�1�<_^

â�ã
1.3.1 ä T m × n 2�3 M A�v�å�q�g�æ�D�o�(�p�)�*�+�e

��ç
Ð�Ñ�1 . ,�è�é�Ð

S = (sij)m×n =













s1j1 · · · 0 · · · 0 · · · s1n

s2j2 · · · ... · · · s2n
. . . 0

...
...

srjr
· · · srn

O













22



G�H
��ç
I�J Û

(1) S 1�ê�ë�p�U�Y�L�ì r p�t .�/ m − r p�c�K�ë�t�n�ì r p�ä�p .�í�î 1�ê�ë�� tiji

(1 ≤ i ≤ r) 4�L�Í�1�ï�ð j1 < j2 < · · · < jr.

(2) ä T ê�ë�p .�í�î 1�ê�ë�� siji
= 1, x�4�L�1�Í�ñ�ò���ó�c�K 0. 2���

2�3 B = (bij) Y�ô T ê�ë�� bkt 6= 0 1 í 7�õ
ç
7�È í

ç
7�1�4�g�1���ó bij (i ≥ k

n j ≤ t ö (i, j) 6= (k, t)) c�K 0,
S�T ��ó bkt =�÷�K�è�é���t�4�L�ø�ù (k, t) ÷�K S 1�;T è�é�@

~�� 1.3.1 1�I�J (1) =�>�� S 1�ê�ë�p�U�Y�L�ì r p�m�n�ä�p���g�; T è�é�@�G�H���I
J�1�2�3�÷�KúÃ�Ä�Å .

���
è�é�Ð�2�3�1�ä T è�é��%û�� 1 m�n�4�L�Í�1�ñ�ò���ó���K 0, G�H

v���I�J (2), =�÷�KüÁ�Â�Ã�Ä�Å .

2. ý�þ
(1)

` 2�3 A = (aij)m×n +�K�è�é�Ð T .���
A = O, ÿ���> . ,�è�é�Ð�@

� A 6= O, | í 0�����; T ��K�ë�1�Í�>�� j1 Í�@
���

a1j1 6= 0, Ë ä T i ≥ 2,
`

A 1
� 1 p�1 −aij1a

−1
1j1 ��� 0�� i p�t A�v ` a1j1

ç
7���ó�c�d�)�e 0, a1j1 e�K���; T è�é�� Û

A

−aij1
a1j1

(1)+(i),∀ 2≤i≤m→ A1 =

(
0 · · · 0 a1j1 · · ·

A22

)

ñ�Y A22 > (m − 1) × (n − j1) ��2�3�@���
a1j1 = 0, ö A 1�� j1 Í�g�����ô T akj1 6= 0.

`
A 1�� 1 p f � k p���*�ø�ù�=

A�v�+�K a1j1 6= 0 1�	�Ð�@�
�A�� Ø k��� ¦ o�û�)�*�t ` � k p � 0�� 1 p�Ò�� (1, j1) ��y
0 )�e�ê�ë�� akj1. ��A ` � 1 p�1�����a�F ��� 0�v

ç��
p ` � (1, j1) ø�ù�)�e�è�é�@

£�Ë A1 � 2 � m p�����ì���1�q�8�t�����Õ�; T�� ; T è�é�t � 0�+�K�è�é�Ð�2�3 T .

(2) ��è�é�Ð�2�3 T = (tij)m×n 1�ì r p���K�ë�t / m − r p�c�K 0. � k |���0���1����� D ` ä T è�é�� tkjk
4�L�1�p�¢ t

−1
kjk
+�K tkjk

= 1 1�	�Ð�t £ ` � k p�1 −tijk ��� 0� i p (∀ 1 ≤ i ≤ r)
` è�é�� tkjk

��7�1���ó�c�d�)�e 0. = ` T +�e�� . ,�è�é�Ð S.

3. �� �! j�"�#�$â�ã
1.3.2 ��F�% F � n ��Q�R�7�8�9�1 m× (n + 1) É�Ê�2�3 M ��q�g�æ�D�o�û�p

)�*�+�e . ,�è�é�Ð

S = (sij)m×n =













s1j1 · · · 0 · · · 0 · · · s1,n+1

s2j2 · · · ... · · · s2,n+1
. . . 0

...
...

srjr
· · · sr,n+1

O
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& g r

T è�é�� siji
= 1 (1 ≤ i ≤ r) ��¡�ø���ì r p�1�� j1, j2, . . . , jr Í�@�� Û

(1) � jr = n + 1 '�t�7�8�9�(�<�@
(2) � jr = r = n '�t�7�8�9�g�:�;�< (s1,n+1, . . . , sn,n+1).

(3) � jr < n '�7�8�9�g�(�)�*�9�<�t�å�< (x1, . . . , xn) Y�1 xj (j /∈ {j1, . . . , jr}) A
L F Y,+�-�.�/�t�0

xji
= si,n+1 −

∑

j /∈{j1,...,jr,n+1}
sijxj . 2

4. 1�2�3�4��� �!
a�F�b�c�K 0 1�Q�R�7�8�9�÷�K�5�D�Q�R�7�8�9%t���6%g�; T < (0, . . . , 0), ÷�K�ë�<�t�


÷�K���7�<�@â�ã
1.3.2

���
5�D�Q�R�7�8�9�1�Æ�Ç%F T F��%��7%8 T F%t���5%D�7%8�9%g�ê%ë%<�t�|

0�g�(�)�*�9�<�@ 2
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8:9:;:<:= º:>
1.3.1 a, b .�\�]�/�'�t

ç
��1�7�8�9�g�<�t�m ß Õ�ñ�<�@






3x1+2x2+ax3 +x4−3x5= 4

5x1+4x2+3x3+3x4 −x5= 3

x1 +x2+3x3+2x4 +x5= 1

x2+2x3+2x4+6x5= −3

x3+bx4 +x5= 1

.

j

M =













3 2 a 1 −3 4

5 4 3 3 −1 3

1 1 3 2 1 1

0 1 2 2 6 −3

0 0 1 b 1 1













(1,3),−5(1)+(2),−3(1)+(3)→













1 1 3 2 1 1

0 −1 −12 −7 −6 −2

0 −1 a − 9 −5 −6 1

0 1 2 2 6 −3

0 0 1 b 1 1













(2)+(4),− 1
5
(4),−(2),(2)+(3)→













1 1 3 2 1 1

0 1 12 7 6 2

0 0 a + 3 2 0 3

0 0 2 1 0 1

0 0 1 b 1 1













−(2)+(1)→













1 0 −9 −5 −5 −1

0 1 12 7 6 2

0 0 a + 3 2 0 3

0 0 2 1 0 1

0 0 1 b 1 1













5(4)+(1),−7(4)+(2),−2(4)+(3),−b(4)+(5)→ M1 =













1 0 1 0 −5 4

0 1 −2 0 6 −5

0 0 a − 1 0 0 1

0 0 2 1 0 1

0 0 1 − 2b 0 1 1 − b













� a = 1 '�t�2�3 M1 1�� 3 p�5�6�1�7�8�e�K 0 = 1, (�<�t�?�7�8�9�(�<�@
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v
ç
� a 6= 1, ?�@ Ë M1 A o�û�p�)�*�+�, Û

M1

5(5)+(1),−6(5)+(2), 1
a−1

(3)→













1 0 6 − 10b 0 0 9 − 5b

0 1 −8 + 12b 0 0 −11 + 6b

0 0 1 0 0 1
a−1

0 0 2 1 0 1

0 0 1 − 2b 0 1 1 − b













(10b−6)(3)+(1),(8−12b)(3)+(2),−2(3)+(4),(2b−1)(3)+(5)→

T =













1 0 0 0 0 −5ab+9a+15b−15
a−1

0 1 0 0 0 6ab−11a−18b+19
a−1

0 0 1 0 0 1
a−1

0 0 0 1 0 a−3
a−1

0 0 0 0 1 −ab+a+3b−2
a−1













.�/ -�0�1�2�3 T 4�5�6�1�7�8�9�g�:�;�<
(−5ab+9a+15b−15

a−1
,

6ab−11a−18b+19
a−1

,
1

a−1
,

a−3
a−1

,
−ab+a+3b−2

a−1
),S =�>�?�7�8�9�� a 6= 1 '�1�:�;�<�@ ?�7�8�9�g�<�1�I�J�K Û a 6= 1, b A�v�+�-�.�/�@ 2B�C ��� Ù�D k Mathematica

ß <�E�F�t�G�H�p
��ç�I�J Û

M={{3,2,a,1,-3,4},{5,4,3,3,-1,3},{1,1,3,2,1,1},
{0,1,2,2,6,-3}0,0,1,b,1,1}}; RowReduce[M]//MatrixForm

ñ�Y //MatrixForm > Ù�ß ��2�3�Ð� �K�Õ�@�-�0












1 0 0 0 0 −15+9a+15b−5ab
−1+a

0 1 0 0 0 19−11a−18b+6ab
−1+a

0 0 1 0 0 1
−1+a

0 0 0 1 0 −3+a
−1+a

0 0 0 0 1 −2+a+3b−ab
−1+a













S =�>�E�F���+�,�-�0�1�2�3 T . ����1�>�������L�����*�b� �M�L�1�N�O�P�Í�0%��>��RQ�O�P
Í�@ y�����L −1 + a � a = 1 '�K 0, S�T Ë a = 1 1�	�U�Ï�V�W�X�@ £ H�p

��ç�I�J Û
a=1; RowReduce[A]

-�0
{{

1, 0, 0, 0, 2(−3+5b)
−1+2b

, 0
}

,

{
0, 1, 0, 0, 4(−2+3b)

−1+2b
, 0
}

,

{
0, 0, 1, 0, 1

1−2b
, 0
}

,

{
0, 0, 0, 1, 2

−1+2b
, 0
}

, {0, 0, 0, 0, 0, 1}
}

+�,�-�0�1�2�3�� 5 p (0, 0, 0, 0, 0, 1) 4�5�6�1�7�8 0 = 1 (�<�@�A�®�� a = 1 '�?�7
8�9�(�<�@ ö�>�t .�/ -�0�1�2�3�1���ó�1���L −1 + 2b � b = 1

2
K 0.

S Ò�Y�Z�[�\�� a 6= 1
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n b = 1
2
'�?�7�8�9�>���g�<_^���q�t Ë ��Æ�Ç�F T F f 7�8 T F ¤ ��1�Q�R�7�8�9�t̂ ]�~�>��

g�:�;�<�1 . A�_�7�`�>�a�b�i�F�7�3 ( y�Æ�Ç�F�i�F�9�e�1�7�3�t���c�d�a�F�b ) 1�p�Í� �@�h
��p�Í� �1�e�*�Ç�f�g�h�®�� 3 i�@�ö D k�a�b�j�k�J�a�b�È D k�p�Í� �t�l���T Ù�Ö *�Ç�f�tm Ù ` i�F�7�3 A ��n� �K�«�t�L Mathematica Y £ H�p Det[A] =�A�v�b�Õ�p�Í�  detA.

� detA 6= 0 '�t���X�a�F�b�.�\�]�/�t�7�8�9�;�~�g�:�;�<�@�v�E�F�K%��@�L Mathematica

Y,H�p
��ç�I�J Û

A={{3,2,a,1,-3},{5,4,3,3,-1},{1,1,3,2,1},
{0,1,2,2,6},{0,0,1,b,1}}; Det[A]

-�0
5 − 5a

A�®�i�F�2�3 A 1�p�Í�  detA = 5 − 5a f b (�h�@�� a 6= 1 ' detA 6= 0, 7�8�9�g�:�;
<�@o� a = 1 '�p�q�r�p�Í�  detA = 0 ��B�s�~�7�8�9�>���(�<�@ ö�q�r Ë É�Ê�2�3�+�,�1�t�
A�Ç�7�8�9�(�<�@
p%Í%  detA 6= 0 '%7%8%9%K%\%]%;%~%g%:%;%<%LR+Ru%;REwvyx%û%5%FRzR{wv Q%R%5�FRz|�} Y���g�~�n�1�����@���q�Y�Z�A�v�L�� Ë C���{����7�8�9���; T�� u�1�<���@
C���;�D�7�8�9 





a1x + b1y = c1

a2x + b2y = c2

A�v�á�e�����Ð� 
x

(
a1

a2

)

+ y

(
b1

b2

)

=

(
c1

c2

)

Ô x

−→
OA + y

−−→
OB =

−→
OC

ñ Y A, B, C �%¡%>%�R� �R�R�R� i Y �R� K (a1, a2), (b1, b2), (c1, c2) 1%{%@�i%F%2%3 G =(
a1 b1

a2 b2

)

1�p�Í�  detG = |OA||OB| sin 6 AOB 1�� Ë / | detG| =�>�v OA, OB K��î 1���p�� î Ð�1�����t����%ð�y sin 6 AOB 1�Þ�ð���~�@ detG 6= 0 =�>�� OA, OB � &
Q�t ��� −→

OA,

−−→
OB 9�e�������1�;�9���t�A�v ` +�u�; T ��� −→

OC :�; ¨ 6�l�e�Q�R�9���t S
-�����7�8�9�g�:�;�< (x, y), 
�=�> −→

OC L�� {−→OA,

−−→
OB}

ç
1 ��� @

���;�D�7�8�9 




a1x + b1y + c1z = d1

a2x + b2y + c2z = d2

a3x + b3y + c3z = d3


�A�v ¦�§�¨ á�e � u�Ð� 
x

−→
OA + y

−−→
OB + z

−→
OC =

−−→
OD
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ñ Y A, B, C, D � ¡ > W X ������� i Y ��� K (a1, a2, a3), (b1, b2, b3), (c1, c2, c3), (d1, d2, d3)

1�{�@�i�F�2�3 G 1�p�Í�  detG =
−→
OA · (−−→OB × −→

OC) > −→
OA,

−−→
OB,

−→
OC 1�������t�ñ�� Ë/�>�v OA, OB, OC K���1���p�������1�����@ detG 6= 0 =�>�� −→

OA,

−−→
OB,

−→
OC � & ��t 9

e�W�X�1�;�9���t A�v ` W�X�+�-���� −−→
OD :�; ¨ á�e S 9���1�Q�R�9���t ?�7�8�9�g�:�;�<�@

2

1.3.2 W�X�� λ .�\�]�/�'
ç
��1�7�8�9�g�< Û






λx1 + x2 + x3 = 1,

x1 + λx2 + x3 = λ,

x1 + x2 + λx3 = λ
2
.

��7�8�9�g�<�' ß Õ�<�ª�t�m�W�X λ .�\�]�/�'�7�8�9�g�:�;�<�t�\�]�'���g�(�)�*�9�<�@j

M =







λ 1 1 1

1 λ 1 λ

1 1 λ λ
2







(2)+(1),(3)+(1)→M1 =







λ + 2 λ + 2 λ + 2 λ
2 + λ + 1

1 λ 1 λ

1 1 λ λ
2







� λ = −2 ' M1 1�� 1 p (0, 0, 0, 3) 5�6�1�7�8 0 = 3 (�<�t�?�7�8�9�(�<�@
v
ç
� λ 6= −2. ?�@�k�o�û�p���*�+�, M1:

M1

1
λ+2

(1),−(1)+(2),−(1)+(3)→M2 =







1 1 1 λ2+λ+1
λ+2

0 λ − 1 0 λ−1
λ+2

0 0 λ − 1 (λ+1)2(λ−1)
λ+2







� λ = 1, M2
/�� p�K�ë�t�� 1 p�5�6�1�7�8 x1 + x2 + x3 = 1 f ?�7�8�9���<�t å�<�K
{(1, 0, 0) + t1(−1, 1, 0) + t2(−1, 0, 1) | t1, t2 ∈ F}

� F = R > M F�%�' t < U L W X ������� i Y 1 Z�[ K�q�{ (1, 0, 0) n f � � (−1, 1, 0),

(−1, 0, 1) ����p�1�����@
� λ 6= −2 n λ 6= 1 '�t ` M2 � ;���+�,�- Û

M2

1
λ−1

(2), 1
λ−1

(3),−(2)+(1),−(3)+(1)→T =







1 0 0 −λ+1
λ+2

0 1 0 1
λ+2

0 0 1 (λ+1)2

λ+2







T 5�6�1�7�8�9�g�:�;�< (−λ+1
λ+2

,
1

λ+2
,

(λ+1)2

λ+2
), 
�=�>�?�7�8�9�1�:�;�<�@

?�7�8�9�� λ = −2 '�(�<�t�� λ = 1 '�g�(�)�*�<�t�ñ�ò�	�U
ç
��g�:�;�<�@ 2

1.3.3 (1)
ß ç ��1�ê�5�D�Q�R�7�8�9�1�å�< Û






x1 + x2 + x3 + x4 + x5 = 1,

x1 + 2x2 + 3x3 + 4x4 + 5x5 = 6,

x1 − x3 − 2x4 − 3x5 = −4.

(I)
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(2)
` 7�8�9 (I) 1�a�F�b�c�d�*�e 0 -�0�5�D�Q�R�7�8�9 (II).

ß 7�8�9 (II) 1�å�<�t m` å�<�á�e�ñ�Y ��T�� <�1�Q�R�9���1�Ð�  @
(3) 7�8�9 (I) 1�å�<�B���á�e ��T�� <�1�Q�R�9��_^
(4) ����7�8�9 (I) f (II) 1�å�<���X�1�h�i�t����� �\�]�¡�¢_^¤£�������1�t�X�@j

(1)
` ?�7�8�9�1�É�Ê�2�3 M å�q�o�û�p���*�+�e . ,�è�é�Ð�t�|�0 ` 7�8�9�+�,�K






x1 − x3 − 2x4 − 3x5 = −4

x2 + 2x3 + 3x4 + 4x5 = 5
⇔






x1 = x3 + 2x4 + 3x5 − 4

x2 = −2x3 − 3x4 − 4x5 + 5

å�< S = {(t1 + 2t2 + 3t3 − 4,−2t1 − 3t2 − 4t3 + 5, t1, t2, t3) | t1, t2, t3 ∈ F}.
(2) L�7�8 (I) 1�å�< S Y ` a�F −4, 5 *�e 0, =�-�0�5�D�Q�R�7�8�9 (II) 1�å�<

S0 = {(t1 + 2t2 + 3t3,−2t1 − 3t2 − 4t3, t1, t2, t3) | t1, t2, t3 ∈ F}
= t1(1,−2, 1, 0, 0) + t2(2,−3, 0, 1, 0) + t3(3,−4, 0, 0, 1) | t1, t2, t3 ∈ F}

å%< y¥ TR� < X1 = (1,−2, 1, 0, 0), X2 = (2,−3, 0, 1, 0), X3 = (3,−4, 0, 0, 1) 1%c
d�Q�R�9�� t1X1 + t2X2 + t3X3 9�e�@

(3) 7�8�9 (I) 1�å�< X = (t1 + 2t2 + 3t3 − 4,−2t1 − 3t2 − 4t3 + 5, t1, t2, t3) A�v�á
e 4

T ��� Y1, Y2, Y3, X0 1�Q�R�9���1�Ð� 
X = t1Y1 + t2Y2 + t3Y3 + X0 (1)

= t1(Y1 + X0) + t2(Y2 + X0) + t3(Y3 + X0) + (1 − t1 − t2 − t3)X0 (2)

ñ Y Y1 = (1,−2, 1, 0, 0), Y2 = (2,−3, 0, 1, 0), Y3 = (3,−4, 0, 0, 1), X0 = (−4, 5, 0, 0, 0),

t1, t2, t3 A�v�L�F�% F Y,+�-�.�/�@�ö S 4
T ����Y m g X0 >�7�8�9 (I) 1 � <�t�ñ�ò 3

T
Y1, Y2, Y3 5�«�7�8�9 (I) 1�û�ð í�î -�0�1�> 0 0���û���� î 1�a�F�b�t�x�Z��%> (I) 1 � <
0�> (II) 1 � <�@�0�n�t�L�Q�R�9���  (1) Y�t X0 1�i�F m B�û�� 1 0���B�.�¡�1�/�@¦

X1 = X0 + Y1, X2 = X0 + Y2, X3 = X0 + Y3. � X0, X1, X2, X3 ��>�7�8�9 (I) 1� <�@�û�  (2) e�K
X = t1X1 + t2X2 + t3X3 + (1 − t1 − t2 − t3)X0 (3)

7�8�9 (I) 1�å�< X §�á�e�� 4
T�� <�1�Q�R�9���@

(4) ������  Û 7�8�9 (I) 1�å�< t1X1 + t2X2 + t3X3 + X0 A�v�y�; T�� < X0 � ��78�9 (II) 1�å�< ξ = t1X1 + t2X2 + t3X3 -�0�@ S ;�t�X�A�v����
��ç Û

7�8�9 (I),(II) A�v���¡�á�e�����Ð� 
x1a1 + x2a2 + x3a3 + x4a4 + x5a5 = b (I)

x1a1 + x2a2 + x3a3 + x4a4 + x5a5 = 0 (II)
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ñ�Y

a1 =







1

1

1





 , a2 =







1

2

0





 , a3







1

3

−1





 , a4 =







1

4

−2





 , a5 =







1

5

−3





 , b =







1

6

−4







���
X0 = (x1, . . . , x5) >�7�8�9 (I) 1�; T�� <�t ξ = (ξ1, . . . , ξ5) >�7�8�9 (II) 1�+

;�<�@��
x1a1 + · · · + x5a5 = b, xi1a1 + · · · + xi5a5 = 0` �   ¤ � -

(x1 + ξ1)a1 + · · ·+ (x5 + ξ5)a5 = bS ��� (I) 1 � < X0 È (II) 1�+�;�< ξ ��È X = X0 + ξ = (x1 + ξ1, . . . , x5 + ξ5) ��> (I)

1�<�@ ���
Y = (y1, . . . , y5) >�7�8�9 (I) 1�+�;�<�t�� ` û� 

y1a1 + · · · + y5a5 = b, x1a1 + · · · + x5a5 = b

¤�¥ -
(y1 − x1)a1 + · · ·+ (y5 − x5)a5 = 0S ��� (I) 1 � T < Y f X0 ��¨ ξ = Y − X0 = (y1 − x1, . . . , y5 − x5) >�7�8�9 (II) 1

<�@ Y = ξ + X0 û�� (I) 1 � < X0 f (II) 1�å�<���È�@S =����,� (I) 1�å�<�A�v�y�; T�� < � � (II) 1�å�<�-�0�@ 2BRC � (2) �RF ` 7%8%9 (I) 1%å%<%á%eR� 3
TR� < X1, X2, X3 1%Q%R%9%� t1X1 +

t2X2 + t3X3, i�F t1, t2, t3 A�v�V�Ó�.�© F Y�4�g�1�F�@�� (3) ��F ` 7�8�9 (II) 1�å�<�á
e�� 4

T�� < X1, X2, X3, X0 1�Q�R�9�� t1X1 + t2X2 + t3X3 + t0X0, ñ�Y t1, t2, t3 A�v�L
F Y,+�-�ª�.�t t0 = 1− t1 − t2 − t3, 
�=�> Ù�ß 4

T i�F�G�H�I�J t1 + t2 + t3 + t0 = 1, 0
��B�« 4

T i�F t1, t2, t3, t0 +�-�ª�.�@ S >�7�8�9 (I),(II) 1�<�U�1�� Ù�¬ ¡�@ 2

1.3.4 ��<�7�8�9�t�]�s
ç
��1�7�8�9�>���g�ê�ë�< Û

(1)






x + y + z = 0

2x + y + 5z = 0
; (2)






x + y + z = 0

2x + y + 5z = 0

3x + 2y + 6z = 0

.

j
(1) 5�D�Q�R�7�8�9���6�g�ë�<�@ y���Æ�Ç�F T F 3 > 7�8 T F 2, 7�8�9�g�ê�ë�<�@

(2) ì � T 7�8�9�e�1�7�8�9%1�Æ%Ç�F T F 3 > 7�8 T F 2, g�ê�ë�<�@�� 3
T 7�8�>�ì� T 7�8���È�@ ����ì � T 7�8�1� & ê�ë�<�;�~�>�� 3

T 7�8�1�<�t ��0�
�>�� T 7�8�9�1�ê
ë�<�@ S ���,��E���F�1�7�8�9�
�g�ê�ë�<�@ 2
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®
2 ¯ °²±²³²´
½±¾:µ:¶ 8

·
1 7�8�9 





x + y + z = b1

x + 2y + 4z = b2

x + 3y + 9z = b3

(1)

>�� Ë +�-�M�F b1, b2, b3 ��g�¸�;�<_^j 7�8�9 (1) A�v�á�e�����Ð� 
xa1 + ya2 + za3 = b , (2)

ñ�Y
a =







1

1

1





 , a2 =







1

2

3





 , a3 =







1

4

9





 , b =







b1

b2

b3





 .

L%W%X �R�R�R� i Y �%¡%v a1, a2, a3,b K �R� Ì � u � � −−→
OA1,

−−→
OA2,

−−→
OA3,

−−→
OB.

�%�
−−→
OA1,

−−→
OA2,

−−→
OA3 � & ��t ��x�Z�9�e�W�X�1�;�9���t ä T −−→

OB ��A�v�:�; ¨ á�e�x�Z�1�Q�R�9
� x

−−→
OA1 + y

−−→
OA2 + z

−−→
OA3, :�;�< (x, y, z) =�> ��� @

 T ��� −−→
OA1,

−−→
OA2,

−−→
OA3

& � ⇔ ñ�Y�ô T ����>���� � T ����1�Q�R�9�� ⇔ 7�8�9
xa1 + ya2 + za3 = 0 (3)

g�ê�ë�<�@�7�8�9 (3) Ô 




x + y + z = 0

x + 2y + 4z = 0

x + 3y + 9z = 0

x%A%v y 7%8%9 (1)
` a%F%b%c%dº¹%*%e 0 -%0%@�<R�%-%:%;%< (x, y, z) = (0, 0, 0),

S � �
−−→
OA1,

−−→
OA2,

−−→
OA3 � & ��t�9�e�W�X�1�;�9���t�7�8�9 (1) »�g�:�;�<�@ 2¼�½ E�¾�� 1 i�Ç�f�¿�«���1�� 2 È�� 3, ��A�v�À�0�� 1 Y�1�7�8�9�1

��ç � T�Á k�� Û
q%�R� �R�R�R� i Y¥Â �R� K 1,2,3 n%� L%�%; � Q%�%1R+R-R%{ (1, b1), (2, b2), (3, b3),

>���Ã�L�:�;�;�I�Ä�Å�Q y = ax
2 + bx + c?

+��� T F b1, b2, b3, >���Ã�L�:�;�1�å�b��  un = an
2 + bn + c Ò�F�Í�1�ì��b � D�K

b1, b2, b3?Æ�Ø L�v���� 1 Y�ÿ������ Û ��X b1, b2, b3 .�\�]�/�t�7�8�9 (1) ��g�:�;�<�t�=������Ç � T Ú F�1�Ä�Å�Q�È�å�b�� �;�~�Ã�L�m�n�:�;�@
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·
2 £ ` � 1 1�t�X�È�Ê�0�y n

T
n ��Q�R�7�8�9�e�1�7�8�9






a11x1 + · · ·+ a1nxn = b1

· · · · · · · · · · · · · · · · · ·
an1x1 + · · · + annxn = bn

(1’)

j ` 7�8�9 (1’) á�e�����Ð� 
x1a1 + · · · + xnan = b (2’)

ñ�Y�ä T Í���� ai = (a1i, . . . , ani)
T (∀ 1 ≤ i ≤ n) y�7�8�9 (1’) Y���; T Æ�Ç�F xi L

�
7

8�Y�1�i�F�9�e�t b = (b1, . . . , bn)T y�a�F�b�9�e�@���
(λ1, . . . , λn) f (µ1, . . . , µn) >�7�8�9 (1’) 1�+�- � T <�t���û� 

λ1a1 + · · ·+ λnan = b, µ1a1 + · · · + µnan = b

e�Ó�@ `�S � T û�  ¤�¥ -
(λ1 − µ1)a1 + · · ·+ (λn − µn)an = 0S ��� (λ1 − µ1, . . . , λn − µn) >�7�8�9

x1a1 + · · · + xnan = 0 (3’)

1�<�@
���
7�8�9 (3’)

m g�:�;�< 0 = (0, . . . , 0), � (λ1 − µ1, . . . , λn − µn) = (0, . . . , 0),

(λ1, . . . , λn) = (µ1, . . . , µn), 7�8�9 (1’)

���
g�<�t�;�~�:�;�@

v
ç
���,��7�8�9 (3’)

m g�:�;�< 0 '�7�8�9 (1’) É�g�<�@�5�D�Q�R�7�8�9
x1a1 + · · ·+ xnan + x0b = 0 (4’)

g n + 1
T Æ�Ç�F x1, . . . , xn, x0, n

T 7�8�t�É�g�ê�ë�< (x1, . . . , xn, x0) 6= (0, . . . , 0).

���
ñ�Y x0 = 0, � x1a1 + · · ·+ xnan = 0, (x1, . . . , xn) 6= (0, . . . , 0) >�7�8�9 (3’) 1�ê�ë�<�t
f ?�Ê�~ ( 7�8�9 (3’)

m g�:�;�< 0 ) Ë�Ì�@ A�®�L (4’) 1�ê�ë�< (x1, . . . , xn, x0) Y x0 6= 0,

y�û�  (4’) -�0
−x1

x0
a1 − · · · − xn

x0
an = b

S ��� (

−x1

x0
, . . . ,−xn

x0

) >�7�8�9 (2’) 1�<�t�|�0�> (1’) 1�<�@
S ���,� Û

���
7�8�9 (3’)

m g�:�;�< (0, . . . , 0), ��7�8�9 (1’) g�:�;�<�@ 2

;�Í ¨ t
� �
7 8 9 (3’)

m g : ; < (x1, . . . , xn) = (0, . . . , 0), � ÷ � � 9 S = {a1, . . . , an}3�4�Î�Ï . ��'�ä T n V�F�9���� b A�v�:�; ¨ á�e S 1�Q�R�9���@ � ¡ ¨ t�� n = 3 n ai

> 3 V�M�F�9�'�t a1, a2, a3 Q�R�(�h�=�>���x�Z�4�5�6�1 � u������ & ��@
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§ 2.1 ²±³:Ð:Ñ = ²±³:Ò:Ñ
½±¾±¿±À

1. 3�4�Ó�Ï�Ô�3�4�Î�Ï "�â�Õâ�Õ
2.1.1 � α1, . . . , αm >�F�% F ��1 n V � ��t

���
Ã�L���c�K 0 1 λ1, . . . , λm ∈ F

Ò
λ1α1 + · · · + λmαm = 0

=�÷�����9 {α1, . . . , αm} 3�4�Ó�Ï (linearly dependent).© q�ª�t
���
Ë � λ1, . . . , λm ∈ F ,

λ1α1 + · · · + λmαm = 0 ⇔ λ1 = · · · = λm = 0

=�÷�����9 {α1, . . . , αm} 3�4�Î�Ï (linearly independent). 2

ý�þ ` F�9���� α1, . . . , αm á�e�Í���� a1, . . . , am,
ß <�v x1, . . . , xm 1�7�8�9

x1a1 + · · ·+ xmam = 0

��7�8�9�g�ê�ë�< (x1, . . . , xm) 6= (0, . . . , 0) '�t α1, . . . , αm Q�R ¤ h�Ö^��7�8�9 m g�:�;�<
(x1, . . . , xm) = (0, . . . , 0) '�t α1, . . . , αm Q�R�(�h�@

2. Ó�Ï â�ãâ�ã
2.1.1 a1, . . . , ak Q�R ¤ h ⇔ ñ�Y�ô T ��� ai A�v�á�e�ñ�ò���� aj (j 6= i) 1�Q

R�9�� ⇔ ñ�Y�ô T ��� ai A�v�á�e�x�ì���1���� a1, . . . , ai−1 1�Q�R�9���@×�$
2.2.1

���
����9 a1, . . . , ak Y a1 6= 0, n�ä�; T ��� ai (2 ≤ i ≤ k) ����>�x�ì

��1���� a1, . . . , ai−1 1�Q�R�9���t�� a1, . . . , ak Q�R�(�h�@ 2

â�ã
2.1.2

���
����9 {α1, . . . , αm} c�Ø�; T ��U {αi1 , . . . , αik} Q�R ¤ h�t,Ù�]�� T����9 {α1, . . . , αm} Q�R ¤ h�@

���
����9 {α1, . . . , αm} Q�R�(�h�t�Ù�]�x�1�ä T ��U%��Q

R�(�h @â ã
2.1.3 � F

n Y 1 � � u1, . . . , um Q RÚ( h @
� �
L ä T uj = (a1j , . . . , anj)

(1 ≤ j ≤ m) � £ +�-�Û � ; T ����e�K F
n+1 Y�1�; T ��� vj = (a1j , . . . , anj, an+1,j), Ù

]�4�-�0�1�����9 v1, . . . , vm Q�R�(�h�@
3. n Ü�!�Ý�Þ�ß�3�4�Î�Ï�à�á " Á�â�ã�Ü
n F�9�W�X F

n Y�Q�R�(�h���� . *�g n

T @
F

n Y,+�- n

T Q�R�(�h���� α1, . . . , αn 9�e�;�9�� S, A�v ` ä T ��� α ∈ F
n á�e�x

Z�1�Q�R�9�� α = x1α1 + · · ·+ xnαn, i�F�9 (x1, . . . , xn) y α :�;���~�t ÷�K α L S 9��ç
1 ��� @
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v n è�7�3 A K�i�F�2�3�1�5�D�Q�R�7�8�9 AX = 0 ( Ô x1a1 + · · ·+ xnan = 0)

���
m g�:�;�< X = 0, A 1

�
Í a1, . . . , an =�9�e F

n 1�;�9���@
�
�
t���X�a�F�b b1, . . . , bn .�u�/�t�7�8�9






x1 = b1

...

xn = bnä Ø m g%:%;%< (x1, · · · , xn) = (b1, . . . , bn),
� ¡ ¨ t�� (b1, . . . , bn) = (0, . . . , 0) ' m g%:

;�< (x1, . . . , xn) = (0, . . . , 0). ��7�8�9�1�i�F�2�3 I = (e1, . . . , en) 1
�
Í e1, . . . , en 9

e F
n 1�;�9�� E, ñ�Y�ä T ei 1�� i ����K 1 õ�ñ�ò�������K 0. E ÷�K F

n 1æå,ç�è .

8:9:;:<:= º:>
2.1.1 ÿ�Ç���� ������� i�Y�1��{ A(2, 3), B(3, 4), C(10, 5).

`�� u���� −→
OC 6�l�e

−→
OA,

−−→
OB 1�Q�R�9�� −→

OC = x

−→
OA + y

−−→
OB,

ß i�F x, y.j L�û�  x

−→
OA + y

−−→
OB =

−→
OC Y ` ��� −→

OA,

−−→
OB,

−→
OC ��¡�¹�é�e�x�Z�1 ���

(
2

3

)

,

(
3

4

)

,

(
10

5

)

, -�0
x

(
2

3

)

+ y

(
3

4

)

=

(
10

5

)

(1)

ê,ë ����û�  (1)
��î 1 � T Ë Á ����t�-�0 � T 7�8�9�e�7�8�9






2x + 3y = 10

3x + 4y = 5
(2)

<���- (x, y) = (−25, 20). 2B�C ` ����û�  x

−→
OA + y

−−→
OB =

−→
OC ¹�é�e ��� û�  (1) '�t�� `���� á�e�p�����1�Ð

 �0�á�e�Í�����1�Ð� �t A�v�«
� ��� 1�����1 Ë Á h�i�e�ì�í Û

� T Í�����1�� 1 p�=�>
� �

� 1�� 1 ����t�>�7�8�9 (2) ��; T 7�8�1
�
i�F�t�� 2 p (

� ��� 1�� 2 ��� ) >�7�8�9 (2)

� 2
T 7�8�1

�
i�F�@�î�M���t `  T Í�����| í 0���P�e�2�3

(
2 3 10

3 4 5

)

=�>�Q�R�7�8�9 (2) 1�É�Ê�2�3�@ © q�ª�tuQ�R�7�8�9 (2) 
�A�v�á�e � ��Ð�  (1). e � ;���t+�-�; T Q�R�7�8�9 




a11x1 + · · · + a1nxn = b1

· · · · · · · · · · · · · · · · · · · · ·
am1x1 + · · ·+ amnxn = bm

(2’)
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��A�v�á�e�����Ð� 
x1







a11
...

am1





+ · · · + xn







a1n
...

amn





 =







b1
...

bm





 (1’)

ï e m V�Í�����W�X�Y n + 1
T ���

aj =







a1j
...

amj





 , (1 ≤ j ≤ n), b =







b1
...

bm







1%Q%R%h%i%@ � ¡ ¨ t�� m = 2, 3 n aij, bi �%>%M%FR'%t�A%v `
� T

aj,b
ï e%�R�R{ � u

W%X Y 1 � u � �%t�7%8�9 (2’)
ï e `R� u � � b 6%l%e

�
aj 1%Q%R%9%�%t ß i%F xj. �

m = n = 3 '�t =�A�Ç�ð�7�8�9 (2’) g�:�;�<�1�ñ���É Ù I�J�>�����7�8 (1’)
í�î 1� T�� u

��� a1, a2, a3 � & ��t�9�e � u�W�X�1%;�9R�%@�]�~ a1, a2, a3 >�� & ��1���; T 7�`%>Ra�b
v�x�Z�K���9�e�1���p�������1�g��,��� ∆, 
�=�>�v a1, a2, a3 K��Í�9�e�1�p�Í� �@ ∆ 6= 0

⇔ a1, a2, a3 � & ��t 9�e�;�9���@o0 S�ò�� u�R�ó���A�v�å�q�5�F�H�b�È�Ê�0 n V�W�X�@ 2

2.1.2 ]�~ R
3 Y�1

ç Ç ����>�Q�R ¤ h�S�>�Q�R�(�h Û
(1) α1 = (1, 1, 1), α2 = (1, 2, 3), α3 = (1, 4, 9);

(2) α1 = (1, 1, 1), α2 = (1, 2, 3), α3 = (1, 4, 9), α4 = (1, 8, 27).j
(1) � � α1, α2, α3 Q R ¤ h ⇔ 7 8 9 λ1α1+λ2α2+λ3α3 = 0 g ê ë < (λ1, λ2, λ3).

��7�8�9�Ô
λ







1

1

1





+ λ2







1

2

3





+ λ3







1

4

9





 =







0

0

0







ñ�i�F�2�3 A 1
�
Í�=�> α1, α2, α3 á�e�1�Í�����@�å�q�o�û�p���é ` A +�K�è�é�Ð Û

A =







1 1 1

1 2 4

1 3 9







−(2)+(3),−(1)+(2)→







1 1 1

0 1 3

0 1 5







−(2)+(3)→







1 1 1

0 1 3

0 0 2







4�5�6�1�5�D�Q�R�7�8�9 




λ1 + λ2 + λ3 = 0

λ2 + 3λ3 = 0

2λ3 = 0m g�:�;�< (λ1, λ2, λ3) = (0, 0, 0).
S ������� α1, α2, α3 Q�R�(�h�@

(2) α1, . . . , α4 Q�R ¤ h ⇔ 7�8�9 λ1α1 + · · ·+ λ4α4 = 0 g�ê�ë�<�@���7�8�9�Ô

λ1







1

1

1





+ λ2







1

2

3





+ λ3







1

4

9





+ λ4







1

8

27





 =







0

0

0
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y 3
T 7�8�9�e�t�Ø 4

T Æ�Ç�F�@�Æ�Ç�F T F > 7�8 T F�t S Ü�1�5�D�Q�R�7�8�9�;�~�g�ê�ë
< (λ1, λ2, λ3, λ4).

S ���,� 4
T ��� α1, . . . , α4 Q�R ¤ h�@ 2B�C ����9 S = {α1, . . . , αm} Q�R ¤ h�1�~�ô�> Û v λ1, . . . , λm K�Æ�Ç�F�1�5�D�Q�R

7�8�9
λ1α1 + · · ·+ λmαm = 0 (1)

g�ê�ë�<�@ © ��t
���
7�8�9 (1)

m g�:�;�< (0, . . . , 0), ������9 S Q�R�(�h�@���
α1, . . . , αm >�F�9�����t���X�>�p�����S�>�Í�����t�L�7�8�9 (1) Y ` x�Z�c�d�á�e

Í�����1�Ð� �t v S�ò Í�����K
�
Í�P�e�1�2�3 A =�>�5�D�Q�R�7�8�9 (1) 1�i�F�2�3�@ å�q�;

i�Í�o�û�p���é ` A +�e�è�é�Ð�t =�A�v�Ç�ð�7�8�9 (1) >���g�ê�ë�<�t�����9�>���Q�R ¤ h�@S Ü�t F�9�����>���Q�R ¤ h�1 Ú F�=�A�õ�+�K�5�D�Q�R�7�8�9�>���g�ê�ë�<�1 Ú F�t å�qß <�7�8�9�ª�]�~�@¥��Æ�Ç�F T F�����7�8 T F�'�t ��T ß <�
�A�v�]�~�7�8�9�g�ê�ë�<�@ 2

2.1.3 ÿ�Ç�W�X ������� i�Y�1��{ A(1, 1, 1), B(1, 2, 4), C(1, 3, 9), >���B ` W�X�+�-
; T � � −−→

OD á%e −→
OA,

−−→
OB,

−→
OC 1%Q%R%9%� ^ v OA, OB, OC KR�%1%�%pR�R�R�%1R�R�%>

��û�� 0 ?j Q�R�7�8�9 x

−→
OA + y

−−→
OB + z

−→
OC = 0 Ô

x







1

1

1





+ y







1

2

4





+ z







1

3

9





 =







0

0

0







m g�:�;�< (0, 0, 0),
S ��� −→

OA,

−−→
OB,

−→
OC � & ��t 9�e��V � u�����W�X�Y�1�;�9���t W�X�+

-�; T ��� −−→
OD A�v�á�e −→

OA,

−−→
OB,

−→
OC 1�Q�R�9���@ v OA, OB, OC K���1���p�������1��

����û�� 0. 2BRC v OA, OB, OC KR�%1%�%pR�R�R�R�%1R�R� V û%�%v −→
OA,

−−→
OB,

−→
OC 1 �R� K

�
Í�P�e�1�7�3

M =







1 1 1

1 2 3

1 4 9







1�p�Í�  detM 1�� Ë /�@ p�Í� �1�~�ô�õ R�ó�È�a�b�>�� 3 i�1�ö Ù P,÷�@ ��q�t Ô�Ò���Ç�ð
p�Í� �1�~�ô�È�a�b�7��̀t�
�A%v D k�aRb�jRk�JRa�b detM , m�n�q�r detM >���û�� 0 ª
]�~ M 1

�
Í�>�� & � ( >���Q�R ¤ h ), =�ø ê ��T Ù Ç�ð� � E�F sin x, cos x à�Ü�a�b�
�A

v�å�q�ù�6�{�k�a�b�ú�a�b� � E�F�m�k�ª�<�����X�È Á k Ú F�@��
�
t�L Mathematica Y,H

p
��ç�I�J

M={{1,1,1},{1,2,3},{1,4,9}}; Det[M]
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=�-�0�K�Õ�t
�

2

S ��� detM = 2. 4 ß ��� V = 2. detM = 2 >���F�6�l OA, OB, OC 9�e���û�i�@
�

� `
M 1%ì � ÍR�Ré%ø%ù%-%0%7%3 M1, v OB, OA, OC KR%IR�%1%�%pR�R�R�%1R�R�R�%>

2, ö OB, OA, OC > í û�i�t���� Á g detM1 = −2. 2

2.1.4 ]�~ R
4 Y�1

ç Ç ����>�Q�R ¤ h�S�>�Q�R�(�h_^
(1) α1 = (2, 0,−1, 2), α2 = (0,−2, 1,−3), α3 = (3,−1, 2, 1), α4 = (−2, 4,−7, 5);

(2) α1 = (1,−1, 0, 0), α2 = (0, 1,−1, 0), α3 = (0, 0, 1,−1), α4 = (−1, 0, 0, 1).��ü
(1) Q�R ¤ h�@ (2) Q�R ¤ h�@ 2

2.1.5 � 3 V � u�W�X�Y,ý�Ó�� ������� i�@�]�~
��ç

4 {�>�� & � Û
(1) A(1, 1, 1), B(1, 2, 3), C(1, 4, 9), D(1, 8, 27);

(2) A(1, 1, 1), B(1, 2, 3), C(2, 5, 8), D(3, 7, 15).j m T�]�~ −→
AB,

−→
AC,

−−→
AD >���Q�R ¤ h�@

(1) β1 =
−→
AB = (0, 1, 2), β2 =

−→
AC = (0, 3, 8), β3 =

−−→
AD = (0, 7, 26).

7�8�9 λ1β1 + λ2β2 + λ3β3 = 0 1�i�F�2�3

A =







0 0 0

1 3 7

2 8 26







� 1 p�c�K 0, 4�5�6�1�7�8 0 = 0 A�v�|�7�8�9�Y,þ�s�t m�ÿ
ç � T 7�8�t,l�g 3

T Æ�Ç�F�t� ~�g�ê�ë�<�@ S ������� −→
AB,

−→
AC,

−−→
AD

& ��@���{ A, B, C, D

& ��@
(2) β1 =

−→
AB = (0, 1, 2), β2 =

−→
AC = (1, 4, 7), β3 =

−−→
AD = (2, 6, 14). ��a�b�Ç�ð�7�8

9 λ1β1 + λ2β2 + λ3β3 = 0
m g�ë�<�@���{ A, B, C, D � & ��@ 2B�C v�����Õ�1�>�]�~�W�X�Y,+�- 4 {�>�� & ��1�;�Í�7�`�@ v���� (1) ��F�S�g�; T e

,�Ï�1�<�` Û
4
T {�1 x

��� ��û�� 1, A�® S 4
T {���L���; T ��� x = 1 ��t & ��@

��q�t S Ü�1�<�` m ����� ê,ë ��� 1�	�U�@ 2

2.1.6 ����������� T ��� Q�R�(�h�1�����t�ñ�c�����;�~�Q�R�(�h�@j ������ T ��� α1 = (0, 1), α2 = (1, 1), α3 = (1, 2)
��� � & Q�t ��� Q�R�(�h�@�ö

α3 = α1 + α2.  T ����Q�R ¤ h�@ 2

2.1.7
ß 7�8 √

x
2 + x + 1 +

√
2x2 + x + 5 =

√
x

2 − 3x + 13 1�M�F�<�@j ¦
u =

√
x

2 + x + 1, v =
√

2x2 + x + 5, w =
√

x
2 − 3x + 13. ��?�7�8�e�K

u + v = w (1)
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��` ß a�F λ1, λ2 Ò
λ1(x

2 + x + 1) + λ2(2x
2 + x + 5) = x

2 − 3x + 13.


�=�> 




λ1 + 2λ2 = 1

λ1 + λ2 = −3

λ1 + 5λ2 = 13

<���7�8�9�t�- λ1 = −7, λ2 = 4. A�®
−7(x2 + x + 1) + 4(2x2 + x + 5) = x

2 − 3x + 13

Ô Û
−7u2 + 4v2 = w

2 (2)

`
(1) 5�« (2) - −7u2 + 4v2 = (u + v)2.

����- 3v2 − 2uv − 8u2 = 0.í�î �� ���<�-
(v − 2u)(3v + 4u) = 0 (3)

� ®�� x K�M�F�'�t x
2 + x + 1, 2x2 + x + 5 ��>���M�F�t 0 u, v ��¡�>�x�Z�1�b�����7

q�t
	�K���t���� 3v + 4u > 0. û�  (3) e�Ó�p�� v − 2u = 0, Ô v = 2u, 
�=�>
√

2x2 + x + 5 = 2
√

x
2 + x + 1

��î ��7�t�����-
2x2 + 3x − 1 = 0, ⇔ x =

−3 ±
√

32 + 8

4
=

−3 ±
√

17

4

��¬��t x =
−3 ±

√
17

4

� M�>�?�7�8�1�<�t�����=�>�?�7�8�1�c�d�M�F�<�@ 2BRC ERF
�%� ��%` (%�%7%8 �%î �%7%ª�%sRq%ð%t��%q��%1RaRb ` -%0 x 1 4 D%7

8�t Ö���ß <�@^E�F�1�� Ç <���e���1�h���>�*�b�  x
2 + x + 1, 2x2 + x + 5, x2 − 3x + 13 Q

R ¤ h�t D k���x�Z���X�1�Q�R�h�i�  (2)
ß -���7�8�1�<�@�E�F�<���Y�k�0�1�b�`�ñ�M���>�Y� F ��� q�1�t�ö Ù 1�� � > Y ��� g%Q�R ¤ h%1����@ ö m Ù�� Z�B�RÀ�0 S  T *�b% �Y

g�A�B�ô�; T >�ñ�ò � T 1%a�F � �%È%t�=�A%v�å%q%<�7%8�9 ß - S � T a�F%t�v / 1%q�8%= �g�M�ó���1�� � ��@ 2

2.1.8 � k, p >�+�-�����F�@���� Û
(1) ������9 α1, α2, · · ·αk Q�R ¤ h�t�� α1, α2, · · · , αk+p Q�R ¤ h�Ö
(2) ������9 α1, α2, · · ·αk+p Q�R�(�h�t�� α1, α2, · · · , αk Q�R�(�h�@
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���
(1) α1, . . . , αk Q�R ¤ h ⇒ Ã�L���c�K 0 1 λ1, . . . , λk Ò λ1α1 + · · ·+λkαk = 0

⇒ λ1α1 + · · ·+ λkαk + 0αk+1 + · · ·+ 0αk+p = 0, ñ�Y λ1, . . . , λk, 0, . . . , 0 ��c�K 0.
S �

�,� α1, . . . , αk+p Q�R ¤ h�@
(2)

�%�
α1, . . . , αk Q%R ¤ h%t�� y (1) 4%�%Ç α1, . . . , αk+p Q%R ¤ h%t f ERFRÊ%�RËÌ�@ S ���,� α1, . . . , αk É Ø Q�R�(�h�@ 2BRC ERF%1RtRX%> Û Ø%g%Q%R ¤ hR�%U%1%U%�%;%~%Q%R ¤ h%@�Q%RR(%h%U%��1R�%U%;�~%Q

R�(�h�@
{� �k�;

J
“ !�" ” ª�� Û
# * # ¤ h�t # 6 # (�h�@ “ !�" ”

ê
“ $�% ”(~�n�1�F �

I�&
)

e�÷ �
' t)(�å�*�e�+�,�-�t ö�A�B�g�.�/�t g © ��@
���
��U���1�c�Ø�h�i�ª�0�� “ * ” f “ 6 ”,`

“ §�c�Ø ” 1���U�÷�K “ 6 ”,
S J

“ !�" ” =�>�~�n�1�t � g�.�/�@ ö
��� m >�q�r�����1 T F

ª�0���* f 6�t S
J
"�=�g�.�/�@ ê

� Û L 3 V�W�X�Y�t 4
T {� �e�*�1���� � ~�Q�R ¤ h�t S

��� “
# * # ¤ h ” g�ð���@�ö�L S�T W�X�Y�t 3

T ����A�v�Q�R�(�h�t � T ����1���; T ���© 0�g�A�B�Q�R ¤ h�t S ��� “
# * # ¤ h ” g�.�/�@�ö�> y S � T {� �; T Q�R ¤ h ����Û ��20�1� T ��� � ~�Q�R ¤ h�@ 2

2.1.9 � k, n, m >�+�-�����F�t F >�+�-�F�%�@43��
ç
��1 Ú F�m�������y�@

(1) ������9 α1, α2, · · · , αk ∈ F
n Q�R�(�h�t � α1, α2, · · · , αk ��¡�Û � m

T ������e
1 n + m V�����9 α̃1, α̃2, · · · , α̃k ∈ R

n+m >���;�~�Q�R�(�h_^
(2) ������9 α1, α2, · · · , αk ∈ F

n Q�R ¤ h�t � α1, α2, · · · , αk ��¡�Û � m

T ������e
1 n + m V�����9 α̃1, α̃2, · · · , α̃k ∈ R

n+m >���;�~�Q�R ¤ h_^j
(1) ;�~�Q�R�(�h�@

����9 α1, . . . , αk Q�R�(�h ⇒ 7�8�9
λ1α1 + · · ·+ λkαk = 0 (1)

m g�:�;�< (λ1, . . . , λk) = (0, . . . , 0). ��ä T ��� αj = (a1j , . . . , anj) 1�� i ����K aij. �
7�8�9 (1) y n

T 7�8
ai1λ1 + · · ·+ aikλk = 0 (1 ≤ i ≤ n) (2)

9�e�t S n

T 7�8�1� & < m B�K (0, . . . , 0).` � T
αj ��¡�Û � m

T ������e α̃j. ��7�8�9
λ1α̃1 + · · ·+ λkα̃k = 0 (3)

y�7�8�9 (2) £ Û � m

T 7�8�9�e�@�7�8�9 (3) 1�<�É�5�
�> (2) Y�6�c�d�7�8�6� & <�t m
B�K (0, . . . , 0) 0 � g�ê�ë�<�@ S ��� α̃1, . . . , α̃k ;�~�Q�R�(�h�@
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(2) � ; ~ Q R ¤ h @��
�
t 1 V � � α1 = 1, α2 = 1 Q R ¤ h t�Û � e 2 V � �

α̃1 = (1, 1), α̃2 = (1, 0) Q�R�(�h @ S >���K Û 7�8�9 λ1α1 + λ2α2 = 0 Ô λ1 + λ2 = 0 g�ê
ë�<�t�0 λ1α̃1 + λ2α̃2 = 0 Ô 





λ1 + λ2 = 0

λ1 = 0

É � ��; T 7�8�t m g�ë�< (0, 0). 2B�C E�F�t�X�
�A�v�k “ !�" ” »�t�K Û “
#�7�# (�h�t #�8�# ¤ h�@ ” S ��>�� 7 6�;�~(�h t 8 6�;�~ ¤ h�@�ö

��� 7 6�>�y 8 6�Û � 0�e�t S
J
"�=�;�~ Ë @ 2

2.1.10 (1) � α1, α2, · · · , αn Q�R�(�h�t Ú α1 +α2, α2 +α3, · · · , αn−1 + αn, αn + α1

>���;�~�Q�R�(�h_^�K�\�]_^
(2) � α1, α2, · · · , αn Q�R ¤ h�t Ú α1 + α2, α2 + α3, · · · , αn−1 + αn, αn + α1 >���;

~�Q�R ¤ h_^�K�\�]_^j:9
βi = αi + αi+1 (1 ≤ i ≤ n − 1), βn = αn + α1. � β1, . . . , βn ;�< (�=�6�ñ�>É?@ABC
DEF λ1(α1 + α2) + · · · + λn(αn + α1) = 0 GHIJK
LDEFMNOPB

α1, . . . , αn 6 ;�< F�Q�R
S
(λ1 + λ2)α1 + (λ2 + λ3)α2 + · · ·+ (λn−1 + λn)αn−1 + (λn + λ1)αn = 0 (1)

T�U
α1, . . . , αn ;�<�V =�R (1) W�X�Y�Z�>�[�?�@�A�\�C






λ1 + λ2 = 0

· · · · · · · · ·
λn−1 + λn = 0

λn + λ1 = 0

(2)

]
λ1 = −λ2 = λ3 = · · · = (−1)i

λi+1 = · · · = (−1)n−1
λn = (−1)n

λ1^
n B`_`a`b`Rdc λ1 = 1 S`e`f`I`J λi = (−1)i−1 ] (λ1, . . . , λn) = (1, 1,−1, 1, . . . ,−1, 1).g�hji
β1, . . . , βn ;�<�k =�K^
n B�l�a�b�R λ1 = (−1)n

λ1 = −λ1 m�n λ1 = 0, o�H�Y λi = (−1)i−1
λ1 = 0. D�E

F (2) G�H�I�J�R β1, . . . , βn ;�<�V =�Kp�q \�C ^ n B�l�a�b�r�s ;�<�V =�K ^ n \�_�a�b�r�s ;�<�k =�K
(2) r�s ;�<�k =�Kt�u

α1, . . . , αn ;�<�k =�R
v�wjx�y�z αj {�|�} W�w�~ n − 1 zj��� αi1, . . . , αin−1 Y
;�< F�Q�K
����D�E (1) M�N�R
O�P�W αi1 , . . . , αin−1 Y ;�< F�Q�K
D�E (1) ��W

µ1αi1 + · · ·+ µn−1αin−1 = 0 (3)
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wjx���z µi � \ λ1, . . . , λn Y ;�< F�Q�K µ1 = · · · = µn−1 = 0 \ T n z�����a λ1, . . . , λn

Y n−1 z�D�E�F�W�Y���� ;�< D�E�F�R)r�s�H�f�I�J (λ1, . . . , λn).
g�� Y�f�I�J�\�D�E�F (3)�

(1) Y�J�R g�hji β1, . . . , βn ;�<�k =�K 2

2.1.11 ����a�����Y���� α1, . . . , αn ;�<�V =�K λ c�������a���b�R���� α1−λα2, α2−
λα3, . . . , αn−1 − λαn, αn − λα1 ;�<�V =��� D�E�F

x1(α1 − λα2) + x2(α2 − λα3) + · · ·+ xn(αn − λα1) = 0 (1)

� O�P�S
(x1 − λxn)α1 + (x2 − λx1)α2 + · · · + (xn − λxn−1)αn = 0 (2)

α1, . . . , αn ;�<�V =�R
D�E�F (2) ��� U
x1 − λxn = x2 − λx1 = · · · = xn − λxn−1 = 0]

x1 = λxn, xi = λxi−1 (∀2 ≤ i ≤ n).��� \�C x1 = λ
n
x1, xi = λ

i−1
x1 (∀ 2 ≤ i ≤ n).^

λ
n 6= 1 b�R x1 = λ

n
x1 m�n x1 = 0, ����o�H�Y xi = 0. D�E�F (1) G�H�I�J�K o h

����F ;�<�V =�K^
λ

n = 1 b�R
c x1 = 1 { S�e�D�E�F (1) Y�f�I�J (1, λ, λ
2
, . . . , λ

n−1), o h ����F ;
<�k =�K 2

2.1.12 � α1, α2, · · · , αn \rF n ¡aF¢� �R4£ �¤¥¦¢� � e1, e2, · · · , en {§¨© ;�<�ª�« R
¬ i α1, α2, · · · , αn ;�<�V =�K�® t�u
α1, . . . , αn ;�<�k =�R¯v�wjx�y�z αj {�|�§ w�~ n− 1 zj��� αi1 , . . . , αin−1

;°<°ª°« C αj = x1αi1 + · · · + xn−1αin−1 . �°�°±°z ei § α1, . . . , αn ;°<°ª°« Y°�°²
ei = ai1α1 + · · ·+ainαn,

� O�P�³�S�e ei
T

αi1 , . . . , αin−1 ;�<�ª�« Y���²�K g�� R e1, . . . , en

�{| T n − 1 z¢� � αi1 , . . . , αin−1 ;<ª« K n > n − 1 mn e1, . . . , en ;<k =K
´
e1, . . . , en \�¤�¥�¦�µ�¶�K g � ¬ i�· α1, . . . , αn ¸�{�¹�º�<�k =�R
G ¹�º
<�V =�K 2

§ 2.2 »½¼½¾½¿½À
Á½Â½Ã½Ä

Å�Æ�Ç ¸ J�D�E�F�R
È�É�Ê�Ë�Y�D�E�F�\�Ì�H�f�I�J�C





x + y + z = 0

2x + y + 5z = 0

3x + 2y + 6z = 0

.
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� D�E�F�H 3 z�D�E�KÎÍ�Ï 3 z�D�E�\�Ð�Ñ�z�D�E�Ò � R {�| L ¨�Ó�Ô � ¸�Õ ��D�E�F�Y
J�K
Ö�Ê�Y�D�E�F�G�H�Ñ�z�D�E�R
����a�z�a 3 > D�E�z�a 2, D�E�F�H�f�I�J�K 2

G�?�y�z�D�E�\�w�~�Ñ�z�D�E�Y º�< F�Q�R � hji�g z�D�E�\�×�~�Y�R {�|�Ó�Ô R
Ø�D�E�F
x�Ù�Ú���Û�H 3 z�D�E���G�H�Ñ�z�K t�u Ö�Ê�Y�Ñ�z�D�Ejx�Ü�H�r�z�\�Ý�r�z�Y º�< F�Q�RßÞ Ó
Ô R hji Ø�D�E�F�Ù�Ú���G�H�r�z�D�E�K

r�à�á�R T m z�D�E�F�W�Y�D�E�F tu º�<k =�R � Hyz�DE\�w~D�EY º�< FQ�Rg z�D�E � \�×�~�Y�R {�|�Ó�Ô K g�hji Ø�D�E�Y�z�a m “ H�â ”, Ó�Ô ×�~�Y�D�E � \ “ ã�â ”.

L “ ã�â ” ä�å�e�æ�R
ç�e�è�³�Ö�Ê�Y r z�D�E º�<�V =�R
r�z � ¸¹�é R
êë ÓÔ YD�E ��{
| T ¨ ©�ì�í º�< F�Q «�î K g r z�D�E�ï�B�Ø�D�E�Y�ð�ñ º�<�V =�F�R r ò�\�Ø�D�E�Fjx�D�E
Y “ ó�ô�z�a ”, ï�B�D�E�F�Y�õ�K

1. ö�÷�ø�ù�ú�û�üýþ � V \a� F �Y¢� �ÿ��R S \ V x Y¢� �FWY¢� �FK tu S Y����
M = {α1, . . . , αr} º�<�V =�R ê�ë�L S ��r���� α ����� M ��o�S�Y�����F {α1, . . . , αr, α}
º�<�k =�R � ï M \ S Y ö�÷�ø�ù�ú�û�ü (maximal linearly independent system), M o
	 ����z�a r ï�B S Y�
 (rank), �� rank S. 2

ö�÷�ø�ù�ú�û�ü���� ý � M \ S Y º�<�V =�����K¯v M \ S Y�ð�ñ º�<�V =�F ⇔ S

\ M Y º�< F�Q�K��� L S = {α1, . . . , αm} x������ αi } W���������² ai, ��W���� A = (a1, . . . , am).
��� r�������å���°L A �W������ U = (uij)n×m, � U Y� “ ��� ” o����>��BÏ
j1, . . . , jr ��R
v r = rank S, S Y�Ï j1, . . . , jr zj��� αj1 , . . . , αjr

F�W S Y�r�z�ð�ñ º� 
V�! F�R r = rank S.

����"�# ^
A

� � r�������å����W U , A Y��� ai
� ��$ � Yå���>���W

U Y���� ui,
T

A Y���%�&�'���F�W�Y������ A1 = (ai1 , . . . , aik)
� ��$ � Y�å�������W U

Y�(�)��FWY���� U1 = (ui1 , . . . ,uik), �� º� DEF A1X = 0 ´ U1X = 0
$ JR

A1X = 0 H ( V ) f�I�J ^ ë�* ^ U1X = 0 H ( V ) f�I�J�R A1 Y���� º� �k�! ( V�! )
^ ë

* ^ U1 Y���� º� �k�! ( V�! ). +�, U Y�������-�o���� uj1 , . . . ,ujr
F�W U Y��j����F�Y

ð�ñ º� �V�! F�R { � A Y k )�Y�� aj1, . . . , ajr
F�W A Y��j����F�Y�ð�ñ º� �V�! F�K ( �

������� U Y�����-�Rß\�.�±�z�f�I�å���M�e�/�Y�Ï 1 z�f�I�- ukt, ¨ Y�M�D�0ßÊ�D�0ßM�Ê�D
o�H�Y�-�1 uij = 0 (∀ i ≥ k ë j ≤ t). )

S = {α1, . . . , αm} Y���% º� �V�! ��� M0 = {β1, . . . , βk} {�|�2 Z�B S Y�ð�ñ º� �V
! F�R43�5�B�CßL S x�o�Hj��������� M0 ³�Ë�S�e M0 ∪ S = {β1, . . . , βk, α1, . . . , αm}, 6
��7�3�5�8 M0 ∪ S Y�ð�ñ º� �V�! F M1 = {β1, . . . , βk, αi1 , . . . , αir−k

}.
2. 
���9�:�ù
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;=< $ r4z �
�4F S {4| H ¸ $ Y4ð4ñ º= 4V=! F M = {αi1, . . . , αir} ´ M1 =

{αj1, . . . , αjs
}, t�u o�> 	 Yj����z�a r 6= s, ?�r�z��B rank S?

û�@�A < t�u ����F S1 = {β1, . . . , βs} \ S = {α1, . . . , αr} Y º� F�Q�R
v ^ s > r

b S1 º� �k�! K�®�B�C L S Y�±�z º� F�Q x1α1 + · · · + xrαr } W “ åj��� ” A = (α1, . . . , αr) ´
�j��� X = (x1, . . . , xr)

T D�E Y���²

x1α1 + · · ·+ xrαr = (α1, . . . , αr)







x1
...

xr





 = AX

v
AX + AY = (x1α1 + · · · + xrαr) + (y1α1 + · · ·+ yrαr)

= (x1 + y1)α1 + · · · + (xr + yr)αr = A(X + Y )

λ(AX) = λ(x1α1 + · · · + xrαr)

= (λx1)α1 + · · · + (λxr)αr = A(λX)

(���% X, Y ∈ F
r×1 F

λ ∈ F W�X�K
S1 x�±�zj��� βj {�} W βj = ABj Y���²�R Bj ∈ F

r×1. (���% λ1, . . . , λs ∈ F H
λ1β1 + · · ·+ λsβs = λ1(AB1) + · · ·+ λs(ABs) = A(λ1B1 + · · ·+ λsBs)

B1, . . . , Bs \ r ¡�ÿ�� F
r×1 x s zj����R ^ r > s b º� �k�! RHG�� ¸�I B 0 Y λ1, . . . , λs

n λ1B1 + · · ·+ λsBs = 0 ��� λ1β1 + · · · + λsβs = 0, S1 º� �k�! K
J�K ü���L�M t�u ����F S ´ T N�B º� F�Q�R
v�ï S ´ T L�M (equivalent).

����F S ´ ¨ Y�±�z�ð�ñ º� �V�! F�����K
ø°ù°üPOP�PQPR°ù �ß�°F S = {α1, . . . , αr} Y ºP F°Q AB1, . . . , ABs Y ºP F°Q

λ1(AB1) + · · ·+ λr(ABs) = A(λ1B1 + · · · + λsBs) S�\ S Y º� F�Q�K
L�M���Q�R�ù t�u ����F S1 ´ S ����R
ë S2 ´ S1 ����R
v S2 ´ S ����K

���9�:�ù S Y���%�Ñ�z�ð�ñ º� �V�! F M = {αi1 , . . . , αir} ´ M1 = {αj1, . . . , αjs

}
� ´ S ��RUT� k N��K tu s > r, v T M1 \ M Y º� FQ� M1 º� k�! K tu
r > s, v M º� �k�! KUV�W M, M1 ��º� �V�! R
G ¹ r = s.

3. X�Y���
Z��� A Y�åj����F�Y�õ�ï�B�å�õ�RU�j����F�Y�õ�ï�B��õ�KU���å���� � �
������� ��¸�Õ � A Y�å�õ � ��õ�K

��� A

� � r���������å�������W������ U . U Y�å�õ��́��õ � � U U x�f�I�å�Y�z�a�K
��%���� A Y�å�õ�´���õ k ��RU��B rank A.
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[]\]^]_]`]a]b

2.2.1. 8 T Ê��j����F�W�Yj����F�Y�r�z�ð�ñ º� �V�! F�´�õ�C
(1) α1 = (6, 4, 1,−1, 2), α2 = (1, 0, 2, 3, 4), α3 = (1, 4,−9,−16, 22), α4 =

(7, 1, 0,−1, 3);

(2) α1 = (1, −1, 2, 4), α2 = (0, 3, 1, 2), α3 = (3, 0, 7, 14), α4 = (1, −1, 2, 0),

α5 = (2, 1, 5, 6).�
(1) c�d�C�õ�B 4, ð�ñ º� �V�! F T I�e 4 zj����F�W�K ( J�5�f Ô Rhg�i�j�k�Ï (2)

l k ).

(2) �j��� αi } W��j����R
��M�e�/���W���� A,
� � r���������å�����m�W������ T :

A =










1 0 3 1 2

−1 3 0 −1 1

2 1 7 2 5

4 2 14 0 6










(1)+(2),−2(1)+(3),−4(1)+(4)→










1 0 3 1 2

0 3 3 0 3

0 1 1 0 1

0 2 2 −4 −2










−3(3)+(2),−2(3)+(4)→










1 0 3 1 2

0 0 0 0 0

0 1 1 0 1

0 0 0 −4 −4










(2,3),(3,4)→T =










1 0 3 1 2

0 1 1 0 1

0 0 0 −4 −4

0 0 0 0 0










T H�n�z�f�I�å�R ��å�Ï 1 z�f�I�-�>���o U Ï 1,2,4 ��K ����F {α1, . . . , α5} õ�B 3, w
x�Ï 1,2,4 zj����F�W�ð�ñ º� �V�! F {α1, α2, α4}. 2

C�p r�à�á�Rq8j����F S = {α1, . . . , αm} Y�Ø�P � D�5�B�C L�� αi } W��j��� ai ��W
��� A = (a1, . . . , am), L A

� � r���������å�������W B = {b1, . . . ,bm), v A Y���� ai� ��$ � Y�å������W B Y�����R B Y���r e >��j����F�W�Y���� M2 = {bj1, . . . ,bjk
} º

 �V�! ( r k�! )
^ ë�* ^ A Y�(�)�Y��j����F�W�Y���� M1 = {aj1 , . . . , ajk

} º� �V�! ( r k
! ). s���á�R t�u B \�����������R
v���f�I�å��Me�/Ï 1 z�f�I�-�o�����F�W�Y���� M2

\ B Y��j����F�Y�ð�ñ º� �V�! F�R k )�á { � M1 \ A Y��j����F�Y�ð�ñ º� �V�! F�K
��� A {�| � � r���������å�����m�Wè�t������ T , � Mathematica xhu�W�v���w�Y

x�y B RowReduce[A]. ��vÒÐRU)�z�{å�|� A Y��-�1 î |����� A. ?L�j�kÑ l k
(1),(2) x�Y�����m�W�������R {�} t Ê Mathematica

x�y C
A1={{6,1,1,7},{4,0,4,1},{1,2,-9,0},{-1,3,-16,-1},{2,4,22,3}};
A2={{1,0,3,1,2},{-1,3,0,-1,1},{2,1,7,2,5},{4,2,14,0,6}};
T1=RowReduce[A1]//MatrixForm; T2=RowReduce[A2]//MatrixForm;

{T1,T2}

w x //MatrixForm ?~8`L`S`e`Y~�~�~�~�~� } W��~����² |�� U��~� K è�³�r y {T1,T2}
\�L�S�e�Y�Ñ�z���������� T1,T2 ��� «�î K
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� å p�u B

{













1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0













,










1 0 3 0 1

0 1 1 0 1

0 0 0 1 1

0 0 0 0 0









}

2

2.2.2. � α1 = (0, 1, 2, 3), α2 = (1, 2, 3, 4), α3 = (3, 4, 5, 6), α4 = (4, 3, 2, 1), α5 =

(6, 5, 4, 3).

(1) ¬ i C α1, α2 º� �V�!��
(2) � α1, α2 2 Z�W {α1, . . . , α5} Y�ð�ñ º� �V�! F�K� L�� αi } W��j��� ai ��W���� A = (a1, . . . , a5), L A

� � r���������å�����m�W
������C

A =










0 1 3 4 6

1 2 4 3 5

2 3 5 2 4

3 4 6 1 3










→ T =










1 0 −2 −5 −7

0 1 3 4 6

0 0 0 0 0

0 0 0 0 0










(1) T Y�Ð�Ñ�� º� �V�! ⇒ A Y�Ð�Ñ�� º� �V�! ⇒ α1, α2 º� �V�! K
(2) T Y�Ð�Ñ���F�W T Y��j����F�Y�ð�ñ º� �V�! F ⇒ {α1, α2} \ {α1, . . . , α5} Y�ð

ñ º� �V�! F�R ��� \ T α1, α2 2 Z�W�Y�ð�ñ º� �V�! F�K 2

2.2.3. 8�Ê�������Y�õ�K
ê�8 «�¨ © Y�åj����F � �j����F�Y�r�z�ð�ñ º� �V�! F�K

(1)







2 −1 −1

−1 2 −1

−1 −1 2





 ; (2)







1 1 1 1 1

1 2 3 4 5

5 4 3 1 2





 .

���
(1) õ�B 2. ����Ñ�å�F�W�åj����F�Yðñ º� �V�! F�KU���Ñ��FW��¢���FY�ð

ñ º� �V�! F�K
(2) õ�B 3. I�e 3 å�F�W�åj����F�Y�ð�ñ º� �V�! F�K Ï 1,2,4 ��F�W��j����F�Y�ð�ñ º

 �V�! F�K 2

2.2.4. ¬ i CU& α1, α2, · · · , αn ºP °VP! R α1, α2, · · · , αn, β ºP °kP! R
v β [ { T
α1, α2, · · · , αn º� �ª�« K �

1
t�u

β ¸�¹ T α1, . . . , αn º� �ª�« R
vj����F S = {α1, . . . , αn, β} x�±�zj���
��¸�¹ T Ð�Ë�Yj��� º� �ª�« R S º� �V�! K ´j£���@�A “S º� �k�! ” µ�¶�K g ¬ i�· β ¹ T
α1, . . . , αn º� �ª�« K
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 �
2
T

α1, . . . , αn, β º� �k�! ��G�� ¸�I B 0 Y λ1, . . . , λn, λ ���

λ1α1 + · · ·+ λnαn + λα = 0 (1)

t�u
λ = 0, v λ1, . . . , λn ¸�I B 0 ë λ1α1 + · · ·+ λnαn = 0, ´j£���@�A “α1, . . . , αn

º� �V�! ” µ�¶�K
T�v λ 6= 0.

T ��² (1) S
β = −λ1

λ

α1 − · · · − λn

λ

αn 2

2.2.5. ¬ i C t�u β { T α1, α2, · · · , αn º� �ª�« R
v β [ { T α1, α2, · · · , αn Y�ð�ñ
º� �V�! F º� �ª�« K�® � S = {α1, . . . , αn} Y�ð�ñ º� �V�! F�B M = {α̃1, . . . , α̃r}. v�±�z αi { T M

º� �ª�« C αi = xi1α̃1 + · · ·+ xirα̃r.
U \

β = λ1α1 + · · · + λnαn

= λ1(x11α̃1 + x1rα̃r) + · · ·+ λn(xn1α̃1 + · · ·+ xnrα̃r)

= y1α̃1 + · · ·+ yrα̃r

wjx yj = λ1x1j + · · ·+ λnxnj. 2

C�p L�����F α̃1, . . . , α̃r Y�����r�z º� F�Q x1α̃1 + · · ·+xrα̃r } W T ��� α̃1, . . . , α̃r

��W�Y�r�å A = (α̃1, . . . , α̃r) ´���a x1, . . . , xr ��W�Y�r�� X Y D�E Y���²�K�+���¬�C AX1 +

AX2 = A(X1 + X2), λ(AX) = A(λX).

6�i g�� Y } 5�R
±�z αi = AXi, wjx Xi = (xi1, . . . , xir)
T .
U \

β = λ1α1 + · · ·+ λnαn = λ1(AX1) + · · · + λn(AXn)

= A(λ1X1 + · · ·+ λnXn) = y1α̃1 + · · ·+ yrα̃r

wjx (y1, . . . , yr)
T = λ1X1 + · · ·+ λnXn . 2

2.2.6. �j����F α1, α2, · · · , αn Y�õ�\ r. 8�¬�C
(1) α1, α2, · · · , αn xh��% r z º� �V�! ��� � \�ð�ñ º� �V�! F�K
(2) � α1, . . . , αn ¹�§ wjx�y r zj��� β1, . . . , βr º� �ª�« R
v β1, . . . , βr º� �V�! K�®

(1)
t�u

S = {α1, . . . , αn} x�y r z º� �V�! ��� α̃1, . . . , α̃r F�W�Y���Q S̃ ¸ \
S Y�ð�ñ º� �V�! F�R Þ�����y�z α̃r+1 ∈ S S�e�Y r+1 z�����S�W º� �V�! K Í T rank S = r

� S x º� �V�! ����è�×�G ¹ r z�R ¸�¹ r + 1 z�K g ¬ i�· S̃ \ S Y�ð�ñ º� �V�! F�K
(2) S = {α1, . . . , αn} ¹���§ B = {β1, . . . , βr} º� �ª�« K B {�|�§�¨ Y�ð�ñ º� �V

! F B̃ º� �ª�« K T º� F�Q�Y����  � S ¹���§ B̃ º� �ª�« K B̃

� \ S Y�ð�ñ º� �V�!
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F�R B̃ x Y�-�1�z�a�� U r = rank S.
g�hji

B̃

T
B x I�e r zj����F�W�R B = B̃ º� �V

! K 2

2.2.7. ¬ i CU&j����F (I) {�| T ����F (II) º� �ª�« R
v (I) Y�õ ¸�� � (II) Y�õ�K°® �ß�°F (II) {°| T ¨ Y°ð°ñ ºP °VP! F M2 = {β1, . . . , βs} ª°« R s \ �ß�°F
(II) Y�õ�KU&j����F (I) § (II) º� �ª�« R
v (I) {�§ M2 º� �ª�« R (I) Y�ð�ñ º� �V�! F
M1 = {α1, . . . , αr}

� ¹�§ M2 º� �ª�« R M1 Y�����z�a r ≤ s, � r

� \�����F (I) Y�õ�Kg ¬ i�· (I) Y�õ r ¸�� � (II) Y�õ s. 2
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§ 2.3 �]�]�
Á½Â½Ã½Ä

1. ����ø�ù�����ü�� ���
L���� º� D�E�F } Wj������² x1a1 + · · ·+ xnan = 0. D�E�M�N�Y º� F�Q�² } W����

AX, w¢x A = (a1, . . . , an), X = (x1, . . . , xn)T . A

T �z��¢� � a1, . . . , an �WråS
e�R � \ | � ai B�������W�Y�����R ��� \�D�E�F�Y���a�����K
D�E�F } W�������²

AX = 0

� VA = {X ∈ F
n×1 | AX = 0} B�D�E�F�Y�J���K
v�C

(1) (~�~% X1, X2 ∈ VA, H A(X1+X2) = AX1+AX2 = 0+0 = 0 ⇒ X1+X2 ∈ VA.

(2) (���% X ∈ VA
�

λ ∈ F , H A(λX) = λ(AX) = λ0 = 0 ⇒ λX ∈ VA.g Ñ�@  Ú�ï�B VA ��� ����������  . ��� g Ñ�@  Ú�Y�����ï�B F
n×1 Y���ÿ���KUT�v

D�E�F AX = 0 Y�J�� VA \���ÿ���R
ï�B�D�E�F AX = 0 Y ��¡�¢ .

2. £ ¡�¢ � ý�þ�¤ ù�¥
ý�þ

2.3.1 ����ÿ�� F
n Y�f�ÿ���� W

t�u ��� | Ê�Ñ�z�@�A�C
(1) u, v ∈ W ⇒ u + v ∈ W ,

(2) u ∈ W, λ ∈ F ⇒ λu ∈ W ,� ï W \ F
n Y¦£ ¡�¢ (subspace).

t�u
F

n Y���ÿ�� W1 \���ÿ�� W2 Y�����R
v�ï W1

\ W2 Y���ÿ���K 2

��ÿ�� W [�W�> 	 wjxh����r�zj��� α Y�I�§ 0α = 0,
��� \ h > 	 Ij��� � ê�ë�> 	

W x�±�zj��� α Y�¨j��� (−1)α = −α.T ��ÿ�� W (���5 � a D�©�ª {�| S « W ( º� F�Q ©�ª C W x«��%���� α1, . . . , αm

Y���% º� F�Q λ1α1 + · · · + λmαm ∈ W .

3. ¬ � 0U ��®�¯

V = F
n×1 Y���ÿ�� W Y�����r�F�ð�ñ º� �V�! F S = {α1, . . . , αr} o 	 ����z�a�ï�B

W Y°¬ � (dimension), �� dim W ,
��� \j������Q W Y�õ rank W . ±�zj��� α ∈ W

{�|�± r�á } W S Y º� F�Q
α = x1α1 + · · ·+ xrαr

S ï�B W Y�r�F¦ (basis), (x1, . . . , xr) ∈ F
r ï�B α ��¦ S Ê�Y ®�¯ (coordinates).

®�¯ � ��� �j��� α1, . . . , αr, α � \��j����R
��² x1α1 + · · ·+ xrαr = α \�r�z�f��
� º� D�E�F AX = α, wjx A = (α1, . . . , αr) \ T �j��� α1, . . . , αr ��W�Y n × r ��a��
��R X = (x1, . . . , xr)

T . 8�J�v�D�E�F ] { S�e α Y�²�¤ X.

4. ����ø�ù�����ü�� ��¡�¢
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¬ � n -���� º� D�E�F AX = 0 Y�J�ÿ�� VA Y�¡�a
dim VA = n − rank A = ����a�z�a − D�E�Y�ó�ô�z�a

�³ ��´ �� º� DEF AX = 0 YJÿ��Y¦ïB�vDEFY°�³ ��´ (system of

fundamental solutions).

L���a���� A

��� r���������å�����m�W�è�t������ Λ Ò�³�RßD�E�F�m�B ΛX = 0, wjx
H r z�����a xi1 , . . . , xir {�|�} W�w�~ n− r z {�|�µ X�c���Y�����a xir+1, . . . , xin Y º� 
F�Q�K g n− r z µ X�����a�o�c�Y�� t1, . . . , tn−r F�W�±�z�J X Y�²�¤�RH²�¤ (t1, . . . , tn−r)

B·¶¸W�¦j��� e1, . . . , en−r Y�¹�º�J X1, . . . , Xn−r
� F�W�r�z�¦�»�J���K

5. £ ��¼�½ ��£ ¡�¢

V = F
n×1 Y���%���� S Y I�¾�º� F�Q�F�W�Y���Q V (S) \�r�z���ÿ���R � \�> 	 S Y

è l Y���ÿ���R
ï�B S

¼�½ ��£ ¡�¢ (subspace generated by S). S Y�±�z�ð�ñ º� �V�! F
S0
� \ V (S) Y�r�F�¦�R rank S

� \ V (S) Y�¡�a�K
V Yj����F S1, S2 ��� ⇔ V (S1) = V (S2). S1 \ S2 Y º� F�Q ⇔ S1 ⊆ V (S2).

[]\]^]_]`]a]b

2.3.1 8 T | Ê�±�z l kjx�Yj����¿�W�Y���ÿ���Y�¡�a�R
ê�8 « r�F�¦�K
(1) α1 = (6, 4, 1,−1, 2), α2 = (1, 0, 2, 3, 4), α3 = (1, 4,−9,−16, 22),

α4 = (7, 1, 0,−1, 3);

(2) α1 = (1, −1, 2, 4), α2 = (0, 3, 1, 2), α3 = (3, 0, 7, 14),

α4 = (1, −1, 2, 0), α5 = (2, 1, 5, 6).
À�ÁÃÂ } §2.2 Y�3�5�8 « ± l k¢x Y¢� �F S Yõ r, ê�8 « rzðñ º� V�! F M .

v S ¿�W�Y���ÿ�� W Y
¡�a�� U r, M \ W Y�r�F�¦�K
���

(1) o�¿�W�Y���ÿ���¡�a�� U 4, I�e 4 zj��� α1, . . . , α4 F�W�r�F�¦�K
(2) o�¿�W�Y���ÿ���¡�a�� U 3, {α1, α2, α4} F�W�r�F�¦�K
( Ä ¾ 3�5�g�i�Å�k 2.2.1). 2

2.3.2 Ê���D�E�Y�J���Q W \�Ì R
4 Y���ÿ���C

(1) x1 + 2x2 = 3x3 + 4x4 ;

(2) x1 + 2x2 = 3x3 + 4 − x4 ;

(3) (x1 + 2x2)
2 = (3x3 + 4x4)

2 ;

(4) (x1 + 2x2)
2 + (3x3 + 4x4)

2 = 0 .�
(1) D�E�\���� º� D�E�R
J�� W \ R

4 Y���ÿ���K
(2) Ij��� (0, 0, 0, 0) ¸ \�D�E�Y�J�R
J���Q W ¸ > 	 Ij����R ¸ \ R

4 Y���ÿ���K
(3) (1,−1, 1,−1) ´ (1,−1,−1, 1) � \�D�E�Y�J�R 	 U W , Í ¨ © Y � (2,−2, 0, 0) ¸

\�D�E�Y�J�R ¸ 	 U W . { , W (���5 ¸ ©�ª R ¸ \ R
4 Y���ÿ���K
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(4) D�E�´���� º� D�E�F 




x1 + 2x2 = 0

3x3 + 4x4 = 0
$ J�R
J���Q W \ R

4 Y���ÿ���K 2

C�pZÆ h�i ��Q W ¸ \���ÿ���R G Æ�Ç « r�z�Å�� hji W ¸�È Q���ÿ���Y�y�r�@  Ú �
� · RqÅ t R W ( U ��5�r�a D ¸ ©�ª Rqr ¸ > 	 Ij����KqÉ�%�R ¸ > 	 Ij��� ��� (�a D ¸ ©
ª K g \�T�B�R t�u W ( U a D�©�ª R [�W�> 	 w�x«����r�z���� α Y 0 § 0α = 0,

�
� \�[�Ê
> 	 I�����K�j�k�Ï (2)

l k�\�f���� º� D�E�F�R J���Q�[�W ¸ > 	 I�����R r�s ¸ \���ÿ���K Ï
(3)
l k�Y�J���Q W \�Ñ�z���� º� D�E�F x1+2x2 = 3x3+4x4 ´ x1+2x2 = −(3x3+4x4)

Y�J���Q W1, W2 Y�ê�� W1 ∪W2, � W1, W2 \�Ñ�z���ÿ���ê�ë k N ¸ > 	 R ê���r�s�(���5
¸ ©�ª R ¸ \���ÿ���KUÄ ¾�Ë 7�bG Æ�Ì « rz�Í°��t�ÎY�Å�� hji W (���5 ¸ ©�ª � � · R
¸ [�Ï��
Y�Ð�P�R | ��Y�Ð�P�\ }�î .�Ñ�Ò Ô Ì « Å���R
G Æ�Ì e · Å�� � ¸ [�Ï�P T�· KÓ � î R Æ hji ��Q W \���ÿ���R�[�Ê�¬ i W xh��%j��� α Y���%�Ô�a�§ λα

	 U
W ,

êë W xÕ��%Ñz¢� �Ò � S�W 	 U W . Ü {| Â } sPC
�� º� DEFYJ��Q\��ÿ
��KUj�k (1),(4)

l k � \ g���Ö Y�K 2

2.3.3 | ��� α1 = (3, 1, 0), α2 = (6, 3, 2), α3 = (1, 3, 5) B�¦�RU8j��� β = (2,−1, 2)

Y�²�¤�K�
β Y�²�¤ (x, y, z) \�D�E�F xα1 + yα2 + zα3 = β

]
AX = β Y�J�K
wjx

A =







3 6 1

1 3 3

0 2 5





 , β =







2

−1

2







J�Ò�S (x, y, z) = (−76, 41,−16). 2

C�p 8DEF AX = β YJ {| ��� L (A, β)
� � r�������å����mWè�t������

(I, c) S X = c.
� {°|P× i°rP-°r°�°D°E ax = b Y°J x = a

−1
b S°e AX = β Y°J

X = A
−1

β, w x A YPØ A
−1 F w°´ β Y DPE A

−1
β YP%PÙ � 3P5P�°Ï 4 Ú x4ÛPÜ°K
Í] n¸ ��Ð�%�Ù � 3�5R � {| � Mathematica xÝ|����� A

�
β Ò³Þ � å t Ê x�y 8

X = A
−1

β. w¢x Inverse[A] \�Þ�3 A
−1. Inverse[A] ´ b Ò��Y�ß�à ª �LÑz����

A
−1 ´ β k D K

A={{3,6,1},{1,3,3},{0,2,5}};b={2,-1,2}; Inverse[A].b

S�e
{−76, 41,−16}
� \ h�á�â�ã AX = β Y�J�ä (−76, 41,−16). 2
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2.3.4 �j��� α1 = (1, 0, 1, 0), α2 = (0, 1, 0, 1), L α1, α2 2 Z�W R
4 Y�r ã ¦�K� L α1, α2 } W~� �Î� a1, a2 ~ä`Ð`Ñ~�`RdÞ`L 4 ¡~� �Î�`ÿ~�`Yå¶æW`¦ �Î� e1, e2, e3, e4ç ���ä�³ 4 ��RU��W 4 × 6 ��� A,

� � å�����m�W�������è

A =










1 0 1 0 0 0

0 1 0 1 0 0

1 0 0 0 1 0

0 1 0 0 0 1










−(1)+(3),−(2)+(4)→T =










1 0 1 0 0 0

0 1 0 1 0 0

0 0 −1 0 1 0

0 0 0 −1 0 1










T Y�Ð 4 � ã W��j��� ã Y�ð�ñ º� �V�! ã R g�h¢i A

� \ t v�R A Y�Ð 4 ��o�� ª Y
��� α1, α2, e1, e2

ã W R
4 Y�¦�R α1, α2 ���·¶¸W�¦j��� e1, e2 2 Z�S�e R

4 Y�¦�K 2

2.3.5 � �Î� α1 = (1, 1, 1, 1), α2 = (0, 1,−1,−1), α3 = (0, 0, 1,−1), α4 = (0, 0, 0, 1),
é L�¤�¥�¦j��� e1, e2, e3, e4 } α1, α2, α3, α4 º� �ª�« K� L α1, . . . , α4, e1, . . . , e4 } W��j����R ç ���ä���� ã W 4× 8 ��� A,

� � r������
��å�����m�W�è�t������ T :

A =










1 0 0 0 1 0 0 0

1 1 0 0 0 1 0 0

1 −1 1 0 0 0 1 0

1 −1 −1 1 0 0 0 1










→ T =










1 0 0 0 1 0 0 0

0 1 0 0 −1 1 0 0

0 0 1 0 −2 1 1 0

0 0 0 1 −4 2 1 1










T Y�Ð 4 � ç ��\ R
4 Y·¶¸W�¦j����RÎ³ 4 � b1, . . . ,b4 x�Y�±�r�z bj } W�Ð 4 ��Y º

 ã Q�²
bj = b1je1 + b2je2 + b3je3 + b4je4 (1)

x�Y���a b1j , . . . , b4j
ç ��\ bj Y���ê���K A Y�³ 4 � ej (1 ≤ j ≤ 4) } W�Ð 4 ��Y º� ã

Q � H�´ (1) x $ � Y���a�è
ej = b1ja1 + b2ja2 + b3ja3 + b4ja4 (2)

L���� T Y�³ 4 ����ê�� bij Y�Ä ¾ a������ (2) { S
e1 = α1 − α2 − 2α3 − 4α4, e2 = α2 + α3 + 2α4, e3 = α3 + α4, e4 = α4 . 2

2.3.6 8�Ê���±�z���� º� á�â�ã Y�r�z�¦�»�J���K
ê }�¨�ª�«�I�e J�K

(1)






x1 + x2 + x3 + x4 + x5 = 0

x1 + 2x2 + 3x3 + 4x4 + 5x5 = 0

x1 − x3 − 2x4 − 3x5 = 0

(2)






x1 + x2 + x3 + x4 − 4x5 = 0

x1 − 2x2 + 3x3 − 4x4 + 2x5 = 0

−x1 + 3x2 − 5x3 + 7x4 − 4x5 = 0

x1 + 2x2 − x3 + 4x4 − 6x5 = 0
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�
(1) L���a���� A

� � r���������å�����m�W�è�t�������è

A =







1 1 1 1 1

1 2 3 4 5

1 0 −1 −2 −3





→







1 0 −1 −2 −3

0 1 2 3 4

0 0 0 0 0







á�â�ã � ��$ J�����m�ä





x1 − x3 − 2x4 − 3x5 = 0

x2 + 2x3 + 3x4 + 4x5 = 0
⇒






x1 = x3 + 2x4 + 3x5

x2 = −2x3 − 3x4 − 4x5 = 0

X =













x1

x2

x3

x4

x5













=













x3 + 2x4 + 3x5

−2x3 − 3x4 − 4x5

x3

x4

x5













= x3













1

−2

1

0

0













+ x4













2

−3

0

1

0













+ x5













3

−4

0

0

1













¦�»�J���ä X1 = (1,−2, 1, 0, 0), X2 = (2,−3, 0, 1, 0), X3 = (3,−4, 0, 0, 1).

I�e J�ä X = t1X1 + t2X2 + t3X3 = (t1 + 2t2 + 3t3,−2t1 − 3t2 − 4t3, t1, t2, t3).

(2) ´ (1) ë�ì�á�L���a���� ��� ����å�����m�W�è�t�¤�¥�� ( Ä ¾ � â f Ô ). S�è
¦�»�J���ä X1 = (−1,−1, 1, 1, 0), X2 = (2, 2, 0, 0, 1).

I�e J�ä X = t1X1 + t2X2 = (−t1 + 2t2,−t1 + 2t2, t1, t1, t2). 2

2.3.7 £�� F
5 x�Yj���

X1 = (1, 2, 3, 4, 5), X2 = (1,−1, 1,−1, 1), X3 = (1, 2, 4, 8, 16).

8�r�z���� º� á�â�ã R n X1, X2, X3
ã W g z á�â�ã Y�¦�»�J���K�

X1, X2, X3 \�o�8 á�â�ã ±�z á�â a1x1 + a2x2 + a3x3 + a4x4 + a5x5 = 0 Y�J�R ]





a1 + 2a2 + 3a3 + 4a4 + 5a5 = 0

a1 − a2 + a3 − a4 + a5 = 0

a1 + 2a2 + 4a3 + 8a4 + 16a5 = 0

(1)

g \ ! U a1, . . . , a5 Y���� º� á�â�ã R
J�Ò�S�¦�»�J��
α1 = (6, 1,−4, 1, 0), α2 = (16, 6,−11, 0, 1)

| α1, α2 x�Y���ê���ä���a�í�î���� º� á�â�ã W á�â�ã





6x1 + x2 − 4x3 + x4 = 0

16x1 + 6x2 − 11x3 + x5 = 0
(2)

v X1, X2, X3 \ á�â�ã (2) Y º� V�! JK á�â�ã (2) Y��a���� A YÑå α1, α2 º� V
! R rank A = 2,

á�â�ã
(2)
]

AX = 0 Y�J�ÿ�� VA ¡�a�ä 5 − rank A = 5 − 2 = 3. VA

x 3 z º� �V�! ��� X1, X2, X3
ã W VA Y�¦�R ��� \ á�â�ã (2) Y�¦�»�J���K 2
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2.3.8 � S, T \j��� ã Kï8�¬�è S ´ T ��� ⇔ rank S = rank (S ∪ T ) = rank T .`® � S0, T0 ê~�`\ S, T Y`ð`ñ º~ `V~! ã R v S0, T0 o 	 �Î�`z`a r = |S0| = rank S,

s = |T0| = rank T .t�u
S ´ T ����R
v T \ S Y º� ã Q�R
� S \ S0 Y º� ã Q�RUT�v T

� \ S0 Y
ºU ã Q�K S ´ T � \ S0 Y º� ã Q�RHT�v S ∪ T \ S0 Y º� ã Q�R S0 \ S ∪ T Y�ð�ñ
º� �V�! ã R rank (S ∪ T ) = |S0| = rank S.

$ P rank (S ∪ T ) = |T0| = rank T .
Ó � î R
� rank (S ∪ T ) = rank S = r = |S0|, v S ∪ T x T r z�-�1 ã WY º� V

! ��� S0 \ S ∪ T Yðñ º� V�! ã R T \ S0 Y º� ã Q��\ S Y º� ã QK $ PRT
rank (S ∪ T ) = rank T {�ð« S \ T Y º� ã QKUT�vR rank S = rank (S ∪ T ) =

rank T ⇒ S ´ T N�ä º� ã Q ⇒ S ´ T ����K 2

2.3.9. 8�¬�è
Ñ�z���� º� á�â�ã (I),(II)
$ J�Y�Z�ê�[ Æ�ñ�ò \ ¨ © N�ä º� ã Q�K�® t�u�á�â�ã

(I) \ (II) Y º� ã Q�R
v (II) Y�J � \ (I) Y�J�K t�u�á�â�ã (I) ´
(II) N�ä ºU ã Q�R�v (I) ´ (II) x�±�z á�â�ã Y�J � \�Ý�r�z á�â�ã Y�J�R�Ñ�z á�â�ã $ J�KÓ � î R � (I) ´ (II)

$ J�R v�L�Ñ�z á�â�ã Q�ê�S�e�Y á�â�ã (III)
� ´ (I),(II)

$ J�K � á
â�ã

(I),(II) Y���aU����Y�å���� ã ê���ä S ´ T , v�L (I),(II) Q�ê�S�e�Y á�â�ã (III) Y���a
����Y�å���� ã ä S∪T .

á�â�ã
(I),(II),(III) V�W $ J�R ¨ © Y�����a�z�a n

^ W k $ R J�ÿ��
¡�a n−rank S, n−rank T, n−rank (S∪T )

� k $ RóT�v rank S = rank (S∪T ) = rank T ,T
2.3.8 Y p�q � S ´ T ����R ��� \ (I) ´ (II) N�ä º� ã Q�K 2

§ 2.4 ô]õ]ö]÷]ø]ù]ú½¾
Á½Â½Ã½Ä

1. û ��ü�ý
á�â�ã

AX = b þ�J ⇔ rank (A,b) = rank A.

2.
����ÿ��

� X0 \ AX = b Y�r�z�J�K�v AX = b ⇔ A(X − X0) = AX − AX0 = β − β = 0

⇔ X − X0 ∈ VA. wjx VA \���� º� á�â�ã Y�J�ÿ���K
� X1, . . . , Xn−r \ AX = 0 Y�r�z�¦�»�J���R
v AX = b Y�J���ä

X0 + λ1X1 + · · ·+ λn−rXn−r, (∀ λ1, . . . , λn−r ∈ F )

[]\]^]_]`]a]b

2.4.1 £�� 5 - º� á�â�ã Y���a�����Y�õ�ä 3, ë | Êj����\ ¨ Y�J
X1 = (1, 1, 1, 1, 1), X2 = (1, 2, 3, 4, 5), X3 = (1, 0,−3,−2,−3).
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(1) 8 á�â�ã Y � J�K
(2) X1 + X2 + X3 \�Ì á�â�ã Y�J��
(3)

1

3
(X1 + X2 + X3) \�Ì á�â�ã Y�J���

(1) � á�â�ã ä AX = β, wjx A ä���a�����R β ä�Ô�a�� ã W�Y��j����K
v���� º
 á�â�ã AX = 0 Y�J�ÿ�� VA Y�¡�a dim VA = 5− rank A = 5−3 = 2. η1 = X2 −X1 =

(0, 1, 2, 3, 4) ´ η2 = X3 − X1 = (0,−1,−4,−3,−4) � 	 U VA ë º� �V�! R ã W VA Y�rã ¦�K
VA = {t1η1 + t2η2 = (0, t1 − t2, 2t1 − 4t2, 3t1 − 3t2, 4t1 − 4t2) | t1, t2 ∈ F}

x�o�þj����Y�Ï�r�ê�� � ä 0, � X1 Y�Ï�r�ê�� ¸ ä 0, T�v VA ¸ > 	 X1.T v { , β = AX1 6= 0, AX = β \�f���� º� á�â�ã R � J�ä
X1 + t1η1 + t2η2 = (1, 1 + t1 − t2, 1 + 2t1 − 4t2, 1 + 3t1 − 3t2, 1 + 4t1 − 4t2)

wjx t1, t2 { c���>�� A, β Y�o�þ�-�1�Y���%�a�� F .

(2)
T

β 6= 0 � A(X1 + X2 + X3) = AX1 + AX2 + AX3 = β + β + β = 3β 6= β,

{ , X1 + X2 + X3 ¸ \ á�â�ã Y�J�K
(3) A(1

3
(X1+X2+X3)) = 1

3
(AX1+AX2+A3) = 1

3
(3β) = β. { , 1

3
(X1+X2+X3)

\ á�â�ã Y�J�K 2

C�p j�k�Ï (2),(3)
l k�Y p�q { Ö�t Ê ð�� è (���%�Ôa λ1, λ2, λ3

F
X0 = λ1X1 +

λ2X2 + λ3X3, þ
AX0 = λ1AX1 + λ2AX2 + λ3AX3 = (λ1 + λ2 + λ3)β

{ , AX0 = β ⇔ λ1 + λ2 + λ3 = 1. T�v�R λ1X1 + λ2X2 + λ3X3 \ AX = β Y�J�Y�Z�ê
[ Æ�ñ�ò \ λ1 + λ2 + λ3 = 1. Ý�r á Ë�R λ1X1 + λ2X2 + λ3X3 \ AX = 0 Y�J�Y�Z�ê�[
Æ�ñ�ò ä λ1 + λ2 + λ3 = 0. 2

2.4.2 �hc�Ê�����k�R
ê hji P T K
(1) f���� º� á�â�ã (I),(II)

$ J�Y�Z�ê�[ Æ�ñ�ò \�Ì (I),(II) ��� (
] N�ä º� ã Q )?

(2)
t�u f���� º� á�â�ã (I),(II) þ�J�R ¨ © $ J�Y�Z�ê�[ Æ�ñ�ò \�Ì (I),(II) ������

(1)
á�â�ã

(I),(II) ����\ $ J�Y�Z�ê ñ�ò R
Í ¸ \�[ Æ�ñ�ò KUÅ t R á�â�ã





x + y = 0

x + y − 1 = 0






x + 2y = 0

x + 2y − 1 = 0

Y�J�� � \�ÿ���Q�RUT�v $ J�R
Í�±�r�z á�â�ã ��¸ \�Ý�r�z�Y º� ã Q�K
(2)

t�u f���� º� á�â�ã (I),(II) þ�J�R
v ¨ © $ J�Y�Z�ê�[ Æ�ñ�ò \ (I),(II) ����K
ñ�ò Y�Z�ê  ��W�K	��
�¬ i [ Æ  K
��f���� º� á�â�ã
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(I) x1a1 + · · ·+ xnan = a0 ´ (II) x1b1 + · · ·+ xnbn = b0

$ J�K | g Ñ�z á�â�ã Y�� � ��� A = (a1, . . . , an, a0) ´ B = (b1, . . . ,bn,b0) ä���a����
í�î���� º� á�â�ã

(III) x1a1 + · · · + xnan + x0a0 = 0 ´ (IV) x1b1 + · · · + xnbn + x0b0 = 0

� Æ ¹~� T f`�`� º~ á~â~ã (I),(II)
$ J`S « �`� º~ á~â~ã (III),(IV)

$ J`R ] { S « (III),(IV)

Y���a���� A, B ����R ��� \ áUâ�ã (I),(II) ����K
(�±�z ξ = (x1, . . . , xn) ∈ F

n, � (ξ, x0) = (x1, . . . , xn, x0) ∈ F
n+1. v�è

ξ = (x1, . . . , xn) \ á�â�ã (I) Y�J ⇔ x1a1 + · · ·+ xnan = a0

⇔ x1a1 + · · ·+ xnan − 1a0 = 0 ⇔ (ξ,−1) \ á�â�ã (III) Y�J�K
$ P�R ξ \ (II) Y�J ⇔ (ξ,−1) \ (IV) Y�J�KThá�â�ã

(I),(II)
$ J���è ξ \ (I) Y�J ⇔ ξ \ (II) Y�J�K

T�v�R (ξ,−1) \ (III) Y�J ⇔ (ξ,−1) \ (IV) Y�J�K
£�� á�â�ã (I) � é þ�r�z�J ξ0, ¨ � \ (I),(II) Y����J�K X0 = (ξ0,−1) \ (III),(IV)

Y����J�K� ��¬ i (III) Y�±�z�J X = (x1, . . . , xn, x0) = (ξ, x0) r�s�\ (IV) Y�J�Kt�u
x0 6= 0, v���� á�â�ã (III) Y�J X Y −x

−1
0 § −x

−1
0 X = (−x

−1
0 ξ,−1)

� \ (III)

Y�J�R
����\ (IV) Y�J�KUT�� −x
−1
0 X Y −x0 § X

� \ (IV) Y�J�Kt�u
x0 = 0, L���� º� á�â�ã (III)

g z�J X = (ξ, 0) ´j£���J X0 = (ξ0,−1) k ��S
e�Y X + X0 = (ξ + ξ0,−1)

� \ (III) Y�J�R ����\ (IV) Y�J�K (IV) Y�Ñ�z�J X + X0 ´
X0 Ò�� (X + X0) − X0 = X S�\ (IV) Y�J�Kg � ¬ i�· (III) Y�J � \ (IV) Y�J�K $ P�R (IV) Y�J � \ (III) Y�J�KÎ��� º� á�â�ã
(III),(IV)

$ J�K
L g Ñ�z á�â�ã (III),(IV) Y�o�þ á�â � $ ã W í Y���� º� á�â�ã (V). v
(V) ´ (III) F (IV)

$ J�Kh� S, T ê���\ A, B Y�åj��� ã R�v (V) Y���a���� Σ =

(
A

B

)

Y�åj��� ã ä S ∪ T ,
T

A ´ B Y�åj��� ã Q�ê���W�KÕn�z á�â�ã Y�J�ÿ�� VΣ, VA, VB k $ R
¨ © Y�¡�a k ��è

(n + 1) − rank Σ = (n + 1) − rank A = (n + 1) − rank B.

T�� rank Σ = rank A = rank B.
g�hji

S Y�ð�ñ º� �V�! ã M(S)
� \ S ∪ T Y�ð�ñ º� 

V�! ã R T \ M(S) Y º� ã Q�T
��\ S Y º� ã Q�K $ P { � S \ T Y º� ã Q�Kg � ¬ i�· A ´ B Y�åj��� ã S, T N�ä º� ã Q�R k N�����K ��� \ á�â�ã (I),(II) k
N�����K 2

C�p §2.3 Y�Å�k 2.3.9 ¬ i�· ��� º� á�â�ã $ J�Y�Z�ê�[ Æ�ñ�ò \ ¨ © N�ä º� ã Q�K
j�k�(�f���� ºU á�â�ã ¬ i�· $ � Y p�q R ¬ ihá 5�\ | f��� º� á�â�ã (I),(II) Y�� � �
� A, B ä���a�����í�î���� º� á�â�ã (III),(IV), ¬ i (I),(II)

$ J���� (III),(IV)
$ J�R
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W�³ � {�| Ñ } 2.3.9 Y p�q S « A, B ����KUä · n j�k�Y�J�c�Ä�þ µ X  R	� © � g�� Û�þ
ç���Ñ } 2.3.9 Y p�q R
��\�L 2.3.9 Y�¬ i�ì�í Ë 7 · r���K 2

2.4.3 £ � X1, . . . , Xk \a� F �yzf�� º� á�â�ã YJR λ1, . . . , λk ∈ F . 8
λ1X1 + · · ·+ λkXk \ á�â�ã Y�J�Y�Z�ê�[ Æ�ñ�ò K� L�f���� º� á�â�ã } W�������² AX = β, wjx β 6= 0.

T
X1, . . . , Xk \ á�â�ã Y

J�� AX1 = · · · = AXk = β.

λ1X1 + · · · + λkXk \ á�â�ã Y�J ⇔

β = A(λ1X1 + · · ·+ λkXk) = λ1(AX1) + · · ·+ λk(AXk)

= λ1β + · · ·+ λkβ = (λ1 + · · · + λk)β.

T
β 6= 0 � β = (λ1 + · · ·+ λk)β ⇔ λ1 + · · · + λk = 1.g � S�e�o�8�Z�ê�[ Æ�ñ�ò ä�è λ1 + · · ·+ λk = 1. 2

2.4.4 £���a�� F � n -�f���� º� á�â�ã Y�J�¿�W F
n, 8 á�â�ã Y���a�����Y�õ�K� c�f���� º� á�â�ã AX = β Y�r ã J X1, . . . , Xn
ã W F

n Y�r ã ¦�K
n − 1 zj��� X2 − X1, . . . , Xn − X1 � \���� º� á�â�ã AX = 0 Y�J�K
�

λ2(X2 − X1) + · · · + λn(Xn − X1) = 0

v −(λ2 + · · · + λn)X1 + λ2X2 + · · · + λnXn = 0.
T

X1, . . . , Xn º� �V�! � λ2 = · · · =

λn = 0, X2 − X1, . . . , Xn − X1 º� V�! K gh¢i �� º� á�â�ã AX = 0 YJÿ��¡a
n − rank A ≥ n − 1, rank A ≤ n − (n − 1) = 1.t�u

rank A = 0, A = O, v�f���� º� á�â�ã AX = β V J�KUT�v rank A = 1. 2

§ 2.5 ���½¿]÷]ø]�]�
Á½Â½Ã½Ä

1. ø�ù ¡�¢ �����
����j î \�þ�ñ l 0 á ��Y����j����RU6���å���N���5�v�r�n�����5�v�s�Ù���5RU6�þj� º Y"!"#�r Ó � s�Ù¢� �´ÙaY D 5K
Í\R	$c · ¦�0	%X · ²¤Ò³R
±z¢� � � } a ã

ª � KUj�Ú §2.1-§2.4 Y I�e"&�' � s�P � \ ��� a ã ���Y���5�´a D S «�î Y�R ¸ 
 Æ } e
���  Ú�K	(�W�� © � ��� (")�¡ � n�¡¢���Y����  ÚY�* q î S « �a  Ú�R
Í�¹\�ä ·�+, U ç ��- , P�J�ê�.�/�) } RU��ä�å ð P�Y�b�0�w�Ù�ê�Û�þ } e�����K

} ��å���N���5�v�s�Ù�Y����j����Y���52143���5�R�a ã ����6�ê�� Ö ��5���W�t�Î�S�×�K
ä���� {�|�} t�Î�Y�a ã � 3���6��"5�Y����j� � � 3 � \�T�ä ¨ © ��� $ � Y � 3"7�K
wÙ�R
��j�Ú�Ð���8�Y�9�× ð Pjx RUV�Û�þ } e"���¢���Y"���  ÚR � Û�þL�a ã � ��Y�ê� }«�î
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äå � 3R	� } e � 3"7 � S « · o:
°Y p°q KUÅ t R
¬ i 3 é Y � � α1, . . . , αr º� ã Q «
Y"3×Y¢� � β1, . . . , βs (s > r) º� k�! RUVÛ�þ }« � αi

� Û�þ }« � βj Y��ê�R
�°\°L°±°z βj } W°� αi Y ºP ã Q°YP�°² ABj,

�P�P� 3:7°L°� �ß� βj Y ºP ã Q } W
λ1(AB1) + · · ·+ λs(ABs) = A(λ1B1 + · · ·+ λsBs) Y���²�R�����L βj º� �k�! Y���k�;�m
ä á�â�ã λ1B1 + · · · + λsBs = 0 fIJY"��kR �� \a ã � � B1, . . . , Bs Y º� k�! �
k�R ��S�<�=���J�KÝÉ�%�RÝ� g���> j � ¸ [�? αi ´ βj \�����R \����j����Ü�\�a ã ����R \@ a�Ü�\�×���²�Ü�\�����R	� Æ�A © ¹ Ö ��5 ¹ ´�a k D R | � ð P F p�q � ��¹ W�X�K

T�v�R ¸ q \�����-�1 ã W�Y�f�ÿ���Q V , � Æ ¹�� s�Ù V xh-�1�Ò���Y���5�R | F V x
-�1´aY D 5R ¸ qg"B ��5´ D 5"C � äåR	� Æ ����� ©"D�E Yr�º�t�ÎY � 3"7�R � �
{�| L V x�Y�-�1�ï�äj����R V ï�äj����ÿ���K	� © (j����o�S�e�Y p�q ( Å t ! U º� �k�!
´ V�! 0�¡�a�0�¦�0h²�¤�0�ð�ñ º� �VU! ã 0�õ�Y p�q ) ��F�} U�g�� Yj����ÿ���R���ë {�| %�X
²�¤�L�wjx�Yj��� } a ã î � ª R4��� � 3 } a ã � 3 î � ª K

2. ø�ù ¡�¢ � ý�þý�þ
2.5.1 � V \�r�z�f�ÿ���Q�R F \�r�z�a���K t�u ��� · | Ê�Ñ�z ñ�ò V1,V2, v

V ï�ä F ��Y ø�ù ¡�¢ (linear space),
� ï�ä J�K ¡�¢ (vector space), V x�Y�-�1�ï�ä J

K
(vector), F x�Y�a�ï�äHG K (scalar). þ�b�0�RUä ·�I�J V \ F ��Y º� ÿ���R � L V

��ä V (F ).

V1. � V xh6�i�y B�á ²�s�Ù · ��5�R n S {�| L V xh��%�Ñ�z�-�1 α, β ∈ V k ��R S
e ± r�r�z α + β ∈ V .

� F x Ya´ V xÝ-�1Ò���6�iy B�á ²s�Ù · D 5R n S {| T ��% λ ∈ F

� ��%
α ∈ V k D S�e ± r�r�z λα ∈ V . F ´ V Y�-�1�Ò���Y g�B D 5 � ï�äj����Y�a D K

V2. V x�s�Ù�Y | ����5�´�a D Ñ B � 3���� t Ê�Y � 3�7�è
(A1) ��5�K���7�è α + β = β + α (���% α, β ∈ V W�X�K
(A2) ��5 p Q�7�è (α + β) + γ = α + (β + γ) (���% α, β, γ ∈ V W�X�K
(A3) Ij����èUG�� θ ∈ V , n S θ + α = α + θ = α (���% α ∈ V W�X�R θ ï�äML J

K
(zero vector),

� { �� 0.

(A4) ¨j����èU(���% α ∈ V , G�� β ∈ V n α + β = β + α = 0, β ï�ä α YMN J�K
(negative vector), �� −α.

(M1) a D (�������5�Y�ê�O�7�è (���% α, β ∈ V

�
λ ∈ F , � þ λ(α+β) = λα+λβ.

(M2) a D (�P�����5�Y�ê�O�7�è (���% α ∈ V

�
λ, µ ∈ F , � þ (λ+µ)α = λα+µα.

(D1) (���% α ∈ V

�
λ, µ ∈ F , � þ λ(µα) = (λµ)α.

(D2) (���% α ∈ V

�
1 ∈ F , � þ 1α = α. 2

T | � 8
ñ ¦�j � 3�7 {�|�ð�« � ©�D�E Y�w ¨ r�º � 3  Ú�K t è

V x�Y�Ij��� ± r�K
±�z α Y�¢̈��� −α ± r�ë�� U (−1)α. λα = 0
^ ë�* ^ α = 0
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r λ = 0.
$ � á { s�Ù º� �k�! 0 º� �V�! 0 º� ã Q�0 ����0q��ÿ���0 ð�ñ º� �VU! ã 0 õ�0 ¡�a�0

¦�0U²�¤���KQ þ ¸ $ Y�\�è V x º� �V�! Yj����z�a ¸ r�s�\�þ�R�Y�R þ {�¹ \ V R�Y�K Å t R �
a��
F xh04S�T�ä x Y I�¾ r�-�×���² f(x) = a0 + a1x + · · ·+ anx

n ã W�Y º� ÿ�� F [x] x�R
1, x, x

2
, . . . , x

n
, . . .

� \ V R�×�z º� �V�! ����KUT�v º� ÿ�� F [x] Y�¡�a�\ V�U ñ�RU²�¤ �
\ V�U a���KÕj�V���* q V Y�¡�a�þ�R�Y�W���è V {�| T þ�R���� S = {α1, . . . , αN}

Ö º� ã Q�S�e�Rïv�b S Y�ð�ñ º� �V�! ã S0 \ V Y�r ã ¦�K V Y�±�zj��� {�| � g�ã ¦�Ê } W�²
¤�R } þ�R�¡�a ã ��� ª ��K

j�8�ê ¸ .�X í Y�s�P�K���\�Y�Z�ê�[�\�Ò�]�a ã ����Y����̂) } e�f�a ã ��� ã W�Y º� 
ÿ��jx Ô�_

C�p ����ÿ���s�Ùjx�Y 8
ñ � 3�7�ê�f k N µ X�Y _ Å t RU��5�K���7 � {�| T w ¨ � 3

7 ð�«�î èU(���% α, β ∈ V , 6�Ñ B ¸ $ á ²�Þ�3 σ = (1 + 1)(α + β) S
σ = 1(α + β) + 1(α + β) = (α + β) + (α + β) (M2,D2)

= α + (β + α) + β (A2)

σ = (1 + 1)α + (1 + 1)β = (1α + 1α) + (1β + 1β) (M1,M2)

= (α + α) + (β + β) = α + (α + β) + β (D2,A2)

(−α) + σ + (−β) = [(−α) + α] + (β + α) + [β + (−β)] (A4,A2)

= 0 + (β + α) + 0 = β + α (A4,A3)

(−α) + σ + (−β) = [(−α) + α] + (α + β) + [β + (−β)] (A4,A2)

= 0 + (α + β) + 0 = α + β (A4,A3)

¬ i Y Æ à�\�èï6�Ñ B ¸ $�`�a�b�c (1 + 1)(α + β), d�e�Y�²��jx e Y α, β Y���� `�a k Ó�ef�g Ñ�h�ê�����i −α,−β j�k α, β, l	d�m β + α = α + β.

ë�ì"n e	o"p"q"r"s G tvu"w"x"y"z"]"{"| a, b ∈ G }"y"d"m"y"~ ab ∈ G, �"�"� s� e	�"�
e ∈ G �"�"� a ∈ G }"y"�"� ea = a = ae, �"�"�"� a ∈ G

�"�
a
−1 �"�

aa
−1 = a

−1
a = e. u"w"x"�"�"�"y"z"� r"s G �"��� (group). �"� (ab)2 = a

2
b
2 �"{

| a, b ∈ G �"� e	� �"��� (ab)(ab) = (aa)(bb) �"m ba = ab, �"�"�"�"�"�"�"� � e �"��:  � (commutative group). ¡"¢ e �"� G tv�"y"z"£:�"�"�:� � e	¤ tv¥"¦"§:�"¨:© �
(ab)2 = a

2
b
2 £�����ª 2

«�¬��®�¯�°�±

2.5.1
��²�³

(−R, R) i���´�µ�¶�·�©�¸��"� q"³ t e 1, cos2
t, cos 2t ¹�º�»�¼�½�¾À¿Á�Â2Ã4Ä �4ª
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Å � cos 2t = 2 cos2
t − 1 Æ λ11 + λ2 cos2

t + λ3 cos 2t = 0 � (λ1, λ2, λ3) =

(1,−2, 1) 6= (0, 0, 0) ����ª 1, cos2
t, cos 2t »�¼�}�¾ e £�¹�»�¼�½�¾�ª 2

2.5.2
� ´�µ�¶�Ç�©�È�É�Ê�¸�����¶�©�Ë�i���»�¼ q�³ R[x] t eÍÌ�Î�Ï�r�s ¹�º�Ð�� Ï�q³�Ñ

(1) ��Ò�u���Ó�Ô�© n, Õ�© < n ��¶�Ç�©�È�É�Ê���´�µ Ì�Ö�× È�É�Ê�¸���� r�s ª
(2) ��Ò�u���Ó�Ô�© n, Õ�© > n ��¶�Ç�©�È�É�Ê���´�µ�ª
(3) ��Ò�u���¶�© a, ����Ø�Ù f(a) = 0 ��¶�Ç�©�È�É�Ê f(x) ��´�µ�ª
(4) ��Ò�u���¶�© a, ����Ø�Ù f(a) 6= 0 ��¶�Ç�©�È�É�Ê f(x) ��´�µ�ª
(5) ����Ø�Ù f(x) = f(−x) ��¶�Ç�©�È�É�Ê f(x) ��´�µ�ª
Å

(1) ¹�ª	Ú Â r�s ��Û�z Ö ��¶�©���y�z�Ü�Ý�ª
(2) £�¹�ª	Þ���ß Ï�q�³�à�á�â�ã�× È�É�Ê�ß	ä���� r�s £ â�ã ª
(3) ¹�ª f(a) = g(a) = 0 ⇒ (f + g)(a) = 0 � (λf)(a) = λ0 = 0.

Â2Ã r�s ��Û�zÖ ��¶�©���y�z�Ü�Ý�ª
(4) £�¹�ª	��� r�s £ â�ã�× È�É�Ê�ª
(5) ¹:ª	å f(x) = f(−x) � g(x) = g(−x) æ:ß (f + g)(x) = f(x) + g(x) =

f(−x) + g(−x) = (f + g)(−x), � (λf)(x) = λ(f(x)) = λ(f(−x)) = (λf)(−x). 2

2.5.3
o Ô�© k ≥ 2, ©�Ë F i���»�¼ q�³ V tç�éèçê α1, . . . , αk »�¼�}�¾�ªìë Ã Ñì���

£�´�� 0 ��© λ1, . . . , λk ∈ F , í�����{�î αk+1, è4ê�¸ {α1 + λ1αk+1, . . . , αk + λkαk+1}
»�¼�}�¾�ª

Å
α1, . . . , αk »�¼�}�¾ ⇒ ��� £�´�� 0 � c1, . . . , ck í c1α1 + · · · + ckαk = 0.

�ç� k ≥ 2,
Ì

c1, . . . , ck ��Ç�©�ï λ1, . . . , λk ��ð�Æ�©�� k ñ�ò�Õ�ó�Õ�ô�õ c1λ1 + · · ·+
ckλk = 0 ö p�×�÷ (λ1, . . . , λk) 6= (0, . . . , 0).

��{�î αk+1, ö
c1(α1 + λ1αk+1) + · · ·+ ck(αk + λkαk+1)

=c1α1 + · · ·+ ckαk + (c1λ1 + · · · + ckλk)αk+1

=0 + 0αk+1 = 0

ø t c1, . . . , ck £�´�� 0,
Â2Ã è4ê�¸ {α1 + λ1αk+1, . . . , αk + λkαk+1} »�¼�}�¾�ª 2

2.5.4
o è4ê�¸ S = {α1, . . . , αs} »�¼�½�¾�ß Á ��� Ì ��è4ê�¸ T = {β1, . . . , βt} »�¼ù�ú ª	û�ë Ñ

(1) è4ê�¸ T � S ∪ T ��ü�ª
(2) ý S þ"ÿ"� S ∪ T �"ò"�����"»"¼"½"¾"¸ T1 = {α1, . . . , αs, βis+1, . . . , βis+k

}, ¤
T1 � T ��ü�ß	� s + k ≤ t.
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(3) (Steinitz ����u Ä ) � Ì�� è4ê α1, . . . , αs ���2è4ê β1, . . . , βt t�� s �2è4ê
βi1 , . . . , βis, í���m��2è4ê�¸ {α1, . . . , αs, βis+1 , . . . , βit} � {β1, . . . , βt} ��ü�ª

��	
(1) S ¹ T ��»�¼�¸ s ß T å�
�¹ T �����»�¼�¸ s ª���� S ∪ T t4Ú�ö��2è4ê

� ¹ T ��»�¼�¸ s ª T ¹ S ∪ T � Ï�r T ��»�¼�¸ s ß�����¹ S ∪ T ��»�¼�¸ s ª ��ë Ã x
T � S ∪ T ����»�¼�¸ s ß	}�����ü�ª

(2) T � S ∪ T ��ü�ß S ∪ T ����������»�¼�½�¾�¸ T1 ��ü�ª �4��ü�������¼�Æ T �
T1 ��ü�ª T1 � s + k �2è4ê � ¹ T ��»�¼�¸ s ª	����� T »�¼ ù�ú �2è4ê���© s + k ���
T �2è4ê���© t, T1

à 
�»�¼�}�¾�ª���
 T1 »�¼�½�¾�ß	l�£�� s + k > t, ��� s + k ≤ t.

(3) S ∪T ������»�¼�½�¾�¸ T1 = {α1, . . . , αs, βis+1 , . . . , βis+k
} ��ñ�����© s+ k ≤ t,

��� s ≤ t − k. T = {β1, . . . , βt} t��"x βis+1 , . . . , βis+k
� k ��èvê���� Î ��èvê"�"©

t − k ≥ s,
ø t� �! ã ö s �2è4ê βi1 , . . . , βis, ý T t � s �2è4ê������ α1, . . . , αs, ��m��

è4ê�¸ T2 � â�ã βis+1 , . . . , βis+k "
â�ã

α1, . . . , αs, ��� â�ã T1. #�$�ö T1 ⊆ T2 ⊆ S ∪ T ,

� T1 � S ∪ T

� � T = {β1, . . . , βt} ��ü�ß���� T2 � T ��ü�ß	��Ú�%�ë�ª 2

&�' ��È�©�(�)2t4ß � ¹�*�ë Ã x Steinitz ����u Ä ( +�,�- (3) .�, ), /�� ú�0�1 Ñ �
t �2è4ê β1, . . . , βt »�¼ ù�ú ��»�¼�½�¾2è4ê α1, . . . , αs ����© s ≤ t.

� #���(�) [1] t4ß	�
� 0�1�2�3 �4ó�Õ�»�¼�ô�õ�¸�ö p�×"÷ �"��Ø"Ù�� ú ß�4���è4ê"¸�»"¼�}�¾"��»"¼�½"¾���5�6�7
��u Ä ¢�ò�ª�+�,�l�¹�8 � x��	��u Ä�0�ú x Steinitz ����u Ä ª

2�3 � »�¼�}�¾���u�w�ë Ã Steinitz ����u Ä ß	� Ì�9�� � Î ë�z Ñ
2.5.5 (Steinitz �:� u Ä )

o è ê:¸ S = {α1, . . . , αs} »:¼:½:¾:ß Á �:� Ì �:è ê:¸
T = {β1, . . . , βt} »�¼ ù�ú ª	û	ë Ñ

� Ì�� èvê α1, . . . , αs �"��èvê β1, . . . , βt t�� s ��èvê βi1 , . . . , βit, í"�"m"��èvê"¸
{α1, . . . , αs, βit+1, . . . , βit} � {β1, . . . , βt} ��ü�ª

��	 o »"¼"½"¾�èvê r"s S = {α1, . . . , αs} ¹�èvê r"s T = {β1, . . . , βt} �"»"¼"¸s ª	� s

� ©�¥�:�;�z�ë Ã Steinitz ����u Ä ª
å s = 0 æ�� 1 �
�����ß	½ á ë Ã ªo

s ≥ 1,
Á o � 1=< � s−1 �éèçê�¸���� r�s Ss−1 = {α1, . . . , αs−1} ����ª?> Ñ s−1 ≤

t, ��� � α1, . . . , αs−1 ��� T t�� s − 1 �2è4ê�ß	��m Ts−1 = {α1, . . . , αs−1, βis, . . . , βit}
� T ��ü�ª

αs ¹ T ��»�¼�¸ s ß�@�ä�¹ Ts−1 ��»�¼�¸ s�Ñ

αs = λ1α1 + · · ·+ λs−1αs−1 + λsβis + · · ·+ λtβit (1)

��� s − 1 = t, A�B λs, . . . , λt ´�� 0,
¤

αs ¹ α1, . . . , αs−1 ��»�¼�¸ s ß � α1, . . . , αs »
¼�½�¾�}�C�ª�����ö s − 1 < t, s ≤ t,

��� Ó�Ô�© p ≥ s � p ≤ t í λp 6= 0. ý���Ê (1) D
E ��É λpβip F m�G E ß�G E � αs F m�D E ß�/�ý���Ê�H E � y −λ

−1
p , l�ý βip

ù�I ��x αi
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(1 ≤ i ≤ s)
Ö

βiq (s ≤ q ≤ t, q 6= p) ��»�¼�¸ s ª � αs ��� Ts−1 t4� βip, ��m�� r�s Ts

� Ts−1 ��ü�@�ä�� T ��ü�ß Á � Ts � α1, . . . , αs ��� T t�� s �2è4ê���m�ª 2

2.5.6
o è4ê�¸ S, T ��J�K�L�� s, t, û�ë Ñ è4ê�¸ S ∪ T ��J rank (S ∪ T ) ≤ s + t.

��	 ý�{�î�ò���ö�M r�s M Ú ã ñ�����©�N�4 |M |. o S0, T0 K�L�¹ S, T ������»�¼
½�¾�¸�ß ¤ |S0| = rank S = s, |T0| = rank T = t.

S ∪ T t4�2è4ê�A�B ã � S, A�B ã � T ,
ø t ã � S � � ¹ S0 ��»�¼�¸ s ß ã � T �

� ¹ T0 ��»�¼�¸ s ß���� S ∪ T ¹ S0 ∪ T0 ��»�¼�¸ s ß " l�¹ S0 ∪ T0 ������»�¼�½�¾�¸
M0 ��»�¼�¸ s ª

�4� M0 ¹ S0 ∪ T0 � Ï�r ß	Ú ã è4ê���© |M0| ≤ |S0 ∪ T0| ≤ |S0| ∪ |T0| = s + t. �
ä rank (S ∪ T ) = |M0| ≤ s + t. 2

2.5.7
o è4ê�¸ α1, . . . , αs ��J�� r,

� ø t4{�O m �2è4ê αi1 , . . . , αim ¸��2è4ê�¸ S.

û�ë Ñ S ��J ≥ r + m − s.
��	 {�O2è4ê�¸ A = {α1, . . . , αs} ������»�¼�½�¾�¸ A0,

¤
A0 � r �2è4ê�¸���ª A

t4£ ã � A0 �2è4ê�ö s − r ��ª S � A t4{�O�� m �2è4ê�¸���ß ø t�5�È���ö s − r ��£ã � A0,  �!�ö m − (s − r) = m + r − s � ã � A0, S t4� m + r − s � ã � A0 �2è4ê
»�¼�½�¾�ß���� rank S ≥ r + m − s. 2

2.5.8 ë Ã Ñ � Õ�© ≤ n ��´�µ�¶�Ç�©�È�É�Ê�Ð���� n+1 P�¶�»�¼ q�³ tçß 1, x−c, (x−
c)2

, . . . , (x − c)n Ð���ò�¸�6�ª Á û f(x) = a0 + a1x + · · · + anx
n � ��¸�6 Î ��Q�R�ª

�S	 N�Õ�© ≤ n ��Ú�ö�¶�Ç�©�È�É�Ê�Ð�����¶�»�¼ q�³ � V . T y = x−c,
¤

x = c+y,

��� f(x) = a0 +a1x+ · · ·+anx
n ∈ V �SU�� f(c+y) = a0 +a1(c+y)+ · · ·+an(c+y)n

�WV:Ê:ß�XWYWZW[:É:Ê:u Ä ý ø t �:� (c + y)m (1 ≤ m ≤ n) \W]:� y � m Õ:È:É:Ê
c
m + mc

n−1
y + C

2
mc

n−2
y

2 + · · ·+ y
m, ��ý f(c + y) Ô Ä � y ��£�^�_ n Õ���È�É�Ê

f(c + y) = b0 + b1y + b2y
2 + · · · + bny

n (1)

ø t bk = C
k
kak + C

k
k+1ak+1c + · · ·+ C

k
nanc

n−k ∈ R. /�ý y = x − c `�a�\�]�Ê (1) ��m
f(x) = b01 + b1(x − c) + b2(x − c)2 + · · ·+ bn(x − c)n (2)

� Â2Ã ��� f(x) ∈ V

� ¹2è4ê�¸ S = {1, x− c, (x− c)2
, . . . , (x− c)n} ��»�¼�¸ s ª � ��Ê

(2) H E O x = c � f(c) = b0, H E û�b�©�/�O x = c � f
′(c) = b1. ò�c�n�ß � ��Ê (2) H

E û k d�b�©�/�O x = c � f
(k)(c) = (k!)bk, @�ä bk = f(k)(c)

k!
. `�a (2) �

f(x) = f(c)1 + · · ·+ f
(k)(c)

k!
(x − c)k + · · ·+ f

(n)(c)

n!
(x − c)n (3)

e L�n�ß	å f(x) = 0 æ�Ú�ö�� f
(k)(c) = 0, ��ä
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b01 + b1(x − c) + · · · + bn(x − c)n = 0 ⇔ b0 = b1 = · · · = bn

��ë Ã x S = {1, x − c, . . . , (x − c)n} »�¼�½�¾�ß	¹ V ��ò�¸�6�ª
� (3) Æ f(x) = a0 + a1x + · · · + anx

n � 6 S

Î ��Q�R��
(

f(c), f ′(c), . . . ,
f

(k)(c)

k!
, . . . ,

f
(n)(c)

n!

)

. 2

&�' +�,2t4��\�]�Ê (3) l�¹�È�É�Ê�·�© f(x)
�

c ��f�g�\�]�Ê�ª
f(x)

�
S

Î �WQWR (b0, b1, . . . , bn) " � Ì � �:Ê bk = C
k
kak + C

k
k+1ak+1c + · · · +

C
k
nanc

n−k h ú ª 2

2.5.9
o

V ¹Wi:©:ËWj n P:»:¼ q:³ ª	ýW�Wk:�:¶:©:Ë R j:�:»:¼ q:³ VR, �:{:|
α, β ∈ VR X�i�»�¼ q�³ V t4��Û�z�u�w α + β, � α ∈ VR

Ö ¶�© λ ∈ R X V t�è4ê�� λ

( k�4�i�© ) ��y�z�u�w λα. û�¶�»�¼ q�³ VR ��P�©�ß Á ��i�»�¼ q�³ V ��ò�¸�6�û ú VR �
ò�¸�6�ª

Å O V

� i�©�Ë�j���ò�¸�6 S = {α1, . . . , αn}.
¤ ���2è4ê α ∈ V � Ì�l ò�n�U�� S� i�©�Ë�j���»�¼�¸ s

α = λ1α1 + · · ·+ λnαnø t4��� λk = ak + bki, ak, bk ∈ R. ��¹
α = (a1 + b1i)α1 + · · ·+ (an + bni)αn = a1α1 + b1iα1 + · · ·+ anαn + bniαn

� Â2Ã ��� α ∈ VR ¹ 2n �2è4ê α1, iα1, . . . , αn, iαn ��¶�Ç�©�»�¼�¸ s ªo � 2n �2è4ê���¶�Ç�©�»�¼�¸ s
x1α1 + y1iα1 + · · ·+ xnαn + yniαn = 0

ø t x1, y1, . . . , xn, yn ∈ R. >
(x1 + y1i)α1 + · · ·+ (xn + yni)αn = 0

� α1, . . . , αn
� i�©�ËSj�»�¼�½�¾�Æ Ì j���Êétç�Si�Ç�© x1 +y1i, . . . , xn +yni ´�� 0, ��ä��

m i�Ç�©���¶Sn�oSpSn�Ç�© x1, y1, . . . , xn, yn ´�� 0. ��ë Ã x 2n �éèçê α1, iα1, . . . , αn, iαn� ¶�©�Ë�j�»�¼�½�¾�ß	¸�� R j2è4ê q�³ VR ��ò�¸�6 M . ��q dim VR = 2n.

ò�c"n"ß ��i"©"Ë�j"»"¼ q"³ V �"{"|"ò"¸�6 S = {α1, . . . , αn} r"Û�s�6�èvê αk � i
t

iαk ��m VR ��ò�¸�6 M = {α1, iα1, . . . , αn, iαn}. 2

2.5.10
o

V ¹�©�Ë F j���»�¼ q�³ ß V t�è4ê α, β, γ ����Ø�Ù α + β + γ = 0. û
ë Ñ V (α, β) = V (β, γ).

��	 � β = 0α + 1β
Ö

γ = (−1)α + (−1)β Æ β, γ

� ¹ α, β ��»�¼�¸ s ß���� β, γ

� ã � V (α, β), ��$�u���� Ï�q�³ V (β, γ) "
ã � V (α, β).
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¡v_vw ß α = −β−γ

Ö
β

� ¹ β, γ � » ¼ ¸ s ß � ã � V (β, γ), �v� V (α, β) ⊆ V (β, γ).

V (α, β) � V (β, γ) }�� â�ã ß���� V (α, β) = V (β, γ). 2

2.5.11 ý�©�Ë F j n P (n ≥ 2) ©�¸ q�³ F
n t4�����2è4ê α = (a1, a2, . . . , an) k

4�ò���x�ö n É���©�y�ª4� Î�r�s W ¹�º�¸�� F
n ��ò�� Ï�q�³ ¿ ����¹�ß4û ú ����P�© Ö ò

¸�6�ª
(1) F

n t4Ú�ö����{z4©�y�¸���� r�s ª
(2) F

n t4Ú�ö�����|�©�y�¸���� r�s ª
Å

(1) £�¹ Ï q ³ ª � Û z £�Ü Ý ª Þ ��ß �=z ©Sy (1, q, . . .) � (−1, q, . . .) ¢vo (0, 2q, . . .)

£�¹��{z4©�y�ª
(2) ¹ Ï�q�³ ªç{�|�H�����|�©�y�¢�o�ïç{�|���|�©�y���}�© t�~ ¹���|�©�y�ªç{�|���|�©

y
(a, a + d, . . . , a + (n − 1)d) = a(1, 1, . . . , 1) + d(0, 1, 2, . . . , n − 1)

� ¹�H���»�¼�½�¾���|�©�y (1, 1, . . . , 1)
Ö

(0, 1, 2, . . . , n− 1) ��»�¼�¸ s ªÍ��H�����|�©�y�¸
��ò��̧6�ß Ï�q�³ P�©�¹ 2. 2

§ 2.6 ��� ¯ ���
�������

1. ���������������
o

V ¹ F j n P�»�¼ q�³ ß�O�u�ò�¸�6 S = {α1, . . . , αn}, ý����2è4ê α ∈ V U���6
��»�¼�¸ s α = x1α1 + · · ·+ xnαn, ��m α ��Q�R σ(α) = (x1, . . . , xn).

¤
σ : V → F

n ¹
»�¼ q�³ V ��©�¸ q�³ F

n ¢ ³ � 1-1 ����ß4è4ê���Û�z Ö ©�y�������Q�R���Û�z���©�y�ß> Ñ
σ(α + β) = σ(α) + σ(β), σ(λα) = λσ(α), (∀ α, β ∈ V, λ ∈ F )

2. ���
���

2.6.1
o

V, U ¹�©�Ë F j�H���»�¼ q�³ ªç��� ��� ò�ò���� σ : V → U ����Ø�Ù
(1) σ(α + β) = σ(α) + σ(β), ∀ α, β ∈ V ;

(2) σ(λα) = λσ(α), ∀ α ∈ V, λ ∈ F

l���»�¼ q�³ V � U ��� (isomorphic), � σ ¹ V1 m V2 ��������� (isomorphism).
e

L�n�ß	��� V1 = V2,
¤

σ ��� V1 ������� (automorphism). 2

�����
(1)

� »�¼ q�³ V t�O�u�ò�¸�6�¢���ß	���2è4ê α ��� � ��¸�6���Q�R σ(α) ¢³ ����� σ : V → F
n
, α 7→ σ(α).

(2) »�¼ q�³ V ������ �� 1V : V → V, α 7→ α. 2
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� Ð σ : V → U ¹�ý�ò���»�¼ q�³ V ¡ � ø�¢ h�£�¤ m�¥�ò�� q�³ U , ��Û�z�o�©�y�ö
¾���ò�¦�¼�§ ��¨�© ª	Þ���ß

V � × è4ê���m U � × è4ê Ñ σ(0V ) = 0U . ª2è4ê���m�ª2è4ê Ñ σ(−α) = −σ(α).

»�¼�¸ s ��m�»�¼�¸ s�Ñ σ(λ1α1 + · · · + λkαk) = λ1σ(α1) + · · ·+ λkσ(αk).

»�¼�}�¾2è4ê���m�»�¼�}�¾2è4ê�ª	»�¼�½�¾2è4ê���m�»�¼�½�¾2è4ê�ª�6���m�6�ª«P�© ¨�© £
  Ñ dim V = dim(σ(V )).

����ß¬�®�u V t�è4ê�¸ S ¹�»�¼�}�¾�¯�¹�»�¼�½�¾�ßA�B�û S ������»�¼�½�¾�¸�ß � Ì
°�±�² å	��6�ý S t4�2è4ê � Q�R�w ù�I ß	��� m Q�R ( ©�¸2è4ê ) 8 ��³�´ s�µ�� h z�®�u�»
¼�}�¾�A�½�¾�ï	û�����»�¼�½�¾�¸�ª

3. ��¶
���

2.6.2
o

V, U ¹�©�Ë F j�H���»�¼ q�³ ª	��� ��� ��� ϕ : V → U , ����Ø�Ù
(1) ϕ(α + β) = ϕ(α) + ϕ(β), ∀ α, β ∈ V ;

(2) ϕ(λα) = λϕ(α), ∀ α ∈ V, λ ∈ F

· � ϕ ¹ V ¸ U ����¶���� (homomorphism). 2

�S�S� o
V ¹�©�Ë F j�»�¼ q�³ ß α1, . . . , αn ¹ V tç{�| n �éèçê�ß ¤ �S� σ : F

n →
V, X = (x1, . . . , xn) 7→ x1α1 + · · · + xnαn ¹ F

n ¸ V � ��¹ ª σ ¹�º ��¹ ⇔ è4ê r�s
S = {α1, . . . , αn} »�¼�½�¾�ª σ ¹�� ��¹ ⇔ S u�� V . σ ¹ � Ð ⇔ S ¹ V ��6�ß»��æ X

¹2è4ê σ(X)
� 6 S

Î ��Q�R�ª 2

��¼
2.6.1

o
ϕ : V1 → V2 ¹ ��¹ ����ª ¤

(1) ϕ ý V1 � × è4ê 01 ��¸ V2 � × è4ê 02.

(2) ϕ ý���� α ��ª2è4ê���¸ ϕ(α) ��ª2è4ê Ñ ϕ(−α) = −ϕ(α);

(3)
o

S ¹ V1 � Ï�r�s ª ¤�Ñ S »�¼�}�¾ ⇒ ϕ(S) »�¼�}�¾�½ ϕ(S) »�¼�½�¾ ⇒ S

»�¼�½�¾�ª
(4) �:� ϕ ¹ � ÐW�W�:ß ¤:Ñ S »:¼:}:¾ ( ½:¾ ) ⇔ ϕ(S) }:¾ (½:¾ ), rank S =

rank ϕ(S), S ¹ V1 ��6 ⇔ ϕ(S) ¹ V2 ��6�ª 2

«�¬��®�¯�°�±

2.6.1
o i�©�Ë�j�»�¼ q�³ V t4�2è4ê α1, . . . , αn »�¼�½�¾�ª	��i�© λ ��£ ��¾ ß	û2è

ê�¸ {α1 + λα2, . . . , αn−1 + λαn, αn + λα1} ��J�ªÅ o
W ¹2�4»�¼�½�¾ Ï�r S = {α1, . . . , αn} u���� Ï�q�³ ª ¤ S ¹ W ��ò�¸�6�ß"è

ê�¸ M = {α1 + λα2, . . . , αn−1 + λαn, αn + λα1} t�s2è4ê���Q�R�K�L�¹
(1, λ, 0, . . . , 0), (0, 1, λ, 0, . . . , 0), . . . , (0, . . . , 0, 1, λ), (λ, 0, . . . , 0, 1)
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ý�� m Q�R�U���y2è4ê���V�Ê�ß»¿���À�Á A,
¤

A ��y2è4ê�¸���J · ¹ M ��J�ª»@�j�¸ Î�Â Õ
ý A ��- i Ã (1 ≤ i ≤ n − 1) � −λ

t Û�¸�- i + 1 Ã�ß	ý A Ä���j�Å�Æ�Á T :

A =













1 0 · · · 0 λ

λ 1 0 · · · 0

0 λ

. . .
. . .

...
...

. . .
. . . 1 0

0 · · · 0 λ 1













→ T =













1 0 · · · 0 λ

0 1
. . .

... −λ
2

0 0
. . . 0

...
...

. . .
. . . 1 −(−λ)n−1

0 · · · 0 0 1 − (−λ)n













å 1 − (−λ)n = 0 æ:ß rank M = rank A = rank T = n − 1, �:æ λ = −ω
k

(∀ 0 ≤ k ≤ n − 1),
ø t ω = cos 2π

n
+ i sin 2π

n
.

å λ 6= −ω
k (0 ≤ k ≤ n − 1) æ�ß 1 − (−λ)n 6= 0, rank M = rank T = n. 2

2.6.2 ýWi:© r:s C k:�:¶:©:ËWj:�:»:¼ q:³ CR. û CR �:¶:©:ËWj 2 P:©:¸ q:³
R

2 = {(x, y) | x, y,∈ R} ¢ ³ � � Ð���� σ, ý 1 + i, 1 − i K�L���¸ (1, 0), (0, 1).
Å � σ(1 + i) = (1, 0), σ(1 − i) = (0, 1) Æ
σ(1) = σ(1

2
((1 + i) + (1− i))) = 1

2
(σ(1 + i) + σ(1− i)) = 1

2
((1, 0) + (0, 1)) = ( 1

2
,

1
2
)

σ(i) = σ(1
2
((1+ i)− (1− i))) = 1

2
(σ(1+ i)−σ(1− i)) = 1

2
((1, 0)− (0, 1)) = ( 1

2
,−1

2
)

σ(a + bi) = aσ(1) + bσ(i) = a( 1
2
,

1
2
) + b(1

2
,−1

2
) = (a+b

2
,

a−b
2

). 2

2.6.3
o

V ¹2��i�©�¸�����´�µ�½�Ç�©�y {an} = {a1, a2, . . . , an, . . .} ¸���� r�s ß	u
w V tç{�|SH���©Sy���Û�z {an}+ {bn} = {an + bn}

Ö {�|�©Sy���{�|Si�©���y�z λ{an} =

{λan},
¤

V ����i�©�Ë C j�»�¼ q�³ ª
(1) û�ë Ñ V t4����Ø�Ù an = an−1 + an−2 (∀ n ≥ 3) ��´�µ�©�y {an} ¸�� V � Ï�q³

W . W ��P�©�¹�È�!À¿
(2) ��{�| (a1, a2) ∈ C

2, u�w σ(a1, a2) = {a1, a2, . . . , an, . . .} ∈ W . û�ë Ñ σ ¹ C
2

¸ W � � Ð�����ª
(3) û�ë Ñ W t ��� ò�¸2�4�{z4©�y�¸�����6 M .

(4)
o ©�y {Fn} ����Ø�Ù F1 = F2 = 1 � Fn = Fn−1 + Fn−2. û {Fn}

� 6 M

Î �
Q�R�ß Á ����û ú {Fn} ��È�É�É�Ê�ªÅ

(1)
o

α = {an}, β = {bn}
��Ê � W , ��� an = an−1 + an−2, bn = bn−1 + bn−2

(∀ n ≥ 3), λ ∈ C.
¤

α + β = {an + bn}
Ö

λα = {λan} ���
an + bn = (an−1 + an−2) + (bn−1 + bn−2) = (an−1 + bn−1) + (an−2 + bn−2)

λan = λ(an−1 + an−2) = λan−1 + λan−2.

� Â2Ã α + β ∈ W � λα ∈ W . W ¹ Ï�q�³ ª � - (2) .�,2t4ý�ë Ã W ��P�©�� 2.

(2) �"{"| (a1, a2) ∈ C
2, �vØ"Ù an = an−1 + an−2 � Ì�l ò�Ë"u"ò"�"½�Ç"©�y α =

{a1, a2, . . .} �Ws:É:ß�@:äWË:u:©Wy α ∈ W , NW4 σ(a1, a2). (a1, a2) 7→ σ(a1, a2) ¹ C
2
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¸ W �����"ª	¡�_�w"ß W tv�	�"©�y α = {a1, a2, . . .} � ³ H"É"¸"� (a1, a2) ∈ C
2 �"�

σ(a1, a2) = α. ��q σ : C
2 → W ¹�ò�ò�����ª

ÌWÍ ë σ((a1, a2) + (b1, b2)) = σ(a1, a2) + σ(b1, b2), � σ(λ(a1, a2)) = λσ(a1, a2),

��q σ

¨�© èvê q"³ �"Û"z"�"©"y ¢ h ª	¹ C
2 ¸ W � � Ð����"ª ��� " ë Ã x dim W =

dim C
2 = 2.

(3)
o �{z4©�y α = {a1, a1q, . . . , a1q

n−1
, . . .} ��Î�É a1 o�É{z q

� £�� 0,
¤

α ∈ W ⇔ a1q
n−1 = a1q

n−2 + a1q
n−3 ⇔ q

2 = q + 1 ⇔ q
2 − q − 1 = 0 ⇔ q = 1±

√
5

2
.

��q�ß Ì q1 = 1−
√

5
2
� q2 = 1+

√
5

2
��É{z4���{z4©�y

α1 = {1, q1, . . . , q
n−1
1 , . . .} = σ(1, q1)

Ö
α2 = {1, q2, . . . , q

n−1
2 , . . .} = σ(1, q2)

� ã � W . � (1, q1), (1, q2) »�¼�½�¾�Æ α1, α2 »�¼�½�¾�ß	¸�� 2 P q�³ W ��ò�¸�6 M .

(4) ©�y ϕ = {Fn} = σ(1, 1) ∈ W

� 6 M = {α1, α2}
Î ��Q�R (x, y) ����Ø�Ù

ϕ = σ(1, 1) = xα1 + yα2 = xσ(1, q1) + yσ(1, q2)

⇔ (1, 1) = x(1, q1) + y(1, q2) ⇔





x + y = 1

q1x + q2y = 1

⇔ x =
q2 − 1

q2 − q1
=

√
5 − 1

2
√

5
, y =

1 − q1

q2 − q1
=

√
5 + 1

2
√

5

��¹ ϕ = xα1 + yα2, �4�{z4©�y α1 � α2 ��- n É q
n−1
1 � q

n−1
2 û�� ϕ ��- n É

Fn = xq
n−1
1 + yq

n−1
2 =

(
√

5 − 1)(1 −
√

5)n−1 + (
√

5 + 1)(1 +
√

5)n−1

2
√

5 · 2n−1

=
(1 +

√
5)n − (1 −

√
5)n

2n
√

5
2

&�' +�,2t4����Ø�Ù F1 = F2 = 1
Ö

Fn = Fn−1 + Fn−2 ��©�y {Fn} ����Ï�Ð�Ñ�Ò�©
y�ª�+�,2t�*�û ú ����Ø�Ù an = an−1 + an−2 ��H���»�¼�½�¾��{z4©�y α1, α2, ý {Fn} K ÷
��H����{z4©�y α1, α2 ��»�¼�¸ s ß �4�{z4©�y���È�É�É�Ê���¸�x {Fn} ��È�É�É�Ê�ª 2

2.6.4
o

R
+ ¹�Ú�ö���Ó�¶�©�¸���� r�s ª ��{�| a, b ∈ R

+ u�w a ⊕ b = ab (¶�© a, b

X�È�}�y�z���y�~ ), ��{�| a ∈ R
+ o λ ∈ R u�w λ ◦ a = a

λ. û�ë Ñ
(1) R

+ X�j�Ó�u�w���Û�z a ⊕ b o�©�y λ ◦ a ����¶�©�Ë R j���»�¼ q�³ ª
(2) ¶�© r�s R X�È�}�ô�Ê�u�w�Û�z�o�y�z�k�� R j���»�¼ q�³ ß	û�ë Ñ È�}�������»�¼q�³
R ��X�j�Ó�ô�Ê�u�w���»�¼ q�³ R

+ � Ð�ª Á Ò ú ��H�� q�³ ¢ ³ ��´�n � Ð�����ª
��	

(1) {�|�Ó�¶�© a, b ��y�~ ab

Ö ô�Ô a
λ ~ ¹�Ó�¶�©�ß " · ¹ a ⊕ b � λ ◦ a

~�Ê

� R
+, ��ë Ã x R

+ � “ Û�z ”
¢ h

a ⊕ b � “ ©�y ”
¢ h

λ ◦ a Ü�Ý�ª
Ó"¶"©"y"z"�"�"�:� � o"� s � ß	��q “ Û"z ”

¢ h ⊕ �"�"�:� � o"� s � ª 1 ⊕ a =

1a = a �"{"| a ∈ R
+ �"�"ß 1 ¹ “ Û"z ” � “

× ñ ”. �"�"� a ∈ R
+ ö a

−1 ∈ R
+ �"�

a ⊕ a
−1 = aa

−1 = 1, a
−1 ¹ � “ Û�z ”

¢ h ⊕ Î a � “ ª�ñ ”.
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�"{"| a, b ∈ R
+ Ö

λ, µ ∈ R ö λ ◦ (a ⊕ b) = (ab)λ = a
λ
b
λ = λ ◦ a ⊕ λ ◦ b

Ö
(λ + µ) ◦ a = a

λ+µ = a
λ
a

µ = λ ◦ a⊕ µ ◦ a. ��ë Ã x�Õ�ê “y�z ”◦ � “ è4ê�Û�z ” ⊕ Ö ¶�©
Û�z � ����K�Ö � ª	� 1 ◦ a = a

1 = a, (λµ) ◦ a = a
λµ = (aµ)λ = λ ◦ (µ ◦ a).

��ë Ã x�Ú�u�w���Û�z���Õ"ê�y�z��"��»�¼ q�³ 8 Ø�É Ä ª R
+ � Ú�u�w�� ¢ h Î ����¶

©�Ë R j���»�¼ q�³ ª
(2) {�O 1 6= a ∈ R

+,
¤

σ : x 7→ a
x ¹�¶�©�Ë R ¸ R

+ � 1-1 ����ª	�
σ(x + y) = a

x+y = a
x
a

y = σ(x) ⊕ σ(y), σ(λx) = a
λx = λ ◦ σ(x)

��ë Ã x σ ¹�»�¼ q�³ R ¸ R
+ � � Ð�����ª

¡�_�w"ß o σ : R → R
+ ¹ � Ð����"ß ¤ σ(0) = 1, a = σ(1) 6= σ(0) = 1, σ(x) =

σ(x1) = x ◦ σ(1) = a
x.

��ë Ã x σ : R → R
+
, x 7→ a

x (a 6= 1)
· ¹��́n � Ð�����ª 2

§ 2.7 ×�Ø�Ù�Ú�Û ¯�Ü

�������

1. Ý�Þ�ß�� �
à�á

2.7.1 F j�»�¼ q�³ V ��{�|�ò�¸ Ï�q�³ Wi (i ∈ I) ���
U = ∩i∈IWi = {α | α ∈ Wi, ∀ i ∈ I}

~ ¹ V � Ï�q�³ ª 2

âWã
(1)

o
W1, W2 KWL:¹:ó:Õ:»:¼:ô:õ:¸ A1X = 0 � A2X = 0 � ÷:q:³ ª ¤

W1 ∩ W2 ¹2�4��H���ô�õ�¸���ô�õ�ä � ¸����"ô�õ"¸ AX = 0 � ÷�q�³ ß A � A1, A2 ��s
Ã2��j�ä Î ¿�y�ä���ª	ô�õ�¸ AX = 0 ��6�7 ÷ Ç · ¹ W1 ∩ W2 ��6�ª

(2)
o

S1 = {a1, . . . , am} � S2 = {b1, . . . ,bs} KSL�¹ F
n×1 � Ï�q�³ W1, W2 �S6�ª

û�ô�õ�¸ x1a1 + · · ·+ xmam − y1b1 − · · · − ysbs = 0 � ÷�q�³ U ⊂ F
(m+s)×1,

¤
W1 ∩ W2 = {x1a1 + · · ·+ xmam | (x1, . . . , xm, y1, . . . , ys) ∈ U}

2. Ý�Þ�ß���å
���

2.7.1
o

V ¹ F j�»�¼ q�³ ß W1, . . . , Wt ¹ V � Ï�q�³ ª	u�w
W1 + · · · + Wt = {β1 + · · ·+ βt | βi ∈ Wi, ∀ 1 ≤ i ≤ t} ,

��� Ï�q�³ W1, . . . , Wt ��å (sum). 2

à�á
2.7.2

o
V ¹�©�Ë F j�»�¼ q�³ ß W1, . . . , Wt ¹ V � Ï�q�³ ª ¤

(1) W1 + · · · + Wt ¹ â�ã W1 ∪ · · · ∪ Wt ��5�. Ï�q�³ ª
(2) O���� Wi (1 ≤ i ≤ t) ��ò�Ş6�ß ¤ M1∪· · ·∪Mt u���� Ï�q�³ ��� W1+· · ·+Wt.
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(3) dim(W1 + · · ·+ Wt) ≤ dim W1 + · · ·+ dim Wt. 2

��¼
2.7.3

o
W1, W2 ¹ V � Ï�q�³ ª ¤

dim(W1 + W2) = dim W1 + dim W2 − dim(W1 ∩ W2) . 2

æSç
(1)

o
W1, W2 ¹ V � Ï�q�³ ß ¤ dim(W1 ∩W2) ≥ dim W1 +dim W2−dim V .

e L�ß	å dim W1 + dim W2 > dim V æ�ö W1 ∩ W2 6= 0.

(2) dim(W1 + W2) = dim W1 + dim W2 ⇔ W1 ∩ W2 = 0.

(3) dim(W1 + · · ·+ Wt) = dim W1 + · · ·+ dim Wt ⇔ (W1 + · · ·+ Wi)∩Wi+1 = 0

� 1 ≤ i ≤ t − 1 ����ª 2

3. Ý�Þ�ß���è�å
���

2.7.2
o

W1, . . . , Wt ¹�»�¼ q�³ V � Ï�q�³ ß W = W1 + · · ·+ Wt. ��� W t
���2è4ê w ��K ÷ Ê

w = w1 + · · ·+ wt, wi ∈ Wi, ∀ 1 ≤ i ≤ t

¹ l ò���ß · � W � W1, . . . , Wt ��è�å (direct sum), N�� W1 ⊕ · · · ⊕ Wt. 2

��¼
2.7.4

Ì�Î ����é�, � ¹ W1 + · · · + Wt ¹ 2 o���ÿ�K à ¬�Ø�Ù Ñ
(1) w1 + · · ·+ wt = 0, (wi ∈ Wi, ∀ 1 ≤ i ≤ t) ⇔ w1 = · · · = wt = 0 .

(2) dim(W1 + · · ·+ Wt) = dim W1 + · · ·+ dim Wt .

(3) s Wi ��6 Mi (1 ≤ i ≤ t) H�H"�"� Mi ∩ Mj (1 ≤ i < j ≤ t) ¹ q"r ß Á r
M1 ∪ · · · ∪ Mt ¹ W1 + · · · + Wt ��ò�¸�6�ª

(4) (W1 + · · · + Wi) ∩ Wi+1 = 0 � 1 ≤ i ≤ t − 1 ����ª 2

���
2.7.3 ( ê q�³ )

o
W ¹ V � Ï�q�³ ª	��� V � Ï�q�³ U ����Ø�Ù W ⊕ U = V ,

· � U ¹ W

�
V t4�ìë�Þ�ß (Complement space). 2

à�á
2.7.5

Ì�Î ����é�, � ¹ U ¹ W

�
V t4��ê���ÿ�K à ¬�Ø�Ù Ñ

(1) dim W + dim U = dim V � W ∩ U = 0;

(2) W ��6�� U ��6�� Á r ¹ V ��6�ª 2

â�ã
: ý W ��{�î�ò��̧6 M1 = {α1, . . . , αr} þ�ÿ�� V ��ò�¸�6

M = {α1, . . . , αr, αr+1, . . . , αn},
¤ Ú�r�Û��2è4ê αr+1, . . . , αn u���� Ï�q�³ U

· ¹ W

�
V t4��ò���ê q�³ ª 2

���
2.7.4

� ò�©�Ë F j�í�î���»�¼ q�³ V1, . . . , Vt � 2 o Ñ
V = {(v1, . . . , vt) | vi ∈ Vi, ∀ 1 ≤ i ≤ t}.
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��� V1, . . . , Vt �ðï�ñ�ò�ó (Cartesian product) (
·�ô�õ�ö�÷�ø 8 � ¶�©�4���Q�R�Ð�ù�¶�©�¸

ò���ª )
�

V t4u�w�Û�z�o�©�y ¢ h Ñ
(u1, · · · , ut) + (v1, . . . , vt) = (u1 + v1, . . . , ut + vt);

a(v1, . . . , vt) = (av1, . . . , avt) .

¤
V ��� F j���»�¼ q�³ ß	��� V1, . . . , Vt � 2 o�ª 2

ú 
 u w 2.7.4 t � V1, . . . , Vt
� £�¹v�v$ � 2 o V � Ï q ³ ßüû ø t � � Vi

� � Ìvý a V

��� V � Ï�q�³ ß " · ¹ � V tÿþS¸�ò������ ³ σi(Vi) � Vi
� Ð�ß ä V ¹�Ú�ö�� m ��� ³ � 2

o�ª �S��ß ý���� Vi (1 ≤ i ≤ t) tç���éèçê v �S��� σi(vi) = (01, . . . , 0i−1, v, 0i+1, . . . , 0t) ∈
V ,
ø t 0j ¹ Wj � × è ê ª ¤���� σi(Vi) = {σi(v) | v ∈ Vi} ¹ V ����� ³ ß σi : Vi 7→ σi(Vi)

¹ � Ð�����ª V ¹���� ³ σi(Vi) (1 ≤ i ≤ t) � 2 o�ª
«�¬��®�¯�°�±

2.7.1 Ò�� F
4 ����� ³ W1 ��6 {α1, α2} o���� ³ W2 ��6 {β1, β2},

ø	�





α1 = (1, 1, 0, 0)

α2 = (0, 1, 1, 0)
,






β1 = (1, 2, 3, 4)

β2 = (0, 1, 2, 2)
.

K�L�û W1 + W2, W1 ∩ W2 ��P�© Á s�û ú ò��̧6�ªÅ
W1 + W2 ��H�¸�6 S1 = {α1, α2} � S2 = {β1, β2} � Á � S1 ∪ S2 ��´�n�»�¼�¸ �

¸���ª S1 ∪ S2 ������»�¼�½�¾�¸ · ¹ W1 + W2 ��6�ª	ý S1 ∪ S2
� � 4 �2è4ê�U���y2è4ê

V�Ê�ß�¿���À�Á A, È�_�ò�Ç�y�
���Ã� ���ý A Ä���d���V�ß	û ú ����»�¼�½�¾�¸�ª

A =










1 0 1 0

1 1 2 1

0 1 3 2

0 0 4 2










→ T =










1 0 1 0

0 1 1 1

0 0 2 1

0 0 0 0










T � ³ 3 y�¸�� T ��y2è4ê�¸�������»�¼�½�¾�¸�ß���� S1 ∪ S2 � ³ 3 �2è4ê α1, α2, β1 ¸��
W1 + W2 ��ò�¸�6�ß dim(W1 + W2) = 3.

W1∩W2 = {x1α1 +x2α2 = y1β1 +y2β2 | x1, x2, y1, y2 ∈ F}. ÷ ô�õ�¸ x1α1 +x2α2 =

y1β1 + y2β2 >
x1α1 + x2α2 + x3β1 + x4β2 = 0 (1)

(
ø	�

x3 = −y1, x4 = −y2) ��û�������¬�û���Ú�ö�� (x1, x2).

ý�ô�õ�¸ (1) ��Ç�©�À�Á A È�_�ò�Ç�y�
���Ã� ���Ä���5���d���V Ñ

A =










1 0 1 0

1 1 2 1

0 1 3 2

0 0 4 2










→ Λ =










1 0 0 −1
2

0 1 0 1
2

0 0 1 1
2

0 0 0 0
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�S�̧ô�õ�¸ (1) �SÈ ÷ (x1, x2, x3, x4) = (c,−c,−c, 2c). �S� (x1, x2) = (c,−c). W1∩W2 =

{cα1 − cα2 | c ∈ F}. è4ê α1 − α2 = (1, 0,−1, 0) ¸�� W1 ∩ W2 ��ò�¸�6�ª W1 ∩ W2 �
P�©�� 1. 2

2.7.2  W1, W2 K�L�¹�©�Ë F j���»�¼�ô�õ�¸





x1 + x2 + x3 = 0

x2 + 2x3 + x4 = 0
�






x1 + 2x2 + 4x3 + 2x4 = 0

x2 + 4x3 + 3x4 = 0

� ÷ � ³ ª�K�L�û W1 + W2
Ö

W1 ∩ W2 ��P�© Á s�û ú ò��̧6�ªÅ K�L ÷ H���ô�õ�¸�ß ��¸ W1 ��ò�¸�6 S1 = {(1,−2, 1, 0), (1,−1, 0, 1)}, W2 ��ò�¸
6 S2 = {(4,−4, 1, 0), (4,−3, 0, 1)}. û�� S1 ∪ S2 ������»�¼�½�¾�¸
M = {(1,−2, 1, 0), (1,−1, 0, 1), (4,−4, 1, 0)} · ¹ W1+W2 ��ò�Ş6�ª dim(W1+W2) = 3.

W1 ∩ W2
· ¹���,�H���ô�õ�¸ � Á ��¸���ô�õ�¸






x1 + x2 + x3 = 0

x2 + 2x3 + x4 = 0

x1 + 2x2 + 4x3 + 2x4 = 0

x2 + 4x3 + 3x4 = 0

� ÷ � ³ ª ÷ ��ô�õ�¸�û���ò���6�7 ÷ Ç {(0, 1,−1, 1)} · ¹ W1 ∩W2 ��ò�¸�6�ß dim(W1 ∩
W2) = 1. 2

2.7.3  W1, W2 K�L"¹"©"Ë F j"ó"Õ"»"¼"ô"õ"¸ x1 + x2 + · · · + xn = 0 � x1 =

x2 = · · · = xn � ÷ � ³ ª	û�ë Ñ F
n = W1 ⊕ W2.

��	  X0 = (x1, . . . , xn) ∈ W1 ∩ W2.
¤ � X0 ∈ W2 Æ X0 = (x1, . . . , x1), �

X0 ∈ W1 Æ nx1 = 0 @�ä x1 = 0, X0 = 0. ��ë Ã x W1∩W2 = {0}, W1+W2 = W1⊕W2.

�"�"� X = (x1, . . . , xn) ∈ F
n, O c = 1

n
(x1 + · · · + xn), X2 = (c, . . . , c), X1 =

X −X2 = (x1 − c, · · · , xn − c), � (x1 − c) + · · ·+ (xn − c) = (x1 + · · ·+xn)−nc = 0 Æ
X1 ∈ W1, X2 ∈ W2, X = X1 + X2 ∈ W1 + W2. ��q F

n = W1 + W2 = W1 ⊕ W2. 2

2.7.4 � ú ��� Î�´ Ø�Ù���Þ�� Ñ ��� ³ W1, . . . , Wt ��H�H�����¹ 0, û W1 + · · ·+ Wt

£�¹ 2 o�ª
Å �

2 P�� ³ F
2 � O 3 �éèçê α0 = (1, 0), α1 = (1, 1), α2 = (2, 1) sSu���ò���òSP��

� ³ W1, W2, W3. �ç� α1, α2, α3 HSH�»�¼�½�¾�ß W1, W2, W3 HSH�����¹ 0. � α2 = α0+α1

Æ α1, α2, α3 »�¼�}�¾�ß W1 + W2 + W3 £�¹ 2 o ª 2

2.7.5  F [x] ¹ Ì ©�Ë F ��Ç�©��	�4ï x ��������´�µ�ò�ñ�È�É�Ê f(x) ¸���� F j
��»�¼�� ³ ª	û�ë Ñ
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(1) S = {f(x) ∈ F [x] | f(−x) = f(x)} o K = {f(x) | f(−x) = −f(x)} � ¹ F [x]

����� ³ ª
(2) F [x] = S ⊕ K.
��	

(1)  f1(x), f2(x) ∈ S, λ ∈ F ,
¤"Ñ

f1(−x) + f2(−x) = f1(x) + f2(x) ⇒
f1(x) + f2(x) ∈ S. λf1(−x) = λf1(x) ⇒ λf1(x) ∈ S.

��ë Ã x S ¹ F [x] ����� ³ ª
 f1(x), f2(x) ∈ K, λ ∈ F ,

¤�Ñ
f1(−x) + f2(−x) = −f1(x) − f2(x) = −(f1(x) + f2(x)) ⇒ f1(x) + f2(x) ∈ K.

λf1(−x) = λ(−f1(x)) = −λf1(x) ⇒ λf1(x) ∈ K.

��ë Ã x K ¹ F [x] ����� ³ ª
(2)  f(x) ∈ S ∩ K.

¤ ��{�| x ∈ F , � f(x) ∈ S Æ f(−x) = f(x), � f(x) ∈ K

Æ f(−x) = −f(x). �W� f(−x) = f(x) = −f(x), 2f(x) = 0, f(x) = 0. �:ë Ã x
S + K = S ⊕ K.

��� f(x) ∈ F [x] � Ì U�� f(x) = f1(x)+f2(x),
ø��

f1(x) = 1
2
(f(x)+f(−x)) ∈ S,

f2(x) = 1
2
(f(x)−f(−x)) ∈ K, f(x) = f1(x)+f2(x) ∈ S +K. ��ë Ã x F [x] = S +K =

S ⊕ K. 2

§ 2.8 ����Ú « ×
2.8.1

����´ j������ 2 Æ�Q�R�Ç"ß A, B ¹�H	� x
2 + y

2 − x + 2y − 10 = 0
Ö

x
2 +

y
2 + 3x − 4y − 1 = 0 ������ª	û�_ A, B

Ö
C(2, 0) �	�4��ô�õ�ª

Å H��v��� A, B ��Q�R � æ"�"��H��vô"õ x
2 + y

2 − x + 2y − 10 = 0
Ö

x
2 + y

2 +

3x − 4y − 1 = 0, ��� " ������H���ô�õ���»�¼�¸ �
λ(x2 + y

2 − x + 2y − 10) + (x2 + y
2 + 3x − 4y − 1) = 0

>
(λ + 1)x2 + (λ + 1)y2 + (−λ + 3)x + (2λ − 4)y − (10λ + 1) = 0 (1)

ø	�
λ ¹�{�|�¶�©�ª	ô�õ (1) ��� õ ¹�_ A, B H����	� ( å λ 6= −1) A 2 » (å λ = −1).

°�±
λ � ¾ í (1) ��� õ� _�� C(2, 0). ����ß	ý (x, y) = (2, 0) `�a (1) �

4(λ + 1) + 2(−λ + 3) − (10λ + 1) = 0
÷ ¢�� λ =

9

8
. `�a (1) ��Ú�û�ô�õ��

17

8
x

2 +
17

8
y

2 +
15

8
x − 7

4
y − 98

8
= 0

>
x

2 + y
2 +

15

17
x − 14

17
y − 98

17
= 0 2
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2.8.2 ©�y {an} ����Ø�Ù an = 5an−1 − 6an−2, ∀ n ≥ 3. � a1 = a2 = 1. û�È�É�É
Ê�ª

Å ý�©�y α = {an} K ÷ ��H����{z4©�y β = {bn}, γ = {cn} ¢�o�ß	í bn = 5bn−1 −
6bn−2, cn = 5cn−1 − 6cn−2.

ý:� z ©Wy β = {bn} �WÈ:ÉWÉ:Ê bn = bq
n−1 `Wa:¾:Ç:Ê bn = 5bn−1 − 6bn−2 �

bq
n−1 = 5bqn−2 − 6bqn−3 � q

2 = 5q − 6 > q
2 − 5q + 6 = 0, q = 2 A 3.

KSLSOSÉ=zç� 2,3 ���=zç©Sy β = {b, 2b, . . . , 2n−1
b, . . .},γ = {c, 3c, . . . , 3n−1

c, . . .}. ²

å °�±�! ��}�© ( Î�É ) b, c í β + γ � ³ H�É���� 1:





b + c = 1

2b + 3c = 1
⇔






b = 2

c = −1

��� bn = 2 × 2n−1 = 2n, cn = −1 × 3n−1 = −3n−1.

{an} ��È�É�É�Ê�� an = bn + cn = 2n − 3n−1. 2

2.8.3 û�È�É�Ê f(x) í f(1) = 1, f(2) = 2, f(3) = 4. ������È�É�Ê f(x) ¹�º����
¹�Ô�Ç�©�È�É�ÊÀ¿

Å ������È�É�Ê f(x) N σf = (f(1), f(2), f(3)).
Ì�Í ë�È�É�Ê

f1(x) =
(x − 2)(x − 3)

(1 − 2)(1 − 3)
, f2(x) =

(x − 1)(x − 3)

(2 − 1)(2 − 3)
, f3(x) =

(x − 1)(x − 2)

(3 − 1)(3 − 2)

K�L���� σf1 = (1, 0, 0), σf2 = (0, 1, 0), σf3 = (0, 0, 1). ��ä
r(x) = 1f1(x) + 2f2(x) + 4f3(x) = 1

2
x

2 − 1
2
x + 1

����Ú�¬�û�Ø�Ù σr = (r(1), r(2), r(3)) = (1, 2, 4).

 f(x) " �"� � �"�"Ø"Ù (f(1), f(2), f(3)) = (1, 2, 4),
¤

d(x) = f(x) − r(x) �"�
d(1) = d(2) = d(3) = 0, > 1, 2, 4 ¹ d(x) ��"�ß d(x) = q(x)(x − 1)(x − 2)(x − 3) ���
�	È�É�Ê q(x) ����ª�����ß	����Ø�Ù�� f(x) �

f(x) = q(x)(x − 1)(x − 2)(x − 3) + r(x).

f(x) � (x − 1)(x − 2)(x − 3) ����#�Ê�� r(x) = 1
2
x

2 − 1
2
x + 1.

�"� f(x) ¹"Ô"Ç"©"È"É"Ê"ß ¤ ���WÎ"ò"�"Ô"Ç"©"È"É"Ê (x − 1)(x − 2)(x − 3) �"��#
Ê " �"¹"Ô"Ç"©"È"É"Ê"ß	£"���"¹�$"Ô"Ç"©"È"É"Ê 1

2
x

2 − 1
2
x + 1. �"ë Ã �"�"�"Ø"Ù f(1) =

1, f(2) = 2, f(3) = 4 ��È�É�Ê f(x) £�����¹�Ô�Ç�©�È�É�Ê�ª 2

2.8.4  f1 = (x−1)(x−2)(x−3), f2 = x(x−2)(x−3), f3 = x(x−1)(x−3), f4 =

x(x − 1)(x − 2). %�ý 1, x, x
2
, x

3 K�L ù�I � f1, f2, f3, f4 ��»�¼�¸ � ªÅ ��{�|�È�É�Ê f(x), N σf = (f(0), f(1), f(2), f(3)).
Ì�Í ë

σf1 = (−6, 0, 0, 0), σf2 = (0, 2, 0, 0), σf3 = (0, 0,−2, 0), σf4 = (0, 0, 0, 6)
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 f(x) = a1f1(x) + a2f2(x) + a3f3(x) + a4f4(x) ¹ fi(x) (1 ≤ i ≤ 4) ��»�¼�¸ � ß ¤ �
f(0) = −6a1, f(1) = 2a2, f(2) = −2a3, f(3) = 6a4

� (a1, a2, a3, a4) = (−1
6
f(0), 1

2
f(1),−1

2
f(2), 1

6
f(3)).

¡S_Sw�ß � f(x) O r(x) = − 1
6
f(0)f1(x)+ 1

2
f(1)f2(x)− 1

2
f(2)f3(x)+ 1

6
f(3)f4(x).

¤
f(x) − r(x) å x = 0, 1, 2, 3 ��O ¾ � ¹ 0, ��q f(x) − r(x) � x(x − 1)(x − 2)(x − 3) Ô
��ªÍå deg f(x) ≤ 3 æ · ��¸ f(x)− r(x) = 0, f(x) = r(x). K�L�O f(x) � 1, x, x

2
, x

3 �
1 = −1

6
f1(x) +

1

2
f2(x) − 1

2
f3(x) +

1

6
f3(x)

x = 0f1(x) +
1

2
f2(x) − 1f3(x) +

1

2
f3(x)

x
2 = 0f1(x) +

1

2
f2(x) − 2f3(x) +

3

2
f3(x)

x
3 = 0f1(x) +

1

2
f2(x) − 4f3(x) +

9

2
f3(x) 2

&�¬�'�(
2.1 )�*�×�Ø�Ù�+�,�-�.�/10

��Ó�Ô�© n, ý ³ n
2 ��Ó�Ô�© 1, 2, . . . , n2 X ² å���2�3�4�U � n × n ��ô�5 ù	� ß	í��

Ã�s�©�¢�o�ïÍ��y�s�©�¢�o�ïÍ��Ø���Æ�» ( ä�H�Ø ) s�©�¢�o � }���ßÍ������¸���ô�5 ù ��� n d
6 ô�ª

#�$�� n ��{�|�7�©�ß Ì�Ö n = 4, 6, 8 ��8�V�Ð�ù n d 6 ô�ß Á Ì ��$���Þ Â2Ã:9 ����{
| n Ð�ù ú n d 6 ô�ª

1. ;�<�=�>�?
* Ì n = 3 ��Þ�Ð�ù ú ò�� 6 ô�ª � 3 × 3 ��ô�5 ù ����Ã�4�a 0, 1, 2 í�s�Ã�ï�y�ï	��Æ

»�s�©�¢�o�}���ß	��¸ A3, B3.
¤

X3 = 3A3 + B3 ¹ 0 - 8
6 ô�ß�/�Û�j�´2� 1 ¸���� 6 ô

H3 ��Ú�@ 3 d 6 ô X3:

A3 =

1 2 0

0 1 2

2 0 1

, B3 =

0 2 1

2 1 0

1 0 2

, H3 =

1 1 1

1 1 1

1 1 1

X3 = 3A3 + B3 + H3 =

4 9 2

3 5 7

8 1 6

.

#�$�ý�s�Ã�ï s�y�ï s�Ø���Æ�»�ñ���¢�o�}�����ô�Á (aij)n×n ����A�B 6 ô�ß ä�£�M�C ø	�
��ñ�� aij �:D m ©�¸���ª ¤ ©�Ë F j�Ú�ö�� n d�A�B 6 ô�¸���� ��� ¹ F

n×n ����� ³ ß	�
Û�z�o�©�E�Ü�Ý�ªF"�G�A�B 6 ô�����¼�§�ß � Ì ý 1 ¸ 9 � 6 ô X3 K ÷ ��H���º���©�¸�����A
B 6 ô A3, B3, H3 ��»�¼�¸ � w��I�ª
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x�µ�J�4�¹ Ñ *�ý X3 K�L ´�� 1 ¸���� H3, ��¸ 0 ¸ 8 � 6 ô S3. /�ý S3 = (sij)3×3

K ÷ � S3 = 3A3 + B3, í A3 = (aij)3×3 � B3 = (bij)3×3
� ò�M�N"�"© aij, bij ¹ S3

�
ò�M�N�� sij � 3 ����O���#�©�ß � � {0, 1, 2} � O ¾ ª���¬ Aij, Bij

� ¹2��Å�� 0, 1, 2 ¸��
��A�B 6 ô"ß ¤ S3 = 3A3 + B3 ¹�A�B 6 ô Á �"ñ�� � 0 ¸ 8 ¢ ³ ªQP"|�¸ A3

� O ¾ }"�
� aij = ast = akl � 3 ��M�N (i, j), (s, t), (k, l)

�
Bij ������ñ�� bij, bst, bkl H�H�£ � ß ¤

S3 = 3A3 + B3
�

9 ��M�N���©�H�H�£ � ß 0 ¸ 8 � 9 ��Ô�©�s�R ú�S ò�Õ�ªç��¸�� S3
· ¹

0 ¸ 8 � 6 ô�ß X3 = S3 + H3 ¹ 1 ¸ 9 � 6 ô�ª )
T�U

n = 3 ��ô�z�� Ì ������7�© n Ð�ù ú n d 6 ô Ñ
*�ý 0, 1, . . . , n− 1 � ��V�¾ m = n−1

2
4�U � An ��W���Æ�»�j�ßÿ
�� � ��Ã2� m X��

Â Õ�Y�Û 1( A K ! n − 1) ïZX ³�Â Õ K ! 1 A�Y�Û n − 1, 4�a 0, 1, . . . , n − 1, ��¸ An. ý
An ¾���5 � ³ ò�y ( - n+1

2
y ) 4�[�������¸ Bn.

An =

m m + 1 · · · m − 1

m − 1 m · · · m − 2
...

...
...

...

m + 1 m + 2 · · · m

, Bn =

m − 1 · · · m + 1 m

m − 2 · · · m m − 1
...

...
...

...

m · · · m + 2 m + 1

/�O�´�� 1 ¸���� n d�ô�5 ù Hn.
¤

Xn = nAn + Bn + Hn ¹ n d 6 ô�ª
Þ���ß

X5 = 5 ×

2 3 4 0 1

1 2 3 4 0

0 1 2 3 4

4 0 1 2 3

3 4 0 1 2

+

1 0 4 3 2

0 4 3 2 1

4 3 2 1 0

3 2 1 0 4

2 1 0 4 3

=

12 16 25 4 8

6 15 19 23 2

5 9 13 17 21

24 3 7 11 20

18 22 1 10 14

2. 4 =�>�?
O

A4 =

0 1 2 3

3 2 1 0

3 2 1 0

0 1 2 3

, B4 =

0 3 3 0

1 2 2 1

2 1 1 2

3 0 0 3

H4 ´2� 1 ¸���ª ¤

X4 = 4A4 + B4 + H4 =

1 8 12 13

14 11 7 2

15 10 6 3

4 5 9 16
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#S$ <\ �] ÐSù�7�©Sd 6 ô�ß_^ ] Ð�ù 4 d 6 ô�ª {�|�Ó�Ô�© n � Ì U�� n = 2k
t �SV�Ê�ß

t ¹�7�©�ª���¬���`2�4��� m d 6 ô Xm ù ú 2m d 6 ô X2m, å t ≥ 3 æ2� t d 6 ô ú�a �
Â Õ�Ð�ù ú 2k

t d 6 ô�ßvå t = 1 æ2� 4 d 6 ô ú�a � Â Õ�Ð�ù ú 2k d 6 ô�ß · ����{�|�Ó�Ô
© n Ð�ù ú n d 6 ô���ª

3. b m =�>�?���c 2m =�>�? (m d�e�< ).

*�f 1 z:H�g Ì ��8�V Ñ m ��h�©�ª
* Ì m = 4 ��Þ�ß � 4 d 6 ô�Ð�ù 8 d 6 ô�ª
ý 4 d 6 ô X4 = (xij)4×4 ������© xij i i 4 Õ� ���ò�� 2 d�ô�j�ß	��¸ 8 d�A�B 6

ô B8:

X4 =

1 8 12 13

14 11 7 2

15 10 6 3

4 5 9 16

→ B8 =

1 1 8 8 12 12 13 13

1 1 8 8 12 12 13 13

14 14 11 11 7 7 2 2

14 14 11 11 7 7 2 2

15 15 10 10 6 6 3 3

15 15 10 10 6 6 3 3

4 4 5 5 9 9 16 16

4 4 5 5 9 9 16 16

/�ý�ÐSù 4 d�k�ô X4 = 4A4 +B4 +H4 Ú � � A4 Ô�µ i i 4 Õ��S¸ 8 d�A�B 6 ô A8:

A8 =
A4 A4

A4 A4

=

0 1 2 3 0 1 2 3

3 2 1 0 3 2 1 0

3 2 1 0 3 2 1 0

0 1 2 3 0 1 2 3

0 1 2 3 0 1 2 3

3 2 1 0 3 2 1 0

3 2 1 0 3 2 1 0

0 1 2 3 0 1 2 3
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� X8 = 16A8 + B8 ��¸ 8 d 6 ô

X8 = 16A8 + B8 =

1 17 40 56 12 28 45 61

49 33 24 8 60 44 29 13

62 46 27 11 55 39 18 2

14 30 43 59 7 23 34 50

15 31 42 58 6 22 35 51

63 47 26 10 54 38 19 3

52 36 21 5 57 41 32 16

4 20 37 53 9 25 48 64

( l 	 £�mSk ú Ñ ý 6 ô X4 ������ñS� i i 4 Õ�þ�ÿ�� 4 d�j��S¸�� B8 ���SÃ�ï �Sy�ï
��Ø���Æ�»���s�©���o ~ }��"ß ~ ¹�A�B 6 ô"ª � ��n�ß	ý�A�B 6 ô A4 Ô�µ i i���¸�� A8 "¨�© A�B 6 ô���¼�§ Ñ ��Ã�ï ��y�ï ��Ø���Æ�»���o�}���ª�/�o�»�¼�¸ � 16A8 + B8 ��¸�� ~ ¹
A�B 6 ô�ª

��� Â2Ã X8
� � 64 ��©�s�£�} � ß ³ 64 ��Ó�Ô�©�����©�s ú�S ò�Õ�ß�#�$�ý X8

� k
� Ì 2 d�ô�Á���j�¸���� 4 × 4 K�j�À�Á X8 = (Xij)4×4. X ����j Xij � A8, B8 ��}����
j Aij, Bij »�¼�¸ � ��¸ Ñ Xij = 16Aij + Bij. ��� Bij

� ��s�©���� X4 = (xij)4×4
� �

ò���ñ�� xij, ��� Aij � ³�p ��$�ª"Ô�© 0, 1, 2, 3 ¸���ß	£�q�����ò�� 0 − 3 j�ª Xij
� �

��Ô�© x � Ì�l ò�n�U�� x = 16a + b ��V�Ê�ß ø	� 0 ≤ a ≤ 3, 1 ≤ b ≤ 16. a � Ì k�� x

� 16 ��� “ O ”, b k�4 “ #�© ”, ��£�_ “#�© ”b ��O ¾ £�¹�@ 0 ¸ 15 ä�¹�@ 1 ¸ 16.
� ò

j Xij
�

4 ��©�� 16 ��� “ #�© ” } � û�O�s�£�} � ß	£ � j Xij
� ��©�� 16 ��� “ #�© ”

£ � ª	� ·�Â2Ã ����r�s X8
� � 64 ��©�H�H�£ � ß�O�t ³ 64 ��Ô�©�ª )

T�U Ì j�ô�z�� Ì �4{�|�h"© m d 6 ô Xm Ð�ù ú 2m d 6 ô Ñ ý Xm = (xij)m×m �
����ñ�� i i 4 Õ� ���ò�� 2 d�ô�j Bij, @�ä Xm  �� 2m d�A�B 6 ô B2m = (Bij)m×m.Ì Ð�ù 4 d 6 ô X4 = 4A4 + B4 + H4 æ � ¸���A�B 6 ô A4 i i (m

2
)2 Õ�ß	��¸ m

2
× m

2
K

j�À�Á

A2m = (Hij)m
2
×m

2
=

A4 · · · A4

... · · · ...

A4 · · · A4

,

�"�"�"ò�j Hij
� ¹ A4. ý�H"��A�B 6 ô A2m, B2m 4"»"¼"¸ � · ��¸ 2m d 6 ô X2m =

m
2
A2m + B2m .

4. b m =�>�?���c 2m =�>�? (m d�;�< ).
� �"�"ý m d 6 ô Xm �"�"�"ñ�� xij i i 4 Õ� "�"ò"� 2 d"ô�j Bij, ��¸�A�B 6 ô

B2m = (Bij)m×m.
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� á /�Ð�ù�ò�� 2m d�A�B 6 ô A2m = (Aij)m×m í���� 2 d�j Aij � 0,1,2,3 ¸���ª ¤
X2m = m

2
A2m + B2m ��Ú�û�ª

£�_�ß:�4� m ¹�7�©�ß £�� Ì A4 ��j�Ð�ù ú A2m w�ªZP�|�¸ A2m = (Aij)m×m �����
2 d�j Aij � p ��© 0,1,2,3 � ��V�¾ ¹ 1.5. ¬�û A2m ¹�A�B 6 ô�ß " · ¹���Ã�ï	��y�ï	��Ø
��Æ�»�s�©�¢�o�}���ß " · ¹�¬�û���Ã�ï	��y�ï	��Ø���Æ�»�s�©�� �QV�¾ � ¹ 1.5.

#�$�ý A2m u K���í�î���� � � Á � ª ������� � K Ú ã ��ò�Ã�s�©�� ��V�¾ � ¹ 1.5,
· � K ����Ã�Ø�Ù�½	��� K Ú ã ��ò�y�s�©�� ��V�¾ � ¹ 1.5,

· � K ����y�Ø�Ù�½	��� K

Ú ã A2m ����Ø��SÆ�»Ss�©�� ��VS¾ � ¹ 1.5,
· � K �����SÆ�Ø�Ù�ªì���SÅ���Ø�Ù � æ�����ß

· � K ��� 6 ô�Ø�Ù�ª ��¬���` ² å�4�U A2m u K���������� � � s�©�í�s�� � � ��� 6 ô�Ø
Ù�ß ¤ A2m ��� 6 ô�Ø�Ù�ªv g Ì Ð�ù ú 0,1,2,3 ¸���� 2 d�j K ����Ã�Ø�Ù�ï�y�Ø�Ù�ï	��Æ�Ø�Ù � ��{�|�ò"��ß�û
£���� � æ��	� ø	� H���Ø�Ù�ª Þ���ß»O K ��-�ò�Ã�H���©�o�� 3,

¤ � Î ¥���H���©�¸�����-
[�Ã�¢�o " � 3, K ����Ã�Ø�Ù�ª O K ��-�ò�Ã (a, b) H���©�¢�o�£�� 3,

Ì
(3− a, 3− b) 4

��-�[�Ã�ß ¤ K ����y�Ø�Ù�ª ��w�Ó�ô�x�ß #�$�ý 3− a N�4 τ(a), ��� a ��ê�ß Á � � τ(A)ù�I ý A

� ����ñ�� aij ����� 3 − aij ��¸���À�Á�ß	��� A ��ê�ª
* Ì m = 3 ��Þ�Ð�ù A6 ��� 6 ô�Ø�Ù Ñ

A6 =

A11 A12 A13

A21 A22 A23

A31 A32 A33

=

0 1 2 3 0 3

3 2 1 0 1 2

0 3 0 1 2 3

1 2 2 3 1 0

3 0 3 0 3 0

2 1 1 2 2 1

J�4�y�z�� Î�Ñ
(i) *�Ð�ù �:{ j A22 ������Æ�»�Ø�Ù�ª
(ii)
Ì

A22 ��- 2 Ã (2, 3) 4"� A23 ��- 1 Ã"ß�/"ý�- 1 Ã�O�ê"��¸ A23 ��- 2 Ã
(1, 0),

¤
A23 ����y�Ø�Ù�� (A22, A23) ����Ã�Ø�Ù�ªQ|�}�n�ß	ý A22 ��- 1 y�4�� A32 ��-

2 y�ß�O�ê���¸ A32 - 1 y�ª ¤ A22, A23, A32 ¸������ � ��� 6 ô�Ø�Ù�ª
(iii) Ð�ù (A11, A12) ����Ã�Ø�Ù�o�y�Ø�Ù�ª
(iv) O A11 O�ê Á o�~�N���¸�� τ(A11)

T 4�� A33, /�O�ê���¸ A13 = τ(A33).
¤

A11

� A33 ä � ������Æ�Ø�Ù�ß A13 � A33 ä � ����Ã�Ø�Ù���y�Ø�Ù�ª
(v) O A31 = A33, A21 = A13.

¤
A31 � A13 ä � ������Æ�Ø�Ù�ß A21, A31 ä � ����Ã

Ø�Ù���y�Ø�Ù�ª
���̧� A6 ¹�A�B 6 ô�ª ý 3 d 6 ô X3 = (xij)3×3 ������ñ�� i i 4 Õ� �� 2 d�j�ß �
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¸ B6. � X6 = 9A6 + B6 ��¸ 6 d 6 ô

X6 = 9 ×

0 1 2 3 0 3

3 2 1 0 1 2

0 3 0 1 2 3

1 2 2 3 1 0

3 0 3 0 3 0

2 1 1 2 2 1

+

4 4 9 9 2 2

4 4 9 9 2 2

3 3 5 5 7 7

3 3 5 5 7 7

8 8 1 1 6 6

8 8 1 1 6 6

=

4 13 27 36 2 29

31 22 18 9 11 20

3 30 5 14 25 34

12 21 23 32 16 7

35 8 28 1 33 6

26 17 10 19 24 15

Ì
A6 � �:{ X p�� þ�ÿ�ß ��������7�© m ��2̧� 0, 1, 2, 3 ¸���� 2 d�j�¸�����A�B 6 ô

A2m, /2� Xm ù ú B2m,
· ����¸ 2m d 6 ô X2m.Ì

m = 5 ��Þ�ª�#�$ Ì 0− 3 j�¸�����A�B 6 ô A6 = (Dij)3×3 � �:{ ß � ��� p�� “ �
ý

” ò��2� 0 − 3 j�¸���� “
E��

” ∆ij, þ�ÿ�� 10 d�A�B 6 ô A10:

A10 =

∆00 ∆01 ∆02 ∆03 ∆04

∆10 D11 D12 D13 ∆14

∆20 D21 D22 D23 ∆24

∆30 D31 D32 D33 ∆34

∆40 ∆41 ∆42 ∆43 ∆44

#�$ � Ð�ù 4 d 6 ô�æ�Ú � ��A�B 6 ô

A4 =

0 1 2 3

3 2 1 0

3 2 1 0

0 1 2 3

=
K1 K2

K3 K4

��� 6 ô�Ø�Ù�ª Á � A11, A12 ¸������ � ��� Ã�Ø�ÙSoSy�Ø�Ù�ª O A4 � 4 j K1, K2, K3, K4 K
LS4�� ∆00, ∆04, ∆40, ∆44 ����� A10 � 4 �SÆ���� K1, K2 KSL���� ∆i0 o ∆i4 (i = 1, 2, 3)

����� A10 ����������� �Q� K1, K2 � ~�N K
T
1 , K

T
2 ��� ∆0i � ∆4i (i = 1, 2, 3) �����
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A10 ����������� �Q������� � A10 ����� @ � A�B 6 ���

A10 =

0 1 0 3 0 3 0 3 2 3

3 2 1 2 1 2 1 2 1 0

0 1 0 1 2 3 0 3 2 3

3 2 3 2 1 0 1 2 1 0

0 1 0 3 0 1 2 3 2 3

3 2 1 2 2 3 1 0 1 0

0 1 3 0 3 0 3 0 2 3

3 2 2 1 1 2 2 1 1 0

3 2 2 1 2 1 2 1 1 0

0 1 3 0 3 0 3 0 2 3

|�}�n� Q¡ A6 �	¢ { X�£�¤�¥�¦�¡�§�¨�©�ª�« m ����¬��® � A2m = (∆ij)m×m. 2
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�
3 � �����
����	�
��

�
1 (1) ���� 





x + y + z = b1

x + 2y + 4z = b2

x + 3y + 9z = b3

(1)

�������������
b1, b2, b3 ���������

(2) ���� 




x1 − x2 + x3 − x4 = b1

x1 + x2 + x3 + x4 = b2

x1 + 2x2 + 4x3 + 8x4 = b3

x1 + 3x2 + 9x3 +27x4 = b4�������������
b1, b2, b3, b4 ��������� 

(1) ���� (1) !�"�#�$&%('�)�*
xa1 + ya2 + za3 = b (2)

+&,

a1 =







1

1

1





 , a2 =







1

2

3





 , a3 =







1

4

9





 , b =







b1

b2

b3







-�. � "�/��� ,(0 ��1�2�3�4 ��576��78 �7$ 3�9 %('7:<;�=7>�?7@�A�B 4 ,C-�. "�D�E 9 %
'�F�A�B�G�H�I&%(' −−→

OA1,
−−→
OA2,

−−→
OA3,

−−→
OB. J����� (2) $�F

x

−−→
OA1 + y

−−→
OA2 + z

−−→
OA3 =

−−→
OB. (3)

7�7� (3) �7�7�7� ⇔ %C' −−→
OA1,

−−→
OA2,

−−→
OA3 K7L7M ( �7$7=7> 37� �7N7O<P7Q −−→

OB ;
D���N�R ������3 A�B (x, y, z).) ⇔ " OA1, OA2, OA3 F�S 3�T�U�V�M�W�3�� % W7X ∆ =

a1 · (a2 × a3) 6= 0.

" a1, a2, a3 F�/ 9�Y $�Z�[

A = (a1, a2, a3) =







1 1 1

1 2 4

1 3 9





 ,

\ F����� (1) 3�4 � Z�[�O<J � % W�X ∆
\ F��[ A 3�U�9 *�O<]�G detA.
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; ��^�_�` Matlab
,(a U�b R�c�d

A=[1,1,1;1,2,4;1,3,9]; det(A)

e�f
detA = 2 6= 0. !�g a1, a2, a3 K�L�M O<���� (1)

�����
b1, b2, b3 ������� :

(2) h (1)
0�i !�j ��^�_�` Matlab k�l 4 � Z�[ A 3�U�9 *�: a U�b R�c�d

A=[1,-1,1,-1;1,1,1,1;1,2,4,8;1,3,9,27]; det(A)

e�f
detA = 48 6= 0. m�n����� ��������� b1, b2, b3, b4 ������� : 2

§ 3.1 n o�p�q�r�s�t�u
����v�w

x�y !�"�j�k�l�z _�` k�l U�9 *�O|{�}�~ y������ k�l�z _�`�� j�����l���l�� U�9 *��
3�������U�9 * � T�U�V�M�W�3�� % W�X O�� ��U�9 * det(a1, a2)

� " a1 =
−−→
OA1 h −−→

OA2 ���� 3�� %(��� OA1, OA2 F���� 3�T�U�� ��) 3�� % M�X |OA1||OA2| sin 6 A1OA2, � n ≥ 4� 3�U�9 * detA
� ��� � F������&� detA 6= 0 ������������ AX = b ���������

1. ������ �¡�¢�£�¤�¥�¦�§¨�©�ª�«�¬ � �������U�9 * detA 3 H�I ��® e ��¯ © 3 a l���°�O�±²�(��° e ��l���O³�´ f
n ��U�9 *�:µ  W 5·¶  W·3·W·X � µ·¸º¹·¸º» ��¼ S µ 3�½·X : ���·U�9 * ∆ = detA = det(a1, a2, a3)� ��¼ S ��� � 3 %(' 3�¾�¿�X a1 · (a2 × a3), !�"�À�$ � Q&%(' a1, a2, a3 3�½�X O<Á�Â �

 �¡ 1 (
� %('�Ã�� 3 -�Ä�Å ) Æ b

det(a1 + c, a2, a3) = det(a1, a2, a3) + det(c, a2, a3).

 �¡ 2
� I ��9�3�Ç m�È�!�"�É�����:<Æ b det(λa1, a2, a3) = λ det(a1, a2, a3).

����U�9 *�Ê y � � % W�X OÌË�Í � ��° � � ¼ S�Î ¿ O W�X F 0; � ¼ S�Ï�Ð�OÌÑ�Ò 4�Ó $Ô Ò 4 5 Ô Ò 4�Ó $�Ñ�Ò 4 O � % W�X�Õ�Ó ¶�Ö�× :<Ø �
 �¡ 3 � 9�Ù 0 O U�9 *�Ú�F 0. Æ b det(a1, a1, a3) = 0.

 �¡ 4 � 9 Ï�Ð�O U�9 *�Ú Ó × :<Æ b det(a1, a2, a3) = − det(a2, a1, a3).

"�Û���° 1,2
� ½ � 3���Ü ��°�O<��° 3,4

� � % W�X�3�Ý�Þ ��°�:
� ��U�9 * ( T�U�� ��) � % M�X ) ß�Í � 0�i 3 ��°�: «�¬ "�Û���°�Oà!�"�á�� �������U

9 *�â�ã�$�~ y N���$ 3�U�9 * 3 ����� ¿ O e ��k�l Ç * �
� ��U�9 * ∆ = det(a1, a2) 3 � 9 a1 = a11e1 + a21e2 h a2 = a12e1 + a22e2

� � ¼
A�B�ä ¶ &%(Û 3�å�æ %(' e1, e2 3 ����� ¿ O�!�"�À�$���Q 1�2 e1, e2 3 ��Q ��ç�è 8 * 3�éê ½�X a1 ∗a2 ( K�ë Oì�ì��° 4 í�î�D�Q ½�X�K Á�Â�ï�Ð Å ) â�ã�$ “ å 8 * ” ð  Oàl���Ú�� �

∆ = (a11e1 + a21e2) ∗ (a12e1 + a22e2)

= a11a12(e1 ∗ e1) + a11a22(e1 ∗ e2) + a21a12(e2 ∗ e1) + a21a22(e2 ∗ e2) (1)
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+ñ,
ei ∗ ej = det(ei, ej). �C�7° 3 í7� i = j

� 3 e1 ∗ e1 = e2 ∗ e2 = 0. e1 ∗ e2 =

det(e1, e2) = 1
� B·ò ¶ ·) 3·M·X :ó�ô�·° 4

e
e2∗e1 = det(e2, e1) = − det(e1, e2) = −1.

��õ (1)
e � ��U�9 *�k�l Ç * �

∆ =

∣
∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣
∣
= a11a22 − a21a12 (2)

ö�÷�ø O ����U�9 *�!�"�â�ã�F
detA =

∑

1≤i,j,k≤3

ai1aj2ak3δ(ijk) (3)

+ñ,
δ(ijk) = det(ei, ej, ek)

� �7¼ A7B7Û å7æ %C'ù�7$ 37Uù9 *7: b7ú i, j, k

, é �7Q Ù0 Oû�C�7° 3 í δ(ijk) = 0. m7n7â7ã7* (3)
,Cü7ý R i, j, k �7� K 0 37þ7ÿ O +ñ, (ijk)�

1,2,3 37� Q Y79 :�� δ(123) = det(e1, e2, e3) = 1
� Ñ7Ò 47å7æ ¶  W737W7X : +�� P

Q δ(ijk) = det(ei, ej, ek) !�"�� ë�����ç � 9 Ï�Ð Ó $ δ(123) = det(e1, e2, e3) = 1, m�n
δ(ijk) = (−1)s,

+&,
s

� � δ(ijk) Ó $ δ(123) � � ë�3 � 9 Ï�Ð 3�ç � O(ß�� � Y�9 (ijk)

� ë � Ð Ó $ (123) 3�ç � O<P ç � Ð�á Y�9 , 3�é ��Q � 1 Ï�Ð æ�	 :
2. 
���� n ������
� � h ����U�9 * 3 H�I ��® K � ³�´ f n � O|{�"�Û 4 ¼ N�����°���!�" ³�´ f n � O

~ y N���$ 3�U�9 * det(e1, e2) = 1 h det(e1, e2, e3) = 1 ß�!�" ³�´ f n � $�F detI =

det(e1, . . . , en) = 1,
+&,

I

�
n ��å�æ [�: 0�i !�"&�(D�E���° e�f n ��U�9 * 3 k�l Ç *

detA =
∑

(i1...in)

δ(i1 · · · in)ai11 · · ·ainn =
∑

(j1···jn)

δ(j1 · · · jn)a1j1 · · ·anjn
(4)

+ ,
(i1 · · · in), (j1 · · · jn) ��� 1, 2, . . . , n 3��ûWûYû9 O δ(i1 · · · in) = (−1)s, s

� Yû9
(i1 · · · in) � ë�����ç ��Q � 1�3 � Ð Ó $�B�ò Y�9 (12 · · ·n) � � ë�3 � Ð ç � :

� Y79 (i1 · · · in) � ë����7ç � Ð Ó $ (12 · · ·n) !7� �7K 0 37ë �7O���� K 0 37ç � s,

{ K 0 ç � s 3���� � � � Ù 0 O e7f Ù 0 3 δ(i1 · · · in) = (−1)s. ��� δ(i1 · · · in) = 1
5

−1,
-�.�\

(i1 · · · in) F ��Y�9����Y�9 : δ(i1 · · · in)
\ F Y�9 (i1 · · · in) 3���� ��� × O<ß

]�F sgn(i1 · · · in).

�ù� Q�� �ù3�� *ùáùPùQ Yù9 (i1 · · · in) � ë����ùç � Ð Ó $ùBùò Yù9 (12 · · ·n):
ª á

(i1 · · · in)
, 3 1 h7¯� M73 s1 Q ��! ç Ï7Ð æ�	 O�� ë s1 ç � Ðùá 1 Y f�" 1 æ :<±7á

2
! ç h�¯� M h 1 ð<> 3 s2 Q ��! ç Ï�Ð æ�	 O�� ë s2 ç � Ð Y f�" 2 æ : ! n ö�³ O<á

1, 2, . . . , k − 1
! ç�Y f  k − 1 æ ð�#�Oìá k h��̄ M h k − 1 ð�> 3 sk Q ��$�� Ð�O Y f"

k æ :%� ë τ = s1 + s2 + · · ·+ sn−1
! ç á 1, 2, . . . , n − 1 Y f  n − 1 æ ð�#�O%&�# �

æ ~ y � � n, Y�9 � Ó $�' (12 · · ·n), �(n e�f sgn(i1 · · · in) = (−1)τ .
+ � O K�( ��)�* U� Ð ë ��O � ã�+���!�"�, Y�9 (i1 · · · in)

, ?�-�l���P�Q sk, ¯�� � Y�9 , Y ; k  M�.�/10
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k 2 3 � 1�3 Q � : á 1, 2, . . . , k − 1
! ç h� M�3 ��$�� Ð Y f  k − 1 æ�3�ë � , O K�Õ�Ó

0 k − 1 2 3 /7Q � ð7> 37Ù Ï�3�47O Y ; k  M�.�/50 2 3 � 1�6 � sk Q7O�� � k ð� 7h
k − 1 ð�> 3���7 � 1 :<;�B�ò Y�9 (12 · · ·n)

, O ����3 � 1 ,�8 f 2 3 3�4 Y�9 O K�9 ; 0
k 2 3 � Y ; k  M O ����3 sk = 0, τ = s1 + s2 + · · ·+ sn−1 = 0. b�ú�Y�9 , é Q sk > 0,

� ��:�; � sk Q 0 k 2 3 � p Y ; k  M O|P�Q�D i 3 p h k 3�Y�9 3�4 � ,�2 f 8�� K �
,�8 f 2�O<D \ F � Q=<�> , τ = s1 + s2 + · · · + sn−1 � � Y�9 (i1 · · · in)

, 3�? 4�@ � O \
FA<�>�¥ , ]�G τ(i1 · · · in). ����"�Û 3 � Ð��*�O<P ç � Ð�B�C�D ¶ � Q ? 4�O á ? 4 ��E�F
� Q�O�� ë τ ç � Ð�B�C�á ? 4 ��7 D ¶ O Ó $�B�ò Y�9 :<m�n sgn(i1 · · · in) = (−1)τ(i1···in).

Æ b O Yù9 (4312)
, 3 s1 = 2, s2 = 2, s3 = 1, mùn τ(4312) = 2 + 2 + 1 = 5,

sgn(4312) = (−1)5 = −1.

k�l Ç * (4) � � U�9 * 3 � ® : U�9 * � n!
8 ð  O � n ≥ 3

� ?G-�j�� ® ��k�l detA
H�I�J :û�(� ® í�î�� A

� Û � @�[ 5 R � @�[ � detA = a11 · · ·ann
ü ��� 8 O�K�L�/ � @M ð  : b�ú ��N�j U�9 * 3 ��° ¸�O + ��P K U�Ó Ð 5 97Ó Ðùá ��Ü73 7[�Q7$�Û � @�[ 5 R

� @�[�O U�9 * 3 k�l �R�S !�"�2�2�T�Q�: 2

�VUVWVXVYVZV[
3.1.1. ;�?�@�A�B 4 , O]\ìí A, B 3 A�B A(a1, a2), B(b1, b2), ^GN�j�H�IG_�) 3 K X�Ó

Ð�` ∆ = det(
−→
OA,

−−→
OB) = SOAPB:

(1) b _ 3-1, N�j SOAPB = SOCQB − SCQPA = SOCQ1B1 − SCQ2P2A.

(2) b _ 3-2, N�j S4OAB = S4ODB + SDCAB − S4OCA.

(3) b _ 3-3, N�j SOAPB = SOA1P1B a1b(U�9 * 3 ��°
det(

−→
OA,

−−→
OB) = det(

−→
OA + λ

−−→
OB,

−−→
OB)

. N�j�D�Q���°�k�l ∆.

-

6

������1
�
�
�
�
���

-
6
�
�
�
�
���

�
�

�������
�

�
�

��

P

O C

Q

A1
x

y

A

B P1

-

6

-
6

-
Q2 O C

Q1

P2

Q2
x

y

A

B1

a1

b2

a2

b1

_ 3 - 1

-

6

������1
�
�
�
�
���

J
J

JJ

O x

y

A

B

D C

_ 3 - 2 _ 3 - 3

������1
-

6

�
�
�
�
���
�������

�
�

�
��

�
��-

D

P

O x

y

A

A1

B
P1
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cGd
(1) ;G_ 3-1

,ì-�. ë A, P G x ä 3Ge ��ï x äGL C, Q2. G T�U�� ��) OCQB,

CQPA. ?7� PA á T7U7� �7) OCQB

- $7�7Q T7U7� �7) OA1P1B  A1CQP1. T7U
� ��) OA1P1B h OAPB Í ��Ç�L�f � OB / ;�D ¼�f ��Û 3 » Ù K�O m�n M�X�Ù K�: ö�÷ø O T�U�� ��) A1CQP1 h ACQP ; L 0 3�f � CQ Û 3 » Ù K�O T�U�� ��) OCQB h
OCQ1B1 ; L 0 3�f � OC Û 3 » Ù K�O T�U�� ��) CAPQ h CAP2Q2 ; L 0 3�f � CA

Û 3 » Ù K�:<m�n �
∆ =

∣
∣
∣
∣
∣

a1 b1

a2 b2

∣
∣
∣
∣
∣
= det(

−→
OA,

−−→
OB) = SOAPB = SOA1P1B = SOCQB − SA1CQP1

= SOCQ1B1 − SACQ2P2 = |OC||OB1| − |CQ2||CA| = a1b2 − b1a2

(2) ;�_ 3-2
,(-�. ë A, B G x ä 3�e ��ï x ä�L C, D. J

S∆OAB = S∆ODB + SDCAB − S∆OCA

=
1

2
|OD||DB|+ 1

2
|DC|(|DB|+ |CA|) − 1

2
|OC||CA|

=
1

2
b1b2 +

1

2
(a1 − b1)(b2 + a2) −

1

2
a1a2

=
1

2
(a1b2 − b1a2)

(3) b _ 3-3, ∆ = det(
−→
OA,

−−→
OB) = SOAPB. ;�?�� AP Û���g A1, J AA1 h OB T

U O<m�� −−→
AA1 = λ

−−→
OB

� é Q ��� λ $�h�: −−→
OA1 =

−→
OA + λ

−−→
OB. G A1P1 h AP &% Ù0 ¸ìµ�i Ù K�OìJ T�U�� ��) OA1P1B h OAPB ��Ç�L�f � OB, / ; OB Û 3 » Ù K�Oìm

n M�X�Ù K�:<Ø
det(

−→
OA,

−−→
OB) = SOAPB = SOA1P1B = det(

−−→
OA1,

−−→
OB) = det(

−→
OA + λ

−−→
OB,

−−→
OB)

D�� � a � á U�9 * ∆ = det(
−→
OA,

−−→
OB) 3 " 2 9 −−→

OB 3 6���j λ

−−→
OB Ã f�" 1 9 O U

9 *�Ú K�Ó :<!�]�F
det(

−→
OA,

−−→
OB)

λ(2)+(1)
det(

−→
OA + λ

−−→
OB,

−−→
OB).

K × R7 3 λ(2) + (1)
��k � U79 * * U797Ó Ð7O<á " 2 973 λ

j Ã f�" (1) 9 : (b7ú á
λ(2) + (1) #�;�K × Û��O<J ��k * U�U�Ó Ð�O<á " (2) U�3 λ

j Ã f�" 1 U : )
Ý .�ø O<!�"�� A1

� ?�� AP h x ä 3 ï�g�O<Ø�l�� λ m
−−→
OA1 =

−→
OA + λ

−−→
OB =

(
a1

a2

)

+ λ

(
b1

b2

)

=

(
a1 + λb1

a2 + λb2

)

=

(
x1

0

)

3 y A�B a2 + λb2 = 0, J�n�l λ = −a2

b2
,
e�f

∆ = det(
−→
OA,

−−→
OB) = det

(
a1 b1

a2 b2

)

−a2
b2

(2)+(1)
= det

(
a1 − a2b1

b2
b1

0 b2

)

= det(
−−→
OA1,

−−→
OB) = SOA1P1B = OA1 · DB =

(

a1 −
a2b1

b2

)

b2 = a1b2 − a2b1. 2
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o�p
: 2 ^�q ,�=�> ��r H�I�s�� , í�î 3 ��U�9 * � T�U�V�M�W�3�� % W�X :({�} è�t�K

í�î 2 ��U�9 * � T�U�� ��) 3�� % M�X :u��v�w ^�q N�j 2 ��U�9 * 3 H�I ��® ³ � U�9 * 3
k�l Ç *�O .�x�y " 3

ö P K Ó Ð � U�9 * 3�z�{ :}| 3 ��~ n�Ã�� ^�q�� U�9 * 3 H�I ��® 3
?���� � :<"�Û 3�x�y ü���� ' A, B ; " ������.�/�U�9 *�� ¶�× ( , OA

f
OB

��� ? �� &%���� ) 3�þ )�: b�ú ����� � y O|Ë�n�� � A, B 3 A�B�� U�9 * ∆ � ¶�Ö<× 3 / ê þ )
��� ��� OôD � H�I��� 3�� g�: K�ë O]��v�| 3 | 3 ü � F�'�����H�I��� 3�� g ( ?���) � ),ü � í�î�n�� ��� � / ß�� * U D ê���� O�� K�(���3������ ��� '�:

� UV�V�
3.1 p�q�r�sV�V�V��t�u

1. ���������� �¡�¢ — £�¤�¥�¦�§�¨�©
2 è �«ª �ù� � ��¬��®�¯ á Uû9 *ûGùF " ��° O<GûFù�û� � � 3 ã�+ù:�2 è �±ª » K ���¬ " ��°�²�è 8 *�O D K�³ L���� � � 31´�µ O " � °�²�U�9 *�O 6 y � ��� � � 3 ã�+�:�F��

��, U�9 *�ã�+ ² ��� � � � 2�¶ � m7F U�9 *�· � 3�¸�¹ í�º�& F O ü ��ª ��»�� R���� � Y
9 OC��� � ? 4 � O%��!�"�?�-�¼�� n ��U�9 * 3 k�l Ç *���G�F U�9 * 3 � ® '�:CD i 3�² �
;�½�¾7!7" a �7¶�¿ 3 O<{�� K�µ�À�Á ^�q -�Â7: ^�q�Ã , , ^ f 2 ^ O<;7�7� � � 3 " ��Ä s
� Á “ Å�Æ�Ç a�È�É�Ê5Ë ” ,�Æ���Ì � Q�Í -�I�J 3 k7l Ç *7G7F7� ® O<h , ^7�7^ ÷�Î�Ï ��Ð
��Ñ<4 O<F���� � D i � ® O<D i � ® 3�Ç * � ����j�Ò�O<��Ó ��Ô ��� � v�O Ï ��Õ�Ö +�× :

ß ��� E �® Ð���Ø j “ Å�Æ�Ç a�È�É�Ê1Ë ” ,�Æ���Ì 3 �*�?�-�¼�� U�9 * 3 k�l Ç *�:
� � ,�� M ��ç ���� 





a1x + b1y = c1

a2x + b2y = c2

3 ` ��Ç *�ã�+�Ù õ :<á����� 3 ��Q��� -�. ½ b2, b1 ± Ù E�Ú � y,
e�f

(a1b2 − a2b1)x =

c1b2 − c2b1. á���Q��� -�. ½ a2, a1 ± Ù E�Ú � x

e�f
(a2b1 − a1b2)y = a2c1 − a1c2. �

a1b2 − a2b1 6= 0
� � e�f �����

x =
c1b2 − c2b1

a1b2 − a2b1
, y =

a1c2 − a2c1

a1b2 − a2b1

á Ç�L�3 - 2 ∆ = a1b2 − a2b1 � ® F�� ��U�9 *�: y #�� a � ö�÷7ø !7" e7f n ��U�9 *�:
D�d�Û�! K ��w t�Ü�Ý � � M ��ç ���� 0�Þ T å O(��Ó�ß ë Ã E�Ú � � e ��` ��Ç *�O n

M �
ç �������Ó Ø j ö�÷ 3 �� e � Ç *�à �á/�K�a���Ü�3 n

M �����Oâ� � � e � � M ��ç ��
� 3 ` ��Ç *�ã�ä ¯�å " ��æ :<Ø�m K ä�ç�è e ��'�` �7Ç *7O � ��é7��¯ 3 - 2�3�ê Å � ³�´f

n ��U�9 *�O<ß å " Ï $�:ë�i á�N�j 2 ��U�9 * e � 3 � M ��ç ���� ���7��¼ `  ` ��Ç * ³7´ f ��ì 3 n

M �
ç ���� � ¨�© !�"�,�í�H�î e H7I ^ 37Ç ��Q7�� e�f�ï �7:�í7H�î e � H�I ^ &�2 3�ð�ñ O� á ��ì�ò�ó 3 H�I æ ��ô�õ F F���ö � À g 3�Ç �7O�N�j7D7E�T å73 ¸ ö � À g 37Ç � ³ � �
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ì 3 ¸ K ö y 3 ����Oá÷�$�'�ø�ù è�ú�3 H�I ^ 3�4 ��:�D i 3�û�ü �� K�ýGþ j�L�H�I ^ O�ß Á
} è�K 0 3�ÿ ^�����~�� �Ø j7: U79 * ��ì ��À��7� Õ�Ö +�× 3 k�l Ç *�O<ß7!�"ñ� F�� T å
� ö � À g 3�Ç � ³ ����:

2. ���� �¡���¤�¥����
� °�3 í�º�Ù õ Æ�� � á � M ��ç ���� ������3 � v���Q�F�H�I � v�� ��Ô O�N�j ����4� �[�/ 9 F�A�B 3 H�I&%('�F�S 3�T�U�V�M�W�W�X�3 H�I���° e � � � l���OÌ± ³�´ f n ��U

9 *�:óÍ W ø a O �	� 3 íGº	
	��"�� �������U�9 * 3 4 ¼ H�I���°	
�� U�9 * 3 k�l Ç *�O � �
"�D 4 ¼ H�I���°�F Ç ��á ��� %ì' Ô � 3�U�9 * det(a1, a2) � det(a1, a2, a3) QGT�F�~ y N
%ì' Ô � 3�U�9 * det(e1, e2), det(e1, e2, e3) 3 j�� Oó±²� det(e1, e2) = det(e1, e2, e3) = 1e � U�9 *�k�l Ç *�: det(e1, e2), det(e1, e2, e3) � � "�A�B�ä�Û 3�å�æ %('�F�� 5 S 3�å�æ¶ �) 3�M�X 5 å�æ ¶  W73�W7X : U�9 *�� � " å�æ ¶ 7) 7å7æ ¶  W F å7æ i ' T�U7� �
) ¸ T�U�V�M�W e�f 3 ' � : det(e1, e2) = det(e1, e2, e3) = 1 � � í�º�
�� , 3 4 ¼ H�I��
°�ð�� 3 " 5 ¼ ��°�:<"�D 5 ¼ ��°�F Ç � ³ ��'�� �������U�9 *�k�l Ç *�: n ��U�9 * Ð
�� ��?�� 3 H�I ��® O � 6 y !�"�Á�Â�D 5 ¼�Ç ��O .�/ !�"&�(D 5 ¼�Ç � ³ ��k�l Ç *�G�F
U�9 * 3 � ® :

Æ�v 3.3.1 � � N�j�H�I�_�) W æ � ��U�9 *�D 5 ¼ H�I���° 3 ¶�¿ � �¿ ����: � ��U�9
* � T�U�� ��) 3�� % M�X : M�X Á�Â�� ¼ & ö � À g 3�Ç � �

A1. á�_�) - $ ��� Q K�Ù ï 3�7 - 3�.�� O�@ M�X K�L�/ 7 - M�X ð  :
A2. � K 3 _�) M�X�Ù K�:

������1
�
�
�
���

��1�
�
�
��

�
�
�
��

�
�
�
��

��������1

��������
�

�
�

��

P

O

Q

C

A1

P1

A

B

_ 3 - 4

�(D���� ¼ N�� Ç ��!�" ³ � U�9 * 3�� � ��°�:
b _ 3-4, � a =

−→
OA,b =

−−→
OB, J det(a,b) = SOAPB

� T�U�� ��) OAPB 3�� % M
X :<á OA T�� - $ n ��O -�. ë /�Q - g�G OB 3�T�U ��á T�U�� ��) OAPB

- $ n Q
� K 3 8 T7U7� �7)7O +ñ, " � Q T7U7� �7) OA1P1B 37M7X SOA1P1B =

1

n

SOAPB, ß�� �
det(

−−→
OA1,

−−→
OB) = det( 1

n
a,b) = 1

n
det(a,b). á OA1 � µ m

j f
OC m −→

OC = m

−−→
OA1.

J T�U�� ��) OCQB � m Q�h OA1P1B � K 3�T�U�� ��)���$�O SOCQB = mSOA1P1B =
m
n
SOAPB. Ø

det(
m

n

a,b) = det(
m

n

−→
OA,

−−→
OB) =

m

n

det(
−→
OA,

−−→
OB) =

m

n

det(a,b).

D y1b '
det(λa,b) = λ det(a,b) (1)
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� ����3�� � � λ =
m

n

$�h�:ôP�Q ��� λ !�"�#�$ � � � 9�3���� Oôm�� Ç * (1) ß � ����3���
λ $�h�: 0 ��!�í det(a, λb) = λ det(a,b) ß � ����3 ��� $�h�:<D�� e7f ' U79 * 3

� Q�Î � ��° �
D1. U�9 * � I ��9�3�Ç m�È λ !�"�É f U�9 *�� × � M :
D � ����í�º�
�� ��a�3�U�9 *���° 2. ����' " � ö P K 9�Ó Ð � U�9 * 3�z�{ �
Uù9 * � I �ù9ù½ 6ù� λ, Uù9 * 3 Ú Ó $��ù� 3 λ

j :<]ùF |A|
λ(i)
→|A1| = λ|A|, 5

|A|
λ(i)

λ
−1|A1| O +&, A1

�
A � ë�Ó Ð�# e�f 3 Z�[�:

b�ú 6 AOB = 90◦, T�U�� ��) OAPB � � Z�)�: ; −→
OA

¶ &%(Û�� å�æ %(' −−→
OE1, ;

−−→
OB

¶ &%(Û�� å�æ %(' −−→
OE2, J −→

OA = λ

−−→
OE1,

−−→
OB = µ

−−→
OE2,

det(
−→
OA,

−−→
OB) = det(λ

−−→
OE1, µ

−−→
OE2) = λµ det(

−−→
OE1,

−−→
OE2) = λµ.+²,

λ = |OA|, µ = |OB| -�. � OA, OB 3 µGi : det(
−−→
OE1,

−−→
OE2) = 1

� µGi F 1 3
��� OE1, OE2 F � �	��� 3�å�æ ¶ �) 3�M�X O KGL 1.

e�f 3 k�l Ç * det(
−→
OA,

−−→
OB) = λµ

� � a Z�) 3�M�X KGL µ h ¹ 3�½�X :àD �	� ��� í 3�M�X�Ç *�O ¨�© N�j M<X�Ç � A1,A2 á�D
Q Ç * y1b ' � ��: Ý .�ø O b�ú OA ; x ä�Û�O OB ; y ä�Û�O<J

det(
−→
OA,

−−→
OB) =

∣
∣
∣
∣
∣

λ 0

0 µ

∣
∣
∣
∣
∣
= λµ

∣
∣
∣
∣
∣

1 0

0 1

∣
∣
∣
∣
∣
= λµ

+&, ∣
∣
∣
∣
∣

1 0

0 1

∣
∣
∣
∣
∣
= det(e1, e2) = 1

�
x ä  y ä ¶ �Û 3�å�æ %(' e1, e2 Ô � 3�å�æ ¶ �) M

X O K�L 1. det(
−→
OA,

−−→
OB) =

∣
∣
∣
∣
∣

λ 0

0 µ

∣
∣
∣
∣
∣
= λµ 3 H�I ��®�� Z�) M�X K�L µ h ¹ 3�½�X O � ���

®���� @�) U�9 *
∣
∣
∣
∣
∣

λ 0

0 µ

∣
∣
∣
∣
∣
K�L � @ M λ, µ 3<½�X :

--

6

6

������1
�
�
�
�
���

� �������
�

�
�

�
�

��

P

O M

C

x

N
Q

y

A

B

_ 3 - 5

T�U�� ��) M�X ë�i ` � H�I��� � á T�U�� ��)�j��	��� Ó $�Z�)�±G` M�X : b _ 3-5, á
T�U�� ��) OMCB � � ∆MQC � f ∆ONB 3�æ�	 O � Ó $�Z�) OMQN . � −−→

OM ; x

ä�Û�O���A�B�F 0, A�B�F
(

x1

0

)

. � −−→
OB =

(
a2

b2

)

. J −−→
ON =

−−→
OB +

−−→
BN .

+&,
BN ;�?��

CB Û�O T�U L OM , m�n −−→
BN = λ

−−→
OM =

(
λx1

0

)

, � −−→
ON =

−−→
OB +λ

−−→
OM =

(
a2 + λx1

b2

)
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; y ä�Û�í�¯ 3 x A�B a2 + λx1 = 0,
−−→
ON =

(
0

b2

)

.

∣
∣
∣
∣
∣

x1 a2

0 b2

∣
∣
∣
∣
∣
= det(

−−→
OM,

−−→
OB) = SOMCB

= SOMQN = det(
−−→
OM,

−−→
ON) =

∣
∣
∣
∣
∣

x1 0

0 b2

∣
∣
∣
∣
∣
= x1b2

D�Q�K�* 3 H�I ��® � � � T�U�� ��) OMCB 3�M�X = f x1×
»

b2, � ����®�� � � @�) U
9 *

∣
∣
∣
∣
∣

x1 a2

0 b2

∣
∣
∣
∣
∣
K�L � @ M x1, b2 3�½�X :

á −−→
ON =

−−→
OB + λ

−−→
OM ��õ det(

−−→
OM,

−−→
OB) = det(

−−→
OM,

−−→
ON) Ë e�f K�*

det(
−−→
OM,

−−→
OB) = det(

−−→
OM,

−−→
OB + λ

−−→
OM)

D7Q�K7*7$�h 3 �ñ� � ∆MQC
∼= ∆ONB,

ü � ` BN//OM Ø −−→
BN = λ

−−→
OM , Ê K � `

6 MQC = 90◦ ß K � ` OM ; x ä�Û�:Cm�n det(a,b) = det(a,b + λa)
����� %(' a,b

 ��� λ $�h�: 0 ��O det(a,b) = det(a + λb,b)
�����

λ $�h�:<"�_ 3-5 3�T�U�� ��)
OAPB F7Æ7O<] a =

−→
OA,b =

−−→
OB, J −−→

OM = a + λb =
−→
OA +

−−→
AM , AM//OB, M

�
ë A � G OB 37T7U � PA Û �7� � g7:<" OM, OB F � ���7�7G T7U7� �7) OMCB,

J ∆OMA
∼= ∆BCP , SOAPB = SOMCB, det(

−→
OA,

−−→
OB) = det(

−−→
OM,

−−→
OB). ß�� �

det(a,b) = det(a + λb,b). D�� e�f U�9 * 3� ���¼ ��° �
D2.

� I ��9�3 6���j Ã f  ���9 O U�9 *�Ú K�Ó :
á7Z7[ A 3 " i 973 λ

j Ã f�" i 97Ó $7Z7[ A1,
� Z7[ 3 " � ö P K 97Ó Ð7O ]7F

A
λ(i)+(j)

→A1. Ó Ð� �# 3�U�9 * |A| = |A1| Ù K O<]�F |A|
λ(i)+(j)

|A1|.

]�_ 3-5
, 3 %C' −→

OA = a =

(
a1

a2

)

,

−−→
OB = b =

(
b1

b2

)

.
ü �

OB K ; x ä7Û7O<Ø
b2 6= 0, h OB T7U73 ?7� PA �7h x ï�L � g M , ß��7!7"�l λ m −−→

OM = a + λb =(
a1 + λb1

a2 + λb2

)

3 y A�B a2 + λb2 = 0. F�n�O ü � � λ = −a2

b2
� U '�:<n � −−→

OM 3 x A�B
x1 = a1 + λb1 = a1 −

a2

b2
b1 =

a1b2 − a2b1

b2
. T�U�� ��) OAPB 3�� % M�X det(a,b) � Ó

$ T�U�� ��) OMCB 3�� % M�X det(
−−→
OM,

−−→
OB) = x1b2 = a1b2 − a2b1,

+&,
x1
� T�U��

��) OMCB 3�f O b2
� −−→

OB 3 y A�B�Oôß�� � T�U�� ��) OMCB 3 » : j U�9 * 3 c! #���D�Q�k�l ë ��O�� �

∆ =

∣
∣
∣
∣
∣

a1 b1

a2 b2

∣
∣
∣
∣
∣ −a2

b2
(2)+(1)

∣
∣
∣
∣
∣

a1b2−a2b1
b2

b1

0 b2

∣
∣
∣
∣
∣
=

a1b2 − a2b1

b2

b2 = a1b2 − a2b1

� M�X�Ç � A1,A2
³ � 3 � ��U�9 * 3 "�Û�� ¼ �7° D1,D2 !�"�G�F Ç � ³ � U�9 * 3+ ¯���°�:
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;�K�* det(λa,b) = λ det(a,b) (Ç � D1)
, � λ = 0

e�f
det(0,b) = 0. D � U�9

* 3���¼ ��° �
b�ú�é���9�� F 0, J U�9 *�Ú�F 0.�����

a  λ � det(λa, a) −λ(2)+(1)
det(0, a) = 0. � � a � � 9 ��� Ù�Ñ O U�9 *�Ú

F 0. Ý . � λ = 1
e

det(a, a) = 0, D�� � ����í�º�
�� ��a�3 �
��° 3. � 9�Ù K�O U�9 *�Ú�F 0.�����

a,b, �
det(a,b)

(1)+(2)
det(a,b + a)

−(2)+(1)
det(−b,b + a)

(1)+(2)
det(−b, a)

−(1)
− det(b, a).

D�� e�f ����í�º�
�� ��a�3 �
��° 4 :<� 9 Ï�Ð æ�	 O U�9 *�Ú Ó $�����Ú 3�Ù�" � :
] |A|

(1,2)
− |A1|

��k á�Z�[ A 3 " 1,2 � 9 Ï�Ð Ó $ A1, J |A| = −|A1|. D � " �ö P K 9�Ó Ð�:
N�j�D ¼ ��°�!�" � b2 = 0 3�þ )�k�l U�9 * ∆ =

∣
∣
∣
∣
∣

a1 b1

a2 0

∣
∣
∣
∣
∣
,
ü � á�¯ 3 � 9 Ï�Ð���Q

$�Û � @ U�9 * �
∣
∣
∣
∣
∣

a1 b1

a2 0

∣
∣
∣
∣
∣ (1,2)

−
∣
∣
∣
∣
∣

b1 a1

0 a2

∣
∣
∣
∣
∣
= −b1a2 = a1b2 − a2b1.

!�g ∆ = a1b2 − a2b1
� ����þ ) ¯ $�h�:

ËG· � � D1,D2
³ �G�	��íGº	
	� �Ga�3 ��° 1: det(a,b)+ det(c,b) = det(a+c,b).

� a, c L � � !�"�#�$ 0 � Q�#�$&%(' e )�*�+�, a = xe1, c = ye. -(.�/ D1 0
det(a,b) = det(xe,b) = x det(e,b), det(c,b) = det(ye,b) = y det(e,b)

1�2�3�4�5
det(a,b) + det(c,b) = (x + y) det(e,b) = det((x + y)e,b) = det(a + c,b)

��������:

�
�

�
�

��3@
@R

A

�
�
�
�
���

�
�
�
�
��

C

�
�

�
�

�
�

�
�

�����:

�
�

�
�

��

�
���

�
�
�
�
���@

@

P

�������� Q

O
A1

P1B

6
3 - 6

7	8
a, c 9	:	;	< 7 6 3-6 =>) a =

−→
OA,b =

−→
AC. ?	@	A	B	C	D OAPB, ACQP )	E	F

=(G�H ∆PBQ I�J ∆OAC, K 5�L�M�N�1�O @�A�B�C�D�P�Q�R 3�S )�@�A�B�C�D OCQB T
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U K�V�W det(
−→
OA,

−−→
OB) + det(

−→
AC,

−→
AP ) X�Y�Z�[�\�] S�^�_�` W A a L A1,

_�b
det(

−−→
OA1,

−−→
OB) + det(

−−→
A1C,

−−−→
A1P1) = det(

−→
OC,

−−→
OB).c J�d�e�f�g�h c�i�j�k�l +�m�n�o�p 7�q�r7�8

a + c
M

b ;�. 3�s <ut a + c = λb v�w O λ ∈ F

b�x <uy�V c = λb − a,

det(c,b) = det(λb − a,b) −λ(2)+(1)
= det(−a,b) = − det(a,b).

det(a,b) + det(c,b) = det(a,b) − det(a,b) = 0 = det(λb,b) = det(a + c,b).
z

a + c
M

b ;�.�{ s <u| b F
2 )�}�|�~�<ut�0 x, y ∈ F � a = x(a + c) + yb,

c = (a + c) − a = (1 − x)(a + c) − yb. y�V
det(a,b) + det(c,b) = det(x(a + c) + yb,b) + det((1 − x)(a + c) − yb,b)

= det(x(a + c),b) + det((1 − x)(a + c),b)

= det((x + (1 − x))(a + c),b) = det(a + c,b)

� =() x(a + c) K�V 6 3-6 =() −−→
OA1, � (1 − x)(a + c) V −−→

A1C.

3. �����������
��� A ^�2 det(a,b) ����) 1�� .�/
.	/ 1: det(a+ c,b) = det(a,b)+ det(c,b), det(a,b+ c) = det(a,b)+ det(a, c)

.�/ 2: det(λa,b) = λ det(a,b) = det(a, λb)

������h c W det(a,b) � b a
M

b )�w�����R�<u� k a ∗ b. .�/ 1
b k

(a + c) ∗ b =

a ∗ b + c ∗ b, a ∗ (b + c) = a ∗ b + a ∗ c,
3�� y�����v 4 ��)�������Tu.�/ 2

b k
(λa) ∗ b = λ(a ∗ b) = a ∗ (λb),

3�� y�������������v�y�+���)�� ` ��T (��� r W�A ^�2���
det(a,b) � b )���� a ∗ b  �����������9������ ` ��< a ∗ b }u¡�9 S y b ∗ a � S y

−b ∗ a.)¢	£ N	1	� .	/	<¤h c W det(a,b) = a∗b = (a1e1 +a2e2)∗ (b1e1 + b2e2) � b c e1, e2k�¥�¦�§
ai, bi

k�¨ +�) 1�O }�©�ª�« 2 )���R (  �9�Y “
¥�¦

”e1, e2 ¬� )�����9������ ` �
����� e1 ∗ e2 = −e2 ∗ e1), ®�¯ k 4

O ��R ¬�° r

a ∗ b = (a1e1 + a2e2) ∗ (b1e1 + b2e2)

= a1b1(e1 ∗ e1) + a1b2(e1 ∗ e2) + a2b1(e2 ∗ e1) + a2b2(e2 ∗ e2) (2)

��±³²µ´ ~&%('�)���R ei ∗ ej = det(ei, ej)
l�¶

(2) K 5�L a ∗b · det(a,b) )�¸ ��¹ 2 T
->A ^	2 .	/ 3 º	» O %>' c

M ²>¼ )	�	R c∗c = det(c, c) = 0, y	V e1 ∗e1 = e2 ∗e2 = 0.½ º�¾�¿�À�Á�Â�D�Q�R e1 ∗ e2 = 1. -(.�/ 4 Ã�0 e2 ∗ e1 = −e1 ∗ e2 = −1.
l�¶

(2) · 5
∣
∣
∣
∣
∣

a1 b1

a2 b2

∣
∣
∣
∣
∣
= a1b2 − a2b1.
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}�¡�Ä�< n Å�;�.�Æ  F
n J�) ��Ç�È + f(a,b)

7�8 ��� M A ^�2 .�/ 1,2 \�É�)�.�/
f(a + c,b) = f(a,b) + f(c,b), f(a,b + c) = f(a,b) + f(a, c)

f(λa,b) = λf(a,b) = f(a, λb)

K�h c W f(a,b) = (
n∑

i=1

aiαi,

n∑

j=1

ajαj) � b ��R a ∗ b ®�¯ b ~&%('�)���R αi ∗ αj )�;�.�|
� a ∗b =

∑n
i,j=1 aibj(αi ∗αj), Ê	W	Ë O αi ∗αj = f(αi, αj) )	Ì l	¶ K 5	L f(a,b) )	¸ �¹ 2 TÍh c�Î ������t�Ï�¸ � ) N � ��Ç�È + f(a,b) Ð k�Ñ ;�. È +�T 2 Å�+�|�Æ  F

2 J�)Ñ ;�. È + f(a,b) Ò�h c ®�¯ b�S�2 (2) )�D 2 <uÓ b ²µ´ ~&%('u)���R ei ∗ ej = f(ei, ej)

)�;�.�|���TuÔ 7 <Õ%('�)&Ö(R a · b K�V Ñ ;�. È +�<uW ²µ´ ~�)&Ö(R e1 ∗ e1 = e2 ∗ e2 = 1

° e1 ∗ e2 = e2 ∗ e1 = 0
l�¶

(2) K 5�L Ö(R�¸ ��¹ 2
a · b = (a1, a2) · (b1, b2) = a1b1 + a2b2.

2 Å	Æ  F
2 J	)×Ö>R a ·b M A ^	2 det(a,b) Ò	V Ñ ;	. È +	<ØÒ	Ù	®	¯ b	S�2 (2) )	D 2 TÚ 9�Û	)	V	<ÜÖ>R a ·b � b )	�	R a ∗b �	�	� ` � a ∗b = b ∗a,

N	Ý ) È +	Ð k v	Ð È +	T
A ^�2 det(a,b) � b )���R�9������ ` � a ∗b = b ∗ a ����� “Þ�� ` � ”: a ∗b = −b ∗ a

( A ^�2 .�/ 4), - a ∗ a = −a ∗ a Ã�h c f ± a ∗ a = 0(A ^�2 .�/ 3),
N�Ý ) È +�Ð k Þ

v�Ð È +�TuÞ�v�Ð Ñ ;�. È + f(a,b) }�ß���� f(ei, ei) = 0 ° f(ej, ei) = −f(ei, ej). W
e1 ∗ e1 = e2 ∗ e2 = 0 ° e2 ∗ e1 = −e1 ∗ e2

l�¶ S�2
(2) K 5�L

f(a,b) = (a1b2 − a2b1)f(e1, e2)7�8 Ê�I�à�á�â f(e1, e2) = 1, K 5�L f(a,b) = a1b2 − a2b1,
N K�V�A ^�2 È + det(a,b).

h�ã�< ��� A ^�2 det(a,b) K�V���� �uä f(e1, e2) )�Þ�v�Ð Ñ ;�. È + f(a,b). W���� ��ä
f(e1, e2) = 1 )�Þ�v�Ð Ñ ;�. È +�Ð k�å�æ )�Þ�v�Ð Ñ ;�. È +�< N�Ý ) È +uK�V�A ^�2 T

}�¡�) n Å�+�|�Æ  F
n ç 0�d�e 6 D�<u9�Ù�è 6 <u9�é�y�ß�ê�Q�R�ë�ì�R�<uí�î ´ h c

W ��� A ^�2 ����)�[ � .�/ (
Ñ ;�. § Þ�v�Ð §uå�æ ) f�ï L F

n,
5 ± \�É�)�¸ ��¹ 2 TuW�»O

n Å�+�|�Ó b�^ %ð'�)�D 2 <u?���W F
n Ó b�^ %ð'�Æ  F

n×1, t Fn × 1 J�) n
Ç�È +

y = f(a1, . . . , an) ∈ F h c � b�ñ © c a1, . . . , an
k Ë ^�ò�b )�Â�ó A = (a1, . . . , an)

k ²
_ '�) È + y = f(A),

U K�V�Â�ó�Æ  F
n×n J�)�} Ç�È +�T

n ô�õ�ö�÷ z
y = f(A) = f(a1, . . . , an) V F

n×1 J�) n
Ç�È +�< a1, . . . , an

ñ
©�V�Â�ó A )�Ë ^ TuW f(A) � b A )�Z j

^
aj ) È +�< ��ø Ë ^ 9 _ <u� k fj(aj), t

fj(X) = f(Aj(X)) K�V�W A )�Z j

^�ù�`�b
X

5uL )�Â�ó Aj(X) ) È +�Ì�T 7�8 » O fj

Ò���� 7�q 1�� .�/�<uK�Ð f

k
F

n×1 J�) n ;�. È +�T
.�/ 1. fj(aj + cj) = fj(aj) + fj(cj) v�ú�� aj, cj ∈ F

n×1 b�x T
.�/ 2. fj(λaj) = λfj(aj) v�ú�� λ ∈ F

b�x Tû	ü	ý ö	÷ 7	8
f �	� 7	q �	ä <þK	Ð k Þ	v	Ð È + r W A )	ú	� 1	^ ai, aj ÿ ` À��	<È +�Ì f(A)

_�b�� Ï�Ì�) 3 Þ�+ f(Ai,j) = −f(A),
� = Ai,j V�W A )�Z i, j

1�1�^ ÿ `�5
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L )���ó�T7 8 Þ v Ð È + f(A) ) ² _ '�� ó A 0 w 1 ^ ai, aj
3 S < W N 1 ^ ÿ `	5 L ) Ai,j = A,��� - f(Ai,j) = −f(A)

5�L
f(A) = −f(A), 2f(A) = 0, f(A) = 0. - � h�º�Þ�v�Ð È +

f(A) )�} O�� á�.�/ ru7�8 A )�w 1�^�3�S <ut f(A) = 0.	�
 õ 7�8 ¿�À�ó I = (e1, . . . , En) ) È +�Ì f(I) = 1, K�Ð È + f V å�æ )�T 2

c J�.�/�� ´ V ��� A ^�2 )�.�/�)�f�ï�T n ;�. È +�)�.�/��������W f(a1, . . . , an)

� b n

O ² _ ' a1, . . . , an )���R a1 ∗ · · · ∗ an, .�/ 1 · a1 ∗ · · · (aj + cj) · · · ∗ an =

a1 ∗ · · ·∗aj ∗ · · ·∗an +a1 ∗ · · ·∗cj ∗ · · ·∗an K	V	�	�	�	< .	/ 2 · a1 ∗ · · · (λaj)∗ · · ·∗an =

λ(a1 ∗ · · · ∗ aj ∗ · · · ∗ an) K�V�W�» O���� )�* ¨ + λ � L ��R���Q�Ï�T » O aj h c Ó b ²µ´
~��('�)�;�.�|�� aj = a1je1 + · · · + anjen. f(a1, . . . , an) V n

O�N�Ý )�;�.�|���)���R�<
h c�Î�� n ;�. È +�) 1�� .�/u®�¯ k ²µ´ ~��('�)���R ei1 ∗ · · · ∗ ein )�;�.�|���< 5�L \�É
y S�2 (2) ) S�2

y = f(a1, . . . , an) =
∑

1≤i1,...,in≤n

ai11ai22 · · ·ainnf(ei1 , . . . , ein) (3)

 ���Ê�¸ � Ú 0�) f(ei1 , . . . , ein) = δ(i1 · · · in)
l�¶

(3), K 5�L f(a1, . . . , an) )�¸ �¹ 2 T z
f 9	í	V n ;	. È +	< Ã	V	Þ	v	Ð È +	T 7	8 S	2 (3) �	C	w	« ai11 · · ·ainf(ei1, . . . , ein)

=>w 1	O ik, ij
3 ÛÕ< t×->Þ	v	Ð È +	)	.	/	º f(ei1, . . . , ein) = 0,

N C	}	« S y 0, h c ? S	2
(3) �	C��	H	T�� q )	Ë	«×=>) i1, . . . , in

1	1 9�Û	<þV 1, 2, . . . , n )u} O	ò	^ Tþ� k (i1 · · · in).

t S�2 (3)
b k

y = f(a1, . . . , an) =
∑

(i1···in)

δ(i1 · · · in)ai11 · · ·ainn (4)

� = (i1 · · · in) ��� 1, 2, . . . , n
Ú 0�) ò�^ <u:�0 n!

O��
δ(i1 · · · in) = f(ei1, . . . , ein),

ei1 , . . . , ein V ²µ´ ~ e1, . . . , en )�} O�ò�^ Tz
f V å�æ )�Þ�v�Ð n ;�. È +�<ut δ(12 · · ·n) = f(e1, . . . , en) = f(I) = 1

Ú��
)�« δ(12 · · ·n)a11 · · ·ann = a11 · · ·ann,

N }�«�K�V A )� �ì�v�! Ç )���R�T ��ø Ë�«�)
δ(i1 · · · in) = i1, . . . , jn 9�V Î 1, 2, . . . , n ?�" L�# )�$�% ò�^ <uí�h c W ò�^ (i1 · · · in) =
) n

O +�X�Y�&�'�© 1�1 ÿ ` À�� _�b ?�" L�# ) ò�^ $�%�<>»�}�© ÿ ` À���Ð k } O v ` <>W
δ(i1 · · · in) = f(ei1, . . . , ein) = 3�( ) 1�^ ÿ ` À���<*)�+�Á�,�-�)�. _ <uW δ(i1 · · · in) ��J
} O −1.

7�8 X�Y s ©�v ` W (i1 · · · in)
_�b�/�0�1�ò�^

(12 · · ·n), t (−1)s
δ(i1 · · · in) =

δ(12 · · ·n) = 1, 2�3 δ(i1 · · · in) = (−1)s. Ô 7 < n = 4,
ò�^

(i1i2i3i4) = (3421) =(À�y 1

¬�4 0 3
O + 3,4,2, À�y 2 ¬*4�5�6 2

# )�0 1�O + 3,4, � 3,4 ¬�4 Ò ç 0 6 ²(¼ # )�+�T
W 1

M�7 4 Q 3
O + 2,4,3

ñ © ÿ ` À���<uX�Y 3 ©uv ` W 1
ò�L Á�8�À�� (Z�}�À ),

ò�^�_
b

(1342),
��ø Ë�+�)�9�:�©�% ç 0�. _ < 2 4 Q�î�0 1�O 6 ²(¼ # )�+�T W 2

M�N�1�O + ñ ©
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ÿ ` À���<�X�Y 2 ©�v `�ò�L Á�8�À�� ( Z � À ),
ò�^u_�b

(1234).
��ø 1 + 3,4 )�9�:�$�%�9_ < 7 � 4 Q	î	Ò ç 0 6 ²>¼ # )	+	T<;>X	V Î ?�" L�# $�%�) 0�1	ò�^ T - (3421)

_	b
(1234)

X�Y�)�v ` ©�+ 3 + 2 = 5
k�= +�< � � δ(3421) = (−1)5 = −1,

3�( )�« k −a31a42a23a41.

}�¡�Ä�<uv�ú�� ò�^ (i1 · · · in),
7�8�� =ð0�} O 6 w O k

# )�+ m

ò �
k 4 Q�<uK�V�}�©�>

Þ�?�" L�# ) 0�1 $�%�)�> å�? ä < Ð k } O�@ %�T v�» O k ¸ ��± ò � 7 4 Q�E 5�6 7�# ) m

) O + sk, t s = s1 + s2 + · · ·+ sn−1 K�V�A O�ò�^ =() @ %�)�P�+�Tðh c�Î�� 4 Q Ú 2�Â 2ñ ©�W 1, 2, . . . , n− 1
M 4 Q 6 7�# )�+ ÿ ` $�%�<Ü»�©�v `�B�C�D Á�} O�@ %���9�. _ � 7 Ë

+�)�9�:�$�%�<uX�Y s ©�v ` ¬ : B�C W Ú 0 @ % D Á�E�F�<uW òu^�_�b�0�1�ò�^ < N 2G3 ��ò^
(i1 · · · in) v ( ) È +�Ì δ(i1 · · · in) = f(ei1, . . . , ein) = (−1)s.

l�¶ S�2
(3) K 5�L�/ åæ Þ�v�Ð n ;�. È + f(A) )�¸ ��¹ 2 < f(A) = detA K�V n

� A ^�2 T
9�H�I�J�< Î�� N�O ¸ ��¹ 2 ß�ê�)�A ^�2 8�K���� n ;�. § Þ�v�Ð ° å�æ .�)�á�â�<uE

5 Ã�Ù�L�f ±�� 7 } ¨ ^ .u/ <*I�J ° f�g�Y�M � ú�e�}�N�;�. l +�ë�O S l +�P�Q =(Ò�h c�RL < ��S K�9�T�p / T
4. ����U�V�W�X
N�Y�º�Z�) ¶ Ô�) ¶ A ^�2 V k /�[ ß�;�.�Â�M�|�V�\�0�]�}��̂< U K�V [ ß ¨ +�Â�ó�) ^

�('�|�V�\�;�.�{ s T N } ��_�`�a�b }�¯�c�d�)�Ô � V&-ð¸ � ��Ç }�©�Â�M�|�)�â�^ ¹ 2 ) ¶��� A ^�2 Tfe ²µ´ á�g r Î�� ¹ g�ß�ê�) n
� A ^�2 Ù�\�h�i N�1�O�j Ù r [ ß�;�.�{ s <fk± ;�.�Â�M�|�)�â�^ ¹ 2 T��l�m ��� A ^�2 � < ����W�Z � \ ° Z�[�\�] S�_�` v�A ^�2 )�n�o�p k ¹ g�< V � k 7

��)�d�e���ê�q�r�� ´ TuW�@�A�B�C�D�s�I k ��D�T*t�u N�1�� ¹ g�f ± / A ^�2 )�Ë���.�/�<v�w Ñ ;	. § Þ	v	Ð	.	<xt�u N�1�� .�/ M å�æ . ¹ g ( QuR	¿	À ) det(e1, e2) = 1
5 ± / A ^	2

)�¸ ��¹ 2 T N�Ý ) ¹ g�ì ¨ N�Ï U h c�y�z f�ï L n
� A ^�2 <>h c î ´ t�u�Z � \ ° Z�[�\

] S�^�_�` )�n�o�p k ¹ g�f ±�� 7 .�/�Ê 5 ± ¸ ��¹ 2 T ´ ��< k / � f ± ¸ ��¹ 2 ��{ 4 yz /�� <u��� ç 0�W “ Z�[�\�] S�^�_�` h�i�A ^�2 9 _ ” p k ¹ g�<u��V y�z W n ;u. § Þ�v
Ð�. M å�æ .�p k [ � ¹ g 5 ± A ^�2 ¸ ��¹ 2 TuÞ�Y�Ï U e�|�}�f ± “ Z�[�\�] S�^�_�` h�i
A ^�2 9 _ ”

N���� á�.�/�T � K�~�¸ � A ^�2 °�� A�A ^u2 )�g m���� � < N�� .�/�Þ�� 6 ß
ê�A ^�2 � Ú u�)�¸ ��¹ 2 u S�{ ï���<*��� {�� # T ����� l + =ð<uW�A ^�2 f�ï L�� � ` ì
J�)�Â�ó�<uî ´ V�W N�� .u/�p k ¹ g�T

� � (1) Â�ó A )�Ë ^ a1, . . . , an
7�8 ;�. 3�s <ut detA = 0. Þ�Y�Ï�< detA 6= 0

⇒ A )�Ë ^ ;u.�{ s T
(2)
7�8

n

O
n
Ç ;�.�Â�M�| b )�Â�M�| x1a1 + · · · + xnan = b ) ¨ +���ó A )�A ^2

∆ = detA 6= 0, t�Â�M�|�0�]�}�^ xj =
∆j

∆
,
� = ∆j V�W ∆ )�Z j

^�ù�`�b
b
5�L )

��ó�T
V�� (1) A )�Ë ^ ;�. 3�s ⇒ � =(w�} ^ ai V ��ø Ë ^ aj )�;�.�|�� ai =

∑

j 6=i

λjaj.
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W A =�� / ai ¬ ��)�» ^ aj (j 6= i) ) −λi , 4�L Z i

^ < 5�L ) Ai Z i

^ k
0,
� �

detA = detAi = 0.7�8
detA 6= 0,

� ´  �Ù A )�Ë ^ ;�.�{ s <*\�t�W���� detA = 0.

(2) ∆ = detA 6= 0 ⇒ A )�Ë ^ a1, . . . , an ;�.�{ s <u| b F
n×1 )�}�|�~�<u» O

b ∈ F
n×1 � N |�~ q 0�]�}�)�� 0 (x1, . . . , xn) ��� ��ä x1a1 + · · ·+ xnan = b,

U K�V�Â
M�|�)�]�}�^�Tz

(x1, . . . , xn) V�Â�M�|�)�]�}�^�< S�2 x1a1 + · · · + xnan = b
b�x T*u S�2�1 C���rù�` Û�} O A ^�2 ∆ = detA )�Z j

^ < 5�L�3�S )�A ^�2

det(a1, . . . , aj−1, x1a1 + · · ·+ xnan, aj+1, . . . , an) = ∆j (5)

W S�2�� C�)�A ^�2 =�� / Z j

^ ¬ ��)�»�} ^ ai (i 6= j) ) −xi , 4�L Z j

^ J�<���H�Z j^ = Ú 0�) xiai,  *� q xjaj,
S�2�_�b

det(a1, . . . , aj−1, xjaj, aj+1, . . . , an) = ∆j

W � C�)�Z j

^ ) ¹ ��� xj � L A ^�2 ��< � C _�b xj∆,
S�2�_�b

xj∆ = ∆j, - � 5�L
xj =

∆j

∆
. 2

3.1.2. (1) â τ(n(n − 1) · · ·21), E l�m ò�^ n(n − 1) · · · 21 ) =�� .�T
(2) â τ(678354921),τ(87654321) ) =�� .�T
(3) 8�ß i, j � 5 (1245i6j97) ��r k�=�§*� ò�^ T�
(1)

� ò	^
(n(n−1) · · · 21) =>ú�� 1	O + ¥ i, j )	|	�	}	:	0 n(n−1)

2

O < » 1	O	N	Ý
)	+ ¥ ) ò	^ Ò	V	? #	L "	< Ò	V @ %	< }	:	0 n(n−1)

2

O�@ %	T � � τ(n(n−1) · · · 21) = n(n−1)
2

.

n

M
n − 1 ) =�� . 3 Þ�< � 5�� � � =() � +�V 4 )�,�+ � < n(n−1)

2

k�� +�T�
n = 4q ë 4q + 1 (q

k A�+ ), τ(n(n − 1) · · ·21) V � +�< ò�^ V � ò�^ T�
n = 4q + 2 ë 4q + 3 (q

k A�+ ), τ(n(n − 1) · · ·21) V = +�< ò�^ V = ò�^ T
(2) v�» O Á�A�+ k, � sk

k w ò�^ = ò � k 4 Q�� 5�6 k

# )�+�) O +�Tut
τ(678354921) = s1 + · · ·+ s8 = 8 + 7 + 3 + 4 + 3 = 17

k�= +�< ò�^ k�= ò�^ T
τ(87654321) = 8×7

2
= 28

k�� +�< ò�^ k�� ò�^ T
(3) τ(124536897) = s3 + s7 = 2 + 2 = 4 V � +�< (124536897)

k�� ò�^ <uW 3
M

8

ÿ ` À�� 5�L ) (124586397)
k�= ò�^ T

3.1.3. J�3 r ��Ú 0�) n � ò�^ = (n ≥ 2),
= ò�^�M � ò�^ ) O + 3�S <uË k n!

2
O T

V�� z
n!
O

n � ò�^ =(0 n0
O � ò�^ < n1

O = ò�^ Tut n0 + n1 = n!. ;(X�º�¾ 01�ò�^
(12 · · ·n) V � ò�^ < � � n0 ≥ 1.

W » O � ò ^ σ = (i1i2i3 · · · in) ) 4 1 O + ¥ ÿ ` § � ø + ¥ 9 _ < 5	L } O = ò ^ f(σ) =

(i2i1i3 · · · in). }�ã�9�Û�) � ò�^ σi, σj
5�L ) = ò�^ f(σi), f(σj)

U 9�Û�T � � <Õ- n0
O 9
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Û�) � ò�^ h c 5�L n0
O 9�Û�) = ò�^ T = ò�^ ) O + n1 ≥ n0. Þ�Y�Ï�<ÜW n1

O 9�Û�) = ò^ ) 4 1�O + ¥ ÿ ` h c 5�L n1
O 9�Û�) � ò�^ < N ½ 2�3 n0 ≥ n1.

� �
n0 = n1 = n!

2 .

2

3.1.4.
ò�^

(n(n − 1)(n − 2) · · ·321) X�Y�ª���© 3���1 +�v `�_�b ²µ´ $�% ò��̂�
� ò�^ =ðú�}�v�+ ¥ Ò�| b�@ %�<u:�0 n(n−1)

2

O�@ %�Tu»�© 3���1 +�v `�� ª� �Ù����
} O�@ %�< � � � ����á�X�Y n(n−1)

2
© 3���1 +�v `�� Ù�W @ %�+ _�b 0,

_�b ² ´ $�% ò�^
(12 · · ·n).

W 1
ñ © M 4 Q�) n− 1

O + ¥�� 3���1 +�v ` <ÜW 1
ò�L Z 1 À�TÜÊ�W 2

ñ © M�7 4 Q
) n− 2

O + ¥�� 3���1 +�v ` <�W 2
ò�L

1 :�Q�<�À���Z 2.
ñ � \�f�< � ;(X�W 1, 2, . . . , kò	L 4 k À ¬ :	<¤Ê	W ò	^� �¡�¢ ) k+1

ñ © M 4 Q	) n− (k+1)
O + ¥�� 3��	1 +	v ` <¤W

k+1
ò	L

k :	Q	<¤À��	Z k+1.
��£	N	O Y�M	<¤X	Y (n−1)+(n−2)+ · · ·+2+1 = n(n−1)

2

© 3���1 +�v ` <uh c W ò�^ (n(n − 1) · · ·21)
_�b Î ²µ´ $�%�) ò�^ (12 · · ·n). 2

3.1.5. Ó ± A ^�2
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x 1 2 3

x x 1 2

2 3 x 1

x 2 3 x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=�¤ x
4 ° x

3 )�«�T

� »�«&-(Ë ^ Ë���} O 9�Û�A�) Ç�¥ 3 ��<ðÊ�¦�J�Á�,�- 5�L Tð» ^ ) Ç�¥ � ª� �¤ x )
1 ©�§�T � � <*¤ x

4 )�«� �Ù�» ^ Ò�� x

3 � 5�L T � =�: 3
^ Ë� �0�} O Ç�¥ ¤ x, ��r�À

y�Z 2,3,4 A�T N 3
^ ��r�� /�N d O À���) x ¬ :�<ÍZ 1

^ 9�Ù�Ê���Z 2,3,4 A Ç�¥ <Í �Ù��
Z 1 A Ç�¥ x,

5�L ]�}�} O ¤ x
4 )�«�T � � <*¤ x

4 )�« k x
4.

¤ x
3 )�«&-(w 3

^ Ë�� x

§ � q } ^ ��*�+ 3 � 5�L T 7�8   : 3
^ � x,  �Ù���r�� ²

Z 2,3,4
^ < Z 1

^  �Ù���Z 1 A�) x,
3 ��î 5 x

4 ��9�V�¤ x
3 )�«�T � � : 3

^�¨�© 0�w�}^ ��*�+�< M ��ø 1�^ � 0�) x ��Z 1
^ w O x

3 � 5�L ¤ x
3 )�«�T z ;(?�: 3

^ =()�w 1^ ��ß / x, Ò ��ª v�!�;�J�<«: 3
^ � q } ^�M ;���ß N�1�O x 9�Û�A�)�*u+� �Ù � Z 1 A�T

:�h 5�L 7�q d O ¤ x
3 )�« r

Z 2,3
^ � x, Z 4

^ �	Z 1 A	) 3, Z 1
^ �	Z 4 A	) x,

5	L
(−1)τ(4231)×3x3 = −3x3.

Z 2,4
^ � x, Z 3

^ ��Z 1 A�) 2, Z 1
^  �Ù���Z 3 A�) 2,

5�L −4x2, 9�¤ x
3.

Z 3,4
^ � x, Z 2

^ �	Z 1 A	) 1, Z 1
^ �	Z 2 A	) x,

5	L
(−1)τ(2134) ×x

3 = −x
3.� � <*¤ x

3 )�« k −3x3 − x
3 = −4x3. 2

3.1.6. n
� A ^	2 ∆(x) = |aij(x)|n×n )	»	} O Ç�¥ aij(x) Ò	V x )	h�� È +	T t ∆(x)U V x )�h�� È +�Tuâ�J r ∆(x) )�� È +

∆′(x) =
n∑

j=1

∆i(x)
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� = ∆i(x) V�v ∆(x) )�Z i A�Ë Ç�¥ â�� § ��ø Ë�A�9 _�5�L )�A ^�2 T
V��

∆′(x) =
∑

(j1j2···jn)

(−1)τ(j1···jn)(a1j1(x)a2j2(x) · · ·anjn
(x))′

� =(» O

(a1j1(x)a2j2(x) · · ·anjn
(x))′ =

n∑

i=1

∆(j1···jn),i(x) =
n∑

i=1

a
′
iji

(x)
∏

k 6=i

akjk
(x)

» O ∆(j1···jn),i(x) -(��R a1j1(x) · · ·anjn
(x) =(W aiji

(x)
ù�`�b�7 )�� È + a

′
iji

(x)
5�L Tuy

V
∆′(x) =

∑

(j1···jn)

(−1)τ(j1···jn)
n∑

i=1

∆(j1···jn),i(x)

=
n∑

i=1

∑

(j1···jn)

(−1)τ(j1···jn)∆(j1···jn),i(x)

=
n∑

j=1

∆i(x) 2

3.1.7. W λ p k _�¬ < aij (1 ≤ i, j ≤ n) p k *�+�<ut

f(λ) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

λ − a11 −a12 · · · −a1n

−a21 λ − a22 · · · −a2n
...

...
. . .

...

−an1 −an2 · · · λ − ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

V λ )�ª�« 2 Tuâ N�O ª�« 2 ) n ©�« ° n − 1 ©�« ¨ +�T� A ^�2  �0 n

O v�! Ç λ − aii Ë�¤�0�} O λ,
��ø Ç�¥ Ò�9�¤ λ.

� �  �0 N n

O v
! Ç )���R (λ − a11)(λ − a22) · · · (λ − ann)

� ¤ λ ) n ©�«�<ðK�V N�O ��R�)   O�©�« λ
n.� �

f(λ) ) n ©�« k λ
n,
¨ + k 1.

A ^�2 ®�¯ 2 f(λ) =() n − 1 «� �Ù&- n

O v�! Ç λ − aii =()�w n − 1
O�3 ���®�T

9��̄ß /�N n − 1
O v�! Ç ¬ :�<*� q ) 1

^ =ðÙ�L M�N n − 1
O v�! Ç 3 � (

M�N
n − 1O v�! Ç À�y�9�Û�)�A ) ) U  �Ù�V�v�! Ç < N 2G3 n − 1 ©�« U  �Ù�¤�y n

O v�! Ç )���R
(λ − a11) · · · (λ − ann),

S y N�O ��R�®�¯ 2 ) n − 1 ©�« −(a11 + · · · + ann)λn−1,
¨ + k

−(a11 + · · ·+ ann). 2

3.1.8. ¸ � A ^�2

(1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 0 0 0

0 a22 0 0 0

0 0 b11 0 0

0 0 b21 b22 0

0 0 b31 b32 b33

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 0 · · · 0 a1n

0 0 · · · a2,n−1 a2n

· · · · · · · · · · · · · · ·
0 an−1,2 · · · an−1,n−1 an−1,n

an,1 an,2 · · · an,n−1 an,n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
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�
(1)
� A ^�2

∆ =

∣
∣
∣
∣
∣

a11 a12

0 a22

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣

b11 0 0

b21 b22 0

b31 b32 b33

∣
∣
∣
∣
∣
∣
∣
∣

= a11a22b11b22b33

(2) W N�O A ^�2 ∆ )�Z n

^�ñ © M�7 4 Q�) n− 1
^ p�v ` <>Ê�W 5�L )�°�A ^�2 )�Z

n

^	ñ © M�7 4 Q	) n−2
^ p	v ` < ñ � \	f	< X	Y (n−1)+(n−2)+ · · ·+2+1 = n(n−1)

2

© 1�^ v ` ¬ :�< � Ï�)�Z n, n − 1, . . . , 2, 1
^ ��r ò�L�/ Z 1, 2, . . . , n − 1, n

^ < 5�L

∆ = (−1)
n(n−1)

2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1n 0 · · · 0 0

a2n a2,n−1 · · · 0 0
...

...
. . .

...
...

an−1,n an−1,n−1 · · · an−1,2 0

ann an,n−1 · · · an2 an1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (−1)
n(n−1)

2 a1na2,n−1 · · ·an−1,2an1 2
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§ 3.2 ±³²³´³µ³¶³·
¸³¹³º³»

1. ¼�½�¾�¿�õ�À :

(1) A ^�2�Á ��<uÌ�9 _ r detA = detAT .

(2) A ^�2 h�� b Ë�A ( ë�Ë ^ ) )���R�<u����v�� ¬�4 ��)������ r
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n
...

...
...

...

bk1 + ck1 bk2 + ck2 · · · bkn + ckn
...

...
...

...

an1 an2 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n
...

...
...

...

bk1 bk2 · · · bkn
...

...
...

...

an1 an2 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n
...

...
...

...

ck1 ck2 · · · ckn
...

...
...

...

an1 an2 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(3) W�A ^�2 )�ú���}�A ( ë ^ ) � c *�+ λ, t�A ^�2 Ì _ k � Ï�) λ ,�T
(4) A ^�2�1 A ( ë 1�^ ) ÿ ` <uA ^�2 )�Ì _ k � Ï�Ì�) 3 Þ�+�T
(5)

7�8 A ^�2 w�A (
^

)
Ç�¥  k 0, t�A ^�2 Ì k 0.

(6)
7�8 A ^�2 w 1 A (

^
)
3�S ë b 6 Ô�<ut�A ^�2 Ì k 0.

(7) W�A ^�2 )�w�}�A (
^

) ) λ , 4�L�Â }�A (
^

), A ^�2 Ì�9 _ T
2. Ã�Ä�Å�Æ ü ¼�½�¾�¿�Ç�È :

(1) ( .�/ (4))
1 A ( ë 1�^ ) ÿ ` <uA ^�2�_ - r detA (ij)→− detA.

(2) ( .�/ (3)) ú�}�A ( ë ^ ) ��*�+ λ, A ^�2 Ì�� λ: detA λ(i)→λ detA.

(3) ( . / (7)) ú } A ( ë ^ ) ) * + , 4 L�Â } A (ë ^ ), A ^ 2 Ì 9 _ r detA
λ(i)+(j)

detA1.

2
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É³Ê³Ë³Ì³Í³Î³Ï
3.2.1. ¸ � A ^�2

(1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1

1 −1 1 −1

1 2 3 4

1 3 5 9

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a 1 1 1

1 1 − a 1 1

1 1 1 + b 1

1 1 1 1 − b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

;

(3)

∣
∣
∣
∣
∣
∣
∣
∣

x y x + y

y x + y x

x + y x y

∣
∣
∣
∣
∣
∣
∣
∣

; (4)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a
2 (a + 1)2 (a + 2)2 (a + 3)2

b
2 (b + 1)2 (b + 2)2 (b + 3)2

c
2 (c + 1)2 (c + 2)2 (c + 3)2

d
2 (d + 1)2 (d + 2)2 (d + 3)2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

;

(5)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a b c d

a a + b a + b + c a + b + c + d

a 2a + b 3a + 2b + c 4a + 3b + 2c + d

a 3a + b 6a + 3b + c 10a + 6b + 3c + d

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

�
(1)
� A ^�2

∆
−(3)+(4),−(1)+(2),−(1)+(3)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1

0 −2 0 −2

0 1 2 3

0 1 2 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−(3)+(4), 1
2
(2),(2)+(3)

2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1

0 −1 0 −1

0 0 2 2

0 0 0 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=2 × 1 × (−1) × 2 × 2 = −8

(2) W � A ^�2 ∆ Ð�Z 1 A�Ð −1 , 4�L c q Ë�A�<*Ñ k

∆1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a 1 1 1

−a −a 0 0

−a 0 b 0

−a 0 0 −b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

�
b 6= 0

� <u��r�W�Z 2,3,4
^ Ð −1 , § a

b
, § −a

b
, 4�L Z 1

^ <*Ñ k

∆2 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a + a
b
− a

b
1 1 1

0 −a 0 0

0 0 b 0

0 0 0 −b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= a(−a)b(−b) = a
2
b
2

�
b = 0

� < ∆1 Ð   : 1 A 3�S < � � ∆1 = 0, ∆ = a
2
b
2 î b�x T� A ^�2 ��Ú 0�Ò�D q Ò S y a

2
b
2.
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(3)
� A ^�2 ∆ : 1�^�4�L Z 1

^ <uÊ�� ± Z 1
^ Ð ¹ ��� 2(x + y),

5�L

∆ = 2(x + y)

∣
∣
∣
∣
∣
∣
∣
∣

1 y x + y

1 x + y x

1 x y

∣
∣
∣
∣
∣
∣
∣
∣

−(1)+(2),−(1)+(3)
2(x + y)

∣
∣
∣
∣
∣
∣
∣
∣

1 y x + y

0 x −y

0 x − y −x

∣
∣
∣
∣
∣
∣
∣
∣

= 2(x + y)[x(−x) − (x − y)(−y)]

= −2(x + y)(x2 − xy + y
2) = −2(x3 + y

3)

(4)
Î

j = 3, 2, 1 ? #�L "�Ð�$�%�< W � A ^�2 ∆ Ð�Z j

^ Ð −1 , 4�L Z j + 1
^ < 5

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a
2 2a + 1 2a + 3 2a + 5

b
2 2b + 1 2b + 3 2b + 5

c
2 2c + 1 2c + 3 2c + 5

d
2 2d + 1 2d + 3 2d + 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−(3)+(4),−(2)+(3)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a
2 2a + 1 2 2

b
2 2b + 1 2 2

c
2 2c + 1 2 2

d
2 2d + 1 2 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0

c J   :�} O A ^�2�  : 1�^�3�S < Ú c Ì k 0.

(5)
Î

i = 3, 2, 1 ? #�L "�Ð�$�%�< W � A ^�2 ∆ Ð�Z i A�Ð −1 , 4�L Z i + 1 A�< 5

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a b c d

0 a a + b a + b + c

0 a 2a + b 3a + 2b + c

0 a 3a + b 6a + 3b + c

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= a

∣
∣
∣
∣
∣
∣
∣
∣

a a + b a + b + c

a 2a + b 3a + 2b + c

a 3a + b 6a + 3b + c

∣
∣
∣
∣
∣
∣
∣
∣

−(2)+(3),−(1)+(2)
a

∣
∣
∣
∣
∣
∣
∣
∣

a a + b a + b + c

0 a 2a + b

0 a 3a + b

∣
∣
∣
∣
∣
∣
∣
∣

= a
2

∣
∣
∣
∣
∣

a 2a + b

a 3a + b

∣
∣
∣
∣
∣

−(1)+(2)
a

2

∣
∣
∣
∣
∣

a 2a + b

0 a

∣
∣
∣
∣
∣
= a

2 · a2 = a
4

3.2.2. J�3 r n
� A ^�2 =(<*& S y 0 Ð Ç�¥ Ð O + # y n

2 − n, t�A ^�2 k�Ó T
V�� S y 0 Ð Ç�¥ O + # y n

2 − n ⇒ � Ó Ç�¥ O +�"�y n
2 − (n2 − n) = n.

⇒ n A ¬ = � ��0�}�A�9�¤ � Ó Ç < Ú 0 Ç�¥  k 0.
N ����A ^�2 k 0. 2

3.2.3. J�3 r

(1)

∣
∣
∣
∣
∣
∣
∣
∣

b + c c + a a + b

q + r r + p p + q

y + z z + x x + y

∣
∣
∣
∣
∣
∣
∣
∣

= 2

∣
∣
∣
∣
∣
∣
∣
∣

a b c

p q r

x y z

∣
∣
∣
∣
∣
∣
∣
∣

; (2)

∣
∣
∣
∣
∣
∣
∣
∣

1 a a
2 − bc

1 b b
2 − ac

1 c c
2 − ab

∣
∣
∣
∣
∣
∣
∣
∣

= 0.
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V�� (1)
S�2�� C�Ð�A ^�2 : 1�^�4�L Z 1

^ <uE�� ± Z 1
^ ¹ ���

2,
5

� C =2

∣
∣
∣
∣
∣
∣
∣
∣

a + b + c c + a a + b

p + q + r r + p p + q

x + y + z z + x x + y

∣
∣
∣
∣
∣
∣
∣
∣

−(2)+(1)
2

∣
∣
∣
∣
∣
∣
∣
∣

b c + a a + b

q r + p p + q

y z + x x + y

∣
∣
∣
∣
∣
∣
∣
∣

−(1)+(3)
2

∣
∣
∣
∣
∣
∣
∣
∣

b c + a a

q r + p p

y z + x x

∣
∣
∣
∣
∣
∣
∣
∣

−(3)+(2)
2

∣
∣
∣
∣
∣
∣
∣
∣

b c a

q r p

y z x

∣
∣
∣
∣
∣
∣
∣
∣

(2,3),(1,2)
2

∣
∣
∣
∣
∣
∣
∣
∣

a b c

p q r

x y z

∣
∣
∣
∣
∣
∣
∣
∣

= ��C

(2)
S�2�� C�Ð�A ^�2 Ð�Z 1 A�Ð −1 , 4�L : 1 A�< 5�L

� C =

∣
∣
∣
∣
∣
∣
∣
∣

1 a a
2 − bc

0 b − a (b2 − a
2) + (bc − ac)

0 c − a (c2 − a
2) + (bc − ab)

∣
∣
∣
∣
∣
∣
∣
∣

= (b − a)(c − a)

∣
∣
∣
∣
∣

1 b + a + c

1 c + a + b

∣
∣
∣
∣
∣
= 0

2

3.2.4. ¸ � n
� A ^�2

(1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 − b1 a1 − b2 · · · a1 − bn

a2 − b1 a2 − b2 · · · a2 − bn
...

...
. . .

...

an − b1 an − b2 · · · an − bn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 b2 · · · bn

c2 a2
...

. . .

cn an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

;

(3)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 3 3 · · · 3

3 2 3 · · · 3
...

...
. . . · · · ...

3 3 · · · n − 1 3

3 3 · · · 3 n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (4)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x a1 a2 · · · an−1

a1 x a2 · · · an−1

a1 a2 x · · · an−1

· · · · · · · · · · · · · · ·
a1 a2 · · · an−1 x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

�
(1)
� A ^�2 ∆ Ð�Z 1 A�Ð −1 , 4�L c q Ë�A�< 5�L

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 − b1 a1 − b2 · · · a1 − bn

a2 − a1 a2 − a1 · · · a2 − a1
...

...
. . .

...

an − a1 an − a1 · · · an − a1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (a2 − a1) · · · (an − a1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 − b1 a1 − b2 · · · a1 − bn

1 1 · · · 1
...

...
. . .

...

1 1 · · · 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

�
n ≥ 3

� < ∆ = 0.�
n = 2

� < ∆ = (a2 − a1)[(a1 − b1) − (a1 − b2)] = (a2 − a1)(b2 − b1).
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(2) 9 z a2 · · ·an 6= 0. v 2 ≤ j ≤ n, W � A ^�2 ∆ Ð�Z j

^ Ð − cj

aj
, 4�L Z 1

^ <5�L

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 −
∑n

j=2
bjcj

aj
b2 · · · bn

a2

. . .

an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=



a1 −
n∑

j=2

bj

aj



 a2 · · ·an

= a1 · · ·an −
n∑

j=2

bjcj

∏

1≤i≤n,i 6=j

ai

A ^�2 ∆ V 7 Ð�Ë Ç�¥ Ð�ª�« 2 < � � V�Ë Ç�¥ Ð�Ô�Õ È +�T 7�8 a1 · · ·an = 0, w�Ö
aj = 0,

� S�2
∆ = a1 · · ·an −

n∑

j=2

bjcj

∏

1≤i≤n,i 6=j

ai

=�× N Ö aj ?�9 k 0 Ð�Ì�Ø�y 0,
5�L Ð�Ù�Ú�2�3 N�O�S�2 v a1 · · ·an = 0 Ð�Ò�D�î b�x T

(3) W � A ^�2 Ð�Z 3 A�Ð −1 , 4�L ��ø Ë�A�< 5�L

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−2 0 0 · · · 0

0 −1 0 · · · 0

3 3 3 · · · 3
...

...
... · · · ...

0 0 0 · · · n − 3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

−2 0

0 −1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

3 3 · · · 3

1
. . .

n − 3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 6 × (n − 3)!

(4) W � A ^�2 ∆ Ð�Z 2
�

n

^�4�L Z 1
^ <>Ê�����Z 1

^ Ð ¹ ��� x + a1 + · · ·+ an5

∆ = (x + a1 + · · ·+ an)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 a1 a2 · · · an−1

1 x a2 · · · an−1

1 a2 x · · · an−1

· · · · · · · · · · · · · · ·
1 a2 · · · an−1 x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

v 1 ≤ i ≤ n − 1, W�Z 1
^ Ð −ai , 4�L Z i + 1

^ <uW�A ^�2 Ñ b q [�!�D�<u¸ ��± Ì r

∆ = (x + a1 + · · ·+ an)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 0 · · · 0

1 x − a1 0 · · · 0

1 a2 − a1 x − a2 · · · 0

· · · · · · · · · · · · · · ·
1 a2 − a1 · · · an−1 − an−2 x − an−1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (x + a1 + · · ·+ an−1)(x − a1) · · · (x − an−1). 2
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Û�Ü N ` Z (1) " ` Ð�A ^�2 Ð�Ë�A�Ò�V 1�O A�� ¬ (1, . . . , 1)
M

(b1, . . . , bn) Ð�;�.�|
��< � n ≥ 3

� <�- 1�O A�� ¬ ;�.�|�� ± Ï�Ð n

O A�� ¬�¨ ´ ;�. 3�s <ðA ^�2�S y 0. 2

3.2.5. J�3 r = + ��Ý v�Ð�Â�ó�Ð�A ^�2�S y 0.

V�� z
A V n

��Ý v�Ð�Â�ó�< n V = +�T t A Ð Á ����ó A
T = −A.

1 C���A ^�2�5

detAT = det(−A) = (−1)n detA = − detA

y�V detA = detAT = − detA.
N�Þ � detA = 0. 2
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§ 3.3 ß³à³á³â
¸³¹³º³»

1. ã�ä�¼�å�ä�½�æ�ç

ai1Ak1 + · · · + ainAkn = a1iA1k + · · ·+ aniAnk =






detA , k = i ,

0 , k 6= i .

� = Aij = (−1)i+j
Mij V aij

�
detA =�Ð l + ø ��2 < Mij V detA =���H�Z i A ° Z j^ � q Ð Ç�¥ | b Ð�A ^�2 <uÐ k aij
�

detA =�Ð ø ��2 T
2. ã�è�é�¼�å�½�æ�ç
ú�����ß 1 ≤ i1 < · · · < ir < n, W n

� A ^�2 detA
Î Z i1, . . . , ir A ( ë ^ ) ®�¯ r

detA =
∑

1≤k1<···<kr≤n

A

(
i1 · · · ir

k1 · · · kr

)

·

(−1)i1+···+ir+k1+···+kr
A

(
ir+1 · · · in

kr+1 · · · kn

)

=
∑

1≤k1<···<kr≤n

A

(
k1 · · · kr

i1 · · · ir

)

·

(−1)i1+···+ir+k1+···+kr
A

(
kr+1 · · · kn

ir+1 · · · in

)

.

� = (i1, . . . , in), (k1, . . . , kn) Ò	V (1, 2, . . . , n) Ð ò	^ < 5 ir+1 < · · · < in, kr+1 < · · · < kn.

É³Ê³Ë³Ì³Í³Î³Ï

3.3.1. ¸ � n
� A ^�2

(1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x y 0 · · · 0 0

0 x y · · · 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · x y

y 0 0 · · · 0 x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x a a · · · a

−a x a · · · a

−a −a x

. . .
...

...
...

. . .
. . . a

−a −a · · · −a x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

;

(3)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a + b a 0 · · · 0

b a + b a

. . .
...

0 b a + b

. . . 0
...

. . .
. . .

. . . a

0 · · · 0 b a + b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (4)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x 0 · · · 0 an

−1 x

. . .
... an−1

0
. . .

. . . 0
...

...
. . .

. . . x a2

0 · · · 0 −1 x + a1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

;
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(5)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x
2 + 1 x 0 · · · 0

x x
2 + 1 x

. . .
...

0 x x
2 + 1

. . . 0
...

. . .
. . .

. . . x

0 · · · 0 x x
2 + 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

�
(1) W � A ^�2 ∆

Î Z 1
^ ®�¯ 5

∆ = x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x y · · · 0 0

0 x · · · 0 0
...

... · · · ...
...

0 0 · · · x y

0 0 · · · 0 x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+ (−1)n+1
y

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

y 0 · · · 0 0

x y · · · 0 0
...

... · · · ...
...

0 0 · · · y 0

0 0 · · · x y

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= x
n + (−1)n+1

y
n

(2) W � A ^�2 � k ∆n. W�Z 1 A (x, a, . . . , a) ê b�1�O A�� ¬ ¬�°
(a, a, . . . , a) + (x − a, 0, . . . , 0),

3�( Ä�W ∆n ê b�1�O A ^�2 ¬�° < 5

∆n = ∆1 + ∆2 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a a a · · · a

−a x a · · · a

−a −a x

. . .
...

...
...

. . .
. . . a

−a −a · · · −a x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x − a 0 0 · · · 0

−a x a · · · a

−a −a x

. . .
...

...
...

. . .
. . . a

−a −a · · · −a x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

W ∆1 Ð�Z 1 A 4�L c q Ë�A�< 5�L ∆1 = a(x + a)n−1.

W ∆1
Î Z 1 A�®�¯�< 5�L ∆2 = (x − a)∆n−1.

y�V ∆n = a(x + a)n−1 + (x − a)∆n−1.Â }�Â�Q�< � ∆n =(W a

`�b −a,
5�L

∆n Ð Á ��A ^�2
∆T

n = (−a)(x − a)n−1 + (x + a)∆T
n−1.

- ∆T
n = ∆n � ∆T

n−1 = ∆n−1
5

∆n = a(x + a)n−1 + (x − a)∆n−1 = −a(x − a)n−1 + (x + a)∆n−1

�
a 6= 0

� h�^ ±

∆n−1 =
a(x + a)n−1 + a(x − a)n−1

(x + a) − (x − a)
=

a(x + a)n−1 + a(x − a)n−1

2a

=
(x + a)n−1 + (x − a)n−1

2
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� �
∆n =

(x + a)n + (x − a)n

2

�
a = 0

� }�ã ∆n = x
n =

(x + 0)n + (x − 0)n

2
.
� �

∆n =
(x + a)n + (x − a)n

2

v Ú 0�Ð a

b�x T
(3) W � Ï�Ð n

� A ^�2 ∆n
Î Z 1 A�®�¯ 5

∆n = (a + b)∆n−1 − a

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

b a 0 · · · 0

0 a + b a · · · 0

0 b a + b · · · 0
...

...
...

. . .
...

0 0 0 · · · a + b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Ê�W�J 2 =   :�} O A ^�2 Î Z 1
^ ®�¯ 5

∆n = (a + b)∆n−1 − ab∆n−2 (1)

����0

∆1 = a + b, ∆2 =

∣
∣
∣
∣
∣

a + b a

b a + b

∣
∣
∣
∣
∣
= (a + b)2 − ab = a

2 + ab + b
2 (2)

c q   © -�ë�f s ¨ 2 (1) ��]�c ��ä (2) â ± ∆n.��ä
(1) h�.�Ó k ∆n − a∆n−1 = b(∆n−1 − ∆n−2). v n ≥ 3 � un = ∆n − a∆n−1,

t un = bun−1, un V c b

k ¹ 6 Ð S 6 + ^ < un = u2b
n−2. ·

∆n − a∆n−1 = (∆2 − a∆1)b
n−2 = b

n (3)

� A ^�2 ∆ =(W a

`�b
b, b

`�b
a, t ∆n

_�b
∆T

n = ∆n, Ì�9 _ T S�2 (3)
_�b

∆n − b∆n−1 = a
n (4)

�
a 6= b

� <uW S�2 (3)
M

(4)
1 C 3 ��< 5

(b − a)∆n−1 = b
n − a

n ⇒ ∆n−1 =
b
n − a

n

b − a

� �
∆n =

b
n+1 − a

n+1

b − a

(5)
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W a � b *�+�< b � b�_�¬ <ut � A ^�2 ∆n V b Ð�ª�« 2 < � � V b Ð�Ô�Õ È +�T*×
b → a,

�
(5)
2�1 C���Ù�Ú�<ðh�º b = a

�
∆n K�V S�2 (5) ��C�Ð�� 2 Ð�Ù�Ú�< U K�V È +

f(xn+1)
�

x = a Ð���+�Ì (n + 1)an.
� � 5

∆n =






b
n+1 − a

n+1

b − a

,

�
a 6= b

(n + 1)an
,

�
a = b

(4)
Î

i = n, n − 1, . . . , 2 ? #�L "�Ð�$�%�< ñ ©�W � A ^�2 ∆ Ð�Z i A�Ð x , 4�L Z
i − 1 A�<   : 5�L

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 0 · · · 0 x
n + a1x

n−1 + · · · + an−1x + an

−1 0
. . .

... an−1

0
. . .

. . . 0
...

...
. . .

. . . 0 a2

0 · · · 0 −1 x + a1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Î Z 1 A�®�¯ 5

∆ = (xn + a1x
n−1 + · · · + an−1x + an)(−1)1+n(−1)n−1

= x
n + a1x

n−1 + · · · + an−1x + an

(5) � ` =�Ð n
� A ^�2 k ∆n. t

∆1 = x
2 + 1, ∆2 = (x2 + 1)2 − x

2 = x
4 + x

2 + 1
M N `�ì Z (3)

` \�É�h 5

∆n = (x2 + 1)∆n−1 − x
2∆n−2

h�.�Ó k r ∆n − x
2∆n−1 = ∆n−1 − x

2∆n−2, ∆n − ∆n−1 = x
2(∆n−1 − ∆n−2).

��r 5�L

∆n − x
2∆n−1 = ∆2 − x

2∆1 = (x4 + x
2 + 1) − x

2(x2 + 1) = 1

∆n − ∆n−1 = (x2)n−2(∆2 − ∆1) = x
2n−4

x
4 = x

2n

W�:�} S�2 � x
2 ��H 4 } S�2 < 5 (x2 − 1)∆n = x

2n+2 − 1.�
x

2 6= 1
� 5�L

∆n =
x

2n+2 − 1

x
2 − 1

= x
2n + x

2n−2 + · · ·+ x
2 + 1

� ´ ∆n V x Ð�ª�« 2 < � ��V x Ð�Ô�Õ È +�T � � < � x
2 = 1

�

∆n = lim
x2→1

(x2n + x
2n−2 + · · · + x

2 + 1) = n + 1
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h�ã ∆n = x
2n + x

2n−2 + · · · + x
2 + 1 v Ú 0�Ð x

b�x T 2

Û�Ü r
(i) í�î�ï�ð�ñ�¾�ò�¼�½�¾ N ` Z (1) " ` Î Z 1 A�®�¯�ó � : 5�L Ð 1�O A ^�2 Ò�V�[

!�D�<uh c�y�z ��± Ì�TuZ (3),(5) " ` ó � :�9�Ù y�z ��± Ì�<uí 5�L�/ ∆n
M

∆n−1, ∆n−2

Ð�ë�f s ¨ 2 T s y�ë�f s ¨ 2 Ð�â�^�<*ô�ã _�`�a�b 3.2.

(ii) õ�¼�å�õ�½�ö � ¼�½�¾ Z (2) " ` 7�8 Z 1 A Ç�¥  k a, W�Z 1 A�Ð −1 , 4�L cq Ë�A�·�h�W�A ^�2 Ñ b [�!�D�T*÷ � Ð�Ò�ø�ù�0�ú�r r Z 1 A�� / Z 1
Ç�¥ ��ø Ç�¥ Ò�V a,

h c W�Z 1 A���^ b�1�O A�� ¬ ¬�° (a, . . . , a) + (∗, 0, . . . , 0),
3�( Ä�W�A ^�2 ��^ k 1�O A^�2 ¬�° <*|�}���r ��± Ì�Ï�T

(iii) û�ü�ý�þ�õ�ÿ���ö���� 0 ¿����
Z (2),(4),(5) " ` ¸ � ∆n

� Ò�u L�/ ����< 5�L Ð���� 2 = v ¤ / � ¦ ( ��r k 2a, b−
a, x

2 − 1).
N�Ý Ð�� 8 � � � ¦�k 0

� 0���Tuí�}�ã Ú â�Ð�A ^�2 ∆n Ò�V Ú ¤�Ë ¥�¦ Ð�ª�«2 < � ��Ò�V�Ô�Õ È +�T � � < � � ¦�k 0
� Ð�A ^�2 Ì ∆n h c -(� ¦ 9 k 0 Ð ∆n Ì � � ¦

Ø�y 0
� Ð�Ù�Ú 5�L T

(iv) ò���	 A 
����� f(A) = O

Z (4) " ` =�Ð�A ^�2 K�V�Â�ó

A =













0 0 · · · 0 −an

1 0 · · · 0 −an−1

0
. . .

. . .
...

...
...

. . .
. . . 0 −a2

0 · · · 0 1 −a1













Ð�q��	ª	« 2 ϕA(x) = |xI−A|. Þ	Y	Ï	< ú�k	ª	« 2 f(x) = x
n +a1x

n−1 + · · ·+an−1x+an,

h���� ± c J�Ð�Â�ó A � 7 Ð�q���ª�« 2�S y f(x), E 5 ��� ��ä f(A) = O, f(x)
U V A

Ð   "�ª�« 2 < U K�V�� f(A) = O Ð  �� ©�+�Ð�ª�« 2 T
Ô 7 <uá���� 2

� Â�ó A ��� A 6= I í A
3 = I.

U K�V A
3 − I = O, (A − I)(A2 +

A + I) = O.  �á���� ± 2
� Â�ó A � 7 Ð�q���ª�« 2 k x

2 + x + 1 ·�h�T 3�� y n = 2,

a1 = a2 = 1 Ð�Ò�D�<*�
A =

(
0 −a2

1 −a1

)

=

(
0 −1

1 −1

)

·�h�T ½ 7 <uá�� 3
� Â�ó A ��� ��ä A

3 + A − 3I = O, h��

A =







0 0 3

1 0 −1

0 1 0





 2
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3.3.2. JG3 r � + ��Ý v�Ð�Â�ó�Ð�A ^�2 |A| = |aij|n×n Ð Ú 0 Ç�¥ Ð l + ø ��2 Aij

(1 ≤ i, j ≤ n) ¬�° S y 0.

V�� W A �	à k n+1
��Ý v	Ð	Â	ó B = (bij)n+1,n+1 � 7 Ð	Z 1 A (b11, . . . , b1,n+1) =

(0, 1, . . . , 1), Z 1
^

(b11, b21, . . . , bn+1,1)
T = (0,−1, . . . ,−1)T , � B ��H�Z 1 A ° Z 1

^
5�L

A. ·

|B| =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 1 · · · 1

−1 a11 · · · a1n
...

...
. . .

...

−1 an1 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

-(y B V = + ��Ý v�Ð�Â�ó�< detB = 0.Â }�Â�Q�<uW |B| Î Z 1 A�®�¯�< 5�L

0 = |B| =
n∑

j=0

b1,j+1B1,j+1 =
n∑

j=1

(−1)1+j+1
N1,j+1 (1)

� = N1,j+1 V B Ð�Z (1, j + 1)
Ç�¥ Ð ø ��2 < B1,j+1 = (−1)1+j+1

N1,j+1 t�V 3�( Ð l +ø �	2 T ø �	2 N1,j+1 - A Ð	A ^	2 |A| �	H	Z j

^ Ê � � C�¦	J� ×- −1 | b Ð 1
^	5	L T

W�» O ø ��2

N1,j+1 =

∣
∣
∣
∣
∣
∣
∣
∣

−1 a11 · · · a1,j−1 a1,j+1 · · · a1n
...

...
...

...
...

...

−1 an1 · · · an,j−1 an,j+1 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣

Î Z 1
^ ®�¯ 5

N1,j+1 =
n∑

i=1

(−1)(−1)i+1(N1,j+1)i1 (2)

� = (N1,j+1)i1 V N1,j+1 Ð�Z (i1)
Ç�¥ Ð ø ��2 < - N1,j+1 ��H�Z i A ° Z 1

^�5�L < U K
V&- |A| ��H�Z i A ° Z j

^�5�L Ð n − 1
� A ^�2 <(K�V |A| Ð�Z (i, j)

Ç�¥ Ð ø ��2 Mij.� � S�2
(2) K�V

N1,j+1 =
n∑

i=1

(−1)i
Mij

l�¶
(1)
5�L

0 = |B| =
n∑

j=1

n∑

i=1

(−1)j(−1)i
Mij (3)

� = (−1)j(−1)i
Mij = (−1)i+j

Mij K�V |A| Ð (i, j)
Ç�¥ Ð l + ø ��2 Aij.

S�2
(3) 2�3/ |A| = Ú 0�Ð l + ø ��2 Aij (1 ≤ i, j ≤ n) ¬�° k 0. 2
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Û�Ü N ` Ð	Â	� ° � m h c � }���P	� ° f	ï 7�q	r W n
� A ^	2 |A| = |aij|n×n J	Â °� Â�Ë�¦ 4 }�A ° } ^ <���à k n + 1

� A ^�2

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

b0 c1 · · · cn

b1 a11 · · · a1n
...

...
. . .

...

bn an1 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

� |A| V ∆ Ð�Z (1, 1)
Ç�¥ Ð ø ��2 <ut

∆ = b0|A| −
∑

1≤i,j≤n

bicjAij

� = Aij V |A| Ð�Z (i, j)
Ç�¥ � |A| =�Ð l + ø ��2 TN�O � m�� q } ` ( Z 3
`

) =(Ã���u L T
q�r�Ä�< 7�8 A V�v�!�ó diag(a1, . . . , an),

� ª� �0 n

O Ç�¥
( v�! Ç ) 9 k 0, t �

i 6= j

�
A Ð (i, j)

Ç Ð ø ��2 Mij 9 v ¤ 1�O v�! Ç ai, aj,
� ª� �0 n − 2

O Ç�¥ 9 k 0,� �
n − 1

� ��2
Mij = 0,

l + ø ��2 Aij = (−1)i+j
Mij = 0.

U K�V�2�< � � i = j

� l
+ ø ��2 Aii 0�h�Ù�9 k 0, Aii

S y ai ¬ � ��ø Ð�v�! Ç aj (1 ≤ j ≤ n, j 6= i) Ð���R�T Î� 4 Q�Ð�� m K�0

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

b0 c1 · · · cn

b1 a1 · · · 0
...

...
. . .

...

bn 0 · · · an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= b0a1 · · ·an −
∑

1≤i≤n

bici

∏

j 6=i

aj . 2

3.3.3. â�J r
∣
∣
∣
∣
∣
∣
∣
∣

a11 + x1 · · · a1n + xn
...

...
...

an1 + x1 · · · ann + xn

∣
∣
∣
∣
∣
∣
∣
∣

= detA +
n∑

j=1

xj

n∑

k=1

Akj ,

� = A = (aij)n×n, Akj V akj
�

detA =�Ð l + ø ��2 T
V�� W S - � C�Ð�A ^�2 ∆

4 C�<uE�W�Z 1 A�Ð −1 , 4�L c q Ë�A�< 5

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 x1 · · · xn

0 a11 + x1 · · · a1n + xn
...

...
...

...

0 an1 + x1 · · · ann + xn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 x1 · · · xn

−1 a11 · · · a1n
...

...
...

...

−1 an1 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(1)

W (1) Ð   :�} O A ^�2 ∆̃
Î Z 1 A�®�¯ 5

∆̃ = detA +
n∑

j=1

xj(−1)1+(j+1)
Dj
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� = Dj V ∆̃ Ð�Z 1 A�Z j + 1
^ Ç�¥

xj Ð ø ��2 <�- detA ��H�Z j

^ § E �  �� C�¦ 4
 &- −1 | b Ð�} ^ | b TuW�» O Dj

Î Z 1
^ ®�¯ 5

Dj =
n∑

k=1

(−1) · (−1)k+1(Dj)k1

� = (Dj)k1 V Dj Ð�Z (k, 1)
Ç Ð ø ��2 < - Dj ��H�Z k A ° Z 1

^�5�L < U K�V&- detA

��H�Z k A ° Z j

^�5�L < U K�V detA =(Z (k, j)
Ç�¥

akj Ð ø ��2 Mkj. y�V � A ^�2

∆ = ∆̃ = detA +
n∑

j=1

xj

n∑

k=1

(−1)j+k
Mkj = detA +

n∑

j=1

xj

n∑

k=1

Akj

� = Akj = (−1)k+j
Mkj V akj

�
detA =�Ð l + ø ��2 T 2

3.3.4.
z

a1, a2, . . . , an V�Á�A�+�T*J�3 r n
� A ^�2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 a1 a
2
1 · · · a

n−1
1

1 a2 a
2
2 · · · a

n−1
2

...
...

...
...

...

1 an a
2
n · · · a

n−1
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Ù�� 1n−12n−2 · · · (n − 2)2(n − 1) A���T� v�» O Á�A�+ k, � k ©�ª�« 2

fk(x) = x(x − 1) · · · (x − k + 1) = x
k +

k−1∑

i=1

bkix
i

Î
k = n, n−1, . . . , 3 ? #	L "�Ð�$�%	<¤v	» O k W � A ^	2 ∆ Ð	Z i+1

^
(1 ≤ i ≤ k−2)

Ð bki , 4�L Z k

^ < � h�i�A ^�2 Ì�Ð 4 � q W ∆
_�b

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 a1 f2(a1) · · · fn−1(a1)

1 a2 f2(a2) · · · fn−1(a2)
...

...
...

...
...

1 an f2(an) · · · fn−1(an)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(1)

v 3 ≤ k ≤ n, W (1) =�Ð�A ^�2 Ð�Z k

^ � c (k − 1)!, t�A ^�2 ∆
_�b

∆1 = ∆
2!3!···(n−1)!

,

(1) =fÐ ∆ Ð�Z (i, j + 1)
Ç�¥ - fj(ai) = ai(ai − 1) · · · (ai − j)

_�b |���+ C
j
ai

=
ai(ai − 1) · · · (ai − j + 1)

j!
. - � 5�L

∆1 =
∆

2!3! · · · (n − 1)!
=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 C
1
a1

C
2
a1

· · · C
n−1
a1

1 C
1
a2

C
2
a2

· · · C
n−1
a2

...
...

... · · · ...

1 C
1
an

C
2
an

· · · C
n−1
an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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A ^Õ2 ∆1 ÐÕË Ç ¥ C
j
ai
ÒÕV AÕ+Õ< � � ∆1 V AÕ+ÕT ∆ � d = 2!3! · · · (n − 1)! =

1n2n−13n−2 · · · (n − 2)2(n − 1) � 5�L Ð�� ∆1 V�A�+�< � � ∆ � d A���< 7 Ú�� J�T
2

�³Ê����
3.2  ³¶�!�"�#�$³´³µ�% Î

1. &�' 3.3.1(3)(5) ¿ ��( ¿�ï�)
c J�Z 1

` Ð (3),(5)
1 " ` Ò�*�Y�®�¯�ß�g 5�L�/ A ^�2 Ð 7�q D 2 Ð�ë�f s ¨ 2

∆n = a∆n−1 + b∆n−2 (1)

W�g `�+ � k - N�O ë�f s ¨ 2 ��]�c ��ä ∆1, ∆2 â ± - ∆n | b Ð�+ ^ Ð�*�« ¹ 2 T
J�p ` ì Ð�^�, =.-�u�Ð�Â���V r W a ��^ k 1 + ° x1 + x2, W�ë�f s ¨ 2 (1) ��C�Ð

x1∆n−1 a L�� C�<uW (1) .�Ó k

∆n − x1∆n−1 = x2∆n−1 + b∆n−2 (2)

7�8 Ù�¯�/ x1 � b = −x1x2, t S�2 (2) h�Ó b

∆n − x1∆n−1 = x2(∆n−1 − x1∆n−2) (3)

N 2�3(Ë un = ∆n − x1∆n−1 | b c x2
k ¹ 6 Ð S 6 + ^ <u0�*�« ¹ 2 un = x

n−2
2 u2 ·

∆n − x1∆n−1 = x
n−2
2 (∆2 − x1∆1) (4)

��� Û Ý U h�W S�2 (1) · ∆n = (x1 + x2)∆n−1 − x1x2∆n−2 .�Ó b
∆n − x2∆n−1 = x1(∆n−1 − x2∆n−2)5�L
∆n − x2∆n−1 = x

n−2
1 (∆2 − x2∆1) (5)

�
x1 6= x2

� <uW S�2 (4)
M

(5)
3 ��K�h c ��H ∆n,

5�L
∆n−1, � � U 5�L ∆n.0 Ý R L ��� ��ä x1 + x2 = a 5 x1x2 = −b Ð x1, x2?
� N�1 `�ì 1(3)(5) Ð�^��&=

V�2 ± Ï�Ð�Tuí&-�=43�+�3�K�º�¾�<u��� � ��ä Ð x1, x2 V�} Ç�� ©�Â�M
x

2 − ax − b = 0

Ð 1 ¢ TÜW�ë�f s ¨ 2 (1) .�Ó k ∆n − b∆n−1 − c∆n−2 = 0, Ê�W � =�Ð ∆n, ∆n−1, ∆n−2 �
r `�b x

2
, x, 1 K 5�L x1, x2 ����Ð�Â�M x

2 − ax − b = 0, Ð k ë�f s ¨ 2 (1) Ð�q���Â�M�T7�8�� Â�M 1 ¢ x1, x2 9 3�S <uK�h c u c J�Â���â 5 ����ë�f s ¨ 2 (1) ��]�c ��ä ∆1, ∆2

Ð ∆n.
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Â�M x
2 − ax− b = 0

1 ¢ 3�S Ð�Ò�D � ��[ r 2 a
2 − 4b = 0 · b = a2

4

� a ®�T � 1(3)

Ð�^ ` Y�M&=(V�9�â ± b 6= a2

4

� Ð�^�<uÊ�× b → a2

4
â�Ù�Ú 5�L�1 ¢ 3�S � Ð�^�T 1 ¢ 3�S �

Ð�^ U h c�Î 7�q Â 2 â ± T ��� S�2 (3)
b k

∆n − x1∆n−1 = x1(∆n−1 − x2∆n−2) (6)

� ´   ©�5�6 x1 6= 0 Ð�Ò�D�TuW S�2 (6)
1 C�Û�� c x

n
1

5
∆n

x
n
1

− ∆n−1

x
n−1
1

=
∆n−1

x
n−1
1

− ∆n−2

x
n−2
1

(7)

N 2�3 c ∆n

x
n
1

k *�«�Ð�+ ^ V S ú�+ ^ <�7�0�*�« ¹ 2

∆n

x
n
1

=
∆1

x1
+ (n − 1)(

∆2

x
2
1

− ∆1

x1
)

?��
∆n = ∆1x

n−1
1 + (n − 1)xn−2

1 (∆2 − x1∆1)

2. 8�9�:�;�<�¿�=�ü� P�Q [1] > 2 Y@?4A*t�u�B�C�D�Ð�E�F�G�H�I�J�K�L�M�N�O�P
un = aun−1 + bun−2 (8)

Q�R�S�T
U�V�W�X�Y�Z�[�\

(8)
Q�]�^�_�`�a Y�Z�[�\

(8),
Y�Z�[�\

(8)
Q�]�^�Q�b�]�c�a Y�Z

[�\
(8). d�egf.h ]�i F j Y�Z L�M�N�O�P (8)

Q�k�lm]�^�n�o�Q�p�q
V r�s S�`�]�t�uv A n�o B�C�D Txw G W�X ] u1, u2 y�z ]�^�Q�{ W�| Ax}�~ [�\ (8) ������������H ]�^�Q >

3, 4, . . . , n
| A ]�^ ��� k���� I T � V A V ?�� X ]�^@�4{ W�| u1, u2 ����� ��T V � 2 �

B�C�D T���������S�� H W�X J�K���N Q��g�4]�^ {un}, {vn}
Y�Z�[�\

(8),
n�o

V

Q�� A��
V ?4� X ]�^ {wn} ����� o d W�X �@�4]�^�Q J�K n�q A�������� �4�@�4]�^�Q�� |�� P� �H
{wn}

Q�� |�� P T� � � z q

Q��@�4]�^ {un}
Y�Z�[�\

(8). ¡ �@�4]�^�Q�� |�� P un = u1q
n−1 ¢�£ [

\
(8)  

u1q
n−1 = au1q

n−2 + bu1q
n−3 ⇒ q

2 − aq − b = 0

� ��¤�¥ ��¦�§ Q�¨�© � P���� ¨ H Y�Z�[�\ Q W © q1, q2.ª�« ¦�§ q
2 − aq − b = 0 ¬ W�X�¯® Q�© q1, q2, ���� �° W�X J�K���N Q��±�²]�^

(1, q1, q2, . . .), (1, q2, q
2
2, . . .)

Y�Z�[�\
(8), ³�´ Q J�K n�q

x(1, q1, . . .) + y(1, q2, . . .) = (x + y, xq1 + yq2, . . .)
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��µ�¶ Y�Z�[�\ (8)
Q�· ¬ Q�]�^ (u1, u2, . . .),

����R ¥�¤�� ��¦�§ n





x + y = u1

q1x + q2y = u2

¨ H ��� R (x, y), � � W�X �@�4]�^�Q�� |�� P xq
n−1
1 , yq

n−1
2 � ¨ H {un}

Q�� |�� P
un = xq

n−1
1 + yq

n−1
2

��> 3(3) ¸ z�¹ T ∆n
Y�Z L�M�N�O�P ∆n − (a+ b)∆n−1 +ab∆n−2 = 0.

Y�Z�®�º L�M
N�O�P un−(a+b)un−1 +abun−2 = 0

Q��»�x]�^ {un}
Q � �

q ��¦�§ q
2−(a+b)q+bc = 0Q�© A q1 = a, q2 = b. ¼�´�¬ ∆1 = a + b, ∆2 = (a + b)2 − ab = a

2 + ab + b
2.
R ¦�§ n






x + y = a + b

ax + by = a
2 + ab + b

2

  (x, y) = ( a2

a−b
,− b2

a−b
). ���� �° � |�� P

∆n = xa
n−1 + yb

n−1 =
a

2
a

n−1 − b
2
b
n−1

a − b

=
a

n+1 − b
n+1

a − b

3. ½�¾�¿�À�Á
��Â ]�^ (u1, u2, . . . , un, . . .) ����� o ��Â�Ã ] u(x) = u1+u2x+u3x

2+· · ·+unx
n−1+

· · · Ä�Å�Æ T ª�« ]�^�Ç |�Y�Z L�M�N�O�P un − aun−1 − bun−2, ����Â�Ã ] u(x)
Y�Z

(1 − ax − bx
2)u(x) = (u1 + u2x + u3x

2 + · · ·+unx
n−1 + · · ·)

−a(u1x + u2x
2 + · · ·+un−1x

n−1 + · · ·)
−b(u1x

2 + · · ·+un−2x
n−1 + · · ·)

= u1 + (u2 − au1)x + · · ·+(un − aun−1 − bun−2)x
n−1 + · · ·

¡ un − aun−1 − bun−2 = 0 ¢�£ A� 
(1 − ax − bx

2)u(x) = u1 + (u2 − au1)x, u(x) =
u1 + (u2 − au1)x

1 − ax − bx
2

� ¦�§ t
2 − at − b = 0

Q W © z t1, t2, � t
2 − at− b = (t− t1)(t− t2). ¡ t = 1

x
¢�£

 �°
1

x
2
− a

x

− b =
(

1

x

− t1

)(
1

x

− t2

)

W�È�® t
x

2  �° 1 − ax − bx
2 = (1 − t1x)(1 − t

2
x). É�Ê

u(x) =
u1 + (u2 − au1)

(1 − t1x)(1 − t2x)
=

A

1 − t1x
+

B

1 − t2x
(9)
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Ë ? A, B ��Ì ��b�] A Y�Z�[�\

u1 + (u2 − au1)x = A(1 − t2x) + B(1 − t1x)

= (A + B) − (At2 + Bt1)x

� ��Í�R ¦�§ n 




A + B = u1

t2A + t1B = u2 − au1¨ H T�Î�Ï�Ð�Ñ�]�Q�Ò�Ó�Ô�Õ P
1

1 − x

= 1 + x + x
2 + · · · + x

n + · · · (10)

¡ � P (9)
Q�Ö È Ô�Õ�o ��Â�Ã ] A� �°

u(x) = A(1 + t1x + · · ·+ t
n−1
1 x

n−1 + · · ·) + B(1 + t2x + · · ·+ t
n−1
2 x

n−1 + · · ·)
= (A + B) + (At1 + Bt2)x + · · · + (At

n−1
1 + Bt

n−1
2 )xn−1 + · · ·

���� �° ]�^ {un}
Q�� |�� P

un = At
n−1
1 + Bt

n−1
2

×�Ø A Ò�Ó�Ô�Õ P (10) Ù�Ú Q [�\ � |x| < 1, Ê�Û (10) ������Â�L�Ü �@�4]�^�Q�¨�` �
P T�Ô�Õ P (10) Ý�����Þ�ß�à ¥ | P ��á�Q�Ô�Õ P

(1 − x)n = 1 + n(−x) +
n(n − 1)

2!
(−x)2 + · · ·+ n(n − 1) · · · (n − k + 1)

k!
(−x)k + · · ·

?4µ n = −1  �° T�Ô�Õ P@? Q n ����â o�w Ø�ã ]�T�ä   ×�Ø Q ��A�å n ��æ�ç ] Û�A � ¥ |
P ��á  �° Q�Ô�Õ P � ¬ n + 1

| A.��è Q�Ç | O ]�é � 0. ��å n

 ��æ�ç ] Û�A. �°���Â�Ã] A���� Ð�Ñ�]�Q�Ò�Ó�Ô�Õ P Tê ¦ S�Q ã�ë ��h Î�Ï L�M�N�O�P un−aun−1−bun−2 = 0 ¡ ]�^ (u1, u2, . . . , un, . . .) rì Q ��Â�Ã ] u(x) = u1+u2x+· · ·+unx
n−1+· · · t�í | P 1−ax−bx

2 î o �ï Í � � Q�í| P u1 +(u2−au1)x, ����¡ u(x) î o�ð P Tòñ ¡ ð�ó 1−ax− bx
2 ð�R z�� ��É�P 1− t1x,

1 − t2x
Q�t�ô A�¡ ð P u(x)

ð�R z ð�õ � 1 − t1x ö 1 − t2x z ð�ó�Q�÷�ð P _�` (
V � P

(9)).
ð�ó z�� � í | P 1− tix

Q�÷�ð P Ô�Õ  �° Q ��Â�Ã ] A(1+ tix+ · · ·+ t
n−1
i x

n−1 + · · ·
r ì Q�]�^ A, Ati, . . . , At

n−1
i , . . .

Ë ã ��� ti z � �4Q��@�4]�^ A²d ã�ë j a ��¡ {un}
ð�R

z W�X �@�4]�^�_�`�Tª�« ¦�§ t
2 − at− b = 0

Q W ©
t1, t2 ø � Aù� ð P u(x)

Q�ð�ó z (1− t1x)2,
ð P  �ð�R z ð�ó z�� � ð P Q W�X ÷�ð P _�`�T�Ï 1 − t1x ú u(x)

Q�ð B� �°�û A

`�ü P B, �
u(x) =

A(1 − t1x) + B

(1 − t1x)2
=

A

1 − t1x
+

B

(1 − t1x)2
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ý ð�R z W�X ð P _�` A Ë ?4> � X ð P Q�ð�ó z 1 − t1x
Ô�Õ è� �° Q ��Â�Ã ]�a r ì�þ �@�]�^�T > ¥ X ð P Q�ð�ó z (1 − t1x)2.

Ï ß�à ¥ | P ��á�Ô�Õ (1 − t1x)−2  �°
B

(1 − t1x)2
= B(1 + 2t1x + 3t21x

2 + · · ·+ nt
n−1
1 x

n−1 + · · ·)

 �° Q�� |�� P z
un = At

n−1
1 + Bnt

n−1
1 = (A + Bn)tn−1

1

4. ÿ�����������������	�
��
���� A ��]�^ (u1, u2, . . . , un, . . .)

Y�Z
k ��L�M�N�O�P

un = a1un−1 + · · · + akun−k

� ø ì Q ��Â�Ã ] u(x) = u1 + u2x + · · ·+ unx
n−1 + · · · ý í | P g(x) = 1− a1x− a2x

2 −
· · · − akx

k t  �°�� ]@� g(x) � Q�í | P f(x). u(x)
ý � o�÷�ð P f(x)

g(x)
.
ð�ó

g(x) ��É�P
ð�R z (1 − t1x)r1 · · · (1 − tdx)rd .

÷�ð P u(x) ø ì  ð�R z�� ª Aik

(1 − tix)ik

Q�ð P _�`�T
Î�Ï�Ò�Ó�Ô�Õ P�¡�d�� ð P Ô�Õ�o ��Â�Ã ] A��� �° u(x)

Q�� |�� P T 2
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§ 3.4 ���������
�������

���
3.4.1 O ]���� ��¦ ��Q J�K�¦�§ n AX = b ¬ ��� R ⇔ detA 6= 0. "! ¡"#"$ �"� (A,b) % Í � O ^"&��"'"( â î o")"* �"+ � (Λ, c). ��¦�§ n AX = b

ö ΛX = c
® R�T ¬ ��� R�Q",�ð"-�� [�\ z Λ

Q r". ¤ k  z 0 ⇔ detΛ 6= 0 ⇔ detA 6= 0

2

[�\
detA 6= 0

Q�-�� K Q�/ ��0 f4h�
A = (a1, . . . , an)

Q�Ç�^ J�K ø N�A21 ^ ak � Ë ü�Ç�^�Q J�K n�q

ak =
∑

j 6=k

λjaj

Þ '�^ P detA = det(a1, . . . , ak, . . . , an) ¡ Ë ü � ^ aj
Q −λj

c s�°�3 k

^ Ax� ak
(�o

0, � '�^ P  ( h
detA = det(a1, . . . , ak, . . . , an) = det(a1, . . . , 0, . . . , an) = 0

d 0 f4I�h A

Q�Ç�^ J�K ø N ⇒ detA = 0.4 Í Ä�¬�h detA 6= 0 ⇒ A

Q�Ç�^ J�K���N ⇒ ¦�§ n AX = b ¬ ��� R�T 2

�5�
3.4.2 ( 65758 S � )

�
∆ = detA 6= 0, ��¦�§ n AX = b

Q ��� R X =

(x1, . . . , xn)T Q 3 j

ð�9
xj = ∆j

∆
. �! �

(x1, . . . , xn) ��¦�§ n x1a1 + · · · + xnan = b
Q�R�T�ð�õ�Ï�� P�: Ö W�È�; â

O ]�'�^ P ∆ = det(a1, · · · , a3)
Q 3 j

^  
det(a1, . . . , x1a1 + · · ·+ xnan, · · · , an) = det(a1, . . . , an)

Ê � P Ö È Q�'�^ P���� ∆j, ¡�: È Q�'�^ P Q 3 k

^
(k 6= j)

Q −xk
c s�°�3 j

^ A ñ�<
H�3 j

^�Q � É�B xj,  �° xj∆ = ∆j ⇒ xj =
∆j

∆
. 2

=�>�?�@�A�B�C
3.4.1.

Ï
Cramer

S � R J�K�¦�§ n h





2x1 +x2−5x3 +x4 = 4

x1−3x2 −6x4 = 3

2x2 −x3+2x4 = −5

x1+ 4x2−7x3 +6x4 = 0

.

D�E
∆ = 27, ∆1 = 45, ∆2 = −142, ∆3 = −19, ∆4 = 65,

(x1, x2, x3, x4) =
(

5

3
,−142

27
,−19

27
,

65

27

)
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F"G ê ¸IH Q H Q�� �"J"K�L 0���M Crammer
S ��AON"P <"Q�Ï Crammer

S � ¨ ¦�§n�Q�R�T É�Ê�Ax����R�S Ï�T ��U���H Ç X '�^ P ∆, ∆i (i = 1, 2, 3, 4) V xi =
∆i

∆
. N�W����Ï�T ��U ¨ H�¦�§ n�Q�R Ä�L 0 T

Mathematica
T � '�^ P ∆ = detA V�¦�§ n�Q�R�Q�X�Y z h

A={{2,1,-5,1},{1,-3,0,-6},{0,2,-1,2},{1,4,-7,6}}; b={4,3,-5,0};
Print[Det[A]]; Print[Inverse[A].b]Ë ? A z O ]"�"� A b z b�] | n�o�Q�[̂Z\9�T Det[A] Å�Æ ¨ A

Q"'�^ P T Inverse[A]

Å�Æ ¨ A
−1. Inverse[A].b Å�Æ�¡ A

−1 ö b ø t  �°�¦�§ n�Q�R A
−1

b.] '�^ « z
27
{

5

3
,−142

27
,−19

27
,

65

27

}

Ë ? 27 � detA
Q�ä�T

2

3.4.2.
�

n ¤ J�K�¦�§ n





a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

· · · · · · · · · · · · · · · · · · · · · · · ·
an1x1 + an2x2 + · · ·+ annxn = bnQ O ]���� A

Q�'�^ P ∆ 6= 0. r�� X 1 ≤ j ≤ n, _ ∆j = b1A1j + · · ·+ bnAnj ��Þ ∆ ?
¡�3 j

^ ¤�` ð�õ â o b1, b2, . . . , bn  �° Q�'�^ P T ¡
(x1, . . . , xn) =

(
∆1

∆
, . . . ,

∆j

∆
, . . . ,

∆n

∆

)

¢�£�a ¦�§ n�b L�A 0 f4³ � ã � a ¦�§ n�Q�R�T
 �! ¡ xj =

∆j

∆
¢�£ 3 i

X ¦�§
ai1x1 + · · ·+ ainxn = bi (1)

: È A� �°�h
: È =

n∑

j=1

aij
∆j

∆
=

1

∆

n∑

j=1

aij

n∑

k=1

bkAkj (2)

=
1

∆

n∑

j=1

n∑

k=1

aijbkAkj (3)

=
1

∆

n∑

k=1

n∑

j=1

aijbkAkj (4)

=
1

∆

n∑

k=1

bk

n∑

j=1

aijAkj (5)
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Ë ?
n∑

j=1

aijAkj =






0 , å k 6= i

∆ , å k = i

¢�£ (5),  
¦�§ (1) : È =

1

∆
· bi∆ = bi = ¦�§ (1)

Ö È
. (6)

d 0 f4I
(

∆1

∆
, . . . ,

∆j

∆
, . . . ,

∆n

∆

)

� a ¦�§ n � X ¦�§ Q�R A.É���� a ¦�§ n�Q�R�T 2

F"G h Þ õ�Q J�K ¢ ]"c"d ?xA ê ¸ Q 0 fx� c"d æ"e»? Crammer
S � Q���á 0 f Q � lð Tgf ¼2h � Qicid [1],[2] j 0 f I ∆ 6= 0 Û ¦ § n � � ¬ � � R AkNiW 0 f I ª�« (x1, . . . , xn)Y�Z a ¦�§ n A � � � xj =

∆j

∆
. É�Ê  -�ñ ¢�£la ¦�§ nlb L T ��¡ b L Í §nm.Glolplqlr

¸�A y�z ì Ï�'�^ P Ô�Õ���á�Q � X�s r T
t�>�u�v

3.3 w�x�y ∑ z�{�|

3 3.4.2 ¸ Q 0 f Í §�� Ï ∑ }�~���� Q�� � ����í o�p�r ∑ Q ì Ï �����s ��á�R�� Ä
¬��2� T ¼�´�r�3 2 ¸ Q M á�Í §���� R e ª M �2��� ��Ê z�¹���� á�R�` ��� ∑ Q ] � T

¦�§ n 3 i

X ¦�§�: È ai1x1 + · · · + ainxn � n

|
aijxj

_�`�� Ë��
i � �  (�� j µ

¶ 1, 2, . . . , n �� �° Ç | ai1x1, . . . , ainxn, d n

| _�`�Ï�¨�` ~ ∑n
i=1 � z

n∑

j=1

aijxj

¡�� X xj
Ï ∆j

∆

; â �  �°
n∑

i=1

aij
∆j

∆
, ��� ai1

∆1

∆
+ · · · + ain

∆n

∆
.

Ën� Ç | Q
∆ ö j

Ql( î ��N � � Ç | Q � ð�ól� ��� < H�Ä T � X ∆j
�.b�] |

b1, . . . , bn

��� ; â ∆
Q 3 j

^�Ç ¤�`  �° � ¡ ∆j }�3 j

^�Ô�Õ��  �°
∆j = b1A1j + · · · + bnAnj =

n∑

k=1

bkAkj

���� �°
n∑

j=1

aij
∆j

∆
=

1

∆

n∑

j=1

aij

n∑

k=1

bkAkj (2)

Ý����
1

∆
[ai1(b1A11 + · · ·+ bnAn1) + · · ·+ ain(b1A1n + · · ·+ bnAnn)] (2’)
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� P (2) P Ö È Q � X aij ö k ��N � ³�ö n

|
bkAkj (1 ≤ k ≤ n)

_�`�Q�t�ô ����} ð��� Ô�Õ h
aij

n∑

k=1

bkAkj =
n∑

k=1

aijbkAkj

Ý����
aij(b1A1j + · · ·+ bnAnj) = aijb1A1j + · · ·+ aijbnAnj

r j = 1, 2, . . . , n
o���T þ � (2) P ( ��z

1

∆

n∑

j=1

n∑

k=1

aijbkAkj (3)

Ý�����¡ (2’)
Q ¦�� ~�� Q ai1, . . . , ain

ð�õ�t °���� ~�� �2( ��z
1

∆
[(ai1b1A11 + · · · + ai1bnAn1) + · · · + (ainb1A1n + · · ·+ ainbnAnn)] (3’)

(3’)
Q ¦�� ~�� � n

2 |
aijbkAkj

_�`�� Ë��
j, k µ�¶ 1, 2, . . . , n. (3’) ö (3)

é ��j�}
j

Q �® ä ¡�d n
2 | ð�o

n

n��
j ø ® � k

�® Q
n

| ð�o � n�� � n�Ç | ø s� �° � X `

Sj = aijb1A1j + · · ·+ aijbnAnj =
n∑

k=1

aijbkAkj

��� (3’)
� ® � X ��� ~�� Q n

| `�Txñ ¡ Ç X Sj (1 ≤ j ≤ n) ø s� �° n
2 | Q���`�T\���

Ý�����¡�d n
2 |���� ð�n�� ¡ k ø ® � j

�® Q
n

| ð�o � n�� � n ø s� �° � X `
σk = ai1bkAk1 + · · ·+ ainbkAkn

Ý�����¡ (3’)
Ç ��� ~���� ® � X bk

Q�Ç | s � Ä� �° � X σk,
ñ ¡ Ç X σk (1 ≤ k ≤ n) ø

s� �° n
2 | Q"��`

σ1 + · · ·+σn = S1 + · · ·+Sn. Ý�����e � ����¡ (3)
Q W�X ¨�` ~ ∑n

j=1

ö ∑n
k=1 � â���  �2¡ � z

1

∆

n∑

k=1

n∑

j=1

aijbkAkj (4)

Ý����
1

∆
[(ai1b1A11 + · · · + ainb1A1n) + · · · + (ai1bnAn1 + · · ·+ ainbnAnn)] (4’)

bk ö j ��N � � ` P ∑n
j=1 aijbkAkj

� Ç |
aijbkAkj

Q � É�¢ � ��� < ° ¨�` ~�£�¤ � (4)
(

��z
1

∆

n∑

k=1

bk

n∑

j=1

aijAkj (5)

d�Ý�����¡ (4’)
Q � X ��� ~�� Q � É�¢ bk

< °���� ~�£�¤ �2( ��z
1

∆
[b1(ai1A11 + · · ·+ ainA1n) + · · ·+ bn(ai1An1 + · · ·+ ainAnn)] (5’)

120



(5’)
Q � X ��� ~�¥ Q

ai1Ak1 + · · ·+ ainAkn =
n∑

j=1

aijAkj

� ∆
� 3 k

'�Ç ¤�` Q ¢ ]�ü ¢�P Akj ö�3 i

'�Ç ¤�` r ì t�ô�_�`�� �4Ô�Õ���á�¦ d X ` å
k 6= i Û z 0, å k = i Û z ∆. ¡ ` z 0(§ k 6= i)

Q�Ç ��� ~�¨�© � (5’)
��ª M 3 i

X ���~ ��` z ∆, (5’)
Q µ ä z

1

∆
· bi∆ = bi

d�æ���3 i

X ¦�§ Ö È Q�b�] | T 2

3.4.3.
�

x1, . . . , xn � w Ø n

X��® Q�]��
y1, . . . , yn � w Ø n

X ]�T²¨ 0 h¬«�Þ ���
� X � ]l þ n

Q�í | P f(x) = a0 + a1x + · · · + an−1x
n−1, ®� �r 1 ≤ i ≤ n

Y�Z�[�\
f(xi) = yi. �! í | P Y�Z Q [�\ f(xi) = yi (1 ≤ i ≤ n) ���






a0 + x1a1 + · · ·+ x
n−1
1 an−1 = y1

· · · · · · · · · · · · · · · · · · · · · · · ·
a0 + xna1 + · · · + x

n−1
n an−1 = yn

d���� a0, a1, . . . , an−1 z�¯ ¦�]�Q n ¤�� ��¦�§ n�T O ]�'�^ P

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 x1 · · · x
n−1
1

1 x2 · · · x
n−1
2

...
...

. . .
...

1 x1 · · · x
n−1
1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

����°�±�²�± '�^ P �
∆ =

∏

1≤i<j≤n

(xj − xi)

å x1, . . . , xn � n

X��® Q�]"�
∆ 6= 0, ¦�§ n ¬ ��� R�T ·���¨�Q�í | P�«�Þ"N�W ��� T 2

3.4.4.
ð�õ�¨�³�]

λ

Y�Z M ¤ Q [�\ h
(1)

Z�9
(1 + λ, 1 − λ), (1 − λ, 1 + λ) ∈ C

2 J�K ø N T
(2)

Z�9
(λ, 1, 0), (1, λ, 1), (0, 1, λ) ∈ C

3 J�K ø N T
(3) ¦�§ n 





x2 + x3 = λx1

x1 + x3 = λx2

x1 + x2 = λx3

¬�P�´ R�T
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� (1)
W�X Z�9 J�K ø N ⇔ ��³�´ Q�µ�¶ z W ^�Q�'�^ P ∆ = 0.

∆ =

∣
∣
∣
∣
∣

1 + λ 1 − λ

1 − λ 1 + λ

∣
∣
∣
∣
∣
= (1 + λ)2 − (1 − λ)2 = 4λ = 0 ⇔ λ = 0

(2) · X Z�9 J�K ø N ⇔ ��³�´ Q�µ�¶ z · ^�Q�'�^ P ∆ = 0.

∆ =

∣
∣
∣
∣
∣
∣
∣
∣

λ 1 0

1 λ 1

0 1 λ

∣
∣
∣
∣
∣
∣
∣
∣

= λ
3 − 2λ = 0 ⇔ λ = 0 ¸ λ = ±

√
2

(3) ¦�§ n § 




λx1 − x2 − x3 = 0

−x1 + λx2 − x3 = 0

−x1 − x2 + λx3 = 0

��¹���J�K�¦�§ n�T O ]���� z ¦ � A

Q ¹���J�K�¦�§ n ¬�P�´ R ⇔ detA = 0.ê ¸ Q

detA =

∣
∣
∣
∣
∣
∣
∣
∣

λ −1 −1

−1 λ −1

−1 −1 λ

∣
∣
∣
∣
∣
∣
∣
∣

(2)+(1),(3)+(1)

∣
∣
∣
∣
∣
∣
∣
∣

λ − 2 λ − 2 λ − 2

−1 λ −1

−1 −1 λ

∣
∣
∣
∣
∣
∣
∣
∣

= (λ − 2)

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1

−1 λ −1

−1 −1 λ

∣
∣
∣
∣
∣
∣
∣
∣

(1)+(2),(1)+(3)
(λ − 2)

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1

0 λ + 1 0

0 0 λ + 1

∣
∣
∣
∣
∣
∣
∣
∣

= (λ − 2)(λ + 1)2

¦�§ n ¬�P�´ R ⇔ detA = 0 ⇔ λ = 2 ¸ λ = −1. 2
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§ 3.5 º�» z =�¼

3.5.1.
T � '�^ P

(1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 3 · · · n

x 1 2 · · · n − 1

x x 1 · · · n − 2
...

...
...

. . .
...

x x x · · · 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

; (2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + x1 1 + x
2
1 · · · 1 + x

n
1

1 + x2 1 + x
2
2 · · · 1 + x

n
2

...
...

...
...

1 + xn 1 + x
2
n · · · 1 + x

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

� (1) } i = 1, 2, . . . , n − 1
Q �� �����¡ a '�^ P ∆

Q 3 i + 1
'�Q −1

c s�°�3 i'��  �°

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 − x 1 1 · · · 1 1

0 1 − x 1 · · · 1 1

0 0 1 − x · · · 1 1
...

...
...

. . .
...

...

0 0 0 · · · 1 − x 1

x x x · · · x 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(1)

¡ '�^ P (1)
Q 3 1

'�Q −x

c s�°�3 n

'���ñ } i = 1, 2, . . . , n − 2
Q �� �����¡�3 i + 1'�Q −1

c s�°�3 i

'��  �°

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 − x x 0 · · · 0 0

0 1 − x x · · · 0 0

0 0 1 − x · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 − x 1

x
2 0 0 · · · 0 1 − x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(2)

¡ '�^ P�}�3 n

'�Ô�Õ��  �°
∆ = (1 − x)n + (−1)n+1

x
n

(2) a '�^ P ∆ s È z n + 1 � '�^ P ��ñ ¡�3 1
'�Q −1

c s�°�� M Ç�'��  

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 · · · 1

0 1 + x1 1 + x
2
1 · · · 1 + x

n
1

0 1 + x2 1 + x
2
2 · · · 1 + x

n
2

...
...

...
...

...

0 1 + xn 1 + x
2
n · · · 1 + x

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 · · · 1

−1 x1 x
2
1 · · · x

n
1

−1 x2 x
2
2 · · · x

n
2

...
...

...
...

...

−1 xn x
2
n · · · x

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

123



¡ ) è � X ' ^ P Q 3 1
^

(1,−1, . . . ,−1)T ½ o W X ^¾Z¿9 _iÀ (2, 0, . . . , 0)T−(1, 1, . . . , 1)T ,

ø ì  ¡ ∆ ½ o W�X '�^ P _�À h

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 1 · · · 1

0 x1 x
2
1 · · · x

n
1

0 x2 x
2
2 · · · x

n
2

...
...

...
...

...

0 xn x
2
n · · · x

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 · · · 1

1 x1 x
2
1 · · · x

n
1

1 x2 x
2
2 · · · x

n
2

...
...

...
...

...

1 xn x
2
n · · · x

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(3)

� P (3)
Ö È 3 1

X '�^ P ∆1 }�3 1
^�Ô�Õ N�� Ç�'�ð�õ�< µ � Él¢ x1, x2, . . . , xn  

° n ��°�±�²�± '�^ P V (x1, . . . , xn):

∆1 = 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x1 x
2
1 · · · x

n
1

x2 x
2
2 · · · x

n
2

...
...

...
...

xn x
2
n · · · x

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 2x1 · · ·xn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 x1 x
2
1 · · · x

n−1
1

1 x2 x
2
2 · · · x

n−1
2

...
...

...
...

1 xn x
2
n · · · x

n−1
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 2x1 · · ·xn

∏

1≤i<j≤n

(xj − xi)

� P (1)
Ö È 3 2

X '�^ P ∆2 ��� n + 1 ��°�±�²�± '�^ P
V (x0, x1, . . . , xn) =

∏

0≤i<j≤n

(xj − xi)

å x0 = 1
Q�Á � � É�Ê

∆2 = (x1 − 1) · · · (xn − 1)
∏

1≤i<j≤n

(xj − xi)

¢�£ (1) P� 
∆ = [2x1 · · ·xn − (x1 − 1) · · · (xn − 1)]

∏

1≤i<j≤n

(xj − xi) 2

3.5.2. Â ¦ n ≥ 2, a1a2 · · ·an 6= 0,
¨

n � '�^ P�h
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 a1 + a2 · · · a1 + an

a2 + a1 0 · · · a2 + an
...

...
. . .

...

an + a1 an + a2 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Ã�Ä ú�I�r�. ¤ _ £ � a '�^ P ∆
Q � ' ����� o (ai, ai, . . . , ai) + (a1, a2, . . . , an)

Q
� P � � o W�X '�Z�9 (1, . . . , 1) ö (a1, . . . , an). É�Ê�Å�Æ�¡�d W�X '�Z�9�Ç s�Þ ∆ j�¦ � sÈ z n + 2 � '�^ P ∆̃, ¡ ∆̃

Q�{ W '�Q�È å b�]�c s�°�� M Ç�'�� ¡ a Ä Q ∆ î o r�. � T
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� ¡ a Ä Q n � '�^ P ∆ s È  

∆ = ∆̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 1 1 · · · 1

0 1 a1 a2 · · · an

0 0 0 a1 + a2 · · · a1 + an

0 0 a2 + a1 0 · · · a2 + an
...

...
...

...
. . .

...

0 0 an + a1 an + a2 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

¡ n + 2 � '�^ P ∆̃ 3 1
'�Q −a1, . . . ,−an

c�ð�õ s�°�3 3, . . . , n + 2
'�� 3 2

'�Q
−1
c�ð�õ s�°�3 3 É n + 2

'��  �°

∆̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 1 1 · · · 1

0 1 a1 a2 · · · an

−a1 −1 −2a1 0 · · · 0

−a2 −1 0 −2a2 · · · 0
...

...
...

...
. . .

...

−an −1 0 0 · · · −2an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

r 1 ≤ i ≤ n, ¡"3 i+2
^�Q − 1

2

c s�°"3 1
^"� 3 i+2

^�Q − 1
2ai

c s�°"3 2
^"�  �°

∆ = ∆̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 − n
2

−∑n
i=1

1
2ai

1 1 · · · 1

−1
2

∑n
i=1 ai 1 − n

2
a1 a2 · · · an

0 0 −2a1 0 · · · 0

0 0 0 −2a2 · · · 0
...

...
...

...
. . .

...

0 0 0 0 · · · −2an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=




(

1 − n

2

)2

− 1

4

(
n∑

i=1

ai

)


n∑

j=1

1

aj







 (−2)n
a1 · · ·an

= (−1)n2n−2
a1 · · ·an



(n − 2)2 −
(

n∑

i=1

ai

)


n∑

j=1

1

aj







 2

FlG
.
ê ¸ Q�R�S ����Ml$�°lÊ �5� QlÁ � T���� ��� È å ¡l( rl. ¤ ¡ n ��¦ � A =

(aij)n×n
(�o�Ë z 2

Q ¦ � B, B � ^�é ��1 W�X ^�Z�9 (b1, . . . , bn)
`

(c1, . . . , cn)
Q J�Kn�q

λi(b1, . . . , bn) + µi(c1, . . . , cn). ��ö�j�¸�Ì�Í���¡ |A| s È z

∆̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 b1 · · · bn

0 1 c1 · · · cn

0 0 a11 · · · a1n
...

...
...

. . .
...

0 0 an1 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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r 1 ≤ i ≤ n, ¡ ∆̃
Q 3 1

'�Q −λi
c�` 3 2

'�Q −µi
c s�°�3 i + 2

'�� ��¡ ∆̃ î z

∆̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 b1 · · · bn

0 1 c1 · · · cn

−λ1 −µ1 d1 · · · 0
...

...
...

. . .
...

−λn −µn 0 · · · dn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ñ�Î ~ 2 ¸ Q�R�S ¡�è n

^�Q�È å b�]�c s�° { W ^ ��¡ ∆̃ î o�Ï j�·�. � � ¨ H ä Ä T 2

3.5.3.
T �"Ð ] �"Ñ�r"Ò�¦ ��Q"'�^ P ∆ = |aij|n×n,

Ë[�\Ó r".�J�j�¦ · ¬ Q ¤"` aij =

1 (1 ≤ i < j ≤ n).

� ¡ ∆ }�3 1
^ ½ o W�X '�^ P ∆1, ∆2

_�`

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 · · · 1

−1 0 1 · · · 1

−1 −1 0 · · · 1
...

...
...

. . .
...

−1 −1 −1 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−1 1 1 · · · 1

0 0 1 · · · 1

0 −1 0 · · · 1
...

...
...

. . .
...

0 −1 −1 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Ë��
∆1, ∆2

Q 3 1
^�_�`�� þ

∆
Q 3 1

^�� Ë ü�Ç�^�é ö ∆ ø ® T
¡ ∆1

Q 3 1
' s�°�� M Ç�'��  �°

∆1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 · · · 1

0 1 2 · · · 2

0 0 1 · · · 2
...

...
...

. . .
...

0 0 0 · · · 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 1

¡ ∆2 }�3 1
^�Ô�Õ  

∆2 = (−1)∆n−1Ë��
∆n−1 ��Ô ] � 4 r�Ò�¦ ��Q�'�^ P ��ä z 0. É�Ê ∆ = ∆1 = 1. 2

3.5.4. Â ¦ ∆ ��Ð ] ��Ñ�r�Ò�¦ ��Q�'�^ P T�¨ 0 h�¡ ∆
Q�· ¬ Q ¤�` s�j ® � X ] λ

 �° Q�'�^ P ∆λ = ∆. �! å λ = 0 Û ��� ∆0 = ∆.
��Õ Å�Æ λ 6= 0

Q�Á � T
¡ n � '�^ P ∆ = |aij|n×n s È z n+1 � '�^ P ∆̃,

ñ }"3 1
^ ½ o W�X '�^ P ∆1, ∆2
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_�` h

∆̃ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 λ λ · · · λ

0 0 a12 · · · a1n

0 a21 0 · · · a2n
...

...
...

. . .
...

0 an1 an2 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 λ λ · · · λ

−1 0 a12 · · · a1n

−1 a21 0 · · · a2n
...

...
...

. . .
...

−1 an1 an2 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 λ λ · · · λ

1 0 a12 · · · a1n

1 a21 0 · · · a2n
...

...
...

. . .
...

1 an1 an2 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

¡ ∆1
Q 3 1

' s�°�� M Ç�'��  �°

∆1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 λ λ · · · λ

0 λ λ + a12 · · · λ + a1n

0 λ + a21 λ · · · λ + a2n
...

...
...

. . .
...

0 λ + an1 λ + an2 · · · λ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= ∆λ

¡ ∆2
Q 3 1

^�t −λ,  �° Q n + 1 � '�^ P

−λ∆2 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 λ λ · · · λ

−λ 0 a12 · · · a1n

−λ a21 0 · · · a2n
...

...
...

. . .
...

−λ an1 an2 · · · 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

��Ô ] � 4 r�Ò�¦ ��Q�'�^ P ��ä −λ∆2 = 0, É�Ê ∆2 = 0.
� Ê� �°

∆ = ∆1 + ∆2 = ∆λ + 0 = ∆λ . 2F�G h ª�« j 0 f4I 3.5.4
Q�^�Ö�� ¡ 3.5.3

Q Ð ] � 4 r�Ò '�^ P ∆
· ¬ Q ¤�` ® s 1

î o ·�. � ��  ∆ = 1.
4 Í Ä � �× Ï 3.5.4

Q�^�Ö�� ����Ø�Ù�¡ 3.5.4
Q�R�S�Ï þ

3.5.3  
° ∆ = 1. 2

3.5.5
¨

n ��°�±�²�± (Vandermonde)
'�^ P

V (x1, x2, . . . , xn) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 · · · 1

x1 x2 · · · xn

x
2
1 x

2
2 · · · x

2
n

· · · · · · · · · · · ·
x

n−1
1 x

n−1
2 · · · x

n−1
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.
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� V (x1, x2, . . . , xn) � n

XiÚ ó
x1, x2, . . . , xn

Q í | P T � � |iÛ ¬ � P ± xi1x
2
i2
· · ·xn−1

in−1

(i1, i2, . . . , in−1 � 1, 2, . . . , n
��Ü µ n− 1

X ]�Q � X�Ý ^ ), � ] z 1+2+ · · ·+(n− 1) =
n(n − 1)

2
.

r�� X 1 ≤ i ≤ n, ����¡ V (x1, . . . , xn) Þ y Ú ó xi
Q�í | P

f(xi) = a0 + a1xi + a2x
2
i + · · ·+ akx

k
i ,

Ë�� Q O ] a0, a1, . . . , ak
é � Ë ü Ú ó xj (j 6= i)

Q�í | P T _ Ú ó xi µ ä xj
¢�£

f(xi),

Ý�����Þ V (x1, . . . , xn)
� ¡ xi â o xj,  �° Q � '�^ P Q 3 i, j

W ^ ø �"�ß'�^ P ä z 0. d
e@f4I xi − xj � V (x1, . . . , xn)

Q É�P T�· ¬ Q É�P xi − xj (1 ≤ j < i ≤ n) à ` ��é �
V (x1, . . . , xn)

Q É�P � ³�´ Q�t�ô g(x) =
∏

1≤j<i≤n(xi − xj) Ý�� V (x1, . . . , xn)
Q É�P T

� g(x)
Q � ] z n(n − 1)

2
, ö V (x1, . . . , xn) ø ® T É�Ê
V (x1, . . . , xn) = λ

∏

1≤j<i≤n

(xi − xj) , (1)

λ ��Ì ��b�]�T� P (1) : È V (x1, . . . , xn)
� Q Ó r�.�J�j ¤�` Q�t�ô  �° � | x2x

2
3 · · ·xn−1

n , á�¬ Ë
³ Q ® Ì | � O ] z 1.

� P (1)
Ö È ∏

1≤j<i≤n(xi − xj)
� Q |

x2x
2
3 · · ·xn−1

n

�4· ¬ Q É�¢
xi − xj (1 ≤ j < i ≤ n)

Q 3 � | xi ø t  �° T É�Ê � P Ö È x2x
2
3 · · ·xn−1

n

Q O ] z λ.
�

â�� P (1)
W�È

x2x
2
3 · · ·xn−1

n

Q O ]   λ = 1. ¢�£ (1)  
V (x1, . . . , xn) =

∏

1≤j<i≤n

(xi − xj).

F�G ��j R�ã � Ï °�I í | P Q M ¤ Q K ë h�
f(x) = a0 + a1x + · · · + anx

n ��� x z Ú ó�Q�í | P � O ] °nä D �����l1 X ]i
F , Ý���� � O ] Þ F

� Q ú�I x

_ £�Ë ü�å X�Ú ó�Q�k�æ�í | P n�o�T ª�« 1 X c ∈ D �
f(x)

Q�©�� § f(c) = a0 + a1c + · · ·+ anc
n = 0, � x − c � f(x)

Q É�P T
d X K ë ��� 0 f ª M h
x − c ú f(x)  �û q(x)

`�ü P r(x),
� þ ú�P x − c � � � í | P ��ü P r(x) � b�]

r. ¼�´�¬
f(x) = q(x)(x − c) + r.

¡ x = c
¢�£  �h f(c) = r. å f(c) = 0 Û��� �° r = 0, � V x − c � f(x)

Q É�P T
3.5.5

� ��H Q�'�^ P���ç�è Q °�±�²�± (Vandermonde)
'�^ P T²��b�Q � S � Î�Ï�&��( â�h
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r k = n − 1, . . . , 2, 1 ����¡ V (x1, . . . , xn)
Q 3 k

'�Q −x1
c s�°�3 k + 1

'��  �°

V (x1, . . . , xn) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 · · · 1

0 x2 − x1 · · · xn − x1

0 x2(x2 − x1) · · · xn(xn − x1)
...

... · · · ...

0 x
n−2
2 (x2 − x1) · · · x

n−2
n (xn − x1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x2 − x1 · · · xn − x1

x2(x2 − x1) · · · xn(xn − x1)
... · · · ...

x
n−2
2 (x2 − x1) · · · x

n−2
n (xn − x1)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (x2 − x1) · · · (xn − x1)V (x2, . . . , xn)

r n

Ï�] o�é�ê S �� �°�ö 3.5.5
®�º Q�^�Ö�T

2

3.5.6
T � '�^ P

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1

a1 + b1

1

a1 + b2

· · · 1

a1 + bn
1

a2 + b1

1

a2 + b2
· · · 1

a2 + bn
...

...
...

...
1

an + b1

1

an + b2
· · · 1

an + bn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

� r 1 ≤ i ≤ n, ¡ ∆n
Q 3 i

'�t ��ë '�Ç ¤�` Q�ð�ó�_�ô n∏

j=1

(ai + bj),  �° '�^ P

Dn =




∏

1≤i,j≤n

(ai + bj)



∆n =

∣
∣
∣
∣
∣
∣
∣
∣

f11 · · · f1n
...

. . .
...

fn1 · · · fnn

∣
∣
∣
∣
∣
∣
∣
∣

.

Dn
� Q � X ¤�`

fik =




n∏

j=1

(ai + bj)




1

ai + bk
=

∏

1≤j≤n, j 6=k

(ai + bj)

é � Ú ó ai, bj (1 ≤ i, j ≤ n)
Q

n − 1 � í | P T Dn
Q � � | é � n

X
fik
_�ô�Q ±1c�� É�� Dn ��d�� Ú ó�Q n(n − 1) � í | P T

r w Ø 1 ≤ i < j ≤ n, ¡ ∆n
� Q

ai â o aj  �° Q�'�^ P Q 3 i, j

W ' ø ����ä z 0.

� V � Þ Dn
� ¡ ai â o ak  �° Q�'�^ P ä Ý � þ ´ T d�e@f ai − aj � Dn

Q É�P T ®�º �
¡ bi â o bj Ý�® ∆n

( z 0 ��� Dn
( z 0, e@f bi − bj Ý é � ∆n

Q É�P T
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Dn
Q�· ¬�d���É�P ai − aj, bi − bj (1 ≤ i < j ≤ n) ì�¬ 2 · n(n − 1)

2
= n(n− 1)

X T
³�´ W�W à ` � É�Ê�³�´ Q�t�ô

T =
∏

1≤i<j≤n

(ai − aj)(bi − bj)

� Dn
Q É�P � � T � Ú ó ai, ak (1 ≤ i, k ≤ n)

Q
n(n − 1) � í | P � ö Dn � ] ø ® T

É�Ê
Dn = λT

λ ��Ì ��b�]�T ���
∆n = λ · T

∏
1≤i,k≤n(ai + bj)

= λ ·
∏

1≤j<i≤n(ai − aj)(bi − bj)
∏

1≤i,k≤n(ai + bk)
(1)

µ ã (�9 x, _ ai =
1

2
+ ix, bk =

1

2
− kx ∀ 1 ≤ i, k ≤ n. ¢�£ (1)

W�È � N�Þ x → ∞
Û�µ�í�î T � �

lim
x→∞

1

ai + bk

= lim
x→∞

1

1 + (i − k)x
=






1 å i = k

0 å i 6= k

 
lim

x→∞
∆n =

∣
∣
∣
∣
∣
∣
∣
∣

1
. . .

1

∣
∣
∣
∣
∣
∣
∣
∣

= 1

�
lim

x→∞

∏
1≤j<i≤n(ai − aj)(bi − bj)
∏

1≤i,k≤n(ai + bk)
= lim

x→∞

∏
1≤j<i≤n(i − j)x · (j − i)x
∏

1≤i,k≤n(1 + (i − k)x)
. (2)

� þ å j = k Û 1 + (i − k)x = 1, É�Ê (2)
Ö È Q�ð�ó�� þ

∏

1≤i,k≤n

(1 + (i − k)x) =
∏

1≤i<j≤n

(1 + (i − j)x) · (1 + (j − i)x) .

¢�£ (2)
Ö È  

lim
x→∞

∏
1≤j<i≤n(i − j)x · (j − i)x
∏

1≤i,j≤n(1 + (i − j)x)

=
∏

1≤j<i≤n

lim
x→∞

(i − j)(j − i)

( 1
x

+ (i − j))( 1
x

+ (j − i))
=

∏

1≤j<i≤n

1 = 1 . (3)

� V λ = 1.

∆n =

∏
1≤j<i≤n(ai − aj)(bi − bj)
∏

1≤i,k≤n(ai + bk)
. 2
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3.5.7
� ã ]

a, b, c

 k z 0, α, β, γ z w Ø�ã ]�T W





a = b cos γ + c cos β,

b = c cosα + a cos γ,

c = a cos β + b cos α.

¨ 0 h
cos2

α + cos2
β + cos2

γ + 2 cos α cos β cos γ = 1.

 �! Â ¦ 




−a + b cos γ + c cos β = 0

c cos γ − b + c cos α = 0

a cos β + b cos α − c = 0

¡�j�P�Þ o � (a, b, c) z�¯ ¦�]�Q ¹���J�K�¦�§ n�T Ê�¦�§ n ¬�P�´ R�T É�Ê�O ]"'�^ P z 0, §
∣
∣
∣
∣
∣
∣
∣
∣

−1 cos γ cos β

cos γ −1 cos α

cos β cos α −1

∣
∣
∣
∣
∣
∣
∣
∣

= 0

¡�: È Q�'�^ P Ô�Õ N�ç á�� §� 
cos2

α + cos2
β + cos2

γ + 2 cos α cos β cos γ = 1. 2
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ï
4 ð ñóòóôóõóöø÷øù
§4.1 ú�û z�ü�ý�{�|

�������
1. þ�À�ÿ��
����ÿ���h�����Á���À�� } ð�9 ] �
A = (aij)m×n, B = (bij)m×n, λ ∈ F , � A ± B = (aij ± bij)m×n, λA = (λaij)m×n.

F
m×n Þ�s S ö ]�t M o z mn ��J�K���� � E = {Eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n} �
	����� Ë��

Eij
Q 3 (i, j)

ð�9 z 1 � Ë ü�ð�9�é z 0.

A = (aij)m×n =
m∑

i=1

n∑

j=1

aijEij

��Á A = (aij)m×n, B = (bij)n×p. � AB = (cij)m×p,
Ë��

cij =
n∑

k=1

aikbkj

� A

Q 3 i

'
αi ö B

Q 3 j

^
bj
Q�t�ô h

αibj = (ai1, . . . , ain)







b11
...

b1p





 = ai1b1j + · · ·+ aikbkj + · · ·+ aipbpj

t�S�� � z ¡ αi ö bj
Q r ì ¤�` Q�t�ô ø s � ���� T � αi ö bj

Q
“
¥ ô

”.

¡ A } '�ð���� B } ^�ð���� �

AB =







α1
...

αm





 (b1, . . . ,bp) =







α1b1 · · · α1bp
...

. . .
...

αmb1 · · · αmbp







���
A = (aij)m×n, � A

T = (aji)n×m.���
A = (aij)m×n, � A = (aij)m×n.

2. ÿ����
��Á���À�� h Y�Z J�K���� Q 8

[ K ë T
��Á h (1)

Y�Z r�s S�Q�ð �"� h (A+B)C = AC +BC, M(A+B) = MA+MB.

(2)
Y�Z ^�q � h (AB)C = A(BC).

(3) ��� � I = diag(1, . . . , 1)
Q K ë h IA = A, BI = B.��9��

λI = diag(λ, . . . , λ)
Q K ë h (λI)A = λA, B(λI) = λB.
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´ ��� O

t������ þ ´ ����T
(4)
�Y�Z � â � T2f���9�� ö�¦ ��t�S � â T

(5)
�Y�Z�� © � h AB = O ¬�� � A, B

é  z ´ T
AB = AC W A 6= O

 �  �H B = C.���
: (AT )T = A. (A+B)T = A

T +B
T . (λA)T = λA

T . � õ ×�Ø h (AB)T = B
T
A

T .���
: (A + B) = A + B. AB = (A)(B). λA = λA.

3. �����
(1) ��� :

'�Z�9
α = (a1, a2, a3), β = (b1, b2, b3)

Q ¥ ô
α · β = αβ

T = a1b1 + a2b2 + a3b3.^�Z�9
a,b

Q ¥ ô
aT b.

(2) ���� �!�" J�K�¦�§ n





a11x1 + · · · + a1nxn = b1

· · · · · · · · · · · · · · · · · ·
am1x1 + · · ·+ amnxn = bm

��� o���� � P AX = b,
Ë��

A =







a11 · · · a1n
...

. . .
...

am1 · · · amn





 , b =







b1
...

bm







(3) #�$�% � 	�&�'
A =

(
cos α − sin α

sin α cos α

)

,

(
x

y

)

7→
(

x
′

y
′

)

= A

(
x

y

)

Ï ¦ � A y t�S Å�Æ�¡ µ�¶ z (x, y)
Q�(�) a (�*�+ Û�,�¦ Z.-�/ . α

-�/ ° ( P
′(x′

, y
′).

� ¨
A

2012.

� A Å�Æ -�/ . α

Q�( â T A
2012 Å�Æ�¡�d X -�/�0 y � ³ 2012 � � ��� -�/ 2012α.

A
2012 =

(
cos 2012α − sin 2012α

sin 2012α cos 2012α

)

(4) ÿ�����1�2��
� ¨

A
n,
Ë��

A =







a 1 0

0 a 1

0 0 a







133



� A = aI + N ,
Ë��

N =







0 1 0

0 0 1

0 0 0





 , N

2 =







0 0 1

0 0 0

0 0 0





 , N

3 = O

� þ
aI ö N q t�S � â � ��� Ï ß�à ¥ | P ��á�Ô�Õ A

n = (aI + N)n  �°

A
n = (aI)n + n(aI)n−1

N +
n(n − 1)

2
(aI)n−2

N =







a
n

na
n−1 n(n−1)

2
a

n−2

0 a
n n(n−1)

2

0 0 a
n







=�>�?�@�A�B�C
4.1.1.

�

A =

(
1 0 1

0 2 3

)

, B =







2 −1 4

1 0 −2

0 3 1





 , C =







0 2

−1 0

3 1





 .

T � ��� AB, B
2
, AC, CA, B

′
A

′ . AC ö CA ��3 ø �
4 AB ö B
′
A

′ ��3 ø �
4
�

AB =

(
2 2 5

2 9 −1

)

, B
T
A

T =







2 2

2 9

5 −1





 , B

2 =







3 10 14

2 −7 2

3 3 −5





 ,

AC =

(
3 3

7 3

)

, CA =







0 4 6

−1 0 −1

3 2 6







AC 6= CA. AB ö B
T
A

T à z /�5�T
4.1.2.

�

(1) A =







−1 −2 −4

−1 −2 −4

1 2 4





 , B =







1 2 3

2 4 6

3 6 9







(2) A =







1 0 0

0 λ 0

0 0 0





 , B =







a b c

c a b

b c a





 .

T � ��� AB, BA. AB ö BA ��3 ø �
4
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�

(1) AB =







−17 −34 −51

−17 −34 −51

17 34 51





 , BA =







0 0 0

0 0 0

0 0 0





 , AB 6= BA

(2) AB =







a b c

λc λa λb

0 0 0





 , BA =







a bλ 0

c aλ 0

b cλ 0





 , AB 6= BA

4.1.3.
T ��h

(1)

(
0 1

−a 0

)2

; (2)

(
1 1

−1 −1

)2005

; (3)

(
0 1

−1 −1

)2008

;

(4)

(
1 1

0 1

)n

; (5)

(
cos θ sin θ

− sin θ cos θ

)n

; (6)

(
cos θ sin θ

sin θ − cos θ

)n

;

(7)













0 1

0 1
. . .

. . .

0 1

0













n

n×n

; (8)













λ 1

λ 1
. . .

. . .

λ 1

λ













n

n×n

;

(9)







1 1 1

0 1 1

0 0 1







n

; (10)







0 1 0

0 0 1

1 0 0







2006

; (11)







1 1 −1

2 2 −2

4 4 −4







2006

.

� (1)

(
0 1

−a 0

)2

=

(−a 0

0 −a

)

.

(2)
� (

1 1

−1 −1

)2

=

(
0 0

0 0

) ¦ (
1 1

−1 −1

)2005

=

(
0 0

0 0

)

(3) 6 A =

(
0 1

−1 −1

)

, � A
3 = I.

�
2008 = 3q + 1 (q ��æ�ç ] )  

A
2008 = (A3)q

A = I
q
A = A =

(
0 1

−1 −1

)

(4) A =

(
1 1

0 1

)

= I + N ,
Ë��

N =

(
0 1

0 0

)

, N
2 = O.
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� þ
I ö N q t�S � � â � ��� Ï ß�à ¥ | P ��á ¡ A

n = (I + N)n Ô�Õ  
A

n = I + nN +
n(n − 1)

2!
N

2 + · · · = I + nN =

(
1 n

0 1

)

(5) 6 A =

(
cos θ sin θ

− sin θ cos θ

)

. � Ï A : t 2 � ã ^�Z�9

τ :

(
x

y

)

7→
(

x
′

y
′

)

= A

(
x

y

)

Q�7 « ��¡ ( (x, y)
* ��Û�,�¦ Z.-�/ . θ ° ( (x′

, y
′). � Ï A

n : t�Q�7 « ��¡ -�/�( â τ8�'
n � �2��7 « � ) a (�* ��Û�,�¦ Z.-�/ . nθ, É�Ê

A
n =

(
cos nθ − sin θ

sin nθ cos nθ

)

(6) A =

(
cos θ sin θ

sin θ − cos θ

) Y�Z�[�\
A

2 = I. É�Ê�å n = 2q ��Ð ] Û A
n = (A2)q =

I, å n = 2q + 1 ��Ô ] Û A
n = (A2)q

A = A =

(
cos θ sin θ

sin θ − cos θ

)

(7)
·�¨������ þ ´ T

(8) 6 N =










0 1

0
. . .
. . . 0

0










. � ·�¨���� z (λI + N)n, ��� Ï ß�à ¥ | P ��á�Ô�Õ

 
(λI + N)n = λ

n
I + C

1
nλ

n−1
N + C

2
nN

2 + · · ·+ N
n

=













λ
n

C
1
nλ

n−1
C

2
nλ

n−2 · · · 1

0 λ
n

C
1
nλ

n−1 · · · C
n−1
n λ

0 0 λ
n · · · C

n−2
n λ

2

...
...

...
. . .

...

0 0 0 · · · λ
n













(9) 6

N =







0 1 1

0 0 1

0 0 0





 , � N

2 =







0 0 1

0 0 0

0 0 0







·�¨���� z
(I + N)n = I + nN +

n(n − 1)

2
N

2 =







1 n n + n(n−1)
2

0 1 n

0 0 1
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(10) 6 A =







0 1 0

0 0 1

1 0 0





, � A

3 = I.
�

2006 = 3q + 2 (
Ë��

q z æ�ç ] )   ·�¨��
�

A
2006 = (A3)q

A
2 = A

2 =







0 0 1

1 0 0

0 1 0







(11) A

Q�Ç�'�ð�õ � ® � X '�Z�9 α = (1, 1,−1)
Q

1,2,4
c�� É�Ê

A =







α

2α

4α





 =







1

2

4





α = βα,

Ë��
β =







1

2

4







·�¨����
A

2006 = (βα) · · · (βα)
︸ ︷︷ ︸

2006 9 βα

= β (αβ) · · · (αβ)
︸ ︷︷ ︸

2005 9 αβ

α = β(αβ)2005
α

Ë��

αβ = (1, 1,−1)







1

2

4





 = −1

� b�]�T É�Ê ·�¨���� z

A
2006 = β(−1)2005

α = β(−1)α = −βα = −A =







−1 −1 1

−2 −2 2

−4 −4 4





 2

FlG ê ¸ Q 11
X  ¸ Q H Q �  � �l��t�S�S � Q � ³;:;<;= s � ��� æ;> I �l��t�S

Þ Ç ¦ Z4Q � ��?�@�A�B�` ì Ï�T
(i) ����C�D � X 2 � ã ¦ � A

t ã ]�i j ^�Z�9 (x, y)T (�o�/ � X ^�Z�9 (x′
, y

′)T :

X =

(
x

y

)

7→
(

x
′

y
′

)

= A

(
x

y

)

× ��E ¤ j Q�( â σ, ¡ ( P (x, y)
( ° P

′(x′
, y

′). 3 (5)
 ¸ Q ¦ � A

× ��Q�( â σ ��¡
� X (�) a (�* ��Û�,�¦ Z.-�/ . α, É�Ê A

n � -�/ . nα. 3 (6)
 ¸ Q ¦ � A

× ��Q�( â
��N þ Í a (�Q Ø�J Q;F rlÒ ( â ��F rlÒ � ³ W ��¡�� X (l(HG a Ä Q � 5l� σ

2 = 1V �;I��( â � É�Ê A
2 = I. Ì�Í  ��Ï 3 � ã ¦ � y t�S × � 3 � å�J ��� � Q�( â T ���� ��Ï

n ��¦ � A y t�S É�Ê n ����� Q�( â X 7→ AX, Ò z J�K ( â T 3 (10)
 ¸ � Q 3 ��¦�

A

× � · [ µ�¶�F�Q�K â ( â σ : Ox 7→ Oz 7→ Oy 7→ Ox, � ) Ø�J x = y = z

Q�-�/��
�

σ
3 = 1V 	 � ¬ A

3 = I.
Ï 3 (10)

 ¸ � Q 3 ��¦ � A : t�w�J � X 3
'����

X

× �
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X

Q
3
'�Q � 5�Q�K â � ¡�3 2,3

'�Ç j�L�M � '�� 3 1
'�N ° ) � ©�O�P 3 3

' ��Q�R�S��5�T�U�V S�W�X�Y�Z�[ 8 W 3 \�]�^�_ X `�[�a�b�c�d�egf A
3 h�i�j�k�l T

(ii) m�n�o�p�q�rts�S�u�v�w�x�y (a + b)2 = a
2 + 2ab + b

2 z�{�|�} x�~�� (a + b)n =

a
n + C

1
na

n−1
b + · · · + C

k
na

n−k
b
k + · · · + C

n
nb

n h c����g�.u�v�����v�S���������Q�R�S T _
a, b Y;�;� l c��;�;�;�;�;�;�;�;c��;u;v;�;Y;�;�;�;�;c��;�;u;v;w;x;�;�;d;�;�;� T �;�;�
� l�� u�v������;Y�c�y���� l;� � l �;Y;c����;�;�;u�v;w;x��;�;c��� ;¡;¢�£;¤;¥�¦;x;���
� T¨§ (4),(8),(9) ©���ª z�{�|�} x�R�«���� l S�¬��s�\�®�S�¯�°�c (7) � U ��¯�°g±.ª�²�S
��³�Z�´�� l S�µ�¶ T

(iii) ·�¸�¹�º�p�»�¼�½�¾À¿���s�S�Á���Â�¿���Ã���¡���s��� �Ä�s�c √
2,

√
−1 ©�� U�V

S�¯�° T ����¿���Å�s�� l S�Á���Æ���Ç h�i −I È�É −2I È�É −aI, Ê�´ a ��¿���s TË§ (1)Ì�Í ©�Î�Q�Ï U�V S�¯�° T 1 Ð�Ñ�s�ÒgÓ�Ô.S�����Â�Ê�Ã�� 1,
§

(3)
Í Î�Q�S��Å�s�S�� l A

Æ�Õ�Ö A
3 = I 6= A.

§
(2),(11)

Ì�Í�×�Ø S�Ù���Ú�Û 1 S�� l A S�u�v�µ�¶�Ü A S�¬��s
\�® h�i
Ý.Þ S�ß�s�à T 2

4.1.4. á A = (aij)n×n ∈ F
n×n, â eiAej

T , �g± ei, ej ��� n ã�Wgä.��c ei S § i å
��� 1, ej S § j å���� 1, æ�ç�S���è�å������ 0.éëê

ei = (λ1, . . . , λn), ej = (µ1, . . . , µn), �ì± λi = µj = 1, ��è λk, µt � h�i 0.
ê

A S § k W�Û αk. Ù

eiA = (λ1, . . . , λn)







α1
...

αn





 = λ1α1 + · · ·+ λnαn = λiαi = αi

eiAe
T
j = αie

T
j = (ai1, . . . , ain)







µ1
...

µn





 = aijµj = aij

eiA = αi ©�� A S § i W�c eiAe
T
j = aij ©�� A S § (i, j) í T 2

î�ï X�Y A 7→ eiA ð�Q A S § i W�c A 7→ Ae
T
j ð�Q A S § j ñ�c A 7→ eiAe

T
j Ù

ð�Q A S § i W § j ñ�S�í�ò T 2

4.1.5. ó�ô�õ�S�ö } x f(x) ��� l A, â f(A).

(1) f(x) = x
2 + x + 1, A =

(
0 1

−1 −1

)

;

(2) f(x) = (x − 2)9
, A =







2 1 1

0 2 1

0 0 1





 .

÷�ø
(1) f(A) = O. (2) f(A) = O. 2
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î�ï � § (1)
Ì�Í S A

2 + A + I = O ù A
3 − I = (A − I)(A2 + A + I) = O. d�©

��e�Ü A � x
2 + x + 1 S “ Â ”, ����� x

3 − 1 = (x − 1)(x2 + x + 1) S�Â�c A
3 = I.

§
3(3)

Í ©���ú�ª U ³�û�Ñ�â�Q�Ï A
2008 = (A3)q

A = A.

� § 3(7)
Í ù�ü Í § (2)

Ì�Í S (A − 2I)3 = O, ý�þ f(A) = (A − 2I)9 = O. 2

4.1.6. y�ÿ AB = BA, ©���� l B
�

A ����Y T å���â � ô�ñ A ����Y�S������ l T

(1) A =

(
1 1

0 1

)

; (2) A =







3 0 0

0 2 0

0 0 5





 ; (3) A =







0 1 0

0 0 1

0 0 0





 .

é
(1) á B = (bij)2×2 � 2 ��� l T Ù

AB = BA ⇔ AB − B = BA − B ⇔ (A − I)B = B(A − I). �

(A − I)B =

(
0 1

0 0

)(
b11 b12

b21 b22

)

=

(
b21 b22

0 0

)

= B(A − I) =

(
b11 b12

b21 b22

)(
0 1

0 0

)

=

(
0 b11

0 b21

)

⇔





b21 = 0

b11 = b22

⇔ B =

(
b1 b2

0 b1

)

= b1I + b2(A − I)

(2) A = diag(λ1, λ2, λ3) ��ó�� l c�ó���í λ1 = 3, λ2 = 2, λ3 = 5 	�	���
 T
á B = (bij)3×3 � 3 ��� l T Ù AB

�
BA S § (i, j) í�å���Û λibij

�
bijλj.

AB = BA ⇔ λibij = bijλj (∀ 1 ≤ i, j ≤ 3) ⇔ (λi − λj)bij = 0 (∀ 1 ≤ i, j ≤ 3)

⇔ bij = 0 (∀ λi − λj 6= 0 � i 6= j) ⇔ B = diag(b11, b22, b33) ��ó�� l T
(3) á B = (bij)3×3. Ù

AB =







b21 b22 b23

b31 b32 b33

0 0 0





 = BA =







0 b11 b12

0 b21 b22

0 b31 b32







⇔






b21 = b31 = b32 = 0

b11 = b22 = b33

b12 = b23

⇔ B =







b1 b2 b3

0 b1 b2

0 0 b1





 = b1I + b2A + b3A

2

î�ï��� � l A ��þ �
Ý.Þ S���¿�S�ö } x f(A) = a0I + a1A + a2A
2 + · · ·+ amA

m

����Y T���� R�c 4.1.6(1),(3) ± � A ��Y�S�d���� A S�ö } x T
Ñ�����c § 4.1.6(2)

Í ± � ó�� l A ��Y�S ��� ó�� l B = diag(b1, b2, b3) d�����Ç��
� A S;ö } x T Û��;Q U ���;c��;_;ó�� l E11 = diag(1, 0, 0), E22 = diag(0, 1, 0), E33 =
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(0, 0, 1) ��� A S�ö } x T � i A = diag(λ1, λ2, λ3) S���³�ó���í�	�	���
�c A(A−λ2I)(A−
λ3I) = diag(λ1(λ1 − λ2)(λ1 − λ3), 0, 0) 6= O, ���

E11 =
1

λ1(λ1 − λ2)(λ1 − λ3)
A(A − λ2I)(A − λ3I) = f1(A)

� A S�ö } x�c��g± f1(x) =
x(x − λ2)(x − λ3)

λ1(λ1 − λ2)(λ1 − λ3)
. ������c

E22 =
1

λ2(λ2 − λ1)(λ2 − λ3)
A(A − λ1I)(A − λ3I) = f2(A)

E33 =
1

λ3(λ3 − λ1)(λ3 − λ2)
A(A − λ1I)(A − λ2I) = f3(A)

d���� A S�ö } x�c��g±
f2(x) =

x(x − λ1)(x − λ3)

λ2(λ2 − λ1)(λ2 − λ3)
, f3(x) =

x(x − λ1)(x − λ2)

λ3(λ3 − λ1)(λ3 − λ2)
.

����c! �" ��# ³�� l A ��Y�S�� l B ��� A S�ö } x T!$�% j S�¯�°������ l A = λI,

æ � ��¿�S�
���� l B ��Y T � A S�ö } x�Ê�Ã������ l µI, ��¿�&�� � A 
���S�� l B �
����� l c�æ�ç�d�� � A = λI ��Y T
ó�����S�� l A, ´�'�~ � A �;Y;S�� l  ���(�) T Ç���S § 6

Í ��*�³�+�,�S�-�. T �� c��g±.S���v���/�0�d���Ç ��1 ý�S�2�3�Ü
� § 4.1.6(2)

Í ��������ù�Ü¨y�ÿ A = diag(a1, . . . , an) � n ��ó�� l c54�ó���í�	�	��

�Ü ai 6= aj (∀i 6= j), Ù � A ��Y�S�� l ��� × n ��ó�� l ( ó i ó���í�6�¿�7�8�c ��Ç���

d���Ç�9�
 ).
� § 4.1.6(1) � 4.1.6(3)

Í ��������ù�Ü�y�ÿ

A =










λ 1

λ

. . .

. . . 1

λ










Ù � A ��Y�:�� l � A :�� × ö } x
f(A) = a0I + a1(A − λI) + a2(A − λI)2 + · · · + an−1(A − λI)n−1

. 2

4.1.7. â�;�Ü � � × n ��� l ����Y�: n ��� l�< þ������ l T=�> á A = (aij)n×n
� � × n ��� l ����Y T

ó ��� i 6= j, ð n ��� l Eii : § (i, i) å���Û 1, ��è�å�����Û 0. Ù EiiA : § i W
� A : § i W�u 1 ��²�c � A : § i W�9�
�c § (i, j) å���Û aij. � AEii : § j ñg� A :§

j ñ�u 0 ��²�c?��Û 0,
§

(i, j) å���d�Û 0. @BA h x EiiA = AEii 	�C�: § (i, j) å����
aij = 0.

U ;ìf Ï A :�"�ó���í aij
<�D ����Û 0, A Ê�Ã���ó�� l c A = diag(a11, . . . , ann).
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ó # ³ j 6= 1, ð n ��� l E1j : § (1, j) å���Û 1, ��è�å���Û 0. Ù AE1j : § 1 W
� E1j : § 1 W�u a11 ��²�c § (1, j) å���Û a11, E1jA : § j ñg� E1j : § j ñ�u ajj �
²�c § (1, j) å���Û ajj. @BA h x AE1j = E1jA 	�C�: § (1, j) å���� a11 = ajj.

i � A

:���¿�:�ó���í�� h�i a11, A = diag(a11, . . . , a11) = a11I ����� l T����E c ��F ��³ n ����� l A = λI '�Ñ � ��¿�: n ��� l ��Y T 2

4.1.8. â�;�Ü F
n×n ± � Î�~�: n ��� l A �;Y�:�� × � l�G ��:�H�I�� F ��:�°�JK�T

=�> á U � � A ��Y�:�� × n ��� l�G ��:�H�I�c λ ∈ F . Ù

B1, B2 ∈ U ⇒





AB1 = B1A

AB2 = B2A

⇒





A(B1 + B2) = AB1 + AB2 = B1A + B2A = (B1 + B2)A ⇒ B1 + B2 ∈ U

A(λB1) = λ(AB1) = λ(B1A) = (λB1)A ⇒ λB1 ∈ U

U ;gf.Ï U ó���v � s�u�L�M�c���°�J K�T 2

4.1.9. á n ≥ 2. ��N�O�Ð���³�� l A ∈ F
n×n, P F

n×n ±B��¿�:�� l ����Ç���� A :
ö } x�:�.�x a0I + a1A + · · · + amA

m (m Û ��� ¬��s�c a0, a1, . . . , am ∈ F )?  �egf.�
� T é ��O�Ð U�V :�� l A.

y�ÿ�O�Ð U�V : A, Ù ��� 	�³�� l B1, B2 ����Ç�å������ A :�	�³�ö } x f1(A), f2(A),Q � B1, B2 ����Y T ��ý n ≥ 2 � F
n×n O�Ð�����Y�:�� l T ¯�y E11, E12 ����Y�Ü E11E12 =

E12 6= O = E12E11, æ�ç�©���Ã�����
���³�� l A :�ö } x T 2

4.1.10. � l A ��Û�ó���:�c�y�ÿ A
T = A. ;gf.Ü�y�ÿ A ��Ñ�ó���� l 4 A

2 = 0, RS
A = 0.=�> á A = (aij)n×n, æ�: § i W αi = (ai1, . . . , ain). y�ÿ A

2 = O, Ù AA
T = A

2 =

O, AA
T : § (i, i) í�ò h�i A : § i W αi

�
A

T : § i ñ α
T
i :�u�T

αiα
T
i = a

2
i1 + · · · + a

2
in = 0

� i ��¿�: aij (1 ≤ j ≤ n) ����Ñ�s�c�æ�ç�:�Á���� h�i 0 U�ý # ³ aij = 0.U ;gf.Ï A : # W���¿�í�ò���Û 0, ��� A = O. 2

4.1.11. á A, B ��� n × n :�ó���� l c�;gf.Ü AB d�ó���ý�4�U�ý A, B ����Y T=�>
AB ó�� ⇔ AB = (AB)T = B

T
A

T = BA � A, B ����Y T 2

4.1.12.
ê

S(n, F ) = {A ∈ F
n×n | A

T = A}, K(n, F ) = {A ∈ F
n×n | A

T = −A}.
(1) ;gf.Ü S(n, F ), K(n, F ) ��� F

n×n :�°�J K�T å���â�æ�ç�:�ã�s T
(2) ;gf.Ü F

n×n ± � ��� l ����V�Û���ó���� l�� � � ó���� l ]�� T
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(3) ;gf.Ü F
n×n = S(n, F ) ⊕ K(n, F ).=�>

(1) ó ��� λ ∈ F , ¿�Ü A, B ∈ S(n, F ) ⇒





(A + B)T = A
T + B

T = A + B ⇒ A + B ∈ S(n, F )

(λA)T = λA
T = λA ⇒ λA ∈ S(n, F )

U ;gf.Ï S(n, F ) ��°�J K�T
ó ��� λ ∈ F , ¿ A, B ∈ K(n, F ) ⇒





(A + B)T = A
T + B

T = −A − B = −(A + B) ⇒ A + B ∈ K(n, F )

(λA)T = λA
T = −λA ⇒ A ∈ K(n, F )

U ;gf.Ï K(n, F ) ��°�J K�T
# ³ n ��ó���� l A = (aij)n×n ∈ S(n, F ) ����� S(n, F ) :�°�H

S = {Eii, Ekj + Ejk | 1 ≤ i ≤ n, 1 ≤ k < j ≤ n}
:�W�µ G I

A =
n∑

i=1

aiiEii +
∑

1≤k<j≤n

akj(Ekj + Ejk)

4�W�µ G I�x
n∑

i=1

xiiEii +
∑

1≤k<j≤n

xkj(Ekj + Ejk) = X

:�Å�s xii � xkj å���� X : § (i, i) í�� § (k, j) í�c U egf X = O U�ý���¿�:�W�µ G I
Å�s xii = xkj = 0, S W�µ�¡�X�c G � S(n, F ) :�Y T

dim S(n, F ) h�i S ��Z�� l ³�s n + (1 + 2 + · · ·+ (n − 1)) = n(n+1)
2

.
# ³ n ��[�ó���� l A = (aij)n×n ∈ K(n, F ) ����� K(n, F ) :�°�H

K = {Eij − Eji | 1 ≤ i < j ≤ n}
:�W�µ G I

A =
∑

1≤i<j≤n

aij(Eij − Eji)

4 K W�µ�¡�X�c G � K(n, F ) :�� G Y T dim K(n, F ) h�i K ��Z�� l ³�s 1 + 2 + · · ·+
(n − 1) = n(n−1)

2
.

(2)
���

A ∈ F
n×n ����� A = A1 + A2, �g± A1 = 1

2
(A + A

T ), A2 = 1
2
(A−A

T ). )\ ; A
T
1 = A1, A

T
2 = −A2, ��] A1 ∈ S(n, F ), A2 ∈ K(n, F ).

(3) á B ∈ S(n, F ) ∩ K(n, F ), Ù B = B
T = −B ⇒ 2B = O ⇒ B = O. 4�Ð (2)

±�^B;gf F
n×n = S(n, F ) + K(n, F ).

U ©�;gf.Ï
F

n×n = S(n, F ) ⊕ K(n, F ) 2

4.1.13. á A Û 2 × 2 � l c�;gf.Ü�y�ÿ A
k = 0, k ≥ 2, R S A

2 = 0.
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=�> y�ÿ�W�ñ�x detA 6= 0, Ù�_�\�W�µ���` G AX = 0 Ê�¿�a�b T ����y�ÿ A
k = O,

Ù AA
k−1 = A

k = O.
ê

A :�	�W�c�Û α1, α2, A
k−1 :�	�ñ�c�Û b1,b2, Ù α1b1, α2b1 ��a

� l AA
k−1 : § 1 ñ�í�ò�c � h�i 0,

U eìf Ab1 = 0, b1 = 0. 
���c ¿ α1b2 = α2b2 = 0,

Ab2 = 0, b2 = 0. ��]�ý detA 6= 0 ��¿ A
k = O ⇒ A

k−1 = O ⇒ A
k−2 = O ⇒ · · · ⇒

A = O, � detA 6= 0 d�e T
����c ý A

k = O � < þ detA = 0, A :�	�W α1, α2 W�µ�¡�X�c ��
���³�Wgä.� α :�ß
s�à�Ü α1 = b1α, α2 = b2α. i �

A =

(
b1α

b2α

)

= bα, �g± b =

(
b1

b2

)

; A
2 = (bα)(bα) = b(αb)α = λbα = λA ,

�g± λ = bα ����³�s T�U�V ©�¿ A
k = λ

k−1
A.

A
k = λ

k−1
A = O ⇒ λ

k−1 = 0 ⇒ λ = 0 ⇒ A
2 = λA = O 2

4.1.14. f�g�å���Õ�Ö�ô�ñ�h�i�:��Å�s 2 ��� l A:

(1) A 6= ±I � A
2 = I; (2) A

2 = −I; (3) A 6= I 4 A
3 = I.

é
(1) A =

(
1 0

0 −1

)

; (2) A =

(
0 −1

1 0

)

; (3) A =

(
0 −1

1 −1

)

2

4.1.15. á A, B, I ����
���� l c�ô�ñ�j Í ����kml¨Û�n S l
(1) (A + B)2 = A

2 + 2AB + B
2; (2) o AB = B, 4 B 6= 0, Ù A = I;

(3) (A + B)−1 = A
−1 + B

−1; (4) det(A + B) = det(A) + det(B);

(5) det(λA) = λ det(A).é ������� T c�f � ¯�y�ô�Ü
(1) A =

(
1 0

0 0

)

, B =

(
0 0

1 0

)

. Ù

(A + B)2 =

(
1 0

1 0

)2

=

(
1 0

1 0

)

6= A
2 + 2AB + B

2 =

(
1 0

0 0

)

(2) A =

(
1 0

0 0

)

, B =

(
0 1

0 0

)

. Ù AB = B, B 6= O, � A 6= I.

(3) A = B = I, Ù (A + B)−1 = (2I)−1 = 1
2
I 6= A

−1 + B
−1 = I + I = 2I.

(4) ð A = B = I Û 2 ��� l T Ù
det(A + B) = det(2I) = 4 6= detA + detB = 1 + 1 = 2.

(5) ð A = I Û 2 ��� l c λ = 2, Ù det(λI) = λ
2 = 4 6= λ detI = λ = 2. 2
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§ 4.2 prqrsrtrurvrw
xryrzr{

|�} m�n�~����
(1) ������p���½����

x1a1 + · · · + xnan = (a1, . . . , an)







x1
...

xn





 = AX (1)

�g± A = (a1, . . . , an) ����\�Ç a1, . . . , an Û�c�ñ�����:�� l T
Wgä.� aT

1 , . . . , aT
n :�W�µ G I

x1a
T
1 + · · · + xna

T
n = (x1, . . . , xn)







aT
1
...

aT
n





 = X

T
A

T (2)

(2) :�Wgä.� X
T
A

T � (1) :�ñgä.� AX :����
(AX)T = X

T
A

T
. (3)

_ # ³ xi � Y�� p ã�Wgä.� βi, Ù X � Y���Ç β1, . . . , βn Û�c�W�����:�� l B, h x (3) X
� (AB)T = B

T
A

T .

(3) ����º�p�»�¼�½�¾

X =







x1
...

xn





 = x1










1

0
...

0










+ · · ·+ xn










0
...

0

1










=










1 0 · · · 0

0 1
. . .

...
...

. . .
. . . 0

0 · · · 0 1
















x1
...

xn





 = IX

_ # ³ xi Y�� p ã�Wgä.� αi, ��² IA = A, A ����\�Ç α1, . . . , αn Û�c�W�����:�� l T
(4) A

�
B 9�u�c�ª A ��\�u B :�c�ñ�Ü

AB = A(b1, . . . ,bp) = (Ab1, . . . , Abp).

(5) ¹�º���� : â X = A
−1 Õ�Ö AX = I.

_ X, I ��ñ�å���Ü X = (X1, . . . , Xn), I = (e1, . . . , en). Ù
AX = I ⇔ A(X1, . . . , Xn) = (e1, . . . , en) ⇔ AXi = ei (∀ 1 ≤ i ≤ n).

(6) ����º�p�»�¼�½�¾
á D = diag(λ1, . . . , λn), á A :�c�W���\�Û α1, . . . , αn. Ù

DA =







λ1
. . .

λn













α1
...

αn





 =







λ1α1
...

λnαn







144



� D :�c�ó���í λ1, . . . , λn å���u A :�c�W���² T ������c�á B = (b1, . . . ,bn), Ù

BD = (b1, . . . ,bn)







λ1

. . .

λn





 = (b1λ1, . . . ,bnλn)

� B :�c�ñ�å���u λ1, . . . , λn ��² T
�r� tr�r�r�r�

4.2.1. ^.ù A =







1 2 3

2 3 4

2 4 7





, â X1, X2, X3 å���Õ�Ö�ô�ñ�h�i�Ü

AX1 =







1

0

5





 , AX2 =







0

2

3





 , AX3 =







1 1

2 5

3 7







|�� ��\�_ A
�

B1 =







1

0

5





 , B2 =







0

2

3





 , B3 =







1 1

2 5

3 7







:�c�ñ������ l B = (A, B1, B2, B3). ó B
� ��Å�ñ�� h�� X�Y�_�� 3 ñ G ��: A X��

j;k;l
I, ^�*;ñ�: B1, B2, B3 � � 
� ;�;Å;ñ�� h�� X;Y;å��;X;� X1, X2, X3, �;Õ;Ö�h�i

AX1 = B1, AX2, AX3 = B3 :�¡���b�¢é






1 2 3 1 0 1 1

2 3 4 0 2 2 5

2 4 7 5 3 3 7







−2(1)+(2),−2(1)+(3)→







1 2 3 1 0 1 1

0 −1 −2 −2 2 0 3

0 0 1 3 3 1 5







2(2)+(1),−1(2)→







1 0 −1 −3 4 1 7

0 1 2 2 −2 0 −3

0 0 1 3 3 1 5







(3)+(1),−2(3)+(2)→







1 0 0 0 7 2 12

0 1 0 −4 −8 −2 −13

0 0 1 3 3 1 5







��â�b�Û

X1 =







0

−4

3





 , X2 =







7

−8

3





 , X3 =







2 12

−2 −13

1 5





 . 2
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4.2.2. á A � n �;� l c�;Hf Ü�O;Ð n ��"�a;� l B P AB = 0 :�£;å < ´�h�i;�
|A| = 0.=�> _ B ��ñ�å���Û B = (b1, . . . ,bn) :�.�x�c��g± bj Û B : § j ñ�¢�Ù AB =

A(b1, . . . ,bn) = (Ab1, . . . , Abn) : § j ñ�Û Abj. AB = O ⇔ A :���¿�c�ñ Abj = 0.

ý |A| 6= 0 ��c AX = 0 ⇔ X = 0, ��� AB = O ⇒ Abj = 0 ⇒ bj = 0 (∀1 ≤ j ≤
n) ⇒ B = O. ������O�Ð B 6= O P AB = O.

á |A| = 0, Ù�O�Ð�"�agä.� X1 Õ�Ö AX1 = 0. ð b1 = · · · = bn = X1 ��²�"�a�� l
B = (b1, . . . ,bn) Õ�Ö AX = O. 2

4.2.3. ^.ù A, X ∈ F
3×3, X : 3 ñ X1, X2, X3 å���Õ�Ö�h�i AX1 = λ1X1, AX2 =

λ2X2, AX3 = λ3X3. â B ∈ F
3×3 P AX = XB.

|�� ê
B = (bij)3×3 : 3 ñ�å���Û B1, B2, B3. @BA

AX = A(X1, X2, X3) = (AX1, AX2, AX3)

XB = X(B1, B2, B3) = (XB1, XB2, XB3)

:�ó�¤�ñ��

AXj = XBj = (X1, X2, X3)







b1j

b2j

b3j





 = b1jX1 + b2jX2 + b3jX3

# ³ AXj = λjXj ��� X : 3 ñ X1, X2, X3 :�W�µ G I�c�W�µ G I�x�:�c } Å�s����
��ñ�©�� Bj.

� AX1 = λ1X1 = λ1X1 + 0X2 + 0X3 = (X1, X2, X3)







λ1

0

0





 , ��ð B1 =







λ1

0

0





.

������c¥W�µ G I�x AX2 = λ2X2 = 0X1 +λ2X2 +0X3, AX3 = λ3X3 = 0X1 +0X2 +

λ3X3 :�c } Å�s���å�� G � B2, B3.

y ÿ X :¦c ñ X1, X2, X3 W µ ¡¦X c G � F
3 : � G Y c Ù B :¦c ñ å¦� � AX1, AX2, X3

Ð�§ G Y�ô�:�¨�©�¢
é

AX = (AX1, AX2, AX3) = (λ1X1, λ2X2, λ3X3) = (X1, X2, X3)







λ1 0 0

0 λ2 0

0 0 λ3







ð
B =







λ1 0 0

0 λ2 0

0 0 λ3







��ª�I�´�â�¢ 2
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4.2.4. ^.ù n ��� l A, B Õ�Ö�h�i AB = BA. â
(

A B

0 A

)n

.

é ��â�� l Û (D + N)n, �g±

D =

(
A O

O A

)

, N =

(
O B

O O

)

� AB = BA ù DN = ND. ������ª z�{�|�} x�~���¥�¦��
(D + N)n = D

n + nD
n−1

N + n(n−1)
2

D
n−2

N
2 + · · ·

) \ ; N
2 = O, ��� N

k = N
2
N

k−2 = O ó k ≥ 2 ����¢�������²���â�� l Û

(D + N)n = D
n + nD

n−1
N =

(
A

n
O

O A
n

)

+ n

(
A

n−1
A

n−1
B

O A
n−1

)

=

(
A

n
nA

n−1
B

O A
n

)

4.2.5. A, B � n ��� l c I � n � j�k�l ¢�«��
(

O I

I O

)(
A O

O B

)(
O I

I O

)

.

é
(

O I

I O

)(
A O

O B

)(
O I

I O

)

=

(
O B

A O

)(
O I

I O

)

=

(
B O

O A

)

. 2

î�ï y�ÿ n = 1, Ù
(

A 0

0 B

) «¬®¯
→
(

0 B

A 0

)

=

(
0 1

1 0

)(
A 0

0 B

)

«°®¯
→
(

B 0

0 A

)

=

(
0 B

A 0

)(
0 1

1 0

)

Â�±�å�������:�a���c�ý n > 1 ��d���²�
� �:�/�ÿ�¢ 2

4.2.6. ^.ù A � n ��� l 4�Õ�Ö�h�i A
3 = I. «���Ü

(1)

(
O −I(n)

A 0

)2000

; (2)

( 1
2
A −

√
3

2
A

√
3

2
A

1
2
A

)2000

.

é
(1)
ê

B =

(
O −I

A O

)

. Ù B
2 =

(−A O

O −A

)

, ��â�� l Û

B
2000 = (B2)1000 =

(
A

1000
O

O A
1000

)

�g± A
1000 = A

3×333+1 = (A3)333
A = A. ��â�� l B

2000 =

(
A O

O A

)

.
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(2)
ê

B =

( 1
2
A −

√
3

2
A

√
3

2
A

1
2
A

)

. Ù B = PD, �g±

P =

( 1
2
I −

√
3

2
I

√
3

2
I

1
2
I

)

, D =

(
A O

O A

)

�g± I � n � j�k�l ¢�)�] PD = DP , ��� A
2000 = (PD)2000 = P

2000
D

2000.

� A
2000 = A

3×666+2 = (A3)666
A

2 = A
2 � D

2000 =

(
A

2
O

O A
2

)

.

ê
S =

( 1
2

−
√

3
2√

3
2

1
2

)

=

(
cos π

3
− sin π

3

sin π
3

cos π
3

)

Ùg�
S

2000 = S
3×666+2 = (S3)666

S
2

=

(
cos 3π

3
− sin 3π

3

sin 3π
3

cos 3π
3

)666 ( cos 2π
3

− sin 2π
3

sin 2π
3

cos 2π
3

)

= (−I)666

(−1
2

−
√

3
2√

3
2

−1
2

)

=

(−1
2

−
√

3
2√

3
2

−1
2

)

�

P
2000 =

(−1
2
I −

√
3

2
I

√
3

2
I −1

2
I

)

, B
2000 = P

2000
D

2000 =

(−1
2
A

2 −
√

3
2

A
2

√
3

2
A

2 −1
2
A

2

)

2
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§ 4.3 ²r³rprq
xryrzr{

1. ´���¹�º�µ�¹�º�p��¶�· Î�~�� l A, y�ÿ�O�Ð�� l B Õ�Ö AB = BA = I, ©�� A ´�� (invertible), B

� A :¸� (inverse).¹�º ½ : á B, B1 ��� A :�»�c Ù AB = I = AB1 ⇒ BAB = BAB1 ⇒ B = B1. �
����Ç ê B = A

−1.¼�½ o : ��»;� l A �;Ç Q � l u;v h x�	�C�
;��¾ ( ¿�¾;È�À�¾ ) Á�Â;Ü AX1 = AX2

	�C�¿�u A
−1 � X1 = X2. Y1A = Y2A 	�C�À�u A

−1 � Y1 = Y2.

2. ��½�Ã�Ä���p ¹�º é
A ��» ⇒ � l ��` AX = B1

�
Y A = B1 å���¿�¡���b X = A

−1
B1, Y = B1A

−1.

+�����c�W�µ���` G AX = b ¿�¡���b X = A
−1b.

3. ´���Å�Æ
A ��» ⇒ W�µ���` G AX = b ó ��� b ¿�¡���b ⇒ detA 6= 0.

� � ñ�x�¥�¦�~���) \ ; AA
∗ = A

∗
A = ( detA)I ó

A
∗ =







A11 · · · An1
...

. . .
...

A1n · · · Ann







����¢ �.������Ü detA 6= 0 ⇒ A
−1 =

1

detA
A

∗, A ��»�¢
����c A ��» ⇔ detA 6= 0.

4. n�¼ë_ n × 2n � l (A, I) � � ��Å�ñ�� h�� X�Y�Ç�Û (I, X), Ù X = A
−1.È ������c ó n ��� l A É n × m � l B, _ n × (n + m) � l (A, B) � � ��Å�ñ��

h�� X�Y�Ç�Û (I, X), Ù X = A
−1

B.

Ñ���¤�ª���c¨��Ç�ª�«���Ê�Ë�i�â�� l :�»�¢5� � _ A :�í�ò�Ì�Í�c¨Ð Mathematica ±.�
� Inverse[A], Ð Matlab ±.� � Inv(A), ©�Ã���² A

−1. ¯�y�c

A =







1 1 1

1 2 4

1 3 9







Ð Mathematica ±.� �
A={{1,1,1},{1,2,4},{1,3,9}};Inverse[A]

��²�� � Ì�g�: A
−1:
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{

{3,−3, 1},
{

−5

2
, 4,−3

2

}

,

{
1

2
,−1,

1

2

}}

y�ÿ�� �
Inverse[A]//MatrixForm

©���²�� l .�x�: A
−1:







3 −3 1

−5
2

4 −3
2

1
2

−1 1
2







�r� tr�r�r�r�
4.3.1. â�ô�ñ�� l :�»�� l ¢

(1) A =







0 0 −4

−1 0 0

0 2 0





 ; (2) A =










1 5 3 0

0 4 6 2

0 0 9 1

0 0 0 1










;

(3) A =










1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1










; (4) A =










1 2 4 8

0 1 2 4

0 0 1 2

0 0 0 1










.

é ¼ë_ n ��� l A
��j�k�l

I ��� n× 2n � l B = (A, I), Î � ��Å�ñ�� h�� X�Y�_
B X�� (I, X), Ù A

−1 = X. â���c Ì�Í : A
−1 å���y�ô�Ü

(1)







0 −1 0

0 0 1
2

−1
4

0 0





 ; (2)










1 −5
4

1
2

2

0 1
4

−1
6

−1
3

0 0 1
9

−1
9

0 0 0 1










(3)










1
4

1
4

1
4

1
4

1
4

1
4

−1
4

−1
4

1
4

−1
4

1
4

−1
4

1
4

−1
4

−1
4

1
4










; (4)










1 −2 0 0

0 1 −2 0

0 0 1 −2

0 0 0 1










Ï
(4) Ð�Ñ é ¼ 2

ê

N =










0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0
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Ù A = I + 2N + (2N)2 + (2N)3. �
[I − 2N + (2N)2 + (2N)3](I − 2N) = I − (2N)4 = I ù

A
−1 = I − 2N =










1 −2 0 0

0 1 −2 0

0 0 1 −2

0 0 0 1










2

î�ï ý |x| < 1 ��Ò�ç�¿�¡�¢�Ó�Ô h @.s�ñ�â���w�x
1 + x + x

2 + · · · + x
n + · · · =

1

1 − x

h x�¿�C�d�©���®�Õ�s (1−x)−1 :�£�¤�¥�¦�x�¢ � ����ù 1−x
� 1+x+x

2 + · · ·+x
n + · · ·Ö »�¢ ý�� l N Õ�Ö N

k = O ��c _ x = N ×�Í���ù I −N
�

I + N + N
2 + · · ·+ N

k−1

Ö »�¢ 2

4.3.2. á A ��� l c A
k = 0 ó���³�¬��s k ����¢ â�;�ô�ñ�� l ��»�cØ �å���â�æ�ç�:

»�¢
(1) I − A; (2) I + A; (3) I + A +

1

2!
A

2 + · · ·+ 1

(k − 1)!
A

k−1.

|�� ��³ Ì�Í ±B:�� l å��g�BÕ�s
f(x) = 1 − x, f(x) = 1 + x, f(x) = e

x = 1 + x + 1
2!

+ · · ·+ 1
m!

+ · · ·
_ x � Y�� A (  �_�ß�s } 1 � Y�� j�k�l I) ��²�c � ê Û f(A). Ð g(x) = (f(x))−1 :�£
¤�¥�¦�x

1

1 − x

= 1 + x + x
2 + · · ·+ x

m + · · ·
1

1 + x

= 1 − x + x
2 − · · ·+ (−1)m

x
m + · · ·

(ex)−1 = e
−x = 1 − x +

x
2

2!
− · · · + (−1)m

x
m

m!
+ · · ·

±._ x � Y�� A ��²�:�� l g(A) ©�� f(A) :�»�� l ¢
´�;gf g(A) = f(A)−1, Ê�´�Ù�Ú�Û�� l u�v�;gf f(A)g(A) = I © � Ï�¢
é

(1) � (I − A)(I + A + A
2 + · · · + A

k−1) = I − A
k = I ù

(I − A)−1 = I + A + A
2 + · · ·+ A

k−1.

(2) � (I + A)(I − A + A
2 − · · · + (−1)k−1

A
k−1) = I + (−1)k

A
k = I ù

(I + A)−1 = I − A + A
2 − · · ·+ (−1)k−1

A
k−1.

(3)
ê

P = I + A +
1

2!
A

2 + · · ·+ 1

(k − 1)!
A

k−1. ð
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B = I − A +
1

2!
A

2 − · · ·+ (−1)k−1

(k − 1)!
A

k−1.

Ù
PB =

∑

0≤t,j≤k−1

1

t!

(−1)j

j!
A

p+q = I +
k−1∑

m=1




m∑

j=0

(−1)j

(m − j)!j!



A
m

�g±
m∑

t=0

(−1)j

(m − j)!j!
=

1

m!

m∑

j=0

(−1)j m!

(m − j)!j!

=
1

m!

m∑

j=0

C
j
m(−1)j =

1

m!
(1 − 1)m = 0

ó 1 ≤ m ≤ k − 1 ����¢���� PB = I,

P
−1 = B = I − A +

1

2!
A

2 − · · · + (−1)k−1

(k − 1)!
A

k−1
. 2

4.3.3. á X =

(
0 A

C 0

)

, ^.ù A
−1

, C
−1 O�Ð�c�â X

−1.

|�� ý A, C ��s (1 ��� l ) ��c�(�)�â�g 2 ��� l X :�»

X
−1 =

(
0 C

−1

A
−1 0

)

.

ý A, C � ��� ����»�� l ��c�§�³�/�0�d�����¢é � (
0 A

C 0

)(
0 C

−1

A
−1 0

)

=

(
I 0

0 I

)

�
X

−1 =

(
0 C

−1

A
−1 0

)

2

4.3.4. â�ô�xg±B:�� l X Ü

(1)

(
7 3

2 1

)

X =

(
4 5

3 1

)

; (2) X







1 −2 0

2 1 3

0 2 1





 =







1 −1 1

2 −3 1

3 −4 1





 .

|�� á A ����»�� l ¢ â�b�� l ��` AX = B, Ê�´�Î � ¿�7�\�� h�� X�Y�_ (A, B) →
(I, X), Ù X ����â�:�b A

−1
B. ý A � 2 ��� l ��c�(�)�Î � A

−1 =
1

detA
A

∗ â�g A
−1,Ü â�g X = A

−1
B.

_�� l ��` XA = B 	�C�
���ð�����c�Ç�� A
T
X

T = B
T , Î � ¿�7�\�� h�� X�Y�_

(AT
, B

T ) → (I, Y ), Ù X = Y
T ����â�:�b BA

−1.
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é
(1)

X =

(
7 3

2 1

)−1 ( 4 5

3 1

)

=

(
1 −3

−2 7

)(
4 5

3 1

)

=

(−5 2

13 −3

)

(2)







1 2 0 1 2 3

−2 1 2 1 −3 −4

0 3 1 1 1 1







2(1)+(2)→







1 2 0 1 2 3

0 5 2 3 1 2

0 3 1 1 1 1







− 3
5
(2)+(3),−5(3)→







1 2 0 1 2 3

0 5 2 1 1 2

0 0 1 −2 −2 1







−2(3)+(2)→







1 2 0 1 2 3

0 5 0 5 5 0

0 0 1 −2 −2 1







1
5
(2),−2(2)+(1)→







1 0 0 −1 0 3

0 1 0 1 1 0

0 0 1 −2 −2 1







X =







−1 1 2

0 1 −2

3 0 1





 2

Ý
Mathematica ±.¿ Ø ��:�Þ�ß���Ç�Ù�Ú�â�� l A :�»�É�	�³�� l :�u�T�c Q ����Ç�â

g�� l ��` AX = B � Y A = B :�b X = A
−1

B � Y = BA
−1. ¯�y�c Ç�� § 4

Í §
(2)Ì�Í ��Ç�� � y�ô�Þ�ß�â�b�Ü

A={{1,-2,0},{2,1,3},{0,2,1}}; B={{1,-1,1}, {2,-3,1},{3,-4,1}};
B.Inverse[A]

Ì�g�:�à�á�Û�Ü
{{-1,-1,2},{0,1,-2},{3,0,1}}

2

4.3.5. á A � n ��� l c�;gf.Ü�o A
2 = I, 4 A 6= I, Ù A + I "���»�� l ¢=�> y�ÿ A + I ��»�c�Ù

A
2 = I ⇒ (A + I)(A − I) = A

2 − I = O

⇒ (A + I)−1(A + I)(A − I) = O

⇒ A − I = O ⇒ A = I

� a Í h�i A 6= I d�e�¢�§�;gf.Ï A + I ����»�¢ 2

4.3.6. ;gf.Ü
(1) ��»�ó���� l :�»���þ���ó���� l ¢
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(2) ��»�[�ó���� l :�»���þ���[�ó���� l ¢=�>
(1) á A ����»�ó���� l ¢�Ù (A−1)T = (AT )−1 = A

−1 ⇒ A
−1 ��ó���� l ¢

(2) á A ����»�[�ó���� l ¢�Ù
(A−1)T = (AT )−1 = (−A)−1 = −A

−1 ⇒ A
−1 ��[�ó���� l ¢ 2

4.3.7. ;gf.Ü
(1) ����� l ��»�:�£�å < ´�h�i���æ�:�ó���í�����Û�a�¢
(2) ��»������ l :�»���þ�������� l ¢=�>

(1) ������� l

A = (aij)n×n =










a11 a12 · · · a1n

0 a22 · · · a2n
...

. . .
. . .

...

0 · · · 0 ann










: � ñ�x |A| = a11a22 · · ·ann
h�i c�ó���í�]�T�¢

A ��» ⇔ |A| = a11a22 · · ·ann 6= 0 ⇔ ó���í a11, a22, . . . , ann ����Û�a�¢
(2) ó n Û�s�â�ã�ä�v�¢�ý n = 1 ��c A = a :�» A

−1 = a
−1 ý�þ�������� l ¢

ã�ä�å�á���¿�: n− 1 ����»������ l :�»���������� l ¢ _ n ����»������ l A å���Û
A =

(
A11 A12

0 ann

)

�H± A11 � n − 1 ������� l c A12 ∈ F
(n−1)×1

, A21 ∈ F
1×(n−1), ann ∈ F . � A ��»;ù

|A| = |A11|ann 6= 0, ��� |A11| 6= 0, A11 ��»�c�4 ann 6= 0. ð
P =

(
I(n−1) −A12a

−1
nn

0 1

)

,

Ù
PA =

(
A11 0

0 ann

)

,

(
A

−1
11 0

0 a
−1
nn

)

PA = I

A
−1 =

(
A

−1
11 0

0 a
−1
nn

)

P =

(
A

−1
11 −A

−1
11 A12a

−1
nn

0 a
−1
nn

)

ó n−1 ����»������ l A11 ª�ã�ä�å�á�ù A
−1
11 ������� l ¢ ��� A

−1 ������� l ¢ 2

î�ï ü Í ±Bæ�ç P P PA ��è�ó�� l ¢�§� �: P ��é� �á�«�g E :ml
y�ÿ n− 1 = 1, Ù�å���� l A ±B:�c�� A11, A12 ����s�c A � 2 ������� l ¢.ó A ê

� � h�� X�Y�c�_ § 2 � : −A12a
−1
nn à���² § 1 � c���Ç�_ A : § (1, 2) í�ò�X�� 0,

Q �
_ A X���ó�� l Ü

A =

(
A11 A12

0 ann

)
−A12a−1

nn(2)+(1)→D =

(
A11 0

0 ann

)
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ê
λ = −A12a

−1
nn.
ê

2 ��� l A :�	 � å���Û α1, α2, _ 2 ��� l A ����� � å���:�.
x�c�Ù���ë�� h�� X�Y�Û�Ü

A =

(
α1

α2

)
λ(2)+(1)→D =

(
α1 + λα2

α2

)

=

(
1 λ

0 1

)(
α1

α2

)

=

(
1 λ

0 1

)

A

_ A, D, λ :�V�ì�x�×�Í�c�©���² 2 ��� l :�u�v h x
(

1 −A12a
−1
nn

0 1

)(
A11 A12

0 ann

)

=

(
A11 0

0 ann

)

_ h xg±Bc 2 ��� l : § (1,1),(1,2),(2,1) í�ò�å�� � Y�� F
(n−1)×(n−1)

, F
(n−1)×1

, F
1×(n−1)

±B:�� l c Q ��_�c 2 ��� l � Y�� n ��� l :�å���.�x�c�) \ ;�u�v h x�������¢
Ð�ô���í�â�î�Ï�� h X�Y � � h � l :�ó�¤�X�Å�]�^�cË��Ç�ù�ï�� h�� X�Y A

λ(2)+(1)→D �
Çg�B� l u�v�Ñ Ø Ü PA = D, �g± P � j�k�l I � � 
� �:�� h�� X�Y���²�Ü

I

λ(2)+(1)→P =

(
1 λ

0 1

)

2

4.3.8. á A
∗ V�ð n ��� l A :�ñ�ò�� l ¢�;gf.Ü

(1) (λA)∗ = λ
n−1

A
∗ ó ��� s λ ����ó

(2) (AB)∗ = B
∗
A

∗ ó ��� 
���� l A, B ����ó
(3) ý n > 2 ��c (A∗)∗ = ( detA)n−2

A; ý n = 2 ��c (A∗)∗ = A .=�> � AA
∗ = |A|I ù�c�ý |A| 6= 0 � A ��»�c A

−1 = |A|−1
A

∗, A
∗ = |A|A−1.Ï�º�ô ��;gfB��³ Ì�Í ±B: h x�ó |A| 6= 0 4 |B| 6= 0 :�-�.�����¢

(1) ý λ = 0 ����þ (λA)∗ = O = λ
n−1

A
∗ ����¢

á λ 6= 0, Ù |λA| = λ
n|A| 6= 0.

(λA)∗ = |λA|(λA)−1 = λ
n|A|λ−1

A
−1 = λ

n−1|A|A−1 = λ
n−1

A
∗ .

(2) ý |A| 6= 0 4 |B| 6= 0 ��d�¿ |AB| = |A||B| 6= 0. ���
(AB)∗ = |AB|(AB)−1 = |A||B|B−1

A
−1 = (|B|B−1)(|A|A−1) = B

∗
A

∗
.

(3) ý |A| 6= 0 ��c � A
∗ = |A|A−1 õ ����² |A∗| = |A|n|A|−1 = |A|n−1 É

(A∗)−1 = |A|−1
A, ê��

(A∗)∗ = |A∗|(A∗)−1 = |A|n−1|A|−1
A = |A|n−2

A

ý n = 2 ��¿ (A∗)∗ = |A|2−2
A = 1A = A.

Ï�ö�ô ;gfB��³ h x�ó���¿�:�-�.�����¢
ó ��� Ñ�s x,

ê
Ax = xI + A, Ù Ax : � ñ�x

|xI + A| =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x + a11 a12 · · · a1n

a21 x + a22 · · · a2n
...

...
. . .

...

an1 an2 · · · x + ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= x
n + · · ·
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� x : n \�ö } x�c (Ax)
∗ :�c�í�ò�d�� x :�ö } x�c ��� |Ax| É (Ax)

∗ :�c�í�ò���� x :÷�ø Õ�s�c�ý x → 0 � (Ax)
∗ :�ù�7 h�i A

∗. ������c ê Bx = xI + B, Ù |Bx| d�� x :
n \�ö } x�c�ý x → 0 � (Bx)

∗ :�ù�7�d h�i B
∗.

n \;ö } x |Ax|
$ ö;¿ n ³;��
�:;¬;Ñ;Â�¢�y;ÿ |Ax| ¿;¬;Ñ;Â;c�ð;¬;Ñ;s δ > 0

Ì i
|Ax| : $ Ì ¬�Ñ�Â�¢�y�ÿ |Ax| 6�¿�¬�Ñ�Â�c � ð δ > 0, Ù�ý x ∈ (0, δ] ����¿ |Ax| 6= 0, �§ ��ú�ù h x

(1) (λAx)
∗ = λ

n−1(Ax)
∗
, (3) (A∗)∗ = |A|n−2

A

ó���¿�: x ∈ (0, δ] ����¢�Ð�§�	�³ h x�	�C�û x

Q
δ
j�ü Ó�ý�þ i 0, Ù # ³ h x�	�C�:�ù�7

��9 h Ü
(1) (λA)∗ = λ

n−1
A

∗
, (3) (A∗)∗ = |A|n−2

A.

�����;c�O;Ð;¬;Ñ;s δ > 0 P |Ax| � |Bx| Ð�ÿ K (0, δ] Ô ��6;¿;Â;c�Ð;�;ÒHÓ;Ô �;¿
|Ax| 6= 0 4 |Bx| 6= 0

Q � |AxBx| = |Ax||Bx| 6= 0, h x
(2) (AxBx)

∗ = (Bx)
∗(Ax)

∗

����¢�û x

Q
δ
j�ü Ó�ý�þ i 0, Ù h x�	�C�:�þ i 
� �:�ù�7�Ü

(2) (AB)∗ = B
∗
A

∗

j Í ��;�¢ 2

î�ï ý A, B ��»���c A
∗
, B

∗ å���� A
−1

, B
−1 :�ß�s�à�c � A

−1
, B

−1 :�µ�¶�(�)��
² A

∗
, B

∗ :�9�¤;µ;¶�¢�§;³�;Hf � 1 ª i |A| = 0 È |B| = 0 :�-�.�¢�� � c�¤;ý����;²;c
|A| = 0 � |B| = 0 :�-�.���ù���s�c |A| 6= 0 � |B| 6= 0 :�-�.�������&�ö�s�¢5+�����c _ A

��� Ax = xI + A ý x = 0 ��:�+�,�-�.�c�P |Ax| = 0 : x � ( d�©�� n ����` |Ax| = 0

:�Â )  �ö�Ê�¿ n ³�c
	���]���:�¡�¢�ö�³ x ����P |Ax| 6= 0, ��ò i ^ � b��:�-�.�c
��ô�:��� b��:�-�. x = 0 ( � Ax = A) ^ � ��Û�� |Ax| 6= 0 :�����&����gÓB:���³������ �������� ¢���ë�b�v���Î � â�ù�7�:���v�� Q |Ax| 6= 0 :�-�.�þ���² x = 0 :�-�.�¢ õ ¿�����³��
v���ú�ª�ö } x�9 h :�h�i E ; � Í"! ±B:���³ h x�ó���¿�: x ��� Q ��ó x = 0 ����¢ê

Ax = xI + A, Bx = xI + B. Ù�¿�¡�¢�ö�³ x ��P |Ax| 6= 0 4 |Bx| 6= 0, # Í"! ±
:���³ h xg±B: A, B å���ª�§�� Ax, Bx ��$ ��²�: h x������ c�³ h x�	�C�9�ý���²�: n �
� l

(λAx)
∗ − λ

n−1
A

∗
x, (AxBx)

∗ − B
∗
xA

∗
x, (A∗

x)
∗ − |Ax|n−2

Ax

ó�§�¡�¢�ö�³ x ������a�� l � §�¡�¢�ö�³ x ��P�§���³�� l : # ³�í�ò�� h�i 0. §���³ n �
� l : # ³�í�ò���� x :�ö } x�¢ y�ÿ��g±.��³�í�ò�����a�ö } x�� Ù�æ�Ê�¿�¿�7�³�Â�� ����Ã
¿�¡�¢�ö�³ x ��P�æ h�i 0. d�e�¢�§�©�; �.Ï�§���³ n ��� l ±B: # ³�í�ò���� x :�a�ö }
x��%#���¿�: x ��×�Í�� h�i 0. +������ ý x = 0 ��§���³ n ��� l � h�i 0,

Í"! ±B:���³
h x�ó���¿�: A, B ����¢ 2
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4.3.9. á;� l A = (aij)n×n ∈ F
n×n : � ñ;x |A| 6= 0, β ∈ F

n×1. Ù�W;µ;��` G
AX = β ¿�¡���b X = A

−1
β. ú�ª A

−1 :�V�ì�x A
−1 =

1

|A|A
∗ ; � Cramer v�Ù�¢

=�> á β = (b1, . . . , bn)T . Ù

X =










x1

x2
...

xn










= A
−1

β =
1

|A|A
∗
β =

1

|A|










A11 A21 · · · An1

A12 A22 · · · An2
...

...
. . .

...

A1n A2n · · · Ann



















b1

b2
...

bn










: § i å��
xi =

A1ib1 + A2ib2 + · · · + Anibn

|A|
h x�À�C�:�å�° b1A1i + b2A2i + · · ·+ bnAni ��# |A| : § i ñ�ª β ��$ ��²�: � ñ�x ∆i �§

i ñ�¥�¦���²�:�/�ÿ�� h�i ∆i. ����¿

xi =
∆i

|A| (∀ 1 ≤ i ≤ n)

§�©�� Cramer v�Ù�¢ 2
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§ 4.4 &('rprqr�(&('()(*
xryrzr{

1. ¹�º�»�¼�+�,�-�.�/�0
ó m×n � l A = (A1, . . . , An) � � h¦�21 $ σ : A = (A1, . . . , An) 7→ (σ(A1), . . . , σ(An)),3 ©���# A : # ��ñ � 
� �:�� h���1 $ ¢
(�) \ ;�Ü 	�³ m ã�ñìä � X1, X2 4 � X1 +X2 : 1 $ σ(X1 +X2) = σ(X1)+σ(X2),

h�i
X1, X2 : 1 $�5 ÿ σ(X1), σ(X2) 4 ��¢ X :�ß�s�à aX : 1 $�5 ÿ σ(aX) = aσ(X),

h�i
X : 1 $�5 ÿ σ(X) : a à�¢ �.����ù�Ü�o�6�³ m ã�ñgä.� X1, . . . , Xn :�W�µ G I�:

1 $�5 ÿ
σ(a1X1 + · · ·+ anXn) = a1σ(X1) + · · · + anσ(Xn).

+������7# # ³;ñHä � X = (x1, . . . , xm)T å�b;Û Ý þ�Y e1, . . . , em :�W;µ G I X =

x1e1 + · · ·+ xnen ��²

σ(X) = x1σ(e1) + · · ·+ xnσ(en) = (σ(E1), . . . , σ(en))







x1
...

xn





 = PX

�g± P = (σ(e1), . . . , σ(en)) �g� j�k�l I = (e1, . . . , en) :�c�ñ � � � h���1 $ σ ��²�:
ñgä.� σ(e1), . . . , σ(en) ����:�� l � 3 ©�� j�k�l I � � � h���1 $ σ ��²�:�� l σ(I). ó
m ã�ñgä.� X

� � h���1 $ σ : X 7→ PX ��Ç�ª�� l P ¿�u X Ñ Ø ¢
j�k�l

I � � ����� h���1 $ σ ��²�:�� l P = σ(I) ��Û8-�.�Ã�º . ó ��� m × n �
l

A = (A1, . . . , An) � ��� � h���1 $ σ

σ(A) = (σ(A1), . . . , σ(An)) = (PA1, . . . , PAn) = PA

��Ç�ª�� h � l P = σ(I) ¿�u A Ñ Ø ¢
ó�� l A

� � h ñ 1 $ σ, �;Ç��;ó A :������ l A
T � 9�¤�:�� h���1 $ σ

′(AT ) =

PA
T ,
Ü ������² σ(A) = (PA

T )T = AP
T ,
3 ©���# A À�u P

T ��²9���g± P = σ
′(I) �

# j�k�l I ê � � h���1 $ σ
′ ��²�:�� h � l ��� P

T = IP
T = σ(I) ��ó j�k�l I

� � h
ñ 1 $ σ ��²�:�� l ¢

2. -�.�Ã�º�p�:�;�<�=
(1) # j�k�l § i, j 	 � Ö $ ��² Pij = I + Eij + Eji − Eii − Ejj. ��� A

(ij)→PijA,

4g� P
T
ij = Pij ù�� h ñ 1 $ A

(ij)
→APij.

(2) I
λ(i)→Di(λ) = I + (λ − 1)Eii. ��� A

λ(i)→Di(λ)A, A
λ(i)
→ADi(λ).

(3) I
λ(j)+(i)→Tij(λ) = I + λEij. �;� A

λ(j)+(i)→Tij(λ)A. 4H� Tij(λ) = Tji(λ)T ù
A

λ(j)+(i)
→ATji(λ).
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�r� tr�r�r�r�
4.4.1. ; �.Ü Ê�ª�� h���1 $ ��#���	�ñ�ó $ � ��Ç�# ��� � l A Ç�Û

(
I(r) B

0 0

)

:�.
x����g± r = rank A.=�> y�ÿ A = O ��a�� l � ^ ��> ¿���?�.�x�� r = 0. Ç�ô�Ê�@�A�B A 6= O :�-�.�¢
ó�� l : � s m

� s�â�ã�ä�v�� ; � ��� m × n � l A ��Î � � h���1 $ ��	�ñ�ó $ Ç
����?�:�.�x�¢
ý m = 1 ��� A = (a1, . . . , an) Ê�¿�� � ¢�y�ÿ a1 6= 0, # A : § 1 � u a

−1
1 ��Ç�Û

A1 = (1, b2, . . . , bn) = (1, B) :�.�x�� ª�I�´�â�¢ y�ÿ a1 = 0, < ¿���³ ai 6= 0, # A : § 1

ñ � § i ñ Ö $ ����Ç�Û a1 6= 0 :�-�.�� ^ � b��¢Ø Ð�á m > 1,  �á m − 1 � :�� l ����Ç�Î � ¿�7���� h���1 $ ��	�ñ Ö $ Ç�����?�.
x�¢�; � m × n � l A = (aij)m×n ��Î � ¿�7���� h���1 $ ��	�ñ Ö $ Ç�����?�.�x�¢

��á a11 6= 0. # A : § 1 � u a
−1
11 ��# A : § (1, 1) í�ò�Ç�Û 1, ��è�c � � 1 ¢ ó § 1

ñ § 2   m
� : # ³�"�a�í ai1 6= 0, # A : § 1 � : −ai1 à���² § i ñ�� ��# § (i, 1) í�ò

Ç�Û 0. � � §�� ��1 $ � ©�# A
1 ��Ï Ã = (ãij)m×n P�æ�: § 1 ñ > ¿�.�x (1, 0, . . . , 0)T :

Ã =










1 ã12 · · · ã1n

0 ã22 · · · ã2n
...

...
. . .

...

0 ãm2 · · · ãmn










=

(
1 A12

0 A22

)

�g± A12 � 1× (n− 1) � l � A22 � (m− 1)× (n− 1) � l ¢ �Bã�ä�å�á�� m− 1 � :��
l

A22 ��Î � ¿�7���� h���1 $ ��	�ñ Ö $ Ç�����?�.�C�¢ 3 ©;��?�� � � ¿�7���ó�� l Ã :D
m − 1 � Û�� h���1 $ È D n − 1 ñ�	�ñ Ö $ ����Ç�# Ã Ç�Û

C = (cij)m×n =







1 C12 C13

0 I(r−1) C23

0 O O







:�.�x�� �g± C12 = (c12, . . . , c1r) � 1× (r − 1) � l � I(r−1) � r − 1 � j�k�l ¢ ó C12 :
# ³�"�a�í c1j 6= 0 (2 ≤ j ≤ r), # C : § j

� : −c1j à���² § 1 � ����# c1j
1 � 0. �� §���� h���1 $ ��Ç�# C12 :���¿�í�ò 1 � 0, # C Ç�Û

C̃ =







1 0 C̃13

0 I(r−1) C23

0 O O





 =

(
I(r) B

O O

)

, �g± B =

(
C̃13

C23

)

.

C̃ > ¿���´�â�:�.�C�¢Ø Ð�á A = (aij)m×n : § (1, 1) í�ò a11 = 0. y�ÿ A : § 1 ñ�¿���³ ai1 6= 0, # A

: § 1 ��� § i
� Ö $ ��Ù�"�a�í ci1 � $ ² § (1, 1) k ����Ç�Û a11 6= 0 :�-�.�¢�y�ÿ A :
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§
1 ñ���Û 0, � A 6= O ù < ¿�������ñ���í�ò aij 6= 0. # A : § 1 ñ � § j ñ Ö $ �.��#

aij $ ² § 1 ñ���y�ÿ i 6= 1,
Ü # § 1 ��� § i

� Ö $ ����# aij $ ² § (1, 1) k ���7E���Ç
Ç�Û a11 6= 0 : ^Bb��-�.�¢

§�©�ó���¿�:�-�.���;F� Ï�� A ��Ç�Î � ¿�7���� h���1 $ ��	�ñ Ö $ Ç�����?�.�C�¢ 2

4.4.2. (1) #
(

λ 0

0 λ
−1

)

�
(

0 1

−1 0

)

å����;��.;y
(

1 s

0 1

)

�
(

1 0

s 1

)

:�� h
� l :�u�T�¢

(2) ; �.Ü � ñ�x h�i 1 : 2 ��� l A ����Ç�����.�y
(

1 s

0 1

)

�
(

1 0

s 1

)

:�� h �
l :�u�T�¢é

(1) Ò�ç�¿
(

λ 0

0 λ
−1

)
λ−1(1)+(2)→

(
λ 0

1 λ
−1

)
(1−λ)(2)+(1)→

(
1 λ

−1 − 1

1 λ
−1

)
−(1)+(2)→

(
1 λ

−1 − 1

0 1

)

# # ³�� h���1 $ Î � ¿�u�� h � l E Ñ Ø ����²
(

1 0

−1 1

)(
1 1 − λ

0 1

)(
1 0

λ
−1 1

)(
λ 0

0 λ
−1

)

=

(
1 λ

−1 − 1

0 1

)

����ª h x�¿�C�����³�� l :�»�¿�u h x�	�C�����²
(

λ 0

0 λ
−1

)

=

(
1 0

−λ
−1 1

)(
1 λ − 1

0 1

)(
1 0

1 1

)(
1 λ

−1 − 1

0 1

)

��������¿
(

0 1

−1 0

)
−(2)+(1)→

(
1 1

−1 0

)
(1)+(2)→

(
1 1

0 1

)

⇒
(

1 0

1 1

)(
1 −1

0 1

)(
0 1

−1 0

)

=

(
1 1

0 1

)

⇒
(

0 1

−1 0

)

=

(
1 1

0 1

)(
1 0

−1 1

)(
1 1

0 1

)

(2) á A =

(
a b

c d

)

, |A| = 1.

y�ÿ c 6= 0, Ù

A

(1−a)c−1(2)+(1)→
(

1 b1

c d

)
−c(1)+(2)→B =

(
1 b1

0 d1

)

�ì± b1 = b+(1−a)c−1
d, d1 = |B| = |A| = 1. #�� h���1 $ Î � ¿�u�� h � l E Ñ Ø � ��²

(
1 0

c 1

)(
1 (1 − a)c−1

0 1

)

A = B =

(
1 b1

0 1

)

160



Q �
A =

(
1 (a − 1)c−1

0 1

)(
1 0

−c 1

)(
1 b1

0 1

)

.

����?���G�:�� h � l ( � § 3 ��� h � l ) :�u�T�¢
y�ÿ c = 0, Ùg� A ��»�ù a 6= 0,

A1 =

(
1 0

1 1

)

A =

(
1 0

1 1

)(
a b

0 d

)

=

(
a b

a b + d

)

, A =

(
1 0

−1 1

)

A1 .

Ò;ç;¿ |A1| = |A| = 1, 4 A1 : § (2,1) í;ò a 6= 0. �;õ ^ ;�§� �: A1 �;Ç��;� §
3 ��� h � l P1, P2, P3 :�u�T�� P0 =

(
1 0

−1 1

) 3 � Ü 
� ���G�: § 3 ��� h � l �����
A = P0P1P2P3 � § 3 ��� h � l :�u�T�¢ 2

4.4.3. á A � n ����»�� l � I � n � j�k�l � B � n×m � l ¢ ú�ª�� h � l�� �
h�1 $ :�X�Å���; �.Ü

(1) # n × 2n � l (A I) � � ��Å�ñ�� h���1 $ Ç�Û (I X) :�.�x���Ù X = A
−1.

(2) # n×(n+m) � l (A B) � � ��Å�ñ�� h���1 $ Ç�Û (I X) :�.�x�� Ù X = A
−1

B.=�>
(1) # ³�� h���1 $ ��Ç�Î � ¿�u���³�� h � l Ñ Ø ¢�á�# (A I) 1 � (I X) :��

Å�ñ�� h���1 $ ��Ç�å���Î � ¿�u�� h � l P1, P2, . . . , Pk Ñ Ø ��Ù
(I, X) = Pk · · ·P2P1(A, I) = P (A, I) = (PA, P )

� ± P = Pk · · ·P2P1. @ A (PA, P ) = (I, X) :�ó�¤���� PA = I, P = X.
Q �

X = P = A
−1.

(2) á (A, B) Î � ��Å�ñ�� h���1 $ 1 � (I, X), �g±Bc�³�� h���1 $ ����Î � ¿�u�� h
� l P1, P2, . . . , Pk Ñ Ø ¢ @BA Pk · · ·P2P1(A, B) = P (A, B) = (PA, PB) = (I, X) :�ó
¤���� PA = I, X = PB.

Q � P = A
−1

, X = A
−1

B. 2

4.4.4. (1) á P � n �¦� h � l � A � n � � l ¢ â¦; Ü |PA| = |P ||A|, |AP | = |A||P |.

(2) # n ��� l A ��� A = P1 · · ·Pt

(
I(r) 0

0 O

)

Q1 · · ·Qs :�.�x�P��g± Pi, Qj (1 ≤

i ≤ t, 1 ≤ j ≤ s) ����� h � l ¢�ó ��� n ��� l B, â�;�Ü

|AB| = |P1| · · · |Pt|
∣
∣
∣
∣
∣

(
I(r) 0

0 O

)∣
∣
∣
∣
∣
|Q1| · · · |Qs||B| = |A||B| .
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=�>
(1) å������ h � l�H 0�Ü

�;á P = Pij � j;k;l I : § i, j 	 � Ö $ �;²�¢�Ù |P | = −|I| = −1. 4 PA � A

: § i, j 	 � Ö $ �;²�� AP � A : § i, j 	;ñ Ö $ �;²�¢���� |PA| = −|A| = |P ||A|,
|AP | = −|A| = |A||P |.Ü á P = Di(λ) �H� j;k;l : § i

� u λ �;²�:;ó�� l ¢��;������ó ��� ó�� l D =

diag(λ1, . . . , λn), DB
�

BD å��g� B :�c � È�c�ñ�å���u λ1, . . . , λn ��²�� ��� |DB| =

|BD| = λ1 · · ·λn|B| = |D||B|. ý P = Di(λ) ��� h ó�� l �;ý;þ 3 ¿ |PB| = |BP | =

|P ||B|.Ü á P = Tij(λ) � j�k�l : § j
� : λ à���² § i

� ��²���Ù |P | = |I| = 1. 4 PA

� A : § j
� : λ à;�;² § i

� �;²�� AP � A : § i ñ�: λ à;�;² § j ñ;�;²������
|PA| = |A| = |P ||A|, |AP | = |A| = |A||P |.

(2) A = P1 · · ·PtSQ1 · · ·Qs, �g± S =

(
I(r) 0

0 0

)

��ó�� l � Pi, Qj ��� h � l ¢
Ð (1) ±�^ � ; �.Ï ��� n ��� h � l È�ó�� l P

�
n ��� l B :�u�T PB : � ñ�x

|PB| = |P ||B|.ê
Ai = Pi (1 ≤ i ≤ t), At+1 = S, At+1+j = Qj (1 ≤ j ≤ s), Ù A

� ���
n ��� l

B :�u�T AB = A1 · · ·AmB �g� B ¿�u m = t + 1 + s ³�� h � l È�ó�� l Ai ��²�¢�Ò
ç�ó m

� s�â�ã�ä�v�; �
|AB| = |A1| · · · |Am||B|

ý m = 1 ��� A = A1 ��� h � l È�ó�� l � ^ � ù�ï |AB| = |A1||B|.
á m > 1, 4 |A1 · · ·Am−1B| = |A1| · · · |Am−1||B| ó ��� n ��� l B ����¢ i �

|AB| = |A1 · · ·Am−1(AmB)| = |A1| · · · |Am−1||AmB|
Ü # |AmB| = |Am||B| ×�Í�����² |AB| = |A1| · · · |Am||B|.

+���������Ç�ð B Û n � j�k�l I, ��²
|A| = |AI| = |A1| · · · |Am||I| = |P1| · · · |Pt||S||Q1| · · · |Qs|Ü ×�Í |AB| = |A1| · · · |Am||B| ±B���

|AB| = |A||B| . 2

î�ï ü Í ó�	�³�
���� l A, B u�T�: � ñ�x�w�x |AB| = |A||B| Î�g�Ï���³�; �B¢ ; �
:�Y�ü�I�J���v���# A å�b�Û�� h � l Pi, Qj

� ó�� l S :�u�T�¢���ó A ��� h � l È�ó��
l :�-�.�; � |AB| = |A||B|, Ü ó ��� :�� l A ; �B§�³�w�x�¢

§�³�; � � `g±.ó������ h � l P å�� H 0�Ï Q |B| ² |PB| : 1 Ç�-�K�¢�� i § �����
h�1 $ ��L 1�� ñ�x�:���¢ Û�Ï % Ç�; ���?Ò�ç���Ç���ª���	���� h � l �
# A Ê�å�b�Û § ���
� h � l�� ó�� l :�u�T�¢
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M ��ó n
� s�â�ã�ä�v�; �.Ü ��� n ��� l A ��Ç � � ¿�7�� § ����� h���1 $ ��ñ 1 $

1 ��ó�� l S = diag(λ1, . . . , λn) :�.�x�¢
n = 1 � A ^ � ��ó�� l ¢
á n > 1, 4 n − 1 �;� l �;Ç�Î � ¿�7�� § ����� h�1 $ 1 �;ó�� l ¢�;N� n �;� l

A = (aij)n×n
3 ��Ç�Î � ¿�7�� § ����� h�1 $ 1 ��ó�� l ¢

��á a11 6= 0. ó # ³ 2 ≤ i ≤ n, # A : § 1 � : −ai1a
−1
11 ��² § i

� ��Ç�# ai1
1 �

0, # § 1 ñ�: −a
−1
11 a1i à���² § i ñ���Ç�# a1i

1 � 0. §� �©�Î � Ï�¿�7�� § 3 ��� h���1
$ ��ñ 1 $ # A

1 �
A1 =

(
a11 O

O A22

)

��O�ã�ä�å�á�� n−1 ��� l ��Ç�Î � ¿�7�� § 3 ��� h � l�1 ��ó�� l diag(λ2, . . . , λn).
3 ©

�2? Ü ó A1 : D n−1 � � D n−1 ñ � § �¦�¦� h21 $ � Ç2# A1
1 � ó¦� l diag(a11, λ2, . . . , λn).Ü á a11 = 0. y�ÿ A : § 1 ñ�¿���³ ai1 6= 0, # A : § i
� ��² § 1 � ��Ù A : §

(1, 1) íg� 0 1 ��"�a�í ai1. y�ÿ A : § 1 � ¿���³ a1j 6= 0, # A : § j ñ���² § 1 ñ��
Ù A : § (1, 1) í � 0 1 ��"�a�í a1j . ��Ç�Û ^Bb��:�-�K�¢P��ô�:�-�.�� A : § 1 ñ � §
1 � ����a���Ù

A =

(
0 O

O A22

)

�Bã�ä�å�á���Ç�ó A : D n − 1 � � n − 1 ñ � § ����� h�1 $ # A
1 ��ó�� l ¢

§;©�;N� Ï A �;Ç�Î � ¿�7�� § ����� h�1 $ 1 �;ó�� l S = diag(λ1, . . . , λn).
���

E � S

3 ��Ç � � ¿�7�� § ����� h�1 $ 1 � A. # ³ § ����� h�1 $ ��Ç�ª���³ § ����� h �
l�� u�v�Ñ Ø ¢����

A = P1 · · ·PtSPt+1 · · ·Pm

�ì± P1, . . . , Pm � § ����� h � l ¢ ª § ����� h � l�� u�v�9�ý i Û § ����� h�1 $ � ��L 1
� ñ�x�¢���� |A| = |S| = λ1 · · ·λn. ó ��� � l B, ¿

AB = P1 · · ·PtSPt+1 · · ·PmB

B � � ¿�7�� § ����� h���1 $ 1 � B1 = Pt+1 · · ·PmB, � ñ�x�� 1 ¢ B1 :�c � å��
u S = diag(λ1, . . . , λn) :�ó���í���² S1B1,

� ñ�x 1 � |SB1| = λ1 · · ·λn|B1| = |S||B1|.
SB1

Ü � � ¿�7�� § ����� h���1 $ 1 � AB = P1 · · ·PtSB1,
� ñ�x���� 1 ¢����

|AB| = |SB1| = |S||B1| = |A||B|. 2

4.4.5. (1) ^ ù A =

(
a b

c d

)

, a 6= 0. â 2 ��� h � l P, Q P PAQ > ¿�.;x
(

a 0

0 d1

)

.
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(2) á A, B, C, D ∈ F
n×n 4 A ��»�¢ â 2n ����»�� l P, Q P P

(
A B

C D

)

Q >

¿�.�x
(

A 0

0 D1

)

, �g± D1 ����³ n ��� l ¢
é

(1) A ��Ç�Î � � h���1 $ ��ñ 1 $ 1 ��ó�� l Ü

A =

(
a b

c d

)
−ca−1(1)+(2)→

(
a b

0 d − ca
−1

b

)

−a−1b(1)+(2)
→
(

a 0

0 d1

)

�g± d1 = d − ca
−1

b. û

I

−ca−1(1)+(2)→P =

(
1 0

−ca
−1 1

)

, I

−a−1b(1)+(2)
→Q =

(
1 −a

−1
b

0 1

)

Ù
PAQ =

(
1 0

−ca
−1 1

)(
a b

c d

)(
1 −a

−1
b

0 1

)

=

(
a 0

0 d1

)

(1)

(2) # h x (1) ±B:�s a, b, c, d, 1, 0 å�� ��$ � n ��� l A, B, C, D, I, O, ��²
(

I O

−CA
−1

I

)(
A B

C D

)(
I −A

−1
B

O I

)

=

(
A O

O D1

)

(2)

�g± D1 = D − CA
−1

B. 2
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§ 4.5 prq(Q(Rr�(S(T(U
xryrzr{

1. ��½�/�0�¹�º�p�V���=
� 1 â�W X x

2

a
2

+
y

2

b
2

= 1 ( �g± a > b > 0) :�õ�T�¢5 �â�g�æ�:gÔBÚ�Y�C�.�: $ &�õ�T�¢

-2 -1 1 2

-2

-1

1

2

Z
4-1

|�� #�WFX Ð y [��ìä “ \�] ” ² a

b

à���²FX x
2 +y

2 = a
2.
����E �^#FX x

2 +y
2 = a

2

Ð y [��gäB� @.¯ b
a

“ _�Ô ” ��²���?�:�W XB¢
Ð y [��gäB��: “ _�Ô ” ��Ç�Î � Á�õ���:�W�µ 1 $ (x, y) 7→ (x,

b
a
y)
E Ñ Ø ¢ � � §�³

_�Ô 1 $ ����¿�`�.�:�õ�T�����_�Ô�Ï�
� �: @.¯�� 1 ��a E : b
a
à�¢

X.õ�T πa
2 “ _�Ô ” ��W X.õ�T b

a
· πa

2 = πab.

X;Ô Ú�Y�C�. $ &;õ�T ( Ô Ú;¬;��.;õ�T ) 2a2 _�Ô;��WNX;Ô Ú�Y�C�. $ &;õ�T a
b
· 2a2 =

2ab. 2

�;������Á;õ���:�W;µ 1 $ X 7→ AX #��;¿�:�`�.�:;õ�T�b�&;È�Ô Ì 
;��³;à�s λ =

detA, h�ic1 $ � l A : � ñ�x�¢ � ñ�x detA :�¬cdfe�V�ð��cgch õ �cL 1 `�.ci���� ä
( »;��j;�Hä õ ��k;��j;� ä ). ü;¯H±%#NX%_�Ô;��WNX : 1 $ (x, y) 7→ (x,

b
a
y) :�� l A =

diag(1, b
a
), � ñ�x detA = b

a
, `�.�õ�T�����_�Ô���a E : b

a
, i����gä.� 1 ¢

����������ã�* F J K :�W�µ 1 $ X 7→ AX #�`�.�: × T�b�&�È�Ô Ì 
���³;à�s detA,

detA :�ª�e�V�ð���g�h õ ��L 1 `�.�:�i����gä ( À�l�Å õ ��¿�l�Å ).

� 2 â mBW x
2 + 2xy + 5y2 = 4 �gÓ.õ�T�¢|�� #���`�¿�Ccn���Û (x + y)2 + (2y)2, û x

′ = x + y, y
′ = 2y, Ùom W���` 1 �

x
′2 + y

′2 = 4. § 3 ©���#�Ù���¨�©�Å Oxy ±B: mBW x
2 + 2xy + 5y2 = 4 � � W�µ 1 $

σ :

(
x

y

)

7→
(

x
′

y
′

)

=

(
1 1

0 2

)(
x

y

)

1 ��Ù���¨�©�Å Ox
′
y
′ ±B: X x

′2 + y
′2 = 4. X.õ�T�Û 4π. W�µ 1 $ σ :�� l : � ñ�x�Û 2,

��� σ #�õ�T�b�&�² 2 à�¢7a E mBW��gÓ.õ�T�Û 1
2
(4π) = 2π. 2

165



y;ÿ�� � � 1 $ σ : X 7→ AX #;õ�T;È × T�b�&;È�Ô Ì ² λ = detA à�� Ü � � 1 $
τ : X 7→ BA b�&�È�Ô Ì ² µ = detB à��qp�I 1 $ τσ : X 7→ (BA)X :�b�Ô�à�s�©�¤�ý��

det(BA) = µλ = ( detA)( detB).

2. Ã�º�»�r�p�V���=
¶�s ó ��� 	�t�u�v A, B, w det(AB) = ( detA)( detB).
=�> ��x A y�z�Î�{�|�}�~������������ 1 $ 1������ G T ,

3�������� |�}�~��������
����v P1, . . . , Pk

1��
T = Pk · · ·P1A, detT = detA. ��������� AB ��� ������� ���

��v�� � (Pk · · ·Pk)(AB) = (Pk · · ·P1A)B = TB, � ����� {�|�}�~������������������ �
TB, det(AB) = det(TB).���

detA = 0, �������������7 �¡ ��¢�����£ T
¢�¤�¥ |���¦ 0, TB

¢�¤�¥ |�����¦
0, det(AB) = det(TB) = 0 = ( detA)( detB) ��§�¨���

detA 6= 0,   A y�©�{�|�}�~������������������ ��ª�« v T = diag(λ1, . . . , λn),

TB ¬ B
¢ ��~��® � λ1, . . . , λn ¯�° �7±��

det(AB) = det(TB) = λ1 · · ·λn detB = ( detT )( detB) = ( detA)( detB). 2

3. ²�³�´�µ�¶�·�¸�¹
º

A ∈ F
n×m

, B ∈ F
m×n.  

(1) » n = m ��� A, B

� u�v�� det(AB) = detA detB.

(2) » n > m ���f¬ rank (AB) ≤ rank A ≤ m < n ¼ det(AB) = 0.

��y�½ A ¾�¿ n − m t�À�Á�~�Â B ¾�¿ n − m t�À�Á����7�®�Ã � n
� u�v�� ¯�°

(A, O)

(
B

O

)

= AB + OO = AB, det(AB) = det(A, O) det

(
B

O

)

= 0

(3) » n < m ���

det(AB) =
∑

1≤k1<···<kn≤m

A

(
1 2 · · · n

k1 k2 · · · kn

)

B

(
k1 k2 · · · kn

1 2 · · · n

)

Ä Å
A

(
1 2 · · · n

k1 k2 · · · kn

) �
A
¢ � 1, 2, . . . , n ��Æ�� k1, . . . , kn ~�Ç�È�É�Ê ¢�Ë�Ì�Í��

¢ ��~�Î�� B

(
k1 k2 · · · kn

1 2 · · · n

) � ¬ B
¢ � k1, . . . , kn ��Æ�� 1, 2, . . . , n ~�Ç�È�É�Ê ¢

Ë�Ì�Í���¢ ��~�Î ¨ 2

Ï(Ð(Ñ(Ò(Ó(Ô(Õ

4.5.1.
º

A

�
n
� y�Ö�u�v�� α = (a1, a2, · · · , an)T , × Ø�Ù

det(A − αα
T ) = (1 − α

T
A

−1
α) · det(A).
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Ú�Û
A − αα

T = A(I − A
−1

αα
T ), ��Î�Ü�Ý�Þ���~�Î ¯

det(A − αα
T ) = ( detA) · det(I(n) − (A−1

α)αT )

= ( detA) · det(I(1) − α
T
A

−1
α) = (1 − α

T
A

−1
α) · detA . 2

x�ßáà�â"ãåä�æ�ç °�è u�v ��é ¢ ��~�Î�ê�Î det(AB) = detA · detB, ë�ç °�è ê�Î

det(I(n) − AB) = det(I(m) − BA) (1)

Ä Å
A, B �® ��ì�í n × m ��v�Æ m × n ��v ¨ ê�Î (1) ¢ × Ø ��î Ùï�ð ×��ñ ��ò ��Î
(

I(m) O

A I(n) − AB

)(
I(m) −B

O I(n)

)(
I(m) O

A I(n)

)

=

(
I(m) − BA −B

O I(n)

)

(2)

ó ��Î (2) Ü�Ý�Þ���~�Î��7ô ¯�õ × ¢ ê�Î (1):

det(I(n) − AB) = det(I(m) − BA)

» n > m ���÷ö�ç�ê�Î (1) y�z�½�ø � ��~�Î det(I(n)−AB) � ��ù�� ��~�Î det(I(m)−
BA) ú�û�ü ¨7ý Ä � m = 1 ¢�þ�£ �7��� det(I(1) − BA) = 1 − BA

��� |�ÿ����7ä�ç��
ü ¨ � à�â�Æ î â�� ����� þ���¨

» m = 2 ����� � ��~�Î det(I(2) − BA) ��ä���ü�	 ¨�
 � � §3.5 � 2 â�������

S =










0 a1 + a2 · · · a1 + an

a2 + a1 0 · · · a2 + an
...

...
. . .

...

an + a1 an + a2 · · · 0










¢ ��~�Î |S|. ½ S ¿�� ª�«  D = diag(2a1, 2a2, . . . , 2an) � ¥ ¯�° ¢ N = (ai + aj)n×n

¢�� � (ai + a1, . . . , ai + an) = ai(1, . . . , 1) + (a1, . . . , an) � � Ü�ÿ������ ε = (1, . . . , 1)

� α = (a1, . . . , an) ¢ ��� Í�� �7y�½ S + D � � Ü�~ ¢ �� A Æ�Ü�� ¢ �� B
¢ ��é Ù

S + D =







a1 1
...

...

an 1







(
1 · · · 1

a1 · · · an

)

= AB

� � » a1 · · ·an 6= 0 ��w S = −D + AB = −D(I(n) − D
−1

AB),

|S| = | − D||I(n) − AB| = (−1)n
a1 · · ·an|I(2) − BD

−1
A|,

Ä Å ¢ 2 � ��~�Î |I(2) − BD
−1

A| ä���ü�	 ¨ 2

4.5.2.
º

β = (b1, b2, · · · , bn),
ÄFÅ

b i 6= 0 (i = 1, 2, · · · , n), A = diag(b1, b2, · · · , bn),
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� det(A − β
T
β).�áó ��Î A − β

T
β = A(I − A

−1
β

T
β) Ü�Ý�Þ���~�Î ¯

det(A − β
T
β) = |A||I − A

−1
β

T
β| = |A||1 − βA

−1
β

T |

= |A|





1 − (b1, . . . , bn)







1
...

1











 = b1 · · · bn(1 − b1 − · · · − bn)

4.5.3. ��	��� A, B � det(AB) 6= det(BA). ��������� ¢ A, B

��� y� � ��"!
¦�#�$"!�&%

A = (1, 0), B = (1, 0)T .  

AB = (1, 0)

(
1

0

)

= 1, BA =

(
1

0

)

(1, 0) =

(
1 0

0 0

)

������� |AB| = 1 6= 0 = |BA|.���
A, B � � ����('�� AB, BA w í�) � A, B *�+ � � � �� ¨ ����|�,�w |AB| =

|A||B| = |B||A| = |BA|. ±������������ |AB| 6= |BA| ¢ A, B ä�y� � �� ¨ 2

4.5.4.
º

A ∈ F
n×m

, B ∈ F
m×n. ��×�Ù�-�.�Î λ

m|λI(n) − AB| = λ
n|λI(m) − BA|.

Ú�Û » λ = 0 ���7��Î ��/ Ü�Ý���� � 0, ��0 ��§�¨º
λ 6= 0,  

λ
m|λI(n) − AB| = λ

m
λ

n|I(n) − λ
−1

AB| = λ
n|λI(m)||I(m) − Bλ

−1
A|

= λ
n|λI(m)(I(m) − λ

−1
BA)| = λ

n|λI(m) − BA| . 2

4.5.5. ����~�Î
(1) (2)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(a0 + b0)
n (a0 + b1)

n · · · (a0 + bn)n

(a1 + b0)
n (a1 + b1)

n · · · (a1 + bn)n

· · · · · · · · · · · ·
(an + b0)

n (an + b1)
n · · · (an + bn)n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

;

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

sin θ1 sin 2θ1 · · · sin nθ1

sin θ2 sin 2θ2 · · · sin nθ2
...

...
...

...

sin θn sin 2θn · · · sin nθn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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1�2 � (1) 3�â Å�4 ����~�Î detS ¢ � (i + 1, j + 1) Ë�Ì

si+1,j+1 = (ai + bj)
n = a

n
i 1 + C

1
na

n−1
i bj + · · ·+ C

n−1
n aib

n−1
j + C

n
n1bn

j

= (an
i , C

1
na

n−1
i , . . . , C

n
n)










1

bi
...

b
n
i










= (an
i , a

n−1
i , . . . , 1)










1

C
1
n

. . .

C
n
n



















1

bj
...

b
n
j










= αiDβ
T
j

Ä Å
αi = (an

i , a
n−1
i , . . . , ai, 1), βj = (1, bj, . . . , b

n
j )
�

n+1 52�6�7�2� D = diag(C0
n, C

1
n, . . . , C

n
n)� ¬ Í�� � C

k
n = n(n−1)···(n−k+1)

k!
(0 ≤ k ≤ n) Í���¢ n + 1 ��ª�«  ¨ � �

S =










α0Dβ
T
0 α0Dβ

T
1 · · · α0Dβ

n

α1Dβ
T
0 α1Dβ

T
1 · · · α1Dβ

n

...
... · · · ...

αnDβ
T
0 αnDβ

T
1 · · · αnDβ

T
n










=










α0

α1
...

αn










D(β0, β1, . . . , βn) = ADB

=










a
n
0 a

n−1
0 · · · 1

a
n
1 a

n−1
1 · · · 1

...
... · · · ...

a
n
n a

n−1
n · · · 1



















1

C
1
n

. . .

C
n
n



















1 1 · · · 1

b0 b1 · · · bn
...

... · · · ...

b
n
0 b

n
1 · · · b

n
n










(1)

S �f98c¦c�cÿ9�9 ¢ �cé S = ADB,
ÄoÅ

A

�9:9; z α0, α1, . . . , αn ¦c�c� Íc�c¢ �
�� B

��:�; z β
T
0 , β

T
1 , . . . , β

T
n ¦���~ Í���¢ ���� D = diag(1, C1

n, . . . , C
n
n)
� ª�«  ¨

|S| = |A||D||B| ���8�¦���ÿ���~�Î ¢ ��é ¨ Ä Å ª�«  D
¢ ��~�Î ï ��	�<>= ¯�?�@ ��~�Î

|B| ��w�A ��¢ ê�Î�û�ü�	�ú�<7½ |A| � {�B�C ; Ü�~�D���½���~ ¢�E ~�F�G�H�À�I�J�� ��¡�¦
= ¯�?�@ ��~�Î ¨

��K�L�� � (2) â Å ¢ ��~�Î���y�z��8�¦�M�ÿ��� ¢ ��é ¨ ä�{�� ¦�N�A ��O ¢ �8��QP
'�R�½�R Ä Å ¢ ��ÿ Ë�Ì sin mθi � � sin θi, cos θi

¢ -�.�Î ¢�£�S�¨�
(1) ��~�Î |S| ¢ �� S y��8�¦�Ü�ÿ��� ¢ ��é AB, T�U |S| �8�¦ |A||B|:

|S| =

∣
∣
∣
∣
∣
∣
∣
∣

a
n
0 + C

1
na

n−1
0 b0 + · · ·+ C

n
nb

n
0 · · · a

n
0 + C

1
na

n−1
0 bn + · · ·+ C

n
nb

n
n

... · · · ...

a
n
n + C

1
na

n−1
n b0 + · · ·+ C

n
nb

n
0 · · · a

n
n + C

1
na

n−1
n bn + · · ·+ C

n
nb

n
n

∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣










a
n
0 C

1
na

n−1
0 · · · C

n
n

a
n
1 C

1
na

n−1
1 · · · C

n
n

...
... · · · ...

a
n
n C

1
na

n−1
n · · · C

n
n



















1 1 · · · 1

b0 b1 · · · bn
...

... · · · ...

b
n
0 b

n
1 · · · b

n
n










∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= |A||B| (2)
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Ä Å � 2 ÿ���~�Î |B| � = ¯�?�@ ��~�Î�Ù

|B| =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 · · · 1

b0 b1 · · · bn
...

... · · · ...

b
n
0 b

n
1 · · · b

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
∑

0≤i<j≤n

(bj − bi)

� 1 ÿ���~�Î |A| ¢ � 2 V n ~��®XW�Þ�ê�±XY C
1
n, . . . , C

n−1
n , ��©�{XBXC ; Ü�~XD���½���~XF

GXIXJ�� ¡�¦X= ¯X?X@ ��~�Î ¨ Ü�~XIXJ ¢ FXG � ÙZR�½ ¤�¥ |�~ :X; �X[X\ n ~XD��XFXG��Z��½X]
¢�¤�¥ |�~ :X; �X[X\ n−1 ~XD��XFXG ¨ . . ..

: ���X^�� � { n+(n−1)+· · ·+2+1 = n(n+1)
2; Ü�~�D���N�A���~�F�G ¢ H�À�I�J ¨

|A| = C
1
nC

2
n · · ·Cn−1

n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a
n
0 a

n−1
0 · · · 1

a
n
1 a

n−1
1 · · · 1

...
... · · · ...

a
n
n a

n−1
n · · · 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= C
1
nC

2
n · · ·Cn−1

n · (−1)
n+(n−1)+···+2+1

2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 a0 a
2
0 · · · a

n
0

1 a1 a
2
1 · · · a

n
1

...
...

... · · · ...

1 an a
2
n · · · a

n
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (−1)
n(n+1)

2 C
1
nC

2
n · · ·Cn−1

n

∑

1≤i<j≤n

(aj − ai)

� � ¯�° 4 ����~�Î ¢�_
|S| = (−1)

n(n+1)
2 C

1
n · · ·Cn−1

n

∏

0≤i<j≤n

(aj − ai)(bj − bi)

(2) R�ç���`�a�b ò × Ø
cos mθ = f(cos θ) = 2m−1 cosm

θ + · · · (3)

sin mθ = (sin θ)g(cos θ) = (sin θ)(2m−1 cosm−1
θ + · · ·) (4)

ª 4Xc ¢XdXe � m
��§ � ÄFÅ f(x) = 2m−1

x
m−1 + · · · � g(x) = 2m−1

x
m + · · · �® � m−1; Æ m -X.�Î��gfX.�}X��� � 2m−1, ��Î (3),(4)

Å ¢XhXi 0XjXk cos θ
¢Xl�ù ; � ¢ -X.�Î ¨

» m = 1, cos θ = f(cos θ) m sin θ = (sin θ)g(cos θ) ª f(x) = x m g(x) = 1 ��§�¨º
m > 1, n���Î (3),(4) o ª m − 1 ��§ �7ô

cos(m − 1)θ = 2m−2 cosm−1
θ + · · ·, sin(m − 1)θ = (sin θ)(2m−2 cosm−2

θ + · · ·) .
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� �

cos mθ = cos(m − 1)θ cos θ − sin(m − 1)θ sin θ

= (2m−2 cosm−1
θ + · · ·) cos θ − (sin θ)(2m−2 cosm−2

θ + · · ·) sin θ

= (2m−2 cosm
θ + · · ·) − (1 − cos2

θ)(2m−2 cosm−2
θ + · · ·)

= 2m−1 cosm
θ + · · ·

sin mθ = sin(m − 1)θ cos θ + cos(m − 1)θ sin θ

= sin θ(2m−2 cosm−2
θ + · · ·) cos θ + (2m−2 cosm−1

θ + · · ·) sin θ

= sin θ(2m−1 cosm−1
θ + · · ·)

p�q ��`�a�b ò�r�s �7��Î (3),(4) ª 4�c ¢�d�e � m
��§�¨ � � 4 ����~�Î |S| ¢ ��

S =










sin θ1 sin θ1(2 cos θ1) · · · sin θ1(2
n−1 cosn−2

θ1 + · · ·)
sin θ2 sin θ2(2 cos θ2) · · · sin θ2(2

n−1 cosn−2
θ2 + · · ·)

...
... · · · ...

sin θn sin θn(2 cos θn) · · · sin θn(2n−1 cosn−2
θn + · · ·)










(5)

=







sin θ1
. . .

sin θn
















1 cos θ1 · · · cosn−2
θ1

1 cos θ2 · · · cosn−2
θ2

...
... · · · ...

1 cos θ1 · · · cosn−2
θ1



















1 ∗ · · · ∗
2 · · · ∗

. . .
...

2n−2










|S| � � ¤�¥ |�ÿ���0 / Ý ¢ ��ÿ��� ¢ ��~�Î ¢ ��é ¨ Ä Å � 1 ÿ��� � ª�« �� � 3 ÿ���� ��� « ��7��~�Î���� � � ª�«�Ë�¢ ��é sin θ1 · · · sin θn m 21+2···+2n−2
= 22n−1−1. � 2 ÿ

�� � = ¯�?�@ ��~�Î ¨ ¬�� ¯�°
|S| = 22n−1−1 sin θ1 sin θ2 · · · sin θn

∏

1≤i<j≤n

(cos θj − cos θi) . 2

t ß à�â ¢ ��u � ½���~�Î 4 ªwv�¢ �w�w8�¦�Ü�ÿ��w ¢ ��é ��� � Ü�ÿ��w ¢ ��~�Îx ï û�ü ¨ »�y ª �� ��ò äwz�{w| ¢ �w}���'w~�	 �w� w8�äwz x ï �7æ ª � o � ~w	 ¢ �8
Î�ç��� ��ò�� � ð ×���� ª x ï | � ¨ à�â�|w��� ¢ �� ���w��� y�ç��ñ���ü ¢w���"��� L
¯�° �w ¢ w8 ¨ æ ó ª 8 ò ¢w�w� Å ���w�w�w�w�w�w	��� ��ò w8�Î�Uw�w+w� ìw�ws ¬%� s
¬ ��� Ù��w��ç��w ��ò�ò   ð ×�� ��� `�{����w�w� ¢w� � v »w� ¢�¨�� í � ó w� Å��w� ½
�w�w8�¦���ÿw�w ¢ ��é � ó 8 ò Å �w��w8�¦�Ü�ÿw�w ¢ ��é ¨ ��� ±�¦�� ��� ä�ç��ñ��
ü����w�w~w	�Æ ð ×���ÿw�w ¢ ��é����w  ����U� � Ü�ÿ��w ¢ ��é�� x ï � ¨ ����~�Î ¢ �
}�� ½���|�ÿ���~�Î���~�W�Þ�ê�±XY��¡N�¢�� ��� ½ ��|�ÿX�� � |�£�X8�	 è |�ÿ ª�« �� æ �� ä�ç��� ��ò �8�U�ç���~�Î���¤�ú ��� � l x ï ¦�|�¥�¦�§ s 8 ¨
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� (1) 3�â Å �7½w� (an
i , a

n−1
i , . . . , 1) ¦���� Í���¢ ��~�Î � {�Ü�~wD��w¨w© è |�ÿ dwª

0 (−1)
n(n+1)

2 . ��� ó Ü�~�D���� ¥ � � {�� O - ; � ¢ Ü��wD����7½�� ¢ F�G��wH�À�IwJ�� �O�� ��½ d�ª 0�«�¬�� ¯�° l��®�¢�¯�° Ù
|S| = C

1
n · · ·Cn−1

n

∏

0≤i<j≤n

(ai − aj)(bj − bi) 2
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§ 4.6 ± Ó³²³´

µ³¶³·³¸
1. ·�¸�¹�¹�º
n
� �� A

¢ ��~�Î detA 6= 0 ⇔ A
¢ ������������Â7��~���������� ��»�Â7~�»w����

n.

�� A

Å�¼
k � ( � i1, . . . , ik � ) Æ ¼ r ~ ( � j1, . . . , jk ~ ) Ç�È�É�Ê ¢�Ë�Ì�Í���¢ �

~�Î A

(
i1 · · · ik

j1 · · · jk

) ½
¦ k

� Y�Î ¨ ��� A
¢ ¼ ÿ k

� Y�Î�ä�¦ 0,
� ÿ k

� Y�Î 4�¾�c
¢�¿

k ����������� 4�¾�c ¿ k ~���������� A
¢ ��»���~�»�� ≥ k.À�Á �� A

Å�Â Á�Y�Î ¢�¤�Ã�� � r

½
¦ A

¢ »���Ä�¦ rank A = r. r � � A
¢ ���

� Í Æ�~���� Í�¢ » ¨ 2

rank A = r ⇔ A Å c k
� Â Á�Y�Î (∀k ≤ r) n�ä�Å s

� Â Á�Y�Î (∀s > r).

2. Æ�ÇÀwÁáº
A, B ∈ F

m×n.
���wÈ ó ��Öw�w P, Q �w� PAQ = B,

� ½
A � B ÆwÇ

(equivalent).É�Ê
(1) A, B ��Ë ⇔ A ��� ��Ì�Í�Î�Ï ����������Æ���� Ï ����� � B.

(2) A, B ��Ë ⇔ rank A = rank B.

(3) ������Ð�� Î 3 ����Ù
(i) �ÒÑ ��Ù A ��Ë � �ÒÓ�¨
(ii) ª

½
��Ù�B A ��Ë � B,   B ��Ë � A.

(iii) Ô�Õ���Ù�B A ��Ë � B, B ��Ë � C,   A ��Ë � C.

(4) ��Ë�Ö�× £ Ù � ÿ A ��Ë � Ö�× £
(

I(r) O

O O

)

Ä Å
r = rank A.

3. º�¶�Ø�Ù É�Ê
(1) rank

(
A O

O B

)

= rank A + rank B.

(2) rank

(
A O

C B

)

≥ rank A + rank B

(3) A
¢ Y��� A1

¢ » rank A1 ≤ rank A.
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Ï(Ð(Ñ(Ò(Ó(Ô(Õ

4.6.1. � î Ï �� ¢ » ¨

(1) A =







−1 2 3 7

1 0 3 2

4 −3 5 2





 , (2) B =










1 5 3 0

0 4 6 2

2 0 9 1

−1 3 0 1










.

��Ú © Ì�Í�Î�Ï ����������½ A, B ¡ ������£ � ����£ �� ¢ Â Á�� ¢ ÿw��ô �wr ú��
 ¢ » ¨Û�Ü

(1) rank A = 3; (2) rank B = 3. 2

4.6.2. × Ø�Ù ì�í�Í ÿ�»�¦ r
¢ ���������j�k�¦ r ÿ�»�¦ 1 ¢ �����Æ ¨Ú�Û º

rank A = r.   È ó ��Ö��� P, Q � A = PSQ,
Ä Å

S =

(
I(r) O

O O

)

S ��� � r ÿ�»�¦ 1 ¢ �����Æ�Ù S = E11 + · · · + Err,
Ä Å

Eii
¢�Ý (i, i) Ë�Ì ¦ 1,Ä Å Ë�Ì ¦ 0.� �

A = P (E11 + · · · + Err)Q = A1 + · · · + Ar,
ÄoÅ � ÿ Ai = PEiiQ

¢ »
rank Ai = rank Eii = 1. 2

4.6.3. ( �� ¢ ��»��8 )
º

A = F
m×n n rank A = r > 0. ��×�Ù È ó B ∈ F

m×r

Æ C ∈ F
r×n n rank B = rank C = r, � A = BC.� È ó ��Ö��� P, Q �

A = P

(
I(r) O

O O

)

Q = P

(
I(r)

O

)

( I(r) O ) Q = BC

Ä Å

B = P

(
I(r)

O

)

∈ F
m×r

, C = ( I(r) O ) Q

n ¬ P, Q ��Ö�¼
rank B = rank

(
I(r)

O

)

= r, rank C = rank ( I(r) O ) = r . 2

t ß&��� Ý 2,3 â ¢�Þ�ß ����Ù�' ª ì�í �� A à ° â"ãÒ'���ä Ã x ï ��R�½ A ��Ë °
¤��á�¢ Ö�× £ S � A = PSQ, ª S â x ï à ° â"ãÒ'������ � r ÿ�» 1 �����Æ���ã�� �
Ü�ÿ�» r

¢ ��»����� é ¨ ��© Ì ��Ë���� ¬ S ä ° A,
� ª

A à °�è â"ãÒ'�� ¨�X� ½ �X� ÞXß
½
¦ “ åXæXçX£ ”. åXæXçX£ �XèXéXêXë 3Xì Å ¢X��íXî�ï ` ° ¢Xð�ñXò�ó�¨��� ½�ô�õ�ö�¦�Ù�÷�ä�ø ��ù � ù ° ÷ ¯ ø ¢ L�����÷ ¨�ª Í ¥ ¢ �� A ÷�ä�ø�� ��ù ° ¤��á

¢ Ö�× £ S
¿�ú ¬�÷�� ��¥ ��ä ° A. 2
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4.6.4. o�¼��� A = (aij)n×n
¢ »�� � 1, λ = a11 + · · · + ann.

(1) ��×�Ù A
2 = λA ; (2) � det(I + A);

(3) » I + A ��Ö���� (I + A)−1.Ú�Û È ó ��Ö��� P, Q ½�» 1 ¢ �� A ��Ë � Ö�× £

A = P

(
1 0

0 O

)

Q = P










1

0
...

0










(1, 0, . . . , 0)Q = αβ

Ä Å

α = P










1

0
...

0










=







a1
...

an





 , β = (1, 0, . . . , 0)Q = (b1, . . . , bn)

�® � n 5 ¢ Â Á Ï ����Æ������ ¨ � �

A = (aij)n×n = αβ =







a1b1 · · · a1bn
...

. . .
...

anb1 · · · anbn







¢�Ý (i, j) Ë aij = aibj. λ = a11 + · · ·+ ann = a1b1 + · · ·+ anbn = βα.

(1) A
2 = (αβ)(αβ) = α(βα)β = λαβ = λA.

(2) det(I + A) = det(I + αβ) = 1 + βα = 1 + λ.

(3) Ä B = I + A,   A = B − I, �wû A
2 = λA ¯ (B − I)2 = λ(B − I). es ¯ B

2 − (2 + λ)B + (1 + λ)I = O, B(B − (2 + λ)I) = −(1 + λ)I. I + A ��Ö ⇔
det(I + A) = 1 + λ 6= 0. ��� B ·

(
− 1

1+λ

)
(B − (2 + λ)I) = I.

� �

(I + A)−1 = B
−1 =

(

− 1

1 + λ

)

(B − (2 + λ)I)

=
(

− 1

1 + λ

)

(I + A − (2 + λ)I) = I − 1

1 + λ

A . 2

t ß Ý (3) 3�â�� (I + A)−1 ����ç�ü�, Î � ò � x ������� (I + xA)(I + A) = I.

½���Î � Ý�ý���þ � þ�����. ¯ I + (x + 1 + λx)A = I, ��'�ÿ x � x + 1 + λx = 0 ô�� �
'�� ¨ ��� x = − 1

1+λ
. ¬�� ¯�°

(I + A)−1 = I − 1

1 + λ

A . 2

4.6.5.
º

A, B

� ������� ¢ ���� (A, B)
� ¬ A, B þ E�Í���¢ �� ¨ × Ø�Ù

rank (A, B) ≤ rank A + rank B.
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Ú�Û º
A ∈ F

m×n, B ∈ F
m×p. Þ

T =

(
I(m) O

I(m) I(m)

)

, S =

(
A O

O B

)

, TS =

(
A O

A B

)

.

¬ � detT = 1, T

� ��Ö�����7±�U rank (TS) = rank S = rank A + rank B.

r = rank (A, B)
�

(A, B) ¢ Â ÁXY�Î ¢�¤XÃ�� � ¨ ¬ � (A, B)
�

TS
¢ Y��X�� (A, B)

¢
r
� Â Á�Y�Î�� � TS

¢ Â Á�Y�Î�� � ì Ø TS
¢ Â Á�Y�Î ¢�¤�Ã�� � ≥ r, � ���

rank A + rank B = rank S = rank (TS) ≥ r = rank (A, B) . 2t ß ó × Ø�� � �� ¢ » ¢ ��î ��Î�Æ�ä���Î���� ��� ç ° » ¢ ��î ��¤�Ù
(1)
ì�í �� A

� ��Ö��� P, Q, »�ä���Ù rank A = rank (PAQ).

(2) ª ì�í �� A,B,
c

rank

(
A O

O B

)

= rank A + rank B.

(3) ª ì�í A ∈ F
m×n

, B ∈ F
p×q

, C ∈ F
p×n,

c
rank

(
A O

C B

)

≥ rank A + rank B.

(4) A
¢ Y��� B

¢ » rank B ≤ rank A.

� � ��� ��¤ ¢ × Ø���������� [1].

à�â�ç °�è ������¤ (1),(2),(4),
î â�½�ç ° (1),(2).

à�â�������ç�M � � ò × Ø�Ù º rank A = r, rank B = s.   A � B
¢ Ï ��� Í�¢���Ã

������� Í J1 = {ai1 , . . . , air} J2 = {bj1, . . . ,bjs
} 4 Å�����ÿ����®�¦ r � s. A

¢ Ï ���
� � J1

¢ ��� Í�� � B
¢ Ï ����� � J2

¢ ��� Í���¨ (A, B) ¢ Ï ��� Í � A, B
¢ Ï ���

Í
C(A), C(B) ¢ þ�	�� � � J1 ∪ J2

¢ ��� Í�� � J1 ∪ J2
¢���Ã ������� Í 4 Å�����ÿ�� ��

rank (A, B), ä�
 Ì J1 ∪ J2
¢�Ë�Ì ÿ�� r + s = rank A + rank B. 2

4.6.6.
º

n
� �� A ������� A

2 = I, ��×�Ù rank (A − I) + rank (A + I) = n.Ú�Û ����c

S1 =

(
I O

−1
2
I I

)(
A − I O

O A + I

)(
I O

1
2
I I

)

=

(
A − I O

I A + I

)

S2 =

(
I −A + I

O I

)

S1

(
I −A − I

O I

)

=

(
O O

I(n) O

)

� �

rank (A − I) + rank (A + I) = rank

(
A − I O

O A + I

)

= rank S1 = rank S2 = n 2

4.6.7.
º

A
∗ j�k n

� �� A
¢���� �� ¨ × Ø�Ù
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(1) rank A
∗ = n ⇔ rank A = n ;

(2) rank A
∗ = 1 ⇔ rank A = n − 1 ;

(3) rank A
∗ = 0 ⇔ rank A < n − 1 .Ú�Û f�R���¬ � A

∗ ¢�� ÿ Ë�Ì Aji = (−1)j+i
Mji, Mji

�
A
¢ Í ÿ n − 1 � Y�Î ¨ ÑÌ ú�� A

¢�� ÿ n − 1 � Y�Î�� � ¼ ÿ Mji. ¬�� ¯�° Ù
rank A

∗ = 0 ⇔ A
∗ = O ⇔ A

¢ 4�c ¢
n − 1 � Y�Î Mji = 0 ⇔ rank A < n − 1.� × Ø è��� (3) ��§�¨

A ó�º rank A
∗ 6= 0, ô rank A ≥ n − 1.

R º rank A = n,  �� Ï Î |A| 6= 0, ¬ AA
∗ = |A|I ��Ö�¼ A

∗ ��Ö�� rank A
∗ = n.

� º rank A = n − 1, |A| = 0,   AA
∗ = |A|I = O.

��� × Ø rank A
∗ ≤ n − rank A

��§�¨ Í ¥�L�� ��� × Ø�Ù ª ì�í n
� �� A, B

c Ù AB = O ⇒ rank B ≤ n− rank A.
º

rank A = r,   È ó ��Ö��� P, Q �
A = P

(
I(r) O

O O

)

Q.

� �
AB = P

(
I(r) O

O O

)

QB = P

(
I(r) O

O O

)(
B1

B2

)

= P

(
B1

O

)

= O

Ä Å
B1 � B2 �® � QB

¢ [ r ��Æ ¥ n − r � Í���¢ �� ¨ ¬ P, Q ��Ö�¼
P

(
B1

O

)

= O ⇒ B1 = O ⇒ QB =

(
O(r×n)

B2

)

⇒

rank B = rank QB = rank B2 ≤ n − r = n − rank A.

� �
rank A = n − 1 ⇒ AA

∗ = O ⇒ rank A
∗ ≤ n − rank A = n − (n − 1) = 1.

� ¬ rank A
∗

> 0 ¯ rank A
∗ = 1.

��� × Ø è��� (1),(2) ��§ Ù
rank A = n ⇔ rank A

∗ = n ; rank A = n − 1 ⇔ rank A
∗ = 1. 2t ß&��â Å ª n

� �� A, B × Ø è AB = O ⇒ rank B ≤ n− rank A.
Ä N�� � O ¢

× Ø�Æ �� ª ì�í A ∈ F
m×n Æ B ∈ F

n×p ��� ��§�¨�� ������� ë�����ç�����M � × Ø�� ò
¯�° � O ¢ �� ¨ � Ù

× ò 2. ½ B � Ï cñc¦ B = (B1, . . . , Bp),
ÄoÅ

Bj ¦ B
¢9Ý

j

Ï ¨   AB =

(AB1, . . . , ABp) = O ⇔ ABj = 0 (∀, 1 ≤ j ≤ p) ⇔ B
¢ � Ï Bj ��Å ��� ; ������� Í

AX = 0 ¢ 8���� VA. o � ¼�� dim VA = n − rank A, VA
¢ Y�	 {B1, . . . , Bp} ¤ - c

n − rank A ÿ��������������7±�� rank B ≤ n − rank A.

× ò 3. ¬
(

I −A

O I

)(
A O

I(n) B

)(
I −B

O I

)

=

(
O −AB

I(n) O

)

=

(
O O

I(n) O

)
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¯
rank A + rank B ≤ rank

(
A O

I(n) B

)

=

(
O O

I(n) O

)

= n

ô rank B = n − rank A. 2

4.6.8. �w\w� ì�� 5 ÿ�äc� ¢w� (xi, yi)(1 ≤ i ≤ 5)
�w� È ó � ; ��� ax

2 + bxy +

cy
2 + dx + hy + k = 0 (a, b, c, d, h, k

��� � ) ¢������ � ��Ì�� 5 ÿ � ! ����È ó � ���� Í ! �"! â�a  ¦�� ; ��� ¢ 6 ÿ Î � a, b, c, d, h, k ��� ¢ 5 ÿ���� Í���¢ � ; ������� Í





ax
2
1 + bx1y1 + cy

2
1 + dx1 + hy1 + k = 0

ax
2
2 + bx2y2 + cy

2
2 + dx2 + hy2 + k = 0

ax
2
3 + bx3y3 + cy

2
3 + dx3 + hy3 + k = 0

ax
2
4 + bx4y4 + cy

2
4 + dx4 + hy4 + k = 0

ax
2
5 + bx5y5 + cy

2
5 + dx5 + hy5 + k = 0

(1)

�w� cwÂ Áw8����wmw8���� ¢ 59� ¨�� í �#� Íc¢w� ÿ Â Á98 (a, b, c, d, h, k)
Å ¢�$ ¼w� Î �

a, b, c, d, h ä9 �À�% � 0, (
�   k ���w � 0), ±wUw* ��& , Í � � � ax

2 + bxy + cy
2 +

dx + hy + k = 0
�9Ì À#% 5 ÿ �c¨ Ü9� � � ax

2 + bxy + cy
2 + dx + hy + k = 0

� a1x
2 + b1xy + c1y

2 + d1x + h1y + k1 = 0 ' ��¢�( w*w'w�w� � 4 ªwvc¢ Ü�ÿ Â Áw8
(a, b, c, d, h, k), (a1, b1, c1, d1, h1, k1) )����7±���� 4 � � �  �Í ¢�( �*w'��w� � � ; �����
� Í (1) ¢ 8�����5���� � 1,

Î �7�� ¢ »�� � 5.º�� , ¢ 6 ÿ � Å ¤ - c s ÿ � ó � Í �w���w���7  2 ≤ s ≤ 5. ä�*�½ 5 ÿ � 'w] EÏ F�G���[ s ÿ � (x1, y1), . . . , (xs, ys)
ó � Í ������� þ�n�� Ä Å Ý Í ÿ � (x1, y1) ¦ r � Â�

s ÿ � 4 ó ¢ ����+�¦ x ,�'�]�- § ��\�� «�. Ö Î �7¡�¦ x1 = y1 = y2 = · · · = ys = 0
¢�þ�£�¨ ¬ (x1, y1) = (0, 0) �w� ¢wÝ Í ÿw��� ¯ k = 0.

� � ��� Í (1) � � 5 ÿ $ ¼w�
a, d, b, c, h ��� ¢ � ; ������� Í






ax
2
2 + dx2 = 0

ax
2
3 + dx3 + bx3y3 + cy

2
3 + hy3 = 0

ax
2
4 + dx4 + bx4y4 + cy

2
4 + hy4 = 0

ax
2
5 + dx5 + bx5y5 + cy

2
5 + hy5 = 0

(2)

Î ����

A =










x
2
2 x2 0 0 0

x
2
3 x3 x3y3 y

2
3 y3

x
2
4 x4 x4y4 y

2
4 y4

x
2
5 x5 x5y5 y

2
5 y5
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Ä Å
x2, . . . , xs

�
s − 1 ÿ�ä�� ¢ Â Á�N���� yj 6= 0 ª s + 1 ≤ j ≤ 5 ��§�¨

� î  s = 2, 3, 4, 5 / � ä�� þ�£ û�ü���� Í (2) ¢ 8���� ¢ 5�� 5 − rank A.0�132
. s = 2. ��� y3, y4, y5 ��ä�¦ 0. n34 � » Å ì���5 � ä ó � Í ������� ¨ Î ���

 A
¢�¥76 Ï Í�8�¢ �� A1

¢�9 Ï Î

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x2 0 0 0

x3 x3y3 y
2
3 y3

x4 x4y4 y
2
4 y4

x5 x5y5 y
2
5 y5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= x2 · y3y4y5

∣
∣
∣
∣
∣
∣
∣
∣

x3 y3 1

x4 y4 1

x5 y5 1

∣
∣
∣
∣
∣
∣
∣
∣

Ä Å

∆2 =

∣
∣
∣
∣
∣
∣
∣
∣

x3 y3 1

x4 y4 1

x5 y5 1

∣
∣
∣
∣
∣
∣
∣
∣

−(3)+(1),−(3)+(2)

∣
∣
∣
∣
∣
∣
∣
∣

x3 − x5 y3 − y5 0

x4 − x5 y4 − y5 0

x5 y5 1

∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

x3 − x5 y3 − y5

x4 − x5 y4 − y5

∣
∣
∣
∣
∣

¬ � 5 � (xi, yi)(i = 3, 4, 5) ä�)���� ��� (x3 − x5, y3 − y5) � (x4 − x5, y4, y5) ä�)
��� 9 Ï Î ∆2 6= 0. ±�U ∆ = x2y3y4y5∆2 6= 0.

� ì Ø rank A = 4, ��� Í (2) ¢ 8�����5
��¦ 2 ¨ Ì 4 � c  �Í ¢ � ; � � ¨0�1

2 s = 3. ��� y3 = 0, y4y5 6= 0. n (x4, y4) 6= (x5, y5).���
x4 6= x5,   A

¢�Ý 1,2,3,5
Ï Í�8�¢�9 Ï Î

∆1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x
2
2 x2 0 0

x
2
3 x3 0 0

x
2
4 x4 x4y4 y4

x
2
5 x5 x5y5 y5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

x
2
2 x2

x
2
3 x3

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

x4y4 y4

x5y5 y5

∣
∣
∣
∣
∣
= x2x3

∣
∣
∣
∣
∣

x2 1

x3 1

∣
∣
∣
∣
∣
y4y5

∣
∣
∣
∣
∣

x4 1

x5 1

∣
∣
∣
∣
∣
6= 0

���
y4 6= y5,   A

¢�Ý 1,2,4,5
Ï Í�8�¢�9 Ï Î

∆2 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x
2
2 x2 0 0

x
2
3 x3 0 0

x
2
4 x4 y

2
4 y4

x
2
5 x5 y

2
5 y5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= x2x3

∣
∣
∣
∣
∣

x2 1

x3 1

∣
∣
∣
∣
∣
y4y5

∣
∣
∣
∣
∣

y4 1

y5 1

∣
∣
∣
∣
∣
6= 0

Ü � þ�£ î �� ¯�° A
¢ 4 :�Y�Î�ä�¦ 0, ; c rank A = 4, ��� Í (2) ¢ 8�����5���<� � Ì 5 � c  �Í ¢ 2

; � � ¨ N�¢����7��� Ì [ 5 � (xi, 0) (i = 1, 2, 3)
c  �Í ��� y = 0.Ì ¤�¥ Ü � (x4, y4), (x5, y5)

c  �Í ��� bx + cy + h = 0, Ü������ ¢ þ�	�=�>�� Ë � ; ���
y(bx + cy + h) = 0 ô bxy + cy

2 + hy = 0 ¢���� � ��Ì 4 � ¢ 5 ÿ ��¨0#1
3 s = 4. �c� Ì [ 4 � (xi, 0) (i = 1, 2, 3, 4)

c  9Í �c� y = 0,
Ì Ý 5 �

(x5, y5)
ì + Í �9�c� bx + cy + h = 0,

� �9�c�c�9�7� y = 0 ¢ þ#	#=#>9� Ë � ; �#�
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y(bx+cy+h) = 0 ¢?�?� � �XÌ 4 � ¢ 5 ÿ ��¨ ¬ � Ì Ý 5 ��¢ ��� bx+cy+h = 0 ä  XÍ �� �X�����X��� y = 0 ¢ þ?	���ä  XÍ ¨ �?=?>Xì�Ù �XÌ?� , 5 ��¢ � ; �?� y(bx+cy+h) = 0
¢���� ä  �Í ¨0�1

4 s = 5. ��� 5 ÿ � (xi, 0) (i = 1, 2, 3, 4, 5) À�% ó ��� y = 0 ��� ±�U ó � ; �
� y(bx + cy + h) = 0 ¢���� ��� Ä Å b, c, h � ì�í ÿ�Þ ¨ ¯�° ¢ � ; ��� ��� >���� y = 0

� ì�Í ����� ¢ þ�	���@ � ä  �Í ¨ 2

t ßáà�â ¢ 4
� þw� Å � Ý 1

� þw� (5 ÿ � Å ì�í 3 � ��ä#)�� )
î ¢ � Ë � ; ���

f(x, y) = 0 ¢?�?� >BADC � ��ÙEA ÂGFBAPÂGH í ��ÂGI � ��� Ä?J 3
� þX� î ¢?�?� �?>�ÜX�X��� ¢

þ?	 ¨ TX�X� ¢�«?K?L Ù ¥ 5X� þX� î ¢ � Ë � ; -X.�Î f(x, y) = ax
2+bxy+cy

2+dx+hy+k

�����8�¦�Ü�ÿ Í�; -�.�Î ¢�M é f(x, y) = f1(x, y)f2(x, y),
Ä Å

fi(x, y) = aix + biy + ci,

��� f1(x, y)f2(x, y) = 0 ¢ 8 (x, y) ��� f1(x, y) = 0 ã f2(x, y) = 0, 8�	�>�Ü�ÿ Í�; �
� f1(x, y) = 0 N f2(x, y) = 0 ¢ 8�	 ¢ þ�	���� ; ��� f1(x, y)f2(x, y) = 0 ¢���� >�Ü
����� f1(x, y) = 0 N f2(x, y) = 0 ¢ þ�	 ¨ ó l�O�P�¢�þ�£ î � � Ü��w����>�Q Í ������Ù
f2(x, y) = kf1(x, y) ª ¼ ÿ Â Á � � k

8�§ �>� ; ��� 8 ¦ kf
2
1 (x, y) = 0, ��� ;�> Í �����

f1(x, y) = 0 U7ä�>�Ü������ ¨l Í ¥ ¢2þ2£ � �2� � ËSR � f(x, y) � �2 82¦2Ü2ÿ R � ¢SM é f(x, y) = f1(x, y)f2(x, y),

 ���� f(x, y) = 0 ¢���� >�Ü�ÿ ��� f1(x, y) = 0 N f2(x, y) = 0 ¢ þ�	 ¨�Ñ Ì ú��7Ü�� �
� f1(x, y) = 0 N f2(x, y) = 0 ¢ þ�	w�w�w� 8 Í ÿw��� f1(x, y)f2(x, y) = 0 ¢�����¨�
� ��� ; ��� x

2 − y
2 = 0 ¢�T Ý������8�¦ (x + y)(x − y), ��� =�>�Ü������ x + y = 0

N x − y = 0 ¢ þ�	 ¨�Ñ Ì ú������ x
2 − y

2 = 1 ( ô x
2 − y

2 − 1 = 0) ¢���� >�I � ���
¬�Ü���D7ä�U���U�V � � Í�8 (

½
¦�I � � ¢ Ü�W ), æ Ä Å � Í W���äw�� �� 8 Í ÿ á�X�¢ ���

f1(x, y) = 0 ¢���� � � >�±�¦�-�.�Î x
2 − y

2 − 1 ä� 7�8�¦�Ü�ÿ�-�.�Î f1(x, y),f2(x, y) ¢M é ¨
2
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§ 4.7 Y[Z[\ Ï[]

4.7.1. ª ì�í �� A = (aij)n×n, ½ A
¢�ª�« � Ë�Ì ��Æ a11 + · · ·+ ann

½
+ A

¢_^
(trace), Ä�¦ trA. ��×�Ù tr (AB) = tr (BA).Ú Ú

1
º

A = (aij)n×n, B = (bij)n×n. Ä (AB)(i, j) ¦ AB
¢9Ý (i, j) ËcÌ �

(BA)(i, j) ¦ BA
¢�Ý (i, j) Ë�Ì�¨  

(AB)(i, j) =
n∑

k=1

aikbkj, (BA)(i, j) =
n∑

k=1

bikakj

tr (AB) =
n∑

i=1

(AB)(i, i) =
n∑

i=1

n∑

j=1

aijbji (1)

tr (BA) =
n∑

j=1

(BA)(j, j) =
n∑

j=1

n∑

i=1

bjiaij (2)

��`�<�Î (1), tr (AB) > :�; ½ A
¢ � 9�¢�� ÿ Ë�Ì aij N B

¢�Ë�Ì
bji � M � ��½ 4�c ���M é ��¿ ¨ ��`�<�Î (2), tr (BA) > :w; ½ A

¢ � Ï ¢w� ÿ Ë�Ì aij N B
¢�Ë�Ì

bji � M �
��½ 4�c ��� M é ��¿ ¨�a�b ��¿ ¢ FwG�ä�Q��7æw��>�Q O n

2 ÿ M é aijbji ��¿�� ¯�° ¢ Æ��
<�Ù tr (AB) = tr (BA).Ú Ú

2 AB
¢�Ý (i, i) ª�«�Ë (AB)(i, i) < � A

¢�Ý
i
9

αi = (ai1, . . . , ain) N B
¢

Ý
i

Ï
bi = (b1i, · · · , bni)

T ¢�M é
αibi = ai1b1i + · · · + ainb1i < � 9 ��� αi N Ï ��� bi

ª�v�Ë�Ì�M é ��Æ ¨ B
¢�Ý

i

Ï ¢ � Ë�Ì ��=�> B
T ¢�Ý

i
9�¢ � Ë�Ì�¨ ±�c (AB)(i, i) <�

A N B
T ¢�Ý

i
9�ª�v�Ë�Ì�¢�M é ��Æ�� tr (AB) = (AB)(1, 1) + · · ·+ (AB)(n, n)  �<�

A N B
T ¢ 4�c � 9�ª�v�Ë�Ì�¢�M é ��Æ��7��=�> A N B

T = (b̃ij)n×n
¢ 4�c É�Ê ª�v�Ë

Ì�¢�M é ��Æ�Ù
tr (AB) =

∑

1≤i,j≤n

aij b̃ij =
∑

1≤i,j≤n

aijbji

Q s � tr (BA) < � B N A
T ¢ 4�c É�Ê ª�v�Ë�Ì�¢�M é ��Æ��7��=�> B

T N A
¢ 4�c É�Ê

ª�v�Ë�Ì�¢�M é �7Æ9Ù
tr (AB) =

∑

1≤i,j≤n

bjiaij

��� tr (AB) N tr (BA) >�Q O n
2 ÿ M é aijbji ��Æ��7» � ��< ¨ 2

t ß ¬
à2â ¢ S� � �2¼S�2Ù tr (AB
T ) = tr (AT

B) < � A = (aij)n×n N B = (bij)n×n

¢ 4wc É�Ê ªwv�Ë�Ì�¢�M é aijbij ��Æ ¨�O ®wL�� tr (AA
T ) = tr (AT

A) < � A
¢w� ÿ Ë�Ì

aij N �ed�¢�M é ��Æ��7��=�>�� Ë�Ì�¢ ��� a
2
ij ��Æ ¨�O ®�L�� ��� A

¢�Ë�Ì ��>�N����7 
tr (AA

T ) =
∑

1≤i,j≤n

a
2
ij = 0 ⇔ 4�c ¢

aij = 0 ⇔ A = O 2

4.7.2.
º

n :��� A ������� A
2 = A. ��×�Ù rank A = trA.
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Ú�Û"f à [1]
Å o�× Ø è ������� A

2 = A
¢ �������� 8

A = P

(
I(r) O

O O

)

P
−1 (1)

¢�£ Î�� Ä Å P > ¼ ÿ���Ö����� r = rank A.
� >

trA = tr

((

P

(
I(r) O

O O

))

P
−1

)

= tr

(

P
−1

(

P

(
I(r) O

O O

)))

= tr

(
I(r) O

O O

)

= r = rank A 2

4.7.3. ��×�Ù7ä È ó �� A, B ∈ F
n×n � AB − BA = I.Ú�Û º È ó

A, B ��<�Î AB − BA = I(n)
8�§�¨ <�Î�Ü�Ý ¢ �� ¢�g�v »���<�Ù

tr (AB − BA) = tr I(n)

æ
tr (AB − BA) = tr (AB) − tr (BA) = 0 6= tr I(n) = n.

� ÿ�h�i�× Ø è ä È ó ������� ¢ �� A, B. 2

4.7.4.
º

A, B >�Q�:��������×�Ù rank (AB − I) ≤ rank (A − I) + rank (B − I).
Ú�Û

rank (A − I) + rank (B − I) = rank

(
A − I O

O B − I

)

= rank

((
I I

O I

)(
A − I O

O B − I

)(
I B

O I

))

= rank

(
A − I AB − I

O B − I

)

≥ rank (AB − I) . 2

t ß&f�R�~ ° ¢ > rank (A − I) + rank (B − I) < � ��î × ª�«  ¢ »
S =

(
A − I O

O B − I

)

½ S
T�M Æ / M�j » ¢ ��Ö��� P, Q, � ¯�° ¢ �� S1 = PSQ Å c Y�k� AB − I,  �Y�k

 ¢ » rank (AB − I) ≤ rank S1 = rank S.l O�º û M ò <�Î PSQ ? » A, B >X����� º�ò?m 2 :X�X S © Ì?n <���� ¯�° AB−I:

S =

(
A − I 0

0 B − I

)

(2)B+(1)
→
(

A − I AB − B

0 B − I

)
(2)+(1)→

(
A − I AB − I

0 B − I

)

½ n <�����ç n <?kX?+ M ò ú�NXA�� ó ¯�° ¢�M ò <�Î Å ½ A, B ¬ “ � ” � 8 ñ?; 8�§�¨ 2
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4.7.5.
º

A ∈ F
m×n

, rank A = r.

(1) T A

Å ì�í Þ�	 s
9�Í�8

s × n k� B, × Ø�Ù rank B ≥ r + s − n;

(2) T A

Å ì�í�o , s ÿ 9 Æ t ÿ Ï � ��� 9 Æ Ï ¢ Ç�È�É�Ê ¢�Ë�Ì�Í�8�¢ s× t k��Ä
¦ D. ��×�Ù rank D ≥ r + s + t − m − n.

Ú�Û
(1) A

¢ »�¦ r, Å c r ÿ�������� ¢�9�¨ T A

Å ì�í Þ�	 s
9�Í�8

B, ��=�>�p
¬ Ä�J m− s

9 �rq î ¢ s
9�Í�8

B.
r ú ¢ r ÿ�������� ¢�9 V�- c m− s ÿ���p�¬�� V�s

ë�q î r − (m − s) = r + s − m ÿ�������� ¢�9 � û B.
� × Ø è rank B ≥ r + s − m.

(2) RXT A

Å o , s ÿ 9 Â �?=?>?pX¬ m−s
9 ¯�° B, ¬ (1) oP× rank B ≥ r+s−m.� > B V?s?tXÅ r+s−m ÿ����X��� ¢ Ï ¨ ó B
¢

n

Ï Å ì�í?o , t

Ï � �?=?>?pX¬ n− t

Ï
¯�° D, B

Å ¢
r + s−m ÿ����X��� Ï VX-���pX¬ n− t ÿ�� V?s�ë?q r + s−m− (n− t) =

r + s + t − m − n ÿ�������� Ï�� û D

Å ¨ � × Ø è rank D ≥ r + s + t − m − n. 2

4.7.6. ª n :��� A = (aij)n×n Æ B = (bij)n×n, © Ì ª <�Î
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n 0 0 · · · 0

a21 a22 · · · a2n 0 0 · · · 0
...

... · · · ...
...

... · · · ...

an1 an2 · · · ann 0 0 · · · 0

−1 0 · · · 0 b11 b12 · · · b1n

0 −1 · · · 0 b21 b22 · · · b2n
...

... · · · ...
...

... · · · ...

0 0 · · · −1 bn1 bn2 · · · bnn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
an1 an2 · · · ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

b11 b12 · · · b1n

b21 b22 · · · b2n

· · · · · · · · · · · ·
bn1 bn2 · · · bnn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

T Ý�+ n < 9 ����× Ø 9 Ï Î ¢ ��¤�Ù |AB| = |A||B| .
Ú�Û ½�<�Î T Ý ¢ 2n : 9 Ï Î�Ä�¦ ∆1.

ª
i = 1, 2, . . . , n, ½ ∆1

¢�Ý
n + 1 V 2n 9

�® M ai1, . . . , ain ¿ ° Ý i
9 ��½ Ý i

9 r ú ¢ [ n ÿ Ë�Ì ai1, . . . , ain ��� 8 0, ¥ n ÿ 0

� 8 B
¢ � 9�¢ ai1, . . . , ain u ��Æ��7��=�>�� 8 AB = (cij)n×n

¢�Ý
i
9

ai1(b11, . . . , b1n) + · · · + ain(bn1, . . . , bnn)
��Ì���� ����� ¥ �7½�[ n

9�¢ [ n

Ï Ë�Ì À�%�� 8 0, [ n
9�¥ \ n

Ï Ë�Ì�Í�8
AB.
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��� 4 ç ¢ ������> Ý 3 v n < 9 �����7ä�w�� 9 Ï Î ¢�_ �7½�<�Î T Ý ¢�9 Ï Î�� 8

∆2 =

∣
∣
∣
∣
∣

O AB

−I(n) B

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 0 · · · 0 c11 c12 · · · c1n

0 0 · · · 0 c21 c22 · · · c2n
...

... · · · ...
...

... · · · ...

0 0 · · · 0 cn1 cn2 · · · cnn

−1 0 · · · 0 b11 b12 · · · b1n

0 −1 · · · 0 b21 b22 · · · b2n
...

... · · · ...
...

... · · · ...

0 0 · · · −1 bn1 bn2 · · · bnn

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(1)

ª
j = 1, 2, . . . , n, ½ 9 Ï Î ∆2

¢�Ý
j

Ï N Ý n + j

Ï D���� ��Ì n

; Ü Ï D���� ¯�°
∆2 = (−1)n

∣
∣
∣
∣
∣

AB O

B −I

∣
∣
∣
∣
∣
= (−1)n|AB|| − I(n)| = (−1)n|AB|(−1)n = |AB|

� Í ��\�� ∆2 = ∆1 = |A||B|. ¬ec ¯�° |A||B| = |AB|. 2

t ß à�â ¢ ×NØ�� ò > ã�[�xzy Ã -w�����9�w���#� ª#9 Ï Î M ò ê�Î |AB| = |A||B|
¢ × Ø ¨ × Ø Ì � ó�{�| ��» ��d�} ��~��7æ�> Í ����¦w#�$w'���� �wO�Í ÿ 2n : 9 Ï Î ∆1,

ô ��Ì�n < 9 ����½ T � «�¢ A � 8 Á����� ¥ / � « ¦�#�$ d�� � 8 AB, @ ¯���� Ä�� ¨ �� T��ñ���ü ¢���� ¦ ��Í × Ø Ì � � 	 Í ÿ ��� �Ò��¢ 8�� ¨�X�?�?� © Ì kX M ò Æ n <�����½ 9 Ï Î |A| N |B| ¢?M é |A||B| N |AB| � Î?� ú ¨
¦�c������ £ �

S =

(
A 0

C B

)

¢ 2n :������ô ¢�9 Ï Î |S| = |A||B|, Ä Å C ����ÿ�� ì�í n :��� ¨ ��� A, B, C ��>
��� ½ 2 :��� S

¢�Ý 2 9�M A ¿ ° Ý 1 9 � ��� ó�/ � «���� AB.
� ÿ n < 9 ��������©Ì�n <����+ M ò N�A�� ¯�° Ù

S

A(2)+(1)→
(

A + AC AB

C B

)

=

(
1 A

O 1

)(
A 0

C B

)

(2)

/�� ¢ k� M ò <�Î ª A, B, C > n :������; ��8�§ Ù
(

I(n) A

O I(n)

)(
A 0

C B

)

=

(
A + AC AB

C B

)

ÿ�� C ¦ −I,  �<�Î (2)
/ Ý ¢ k� T � «�¢ ñ A + AC ¦�Á�� ¯�°

(
I A

O I

)(
A 0

−I B

)

=

(
O AB

−I(n) B

)

(3)
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�9Ì
n

; Ü Ï Dc�9�c½#<cÎ (3)
/ Ý ¢ �9c¡c¦9× 5 « 

(
AB O

B −I(n)

)

, ô ¢#9 Ï Î#=#>
(−1)n|AB|, � =�����½ |A||B| N |AB| � Î�� ú è ¨

q î ¢�¤�¥ Í ÿ ! â�>�Ù�<�Î (3) T Ý�½w�w S =

(
A 0

−I B

) T�M
T =

(
I A

O I

)

�
¥ ¦w#w$ 9 Ï Î�äc��� ¯�° ¢ TS

¢�9 Ï Î |TS| = (−1)n|AB|(−1)n = |AB| ¦w#w$�;�N
|S| = |A||B| ��<"!

» A >������ T = T12(A) > Ý 5 v n <����� |S| → |TS| > Ý 5 v n < 9 ����� 9 Ï
Î�ä�� ¨

» A > n :����U�ä�>������ T ä Í ,�> n <����� � ÿ s ¬e=�ä� 8�§�¨ ��� ö�ç 9 Ï
Î M ò ê�Î������ ¬ |T | = 1 ¯�° |TS| = |T ||S| = 1|S| = |S|. æ�à�â ¢ ã ¢ =�>�× Ø 9 Ï ÎM ò ê�Î��7ä� �ç � ÿ M ò ê�Î�ú �ed × Ø �ed�¨

æ�>�� ���  ���½ T �8�¦ c�� ÿ Ý 5 v n <��� T1, . . . , Tm
¢�M é

T = Tm · · ·T1,  
S → TS ����© Ì�:�; T�M ��ÿ Ý 5 v n <��� Ti (1 ≤ i ≤ m) ú�N�A�� � ; T�M Í ÿ Ti �
> Ý 5 v n < 9 �����7ä�w�� 9 Ï Î ¨���� � ; � ä�w�� 9 Ï Î ¨

A = (aij)n×n �w��w8�¦ n
2 ÿ n :w�w Kij ��Æ�� � ÿ Kij

¢wÝ (i, j) Ë�Ì N A �
Q���< � aij,

Ä�J Ë�Ì ��¦ 0. ª 1 ≤ i, j ≤ n Ä
Ti,n+j(aij) =

(
I Kij

O I

)

> ó T

Å ½ A � 8 Kij ¯�° ¢ �w��7��=�>�½ 2n : á Éw ¢wÝ (i, n + j) Ë�Ì � 8 aij ¯
° ¢ �� ¨   T �����8�¦ 4�c ¢ Ti,n+j(aij)

¢�M é ¨ ç � ÿ Ti,n+j(aij)
T�M ì�í 2n :���

M , � � >�½ Ý n + j
9�¢

aij u ¿ ° Ý i
9 � ä�w�� 9 Ï Î ¨ T S 	�� ª 4�c ¢ 1 ≤ i, j ≤ n:�; + ��O ¢ n < 9 ����� 9 Ï Î�����ä���� ��� � >�½ S

T�M
T � 8 TS, N�A è k� M ò <

Î (3).
� =�8�� è ¦�#�$ Ý 6 â Å ¢ Í�Î�Ï�n < 9 ����¦�#w$� ó ½ ¤ n ¢ 2n : T � « À�%

� 8 0 ¢ Q���½ / � « � 8 è AB. 2

4.7.7. � 9 Ï Î ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

s0 s1 s2 · · · sn−1 1

s1 s2 s3 · · · sn x

...
...

...
...

...
...

sn sn+1 sn+2 · · · s2n−1 x
n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

,

Ä Å
sk = x

k
1 + x

k
2 + · · · + x

k
n, ∀ k = 1, 2, . . . .1�2 4 � 9 Ï Î |S| [ n

Ï Ý (i, j) Ë�Ì ¦
si+j−2 = x

i+j−2
1 + · · ·+ x

i+j−2
n = (xi−1

1 , . . . , x
i−1
n , x

i−1)(xj−1
1 , · · · , xj−1

n , 0)T

Ý
n + 1

Ï Ý (i, n + 1) Ë�Ì ¦
x

i−1 = (xi−1
1 , . . . , x

i−1
n , x

i−1)(0, · · · , 0, 1)T
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±Sc �2½ n+1 : �  S  82¦2Ü2ÿ �  A, B
¢SM éS� Ä Å

A
¢ Ý

i
9

αi = (xi−1
1 , . . . , x

i−1
n , x

i−1),

B
¢�Ý

j

Ï
bj = (xj−1

1 , . . . , x
j−1
n , 0)T ( » 1 ≤ j ≤ n), Ý n + 1

Ï
bn+1 = (0, . . . , 0, 1)T .� ï�ð ×

S =










s0 s1 s2 · · · sn−1 1

s1 s2 s3 · · · sn x

...
...

...
...

...
...

sn sn+1 sn+2 · · · s2n−1 x
n










=










1 · · · 1 1

x1 · · · xn x

...
...

...
...

x
n
1 · · · x

n
n x

n



















1 x1 · · · x
n−1
1 0

...
... · · · ...

...

1 xn · · · x
n−1
n 0

0 0 · · · 0 1










¥ Í ÿ�<�0�Ü�Ý�Þ 9 Ï Î ¯
|S| =




∏

1≤i≤n

(x − xi)
∏

1≤i<j≤n

(xj − xi)




∏

1≤i<j≤n

(xj − xi)

=
∏

1≤i≤n

(x − xi)
∏

1≤i<j≤n

(xj − xi)
2

2

4.7.8.
º

A > n :��� ¨ × Ø�Ù
(1)

���
rank A

m = rank A
m+1 ª ¼ ÿ d�e � m

8�§ �   rank A
m = rank A

m+k ª
4�c ¢�d�e � k

8�§�¨
(2) rank A

n = rank A
n+k ª 4�c ¢�d�e � k

8�§�¨
ÚcÛ ª9� ÿ d9e � k, Ä Vk ¦ � ; �c�9�#� Í A

k
X = 0 ¢ 8#�#� ¨   dim Vk =

n − rank A
k,
� > rank A

m = rank A
m+k ⇔ dim Vm = dim Vm+k.

ª ì�í d�e � k N s,
c

X ∈ Vk ⇒ A
k
X = 0 ⇒ A

k+s
X = A

s(Ak
X) = 0 ⇒ X ∈ Vk+s.

� × Ø è Vk ⊆ Vk+s.

(1) ¬�[�\ 4 × Ø � o c Vm ⊆ Vm+k. ��'���× Ø Vm+k ⊆ Vk, = c Vm = Vm+k T�U
rank A

m = rank A
m+k.� > rank m = rank A

m+1 ⇒ dim Vm = dim Vm+1. � ¬ Vm ⊆ Vm+1 ¯ Vm = Vm+1 .

X ∈ Vm+k ⇒ A
m+1(Ak−1

X) = A
m+k

X = 0 ⇒ A
k−1

X ∈ Vm+1 = Vm

⇒ A
m+k−1

X = A
m(Ak−1

X) = 0 ⇒ X ∈ Vm+k−1 .

� × Ø è Vm+k ⊆ Vm+k−1. T�U Vm+k = Vm+k−1
ª ì�í d�e � k

8�§�¨ � > c
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Vm+k = Vm+k−1 = Vm+k−2 = · · · = Vm+1 = Vm ⇒ rank A
m+k = rank A

m
.

(2) o ª ì�í d�e � k, s × Ø Vk ⊆ Vk+s,
� > dim Vk = n − rank A

k ≤ dim Vk+s =

n − rank A
k+s, rank A

k ≥ rank A
k+s .����c�¼ ÿ m ≤ n � rank A
m = rank A

m+1.   ¬ (1)
4 × Ø rank A

m+k ª 4�c d�e
� k

8�§ � » � rank A
n+k = rank A

m+(n−m+k) = rank A
m = rank A

m+(n−m) = rank A
n

ª 4�c d�e � k
8�§�¨

º ä È ó m ≤ n � rank A
m = rank A

m+1. ô ª 49c ¢ m ≤ n

c
rank A

m 6=
rank A

m+1 TXU rank A
m

> rank A
m+1, rank A

m ≥ rank A
m+1 +1. TXU�» m+k ≤ n+1

� c rank A
m ≥ rank A

m+k + k.
� > c rank A = rank A

1 ≥ rank A
1+n + n ≥ n.

��� �
rank A = n, A ��Ö � æ?c?� A

2 � ��Ö � rank A
2 = n = rank A, N?�X, ¢ rank A > rank A

2

�����������e������ �¡�¢�£�¤ m ≤ n ¥ 8�¦ rank A
m 6= rank A

m+1. 2

4.7.9. § A ∈ F
m×n. ¨���© rank (I(m) − AA

T ) − rank (I(n) − A
T
A) = m − n.ª�«"¬� ��k�® M�¯ <�°

(
I(m) A

O I(n)

)(
I(m) − AA

T
O

O I(n)

)(
I(m) O

A
T

I(n)

)

=

(
I(m) A

A
T

I(n)

)

(
I(m) O

−A
T

I(n)

)(
I(m) A

A
T

I(n)

)(
I(m) −A

O I(n)

)

=

(
I(m) O

O I(n) − A
T
A

)

± c�²�³
rank

(
I(m) − AA

T
O

O I(n)

)

= rank

(
I(m) A

A
T

I(n)

)

= rank

(
I(m) O

O I(n) − A
T
A

)

´
rank (I(m) − AA

T ) + n = m + rank (I(n) − A
T
A)

rank (I(m) − AA
T ) − rank (I(n) − A

T
A) = m − n . 2

4.7.10. ( k�®�¤�µ�¶�· )

(1) ¡�¸�¹�k�® A ∈ F
m×n, º�»�¼�® A

− ∈ F
n×m ½�¾�¿�À

AA
−
A = A. Á�Â ¿�À�Ã

A
− ±

A Ä�Å�Æ�Ç7È (A− É�Ê
A ¤ÌË�Í�Î (generalized inverse matrix).)

(2) § A ∈ F
m×n

, β ∈ F
m×1. A

− ∈ F
n×m ½�¾�¿�À

AA
−
A = A. ¨���©Ï�Ð�Ñ�Ò�Ó

AX = β £�Ô�¤�Õ�Ö�×�Ø ¿�À�Ù AA
−
β = β;Ñ�Ò�Ó £�Ô�Ú�¤�Û�Ô Ê X = A

−
β + (I − A

−
A)Y , ∀ Y ∈ F

m×1.Ü
(1) ¡�¸�¹ A ∈ F

m×n, º�»�²�· Ñ ® P, Q Ý A Þ�ß�à�á�â�ã
S = PAQ =

(
I(r) O

O O

)

, A = P
−1

SQ
−1

187



A
− ½�¾ ¤ ¿�À AA

−
A = A ä Ê

P
−1

SQ
−1

A
−
P

−1
SQ

−1 = P
−1

SQ
−1 (1)

å ° (1) æ�ç�Ö�è�é�ê P , ë�ê Q, ì�í B = Q
−1

A
−
P

−1. î å ° (1) ä Ê SBS = S,
´

(
I(r) O

O O

)

B

(
I(r) O

O O

)

=

(
I(r) O

O O

)

(2)

Ý B Ö�ï Ê B =

(
B11 B12

B21 B22

) ð
B11 ∈ F

r×r, ñ�ò å ° (2), ³�à
(

B11 O

O O

)

=

(
I(r) O

O O

)

²�ó (2) ä ¦ ¤�Õ�Ö�×�Ø ¿�À�Ê B11 = I(r),
´

P
−1

A
−
Q

−1 = B =

(
I(r) B12

B22 B22

)

, A
− = P

(
I(r) B12

B22 B22

)

Q (3)

Ý (1) ô (3) ñ�ò�²  ��¢�Ø�¨�¤ ¿�À AA
−
A = A

½�¾ �å ° (3) õe¤ B12 ∈ F
r×(m−r)

, B21 ∈ F
(n−r)×r

, B22 ∈ F
(n−r)×(m−r) ²�ö�¸�÷���ø�ù�úû

m > r ü n > r Ú A
− ��Ä�Å���ý û r = m = r

´
A
Ù ²�· Ñ ®�Ú�ú A

− Ä�Å���ù�Ú
B = I, A

− = PQ = A
−1 þ�Ù

A ¤�·���ø�ù A
− ÿ���Ù

A ¤�· A
−1 ¤���µ�ú�£���� É�Ê

“ µ�¶�· ”.

(2) § A
− ½�¾�¿�À

AA
−
A = A. ��� Ñ�Ò�Ó AX = β £�Ô X1, î

AX1 = β ⇒ β = (AA
−
A)X1 = (AA

−)(AX1) = AA
−
β

��	�
 ú û β = AA
−
β Ú X0 = A

−
β
½�¾

AX0 = β, Ù Ñ�Ò�Ó AX = β ¤�Å���Ô��Ñ?Ò?Ó
AX = β ¤?Û?Ô X �?£?ã?° X = A

−
β+ξ, Bõ ξ

Ù���� Ï?Ð?Ñ?Ò?Ó
Aξ = 0 ¤?Û

Ô?� ¡?¸?¹ Y ∈ F
m×1 £ A(I−A

−
A)Y = (A−AA

−
A)Y = OY = 0, ²?ó ξ = (I−A

−
A)YÙ

Aξ = 0 ¤�Ô�� ��	�
 ú Aξ = 0 ¤�����Ô ξ = ξ − A
−0 = ξ − A

−
Aξ = (I − A

−
A)ξ �

£ (I −A
−
A)Y ¤�ã�° ( Þ û�� ÷ Y = ξ). ø�ù (I −A

−
A)Y Ù���� Ï�Ð�Ñ�Ò�Ó AX = 0 ¤

Û�Ô�ú A
−
β + (I − A

−
A)Y Ù AX = β ¤�Û�Ô�� 2

��� µ�¶�· Ù Ï�Ð ñ���¤������ Ò�� ¼�®�����¤���Ø��! �"�Å��$#�%�&�'�¤�( Ù�)�*�+ ¤,�-�.�/�0
û

A
Ù

n 1?²?· Ñ ®?Ú?ú º?»?· Ñ ® A
−1

ð
AA

−1 = A
−1

A = I 2?¢?£?¤ n×m ¼?® X

¤?ê�3 IX = X. ø?ù Ñ?Ò?Ó AX = β £?Ä?Å?Ô X = A
−1

β
½?¾

AX = A(A−1
β) = β. 4?¹

à A(A−1
β) = (AA

−1)β = β ¢�5?à?¤�( Ù AA
−1 = I é?ê β ³?à β #�6?ú û A �?²?·?Ú?ú7(

Ø� �8�9�à�Å�� Ñ ® A
−
ð

AA
− 2 β Þ�ê�¤�:�;�Þ û�� +�< ®�ú ½�¾ (AA

−)β = β, î A
−
β
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= Ù Ñ?Ò?Ó
AX = β ¤?Ô?ú A

− ¤�>�5 þ £�?�@ A ¤?·�A 0 4?¹?à
ð

AX = β £?Ô?¤ β ¥?²?öB ä AX1 ¤?ã?°?úC(?Ø AA
− é?ê A ¤�:�;?Þ û�� +�< ®?ú ½�¾ (AA

−)A = A, ¡ �
ð Ñ?Ò?Ó

AX = β £?Ô X0 ¤?¢?£?¤ β
þ ¥?Þ û�� +�< ®?ú ½?¾ (AA

−)β = (AA
−)(AX0) = AX0 = β.½�¾�D�E ¤ ¿�À AA

−
A = A ¤ A

− þ�Ù #�%�õe¤�µ�¶�· 0F Å�G�H?ú û A, B
Ù ²?· Ñ ®?Ú AXB = D £?Ä?Å?Ô X = A

−1
DB

−1.
û

A, B ��²?·
ü�� Ù Ñ ®�Ú�ú!I E ²�ö�³�à�¼�® Ñ�Ò AXB = D £�Ô�¤�Õ�Ö�×�Ø ¿�À AA

−
DB

−
B = D, ìJ »�£�Ô�Ú�³�à�Û�Ô X = A

−
DB

− + Y −A
−
AY BB

−, �õ Y
Ù ð ê ¯ £�¹�¶�¤�¸�¹�¼�® 0Ñ ® A ¤�· A

−1 K�½�¾ Å�?�è�¤ ¿�À ú$� A
−1

AA
−1 = A

−1, AA
−1 = A

−1
A = I

Ù
� ¡ É Ñ ®�ú å�å 0 Ý D ? ¿�À�L ö���µ�ú�²�ö�Ý ½�¾�M�N 4 � ¿�À AXA = A, XAX = X,

(AX)
T

= AX, (XA)
T

= XA ü ½�¾ �õeÅ N Ö ¿�À ¤�¼�® X
É�Ê

A ¤�µ�¶�· 0$O�P ¢ ½¾ ¤ ¿�À ¤���I�ú�²�ö�³�à���I�Q�R�¤�µ�¶�·�ú$5 � Ô�Æ���I�¤�S�% 0 2
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§ 5.1 a��SC��[%gH
5.1.1. E f(x) = 3x3 + 5x2 − x + 5, g(x) = x2 + 2x + 3.

(1) * g(x) 9 f(x) OA q(x) �FN r(x).

(2) *U��^� 1 O~B�>N (f(x), g(x)).

(3) *`�N u(x), v(x) L u(x)f(x) + v(x)g(x) = (f(x), g(x)).-
q1(x) g(x) f(x) q(x)

−1
8
x − 3

8
x2 + 2x + 3 3x3 + 5x2 − x + 5 3x − 1

x2 − x 3x3 + 6x2 + 9x

3x + 3 −x2 − 10x + 5

3x − 3 −x2 − 2x − 3

r1(x) = 6 r(x) = −8x + 8

(1) q(x) = 3x − 1, r(x) = −8x + 8.

(2) P� r(x) 9 g(x) NA q1(x) = −1
8
x − 3

8
, FN r1(x) = 6. EQN

(f(x), g(x)) = (g(x), r(x)) = (r1(x), r(x)) = (6,−8x + 8) = 1

(3) 8 r(x) = f(x) − q(x)g(x) D; 6 = r1(x) = g(x) − q1(x)r(x) N
6 = g(x) − q1(x)(f(x) − q(x)g(x)) = −q1(x)f(x) + (1 + q1(x)q(x))g(x)

= (1
8
x + 3

8
)f(x) + (−3

8
x2 − x + 11

8
)g(x)PNp�w99 6 N

(

1
48

x + 1
16

)

f(x) +
(

− 1
16

x2 − 1
6
x + 11

48

)

g(x) = 1 = (f(x), g(x))><� u(x) = 1
48

x + 1
16

, v(x) = − 1
16

x2 − 1
6
x + 11

48
. 2/I�& 5.1 ipQ
�

1.ipQ
��pn*pz`�N f(x), g(x) O~B�>N (f(x), g(x)) O"�KiQ�E f(x) � g(x) 9OA� q(x), FN� r(x), T
(f(x), g(x)) = (f(x) − q(x)g(x), g(x) = (r(x), g(x)).wi�B (r(x), g(x)) = (r(x), r1(x)). a r1(x) = 6 Qnu-^�G7�`�NO~B�>NYPE 1, ONKr (f(x), g(x)) = (g(x), r(x)) = (r(x), r1(x)) = 1. ℄zke[9z	K7

1



;pznu`�N f(x), g(x). !lE deg f(x) ≥ deg g(x), T[�CF9eNK=^NN�`�N r(x), r1(x), . . . , rk(x), !n�z rk(x) Q rk−1(x) 9 rk−2(x) OFN�~��B�z rd(x) 6= 0 = rd+1(x), T (f(x), g(x)) = (rd(x), rd+1(x)) = c−1rd(x), !n c Q rd(x) OU��^�vÆ!\�CF9e*~B�>NO℄zfe0� ipQ
�.

2. 5℄)G(=*8pz`�N�9*A�FNOOf[9vÆ+f#<7}1�l:�Q MathematicanW;9 x �yOpz`�N f, g d��[9o�O$�sHTNK� g(x) 9 f(x) OA
q(x) �FN r(x), 9'~B�>N (f(x), g(x)):

PolynomialQuotient[f,g,x]; Polynomial[f,g,x]; PolynomialGCD[f,g]9�p�l�W;:�HT�O$�
f=3x^3+5x^2-x+5; g = x^2+2x+3;

q = PolynomialQuotient[f,g,x]; r = PolynomialRemainder[f,g,x];

q1 = PolynomialQuotient[g,r,x]; r1 = PolynomialRemainder[g,r,x];

Print[{q, r, q1, r1, Polynomial[f,g]}]~�5TQ
 q(x), r(x), q1(x), r1(x), (f(x), g(x)) 6= Print 8�O$NK:�D�
{

−1 + 3x, 8 − 8x, −3

8
− x

8
, 6, 1

}OQ`� q(x) = −1 + 3x, r(x) = 8 − 8x, q1(x) = 3
8
− x

8
, r1 = 6, (f(x), g(x)) = 1.*

u(x) = −q1(x)

r1
, v(x) =

1 + q1(x)q(x)

r1
, u(x)f(x) + v(x)g(x)OOf4[9�:� Mathematica HTK��

u = -q1/r1; v = (1 + q1*q)/r1;

Expand[{-q1/r1, (1 + q1*q)/r1, u*f + v*g}]!n Expand 8!nO`�NO��+�$XW��1�v#N�l:�!nO (1+q1*q)/r1�O38 q1(x) G q(x) �2P/ 1 P�-^ r1 9�NK`�N v(x). :�B Expand, W8O v(x) 8Q�BLÆ`iOfN 1
6

(

1 + (−3
8
− x

8
)(−1 + 3x)

)

, ℄�4�!Q��i3*O�9BHTOO$D�
{

1

16
+

x

48
,

11

48
− x

6
− x2

16
, 1

}OQ` u(x) = 1
16

+ x
48

, v(x) = 11
48

− x
6
− x2

16
, & u(x)f(x) + v(x)g(x) = 1 3K1m� 2

5.1.2. (1) p, q, m ~|J�t7I� (x − m)2 `9 x3 + px + q.

2



(2) p, q ~|J�t7I�?Q m L (x − m)2 `9 x3 + px + q.- (1) w y = x − m, T x = m + y,

f(x) = x3 + px + q = f(m + y) = (m + y)3 + p(m + y) + q

= (m3 + pm + q) + (3m2 + p)y + 3my2 + y3 = g(y)T (x − m)2|f(x) O6o�3t7� y2|g(y), 4OQ� m3 + pm + q = 3m2 + p = 0.

(2) 3L~|t7O m ?Q�&39 m ��^O9�k3}BE






m3 + pm + q = 0

3m2 + p = 0
(1)

f(m) = m3 + pm + q G g(m) = 3m2 + p YQ9 m �yO`�N�� g(m) = 3m2 + p9 f(m) = m3 + pm + q NKFN
r(m) = f(m) − 1

3
mg(x) = 2

3
pm + q.T f(m) = g(m) = 0 ⇒ r(m) = 0. &A f(m) = 1

3
mg(m) + r(m)  g(m) = r(m) =

0 ⇒ f(m) = 0. ℄`� f(m) = g(m) = 0 ⇔ g(m) = r(m) = 0. (�k3} (1) G






3m2 + p = 0
2

3
pm + q = 0

(2)wE�k3} (2) BEOt7OQ p, q ?~|Ot7�H p 6= 0 I�k3} (2) S 2 zk3{B�5E m = −3q
2p

, D;S 1 zk3�`iN
3
(

−3q
2p

)2
+ p = 0 ⇔ 27q2 + 4p3 = 0H p = 0 I�k3} (2) S 2 zk3HH q = 0 IBE�aS 1 zk3B�5E m = 0.<Ik3} (2) BEOt7 q = 0 8�HE 27q2 + 4p3 = 0.><�!} p Qq� 0, p, q i~|Ot7YQ 27q2 + 4p3 = 0. 2/I�& 5.2 �RB�ÆD

1. n��9���pObx�3F�8 f(x) = x3 + px + q  1 y = x − m O`�N
f(x) = b0 + b1(x − m) + b2(x − m)2 + b3(x − m)3 (3)

f(x)� (x−m)2 9OFN r(x) = b0+b1(x−m), `9t7H4OQ r(x) = 0( b0 = b1 = 0.QPN (3) p�wI. x = m [ b0 = f(m) = m3 + pm + q. !�Y8p�nf8O
b1 = 3m2 + p OQ f(x) OJ^ f ′(x) = 3x2 + p H x = m IO.f f ′(m). ℄QiiH4O�PN (3) OQ f(x) Q m OkfXWN�

f(x) = f(m) + f ′(m)(x − m) +
f (2)(m)

2!
(x − m)2 +

f (3)(m)

3!
(x − m)3

3



H4?H b1 = f ′(m). !\�H x 6= m I8PN (2) p�w4 b0 = f(m) P� x − m 9�
f(x) − f(m)

x − m
= b1 + b2(x − m) + b3(x − m)2Pw x → m .%��8NK f ′(m) = b1.�pOEe[9z	K7;O`�N f(x). 5�R�: x − m `9 f(x), T m OQ

f(x) O}�: (x−m)2 `9 f(x), T m 0� f(x) O n�. �pS (1) �pi*OOQ mQ f(x) Op}Ot7�NKOD}Q� f(m) = f ′(m) = 0, OQ` m Q f(x) G f ′(x) O��}�aS (2) �pi*OQ f(x) Bp}Ot7�+fO6R (k3} (1)) OQ� f(x) G
f ′(x) B��}� f(x) G f ′(x) O��}OQ~B�>N (f(x), f ′(x)) O}�><��p�D� (f(x), f ′(x)) QqB}�: (f(x) G f ′(x) �e� (f(x), f ′(x)) = 1 H4�B}� f(x)5X�Bp}�iÆ�f(x) Bp}O�3t7Q f(x), f ′(x) !�e�deg(f(x), f ′(x)) ≥ 1.Qs^j���℄zt7�br (f(x), f ′(x)) 5XB}�>a4Q6ot7�Q!j(#�O&3Sq�pSqo���pnO f(x) Q?=`�N�QWu�9eÆ3nNKO5=`�N
2p
3
m + q = 0 QKO�^ p, q iQO^I�5XB}�><iNKO (f(x), f ′(x)) 6= 1 Ot7 27q2 + 4p3 = 0 8Q f(x) Bp}O6o�3t7�5�R�: h(x) Q f(x) O>N�& h(x)2 4Q f(x) O>N�O0 h(x) Q f(x) Op>N� deg(f(x), f ′(x)) ≥ 1 !5XQ f(x) Bp}O6ot7�G5XQ f(x) Bp>NO6o�3t7�

2. �RBÆD��D�ZJ^
f ′(m) = lim

x→m

f(x) − f(m)

x − mQvÆ%�X<O�h℄K�^ f(x) $B;<��pn8 x = m + y D;`�N f(x), �8
f(m + y) Y1 y O`�NXW1 f(m + y) = b0 + b1y + b2y

2 + · · · + bmym, !n{��^
bi YQ m O`�N�T-^� b0 = f(m), 5=��^ b1 OQJ^ f ′(m). * b1 OÆ32�B�K%�Of�h�K`�N f(x) O{�^Gy m d2O/�4�2Of� b1 [9��`�N f(x) Q m OJ^ f ′(m) OX<�l:�H f(x) = xn I���^b�NXiXW
f(m + y) = (m + y)n N

f(m + y) = (m + y)n = mn + nmn−1y + (· · ·)y2!nO5=��^ nmn−1 OQ f ′(m), 8 m r 1 x ONK f ′(x) = nxn−1. (· · ·)y2 �Ob=!�y=O��Q y2 O�N���h�" f(m + y) nQE 2 =O��[98 y2 O�NY�|!+��wFN
f(m + y) ≡ f(m) + f ′(m)y (mod y2 )

4



�OwF� ≡ p�O f(x) G f(m) + f ′(m)y d+Q y2 O�N�℄7; f(x), g(x), A
f(m + y)g(m + y) ≡ (f(m) + f ′(m)y)(g(m) + g′(m)y)

= f(m)g(m) + (f(m)g′(m) + f ′(m)g(m))y + f ′(m)g′(m)y2

≡ f(m)g(m) + (f(m)g′(m) + f ′(m)g(m))y (mod y2 )

(f(m + y))n ≡ (f(m) + f ′(m)y)n

≡ f(m)n + nf(m)n−1f ′(m)y (mod y2 )NK f(x)g(x) ' f(x)n Q m OJ^o�Q f(m)g′(m) + f ′(m)g(m) G nf(m)n−1f ′(m).8 m  1 x NK�N
(f(x)g(x))′ = f(x)g′(x) + f ′(x)g(x), (f(x)n)′ = nf(x)n−1f ′(x)E p(x) Q f(x) O k p![M>N�( p(x)k `9 f(x) a p(x)k+1 !`9� f(x) =

p(x)kq(x), & q(x) !� p(x) `9�T
f ′(x) = p(x)kq′(x) + kp(x)k−1p′(x)q(x) = p(x)k−1(p(x)q′(x) + kp′(x)q(x))H&HH p(x)Q f(x)Op>N( k ≥ 2I p(x)Q f ′(x)O>w�>aQ (f(x), f ′(x))O>w�: f(x)�Bp>N�T f(x)OiBO![M>NY!Q f ′(x)O>N�(f(x), f ′(x)) =

1. ℄b�r�
f(x) Bp>N ⇔ deg(f(x), f ′(x)) ≥ 1.9B℄E`�NJ^OX<'%mOzih�K`�NO/�4�2Of���B�K%�Of�><�NKOD}!G℄��*%�O�^j� (^I) 1m�℄E!�*%�O�^j�41m�l:�7.5ze^ p, 8�z`^ a ∈ Z �j� p 9OF^ a D��}1wFg�

Zp = {0, 1, . . . , p − 1}, �℄!n7;pzJe a, b X</�4�2e a±b = a ± b, a ·b = ab.T℄7; a 6= 0 ( p 6 |a ?Q`^ u, v ~| au + pv = 1 >a a · u = 1, u = a−1. ℄`� Zp QI��z`�^`�N f(x) = a0 + a1x + · · · + anxn [9Y1I Zp BO`�N
f(x) = a0 + a1x + · · ·+ anxn. Zp n!��=B��>a!�X<%�Of�G℄ Zp BO`�N f(x) 8[9�[$[kNX<J^ f(x) ′ ~| f(m + y) ≡ f(m) + f(m) ′y (mod y2 ).&8B� f(x) Bp>N ⇔ deg(f(x), f(x) ′) ≥ 1.

3. Y�$D�ÆD��8`�N�^ f(x) XW1 y = x−m O`�N f(m+y) = c0 + c1y + · · ·+ cnyn =

c0 + c1(x − m) + · · · + cn(x − m)n, 85=��^ c1 X<� f(x) Q m OJ^ f ′(m).

∆x = x − m O5=�^ φ(∆) = f(m) + f ′(m)∆x G f(x) d+ ∆f(x) = f(x) − φ(∆x)Q (∆x)2 O�N���� x → m �O x 	�?J m, 4OQ ∆x = x − m → 0, |∆x| Q��Æ3n[9�E7;|XOa^ δ. ℄2O ∆x 0� L<T. H ∆x → 0 I�!G�5=�^ φ(∆) Dr f(x) i,GO
+ ∆f(x) = f(x) − φ(∆x) Q	)��a& ∆f(x) G ∆x
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d�	�?JE ∆x O�z-^��8Q	)��4OQ`� ∆f(x) Q	)�q ∆x O	)���0� ∆x Oy�	)��,� o(∆x).℄E!Q`�NO�^ f(x), ��!�8 f(x) XW1 ∆x = x − m O`�N�G:84��ZK ∆x O�z5=�^ φ(∆x) = c0 + c1∆x LN� φ(∆x) Dr f(x) i,GO
+
∆f(x) = f(x) − φ(∆x) Q ∆x Oy�	)��T φ(∆x) = c0 + c1∆x O-^� c0 8PE
f(m), 5=��^8,� f ′(m), 0� f(x)Q mOJ^�φ(∆x) = f(m)+f ′(m)(∆x) QQU
x = m uJG f(x) ~?JO5=�^�jOy� y = f(m)+f ′(m)(x−m) Q�^ y = f(x)QU (m, f(m)) O%����Q$��wFN f(x) ≡ f(m)+f ′(m)(x−m) (mod ( )x−m)2�O`�N f(x) G5=`�N f(m) + f ′(x− m) d+Q (x− m)2 O�N�N8rJ^O5�%m�8!nO (mod ( )x − m)2 r 1 (mod o )(x − m), O[9w2 

f(x) ≡ f(m) + f ′(m)(x − m) (mod o )(x − m)�O�^ f(x) G5=�^ f(m) + f ′(m)(x − m) d+Q ∆x = x − m Oy�	)��w2NKJ^O%m
(f(x)g(x))′ = f(x)g′(x) + f ′(x)g(x), (f(x)n)′ = nf(x)n−1f ′(x)9'�`O%m����On}O!Q℄jI$r� 2

5.1.3. *`�N u(x), v(x) L u(x)(x − 1)2 + v(x)(x + 1)3 = 1.-
q1(x) g(x) f(x) q(x)

1
12

x − 5
36

x2 − 2x + 1 x3 + 3x2 + 3x + 1 x + 5

x2 − 1
3
x x3 − 2x2 + x

−5
3
x + 1 5x2 + 2x + 1

−5
3
x + 5

9
5x2 −10x + 5

r1(x) = 4
9

r(x) = 12x − 4��B
4

9
= g(x) − q1(x)r(x) = g(x) − q1(x)(f(x) − q(x)g(x))

= −q1(x)f(x) + (1 + q1(x)q(x))g(x).
v(x) = −9

4
q1(x) = − 3

16
x +

5

16

u(x) =
9

4
(1 + q1(x)q(x)) =

3

16
x2 +

5

8
x +

11

16T u(x)g(x) + v(x)f(x) = 1 r�3*� 2
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5.1.4. (z�9e) E f(x) = anxn + an−1x
n−1 + · · · + a1x + a0 Q^I F BO`�N� c ∈ F . *b� x − c 9 f(x) OA q(x) = bn−1x

n−1 + bn−2x
n−2 + · · ·+ b1x + b0 �FN r [9�:�OfeN8�

c an an−1 · · · ai · · · a1 a0

+) cbn−1 · · · cbi · · · cb1 cb0

bn−1 bn−2 · · · bi−1 · · · b0 r!n bn−1 = an, bi−1 = ai + cbi (∀ 1 ≤ i ≤ n), r = a0 + cb0.l8 . q1(x) = bn−1x
n−1 + bn−2x

n−2 + · · ·+ b1x + b0, r1 = a0 + cb0. T
q1(x)(x − c) + r1 = bn−1x

n+(bn−2 − cbn−1)x
n−1+

· · ·+ (b0 − cb1)x − cb0 + (a0 + cb0) (1)8 bn−1 = an, bi−1 = ai + cbi (∀ 1 ≤ i ≤ n) D;PN (1) C��`iN
q1(x)(x − c) + r1 = anxn + an−1x

n−1 + · · · + a1x + a0 = f(x)℄b�r q1(x), r1 o�Q x − c 9 f(x) OA�FN� 2�: 9BOb�hQ1ba!Q���p�OpU4!Q<�b�!�℄zke�aQ<��℄zke* x − c 9`�NOA�FN���9e℄N�3C��:�x*8℄zke “�” 8�h3�*�9eO℄NO[�
{�
g(x) f(x) q(x)

x − c anxn + an−1x
n−1 + an−2x

n−2 + · · · bn−1x
n−1 + bn−2x

n−3 + · · ·
bn−1x

n − cbn−1x
n−1

f1(x) = bn−2x
n−1 + an−2x

n−2 + · · ·
bn−2x

n−1 − cbn−2x
n−2

f2(x) = bn−3x
n−2 + · · ·� x− c OU� x 9 f(x) = anxn + · · · OU�NKA q(x) OU� bn−1x

n−1 = anxn−1,!�^ bn−1 = an. :9B℄NiO�H�O
f1(x) = f(x) − bn−1x

n−1(x − c) = bn−2x
n−1 + an−2x

n−2 + · · ·+ a1x + a0O n − 1 =��^ bn−2 = an−1 + cbn−1. � f1(x) Dr f(x) psx$OÆ3�NKAO�5� bn−2x
n−2, PH�

f2(x) = f1(x) − bn−2x
n−2(x − c) = bn−3x

n−2 + an−3x
n−3 + · · · + a1x + a0ps℄zÆ3[96=NKA q(x) = bn−1x

n−1 + · · · + b1x + b0 O{��^ bi−1 = ai + cbi

(1 ≤ i ≤ n), ~�H�O fn(x) = b−1 = a0 + cb0 OQF^ r. 2
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5.1.5. k�z�9e* g(x) 9 f(x) OA q(x) �FN r(x):

(1) f(x) = 2x4 − 5x + 8, g(x) = x + 3 ;

(2) f(x) = x3 − x + 2, g(x) = x + i .- (1)

−3 2 0 0 −5 8

+) −6 18 −54 177

2 −6 18 −59 185

q(x) = 2x3 − 6x2 + 18x − 59, r = 185.

(2)

−i 1 0 −1 2

+) −i −1 2i

1 −i −2 2 + 2i

q(x) = x2 − ix − 2, r = 2 + 2i 2

5.1.6. 8 f(x) �O1 x − c Ok��O#N b0 + b1(x − c) + b2(x − c)2 + · · ·
(1) f(x) = x5, c = −1 ;

(2) f(x) = x4 + x3 + x2 + x + 1, c = 2 .- (1) w y = x + 1, T x = y − 1,

f(x) = (y − 1)5 = y5 − 5y4 + 10y3 − 10y2 + 5y − 1

= (x + 1)5 − 10(x + 1)4 + 10(x + 1)3 − 10(x + 1)2 + 5(x + 1) − 1

(2) w y = x − 2, T x = y + 2,

f(x) =
x5 − 1

x − 1
=

(y + 2)5 − 1

(y + 2) − 1
=

y5 + 10y4 + 40y3 + 80y2 + 80y + 31

y + 1

= y4 + 9y3 + 31y2 + 49y + 31

= (x − 2)4 + 9(x − 2)3 + 31(x − 2)2 + 49(x − 2) + 31 2

5.1.7. EnuOK�^`�N f(x) ~|t7 f(f(x)) = (f(x))k, !n k Q|XOa`^�* f(x).- E f(x) = anxn + · · · + a1x + a0, d(x) = f(x) − xk. T d(f(x)) = f(f(x)) −
(f(x))k = 0. ��b� d(x) = 0 >a f(x) = xk.=!4�E d(x) = bmxm + · · · + b1x + b0 6= 0, !n bm 6= 0. T

d(f(x)) = bm(f(x))m + · · · + b1f(x) + b0

= bm(anxn + · · ·)m + · · · = bmam
n xnm + · · ·
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B~y=� bmam
n xnm 6= 0, G d(f(x)) = f(f(x)) − xk = 0 �_�℄b�r d(x) = 0, f(x) = xk. 2�: 9B}bO�6Q�8LL d(f(x)) = 0 ℄ d(x) = f(x) − xk 1m��ibeb� d(x) = 0. �p%.OkeQH d(x) 6= 0 +f d(f(x)) O=^N8�_�v5obxQZz

d(f(x)) O.fN8�_�8LL d(f(x)) = 0, `� d(y) = 0 ℄iBO y = f(x) 1m�nu`�N d(x) 4[9℄�� y .f d(y) = 0, ℄2O y O0� d(x) = 0 O}�GQ�nu`�N d(x) O}Oz^QB�O�!�/Æ d(x) O=^�:B	)`z y L d(y) = 0, �43* d(x) = 0. H x .�	)`zK^fI� y = f(x) 4�4B	)`z!wOf�℄	)`z!wO y YL d(y) = 0, ℄O�\X d(x) = 0 (�PE 0). B�`iA`� y = f(x).N	)`z!wOf�l:�H x → ∞ I f(x) +E	)��4.N	)`!wOf�PKB�: d(x) 6= 0, TH x → ∞ I y → ∞ Jj d(y) → ∞, ℄OG d(f(x)) = d(y) = 0�_r� 2

5.1.8. |Xa`^ k ≥ 2, *nuOK�^`�N f(x) ~|t7 f(xk) = (f(x))k.- E f(x) = anxn + an−1x
n−1 + · · · + a1x + a0, an 6= 0. �= f(xk) = anxnk + · · ·G (f(x))k = ak

nxnk + · · · OU��^N an = ak
n >a ak−1

n = 1. H k ��^I k − 1 �"^� ak−1
n = 1 ⇔ an = 1. H k �"^I� an = ±1.: f(x) = anxn hB5�!� 0, TH an = 1,! k ��^& an = −1, T f(x) = anxn8Lr�3*�9�E f(x) iDBpz!w=^Onu��9rU� anxn d{O~y=nu�� amxm,( f(x) = anxn + amxm + · · ·+ a1x + a0, !n m < n, an 6= 0 & am 6= 0. �=

f(xk) = anxnk + amxmk + · · ·
(f(x))k = (anxn + amxm + · · ·)k = ak

nxnk + kan−1
n amxn(k−1)+m + · · ·O=y=� (9rU�d{O~y=�). f(xk) O=y=� amxmk =^� mk. a (f(x))k O=y=� kan−1

n amx(n−1)k+m O=^� n(k − 1) + m. a
n(k − 1) + m − mk = n(k − 1) − m(k − 1) = (n − m)(k − 1) > 0℄`�pz`�N f(xk) G (f(x))k O=y=�O=^!w�℄pz`�N![��P�><�~|t7O f(x) h�Q xn (H k ��^) ! ±xn (H k �"^). 2
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§ 5.2 s�!\C
5.2.1. *�s`�NO~B�>N���}�

f(x) = x3 − 2x2 + 2x − 1, g(x) = x4 − x3 + 2x2 − x + 1 .�8j�O~B�>N (f(x), g(x))  1 u(x)f(x) + v(x)g(x) = (f(x), g(x)) O#N�-
q2(x) f(x) g(x) q1(x)
1
2
x − 1

2
x3 − 2x2 + 2x − 1 x4 − x3 + 2x2 − x + 1 x + 1

x3 − x2 + x x4 − 2x3 + 2x2 − x

−x2 + x − 1 x3 + 1

−x2 + x − 1 x3 − 2x2 + 2x − 1

r2(x) = 0 r1(x) = 2x2 − 2x + 2~B�>N
(f(x), g(x)) =

1

2
r1(x) = x2 − x + 1 =

1

2
(g(x) − q1(x)f(x))

=
(

1

2
x4 − 1

2
x3 + x2 − 1

2
x +

1

2

)

g(x) +
(

−1

2
x − 1

2

)

f(x) 2

5.2.2. E P [x] nO`�N f(x), g(x) �e�*b�?Q�55} u(x), v(x) ∈ P [x] L
u(x)f(x) + v(x)g(x) = 1 & deg u(x) < deg g(x), deg v(x) < deg f(x).l8 A (f(x), g(x)) = 1 ?Q P [x] nO`�N h(x), w(x) L

h(x)f(x) + w(x)g(x) = 1 (1)E h(x) � g(x) 9OA� q(x), FN� u(x). 8PN (1) GPN
q(x)g(x)f(x) − q(x)f(x)g(x) = 0 (2)p��4�NK

(h(x) − q(x)g(x))f(x) + (w(x) + q(x)f(x))g(x) = 1 (3)8 u(x) = h(x) − q(x)g(x) D;PN (3), �, v(x) = w(x) + q(x)f(x). NK
u(x)f(x) + v(x)g(x) = 1 (4)!nOFN u(x) O=^ deg u(x) < deg g(x). &A v(x)g(x) = 1 − u(x)f(x) 

deg v(x)g(x) = deg u(x)f(x).
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(
deg v(x) + deg g(x) = deg u(x) + deg f(x) < deg g(x) + deg f(x)>a deg v(x) < deg f(x).:�B u1(x), v1(x) ~|t7 deg u1(x) < deg g(x), deg v1(x) < deg f(x) '

u1(x)f(x) + v1(x)g(x) = 1 (5)8PN (4),(5) p��4N
(u(x) − u1(x))f(x) + (v(x) − v1(x))g(x) = 0(

(u(x) − u1(x))f(x) = (v1(x) − v(x))g(x). (6)

g(x) `9PN (6) C��>a`9PN (6) ��O (u(x) − u1(x))f(x). A g(x), f(x) �e g(x) `9 u(x) − u1(x). AE u(x), u1(x) O=^YQE g(x), Hj�O+ u(x) − u1(x)!� 0 I=^�4QE g(x), ![�� g(x) `9�℄�L u(x) − u1(x) = 0. D; (6) 
v1(x)− v(x) = 0. >< u(x) = u1(x) & v(x) = v1(x). ℄b�r~|Kpt7O u(x), v(x)O�5%� 2

5.2.3. ℄:�`�N f(x), g(x)*=^~QO`�N u(x), v(x)L u(x)f(x)+v(x)g(x) =

1.

(1) f(x) = x3, g(x) = (x − 3)2;

(2) f(x) = x3 − 3, g(x) = x2 − 2x + 3.-� 1 (1) �Wu�9e*N r1(x) = f(x)− q1(x)g(x), r2(x) = g(x)− q2(x)r1(x) :��
q1(x) f(x) g(x) q2(x)

x + 6 x3 x2 − 6x + 9 1
27

x − 4
27

x3 − 6x2 + 9x x2 − 2x

6x2 − 9x −4x + 9

6x2 − 36x + 54 −4x + 8

r1(x) = 27x − 54 r2(x) = 1!n q1(x) = x + 6, r1(x) = 27x − 54, q2(x) = 1
27

x − 4
27

, r2(x) = 1.

r2(x) = g(x) − q2(x)r1(x) = g(x) − q2(x)(f(x) − q1(x)g(x))

= −q2(x)f(x) + (1 + q2(x)q1(x))g(x). u(x) = −q2(x) = − x

27
+

4

27
, v(x) = 1 + q2(x)q1(x) =

x2 + 2x + 3

27
. T u(x)f(x) +

v(x)g(x) = r2(x) = 1, #:i&�
11



(2) f(x) � g(x) 9NKA q1(x) = x + 2, FN r1(x) = x − 9. g(x) � r1(x) 9NKA q2(x) = x + 7, FN r2(x) = 66. G (1) w2B
−q2(x)f(x) + (1 + q2(x)q1(x))g(x) = r2(x) = 66EQ

u(x) =
−q2(x)

66
= −x + 7

66
, v(x) =

1 + q2(x)q1(x)

66
=

x2 + 9x + 15

66r�Kp3*�-� 2 (1) E u(x) = u1x + u0, v(x) = v2x
2 + v1x + v0. T

(u1x + u0)x
3 + (v2x

2 + v1x + v0)(x
2 − 6x + 9) = 1

u1x
4 + u0x

3 + v2(x
4 − 6x3 + 9x2) + v1(x

3 − 6x2 + 9x) + v0(x
2 − 6x + 9) = 18!nO`�NQ" {x4, x3, x2, x, 1} �����O� 1s�qO#N�NK u1, u0, v2, v1, v0~|Ok3}

u1





















1

0

0

0

0





















+ u0





















0

1

0

0

0





















+ v2





















1

−6

9

0

0





















+ v1





















0

1

−6

9

0





















+ v0





















0

0

1

−6

9





















=





















0

0

0

0

1



















EdN (u1, u0, v2, v1, v0) =
(

− 1

27
,

4

27
,

1

27
,

2

27
,
1

9

)

. ><
u(x) = − 1

27
x +

4

27
, v(x) =

1

27
x2 +

2

27
x +

1

9
.

(2) G (1) gdREk3} u0xf(x) + u1f(x) + v2x
2g(x) + v1xg(x) + v0g(x) = 1 (





















1 0 1 0 0

0 1 −2 1 0

0 0 3 −2 1

−3 0 0 3 −2

0 −3 0 0 3









































u1

u0

v2

v1

v0





















=





















0

0

0

0

1



















N (u1, u0, v2, v1, v0) =
(

− 1

66
, − 7

66
,

1

66
,

3

22
,

5

22

)

. >a
u(x) = − 1

66
x − 7

66
, v(x) =

1

66
x2 +

3

22
x +

5

22
. 2
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/I�& 5.3 ,B�pEe 2 O+f4(�Ee 1 gh5��Gbx�'��a&�8�pu��E�%k3} AX = B, ghO+f[9vÆV�<7}1�l:�℄�pS (2) �p�Q MathematicanO$:�	wONKk3}OE�
A={{1,0,1,0,0},{0,1,-2,1,0},{0,0,3,-2,1},{-3,0,0,3,-2},{0,-3,0,0,3}};

B={0,0,0,0,1}; Inverse[A].B�pnOk3} AX = B O�^P_O{s6=A`�N xf(x), f(x), x2g(x), xg(x), g(x)O{��^�9�>BK��sNK (> 4=�K-^�). f(x) = x3−3O 4z�^ 1, 0, 0,−3QS 1 s>BK��Q$ 4 $�QS 2 s{~�75$� g(x) = x2 + 2x + 3 O�^QS 3s>BK��Q$ 3 $��~�5s{~�75$�5�R�℄7;`�N f(x) = anxn + · · · + a1x + a0, g(x) = bmxm + · · · + b1x + b0' h(x) = hm+n−1x
m+n−1 + · · ·+ h1x + h0, 3*8 u(x) = um−1x

m−1 + · · ·+ u1x + u0 '
v(x) = vn−1x

n−1 + · · ·+ v1x + v0 ~| u(x)f(x) + v(x)g(x) = h(x), T u(x), v(x) O�^~|
um−1x

m−1f(x) + · · · + u0f(x) + vn−1x
n−1g(x) + · · · + v0g(x) = h(x)4OQ~|�%k3} AX = B, !n

A =



































an bm

an−1
. . . bm−1 bm

...
... an

...
...

. . .

a1
...

... b0
...

... bm

a0
. . .

... b0
...

...
. . . a1

. . . b1

a0 b0



































, B =















hm+n−1
...

h1

h0















: detA 6= 0, Tk3} AX = B ℄iBO B YBE�℄ B = (0, . . . , 0, 1)T ( h(x) =

1 BEL u(x)f(x)+v(x)g(x) = 1 1m�f(x), g(x) �e�iÆ�: f(x), g(x) �e�T?Q`�N u1(x), v1(x)L u1(x)f(x)+v1(x)g(x) = 1>a u1(x)h(x)f(x)+v1(x)h(x)g(x) =

h(x) ℄=^ < m + n O7; h(x) 1m�. u(x) = u1(x)h(x) − q(x)g(x) Q u1(x)h(x) �
g(x) 9OFN�T u(x)f(x) + v(x)g(x) = h(x) ℄ v(x) = v1(x)h(x) + q(x)f(x) 1m�
deg u(x) < m, deg v(x) < n, ℄`�k3 AX = B ℄7; B BE� detA 6= 0.A<[5� f(x), g(x) �e ⇔ detA 6= 0.[9}R detAQqPE 0�X f(x), g(x)Qq�e�detAQA f(x), g(x)O�^�1O$sN�0� f(x), g(x)O ,B (resultant), ,� R(f, g). (v-Q8 A OukP_O$sN
detAT X<�DN�jO{$6=A xm−1f(x), . . . , xf(x), f(x), xn−1g(x), . . . , xg(x), g(x)O�^�9�_* (> m + n − 1 =�K-^�) �1�) 2
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5.2.4. :pz`�^?=k3B��O	i}���j��Bv5z��}�l8 `�^?=`�N f(x), g(x)O~B�>N d(x)5XQBi�^`�N�k3 f(x) =

0, g(x) = 0 O0#��}4OQ d(x) = 0 O0#}�!nB5z��} α Q	i^�: d(x) = 0 9r α d{�B�O}�T d(x) = (x−α)m = xm −mαxm−1 + · · ·. Bi�^`�N d(x) O m − 1 ��^ am−1 = −mα ?QBi^�℄Jj α = −am−1

m
QBi^�GK0E α Q	i^�_�℄b�r`�^k3 f(x) = 0, g(x) = 0 9r��O	i} αd{�Bv5z��}� 2�: s;K�pOEe�B�K f(x) = 0, g(x) = 0 Q?=k3℄zt7�!}j�Q`D=�9Bb�keYa3��pQ��O�en.G^.N>p�Bi�^`�NO~B�>NQBi�^`�N℄zD}QvÆWu�9eN8O�n.G�B.Æ�[9v�hk�CF9eO:�be�`�^?=`�N f(x) � g(x) 9�NKOA λ QBi^�FN r1(x) = f(x) − λg(x)QBi�^`�N� f(x) = 0, g(x) = 0 O0#��}YQ r1(x) = 0 O}�iÆ�A

f(x) = λg(x) + r1(x)  r1(x) = 0 G g(x) = 0 O0#��}4YQ f(x) = 0 O}�>aQ f(x) = 0 G g(x) = 0 O��}�℄`�r f(x) = 0 G g(x) = 0 O0#��}OQ
g(x) = 0 G r1(x) = 0 O0#��}�: r1(x) = 0, T g(x) Q f(x) O>N�g(x) = 0 O0#}OQ f(x) = 0 G g(x) = 0O0#��}�GB[Eew2[b g(x) = 0 9r	i} α d{�Bv5z��}�E r1(x) 6= 0, AE r1(x) = 0 B	i} α, r1(x) !�Qnu-^�h�Q5=!b=`�N�: r1(x) Q5=`�N�Bi�^5=k3 r1(x) = 0 hB�5O}�QBi^�	i^
α ![�QjO}�>< r1(x) QBi�^b=`�N�� r1(x) 9 g(x) NKOA q2(x) �FN r2(x) YQBi�^`�N�A r2(x) = g(x) − q2(x)r1(x) ' g(x) = q2(x)r1(x) + r2(x)k3 r2(x) = 0 G r1(x) = 0 O0#��}OQ r1(x) = 0 G g(x) = 0 O0#��}�4OQ g(x) = 0 G f(x) = 0 O0#}�!niDB5z	i} α. A r1(α) = 0  r1(x) !Qnu-^�4![�Q5=`�N (Bi�^5=`�NO�5}�Bi^��B	i}). ℄�L
r2(x) Qu`�N� r1(x) O0#}OQ r1(x) G r2(x) O0#��}�>aQ f(x) G g(x)O0#��}�Bi�^b=`�N r1(x) = ax2 + bx + c Op} α, β d� − b

a
QBi^�![�PE	i^ 2α, >av5} β 6= α, k3 f(x) = 0 G g(x) = 0 Bpz!wO} α, β.9BEeg4�Be?�Wu�9e�G�� g(x) 9 f(x) NKFN r1(x), H r1(x) 6= 0ID�j9 g(x) NKFN r2(x), K.BQQ�Wu�9e� 2

5.2.5. 8o^ 1
3
√

9 − 2 3
√

3 + 3
Oowow29RHO^�8o�1Bi^�- , g(x) = x2 − 2x + 3, Ti`o^OoPE g( 3

√
3). v5k�� 3

√
3 Q`�N

f(x) = x3 − 3 O}��S 5.2.3 pOke[9*N`�N −x − 7, x2 + 9x + 15 ~|t7
(−x − 7)(x3 − 2) + (x2 + 9x + 15)(x2 − 2x + 3) = 66
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8 x = 3
√

3 D;N ( 3
√

9 + 9 3
√

3 + 15)( 3
√

9 − 2 3
√

3 + 3) = 66. ><
1

3
√

9 − 2 3
√

3 + 3
=

3
√

9 + 9 3
√

3 + 15

( 3
√

9 + 9 3
√

3 + 15)( 3
√

9 − 2 3
√

3 + 3)
=

3
√

9 + 9 3
√

3 + 15

66
2

5.2.6. E f(x) Q 2n−1 =`�N�n �a`^�f(x)+1 � (x−1)n `9�f(x)−1� (x + 1)n `9�* f(x).-� 1 (f(x) + 1)′ = f ′(x) � (x − 1)n−1 `9� (f(x) − 1)′ = f ′(x) � (x + 1)n−1`9� f ′(x) wI� (x − 1)n−1 G (x + 1)n−1 `9�>a� (x− 1)n−1(x + 1)n−1 `9�A
deg f(x) = 2n− 1  deg f ′(x) = 2n− 2, >< f ′(x) = λ(x− 1)n−1(x + 1)n−1, λ Q-^�

f(x) Q λ(x − 1)n−1(x + 1)n−1 OK�^�Ao#$o�NN
f(x) =

∫

λ(x − 1)n−1(x + 1)n−1 =
λ

n

∫

(x + 1)n−1d(x − 1)n

=
λ

n
(x − 1)n(x + 1)n−1 − λ

n − 1

n

∫

(x − 1)n(x + 1)n−2dx5�R�℄7;a`^ k, B
∫

(x − 1)n+k−1(x + 1)n−k−1dx

=
1

n + k
(x − 1)n+k(x + 1)n−k−1 − n − k − 1

n + k

∫

(x − 1)n+k(x + 1)n−k−2dxisk�℄z�NN
f(x) = λ

∫

(x − 1)n−1(x + 1)n−1dx

= λ
[

1

n
(x − 1)n(x + 1)n−1 − n − 1

n

∫

(x − 1)n(x − 1)n−2dx
]

= · · ·

=
λ

n
(x − 1)n(x + 1)n−1 − λ(n − 1)

n(n + 1)
(x − 1)n+1(x + 1)n−2 + · · ·

+ (−1)k λ(n − 1) · · · (n − k)

n(n + 1) · · · (n + k)
(x − 1)n+k(x + 1)n−k−1 + · · ·

+ (−1)n−1 λ(n − 1)!

n(n + 1) · · · (2n − 1)
(x − 1)2n−1 + c (1)A f(1) + 1 = 0  c = −1. PA

f(−1) − 1 = (−1)n−1 λ(n − 1)!

n(n + 1) · · · (2n − 1)
(−1 − 1)2n−1 − 1 − 1 = 0N

λ =
2(n + 1) · · · (2n − 1)

(−1)3n−222n−1(n − 1)!
=

(−1)nn(n + 1) · · · (2n − 1)

22n−2(n − 1)!
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D; (1) nL (x − 1)n+k(x + 1)n−k−1 O�^�
(−1)nn(n + 1) · · · (2n − 1)

22n−2(n − 1)!
· (−1)k (n − 1) · · · (n − k)

n(n + 1) · · · (n + k)

=
(−1)n+k(n + k + 1) · · · (2n − 1)

22n−2(n − k − 1)!
=

(−1)n+k

22n−2
Cn−k−1

2n−1><N
f(x) =





∑

0≤k≤n−1

(−1)n+k

22n−2
Cn−k−1

2n−1 (x − 1)n+k(x + 1)n−k−1



− 1 .-� 2 w
f(x) =a0(x − 1)n(x + 1)n−1 + a1(x − 1)n+1(x + 1)n−2 + · · ·

+ ak(x − 1)n+k(x + 1)n−k−1 + · · ·+ an−1(x − 1)2n−1 − 1,!n a0, a1, . . . , ak, . . . , an−1 QEX-^�T f(x) + 1 � (x − 1)n `9�Ee-S{EX-^ ak (0 ≤ k ≤ n − 1) L f(x) − 1 � (x + 1)n `9��<�h&L f(x) − 1 OJ^ f ′(x)� (x + 1)n−1 `9��& f(x) − 1 � x + 1 `9�
f ′(x) PE{z ak(x − 1)n+k(x + 1)n−k−1 (0 ≤ k ≤ n − 1) OJ^d��8{z

(ak(x − 1)n+k(x + 1)n−k−1)′ = (n + k)ak(x − 1)n+k−1(x + 1)n−k−1

+(n − k − 1)ak(x − 1)n+k(x + 1)n−k−2�/���wg��N
f ′(x) =na0(x − 1)n−1(x + 1)n−1

+
n−1
∑

k=1

((n + k)ak + (n − k)ak−1)(x − 1)n+k−1(x + 1)n−k−1-S ak (1 ≤ k ≤ n − 1) L{z (x − 1)n+k−1(x + 1)n−k−1 (1 ≤ k ≤ n − 1) O�^
(n + k)ak + (n − k)ak−1 = 0, ak = −n − k

n + k
ak−1 = (−1)k (n − 1) · · · (n − k)

(n + 1) · · · (n + k)
a0,T f ′(x) = a0(x − 1)n−1(x + 1)n−1 � (x + 1)n−1 `9�<I

f(x) = a0[(x − 1)n(x + 1)n−1 − · · ·+ (−1)k (n − 1) · · · (n − k)

(n + 1) · · · (n + k)
(x − 1)n+k(x + 1)n−k−1

+ · · · + (−1)n−1 (n − 1)!

(n + 1) · · · (2n − 1)
(x − 1)2n−1] − 1
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P- a0 L f(x) − 1 � x + 1 `9�4OQ- f(−1) − 1 = 0.

f(−1) − 1 = a0(−1)n−1 (n − 1)!

(n + 1) · · · (2n − 1)
(−1 − 1)2n−1 − 2 = 0

⇔ a0 = (−1)(n−1)+(2n−1) 2(n + 1) · · · (2n − 1)

22n−1(n − 1)!
=

(−1)n(n + 1) · · · (2n − 1)

22n−2(n − 1)!><�
ak =

(−1)n(n + 1) · · · (2n − 1)

22n−2(n − 1)!
· (−1)k (n − 1) · · · (n − k)

(n + 1) · · · (n + k)
=

(−1)n+k

22n−2
Cn−k−1

2n−1

f(x) =





∑

0≤k≤n−1

(−1)n+k

22n−2
Cn−k−1

2n−1 (x − 1)n+k(x + 1)n−k−1



− 1 . 2

5.2.7. *=^~QO`�N f(x), Lj� x3 9OFN� x2 + 2x + 3, � (x − 3)2 9OFN� 3x − 7.- Q 5.2.3(1) pn8L*8 u(x) =
−x + 4

27
' v(x) =

x2 + 2x + 3

27
~|t7

u(x)x3 + v(x)(x − 3)2 = 1.><� f1(x) = v(x)(x − 3)2 = 1 − u(x)x3 � x3 9F 1, � (x − 3)2 9F 0; 1 − f1(x) �
x3 9F 0, � (x − 3)2 9F 1.

h(x) = (x2 + 2x + 3)f1(x) + (3x − 7)(1 − f1(x))

= (x2 − x + 10)
x2 + 2x + 3

27
(x − 3)2 + (3x − 7)

=
x + 1

27
x3(x − 3)2 +

11x2 + 17x + 30

27
(x − 3)2 + 3x − 7� x3 9F x2 + 2x + 3, � (x− 3)2 9F 3x− 7. h(x) � x3(x− 3)2 9OFN f(x) QSBw2%mO=^~QO`�N�

f(x) =
11x2 + 17x + 30

27
(x − 3)2 + 3x − 7

=
11

27
x4 − 49

27
x3 + x2 + 2x + 3 . 2

5.2.8. 8`�N r1(x) = x2 + 2x + 3, r2(x) = 3x − 7. P_ A =

(

A1 0

0 A2

)

,

B =

(

B1 0

0 B2

)

. !n
A1 =









0 1 0

0 1

0









, A2 =

(

3 1

0 3

)

. B1 =









3 2 1

0 3 2

0 0 3









, B2 =

(

2 3

0 2

)

.
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S1b r1(A1) = B1, r2(A2) = B2. �*5z~Q=^O`�N f(x) L f(A) = B.- ��B
A2

1 =









0 0 1

0 0 0

0 0 0









, A3
1 = O, (A2 − 3I)2 = O>a

r1(A1) =









0 0 1

0 0 0

0 0 0









+ 2









0 1 0

0 1

0









+ 3I =









3 2 1

0 3 2

0 0 3









= B1

r2(A2) = 3

(

3 1

0 3

)

− 7

(

1 0

0 1

)

=

(

2 3

0 2

)

= B2Q 5.2.7 pn8L*N~Q=^O f(x) =
11

27
x4 − 49

27
x3 + x2 + 2x + 3 � x3 9OFN�

r1(x) = x2 + 2x + 3, � (x − 3)2 9OFN� r2(x) = 3x − 7. f(x) = q1(x)x3 + r1(x) =

q2(x)(x − 3)2 + r2(x). EQ
f(A1) = q1(A1)A

3
1 + r1(A1) = q1(A1)O + B1 = B1

f(A2) = q2(A2)(A2 − 3I)2 + r2(A2) = B2

f(A) =

(

f(A1) O

O f(A2)

)

=

(

B1 O

O B2

)

= B 2

5.2.9. E`�N f1(x), . . . , fk(x) O~B�>NPE 1, A ∈ F n×n, X ∈ F n×1. *b�: fi(A)X = 0 ℄ 1 ≤ i ≤ k 1m�T X = 0.- ?Q`�N u1(x), . . . , uk(x) ~| u1(x)f1(x) + · · · + uk(x)fk(x) = 1. >a
X = IX = u1(A)f1(A)X + · · · + uk(A)fk(A)X = 0 + · · · + 0 = 0 2
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§ 5.3 \C�.�4
5.3.1. QBi^IBoE>N x18 + x15 + x12 + x9 + x6 + x3 + 1.- f(x) = x18 + x15 + x12 + x9 + x6 + x3 + 1 =

x21 − 1

x3 − 1

=
(x7 − 1)(x14 + x7 + 1)

(x − 1)(x2 + x + 1)

= (x6 + x5 + x4 + x3 + x2 + x + 1)(x12 − x11 + x9 − x8 + x6 − x4 + x3 − x + 1). 2�: �p~�NKOpz>No�QoN x7 − 1

x − 1
� x14 + x7 + 1

x2 + x + 1
Ooro�9NK�$5zoN�4��`9��5zoN�J���`9O�N�4���g8jO�4%�p�OEAn8LQBi^IB8 x21 − 1 oE�?z>NO2$�

x21 − 1 = (x − 1))(x6 + x5 + x4 + x3 + x2 + x + 1)(x14 + x7 + 1)

x3 − 1 4Q x21 − 1 O>N�a x2 + x + 1 Q x3 − 1 O![M>N�>< x2 + x + 1 Q
x21 − 1 O![M>N�>aQ x21 − 1 OB[oENKO?z>Ndn�5zO![M>N�:1b x2 + x + 1 !�`9$pz>N x− 1, x6 + x5 + x4 + x3 + x2 + x + 1, �4`9~�5z>N x14 + x7 + 1.Quy�n��8n}7; xn − 1 QBi^IBO>NoE��Z8iBO xn − 1 ![M>N�}R�jO5�%D}[9L�pNKOpz>NQBi^IB![M� 2

5.3.2. k�`�NO>NoEO�5%�b� x4 − 10x2 + 1 QBi^IB![M�- �8`�N f(x) = x4 − 10x2 + 1 Qs^j��oE�
f(x) = (x4 − 2x2 + 1) − 8x2 = (x2 − 1)2 − (2

√
2x)2

= (x2 + 2
√

2x − 1)(x2 − 2
√

2x − 1)

= (x +
√

2 +
√

3)(x +
√

2 −
√

3)(x −
√

2 +
√

3)(x −
√

2 −
√

3) (1)

f(x) �oE1rK^IB 4 z5=>N x−αi O2$�!n αi (i = 1, 2, 3, 4)Q f(x) O 4z} ±(
√

2±
√

3). : f(x) QBi^IB[M�[9oE�Bi^IBpziD 1 =OU5`�N f1(x), f2(x) O2$�&!lE 1 ≤ deg f1(x) ≤ deg f2(x), TA deg f1(x)+deg f2(x) =

4  deg f1(x) = 1 ! 2. AK^IB>NoEO�5%�8 f1(x), f2(x) QK^j��oE�oE�![M>NO2$�ONKoEN (1). 4OQ`� f1(x) G f2(x) YQoEN (1) nO��5=>N x − αi O2$�o�R� f1(x) Q�5z!\�pz x − αi O2$�AE�z} αi YQ	i^��z5=>N x−αi Y!QBi�^`�N�!�PEBi�^`�N f1(x). >< f1(x) !�Q 1 =�h�Q 2 =�PE�pz x − αi, x − αj O2$�
f1(x) = (x − αi)(x − αj) = x2 − (αi + αj)x + αiαj

19



�^ −(αi + αj), αiαj QBi^�GG 4 z} ±(
√

2±
√

3) n�L −(αi + αj) QBi^Opz} αi, αj hB αj = −αi, ℄O�L αiαj = −α2
i = (2 + 3) ± 2

√
6 = 5 ± 2

√
6, 5X!QBi^�℄z�_Ob�r f(x) QBi^IB![M� 2
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§ 5.4 �SC��
5.4.1. b��: (x − 1) | f(xn), T (xn − 1) | f(xn).l8 (x − 1) | f(xn) ⇒ 0 = f(1n) = f(1) ⇒ (y − 1) | f(y) ⇒ f(y) = q(y)(y − 1)

⇒ f(xn) = q(xn)(xn − 1) ⇒ (xn − 1) | f(xn). 2

5.4.2. b��: (x2 + x + 1) | (f1(x
3) + xf2(x

3)), T (x − 1) wI`9 f1(x) G
f2(x).l8 ?Q`�N q(x) L

f1(x
3) + xf2(x

3) = q(x)(x2 + x + 1). (1)

ω = −1
2
+

√
3

2
i ' ω = −1

2
−

√
3

2
i YQ x2 + x + 1 O}�4Q x3 − 1 O}�o�8 x = ω �

x = ω D; (1), NKpzPN
f1(1) + ωf2(1) = 0 (2)

f1(1) + ωf2(1) = 0 (3)pN�4NK (ω − ω)f2(1) = 0, ( √
3if2(1) = 0, >a f2(1) = 0. D; (2) N f1(1) = 0.A f1(1) = 0 N (x − 1) | f1(x). A f2(1) = 0 N (x − 1) | f2(x). 2

5.4.3. *b� (1) 1, 3
√

2, 3
√

4 QBi^I Q B�%	��
(2) : 3

√
2 QBi�^`�N f(x) O}�T 3

√
ω G 3

√
2ω2 4Q f(x) O}�!n

ω = −1

2
+

√
3

2
i.l8 (1) 0: 1, 3

√
2, 3
√

4 QBi^I Q B�%���(�?Q!0� 0 OBi^ λ0, λ1, λ2L λ01+λ1
3
√

2+λ2
3
√

4 = 0. (� 3
√

2 QBi�^nu`�N g(x) = λ0 +λ1x+λ2x
2 O}�v5k��8LL 3

√
2 QBi�^`�N m(x) = x3 − 2 O}�>aQ m(x) G g(x)O��}�>aQ m(x) G g(x) O~B�>N d(x) O}� d(x) 4QBi�^`�N�!=^

deg d(x) ≤ deg g(x) ≤ 2.: deg d(x) = 1, TBi�^5=`�N d(x) hB�5}QBi^�	i^ 3
√

2 ![�Q d(x) O}��_�: deg d(x) = 2, T d(x) 9 x3 −2 OA q(x) QBi�^5=`�N�B�5OBi} α, α 4Q x3 − 2 O}�G x3 − 2 �BBi}�8�_�[5 1, 3
√

2, 3
√

4 QBi^I Q B![��%���h��%	��
(2) 3

√
2 Q f(x) G x3 − 2 O��}�E r(x) = f(x) − q(x3 − 2) = λ0 + λ1x + λ2x

2Q x3 − 2 9 f(x) NKOFN�~B�>w d(x) O}�:
21



8LL 3
√

2 QBi�^`�N f(x) = x3 − 2 O}�E g(x) Q9 3
√

2 �}O~Q=^OBi�^`�N�� g(x) 9 f(x) NKOA q(x) 'FN r(x) YQBi�^`�N���B
r(x) = f(x) − q(x)g(x), 8 x  1 3

√
2 NK

r( 3
√

2) = f( 3
√

2) − q( 3
√

2)g( 3
√

2) = 0 − q( 3
√

2)0 = 0: r(x) !Qu`�N�jOQ=^� g(x) �Q&9 3
√

2 �}OBi�^`�N�℄G
g(x) O=^~Q��_�[5 r(x) h�� 0, g(x) Q x3 − 2 O>N�

5.4.4. (1) *9 2 +
√

3 �}O~Q=^OU5OBi�^`�N g(x).

(2) E f(x) = x5 − 4x4 + 3x3 − 2x2 + x − 1, * f(2 +
√

3).

(3) � (1) n*8O g(x) 9 f(x) = x5 − 4x4 +3x3 − 2x2 +x− 1 NKA q(x) �FN r(x), 8 f(x)  1 f(x) = q(x)g(x) + r(x) O#N�P8 x = 2 +
√

3 D;* f(2 +
√

3).Qq� (2) n�3��
(4) E h(x) Q75Bi�^`�N� 2 +

√
3 Q h(x) O}�*b� g(x) `9 h(x),�& 2 −

√
3 4Q h(x) O}�- (1) w x = 2 +

√
3. T x− 2 =

√
3, p��kN (x− 2)2 = 3, ( (x− 2)2 − 3 = 0,

2 +
√

3 QBi�^ 2 =`�N g(x) = (x − 2)2 − 3 = x2 − 4x + 1 O}�Bi�^5=`�N ax + b O�5O} − b
a
QBi^�![�Q	i^ 2 +

√
3, ><

g(x) = x2 − 4x + 1 OQ9 2 +
√

3 �}O~Q=^OU5OBi�^`�N�: 2 +
√

3 4QBi�^`�N h(x) O}�T� g(x) 9 h(x) NKOFN r(x) =

h(x)−q(x)g(x) ~| r(2+
√

3) = h(2+
√

3)−q(2+
√

3)g(2+
√

3) = 0−q(2+
√

3)0 = 0.: r(x) 6= 0, T r(x) BU��^ λ 6= 0, λ−1r(x) OQ� g(x) =^�QOBi�^U5`�N�G g(x) O=^~Q��_�>< r(x) = 0, h(x) = q(x)g(x) � g(x) `9�~|<t7&=^~QOU5`�N h(x) h�PE g(x), Q�5O�
(2) , α = 2 +

√
3, TA α Q x2 − 4x + 1 O} α2 − 4α + 1 = 0, >a

α2 = 4α − 1, α3 = α(4α − 1) = 4α2 − α = 4(4α − 1) − α = 15α − 4

α4 = α(15α − 4) = 15(4α − 1) − 4α = 56α − 15

α5 = α(56α − 15) = 56(4α − 1) − 15α = 209α − 56

f(α) = α5 − 4α4 + 3α2 − 2α + α − 1

= 209α − 56 − 4(56α − 15) + 3(15α − 4) − 2(4α − 1) + α − 1

= 23α − 7 = 23(2 +
√

3) − 7 = 39 + 23
√

3

(3) � g(x) 9 f(x) NKA q(x) = x3 + 2x + 6, r(x) = 23x− 7. 8 x = 2 +
√

3 D;
f(x) = q(x)g(x) + 23x − 7 �s;K g(2 +

√
3) = 0, N

f(2 +
√

3) = 23(2 +
√

3) − 7 = 39 + 23
√

3
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(4) g(x) = x2−4x+1 = (x−2)2−3 Bpz} 2±
√

3. Q (1) n8Lb�r9 2+
√

3�}OBi�^`�N h(x) � g(x) = x2 − 4x + 1 `9�>< g(x) Ov5z} 2 −
√

3 4Q h(x) O}� 2
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0J�' 5.4 sU�SC
1. rT�RB�pnNKO9 2 +

√
3 �}O~Q=^OBi�^U5`�N g(x) = x2 − 4x + 1 0�

2 +
√

3 QBi^IBO~�`�N�:3*9 2 +
√

3 �}O~Q=^OK�^U5`�N
h(x), TA 2 +

√
3 QK^L h(x) = x− (2 +

√
3) r�3*�℄z h(x) 0� 2 +

√
3 QK^IBO~�`�N�5�R�: α Q�zBi�^`�NO}�O0 α � �DD. ℄�zD^^ α, ?Q9

α �}O=^~QOBi�^U5`�N mα(x), 0� α QBi^IBO rT�RB. �5�R�: α Q7;I F B�z`�NO}�TQI F B?Q9 α �}O=^~QOU5`�N mα(x), 0� α QIBO rT�RB. G�p (4) wi[b�I F B9 α �}O75`�N
h(x) Y� mα(x) `9�A<4[L��z α O~�`�N mα(x) Q�5O��&�L�
mα(x) O}YQ h(x) O}��[℄zZH� 2 +

√
3 G 2 +

√
3 QBi^IBO~�`�NYQ x2 − 4x + 1, aj�QK^IBO~�`�No�Q x − 3

√
2 G x − (2 +

√
3). v5zlwQ�'^F� i QBi^I�K^IBO~�`�NYQ x2 + 1.

2. "u'^F� i QK^IBO~�`�NQ x2 + 1. : i 4QK�^`�N f(x) O}�T
x2 + 1 `9 f(x), x2 + 1 Ov5z} −i 4Q f(x) O}� x2 + 1 Q i G −i QK^IB�wO~�`�N�:s^ a+bi (a, bYQK^) QK�^`�N f(x)O}�TA f(a+bi) = 0 iQK�^`�N f(a+bx)O}�>< −i4Q f(a+bx)O}�f(a−bi) = 0,℄`� a−bi4QK�^`�N f(x)O}�: a+biQ'^�b 6= 0, T9 a+bi�}OK�^`�N f(x)iDBpz!wO} a+biG a−bi, >a� g(x) = (x−(a+bi))(x−(a−bi)) = (x−a)2+b2 = x2−2ax+a2+b2`9� g(x) Q a + bi G a − bi QK^IB�wO~�`�N�Q~RI�:�px��wa5zh�&3�5}|-OÆ�1Qpx�O�wB�8px�_lN"d5j�℄}�w>� “�”. ����Opz'^ a + bi G a − bi 4Qwa5z “h” O “px�”, aO “h” OQK�^`�N�4B5}�wO “�” _lj��OQj�QK^IB�wO~�`�N g(x) = x2 − 2ax + a2 + b2. ��0s^ a + bi G a − bi "u, �Oj�QK^IB��5z~�`�N�wIQ!\wI!Q|XOK�^`�NO}�v3R`�s^ a + bi, a − bi Q hAD`?"u.

2 +
√

3 G 2 −
√

3 QK^IBB!wO~�`�N x − (2 +
√

3) G x − (2 −
√

3),j�QK^IBO��YQj�x*����!���Gj�QBi^IB��5z~�`�N
x2 − 4x + 1, ><j�QBi^IB���x$��QA i QK^IB��O~�`�N x2 + 1 N8r7;s^ a + bi (a, b QK^)
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QK^IBO�� a − bi �~�`�N (x − (a + bi))(x − (a − bi)) = x2 − 2ax + a2 + b2.gdR�#: a + b
√

d (a, b, d QBi^) QBi^IBO~�`�N[9A √
d O~�`�N

x2 − d N8�
x2 − d Opz} √

d G −
√

d �����: a + b
√

d QBi�^`�N f(x) O}�TA f(a + b
√

d) = 0 [ √
d QBi�^`�N f(a + bx) O}�>< −

√
d 4Q f(a + bx)O}�( f(a − b

√
d) = 0, a − b

√
d Q f(x) O}� f(x) iDBpz!wO} a ± b

√
d, ><�Bi�^`�N m(x) = (x − (a + b

√
d))(x − (a − b

√
d)) = x2 − 2ax + a2 − b2d `9�℄b�r a + b

√
d QBi^IBO~�`�NQ m(x) = x2 − 2ax + a2 − b2d, ��Q

a − b
√

d, j[9Q a + b
√

d n8 √
d r 1!�� −

√
d NK��I5"�E E Q7;^I� a, b, d ∈ E & a+ b

√
d /∈ E, T a+ b

√
d Q E BO��Q

a − b
√

d, ~�`�NQ m(x) = (x − (a + b
√

d))(x − (a − b
√

d)) = x2 − 2ax + a2 − b2d.A<[9NK�BS 4 pS (1) �pOv5Ee�
g(x) = (x − (2 +

√
3))(x − (2 −

√
3)) = x2 − 4x + 1 Q9 2 +

√
3 �}OBi�^U5`�N�=^� 2. Bi�^5=`�N ax + b hB�5} − b

a
QBi^�![�Q	i^

2 +
√

3. >< g(x) OQ~|3*O~Q=^O`�N�℄5EeO3UQY8r 2 +
√

3 QBi^IBO��Q 2 −
√

3. GQEe)[n!&`��!&b�℄5U�aQe?9 2 +
√

3 G 2−
√

3 �}R8r=^� 2 OU5`�N g(x),A g(x) O�^�Bi^O|9b�jQ~�`�N��BS 3 pZ8rK^ 3
√

2 QBi^IBO~�`�N x3 − 2. ℄z~�`�N x3 − 2 B
3 zs^} 3

√
2, 3

√
2ω, 3

√
2ω2, !n ω = −1

2
+

√
3

2
i. ℄?z}g4hB5zQK^�v{pzQ'^�Gj�QBi^IB84���7�5zBi�^`�N:9j�dn�5z�}��49!Fpz�}�℄QA “?x�” }15z “ah�r}”, �waBi�^`�NO “h”.

3. D`��D2j�pS (2),(3)�pn|8r5z 5=`�N f(x), 3*8 x = 2+
√

3D;+f f(2+
√

3)Of�e?+f�gh���%�rpo!wOkN3�Of�pokNO6RYQ α = 2+
√

3QBi^I Q BO~�`�N g(x) = x2 − 4x + 1.S (3) pOkeQ�� g(x) 9 f(x) NKFN r(x) �A q(x), A f(x) = q(x)g(x)+r(x)' g(α) = 0NK f(α) = r(α). AE r(x) = c+dx!/Æ 1=�8 f(α)r 1 r(α) = c+dα+f[93�Of�S (2) pOkeQ�A g(α) = α2 − 4α + 1 NK α2 = 4α− 1. Q f(α) n!\8 α2 r 1 4α − 1 [99Q α O=^�eK8 f(α) �1 α O!/Æ5=O`�NP+f�5�R�h3 α Q^I F B?Q~�`�N mα(x), O[9%�9Bpoke8 α Q FBOiBO`�N�^ f(α) �1=^� mα(x) �QO`�N�^ r(α) +f�l: −1 O75�k} i QK^I R BO~�`�N x2 + 1 Q 2 =�>< i OK�^`
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�N�^ f(i) [9 1!/Æ5=O`�N�^ a + bi (a, b ∈ R). 0qK�^`�N}1O&� R[x] ℄/�4�2Ofp��0�K�^5J`�N��8 i D;0qK�^`�NNKO^O&�
R[i] = {f(i) | f(x) ∈ R[x] = {a + bi | a, b ∈ R}.g4pz5=K�^`�N r1(x) = a + bx G r2(x) = c + dx O2$ r1(x)r2(x) = (a +

bx)(c+ dx) = ac+(ad+ bc)x+ bdx2 /Æ 1 =�GQ+f x = i IO�^fI[9� x2 +19 r1(x)r2(x) *FN r(x) ��!/Æ5=�PKB�AE x2 � x2 + 1 9OFN� −1, h3Qb=`�N r1(x)r2(x) n8 x2 r 1 −1, ONKFN r(x) = ac + (ad + bc)x + bd(−1),>aNK
r1(i)r2(i) = ac + (ad + bc)i + (bd)(−1) = (ac − bd) + (ad + bc)i℄!KOQ8 x = i D; r1(x)r2(x) d�P8 i2 = −1 D;�℄aQQn.^.nO8.ÆOs^OOf� R[i] OQ0qs^}1O&��j!G℄/�4�2Ofp��a&!nOnus^ a + bi ~| (a + bi)(a − bi) = a2 + b2 > 0 >a (a + bi) · 1

a−bi
a2 + b2 = 1, `� a + bi[��>a R[i] Q�K^I R �BO^I�0�s^I�gdR�	i^ α = 2 +

√
3 QBi^IBO0q`�N�^ f(α) (f(x) ∈ Q[x]) }1O Q[α] 4Q^��!n�z f(α) 4[�1!/Æ5=O`�N�^ r(α) = a + bα, !n

r(x) = a + bx Q f(x) � x2 − 4x + 1 9OFN���b�℄ R[α]nO�znu^ a+bαY?QI^ c+dα ∈ R[α]~| (a+bα)(c+dα) =

1, >a Q[α] 4Q� Q �BO^I�AE α O~�`�N g(x) = x2−4x+1 �BBi}�QBi^IB![M�H a+bx 6= 0I a+ bx G g(x) O~B�>Nh�Q 1, ?QBi�^`�N u(x), v(x) ~| u(x)(a+ bx)+

v(x)g(x) = 1. 8 x = α D;NK u(α)(a + bα) = 1, ℄`� Q[α] nO75nuJ a + bαB� u(α) = c + dα ∈ Q[α].$�*s^ a+ bi O�Q�+f a+ bi GjO�� a− bi O2$NKnuK^ a2 + b2. 4[m[℄zke+f a + bα 6= 0 O�� α = 2 +
√

3 GjQBi^IBO�� α̃ = 2−
√

3d�� 4, 2$ αα̃ = 22 − (
√

3)2 = 1. >< α̃ = 4 − α. a + bα QBi^IBO���
a + b(4 − α), &

(a + bα)(a + b(4 − α)) = a2 + 4ab + b2α(4 − α) = a2 + 4ab + b2H b = 0 I a + bα = a 6= 0 QBi^��� a−1. H b 6= 0 I5XB a2 + 4ab + b2 6= 0. (: a2 + 4ab + b2 = 0, T (−a
b
)2 − 4(−a

b
) + 1 = 0, α O~�`�N x2 + 4x + 1 BBi}

−a
b
, �_�) A<N (a + bα)−1 = (a2 + 4ab + b2)−1(a + 4b − bα).5�R�: α Q^I F BB~�`�N mα(x), =^� d. T α Q^I F BO0q`�N�^}1O� F [α] = {f(α) | f(x) ∈ F [x]} }1� F [α] = {c0 + c1α + · · ·+ cd−1α

d−1 |
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ci ∈ F, ∀ 0 ≤ i ≤ d − 1} QI� F [α] n7;pzJe r1(α)r2(α) O2$PE r(α), !n
r(x) �`�N2$ r1(x)r2(x) � mα(x) 9OFN�!K�* F [α] npzJe r1(α), r2(α) O��+OQ*℄?Opz`�N r1(x), r2(x) O��+�*2$ r1(α)r2(α) = r(α) TQ8`�NO2$ r1(x)r2(x) 99 mα(x) *FN�℄2OOf�!&3ZK α, h3ZK F B![MO`�N m(x) O[9[2I$�5�R�℄7;I F BO7;![M`�N m(x), E m(x) O=^� d, Fd[x] = {c0 + c1x+ · · ·+ cd−1x

d−1 |
ci ∈ F, ∀ i} � F B=^QE d O`�NO0q}1O&��T Fd[x] ℄`�NO/4e'^2Ofp��Q F BO d �^2�X< Fd[x] pz`�N r1(x), r2(x) O2$ r1(x)∗r2(x) = r(x)�`�N2$ r1(x)r2(x) � m(x) 9OFN�T Fd[x] �℄2O/�4�2Ofp��1�5zI�Q℄zIn� F nO^OOf%mG�v`�NOf}0�w�a x OOf%m!w���8 x v,� α 9OjG`�NO!XJO,��o�R� m(α) PE m(x) 99x*OFN�PE 0. [5 α Q m(x) O}� m(x) Q α Q F BO~�`�N� Fd[α] OQ α Q F BO0q`�N�^}1OI F [α]. H d > 1 I F [α] Q� F �BOI�0� F O 2`.�℄zke!G[9�R8^I F O`I��[9�R8!jOI F O`I�l:�Q`^ 0,1 }1O&� Z2 nX</�4�2OfL7;pz^ a, b O��+�$PE�`^OfNKO a + b, a− b, ab 99 2 OF^�o�R�B 1 + 1 = 0, −1 = 1. T Z2 Q5zI�0�bJI�Z2 BO`�N m(x) = x2 +x+1 ![M (>� Z2 niBOJe 0,1 Y!QjO}). Z2B!/Æ5=O`�N a + bx 5�hB 4 z� 0, 1, x, 1 + x, }1O&� E n�`�NOfX</4e�X<pzJeO2$�`�N2$� m(x) 9OFN�T E = {0, 1, α, 1 + α} Q 4zJe}1OI�!n α SB2e%m α2 + α + 1 = 0 ( α2 = α + 1. ��B α(α + 1) = 1>a α G α + 1 ���

4. �k�rT�RBk_4[9Q`�NO “}”, 4B~�`�N�l:� 2 �Kk_ J =

(

0 −1

1 0

) �O��B6KU0�I^,u 90◦ O� � J2 �O,u 180◦, >< J2 = −I, J2 + I = O, J OQk3 x2 + 1 = 0 O}� x2 + 1 Q J O~�`�N� J Q/�4�2PD^OfnO%mG
x2 + 1 O'} i �w� J OQ i OP_��� J iD�O,u� OQ i O)����k_

A =

(

cos α − sin α

sin α cos α

)

= (cos α)I + (sin α)JiD�O�%� ρα : X 7→ AX Q��B6KU0�I^k�,u; α. K^IB 2 �s�q X = (x, y)T [9 1 xe1 + ye2 = xe1 + yJe1 = (xI + yJ)e1, !n e1 = (1, 0)T . T
ρa : X = (xI + yJ)e1 7→ AX = ((cos α)I + (sin α)J)(xI + yJ)e1.8 J  1 i, �q X = (xI +yJ)e1 � x+yi �O�T ρα : x+yi 7→ (cos α+ i sin α)(x+yi)[9�s^ cos α + i sin α 2 x + yi K�� 2
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5.4.6. *`�N x3 + px + q Bp}Ot7�-� 1 f(x) = x3 + px + q Op}4Q f ′(x) = 3x2 + p O}�IaQ r1(x) =

f(x) − (1
3
x)f ′(x) = 2

3
px + q O}�H p 6= 0 I� r1(x) B�5} −3q

2p
. f(x) Bp} ⇔ f ′

(

−3q
2p

)

= 27q2

4p2 + p = 0 ⇔
27q2 + 4p3 = 0.H p = 0I�f ′(x) = 3x2 hB�5} 0, f(x)Bp}⇔ f(0) = q = 0 ⇔ 27q2+4p3 = 0.Qpo(#�� f(x) Bp}Ot7YQ 27q2 + 4p3 = 0.-� 2 f(x) Bp} ⇔ f(x) = x3 + px + q G f ′(x) = 3x2 + p O~B�>NO=^
≥ 1 ⇔ f(x) G f ′(x) ODN R(f, f ′) = 0. (

R(f, f ′) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 p q 0

0 1 0 p q

3 0 p 0 0

0 3 0 p 0

0 0 3 0 p

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−3(1)+(3),−3(2)+(4)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 p q 0

0 1 0 p q

0 0 −2p −3q 0

0 0 0 −2p −3q

0 0 3 0 p

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

−2p −3q 0

0 −2p −3q

3 0 p

∣

∣

∣

∣

∣

∣

∣

∣

= 4p3 + 27q2 = 0 2

5.4.7. b��`�N 1 + x +
x2

2!
+ · · · + xn

n!
�Bp}�l8 f(x) = 1 + x +

x2

2!
+ · · ·+ xn

n!
Op}4Q f ′(x) = 1 + x +

x2

2!
+ · · ·+ xn−1

(n − 1)!O}�IaQ h(x) = f(x) − f ′(x) =
xn

n!
O}� h(x) O}h�Q 0; a f(0) = 1 6= 0, `�

0 !Q f(x) O}�[5 f(x) G h(x) �B��}�>a f(x) G f ′(x) �B��}� f(x) �Bp}� 2

5.4.8. (1) m, n, p Q7;a`^�b�� (x2 + x + 1) | (x3m + x3n+1 + x3p+2);

(2) n1, n2, n3, n4, n5 Q7;a`^�b��
(x4 + x3 + x2 + x + 1) | (x5n1 + x5n2+1 + x5n3+2 + x5n4+3 + x5n5+4).�M AE x2 + x + 1 `9 x3 − 1, x3 � x2 + x + 1 9OFNPE 1. Q7�5z`�N f(x) n8 x3  1 1, � x2 + x + 1 OFN!��gdR�A x4 + x3 + x2 + x + 1 `9

x5 − 1 Q f(x) n8 x5  1 1, � x4 + x3 + x2 + x + 1 9OFN!��l8 ℄7;`�N f1(x), f2(x), g(x), , f1(x) ≡ f2(x) (mod g(x) ) �O g(x) `9
f1(x) − f2(x), 4OQ f1(x) G f2(x) � g(x) 9OFN�w�

(1) A (x2 + x + 1)|(x3 − 1)  x3 ≡ 1 (mod (x2 + x + 1) ). >a
x3m + x3n+1 + x3p+2 = (x3)m + (x3)nx + (x3)px2 ≡ 1m + 1nx + 1px2

≡ 1 + x + x2 ≡ 0 (mod (x2 + x + 1) )
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( (x2 + x + 1)|(x3m + x3n+1 + x3p+2).

(2) A (x4 + x3 + x2 + x + 1)|(x5 − 1)  x5 ≡ 1 (mod (x4 + x3 + x2 + x + 1) ). >a
x5n1 + x5n2+1 + x5n3+2 + x5n4+3 + x5n5+4

=(x5)n1 + (x5)n2x + (x5)n3x2 + (x5)n4x3 + (x5)n5x4

≡1n1 + 1n2x + 1n3x2 + 1n4x3 + 1n5x4

≡1 + x + x2 + x3 + x4 ≡ 0 (mod (x4 + x3 + x2 + x + 1) )( (x4 + x3 + x2 + x + 1) | (x5n1 + x5n2+1 + x5n3+2 + x5n4+3 + x5n5+4). 2�: 9Bb�Æ34[!�wFN)[�a “f=” 1�`9OH/)[�l:�S (1)�p)[��℄7;a`^ m, A
x3m − 1 = (x3 − 1)[(x3)m−1 + · · ·+ x3 + 1]

= (x2 + x + 1)(x − 1)[(x3)m−1 + · · ·+ x3 + 1] x3m − 1 � x2 + x + 1 `9���B
x3m + x3n+1 + x3p+2 = (x3m − 1) + (x3n − 1)x + (x3p − 1)x2 + (1 + x + x2)AE x3m − 1, x3n − 1, x3p − 1 ' 1 + x + x2 � x2 + x + 1 `9�>< x3m + x3n+1 + x3p+2� x2 + x + 1 `9�S (2) �pOb�4[gdR)[� 2

5.4.9. E a, b, c Qk3 x3 + qx + r = 0 O}� 8}� b+c
a2 , c+a

b2
, a+b

c2
O?=k3�-� 1 A��Xik3 x3 + qx + r = 0 O?} a, b, c ~|

a + b + c = 0, ab + ac + bc = q, abc = −r.>a b + c = −a, b+c
a2 = −1

a
. gdRB c+a

b2
= −1

b
, a+b

c2
= −1

c
. 9 −1

a
,−1

b
,−1

c
�}O?=k3O���

(

x +
1

a

)(

x +
1

b

)(

x +
1

c

)

= x3 +
(

1

a
+

1

b
+

1

c

)

x2 +
(

1

ab
+

1

ac
+

1

bc

)

x +
1

abc

= x3 +
ab + ac + bc

abc
x2 +

a + b + c

abc
x +

1

abc
= x3 +

q

−r
x2 +

0

−r
x +

1

−r

= x3 − q

r
x2 − 1

ri*?=k3� x3 − q
r
x2 − 1

r
= 0, 4OQ rx3 − qx2 − 1 = 0.-� 2 GEe 1 w2[ a + b + c = 0, >a b+c

a2 , c+a
b2

, a+b
c2
o�PE −1

a
,−1

b
,−1

c
. 39℄?z^�}R5z!O?=k3�Kk3 x3 + qx + q = 0 O?z} a, b, c Y!�� 0.
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w x = −1

y
, T y = −1

x
,

y3 + qy + r = 0 ⇔
(

−1

x

)3

+ q
(

−1

x

)

+ r = 0 ⇔ rx3 − qx2 − 1 = 0A y3 + qy + r = 0 O?}Q a, b, c ( rx3 − qx2 − 1 = 0 O?}Q −1
a
,−1

b
,−1

c
. 2�: Ee 2 [9z	K7;O n =k3�E anxn + an−1x

n−1 + · · ·+ a1x + a0 = 0 O
n z} x1, . . . , xn Y!� 0. T9{}OI^ 1

xi

�}Ok3�
an

(

1

x

)n

+ an−1

(

1

x

)n−1

+ · · ·+ a1

(

1

x

)

+ a0 = 0,`iN a0x
n + a1x

n−1 + · · · + an−1x + an = 0. 9{ xi OtI^ − 1

xi
(1 ≤ i ≤ n) �}Ok3T� a0x

n − a1x
n−1 + · · · + (−1)n−1an−1x + (−1)nan = 0. 2

5.4.10. *bk3 x3 − x2 − 1
2
x − 1

6
= 0 O}![�0�K^�l� 1 :k3O?z} a, b, c YQK^�T?B a2b2 + a2c2 + b2c2 ≥ 0. GA

f(x) = x3 − x2 − 1

2
x − 1

6
= (x − a)(x − b)(x − c)

= x3 − (a + b + c)x2 + (ab + ac + bc)x − abcN
a + b + c = 1, ab + ac + bc = −1

2
, abc =

1

6
a2b2 + a2c2 + b2c2 = (ab + bc + ac)2 − 2abc(a + b + c)

=
(

−1

2

)2

− 2 × 1

6
× 1 = − 1

12[5 a, b, c ![�0�K^�l� 2 Ek3O?z} a, b, c 0�K^�T a2, b2, c2 0�ntK^�A f(x) = x3−x2−
1
2
x − 1

6
= (x − a)(x − b)(x − c) N
(x2−a2)(x2 − b2)(x2 − c2) = (x − a)(x − b)(x − c) · (x + a)(x + b)(x + c)

= f(x)[−f(−x)] =
(

x3 − x2 − 1

2
x − 1

6

)(

x3 + x2 − 1

2
x +

1

6

)

=
(

x3 − 1

2
x
)2

−
(

x2 +
1

6

)2

= x6 − 2x4 − 1

12
x2 − 1

36
(1)v5k��

(x2−a2)(x2 − b2)(x2 − c2)

= x6 − (a2 + b2 + c2)x4 + (a2b2 + a2c2 + b2c2)x2 − a2b2c2 (2)
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�=PN (1),(2) ~C�O x2 ��^N
a2b2 + a2c2 + b2c2 = − 1

12
(3)H a, b, c 0�K^I?B a2b2 + a2c2 + b2c2 ≥ 0, G (3) �_�[5 a, b, c !0�K^� 2�: �ppzbeYQvÆ+f a2b2 + a2c2 + b2c2 `� a, b, c !0�K^�be 1 �3��G�B`�U��8O�be 2 gh5��Gbx�x4�+f8?z^ a2, b2, c2 O��pp2$O��?z^O2$�h3!nB5z < 0, Ob�r a, b, c !0�K^� 2

5.4.11. o�Qs^I�K^IB8�s`�NoE�![M`�NO2$�
(1) x4 + 4; (2) (x − 1)n + (x + 1)n;

(3) x12 − 1; (4) x2n + xn + 1.- (1) K^j��OoEN
x4 + 4 = x4 + 4x2 + 4 − 4x2 = (x2 + 2)2 − (2x)2 = (x2 + 2 + 2x)(x2 + 2 − 2x)pzb=>NY�BK}�QK^j��![M�A x2 ± 2x + 2 = (x ± 1)2 + 1 = (x ± 1 + i)(x ± 1 − i) Ns^j��OoEN
x4 + 4 = (x + 1 + i)(x + 1 − i)(x − 1 + i)(x − 1 − i)

(2) KN f(x) = (x− 1)n + (x + 1)n QK^IB n =`�N�*8jO0#s^}�([NKs^IBOoEN�P8����O'�^>N�2�ONKK^IBiBO![M>N�A f(1) = 2n 6= 0  −1 !Qk3 f(x) = 0 O}�><[9k3p�w99 (x + 1)n,��
(

x − 1

x + 1

)n

+ 1 = 0 ⇔
(

x − 1

x + 1

)n

= −1 ⇔ x − 1

x + 1
= ωk (1 ≤ k ≤ n)!n ωk = cos

(2k − 1)π

n
+ i sin

(2k − 1)π

n
= ω2k−1, ω = ω1 = cos

π

n
+ i sin

π

n
.℄�z 1 ≤ k ≤ n, A x − 1

x + 1
= ωk E8

x =
1 + ωk

1 − ωk

=
(1 + ωk)(1 − ωk)

(1 − ωk)(1 − ωk)
=

ωk − ωk

2 − (ωk + ωk)

=
2i sin (2k−1)π

n

2 − 2 cos (2k−1)π
n

= i cot
(2k − 1)π

2n

i cot (2k−1)π
2n

(1 ≤ k ≤ n) Q f(x) O n z!wOs^}� f(x) = 2xn + · · · OU��^� 2,Qs^j��oE�
f(x) = 2

(

x − i cot
π

2n

)(

x − i cot
3π

2n

)

· · ·
(

x − i cot
(2n − 1)π

2n

)
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�z i cot (2k−1)π
2n

G i cot (2n−2k+1)π
2n

= i cot(π − (2k−1)π
n

) = −i cot (2k−1)π
2n

���i^������H 1 ≤ k ≤ n
2
I� cot (2k−1)π

2n
6= 0, ����O'} ±i cot (2k−1)π

2n
℄?O5=>NO2$

fk(x) =

(

x − i cot
(2k − 1)π

2n

)(

x + i cot
(2k − 1)π

2n

)

=

(

x2 + cot2 (2k − 1)π

2n

)QK^IB![Mb=`�N�H n ��^I� f(x) QK^IBoE� n
2
z![Mb=>N

fk(x) (1 ≤ k ≤ n
2
) O2$

f(x) = 2
(

x2 + cot2 π

2n

)(

x2 + cot2 3π

2n

)

· · ·
(

x2 + cot2 (n − 1)π

2n

)H n �"^I� f(x) O-^�� 0, BK} 0 (H k = n+1
2
IO cot (2k−1)π

2n
= cot π

2
= 0),

f(x) QK^IB�oE�5=>NG n−1
2
z![Mb=>N fk(x) (1 ≤ k ≤ n−1

2
) O2$�

f(x) = 2x
(

x2 + cot2 π

2n

)(

x2 + cot2 3π

2n

)

· · ·
(

x2 + cot2 (n − 2)π

2n

)

(3) x12 − 1 O0#s^}� ωk = cos 2kπ
12

+ i sin 2kπ
12

= cos kπ
6

+ i sin kπ
6

= ωk, !n
1 ≤ k ≤ 12, ω = ω1. EQQs^IBBoEN

x12 − 1 = (x − 1)(x − ω)(x − ω2) · · · (x − ω11)

= (x − 1)

(

x −
√

3

2
− 1

2
i

)(

x − 1

2
−

√
3

2
i

)

(x − i)

(

x +
1

2
−

√
3

2
i

)(

x +

√
3

2
− 1

2
i

)

·(x + 1)

(

x +

√
3

2
+

1

2
i

)(

x +
1

2
+

√
3

2
i

)

(x + i)

(

x − 1

2
+

√
3

2
i

)(

x −
√

3

2
+

1

2
i

)!nBpz>N x−1, x+1 QK�^5=`�N�!F�5℄��'} ωk, ω12−k (1 ≤ k ≤ 5)℄?O5=>NO2$
fk(x) = (x − ωk)(x − ωk) = x2 − 2x cos

kπ

6
+ 1QK^IB![Mb=>N�H k = 1, 2, . . . , 5 Io�PE x2 −

√
3x + 1, x2 − x + 1, x2 +

1, x2 + x + 1, x2 +
√

3x + 1. K^IBOoEN�
x12 − 1 =(x − 1)(x + 1)(x2 −

√
3x + 1)(x2 − x + 1)

· (x2 + 1)(x2 + x + 1)(x2 +
√

3x + 1)

(4) f(x) = x2n + xn + 1 Q x3n − 1 = (xn − 1)(x2n + xn + 1) � xn − 1 9OA�
x3n −1 = 0 O0#s^}� ωk = cos 2kπ

3n
+ i sin 2kπ

3n
= ωk (0 ≤ k ≤ 3n−1), !n ω = ω1 .
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iB℄� ωk n�9r xn − 1 O} ωk (k = 3t, ∀0 ≤ t ≤ n− 1) d{�!FO ωk (k = 3t+1! 3t + 2, ∀ 0 ≤ t ≤ n − 1) OQ f(x) O0#}� f(x) Qs^j��OoEN�
f(x) =

n
∏

t=0

(x − ω3t+1)(x − ω3t+2)�z ω3t+1 (0 ≤ t ≤ n − 1) G!��'} ω3t+1 = ω3n−3t−1 = ω3(n−t−1)+2 UXO5=>NO2$
fk(x) = (x − ω3t+1)(x − ω3t+1) = x2 − 2x cos

2(3t + 1)π

3n
+ 1QK^IB![M>N� f(x) QK^IBoE�℄ n zb=![M>N fk(x) d$

x2n + xn + 1 =
n−1
∏

t=0

(

x2 − 2x cos
2(3t + 1)π

3n
+ 1

)

2
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§ 5.5 _4OF�SC
5.4.1. QBi^IB8�s`�NoE�![M`�NO2$�
(1) x4 + 4 ; (2) x12 − 1 .- (1) x4 +4 = x4 +4x2 +4−4x2 = (x2 +2)2− (2x)2 = (x2 +2x+2)(x2−2x+2).

x2 ± 2x + 2 = (x ± 1)2 + 1 	K}�QK^IB![M�QBi^IBH44![M�
(2) x12 − 1 = (x6 + 1)(x6 − 1) = (x2 + 1)(x4 − x2 + 1)(x3 + 1)(x3 − 1)

= (x2 + 1)(x4 − x2 + 1)(x + 1)(x2 − x + 1)(x − 1)(x2 + x + 1)~�NKO 6 z>Nn�5=>N x − 1, x + 1 H4![M�b=>N x2 + 1, x2 − x +

1, x2 + x + 1 O��NY < 0, ℄�b=>NY�BK}�QK^IB![M�QBi^IBH44![M�H�O=>N x4 − x2 + 1 QK^IB[9oE�
x4 − x2 + 1 = (x4 + 2x2 + 1) − 3x2 = (x2 + 1)2 − (

√
3x)2

= (x2 +
√

3x + 1)(x2 −
√

3x + 1)NKOpzKb=>NY�BK}�><QK^IB![M�A�5>woEXi�x4 −x2 +1OBi>Nh�Q℄pzK>NO�5z!\pzd$�G℄pzK>NY!QBi�^`�N�><Bi>Nh�Qj�O2$ x4 −x2 +1. ℄b�r x4 −x2 +1 QBi^IB![M� 2

5.4.2. `�^`�N f(x) �qwI~| f(10) = 10, f(20) = 20, f(30) = 40 ?�M �nu`�N g(x) = bmxm+· · ·+b1x+b0 9`�N f(x) = anxn+· · ·+a1x+a0,hB g(x) OU��^ bm ��9^&/r9eOf�!F�^&/OhB/�4�2Of�><�H bm = 1 IK.B�B9eOf�A q(x) G r(x) O�^A f(x), g(x) O�^LÆ/�4�2OfNK�: f(x), g(x) O�^YQ`^�H bm = 1 (! −1) I�A�FNO�^4YQ`^�o�R�: a Q`^�T`�^`�N f(x) � x − a 9OA q(x) Q`�^`�N�FN r = f(a) 4Q`^�- `�^`�N!�wI~|℄�t7�℄7;`^ a, `�^`�N f(x) � x− a 9OA q(x) Q`�^`�N�FN r = f(a)Q`^�Q�PN f(x) = q(x)(x − a) + f(a) ( f(x) − f(a) = q(x)(x − a) nw x .7;`^f b, NK f(b)− f(a) = q(b)(b− a), !n q(b) Q`^�℄`�H b 6= a I`^ b− a `9 f(b) − f(a).:`�^`�N f(x) ~| f(10) = 10, f(20) = 20, f(30) = 40, T f(30)− f(10) =

40− 10 = 30 ?� 30− 10 = 20 `9�G 20 !`9 30, ℄z�_`�~|t7O`�^`�N f(x) !?Q� 2

5.4.3. E a1, a2, . . . , an Qpp!wO`^�*b�s`�NQBi^IB![M�
(1) (x − a1)(x − a2) · · · (x − an) − 1; (2) (x − a1)

2(x − a2)
2 · · · (x − an)2 + 1 .
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l8 (1) :`�^`�N f(x) = (x − a1)(x − a2) · · · (x − an) − 1 QBi^IB[M���j[9oE�pziD5=O`�^`�NO2$ f(x) = f1(x)f2(x). !lE
m = deg f1(x) ≥ k = deg f2(x). TA m + k = n  1 ≤ k ≤ m < n.

f1(x) = bmxm + · · · G f2(x) = ckx
k + · · · OU��^d$ bmck PE f(x) OU��^ 1, >a bm = cm = ±1. H bm = cm = −1 I[� −f1(x),−f2(x) o�Dr

f1(x), f2(x), �� bm = ck = 1 O(#� s(x) = f1(x) + f2(x) O~y=��^PE 1

(H m > k) ! 2 (H m = k), >< 1 ≤ k ≤ deg s(x) ≤ m < n. s(x) !Qu`�N�~`B m z!wO}�℄�z`^ ai, A f1(ai) G f2(ai) YQ`^�&j�O2$
f1(ai)f2(ai) = f(ai) = −1, ℄℄2Opz`^ f1(ai) G f2(ai) h�!n5z� 1, v5z�
−1. b\d� f1(ai) + f2(ai) = 1 + (−1) = 0. 4OQ s(ai) = 0. ℄2�OB n z!wO`^ a1, . . . , an YL s(ai) = 0 (1 ≤ i ≤ n). =^QE n Onu`�N s(x) B n z!wO}
a1, . . . , an, �_�℄Ob�r f(x) QBi^IB![M�

(2) :`�^`�N f(x) = (x−a1)
2(x−a2)

2 · · · (x−an)2 +1 QBi^IB[M�T
f(x)[oE�pziD5=O`�^`�N f1(x), f2(x)O2$�8[E deg f1(x) = m ≥ k =

deg f2(x), T m ≥ k ≥ 1, m + k = 2n. 8[A f1(x) = bmxm + · · · G f2(x) = ckx
k + · · ·OU��^2$ bmck = 1  bm = ck = ±1, H bm = −1 I[� −f1(x),−f2(x) o�Dr

f1(x), f2(x) �� bm = ck = 1 O(#�>aH x → +∞ I f2(x) → +∞. s;H x .7;K^fI{B f(x) = (x− a1)
2 · · · (x− an)2 + 1 ≥ 1 > 0. :?Q x ∈ R L f1(x) < 0,TAo+�^GfXi?Q x ∈ R L f1(x) = 0 >a f(x) = f1(x)f2(x) = 0, �_�[5H x ∈ R I f1(x), f2(x) OfYh�.aK^�℄�z ai (1 ≤ i ≤ n), f1(ai) G f2(ai) YQa`^&2$ f1(ai)f2(ai) = f(ai) = 1, ℄�L f1(ai) = f2(ai) = 1, f1(ai) − 1 = f2(ai) − 1 = 0, `�N f1(x) − 1 G f2(x) − 1 YB n z!wO} a1, . . . , an. ℄�L m ≥ k ≥ n. PA m + k = 2n h�B m = k = n,

f1(x)− 1 = f2(x)− 1 = (x− a1)(x− a2) · · · (x− an). EQ f1(x) = f2(x) = (x− a1)(x−
a2) · · · (x − an) + 1.

(x − a1)
2(x − a2)

2 · · · (x − an)2 + 1 = [(x − a1)(x − a2) · · · (x − an) + 1]2 (1)8PNC�XW�p��/�wO��NK 2(x− a1)(x− a2) · · · (x− an) = 0. h3. x !PE7�5z ai, O[L 2(x− a1)(x − a2) · · · (x− an) 6= 0, >aLPN (1) !1m�℄z�_b�r f(x) QBi^IB![M� 2

5.4.4. k� 3 �;�N cos 3α = 4 cos3 α − 3 cosα b� cos 20◦ Q	i^�l8 E α = 20◦, x = cos α, T 4 cos3 α − 3 cosα = cos 3α = cos 60◦ = 1
2
. (

4x3 − 3x = 1
2

⇔ 8x3 − 6x − 1 = 0 ⇔ y3 − 3y − 1 = 0!n y = 2x = 2 cos 20◦. h3b� y !QBi^�T cos 20◦ = y
2
!QBi^�
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: y QBi^�TjQk3 y3 − 3y − 1 = 0 OBi}�ABi}Xi�`�^k3
y3 − 3y − 1 = 0 :BBi}�8Bi} 1-Mo^ s

t
, To t `9k3OU��^ 1, ow s `9k3O-^� −1. ℄�L |s| = |t| = 1, s

t
= ±1. G 13 − 3 × 1 − 1 = −3 6= 0,

(−1)3 − 3(−1) − 1 = 1 6= 0, ℄`� ±1 Y!Qk3 y3 − 3y − 1 = 0 O}�<k3�BBi}� y = 2 cos 20◦ !QBi^�K^ cos 20◦ !QBi^aQ	i^� 20J�' 5.5 >��+�	#tK�pOD}G?Po;O5
�y�pB��?Po;O5
�y�OQ�	℄ZOe5�L
87;8; α ?Po��8; α
3
.

-

6

T

x

y

A

B

DO Ey 5 - 1L
e5L�
TQ�e5h��Æpz8U�e��L
h�98U�L"�8�[.�M�L�!OUh�Ai�Oe�!L�:NK�:���5
�y87;;?Po�H4O�8 60◦ O;?Po��8 20◦ O;�:o℄zoV;Y!�?Po�O`�!?Q87;;?PoO5
�ye� (iÆ�(L��8��oV;?Po�h3��ZK!�?PoO;�4`�5�O�ye!?Q�)7;.XF�.Z�� 1. 9 O �L"�F�.�M��o�: 60◦ ;Op�E A, B,:y 5 - 1. Æ B � BD :eE OA E D, NK |OD| = cos 60◦ = 1
2
. :���

6 AOT = 1
3
× 60◦ = 20◦, T��Æ OT GL�O:U T � TE ⊥ OA, : OA E OE, NK�[. t = |OE| = cos 20◦. iÆ�:����[. t = cos 20◦, Q OA BA. |OE| = t,Æ E � OA O:�:L� AB E T , ONKr 6 AOT = 20◦.℄2�O8�p�D��8pt�[ 1, cos 20◦ = 1

2
, *� t = cos 20◦.9:1b�k�5
�y[9AF��['.Z� a, b O7;pt�[ a, b �8.Z� a, bO�+$A'�k}O�[�A8.Z 1 LÆ/429[9NK0qBi^�8��O�[.Z&�`BKrBi^I

Q. P.75Bi^ d1 LjO�k} √
d1 /∈ Q, 8 √

d1 G Q nO^�/429�NK� Q�BO^I E1 = {a + b
√

d1 | a, b ∈ Q} nO^Y[�8�ps℄zÆ3�8L8[�O�[`6K^I En d��P. dn ∈ En L √
dn /∈ En, G En nO^�/429NK�BO^I

En+1 = {a + b
√

dn+1 | a, b ∈ En} nO^[�8�E P1, P2 Q9�z En nO^���O7
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;pU�TÆ P1, P2 i�e�k3 Ax + By + C = 0 O�^[9A P1, P2 O��LÆ/429NK�9 P1 �L"�9 En n�^�M r OLOk3 x2 + y2 + Dx + Ey + F = 0 O�^[9A P1 O��' r LÆ/429NK�:1bpte�:U�� ((bJ5=k3}OE)Ae�k3�^LÆ/429NK�e�GL�LGLO:U��Apk3�^LÆ/429'W�kOfNK�{d�LÆ5
�yNKO!O�[.A En nO^�/429'W�kOfNK�5XYE�z Em. h3b� t = cos 20◦ !YE7�5z En, O`�r t ![��>a; 6 AOT = 20◦ ![�� 2t QBi�^`�N g(y) = y2 − 3y − 1 O}�h3b� g(y) QB[7�5z^I En �Y�B}�Ob�r 2t /∈ En >a t /∈ En, t !�A5
�yNK��BS 4 p8Lb� g(y) = y2 − 3y − 1 QBi^I Q ��B}�!l, E0 = Q.0E g(y) Q�z En �B} β1 = a + b
√

dn, !n a, b, dn ∈ En−1. T n ≥ 1. ��b� g(y) Q En−1 nB}�: β1 ∈ En−1, β1 OQ g(y) Q En−1 �O}�E β1 /∈ En−1, T√
dn /∈ En & b 6= 0. AE g(y) = y3 − 3y − 1 O�^Y�E En−1, >< β1 Q En−1 BO�� β2 = a − b

√
dn 4Q g(y) O}�A��Xi g(y) O?z}d�PE 0, ><S 3 z}

β3 = −(β1 + β2) = −2a ∈ En−1, β3 OQ g(y) Q En−1 �O}�: n − 1 ≥ 1, A g(y) Q En−1 �B}DJjjQ En−2 �B}�H n − 2 ≥ 1 IDJj g(y) Q En−3 B}�ps<Æ3�~�NK g(y) Q E0 = Q �B}��_�℄Ob�r g(y) Q7�5z En (n ≥ 0) �Y�B}� g(y) O} 2t = 2 cos 20◦ !�E7�5z En, t !�E7�5z En, !�A5
�y�8� 20◦ ;!�A5
�y�8� 2

5.4.5. *�s`�NO0qs^}�
(1) x3 + 3x + 4; (2) x4 − 6x2 − 3x + 2.- (1) `�N f(x) = x3 + 3x + 4 :BBi} s

t
(s, t �e& t > 0), To t `9~y��^ 1, ow s `9-^� 4, >< t = 1, s ∈ {±1,±2,±4}. :5`�N�Ba}�h[�Q −1,−2 ! −4.:1b f(−1) = 0, −1 Q}� f(x) = (x + 1)f1(x), f1(x) = x2 − x + 4.�5Jb=k3*}�NNK f1(x) Op} 1

2
± 1

2

√
17i.i*`�N�B 3 zs^} −1,

1

2
± 1

2

√
17i.

(2) `�N f(x) = x4 − 6x2 − 3x + 2 OBi}h�Q ±1,±2. :1b f(−1) = 0.

f(x) = (x + 1)f1(x), f1(x) = x3 − x2 − 5x + 2. :1b f1(−2) = 0.

f1(x) = (x + 2)f2(x), f2(x) = x2 − 3x + 1. �*}�NNK f2(x) Op} 3

2
± 1

2

√
5.i*`�N�B 4 zs^} −1,−2,

3

2
± 1

2

√
5. 2

5.4.6. �s`�NQBi^IBQq[M��`�iA�
(1) x6 + x3 + 1 ; (2) x4 + 4kx + 1, k �`^�
(3) xp + px + 1, p �"e^�
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�M �pO`�N f(x)YQ`�^`�N�: f(x) QBi^IB[M�Tj[9oE�pziD 1=O`�^`�N f1(x), f2(x)O2$�a&�℄�z`^ c, 8 x = y+c (y = x−c)D;oEN f(x) = f1(x)f2(x) [N f(y + c) = f1(y + c)f2(y + c), ℄`�9 y �yO`�^`�N g(y) = f(y + c) [9oE�pziD 1 =O`�^`�N f1(y + c), f2(y + c) O2$�iÆ�:��b� f(y + c) Q`^�B![M�T f(x) QBi^IB![M�- (1) f(x) = x6 + x3 + 1 ![M�iA:��w x = y + 1, T y = x − 1 O`�^`�N
f(y + 1) = (y + 1)6 + (y + 1)3 + 1 = y6 + 6y5 + 15y4 + 21y3 + 18y2 + 9y + 3OU��^!� 3 `9�!F{�� 3 `9�-^� 3 !� 32 `9�A��am>��e

f(y + 1) Q`^�B![M�>< f(x) QBi^IB![M�
(2) f(x) = x4 + 4kx + 1 ![M�iA:��w x = y + 1, T y = x − 1 O`�^`�N
f(y + 1) = (y + 1)4 + 4k(y + 1) + 1 = y4 + 4y3 + 6y2 + (4y + 4)y + 4k + 2OU��^!� 2 `9�!F{��^� 2 `9�-^�!� 4 `9�A��am>��e

f(y + 1) Q`^�B![M�>< f(x) QBi^IB![M�
(3) f(x) = xp + px + 1 ![M�iA:��w x = y − 1. T y = x + 1 O`�^`�N

f(y − 1) = (y − 1)p + p(y − 1) + 1 ≡ yp + (−1)p + 1 ≡ yp (mod p )℄`� f(y−1) O~y=� (p =�) �^!� p `9�!F{��^Y� p `9�a f(y−1) =

(y − 1)p + p(y − 1) + 1 O-^�� (−1)p − p + 1 = −p !� p `9�A��am>��e f(y − 1) Q`^�B![M�>< f(x) QBi^IB![M� 2

5.4.7. E a, b, cYQnuOBi^�& a
b
+ b

c
+ c

a
G b

a
+ c

b
+ a

c
YQ`^�*b |a| = |b| = |c|.- 9 x1 = a

b
, x2 = b

c
, x3 = c

a
�}�R`�N

f(x) = (x − x1)(x − x2)(x − x3) = x3 − σ1x
2 + σ2x − σ3,!n

σ1 =
a

b
+

b

c
+

c

a
, σ2 =

a

b

b

c
+

a

b

c

a
+

b

c

c

a
=

a

c
+

c

b
+

b

a
, σ3 =

a

b

b

c

c

a
= 1YQ`^�>< f(x) Q`�^`�N� f(x) O?z} x1, x2, x3 YQnuBi^d��8QBi^�̀�^`�N f(x) OBi} s

t
(s, t Q�eO`^) Oow s Go t o�`9 f(x) O-^��~y=��^�G f(x) O-^�� −1, ~y=��^� 1, j�O>w s, t OV℄f

|s|, |t| Yh�Q 1, ><�zBi} xi OV℄f |xi| = 1, (
∣

∣

∣

∣

a

b

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

b

c

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

c

a

∣

∣

∣

∣

= 1 ⇒ |a| = |b| = |c| 2
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5.4.8. E a, b, n Qnu`^� n ≥ 2, & ab|(a + b)n. *b b|an−1.l8 9Bi^ x1 = an−1

b
' x2 = bn−1

a
�}�R`�N f(x) = (x − x1)(x − x2) =

x2 − px + q. TA
(a + b)n

ab
=

an−1

b
+ (C1

na
n−2 + C2

na
n−3b + · · · + Cn−1

n bn−2) +
bn−1

aQ`^ p = x1 + x2 = an−1

b
+ bn−1

a
Q`^�D q = x1x2 = an−1

b
bn−1

a
= an−2bn−2 Q`^�>< x1, x2 Q`�^`�N f(x) = x2 − px + q OBi}�ABi}Xi f(x) OBi} s

t

(s, t Q�eO`^)  t|1, t = ±1, s
t

= ±s Q`^�>a f(x) OBi} an−1

b
, bn−1

a
YQ`^� b|an−1 1m� 2 0J�' 5.6 �d�SCQ 5.5.1(2) nn}r x12 − 1 QBi^IO>NoE�Q 5.3.1 nn}r x21 − 1 O>N

x18 + x15 + x12 + x9 + x6 + x3 + 1 QBi^IBO>NoE� 5.5.6(1) nO x6 + x3 + 1!KQ x9 − 1 O>N��Q��℄7;a`^ n n} xn − 1 QBi^IBO>NoE�Z8
xn − 1 QBi^IBiBO![M>N�

1. xn − 1 h^3D`?��-6 1 QBi^IB8 x15 − 1 oE�![M>NO2$�- �Qs^IB
 x15 − 1 oE�5=>NO2$�k3 x15 − 1 = 0 ( x15 = 1 OiBOs^}� ωk = cos 2kπ
15

+ i sin 2kπ
15

, (0 ≤ k ≤ 14). iBO} ωk YQ5z} ω = ω1 O��
ωk = ωk. Qs^IB x15 − 1 �oE� 15 z5=>N x − ωk (0 ≤ k ≤ 14) O2$�

x15 − 1 =
14
∏

k=0

(x − ωk)���
 15 z}o1=w}�L�}O��} ωk ℄?O5=>N x−ωk O2$Q5zBi�^![M`�N fi(x), T x15 − 1 �oE�℄�>N fi(x) O2$�
x15 − 1 OiBO} ωk Y~| (ωk)15 = 1, ><?Q~�Oa`^ r ≤ 15 L (ωk)r = 1.

r 0� ωk O ��o; . A (ωk)r = cos 2krπ
15

+ i sin 2rkπ
15

= 1  rk
15
?Q`^�8 rk

15
Oowow99 k G 15 O~B�M^ d = (k, 15), NKO rk1

t
8�`^�!n k1 = k

d
G t = 15

d�e�>a t|r, ~|<t7O~�a`^ r = t = 15
(k,15)

Q 15 O>w�h�. 1,3,5 ! 15.8 15 z} ωk �2eq r O 4 z!wfo1 4 }��}O{z}SBw5z2eq r,8℄�}℄?O{5=>N x−ωk O2$,� Φr(x). T x15 − 1 oE� 4 z Φr(x) O2$�2eq r = 1: hB5z} (ωk)1 = 1, Φ1(x) = x − 1.
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2eq r = 3 = 15
(15,k)

: (15, k) = 5, �Bpz} ω5t (t = 1, 2), j�YQ x3 − 1 O}G!Q x − 1 O}�><Q x3−1
x−1

O0#}�
Φ3(x) = (x − ω5)(x − ω10) =

x3 − 1

x − 1
= x2 + x + 12eq r = 5 = 15

(15,k)
: (15, k) = 3, �B 4 z} ω3t (t = 1, 2, 3, 4), j�YQ x5 − 1O}G!Q x − 1 O}�>a

Φ5(x) =
4
∏

t=1

(x − ω3t) =
x5 − 1

x − 1
= x4 + x3 + x2 + x + 1

r = 15: (15, k) = 1, �B 8 z} ωk (k = 1, 2, 4, 7, 8, 11, 13, 14), j�YQ x15 − 1 O}G!Q x − 1, x3 − 1, x5 − 1 O}�><!Q Φ1(x), Φ3(x), Φ5(x) O}�>a
Φ15(x) =

∏

(15,k)=1

(x − ωk) =
x15 − 1

Φ1(x)Φ3(x)Φ5(x)
=

x15 − 1

(x5 − 1)Φ3(x)

=
x10 + x5 + 1

x2 + x + 1
=

x(x9 − 1) + x2(x3 − 1) + x2 + x + 1

x2 + x + 1

= x(x − 1)(x6 + x3 + 1) + x2(x − 1) + 1

= x8 − x7 + x5 − x4 + x3 − x + 1

x15 − 1 = (x − 1)(x2 + x + 1)(x4 + x3 + x2 + x + 1)

· (x8 − x7 + x5 − x4 + x3 − x + 1) .C�8b�iBO Φr(x) YQBi^IBO![M%�9BoEN3KQ x15 − 1 QBi^IBO![MoE� 2l 1 n x15 − 1 OoE[9z	K7; xn − 1, !n n Q7;a`^� xn − 1 B n z!wOs^} ωk(0 ≤ k ≤ n − 1), !n ω = cos 2π
n

+ i sin 2π
n

. >a xn − 1 Qs^j��oE� n z5=>N x − ωk (0 ≤ k ≤ n − 1) O2$�℄�z} ωk ?Q~�Oa`^ r ~|
(ωk)r = 1, r = n

(n,k)
Q n O>w�0� ωk O2eq �℄ n O�z>w r, 9 r �2eq O0q ωk �}�R`�N

Φr(x) =
∏

1≤t<r,(t,n)=1

(x − ωtn/r)T Φr(x) O0#}A xr − 1 O0#}/WiB xd − 1 (d|r & d < r) O}NK�>a
Φr(x) =

xr − 1
∏

1≤d<r,d|r Φd(x)A Φ1(x) = x− 1 WM[9}R<N+f8iBO Φr(x), �&Lj�YQ`�^`�N�l:�℄e^ p B Φp(x) = xp−1
x−1

= xp−1 + · · ·+ x + 1, Φp2(x) = Φp(x
p), ℄pz!we^ p, qB Φpq(x) = xpq−1

(xp−1)Φq(x)
, PP�

40



2. ��RB��1eV�Qb�iBOoL`�N Φr(x) QBi^IB![M��9l 1 nO Φ15(x) �l�6 2 b�oL`�N Φ15(x) QBi^IB![M��M ω Q Φ15(x) O}�><Q Φ15(x) O�z![MBi>N f1(x) O}���b�
f1(x) O�z} η O�k η2 4Q f1(x) O}�℄8Jj ω2, ω4, ω8 4Q f1(x) O}��& ωt

(t = 1, 2, 4, 8) O�� ω−t = ω15−t ( ω14, ω13, ω11, ω7 4YQ f1(x) O}�EQ Φ15(x)O 8 z} ωk (k = 1, 2, 4, 7, 8, 11, 13, 14) YQ f1(x) O}�Jj f1(x) = Φ15(x), Ob�r
Φ15(x) = f1(x) ![M�0: Φ15(x), ![M>N f1(x) 5XB�z} η O�k η2 !Q f1(x) O}�>< η2 Q
Φ15(x) Ov{�z![MBi>N f2(x) O}�Φ15(x) oE�iDpz![MBi>NO2$

Φ15(x) = f1(x)f2(x) · · · fm(x)A f1(η) = 0 G f2(η
2) = 0  η Q f1(x) G f2(x

2) O��}�>aQj�O~B�>N
(f1(x), f2(x

2)) O}�[5 f1(x) G f2(x
2) Bn�h (=^iD 1) O�>N�:��A<`� f1(x) G f2(x) 4Bn�hO�>N d(x), T (d(x))2 Q Φ15(x) O>N>aQ x15 − 1 O>N� d(x) Q x15 − 1 Op>N�G x15 − 1 GjOJ^ 15x14 �e�![�Bp>N�℄z�_O�b� Φ15(x) ![M�QBi^IB�!�A f1(x), f2(x

2) Bn�h�>NJj f1(x), f2(x) Bn�h�>N���8�z`�^`�N f(x) = a0 + a1x + · · · + amxm O�z�^ ai Y1
 2 OwFg
ai = 0 (H ai Q�^) ! 1 (H ai �"^), 8 f(x) Y1bJI Z2 = {0, 1} BO`�N
f(x) = a0 + a1x + · · ·+ amxm. TA f2(x

2) ≡ (f2(x))2 (mod 2 ) [� f2(x2) = (f1(x))2,

Z2 BO`�N f1(x) G f2(x2) = (f2(x))2 O![M�>N h(x) 4Q f1(x) G f2(x) O�>N� h(x)
2 Q Φ15(x) O>N>aQ x15 − 1 O>N� h(x) Q x15 − 1 Op>N�G x15 − 1OJ^ 15x14 = 1x14 G x15 − 1 �e�`� Z2 BO`�N x15 − 1 4�Bp>N�℄z�_O�b� Φ15(x) QBi^IB![M�l8 ω = cos 2π

15
+ i sin 2π

15
Q Φ15(x) O�z![M>N f1(x) O}���b� f1(x) O�z} η O�k η2 4Q f1(x) O}�=!4�E f1(x) O�z} η O�k η2 !Q f1(x) O}�E η = ωk, T (k, 15) = 1 ⇒ (2k, 15) = 1 ⇒ η2 = ω2k Q Φ15(x) O}�>a η2 Q

Φ15(x) Ov5z![M>N f2(x) (!wE f1(x)) O}�A f1(η) = f2(η
2) = 0  η Q f1(x) G f2(x

2) O��}�>aQj�O~B�>N
d(x) = (f1(x), f2(x

2)) O}� d(x) Q f1(x) OBi�^>N�&B} η, >< deg d(x) ≥ 1.A f1(x) QBi^IB![M f1(x) = d(x) Q f2(x
2) O>N� f2(x

2) = q(x)f1(x) ℄�z`�^`�N q(x) 1m�8�z`�^`�N f(x) O{��^ ai �j�� 2 9OF^ 0 ! 1 Dr�Y1
 2 OwFg� (bJI) Z2 = {0, 1} nOJe�NK Z2 BO`�N f(x). T f2(x2) = f2(x)
2
.
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q(x) f1(x) = f2(x2) = (f2(x)) 2, f1(x) O75![M>N h(x) YQ f2(x) O>N�>< h(x)2Q Φ15(x) = f1(x)f2(x) · · · fm(x) O>N�>aQ x15 − 1 O>N�>a h(x) Q x15 − 1 =

1x15 + 1 Op>N�G 1x15 + 1 OJ^ 15x14 = 1x14 ~| (1x15 + 1) − (1x)(1x14) = 1, >< x15 − 1 GjOJ^�e� x15 − 1 ![�B=^ ≥ 1 Op>N��_�℄b�r f1(x) O�z} η O�k84Q f1(x) O}��&�AE f(x) QK�^`�N��zs^} η O�� η4Q f1(x) O}�A ηη = |η|2 = 1  η = η−1.EQ�A ω Q Φ15(x) O}L ω2, ω4, ω8 YQ Φ15(x) O}��& ωt (t = 1, 2, 4, 8)O�� ω−t = ω15−t (15 − t = 14, 13, 11, 7) 4Q f1(x) O}� Φ15(x) O 8 zs^} ωk

((k, 15) = 1) YQ f1(x) O}�>< Φ15(x) = f1(x) QBi^IB![M� 2l 2 b�r Φ15(x) O�z![MBi�^>N f1(x) Os^} η O�k η2 8Q f1(x) O}�!KQb�r x15 − 1 O�z![MBi�^>N f1(x) Os^} η O�k η2 8Q f1(x)O}�℄zb�O�6Q�8�z`�^`�N f(x) Y1
 2 OwFg� Z2 (bJI) BO`�N f(x) d�� x15 − 1 OJ^ 15x14 = 1x14 !� 0, G x15 − 1 �e�>a x15 − 1 �Bp>N�8 15  17�5za`^ n, 2  1!`9 n O7�5ze^ p, 8 xn − 1 Y1
 pOwFg� Zp (p JI) BO`�N xn − 1, jOJ^ nxn−1 8!� 0, 8G xn − 1 �e�
xn − 1 8�Bp>N�8��m[l 2 b� xn − 1 O�z![MBi�^>N f1(x) O�z} η O p =� ηp 8Q f1(x) O}� Φn(x) O�z}YQ5z} ω = cos 2π

n
+ i sin 2π

n
O�

ωk, !n k G n �e�8 k oE�e>wO2$ k = p1 · · · ps, T�ze>w pi G n �e�
ω Q Φn(x) O�z![MBi�^>N f1(x) O}�> ω 86=� p1 =� p2 =� . . ., ps=�NKO ωp1···ps = ωk 4Q f1(x) O}�℄b�r Φn(x) OiBO} ωk ((k, n) = 1) YQ
f1(x) O}� Φn(x) = f1(x) QBi^IB![M�4OQ��3 1 ℄7;a`^ n, oL`�N Φn(x) QBi^IBO![M`�N� 2
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§ 5.6 �b�SC
5.6.1. b��bJ`�N x2 + y2 − 1 Q7;^IBY![M�l8 8 f(x, y) = x2 + y2 − 1 Y1 x O 2 =`�N g(x), �^j�Q^I F B9 y �yO`�N� F [y].

y + 1 Q F [y] n![M`�N�!`9 g(x) O 2 =��^ 1, `9 1 =��^ 0 �-^� y2 − 1, G (y + 1)2 !`9-^� y2 − 1. }R��am>��e� g(x) Q�^j� f [y]�![M�4OQ f(x, y) Q^I F B![M� 2

5.6.2. Qs^IBoE>N� f(x, y, z) = −x3 − y3 − z3 + x2(y + z) + y2(x + z) +

z2(x + y) − 2xyz.- 8 f(x, y, z) Y1 x O`�N
g(x) = −x3 + (y + z)x2 + (y2 + z2 − 2yz)x − y3 − z3 + y2z + z2y

= −x3 + (y + z)x2 + (y − z)2x − (y + z)(y − z)2

= −x2[x − (y + z)] + (y − z)2[x − (y + z)]

= (x − y − z)[(y − z)2 − x2]

= (x − y − z)(y − z + x)(y − z − x) 2

5.6.3. 8 x1, x2, x3 Qk3 x3 + px + q O 3 zs^}�8 D = (x1 − x2)
2(x1 −

x3)
2(x2 − x3)

2 �O1 p, q O`�N�- ℄ k = 1, 2, 3, , σk � 3 z} x1, x2, x3 n�=. k z�2�iB℄�2$d��T
σ1 = x1 + x2 + x3 = 0, σ2 = x1x2 + x1x3 + x2x3 = p, σ3 = x1x2x3 = −q.

D = [(x1 − x2)(x1 − x3)(x2 − x3)]
2

= (x2
1x2 − x2

1x3 − x1x3x2 + x1x
2
3 − x1x

2
2 + x1x2x3 + x2

2x3 − x2x
2
3)

2

= (A − B)2!n A = x2
1x2 + x2

2x3 + x2
3x1, B = x1x

2
2 + x2x

2
3 + x3x

2
1. A

σ1σ2 = (x1 + x2 + x3)(x1x2 + x2x3 + x3x1) =
∑

i6=j

x2
i xj + 3x1x2x3 = A + B + 3σ3.N A + B = σ1σ2 − 3σ3. EQ

(σ1σ2 − 3σ3)
2 − D = (A + B)2 − (A − B)2 = 4AB

= 4 (x2
1x2 + x2

2x3 + x2
3x1)(x1x

2
2 + x2x

2
3 + x3x

2
1)

= 4 [
∑

1≤i<j≤3

(xixj)
3 + 3σ2

3 + σ3

3
∑

i=1

x3
i ] (1)
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℄7; 3 z^ a, b, c :1b2e�N
a3 + b3 + c3 − 3abc = (a + b + c)(a2 + b2 + c2 − ab − ac − bc)

= (a + b + c)[(a + b + c)2 − 3(ab + ac + bc)] (2)Q�N (2) no�. a, b, c � x1, x2, x3, �8 σ1 = x1 + x2 + x3 = 0 D;�NK
x3

1 + x3
2 + x3

3 − 3σ3 = σ1(σ
2
1 − 3σ2) = 0 ⇒ x3

1 + x3
2 + x3

3 = 3σ3 (3)Q�N (1) no�. a, b, c � x1x2, x1x3, x2x3, �8 (x1x2)(x1x3)(x2x3) = σ2
3 '

(x1x2)(x1x3) + (x1x2)(x2x3) + (x1x3)(x2x3) = (x1 + x2 + x3)x1x2x3 = 0D;�NK
x3

1x
3
2 + x3

1x
3
3 + x3

2x
3
3 = σ2(σ

2
2 − 3 × 0) + 3σ2

3 = σ3
2 + 3σ2

3 (4)8 (3),(4) D; (1), NK
(3σ3)

2 − D = 4(σ3
2 + 3σ2

3 + 3σ2
3 + 3σ2

3) = 4σ3
2 + 36σ2

3

D = 9σ2
3 − (4σ3

2 + 36σ2
3) = −4σ3

2 − 27σ2
3 = −4p3 − 27q2 . 2�: 5Jb=k3 x2 + px + q = 0 Op} x1, x2 d+O�k D = (x1 − x2)

2 =

(x1 + x2)
2 − 4x1x2 = p2 − 4q 0�k3 x2 + px + q = 0 O��N� D = 0 ⇔ p} x1, x2�P�: p, q QK^�Tp}�K^ ⇔ D = (x1 − x2)

2 ≥ 0, p}���'^ ⇔ x1 − x2�;'^ ⇔ D = (x1 − x2)
2 < 0.�z?=k3Y[9w99 3 =��^�� y3 + b1y

2 + b2y + b3 = 0 O#N��[9vÆ�qr y = x− b1
3
�1 (x− b1

3
)3 + b1(x− b1

3
)2 + b2(x− b1

3
)+ b3 = 0, 8 2 =��^�� 0,1� x3 +p x+q = 0 O#N�k3 x3 +px+q = 0 O 3 z} x1, x2, x3 ppd+O�kO2$

D = (x1−x2)
2(x1−x3)

2(x2−x3)
2 = −4p3−27q2 0�℄z?=k3O��N�D = 0 ⇔k3Bp} (�pz} xi, xj �P). H�^ p, q Y�K^?z}Y�K^I�k3iDB5zK}�: 3 z}YQK^�T D = (x1 − x2)

2(x1 − x3)
2(x2 − x3)

2 = −4p3 − 27q2 ≥ 0.:iDB5z'}�TB5zK} (!l0� x1) �pz��'} (x2, x3), <I x1 − x2 G
x1 − x3 �����2$ (x1 − x2)(x1 − x3) = |x1 − x2|2 QaK^� x2 − x3 Q;'^�><
(x2 − x3)

2 QtK^� D QtK^�℄5�O5J?=k3 x3 + a1x
2 + a2x + a3 = 0, 3 z} x1, x2, x3 O7P℄0`�N~| σ1 = −a1, σ2 = a2, σ3 = −a3. 8X< D = (x1 − x2)

2(x1 − x3)
2(x2 − x3)

2 �k3O��N�G�pO+f!wOQ σ1 !5X� 0. PN (3),(4) o��1
x3

1 + x3
2 + x3

3 = σ1(σ
2
1 − 3σ2) + 3σ3 = σ3

1 − 3σ1σ2 + 3σ3

x3
1x

3
2 + x3

1x
3
3 + x3

2x
3
3 = σ2(σ

2
2 − 3σ1σ3) + 3σ2

3 = σ3
2 − 3σ1σ2σ3 + 3σ2

3
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D; (1) NK
D = (σ1σ2 − 3σ3)

2 − 4[(σ3
2 − 3σ1σ2σ3 + 3σ2

3) + 3σ2
3 + σ3(σ

3
1 − 3σ1σ2 + 3σ3)]

= (σ2
1σ

2
2 − 6σ1σ2σ3 + 9σ2

3) − 4σ3
2 − 36σ2

3 − 4σ3
1σ3 + 24σ1σ2σ3

= σ2
1σ

2
2 + 18σ1σ2σ3 − 4σ1σ3 − 4σ3

2 − 27σ2
3

= a2
1a

2
2 + 18a1a2a3 − 4a1a3 − 4a3

2 − 27a2
3 . 2

5.6.4. 8 sk = xk
1 + xk

2 + · · ·+ xk
n (k = 2, 3, 4) �O1 x1, x2, . . . , xn O7P℄0`�NO`�N�- x1, . . . , xn O7P℄0`�N� σk (1 ≤ k ≤ n), !n�z

sk =
∑

1≤i1<···<ik≤n

xi1 · · ·xik� n zy x1, . . . , xn n�=. k z�2�iB℄�2$d��℄0`�NO`�N8Q℄0`�N�
(1) * s2 = x2

1 + · · ·+ x2
n.

σ2
1 = (x1 + · · ·+ xn)2 =

n
∑

i=1

x2
i + 2

∑

1≤i<j≤n

xixj = s2 + 2σ2 ⇒

s2 = σ2
1 − 2σ2 .

(2) * s3 = x3
1 + · · ·+ x3

n.℄0`�N s2σ1 = (x2
1 + · · · + x2

n)(x1 + · · · + xn) OU�PE x3
1, >aÆ�iB x3

i d� s3. 9<d{� s2σ1 �Æ� x2
1x2, >aÆ�iBO x2

jxj (i 6= j). A<NK
s2σ1 = s3 +

∑

i6=j

x2
i xj ⇒ s3 = s2σ1 −

∑

i6=j

x2
i xj℄0`�N σ1σ2 = (x1 + · · ·)(x1x2 + · · ·) = x2

1x2 + · · · OU�Q x2
1x2, ><Æ�iBO

x2
i xj (i 6= j); 9<d{�Æ�#: x1x2x3 O�� 3 z>w x1, x2, x3 nO75zY[9x

σ1, v{pzx σ2, >< x1x2x3 8� 3 =���� 3x1x2x3. A σ1σ2 O℄0%
σ1σ2 =

∑

i6=j

x2
i xj + 3σ3 ⇒

∑

i6=j

x2
i xj = σ1σ2 − 3σ3><

s3 = (σ2
1 − 2σ2)σ1 − (σ1σ2 − 3σ3) = σ3

2 − 3σ1σ2 + 3σ3.

(3) +f s4 = x4
1 + · · ·+ x4

n.

s2
2 = (x2

1 + · · ·+ x2
n)2 = s4 + 2

∑

1≤i<j≤n

x2
i x

2
j (1)
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℄0`�N σ2 = (x1x2+· · ·)2 = x2
1x

2
2+· · ·OU�Q x2

1x
2
2, �Æ� 2(x1x2)(x1x3) = 2x2

1x2x3' 2(x1x2)(x3x4) + 2(x1x3)(x2x4) + 2(x1x4)(x2x3) = 6x1x2x3x4. ><
σ2

2 =
∑

1≤i<j≤n

x2
i x

2
j + 2

∑

j 6=i6=k,j<k

x2
i xjxk + 6σ4 (2)℄0`�N σ1σ3 = (x1 + · · ·)(x1x2x3 + · · ·) = x2

1x2x3 + · · · OU�Q x2
1x2x3, &Æ�

x1(x2x3x4) + x2(x1x3x4) + x3(x1x2x4) + x4(x1x2x3) = 4x1x2x3x4, ><
σ1σ3 =

∑

j 6=i6=k,j<k

x2
i xjxk + 4σ4 (3)APN (1),(2),(3) N

s4 = s2
2 − 2

∑

1≤i<j≤n

x2
i x

2
j

= (σ2
1 − 2σ2)

2 − 2[σ2
2 − 2(σ1σ3 − 4σ4) − 6σ4]

= σ4
1 − 4σ2

1σ2 + 2σ2
2 + 4σ1σ3 − 4σ4 . 2

5. Ek3} 

























x + y + z + w = 10,

x2 + y2 + z2 + w2 = 30,

x3 + y3 + z3 + w3 = 100,

xuzw = 24.- 9 x, y, z, w �}�R`�N
f(t) = (t − x)(t − y(t − z)(t − w) = t4 − σ1t

3 + σ2t
2 − σ3t + σ4!n σk (k = 1, 2, 3, 4) Q> 4 z^ x, y, z, w n�=. k z�2�iB℄2O2$d��8LL σ1 = x + y + z + w = 10, σ4 = xyzw = 24.&[*N σ2 = 1

2
[(x + y + z + w)2 − (x2 + y2 + z2 + w2)] = 1

2
(102 − 30) = 35.EQ f(t) = t4 − 10t3 + 35t2 − σ3t + 24. AE f(t) O 4 z} x, y, z, w O2$

xyzw = 24 6= 0, ℄ 4 z} x, y, z, w 4Q g(t) = f(t)
t

= t3 − 10t2 + 35t− σ3 + 24
t
O}�A<NK g(x) + g(y) + g(z) + g(w) = 0, (

(x3 + y3 + z3 + w3) − 10(x2 + y2 + z2 + w2) + 35(x + y + z + w)

−4σ3 + 24

(

1

x
+

1

y
+

1

z
+

1

w

)

= 0 (1)88t7n xk + yk + zk + wk (k = 1, 2, 3) OfD;��s;K
24

(

1

x
+

1

y
+

1

z
+

1

w

)

= xyzw

(

1

x
+

1

y
+

1

z
+

1

w

)

= σ3PN (1) 1� 100 − 10 × 30 + 35 × 10 − 4σ3 + σ3 = 0, >nE8 σ3 = 50.
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EQ f(t) = t4 − 10t3 + 35t2 − 50t + 24, x, y, z, w Q`�^k3 f(t) = 0 O}�:5H t ≤ 0 I f(t) > 0, [5k3OK}h�Qa^�k3 f(t) = 0 OBi}h[�Qa`^&`9 24.:1b f(1) = 0, 1 Q f(t) = 0 O}�� t−1 9 f(t) NKA f1(t) = t3−9t2 +26t−24.:1b f1(2) = 0, � t − 2 9 f1(t) NKA f2(t) = t2 − 7t + 12. f2(t) = 0 Op}� 3,4.k3 f(t) = 0B 4z!wO} 1, 2, 3, 4,j�O�5z�sYQKk3}O5zE (x, y, z, w).

2

6. 8K^ x, y, z ~| x + y + z = 3, x2 + y2 + z2 = 5, x3 + y3 + z3 = 7, *
x4 + y4 + z4.- 9 x, y, z �}�R`�N f(t) = (t − x)(t − y)(t − z) = t3 − σ1t

2 + σ2t − σ3, !n σk (k = 1, 2, 3) Q> 3 z^ x, y, z n�=. k z�2�iB℄2O2$d��8LL σ1 = x + y + z = 3.&[*N σ2 = xy + xz + yz = 1
2
[(x + y + z)2 − (x2 + y2 + z2)] = 1

2
(32 − 5) = 2.Q f(t) = t3 − 3t2 + 2t − σ3 n8 t o�r 1 x, y, z, NK 3 zPN

x3 − 3x2 + 2x − σ3 = 0, y3 − 3y2 + 2y − σ3 = 0, z3 − 3z2 + 2z − σ3 = 08℄ 3 zPN�/N
(x3 + y3 + z3) − 3(x2 + y2 + z2) + 2(x + y + z) − 3σ3 = 088t7nO xk + yk + zk (k = 1, 2, 3) D;�NK

7 − 3 × 5 + 2 × 3 − 3σ3 = 0 ⇒ σ3 = −2
3

⇒ f(t) = t3 − 3t2 + 2t + 2
3
.

x, y, z 4Q`�N tf(t) = t4 − 3t3 + 2t2 + 2
3
t O}�4OQ

x4 − 3x3 + 2x2 + 2
3
x = 0, y4 − 3y3 + 2y2 + 2

3
y = 0, z4 − 3z3 + 2z2 + 2

3
z = 08℄ 3 zPN�/N

(x4 + y4 + z4) − 3 × 7 + 2 × 5 + 2
3
× 3 = 0 ⇒ x4 + y4 + z4 = 9 2
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§ 5.7  ��7q
5.7.1. E a, b, c YQK^�*b a, b, c YQa^O6o�3t7Q�
a + b + c > 0, ab + ac + bc > 0, abc > 0 wI1m�l8 t7O�3%�4�h&b�6o%�k3 (x − a)(x − b)(x − c) = 0 (

x3 − (a + b + c)x2 + (ab + ac + bc)x − abc = 0 (1)O?z}�K^ a, b, c. H a + b + c > 0, ab + ac + bc > 0, abc > 0 I�: x ≤ 0, Tk3
(1) �� < 0, [5k3 (1) OK} a, b, c !� ≤ 0, h�YQaK^� 2

5.7.2. E 1, ω1, . . . , ωn−1 Q xn − 1 O0#!wOs^}�*b�
(1 − ω1)(1 − ω2) · · · (1 − ωn−1) = n.l8 Qs^j��BoEN

xn − 1 = (x − 1)(x − ω1) · · · (x − ωn−1).><� xn − 1 � x − 1 9NKOA
xn−1 + · · · + x + 1 = (x − ω1) · · · (x − ωn−1)8 x = 1 D;PNp��NK

n = (1 − ω1)(1 − ω2) · · · (1 − ωn−1) 2

5.7.3. *b� cos
π

7
− cos

2π

7
+ cos

3π

7
=

1

2
.- , ω = cos π

7
+ i sin π

7
. T ω7 = cos π + i sin π = −1. 8 x = ω D;PN

(1 + x)(1 − x + x2 − x3 + x4 − x5 + x6) = 1 + x7 N
(1 + ω)(1 − ω + ω2 − ω3 + ω4 − ω5 + ω6) = 0G 1 + ω 6= 0, ><

1 − ω + ω2 − ω3 + ω4 − ω5 + ω6 = 0 (1)℄a`^ k ≤ 3, A ωkω7−k = ω7 = −1 N ω7−k = −ω−k. 4OQ ω6 = −ω−1, ω5 =

−ω−2, ω4 = −ω−3. D; (1) N
1 − (ω + ω−1) + (ω2 + ω−2) − (ω3 + ω−3) = 0 (2)!n�z

ωk + ω−k = (cos kπ
7

+ i sin kπ
7

) + (cos kπ
7
− i sin kπ

7
) = 2 cos kπ

7
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D; (2) NK
1 − 2 cos

π

7
+ 2 cos

2π

7
− 2 cos

3π

7
= 0

⇒ cos
π

7
− cos

2π

7
+ cos

3π

7
=

1

2
2

4. 8 a1, a2, . . . , an Qpp!wO^�*b�k3}


































an−1
1 x1 + an−2

1 x2 + · · ·+ a1xn−1 + xn = −an
1

an−1
2 x1 + an−2

2 x2 + · · ·+ a2xn−1 + xn = −an
2

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
an−1

n x1 + an−2
n x2 + · · ·+ anxn−1 + xn = −an

nB�5E��*8jOE�l8 8S i zk3O-^�7K��[��
an

i + x1a
n−1
i + x2a

n−2
i + · · ·+ xn−1ai + xn = 0�HE8 ai D; n =`�N

f(x) = xn + x1x
n−1 + x2x

n−2 + · · · + xn−1x + xnNK f(ai) = 0, 4OQ` ai Q n =k3 f(x) = 0 O}�Kk3}4OQ3* a1, . . . , an ℄
n z!wO^YQ n =k3 f(x) = 0 O}�~|℄zt7&U��^� 1 O n =`�N f(x)Q�5O�h�Q

f(x) = (x − a1)(x − a2) · · · (x − an) = xn − σ1x
n−1 + σ2x

n−2 + · · · + (−1)nσn,!n σk Q a1, . . . , an ℄ n z^n�=. k z�2�iB℄�2$d��><� f(x) O n− k=��^ xk = (−1)kσk. k3}OE (x1, . . . , xn) A℄z�5O`�N f(x) O�^}1�h�B�5E
(x1, . . . , xk, . . . , xn) = (−σ1, . . . , (−1)kσk, . . . , (−1)nσn) . 2�: 9BOEe��BEk3}�hQ8k3}i3*Ot7u��℄`�N f(x) O}O3*�}R`�NO>NoEN�4OQ}R}G�^O�� (��Xi) NKr~|t7O�5O`�N f(x), A f(x) O�5%NKrKk3}OEO�5%�A f(x) O�^NKrKk3}O�5E��p4[9��%k3}O�vEe*E�k3}O�^$sN

∆ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

an−1
1 an−2

1 · · · a1 1

an−1
2 an−2

2 · · · a2 1
...

... · · · ...
...

an−1
n an−2

n · · · an 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∏

1≤i<j≤n

(ai − aj)
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QjM�N$sN�A a1, . . . , an pp!w ∆ 6= 0, [k3}B�5E�Pk�\b�eT*8k3}OE xk =
∆k

∆
, !n ∆k Q�-^� −an

1 , . . . ,−an
n 6=Dr ∆ OS i s{JeNKO$sN�+f ∆k OfI��8 ∆k OS k s6=G$ k − 1 � �k�KS 1 s�P8℄5s�����

Dk = (−1)k∆k =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

an
1 · · · an−k+1

1 an−k−1
1 · · · a1 1

an
2 · · · an−k+1

2 an−k−1
2 · · · a2 1

...
...

... · · · ...
...

...

an
n · · · an−k+1

n an−k−1
n · · · an 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣8℄z$sNOS k sGS k + 1 sd2);5s (an−k
1 , . . . , an−k

n )T , �QS 1 $dBVs5$ (xn, xn−1, . . . , x, 1), �1 n + 1 �jM�M$sN
V =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

xn xn−1 · · · x 1

an
1 an−1

1 · · · a1 1
...

... · · · ...
...

an
n an−1

n · · · a1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (x − a1) · · · (x − an)
∏

1≤i<j≤n

(ai − aj)

= (x − a1) · · · (x − an)∆

Dk OQ V OS (1, k + 1) Je xn−k Q V nOFwN�℄?OD^FwN (−1)1+(k+1)Dk =

(−1)1+(k+1)(−1)k∆k = ∆k OQ V = (x − a1) · · · (x − an)∆ �� x O n =`�NnO
n − k =�O�^ (−1)kσk∆, A<NK

xk =
∆k

∆
=

(−1)kσk∆

∆
= (−1)kσk, ∀ 1 ≤ k ≤ nG�pB[EeNKOA	�w�GghN`� 2

5. : a, b Qk3 x4 +x3 −1 = 0 Opz}�*b ab Qk3 x6 +x4 +x3−x2 −1 = 0O5z}�-� 1 Ek3 x4 + x3 − 1 = 0 O0# 4 }� a, b, c, d, T f(x) = x4 + x3 − 1 =

(x − a)(x − b)(x − c)(x − d). A��XiN
a + b + c + d = abcd = −1, cd = − 1

ab
.k3 f(x) = 0 O} a ~|t7 a4 + a3 − 1 = 0, ( a3(1 + a) = 1. wi b3(1 + b) = 1.pN�2N

(ab)3(1 + a)(1 + b) = 1 ⇒ (ab)3(1 + a)(1 + b)(1 + c)(1 + d) = (1 + c)(1 + d)8 (1 + a)(1 + b)(1 + c)(1 + d) = (−1− a)(−1− b)(−1− c)(−1− d) = f(−1) = −1D;N
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−(ab)3 = (1 + c)(1 + d) = 1 + c + d + cdwi −(cd)3 = 1 + a + b + ab. EQ
−(ab)3 − (cd)3 = 2 + (c + d + a + b) + ab + cd

= 2 − 1 + ab + cd = 1 + ab + cd

(ab)3 + (cd)3 + 1 + ab + cd = 0

(ab)3 − 1

(ab)3
+ 1 + ab − 1

ab
= 0p�w2 (ab)3 N

(ab)6 + (ab)4 + (ab)3 − (ab)2 − 1 = 0℄b�r ab Qk3 x6 + x4 + x3 − x2 − 1 = 0 O}�-� 2 A��XiNk3 x4 + x3 − 1 = 0 O 4 z} a, b, c, d O7P℄0`�N
σ1 = a + b + c + d = −1, σ2 = ab + ac + ad + bc + bd + cd = 0,

σ3 = abc + abd + acd + bcd = 0, σ4 = abcd = −1 .9 4 z} a, b, c, d �pzO2$�}OU5`�N
g(x) = (x − ab)(x − ac)(x − ad)(x − bc)(x − bd)(x − cd)

= x6 + p1x
5 + p2x

4 + p3x
3 + p4x

2 + p5x + p6O{��^YQ a, b, c, d O℄0`�N�[9A7P℄0`�N σ1, σ2, σ3, σ4 +f8�:5 −p1 = σ2 = 0, >< p1 = 0. DB p6 = σ3
4 = −1.

g(x) = x6 + p2x
4 + p3x

3 + p4x
2 + p5x − 1 O 6 z}[9o1 3 }��}pz}O2$

(ab)(cd) = (ac)(bd) = (ad)(bc) = σ4 = −1.[5 g(x) �z}OtI^8Q g(x) O}�k3 g(x) = 0 G g(− 1
x
) = 0 wE� g(− 1

x
) = 0 (

(

−1

x

)6

+ p2

(

−1

x

)4

+ p3

(

−1

x

)3

+ p4

(

−1

x

)2

+ p5

(

−1

x

)

− 1 = 0p�w2 −x6 �� x6 + p5x
5 − p4x

4 + p3x
3 − p2x

2 − 1 = 0. GwEk3 g(x) = 0 ���=℄?��^N p5 = 0, p4 = −p2. ><
g(x) = x6 + p2x

4 + p3x
3 − p2x

2 − 1.h3*8�^ p2, p3 ([�8 g(x)  1 3 zb=>NO2$�
g(x) = [(x − ab)(x − cd)][(x − ac)(x − bd)][(x − ad)(x − bc)]

= [x2 − (ab + cd)x − 1][x2 − (ac + bd)x − 1][x2 − (ad + bc)x − 1]
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g(x) O 4 =�x 3 zb=>Nn�pzO 2 =�GH�5zO-^�O2$�9'�pz>NO5=�O2$GH�5zOb=�O2$�>< 4 =��^
p2 = −3 + (ab + cd)(ac + bd) + (ab + cd)(ad + bc) + (ac + bd)(ad + bc)

= −3 + a(abc + abd + acd) + b(abc + abd + bcd)

+ c(abc + acd + bcd) + d(abd + acd + bcd)

= −3 + a(−bcd) + b(−acd) + c(−abd) + d(−abc) = −3 + 1 + 1 + 1 + 1 = 1

(s�A abc + abd + acd + bcd = 0 N abc + abd + acd = −bcd P�)

g(x) O 3 =�x 3 zb=>NO5=�O2$�9'�z>NOb=�Gv{�5zO5=�'H�5zO-^�O2$�><
p3 = −(ab + cd)(ac + bd)(ad + bc) + 2(ab + cd + ac + bd + ad + bc)

= −(a2 + b2 + c2 + d2)(abcd) − (a2b2c2 + a2b2d2 + a2c2d2 + b2c2d2) + 2 × 08 a2 + b2 + c2 + d2 = σ2
1 − 2σ2 = 1, abcd = σ4 = −1 '

a2b2c2 + a2b2d2 + a2c2d2 + b2c2d2 = σ2
3 − 2σ4σ2 = 0D;�N p3 = 1. EQNK9 ab, ac, ad, bc, bd, cd �}Ok3�

x6 + x4 + x3 − x2 − 1 = 0-� 3 GEe 2 w2A��Xik3 x4 + x3 − 1 = 0 O 4 z} a, b, c, d O7P℄0`�N σ1, σ2, σ3, σ4 Ofo�� −1, 0, 0,−1.9 ab + cd, ac + bd, ad + bc �}R5z?=k3 g(y) = 0, !n
g(y) = (y − (ab + cd))(y − (ac + bd))(y − (ad + bc)) = y3 − py2 + qy − r

p = (ab + cd) + (ac + bd) + (ad + bc) = σ2 = 0

q = (ab + cd)(ac + bd) + (ab + cd)(ad + bc) + (ac + bd)(ad + bc)

= a(abc+abd+acd)+b(abc+abd+bcd)+c(abc+acd+bcd)+d(abd+acd+bcd)

= a(−bcd) + b(−acd) + c(−abd) + d(−abc) = 4

r = (ab + cd)(ac + bd)(ad + bc)

= (a2 + b2 + c2 + d2)(abcd) + (a2b2c2 + a2b2d2 + a2c2d2 + b2c2d2)

= (σ2
1 − 2σ2)σ4 + σ2

3 − 2σ4σ2 = 1EQ g(y) = y3 + 4y + 1. 8 y = ab + cd = ab− 1
ab
D;i~|k3 y3 + 4y +1 = 0 N

(

ab − 1

ab

)3

+ 4
(

ab − 1

ab

)

+ 1 = 0

(ab)3 − 3ab +
3

ab
− 1

(ab)3
+ 4ab − 4

ab
+ 1 = 0
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p�w2 (ab)3 N
(ab)6 + (ab)4 + (ab)3 − (ab)2 − 1 = 0℄b�r ab Qk3 x6 + x4 + x3 − x2 − 1 = 0 O}� 2�: �pEe 1 �Ee 2 �Ee 3 �3��GQ�Ee 1“lV”, !9:�K��p3OQ�Ee 1 l6dE�pOk3 x4 + x3 − 1 = 0 OoV%��9z	K5�O n =k3

f(x) = 0. aEe 2 2[9℄5�O5J n =k3 f(x) = 0 *89p}d$�}O!k3
g(x) = 0, 4[9℄ a, b o�Qpz!wk3 f1(x) = 0 G f2(x) = 0 O}O(#*89 ab �}O!k3�E5J n =k3 f1(x) = 0 O0#}� a1, . . . , an, 5J m =k3 f2(x) = 0 O0#}� b1, . . . , bm. �R9iBO aibj (1 ≤ i ≤ n, 1 ≤ j ≤ m) �}O`�N

g(x) =
n
∏

i=1

m
∏

j

(x − aibj)T g(x) O�^-Q a1, . . . , an O℄0`�N (
{ bj Y1-^), 4Q b1, . . . , bm O℄0`�N (
{ ai Y1-^), }R℄0`�N"�Xi� g(x) O�^[9 1 f1(x), f2(x) O�^O`�^`�N�: a, b Qw5z5J n =k3 f1(x) = 0 Opz!wO}�9 f1(x) O n z} a1, . . . , an ppO2$�}�Rk3 g(x) = 0, T g(x) O�^[9 1 f1(x) O�^O`�N�g4Qi}B[98 g(x) O�^ 1B[O f1(x), f2(x) O�^O`�N�GQK.'�n3*8℄�`�N�3A f1(x), f2(x) O�^f8 g(x) O�^�84[�Qn-ghO�l:��pOEe 2 nK��nk�i|k3 x4 + x3 − 1 = 0 OoV%m3�Of�84!fl3��GQ�gh{�\T	(��h3Lr$Ik��+fke�ghOOf[9vÆRHO3*5+f#}1�Fi[983*�1�XO<7t�}18℄0`�N 17P℄0`�NO`�NO���Ee 3 n9 y1 = ab + cd, y2 = ac + bd, y3 = ad + bc �?z}Ok3O�^di9Q
a, b, c, d O℄0`�N�Q>� a, b, c, d OiBk 8 y1, y2, y3 ��k �><8 y1, y2, y3 O7P℄0`�N Σ1 = y1 + y2 + y3, Σ2 = y1y2 + y1y3 + y2y3, Σ3 = y1y2y3 �4!��><
y1, y2, y3 O℄?z7P℄0`�N4Q a, b, c, d O℄0`�N�Y[9A a, b, c, d O7P℄0`�N σ1, σ2, σ3, σ4 LÆ/�4�2ef8���LBi�^5J5=k3O}YQBi^�iÆ��5zBi^ c YQBi�^5J5=k3 x− c = 0 O}�!Æ�5J n =Bi�^k3O}[�Q	i^Fi'^�l:
√

2 QBi�^5Jb=k3 x2 − 2 = 0 O}�'^ i QBi�^5Jb=k3 x2 + 1 = 0O}�GQ�VB`^	i^!Q7�5zBi�^5J n =k3O}�5�R�Bi�^5J
n =k3O}0� �DD, 9<9{!FOs^Y0� �fD. l:�x$iQO √

2, i QD^^���XÆO	i^ π, e YQ/N^�
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��LBi^O�+$A (9^!� 0) 8QBi^�℄7;pzD^^ a, b, [9ZKo�9j��}O=^~QOU��^� 1 OBi�^5J`�N f1(x), f2(x). : f1(x) 6=
f2(x), j�O0#}o�� a1, . . . , an G b1, . . . , bm, !n a1 = a, b1 = b, T a + b, a − b, abo�Q`�N

g1(x) =
∏

i,j

(x − (ai + bj)), g2(x) =
∏

i,j

(x − (ai − bj)), g3(x) =
∏

i,j

(x − aibj)O}��&℄�`�NO�^Y[9ABi�^`�N f1(x), f2(x) O�^O`�^`�N�8QBi^�A<[5 a± b, ab YQBi�^`�Nk3O}�8QD^^�H b 6= 0 I g(x) O-^�!� 0, b−1 QBi�^`�Nk3 xmg( 1
x
) = 0 O}�w2QD^^�>a a

b
= ab−18QD^^�℄b�r�D^^O��+�$�A (H9^!� 0) 8QD^^�0qD^^}1O&�Q5z^I�

2

5.7.6. 8 sk = xk
1 + xk

2 + · · · + xk
n (k = 5, 6) �O1 x1, x2, . . . , xn O7P℄0`�NO`�N�- }R�^�N

sk − σ1sk−1 + σ2sk−2 − · · ·+ (−1)k−1σk−n+1s1 + (−1)kkσk−n[9A si (1 ≤ i ≤ k − 1) O��NNK sk O��N�
sk = σ1sk−1 − σ2sk−2 + · · ·+ (−1)k−2σk−1s1 + (−1)k−1kσkH k > n I�Q�Nn. sn+1 = · · · = sk = 0 O[NK

sk = σ1sk−1 − σ2sk−2 + · · ·+ (−1)n−1σnsk−nA s1 = σ1 8�}R�N[N
s2 = σ2

1 − 2σ2, s3 = σ1s2 − σ2s1 + 3σ3 = σ3
1 − 3σ1σ2 + 3σ3,

s4 = σ1s3 − σ2s2 + σ3s1 − 4σ4 = σ4
1 − 4σ2

1σ2 + 4σ1σ3 + 2σ2
2 − 4σ4 .EQ

s5 = σ1s4 − σ2s3 + σ3s2 − σ4s1 + 5σ5

= (σ5
1 − 4σ3

1σ2 + 4σ2
1σ3 + 2σ1σ

2
2 − 4σ1σ4)

+(−σ3
1σ2 + 3σ1σ

2
2 − 3σ2σ3) + (σ2

1σ3 − 2σ2σ3) − σ1σ4 + 5σ5

= σ5
1 − 5σ3

1σ2 + 5σ2
1σ3 + 5σ1σ

2
2 − 5σ1σ4 − 5σ2σ3 + 5σ5

s6 = σ1s5 − σ2s4 + σ3s3 − σ4s2 + σ5s1 − 6σ6

= (σ6
1 − 5σ4

1σ2 + 5σ3
1σ3 + 5σ2

1σ
2
2 − 5σ2

1σ4 − 5σ1σ2σ3 + 5σ1σ5)

+(−σ4
1σ2 + 4σ2

1σ
2
2 − 4σ1σ2σ3 − 2σ3

2 + 4σ2σ4) + (σ3
1σ3 − 3σ1σ2σ3 + 3σ2

3)

+(−σ2
1σ4 + 2σ2σ4) + σ1σ5 − 6σ6

= σ6
1 − 6σ4

1σ2 + 6σ3
1σ3 + 9σ2

1σ
2
2 − 6σ2

1σ4 − 12σ1σ2σ3
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+ 6σ1σ5 − 2σ3
2 + 6σ2σ4 + 3σ2

3 − 6σ6 . 2

5.7.7. +f n �$sN
∆n =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 x1 · · · xk−1
1 xk+1

1 · · · xn
1

1 x2 · · · xk−1
2 xk+1

2 · · · xn
2

...
... · · · ...

... · · · ...

1 xn · · · xk−1
n xk+1

n · · · xn
n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.- �5$ (1, xi, . . . , x
k−1
i , xk+1

i , . . . , xn
i ) OS k Je xk−1

i KS k + 1 Je xk+1
i > xiO k − 1 =�uKS k + 1 =��1Dr k =��><!QjM�M$sN�QS k sGS

k + 1 sd2s/5s B{ xi O k =���QS n $d�s/Av5y x O{=�}1O5$�1� n + 1 �jM�M$sN
Vn+1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 x1 · · · xk
1 · · · xn

1
...

... · · · ... · · · ...

1 xn · · · xk
n · · · xn

n

1 x · · · xk · · · xn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (x − x1) · · · (x − xn)
∏

1≤i<j≤n

(xj − xi).Ti*$sN∆n Q Vn+1 OS (n+1, k+1)Je xk OFwN�℄?OD^FwN (−1)(n+1)+(k+1)∆nPE x O n O`�N Vn+1 n k =�O�^�(
(−1)n+k∆n = (−1)n−kσn−k

∏

1≤i<j≤n

(xj − xi)

∆n = σn−k

∏

1≤i<j≤n

(xj − xi)!n σn−k Q n z^ x1, . . . , xn n�=. n − k z�2�iB℄�2$d�� 2

5.7.8. EbJk3}






y2 − 7xy + 4x2 + 13x − 2y − 3 = 0

y2 − 14xy + 9x2 + 28x − 4y − 5 = 0- 8pzk3��O`�N 1 y O`�N f(y) = y2 +(−7x− 2)y +(4x2 +13x− 3)G g(y) = y2 + (−14x − 4)y + (9x2 + 28x − 5), �^Q x O`�N�-S y L f(y), g(y)B��}�4OQLj�ODN
R(f, g) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −7x − 2 4x2 + 13x − 3 0

0 1 −7x − 2 4x2 + 13x − 3

1 −14x − 4 9x2 + 28x − 5 0

0 1 −14x − 4 9x2 + 28x − 5

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0

55



℄$sN R(f, g) I$7P� �3�N
R(f, g)

−2(1)+(3),−2(2)+(4)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −7x − 2 4x2 + 13x − 3 0

0 1 −7x − 2 4x2 + 13x − 3

−1 0 x2 + 2x + 1 0

0 −1 0 x2 + 2x + 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(3)+(1),(4)+(2)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 −7x − 2 5x2 + 15x − 2 0

0 0 −7x − 2 5x2 + 15x − 2

−1 0 x2 + 2x + 1 0

0 −1 0 x2 + 2x + 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣�T 1 tYX −

∣

∣

∣

∣

∣

∣

∣

∣

−7x − 2 5x2 + 15x − 2 0

0 −7x − 2 5x2 + 15x − 2

−1 0 x2 + 2x + 1

∣

∣

∣

∣

∣

∣

∣

∣�T 1 tYX − (−7x − 2)2(x2 + 2x + 1) + (5x2 + 15x − 2)2

= (5x2 + 15x − 2)2 − [(7x + 2)(x + 1)]2

= [(5x2 + 15x − 2) + (7x2 + 9x + 2)][(5x2 + 15x − 2) − (7x2 + 9x + 2)]

= (12x2 + 24x)(−2x2 + 6x − 4) = −24x(x + 2)(x − 1)(x − 2)H x = 0,−2, 1 ! 2 I�Kk3}pzk3B��} y, 4OQpk3d+ (7x + 2)y −
5x2 − 15x + 2 = 0 OE�Sq+fD��H x = 0, 2y + 2 = 0, y = −1. H x = −2, −12y + 12 = 0, y = 1.H x = 1, 9y − 18 = 0, y = 2. H x = 2, 16y − 48 = 0, y = 3.:1b (0,−1), (−2, 1), (1, 2), (2, 3)3KQKk3}OE�><QKk3}O0#E� 2�: �p*DN h(x) = R(f, g) '℄ h(x) �>NoE*}OOf[9FrE Mathe-

matica }1�3*HT:��
f[y ] := y^2-(7x+2)y+(4x^2+13x-3);

g[y ] := y^2-(14x+4)y+(9x^2+28x-5);

h = Resultant[f[y],g[y],y]; Print[h]; Factor[h]O$D��
−96x + 96x2 + 24x3 − 24x4

−24(−2 + x)(−1 + x)x(2 + x)
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; 6 M ,>%e
§ 6.1 -?E�U�7[

1. +=D�8>C�F_ F Fv| 3e:}:KSH A : V → U , ��\<L'w α, β ∈ V �9w
λ ∈ F ��

A(α + β) = A(α) + A(β) / A(λα) = λA(α)S- A Z +=D�. E U = V P- A  V FK +=$d . E U = F P- A  V FK+=Y� .

2. +=D�8YB=X
(1) {'wSH{'w� A(0) = 0.

(2) 1 3��� A(λ1α1 + · · · + λkαk) = λA(α1) + · · · + λkA(αk)

(3) 1 3!�� α1, . . . , αk  3!� ⇒ A(α1), . . . ,A(αk)  3!��g�k� A(α1), . . . ,A(αk)  3�� ⇒ α1, . . . , αk  3�����SH A ���IF�F~�S�I[U A �Z 3SH�g�k���3� 1,3 $��Ig� A Z 3SH�D3� 2 �Ig� A Z 3SH�$a�;CF,��D\<L'w
α, β �9w λ ∈ F �� A(λα + β) = λA(α) + A(β), S�Ig� A Z 3SH�

3. +=D�8uNW 3SH3� (2) |I� 3SH A i V KF�( M = {α1, . . . , αn} FK T�F6Ux A \<L'w α = x1α1 + · · ·+ xnαn K T+�
A(α) = x1A(α1) + · · · + xnA(αn) = (A(α1), . . . ,A(αn))









x1
...

xn









(1)�LV (1) �K}'w A(α),A(α1), . . . ,A(αn) i U K�F�( S �..!� (..y'w1V) Y,b1, . . . ,bn, lLV (1) .
Y = AX (2)%� A = (b1, . . . ,bn) ZI b1, . . . ,bn }y�.KTw�- 3SH A i( M, S �KTw���

(A(α1), . . . ,A(αn)) = (β1, . . . , βm)A (3)

X = (x1, . . . , xn)T Z α i V K( S �K!��
1

与桑
Highlight



�V (2) ���� V, U i<L( M, S �..y'we: F n×1, F m×1 }�� 3SH
A : X 7→ AX aIT[EKTw A  /dkR����HP|I F n×1 K�F�( X1, . . . , Xni A  T�K( Y1, . . . , Yn, lW A(X1, . . . , Xn) = (Y1, . . . , Yn) 0 AK = T , %� K =

(X1, . . . , Xn), T = (Y1, . . . , Yn) + K a��W AK = T a.4 A = TK−1.g�k�W[Tw/d��fm� A(λX1 + X2) = λAX1 + AX2, fZWTw/dUMKSH A : X 7→ AX V7d�e/�VZ 3SH�;`�}� 3SHSZT~UKTw
A  /dO(KSH X 7→ AX.

4. +=D�a.8+=yn�Fe_ F F~UKv| 3e: V ℄ U }:K 3SH A : V → U K3{�.F|.� L(V, U). L(V, U) �aIUM7d�e/�. F FK 3e:�1U V ℄ U K( M℄ S }���| A ∈ L(V, U) \P[�FKTw A ∈ F m×n, u
\P�� σ : A 7→ A ��~? σ(A + B) = σ(A) + σ(B) / σ(λA) = λσ(A), Z F F 3e: L(V, U) H F m×nK���W dim F m×n = mn |I dim L(V, U) = (dim V )(dim U). F m×n K�8( E =

{Eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n} \P[ L(V, U) K( E = {Eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n}, %� Eij KTwZ Eij , � M = {α1, . . . , αn} K('w αj SH βi, �%\ αk (k 6= i) SH 0.

5. +=$dH+=Y�E U = V P� 3SH A : V → V - V FK +=$d. :P�8PE1 S = M , ESZi V K�F�( M �� α,A(α) ..!� X, Y , JH A : X 7→ Y = AX. A - 3�% A i( M �KTw�E U = F P� 3SH A : V → F - V FK +=Y�. :PaI�Z1 S = {1},��| b ∈ F  s�2K!�� A KTw A = (f(α1), . . . , f(αn)) ZF| n Æ2'w�- 3�e A i V K( M �KTw� V FrXK 3�e�.K 3e: L(V, F ) 4 
V ∗, s℄2'we: F 1×n ���N: dim V ∗ = n = dim V . V ∗ - V K A	yn.�!P&Is3

6.1.1.  [�rUMK�%'SH A, �,Z 3K��,�Z�
(1) e_ F F 3e: V K�% A : α 7→ λα + β, %� λ ∈ F ℄ β ∈ V b�~U�
(2) R 3e: R3 K�% A : (x, y, z) 7→ (x + y + 1, y − z, 2z − 3) ;

(3) F F 3e: F n×n K�% A : X 7→ 1

2
(X + XT ) ;

(4) se_ C F 3e:}:KSH A : Cn×m → Cm×n, X 7→ X
T

;

(5) �se_ C �Re_V^ Re_ R FK 3e:�SH A : C → R, z 7→ |z| ;

(6) �se_ C ^ C FK 3e:� C K�% A : z 7→ z .

(7) F F 3e:}:KSH A : F n×n → F, X 7→ detX ;

(8) F F 3e:}:KSH A : F n×n → F, X 7→ trX .

(9) F F 3e: F n×n K�% A : X 7→ AXA, %� A Z F n×n �~UKiw�
2



(10) F F 3e: F n×n K�% A : X 7→ XAX, %� A Z F n×n �~UKiw�r (1) E β 6= 0 P�W A(0) = β 6= 0 | A �Z 3�%�E β = 0 PZ 3�%�
(2) �Z�N A(0) = (1, 0,−3) 6= 0.

(3) Z�N A(λX+Y ) = 1
2
((λX+Y )+(λX+Y )T ) = λ1

2
(X+XT )+ 1

2
(Y +Y T ) =

λA(X) + A(Y ) \<L Y ∈ F n×n � λ ∈ F .s�
(4) �Z� 3SH A P\<L X ∈ Cm×n � λ ∈ C �� A(λX) = λA(X). DE

X 6= 0 P A(iX) = iX
T

= iX
T

= −iX
T 6= iA(X).

(5) �Z� 3�% A P�� A((−1)z) = (−1)A(z). DE z 6= 0 P A((−1)z) =

| − z| = |z| = A(z) 6= (−1)A(z).

(6) �Z� 3�% A P\<L λ, z ∈ C �� A(λz) = λA(z). D A(i1) = i1 =

−i = i1 = 6= iA(1).

(7) E n ≥ 2 P A �Z 3SH�E n = 1 P A(x) = x �8Z 3SH� 3SHP\<L X ∈ F n×n � λ ∈ F �� A(λX) = λA(X). DE detX 6= 0 + n ≥ 2 P
A(2X) = det(2X) = 2n detX 6= 2 detX = 2A(X).

(8) Z 3SH�\<L X, Y ∈ F n×n � λ ∈ F X A(λX + Y ) = tr (λX + Y ) =

λtr (X) + tr (Y ) = λA(X) + A(Y ).

(9) Z 3�%�\<L X, Y ∈ F n×n � λ ∈ F X A(λX + Y ) = A(λX + Y )A =

λAXA + AY A = λA(X) + A(Y ).

(10) E A 6= O P�Z 3�%� 3�%P�� A(2X) = 2A(X), ; X T A(X) =

XAX 6= O, l A(2X) = 4XAX 6= 2XAX = 2A(X). 2

6.1.2. (1) I A,B Z#FKR:dRm�:�C α, β K�%�℄m�.4 A,B KTw A, B, 3m BA KTw BA, s�WQ��%�
(2) Ii~C!�#F� x�:dRA�Pvi':�C α, β m�JH~ lα, lβ. A,BZ#FKRm��[~ lα, lβ  �\-K�%�℄m�.4 A,B KTw A, B, 3m BA KTw BA � AB KTw AB, s
m��WQ��%�

-

6
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O x

y

θ
α

r

P (x, y)

P ′
(x′, y′)

-

6

������1
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�
�
�
���

O

x

y

θ

lαr

P (x, y)

P ′
(x′, y′)

� 6 - 1

3



r (1) :��% A :
−→
OP 7→ −−→

OP ′ 1 OP K+W���|OP ′| = |OP |,qC 6 XOP =

θ n7 α �. 6 XOP ′ = θ + α. w�O��8('w e1, e2 m��.C�'w e
′
1, e

′
2, qCm�W 0, π

2
�. α, α + π

2
. N:

A(e1) = e
′
1 =

(

cos α

sin α

)

, A(e2) = e
′
2 =

(

cos(π
2

+ α)

sin(π
2

+ α)

)

=

(− sin α

cos α

)I e
′
1, e

′
2 vy�. A. �%�K α %. β JH B.

A =

(

cos α − sin α

sin α cos α

)

, B =

(

cos β − sin β

sin β cos β

)

BA =

(

cos β cos α − sin β sin α − cos β sin α − sin β cos α

sin β cos α + cos β sin α cos β sin α − sin β sin α

)

=

(

cos(β + α) − sin(β + α)

sin(β + α) cos(β + α)

)

BA �WK�% BA : X 7→ BAX Z:dR:�C β + α.

(2) �[~ lα K�\-�% A :
−→
OP 7→ −−→

OP ′, 1 |OP ′| = |OP |, +� OP KqC
θ �. θ′ T θ, θ′ K#\� θ′+θ

2
= α , <` θ′ = 2α − θ. N:

A(e1) =

(

cos 2α

sin 2α

)

, A(e2) =

(

cos(2α − π
2
)

sin(2α − π
2
)

)

=

(

sin 2α

− cos 2α

)

A =

(

cos 2α sin 2α

sin 2α − cos 2α

)

, B =

(

cos 2β sin 2β

sin 2β − cos 2β

)

,

BA =

(

cos 2β cos 2α + sin 2β sin 2α cos 2β sin 2α − sin 2β cos 2α

sin 2β cos 2α − cos 2β sin 2α sin 2β sin 2α + cos 2β cos 2α

)

=

(

cos 2(β − α) − sin 2(β − α)

sin 2(β − α) cos 2(β − α)

)

AB =

(

cos 2(α − β) − sin 2(α − β)

sin 2(α − β) cos 2(α − β)

)

.

BA �WK�% BA : X 7→ BAX Z:dR:�C 2(β − α), AB �WK�% AB :

X 7→ ABX Z:dR:�C 2(α − β). 2=Æ �zD..4�% A KTw�Z8Ub�zls
Z 3�%"�.Tw�N:aIW A(e1),A(e2) K!�vy�.Tw A. >{g(k�PE�{� A Z 3�%"�#TuCKmd�ESZ{� A �� A(α+β) = A(α)+A(β)� A(λα) = λA(α). {�E���I�W'w α =
−→
OA, β =

−−→
OB KX' Z OA, OB v� #2h�1 AOBC, l\C OC\PK'w −→

OC = α + β. E A Z:�'�\-�%�V1�%)�K�13L�� AOBC>�.#2h�1 A′OB′C ′, ug� A(α + β) =
−−→
OC ′ =

−−→
OA′ +

−−→
OB′ = A(α) + A(β).

4



niO�W −→
OP = λα ℄ −→

OA = α i'!� ('!g) |P��%JHK −−→
OP ′ = A(λα)℄ −−→

OA′ = A(α) i'>!� ('!g), + |OP ′| = |OP | = |λ||OA| = |λ||OA′|, ug�
−−→
OP ′ = λ

−−→
OA′, 0 A(λα) = λA(α).#F:dR�:�C α, h:� β, W1�|S|I�K+�Z:dR:�C β + α. ��[~ la  �\- A :

−→
OP 7→ −−→

OP ′ ��|'w −→
OP KqC θ �. θ′ = 2α − θ, h�[ lβ �\- B :

−−→
OP ′ 7→ −−→

OP ′′ �qCW θ′ �H 2β − θ′ = 2β − (2α− θ) = θ + 2(β − α), s��% BA :
−→
OP 7→ −−→

OP ′′ ��| −→
OP KqC θ 7 2(β − α) �. θ + 2(β − α), +�Z:dR:�C 2(β − α). �o� AB K+�Z:dR:�C 2(α − β) = −2(β − α). AB ℄ BA Z!gi'Kv|:�� AB = (BA)−1. 2

6.1.3. W 2 Ga�Riw A i~C!�# R2 FUMa� 3�% A :

(

x

y

)

7→

A

(

x

y

)

.

(1) A �#2h�1 ABCD �H#2h�1 A′B′C ′D′, �� 6–2. .{�
-

6

�
�

�
��

PPPP

�
��

@
@

@
@I @

@
@

@I

�
��

�
�

�
��

PPPP

O x

C

y

A

BA′

B′

D′

C ′

D� 6 - 2�%���%)K*� k =
SA′B′C′D′

SABCD
= | detA|.W:aIJ4#F<��1P��% A }�K*�%)K | detA| Æ�

(2) T 3�% A
(

x

y

)

=

(

1 0

0 b
a

)(

x

y

) �e C : x2 + y2 = a2 �.�e
C1 :

x2

a2
+

y2

b2
= 1. qT C1 ℄ C K*�J4�e C1 *�V�

(3) �4�K�1P� 3�% A :

(

x

y

)

7→
(

1.2 −0.8

−0.4 1.1

)(

x

y

) JHK�1�r (1) I A, B, D K!�m� X1, X2, X4, ..y'w1V�l A′, B′, D′ K!�m� AX1, AX2, AX4,
−→
AB = X2−X1,

−−→
AD = X4−X1,

−−→
A′B′ = AX2−AX1 = A(X2−X1),

5



1 2 3 4

1

2

3

4

� 6 - 3

−−→
A′D′ = AX4 − AX1 = A(X4 − X1).

SABCD = | det(
−→
AB,

−−→
AD)| = | det(X2 − X1, X4 − X1)|,

SA′B′C′D = | det(
−−→
A′B′,

−−→
A′D′)| = | det(A(X2 − X1), A(X4 − X1))|

= det(A(X2 − X1, X4 − X1)) = | detA|| det(X2 − X1, X4 − X1)|,

k =
SA′B′C′D′

SABCD

= | detA| .#F�|�1VaINiO m.Cx|
*Kzi1��1* S NiOL[rXu,*zi1*}� Σ.  3�%��|*zi1�.#2h�1�*/ | detA|, *}� Σ E/ | detA| �. | detA||Σ|. Ezi1�+ x → 0 P Σ K,�L[ S, P� 3�%�.K�1* | detA|S, Zdk*K S Æ�
(2)  3�% A Kiw A = diag(1, a

b
) K2yV detA = a

b
, A �rXK*k�HdkK a

b
Æ��e* S k�e* πa2 = a

b
S, S = b

a
πa2 = πab.

(3)

� 6 - 4

6.1.4. H| α1 = (1,−1, 1), α2 = (1, 2, 4), (1,−2, 4); β1 = (1,−1), β2 = (1,−2), β3 =

(1, 2).

(1) Zp=i 3SH A : R3 → R2 � α1, α2, α3 m�SH β1, β2, β3?

(2) Zp=i 3SH A : R2 → R3 � β1, β2, β3 m�SH α1, α2, α3 ?
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r (1) � αi, βi ..y'w1V ai,bi. l� A : X 7→ AX ��D. ⇔ Aai = bi

(∀ 1 ≤ i ≤ 3) ⇔ A(a1, a2, a3) = (b1,b2,b3) 0 AK = B, %�
K = (a1, a2, a3) =









1 1 1

−1 2 −2

1 4 4









, B = (b1,b2,b3) =

(

1 1 1

−1 −2 2

)

m�ZI ai }y� bi }y�.KTw�W[ detK = 12 6= 0, K a��i0 AK = BX�FJ A = BK−1. Iu| A TwK 3SH A : X 7→ AX ��~?�
(2) A : X 7→ A1X ��D. ⇔ A1B = K ⇔ K K}2Z B K}2K 3���
M Za�iw�sKD2 3���` B Kv|2'w 3��K 3 |'w�8 3!�`�� 3���N:�=i��D.KTw A1, ES�=i��D.K 3SH A. 2=Æ qT3m)B?a.4P (1) *zK 3SHKTw

A = BM−1 =

(

1 0 0

−8
3

−1 2
3

)

.F
O�\ F n �K<LF�( {α1, . . . , αn} �<L F m �<L n |'w β1, . . . , βn, �CaI� αi, βi V..y'wK1V ai,bi, �.Tw K = (a1, . . . , an), B = (b1, . . . ,bn), l
K a��IK �|TwKi0 AM = B FUX�FJ A = BK−1, a=FUX�FK 3SH A : X 7→ AX � α1, . . . , αn m�SH β1, . . . , βn. g�k��� α1, . . . , αk  3!��l�FU=i 3SH� α1, . . . , αk SH<L k |'w β1, . . . , βk. r��E rank {α1, . . . , αk} <

rank {β1, . . . , βk} PuCK A dU�=i�D!�HP<1�	RJ4��CKI���DM = {α1, . . . , αn} Z V KF�(�i UK<F�( S �.4 U �<L n |'w β1, . . . , βn K!� A1, . . . , An, G:Iu,!�}y�.Tw A. li( M, S �I A TwK 3SH A : X 7→ AX S� α1, . . . , αn m�SH β1, . . . , βn. i M, S 6U}�� A W β1, . . . , βn �FYU�u{�x�>} \ V K<LF�( S = {α1, . . . , αn} � U �<L n |'w�=i�FK 3SH
A � α1, . . . , αn m�SH β1, . . . , βn.�� α1, . . . , αk ∈ V  3��D�FUZF�(�lsaIj2 V KF�( M =

{α1, . . . , αn}. \<L β1, . . . , βk ∈ U , aI<1 βk+1, . . . , βn ∈ U , l=i 3SH A ��| αi 7→ βi (1 ≤ i ≤ n), A E8� α1, . . . , αk m�SH β1, . . . , βk. ug� V � 3��K'waIi 3SH�SH<L k |'w�DE β1, . . . , βk ~U}�>aI<Lv� βk+1, . . . , βnJH��K A, u,��K A V� α1, . . . , αk m�SH β1, . . . , βk.�� α1, . . . , αk  3!��,gS��x��� 3�%A���s
m�SH β1, . . . , βk,l A(λ1α1 + · · ·+λkαk) = λ1β1 + · · ·+λkβk .s�DE α1, . . . , αk  3!�P=i�3 0K λ1, . . . , λk T λ1α1+· · ·+λkαk = 0, 5Xa�\�, β1, . . . , βk X λ1β1+· · ·+λkβk 6= 0,
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(r��E β1, . . . , βk  3��PSZ�:),  3�%�8���{'w λ1α1 + · · ·+λkαk = 0SHl{'w λ1β1+· · ·+λkβk. R6F�E M = {α1, . . . , αk}  3!�P=i 3SH A �
M K,� 3���M0 = {αi1 , . . . , αir}�K'wm�SH βi1 , . . . , βir . S �%\'w αi V��FO..M0 K 3�� αi = x1αi1 +· · ·+xrαir , [ZPX A(αi) = x1βi1 +· · ·+xrβir .�� x1βi1 + · · ·+ xirβir 6= βi, Sg�rD.K 3SH�=i�Irz 6.1.4(2) r��
X β3 = 4β1 − 3β2, ��=i A �� A(β1) = α1,A(β2) = α2, l

A(β3) = A(4β1 − 3β2) = 4A(β1) − 3A(β2) = 4α1 − 3α2

= (1,−10,−8) 6= α3 = (1,−2, 4)a=rD.K 3SH�=i�iD!�T 3SHK^��dxIFIo��z�lZ��Tw3mk{��CKIo�
2

6.1.5. .Re_ R F n Æ 3e: Rn[x] = {a0 + a1x + · · · + an−1x
n−1 | ai ∈

R, ∀ 0 ≤ i ≤ n − 1} KF�[EK(�T
E�% D : f(x) 7→ f ′(x) iu�(�KTw














0 1

0
. . .
. . . 1

0















.r u�( {f1(x), . . . , fn(x)} �K_%V fi(x) P�� f ′
k(x) = fk−1(x), ∀ 1 ≤ i ≤ n.ESZg��| fk(x) Z fk−1(x) KF|d�e�r��W f1(x) = 1, f2(x) = x, f3(x) = 1

2
x2, . . ., fk(x) = 1

(k−1)!
xk−1, . . ., fn(x) =

1
(n−1)!

xn−1 �.K(r�D.� 2=Æ �MF��\<L*e a, W fk(x) = 1
(k−1)!

(x − a)k−1 (1 ≤ k ≤ n) �.K(Er�D.� f(x) ..u�(�K 3�� f(x) = c0 + c1(x − c) + · · · + ck−1

(k−1)!
(x − a)k−1 +

· · · + cn−1

(n−1)!
(x − a)n−1 SZ f(x) i a Ktmo℄��e ck−1 = f (k−1)(a) Z f(x) i a K

k − 1 GGe� 2

6.1.6. .�y 3�% A ir�UK( M �KTw�
(1) R3 �K�R�% A(x, y, z) = (x, y, 0), M = {(1, 0, 0), (0, 1, 0), (0, 0, 1)};
(2) ;eM[ n K_%V�.Ke: Rn[x] K�K
E�% A : f(x) 7→ f ′(x), M =

{1, x, x2, . . . , xn−1}.
(3) �se_ C ^ Re_ R F 3e:� C K 3�% A : z 7→ (a + bi)z, (

M = {1, i}, %� a, b Z~UKRe�
8



r (1) W A(1, 0, 0) = (1, 0, 0),A(0, 1, 0) = (0, 1, 0),A(0, 0, 1) = (0, 0, 0) J
A =









1 0 0

0 1 0

0 0 0









(2) W (xk−1)′ = (k − 1)xk−2 (∀ 1 ≤ k ≤ n) J
A =





















0 1

0 2

0
. . .
. . . (n − 1)!

0





















.

(3) A(1) = (a + bi)1 = a + bi, A(i) = (a + bi)i = −b + ai. N:
A =

(

a −b

b a

)

2

6.1.7. I 3�% A � α1 = (0, 0, 1), α2 = (0, 1, 1), α3 = (1, 1, 1) m��%H
Aα1 = (2, 3, 5), Aα2 = (1, 0, 0), Aα3 = (0, 1,−1). m�. A i F 3 K�8( {e1, e2, e3}I/( {α1, α2, α3} �KTw�r I A i�8( E �KTwZ A, li�8( E �!� X K'w� A �. AX.z�Ke�'w αi,A(αi) (1 ≤ i ≤ 3) �KSZs
i�8(�K!���u,!�V..y'wK1V�l αi (1 ≤ le3) K!� ai ℄ A(αi) K!� bi }:X�� Aai = bi. 4

M = (a1, a2, a3) =









0 0 1

0 1 1

1 1 1









, K = (b1,b2,b3) =









2 1 0

3 0 1

5 0 −1







m�ZI a1, a2, a3 � b1,b2,b3 Dy�.KTw�lW Aai = bi (1 ≤ i ≤ 3) |
AM = K ⇒ A = KM−1 =









−1 −1 2

1 −3 3

−1 −5 5









A i( S = {α1, α2, α3} �KTw B K}ym�L[('w αi K( A(αi) i( S �K!� Yi, B = (Y1, Y2, Y3).F
O�'w β i S �K!� Y = (y1, y2, y3)
T ��~?

β = y1α1 + y2α2 + y3α3 (1)
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�e�'w β, α1, α2, α3 m�..y'w b, a1, a2, a3 K1V�lLV (1) .
b = y1a1 + y2a2 + y3a3 = (a1, a2, a3)









y1

y2

y3









= MYw�O� A(αi) i( S �K!� Yi �� bi = MYi. N: (b1,b2,b3) = M(Y1, Y2, Y3), 0
K = MB ⇒ B = M−1K =









2 0 −2

1 −1 1

2 1 0









. 2

6.1.8. I A : F 1×3 → F 1×2, (x1, x2, x3) 7→ (x1, x2, x3)









1 2

2 3

3 4









.

(1) .{ A Z 3SH��.4 A i F 1×3, F 1×2 K�8(�KTw�
(2) . A i( M1 = {α1, α2, α3}, M2 = {β1, β2} �KTw�%�

α1 = (1, 1, 0), α2 = (1, 0, 1), α3 = (0, 1, 1); β1 = (1, 0), β2 = (1, 1) .r (1) 4
X = (x1, x2, x3), A =









1 2

2 3

3 4







lW A(X) = XA |\<L X1, X2 ∈ F 1×3 / λ ∈ F X
A(λX1 + X2) = (λX1 + X2)A = λ(X1A) + X2A = λA(X1) + A(X2)u{�x A Z 3SH�F 1×3, F 1×2 �K'w X, Y i�8(�K!�SZs
�K�..y'wK1V XT , Y T . lW Y = A(X) = XA J Y T = AT XT , A i�8(�KTw

AT =

(

1 2 3

2 3 4

)

(2) � αi, βj ..y'wK1V ai,bj ��.Tw
P = (a1, a2, a3) =









1 1 0

1 0 1

0 1 1









, K = (b1,b2) =

(

1 1

0 1

)l A i( M1, M2 �KTw B = (Y1, Y2, Y3) KP i y Yi = (y1i, y2i)
T Z A(αi) = AT

aii( M2 �K!����~? AT
ai = y1ib1 + y2ib2 = KYi. [Z (AT

a1, A
T
a2, A

T
a3) =

K(Y1, Y2, Y3), 0 AT P = KB.

B = K−1AT P =

(

1 1

0 1

)−1 ( 1 2 3

2 3 4

)









1 1 0

1 0 1

0 1 1









=

(−2 −2 −2

5 6 7

)

. 2
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6.1.9. I V = F 2×2, A =

(

a b

c d

)

∈ F 2×2. 1 V K( M = {E11, E12, E21, E22},%�
E11 =

(

1 0

0 0

)

, E12 =

(

0 1

0 0

)

, E21 =

(

0 0

1 0

)

, E22 =

(

0 0

0 1

)

(1) UM A KY/�% AR : V → V, X 7→ XA. . AR i( M �KTw�
(2) UM V K 3�% B : X 7→ AX − XA, {� B �a��
(3) \<L 2 Giw A, B, i V = F 2×2 �UM 3�% AL : X 7→ AX, BR : X 7→

XB. .{�0T AB 6= BA, EX ALBR = BRAL.r (1) M K}|('w E11, E12, E21, E22 � AR  Tm�JH
E11A =

(

a b

0 0

)

, E12A =

(

c d

0 0

)

, E21A =

(

0 0

a b

)

, E22A =

(

0 0

c d

)�s
m�i( M �K!�..y'w�G;�.Tw
P =















a c 0 0

b d 0 0

0 0 a c

0 0 b d













SZ�% AR i( M �KTw�
(2) B �rXK9ww λI VSH B(λI) = A(λI)− (λI)A = O. w�Z�{iw O �C�iw I VSH�F|& O, g� B �ZCH�a=s�a��
(3) \<L X ∈ V , X (ALBR)X = A(XB) = (AX)B = (BRAL)X, a= ALBR =

BRAL. 2=Æ �zK'we: V K'wVZiw�EVZe�'w�D5�Z..F2E�Z..Fy�`Z..v2vyKTw�uC"���Tw A Y/��/�Di. 3�% AR KTw P KP��>�6�}|('wK& AR(Eij) = EijA K!�.. 4 Æy'w��. 4 Giw P . n8 P KkVk� A, D P ℄ A Z��K�s
i V FK TiVE��� A K T AR : X 7→ AX Z<Y�2/ V �K�| 2 Giw X; T P  Tl4D�� 2 Giw
X =

(

a b

c d

) i(�.. 4 Æy'w ξ = (a, b, c, d)T  !��hT 4 Giw P �/ ξ, 0
AR : ξ 7→ Pξ. Y/�% AR : X 7→ XA ℄�/�% AL : X 7→ AX ZT�F|iw<v|��Ki'/ X, `� X ..!� (4 Æy'w) ξ }�� AR : ξ 7→ Pξ ℄ AL : ξ 7→ Kξ lZT��Kiw P, K V<��/ ξ.�zP (3) *zK (ALBR)X Z� X �Y/ B h�/ A, JH A(XB). ` (BRAL)XlZ� X ��/ A hY/ B JH (AX)B. (AX)B = A(XB) ZW[Tw/dKI���℄
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A, B ZpB%�X����� A, B VZ�/ ('VZY/), lE AB 6= BA P (ALBL)X =

A(BX) ℄ (BLAL)X = B(AX) S�a��!L���\ A = (aij)2×2 ℄ B = (bij)2×2 m�.4 AL, BR i�F�(�KTw K, P , l
P =















b11 b21 0 0

b12 b22 0 0

0 0 b11 b21

0 0 b12 b22















, K =















a11 0 a12 0

0 a11 0 a12

a21 0 a22 0

0 a21 0 a22













	'��O
 A, B !/Xa��B%�D P, K !/FUZB%K�uZorE8K�58�/�% AL : ξ 7→ Kξ ℄Y/�% BR : ξ 7→ Pξ B%�s
KTw K, P !/E8ZB%K��zP (2) *z�� B ���K'w O, I SH�F| O |I B �ZCH�N`�a��$aI�� B �Z�Hkg� B �a��\<L X, W B(X) = AX −XB | tr (B(X)) =

tr (AX − XA) = tr (AX) − tr (XA) = 0, a=E Y ∈ F 2×2 K+ tr Y 6= 0 P�=i X T
B(X) = Y . r� tr I = 2 6= 0, N:�=i X T B(X) = I, a= B �Z�H�uE�Ig� B �a�� 2

6.1.10. ie_ F F x K3{_%V�.Ke: F [x] �UM 3�%
A : f(x) 7→ f ′(x) / B : f(x) 7→ xf(x). {�� AB − BA = I.T� \<L f(x) ∈ F [x], X

(AB − BA)f(x) = (xf(x))′ − xf ′(x) = (f(x) + xf ′(x)) − xf ′(x) = f(x) = If(x),u{�x AB − BA = I. 2

6.1.11. I Fn[x] Ze_ F F;eM[ n KF_%V�.K n Æe:� A : f(x) 7→
f(x + 1) ℄ D : f(x) 7→ f ′(x) Z Fn[x] K 3�%�.{�

A = I +
D
1!

+
D2

2!
+ · · ·+ Dn−1

(n − 1)!
.T� f(x) ∈ F [x] i c  tmo℄V�J�

f(x) = f(c) +
f ′(c)

1!
(x − c) +

f (2)(c)

2!
(x − c)2 + · · · + f (n−1)(c)

(n − 1)!
(x − c)n−1iIFLV�� x, c m�|%. x + 1, x, l x − c |%. 1, JH�

f(x + 1) = f(x) +
f ′(x)

1!
+

f (2)(x)

2!
+ · · ·+ f (n−1)(x)

(n − 1)!

=

(

I +
D
1!

+
D2

2!
+ · · ·+ Dn−1

(n − 1)!

)

f(x)

12



%� f(x + 1) = A(f(x)). uS{�x
A = I +

D
1!

+
D2

2!
+ · · ·+ Dn−1

(n − 1)!
. 2

6.1.12. I A ZRK m × n w�.{� tr (AT A) = 0 K2m�D~? A = 0.T� � A = (aij)m×n �ymf�.. A = (a1, . . . , an), %� aj = (a1i, . . . , ami)
T Z

A KP j y�l a
T
j = (a1j , . . . , amj) Z AT KP j 2� B = AT A = (bij)n×n K\C
bjj = a

T
j aj = (a1j, . . . , amj)









a1j
...

amj









= a2
1j + · · ·+ a2

mjL[ A KP j y}kK#i��N: tr (AT A) = tr B = b11 + · · ·+ bnn L[ A K}y#i�}��
tr (AT A) =

n
∑

j=1

∑

i=1

a2
ijESZ A KrXKkK#i��N:

tr (AT A) = 0 ⇔ aij = 0 (∀ i, j) ⇔ A = O 2=Æ + tr : A 7→ trA ℄2yV det : A 7→ detA VZiwe: V = F n×n H9we: F �KSH�ESZ V FK�e��+VZI A K n2 |k aij ��wK_%V�e� tr A =
∑

aii K�% aii VZF;%�ESZ n2 |��w aij K 3�e���~?
tr (λA + B) = λtr (A) + tr (B), Z V FK 3�e�` detA =

∑

δ(j1 · · · jn)a1j1 · · ·anjnK�%VZ n ;%���� det(A+B) = detA+ detB `�� det(AB) = ( detA)( detB).|Fi� tr ℄Tw/dK��Z tr (AB) = tr (BA). �F|r��D{�� V FWXu|3�K 3�e℄ tr �!(F|*eÆ��zK “Z*” Z� tr (AT A) L[ A K}kK#i���D^4uFR��zSQ=`Jx�� A ..�ymf1V A = (a1, . . . , an) }�� AT A KP (i, j)  a
T
i aj =

a1ia1j + · · · + amiamj SZ A KP i, j vyK�*� AT A SZ A K}y!��*K “F��”. �*ZbÆ'DÆ1�e:�\'wM2WwK�D�e�WsaIm4+W�CW�D!
[1] P 9 p�\ n Æe:K�*M2"�Kv���+� AT A un “F��” - A Ky'w�K “Wwiw”. �su|	R� AT A KP i |\CSZ A KP i y ai ℄�2K�*�L[}kK#i�� tr (AT A) E8SZ A K}kK#i���� A Zse_FKTw�#i�L[ 0 ��{ A = O, D� AT A %. A

T
A, lP (i, i) \C

a1ja1j + · · · + amjamj = |a1j |2 + · · ·+ |amj |2L[}k�K#i��>aW tr (A
T
A) = 0 JH A = O. 2

6.1.13. I f Z F n×n FK 3�e�+ f(AB) = f(BA) \<L A, B ∈ F n×n .s�.{�=i*e c ∈ F T f = c tr .
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T� E n = 1 P� A = a Z9w�I f(1) = λ, l f(A) = f(a1) = af(1) = aλ =

λtrA. f = λ tr .s�I�I n ≥ 2. f Wsi F n×n KF�( M = {Eij | 1 ≤ i, j ≤ n} FK TYU�%�
Eij �WP (i, j)  1 �%\k3 0 KTw�\<L k, i, t, j, A = (aij)n×n, X EkiEij = Ekj , +E i 6= t P EkiEtj = O. N:

f(Eij) = f(EiiEij) = f(EijEii) = f(O) = 0

f(Eii) = f(Ei1E1i) = f(E1iEi1) = f(E11)

f(A) = f(
∑

1≤i,j≤n

aijEij) =
∑

1≤i,j≤n

aijf(Eij)

= (a11 + · · ·+ ann)f(E11) = c trA%� c = f(E11). uS{�x f = c tr . 2
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§ 6.2 e(&fU�7[
1. h$dHd'$d I M1 = {α1, . . . , αn} ℄ M2 = {β1, . . . , βn} Z 3e: V Kv�(� M2 ��|'w

βj = p1jα1 + · · ·+ pnjαn = (α1, . . . , αn)Pj%�y'w Pj = (p1j , . . . , pnj)
T Z βj i( M1 �K!��G;I P1, . . . , Pn }y�.Tw P = (P1, . . . , Pn) = (pij)n×n, -( M1 H M2 K W�uN. lv�(}:X�%�V
(β1, . . . , βn) = (α1, . . . , αn)P ((�%�V)i(�%�V��}|'w αi, βj m�Ts
i V K�F�( M �K!� (..y'w1V)ai,bj A|�l(�%�V�.

T = KP ((�%�VTw1V)%� K = (a1, . . . , an) ℄ T = (b1, . . . ,bn) m�I} ai � bj }y�.�W T = KP J
P = K−1T (�XTw3m�V)��1 M = M1, l K = (e1, . . . , en) = I, K = P . ��1 M = M2, l T = I, K = P−1Z( M2 H M1 K�XTw�I�F'w α i( M1, M2 �K!�m�Z X = (x1, . . . , xn)T , Y = (y1, . . . , yn)T . l

α = x1α1 + · · ·+ xnαn = y1β1 + · · ·+ ynβn� αi, βj �s
i�F�( M �K!� (y'w) ai,bj |%�LV�.
x1a1 + · · ·+ xnan = y1b1 + · · ·+ ynbn ⇒ KX = TYw�O�1 M = M1, l K = I, T = P , JH

X = PY (!��%�V)g�k�X Y = P−1X.

2. +=D�K)#h)8uNI A : V → U Z 3SH� V K( M1 H M2 K�XTwZ P , U K( S1 H S2 K�XTwZ Q. l<F α ∈ V i M1, M2 �K!� X, ξ }:X�%�� X = Pξ, A(α) ∈ Ui S1, S2 �K!� Y, η }:X�%�� Y = Qη. I A i( M1, S1 �KTw A, A i( M2, S2 �KTw B. l Y = AX, η = Bξ. � X = Pξ, Y = Qη AA Y = AX J
Qη = APξ, <` η = Q−1APξ. uSJH
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B = Q−1APug���F| 3SHi��(�KTw A ℄ B !N�E U = V P� 3SH A : V → U Z 3�%�:P S1 = M1, S2 = M2, Q = P ,

B = P−1AP��:~?Kiw A, B -!i�E U = F P� A : V → F Z V FK 3�e�:P S1 = S2 = {1}, Q = 1, �F 3�e A i V K��(�KTw A, B (VZ2'w) K�%��Z
B = AP�!P&Is3

6.2.1. H|R3 Kv�(M1 = {α1, α2, α3}, M2 = {β1, β2, β3},%� α1 = (1, 2, 3), α2 =

(2, 1, 0), α3 = (1, 0, 0); β1 = (1, 1, 2), β2 = (2, 1, 3), β3 = (4, 3, 8).

(1) .( M1 H M2 K�XTw�
(2) m�.'w α = α1 + 3α2 − 4α3 i( M1 � M2 �K!��
(3) R3 K 3�% A � α1, α2, α3 m�SH β1, β2, β3, m�. A iv�(�KTw�r (1) �XTw P �� (β1, β2, βn) = (α1, α2, α3)P . �%�K'w αi, βi m�..y'w1V ai,bi AAJ T = KP , %�

K = (a1, a2, a3) =









1 2 1

2 1 0

3 0 0









, T = (b1,b2,b3) =









1 2 4

1 1 3

2 3 8







W T = KP J
P = K−1T =









2
3

1 8
3

−1
3

−1 −7
3

1 3 6









(2) α = α1 + 3α2 − 4α3 i M1 �K!� X = (1, 3,−4)T , i M2 �K!� Y ��!��%�V X = PY , <` Y = P−1X = (17, 3,−5)T .

(3) �L P = (Y1, Y2, Y3) KP i y Yi Z βi i M1 �K!�� P−1 = (X1, X2, X3)KP i y Xi lZ αi i M2 �K!��I A i( M1, M2 �KTwm�Z A, B. �LV A(αi) = βi (i = 1, 2, 3) v�K'w
αi, βi i( M1 �..!� (y'w) ei, Yi, lLV. A : ei 7→ Yi = Aei, 0

A(e1, e2, e3) = (Y1, Y2, Y3) ⇒ AI = P ⇒ A = P�LV A(αi) = βi v�K'wi( M2 �..!��J BXi = ei (i = 1, 2, 3) <`
B(X1, X2, X3) = (e1, e2, e3) ⇒ BP−1 = I ⇒ B = P

A iv�( M1, M2 �KTwVZ P . 2
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=Æ �F 3�% A iv���( M1, M2 �KTw A, B }:X�� B = P−1AP ,%� P Z M1 H M2 K�XTw�Di�zP (3) *z�� A = P ℄ P B%�N:
B = P−1PP = P = A. � []

6.2.2. I F [x]n Ze_ F F;eM[ n K3{_%V�.K n Æ 3e:� M =

{1, x, x2, . . ., xn−1} ZsKF�(�I 1, ω1, . . . , ωn−1 G;Zi0 xn − 1 = 0 K3�se��%� ωi = cos 2π
n

+ i sin 2π
n

(0 ≤ i ≤ n − 1). \�| 1 ≤ i ≤ n, 1
fi =

∏

0≤j≤n−1, j 6=i

(x − ωj).

(1) .{� M1 = {f0, f1, . . . , fn−1} Z F [x]n KF�(�
(2) . M H M1 K�XTw�r (1) H| n |_%V�.K.� M Z Fn[x] KF�(�N: dim Fn[x] = n. M1 EW n |_%V�.��D{� M1  3���l M1 EZ Fn[x] KF�(��L�| fi(x) �� fi(ωj) 6= 0, (∀ 0 ≤ j ≤ n − 1, j 6= i), + fi(ωi) 6= 0. I

λ0, . . . , λn−1 ��~?
λ0f0(x) + λ1f1(x) + · · ·+ λnfn(x) = 0\�| 0 ≤ i ≤ n − 1, � x = ωi AAIFLV�J λifi(ωi) = 0, W fi(ωi) 6= 0 J λi = 0.uS{�x M1  3���Z Fn[x] KF�(�

(2) \�| 0 ≤ i ≤ n − 1, } x = ωiy, l
fi(x) =

∏

0≤i≤n−1,j 6=i

(ωiy − ωj) = ωn−1
i

∏

1≤k≤n−1

(y − ωk)

= ωn−1
i

yn − 1

y − 1
= ωn−1

i (yn−1 + yn−2 + · · · + y + 1)

= (ωiy)n−1 + ωi(ωiy)n−2 + · · ·+ ωn−2
i (ωiy) + ωn−1

i

= xn−1 + ωix
n−2 + · · ·+ ωn−2

i x + ωn−1
i

fi i( M �K!� Xi = (ωn−1
i , ωn−2

i , . . . , ωi, 1)T . G;Iu,!�}y�.KTw
P = (X0, . . . , Xn−1) =





















1 ωn−1
1 · · · ωn−1

n−1

1 ωn−2
1 · · · ωn−2

n−1
...

... · · · ...

1 ω1 · · · ωn−1

1 1 · · · 1



















SZ M H M1 K�XTw� 2

6.2.3. I A i( {α1, α2, α3} �KTw A =









1 2 3

3 1 2

2 3 1









, . A i�y(�KTw�
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(1) {α3, α1, α2}; (2) {α1 + α2 + α3, α1 + α2, α2 + α3}.r I( M = {α1, α2, α3} H M1 K�XTw P , l A i( M1 �KTw B =

P−1AP .

(1)

P =









0 1 0

0 0 1

1 0 0









, B = P−1AP =









1 2 3

3 1 2

2 3 1









(2)

P =









1 1 0

1 1 1

1 0 1









, B = P−1AP =









6 4 6

0 −1 −1

0 1 −2









. 2

6.2.4. I Rn[t] ZRe_ R FI t ���;e < n K_%V/{�.K 3e:�
V = {f(cos x) | f ∈ R[x]}. ℄.4 V �K( M1 = {1, cos x, cos2 x, . . . , cosn−1 x} H
M2 = {1, cos x, cos 2x, . . . , cos(n − 1)x} K�XTw�r 4D� M2 �K�|('w cos mx .. M1 K 3���ESZ.. cos x K_%V��seLV cos mx + i sin mx = (cos x + i sin x)m Y�o℄��ELVv�KR��J

cos mx =
[m/2]
∑

k=0

C2k
m cosm−2k(− sin2 x)k =

[m/2]
∑

k=0

C2k
m cosn−2k x(cos2 x − 1)k

=
[m/2]
∑

k=0

C2k
m cosm−2k x

k
∑

t=0

(−1)tCt
k cos2(k−t) x =

[m/2]
∑

t=0

λtm cosm−2t x

λtm = (−1)t
[m/2]
∑

k=t

C2k
m Ct

k%� [m/2] Z�,� m/2 K��ye��L%� cosm x K�e λ0m = C0
m + C2

m + · · · + C2[m/2]
m = 2m−1. uZN 2m =

(1 + 1)m = Cm0 + C1
m + · · ·+ Cm

m , + 0 = (1− 1)m = C0
m −C1

m + C2
m − · · ·+ (−1)mCm

m<` C0
m + C2

m + · · · = C1
m + C3

m + · · · = 1
2
2m = 2m−1.uCSJH M2 �}'w cos mx i M1 �K!� Xm. r�� 1, cos x K!�m�Z

X0 = (1, 0, . . . , 0)T , X1 = (0, 1, 0, . . . , 0)T , `
cos 2x = −1 + 2 cos2 x, cos 3x = −3 cos x + 4 cos3 x,

cos 4x = 1 − 8 cos2 x + 8 cos4 x, cos 5x = 5 cos x − 20 cos3 x + 16 cos5 xK!�G;Z
X2 = (−1, 0, 2, 0, . . . , 0)T , X3 = (0,−3, 0, 4, 0, . . . , 0)T
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X4 = (1, 0,−8, 0, 8, 0, . . . , 0)T , X5 = (0, 5, 0,−20, 0, 16, 0, . . .)TF
O� cos mx K!� Xm = (x0m, . . . , xn−1,m)T , %� xm−2t,m = λtm (∀0 ≤ t ≤ [m/2]),%\ xim = 0. G;I X0, X1, . . . , Xn−1 }y�.KTw P SZ M1 H M2 K�XTw�
P =



























1 0 −1 0 · · · x0,n−1

1 0 −3 · · · x1,n−1

2 0 · · · x2,n−1

4
. . .

...
. . . 0

2n−2



























2
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§ 6.3 5I℄U�7[
1. +=D�84H\ 3SH A : V → U K( ImA = A(V ) = {A(α) | α ∈ V }, Z U K�e:�� KerA = A−1(0) = {α ∈| A(α) = 0}, Z V K�e:�
2. uN�8}1 V, U K( M, S � V, U �K'wT!� (y'w) �W�l 3SH A : X 7→ AX,

A Z A i( M, S �KTw�
ImA = {AX | X ∈ F n×1} W A Ky'wK3{ 3���.�SZ A Ky'we:�

dim ImA = rankA. �+UM A K� rankA = dim ImA = rankA.

KerA = {X ∈ F n×1 | AX = 0} SZ'; 3i0� AX = 0 KJe:�
dim KerA = n − rank A = dim V − dim ImA

3. k_�81 KerA K( {u1, . . . , uk} j2 V K( M1 = {α1, . . . , αr, u1, . . . , uk}, l
{A(α1), . . . ,A(αr)} Z ImA K(�aIj2 U K( S1. W:a|

dim V = n = r + k = dim ImA + dim KerA
A i( M1, S1 �KTw

D =

(

I(r) O

O O

)W:$a|<�Tw!N[Fd��1 D.�!P&Is3
6.3.1. I V K 3�% A i(M = {α1, α2, α3} �KTwZ A =









1 −3 2

−3 9 −6

2 −6 4









.

(1) . KerA � ImA ;

(2) � KerA KF�(j2 V KF�( M1, . A i M1 �KTw�r (1) ��3L2�%� A !�;Gx1
A =









1 −3 2

−3 9 −6

2 −6 4









→ T =









1 −3 2

0 0 0

0 0 0







i0� AX = 0 K�J {(3c1 − 2c2, c1, c2) | c1, c2 ∈ F}, rA�K'w�.�e:
KerA = {(3c1 − 2c2)α1 + c1α2 + c2α3 | c1, c2 ∈ F}
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A KP 1 y (1,−3, 2)T �.y'w�K,� 3����N.y'we:�rA�K'w
{c,−3c, 2c) | c ∈ F} �.(e:

KerA = {cα1 − 3cα2 + 2cα3 | c ∈ F}
(2) KerA K('w β1 = 3α1 + α2 ℄ β2 = −2α1 + α3 }7 β3 = α1 �. V K(

M1 = {β1, β2, β3}. .4W( M H M1 K�XTw P , l A i M1 �KTw B = P−1AP .

P =









3 −2 1

1 0 0

0 1 0









, B = P−1AP = P−1









0 0 1

0 0 −3

0 0 2









=









0 0 −3

0 0 2

0 0 14









. 2=Æ ( M1 W KerA K( {β1, β2} j2`k�N: A(β1) = A(β2) = 0. B K)vy�8{�\F
K 3SH A : V → U , � KerA K( {u1, . . . , uk} j2 V K(
M1 = {u1, . . . , un}, <1 U K( S1, l A i( M1, S1 �KTw B K) k y3{���� KerA K('w�ij2K'wK���.(M2 = {uk+1, . . . , un, u1, . . . , uk}, l A i
M2, S1 �KTw� k y3{� 2

6.3.2. I Rn[x] Z;e < n KR�e_%V/{�.K 3e:� Rn[x] FK�%
D : f(x) 7→ f ′(x) ��|_%VSHsKGe�

(1) . D K(��/%Æe��B{ dim KerD + dim ImD = n .s�
(2) Rn[x] ZpL[ D K(℄�K~��Q��r (1) KerD = {f(x) ∈ Rn[x] | Df(x) = 0} = R},

ImD = {Df(x) | f(x) ∈ Rn[x]}
= {a0 + a1x + · · · + an−2x

n−2 | ai ∈ R, ∀ 0 ≤ i ≤ n − 2} = Rn−1[x].s
KÆem� dim KerD = dim R = 1, dim ImD = dim Rn−1[x] = n − 1.

dim KerD + dim ImD = 1 + (n − 1) = n .s�
(2) ImD ∩ KerD = Rn−1[x] ∩ R = R 6= 0,

ImD + KerD = Rn−1[x] + R = Rn−1[x] 6= Rn[x].

D K(℄� ImD ℄ KerD }�5�Z~��E�L[ Rn[x], N: Rn[x] �Z D K(℄�}�� 2=Æ V F�| 3�% A K(��KÆe}�FUL[ dim V . D V ��Z(��K~���zy�xF|r�� 2

6.3.3. I A : V → U ZX�Æ 3e:}:K 3SH� W Z U K�e:�.{�
dimA(W ) ≥ dim W − dim V + rankA .T�  3SH A K(����ÆeUo

dim KerA = dim V − dim ImA = dim V − rankA. (1)
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UM W H U KSH A|W : W → U, w 7→ A(w), - A i W FK��� A|W K(���C��ÆeUo
dim KerA|W = dim W − dim ImA|W , (2)%� ImA|W = A(W ), + KerA|W = KerA∩ W ⊆ KerA. N:

dim KerA ≥ dim KerA|W = dim W − dimA(W )� (1) AAJ dim V − rankA ≥ dim W − dimA(W ). yo0J
dimA(W ) ≥ dim W − dim V + rankA . 2

6.3.4. I A ZX�Æ 3e: V K 3�%�.{�
rankA− rankA2 = dim(KerA ∩ ImA)T� _~ A i ImA FK�� A|ImA : ImA → V, α 7→ A(α). l

dim KerA|ImA = dim ImA− dim ImA|ImA (1)%� KerA|ImA = KerA ∩ ImA, dim ImA = rankA. ` ImA|ImA = A(A(V )) =

A2(V ), N: dim ImA|ImA = dimA2(V ) = rankA2. AA (1) J
dim(KerA∩ ImA) = rankA− rankA2�ra{� 2

6.3.5. H| V K 3�% A ��~? A2 = A, .{�
(1) V = ImA⊕ KerA ;

(2) A i<�F�(�KTw A ��~? rank A = trA ;

(3) i[EK(�� V K'wT!��W�aIT A WX�R�%K1V�
A : (x1, . . . , xr, xr+1, . . . , xn) 7→ (x1, . . . , xr, 0, . . . , 0).T� (1) I α ∈ ImA ⊕ KerA. l α ∈ ImA ⇒ =i β ∈ V T α = A(β). hW

α ∈ KerA | A(α) = 0. [Z α = A(β) = A2(β) = A(A(β) = A(α) = 0. u{�x
W = ImA + KerA = ImA⊕ KerA, + dim W = dim ImA + dim KerA = dim V , N` V = W = ImA⊕ KerA.

(2) W V = ImA ⊕ KerA | ImA K<LF�( S1 = {α1, . . . , αr} ℄ KerA KF�( S0 = {β1, . . . , βk} K�. M1 = {α1, . . . , αr, β1, . . . , βk} Z V KF�(�%��|
βj ∈ KerA �� A(βj) = 0, �| αi ∈ ImA ��.. αi = A(γi) K1V� (gi ∈ V ), [Z
A(αi) = A2(γi) = A(γi) = αi i( M �K!� ei. [Z A i( M1 �KTw

A1 = (e1, . . . , er, 0, . . . , 0) =

(

I(r) O

O O(k)

)

(1)
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�� tr A1 = r = rankA1. A i<LF�( M �KTw A = P−1A1P , %�a�iw P Z
M1 H M K�XTw��
X rank A = rank (P−1A1P ) = rankA1, N`

trA = tr (P−1A1P ) = tr (P (P−1A1)) = tr A1 = rankA1 = rankA.

(3) � (2) �KiVi ImA K(�}7 KerA K(�. V K( M1, l A iu�(�KTwZLV (1) �K\Cw A1 = diag(1, . . . , 1, 0, . . . , 0). !� X = (x1, . . . , xn)T K'w� A SH'wK!� AX = (x1, . . . , xr, 0, . . . , 0)T , WXrD.K�R�%1V� 2

6.3.6. H| A Z V K 3�%�I r = rankA. .{�I��zVZ A2 = O K2m�D~?�
(1) ImA ⊆ KerA.

(2) A i[EK(�KTw (

O(r) N

O O

)

;

(3) A i[EK(�KTw 







O I(r)

O

O









.T� (1) A2 = O ⇔ A2(α) = A(A(α)) = 0 (∀α ∈ V )

⇔ A(α) ∈ KerA (∀α ∈ V ) ⇔ ImA ⊆ KerA.u{�x (1) Z A2 = O K2m�D~?�
(2) A2 = O ⇒ ImA ⊂ KerA ⇒ a� ImA K( {α1, . . . , αr} j2 KerA K(

{α1, . . . , αn−r}, hj2 V K( M1 = {α1, . . . , αn}. A iu�(�KTw
A1 =

(

O(r) N

O O

)

.g�k��� A i��(�KTwWX A1 K1V�l A2
1 = O ⇒ A = O.u{�x (2) Z A2 = O K2m�D~?�

(3) ~? (2) �K N Z� r K r × (n − r) Tw�=i r Ga�Tw P1 � n − r a�iw P2 � N !N[��1 P1NP2 = (I(r), O). 1
P =

(

P−1
1 O

O P2

)

, l A2 = P−1A1P =

(

O(r) P1NP2

O O

)

=









O I(r)

O

O







u{�x�~? (2)⇒ ~? (3). g�k�~? (3) �KTw A2 �8Er�~? (2) KD.�N:~? (3) ⇔ ~? (2) ⇔ A2 = O. 2

6.3.7. V Ze_ F F n Æ 3e:� f, g Z V Fv| 3�e�H| Ker f = Ker g,.{�=il{*e c ∈ F T g = cf .
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T� V F 3�e f Z V H 1 Æe: F �KSH f : V → F , N: dim Im f ≤
dim F = 1, dim Ker f = n − dim Im f ≥ n − 1. �� dim Ker f = dim Ker g = n, l
g = f = cf \ c = 1 .s��4_~ dim Ker f = Ker g = n − 1 K,1�� Ker f KF�( {α2, . . . , αn} j2 V KF�( M = {α1, α2, . . . , αn}. 1 1 �.
F K( S. l V H F K 3SH f, g i( M, S �KTwm�WX1V A = (a, 0, . . . , 0),

B = (b, 0, . . . , 0), %� a, b 6= 0. 1 c = ba−1, l B = cA .s�<` g = cf .s� 2
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§ 6.4 -?&fU�7[
1. uN8.�I A, B Ze_ F Fv| n Giw���=i F F n Ga�iw P T B = P−1AP ,l- A ℄ B i_ F F .�.�F 3�%i��( M1, M2 �KTw A, B !i� B = P−1AP , %� P Z M1 H

M2 K�XTw�
2. .�uN8=X!iTw A, B FU!N�N:�!L rank A = rankB. g�k��!LK�Giw��!i�\<Lzye k X (P−1AP )k = P−1AkP , \<L_%V f(x) = a0 +a1x+ · · ·+amxmX f(P−1AP ) = P−1f(A)P .ug���� A ℄ B !i�l Ak ℄ Bk !i�+\<L_%V f(x) X f(A) ℄ f(B)!i�N` rank f(A) = rank f(B). w�O� f(A) = O ⇔ f(B) = O.!Niw A, B �!iKr��=i_%V f(x) T rank f(A) 6= rank f(B).

3. :mT'TwK!i����L9��D~?�
(1) �g3� A ℄ A !i�
(2) \-3� A !i[ B ⇒ B !i[ A.

(3) 7Q3� A !i[ B, + B !i[ C, l A !i[ C.�!P&Is3
6.4.1. I�KTw A, B Zp!i�g�oW�
(1) A =









1 2 3

0 1 0

0 0 1









, B =









1 2 0

0 1 3

0 0 1









.

(2) A =















1 2 0 0

0 1 3 0

0 0 1 0

0 0 0 1















, B =















1 2 0 0

0 1 0 0

0 0 1 3

0 0 0 1















.r (1) �!i�1 f(x) = x − 1, l
rank f(A) = rank (A − I) = 1 6= f(B) = rank (B − I) = 2.

(2) �!i�1 f(x) = (x − 1)2. l
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rank f(A) = (A − I)2 = 1 6= rank f(B) = (B − I)2 = 0. 2

6.4.2. H|e_ F Fiw A ��~? rank A = 1 . .{� A !i[
diag(a, 0, . . . , 0) (E A2 6= O) ' diag(

(

0 1

0 0

)

, 0, . . . , 0) (E A2 = O)T� =ia�iw P1, Q1 �� 1iw A!N[��1D1 = P1AQ1 = diag(1, 0, . . . , 0).

A !i[
A1 = P1AP−1 = D1(Q

−1
1 P−1

1 ) =

(

a β

0 O

)%� (a, β) Z Q−1
1 P−1

1 KP 1 2� β Z n − 1 Æ2'w�E a 6= 0 P A2
1 6= O, :P A2 6= O. 1

P2 =

(

1 −a−1β

0 I

)

, D = A1P2 =

(

a β

0 O

)(

1 −a−1β

0 I

)

=

(

a 0

0 O

)l D = P−1
2 D = P−1

2 A1P2 ℄ A1 !i<`℄ A !i�E a = 0 P A2
1 = O, :P A2 = O. +W A1 6= O | β 6= O. =i n − 1 Ga�iw

Q2 �l{2'w β jH βQ2 = (1, 0, . . . , 0). 1 P3 = diag(1, Q2). l
N = A1P3 =

(

0 βQ2

0 O

)

=

(

0 1, 0, . . . , 0

0 O

)

= diag(

(

0 1

0 0

)

, 0, . . . , 0)+ N = P−1
3 N = P−1

3 A1P3 ℄ A1 !i<`℄ A !i�uS{�x A !i[rD.K D (E A2 6= O) ' N (E A2 = O). 2

6.4.3. H|e_ F Fiw A ��~? rank (A − I) = 1 + (A − I)2 = 0. .{�
A !i[ diag(

(

1 1

0 1

)

, 1, . . . , 1).T� I B = A − I. l rank B = 1 + B2 = O. =ia�iw P1, Q1 � B !N[
D1 = diag(1, 0, . . . , 0). [Z B !i[

A1 = P1BP−1
1 = D1(Q

−1
1 P−1

1 ) =

(

a β

0 O

)+W A2
1 = P1A

2P−1
1 = O 6= A1 | a = 0, β 6= 0. =i n − 1 Ga�iw Q2 T

βQ2 = (1, 0, . . . , 0). 1 P2 = diag(1, Q2), l
N = P−1

2 A1P2 = diag(

(

0 1

0 0

)

, 0, . . . , 0) = P−1
2 P1BP−1

1 P21 P = P−1
2 P1, l B = P−1NP . A = I + B = P−1(I + N)P !i[

I + N = diag(

(

1 1

0 1

)

, 1, . . . , 1) 2
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=Æ 6.4.3 �HPJ4x��~? B2 = O + rank B = 1 KTw B K!i��1 N ,�zKDRZW B = P−1NP JH A = I + B = P−1(I + N)P . %RSZE f(x) = 1 + xPW B !i[ N JH f(B) !i[ f(N).��~? (A − I)2 = O + rank (A − I) = 1 Kiw A - A, iS07K?R�WX�D T� 2

6.4.4. I R2 K 3�% A i α1 = (1, 0), α2 = (0,−1) �.K(�KTwZ
(

2 −1

5 −3

)

,  3�% B i β1 = (0, 1), β2 = (1, 1) �.K(�KTwZ (

1 3

2 7

)

, . 3�% A + B, AB � BA i( {β1, β2} �KTw�r ( M1 = {α1, α2} H M2 = {β1, β2} K�XTw P �� (β1, β2) = (α1, α2)P . �
αi, βi ..y'w�JH

(

0 1

1 1

)

=

(

1 0

0 −1

)

P, P =

(

0 −1

1 −1

)W A i( M1 �KTw A1 JH A i M2 �KTw
A = P−1A1P =

(

0 −1

1 −1

)−1 ( 2 −1

5 −3

)(

0 −1

1 −1

)

=

(

2 −1

1 1

)W A,B i( M2 �KTw A, B JH A + B, AB � BA i( M2 �KTwm�
A + B =

(

3 2

3 8

)

, AB =

(

0 −1

−1 −6

)

, BA =

(

17 −10

39 −23

)

2

6.4.5. .Tw P T P−1









1 0 0

0 2 0

0 0 3









P =









3 0 0

0 1 0

0 0 2









.r r.~?0
AP = P









3 0 0

0 1 0

0 0 2









, %� A =









1 0 0

0 2 0

0 0 3







4 P KP i y Pi. � P ..�ymfK1V P = (P1, P2, P3) AAIFLV�J
A(P1, P2, P3) = (P1, P2, P3)









3 0 0

0 1 0

0 0 2









= (3P1, P2, 2P3)0 AP1 = 3P1, AP2 = P2, AP3 = 2P3. J= P1 = e3, P2 = e1, P3 = e2 r�D.�[Z
P = (e3, e1, e2) =









0 1 0

0 0 1

1 0 0
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r�D.� 2=Æ �zKJdaI�����\H|K A, B . P �� B = P−1AP 0 AP = PB.�� B = diag(λ1, . . . , λn) Z\Cw�l P = (P1, . . . , Pn) K}y Pi ��~? APi = λiPi.uCKl{y'w Pi - A Kwx'w��[sK"�v�$=�FH� 2

6.4.6. I R2 K 3�% A i( α1 = (1,−1), α2 = (1, 1) �KTwZ (

2 3

0 1

)

, . Ai( β1 = (2, 0), β2 = (−1, 1) �KTw�r W (β1, β2) = (α1, α2)P a.J�XTw P :

(

2 −1

0 1

)

=

(

1 1

−1 1

)

P, P =

(

1 −1

1 0

)W A i)F�(�KTw A .Ji�F�(�KTw
B = P−1AP =

(

1 0

−4 2

)

2

6.4.7. I A a��{�� AB ℄ BA !i�T� BA = A−1(AB)A. 2

6.4.8. �� A ℄ B !i� C ℄ D !i�{�� (

A 0

0 C

) ℄ (

B 0

0 D

) !i�T� =ia�iw P1, P2 T B = P−1
1 AP1, D = P−1

2 CP2. [Z
(

B 0

0 D

)

=

(

P−1
1 AP1 0

0 P−1
2 CP2

)

=

(

P1 0

0 P2

)−1 (A 0

0 C

)(

P1 0

0 P2

)

. 2
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§ 6.5  Q3�U�7[
1. �PVH�P2�8>C 3�% A ����|FÆ�e: Fα >SH Fα }��0 A(α) = λα \ α 6= 0 /�| λ ∈ F .s�S- α Z A Kwx'w� λ Z A Kwx���+g α Z[wx� λ Kwx'w�
A Ziw��� X 6= 0 \�| λ ∈ F �� AX = λX, l λ - A Kwx��X -[wx� λ Kwx'w� X, λ ESZ A i F n×1 FO(K 3�% A : X 7→ AX Kwx'w�wx�� 3�% A i��K(�X��KTw A, B, wx'wi��K(�X��K!��DirXK(�Kwx����!iiw A, B aI^.�F 3�%i��K(�KTw�N`X�CKwx��YB�_ (1) A ZDÆ1�e: V �:�~�dRK~ l K:��l:��F�|l{'wi A  T��H�K�Z[wx� 1 Kwx'w�
(2) A ZDÆ1�e: V F�[�|�dRK# π K\-�l# π F�|l{'wi A  T����Z[wx� 1 Kwx'w�# π �dRK8 FK�|l{'w α ��H A(α) = −α, Z[wx� −1 Kwx'w�
(3)  3e: V FK9w�% A = λI ��|'w α SH λα, rXKl{'wVZ[wx� λ Kwx'w�
2. �PVH�P2�8�J� 3e: V i<F�(�..y'we: F n×1,  3�% A TTw/dR��A(X) =

AX. wx'w X SZi0� AX = λX Kl{J X. i0�ayo λX − AX = 0 0
(λI −A)X = 0. Xl{JK2m�D~?�e2yV |λI −A| = 0. ϕA(x) = |λI −A| =

λn + · · · Z λ K n ;_%V�- A K �PD0�. W:JHmd�
(1) .wx_%V ϕA(x) = |λI − A|.
(2) .F n ;i0 ϕA(λ) = 0 K� (- A Kwx�) λ1, . . . , λt, SZ A Kwx��
(3) \�|wx� λi, .'; 3i0� (λiI − A)X = 0 Kl{J�SZ A Kwx'w� ~Fl�i�p��2`Aiw A }��3mwx��wx'wK^X�
Mathematica ^X� Eigensystem[A]

Matlab ^X� [lambda,e]=eig(A)

3. �PD0�8/+=X
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ϕA(λ) = |λI −A| = λn + a1λ
n−1 + · · ·+ an−1x + an K n − 1 ;%�e a1 = −tr A,*e% an = (−1)n detA.!iiw A, B Kwx_%V!��

ϕB(λ) = |λI − B| = |λI − P−1AP | = |P−1(λI − A)P |
= |P |−1|λI − A||P | = |λI − A| = ϕA(λ),N` A, B Kwx�!��++�2yVE!L� trA = tr B, detA = detB. E8EaI~F3mJH tr (P−1AP ) = tr (APP−1) = trA, |P−1AP | = |P |−1|A||P | = |A|.�!P&Is3

6.5.1. .�yTw A K3�wx��wx'w��� A a\C!�.a�iw P T
P−1AP \Cw�

(1) A =









0 0 1

0 2 0

4 0 0









; (2) A =









1 1 1

0 2 1

0 0 3









;

(3) A =















1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1















; (4) A =















1 1 1 1

0 1 1 1

0 0 2 1

0 0 0 2















.r (1) ϕA(λ) = |λI − A| = (λ − 2)(λ2 − 4) = (λ − 2)2(λ + 2). wx� 2,−2. m�� λ = 2,−2 AAi0� (λI − A)X = 0 .l{JJ�
λ = 2, i0� (2I − A)X = 0 K�J X = {(c1, c2, 2c1) | c1, c2 ∈ F}, E (c1, c2) 6=

(0, 0) JHwx'w�
λ = −2, i0� (−2I − A)X = 0 K�J X = {(c, 0,−2c) | c ∈ F}, E c 6= 0 JHwx'w�wx� 2,−2. [ 2 Kwx'w (c1, c2, 2c1) ((c1, c2) 6= (0, 0)). [ −2 Kwx'w (c, 0,−2c)(c 6= 0).1 3��Kwx'w P1 = (1, 0, 2)T , P2 = (0, 1, 0)T , P3 = (1, 0,−2)T �.Tw

P = (P1, P2, P3) =









1 0 1

0 1 0

2 0 −2







l A(P1, P2, P3) = (2P1, 2P2,−2P3) = (P1, P2, P3)D \ D = diag(2, 2,−2) .s�
P−1AP = D.
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(2) ?��wx� 1,2,3. [s
Kwx'wm� (c, 0, 0),(c, c, 0),(c, c, c) (c 6= 0).

P =









1 1 1

0 1 1

0 0 1









, P−1AP =









1 0 0

0 2 0

0 0 3









(3) ?��wx� -2 Kwx'w c(−1, 1, 1, 1) (c 6= 0), wx� 2 Kwx'w (c1 + c2 +

c3, c1, c2, c3) ((c1, c2, c3) 6= (0, 0, 0)).

P =















−1 1 1 1

1 1 0 0

1 0 1 0

1 0 0 1















, P−1AP =















−2 0 0 0

0 2 0 0

0 0 2 0

0 0 0 2















(4) ?��wx� 1,2. [wx� 1,2 Kwx'wm� (c, 0, 0, 0), (2c, c, c, 0), (c 6=
0). i0 A �!i[\Cw� 2=Æ .iwKwx��wx'waIqT3m)B?kR��r��

A =















1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 1 −1 1













i Mathematica �f2��^X�
A={{1,1,1,1},{1,1,-1,-1},{1,-1,1,-1},{1,1,-1,1}}; Eigensystem[A]f2I��
{{2, 2,−

√
2,
√

2},
{{1, 0, 0, 1}, {1, 0, 1, 0}, {−1−

√
2, 1+

√
2, 1+

√
2, 1}, {−1+

√
2, 1−

√
2, 1−

√
2, 1}}}ug� A Kwx� 2, 2,−

√
2,
√

2, I�'wm�Z[u 4 |wx�Kwx'w�
P1 = (1, 0, 0, 1)T , P2 = (1, 0, 1, 0)T ,

P3 = (−1 −
√

2, 1 +
√

2, 1 +
√

2, 1)T , P4 = (−1 +
√

2, 1 −
√

2, 1 −
√

2, 1)T[wx� 2 K3�wx'w c1X1 + c2X2 = (c1 + c2, 0, c2, c1) ((c1, c2) 6= (0, 0)), [wx� −
√

2 ℄ √
2 K3�wx'wm� cX3, cX4,(c 6= 0).I P1, P2, P3, P4 }y�.Tw P , l P−1AP = diag(2, 2,−

√
2,
√

2). 2

6.5.2. (1) .{�
B =















a1 a2 · · · an−1 an

an a1 · · · an−2 an−1

· · · · · · · · · · · · · · ·
a2 a3 · · · an a1















aI.. A =

(

0 I(n−1)

1 0

)
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K_%V�
(2) qT A K\C!� B !i[\Cw D.

(3) qT D K2yV. B K2yV�r (1) \�|zye k,

Ak =

(

O I(n−k)

I(k) O

)N: B = a1I + a2A + a3A
2 + · · · + anAn−1 = f(A) \_%V f(x) = a1 + a2x + a3x

2 +

· · ·+ anxn−1 .s�
(2) ϕA(λ) = |λI − A| = λn − 1 K n |��K� ωk (0 ≤ k ≤ n − 1), %�

ω = cos 2π
n

+ i sin 2π
n

. Pi = (1, ωk, ω2k, . . . , ω(n−1)k)T Z[wx� ωk Kwx'w�G;I} Pi }y�.Tw P = (P0, P1, . . . , Pn−1). l AP = (AP0, AP1, . . . , APn−1) = PD \
D = diag(1, ω, ω2, . . . , ωn−1) .s�<` P−1AP = D Z℄ A !iK\Cw�M`

P−1BP = P−1f(A)P = f(D) = diag(f(1), f(ω), f(ω2), . . . , f(ωn−1))Z℄ B !iK\Cw�
(3) detB = det(P−1f(D)P ) = det(f(D)) = f(1)f(ω)f(ω2) · · ·f(ωn−1)

= (a1 + · · ·+ an)(a1 + a2ω + · · ·+ anωn−1) · · · (a1 + a2ω
n−1 + · · ·+ anω(n−1)2). 2=Æ �zaI~FB{ BPk = ωkPk, J4 BP = (P0, ωP1, . . . , ω

n−1Pn−1) = PD <` P−1BP = D, D! [2] �3m detB SZuC�K�ui�-F�X�z�DD Hu|I���?J��z�\E;CKiw A .wx��wx'w�� A !i[\Cw D, �8JH
B = f(A) !i[\Cw f(D).

6.5.3. I A Za�w�{��
(1) A Kwx�FU� 0;

(2) C λ( 6= 0) Z A Kwx��l 1

λ
Z A−1 Kwx��+ A � A−1 Kwx'w!��T� (1) 0Z AKwx�⇔ 0Zwx_%V |λI−A|K�⇔ |0I−A| = (−1)n|A| = 0

⇔ |A| = 0 ⇔ A �a��g�k� A a� ⇔ 0 �Z A Kwx��
(2) λ 6= 0 Z A Kwx� ⇔ =i X 6= 0 �� AX = λX ⇒ λ−1X = A−1X ⇒ λ−1Z A−1 Kwx��+ X Z A−1 K[wx� λ−1 Kwx'w�u{�x� λ 6= 0 Z A Kwx� ⇒ λ−1 Kwx���+X� X Z A Kwx'w ⇒ XZ A−1 Kwx'w�g�k� X Z A−1 Kwx'w ⇒ X Z (A−1)−1 = A Kwx'w�a= A ℄ A−1 Kwx'w!�� 2

6.5.4. I f(λ) =
∑n

k=0 akλ
k, {���� λ0 Z A Kwx��l f(λ0) Z f(A) Kwx���� X Z[ λ0 Kwx'w�l X EZTw f(A) K[wx� f(λ0) Kwx'w�0

f(A)X = f(λ0)X.

32



T� λ0 Z A Kwx� ⇒ =i X 6= 0 T AX = λ0X. \ k  e<Æ�daI{�
AkX = λk

0X \<Lzye k .s�[Z
f(A)X = (

n
∑

k=0

akA
k)X =

n
∑

k=0

ak(A
kX) =

n
∑

k=0

ak(λ
k
0X) = f(λ0)Xu{�x f(λ0) Z f(A) Kwx�� X Z f(A) K[wx� f(λ0) Kwx'w� 2

6.5.5. {��I n Giw A = (aij) K3�wx� λi (1 ≤ i ≤ n), l
n
∑

i=1

λ2
i =

n
∑

i,j=1

aij aji.T� W A K3�wx� λ1, . . . , λn | A2 K3�wx� λ2
1, . . . , λ

2
n. N: A2 Kwx_%V

ϕA2(λ) = (λ − λ2
1) · · · (λ − λ2

n) = λn − (λ2
1 + · · · + λ2

n)λn−1 + · · ·K n − 1 %�eK!ge
n
∑

i=1

λ2
i = tr (A2) =

n
∑

i,j=1

aijaji 2
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§ 6.6  Q`zoU�7[
1. �P_yniw A ∈ F n×n K[wx� λi Kwx'wZ'; 3i0� AX = λ0X 0 (A −

λ0I)X = 0 Kl{J�:i0� AX = λiX KJ. Vλi
Z V = F n×1 K�e:�- A K[wx� λi K �P_yn. 3e: V F 3�% A K[wx� λi K3{wx'w℄{'w�.K.� Vλ0

=

{α ∈ V | A(α) = λ0α} = Ker (A− λ01V ) Z V K�e:�- A K[wx� λi K �P_yn.�D.4xwx�e:K Vλi
KF�(�('wK3{l{ 3��SZ3{wx'w��F 3�% A ('iw A) K[��wx� λ1, . . . , λt Kwx�e: Vλ1

, . . . , Vλt
}�Z~��[��wx�Kwx'w X1, . . . , Xt  3���

2. Aqb"p
V F 3�% A ��i��(�KTw A Z\Cw�S- A xAqb.

A i( M �KTwZ\Cw ⇔ M K'w3�Z A Kwx'w ⇔ }wx�e:K~�L[ V .iw A ��!i[\Cw�S- A xAqb.

P−1AP = D Z\Cw diag(a1, . . . , an) ⇔ P K}yZ A Kwx'w� APi = aiPi.

A a\C! ⇔ A i<�F�(�KTwa\C!�
3. k_Y�H5�Y�I λ1, . . . , λt Ziw A K3���Kwx���|wx� λi iwx_%V ϕA(λ) =

(λ− λ1)
n1 · · · (λ−λt)

nt �K�e ni - λi K 5�Y�. wx�e: Vλi
KÆe mi - λi1��e��|wx� λi K1��e ≥ 1 + ≤ Ae�e�

A a\C! ⇔ rXKwx�K1��eL[Ae�e�w_,1��� n Giw A X n |��Kwx��l�|wx�KAe�e�1��eVL[ 1, A a\C!� �!P&Is3
6.6.1. I n ≥ 2, V = F n×n, V K 3�% τ : X 7→ XT � V ��|iw X jHsK�� XT . . τ Kwx��wx'w� τ Zpa\C!�r \<L X ∈ V X τ 2X = (XT )T = X, a= τ = 1V Z V FK�L�%� τ K�|wx� λ \wx'w X 6= 0 �� τX = λX <` X = τ 2X = λ2X, u{�x λ2 = 1,

λ = ±1.
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X Z τ K[wx� 1 Kwx'w ⇔ X 6= O + XT = τ(X) = X ⇔ X Zl{\-iw�
X Z τ K[wx� −1 Kwx'w ⇔ X 6= O + XT = τ(X) = −X ⇔ X Zl{-\-iw�
V =iF�Wwx'w�.K(

{Eii,
1
2
(Ekj + Ejk),

1
2
(Ekj − Ejk) | 1 ≤ i ≤ n, 1 ≤ k < j ≤ n}

τ iu�(�KTwZ\Cw diag(In(n+1)

2
)
,−I

(
n(n−1)

2
)
). 2

6.6.2. I λ1, λ2 Z n Giw A Kv|��Kwx��X1, X2 Zm�[ λ1, λ2 Kwx'w�{�� X1 + X2 �Z A Kwx'w�T� [��wx� λ1, λ2 Kwx'wX1, X2  3����� X1+X2 EZwx'w�l
A(X1 +X2) = λ0(X1 +X2) \�| λ0 ∈ F .s�|Fi�A(X1 +X2) = AX1 +AX2 =

λ1X1 + λ2X2. [Z
0 = A(X1 + X2) − λ0(X1 + X2) = (λ1 − λ0)X1 + (λ2 − λ0)X2W X1, X2  3��| λ1 − λ0 = 0 = λ2 − λ0 ⇒ λ1 = λ0 = λ2. ℄dz~? λ1 6= λ2 �^�u{�x X1 + X2 �Z A Kwx'w� 2

6.6.3. Iiw A ∈ F n×n ��~? A2 = A, .{� A a\C!�T� W A2 −A = A(A− I) = O |I rank A + rank (A− I) ≤ n. [Z AX = 0 ℄
(A − I)X = 0 KJe: VA ℄ VA−I KÆe}�

dim VA + dim VA−I = (n − rank A) + (n − rank (A − I))

= 2n − (rank A + rank (A − I)) ≥ n.D VA SZ A K[wx� 0 Kwx�e: V0, VA−I SZ A K[wx� 1 Kwx�e: V1. A K[��wx�Kwx�e:}� U = V1 + V0 Z~� V1 ⊕ V0, Æe
dim U = dim V1 + dim V0 ≥ n <` dim U = n, V = U = V1 ⊕ V0. <1 V1 KF�(℄ V0 KF�(�lv�(K�. M Z V KF�(� M W A Kwx'w�.� 3�%
A : X 7→ AX iu�(�KTw B = P−1AP = diag(1, . . . , 1, 0, . . . , 0) Z\Cw�%� PZI M �}'w}y�.KTw� 2

6.6.4. \~UK A ∈ F n×n, i F n×n FUM 3�% A : X 7→ AX −XA. �� A a\C!�� A ZpEa\C!�g�oW�r A aI\C!�Ia�iw P � A !i[\Cw D = P−1AP = diag(λ1, . . . , λn), l A = PDP−1.W F nxn K�8( E = {Eij | 1 ≤ i, j ≤ n} �j4F�( M = E = {Xij | 1 ≤ i, j ≤ n},
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%��| Xij = PEijP
−1. [Z

A(Xij) = AXij − XijA = (PDP−1)(PEijP
−1) − (PEijP

−1)(PDP−1)

= P (DEij − EijD)P−1 = P (λiEij − Eijλj)P
−1 = (λi − λj)Xijug� M ��|('w Xij Z A K[wx� λi − λj Kwx'w� A i( M �KTwZ\Cw� 2

6.6.5. I A Z 3e: V FK 3�%��� V �rXKl{'wVZ A Kwx'w�.{� A Z9w�%�T� V KF�( M = {α1, . . . , αn} �K}'w αi VZ A Kwx'w�A i( M �KTwZ\Cw A = diag(λ1, . . . , λn), +�|l{y'w X ∈ F n×1 VZ A Kwx'w�w�O��| E1+Ei (2 ≤ i ≤ n) EZ A Kwx'w�A(E1+Ei) = λ0(e1+ei) = λ0e1+λ0ei\�| λ0 ∈ F .s�|Fi� A(e1 + ei) = Ae1 + Aei = λ1e1 + λiei. W
λ1e1 + λiei = A(e1 + ei) = λ0e1 + λ0eiJ λ1 = λ0 = λi. u{�x A = diag(λ1, . . . , λ1) = λ1I Z9ww� A = λ11V Z9w�%� 2
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§ 6.7 7E1�U�7[
1. �bD0�Hb6D0���iw A Zl{_%V f(x) K “�”: f(A) = O, S- f(x) Z A K �bD0�.

A K;e�M�+^%�e 1 K{!_%V- A K b6D0�, 4 dA(x).

A K{!_%VVZ�*_%V dA(x) KÆV�uEg�x A K�*_%VZ�FK��� A ℄ B !i�lW f(A) = O ⇔ f(B) = O | A ℄ B K{!_%V!���*_%VE!��
2. w{ - X�C>} <Liw A Kwx_%V ϕA(x) VZ A K{!_%V�N:��*_%V dA(λ) FU=i��+Z ϕA(x) = (x − λ1)

n1 · · · (x − λt)
nt KNV�

dA(x) = (x − λ1)
d1 · · · (x − λt)

dt , �|wx� λi K�e di ≥ 1 + ≤ ni.

3. AqbH�qb
A a\C! ⇔ �*_%V dA(x) �X���F
Kiw A �FU!i[\Cw�Dse_FFU�!i[DCw T , T K\CSZ

A K3{wx�� �!P&Is3
6.7.1. I A !i[FDCw B =

(

B11 B12

0 B22

)

, %� B11 K\C3L[ λ1, B22 K\C3L[ λ2, λ1 6= λ2. I (A − λ1I)(A − λ2I) = 0. .{�
(1) B11, B22 VZ9ww�
(2) =i P =

(

I S

0 I

) T P−1BP =

(

λ1I 0

0 λ2I

)

, <` A !i[\Cw�
(3) �IF�o7I���{���� A K�*_%V�X���l A a\C!�T� !iiw A ℄ B K{!_%V!��N: (A − λ1I)(A − λ2I = O ⇔ (B −

λ1I)(B − λ2I) = O.

(1) (B − λ1I)(B − λ2I)

=

(

B11 − λ1I B12

O B22 − λ1I

)(

B11 − λ2I B12

O B22 − λ2I

)

=

(

(B11 − λ1I)(B11 − λ2I) ∗
O (B22 − λ1I)(B22 − λ2I)

)

= O

⇒ (B11 − λ1I)(B11 − λ2I) = O, (B22 − λ1I)(B22 − λ2I) = O
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FDCw
B11 − λ2I =









λ1 − λ2 · · · ∗
. . .

...

O λ1 − λ2









, B22 − λ1I =









λ2 − λ1 · · · ∗
. . .

...

O λ2 − λ1







KÆ\C k λ1 − λ2 ' λ2 − λ1 V3� 0 �N: B11 − λ2I ℄ B22 − λ1I VZa�iw�W (B11 −λ1I)(B11 −λ2I) = O ℄ (B22 −λ1I)(B22 −λ2I) = O a[U B11−λ1I = O+ B22 − λ2I = O. N` B11 = λ1I ℄ B22 = λ2I VZ9ww�
(2) W B11 = λ1I / B22 = λ2I |
P−1BP =

(

I S

O I

)−1 (λ1I B12

O λ2I

)(

I S

O I

)

=

(

λ1I B12 + (λ1 − λ2)S

O λ2I

)1 S = −(λ1 − λ2)
−1B12, l P−1BP = diag(λ1I, λ2I) Z\Cw�℄ B !i<`℄ A !i�

(3) A ise_F!i[FDCw B, �+aIT!�Kwx�i\C F[E�yT!�Kwx��iF(�.��1��
B =















B11 B12 · · · B1t

O B22 · · · B2t
...

. . .
. . .

...

O · · · O Btt













%��|\Cf Bii Z\C3 λi KFDCw���\CfK\C}�!��
A K�|wx� λi VZ�*_%V dA(λ) K���+ dA(λ) �X���N: dA(λ) =

(λ − λ1) · · · (λ − λt). B ℄ A !i��*_%V!��N: dA(B) = (B − λ1I)(B −
λ2I) · · · (B−λtI) = O, sK�|\Cf (Bii −λ1I) · · · (Bii −λtI) = O. %�E k 6= i PFDCw Bii −λkI K\C λi − λk 6= 0, Bii − λkI a��� (Bii − λ1I) · · · (Bii − λtI) = O�Yv�Ka�iw (Bii − λ1I) · · · (Bii − λi−1I) ℄ (Bii − λi+1I) · · · (Bii − λtI) )2�JH Bii − λiI = O, <` Bii = λiI. u{�x B ��|\Cf Bii = λiI VZ\Cw�

B =















λ1I B12 · · · B1t

O λ2I · · · B2t
...

. . .
. . .

...

O · · · O λtI















=

(

B̃11 B̃12

O λtI(nt)

)

%� B̃11 ∈ F (n−nt)×(n−nt) ZW B K�FCK (t− 1) × (t− 1) |f Bij (1 ≤ i, j ≤ t− 1)�.Kiw� B̃12 ∈ F (n−nt)×nt Z B KYFCK t−1 |f Bit (1 ≤ i ≤ t−1) �.KTw�\ t Te<Æ�d{� B !i[\Cw D = diag(λ1I(n1), λ2I(n2), . . . , λtI(nt)). t = 1P�8�I�z\ t − 1 .s�l=i n − nt Ga�iw P̃1 T
P̃−1

1 B̃11P̃1 = D̃ = diag(λ1I(n1), · · · , λt−1I(nt−1))
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Z\Cw�1
P1 =

(

P̃1 O

O I(nt)

)

, l B1 = P−1
1 BP1 =

(

D̃ C̃12

O λtI(nt)

)%� C̃12 = P̃−1
1 B̃12 ∈ F (n−nt)×nt . 1

P2 =

(

I(n−nt) S

O I(t)

)%�Kf S ∈ F (n−nt)×nt BU�l
B2 = P−1

2 B1P2 =

(

D̃ C̃12 + (D̃ − λtI(n−nt))S

O λtI(nt)

)%� D̃−λtI(n−nt) = diag((λ1−λt)I(n1), . . . , (λt−1−λt)I(nt−1))Z\C λ1−λt, . . . , λt−1−
λt 3�{K\Cw�N:Za�iw�1 S = −(D̃ − λtI(n−nt))

−1C̃12 0aT B2 YFCKf O, B2 = diag(D̃, λtI(nt)) Z\Cw�W B2 = P−1
2 P−1

1 BP1P2 = (P1P2)
−1B(P1P2) |

B !i[\Cw B2, <` A !i[\Cw B2. 2=Æ �_eyLAeD!�VqT 3�%K1�	R{�xiw A a\C!K2m�D~?��*_%V�X���r��a$= [1]. �z��Twfm~4xF|{��qTTwfmM2�o�URZ�4DTH�_o��oW�E;C�4RZfm�Eeq�4Dbuq�TwfmK(���V%Zb�TwmffmK(������i�z�u|4REaI.UR�ifT�0�yy\Twfm(��Kbuq�0W�|Fi�\[iw\C!~?���DK$�Z<&{��`Z<&PT� 2

6.7.2. ise_F��yTw A !i�1HFDC'\Cw P−1AP ��.4�XTw
P . �.4 A K�*_%V�

(1) A =









2 2 1

−1 2 2

1 −1 −1









; (2) A =









5 −2 −2

−2 8 0

−2 0 4









.r (1) �.4iw A�XF|wx� 1,�.4F| 3��Kwx'w P1 = (1,−1, 1)T .}7 e2, e3 �.F�(�JHa�iw P1 = (P1, e2, e3) � A !iH�FDCw�
P1 =









1 0 0

−1 1 0

1 0 1









, A1 = P−1
1 AP1 =









1 2 1

0 4 3

0 −3 −2









A1 Y�CK 2 GiwKwx�>�X 1, m4wx'w P̃2 = (1,−1)T h}7 e2 = (0, 1)Tj2 F 2×1 KF�(�. 2 Ga�iw P̃2 = (P̃2, e2). 1 3 Ga�iw P2 = diag(P̃2, 1)
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� A1 !i[FDCw�
P2 =









1 0 0

0 1 0

0 −1 1









, T = P−1
2 A1P2 =









1 1 1

0 1 3

0 0 1







[Z T = P−1
2 P−1

1 AP1P2 = P−1AP . �XTw
P = P1P2 =









1 0 0

−1 1 0

1 −1 1







� A !iHFDCw T .

A K�*_%VL[ T K�*_%V dT (x), Z T Kwx_%V ϕT (x) = (x− 1)3 KNV�3mJ (T − I)2 6= O, N: dA(x) �y5 (x − 1)2, N: dA(x) = (x − 1)3.

(2) i Mathematica �f2��^XaJHwx��wx'w��L%�� 5 .. 5.0Z9B? e�3m.Ni��℄� 5.0 v. 5, Mathematica B?�&.�6���&�W[3m�[sg`J�4XTKI��
A={{5.0,-2,-2},{-2,8,0},{-2,0,4}}; N[Eigensysetem[A]]f2I�
{{9.17554, 5.67267, 2.15178}, {{−0.497279, 0.846041, 0.192165},
{−0.561818,−0.482801, 0.671761}, {0.661115, 0.226091, 0.715409}}}%�P 1 ��i� {9.17554, 5.67267, 2.15178}�KD|eZ A KD|wx� λ1, λ2, λ3.I�KD��i��K 3 Æe�G;Z[uD|wx�Kwx'w��uD|wx'w..y'w�.iw P , l P−1AP ZID|wx�\CK\Cw D, A K�*_%V dA(x) L[ dA(x) = (x − λ1)(x − λ2)(x − λ3), L[ A Kwx_%V�aIi Mathematica �f2��^XJH�%� Indentity[3] �W 3 GC�iw�r.KSZ2yV det(xI − A).

Det[x IdentityMatrix[3]-A]f2I�
−112 + 84x − 17x2 + x3N: dA(x) = ϕA(x) = x3 − 17x2 + 84 − 112. 2=Æ �zP (1) *z�KmdR6FSZ{�<�F|siw!i[FDCwKid����zK3maI{&\F
KiwK{�id�R6K3m�0�_4DK�[3m)"�R���Fp�^H�$aI�DCw!iH�;CK1V — CaE��1� 2

6.7.3. . 3 Giw A, T A K�*_%VZ λ2.
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r
A =









0 1 0

0 0 0

0 0 0







I/rXK P−1AP (P ZDGa�iw) Vr�D.� 2=Æ �DU4xF|r� A, ℄ A !iKrXKiwV℄ A WX�CK�*_%V�Vr�D.�qT�FpKCaE��1K|SaI{��uSZr�D.K3�iw��?J�j4F|iw A1 TsK�*_%V λ2. F
O�D�j4�*_%V (λ−a)kKiw��D1 k Giw Jk(a) = aI(k) + N 0a�%�
A1 =

(

0 I(k−1)

0 0

)

Jk(a) -CaEf�D�j4�*_%V (λ − a1)
k1 · · · (λ − λt)

kt Kiw��D1CaEf Jk1
(a1), . . . , Jkt

(at) \Cf�j�\Cw J = diag(Jk1
(a1), . . . , Jkt

(at)) 0a�$aI�uCK J hn7<L_|CaEf Jd1
(a1), . . . , Jdt

(at) �.��K�\Cw��Dn7K�|CaEf Jdi
(ai) KGe di ≤ ki, S�v��*_%V�r���z��1 2 Giw

J2(0) =

(

0 1

0 0

)K�*_%V λ2. xJH 3 Giw A T�*_%V>Z λ2, }7xF|FGf 0 (0 J1(0))JH A = diag(J2(0), 0).�sFdid�aI\<L_%V d(x) �j4Ge<L n ≥ deg d(x) Kiw�T A K�*_%V d(x). 2

6.7.4. .{�iw A K�*_%V dA(λ) K�;���wx_%V ϕA(λ) y5�T� ϕA(λ) = (λ − λ1)
n1 · · · (λ − λt)

nt K�|� λi VZ dA(λ) K��N: dA(λ) =

(λ − λ1)
d1 · · · (λ − λt)

dt , %��|�e di ≥ 1. 1 ϕA(λ) K}|�K�y�e m ≥ ni

(∀ 1 ≤ i ≤ t), l dA(λ)m = (λ − λ1)
md1 · · · (λ − λt)

mdt ��|F;NVK� (la − λi)
mniK�e mni �M[ λ − λi i ϕA(λ) �K�e ni, N: dA(λ)m � ϕA(λ) y5� 2

6.7.5. H| A =















0 0 0 1

1 0 0 2

0 1 0 3

0 0 1 4















, ℄. A K�*_%V��. A−1.r A Kwx_%V ϕA(x) = x4 − 4x3 − 3x2 − 2x − 1 ℄sKGe ϕ′
A(x) = 4x3 −

12x2 − 6x − 2 K���NV (ϕA(x), ϕ′
A(x)) = 1, N: ϕA(x) �X��� 4 |wx�

λ1, λ2, λ3, λ4 vv��� ϕA(x) = (x − λ1)(x− λ2)(x− λ3)(x − λ4). �*_%V dA(x) =
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(x − λ1)
d1(x − λ2)

d2(x− λ3)
d3(x − λ4)

d4 �K�|�e di ≥ 1 + ≤ λi i ϕA(x) �K�e
1, N: di = 1. A K�*_%V dA(x) = ϕA(x) = x4 − 4x3 − 3x2 − 2x − 1.W dA(A) = A4 − 4A3 − 3A2 − 2A − I = O J A(A3 − 4A2 − 3A − 2I) = I. N:

A−1 = A3 − 4A2 − 3A − 2I =















−2 1 0 0

−3 0 1 0

−4 0 0 1

1 0 0 0















2=Æ �z�K}
fmaIf2�� Mathematica ^Xk	.�
A={{0,0,0,1},{1,0,0,2},{0,1,0,3},{0,0,1,4}}; H=IdentityMatrix[4];

f=Det[x H-A]; Print[f]; g=D[f,x];PolynomialGCD[f,g]%� g=D[f,x] Z��e f \�w x .GJH g. Polynomial[f,g] Z._%V f,gK���NV� Print[f] Z�.4Kwx_%V f `4����XuX"���`4��FX Polynomial[f,g] Kf2I�`�`4)KI��Wwx_%V ϕA(x) JH A−1 L[
B = A3 − 4A2 − 3A − 2I }������^Xm4 B.

B=A.A.A-4A.A-3A-2H%� H Z)W H=IdentityMatrix[4] UMK 4 GC�w��Li Mathematica ���W A^3 km A3, `aIT MatrixPower[A,3]. �e�E*� A3 aI~F. A.A.A �W 3 | A !/��eE�� A10 $ZT MatrixPower[A,10] E�����up��3m Bk3m A−1 �ZF
B{�iB?�>a~FT Inverse[A] 3m A−1. 2

6.7.6. I n Gsiw A ��~? detA = 0 + A2 = aA, %� a 6= 1. .iw I − AK�iw�rJ 1 4 B = I − A, l A = I − B. AA A2 = aA J (I − B)2 = a(I − B).yoJ B2 + (a − 2)B + (1 − a)I = O ⇒ B(B + (a − 2)I) = (a − 1)I.

⇒ B−1 =
1

a − 1
(B + (a − 2)I)

⇒ (I − A)−1 =
1

a − 1
(I − A + (a − 2)I) = I − 1

a − 1
A.rJ 2 .BU�e x, y T B = xI + yA �� (I − A)B = I. D

(I − A)B = (I − A)(xI + yA) = xI + (y − x)A − yA2

= xI + (y − x)A − yaA = xI + (y − x − ay)A
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1 x = 1, y − x − ay = 0 0a��D.�J}J x = 1, y = 1
1−a

. N:
(I − A)−1 = I +

1

1 − a
A . 2

6.7.7. {���\CiwK�*_%VL[�|\CfK�*_%VK�*�ÆV�T� _%V f(x) Z�\Cw A = diag(A1, . . . , Ak) K{!_%VK2m�D~?Z�
f(A) = diag(f(A1), . . . , f(Ak)) = O ⇔ f(Ai) = O (∀ 1 ≤ i ≤ k)

⇔ f(x) Z�|f Ai K�*_%V dAi
(x) KÆV ⇔ f(x) Z}| dAi

(x) K�ÆV�
dA(x) ��:~?K�M;eK_%V�N:Z} dAi

(x) K�*�ÆV� 2

6.7.8. U4v|iw�s
Kwx_%V!L��*_%VE!L�Ds
�!i�r 1
A =















0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0















, B =















0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0













l A, B Kwx_%VVZ λ4, �*_%VVZ λ2.D rank A = 2 6= rankB = 1. N: A ℄ B �!i� 2
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§ 6.8 RE9�`
6.8.1. . n G2yV

∆ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1 a2 a3 · · · an−1 an

anc a1 a2 · · · an−2 an−1

an−1c anc a1 · · · an−3 an−2

· · · · · · · · · · · · · · · · · ·
a2c a3c a4c · · · anc a1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

r 1
K =

(

0 I(n−1)

c 0

)lr.2yV ∆ = |A| KTw A = a1I + a2K + a3K
2 + · · · + anKn−1 = f(K), %�

f(x) = a1 + a2x + · · ·+ anxn−1. m�.4 K K}wx� n
√

cωk (0 ≤ k ≤ n− 1) rKwx'w Pk = (1, n
√

cωk−1, ( n
√

cωk−1)2, . . . , ( n
√

cωk−1)n−1)T , %� ω = cos 2π
n

+ i sin 2π
n

. G;I P1, P2, . . . , Pn }y�.Tw P = (P1, . . . , Pn). l K � P !i[\Cw P−1JP =

diag( n
√

c, n
√

cω, n
√

cω2, . . . , n
√

cωn−1).[Z A = f(K) � P !i[\Cw
P−1AP = f(D) = diag(f( n

√
c), f( n

√
cω), . . . , f( n

√
cωn−1))

∆ = |A| = |f(D)| = f( n
√

c)f( n
√

cω) · · ·f( n
√

cωn−1) 2

6.8.2. I A, B Z n Gsiw�+ A Kwx_%V ϕA(λ). {�� ϕA(B) a�K2m�D~?Z� A ℄ B �X��Kwx��T� ϕA(λ) = (λ − λ1)
n1 · · · (λ − λt)

nt , %� λ1, . . . , λt Z A K3���Kwx��iw ϕA(B) = (B − λ1I)n1 · · · (B − λtI)nt a�K2m�D~?ZsK2yV
|ϕA(B)| = |B − λ1I|n1 · · · |B − λtI|nt 6= 0, 0��| |B − λiI| 6= 0 (∀ 1 ≤ i ≤ t).ESZ��| λi �Z_%V |B − λI| = (−1)n|λI −B| = (−1)nϕB K���Z B Kwx��uS{�x� ϕA(B) a�K2m�D~?Z� A K�|wx� λi V�Z B Kwx��0� A ℄ B �X��Kwx�� 2=Æ a Z B Kwx� ⇔ a Z_%V ϕB(λ) = |λI − B| K�

⇔ 2yV |aI − B| = 0 ⇔ iw aI − B �a��g�k� a �Z B Kwx� ⇔ aI − B a�� 2

6.8.3. �� n Gsiw B !i[ diag(

(

0 1

1 0

)

, 1, . . . , 1), S- B gH�
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.{��� n Giw A ��~? A2 = I, l A aImJ�,� n |gHK/*�T� W A2 − I = O | λ2 − 1 Z A K{!_%V� A K�*_%V dA(λ) Z{!_%V λ2 − 1 KNV�hW λ2 − 1 �X��| dA(λ) �X���N` A !i[\Cw�\CZ A Kwx��ESZ�*_%V dA(λ) K���Z dA(λ) KÆV λ2 − 1 K���� ±1.u{�x=ia�iw P � A !i[ D = P−1AP = diag(−I(k), I(n−k)).4 K = diag(

(

0 1

1 0

)

, 1, . . . , 1), l K2 = I. ℄ K !iK<�F|gH B E��
B2 = I.�� k = 0, l A = I Z<�F|gH B K#i�N: A Zv|gHK/*�I k ≥ 1, l D Z k |\Cw Di K/*�%� 1 ≤ i ≤ k, �|\Cw Di KP i mw −1, %\mwVL[ 1. A = PDP−1 Z k |iw Ai = PDiP

−1 (1 ≤ i ≤ k). �
{��| Di ℄ K !i�[Z�| Ai E℄ K !iN`ZgH� A Z k |gH Ai (1 ≤ i ≤ k)K/*�` k �,� n.T Di �/y'we: V = F n×1 ��|�8('w ek (1 ≤ k ≤ n) K+�Z Diek = ek

(E k 6= i), ` Diei = −Ei. y'wX1 = e1+ei, X2 = e1−ei I/ Xk = ek−1 (3 ≤ k ≤ i),

Xk = ek (i+1 ≤ k ≤ n) �. F n×1 KF�(�Is
}y�.Kiw M = (X1, . . . , Xn)Za�iw��
X
AiX1 = Ai(e1 + ei) = e1 − ei = X2, AiX2 = Ai(e1 − ei) = e1 + ei = X1,

AiXk = Xk (∀ 3 ≤ k ≤ n).ug� AiM = MK, M−1AiM = diag(

(

0 1

1 0

)

, 1, . . . , 1) ℄ Ai !i� Ai ZgH�[Z A Z k | (�,� n |) gH Ai K/*� 2=Æ E n = 3 P��z�K 3 Giw K i1�e:�O(K 3�% τ : X 7→ KXZ�[# π K\-� π P� Oz ��+#m 6 xOy, τ � Ox �℄ Oy ��%�����i
π K��k�FQ��lQ�)K�|�1 G iQ��K(SZ τ(G), τ SZQ&gH�
P−1KP Zu|Q&gHi�F�(�KTw�N:E-gH��+��H<L n Æe:�
2

6.8.4. {���Giw A, B Kwx�\P!L ⇔ trAk = tr Bk \rXKzye k.s�T� A !i[FDCw T , T K\C λ1, . . . , λn G;Z A K3�wx�� A Kwx_%V
ϕA(λ) = (λ − λ1) · · · (λ − λn) = λn − σ1λ

n−1 + · · · + (−1)kσkλ
n−k + · · ·+ (−1)nσn%� σk Z n |� λ1, . . . , λn ��;1 k |!/�rXu,/*}��
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l T k EZFDCw�sK3�\C λk
1, . . . , λ

k
n SZ Ak K3���Kwx�� tr Ak =

sk = λk
1 + · · ·+ λk

n, %� sk �W}wx� λi (1 ≤ i ≤ n) K k ;i��\�| 1 ≤ k ≤ n, } σi ℄ si (1 ≤ i ≤ k) }:X����V�- �CS�:

sk − σ1sk−1 + σ2sk−2 − · · · + (−1)k−1σk−1s1 + (−1)kkσk = 0�� sk = tr Ak HP6U�l�℄�VaI^.I σ1, . . . , σn KF;i0�..
sk−1σ1 − sk−2σ2 + · · · + (−1)k−2s1σk−1 + (−1)k−1kσk = skG;1 k = 1, 2, . . . , n, JH n |i0�.K 3i0�















































σ1 = s1

s1σ1 − 2σ2 = s2

s2σ1 − s1σ2 + 3σ3 = s3

· · · · · · · · · · · · · · · · · · · · · · · ·
sn−1σ1 − sn−2σ2 + · · ·+ (−1)n−1nσn = sn

(1)

i0� (1) K�eTwZ�DCiw




















1

s1 −2

s2 −s1 3
...

...
...

. . .

sn−1 −sn−2 · · · · · · (−1)n−1n



















2yV 1× (−2)×3 · · · (−1)n−1n 6= 0, N:i0� (1) X�FJ�uSZg�iw A Kwx_%V ϕA(λ) = λn − · · ·+ (−1)kσkλ
n−k + · · ·+ (−1)nσn K}%�e (−1)kσk Wi0� (1)K}�e sk = trA �F6U��Diw B ℄ A X�CK sk = trAk = trBk (1 ≤ k ≤ n),s
SX�CKwx_%V ϕA(λ) = ϕB(λ), <`X�CKwx� λ1, . . . , λn. 2

6.8.5. H| A K�*_%V dA(λ) = (λ − a)m. . B =

(

A I

0 A

) K�*_%V�r A Kwx�VZ dA(λ) = (λ − a)m K���� a. B Kwx�VZwx_%V
ϕB(λ) =

∣

∣

∣

∣

∣

λI − A −I

O λI − A

∣

∣

∣

∣

∣

= |λI − A|2 = ϕA(λ)2K��N:VZ ϕA(λ) K��E�� a. N: B K�*_%V dB(λ) = (λ − a)d, d ZT
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(B − aI)d = O K�*zye��
X
(B − aI)d =

(

A − aI I

O A − aI

)d

=

((

A − aI O

O A − aI

)

+

(

O I

O O

))d

=

(

A − aI O

O A − aI

)d

+ d

(

A − aI O

O A − aI

)d−1 (O I

O O

)

=

(

(A − aI)d d(A − aI)d−1

O (A − aI)d

)W dA(λ) = (λ − a)m | (A − aI)k = O ⇔ k ≥ m. N:
(B − aI)d = O ⇔ (A − aI)d = O = (A − aI)d−1 ⇔ d − 1 ≥ m ⇔ d ≥ m + 1.ug�x B K�*_%V dB(λ) = (λ − a)m+1. 2

6.8.6. H| A K�*_%V dA(λ) =
∏t

i=1(λ − λi)
mi . .{� B =

(

A I

0 A

) K�*_%V dB(λ) =
∏t

i=1(λ − λi)
mi+1.r dB(λ) ZT f(B) = O K�M;eK^F_%V f(λ).

B aImJv|iw} B = D + N , %�
D =

(

A O

O A

)

, N =

(

O I

O O

)�� DN = ND / N2 = O. N:ai_%V f(x) Ktmo℄V
f(c) = f(c) + f ′(c)(x − a) +

f ′′(c)

2 !
(x − c)2 + · · ·�� c ℄ x − c m�|%. D, N , JH

f(B) = f(B + N) = f(D) + f ′(D)N =

(

f(A) f ′(A)

O f(A)

)W:a| f(B) = O ⇔ f(A) = f ′(A) = O ⇔ dA(λ) y5 f(λ) / f ′(λ).W dA(λ) y5 f(λ) a. f(λ) = dA(λ)q(λ), �6; q(λ) T dA(λ) y5 f ′(λ) =

dA(λ)q′(λ) + d′
A(λ)q(λ). :��6 d′

A(λ)q(λ) ��| (λ − λi)
mi (1 ≤ i ≤ t) y5�\�| 1 ≤ i ≤ t, 4 dA(λ) = (λ − λi)

mihi(λ), l hi(λ) ZrX (λ − λj)
mj (j 6= i) K/*`℄

λ − λi �k�
d′

A(λ)q(λ) = ((λ − λi)
mih′

i(λ) + mi(λ − λi)
mi−1h(λ))q(λ)� (λ− λi)

mi y5E+LE mi(λ − λi)
mi−1h(λ)q(λ) � (λ − λi)

mi y5�E+LE q(λ) �
λ − λi y5�
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W:a|� f ′(λ) � dA(λ) y5K2m�D~?Z f(λ) = dA(λ)q(λ) �K q(λ) ��|
λ−λi y5�q(λ) = (λ−λ1) · · · (λ−λt)q1(λ), f(λ) = (λ−λ1)

m1+1 · · · (λ−λt)
mt+1q1(λ).DT��:~?K f(λ) ;e�M+^%�e 1, �61 q1(λ) = 1. uSJH

dB(λ) = (λ − λ1)
m1+1 · · · (λ − λt)

mt+1 . 2=Æ 6.8.5 Z 6.8.6 Kw_,1�D 6.8.6 THx_%VKtmo℄VkJH f(B) =

f(D + N), 6.8.5 ^(k�XTtmo℄�D 6.8.5 Tx�℄b%VUoko℄ (D + N)d, �℄b%VUo f(c+ t) = (c+ t)d = cd + dcn−1t+ d(d−1)
!

2t2 + · · · %RSZ��e f(x) = xdKtmo℄V�
6.8.5 �X�� B ℄ A Kwx_%VK���6Ux dB(λ) K��1V (λ− a)d, N:"��T�℄b%VUoko℄ (D + N)d. ` 6.8.6 qTKZF
K_%VKtmo℄Vko℄ f(D + N), �4Db�6U dB(λ) K1V� 2

6.8.7. I A =















1 2 3 4

0 1 2 3

0 0 2 3

0 0 0 2















. ℄.a�iw P T P−1AP =















1 2 0 0

0 1 0 0

0 0 2 3

0 0 0 2















.rJ 1 � A ..mf1V
A =

(

A1 B1

O A2

)

; %� A1 =

(

1 2

0 1

)

, B1 =

(

3 4

2 3

)

, A2 =

(

2 3

0 2

)�
Id;
P =

(

I X

O I

) T B = P−1AP =

(

A1 Y

O A2

)�K Y = B1 + A1X − XA2 = O, ESZJTwi0 XA2 − A1X = B1 k. X. 4
X =

(

x1 x2

x3 x4

)

, l XA2 − A1X =

(

x1 − 2x3 3x1 + x2 − 2x4

x3 3x3 + x4

)℄ B1 �E\PkJi0�


































x1 − 2x3 = 3

3x1 + x2 − 2x4 = 4

x3 = 2

3x3 + x4 = 3J}J (x1, x2, x3, x4) = (7,−23, 2,−3), N:
=

(

7 −23

2 −3

)

, P =















1 0 7 −23

0 1 2 −3

0 0 1 0

0 0 0 1















2
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=Æ �z�Twi0 XA2 −A1X = B1 !. X Kk��Ki0�k.JKidZ�?J#HK�D5��9;{&Hu|i0\mCK A1, A2, B1 XJ�i�
,g��XJ�� A1, A2 mJ
A1 =

(

1 2

0 1

)

= I + 2N, A2 =

(

2 3

0 2

)

= 2I + 3N ; %� N =

(

0 1

0 0

)+ N2 = O. l
XA2 − A1X = X(2I + 3N) − (I + 2N)X = X + 3XN − 2NX

= (I + 3NR − 2NL)(X) = (I + N )(X)%� I Z�L�%� NR : X 7→ XN ℄ NL : X 7→ NX m�ZT N Y/'�/�|TwO(K�%� N = 3NR − 2NL. �L�/�% NL ℄Y/�% NR !�B%�+W N2 = O |
(NL)2 ℄ (NR)2 VZ{�% O. N`

N 2 = 9(NR)2 − 12NRNL + 4(NL)2 = −12NRNL, N 3 = O.i/d�V (1 + x)(1 − x + x2) = 1 + x3 �� 1, x m�|%. 3�% I, N , JH
(I + N )(I −N + N 2) = I + N 3 = I

(I + N )−1 = I − 3NR + 2NL − 12NRNLW:aJi0 (I + N )X = B KJ
X = (I + N )−1 = (I − 3NR + 2NL − 12NRNL)B

= B − 3BN + 2NB − 12NBN

=

(

3 4

2 3

)

+

(

0 −9

0 −6

)

+

(

4 6

0 0

)

+

(

0 −24

0 0

)

=

(

7 −23

2 −3

)�D A1 = λ1I + N1, A2 = λ2I + N2 K\C λ1, λ2 �!L�+ Nd
1 = O / Nd

2 = O \�|zye d .s�lniOaJH
(A1X − XA2)X = ((λ1 − λ2)I + (N1)L − (N2)R)X = (λ1 − λ2)(I + N )X%� N = (λ1 − λ2)

−1((N1)L − (N2)R) �� N 2d = O, >aJH (I + N )−1. 2

6.8.8. i3m)F�I�RB�<1R�e 2 Giw A, i 2 ÆR'we: R2×1 FUM 3�% A : X 7→ AX. ��|'w (

x

y

) T~C!�#FKR (x, y) �W�l A O(#FKRK�% B : (x, y) 7→ (x′, y′) T (

x′

y′

)

= A

(

x

y

)

. i0: D = {(x, y) | −1 ≤ x, y ≤ 1}�o)O1 n |R (xi, yi) (1 ≤ i ≤ n). �}|RG:T B,B2, . . . ,Bm−1  T�t�dkK n |Ri�F�JH mn |R Bj(xi, yi) (1 ≤ i ≤ n, 1 ≤ j ≤ m). T[EK3m)B?
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�rXu,R�4k�	'rJK�1o� m Kn7K�!/Y���Z1 A =

(

1.1 0.3

0.2 0.9

)

,

n = 200, m = 10 JHK�1�
-6 -4 -2 2 4 6

-3

-2

-1

1

2

3

� 6 - 6	'��o� T;e j Kn7�JHKR Aj(xi, yi) /'[�F~~ FKv|!gKi' (��KYFi���i). ℄J\r	'HK�(�Zpi<�,g�V4�uF�(�℄�_~I�w_,1�I 2 GRiw A Xv|Rwx� λ1, λ2 + λ1 > |λ2|. ��l{'w X0 ∈ R2×1 �Z AKwx'w�l,� X = limj→∞
1

|AjX0|
AjX0 =i��+Z[ λ1 Kwx'w�up�E

AjX0 = (xj , yj) PUM |AjX0| = |xj |+ |yj|. :PT3m)�?J.J,� X <`JHF|wx'w��� n GRiw A XF|zRwx� λ0 �[rX%\wx�K��EaITniKmdk.[ λ0 Kwx'w�- �MJ (method).r iw A Kwx_%V ϕA(λ) = λ2−2λ+0.93Xv|��KzR� λ1 = 1±
√

0.07 ≈
0.7354 � λ2 = 1 +

√
0.07 ≈ 1.2646, }XF|wx'w u,v �.#FKF�(�#Fo)1K<LFR P0(x0, y0) \PK'w −−→

OP0 = X0 = (x0, y0)
T aI.. u,v K 3��

X0 = a0u + b0v. T 3�% A : X 7→ AX \ X0 t9 T n ;K+�Z
X0 7→ Xn = AnX0 = a0A

n
u + b0A

n
v = a1λ

n
1u + a2λ

n
2v���� X0 z�Z[wx� λ1 ' λ2 Kwx'w��� A  T_G;JHK AnX0>i X0 dkKi'FJ+'pY�DZ�o);1K X0 z�Zwx'wKw��*��_e,1� X0 = a0u + b0v �Zwx'w�v|�e a1, b1 V� 0, :P

Xn = AnX0 = a1λ
n
1u + b1λ

n
2v = a2λ

n
2 (ρnu + v)℄ ρnu + v � �%�

ρn =
a1λ

n
1

b1λn
2

=
a1

b1

(

λ1

λ2

)nW[ 0 < λ1 < λ2, 0 < λ1

λ2
< 1, E n → ∞ P ρn → 0, ρnu + v → v. N:�E n ��n�P� Xn K,���℄ v � � Xn =

−−→
OPn rA�KR Pn K����FN[wx'w

v rYUK~ �N:��Fr	'HKR/NK~ FKl{'wSZiw A Kwx'w�srKwx�Zv|wx��[\�E�K�F|�F
O��� 2 GRiwXv|Rwx�
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λ1, λ2 K[\� |λ2| > |λ1|, �oa{��� X0 6= 0 �Z A Kwx'w�lE n → ∞ P
AnX0 ��FN[[wx� λ2 Kwx'wriK~ ���R 2 Giw A Kv|wx�K[\�!L�l A Kt9 T�&� X0 /N[F~~ �r��E A Kwx�ZF\�"5��l A : X 7→ AX K�; T� X0 Ki':��|CW α, An � X0 Ki':� nα, E
n → ∞ P X0 �/[F~~ ��oa|��� m GRiw A XF|Rwx�K[\� λi �[%\rXKwx���+wx�e: W KÆe 1, �D X0 /∈ W , E n → ∞ P AnX0 ��FN[~ W . \�|
n, � Xn = AnX0 5I}mw[\�}� sn JH Yn = s−1

n Xn K}mw[\�}� 1. lE n ��n�P Yn K,���Z[u|wx� λi Kwx'w�r��.DGiw
A =









1 0.5 0.4

2 1 0.7

2.5 1.4 2







Kwx'w�i Mathematica `A�f2��08^X�
A={{1,0.5,0.4},{2,1,0.7},{2.5,1.4,2}}; X={1,1,1};
Do[X1 = A.X; c = Apply[Plus, X1]; X = X1/c; Print[c,X], {n,1,10}]^XPF2Z`Aiw A, �`A'w X = (1, 1, 1)T . Pb2K Do Z=#^X��F;=#�KX,Z� X1=A.X Z3m X1 = AX. c=Apply[Plus,X1] Z� X1 K}mw!7JH c. X=X1/c Z� X1 }mw�5I c, JH/K X K}mw� 1. Print[X] Z�u;JHK X `4���K {n,1,9} �W�IFX,�s� 9 ;���v;`4KI�!��VZ
3.40869{0.152706, 0.289034, 0.55826}JHwx� 3.40869, wx'w (0.152706, 0.289034, 0.55826)T . 2
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q 7 M Jordan ZW>i�� Æz9P x = x(t), y = y(t), z = z(t) ^OY*P


























d

dt
x = 4x + 3y − 4z

d

dt
y = −x + 2z

d

dt
z = x + y

(1){2 Y*PDbhY*y�Pz9ÆU�D >�-�DY*'XU℄Y*�P(DY*P'XU℄Y*P��
X =









x

y

z









,
d

dt
X =













d

dt
x

d

dt
y

d

dt
z













, A =









4 3 −4

−1 0 2

1 1 0







'�U℄Y*P>�pX
d

dt
X = AX (2)

x, y, z N2>�z9�BD�9�N2>�z9 x, y, z DgvP���2>�z9��4R3B7#�	)�9����	)�9�2>�z9�S#�	�f���t�-�-;k
x, y, z N>�(:(CI�9

x(t) =
∞
∑

k=0

xkt
k, y(t) =

∞
∑

k=0

ykt
k, zk =

∞
∑

k=0

zkt
k�2

X = X0 + X1t + · · ·+ Xkt
k + · · · (3)�� Xk = (xk, yk, zk)

T . "E/ (3) ;�E/ (2) C
d

dt
X = X1 + 2X2t + · · ·+ kXkt

k−1 + · · · = AX0 + AX1t + · · ·+ AXk−1t
k−1 + · · ·�'bh tk D`9C

kXk = AXk−1 ⇒ Xk =
1

k
AXk−1 ⇒ Xk =

1

k!
AkX0�4

X = (
∞
∑

k=0

1

k!
Aktk)X0 = (I + tA +

1

2!
(At)2 + · · ·+ 1

k!
(At)k + · · ·)X0 (4)

1



P�	,9 a, �CI(:/
eat =

∞
∑

k=0

1

k!
(at)k (5)��>5(�-h(:/~279z9Dv?�� eat+bt = eatebt,

d

dt
eat = aeat E�~2w*�9�A,9D��) >�#(:/ (5) �",9 a J�(�	,Y. A, L


eAt =
∞
∑

k=0

1

k!
(At)k (6)O�H>��Y.D��) >CA d

dt
etA = AeAt, ��? AB = BA *CA eAteBt =

e(A+B)t. "-hL
;� (4) >3U℄Y*P d

dt
X = AX DN, X = eAtX0, �� X0 2�$9P(DVkS���E/ (6) �> eAt, 3w��> A Di5f���2kE/��D_�9D5Qv�X4�>�"Y. A h<�0>u�<Dt/ J = P−1AP , " Ak = (PJP−1)k = PJkP−1G�X Jk E�>�6S" eAt = PeJtP−1 G�X eJt E�>�� "Y*P (1) p( (2) Dt/ d

dt
X = AX. " A h<A0>u�<Dt/�ÆC A DG/Ri/ ϕA(λ) = (λ− 1)2(λ− 2).,Y*P℄�ÆCY*P (A−2I)X = 0� (A−I)X = 0D1,X1 = (2, 0, 1)T , X2 =

(1,−1, 0)T , ^OM!
AX1 = 2X1, AX2 = X2G/6 1D;9B9X 2, �9Æ.�hgv_qG/kSX2. ",Y*P (A−I)X = X2ÆC�h, X3 = (−1, 0,−1)T ^O (A− I)X3 = X2 � AX3 = X2 + X3.� X1, X2, X3 XiV{(>vY. P = (X1, X2, X3), '

AP = (AX1, AX2, AX3) = (2X1, X2, X2 + X3)

= (X1, X2, X3)









2 0 0

0 1 1

0 0 1









= PJ

J =









2 0 0

0 1 1

0 0 1









= diag(2, J2(1))

J2(1) =

(

1 1

0 1

)

= I + N, N =

(

0 1

0 0

)

eAt = PeJtP−1, eJt = diag(e2t, e(I+N)t).

2



� IN = NI � N2 = O 3 e(I+N)t = eIteNt = et(I + Nt) =

(

et tet

0 et

)

. �2
eAt =









2 1 −1

0 −1 0

1 0 −1

















e2t 0 0

0 et ett

0 0 et

















2 1 −1

0 −1 0

1 0 −1









−1

=









−et + 2e2t −2et + 2e2t + ett −2e2t − 2(−et + ett)

−ett et − ett 2ett

−et + e2t −et + e2t 2et − e2t









§ 7.1 Jordan ?�OR*i�
1. %gYV=# a 2�	b9� m 2�	109�t�





















a 1 0 · · · 0

a 1
. . .

...
. . .

. . . 0

a 1

a





















m×mD m )Y.'X Jordan � (Jordan block), �T Jm(a), �� m �0BD)9� a 2BDP%g�=��32BDG/6��v�hY. J 2JP%.���A�DP%�N2 Jordan ��3'-hJP%.X
Jordan =ÆN (matrix of Jordan type).s� bhbY. A NupÆoh>vY. P h<��?t4. J = P−1AP . 2� A h<D�?t4. J 'X A D�?�Jt�bhb9 a N>�<T�)D Jordan � J1(a). bhP%. diag(λ1, . . . , λn) N>�<T��) Jordan � λ1, . . . , λn P(DJP%.��4N2 Jordan t4.�

2. %gYV=/x (SD)— rank (A− aI)m kW���v�23B A D�?�Jt J , P J DbhG/6 λi }109 m ���>. rank (J−
λiI)m. WwE��-�3B J , �upP A �>.ih rank (A−λiI)m, � rank (J−λiI)m =

rank (A− λiI)m 3Bih rank (J − λiI)m, 6S “}�” . J .8I�>+v�b�
3



P J DbhG/6 λi }�	109 m }bh�?� Jmk
(λk), ���>.

rank (Jmk
(λk)− λiI)m =



















mk, ? λk 6= a

mk −m, ? λk = λi � mk ≥ m

0, ? λk = λi � mk < m��� m D��S�De�S
δk(λi, m) = rank (Jmk

(λk)− λiI)m−1 − rank (Jmk
(λk)− λiI)m

=







1, ? λk = λi � mi ≥ m

0, ���t
J DhÆDe�S δ(λi, m) = rank (J − λiI)m−1 − rank (J − λiI)m E�i�?�De�S δk(λi, m) 4}�

δ(λi, m) =
∑

λk=λi 	 mk≥m

1�32;� δ(λi, m) E� J �7�G/6 λi �)9 mk ≥ m D�?� Jmk
(λi) Dh9�S

N(λi, m) = δ(λi, m)− δ(λi, m + 1) 32 J �E� Jm(λi) D�?�Dh9�F	�℄�L (A − λiI)0 = I, �S? m = 1 *� rank (A − λiI)m−1 = n, 4*
δ(λi, 1) = n − rank (A − λiI) 32 J �7�G/6 λi DA��?�Dh9�S7�G/6
λi D�?�DN)9E� λi D;9B9 ni.P A DbhG/6 λi }109 m �>.

δ(λi, m) = rank (A− λiI)m−1 − rank (A− λiI)m5A δ(λi, m) = 0 X8��>CA J �Ay�?� Jm(λi) Dh9 N(λi, m) = δ(λi, m) −
δ(λi, m + 1), 3>p.�?�Jt J . ih rank (A− λiI)m � A W�9L��B�>.ED N(λi, m) �� A W�9L�6SW�9LU J (��i�?�D{V:z).

3. %gYV=/x (Sw)— ya[ (A− λiI)mX = 0 k�d�4#� 1 bY. A9��hG/6 a, AÆO)>vY. P h<A�?� P−1AP = Jn(a).4*� AP = PJn(a) 3 (A− aI)P = PJn(0), �
(A− aI)(P1, . . . , Pn) = (P1, . . . , Pn)Pm(0) = (P1, . . . , Pn)















0 1
. . .

. . .

0 1

0















= (0, P1, . . . , Pn−1) ,�� P1, . . . , Pn �52 P DiV� A− aI P P DiVDR)T�>� P�0X
0← P1 ← P2 ← · · · ← Pn (1)

4



� PQ (1) >3�5gvY*P (A− aI)X = 0 D,?� VA−aI Y9X 1, P DI 1 V P1P(1,`�Pbh109 m ≤ n, Y*P (A− aI)mX = 0 D,?� V(A−aI)m Y9X m,

P D� m V P1, . . . , Pm P(1,`� VA−aI �32 A D7�G/6 a DG/K?� Va.WwE��vbY. A 9��hG/6 a, �G/K?� Va Y9X 1, ' A h<��?�
Jn(a). 4* A DQmRi/�X (λ−a)n, (A−aI)n = O 6= (A−aI)n−1. �� Pn �2Y*P (A−aI)n−1X = 0 D,�� P1 = (A−aI)n−1Pn = 0 � (A−aI)P1 = (A−aI)nPn = 0.℄�� Pi = (A− aI)n−iPn (∀ 1 ≤ i ≤ n− 1), 'CAD P1, . . . , Pn ^O PQ (1), P(>vY. P = (P1, . . . , Pn) ^O (A− aI)P = PJn(0) � AP = PJn(a), P−1AP = Jn(a).#� 2 bY. A 9��hG/6 a, A ÆO)>vY. P h<A�?�Jt

P−1AP = J = diag(Jm1
(a), . . . , Jmd

(a)),�>3?{Vi�?�D:z- m1 ≥ · · · ≥ md. 9�� A �>.i�?� Jmi
(a) D)9

mi, 3Æ.U�?�Jt J .�v�23BU J , 3>�+i�?� Jmi
(a) D)9 mi �5" P D n V℄( d P�iP℄�� m1, . . . , md hhWVP(�" P ℄�X P = (Π1, . . . , Πd) -b� Πi �O�P�hWD mi V πi1, . . . , πimi

P(�'� AP = PJ 3 (A− aI)P = P (J − aI) �
(A− aI)(Π1, . . . , Πd) = (Π1, . . . , Πd)diag(Jm1

(0), . . . , Jmd
(0))6S (A− aI)Πi = ΠiJmi

(0),

(A− aI)(πi1, . . . , πimi
) = (πi1, . . . , πimi

)Jmi
(0)

A− aI Pb� Πi DiVDR)T�>� PQ�0X
0← πi1 ← πi2 ← · · · ← πimi"ih Π1, . . . , Πd DiV{(D PQ6 Ab{V�b�

0← π11 ← π12 ← · · · · · · ← π1m1

0← π21 ← π22 ← · · · · · · ← π2m2

· · · · · · · · · · · · · · · · · · · · · · · · (2)

0← πd1 ← πd2 ← · · · ← πdmdP( d uD PQ�bu�O�h Πi DiVP(�AykSh9 mi E�hÆD�?� Jmi
(a)D)9� PQ (2) � P D n VP(�P( n YVkS?� V = Cn×1 D�P���<.� PQI 1 VDikS π11, . . . , πd1 P(�5gvY*P (A− aI)X = 0 D,?� VA−aI (�32G/K?� Va) D�P�,?� VA−aI DY9 d E�I 1 VDkSh9��
H� PQ� k VDikS πij (1 ≤ i ≤ k) P(�5gvY*P (A− aI)kX = 0 D,?� V(A−aI)kD�P�,?� V(A−aI)k DY9 dk E�� k VAykS πij (1 ≤ j ≤ k) Dh9�

5



WwE��v n )Y. A 9��hG/6 a, �-�3B A D�?�Jt J , �>�P109 k = 1, 2, . . . �5Æ.iY*P (A− aI)kX = 0 D,?� V(A−aI)k DY9 d1 < d2 <

· · · < dm = n bh dk �32 PQ (2) �� k VDkSh9��4>�DV�. PQ (2),� PQ�iuAykSh9 m1, . . . , md 33BUi�?� Jmi
(a) D) mi, 6SCA�?�Jt J = diag(Jm1

(a), . . . , Jmd
(a)).#� 3 �
�t�bY. A � t h�ODG/6 λ1, . . . , λt, G/Ri/ φA(λ) = (λ−

λ1)
n1 · · · (λ− λt)

nt .PbhG/6 λi, �5�>.�5gvY*P (A− λiI)kX = 0 D,?� V(A−λiI)k DY9 d1 < d2 < · · · < dm = ni. �. PQ-� k Vy� dk hkS�� PQ�iuAykSh9C.7�G/6 λi Di�?�D)�"�7�iG/6 λi DA�D�?�XP%�P( AD�?�Jt J .G�H�Y*P (A − λiI)X = 0 ,?�DY9327�G/6 λi D�?�Dh9� λiD;9B9 ni E�7�G/6 λi DA��?�DN)9��v9w�Æ. A D�?�Jt J S��ÆC.>vY. P ^O P−1AP = J , k6i
dk = dim V(A−λiI)k � PQ*��wÆ.Q�ikS�9�"Q�bhkS��~�Aa|;��up�0.bVbu�yR!hkS3uU�� 1 Y. A DG/Ri/ ϕA(λ) = (λ+1)(λ− 2)7, � rank (A− 2I) = 5, rank (A−
2I)2 = 3, rank (A− 2I)3 = 2,rank (A− 2I)4 = 1. Æ A D�?�Jt J .� A 2 8 )Y.�RhG/6 −1, 2 D;9B9℄�X 1,7.�?�Jt J �7�G/6 −1 D�?�DN)9X 1, 9u��h�?��)9X 1, X
J1(−1) = −1.7�G/6 2 D�?�DN)9X 7. Y*P (A − 2I)X = 0 D,?�Y9X d1 =

8 − rank (A − 2I) = 3, ;k7�G/6 2 D�?�� 3 h�Y*P (A − 2I)kX = 0

(k − 2, 3, 4) D,?�Y9 dk �5X 5,6,7. "7�G/6 2 D PQ�D 7 hkS�� 7 h109;���5L� PQ�DiV�I 1 VL� 1,2,3, I 2 VL� 4,5, I 3 VL� 6, I
4 VL� 7, '� k V (k = 1, 2, 3, 4) DkSh9�5X 3,5,6,7, CAa��ÆDbQ









1 4 6

2 5 7

3







Q�D 3 uAy9MDh9℄�X 4,2,1, ;k J �7�G/6 2 D 3 h�?�D)9℄�X
4,2,1, �?�X J4(2), J2(2), J1(2).
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�4CA
J = diag(−1, J3(2), J3(2), J1(2)) =









































−1

2 1 0 0

2 1 0

2 1

2

2 1

2

2









































.

4. ~;��v>vY. P " A h<A�?�Jt P−1AP = J = diag(Jm1
(λ1), . . . , Jms

(λs))

(i λ1, . . . , λs ��L�hO), '>�i�?� Jmi
(λi) D:m" P ℄�X P = (Π1, . . . , Πs),�� Πi � P � mi hhWVP(�4*� AP = PJ �

A(Π1, . . . , Πs) = (Π1, . . . , Πs)diag(Jm1
(λ1), . . . , Jms

(λs))C AΠi = ΠiJmi
(λi), 6S (A− λiI)Πi = ΠiJmi

(0), (A− λiI)miΠi = O, Πi DbVN2Y*P (A− λiI)miX = 0 D[X,�℄3B (A− λiI)X = 0 D[X,27�G/6 λi DG/kS��
H�P�	109 k, Y*P (A− λiI)kX = 0 D[X,'X7�G/6 λi DkkS�sE 7.1.1 # V 29� F  Dgv?�� A 2 V  Dgv��� a 2 A D�hG/6� 0 6= β ∈ V . �v7#109 k -C
(A− aI)k(β) = 0,3' β 2 A D7�G/6 a D ~;� (root vector). 4*��7#- (A− aI)m(β) = 0 DQmD109 m, ^O

(A− aI)m(β) = 0 � (A− aI)m−1(β) 6= 0,' β X m 5kkS�9� F  bh n )Y. A # n YVkS?� F n×1  ��hgv�� A : X 7→ AX.

A DkkS�'X A DkkS� A D m 5kkS�'X A D m 5kkS��5kkS32G/kS� 2kkS2G/kSDRr� n )bY. A DG/kSZ�uP( Cn×1 D�kkS��LupP( Cn×1 D�"bY. A h<A�?�Jt P−1AP = J D>vY. P DiVN2kkS�Æ P , �32℄�PihG/6ÆkkS^O PQ (2), �-okkSXiV{(DY.32^OM! P−1AP = J D P .
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�1|3J�f
7.1.1. �3

A =









0 0 −2

1 0 3

0 1 0









,Æ An.{2 Æ>vY. P " A h<A�?�Jt P−1AP = J , ' A = PJP−1, An =

PJnP−1.� A DG/Ri/ ϕA(λ) = λ3 − 3λ + 2 = (λ + 2)(λ− 1)2.PG/6 −2, ,Y*P (A + 2I)X = 0 C1, X1 = (1,−2, 1)T ^O AX1 = 2X1.PG/6 1, �>C
A− I =









−1 0 −2

1 −1 3

0 1 −1









, (A− I)2 =









1 −2 4

−2 4 −8

1 −2 4







� rank (A− I) = 2 3Y*P (A− I)X = 0 D,?� (G/K?�) X 1 Y�9��h7�G/6 1 D�?��)9X 2, A D�?�Jt J = diag(2, J2(1)).Y*P (A − I)2X = 0 D, X3 = (2, 1, 0)T �2 (A − I)X = 0 D,� X2 =

(A− I)X3 = (−2, 1, 1)T 6= 0 ^O (A− I)X2 = (A− I)2X3 = 0. A− I P X2, X3 DR)T�^O PQ
0← X2 ← X3�5� X1, X2, X3 XiV{(>v4.

P = (X1, X2, X3) =









1 −2 2

−2 1 1

1 1 0









. ' P−1AP = J =









2 0 0

0 1 1

0 0 1









.

An = (PJP−1)n = PJnP−1 = P









2n 0 0

0 1 n

0 0 1









P−1

=









8
9
− 2

3
n + (−2)n

9
2
9
− 2

3
n− 2(−2)n

9
−4

9
− 2

3
n + 4(−2)n

9
2
9

+ 2
3
n− 2(−2)n

9
5
9

+ n
3

+ 4(−2)n

9
8
9

+ n
3
− 8(−2)n

9

−1
9

+ n
3

+ (−2)n

9
2
9

+ n
3
− 2(−2)n

9
5
9

+ n
3

+ 4(−2)n

9









2
7.1.2. �3 5 )Y. A h<� Jordan t4. J , �^OM!

rank A = 3, rank A2 = 2, rank (A + I) = 4, rank (A + I)2 = 3.
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Æ J .� "`94.X B D�5gvY*P BX = 0 D,?��X VB. '
dim VA = 5− rank A = 2, dim VA2 = 5− rank A2 = 3.J<H>C dim VA+I = 1, dim V(A+I)2 = 2.� dim VA2 + dim V(A+I)2 = 3 + 2 = 5 3 J �7�G/6 0 D�?�N)9X 3, 7�G/6 −1 D�?�N)9X 2. � dim VA = 2 37�G/6 0 D Jordan �Dh9X 2, )99u℄�X 2, 1. � dim VA+I = 1 37�G/6 −1 D Jordan �Dh9X 1, )9X 2.

J = diag(J2(0), 0, J2(−1)) =





















0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 −1 1

0 0 0 0 −1





















. 2
7.1.3. �3bhD4. A h<� Jordan t4. J . k6 rank (A− λiI)k = rank (J −

λiI)k (λi �� A DiG/6� k = 1, 2, . . .) Æ J .

(1)









−2 1 3

−22 11 33

6 −3 −9









; (2)















4 0 0 0

0 4 0 0

3 0 4 0

2 3 0 4















;

(3)















1 2 4 7

0 1 3 6

0 0 1 4

0 0 0 3















; (4)















4 −3 0 0

3 −2 0 0

1 2 −3 −2

4 3 8 5















.� (1) A DG/Ri/X λ3, 9��hG/6 0. rankA = 1 = rank J . �4 J 9u��h[X Jordan � Jmi
(0) �> rank Jmi

(0) = 1 �S mi = 2.

J = diag(J2(0), 0) =









0 1

0

0









(2) A9��hG/6 4. � rank (A−4I) = 2, (A−4I)2 = O. Y*P (A−4I)X = 0� (A− 4I)2X = 0 D,?�℄�X dim VA−4I = 2 � dimV(A−4I)2 = 4." A h<A�?�Jt J = P−1AP D>vY. P D 4 V# A − 4I DR)T�bt(D PQDI 1 VP( VA−4I D�P�y 2 hkS X1, X2, �RVP( V(A−4I)2 D�P�y 4 hkS X1, X2, X3, X4:

0←X1 ← X3

0←X2 ← X4
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 PQn�Ru�iyRhkS�>� J �Rh�?��)9N2 2.

J = diag(J2(4), J2(4)) =















4 1 0 0

0 4 0 0

0 0 4 1

0 0 0 4















(3) Y. A DG/Ri/ ϕA(λ) = (λ− 1)3(λ− 3), �RhG/6 1(3 B),3(1 B).�� rank (A− I) = 3, Y*P (A− I)X = 0 D,?�DY9X 4− rank (A− I) = 1,7�G/6 1 D�?�9� 1 h�7�G/6 3 D�?�DN)9X 1, ?�9� 1 h��4
J = diag(J3(1), 3) =















1 1 0 0

0 1 1 0

0 0 1 0

0 0 0 3















(4) A DG/Ri/ ϕA(λ) = (λ− 1)4, 9��hG/6 1, ;9B9X 4.�>. rank (A − I) = 3, Y*P (A− I)X = 0 D,?�Y9X 4− 3 = 1. �?�Jt J 9��h�?� J4(1).

J = J4(1) =















1 1 0 0

0 1 1 0

0 0 1 1

0 0 0 1















. 2
7.1.4 (1) �3 Jordan t4. J ^OM! rank Jk = rank Jk+1 = r, k6 Jk A^ODM!�P�	109 s Æ rank Jk+s.

(2) �3Y. A h<� Jordan t4. J . � rank Ak = rankAk+1 = r. P�	109
s Æ rank Ak+s.� (1) # J = diag(Jm1

(λ1), . . . , Jms
(λs)), '

rank Jk − rank Jk+1 =
s
∑

i=1

(rank Jmi
(λi)

k − rank Jmi
(λi)

k+1)��
rank Jmi

(λi)
k − rank Jmi

(λi)
k+1 =







0, ? λi 6= 0 � Jmi
(λi)

k = O

1, ? λi = 0 � Jmi
(0)k 6= O�4� rank Jmi

(λi)
k− rank Jmi

(λi)
k+1 E� Jk �G/6X 0 D[X�?� Jmi

(0) Dh9�
rank Jk = rank Jk+1 ⇒ Jk �G/6X 0 D�?� Jmi

(0)k �X 0. rank Jk E� J �7�[XG/6D�?�D)9 mi (λi 6= 0) DN}�P�	109 s, rank Jk+s �27�[XG/6D)9 mi DN}� rank Jk+s = rank Jk.
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(2) � A h<� J = P−1AP 3 J D�	1095f Jm = P−1AmP h<� Am,

rank Am = rank Jm. � rank Jk = rankAk = rankAk+1 = rank Jk+1 C rank Jk =

rank Jk+s. 6S
rank Ak = rank Jk = rank Jk+s = rankAk+s . 2

7.1.5 �3 n )Y. A ∈ F n×n h<� Jordan t4. J , �^OM! An = 0 6= An−1.Æ J .�x 1 � An 3 A DW�G/62 0, P−1AP = J = diag(Jm1
(0), . . . , Jms

(0)).

Jn−1 = diag(Jm1
(0)n−1, . . . , Jms

(0)n−1) = P−1An−1P 6= O, :!��h Jmi
(0)n−1 6= O,-~- mi ≥ n. > m1 + · · ·+ ms = n, �29u s = 1, m1 = n,

J = Jn(0) =















0 1
. . .

. . .

0 1

0













�x 2 � An−1 6= O 37# n YVkS Pn - P1 = An−1Pn 6= 0. P 1 ≤ k ≤ n− 1,� Pk = An−kPn. ' A P P1, . . . , Pn DR)T�>�0X PQ
0← P1 ← P2 ← · · · ← Pn

P1, P2, . . . , Pn gv_q�{(>vY. P = (P1, P2, . . . , Pn) ^O AP = PJn(0), J =

P−1AP = Jn(0). 2
§ 7.2 �Z�	|�R*i�

1. ~Y��sE 7.2.1 # A 2 n Ybgv?� V  Dgv��� λi 2 A DG/6�' Ker (A−
λiI)ni 'X A D7�G/6 λi D ~Y�� (root subspace), �X Wλi

. 2kK?� Wλi
� A D7�G/6 λi D�IkkS"K XkSnOP(�#�	�Pb" V p(VkS?� F n×1, gv�� A : X 7→ AX �4. A R),e�'kK?� Wλi
32�5gvY*P (A− λiI)niX = 0 D,?���Y9E�G/6 λiD;9B9�G/K?� Vλi

(Y*P (A− λiI)X = 0 D,?�) 2kK?� Wλi
DK?��

2. ~Y��{�s� 7.2.1 A T�Dgv?� V E� A DikK?�D5}��
V = Wλ1

⊕ · · · ⊕Wλt
.
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�� λ1, . . . , λt 2 A D���ODG/6� 2
3. ℄WY��sE 7.2.2 # A : V → V 2gv����v V DK?� W Æ A DT��A W ���

A(W ) = {A(α) | α ∈ W} ⊆W3' W 2 A D ℄WY�� (invaraint subspace), �' A- ��K?�� 2B�N�
(1) α 2 A DG/kS ⇔ α '(�Y��K?��
(2) KerA, ImA N2 A D��K?��
(3) P�	b9 a ��	109 m, Ker (A− aI)m 2 A D��K?��G�H� A D7�G/6 λi DG/K?� Ker (A − λiI) �kK?� Ker (A − λiI)∞ 2 A D��K?��
(4) # A,B 2O�gv?� V  Dgv���� AB = BA, ' ImB ��	 Ker (B−

aI)m 2 A D��K?��
4. 6AW�L℄WY��'k5T�	gv�" A : U → V >�f=# U D�~�hK?� W  �CAgv�"

A|W : W 7→ V, α 7→ A(α) .gv�� A : V → V 2 V AL$�Dgv�"��>�f=# V D�	K?� W  CA W A V Dgv�" A|W : W → V, α 7→ A(α), > A|W ��2 W  Dgv���9�? A(W ) ⊆ W *�uCA W  gv�� A|W : W → W, α 7→ A(α). 4* W 2 V D
A- ��K?��gv�� A|W 'X A # W  D���s� 7.2.2 V D A- ��K?� W D�	�P S1 = {α1, . . . , αr} >�C,X V D�P S = {α1, . . . , αr, . . . , αn}. A # S bD4.2J �%.

A =

(

A11 A12

O A22

)��R %D r )� A11 2 A|W # S1 bD4.��v V >�℄,XRh A- ��K?� W1, W2 D5}� V = W1 ⊕W2, �� W1 D
S1 = {α1, . . . , αr} � W2 D S2 = {αr+1, . . . , αn} ��X V D S = S1 ∪ S2, ' A # S bD4.2JP%.

A =

(

A1 O

O A2

)�� Ai (i = 1, 2) 2 A|Wi
# Si bD4.� 2
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s� 7.2.3 "gv��AT�Dgv?� V ℄,XkK?�D5} V = Wλ1
⊕· · ·⊕Wλt

.�bhkK?� Wλi
D3?D Si - A|Wλi

# Si bD4.X �%. Ai, P%��X λi.' A # S = S1 ∪ S2 ∪ · · · ∪ St bD4.X �%�P(DJP%. diag(A1, . . . , At). 2s� 7.2.4 V  gv�� A >P%� ⇔ V >℄,X 1 Y��K?�D5}� 2�1|3J�f
7.2.1 # V Dgv�� A DG/Ri/ ϕA(λ) = (λ − λ1)

n1 · · · (λ − λt)
nt, ��

λ1, . . . , λt RR�O�2kbh α ∈ V >p( α = α1+· · ·+αt Dt/- αi ∈ Ker (A−λiI)ni .Q� Pbh 1 ≤ i ≤ t, �
fi(λ) =

ϕA(λ)

(λ− λi)ni
=
∏

j 6=i

(λ− λj)
nj' f1(λ), . . . , ft(λ) a�mnk�Q:m�/X 1. 7# u1(λ), . . . , ut(λ) -

f1(λ)u1(λ) + · · ·+ ft(λ)ut(λ) = 1" λ J�( A CA f1(A)u1(A) + · · ·+ ft(A)ut(A) = I. �2P�	 α ∈ V �
α = Iα = f1(A)u1(A)α + · · ·+ ft(A)ut(A)α = α1 + · · ·+ αt�� αi = fi(A)ui(A)α P 1 ≤ i ≤ t (O�℄� (λ−λi)

nifi(λ) = ϕA(λ) � ϕA(A) = O.�SP 1 ≤ i ≤ t �
(A− λiI)niαi = (A− λiI)nifi(A)ui(A)α = ϕA(A)ui(A)α = Oui(A)α = 06S αi ∈ Ker (A− λiI)ni . 2

7.2.2 # n Ybgv?� V  gv�� A, B )V>$��Æ2� A DG/K?�}kK?�N2 B D��K?��Q� # λi 2 A DG/6�;9B9X ni. ' A D7�G/6 λi DG/K?� Vλi
=

Ker (A− λiI), kK?� Wλi
= Ker (A− λiI)ni .P�	 α ∈ Vλi

� (A− λiI)Bα = B(A − λiI)α = B0 = 0, -;k Bα ∈ Vλi
. -2kU Vλi

2 B D��K?��P�	 β ∈ Wλi
� (A− λiI)niBβ = B(A − λiI)niβ = B0 = 0, -;k Bβ ∈ Wλi

.-2kU Wλi
2 B D��K?�� 2

7.2.3 # A,B 2bgv?� Dgv��� AB = BA. Æ2� A,B �mnDG/kS� Q� # a 2 A D�	�hG/6� Va = Ker (A − aI) 27�G/6 a DG/K?��' α ∈ Va ⇒ (A− aI)(Bα) = B(A− aI)α = 0 ⇒ Bα ∈ Va. -2kU Va 2 B D�
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�K?�� B # Va  Df= BVa
: α 7→ Bα 2 Va Dgv��� B|Va

7#G/6 b }G/kS β 6= 0 ^O Bβ = bβ, �� β ∈ Va 3 Aβ = aβ. β 2 A,B DmnG/kS� 2
7.2.4 (1) # A,B 2�9Y,gv?� V  gv��� AB = BA, Æ2� A,B �mnDG/kS�
(2) # Ai (i ∈ I) 2�9Y,gv?� V  �PRR>$�Dgv���Æ2�A�D Ai

(i ∈ I) �mnDG/kS�Q� (1) �3 n = dim V 2�9�" A DG/Ri/ ϕA(λ) #,9� ℄,X�>�Ri/D)Æ
ϕA(λ) = (λ− λ1)

n1 · · · (λ− λd)
nd(fd+1(λ))nd+1 · · · (fs(λ))ns.�� λ1, . . . , λd 2 ϕA(λ) D,k� fj(λ) (d + 1 ≤ j ≤ s) 2_,kD�>�,`9Ri/�59N2 2. � n = n1 + · · ·+ nd + 2nd+1 + · · ·+ 2ns 2�93B:!��h,k λi D;9B9 ni 2�9�7�G/6 λi DkK?� Wλi
= Ker (A− λiI)ni DY9 ni 2�9�℄�

α ∈ Wλi
⇒ (A− λiI)ni(Bα) = B(A− λiI)niα = 0 ⇒ Bα ∈Wλi-2k Wλi

2 B D��K?�� B # Wλi
 Df= BWλi

: α 7→ Bα 2 ni Y?� Wλi
 Dgv��� B|W

|
λi
DG/Ri/D59 ni 2�9��,G/k b, ���7�,G/6 b DG/kS β 6= 0 ^OM! Bβ = bβ.

β ∈ Wλi
2 A D7�G/6 λi DkkS�7#109 m - (A − λiI)mβ = 0 6=

(A− λiI)m−1β = β1. � (A− λiI)β1 = (A− λiI)mβ = 0 3 Aβ1 = λiβ1, β1 2 A DG/kS�� Bβ1 = B(A − λiI)m−1β = (A− λiI)m−1Bβ = (A− λiI)m−1bβ = bβ1, ;k
β1 �2 B DG/kS��S2 A,B DmnG/kS�

(2) n Y,gv?� V  D�Igv��P(D,gv?� L(V ) DY9X n2, ��Dgv�� Ai (i ∈ I) P(D��D�:gv_qP S AyD Ai h9�&w n2, �Z#X
A1, . . . ,As, �� 1 ≤ s ≤ n2. 9�2k A1, . . . ,As �mnDG/kS β ^O Aiβ = aiβ

(∀ 1 ≤ i ≤ s), 'bh Ai (i ∈ I) N2 A1, . . . ,As DgvP� Ai = x1A1 + · · ·+ xsAs, �S Aiβ = (x1a1 + · · ·+ xsas)β, β 2 Ai D7�G/6 x1a1 + · · ·+ xsas DG/kS��bP s S9|tsV2k n = dim V X�9D,gv?� V  RR$�D,gv�� A1, . . . ,As 7#mnG/kS�? s = 1 *� A1 �,G/6 a �G/kS β ^OM! A1β = aβ. #�9Y,gv?� s − 1 hRR$�Dgv��7#mnG/kS��H (1) ��22k�9Y,gv?� V  Dgv�� As 7#ohG/6 a D;9B9 p 2�9�kK?� Wa DY9 p 2�9�bh Ak (1 ≤ k ≤ s − 1) � As $���S Wa2 Ak D��K?�� Ak # Wa  Df= (Ak)|Wa
2 Wa Dgv����9Y,gv?� Wa  D s − 1 hgv�� (Ak)|Wa

(1 ≤ k ≤ s − 1) RR$���ts�#3BB
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�mnDG/kS β 6= 0, Pbh Ak (1 ≤ k ≤ s − 1 �,9 ak - Akβ = akβ. �
β ∈ Wa 37#109 m - (As − aI)mβ = 0 6= (As − aI)m−1 = β1. � (As − aI)β1 =

(As − aI)mβ = 0 C Asβ1 = aβ1, β1 2 As DG/kS��Pbh Ak (1 ≤ k ≤ s− 1) �
Akβ1 = Ak(As−aI)m−1β = (As−aI)m−1Akβ = (As−aI)m−1akβ = αkβ1, β1 �2 AkDG/kS��4 β1 2 A1, . . . ,As DmnG/kS��2A� Ai (i ∈ I) DG/kS� 2

§ 7.3 C�Z�	R*i�
1. B�Y��sE 7.3.1 # A 29� F  gv?� V  Dgv��� S ⊆ V . ' V ��y S D�I A- ��K?�D$��2�y S D A- ��K?���42�y S DQm A- ��K?��'X� S '(D A- ��K?��G��� V ��hkS β '(D A- ��K?�'X B�Y�� (cyclic subspace) . 2s� 7.3.1 kS β '(D}�K?�� β �A� Akβ (k X109) DgvP� a0β +

a1Aβ + · · ·+ amAmβ (a1, a1, . . . , am ∈ F ) P(�E�
F [A]β = {f(A)β | f(x) ∈ F [x]}�� f(x) = a0 + a1x + · · · + amxm ∈ F [x] ��9� F  A�DRi/� f(A)β =

(a0 + a1A+ · · ·+ amAm)β = a0β + a1Aβ + · · ·+ amAmβ. 2
2. ;�k\<u9+[XkS β '(D}�K?� F [A]β ⊆ V ?�2_�� M = {β,Aβ, . . . ,Amβ, . . .}#9� F  '(DK?��>�� V 2�fYgv?��K?� F [A]β DY9�2�fD�7#Q:D109 m - M �� m hkSP(D�� M1 = {β,Aβ, . . . ,Am−1β} gv_q�� m + 1 hkS β,Aβ, . . . ,Amβ gvhq�7#��X 0 D$9 λ0, λ1, . . . , λm -

λ0β + λ1Aβ + · · ·+ λm−1Am−1β + λmAmβ = 0� M1 gv_q3 λm 6= 0, �>"E/R�O) λ−1
m CA

0 = c0β + c1Aβ + · · ·+ cm−1Am−1β +Amβ = d(A)β�� ci = λ−1
m λi (∀ 0 ≤ i ≤ m− 1), d(x) = c0 + c1x + · · ·+ cm−1x

m−1 + xm ∈ F [x] 2^O d(A)β = 0 D59QFD6�Ri/�sE 7.3.2 # A 29� F  gv?� V  Dgv��� 0 6= β ∈ V . �v[XRi/
f(x) ∈ F [x] ^OM! f(A)(β) = 0, 3' f(x) X β (hP� A)D ��u9+ (annihilator),
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��59QFD6�D�XRi/'X β (hP� A) D \<u9+ (minimal polynomial),�T dA,β(λ), # A jL4��>��X dβ(λ) . 2
β hP� A DA�D�XRi/N2QmRi/ dA,β D/�G�H�# A DQmRi/X dA(x), ' dA,β(x) 2 dA(x) D�/�s� 7.3.2 # A 29� F  n Ygv?� V Dgv��� 0 6= β ∈ V ,

dβ(λ) = a0 + a1λ + · · ·+ am−1λ
m−1 + λm2 β hP� A DQmRi/�'

(1) M1 = {β,A(β),A2(β), . . . ,Am−1(β)} 2}�K?� U = F [A]β D�P�
(2) A|U # M1 bD4.X

A1 =















0 −a0

1
. . . −a1
. . . 0

...

1 −am−1















m×m

.

3. I~;�(`kB�Y��# β 2 V  gv�� A D7�G/6 a D m 5kkS�� (A − aI)mβ = 0 6=
(A − aI)m−1β. -32; dA,β(λ) = (λ − a)m. � B = A − aI, ' dB,β = λm. k6LK
7.3.2, M1 = {β,Bβ, . . . ,Bm−1β} 2 β '(D}�K?� U = f [B]β D�P� B|U #-PbD4.

B1 =















0 0

1 0 0
. . .

. . .
...

1 0















m×m" M1 �DkS�hW:z{VCA M̃1 = {Bm−1β, . . . ,Bβ, β}, ' B = A − aI #-P M̃1 bD4.X�?� Jm(0), A # M̃1 bD4.X aI + Jm(0) = Jm(a). �4CA�s� 7.3.3 # β 2gv�� A D7�G/6 a D m 5kkS�Pbh 1 ≤ i ≤ m, �
βi = (A− aI)m−i(β). ' {β1, . . . , βm} 2}�K?� U = F [A]β D�P� A|U #-PbD4.E��?�

Jm(a) =















a 1
. . .

. . .

a 1

a















. 2LK 7.3.3 �D A− aI P}�K?� U D {β1, . . . , βm} DT�>��0X PQ
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0← β1 ← β2 ← · · · ← βm�0�WwE�gv�� A T�D?��DkSP S = {β1, . . . , βm} Æ A− aI DT��v^O�  PQ�' S 2 βm '(D}�K?� U = F [A]βm D�P� A|U #-P S bD4.E��?� Jm(a).# A 2b9� C  �fYgv?� V  Dgv����23B V >�℄,X A DkK?�D5} V = Wλ1
⊕ · · · ⊕Wλt

. 9�up"bhkK?� Wλi
℄,X}�K?� Uij

(1 ≤ j ≤ hi) D5}�#bh}�K?� Uij �LK 7.3.3 A;Y/� Mij - A|Uij
#-PbD4.2�?� Jmij

(λi), "ih Mij ��( V D�P M , ' A # M bD4.XA�D Jmij
(λi) P(D�?�Jt� �1|3J�f

7.3.1 # A 2gv?� V Dgv��� U 2 β 6= 0 '(D A- }�K?��Æ2� βhP� A DQmRi/ dA,β(λ) E� A|U DQmRi/�Q� # A|U DQmRi/X d(λ). � d(A|U) = OU � β ∈ U 3 d(A)β = d(A|U)β =

0. -;k d(λ) 2 β hP� A D�XRi/� dA,β(λ) 0/ d(λ).WwE�bh α ∈ U = F [A]β upp( α = f(A)β Dt/� f(λ) ∈ F [λ]. �
dA,β(A)β = 0 >C

dA,β(A)α = dA,β(A)f(A)β = f(A)dA,β(A)β = f(A)0 = 0-2kU dA,β(A|U) = O, d(λ) 0/ dA,β(λ).6�Ri/ dA,β(λ) � d(λ) h�0/��4hE�-2kU dA,β(λ) E� A|U DQmRi/ d(λ). 2
7.3.2 #

A =















0 −a0

1
. . . −a1
. . . 0

...

1 −an−1















n×nM�4. >5(2k� A DQmRi/E�BDG/Ri/�Q� A DG/Ri/ ϕA(λ) = |λI −A| = λn + an−1λ
n−1 + · · ·+ a1λ + a0.QmRi/ d(λ) 2 ϕA(λ) D�/��v d(λ) 6= ϕA(λ), ' d(λ) = c0 + c1λ + · · · +

cm−1λ
m−1 + λm D59 m ≤ n− 1. Pbh 1 ≤ i ≤ n, � ei 2I i ℄SX 1 ���℄SX

0 D n YVkS�' A D� n − 1 V�5E� e2, e3, . . . , en, -;kgv�� X 7→ AX "
e1, e2, . . . , en−1 ℄��A e2, e3, . . . , en, � PQ�0.E32

e1 → e2 → · · · → en
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�4>� Ak
e1 = ek+1 P 1 ≤ k ≤ n− 1 (O� Ak DI 1 VX ek+1.# f(λ) = c0 + c1λ + · · ·+ cn−1λ

n−1 259 < n D[XRi/�`9 c0, c1, . . . , cn−1��X 0. 'Y. f(A) = c0I + c1A + · · ·+ cn−1A
n−1 DI 1 VE�

f(A)e1 = c0e1 + c1Ae1 + · · ·+ cn−1A
n−1

e1

= c0e1 + c1e2 + · · ·+ cn−1en

= (c0, c1, . . . , cn−1)
T 6= 0>� f(A) 6= O. -;k A DQmRi/ dA(λ) D59�uF� n, :!E� n, G/Ri/

ϕA(λ) 32 A DQmRi/� 2r" �>5(P109 k ≤ n − 1 �9|tsV2k Ak D� n − k V�5E�
ek+1, . . . , en, 6SI 1 VE� ek+1.? k = 1 *�23B A D� n− 1 V�5X e2, . . . , en.# Ak−1 D� n− k + 1 V�5X ek, . . . , en, '

Ak = Ak−1A = (ek, ek+1, . . . , en, ∗, . . . , ∗)















0 −a0

1
. . . −a1
. . . 0

...

1 −an−1















n×n

= (ek+1, . . . , en, ∗, . . . , ∗, ∗)D� n− k V�5X ek+1, . . . , en. (��bh ∗ ;��h n YVkS�)-3Pbh109 k ≤ n− 1 2kU Ak D� n− k V�5E� ek+1, . . . , en, I 1 VX
ek+1. �4>3P59 < n D[XRi/ f(λ) = c0 + c1λ + · · · + cn−1λ

n−1 � f(A)e1 =

c0e1 + c1e2 + · · ·+ cn−1en 6= 0 6S f(A) 6= O. 2
7.3.3 # A 2bgv?� V  Dgv��� β 2 A D7�G/6 a D m 5kkS�Æ β hP� A DQmRi/ dA,β(λ).� Amβ = 0 6= Am−1β ⇒ dA,β(λ) 0/ λm S�0/ λm−1 ⇒ dA,β(λ) = λm. 2
7.3.4 5.^ObhDM!DNK�
(1) gv�� A DRh}�K?� U1, U2, �� 0 6= U1 ⊂ U2 � U1 6= U2.

(2) [XkS α1 '(gv�� A D}�K?� U1, α2 /∈ U1, > α2 '(D}�K?�
U2 � U1 D}�25}�� 2 YVkS?� V = F 2×1 �Dgv��

A :

(

x

y

)

7→
(

0 1

0 0

)(

x

y

)

=

(

y

0

)
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" e2 7→ e1 7→ 0. e1, e2 '(D A D}�K?�℄�X U1 = Fe1 � U2 = V .

(1) 0 6= U1 ⊂ U2.

(2) e2 /∈ U1, > e2 '(D}�K?� U2 = V � U1 D} U2 + U1 = U2 �25}�2
7.3.5 # λ1, . . . , λt 2gv�� A D�ODG/6� α1, α2, . . . , αt ℄�27�-oG/6DG/kS�Æ2� α1 + · · ·+ αt '(D}�K?� U = Fα1 ⊕ · · · ⊕ Fαt.Q� A DG/kS α1, . . . , αt '(D�YK?� Fα1, . . . , Fαt N2 A D��K?��BD} U = Fα1 ⊕ · · · ⊕ Fαt �2 A D��K?��d� β = α1 + · · ·+ αt y� U , �4 β '(D}�K?� F [A]β y� U .Pbh109 i ≤ t, � fi(λ) 2/U λ− λi 4S��A�D λ− λj (j 6= i) D)Æ�'

fi(λi) 6= 0, �Pbh j 6= i � fi(λj) = 0. β '(D}�K?� F [A]β �ybh
fi(λi)

−1fi(A)(α1 + · · ·+ αt) = fi(λi)
−1(fi(λ1)α1 + · · ·+ fi(λt)αt) = αi.�S�yih αi (1 ≤ i ≤ t) '(DK?� Fα1 + · · ·+ Fαt = U .

A D}�K?� F [A]β ���K?� U h��y��4 U E� β '(D}�K?��2
7.3.6 #kS α, β hP�gv�� ADQmRi/ dα(λ)� dβ(λ)�=�Æ2�F [A]α⊕

F [A]β = F [A](α + β).Q� 2 F [A]α ∩ F [A]β = 0, 6S F [A]α + F [A]β = F [A]α⊕ F [A]β.#�Ri/ f(λ), g(λ) ∈ F [λ] - f(A)α = g(A)β ∈ F [A]α ∩ F [A]β. � dα(λ) �
dβ(λ) �=37# u(λ), v(λ) ∈ F [λ] - u(λ)dα(λ)+ v(λ)dβ(λ) = 1, 6S u(λ)dα(λ) = 1−
v(λ)dβ(λ), "E/ u(A)dα(A) = I − v(A)dβ(A) R�Dgv��℄�T��E/ f(A)α =

g(A)β R��CA
u(A)f(A)dα(A)α = g(A)β − v(A)g(A)dβ(A)β" dα(A)α = 0 = dβ(A)β C g(A)β = 0. -2kU F [A]α ∩ F [A]β �DkS f(A)α =

g(A)β 9uE� 0, F [A]α + F [A]β 25} F [A]α⊕ F [A]β.d� α+β y���K?� F [A]α⊕F [A]β, �4 α+β A'(D}�K?� F [A](α+

β) ⊆ F [A]α⊕ F [A]β.WwE"2k α, β Ny� F [A](α + β) 6S F [A]α⊕ F [A]β ⊆ F [A](α + β). O��
u(λ), v(λ) ∈ F [λ]^O u(λ)dα(λ)+v(λ)dβ(λ) = 1CAE/ u(A)dα(A) = I−v(A)dβ(A),}�K?� F [A](α + β) �y

u(A)dα(A)(α + β) = u(A)dα(A)α + (I − v(A)dβ(A))β = 0 + β + 0 = β�S�y (α + β)− β = α, /S�y α � β '(D��K?� F [A]α⊕ F [A]β.
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-32kU��K?� F [A]α⊕ F [A]β � F [A](α + β) h��y�A�2DE/(O�2
§ 7.4 &h[X?R*i�

1. %gYV=keLAs�s� 7.4.1 �v9� F  n )Y. A A�DG/6 λ1, . . . , λt Ny� F , '7# F  
n )>vY. P " A h<A�?�Jt P−1AP = J . �OD P >��; J ��?�D{V:zD�	e��>�ue��?�� 2

2. /x�$�!yN P 
 A 7-j%gYV= J.P A DbhG/6 a Æ.� na h n YVkS πij P(D�b PQ�
0← π11 ← π12 ← · · · · · · ← π1m

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0← πδm1 ← π22 ← · · · · · · ← πδm,m (1)

· · · · · · · · · · · · · · · · · · · · ·
0← πd1 ← · · · ← πdmd�� na 2 a # A DG/Ri/�DB9� m 2^O n − rank (A − aI)m = na DQm09�Q�D P�0 A− aI DR)T��"PbhG/6 a CAD PQ (1) Db�uDkS�5{V3CAAÆ>vY. P .� A : X 7→ AX X A DR)T�#VkS?� V = F n×1  �Dgv���'Pbh109 k ≤ m,  PQ (1) �� k VDkS πij (1 ≤ j ≤ k) P( Ker (A − aI)k D�P Mk, �32Y*P (A − aI)kX = 0 D,?�D�P� Mk AykSh9 |Mk| =

dk = dim Ker (A − aI)k = n − rank (A − aI)k. Pbh 2 ≤ k ≤ m, � Tk X PQ (1)�I k VDkSP(D���' Mk = Mk−1 ∪ Tk = M1 ∪ T2 ∪ · · · ∪ Tk, Tk AykSh9
|Tk| = δk = dk − dk−1.� PQ (1) ��<.I 1 V� δm hkSP(D�� T ∗

m = {π11, . . . , πδm1} = (A −
aI)m−1Tm 2 (A − aI)m−1Ker (A − aI)m = Im (A − aI)m−1 ∩ Ker (A − aI) D�J<H�Pbh109 k ≤ m,  PQI 1 V� δk hkSP(D�� (A − aI)k−1Tk 2
(A− aI)k−1Ker (A− aI)k = Im (A− aI)k−1 ∩Ker (A− aI) D��4CAo$ PQ (1) D>V�p 1 _ # A DG/6 a D;9B9X na, m 2- dm = n − rank (A − aI)m =

dim Ker (A− aI)m = na DQm109�Pbh109 k ≤ m, ,Y*P (A− aI)kX = 0
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Æ.1,` Sk, ��>. Hk = (A − aI)k−1Sk, ' Im (A − aI)k−1 ∩ Ker (A − aI) =

(A− aI)k−1Ker (A− aI)k >� Hk '(�? k = 1 *�L H1 = S1 = Ker (A− aI).p 2 _ Æ Hm ∪ Hm−1 ∪ · · · ∪H1 D�:gv_qP H∗
m ∪ H∗

m−1 ∪ · · · ∪H∗
2 ∪H∗

1 ,��bh H∗
i ⊆ Hi, - Kk = H∗

m ∪H∗
m−1 ∪ · · · ∪H∗

k 2 Hm ∪Hm−1 ∪ · · · ∪Hk D�:gv_qP�' Kk 2 Im (A− aI)k−1 ∩Ker (A− aI) D� Im (A− aI)k−1 ∩Ker (A− aI)D Km �5C,X Im (A− aI)k−1 ∩Ker (A− aI) (k = m, m− 1, . . . , 2, 1) D Kk Q�CA Ker (A− aI) D K1.p 3 _ � Ker (A− aI) D K1 = H∗
m ∪H∗

m−1 ∪ · · ·∪H∗
2 ∪H∗

1 6 AbP( PQDI 1 V���bhkS πi1 y�oh H∗
k ⊆ (A−aI)k−1Sk, 8�t/ πi1 = (A−aI)k−1πik,�� πik ∈ Sk. πik Æ A− aI Di5fR)CA6 πi1 A πik D k hkSP(D PQ

0← πi1 ← · · · ← πik�bh yi1 :.D PQTXI i �u�n� d1 uP(t�Q (1) D PQ� PQbuQ��hkS πik '(�h}�K?��0h-�uD k hkSP(-h}�K?�D�P�
A : X 7→ AX #-i}�K?� DT�#-PbD4.2�h�?� Jk(a). "bhG/6 a D PQ�DkSDu{V�3CA>vY. P " A h<��?�Jt J , ��bh�?� Jk(a) D)9 k E�7�G/6 a D�uD%O� 2

3. /xk}XU�2>VDN�v�#�8>V�Æ.iY*P (A − aI)kX = 0 D1,` Sk,"� Hk = (A− aI)k−1Sk Æj?� (A− aI)k−1Ker (A− aI)k D�P'(� Hk, "NwÆ�:gv_qPCAj?�D�P Kk = H∗
m ∪ · · · ∪Hk. -�D>V�>u2G\1PD�#�R�Ab>�e/�N��

(1) �v�2" (A − aI)k−1X = 0 D1,` Sk−1 C,X (A − aI)kX = 0 D1,` Sk = Sk−1 ∩ Tk, ' (A− aI)k−1Tk 32 (A− aI)k−1Ker (A− aI)k D�P��w��� Sk−1 C,X Sk �����N$w�℄�Æ.RP1,` Sk−1, SK "Æ Sk−1 ∪ Sk D�:gv_qP���*(HM��w��v�3BUj?� (A− aI)k−1Ker (A− aI)k DY9 δk = dk − dk−1, 9�Ue�2CAU Hk = (A− aI)k−1Sk � δk hgv_qkS�3��>. Hk � Sk ��BkS�
(2) �v��23B δk = δk−1, � Kk A Kk−1 = Kk ∪ H∗

k−1 w�K�D H∗
k 2?��3�w��> Sk−1 } Hk−1.

4./xk\bQ�X+`iG/6 a D PQ�A�kSOpP( F n×1 D�P�{(>vY. P ?�+ 8>V�bh PQDI 1 VDikS π11, . . . , πd11 P( Ker (A−aI) D�gv_q�-3�2U0h PQ�A�DkSgv_q�9�7�bhG/6 a D PQ�DkS
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h99AG/6 a D;9B9 na, -okS3P(kK?� Wa D�P�0h?� V = Cn×12ikK?� Wa D5}�ihkK?�DD��32 V D�>VI 2 �Æ.Dbh Kk = H∗
m ∪ · · ·H∗

k 2 Im (A − aI)k−1 ∩ Ker (A − aI) =

(A− aI)k−1Ker (A− aI)k D�P�AykSh9 δk = |Kk| E� Ker (A− aI)k  Dgv�� Bk−1 : X 7→ (A − aI)k−1X Dj?� ImBk−1 = (A − aI)k−1Ker (A − aI)k DY9��S
δk = dim ImBk−1 = Ker (A− aI)k −KerBk−1

= Ker (A− aI)k −Ker (A− aI)k−1 = dk − dk−1�� dk = dim Ker (A− aI)k 2gvY*P (A− aI)kX = 0 D,?�Y9�Pbh109 k ≤ m, � PQDI k VDkSP(D��X Tk. ' Tk AykSh9
|Tk| 32 PQ�%O r ≥ k Du

0← πi1 ← · · · ← πirDh9��+ PQDo$V�I 1 V� Ker (A−aI) D�P K1 = H∗
m∪H∗

m−1∪· · ·∪H∗
1P(���� dk uDkSP( ImBk−1 D�P Kk = H∗

m ∪ · · · ∪H∗
k . I i uD%O32-

πi1 ∈ Kr ⊂ Kr−1 ⊂ · · · ⊂ K1 DQ:09 r. �4� r ≥ k D,℄��M!2 πi1 ∈ Kk, -�D πi1 Dh932 Kk AykSh9 |Kk| = dim ImBk−1 = δk. -2kU PQI k V
Tk AykSh9X δk = dk − dk−1. iVAykSN9X

|K1|+ |T2|+ · · ·+ |Tm| = d1 + δ2 + · · ·+ δm

= d1 + (d2 − d1) + · · ·+ (dm − dm−1)

= dm = dim Ker (A− aI)m-2kU PQAykSh99AUkK?� Wa DY9�P( Wa D�P� 2�1|3J�f
7.4.1 Æ3?D>vbY."bVbY. A h<A�?�Jt J :

(1)









−2 1 3

−22 11 33

6 −3 −9









; (2)









6 5 −2

−2 0 1

−1 −1 3









; (3)









1 −3 2

4 −7 4

12 −14 7









;

(4)















4 0 0 0

0 4 0 0

3 0 4 0

2 3 0 4















; (5)















1 2 4 7

0 1 3 6

0 0 1 4

0 0 0 3















; (6)















4 3 0 0

−3 −2 0 0

1 2 −3 −2

4 3 8 5















;
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(7)















0 1

0
. . .
. . . 1

1 0















n×n

; (8)















a1

a2

. · ˙
an















; (9)















0 1

0
. . .
. . . 1

0















3

n×n

;

(10)





















0 0 0 0 0

4 0 0 0 0

3 4 0 0 0

2 3 0 0 0

1 2 3 0 0





















; (11)















1 −1

1
. . .
. . . −1

1















n

n×n

.� (1) G/Ri/ ϕA(λ) = λ3. 9��hG/6 0. �� rank A = 13Y*P AX = 0D,?�X 2 Y�P−1AP = J �Rh�?��9u J = diag(J2(0), J1(0)), P = (P1, P2, P3)DiV^O# A DR)T�bD PQ
0←P1 ← P2

0←P3� P2 = e2 = (1, 0, 0)T - P1 = AP2 = (1, 11,−3)T 6= 0, ' P1, P2 ^O PQ�Æ�" P1 K�Y*P AX = 0 D�h, P3 = (1, 2, 0)T (X4Y*PD1,`�'
P = (P1, P2, P3) =









1 0 1

11 1 2

−3 0 0









, P−1AP = J =









0 1 0

0 0 0

0 0 0









(2) G/Ri/ ϕA(λ) = (λ− 3)3. 9��hG/6 3. �� rank (A− 3I) = 2 3Y*P (A − 3I)X = 0 ,?�X 1 Y� P−1AP = J 9��h�?� J3(3). P = (P1, P2, P3)D 3 VÆ^O# A− 3I R)T�bD PQ
0← P1 ← P2 ← P3�>.

A− 3I =









3 5 −2

−2 −3 1

−1 −1 0









, (A− 3I)2 =









1 2 −1

−1 −2 1

−1 −2 1







� P3 = (0, 0, 1)T - P1 = (A − 3I)P3 = (−1, 1, 1)T 6= 0, �� P2 = (A − 3I)P3 =

(−2, 1, 0)T . '
P =









−1 −2 0

1 1 0

1 0 1









, P−1AP = J =









3 1 0

0 3 1

0 0 3
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(3) G/Ri/ ϕA(λ) = (λ−3)(λ+1)2 �RhG/6 3(1 B),−1 (2 B). P−1AP = J�7�G/6 3 D�?�9� 1 h J1(3) = 3. PG/6 −1 �>.
A + I =









2 −3 2

4 −6 4

12 −14 8









, (A + I)2 =









16 −16 8

32 −32 16

64 −64 32







� rank (A + I) = 2 3Y*P (A + I)X = 0 D,?�X 1 Y�7�G/6 −1 D�?�9��h�X J2(−1).

J = diag(3, J2(−1)),Y*P (A− 3I)X = 0 Æ.1, P1 = (1, 2, 4)T .

P2, P3 # A+ I R)T�bÆ^O PQ 0← P2 ← P3. ,Y*P (A+ I)2X = 0 D�h, P3 = (1, 1, 0)T - P2 = (A + I)P3 = (−1,−2,−2)T 6= 0, ' P2, P3 a� PQ�Æ�
P =









1 −1 1

2 −2 1

4 −2 0









, P−1AP = J =









3 0 0

0 −1 1

0 0 −1









(4) G/Ri/ ϕA(λ) = (λ − 4)4 9��hG/6 4(4 B). rank (A− 4I) = 2, (A −
4I)2 = O. Y*P (A− 4I)X = 0 � (A− 4I)2X = 0 D,?�DY9℄�2 2,4. P D 4V# A− 4I R)T�bD PQDI 1 V�RhkS��RVn 4 hkS�X

0←P1 ← P2

0←P3 ← P44 PQ9�Ru�buRh[XkS�;k J n�Rh�?��)9NX 2, J = diag(J2(4), J2(4)).�� (A−4I)2 = O, A�D 4 YVkSN2Y*P (A−4I)2X = 0 D,�9�*ARhVkS P2, P4 Æ A− 4I R)CAD P1, P3 gv_q�'ACAD 4 hVkS Pi (1 ≤ i ≤ 4)a� PQ�Æ�
A− 4I =















0 0 0 0

0 0 0 0

3 0 0 0

2 3 0 0













D�RVgv_q�� P2 = e1, P4 = e2, ' P1 = (A − 4I)P2 = (0, 0, 3, 2)T � P2 =

(A− 4I)P4 = (0, 0, 0, 3)T 32 A− 4I D�RV�gv_q�
P =















0 1 0 0

0 0 0 1

3 0 0 0

2 0 3 0















, P−1AP = J =















4 1 0 0

0 4 0 0

0 0 4 1

0 0 0 4
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(5) G/Ri/ ϕA(λ) = (λ− 1)3(λ− 3). �RhG/6 3(1 B), 1(3 B).

J �7�G/6 3 D�?�9��h J1(3) = 3, ,Y*P (A− 3I)X = 0 ÆC1,�,Y*PÆC1, P1 = (27, 12, 4, 2)T TX P DI 1 V�PG/6 1 �5�>. A− I, (A− I)2, (A− I)3 �b�














0 2 4 7

0 0 3 6

0 0 0 4

0 0 0 2















,















0 0 6 42

0 0 0 24

0 0 0 8

0 0 0 4















,















0 0 0 108

0 0 0 48

0 0 0 16

0 0 0 8













� rank (A− I) = 3 3Y*P (A− I)X = 0 D,?�X 1 Y��47�G/6 1 D�?�9� 1 ��)9X 3, X J3(1),

J = diag(3, J3(1))

P D� 3 V^O# A− I DR)T�bD PQ 0← P2 ← P3 ← P4. � (A− I)3X = 0 D, P4 = e3 = (0, 0, 1, 0)T - P2 = (A− I)2P4 = (6, 0, 0, 0)T 6= 0, �� P3 = (A− I)P4 =

(4, 3, 0, 0)T . ' P2, P3, P4 ^O PQ�
P =















27 6 4 0

12 0 3 0

4 0 0 1

2 0 0 0















, P−1AP = J =















3 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1















(6) G/Ri/ ϕA(λ) = (λ − 1)4. 9��hG/6 1 (4 B). � rank (A − I) = 3 3Y*P (A− I)X = 0 D,?�Y9X 1, J 9��h�?� J4(1). P D 4 V# A− I R)T�b^O PQ
0← P1 ← P2 ← P3 ← P4�5�>. A− I, (A− I)2, (A− I)3 �b�















3 3 0 0

−3 −3 0 0

1 2 −4 −2

4 3 8 4















,















0 0 0 0

0 0 0 0

−15 −17 0 0

27 31 0 0















,















0 0 0 0

0 0 0 0

6 6 0 0

−12 −12 0 0













�� (A−I)4 = O, A�D 4YVkSN2Y*P (A−I)4X = 0D,�� P4 = (1, 0, 0, 0)T �2 (A−I)3X = 0 D,�� P1 = (A−I)3P4 = (0, 0, 6,−12)T 6= 0, "� P2 = (A−I)2P4 =

(0, 0,−15, 27)T , P3 = (A− I)P4 = (3,−3, 1, 4)T . ' Pi (1 ≤ i ≤ 4) a� PQ�Æ�
P =















0 0 3 1

0 0 −3 0

6 −15 1 0

−12 27 4 0















, J =















1 1 0 0

0 1 1 0

0 0 1 1

0 0 0 1
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(7) G/Ri/ ϕA(λ) = λn−1 � n h�ODG/6 1, ω, . . . , ωn−1, �� ω = cos 2π
n

+

i sin 2π
n

, �4 A h<�P%. J = diag(1, ω, . . . , ωn−1). PbhG/6 ωk (0 ≤ k ≤ n− 1)Æ.Y*P (A− ωkI)X = 0 D�h1, (�G/kS) Pk+1 = (1, ωk, ω2k, . . . , ω(n−1)k)T .� P = (P1, P2, . . . , Pn), 'P%. P−1AP = J 32 A D�?�Jt���
P =





















1 1 · · · 1

1 ω · · · ωn−1

1 ω2 · · · ω2(n−1)

...
...

. . .
...

1 ωn−1 · · · ω(n−1)2





















, J =















1

ω
. . .

ωn−1















(8) A # n YVkS?� V = F n×1  DR)T��Dgv�� A : X 7→ AX "L�kS ei, en−i+1 ℄��A an−i+1en−i+1, aiei, -;k?109 i ≤ n
2
* ei, en−i+1 '(D 2 YK?� Ui = Fei ⊕ Fen−i+1 2 A D��K?�� A|Ui

# Si = {ei, en−i+1}bD4. Ai =

(

0 ai

an−i+1 0

)

. 9�{�bh Ui D Mi - A|Ui
# Mi bD4. Ji X�?t�'? n = 2m Xz9* A # V = U1 ⊕ · · ·Um D M = M1 ∪ · · · ∪Mm bD4. J = diag(J1, . . . , Jm) 2�?t��5� M �DihVkSXiV{(D>vY. P ^O

AP = PJ 6S P−1AP = J . ? n = 2m + 1 X�9* V = U1 ⊕ · · · ⊕ Um ⊕ Fem+1,

M = M1 ∪ · · · ∪Mm ∪ {em+1}, � Aem+1 = Aem+1 = am+1em+1, �S A # M bD4.
J = diag(J1, . . . , Jm, am+1) �2�?t�� M �ikSXiV{(D>vY. P �" A h<A�?�Jt P−1AP = J .Pbh109 i ≤ n

2
, �+ Ai =

(

0 ai

an−i+1 0

) D�= ai, an−i+1 2`E� 0 D 4 A�O�t℄�F℄�{& Ui D Mi - A|Ui
D4. Ji 2�?t�#� 1. ai = an−i+1 = 0. � Mi = Si, ' Ji = Ai = O 2P%.�S2�?t�#� 2. an−i+1 = 0 6= ai. # A|Ui
DT�b� PQ 0 ← aiei ← en−i+1, A|Ui

#
Mi = {aiei, en−i+1} bD4. Ji =

(

0 1

0 0

)

= J2(0) 2�?��#� 3. ai = 0 6= an−i+1, # A|Ui
DT�b� PQ 0← an−i+1en−i+1 ← ei, A|Ui

# Mi = {an−i+1ei−n+1, ei} bD4. Ji = J2(0) 2�?��#� 4. ai � an−i+1 N�X 0. 4* Ai DG/Ri/ ϕAi
(λ) = λ2 − aian−i+1 �Rh�ODk ±√aian−i+1, ℄�Æ.7�-Rh�OG/6DG/kS Xi =

√
aiei +

√
an−ien−i� Yi =

√
aiei −

√
an−ien−i P( Ui D Mi = {Xi, Yi}, ' A|Ui

# Mi bD4.
Ji = diag(

√
aian−i+1,−

√
aian−i+1) 2P%.�S2�?t�

(F�[Xb9 ai, an−i+1 i�Rh�OD|Yk�?B21,9*�√ai,
√

an−i+1 �01D|Yk�#���Ab��H��	7L ai, an−i+1 D�h|Yk�X √ai,
√

an−i+1, ��sL √aian−i+1 =
√

ai
√

an−i+1, ' −√ai,−
√

an−i+1,−
√

aian−i+1 ℄�2Y�h|Yk�)
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Pbh109 i ≤ n
2
� 8YV�L Mi � Ji.? n = 2m Xz9*��5� M1, . . . , Mm �ihkSXiV{(>vY. P , '

P−1AP = J = diag(J1, . . . , Jm) X A D�?�Jt�? n = 2m + 1 Xz9*��5� M1, . . . , Mm �ihkS� em+1 XiV{(>vY. P , ' P−1AP = J = diag(J1, . . . , Jm, am+1) X A D�?�Jt�
(9) A = Jn(0)3. � Jn(0)e1 = 0 � Jn(0)ek = ek−1 (∀ 2 ≤≤ n) 3 Jn(0)3

ek = 0

(? k ≤ 3) � Jn(0)3
ek = ek−3 (? 4 ≤ k ≤ n). L�kS ek (1 ≤ k ≤ n) # A = Jn(0)3DR)T�bD PQ�b�
0← e1 ← · · · ← e3q−2 ← e3q+1 ← · · · ← e3m1+1

0← e2 ← · · · ← e3q−1 ← e3q+2 ← · · · ← e3m2+2

0← e3 ← · · · ← e3q−3 ← e3q ← · · · ← e3m0�� mk (k = 0, 1, 2) 2^OM! 3mk + k ≤ n DQ:09�" PQD 3 uDihVkSXiV{(4.� Π1 = (e1, . . . , e3q+1, . . . , e3m1+1), Π2 =

(e2, . . . , e3q+2, . . . , e3m2+2), Π3 = (e3, . . . , e3q, . . . , e3m0
),"{(>vY. P = (Π1, Π2, Π3).' P " A h<A�?�Jt P−1AP = J = diag(Jm1

(0), Jm2
(0), Jm0

(0)).

(10) G/Ri/ ϕA(λ) = λn, 9��hG/6 0 (5 B). �>.
A2 =





















0 0 0 0 0

0 0 0 0 0

16 0 0 0 0

12 0 0 0 0

17 12 0 0 0





















, A3 =





















0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

48 0 0 0 0





















, A4 = O

� rank A = 3, rank A2 = 2, rankA3 = 1, rank A4 = 0 3Y*P AkX = 0 (k = 1, 2, 3, 4)D,?�DY9�5X 2,3,4,5. P DiV# A DR)T�bA^OD PQD� k V (k =

1, 2, 3, 4) AykSh9�5X 2, 3, 4, 5,  PQÆX
0← X1 ← X3 ← X4 ← X5

0← X2 PQ�Ru�;k J yRh�?��Ru�kSh9℄�X 4,1, ;kRh�?�D)9℄�X 4,1. P = (X1, X3, X4, X5, X2) " A h<A P−1AP = J = diag(J4(0), 0).� A4 = O 3A�D 5YVkSN2Y*P A4X = 0D,�6�{. X5 = (1, 0, 0, 0, 0)T�2 A3X = 0 D,�� X1 = A3X5 = (0, 0, 0, 0, 48)T 6= 0. " X1 C,X AX = 0 D
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1,`�K�� X1 gv_qD, X2 = (0, 0, 0, 1, 0)T . � X3 = A2X5 = (0, 0, 16, 12, 17)T ,

X4 = AX5 = (0, 4, 3, 2, 1)T . '
P =





















0 0 0 1 0

0 0 4 0 0

0 16 3 0 0

0 12 2 0 1

48 17 1 0 0





















, P−1AP = J =





















0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0





















(11) � N = Jn(0). ' A = (I −N)n = I −nN +C2
nN2−· · ·+(−1)n−1Cn−1

n Nn−12P%��X 1 D �%.�9��hG/6 1(n B).� rank (A− I) = −nN + C2
n + · · · = n− 1 3Y*P (A− I)X = 0 D,?�Y9X

1, A D�?�Jt J 9��h�?�� J = Jn(1).2
7.4.2 4�+�b�Cj.�?�Jt7#LK}>VD2k�
(1) # Am = O 6= Am−1. ' 0 6= ImAm−1 ⊆ KerA. " ImAm−1 D Km �5C)X ImAm−2∩KerA, ImAm−3∩KerA, . . . , ImA∩KerA, KerA D Km−1 ⊆ Km−2 ⊆

· · · ⊆ K2 ⊆ K1.

(2) �LX?� ImAm D Km+1 = φ X?��Pbh 1 ≤ k ≤ m, "� Kk+1C,X Kk ⊂ ImAk−1 AK�DbhkS βi p( βi = Ak−1αi Dt/�CA�h αi,' αi 2 k 5kkS�'(D}�K?� Ui = F [A]αi DY9X k, Ui D�PX Mi =

{Ak−1αi, · · · ,A2αi,Aαi, αi}. αi Dh9E� K1 AykSh9 d = dim KerA. 2k�
V = U1 ⊕ · · · ⊕ Ud. M = M1 ∪ · · · ∪Md 2 V D� A #-PbD4.2�?�Jt�Q� Pbh 1 ≤ k ≤ m, � Hk X Kk+1 C,X Kk AK�DkSP(D���'
Kk = Kk+1 ∪ Hk, K1 = Hm ∪ Hm−1 ∪ · · · ∪ H1. bh βi ∈ Hk ⊂ ImAk−1 >p(
βi = Ak−1αi Dt/�9L�h}�K?� Ui D�P Mi = {βi1, . . . , βik}, �� βik = αi,

βij = Ak−iαi (∀ 1 ≤ j ≤ k − 1). M = M1 ∪ · · · ∪Md �A�kS>�{(�bD PQ
0←β11 ← β12 ← · · · · · · · · · ← β1m

· · · · · · · · · · · · · · · · · · · · · (1)

0←βd1 ← βd2 ← · · · · · · ← βdmdQ�DI i u�}�K?� Ui D Mi �DkSP(� P�0 A DT�nv��b�uD P3 A|Ui
# Mi bD4.2�?� Jmi

(0), �� mi = k � βi A#D Hk 9L�9�2kU PQ�A�kSP( V D�' V = U1 ⊕ · · · ⊕Ud, � A # M bD4.2�i A|Ui# Mi bD4. Jmi
(0) P(D�?�Jt�
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℄P109 k ≤ m S9|tsV�2k PQ (1) �� k VP(D�� Sk 2 KerAkD�P�? k = 1, � PQ (1) Do$w*�23BI 1 VP( KerA D K1.#�23B PQ� k − 1 VP( KerAk−1 D Sk−1. =[ KerAk  Dgv��
Bk−1 : α 7→ Ak−1(α), � Ak−1 # KerAk  Df=�' KerBk−1 = KerAk−1.  PQI kVDkSP(D�� Tk # Bk−1 bDj12 ImBk−1 = ImAk−1 ∩ KerA D Kk−1. �4
Tk � KerBk−1 D Sk D�� Sk = Sk−1 ∪ Tk 2 KerAk D� Sk−1 � PQ� k− 1 VP(� Tk �I k VP(��4BD�� Sk � PQD� k VP(���Aw�k69|tsV�K� PQ� k VkSP( KerAk D�G�H�� m VkSP(D�� Sm 2 V = KerAm D� 2

7.4.3 2k� n )bY. A, B h< ⇔ rank f(A) = rank f(B) PA�bRi/ f(λ)(O�Q� A, B h< ⇒ 7#>vY. P - B = P−1AP ⇒ P�	Ri/ f(λ) � f(B) =

f(P−1AP ) = P−1f(A)P ⇒ f(A) � f(B) h<��b# rank f(A) = rank f(B) P�	Ri/ f(λ) (O�G�H�P�	b9 a }109 k � f(λ) = (λ− a)k 3 rank (A− aI)k = f(A) = f(B) = rank (A− aI)k (O� a 2
A DG/6 ⇔ rank (A− aI) < n ⇔ rank (B − aI) = rank (A− aI) < n ⇔ a 2 B DG/6�>� A, B DG/6hO�#bY. A, B ℄�h<��?�Jt JA, JB. 'P A, B DbhG/6 λi �

rank (JA − λiI)k = rank (A− λiI)k = rank (B − λiI)k = rank (JB − λiI)k.

δi1 = n − rank (JA − λiI) = n − rank (JB − λiI) �2 JA �7�G/6 λi D�?�Dh9��E� JB �7�O�G/6 λi D�?�Dh9�-;k JA, JB �7�O�hG/6 λiD�?�Dh9hE�P�	109 k ≥ 2, �
δik = rank (JA − λiI)k−1 − rank (JA − λiI)k

= rank (JB − λiI)k−1 − rank (JB − λiI)k.

δik E� JA �)9 mij ≥ k D�?� Jmij
(λi) Dh9��S ∆ik = δik−δi,k+1 �?� Jk(λi)# JA �.eD59�O��2 Jk(λi) # JB �.eD59�-2kUO��?� Jk(λi) # JA� JB �.eD59hO� JA � JB h<�6S A � B h<� 2

7.4.4 Æ2�Y. A DG/6�2 1 ⇒ A �A�D Ak h< (k 2[X09).Q� 7#>vY. P1 " Ah<��?�Jt P−1
1 AP1 = J = diag(Jm1

(1), . . . , Jmd
(1)).6S Ak h<� P−1

1 AkP1 = Jk = diag(Jm1
(1)k, . . . , Jmd

(1)k). bh�?� Jmi
(1) =
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I(mi) + N , �� N = Jmi
(0). �2

Jmi
(1)k = (I(mi) + N)k = I + kN + C2

kN2 + · · · =















1 k · · · ∗
. . .

. . .
...

1 k

1















mi×mi

Jmi
(1)k DG/6���2 1, �� rank (Jmi

(1)k−I) = mi−1 3�5gvY*P (Jmi
(1)k−

I)X = 0 D,?�DY9X mi−(mi−1) = 1, Jmi
(1)k D�?�Jt9��h�?� Jmi

(1),7# mi )>vY. Ki " Jmi
(1)k h<A P−1Jmi

(1)kP = Jmi
(1). P2 = diag(K1, . . . , Kd)" Jk h<A P−1

2 JkP2 = J .�2 P = P1P2P
−1
1 " Ak h<A P1JP−1

1 = A. 2
7.4.5 Æ2�>vY. A �A�D Ak ( k X109) h< ⇒ A DG/6�X 1.Q� # A D���ODG/6X λ1, . . . , λt. 'bhG/6 λi D�	1095f λk

i 2
Ak DG/6�� Ak � A h<�3 Ak DG/6 λk

i �2 A DG/6�:R9u� t h�OD6 λ1, . . . , λt. �4 λi D t + 1 h�O59Df λi, λ
2
i , . . . , λ

t+1
i ��oRhhE� λp

i = λq
i ,�� p < q. � A >v3G/6 λi �X 0,

λq

i

λp

i

= λmi

i = 1 P109 mi = q − p (O� A Dbhk λi ��h109 mi - λmi

i = 1. # m 2 m1, . . . , mt DQmm9�' λm
i = 1 P

A DA�DG/6 λi (1 ≤ i ≤ t) (O� Am D��G/6X λm
1 = λm

2 = · · · = λm
t = 1. >

A � Am h<�G/6hO� A DA�DG/6�9uNE� 1. 2
§ 7.5 v:,�Ol8oR*i�

1. u9+L;���'k℄H# V 29� F  Dgv?��' V  �	gv�� A P�	 u,v ∈ V } b ∈ F ^O�
(1) A(u + v) = Au +Av, (2) A(bu) = bA(u);S9� F �D3S a �kSD)V8�O�Dv?�
(1) a(u + v) = au + av, (2) a(bu) = b(au).�Yh�-;kbh9 a ∈ F )kS# V  �D�� σa : u 7→ au 2gv���

σa �323S�� aI. Y�Yh��>�WwE" V  bhgv�� A <(oh “3S”

x )kS�D�� A : u 7→ xu. �w� A ��L23S��S>�2�	�hgv������ A D “3S” x ��2 F �D9S2�h “Mp”. ��� “Mp” x )kS�gv�� A, x D�	1095f xk �3>�)�	kS u CA xm
u = Am

u, # V �gv�� Ak. l/��� x � F �D92w��) >CAD��Ri/� F [x]
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��~�hRi/ f(x) = a0 + a1x + · · · + amxm 3�>�)�	kS u CA f(x)u =

a0u + a1Au + · · ·+ amAm
u = f(A)u, # V  �gv�� f(A).-3" “3S” DXV�9� F C,AURi/� F [x], bh f(x) N>���	 u ∈ Vh)CA f(x)u = f(A)u."Ri/<T “3S” �kSh)��29|�XU^O{�rSSD_T�a�S2>��E,9\HU
7:DTP�

2. GH���� – ��ts�gv�� A # n Ygv?� V  DT�>�Nw#�	�P S = {u1, . . . ,un}  DT�Ei8�
Aui = a1iu1 + · · ·+ aniun, (∀ 1 ≤ i ≤ n) (7.5.1)��D n hE/>�p(4.t/

A(u1, . . . ,un) = (u1, . . . ,un)A (7.5.2)�� A = (aij)n×n 'X A # S bD4.���℄" A P�	kS u ∈ V DT� Au <(oh3SMp x � u D)Æ xu, E/P (7.5.1) �bhE/R�D Aui 32 xui, ���D ajjui 32OJi��4>�"E/���AR����OJiCA
−a1iu1 − · · · − ai−1,iui−1 + (x− aii)ui − · · · − annun = 0 (∀ 1 ≤ i ≤ n) (7.5.3)E/P (7.5.3) �>�p(4.t/

(u1, . . . ,un)(xI − A) = (0, . . . , 0) (7.5.4)��
xI − A =









x
. . .

x









−









a11 · · · a1n
...

. . .
...

an1 · · · ann









=















x− a11 −a12 · · · −a1n

−a21 x− a22 · · · −a2n
...

...
. . .

...

−an1 −an2 · · · x− ann















xI −A 2� F [x] �DRi/X�=P(D4.�'X u9+ÆN. 4.D)V}uV/DL
N9�A4.�=D��) >�ACAD+vP�Ri/4.�(O�G�H� xI − A �BDd7Y. (xI − A)∗ D)Æ (xI − A)(xI − A)∗ = ϕA(x)I(n) = diag(ϕA(x), . . . , ϕA(x))
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2� ϕA(x) = det(xI −A) XP%�D3S.� vA(x) 2 xI −A DuV/��32 A DG/Ri/�"4.E/ (7.5.4) R��) (xI − A)∗ CA
(u1, . . . ,un)(xI − A)(xI − A)∗ = (0, . . . , 0)�

(u1, . . . ,un)ϕA(x)I(n) = (0, . . . , 0) (7.5.5)� ϕA(x)ui = ϕA(A)ui = 0 P 1 ≤ i ≤ n (O�gv�� ϕA(A) "kS ui ���( 0,�4 ϕA(A) = O 2X���BD4. ϕA(A) ?�2XY. O.-32;D – xeQLK�"� D4.E/ (7.5.4) R�O*�) (xI − A)∗ CAUE/ (7.5.5). �v (xI − A)∗>v��327#� F [x] �DRi/P(D4. P (x) - (xI − A)∗P (x) = I, 3>#E/
(7.5.5)R�O/�) P (x) WwECA (7.5.4), 6SCA (7.5.2)� (7.5.1). �S�E/ (7.5.5)9;k A DG/Ri/ ϕA(λ) ^O ϕA(A) = O, 2gv�� A DX�Ri/� (7.5.2) �;kU A 2 A # {u1, . . . ,un} bD4.�Rh�O (&:�h<) DY. A, B >��hODG/Ri/ ϕA(λ) = ϕB(λ) N^O ϕA(A) = ϕB(A) = O, >�>uO*N2 A #O�PbD4.�-;k� (7.5.5) R. (7.5.4) 2	ED�1, ��vRi/Y. A(x) >v�7# P (x) - A(x)P (x) = I, R��uV/��CA ( detA(x))( detP (x)) = 1. Ri/4.DuV/ detA(x), detP (x) ��2Ri/�)ÆE� 1 .?BN2[X$9��>u��S�# (xI −A)(xI − A)∗ = ϕA(x)I(n) R��uV/>C ϕA(x) det(xI − A)∗ = (ϕA(x))n 6S det(xI − A)∗ = (ϕA(x))n−1 2 n(n − 1)Ri/�d� (xI −A)∗ �>v��vup*A>vDRi/Y. Q(x), P (x) " xI−A �(P%. Q(x)(xI−A)P (x) =

D(x) = diag(d1(x), . . . , dn(x), '>#E/ (4) R��) P (x) CA
(u1, . . . ,un)(Q(x))−1Q(x)(xI − A)P (x) = (0, . . . , 0)�

(β1, . . . , βn)D(x) = (0, . . . , 0)�� (β1, . . . , βn) = (u1, . . . ,un)(Q(x))−1 2 V �DkSP�̂ OM! di(x)βi = di(A)βi =

0 (1 ≤ i ≤ n), �-oM!3��WwECA A Dh<�Jt�
3. u9+ÆNk7nsE 7.5.1 # F [x] 2`9#9� F ��� λ XMpD�IRi/P(D��� F [λ] �D�=P(D4. A = (aij(x))m×n 'X u9+ÆN, �' λ 4.�
λ 4. A(λ) �[XK/DQ:)9 r 'X A(λ) D>��T rank A(λ).# A(λ) 2 n× n λ 4.��v7# λ 4. B(λ) - A(λ)B(λ) = B(λ)A(λ) = I, 3'

A(λ) 2>vD λ 4.� B(λ) 2 A(λ) Dv� 2
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U: ��Ri/DMp>�� λ, �>�� x �,�~�hMpE;��>�℄�+`Mp�BN'X ℄sK, �>�;��	9��>�;�gv���4.�,�~�h>��9�
F �D`9S��) >D���D�=�Ri/4.�D�= f(λ), ?Bh�/u��) >*��Ri/ >DV'/u�?B� V �DkSh)*���DMp λ ;�D32gv�� A S�2;�3S�s� 7.5.1 n× n λ 4. A(λ) >v ⇔ BDuV/ |A(λ)| 2 F ��XXD9�sE 7.5.2 �b��'X λ 4.D mW� (elementary transformation):

(1) ��oRu�oRV�
(2) "ou�oV) F �oh[XD9�
(3) "ou (V) ) oh f(λ) ∈ F [λ] �AY�u (V).�<[.2w�5-E��CAD�bY.'X m λ yN (elementary λ matrix):

(1) "<[.DI i, j Ru����"I i, j RV���CADY. Pij = I−Eii−Ejj +

Eij + Eji;

(2) "<[.DI iu) [X9 a, �"I iV) a, CADY. Di(a) = I+(a−1)Eii;

(3) "<[.DI j uD f(λ) �AI i u��"I i VD f(λ) �AI j V�CADY. Tij(f(λ)) = I + f(λ)Eij . 2s� 7.5.2 λ 4.D-Eu��>�NwR)-E λ Y.E,e�-EV��>�Nw�)-E λ Y.,e�
A(λ) (ij)→PijA(λ), A(λ) a(i)→Di(a)A(λ), A(λ) f(λ)(j)+(i)→Tij(f(λ))A(λ)

A(λ)
(ij)
→A(λ)Pij , A(λ)

a(i)
→A(λ)Di(a), A(λ)

f(λ)(j)+(i)
→Tji(f(λ))A(λ) . 2sE 7.5.3 # A(λ) � B(λ) N2 m× n λ 4.��v7# m )>v λ Y. P (λ) }

n )>v λ Y. Q(λ), - P (λ)A(λ)Q(λ) = B(λ), �32" A(λ) Nw�f5-Eu��}-EV���( B(λ), 3' λ 4. A(λ), B(λ) 7n (equivalent). 2s� 7.5.3 >X r Dbh m× n λ 4. A(λ) >�hG��Jt
P (λ)A(λ)Q(λ) = S(λ) =

(

D(λ)

O

)�� D(λ) = diag(d1(λ), d2(λ), . . . , dr(λ)), di(λ) 2 F [λ] �D6�Ri/��bh di(λ) 0/ di+1(λ), ∀ 1 ≤ i ≤ r − 1. 2LK 7.5.3 �D λ 4. S(λ) � A(λ) W�9L�'X A(λ) D Smith �Jt��1|3J�f
7.5.1 M�-E��"bV λ 4. A(λ) �(�Jt�
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(1)

(

λ2 − λ λ2 − 1

λ2 − 2λ + 1 λ3 − λ

)

; (2)









λ2 + 1 λ λ2

−2λ λ −2λ

2λ− 1 −λ 2λ









;

(3)









λ2 + λ 0 0

0 λ2 − 4λ 0

0 0 (λ− 4)2









; (4)









λ 2 0

0 λ 2

0 0 λ









;

(5)









λ 2 2

0 λ 2

0 0 λ









; (6)















λ 1 · · · 1 1

0 λ · · · 1 1

· · · · · · · · ·
0 · · · · · · 0 λ















.� (1) A(λ) −(2)+(1)→
(

λ− 1 −λ3 + λ2 + λ− 1

λ2 − 2λ + 1 λ3 − λ

)

−(λ−1)(1)+(2)
(λ2−1)(1)+(2)

→S(λ) =

(

λ− 1 0

0 (λ− 1)(λ + 1)(λ2 − λ + 1)

)

(2) A(λ) −(3)+(1)
→









1 λ λ2

0 λ −2λ

−1 −λ 2λ









(1)+(3)
−λ(1)+(2),−λ2(1)+(3)

→









1 0 0

0 λ −2λ

0 0 λ2 + 2λ









2(2)+(3)
→S(λ) =









1 0 0

0 λ 0

0 0 λ(λ + 2)









(3) � λ2+λ� (λ−4)2 �=37# u(λ), v(λ)^O u(λ)(λ2+λ)+v(λ)(λ−4)2 = 1.8I�>ÆC u(λ) = 7
50
− 9λ

400
� v(λ) = 1

16
+ 9λ

400
^O4�Æ�

A(λ)
u(λ)(1)+(3)

v(λ)(3)+(1)
→









λ2 + λ 0 0

0 λ2 − 4λ 0

1 0 (λ− 4)2









−(λ2+λ)(3)+(1),(13)

−(λ−4)2(3)+(1),−(3)
→S(λ) =









1 0 0

0 λ(λ− 4) 0

0 0 λ(λ + 1)(λ− 4)2









(4) A(λ)
1

2
(1),2(3)

2(1), 1
2
(3)
→









λ 1 0

0 λ 1

0 0 λ









−λ(1)+(2)
−λ(2)+(1)

→









0 1 0

−λ2 0 1

0 0 λ









−λ(2)+(3)
λ(3)+(1)

→









0 1 0

0 0 1

λ3 0 0







 (12),(23)
→S(λ) =









1 0 0

0 1 0

0 0 λ3
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(5) A
1

2
(1),2(3)

2(1), 1
2
(3)
→









λ 1 1
2

0 λ 1

0 0 λ









−λ(1)+(2)
−λ(2)+(1)

→









0 1 1
2

−λ2 0 1− 1
2
λ

0 0 λ









− 1

2
(2)+(3)

1

2
(3)+(2)
→









0 1 0

−λ2 0 1

0 0 λ









−λ(2)+(3)
λ2(3)+(1)

→









0 1 0

0 0 1

λ3 0 0







 (12),(23)
→S(λ) =









1 0 0

0 1 0

0 0 λ3









(6)

A(λ)
−(i+1)+(i),(∀ i=2,3,...,n−1)→B1(λ) =















λ 1− λ O
. . .

. . .

λ 1− λ

O λ













�
H�P�	109 k ≤ n, � n− k + 1 )Y.
Bk(λ) =















λk 1− λ

0 λ
. . .
. . . 1− λ

λ













'" Bk(λ) DI (2) VD 1 + λ + · · ·+ λk−1 �AI 1 VCA














1 1− λ

λ(1 + λ + · · ·+ λk−1) λ
. . .
. . . 1− λ

λ













""AC4.DI 1 VD λ− 1 �AI 2 V�I 1 uD −λ(1 + λ + · · ·+ λk−1) �AI
2 u�CA

(

1

Bk+1(λ)

)�4>" B1(λ) �5hG� diag(I(k), Bk(λ)) (k = 2, 3, . . . , n), Q�CA A(λ) DhG�Jt S(λ) = Bn(λ) = diag(1, . . . , 1, λn). 2
7.5.2 2k�9� F  �� p×n λ 4. A(λ) >�p( A(λ) = λmAm +λm−1Am−1 +

· · ·+ λA1 + A0, �� A0, A1, . . . , Am ∈ F p×n.Q� � A(λ) = (aij(λ))p×n DI (i, j) [<DRi/ aij(λ) = aij0 + aij1λ + · · · +
aijkλ

k + · · · + aijmλm D k 5i`9X aijk ∈ F , m 2A�[<DRi/ aij(λ) DQg59�Pbh 0 ≤ k ≤ m, �ih[<DRi/ aij(λ) D k 5i`9 aijk X (i, j) ℄SP(Y. Ak = (aijk)n×n ∈ F p×n, ' A(λ) = λmAm + λm−1Am−1 + · · ·+ λA1 + A0 8�A�ÆDtI� 2
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7.5.3 # P (λ) = λmPm + · · ·+ λP1 + P0 � Q(λ) = λkQk + · · ·+ λQ1 + Q0 29�
F  �	Rh n× n λ 4.�"Bh)C

D(λ) = P (λ)Q(λ)

= (λmPm + · · ·+ λP1 + P0)(λ
kQk + · · ·+ λQ1 + Q0)

= λm+kDm+k + · · ·+ λD1 + D0, (7.5.6)�� Di =
∑i

j=0 PjQi−j .u`" n Ygv?�Dgv�� A ;�E/ (7.5.6) CA D(A) = P (A)Q(A)?u`" F  �	 n )Y. A ;� (7.5.6) CA D(A) = P (A)Q(A) ?� up"�	gv�� A ;�E/ (7.5.?), >�u"�	Y. A ;�E/ (7.5.6). -2�X�#E/ (7.5.?) �" P (λ) = λmPm+ · · ·+λP1+P0 � Q(λ) = λkQk + · · ·+λQ1+Q0p(�4. Pi, Qj X`9DRhRi/D)Æ(:*�M�URi/DMp λ �i4. Pi, QjD)V>$�v� (λiPi)(λ
jPj) = λi+jPiPj . " λ J�(gv�� A *�A �i4. Pi, Qj��$�� (AiPi)(AjQj) = Ai+jPiQj . >" λ J�(�	Y. A *�)V$�v��L(O�? PiA 6= APi * (AiPi)(A

jQj) = Ai+jPiQj >u�(O��4�>"gv�� A ;�(:/ (7.5.6), ��u"�	Y. A ;�(:/�>Y�Yh��vPoh8ID P (λ) = λmPm + · · ·+ λP1 + P0, ohY. A 1{�A�D Pm, . . . , P1, P0 )V>$�� PiA = APi (∀ 0 ≤ i ≤ m), '" A ;� (7.5.6) CAD+℄ D(A) = P (A)Q(A) 21�D���
P (A) = AmPm + · · ·+ AP1 + P0, Q(A) = AkQk + · · ·+ AQ1 + Q0,

D(A) = Am+kDm+k + · · ·+ AD1 + D0J<H��v A �A�D Q(j) (0 ≤ j ≤ k) )V>$��'>" A ;�(:/
P (λ)Q(λ) = (Pmλm + · · ·+ P1λ + P0)(Qkλ

k + · · ·+ Q1λ + Q0)

= Dm+kλ
m+k + · · ·+ D1λ + D0 (7.5.7)CAY�h1�DE/ D̃(A) = P̃ (A)Q̃(A), ��

P̃ (A) = PmAm + · · ·+ P1A + P0, Q̃(A) = QkA
k + · · ·+ Q1A + Q0,

D̃(A) = Dm+kA
m+k + · · ·+ D1A + D0 . 2r" �|9|#U)Vm/�:|9|#UCI(:/�-oN2TP�:D >m/�? >Pl�9�(gv���4.*�-om/2`�u��-2gv;9�DB�\H�_q-�>u.8��f���D+B��H}b�hH�KD2�-om/2`(O�� >Pl
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a�q`�S2� >\9LD�9�-om/A�FD >\�(O�m/3��(O�1�y�LC"b!^VD�~elt+X�<Sd�D�~mK�b!^VD;9 >�>�t+X�<DmK –  >\�4.)V�^O$�\��;�R)Vm/�u��>oo8IDY.S)V*>�$��-o)Vm/P-oY.3�>u(O�℄��Æ?_q")Vm/Æ��4. >���Æ�℄
�%	�f�J��9��0�^E >\-hq��m/DÆ�XV3�qU�U�
7.5.4 # A 29� F  n Ygv?� V Dgv��� A ∈ F n×n 2 A # M =

{α1, . . . , αn} bDgv���" λI(n) − A Dd7Y. B(λ) = (λI(n) − A)∗ p( B(λ) =

λmBm + λm−1Bm−1 + · · · + λB1 + B0 Dt/- B0, B1, . . . , Bm ∈ F n×n. # ϕ(λ) =

|λI(n) −A| = λn + a1λ
n−1 + · · ·+ an−1λ + an 2 A DG/Ri/�

(1) u`#E/
(λI(n) −A)B(λ) = (λI(n) − A)(λmBm + λm−1Bm−1 + · · ·+ λB1 + B0)

= ϕ(λ)I(n) = λnI(n) + a1λ
n−1I(n) + · · ·+ λan−1I(n) + anI(n) (7.5.8)�" λ �( A CA (AI(n) − A)B(A) = ϕ(A)I(n), "� (α1, . . . αn)(AI(n) − A)B(A) =

(0, . . . , 0) CA (α1, . . . αn)ϕ(A)I(n) = (0, . . . , 0) 6S ϕ(A) = O ?

(2) u`#E/ (7.5.8) R�" λ �( A CA (A−A)B(A) = ϕ(A) � φ(A) = 0 ?� "E/ (7.5.8) R�(:CA��*��AURi/Mp λ �I�hRi/ λI −A D
“`9” I, A D)V>$�v�

(1) " λ J�(gv�� A *�-A$�v�(O��4CAD+℄ (AI(n)−A)B(A) =

ϕ(A)I(n) � ϕ(A) = O (O�
(2) " λ J�(Y. A *��� A � λI − A D “`9” I, A S)V�>$���4CAD+℄ ϕ(A) = (A− A)B(A) = O (O� 2r" N 7.5.3 �27.�#�
DRi/4.E/

(λmPm + · · ·+ λP1 + P0)(λkQk + · · ·+ λQ1 + Q0) = λm+kDm+k + · · ·+ λD1 + D0��u" λ J�(�	Y. A, >#�HDE/
(λI − A)(λn−1Bn−1 + · · ·+ λB1 + B0) = λnI + · · ·+ λ(an−1I) + a0I���� A � λI − A D “`9” I � A N>$��" λ J�( A ACAD4.E/��(O��4CA;D – xeQLKD�h2k��RgE;9&�N �U-h2k�>XU�g℄2" λ J�( A D�Vv��2kq)=" λ J�(Y. A, S2 ��b�jDy8Y/��HJ��"E/

(λI − A)(λn−1Bn−1 + · · ·+ λB1 + B0) = λnI + · · ·+ λ(an−1I) + a0I (7.5.8)
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R�(:CA
λnBn−1 + λn−1(−ABn−1 + Bn−2) + · · ·+ λ(−AB1 + B0) + (−AB0)

= λnI + · · ·+ λ(an−1I) + a0I (7.5.9)�'E/R�PÆi`9CA n + 1 hE/
Bn−1 = I, −ABn−1 + Bn−2 = a1I, . . . , −AB1 + B0 = an−1I, −AB0 = a0I"- n + 1 hE/R�℄�R) A Di5f An, An−1, . . . , A, I "h�CAE/

AnBn−1 + (−AnBn−1 + An−1Bn−2) + · · ·+ (−A2B1 + AB0) + (−AB0)

= An + a1A
n−1 + · · ·+ an−1A + anI = ϕ(A) (7.5.10)��E/R�E� O, �4CA ϕ(A) = O.-�D2kD1�v��<��>X+`CADE/ (7.5.10) R�1{2XY.�-��nl�j��w�-�,��%d��'E/ (7.5.9) R� λ Di5f λk D`9CA n + 1 hE/�""-oE/℄�R) A Di5f"h��h?�#E/ (7.5.9) R�" λ Di5f�J�"�( A Di5fBq�H���5(U?H;�32#E/ (7.5.9) �" λ J�(Y.

A. X+`CAXY.�-2�X"E/ (7.5.8) R�D λ J�(Y. A CAD
(A− A)(An−1Bn−1 + An−2Bn−2 + · · ·+ AB1 + B0)d�E�X�"B(:( (7.5.10) DR�

AnBn−1 + An−1(−ABn−1 + Bn−2) + · · ·+ A(−AB1 + B0) + (−AB0)4�?��2X� 2
7.5.5 # A 29� F  n Ygv?� V Dgv��� F [λ] 2 F  � λ XMpD��Ri/��Pbh f(λ) ∈ F [λ] }bh α ∈ V , L
 f(λ)α = f(A)α ∈ V . '3S��� F C:A F [λ]. �� F [λ] P��)_�SP/V�_���2�S2��℄�; V 2

F [λ]  D?�S; V 2 F [λ]  D  (module). V D[?K� W �vP�V_� (��
α, β ∈ V ⇒ α + β ∈ V ), P3S)V�_� (α ∈ W, f(λ) ∈ F [λ] ⇒ f(λ)α ∈ W ), 3'
W 2 V D Y (submodule). �hkS α '(DKm F [λ]α = {f(λ)α | f(λ) ∈ F [λ]} 'X B� (cyclic module). Æ2�

(1) W 2 V DKm ⇔ W 2 A D��K?��
(2) W 2 α '(D}�m ⇔ W 2 α '(D A }�K?��
(3) 5N;k�}�Km W 6= 0 >uy�lmD}�Km W1 ⊂W � 0 6= W1 6= W .Q� (1) # W 2 V DKm��P�	 w1, w2 ∈W � f(λ) ∈ F [λ] � w1 + w2 ∈W� f(A)w1 ∈ W . ' W P�V_���P�	 w ∈ W � a ∈ F � aw = f1(λ)w ∈ W ,
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Aw = f2(A)w = f2(λ)w ∈ W , �� f1(λ) = a � f2(λ) = λ N2 F [λ] �DRi/�-2kU W 2 A D��K?��WwE�# W 2 A D��K?��� W PkS�V_���P�	 w ∈W � a ∈ F �
aw ∈ W � Aw ∈ W . P�	Ri/ f(λ) = a0 + a1λ + · · ·+ amλm ∈ F [λ], � Aw ∈ W>R. Aw ∈W P�	109 k (O� f(A) = a0w + a1Aw + · · ·+ amAmw 2K?� W�kS w,Aw, . . . ,Amw DgvP���# W ��-2kU W 2 V # F [λ]  DKm�

(2) α ∈ V '(D A D}�K?� U = F [A]α �A�D f(A)α = f(λ)α (f(λ) ∈
F [λ]) P(�32 α '(D}�m�

(3) # A : X 7→ AX 2 2 YVkS?� V = F 2×1  �4. A =

(

0 1

0 0

) R)�Dgv���' V = F [λ]e2 2� e2 = (0, 1)T '(D}�m�> e1 = (1, 0)T '(�hlmD}�m Fe1, Y9X 1. 2r" "9� F  Dgv?� V <(Ri/� F [λ]  Dm�3SXV� F C:A F [λ],K?���YK?�EfwhÆRrXKm�}�m��HI (1),(2) mH#D2Km�K?��}�m��YK?�DJ<42�>2���Ri/� F [λ] �2��Km�K?��2�B�D����HI (3) mH32#D}�ms��YK?�D����YK?� Fα �>u�ylmD[XK?���� F �bh[XD9 b N>v�bh[XkS β = bα N>�" α '(.E� α = b−1β, 6S'(0h�YK?�� Fβ = Fα. >}�m F [λ]α �D[XkS
β = f(λ)α D[X`9 f(λ) ��C>v�A;�Dgv�� f(A) ��C>v� α �>u�u�0 α = g(λ)β Dt/��4 β �>u# F [λ]α �'(lmD}�m��I (3) HA5DNK�1, ��v α 6= 0 2 A D7�G/6 a D m 5kkS�' βk = (A − aI)m−kα

(0 ≤ k ≤ m− 1) P(}�m F [λ]α D�P�kS# A− aI DT�b� PQ
0← β1 ← β2 ← · · · ← βk ← · · · ← βm��bh βk '(}�m Fβ1 ⊕+⊕ Fβk DY9X k, 9�y[� βk RYD βi S��y�YD βi, �ARYD βk '(D}�m�m� 2

§ 7.6 v:,�Ol8o^X�R*i�
1. ��+FYsE 7.6.1 Pbh109 k ≤ min{m, n}, m × n λ 4. A(λ) �A�D k )[XK/DQ:m�/ Dk(λ) 'X A(λ) D k ) ��+FY (determinant divisor), �X Dk(λ). �v k > rank A(λ), ' A(λ) DA�D k )K/NE�X�'�L A(λ) D k )uV/�K

Dk(λ) = 0. 2
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s� 7.6.1 m × n λ 4. A(λ) � B(λ) hGD,℄��M!2�Pbh109 k ≤
min{m, n}, A(λ), B(λ) D k )uV/�KhO� 2

2. ℄WFYs� 7.6.2 # λ 4. A(λ) DuV/�KX Dk(λ) (1 ≤ k ≤ r = rankA(λ)), ��L
D0(λ) = 1. ' A(λ) hG��bD Smith �Jt

S(λ) = diag(d1(λ), . . . , dr(λ), O)��bh di(λ) 0/ di+1(λ), ∀ 1 ≤ i ≤ r − 1, �
dk(λ) =

Dk(λ)

Dk−1(λ)
(∀ 1 ≤ k ≤ r)� A(λ) W�9L� 2sE 7.6.2 # λ 4. A(λ) D>X r, Pbh 1 ≤ k ≤ r, A(λ) D k uV/�KX Dk(λ),��L D0(λ) = 1. ' dk(λ) =

Dk(λ)

Dk−1(λ)
(1 ≤ k ≤ r) 'X A(λ) D ℄WFY (invariant

factor). 2
3. mFYPbh�E�$9Db`9Ri/ f(λ) ∈ C[λ], " f(λ) ℄,X�5�/D)Æ

f(λ) = (λ− λ1)
n1 · · · (λ− λt)

nt�� λ1, . . . , λt RR�O�'bh�5�/ λ− λi # f(λ) D℄,/�DQg5f (λ− λi)
ni'X f(λ) D�h mFY (elementary divisor). f(λ) DA�D-E�KP(D��

(λ− λ1)
n1, . . . , (λ− λt)

nt'X f(λ) D mFY[(elementary divisors).

λ 4. A(λ) Dih�E�$9D���K dk(λ) D-E�KP��CAD��'X A(λ)D mFY[. 2
(U: "ih dk(λ) D-E�KP���27"iP�DA�D-E�KnOP(�h�����Bb.eD-E�K��Bb�>�N� {λ, λ+1} � {λ2, λ+1} ���E2 {λ, λ2, λ+

1, λ + 1} S�2 {λ, λ2, λ + 1}. )" A(λ) D���K di(λ) (1 ≤ i ≤ r) #b9XVt℄,X�5�/D)Æ
d1(λ) = (λ− λ1)

n11(λ− λ2)
n12 · · · (λ− λt)

n1t ,

d2(λ) = (λ− λ1)
n21(λ− λ2)

n22 · · · (λ− λt)
n2t ,

· · · · · · · · · · · · · · · · · ·
dr(λ) = (λ− λ1)

nr1(λ− λ2)
nr2 · · · (λ− λt)

nrt.
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�� λ1, λ2, . . . , λt 2 dr(λ) D���ODk��S nr1, . . . , nrt N2109��� di(λ) 0/
di+1(λ) (∀ 1 ≤ i ≤ r − 1), Pbhk λj � 0 ≤ n1j ≤ n2j ≤ · · · ≤ nrj . ' A(λ) D-E�KPX

{(λ− λj)
nkj | 1 ≤ k ≤ r, 1 ≤ j ≤ t, nkj ≥ 1} .�1|3J�f

7.6.1 ÆbV λ 4. A(λ) DuV/�K����K}-E�KP��4p.BD Smith�Jt�
(1)









λ2 + λ 0 0

0 λ2 − 4λ 0

0 0 (λ− 4)2









; (2)









λ 2 0

0 λ 2

0 0 λ









;

(3)









λ 2 2

0 λ 2

0 0 λ









; (4)















λ 1 · · · 1 1

0 λ · · · 1 1

· · · · · · · · ·
0 · · · · · · 0 λ















.� (1) P%. A(λ) = diag(λ2 + λ, λ2− 4λ, (λ− 4)2) D-E�KP�iP%�D-E�KnOP(� λ2 + λ = λ(λ + 1) D-E�KX λ, λ + 1. λ2 − 4λ = λ(λ− 4) D-E�KX λ, λ− 4. (λ− 4)2 D-E�KX (λ− 4)2. �4 A(λ) D-E�KPX
{λ, λ + 1, λ, λ− 4, (λ− 4)2}.���K

d3(λ) = λ(λ + 1)(λ− 4)2, d2(λ) = λ(λ− 4), d1(λ) = 1.

Smith �Jt
S(λ) = diag(1, λ(λ− 4), λ(λ + 1)(λ− 4)2).uV/�K D1(λ) = d1(λ) = 1, D2(λ) = d1(λ)d2(λ) = λ(λ − 4), D3(λ) =

d1(λ)d2(λ)d3(λ) = λ2(λ + 1)(λ− 4)3.

(2) � %D 2 )K/ ∣

∣

∣

∣

∣

2 0

λ 2

∣

∣

∣

∣

∣

= 4 X[X$9� 2 )uV/�K D2(λ) 2 4 D�K��4 D2(λ) = 1. D1(λ) 2 D2(λ) = 1 D�K��4 D1(λ) = 1. D3(λ) = detA(λ) = λ3.���K
d1(λ) = D1(λ) = 1, d2(λ) =

D2(λ)

D1(λ)
= 1, d3(λ) =

D3(λ)

D2(λ)
= λ3.

Smith �JtX D(λ) = diag(d1(λ), d2(λ), d3(λ)) = diag(1, 1, λ3).9��h-E�K λ3 P(-E�KP�
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(3) 3 )uV/�K D3(λ) = detA(λ) = λ3.R %D 2 )K/ ∣

∣

∣

∣

∣

λ 2

0 λ

∣

∣

∣

∣

∣

= λ2, � %D 2 )K/ ∣

∣

∣

∣

∣

2 2

λ 2

∣

∣

∣

∣

∣

= 4− 2λ, 2 )uV/�K
D2(λ) 2 λ2 � 4− 2λ Dm�K�9u D2(λ) = 1. 1 )uV/�K D1(λ) 2 D2(λ) = 1 D�K��4 D1(λ) = 1.���K

d1(λ) = D1(λ) = 1, d2(λ) =
D2(λ)

D1(λ)
= 1, d3(λ) =

D3(λ)

D2(λ)
= λ3.

Smith �Jt S(λ) = diag(1, 1, λ3).9��h-E�K λ3 P(-E�KP�
(4) n )uV/�K Dn(λ) = detA(λ) = λn.R %D n− 1 )K/E� λn−1. � %D n− 1 )K/X
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 · · · 1

λ 1 · · · 1
. . .

. . .
...

O λ 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−(i)+(i+1),∀ i=1,2,...,n−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1− λ 0 · · · 0

λ
. . .

. . .
...

. . . 1− λ 0

O λ 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (1− λ)n−2

n− 1 )uV/ Dn−1(λ) 2�=Ri/ λn−1 � (1− λ)n−2 Dm�K��4 Dn−1(λ) = 1. ?
1 ≤ k ≤ n− 2 * Dk(λ) 2 Dn−1(λ) D�K��9u Dk(λ) = 1.���K d1(λ) = D1(λ) = 1,

dk(λ) =
Dk(λ)

Dk−1(λ)
= 1 (∀ 2 ≤ k ≤ n− 1), dn(λ) =

Dn(λ)

Dn−1(λ)
= λn.

Smith �Jt S(λ) = diag(1, . . . , 1, λn).9��h-E�K λn P(-E�KP� 2r" �HD 4 hmH32 7.5.1 DQ� 4 hmH�>,HYV� 7.5.1 �5(�-E��l�<o� 2
7.6.2 ÆbV4. A DG/Y. λI − A DuV/�K����K}-E�KP�
(1)















0 1

0
. . .
. . . 1

1 0















n×n

; (2)















0 −a0

1
. . . −a1
. . . 0

...

1 −an−1















n×n

.� (1)

λI − A =















λ −1

λ
. . .
. . . −1

−1 λ















n×n
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D� YD n− 1 )K/E� (−1)n−1, n− 1 )uV/�K Dn−1(λ) 2[X$9 (−1)n−1 D�K�9u Dn−1(λ) = 1. 6S Dk(λ) = 1 P 1 ≤ k ≤ n− 1 (O�
Dn(λ) = |λI − A| = λn − 1. �4���K dk(λ) = 1 (∀ 1 ≤ k ≤ n − 1), dn(λ) =

λn− 1. -E�KP� λn− 1 #b9� A�D�5�KP(�X {λ− ωk | 0 ≤ k ≤ n− 1},�� ω = cos 2π
n

+ i sin 2π
n

.

(2)

λI −A =















λ a0

−1
. . . a1
. . . λ

...

−1 λ + an−1















n×nDRb%D n − 1 )K/X[X$9 (−1)n−1, uV/�K Dk(λ) = 1 (∀ 1 ≤ k ≤ n − 1),

Dn(λ) = |λI −A| = ϕA(λ) = λn + an−1λ
n−1 + · · ·+ a1λ + a0.���K

dk(λ) = 1 (∀ 1 ≤ k ≤ n− 1), dn(λ) =
Dn(λ)

Dn−1(λ)
= λn + an−1λ

n−1 + · · ·+ a1λ + a0.# ϕA(λ) = (λ − λ1)
n1 · · · (λ − λt)

nt , �� λ1, . . . , λt 2 A D���ODG/6�'
λI − A D-E�KPX {(λ− λ1)

n1 , . . . , (λ− λt)
nt}. 2

§ 7.7 0PzOJ8.[X?
7.7.1 PN 7.4.1 (1)–(5) DbY. A DG/Y. λI − A Æ.-E�KP���4p.-obY.D Jordan �Jt J .� (1)

A =









−2 1 3

−22 11 33

6 −3 −9









, λI − A =









λ + 2 −1 −3

22 λ− 11 −33

−6 3 λ + 9









λI − A
(λ−11)(1)+(2),3(1)+(3)

(λ+2)(2)+(1),−3(2)+(3)
→









0 −1 0

λ2 − 9λ 0 −3λ

3λ 0 λ









3(3)+(2)

−3(3)+(1)
→









0 −1 0

λ2 0 0

0 0 λ









−1(1),(23)

(12),(23)
→









1 0 0

0 λ 0

0 0 λ2
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λI −A D���K d1(λ) = 1, d2(λ) = λ, d3(λ) = λ2. -E�KX λ, λ2, PÆDRh�?� J1(0), J2(0) P( A D�?�Jt
J = diag(J1(0), J2(λ)) =









0 0 0

0 0 1

0 0 0









.

(2)

A =









6 5 −2

−2 0 1

−1 −1 3









, λI − A =









λ− 6 −5 2

2 λ −1

1 1 λ− 3









λI − A
(13),−2(1)+(2),−(λ−6)(1)+(3)

−(1)+(2),−(λ−3)(1)+(3)
→









1 0 0

0 λ− 2 −2λ + 5

0 −λ + 1 −λ2 + 9λ− 16









(3)+(2),−1(2),(λ−1)(2)+(3)

−(λ2−7λ+11)(2)+(3)
→









1 0 0

0 1 0

0 0 (λ− 3)3









λI −A D���KX 1, 1, (λ− 3)3, 9��h-E�K (λ− 3)3, PÆD�?�
J3(λ) =









3 1 0

0 3 1

0 0 3







32 A D�?�Jt�
(3)

A =









1 −3 2

4 −7 4

12 −14 7









, λI − A =









λ− 1 3 −2

−4 λ + 7 −4

−12 14 λ− 7









.Æ λI − A D k )uV/�K Dk(λ) (k = 1, 2, 3):

λI−ADI (1, 2)�=P(D 1)K/ 3X[X$9�D1(λ)2BD�K��4 D1(λ) = 1.

λI −A Rb%D 2 )K/ 28 + 12λ �� %D 2 )K/ 2 + 2λ �=� 2 )uV/�K
D2(λ) 2BDm�K��4 D2(λ) = 1.

D3(λ) = |λI − A| = (λ− 3)(λ + 1)2.

λI − A D���KX 1, 1, (λ− 3)(λ + 1)2, �Rh-E�K {λ − 3, (λ + 1)2}, PÆD�?� J1(3), J2(−1) P( A D�?�Jt
J = diag(3, J2(−1)) =









3 0 0

0 −1 1

0 0 −1
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(4)

A =















4 0 0 0

0 4 0 0

3 0 4 0

2 3 0 4















, λI −A =















λ− 4 0 0 0

0 λ− 4 0 0

−3 0 λ− 4 0

−2 −3 0 λ− 4















λI − A
3(2), 1

2
(3)

1

3
(2),3(3)
→















λ− 4 0 0 0

0 λ− 4 0 0

−1 0 λ− 4 0

−2 −1 0 λ− 4















(λ−4)(3)+(1),−2(3)+(4)

(λ−4)(1)+(3),2(4)+(3)
→















0 0 (λ− 4)2 0

0 λ− 4 0 0

−1 0 0 0

0 −1 0 λ− 4















(λ−4)(4)+(2)

(λ−4)(2)+(4)
→















0 0 (λ− 4)2 0

0 0 0 (λ− 4)2

−1 0 0 0

0 −1 0 0















−1(3),−1(4),(13),(24)→S(λ) =















1 0 0 0

0 1 0 0

0 0 (λ− 4)2 0

0 0 0 (λ− 4)2















λI − A D���K�5X 1, 1, (λ− 4)2, (λ− 4)2. �Rh-E�K (λ− 4)2, (λ− 4)2,PÆ�Rh�?� J2(4), J2(4) P( A D�?�Jt
J = diag(J2(4), J2(4)) =















4 1 0 0

0 4 0 0

0 0 4 1

0 0 0 4















(5)

A =















1 2 4 7

0 1 3 6

0 0 1 4

0 0 0 3















, λI −A =















λ− 1 −2 −4 −7

0 λ− 1 −3 −6

0 0 λ− 1 −4

0 0 0 λ− 3















λI −A D 4 )uV/�K D4(λ) = |λI − A| = (λ− 1)3(λ− 3).
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λI − A D 3 )uV/�K D3(λ) 2A�D 3 )K/DQ:m�/�R %D 3 )K/
(λ− 1)3 9��hk 1. � %D 3 )K/

f(λ) =

∣

∣

∣

∣

∣

∣

∣

∣

−2 −4 −7

λ− 1 −3 −6

0 λ− 1 −4

∣

∣

∣

∣

∣

∣

∣

∣? λ = 1 *D6 f(1) = (−2)(−3)(−4) 6= 0. >� 1 �2 f(λ) Dk�� (λ − 1)3 �=�
D3(λ) 2 (λ− 1)3 � f(λ) Dm�K�9u D3(λ) = 1. A� k(λ) (k = 1, 2) 2 D3(λ) D�K��9uX 1.�2CA λI − A D���K d1(λ) = D1(λ) = 1, dk(λ) = Dk(λ)

Dk−1(λ)
= 1 (k = 2, 3),

d4(λ) = D4(λ)
D3(λ)

= (λ− 1)3(λ− 3).

λI −A D-E�KX (λ− 1)3, λ− 3, ℄�PÆ��?� J3(1), J1(3), P( A D�?�Jt
J = diag(J3(1), J1(3)) =















1 1 0 0

0 1 1 0

0 0 1 0

0 0 0 3















. 2
7.7.2 Æ2� A 2}���D,℄��M!2� A #�~�PbDY.DG/Y.

λI − A D n− 1 )uV/�K Dn−1(λ) = 1.Q� # A �}���� A T�D n Y?� V = F [A]α 2��hkS α '(D}�K?�� α,Aα,A2α, . . . ,An−1α P( V D�P M , α hP� A DQmRi/
dA,α(λ) = λn + an−1λ

n−1 + · · · + a1λ + a0 D59E� n. � A(Akα) = Ak+1α (?
k ≤ n− 2) � A(An−1α) = Anα = −a0α− a1Aα− a2A2α− · · · − an−1An−1α 3 A # M bD4.

A =















0 · · · 0 −a0

1
. . .

... −a1

. . . 0
...

1 −an−1















, λI − A =















λ · · · 0 a0

−1
. . .

... a1

. . . λ
...

−1 λ− an−1















λI − A Rb%D n − 1 )K/E� (−1)n−1, X[X$9� Dn−1(λ) 2 (−1)n−1 D�K�9u Dn−1(λ) = 1. A #��P M1 bD4. B = P−1AP � A h<��� P 2>vY.� λI −B = P−1(λI − A)P � λI − A hG�uV/�KhO��� Dn−1(λ) = 1.WwE�# A #o�PbD4. A DG/Y. λI −A DuV/�K Dn−1(λ) = 1. A�D Dk(λ) (1 ≤ k ≤ n−1) 2 Dn−1(λ) D�K�9u Dk(λ) = 1. S Dn(λ) = |λI−A| =
ϕA(λ) 2 A DG/Ri/�59X n. # ϕA(λ) = (λ − λ1)

n1 · · · (λ − λt)
nt , λ1, . . . , λt 2

A D�ODG/6�' (λ− λ1)
n1 , . . . , (λ− λt)

nt 2 λI −A D��-E�K�PÆD�?�
Jn1

(λ1), . . . , Jnt
(λt) P( A D�?�Jt
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J = diag(Jn1
(λ1), . . . , Jnt

(λt))bhG/6 λi 9��h�?� Jni
(λi), A D7�G/6 λi DkK?� Wλi

2��hkkS
αi '(D}�K?��Mi = {(A− λiI)ni−1αi, . . . , (A− λiI)αi, α} 2 Wλi

D�P� αihP� A DQmRi/ di(λ) = (λ− λi)
ni.Z α = α1 + · · ·+ αt. 'P�	 f(λ ∈ F [λ] � f(A)α = f(A)α1 + · · ·+ f(A)αt. �� V = Wλ1

⊕ · · · ⊕Wλt
= F [A]α1 ⊕ · · · ⊕ F [A]αt 2ih}�K?� F [A]αi (1 ≤ i ≤ t)D5}� f(A)α = 0 ⇔ f(A)αi PA� 1 ≤ i ≤ t (O ⇔ f(λ) ÆA� αi DQmRi/ dA,αi

(λ) = (λ − λi)
ni 0/� ⇔ f(λ) Æi (λ − λi)

ni (1 ≤ i ≤ t) DQmm/
ϕA(λ) = (λ − λ1)

n1 · · · (λ − λt)
nt 0/��4 α = α1 + · · · + αt hP� A DQmRi/

dA,α(λ) = ϕA(λ), 59X n, α # V �'(D}�K?� F [A]α DY9X n, 9uE� V .-;k A 2}���� 2
7.7.3 Y. ADG/Ri/�QmRi/NE� (λ−λ1)

n1 · · · (λ−λt)
nt, �� λ1, . . . , λtRR�O�Æ A D Jordan �Jt�� Y. A DG/Ri/ ϕA(λ) E�G/Y. λI−A DA����K d

dt
1(λ), . . . , dn(λ)D)Æ�ϕA(λ) = d1(λ) · · ·dn(λ),QmRi/ dA(λ)'E�Q��h���K dn(λ). ϕA(λ) =

d1(λ) · · ·dn(λ) = dA(λ) = dn(λ) ⇔ d1(λ) · · ·dn−1(λ) = 1 ⇔ d1(λ) = · · · = dn−1(λ) = 1.

⇔ λI − A D-E�K32 dn(λ) = (λ − λ1)
n1 · · · (λ − λt)

nt �bh�5�KDQg5f
(λ− λ1)

n1, . . . , (λ− λt)
nt , PÆD�?� Jn1

(λ1), . . . , Jnt
(λt) P( A D�?�Jt

J = diag(Jn1
(λ1), . . . , Jnt

(λt)) . 2
7.7.4 (1) Y. A DG/Ri/ ϕA(λ) = (λ − 1)4(λ + 1)3λ2, QmRi/ dA(λ) =

(λ− 1)3(λ + 1)2λ2, Æ A D Jordan �Jt�
(2) Y. A DG/Ri/ ϕA(λ) = (λ − 1)4(λ + 1)3λ2, QmRi/ dA(λ) = (λ −

1)2(λ + 1)2λ2, A D Jordan �Jt�ro>uv�� A DQmRi/ dA(λ) E� λI − A DQ��h���K dn(λ), G/Ri/ ϕA(λ)E�A����KD)Æ d1(λ) · · ·dn(λ). �4
d1(λ) · · · dn−1(λ) =

ϕA(λ)

dA(λ)
=

(λ− 1)4(λ + 1)3λ2

(λ− 1)3(λ + 1)2λ2
= (λ− 1)(λ + 1) .�� (λ− 1)(λ + 1) p(^O dk(λ)|dk+1(λ) (1 ≤ k ≤ n− 2) D�K d1(λ), . . . , dn−1(λ) D)Æ�9u

dn−1(λ) = (λ− 1)(λ + 1), d1(λ) = · · · = dn−2(λ) = 1.�2 λI −A D-E�KX dn(λ) = (λ− 1)3(λ + 1)2λ2 � dn−1(λ) = (λ− 1)(λ + 1) �ih�5�KDQg5f (λ− 1)3, (λ + 1)2, λ− 1, λ + 1, λ2, PÆD�?�P( A D�?�Jt
J = diag(J3(1), 1, J2(−1),−1, J2(0)) . 2
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(2) λI −A DQ��h���K dn(λ) = dA(λ) = (λ− 1)2(λ + 1)2λ2. � n− 1 h���KD)Æ
d1(λ) · · · dn−1(λ) =

ϕA(λ)

dA(λ)
=

(λ− 1)4(λ + 1)3λ2

(λ− 1)2(λ + 1)2λ2
= (λ− 1)2(λ + 1)�RA>uv��A 1. dn−1(λ) = (λ − 1)2(λ + 1), d1(λ) = · · · = dn−2(λ). λI − A D-E�KX

(λ− 1)2, (λ− 1)2, (λ + 1)2, λ + 1, λ2, PÆD�?�P(�?�Jt
J = diag(J2(1), J2(1), J2(−1),−1, J2(0)).�A 2. dn−1(λ) = (λ − 1)(λ + 1), dn−2(λ) = λ − 1, d1(λ) = · · · = dn−3(λ) = 1.

λI−A D-E�KX (λ− 1)2, λ− 1, λ− 1, (λ+1)2, λ+1, λ2, PÆD�?�P(�?�Jt
J = diag(J2(1), 1, 1, J2(−1),−1, J2(0)) 2

§ 7.8 )zOl)8.
7.8.1 ,Y. 













0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0















2`bh<�P%.�2`,h<�P%.�;kK��� AjY. A bh<�P%.�>�u,h<�P%.�Y. A DG/Ri/ ϕA(λ) = λ4 − 1, � 4 h�ODG/k 1,−1, i,−i. �4bh<�P%. D = diag(1,−1, i,−i).�v A ,h<�P%. D = P−1AP , �� P 2,>vY.�' D 2,P%.� 4 hP%�Æ2 A D 4 hG/6�> A �RhG/6 i,−i 2x9S�2,9��u,?,P'Y.DP%���4 A �u,h<�P%.� 2
7.8.2 ,Y. A =















2 −1 1 0

1 2 0 1

0 0 2 −1

0 0 1 2















� B =















2 2 −1 −1

0 2 0 −1

1 1 2 2

0 1 0 2















2`,h<�;kK���x 1 A DG/Ri/ ϕA(λ) = |λI −A| = ((λ− 2)2 + 1)2, �RhG/6 λ1 = 2 + i� λ2 = 2− i, ;9B9N2 2. �>CA rank (A−λ1I) = rank (A− λ2I) = 3, �5gvY*P (A− λ1I)X = 0 � (A− λ2I)X = 0 D,?�DY9NE� 1, A �7�G/6 λ1, λ2D�?�N9��h�)9NE�;9B9 2. A D�?�Jt J = diag(J2(2 + i), J2(2− i)).O�CA B D�?�Jt�2 J = diag(J2(2 + i), J2(2− i)).
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,Y. A, B #b9� h<��S#,9� h<��x 2 ℄�"G/Y. λI −A, λI − B hGA Smith �Jt�
λI − A =















λ− 2 1 −1 0

−1 λ− 2 0 −1

0 0 λ− 2 1

0 0 −1 λ− 2













D 4 )uV/�K D4(λ) = |λI−A| = [(λ−2)2 +1]2. R %D 3 )K/ ∆3 = [(λ−2)2 +

1](λ− 2). I 1,2,3 u�I 1,3,4 V$"[<D�=P(D 3 )K/
∆̃3 =

∣

∣

∣

∣

∣

∣

∣

∣

λ− 2 −1 0

−1 0 −1

0 λ− 2 1

∣

∣

∣

∣

∣

∣

∣

∣

= (λ− 2)2 − 1 = (λ− 1)(λ− 3)

3 )uV/�K D3(λ) 0/ ∆3, ∆̃3 Dm�K 1, 9uX 1. Dk(λ) = 1 P k ≤ 3 (O�
λI − B =















λ− 2 −2 1 1

0 λ− 2 0 1

−1 −1 λ− 2 −2

0 −1 0 λ− 2















−(2)+(1),2(2)+(3),−(λ−2)(2)+(4)

−(λ−2)(4)+(2)
→















λ− 2 −λ 1 0

0 0 0 1

−1 2λ− 5 λ− 2 0

0 −(λ− 2)2 − 1 0 0















−(λ−2)(1)+(3)

−(λ−2)(3)+(1),λ(3)+(2)
→

B(λ) =















0 0 1 0

0 0 0 1

−(λ− 2)2 − 1 λ2 − 5 0 0

0 −(λ− 2)2 − 1 0 0















B(λ) D 4 )uV/�KX |B(λ)| = [(λ − 2)2 + 1]2. � %D 3 )K/ D3 = λ2 − 5, I
1,2,3 u�I 1,3,4 V$"[<�=P(D 3 )K/ D̃3 = −(λ− 2)2 − 1. B(λ) D 3 )uV/�K0/ D3 � D̃3 Dm�K 1, 9uE� 1. λI − B � B(λ) hG�uV/�KhO�?
k ≤ 3 * k )uV/�KX 1, 4 )uV/�KX [(λ− 2)2 + 1]2.-2kU λI − A � λI − B DuV/�KhO��ShG��4>3 A � B ,h<�2

7.8.3 # X1 + iX2 2 n ),Y. A D7�xG/6 a+ bi DG/kS��� X1, X2 ∈
Rn×1. 2k X1, X2 '(DK?� W 2 Rn×1 Dgv�� A : X 7→ AX D 2 Y��K?���Æ. A|W # {X1, X2} bD4.�
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Q� �v W Y9X 1, ' X1, X2 >�p( W ��	[XkS X0 D,9 X1 =

c1X0, X2 = c2X0. X1, X2 ��X 0, �S c1, c2 ��X 0. �2 X1 + iX2 = (c1 + c2i)X0,

A(c1 + c2i)X0 = (a + bi)(c1 + c2i)X0, R�O/�[Xb9 c1 + c2i C AX0 = (a + bi)X0.>,Y. A ),VkS X0 9u2,VkS��>uE�xDVkS (a + bi)X0, -2kU WDY92 2, X1, X2 gv_q�
A(X1+iX2) = (a+bi)(X1+iX2) = (aX1−bX2)+i(bX1+aX2)⇒ AX1 = aX1−bX2,

AX2 = bX1 + aX2. -2kUgv�� A : X 7→ AX " X1, X2 �A W ��6S" X1, X2'(DK?� W �A W �� W 2 A D��K?�� A|W # {X1, X2} bD4.X
(

a b

−b a

)

. 2
7.8.4 2k�,9� �fYgv?�Dgv���� 1 Y� 2 YD��K?��Q� �	�L,9� R  n Ygv?� V D�P S, " V �bhkS α �B#

S bDU� X (p( n YVkS) �0�' V  Dgv�� A >��oh,Y. A R)E,e� AX = AX.�v A �,G/6 a, 'Y*P (A− aI)X = 0 �[X,9, X1 ^O (A− aI)X1 = 0� AX1 = aX1, X1 '(D 1 YK?�2 A D��K?��# A b�,G/6�' A �L�xG/6 a + bi, b 6= 0, ���G/kS X1 + iX2, �� X1, X2 2 n Y,VkS�^OM! A(X1 + iX2) = (a + bi)(X1 + iX2) = (aX1 − bX2) + i(bX1 + aX2), �2
AX1 = aX1 − bX2, AX2 = bX1 + aX2, X1, X2 #,9� '(DK?� U 2 A D��K?�� U 2 A D 2 Y� 1 Y��K?�� 2

§ 7.9 �vl�Z
7.9.1 # x = x(t), y = y(t), z = z(t). Æ,$U℄Y*P



























d

dt
x = x− 3y + 2z

d

dt
y = 4x− 7y + 4z

d

dt
z = 12x− 14y + 7z� Y*P>�p(4.t/ d

dt
X = AX, ��

X =









x

y

z









, A =









1 −3 2

4 −7 4

12 −14 7
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'N,X X = eAtC, �� C = (c1, c2, c3)
T 2�	 3 Y,VkS�ÆC,>vY. P " Ah<A�?�Jt J (�>w*!� 7.4.1 I (3) mH):

P =









1 −1 1

2 −2 1

4 −2 0









, P−1AP = J =









3 0 0

0 −1 1

0 0 −1









= D + N,

D = diag(3,−1,−1), N =









0 0 0

0 0 1

0 0 0







�2 A = PJP−1, eAt = PeJtP−1, ��
eJt = eDt+Nt = eDteNt = diag(e3t, e−t, e−t)(I + Nt)N,

X =









1 −1 1

2 −2 1

4 −2 0

















e3t 0 0

0 e−t te−t

0 0 e−t

















1 −1 1

2 −2 1

4 −2 0









−1







c1

c2

c3









=









c1e
3t − (c2 − c3 + c3t)e

−t

2c1e
3t − (2c2 − c3 + 2c3t)e

−t

4c1e
3t − (2c2 + 2c3t)e

−t







�


















x = c1e
3t − (c2 − c3 + c3t)e

−t

y = 2c1e
3t − (2c2 − c3 + 2c3t)e

−t

z = 4c1e
3t − (2c2 + 2c3t)e

−t

2
7.9.2 #9V {an} ^OM! an = 3an−1 − 3an−2 + an−3, (∀ n ≥ 4). ℄�#�b-.M!bÆNim/�
(1) a1 = a2 = a3 = 1; (2) a1 = a3 = 1, a2 = 2.� (1) P n �9|tsV2k an = 1.�3 a1 = a2 = a3 = 1. # ak = 1 P k ≥ 3 (O�' ak+1 = 3ak − 3ak−1 + ak−2 =

3× 1− 3× 1 + 1 = 1.>3 an = 1 PA�D109 n (O�
(2) �3M!>pX (an−2, an−1, an) = (an−3, an−2, an−1)A, ��

A =









0 0 1

1 0 −3

0 1 3
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6S (an−2, an−1, an) = (a1, a2, a3)A
n−3. 9�>. An−3, 3u� (a1, a2, a3) = (1, 1, 1) Æ. an. XU�> An−3, " A h<A�?�Jt J .

ADG/Ri/ ϕA(λ) = |λI−A| = (λ−1)3,9�W�DG/6 1. Y*P (A−I)X = 0D,?�X 1 Y��?�Jt J = J3(1) ��h�?�P(�℄�
A− I =









−1 0 1

1 −1 −3

0 1 2









, (A− I)2 =









1 1 1

−2 −2 −2

1 1 1







� P3 = (1, 0, 0)T , P2 = (A− I)P3 = (−1, 1, 0)T , P1 = (A− I)2P3 = (1,−2, 1)T . �5�
P1, P2, P3 XiVP(>vY. P = (P1, P2, P3), '

(A− I)P = (A− I)(P1, P2, P3) = (0, P1, P2) = (P1, P2, P3)J3(0) = PJ3(0)

P−1(A− I)P = J3(0), A = P (I + N)P−1 P N = J3(0) (O�
An−3 = P (I + N)n−3P−1 = P (I + (n− 3)N +

(n− 3)(n− 4)

2
N2)P−1

=









1 −1 1

−2 1 0

1 0 0

















1 n− 3 (n−3)(n−4)
2

0 1 n− 3

0 0 1

















1 −1 1

−2 1 0

1 0 0









−1

=









10− 9n
2

+ n2

2
6− 7n

2
+ n2

2
3− 5n

2
+ n2

2

−15 + 8n− n2 −8 + 6n− n2 −3 + 4n− n2

6− 7n
2

+ n2

2
3− 5n

2
+ n2

2
1− 3n

2
+ n2

2









(an−2, an−1, an) = (1, 2, 5)An−3 = (∗, ∗, 2− 2n + n2).�4CA an = 2− 2n + n2. 2
7.9.3 Æ2��	bY. A >�℄,XRhY. AD, AN D} A = AD + AN , �� AD>P%�� AN fX�� ADAN = ANAD. �2k-A℄,2W�D�Q� # λ1, . . . , λt 2 A D���ODG/6� m1, . . . , mt ℄�2 A D�?�Jt�7�-oG/6D�?�DQ:)9�'7#>vbY. P " A h<A�?�Jt J =

diag(Jm1
(λ1), . . . , Jmd

(λd)), �� j > t D�?� Jmj
(λj) A7DG/6 λj E�oh λi

(1 ≤ i ≤ t) �)9 mj ≤ mi.bh�?� Jmi
(λi) = λiI(mi) + Jmi

(0) >℄,XO)3S. Di = λiI(mi) �fX.
Ni = Jmi

(0) 4}�� DiNi = NiDi. �4 J = D+N ℄,XP%. D = diag(D1, . . . , Dd)�fX. N = diag(N1, . . . , Nd) 4}�� DN = ND. �2 A = PJP−1 = P (D+N)P−12 AD = PDP−1 � AN = PNP−1 4}��� AD h<�P%. D, >P%���� NfX37#109 m - Nm = O 6S Am
N = PNmP−1 = O, AN fX�� ADAN =

PDNP−1 = PNDP−1 = ANAD.
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XU2k℄,DW�v�℄2k�hCAD℄,/ A = AD + AN CAD AD, AN >�p( A DRi/ AD = f(A) � AN = g(A), �� f(λ), g(λ) 2b`9Ri/� J Dbh�?� Jmi
(λi) = Di + Ni ℄,CADP%. Di = λiI(mi) 23S.�>�<("$9Ri/ fi(λ) = λi �DMp λ J�(4. J(mi)(λi) CA�� t h�?� Jmi

(λi) (1 ≤ i ≤
t) DG/6RR�O�QmRi/ (λ − λi)

mi RR�=���u)�LK37#b`9Ri/
f(λ) ≡ λi (mod ((λ − λi)

mi) ) P 1 ≤ i ≤ t (O6S�P 1 ≤ i ≤ d (O�# f(λ) Æ
(λ− λi)

mi (1 ≤ i ≤ t) /D�X qi(λ), '��/X λi 3 f(λ) = qi(λ)(λ− λi)
mi + λi 6S

f(Jmi
(λi)) = λiI(mi), �? j > t * λj = λi Poh 1 ≤ i ≤ t (O�(λ−λi)

mi �2 Jmj
(λj)DX�Ri/��� f(Jmj

(λj)) = λjI(mj). -;k f(J) = D = diag(λ1I(m1), . . . , λdI(md)),6S f(A) = Pf(J)P−1 = AD. � AN = A− AD = g(A) P g(λ) = λ− f(λ) (O�# A = A1 +A2 2 A DY�h℄,/��� A1 >P%��A2 fX�� A1A2 = A2A1.℄2k A1 = AD, A2 = AN . 6�� A1A2 = A2A1 3 A1(A1 + A2) = (A1 + A2)A1, �
A1A = AA1. /S� A1f(A) = f(A)A1 � A1AD = ADA1. OK>3 A2AN = ANA2. �
AD + AN = A = A1 + A2 3 AD − A1 = A2 − AN . � D0 = AD − A1, N0 = A2 − AN ,' D0 = N0.℄2k>$�DRh>P%�4. AD, A1 4# D0 �>P%��>$�DRhfX4.
A2, AN 4# N0 �fX�� AN , A2 fX37#109 k, k1 - Ak

N = O = Ak1

2 , � AN � A2 )V>$�3
Nk+k1

0 = (A2 − AN)k1+k >�xQTi/LK(:X
(A2 − AN)k1+k =

k1+k
∑

i=0

Ci
k1+kA

k1+k−i
2 Ai

N��
Ci

k1+k =
(k1 + k)(k1 + k − 1) · · · (k1 + k − i + 1)

i!
.(:/��Db�i Ci

k1+kA
k1+k−i
2 Ai

N �D79 k1+k−i� i 4}X k1+k, k1+k−i ≥ k1 �
i ≥ k :!��h(O�Ak1+k−i

2 = O � Ai
N = O :!��h(O��4N� Ak1+k−i

2 Ai
N = O,6S Nk1+k

0 = O, -2kU N0 fX�
AD >Æ>vY. P1 h<AP%. P−1

1 ADP1 = D1 = diag(λ1I(n1), . . . , λtI(nt)), ��
λ1, . . . , λt RR�O� A1 Æ P1 h<A B = P−1

1 A1P1, � A1 >P%�� ADA1 = A1AD3 B >P%�� D1B = BD1. � D1B = BD1 3 B = diag(B1, . . . , Bt), ��bhP%�
Bi ∈ F ni×ni. B DQmRi/ dB(λ)E�iP%�Bi DQmRi/DQmm/��B >P%�3 dA(λ)a�Bk�6SiP%� Bi DQmRi/Na�Bk�bh Bi N>P%��7# ni )>vY. Qi " Bi h<AP%. Q−1

i BiQi = Λi, n)>vY. Q = diag(Q1, . . . , Qt)" B h<AP%. Λ = diag(Λ1, . . . , Λt), � Q−1D1Q = D1 �2P%.�-2kU AD � A1 >�ÆO�h>vY. P1Q O*h<AP%. (P1Q)−1AD(P1Q) = D1 � (P1Q)−1A1(P1Q) = Λ,
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�S P1Q " D0 = AD−A1 h<A (P1Q)−1(AD−A1)(P1Q) = D1−Λ. RhP%. D1, Λ4# D1 − Λ �2P%.�-2kU D0 = AD − A1 >P%���2 D0 = AD−A1 = A2−AN = N0 �>P%��fX�7#109 d - Dd
0 = Nd

0 =

O, 6S (D1−Λ)d = (P1Q)−1Dd
0(P1Q) = O. P%. D1−Λ DbhP%�D d 5fE� 0,A�-oP%��E� 0. -2kU D0 = AD−A1 = A2−AN = O, AD = A1 � AN = A2(O��322kU℄,/ A = AD + AN DW�v� 2

7.9.4 Æ2��	>vbY. A >�℄,X A = ADAU , �� AD >P%�� AU DG/6�X 1, � ADAU = AUAD; ��-A℄,2W�D�Q� 7#>vY. P " A h<��?�Jt J = diag(Jm1
(λ1), . . . , Jmd

(λd)). ��bh�?� J(mi)(λi) = λiI(mi) + Ni, Ni = Jmi
(0) 2fX.��O)3S. λiI(mi) )V>$��6S J = D+N , ��D = diag(λ1I(m1), . . . , λdI(md))2P%.�N = diag(N1, . . . , Nd)2fX.�� DN = ND.� A>v3A�DG/6 λi (1 ≤ i ≤ d)N�X 0. 6SP%.D = diag(λ1I(m1), . . . , λdI(md))>v� J = DU P U = D−1J = D−1(D + N) = I + D−1N = diag(U1, . . . , Ud) DbhP%�

Ui = I + λ−1
i Jmi

(0) =















1 λ−1
i

. . .
. . .

1 λ−1
i

1













DG/6�X 1, �4 U DG/6�X 1. �� DN = ND 3 DU = D(I + D−1N) =

(I + D−1N)D = UD. �2 A = PJP−1 = ADAU P AD = PDP−1 � AU = PUP−1 (O��� ADAU = PDUP−1 = PUDP−1 = AUAD, � AD h<�P%. D, � U DG/6�X 1 3 AU = PUP−1 DG/6�X 1.#� A = ADAU = A1A2, �� ADAU = AUAD, A1A2 = A2A1, AD, A1 Nh<�P%.� AU , A2 DG/6N�X 1. A2 DQmRi/8�t/ (λ − 1)d, 6S (A − I)d = O,

A2 − I fX�� A >v3 A1 >v� A− A1 = A1A2 − A1 = A1(A2 − I), (A − A1)
d =

Ad
1(A2 − I)d = AD

1 O = O, -;k A = A1 + (A − A1) Æ℄,X>P%�D A1 �fXY. A − A1 4}��� A1A2 = A2A1 3 A1A = A1(A1A2) = A1A2A1 = AA1, �S
A1(A−A1) = (A−A1)A1. OK>3 A−AD fX�� A )V>$��# 7.9.3 ��2k"
A )V>$�D>P%�Y. AD �fXY. AN 4}ACAD AD, AN 2W�D�-2kU
AD = A1, �S AU = A−1

D A = A−1
1 A = A2. 2kU℄,/ A = ADAU �2W�D� 2

7.9.5 Æ2���bY.>�p(RhP'bY.D)Æ���>�7L���	�h2>vY.�Q� 2k��bY. A >�Æ>vP'. S h<A AT = S−1AS.
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A >Æ>vY. P h<A�?�Jt P−1AP = J = diag(Jm1
(λ1), . . . , Jmd

(λd)). bh�?� Jmi
(λi) uÆO)P'Y.

Si =









1

. · ˙
1







h<A S−1
i Jmi

(λi)Si = Jmi
(λi)

T . �S J ÆP'Y. Σ = diag(S1, . . . , Sd) h<A
Σ−1JΣ = JT . 6S

AT = (PJP−1)T = (P T )−1JT (P T ) = (P T )−1Σ−1JΣ(P T )

= (P T )−1Σ−1(P−1AP )Σ(P T ) = (PΣP T )−1A(PΣP T )

A Æ>vY. S = PΣP T h<A AT = S−1AS. � ST = PΣT P T = PΣP T = S, >� S 2P'Y.�� AT = S−1AS C S−1A = AT S−1 = ((ST )−1A)T = (S−1A)T . >� S−1A 2P'Y.� A = S(S−1A) 2P'Y. S � S−1A D)Æ�����hP'Y. S >v�Y�Yh� AT = S−1AS ⇒ AS = SAT = (AS)T , >� AS �2P'Y.��
(S−1)T = (ST )−1 = S−1 3 S−1 2>vP'Y.� A = (AS)S−1 2RhP'Y. AS, S−1D)Æ���I 2 hP'Y. S−1 >v� 2

7.9.6 # A, B 2 n )Y.�� diag(A, A) � diag(B, B) h<�Æ2 A � B h<�Q� 7# n )>vY. PA " A h<A�?�Jt P−1
A APA = JA = diag(J1, . . . , Jd).' diag(PA, PA) " Ã = diag(A, A) h<A�?�Jt

J̃A = diag(JA, JA) = diag(J1, . . . , Jd, J1, . . . , Jd).

J̃A Dbh�?� Ji N2 JA D�h�?�� JA Dbh�?� Jm(a) # J̃A �.eD59
n(A, m, a) 2 Jm(a) # JA �.eD59 nA(m, a) D 2 � n(A, m, a) = 2nA(m, a).OK�7# n )>vY. PB " B h<A�?�Jt JB, diag(PB, PB) " B̃ =

diag(B, B) h<A�?�Jt J̃B = diag(JB, JB), J̃B Dbh�?� Jm(a) # J̃B �.eD59 n(B, m, a) 2 Jm(a) # JB �D59 nB(m, a) D 2 � n(B, m, a) = 2nB(m, a).�� Ã � B̃ h<��~�h�?� Jm(a) # Ã �� B̃ �.eD59 n(A, m, a) �
n(B, m, a) hO�� 2nA(m, a) = n(A, m, a) = n(B, m, a) = 2nB(m, a), 6S nA(m, a) =

nB(m, a). -2kUO�h�?� Jm(a) # JA, JB �.eD59hO��?�Jt JA � JBAyD�?�PÆhO (/U{V:z>u�O), JA � JB h<�-2kU A � B h<� 2
7.9.7 #Y. B �bh�Y. A >$�DY.N>$��2k B >��0( A DRi/� Q� 7#>vY. P1 " Ah<A�?�Jt P−1

1 AP1 = J = diag(Jm1
(λ1), . . . , Jmd

(λd)).��>3?{Vi�?� Jmi
(λi) D:z-� t h�?�PÆDG/6 λ1, . . . , λt 32 A D�
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��ODG/6�� mp (1 ≤ p ≤ t) 2 J �7�G/6 λp Di�?�DQ:)9��4���bh�?� Jmj
(λj) (t < j ≤ d) A7DG/6 λj E�oh λp (1 ≤ p ≤ t), � mj ≤ mp.#� A $�DbhY. X Æ P1 h<A P−1

1 XP1 = X1, �A�-�D X $�D B Æh<A P−1
1 BP1 = B1. '

{XA = AX, BX = XB, B = f(A)} ⇔ {X1J = JX1, X1B1 = B1X1, B1 = f(J)}9�2kbh-�D B1 >�0( J DRi/ f(J), ' B = f(A) 2 A DRi/�" B1 � J ShÆD℄� B1 = (Bij)d×d, -bh� Bij 2 mi ×mj 4.��5�3S. kI(mk) (1 ≤ k ≤ d) P(P%. D1 = diag(I(m1), 2I(m2), . . . , dI(md)), '�� D1 � J $�� B1 Æ� D1 $���'E/ D1B1 = B1D1 R�DI (k, j) �CA
kBkj = jBkj 6S (k − j)Bij) = O. ? k 6= j *CA Bkj = O. -2kU B1 D[P%�
Bkj (k 6= j) �X O, B1 = diag(B11, . . . , Bdd) 2JP%.�

J �L$>$���4 B1 Æ� J $���'E/ JB1 = B1J DI (i, i) �CA
Jmi

(λi)Bii = BiiJmi
(λi). E/R�O� λiBii CA (Jmi

(λi)−λiI)Bii = Bii(Jmi
(λi)−λiI),� Jmi

(0)Bii = BiiJmi
(0). � Bii DI (p, q) �X bpq, 1 ≤ p, q ≤ mi. �' Jmi

(0)Bii =

BiiJmi
(0) R�DI (p, q) �=�? q = 1 � p ≥ 2 *CA bp1 = 0, ? p = mi � q ≤ mi−1*CA bmi,q = 0, ? 1 ≤ p, q ≤ mi − 1 *CA bpq = bp+1,q+1. �2

Bii =















b11 b12 · · · b1,mi

0
. . .

. . .
...

...
. . . b11 b12

0 · · · 0 b11















= b11I + b12Ni + b13N
2
i + · · ·+ b1nNmi−1

i = fi(Jmi
(λi))�� Ni = Jmi

(0), fi(λ) = b11 + b12(λ− λi) + · · ·+ b1,mi
(λ− λi)

mi−1 2 λ DRi/�
J Dbh�?� Jmq

(λq) (q > t) �W��h Jmp
(λp) 1 ≤ p ≤ t A7DG/6hO�

λq = λp, � mq ≤ mp. � X1 = (Xij)d×d -BDI (p, q) �
Xpq =

(

I(mq)

O

)

∈ Cmp×mqD� mq uP(<[.���DiuNXX����bh� Xij = O (i 6= p � j 6= q) X
mi ×mj X4.��~2 X1 � J $��6S B1 � X1 $���'E/ B1X1 = X1B1 R�DI (p, q) �C BppXpq = XpqBqq. " mp ) �%Y. Bpp = (bij)mp×mp

℄�X
Bpp =









b11 · · · b1,mp

. . .
...

b11









=

(

Π1 Π2

O Π4

)
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-�� Π1 = (bij)1≤i,j≤mq
2� Bpp D� mq u�� mq V$"[<P(D mq )Y.�'
BppXpq =

(

Π1

O

)

= XpqBqq =

(

Bqq

O

)>�
Bqq = Π1 = (bij)1≤i,j≤mq

= b11I + b12Jmq
(0) + · · ·+ b1,mq

Jmq
(0)mq−1℄�

Bpp = (bij)mp×mp
= b11I + b12Jmp

(0) + · · ·+ b1,mp
Jmp

(0)mp−1 = fp(Jmp
(λp))PRi/ fp(λ) = b11 + b12λ + · · · + b1,mp

λmp−1 (O��� λq = λp, �? k ≥ mq *�
Jmq

(0)k = O, �4�� Bqq = fp(Jmq
(λq)). -2kU Bqq = fp(Jmq

(λq)) P J �7�O�hG/6 λp DA��?� Jmq
(λq) (O��� mp ≥ mq, Jmp

(λp) DQmRi/ (λ− λp)
mp�2A�D Jmq

(λp) D�XRi/�9�Ri/ f(λ) Æ (λ− λp)
mp /D�/E� fp(λ), '

f(Jmq
(λq)) = Bqq �(O�

J D� t h�?� Jmp
(λp) (1 ≤ p ≤ t) DQmRi/ (λ − λp)

mp RR�=�k6�u)�LK�7#Ri/ f(λ) Æbh (λ − λp)
mp (1 ≤ p ≤ t) /D�/E� fp(λ). �2

f(Jmi
(λi)) = Bii P J DA�D� Jmi

(λi) (O� f(J) = diag(B11, . . . , Bdd) = B1 6S
f(A) = B (O��A�2� 2

7.9.8 # n )Y. A �>v�Æ2� rank A = rankA2 D,℄��M!2� A D7�G/6 0 D-E�KN2�5D�Q� 7#>vY. P " Ah<A�?�Jt P−1AP = J = diag(Jm1
(λ1), . . . , Jmd

(λd)).' rank J = rankA = rankA2 = rank (P−1A2P ) = rank J2.

0 = rank J − rank J2 = δ1 + · · ·+ δd,��bh δi = rank Jmi
(λi)− rank (Jmi

(λi))
2, (∀ 1 ≤ i ≤ d).? λi 6= 0 *� Jmi

(λi) � (Jmi
(λi))

2 N>v�>NE� mi, >4# δi = mi −mi = 0.? λi = 0 � mi = 1 *� Jmi
(λi) = 0 = (Jmi

(λi))
2, >4# δi = 0− 0 = 0.? λi = 0 � mi ≥ 2 *�

Jmi
(0) =

(

I(mi−1)

0

)

, (Jmi
(0))2 =

(

I(mi−2)

O(2)

)>4# δi = (mi − 1)− (mi − 2) = 1.�4�
rank J − rank J2 =

d
∑

i=1

δi =
∑

λi=0,mi≥2

1E� J �Ay�?� Jmi
(0) (mi ≥ 2) Dh9� rank A = rankA2 ⇔ J �y)9 mi ≥ 2D�?� Jmi

(0) ⇔ J �7�G/6 0 D�?� Jmi
(0) D)9 mi NE� 1.
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A Dbh-E�K32 J D�h�?� Jmi
(λi) D-E�K (λ− λi)

mi . �4 rank A =

rank A2 D,℄��M!3(X� A D7�G/6 0 D-E�K λmi D59 mi N2 1. 2
7.9.9 # n )>vY. A DQmRi/ dA(λ) E�BDG/Ri/�2k A−1 DQmRi/ dA−1(λ) = dA(0)−1λndA(λ−1).Q� A DQmRi/ dA(λ) E�G/Ri/ ϕA(λ).

⇒ A D�?�Jt J = P−1AP �7�bhG/6 λi D�?�9��h�
⇒ J = diag(Jn1

(λ), . . . , Jnt
(λt)), �� λ1, . . . , λt RR�O�

⇒ dA(λ) = (λ− λ1)
n1 · · · (λ− λt)

nt = ϕA(λ).�� A >v� λ1, . . . , λt N�X 0. A−1 = (PJP−1)−1 = PJ−1P−1 h<�
J−1 = diag(J−1

1 , . . . , J−1
t ), �� Ji = Jni

(λi).�� Ji = λiI(ni) + Ni = λi(I + λ−1
i Ni), �� Ni = Jni

(0) ^O Nni

i = O, �
J−1

i = λ−1
i (I + λ−1

i Ni)
−1

= λ−1
i [I − λ−1

i Ni + λ−2
i N2

i − · · ·+ (−1)ni−1λ
−(ni−1)
i Nni−1

i ]

=















λ−1
i −λ−2

i · · · (−1)ni−1λ−ni

i

0
. . .

. . .
...

...
. . . λ−1

i −λ−2
i

0 · · · 0 λ−1
i













�� (J−1
i − λ−1

i I)ni = O 6= (J−1
i − λ−1

i I)ni−1, J−1
i DQmRi/ dJ−1

i
(λ) = (λ− λ−1

i )ni.

J−1 = diag(J−1
1 , . . . , J−1

t ) DQmRi/ dJ−1(λ) E�iP%� J−1
i DQmRi/DQmm/��4

dA−1(λ) = dJ−1(λ) = (λ− λ−1
1 )n1 · · · (λ− λ−1

t )nt

= ((−λ1)
n1 · · · (−λt)

nt)−1λn(λ−1 − λ1)
n1 · · · (λ−1 − λt)

nt

= dA(0)λndA(λ−1) . 2
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; 8 M G197[� .I�R�eK���'�*��
(1) f(x, y, z) = x2 + 5y2 + 5z2 + 4xy − 2xz + 4yz

(2) f(x, y, z) = x2 + 5y2 + 5z2 + 4xy − 2xz − 2yzr (1) �� y, z ^.*e�� f(x, y, z) ^.��w x KFb;_%V�!iJ
f(x, y, z) = x2 + 2x(2y − z) + 5y2 + 4yz + 5z2

= (x + 2y − z)2 − (2y − z)2 + 5y2 + 4yz + 5z2

= (x + 2y − z)2 + y2 + 8yz + 4z2h�%��� x %^.I y ��w (z ^.*e) Kb;_%V�!iJ
f(x, y, z) = (x + 2y − z)2 + (y + 4z)2 − 12z2

= x′2 + y′2 − 12z′2%�








x′

y′

z′









=









x + 2y − z

y + 4z

z









= P









x

y

z









, P =









1 2 −1

0 1 4

0 0 1







W[ P a���| Y = (x′, y′, z′)T \P[�FKX = (x, y, z)T = P−1Y ,�e g′(x′, y′, z′) =

x′2 + y′2 − 12z′2 ℄ f(x, y, z) K�_!��E (x′, y′, z′) = (x′, 0, 0) (x′ ∈ [0, +∞)) P g(x′, y′, z′) = x′2 1� [0, +∞). E
(x′, y′, z′) = (0, 0, z′) (z′ ∈ [0, +∞)) P g(x′, y′, z′) = −12z′2 1� (−∞, 0].N: g(x′, y′, z′) K�_ (−∞, +∞). f(x, y, z) E1� (−∞, +∞) �K3{Re��X���E�X�*��

(2) ℄P (1) *zniO!iJ
f(x, y, z) = (x + 2y − z)2 + (y + z)2 + 3z2 = g(x′, y′, z′) = x′2 + y′2 + 3z′2,

g(x′, y′, z′) E (x′, y′, z′) = (0, 0, 0) PX�*� 0, �X����a| f(x, y, z) E (x, y, z) =

(0, 0, 0) PX�*� 0, �X���� 2�e f(x, y, z) ZD|��wKb;_%V��+��b;%��F;%�*e%�-b;';_%V�E-b;0�
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b;0 (b;';_%V) aI..Tw/*K1V�r�
f(x, y, z) = x2 + 5y2 + 5z2 + 4xy − 2xz + 4yz

= x(x + 4y − 2z) + y(5y + 4z) + z · 5z = (x, y, z)









x + 4y − 2z

5y + z

5z









(1)

= (x, y, z)









1 4 −2

0 5 1

0 0 5

















x

y

z









= XT AX (2)%� X = (x, y, z)T ZW��w x, y, z �.Ky'w� A Z}%�e�.Kiw����wA%� X %. Y = P1X, %� P1 Za�iw�[Z X = PY \ P = P−1
1 .s�AAb;0

f(X) = XTAX J
f(X) = (PY )T A(PY ) = Y T (P T AP )Y

f(X) �!.x Y = (x′, y′, z′)T Kb;0 g(Y ) = Y T BY , %�Kiw B = P T AP -℄
A .`. ����;k[EKa�iw P T P T AP L[�|\Cw D = diag(b1, b2, b3), lb;0!.;C1V

g(Y ) = Y T DY = b1x
′2 + b2y

′2 + b3z
′2,?J.4�_����DZLV (2)�Kiw A�a�!�H\CwD. uZND = P T AP ⇔ A = P T

1 DP1,

(%� P1 = P−1), u$T AT = P T
1 DT P1 = P T

1 DP1 = A, 0� A �6Z\-iw��W{Og� DT = D (D Z\-iw) $T A = P T
1 DP Z\-iw�`LV (2) �K A �Z\-iw��a�!�H\Cw�D;1\-iw S = (sij)3×3 T

XTSX = s11x
2 + s22y

2 + s33z
2 + 2s12xy + 2s13xz + 2s23yz

f(x, y, z) = a11x
2 + a22y

2 + a33z
2 + a12xy + a13xz + a23yz�D1 S K\C sii = aii, l\C sij = 1

2
aij 0a�N:�!;b;0 f(X) = XT SX SÆI�\-iw S !�H\CwK�z�

§ 8.1 G�NKH2:%(^<U�7[
1. F088>C n b;�e Q(x1, . . . , xn) ����b;%`��F;%℄*e%�WX1V

Q(x1, . . . , xn) =
∑

1≤i≤j≤n aijxixj
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S- F08 (quadratic form). 2b;0 Q(x1, . . . , xn) 5aI^. n |��w x1, . . . , xn K�e�EaI^.I n e�'w X = (x1, . . . , xn)T ��wKF�e Q(X), ESZ^. n Æ'we: Rn FK�e�
2. F08�M8+Z
(1) ���|��K#i% aiix

2
i K�e aii 6= 0, �%\�� xj (j 6= i) V^.*e��b;0^.F|�w xi Kb;�e fi(xi) = aiix

2
i + bixi + ci, %� bi, ci V�� xi, bi Z%\�w xj (j 6= i) KF;';�e ∑

j 6=i cjxj , ci Z xj (j 6= i) Kb;0�!i
fi(xi) = aiix

2
i + bixi + ci = aii

(

xi +
b

2aii

)2

+ di%� di Z n − 1 |�w xj (j 6= i) Kb;0�} yi = xi + bi

aii
, yj = xj (∀ j 6= i), l

Q(x1, . . . , xn) ! Q1(y1, . . . , yn) = aiiy
2
i + di(yj | j 6= i).

(2) ��rXK#i%�e aii = 0, lEb;0��L[ 0 P�X�|B&% aijxixj �e aij 6= 0, 1 ≤ i < j ≤ n. } xi = yi + yj, xj = yi − yj, %\ xk = yk (k /∈ {i, j}). l
Q(x1, . . . , xn) ! y1, . . . , yn Kb;0

Q1(y1, . . . , yn) = aijy
2
i − aijy

2
j + · · ·%� y2

i , y
2
j K�e aij 6= 0, a� (1) rgiV!i�

(3) P�IF��a� Q(x1, . . . , xn) !. ciy
2
i +Q1(yj | j 6= i) K1V�%� Q1(yj |

j 6= i) Z n − 1 b;0�Es� 0 Pah�s� (1),(2) �s!;�~H!��1
Q̃(z1, . . . , zn) = c1z

2
1 + · · · + cnz2

n%� (z1, . . . , zn)T = P (x1, . . . , xn)T Z�|a�iw� 2�!P&Is3
8.1.1. Ta�R 3A%!�yb;0��0�
(1) Q(x1, x2, x3) = x2

1 + x2
2 − 2x2

3 + 2x1x2 − 4x2x3 ;

(2) Q(x1, x2, x3) = −4x1x2 + 2x1x3 + 2x2x3 ;

(3) Q(x1, x2, x3) = x2
1 + 5x2

2 − 4x2
3 + 2x1x3 − 4x2x3;

(4) Q(x1, x2, x3, x4) = x1x2 + x2x3 + x3x4 + x4x1;

(5) Q(x1, . . . , xn) =
∑

1≤i<j≤n xixj ;

(6) Q(x1, . . . , xn) =
∑

1≤i≤n−1 xixi+1 .r (1) Q(x1, x2, x3) = (x1 + x2)
2 − 4x2x3 − 2x2

3

= (x1 + x2)
2 + 2x2

2 − 2(x3 + x2)
2 = y2

1 + 2y2
2 − y2

3,%� y1 = x1 + x2, y2 = x2, y3 = x2 + x3.

(2) } x1 = y2 + y1, x2 = y2 − y1, 0 y1 = 1
2
(x1 − x2), y2 = 1

2
(x1 + x2), l
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Q(x1, x2, x3) = −4(y2 + y1)(y2 − y1) + 2(y2 + y1)x3 + 2(y2 − y1)x3

= 4y2
1 − 4y2

2 + 4y2x3 = 4y2
1 − 4(y2 − 1

2
x3)

2 + x2
3

= 4z2
1 + z2

2 − 4z2
3%� z1 = y1, z2 = x3, z3 = y2 − 1

2
x3.

(3) Q(x1, x2, x3) = (x1 + x3)
2 + 5x2

2 − 4x2x3 − 5x2
3

= (x1 + x3)
2 + 5(x2 − 2

5
x3)

2 − 29
5
x2

3

= y2
1 + 5y2

2 − 29
5
y2

3.%� y1 = x1 + x3, y2 = x2 − 2
5
x3, y3 = x3.

(4) Q(x1, x2, x3, x4) = x1(x2 + x4) + x3(x2 + x4) = (x1 + x3)(x2 + x4).} x1 + x3 = y1 + y2, x2 + x4 = y1 − y2, 0 y1 = 1
2
(x1 + x2 + x3 + x4), y2 =

1
2
(x1 − x2 + x3 − x4). h} y3 = x3, y4 = x4. l















y1

y2

y3

y4















=















1
2

1
2

1
2

1
2

1
2

−1
2

1
2

−1
2

0 0 1 0

0 0 0 1





























x1

x2

x3

x4













Za� 3A%�P�A%�db;0 Q(x1, x2, x3, x4) !��1
y = Q1(y1, y2, y3, y4) = (y1 + y2)(y1 − y2) = y2

1 − y2
2

(5) Q(x1, . . . , xn) = 1
2
(x1 + · · · + xn)2 − 1

2
(x2

1 + · · · + x2
n). Id;1a� 3A%�

X = (x1, . . . , xn)T |%. Y = (y1, . . . , yn)T = PX, <` X = P1Y \ P1 = P−1 .s�T x1 + · · ·+ xn = λy1 +
x2

1 + · · ·+ x2
n = XT X = (P1Y )T (P1Y ) = Y T P T

1 P1Y = d1y
2
1 + · · · + dny

2
nESZT P KP 1 2L[ λ−1(1, . . . , 1), + P T

1 P1 Z\Cw D = diag(d1, . . . , dn). lb;0 y = Q(x1, . . . , xn) !��1
y = Q1(y1, . . . , yn) = λ2

2
y2

1 − 1
2
(d1y

2
1 + · · ·+ dny2

n) = λ2−d1

2
y2

1 − d2

2
y2

2 − · · · − dn

2
y2

n .\<LTw P1 = (pij)n×n, B = P T
1 P1 = (bij)n×n KP (i, j)  bij = πiπ

T
j =

p1ip1j + · · · + pnipnj L[ P1 = (πT
1 , . . . , πT

n ) KP i y πT
i = (a1i, . . . , ani)

T ℄P j y
πT

j = (a1j , . . . , anj)
T \Pk/*}��ESZuv|y'wK�*�DT P T

1 P1 Z\Cw��DE i 6= j P πiπ
T
j = 0, ESZ9 P1 K��vy!�zB�1 P T

1 KP 1 2 π1 = (1, . . . , 1), I�}2 πk = (1, . . . , 1,−(k − 1), 0, . . . , 0) K)
k − 1 |kV 1, P k k −(k − 1), I�Kk3 0, (∀ 2 ≤ k ≤ n). l

P T
1 P1 = D = diag(n, 2, 6, . . . , n(n − 1))Z\Cw�P k |\C k(k − 1), (∀ 2 ≤ k ≤ n).
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W D−1P T
1 P1 = I | P = P−1 = D−1P T

1 KP 1 2 1
n
π1 = 1

n
(1, . . . , 1); P k 2

(∀ 2 ≤ k ≤ n)  1
k(k−1)

πk = 1
k(k−1)

(1, . . . , 1,−(k−1), 0, . . . , 0), ) k−1 |k 1
k(k−1)

,P k k − 1
k
, I�}kV 0.  a� 3A% Y = PX T

y1 = 1
n
(x1 + · · ·+ xn), yk = 1

k(k−1)
(x1 + · · ·+ xk−1 − (k − 1)xk),lb;0!��1

Q1(y1, . . . , yn) = n2−n
2

y2
1 − y2

2 − · · · − k(k−1)
2

y2
k − · · · − n(n−1)

2
y2

n

(6) Q(x1, . . . , xn) a.
(x1 + x3)x2 + (x3 + x5)x4 + · · · + (xn−2 + xn)xn−1, (E n &e)' (x1 + x3)x2 + (x3 + x5)x4 + · · · + (xn−3 + xn−1)xn−2 , (E n �e).E i &e+ 1 ≤ i ≤ n − 2 P} ui = xi + xi+2, E i �e't n − 1 ≤ i ≤ n P}

ui = xi. l< X = (x1, . . . , xn)T H (u1, . . . , un)T = P1X KA%a� 3A%� (P1 Z\C3 1 KFDCiwN`Za�iw). db;0 y = Q(x1, . . . , xn) !
y = Q1(u1, . . . , un) =







u1u2 + u3u4 + · · · + un−2un−1 , E n &e
u1u2 + u3u4 + · · · + un−1un , E n �e.\�|&e i ≤ n−1 } ui = yi + yi+1 / ui+1 = yi − yi+1, ESZ} yi = 1

2
(xi +xi+1)/ xi+1 = 1

2
(xi − xi+1), +E n &eP} yn = un. lb;0 y = Q(x1, . . . , xn) =

Q1(u1, . . . , un) !��1
y = Q2(y1, . . . , yn) = y2

1 − y2
2 + y2

3 − y2
4 + · · · + y2

2m−1 − y2
2m%� m Z�,� n

2
K��ye� 2=Æ �zP (4) *zEaT*id} x1 = u1 + u2, x2 = u1 − u2. AAb;0K�>V�yo�JH

Q(x1, x2, x3, x4) = (u1 + 1
2
x3 + 1

2
x4)

2 − u2
2 − u2x3 + u2x4 − 1

4
x2

3 + 1
2
x3x4 − 1

4
x2

4

= (u1 + 1
2
x3 + 1

2
x4)

2 − (u2 + 1
2
x3 − 1

2
x4)

2h} y1 = u1 + 1
2
x3 + 1

2
x4, y2 = u2 + 1

2
x3 − 1

2
x4, y3 = x3, y4 = x4 JH

Q1(y1, y2, y3, y4) = y2
1 − y2

2.z�KJd�8�;����WX�83�a``�a.��a tEZ�P�x��S	K*3mJH{�;CK��1 y2
1 − y2

2, �saINVmJ (y1 + y2)(y1 − y2), ��8#HdkKb;0EPEaImJ��lF℄USL)Æm|I;CJd�E�Zb�bL�j;CeV;T};C��zP (5) *z�WE����T*K!idDJ4I��Eeq��z�KJdK�>Z�HPZ��1K x2
1 + · · ·+ x2

n P�a��w|% Y = PX }�T
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y1 = λ(x1 + · · ·+ xn), x2
1 + · · ·+ x2

n = d1y
2
1 + · · ·+ dny2

n���qTTwfm� x2
1 + · · ·+ x2

n .. XT X = (P1Y )T (P1Y ) = Y T (P T
1 P1)Y , ~FT!iKidZ��r4uCKA%K�`qTTwfm}���?J��DT P T

1 P1 Z\CwSaI>HD.�XRF�aIMF�; P T
1 P1 = I <` x2

1 + · · ·+ x2
n = y2

1 + · · ·+ y2
n, uCK

P1 -zBiw��aP 9 p�D�	A��TzBiw P1 �R\-iw S !� (�PEZ!i) H\Cw D = P T
1 SP1 = P−1

1 SP1, �zK�WS��x� 2

8.1.2. x, y, z Z<LRe� A, B, C Z<LDC1KD|�C�{��LV
x2 + y2 + z2 ≥ 2xy cos A + 2xz cos B + 2yz cos C .T� � A, B, C ^.*e�l�LV�Yv�}(Z x, y, z Kb;0

Q(x, y, z) = x2 + y2 + z2 − 2xy cos A − 2xz cos B − 2yz cos C

= (x − y cos A − z cos B)2 + y2 + z2 − 2yz cos C

− y2 cos2 A − z2 cos2 B − 2yz cos A cos B

= (x − y cos A − z cos B)2 + y2 sin2 A + z2 sin2 B

+ 2yz(cos(A + B) − cos A cos B)

= (x − y cos A − z cos B)2 + y2 sin2 A + z2 sin2 B + 2yz sin A sin B

= (x − y cos A − z cos B)2 + (y sin A + z sin B)2 ≥ 0N: x2 + y2 + z2 ≥ 2xy cos A + 2xz cos B + 2yz cos C . 2

8.1.3. I n ≥ 2, x1, x2, . . . , xn \Re�+
n
∑

i=1

x2
i +

n−1
∑

i=1

xixi+1 = 1.\[�F|�UK k (k ∈ N, 1 ≤ k ≤ n), . |xk| K����rJ 1 ��L���Kb;0
u =

n
∑

i=1

x2
i +

n−1
∑

i=1

xixi+1 = x2
1 + x1x2 + x2

2 + · · ·K) 3 %W x1, x2 �.Kb;0!iJ
u = x2

1 + x1x2 + x2
2 + · · · =

(

x1 + 1
2
x2

)2
+ 3

4
x2

2 + x2x3 + x2
3 + · · ·h�%�W x2, x3 �.Kb;0!iJ

3
4
x2

2 + x2x3 + x2
3 = 3

4
(x2 + 2

3
x3)

2 + 2
3
x2

3F
O�\ aix
2
i + xixi+1 + x2

i+1 (%� 0 < ai < 1) !iJ
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aix
2
i + xixi+1 + x2

i+1 = ai(xi + 1
2ai

xi+1)
2 + (1 − 1

4ai
)x2

i+1W:a| u K) 2k − 1 %�.K x1, . . . , xk b;0aI!i
u1 = x2

1 + x1x2 + · · ·+ xk−1xk + x2
k =

k−1
∑

i=1

ai

(

xi +
1

4ai

xi+1

)2

+ akx
2
k%� ai (1 ≤ i ≤ k) ��Q��� ai+1 = 1 − 1

4ai

, (∀ 1 ≤ i ≤ k − 1) + a1 = 1. aG;m4 a2 = 1 − 1
4

= 3
4
, a3 = 1 − 1

3
= 2

3
, a4 = 1 − 3

8
= 5

8
, . . ., a %4� ai = i+1

2i
�?JTe<Æ�d{�%z63�W:J

u1 =
k−1
∑

i=1

(x2
i + xixi+1) + x2

k =
k−1
∑

i=1

i + 1

2i

(

xi +
i

i + 1
xi+1

)2

+
k + 1

2k
x2

k�%�K k |�w x1, . . . , xk G;|%. n − k + 1 |�w xn, xn−1, . . . , xk+1, xk J
u2 =

n−k
∑

j=1

(x2
n−j+1 + xn−j+1xn−j) + x2

k

=
n−k
∑

j=1

j + 1

2j

(

xn−j+1 +
j

j + 1
xn−j

)2

+
n − k + 2

2(n − k + 1)
x2

kdz~?��Kb;0 u P�!i! u = u1 + u2 − x2
k, %� x2

k K�e
k + 1

2k
+

n − k + 1

2(n − k)
− 1 =

1

2k
+

1

2(n − k + 1)
=

n + 1

2k(n − k + 1)N:�dz~? u = 1 .
k−1
∑

i=1

i + 1

2i

(

xi +
i

i + 1
xi+1

)2

+
n−k
∑

j=1

j + 1

2j

(

xn−j+1 +
j

j + 1
xn−j

)2

+
n + 1

2k(n − k + 1)
x2

k = 1 (1)W:JH
n + 1

2k(n − k + 1)
x2

k ≤ 1 ⇔ |xk| ≤
√

2k(n − k + 1)

n + 11 |xk| =

√

2k(n − k + 1)

n + 1
, �\ i = k − 1, k − 2, . . . , 2, 1 G;1 xi = − i

i+1
xi+1, \

j = n − k + 1, . . . , 2, 1 G;1 xn−j+1 = − j

j + 1
xn−j, lLV (1) .s� |xk| >H���

√

2k(n − k + 1)

n + 1
.rJ 2 \<LRe a1, . . . , an, W`� – O���LVaJ
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(12 + · · ·+ 12)(a2
1 + · · ·+ a2

n) ≥ (1a1 + 1a2 + · · · + 1an)20
a2

1 + · · ·+ a2
n ≥ 1

n
(a1 + a2 + · · ·+ an)2 (2)L�E+LE a1 = a2 = · · · = an P.s��z�K~? x2

1 + x1x2 + x2
2 + x2x3 + · · ·+ xn−1xn + x2

n = 1 v��/ 2 J
2x1 + 2x1x2 + 2x2

2 + 2x2x3 + · · ·+ 2xn−1xn + x2
n = 20

x2
1 + (x1 + x2)

2 + · · · + (xn−1 + xn)2 + x2
n = 2W�LV (2) J

x2
1 + (x1 + x2)

2 + · · ·+ (xk−1 + xk)
2

= x2
1 + (−x1 − x2)

2 + (x2 + x3)
2 + · · · + [(−1)k−1xk−1 + (−1)k−1xk]

2

≥ 1

k
[x1 + (−x1 − x2) + · · · + ((−1)k−1xk−1 + (−1)k−1xk]

2 =
1

k
x2

k (3)�oJ
x2

n + (xn + xn−1)
2 + · · · + (xk+1 + xk)

2 ≥ 1

n − k + 1
x2

k (4)

(3),(4) vV!7�J
2 ≥

(

1

k
+

1

n − k + 1

)

x2
k =

n + 1

k(n − k + 1)
x2

k ⇔ |xk| ≤
√

2k(n − k + 1)

n + 1
(5)�LV (3) �KL�.sK2m�D~?

x1 = −x1 − x2 = · · · = (−1)k−1xk−1 + (−1)k−1xk =
(−1)k−1(k − i)

k
xk

⇔ xi =
(−1)k−i

k
xk (∀ 1 ≤ i ≤ k − 1). (6)niO��LV (4) KL�.sK2m�D~?

xj =
(−1)j−kj

n − k + 1
xk (∀ k + 1 ≤ j ≤ n) (7)\<L;1K xk ��� (6),(7) ;U%\} xi, xj , l�LV (3),(4) KL�V.s�vV!7JHLV

x2
1 + (x1 + x2)

2 + · · ·+ (xn−1 + xn)2 + x2
n =

n + 1

k(n − k + 1)
x2

k�D1 |xk| =

√

2k(n − k + 1)

n + 1
SaTdz~?.s�W (5) |I |xk| Ku|�>H����

2
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t!Ig 8.1 P�-?<$U(�9�s
8.1.3 Jd 1 �WQ��� ai+1 = 1 − 1

4ai
�3U� a1 = 1 J4eyK�%�V ai =

i + 1

2i
Z�	' #hTe<Æ�d{��%R�uCKQ���aIK�[Twfm.4�%�V�iu|Q����� ai+1 �Z ai KF;�e�`Z ai KmV�W a1 = 1 Zye��{ ai Zye�D�?JTe<Æ�d{� ai Zme�^�� a1 = 1

1
Zme�Æ�8I ai = pi

qiZme�l
ai+1 = 1 − qi

4pi
=

4pi − qi

4pi
=

pi+1

qi+1Zme�+ ai ℄ ai+1 Km�m�}:XQ���V






pi+1 = 4pi − qi

qi+1 = 4pi

⇒
(

pi+1

qi+1

)

= A

(

pi

qi

)

, %� A =

(

4 −1

4 0

)N:
(

pi

qi

)

= Ai−1

(

p1

q1

)

= Ai−1

(

1

1

)�D.4iw A K� Ai−1, SJHx pi, qi <`JH ai.J.4 A Kwx_%V ϕA(λ) = λ2 − 4λ + 4 = (λ − 2)2, N: (A − 2I)2 = O, 1
P2 = (0, 1)T , P1 = (A − 2I)P1 = (−1,−2)T , �.iw P = (P1, P2), l

P−1AP = J =

(

2 1

0 2

)

= 2

(

1 1
2

0 1

)

, A = PJP−1

Ai−1 = PJ i−1P−1 = 2i−1

(−1 0

−2 1

)(

1 i−1
2

0 1

)(−1 0

−2 1

)

= 2i−2

(

2i −i + 1

4i − 4 −2i + 4

)

(

pi

qi

)

= Ai−1

(

1

1

)

= 2i−2

(

i + 1

2i

)

, ai =
pi

qi

=
2i−2(i + 1)

2i−2(2i)
=

i + 1

2iTu|id.J 8.1.3 KQ���V�E7���	' %Kid;��Du|id5aI��H�F
KWmVUMKQ���V
ui+1 =

aui + b

cui + d
(1)%�Km�m�VZ ai KF;�e�uCKmV�e f(x) =

ax + b

cx + d
- O�+=Y�. �mV 3�eK��w x �N�w y V..me x = x1

x2

, y = y1

y2

, � x, y m�Ty'w
X = (x1, x2)

T ℄ Y = (y1, y2)
T �W�l

y =
y1

y2

=
ax + b

cx + d
=

ax1 + bx2

cx1 + dx2

⇔
(

y1

y2

)

= λA

(

x1

x2

)

, A =

(

a b

c d

)
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%� λ Zl{*e�WQ��� (1) �^% u1 .�%�VSÆI.iw A K� Ai−1. :��D.a�iw P � A !iH\Cw'CEf J = P−1AP , l Ai−1 = PJ i−1P−1.W[meKm�m�aI�/<Ll{*e λ, me����iw A aI|%.<L λA,�v�I��r��� 8.1.3 �K A |%. B = 1
2
A, wx�! 1, ��[. J i−1:

J =

(

1 1

0 2

)−1 ( 2 −1
2

2 0

)(

1 1

0 2

)

=

(

1 0

1 1

)

Bi−1 =

(

1 1

0 2

)(

1 0

i − 1 1

)(

1 −1
2

0 1
2

)

=

(

i −1
2
i + 1

2

2i − 2 2 − i

)$aI� Bi−1 �/ 2 !.yeiwh/ (1, 1)T . ai Km�m��
§ 8.2 B-NO9/aU�7[

1. F088uN<L\-iw S = (sij)n×n YU X = (x1, . . . , xn)T KF|b;0
Q(X) = XT SX = Q(x1, . . . , xn) =

n
∑

i=1

siix
2
i + 2

∑

1≤i<j≤n

sijxixjg�k�b;0
Q(x1, . . . , xn) =

n
∑

i=1

aiix
2
i +

∑

1≤i<j≤n

aijxixj\P[�FK\-iw S = (sij)n×n T Q(X) = XT SX, %� sii = aii, sij = 1
2
aij (∀ i < j).\. <Liw A = (aij)n×n EYUF|b;0

Q(X) = XT AX =
n
∑

i=1

aiix
2
i +

∑

1≤i<j≤n

(aij + aji)xixjv|��Kiw A = (aij)n×n ℄ B = (bij)n×n Ea�YU�F|b;0 Q(X) = XT AX =

XT BX, �D bii = aii + aij + aji = bij + bji 0 aij − bij = −(aji − bji), ESZ
(A − B)T = −(A − B), 0� A − B Z-\-iw� 2

2. d'$dS�I Q(X) = XT SX Z X = (x1, . . . , xn)T Kb;0�P�a� 3A% Y = P1X �
X %.|F��w Y = (y1, . . . , yn)T , %� P1 Za�iw�l X = PY \ P = P−1

1 .s�
Q(X) = XTSX = (PY )T S(PY ) = Y T (P TAP )Y. Y Kb;0 Q1(Y ) = Y T S1Y , %� S1 = P TSP .
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I V Ze_ F FK n Æ 3e:�i( M = {α1, . . . , αn} ���|'w α = x1α1 +

· · ·+ xnαn T!� X = (x1, . . . , xn)T �W�l F n×1 FKb;0 Q(X) = XT SX aI^.
V FKb;0 Q(α) = XTSX, S -b;0i( M �KTw�I M H|�F�( M1 K�XTw P , l�F'w α iv�( M, M1 �K!� X, Y }:X�%�� X = PY , [Z Q(α) = XT SX = Y T S1Y , %� S1 = P T SP Z Q i( M1 �KTw�I A, B Z�Fe_ F Fv| n Giw���=i F F n Ga�iw P T B = P TSP ,l- A ℄ B .`.℄\-iw S !�K S1 = P T SP >Z\-iw�℄g\-iw K !�Kiw>Zg\-iw��Fe: V F�Fb;0 Q iv���K( M, M1 �KTw S, S1 !��S1 = P TSP ,%� P Z M H M1 K�XTw�iwK!�ZL9�����L9��KD|~?�

(1) �g3� A !�[ A.

(2) \-3��� A !�[ B, l B !�[ A.

(3) 7Q3� A !�[ B, + B !�[ C, l A !�[ C.

3. .`'℄8 <L_ F F<L\-iw S ai F F!�[\Cw P T SP = D =

diag(d1, . . . , dn), D - S K .`'℄8.!���0 D = diag(d1, . . . , dn) aI�a�\Cw Λ = diag(λ1, . . . , λn) !�H D1 =

diag(d1λ
2
1, . . . , dnλ

2
n). ise_F�E di 6= 0 PaI1 λ2

i = d−1
i T diλ

2
i = 1, N`a� S!�H diag(I(r), O(n−r)), %� r = rankS. iRe_F�E di 6= 0 PaI1 λ2

i = |di|−1, T
diλ

2
i = ±1, N`a� D !�H diag(I(p),−I((r − p), O(n−r)). W:JHs\-iw S ise_F!�[�FK VL8 diag(I(r), O(n−r)), %� r = rankS.R\-iw S iRe_F!�[�FK VL8 diag(I(p),−I(r−p), O(n−r)), r = rankS.

4. �J�* — /:$dqT3LTw P �!� A 7→ P TAP Z�P\ A M23L2�%/!PKy�%�
A

(ij)

(ij)
→P T

ij APij , A
λ(i)

λ(i)
→Di(λ)T ADi(λ), A

λ(i)+(j)

λ(i)+(j)
→Tij(λ)T ATijM2F�yIF�%aI�\-iw Sij)n×n !�[\Cw�m,gM2����

(1) �� s11 6= 0, � S KP 1 y (2) K −s−1
11 s1j Æ7HP j y (2), ∀ 2 ≤ j ≤ n, l

S → S1 = P T
1 SP1 =

(

s11 0

0 B22

)

, P1 = I −
n
∑

j=2

s−1
11 s1jE1j

(2) �� s11 6= 0, D�| sii 6= 0, � S KP 1 2 (y) ℄P i 2 (y) �%�� S !�H
B = P T

1iSP1i = (bij)n×n, %� b11 = sii 6= 0. !,g (1).
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(3) ��rXK sii = 0, D S �Z\Cw�l�F\l\C sij = sji 6= 0 (i < j), �
S KP j 27HP i 2�P j y7HP i y�� S !�H B = Tji(1)T STji(1) = (bij)n×n,

bii = 2sij 6= 0. !,g (2).�sIF�aI�<L n G\-iw S !.�\Cw S1 = diag(b1, B2), %� B2 Z
n − 1 G\-iw�h\ B2 R2IF�aI�s!�H diag(b2, B3), %� B3 Z n − 2 G\-iw�<` S1 !�H diag(b1, b2, B3). �su|�0aI� S !�H\Cw�x.4� n Giw S !�H\Cw D = P T SP Ka�iw P , aI� S ℄�GC�w I ���. n × 2n Tw M = (S, I), � M ��F�y3L2�%�\) n y��CKy�%��) n yK\-iw S !�H\Cw P T SP = D, l� n yKC�w I ��CK2�%�H P TI = P T , h�s��SJH P .�!P&Is3

8.2.1 .R\-iwiR!��K��1�
(1)









2 4 −2

4 5 −1

−2 −1 0









; (2)









1 2 3

2 3 4

3 4 6









; (3)

(

O(n) I(n)

I(n) I(n)

)

;

(4)















1

1

. · ˙

1















n×n

; (5)















2 1

1 2
. . .

. . .
. . . 1

1 2















n×n

.r (1)

(S, I) =









2 4 −2 1 0 0

4 5 −1 0 1 0

−2 −1 0 0 0 1









−2(1)+(2),(1)+(2)

−2(1)+(2),(1)+(2)
→









2 0 0 1 0 0

0 −3 3 −2 1 0

0 3 −2 1 0 1









(2)+(3)

(2)+(3)
→









2 0 0 1 0 0

0 −3 0 −2 1 0

0 0 1 −1 1 1







[ZJa�iw P � S !�H��0 P TSP = D :

P =









1 −2 −1

0 1 1

0 0 1









, D =









2 0 0

0 −3 0

0 0 1









(2) ?� (3m�0�):

P =









1 −2 1

0 1 −2

0 0 1









, P TSP = D =









1 0 0

0 −1 0

0 0 1
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(3)

(

O I I O

I O O I

)

→
(

I I I 1
2
I

I O O I

)

→
(

I O I 1
2
I

O −I −I 1
2
I

)

P =

(

I(n) −I
1
2
I 1

2
I(n)

)

, P TSP = D =

(

I(n) O

O −I(n)

)

(4) W
(

1 1
2

−1 1
2

)(

0 1

1 0

)(

1 −1
1
2

1
2

)

=

(

1 0

0 −1

)|���Ka�iw P � S !�H��1 D.E n = 2m �e�
P =





























1 −1
. . . . · ˙

1 −1
1
2

1
2

. · ˙
. . .

1
2

1
2





























, D =

(

I(m) O

O −I(m)

)

E n = 2m + 1 &e�
P =



































1 −1
. . . . · ˙

1 0 −1

0 1 0
1
2

0 1
2

. · ˙
. . .

1
2

1
2



































, D =

(

I(m+1) O

O −I(m)

)

(5) \<LRe a > 1, T P = T12(−1
a
) \��1VK m Giw Sm(a)  !�J

Sm(a) =















a 1

1 2
. . .

. . .
. . . 1

1 2















→ P TSm(a)P =

(

a 0

0 Sm−1(τ(a))

)

%� τ(a) = 2−1
a

> 1. T�CKiVh� Sm−1(τ(a))!�H�\Cw diag(τ(a), Sm−2(τ
2(a))).�su|�0���a� Sm(a) !�H\Cw diag(a, τ(a), . . . , τm−1(a)).
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z��Kiw S SZE a = 2 + m = n K,1�N:a!�[\Cw P TSP =

diag(a1, a2, . . . , an), %� a1 = 2, ai+1 = τ(ai) = 2 − 1
ai

(∀ 1 ≤ i ≤ n − 1),

P = T12(−
1

a1
)T23(−

1

a2
) · · ·Tn−1,n(− 1

an−1
) = (pij)n×nZFDCw�\C aii 3 1, pij =

(−1)j−i

aiai+1 · · ·aj−1

(∀ i < j) .Te<Æ�dJB{ ai =
i + 1

i
��~? a1 = 2 / ai+1 = 2 − 1

ai
, E i < j PX

aiai+1 · · ·aj−1 =
i + 1

i

i + 2

i + 1
· · · j

j − 1
=

j

i
, pij = (−1)j−i i

j
.[ZJH

P =





















1 −1
2

1
3

· · · (−1)n−1

n

0 1 −2
3

· · · (−1)n−22
n

...
. . .

. . . · · · ...

0 · · · . . . 1 −n−1
n

0 · · · · · · 0 1





















, P T SP =















2 0 · · · 0

0 3
2

. . .
...

...
. . .

. . . 0

0 · · · 0 n+1
n













~F�Tw/d3m P T SP aB{FdI�Kz63� 2

8.2.2 qTR\-iwK!�.�z 8.1 P 1 z�}|b;0K��1�r (1)−(4) ��
(5) b;0 Q(X) = XTSX, %�

S =

















0 1
2

· · · 1
2

1
2

0
. . .

...
...

. . .
. . . 1

2
1
2

· · · 1
2

0















K\C3 0, %\k3 1
2
. \-iw S + 1

2
I Kk3 1

2
. 1

P =





















1 1 1 · · · 1

1 −1 1 · · · 1

1 0 −2 · · · 1
...

...
. . .

. . .
...

1 0 · · · 0 −(n − 1)



















KP 1 yk3 1, %\P k y (2 ≤ k ≤ n) K) k − 1 |k3 1, P k |k
−(k − 1), I�k3 0. l (S + 1

2
I)P K�FyK�|kVZ P KuyrXk}�K
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1
2
Æ�P 1 y3 n

2
, %\}y3 0, W:aJ

P T (S +
1

2
I)P =





















1 1 1 · · · 1

1 −1 0 · · · 0

1 1 −2
. . .

...
...

...
. . .

. . . 0

1 1 · · · 1 −(n − 1)



































n
2

0 · · · 0
n
2

0 · · · 0
...

...
...

...
n
2

0 · · · 0















= D0 = diag(
n2

2
, 0, . . . , 0).Z

P T (
1

2
I)P =

1

2
P T P = D1 = diag(

n

2
, 1, 3, . . . ,

n(n − 1)

2
)Z\Cw�P k |k k(k−1)

2
(∀ 2 ≤ k ≤ n). W:JH

P TSP = D0 − D1 = D = diag(n(n−1)
2

,−1,−3, . . . ,−n(n−1)
2

)%� D = diag(d1, . . . , dn) K\C d1 = n(n−1)
2

, dk = −k(k−1)
2

(2 ≤ k ≤ n). a��wA% X = PY , 0 Y = (y1, . . . , yn)T = P−1X, �db;1 Q(X) = XT SX! Q1(Y ) = Y T P T SPY = Y T DY 0
Q1(y1, . . . , yn) = n(n−1)

2
y2

1 − y2
2 − 3y2

3 − · · · − n(n−1)
2

y2
nW P T P = 2D1 |

P−1 = (2D1)
−1P T =























1
n

1
n

1
n

· · · 1
n

1
2

−1
2

0 · · · 0

1
6

1
6

−1
3

. . .
...

...
...

. . .
. . . 0

1
n(n−1)

1
n(n−1)

· · · 1
n(n−1)

− 1
n





















�wA% Y = P−1X SZ
y1 = 1

n
(x1 + · · ·+ xn); yk = 1

k(k−1)
(x1 + · · · + xk−1 − (k − 1)xk), (∀ 2 ≤ k ≤ n)

(6) b;0 Q(X) = XTSX P�F�y3L2�%�!PKy�%�.�\Cw�
S =























0 1
2

0 · · · 0

1
2

0 1
2

. . .
...

0 1
2

0
. . . 0

...
. . .

. . .
. . . 1

2

0 · · · 0 1
2

0























−(1)+(3),−(3)+(5),...

−(1)+(3),−(3)+(5),...
→S1 =





















0 1
2

1
2

0

0 1
2

1
2

0
. . .



















ESZ� P1 = T13(−1)T35(−1) · · ·T2m−1,2m+1(−1) (m Z�,� n−1
2
K��ye) !�H

P T
1 SP1 = S1 = diag(H, H, . . . , H) (E n �e) ' S1 = diag(H, H, . . . , H, 0) (E n &e), H =

(

0 1
2

1
2

0

)

.
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H a��3L2�%�y�%!\Cw�
H

(2)+(1),2(2),−(1)+(2)

(2)+(1),2(2),−(1)+(2)
→P T

0 HP0 = Λ0 = diag(1,−1), P0 = T21(1)D2(2)T12(−1)1 P2 = diag(P0, P0, . . . , P0) (E n �e) ' diag(P0, P0, . . . , P0, 1) (E n &e),l P2 � S1 !�H\Cw D = diag(1,−1, 1,−1, . . . , 1,−1) (E n �e) ' D =

diag(1,−1, 1,−1, . . . , 1,−1, 0) (E n &e). P = P1P2 � S !�H P T SP = D. b;0
Q(X) = XT SX �a� 3A% X = PY 0 Y = P−1X !.��1

Q1(Y ) = y2
1 − y2

2 + y2
3 − y2

4 + · · · + y2
2m−1 − y2

2m%� m Z�,� n
2
K��ye�

P−1 = P−1
2 P−1

1 = diag(P−1
0 , . . . , P−1

0 , . . .)P−1
1

P−1
0 = T12(1)D2(

1

2
)T21(−1) =

(

1 1

0 1

)(

1 0

0 1
2

)(

1 0

−1 1

)

=

( 1
2

1
2

−1
2

1
2

)

,

P−1
1 = T2m−1,2m+1(1) · · ·T35(1)T13(1) = I + E13 + E35 + · · · + E2m−1,2m+1.









y1
...

yn









= P−1X =





















1
2

1
2

−1
2

1
2

1
2

1
2

−1
2

1
2

. . .















































1 0 1

1 0

1 0 1

1 0

1
. . .



































x1
...

xn









0� y2k−1 = 1
2
x2k−1 + 1

2
x2k + 1

2
x2k+1, y2k = −1

2
x2k−1 + 1

2
x2k − 1

2
x2k+1, (∀ 1 ≤ k ≤ m)

m Z�,� n
2
K��ye�+E n &eP$X yn = xn. 2=Æ �zP (5) *z�?JT3L�%� S !�H\Cw�DTzBiw P � S !iH\Cw5�uh���D�. S Kwx'w�hP�zB!id.4Wwx'w�.K��zB(�Iu,('w}y�.KzBiw P S�T P T SP = P−1SP Z\Cw�`+��D��;CK� 1 iw S + 1

2
I zB!iHx\Cw� S ESzB!iHx\Cw�W[�z��D.!�`�XD.zB!i��
E�\wx'w xzB!`�X C�!�JHK P ��T

P TP Z\Cw`�ZC�w�D� P MF�vj.zBiw��D� P K}ym�5Is
K+W�JHK
U =

























1√
n

1√
2

1√
6

· · · 1√
n(n−1)

1√
n

− 1√
2

1√
6

· · · 1√
n(n−1)

1√
n

0 − 2√
6

· · · 1√
n(n−1)

...
...

. . .
. . .

...
1√
n

0 · · · 0 − n−1√
n(n−1)
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SZzBiw��� UT U = I, � S + 1
2
I !i (+!�) H U−1(S + 1

2
I)U = Λ =

diag(n
2
, 0, . . . , 0), <` UT SU = U−1SU = Λ − 1

2
I = diag(n−1

2
,−1

2
, . . . ,−1

2
). b;0

Q(x1, . . . , xn) ia� 3A% X = UY 0 Y = UT X �!;
Q1(y1, . . . , yn) =

n − 1

2
y2

1 −
1

2
(y2

2 + · · ·+ y2
n). 2

8.2.3 ℄B{iw!���K�g3�\-3�7Q3�T� (1) �g3�C�w I ��| A !�H IT AI = A, �g3.s�
(2) \-3� A !�[ B ⇒ =ia�iw P T B = P T AP ⇒ A = (P−1)T B(P−1)\a�iw P−1 .s ⇒ B !�[ A. \-3.s�
(3) 7Q3�I A !�[ B, + B !�[ C. l=ia�iw P1, P2 T B = P T

1 AP1,

C = P T
2 BP2. [Z C = P TAP \a�iw P = P1P2 .s�u{�x A !�[ C, 7Q3.s� 2

8.2.4 {�� n Ga�s\-iwise_F!�[
(

0 I(m)

I(m) 0

)

(E n = 2m ) ' 







0 I(m)

I(m) 0

1









( E n = 2m + 1 ) .T� n s\-iw S ise_FV!�[\Cw D = diag(I(r), O(n−r)), %� r =

rank S. S a� ⇔ rank S = n ⇔ S !�[�F|h1 I(n). u{�x�Ga�s\-iw!��w�O�
H2m =

(

O I(m)

I(m) O

)

, H2m+1 =

(

H2m 0

0 1

)VZa�\-iw�N:� n Ga�s\-iwV!�[ H2m (E n = 2m) ' H2m+1 (E
n = 2m + 1). 2

8.2.5 {���L[ r K\-TwaI�>. r |�L[ 1 K\-Tw}��T� I S Z\-iw�+ rank S = r. l=ia�iw P � S !�H��1 P T SP =

D = diag(d1, . . . , dr, 0, . . . , 0) = d1E11 + · · · + drErr, %� d1, . . . , dr V� 0. 1 P1 =

P−1,l S = P T
1 DP1 = P T

1 (d1E11+· · ·+dnErr)P1S1+· · ·+Sr, %��| Si = P T
1 (diEii)P1℄\-iw diEii !��N`Z\-iw�+ rank Si = rankEii = 1.uS{�x S Z r |� 1 K\-iw Si }�� 2

8.2.6 I A Z n GR\-Tw�+ detA < 0, {���=i n Æ'w X 6= 0, T
XT AX < 0.T� =iRa�iw P � A !�H\Cw D = P TAP = diag(d1, . . . , dn), +
detD = ( detP )2 detA. W detP 6= 0 | ( detP )2 > 0, hW detA < 0 | detD =
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d1 · · · dn < 0, �X�| di < 0. 1 X = Pei, l XT AX = e
T
i P T APei = e

T
i Dei = di < 0.

2

8.2.7 .y�e 2 Giw P T P T

(

2 0

0 2

)

P =

(

10 0

0 10

)

.r � P �ymf P = (P1, P2), l
P T

(

2 0

0 2

)

P =

(

P T
1

P T
2

)(

2 0

0 2

)

(P1, P2) = 2

(

P T
1 P1 P T

1 P2

P T
2 P1 P T

2 P2

)

=

(

10 0

0 10

)K2m�D~?
P T

1 P1 = P T
2 P T

2 = 5, P T
1 P2 = 0�D1 P1 = (x, y)T , P2 = (−y, x)T 0aT P T

1 P2 = 0, h; P T
1 P1 = P T

2 P2 = x2 + y2 = 50a�J= (x, y) = (2, 1) ��D.�JB{
P =

(

2 −1

1 2

)r�D.� 2=Æ �zKD.SZ P TP = 5I. �� P ZRiw�sK�y Pj = (p1j, p2j) aI^.#F!� (p1j , p2j) K1�'w� P TP KP (i, j) k P T
i Pj SZ1�'w Pi, Pj K�*�D. P T P = 5I SZD. P Kvy!�8~�++WVZ √

5. �<Ll{'w P1 = (x, y)T:�~CJHK P2 = (−y, x)T S℄ P1 8~�++W!L��Dh; |P1|2 = x2 + y2 = 5 0a� 2

§ 8.3 S?9H2:INOU�7[�Rb;0 u = Q(x1, . . . , xn) ��a� 3A%!.��1 u = Q1(y1, . . . , yn) =

d1y
2
1 + · · · + dny

2
n, F|�DT�Z�[ UsZpX�����*��?J^4�E Q1 �rXK�e d1, . . . , dn V ≥ 0 P��eK�_ [0, +∞), E y1 = · · · = yn = 0 <`

x1 = · · · = xn = 0 PX�*� 0. +ErXK di > 0 PE+LE (x1, . . . , xn) = (0, . . . , 0)P1�*� 0, %\P�VX u > 0. uCKb;0- R>8.F
O�X�>C I Q(X) Z n Rb;0���\ Rn �rXK X 6= 0 VX Q(X) > 0, S- QZ R>8 (positive definite). ��\rXK 0 6= X ∈ Rn VX Q(X) < 0, S- Q Z Q>8 (negative definite). ��\rXK 0 6= X ∈ Rn VX Q(X) ≥ 0, S- Q Z #R>8
(semi-positive definite). ��\rXK 0 6= X ∈ Rn VX Q(X) ≤ 0, S- Q Z #Q>8
(semi-negative definite).
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��R\-iw S YUKb;0 Q(X) = XT SX zU ('tU��zU��tU), 0\<L X 6= 0 X XTSX > 0 (' < 0,≥ 0,≤ 0), S- S zU ('tU��zU��tU), 4 
S > 0 (' S < 0, S ≥ 0, S ≤ 0) . 2F
K�e u = f(x1, . . . , xn) �=JZb;_%V�E�=JZ_%V�D%���Fn�XTK�eaIi�R (c1, . . . , cn) uNT��wnw ∆X = (∆x1, . . . , ∆xn) = (x1 −
c1, . . . , xn − cn) Kb;_%VNiA|�T�(nw'w ∆X K “+W” ρ = |∆X| =
√

(∆x1)2 + · · ·+ (∆xn)2 K#iKyG�-* o(ρ2), lE
u = f(c1, . . . , cn) + a1∆x1 + · · ·+ an∆xn + Q(∆x1, . . . , ∆xn) + o(ρ2)KF;%�e a1, . . . , an (SZ u i (c1, . . . , cn) \}��w xi K"Ge) 3 0, +b;%�m Q(∆x1, . . . , ∆xn) zUP��ei (∆x1, . . . , ∆xn) = (0, . . . , 0) 0 (x1, . . . , xn) =

(c1, . . . , cn) 1�*��niO�E a1 = · · · = an = 0 + Q tUP��ei (c1, . . . , cn) 1����
2. R>MN8
>^=X
(1) S > 0 (' < 0,≥ 0,≤ 0) ⇔ ℄ S !�Kiw S1 > 0 (' < 0,≥ 0,≤ 0).

S < 0 (' ≤ 0) ⇔ −S > 0 (' −S ≥ 0). N:� S KtU��tUaI�� −SKzU��zUk U�
(2) S > 0 ⇔ S !�[C�w ⇔ =ia�Riw P T S = P TP ⇒ 2yV |S| > 0.

S ≥ 0 ⇔ S !�[ diag(I(r), O) ⇔ =i m × n Tw P T S = P T P ⇒ detS ≥ 0.

(3) \-iw S = (sij)n×n zU ('�zU) ⇒ I S K�F�\C si1i1 , . . . , sikik \CK�iw Si1,...,ik zU ('�zU) ⇒ 2yV |Si1,...,ik | > 0 (' ≥ 0). uCK2yV
|Si1,...,ik | E4 S

(

i1 · · · ik

i1 · · · ik

)

, - S K k G [_�, W S K� k 2 (P i1, . . . , ik) /�Cu k yB&��Kk�.�w�O�W S K) k 2�) k yB&��Kk�.K k GÆ�V- ��[_�.N:�
X� S > 0 (' S ≥ 0) ⇒ S KrXKÆ�V > 0 (' ≥ 0).

S KrXKf8Æ�VV > 0 ⇒ S zU���Wf8Æ�VV ≥ 0  U S ≥ 0. DZ���) n − 1 |f8Æ�V |Sk| > 0

(∀ 1 ≤ k ≤ n − 1) +��F|f8Æ�V |Sn| = |S| = 0, la[U S ≥ 0.

(4) R\-iw S Kwx�VZRe� S zU ('tU) ⇔ S KrXKwx�V > 0 (V
< 0 ). S �zU (�tU) ⇔ S KrXKwx�V ≥ 0 (V ≤ 0).�!P&Is3

8.3.1. I Q(x1, x2, x3) = ax2
1 + bx2

2 + ax2
3 + 2cx1x3, � a, b, c ��Q�~?P� Q zUTw�
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r Q(X) = XT SX \ X = (x1, x2, x3)
T /

S =









a 0 c

b 0 0

c 0 a









S > 0 ⇔ S KD|f8Æ�V a > 0 + ab > 0 + (a2 − c2)b > 0

⇔ a > 0, b > 0 + a > |c|. 2

8.3.2. ~4tUb;0 Q(x1, · · · , xn) = XTAX Kiw A Kf8Æ�V��K2D~?� r 4<L\-iw S K) k 2�) k y�.Kiw Sk, l Sk K2yV |Sk| SZ SkK k Gf8Æ�V�
A tU ⇔ −A zU ⇔ −A KrXK k Gf8Æ�V |(−A)k| = (−1)k|Ak| > 0

⇔ A K k Gf8Æ�V 





|Ak| > 0 , E k �e ;

|Ak| < 0 , E k &e .
2

8.3.3. ib;0 Q(x, y, z) = λ(x2 + y2 + z2) + 3y2 − 4xy − 2xz + 4yz ����
(1) λ 1Q��P Q zUTw�
(2) λ 1Q��P Q �tUTw�
(3) λ KQ��T Q RF;_%VK	3#i�r 4 X = (x, y, z)T , l Q(X) = XT SX KTw

S =









λ −2 −1

−2 λ + 3 2

−1 2 λ









(1) S zU ⇔ }Gf8Æ�V |Sk| > 0 (1 ≤ k ≤ 3), 0


















|S1| = λ > 0

|S2| = (λ + 4)(λ − 1) > 0

|S3| = (λ − 1)2(λ + 5) > 0

⇔ λ > 1

(2) E2yV |S| 6= 0 P� S �tU ⇔ S tU ⇔ −S zU ⇔


















| − S1| = −λ > 0 ,

| − S2| = (λ + 4)(λ − 1) > 0 ,

| − S3| = −(λ − 1)2(λ + 5) > 0

⇔ λ < −52yV |S| = 0 LE λ = −5 ' λ = 1.
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E λ = 1 P� S KP (1, 1) \C 1, XT SX = 1 > 0 \ X = (1, 0, 0)T .s� S�Z�tU�W[E λ < −5 P S < 0, XT SX < 0 \<L X 6= 0. W[ XT SX Z S KkKt9�e�E λ i0: (−∞,−5) �/[ 0 P XTSX K,�� ≤ 0, ug�E λ = −5 P S �tU�
Q �tUK2m�D~? λ ≤ −5.

(3) �� Q ZRF;_%V ax + by + cz K	3#i�0 Q = (ax + by + cz)2, �l{2'w α1 = (a, b, c) j2.2'we: R1×3 KF�( α1, α2, α3, Is
 3 2�.a�iw P , } Y = (x′, y′, z′)T = PX, l x′ = ax + by + cz, b;0 Q ! Q1(Y ) = x′2, iw S �!�H E11 = diag(1, 0, 0). ug� rank S = rankE11 = 1. u�6 detS = 0, <`
λ = −5 ' 1. J=LE λ = 1 P rank S = 1, :P

S =









1 −2 −1

−2 4 2

−1 2 1









=









1

−2

−1









(1,−2,−1)

Q = XT SX = (x, y, z)









1

−2

−1









(1,−2,−1)









x

y

z









= (x − 2y − z)2

Q 6RZRF;_%V x − 2y − z K#i� 2=Æ �z (1),(2) v*z$aI�� S Kwx� UzU��tU�4 S0  λ = 0 PK S, l S0 Kwx_%V ϕS0
(x) = |xI − S0| = (x + 1)2(x − 5), S0 Kwx� −1 ℄ 5.

S = λI + S0 Kwx� λ − 1 ℄ λ + 5. S zU ⇔ λ − 1 > 0 + λ + 5 > 0 ⇔ λ > 1. S�tU ⇔ λ − 1 ≤ 0 + λ + 5 ≤ 0 ⇔ λ ≤ −5.�zP (2) *zTqT,� U�tUKidaI��HF
K,1�IR\-iw S(λ) =

(sij(λ))n×n K�|mwVZ λ Kt9�e���E a < λ < b P S(λ) ≥ 0 (' ≤ 0), lE
λ = a ' b PEX S(λ) ≥ 0 (' ≤ 0).�Vu|do�W�z�E λ > 1 P S zUa|E λ = 1 P S �zU�W[ S 6= O, Es�zUP�a��tU� 2

8.3.4. I A Z n GRzU\-Tw�{� A−1 zU�T� A−1 = (A−1)T A(A−1 ℄zUiw A !��N` A−1 zU� 2

8.3.5. ib;0 Q = XT AX ��R\- A = (aij)n×n, C
∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1k

· · · · · · · · ·
ak1 · · · akk

∣

∣

∣

∣

∣

∣

∣

∣

> 0, (∀ k = 1, 2, · · · , n − 1); detA = 0.
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℄{�� Q �zU�TJ 1 � A mf��
A =

(

A11 αT

α ann

)%��FCK n− 1 G�iw An−1 W A K) n− 1 2�) n− 1 yB&��Kk�.�HP|I An−1 KrXKf8Æ�VV > 0, N: An−1 zU�=i n−1 Ga�iw P1 � An−1!�H n − 1 GC�w I(n−1). [Z A �!�H
B =

(

P T
1 0

0 1

)

A

(

P1 0

0 1

)

=

(

I(n−1) βT

β ann

)h!�H\Cw
D =

(

I 0

−β 1

)

B

(

I −βT

0 1

)

=

(

I(n−1) 0

0 d

)%� d = detD = detB = ( detA)( detP1)
2 = 0.a= A !�[ diag(I(n−1), 0), u{�x A �zU�TJ 2 \Re λ, �R\-iw A = (aij)n×n KP (n, n) k7 λ �. ann + λ, �JHKiw A(λ) KP n 2 (an1, . . . , an,n−1, ann + λ) ).v|2'w}� (an1, . . . , ann) +

(0, . . . , 0, λ), 2yV |A(λ)| !PO).v|2yV}��
|A(λ)| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1,n−1 a1n
... · · · ...

...

an−1,1 · · · an−1,n−1 an−1,n

an1 · · · an,n−1 ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a11 · · · a1,n−1 a1n
... · · · ...

...

an−1,1 · · · an−1,n−1 an−1,n

0 · · · 0 λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= |A| + |An−1|λ = 0 + |An−1|λ = |An−1|λ%� |An−1| Z A K n − 1 Gf8Æ�V�1� > 0. N`E λ > 0 P |A(λ)| > 0. `
A(λ) K) n − 1 |f8Æ�VESZ A K) n |f8Æ�V�1�V > 0. N:E λ > 0P A(λ) KrXKf8Æ�VV > 0, N: A(λ) zU�[Z�E λ > 0 P\<L X 6= 0 X
XT A(λ)X > 0, } λ i0: (0, +∞) �/[ 0 J XT AX ≥ 0. u{�x A �zU� 2

8.3.6. .R�e f(x) = xSxT + 2βxT + b K���'�*��%� S Z n GzUR\-iw� β = (b1, b2, . . . , bn) ℄ x = (x1, x2, . . . , xn) Z n ÆR2'w� b ZRe�r
f(x) = (x, 1)

(

S βT

β b

)(

xT

1

)

(1)W S > 0 | S a��
(

I 0

−βS−1 1

)(

S βT

β b

)(

I −S−1βT

0 1

)

=

(

S 0

0 b1

)
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%� b1 = b − βS−1βT . }
(

xT

1

)

=

(

I −S−1βT

0 1

)(

yT

1

)AA (1), J
f(x) = (y, 1)

(

S 0

0 b1

)(

yT

1

)

= ySyT + b1W S zU| ySyT ≥ 0, N: f(x) ≥ b1, E+LE yT = 0 P f(x) 1J�*� b1. ESZE
(

yT

1

)

=

(

I S−1βT

0 1

)(

xT

1

)

=

(

xT + S−1βT

1

)

=

(

0

1

)0 x = −βS−1 P� f(x) 1�*� b1 = b − βS−1βT . 2t!Ig 8.2 EJZ�9jW
1. F0Y�8b4b6Vrz 8.3.6 JYKR6FZ. n b;�e f(x) �*�K�z�%� x = (x1, . . . , xn).

f(x) Wb;%�F;%�*e%�.�aI..
f(x) = Q(x) + L(x) + b = xSxT + 2βxT + bK1V�%� Q(x) = xSxT ZW f(x) Kb;%�.Kb;0�L(x) = a1x1 + · · ·+ anxn =

2βxT ZWF;%�.K 3�e�%� β = 1
2
(a1, . . . , an) ZWF;%�eKF��.K2'w� b Z*e%��� S zU���zKI�JH f(x) 1�*�K~?��� S tU�niOaIJH f(x) 1���K~?��� S 5��zUE��tU�lb;0 Q(x) = xSxT K�_y|Re_ R =

(−∞,∞), 5=i α1 T α1SαT
1 = 1 E=i α2 T α2SαT

2 = −1, E λ → ∞ P
f(λα1) = λ2α1SλT

1 + 2λβαT
1 + b = λ2 + λc1 → +∞,

f(λα2) = λ2α2SαT
2 + 2λβαT

2 + b = −λ2 + λc2 → −∞%� c1 = 2βαT
1 ℄ c2 = 2βαT

2 Z*e�:P f(x) 5����E��*��E S ≥ 0 ' S ≤ 0P� f(x) Zp1��'�*���W Q(x) 	3YU�Gl[F;%�m L(x) = 2βxT . ��
Q(x) = 0 ⇒ L(x) = 0, lE Q(x) 1�*�'���P f(x) E�:���=i�| α 6= 0T Q(α) = 0 6= L(α), lE λ 1�3{ReP f(λα) = λc + b 1�3{Re��X���'�*��%� c = 2βαT 6= 0.r���e f(x, y) = x2 + 4xy + 5y2 − 6x + 8y + 9 a..

f(X) = XSXT + 2βXT + 9, %� S =

(

1 2

2 5

)

, X = (x, y), β = (−3, 4),

74



S zU�� 8.3.6 KI�JH�E (x, y) = −(−3, 4)S−1 = (23,−10) P� f(x, y) 1�*� −100.Ea~FT!idJH
f(x, y) = x2 + 2x(2y − 3) + 5y2 + 8y + 9

= (x + 2y − 3)2 + y2 + 20y

= (x + 2y − 3)2 + (y + 10)2 − 100E y = −10, x = −2y + 3 = −2 × (−10) + 3 = 23 P� f(x, y) 1�*� −100.

2. �6H�|Lv�s
*m0�KUo��e f(x, y) LEs\v|��wK"GeVL[ 0 KP�Xa�1J,�',*��ESZg�,�R (x0, y0) Z 3i0�










∂f(x, y)

∂x
= 2x + 4y − 6 = 0

∂f(x, y)

∂y
= 4x + 10y + 8 = 0KJ�J:i0�J (x0, y0) = (23,−10). ����e f(x, y) i (x0, y0) Kv|"Ge 05��{iuRX,��x U f(x, y) ZpiuRX,��Z,��$Z,*��$�6� f(x, y) iuRo℄. ∆x = x − x0, ∆y = y − y0 K_%V�:�� x = x0 + ∆x,

y = y0 + ∆y AA f(x, y), o℄�yoJ
f(x, y) = f(x0 + ∆x, y0 + ∆y)

= (x0 + ∆x)2 + 4(x0 + ∆x)(y0 + ∆y) + 5(y0 + ∆y)2

− 6(x0 + ∆x) + 8(y0 + ∆y) + 9

= f(x0, y0) + (2x0 + 4y0 − 6)∆x + (4x0 + 10y0 + 8)∆y + Q(∆x, ∆y) (1)%� Q(∆x, ∆y) = (∆x)2 + 4(∆x)(∆y) + 5(∆y)2 ZWo℄V (1) �Kb;%�.Kb;0�� (x0, y0) = (23,−10) AAo℄V (1) JH f(x, y) = −100 + Q(∆x, ∆y). b;0
Q(∆x, ∆y) zU�E (∆x, ∆y) = (0, 0) P1�*� 0. N: f(x, y) E (∆x, ∆y) = (0, 0)0 (x, y) = (23,−10) P1�*� −100.��^4��b;�e f(x, y) o℄.LV (1) ��4Db�."Ge��D~F� x =

x0 +∆x, y = y0 +∆y AA f(x, y), yo. ∆x, ∆y K_%VS2x�h.BU*e x0, y0 To℄V (1) �K ∆x, ∆y KF;%�e 2x0 + 4y0 − 6 ℄ 4x0 + 10y0 + 8 VL[ 0, h�Vb;0 Q(∆x, ∆y) zUS�[U f(x0, y0) >H�*�����uCKJd%R��X:�"Ge�o℄V (1) � ∆x, ∆y KF;%�em�Z f(x, y) \ x, y i (x0, y0) K"Ge�
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IFid�L[T[bb;_%V f(x, y),E[T[<L;eK n_%V f(x1, . . . , xn).\<LBUKR (c1, . . . , cn) } ∆xi = xi − ci (1 ≤ i ≤ n), � xi = ci + ∆xi AA f , o℄yo. ∆i (1 ≤ i ≤ n) K_%V
g(∆x1, . . . , ∆xn) = a0 + a1∆x1 + · · · + an∆xn + Q(∆x1, . . . , ∆xn) + o(ρ2) (2)l%�K*e% a0 = g(0, . . . , 0) = f(c1, . . . , cn), �|F;%�e ai L[ f i (c1, . . . , cn)\ xi K"Ge� Q(∆x1, . . . , ∆xn) Zo℄V�Kb;%�.Kb;0� o(ρ2) Wo℄V�y[b;K%�.�Z'w (∆x1, . . . , ∆xn) +W#i ρ2 = (∆x1)

2 + · · · + (∆xn)2 KyG�-*�J 3i0�. (c1, . . . , cn) T (a1, . . . , an) = (0, . . . , 0). ��b;0 Q zU�ErX ∆xi = 0 (1 ≤ i ≤ n) 0 (x1, . . . , xn) = (c1, . . . , cn) P1�*��+E ρ ��*PyG�-*w o(ρ2) ��IR$b;0 Q Kzt��>X Q > 0, rIE ρ = 0 P f 1,*�
a0 = f(c1, . . . , cn). niO��� Q tU�lE ρ = 0 P f 1,�� a0.0T f(x1, . . . , xn) �Z_%V�e�EXa�i�0_�<�FR (c1, . . . , cn) o℄. (2)K1V�- f i (c1, . . . , cn) Ktmo℄V�:P��� xi = ci + ∆xi AA f K�>VJHo℄V (2), `D��."Ge.tmo℄V�KF;%�e ai �b;0 Q �K}%�e��Vb;0 Q K}%�eaI.4Tw S,  UsZpzU'tU�r�aI�V S K}Gf8Æ�VKr�k U� 2

8.3.7. I S Z�zU n GR\-iw+ rank S = 1. {��=il{R2'w α T
S = αT α.T� S !�[��1 D = diag(I(r), O(n−r)), %� r = rankS = 1, N: D =

diag(1, 0, . . . , 0) = e1e
T
1 , %� e1 = (1, 0, . . . , 0).=ia�iw P T S = P T DP = P TeT

1 e1P = ααT , %� α = e1P Za�iw P KP 1 2� 2

8.3.8. S ZR\-zUTw�{��=iFDCw T , T S = T TT .T� \ S KGe n �e<Æ�d�{�=iFDCw T T S = T T T .E n = 1 P�8.s�I�z\ n− 1 GR\-zUiw.s�� n GR\-zUiw S..mf1V
S =

(

Sn−1 αT

α snn

)%� Sn−1 W S K) n− 1 2� n− 1 yB&��Kk�.�sK n− 1 |f8Æ�V |Sk|
(1 ≤ k ≤ n − 1) SZ S K) n − 1 |f8Æ�V�W S > 0 | |Sk| > 0 (1 ≤ k ≤ n − 1),ug� Sn−1 zU�E8Ea�� S a��FDCw!�[�\Cw�

B = T T
1 ST1 =

(

Sn−1 0

0 dn

)

, T1 =

(

I(n−1) −S−1
n−1α

T

0 1

)
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%� T1 ZFDCw+2yV |T1| = 1, N: |Sn−1|dn = |B| = |S| > 0. hW |Sn−1| > 0 JH dn > 0.WÆ�8I| n − 1 GR\-zUiw Sn−1 a.. Sn−1 = T T
2 T2, %� T2 Z n − 1 GFDCw�[Z

S = (T−1
1 )T

(

T T
2 T2 0

0 dn

)

T−1
1 = T T T, T =

(

T2 0

0
√

dn

)

T−1
1

T ZFDCwK/*�>ZFDCw� 2

8.3.9. .{� n GR\-iw S �zUK2D~?Z=i� r K r × n RTw A T
S = AT A, %� r = rankS.T� �I S = AT A, l\<L X ∈ Rn×1 X XT SX = XT AT AX = Y T Y =

y2
1 + · · ·+ y2

n ≥ 0, %� Y = AX = (y1, . . . , yn)T . u{�x S �zU�g�k�I S �zU�+ r = rankS. l S !�[��1
D =

(

I(r) O

O O(n−r)

)

= BT B, B =

(

I(r)

O

)

∈ Rn×r=ia�iw P � D !�[ S = P TDP = P T BT BP = AT A, %� A = BP ZWa�iw P K) r y�.K n × r Tw�}y 3���N: rank A = r = rankS. 2

8.3.10. I A, B \ n GR\-zUTw�{���� A− B zU�l B−1 −A−1 KzU�T� =ia�iw P1 �zUiw B !�H I = P T
1 BP1, S = P T

1 AP1. =izBiw U � S !�H\Cw D = UT SU = diag(d1, . . . , dn), UT IU = I. [Z P = P1U� A, B m�!�H P TAP = D, P TBP = I. <`� A − B !�H P T (A − B)P =

D − I = diag(d1 − 1, . . . , dn − 1). W A − B > 0 | D − I > 0, <` di − 1 > 00 di > 1 \rXK 1 ≤ i ≤ n .s�N` 0 < di < 1 \rXK 1 ≤ i ≤ n .s�
I − D−1 = diag(1 − d−1

1 , . . . , 1 − d−1
n ) zU�0 (P TBP )−1 − (P TAP )−1 zU�ESZ

P−1(B−1 − A−1)(P−1)T zU�℄}!�K B−1 − A−1 EzU� 2

8.3.11. I A, B \ n GR\-w�%� A zU�{��ERe t 2m��� tA + BKzU�T� =ia�iw P � A !�H P TAP = I, 4 S = P T BP = (sij)n×n. l
P T (tA + B)P = tI + S. \�|zye k ≤ n, 4 S K) k 2�) k yB&��Kk�.K k Giw Sk. l tI + S K k Gf8Æ�V |tI + Sk| = tk + · · · ZI t ��K^%�e 1 K k ;_%V�E t → ∞ P |λI +Sk| → +∞, =iRe ck T |tI + Sk| > 0. 1 crX ck (1 ≤ k ≤ n) ���e�lE t > c P tI + S KrXKf8Æ�VV�[ 0, tI + SzU�℄ tI + S !�K tA + B EzU� 2
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§ 8.4 /a*&�U�7[�A,MN8.`VL; �|R\-iw S !�[�FKh1
Λ = diag(I(p), I(r−p), O(n−r))%� r = rankS Z S K�� p - S Kz�3�e� q = r−p - S Kt�3�e� p− q- S Kr�(�s
VW S �FYU�i!��0�U	1���T�B= I S !�[|F|h1 D = diag(I(s),−I(t), O(n−s−t)). W[!�EZ!N�N: s + t = rankS = r, t = r − s. �4{� p = s. C�8��jI p > s.

Λ, D V℄ S !��N`=ia�iw P � Λ = diag(I(p),−I(q), O(n−r)) !�H D =

P TΛP = diag(I(s),−I(r−s), O(n−r)). iy'we: V = Rn×1 FUMb;0 Q(X) =

XT ΛX. l) p |�8('w e1, . . . , ep N.K�e: V+ = {X = (x1, . . . , xp, 0, . . . , 0)}�Kl{'w X �� Q(X) = x2
1 + · · · + x2

p > 0, W P = (P1, . . . , Pn) K� n − s y
Ps+1, . . . , Pn N.K�e:

U−,0 = {ys+1Ps+1 + · · ·+ ynPn | yi ∈ R, ∀ s + 1 ≤ i ≤ n}
= {PY | Y = (0, . . . , 0, ys+1, . . . , yn)T ∈ R(n−s)×1}��|'w PY �� Q(PY ) = (PY )T Λ(PY ) = Y T DY = −y2

s+1 + · · · − y2
r ≤ 0.E r > s P dim V+ + dim U−,0 = r + (n − s) = n + (r − s) > n, v|e: V+ ℄

U−,0 KB�{���l{'w X �P�� Q(X) > 0 ℄ Q(X) ≤ 0, �^�u{�x��X
p > s. �oa{��X s > p. �� p = s.�!P&Is3

8.4.1. I S Z n GR\-iw� V0 Zi0 XTSX = 0 KJ.�.{� V0 Z Rn×1 K�e: ⇔ S ≥ 0 ' S ≤ 0. +E S ≥ 0 ' S ≤ 0 P dim V0 = n − rank S.T� I S ≥ 0. l=iTw A T S = AT A, + rank A = r = rankS. XT SX =

XT AT AX = Y T Y �%� Y = AX = (y1, . . . , yn)T . [ZXT SX = Y T Y = y2
1+· · ·+y2

n =

0 ⇔ AX = Y = 0. a= XT SX = 0 KJ. V0 SZ'; 3i0� AX = 0 KJ.�Z
Rn×1 K�e:�+Æe dim V0 = n − rank A = n − rank S.I S ≤ 0. W XT SX = 0 ⇔ XT (−S)X = 0 | XT SX = 0 KJ.SZ
XT (−S)X = 0 KJ. V0, W −S ≥ 0 | V0 Z�e:+ dim V0 = n − rank (−S) =

n − rank S.I S ≥ 0 ℄ S ≤ 0 V�.s�l S K!�h1 P T SP = Λ = diag(I(p),−I(q), O(n−r))�K p > 0 + q > 0. 1 X1 = P (e1 + ep+1), X2 = P (e1 − ep+1). l XT
i SXi =
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(e1±ep+1)
T Λ(e1±ep+1) = 12−(±1)2 = 0 \ i = 1, 2V.s�D (X1+X2)

T S(X1+X2) =

(2e1)
T Λ(2e1) = 4 6= 0. ug�J. V0 \7d�o���Z�e:�uS{�x V0 Z�e:K2m�D~?Z S ≥ 0 ' S ≤ 0. 2

8.4.2. ��i0 Q(x1, . . . , xn) = 0 KJe:KÆe3m�y�zUb;0Kz�3�e�<`.4sK��1�
Q(x1, . . . , xn) =

n
∑

i=1

(xi − s)2%� s =
1

n
(x1 + · · ·+ xn) .T� Q(x1, . . . , xn) ZReK#i��1��Z ≥ 0. W:a[� Q �zU�

Q(x1, . . . , xn) = 0 ⇔ xi − s = 0 \ 1 ≤ i ≤ n .s ⇔ x1 = · · · = xn ⇔
(x1, . . . , xn) = t(1, . . . , 1), ∀ t ∈ R. a= Q(x1, . . . , xn) = 0 KJe: V0 Æe 1.W dim V0 = n − p = 1 |z�3�e p = n − 1, b;0K��1 Q(y1, . . . , yn) =

y2
1 + · · ·+ y2

n−1. 2

8.4.3. .b;0 Q(x, y, z) = x2 + y2 + z2 −xy−xz − yz K��z�3�e�r�(�r Q(x, y, z) = 1
2
(x − y)2 + 1

2
(x − z)2 + 1

2
(y − z)2 ≥ 0 \<LRe x, y, z .s�N: Q �zU�t�3�e q = 0, Q K� r = z�3�e p = r�( p − q. Q(x, y, z) = 0KJ. V0 = {(x, y, z) | x = y = z} = {t(1, 1, 1) | t ∈ R} Z R3 KFÆ�e:�W

dim V0 = 3 − r = 1 J r = 2, <` p = p − q = 2.��z�3�e�r�(VL[ 2. 2=Æ �zE8EaI~F��!i'Tw!�!.��1k.��z�3�e�r�(�DqT Q = 0 KJe:Æe�8Z�;CKJd� 2

8.4.4. I S Z<LF|R\-a�w�.{ S !�[I�1VKTw�
H =









0 I(ν) 0

I(ν) 0 0

0 0 ρI(n−2ν)









, %� ρ = ±1,�+ ν ℄ ρ W S �FYU�T� 4
H0 =

(

0 I(ν)

I(ν) 0

)l H = diag(H0, ρI(n−2ν)).�� H0 !�Hh1�:��� ν = 1 PK 2 Giw H0 !�Hh1�
(

1 1
2

−1 1
2

)(

0 1

1 0

)(

1 −1
1
2

1
2

)

=

(

1 0

0 −1

)
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�LV�}| 2 GiwK�|k a |%. ν G9ww aI(ν), JH
(

I(ν)
1
2
I

−I 1
2
I(ν)

)(

0 I(ν)

I(ν) 0

)(

I(ν) −I
1
2
I 1

2
I(ν)

)

=

(

I(ν) 0

0 −I(ν)

)uS{�x=i 2ν Ga�iw P̃0 � H0 !�H D0 = diag(I(ν),−I(ν)). g�k� P0 = P̃−1
0� D0 !�H P T

0 D0P0 = H0.

n Ga�R\-iw S K� rank S = n. =iRa�iw P1 � S !�Hh1
D = P T

1 SP1 = diag(I(p),−I(q))%� p + q = n.�� p ≤ q, 1 ν = p, Λ0 = diag(I(ν),−I(ν)), l D = diag(D0,−I(q−p)) =

diag(D0,−I(n−2p)). �)r{�=i 2ν Ga�iw P0 � D0 !�H H0, [Z P2 =

diag(P0, I(n−2ν)) � D = diag(Λ,−I(n−2ν)) !�H H = diag(H0,−I(n−2ν)).�� p > q, 1 ν = q, l D !�[ D1 = diag(I(q),−I(q), I(p−q)) = diag(D0, I(n−2ν)),>a1 P2 = diag(P0, I(n−2ν)) � D1 !�H H = diag(H0, I(n−2ν)).uS\rXK,gV{�x S aI!�[rg1��%�K ν ℄ ρ = ±1 W S Kz�3�e p ℄t�3�e q = n − p YU�E p < q P� ρ = −1, ν = p; E p > q P� ρ = 1, ν = q; E p = q = n
2
P�

ν = p = q, :P n − 2ν = 0, ρ �=i�58 p, q W S �FYU� ν, ρ W p, q YU� ν, ρ ESW S �FYU� 2=Æ i n ÆRy'we: V = Rn×1 ��aI\<Lv|'w X, Y ∈ V UM�*
X · Y = XTY , w�O��|'w X = (x1, . . . , xn)T ℄�2K�* Q(X) = XT X =

x2
1 + · · ·+ x2

n ZF|zUKb;0� |X| =
√

Q(X) SZ'w X K “+W”.b;0 Q(X) = XT X = XT IX KTwZC�w���iy'we: V �|�;1F�(��|'w X ..!� ξ, lX!��%�V X = Pξ, b;0 Q(X) = (Pξ)TPξ = ξTP T PξKTw�. S = P T IP .F
O�aIT<LR\-iw S i V = Rn×1 FUM “�*” X · Y = XT SY , l
Q(X) = XT SX SZ'w X iu| “�*” �K “+W” K#i������ S �zU�S&4�F,�g�
K��K�(�r��l{'w X Xa��� Q(X) = XT SX = 0 N`
“+W”  0, M� Q(X) < 0 N` “+W” 5e�58+W 0 K{'wX = 0�X�UKi'��
E� “+W” 00��~? Q(X) =

XT SX = 0 Kl{'wE- “�''w”.�� S �zU'�tU�t�3�e'z�3�e 0, l XTSX = 0 ⇔ SX = 0, 3{�''w X �.F|�e: V0, -3�'�e:�+E S a�P V0 = 0.�� S 5��zUE��tU�t�3�e℄z�3�eV� 0, l3{�''w�.K.� K0 �Z�e:�+E S a�P K0 E� 0. D K0 �aI��3�W�''w
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�.K�e:�E-3�'�e:�r��Tz� 8.4.4 �Ka�\-iw H kUM�*
X · Y = XTHY � “+W#i”Q(X) = XT HX, l) ν |�8('w ei (1 ≤ i ≤ ν) N.K�e: U0 = {(x1, . . . , xν , 0, . . . , 0)T ∈ Rn×1} Z3�'�e:�P ν + 1 H 2ν |�8('w ei (ν + 1 ≤ i ≤ 2ν) N.K�e: V0 = {(x1, . . . , xn)T | x1 = · · · = xν = 0 =

x2ν+1 = · · · = xn} EZ3�'�e:� U0, V0 VZ V r��KÆe��K3�'�e:��s 8.4.4 r{�zt�3�e p, q V�L[ 0 Ka�R\-iw S VaI!�H P TSP = H ,

P = (P1, . . . , Pn) K) ν yN.K�e: U0 �P ν + 1 � 2ν yN.K�e: V0 SVZÆe��K3�'�e:�iTw7K?R�PT�TH `�ZT\Cw !���1�SZx2mqT3�'�e:K3��
8.4.5. I S ZR\-iw�.{���=i X1, X2 T XT

1 SX1 > 0 > XT
2 SX2, l=i

X0 6= 0 T XT
0 SX0 = 0.T� W XT

1 SX1 > 0 | S �Z�tU�z�3�e p > 0. W XT
2 SX2 < 0 | S�Z�zU�t�3�e q > 0. =ia�R\-iw P � S !�Hh1 Λ = P TSP =

diag(I(p),−I(q), O(n−r)). 1 X0 = P1 + Pp+1 = P (e1 + ep+1) = Pξ0 L[ P KPFy℄P
p + 1 y}��%� ξ0 = e1 + ep+1 KP 1, p + 1 mw 1, %\mwV 0. W ξ0 6= 0 / Pa�| X0 6= 0. + XT

0 SX0 = ξT
0 P T SPξ0 = ξT

0 Λξ0 = 1 − 1 = 0. �ra{� 2

8.4.6. Rb;0 Q aImJv|R 3�e f1, f2 K/*K2m�D~?Z� Q K�L[ 2 +r�(L[ 0, 't Q K�L[ 1.T� �{��D3�IR 2 ;0 Q(X) = Q(x1, . . . , xn) ��mJv|R 3�e
f1(X) = a1x1 + · · ·+ anxn ℄ f2(X) = b1x1 + · · ·+ bnxn K/*��� n ÆR2'w α1 = (a1, . . . , an), α2 = (b1, . . . , bn)  3���laj2 R1×n KF�( α1, α2, . . . , αn, Is
}2�.KR n Giw P a��

Y =









y1

y2
...









= PX =









a1 · · · an

b1 · · · bn
... · · · ...

















x1
...

xn









=









a1x1 + · · ·+ anxn

b1x1 + · · ·+ bnxn
...







Za� 3A%�P�u|A%}��b;0 Q(X) = f1(x)f2(x) �. Q1(Y ) = y1y2. hP�a� 3A%
y1 = u1 + u2, y2 = u1 − u2, yk = uk (∀ 3 ≤ k ≤ n)0 u1 = 1

2
(y1 + y2), u2 = 1

2
(y1 − y2), uk = yk (∀ 3 ≤ k ≤ n) �b;0!h1

Q2(u1, . . . , un) = u2
1 − u2

2

Q2 K� 2, zt�3�e p = q = 1, r�( p − q = 0.hI α1 ℄ α2  3!��+W Q = f1f2 6= 0 | f1, f2 V�{� α1, α2 V�{�
α2 = λα1 \�|l{Re λ .s�� α1 j2 R1×n KF�(�I}('w}2�.
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a�iw P ,  a� 3A% Y = aX, l f1(x) = y1, f2(x) = λy1, b;0 Q(X) !
Q1(Y ) = y1(λy1) = λy2

1. %� λ 6= 0. (+aMF�! λ = 1 ' λ = −1 K,1), Q1 K� 1, Q K�E 1.h{2m3�I Q(X) = XT SX.E QK� 2+r�( 0P�rank S = 2,+ S !�[h1 Λ = diag(1,−1, 0, . . . , 0).=ia�iw P = (pij)n×n T S = P T ΛP . [Z\<L X = (x1, . . . , xn)T X
Q(X) = XT SP = XT P TΛPX = Y T ΛY = y2

1 − y2
2 = (y1 + y2)(y1 − y2)%� Y = PX = (y1, . . . , yn)T , �| yi = pi1x1 + · · · + pinxn Z X K 3�e� (∀ 1 ≤

i ≤ n). f1(X) = y1 + y2 ℄ f2(X) = y1 − y2 EZ X K 3�e� Q(X) = f1(X)f2(X)Zv| 3�e f1, f2 K/*�E Q K� 1 P� rank S = 1, S !�[h1 Λ = diag(λ, 0, . . . , 0), %� λ = 1 '
−1. =ia�iw P T S = P TΛP , 1 Y = (y1, . . . , yn)T = PX, l�| yi Z X K 3�e�[Z Q(X) = XTSX = XT P TΛPX = Y T ΛY = λy2

1 = f1(X)f2(X) Z 3�e
f1(X) = y1 ℄ f2(X) = λf1(X) K/*� 2

8.4.7. I n GR\-w A = (aij)n×n a�� Aij Z aij KAe\�V�.{�b;0
Q1 =

n
∑

i=1

n
∑

j=1

Aij

|A|xixj℄ Q = XT AX X!�Kz�t�3�e�T� Q1(X) = XT BX KTw
B =

1

|A|









A11 · · · An1
...

. . .
...

A1n · · · Ann









= A−1 = (A−1)T A(A−1)℄ A !��N`z�t�3�eV℄ A !��b;0 Q1 Kzt�3�eES℄ Q(X) !��
2

§ 8.5 RE9�`
8.5.1. i�eo℄V

f(x0 + ∆x, y0 + ∆y) = f(x0, y0) +
∂f(x0, y0)

∂x
∆x +

∂f(x0, y0)

∂y
∆y

+
1

2
[
∂2f(x0, y0)

∂x2 (∆x)2 + 2
∂2f(x0, y0)

∂x∂y
∆x∆y +

∂2f(x0, y0)

∂y2 (∆y)2] +y;%
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��℄~4 f i (x0, y0) 61,��K2m~?�r ��"Ge a0 =
∂f(x0, y0)

∂x
6= 0, 1 ∆y = 0, l

f(x0 + ∆, y0) = f(x0, y0) + a0∆x + o(∆x) = f(x0, y0) + (a0 + λ(∆x))∆x%� o(∆x) = λ(∆x)∆x Z ∆x KyG�-*�E ∆x → 0 P λ(∆x) → 0, =i ε > 0TJE ∆x ∈ (−ε, ε) �P |λ(∆x)| < 1
2
|a0|, a0 + λ(∆x) Kzt�℄ a !��E ∆x i0: (−ε, ε) �CTQnP (a0 + λ(∆x))∆x CTQn (E a0 > 0) 'Q< (E a0 < 0), f i

(x0, y0) �1,�',*��niO�E ∂f(x0, y0)

∂y
6= 0 P f i (x0, y0) E�1,�',*��N:�LE ∂f(x0, y0)

∂x
=

∂f(x0, y0)

∂y
= 0 P f(x, y) i (x0, y0) Xa�1,���:P

f(x0 + ∆x, y0 + ∆y) + Q(∆x, ∆y) + o(ρ2)%� o(ρ2) Z ρ2 = (∆x)2 + (∆y)2 KyG�-*�b;0
Q(∆x, ∆y) = a(∆x)2 + 2b(∆x)(∆y) + c(∆y)2 = (∆x, ∆y)

(

a b

b c

)(

∆x

∆y

)%� a =
∂2f(x0, y0)

∂x2
, b =

∂2f(x0, y0)

∂x∂y
, c =

∂2f(x0, y0)

∂y2
.��b;0 Q tU�lE (∆x, ∆y) 6= 0 P Q(∆x, ∆y) < 0. +E ρ2 = (∆x)2 +(∆y)2��*P o(ρ2) ��Iv� Q(∆x, ∆y) Kr��>X Q(∆x, ∆y) + o(ρ2) < 0. ug�i

(x0, y0) K��*Kz_� f(x0 + ∆x, y0 + ∆y) < f(x0, y0), f i (x0, y0) 1,���b;0 Q tUK2m�D~?ZsKTw S tU� −S Kv|f8Æ�VV�[ 0, 0
−a > 0 + ac − b2 > 0. 0 a < 0 + b2 < ac.W:~4 f i (x0, y0) 1,��K2m~?�

∂f(x0, y0)

∂x
=

∂f(x0, y0)

∂y
= 0 >

∂2f(x0, y0)

∂x2+ (

∂2f(x0, y0)

∂x∂y

)2

<

(

∂2f(x0, y0)

∂x2

)(

∂2f(x0, y0)

∂y2

)

2=Æ �z�J4K�Z2m~?�$��gZ�D~?�XRF�f i (x0, y0) 1,��KF|�D~?Z�v|"GeVL[ 0 +b;0 Q �tU�DE Q �tUPa�X (∆x, ∆y) 6=
(0, 0) T Q(∆x, ∆y) = 0, :P Q(∆x, ∆y) + o(ρ2) Kzt�Wy;%�m o(ρ2) YU���[UsZt$Zz� 2

8.5.2. I A = (aij)n×n Za�K\-iw�.{b;0
Q(x1, . . . , xn) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 x1 · · · xn

−x1 a11 · · · a1n
...

...
. . .

...

−xn an1 · · · ann

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

83



KTw A Kuiw A∗ = (Aji)n×n.T� 4 X = (x1, . . . , xn)T . l
Q(X) =

∣

∣

∣

∣

∣

0 XT

−X A

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(

1 −XT A−1

0 I

)(

0 XT

−X A

)∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

XT A−1X 0

−X A

∣

∣

∣

∣

∣

= (XTA−1X)|A| = XT (|A|A−1)XW A−1 = |A|−1A∗ | |A|A−1 = A∗. N: Q(X) = XTA∗X KTw A∗. 2

8.5.3. I S = (sij)n×n ZzUR\-iw�.{�
Q(x1, . . . , xn) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

s11 · · · s1n x1
...

. . .
...

...

sn1 · · · snn xn

x1 · · · xn 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣ZtUb;0�T� 4 X = (x1, . . . , xn)T . lb;0
Q(X) =

∣

∣

∣

∣

∣

S X

XT 0

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(

I 0

−XT S−1 1

)(

S X

XT 0

)∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

S X

0 −XT S−1X

∣

∣

∣

∣

∣

= XT (−|S|S−1)XKTw B = −|S|S−1. S−1 = (S−1)T S(S−1) ℄zUR\-iw S !��N:zU� |S| > 0,N: −|S| < 0. b;0 Q(X) = XT BX KTw B = −|S|S−1 ZzUR\-iw S−1 KtReÆ�N: B tU� Q EStU� 2

8.5.4. I xi ≥ 0 (i = 1, 2, . . . , n). +
n
∑

i=1

x2
i + 2

∑

1≤k<j≤n

√

k

j
xkxj = 1, (1). n

∑

i=1

xi K���℄�*��r 4 σ = x1 + · · ·+ xn. l
σ2 =

n
∑

k=1

x2
k + 2

∑

1≤k<j≤n

xkxj ≥
n
∑

k=1

x2
k + 2

∑

1≤k<j≤n

√

k

j
xkxj = 11 x1 = 1 + x2 = · · · = xn = 0 r�dz~?�:P σ = x1 + · · · + xn = 1 1J�*� 1.
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\�| k = 1, 2, . . . , n, } xk =
√

kyk, l yk =
1√
k
xk ≥ 0. dz~? (1) �.

n
∑

k=1

ky2
k + 2

∑

1≤k<j≤n

kykyj = 1 (2)LV (2) ��L[
n−1
∑

k=1

k[y2
k + 2yk(yk+1 + · · ·+ yn)] + ny2

n

=
n−1
∑

k=1

k[(yk + · · ·+ yn)2 − (yk+1 + · · ·+ yn)2] + ny2
n (3)\ k = 1, 2, . . . , n 4

zk =
n
∑

j=k

yk = yk + · · ·+ ynl z1 ≥ z2 ≥ · · · ≥ zn = yn, (3) .
(z2

1 − z2
2) + · · ·+ k(z2

k − z2
k+1) + · · ·+ (n − 1)(z2

n−1 − z2
n) + nz2

n

= z2
1 + · · · + (−(k − 1)z2

k + kz2
k) + · · · + (−(n − 1)z2

n + nz2
n)

= z2
1 + z2

2 + · · ·+ z2
nLV (2) .

z2
1 + · · ·+ z2

n = 1 (4)\�| k = 1, 2, . . . , n − 1, X yk = zk − zk+1 <` xk =
√

kyk =
√

k(zk − zk+1). +
zn = yn <` xn =

√
nzn. [Z

σ = x1 + · · ·+ xn

= (z1 − z2) + · · ·+
√

k(zk − zk+1) + · · · +
√

n − 1(zn−1 − zn) +
√

nzn

= z1 + (
√

2 − 1)z2 + · · ·+ (
√

k −
√

k − 1)zk + · · ·+ (
√

n −
√

n − 1)zn4
p =

√

12 + (
√

2 − 1)2 + · · ·+ (
√

k −
√

k − 1)2 + · · · + (
√

n −
√

n − 1)2lW`��LVJ
σ ≤ p

√

z2
1 + · · ·+ z2

n = p
√

1 = p (5)E (z1, . . . , zn) = λ(1,
√

2− 1, . . . ,
√

n−
√

n − 1) \�| λ .sP� (5) �KL�.s� σ1��� p. :PW 1 = z2
1 + · · ·+ z2

n = λ2p2 |
λ =

1

p
, zk =

√
k −

√
k − 1

p
.
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W √
k −

√
k − 1 =

1√
k +

√
k − 1

| zk > zk+1 \ 1 ≤ k ≤ n − 1 .s�uCJHK
xk =

√
k(zk − zk+1) =

√
k(2

√
k −

√
k − 1 −

√
k + 1)

p
> 0, (∀1 ≤ k ≤ n − 1)

xn =
√

nzn =

√
n(
√

n −
√

n − 1)

p
> 0��~? (1) +T σ = x1 + · · · + xn >H���

p =
√

12 + (
√

2 − 1)2 + · · ·+ (
√

k −
√

k − 1)2 + · · · + (
√

n −
√

n − 1)2 . 2

8.5.5. Si (1 ≤ i ≤ m) Z�GR\-iw�.{�S2
1 + · · ·+S2

m = 0 ⇔ S1 = · · · =

Sm = O.T� E S1 = · · · = Sm = O PE8X S2
1 + · · ·+ S2

m = O.I S2
1 + · · ·+ S2

m = O, lLV��KiwK+ 0: trS2
1 + · · ·+ trS2

m = 0.\�|Tw A = (aij)m×n = (a1, . . . , an), AT A KP k |\CZ AT KP k 2 a
T
k ℄

A KP k y ak K/*
a

T
k ak = (a1k, . . . , amk)









a1k
...

amk









= a2
1k + · · · + a2

mkL[ A KP k y}k aik K#i�� tr (AT A) ZrXu,\C}��ESZ A K}yk#i�}��SZ A KrXkK#i��W:a|��|R\-iw S K#iK+ tr (S2) = tr (STS) L[ S }kK#i��N:
trS2

1 + · · ·+tr S2
m L[}R\-iw Si (1 ≤ i ≤ m) rXkK#i��u,ReK#i�L[ 0 E+LErXu,ReL[ 0, ESZ} Si KrXkVL[ 0, 0 S1 = · · · = Sm = O.

2

8.5.6. A Z m × n RTw�.{�i0� AX = 0 ℄ AT AX = 0 �J�T� �i0� AX = 0 ℄ AT AX = 0 KJ.m�4 VA, VAT A. l�
X ∈ VA ⇒ AX = 0 ⇒ AT AX = 0 ⇒ X ∈ VAT A. u{�x VA ⊆ VAT A.g�k� X ∈ VAT A ⇒ AT AX = 0 ⇒ XT AT AX = 0 0 (AX)T (AX) = 0. 4

Y = AX = (y1, . . . , ym), l Y T Y = y2
1 + · · · + y2

m = 0 ⇔ y1 = · · · = ym = 0. ESZg
(AX)T (AX) = 0 ⇔ AX = 0. a= X ∈ VAT A ⇒ AX = 0 ⇒ X ∈ VA. VATA ⊆ VA.u{�x VA = VAT A, i0� AX = 0 ℄ AT AX = 0 �J� 2

8.5.7. I A ZF| n Giw�{��
(1) A Zg\-Tw�E+LE\<F| n Æ'w X, X XTAX = 0.
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(2) C A Z\-Tw�+\<F| n Æ'w X, X XT AX = 0, �� A = O.T� (1) W XT AX ZFGiw|s��}�L[�2� XTAX = (XT AX)T =

XT AT X = XT (−A)X = −XT AX. u{�x XT AX = 0.

(2) 4 A = (aij)n×n, l\<L X = (x1, . . . , xn)T X
Q(X) = XT AX =

n
∑

i=1

aiix
2
i +

∑

1≤i<j≤n

2aijxixj\�| 1 ≤ i ≤ n, 1 X = ei J 0 = Q(ei) = aii.\�F� 1 ≤ i < j ≤ n, 1 X = ei + ej J 0 = Q(ei + ej) = aii + ajj + 2aij =

0 + 0 + 2aij = 2aij, a= aij = 0.u{�x A KrXKk aij = 0, A = O. 2=Æ E A Z n Gg\-iw�\<L n × m TwX (XT AX)T = −XT AX, ug�
XT AX Zg\-iw�w�O�E X �XFyP� XT AX ZFGg\-iw�L[ 0. 2
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 9 � V5
§ 9.1 Y7K�G9!e�)

1. U4	���� 9.1.1 ' V 3->8 R $w�N'���tRb V $J 2 :-�>�/ V ℄�"`r{a α, β Z(F�r-> (α, β), �
ln�pS-�
(1) (?w�) (α1 + α2, β) = (α1, β) + (α2, β), (λα1, β) = λ(α1, β),

(β, α1 + α2) = (β, α1) + (β, α2), (β, λα1) = λ(β, α1)Z�" α1, α2, β ∈ V 
 λ ∈ F ,^�
(2) (Z+�) (α, β) = (β, α) Z�" α, β ∈ V ,^�
(3) (OR�) (α, α) > 0 Z�" 0 6= α ∈ V ,^�>+ (α, β) d U4 (inner product), V d X6J�F8 (Euclid space), (+}5N'� 2jq(� E(R) U�1}5N'�� En(R) �1 n e}5N'�%M
(1) n e->oN' Rn ℄R#�"`r{a X = (x1, . . . , xn), Y = (y1, . . . , yn) Jy� (X, Y ) = x1y1 + · · · + xnyn, +d z*U4. D n = 2, 3 +J>3�rS1t�o�N'S1t�℄��{aJy��Fw0���/ Rn �,{aN' Rn×1, C�iy�L -?L-a�1d (X, Y ) = XT Y . ��/ Rn �,�{aN' R1×n, C�iy�d (X, Y ) = XY T .

(2) n e{aN' Rn×1 ℄��"�ROR-Z+fL S, R#y� (X, Y ) = XT SY .

Q(X) = (X, X) >3/ S ERJ_8��D S = I +�y� (X, Y ) = XT SY >3�iy� X, Y = XT Y .

(3) V 3��' [a, b] $_��>o,J-{aN' C[a,b]. Z�" f(x), g(x) ∈ V , R#y�
(f(x), g(x)) =

∫ b

a
f(x)g(x)dx

2. ~��=�{a α J)U |α| =
√

α2, �℄ α2 = (α, α) .{a α, β J#1 θ / cos θ =
(α, β)

|α||β| ER� θ = arccos
(α, β)

|α||β| ∈ [0, π].

3. E| – aw,|�f�. θ 1"#���ÆP ∣

∣

∣

∣

∣

(α, β)

|α||β|

∣

∣

∣

∣

∣

≤ 1 ZJ1Jhe{a α, β ,^�Jr�K0+d�
1



E| – aw,|�f Z�" α, β ∈ En(R), 1 (α, β)2 ≤ (α, α)(β, β). S D α = 0 +K	s�,^�' α 6= 0. Z�"-> x, /y�JOR�1
f(x) = (xα + β, xα + β) = (α, α)x2 + 2(α, β)x + (β, β) ≥ 0./ (α, α) > 0 Q f(x) 3 x J_8�>�/ f(x) ≥ 0 (∀ x ∈ R) Q y = f(x) JX|�lw� x `$f�6 x `k0P�V1�rwyP�_8f. f(x) = 0 k->u�V1�r->u���0
(2(α, β))2 − 4(α, α)(β, β) ≤ 0 ⇔ (a, β)2 ≤ (α, α)(β, β)JPsbKm – )\j�K0,^�K	,^8D;�-> x . xα + β = 0, � α, β w�x�� 26+lD Km – )\j�K0J$=Ps�!Z6�C��!yF� p7d4��yaI2�K0J�rPs�Km – )\j�K0 (α, β)2 ≤ (α, α)(β, β) J��"#3{a α, β J#1 θ J5rJFZT | cos θ| = |(α,β)|
|α||β| ≤ 1. D α, β 3��{a+� | cos θ| K4S1�6��R���X 9-1℄J cos θ = |OC|

|OB| , |OC| ≤ |OB| ÆPb | cos θ| ≤ 1. S1� |OC| )Ud,n�z*���
|OB| ? 3&dz}RZ� |OB|2 − |OC|2 = |CB|2 ≥ 0.

-�
�

�
�

��>

-

6

O

B

θ
ACX 9 -1dbY�F�"}5N'Jhe{a α, β, / $��YZ-{aJ�>=F=2U�

α =
−→
OA, β =

−−→
OB. �B4DJ-> λ . −−→

BC =
−−→
OB − −→

OC = β − λα 6 α 5S��
(β − λα, α) = (β, α) − λ(α, α) = 0, � λ = (β,α)

|α|2 . C
|OB|2 − |OC|2 = β2 −

(

(α, β)

α2
α

)2

=

(

β − (α, β)

α2
α

)2

≥ 0 (1) $F0 (1) p�J�K0L S3Y�F�"}5N'℄�"`rhe{a α, β:

(

β − (α, β)

α2
α

)2

≥ 0/q�FHI
β2 − 2

(α, β)

α2
(β, α) +

(

(α, β)

α2

)2

α2 = β2 − (α, β)2

α2
≥ 0

2



>IFKm – )\j�K0 α2β2 ≥ (α, β)2.Nt�{�?�
9.1.1 �}5N' R4 ℄Æ{a α, β J)U
#1�
(1) α = (1, 3, 2,−1), β = (−4, 2,−3, 1) ;

(2) α = (1, 2, 0, 2), β = (3, 5,−1, 1) .> (1) α J)U |α| =
√

(α, α) =
√

12 + 32 + 22 + (−1)2 =
√

15.

β J)U |β| =
√

(β, β) =
√

(−4)2 + 22 + (−3)2 + 12 =
√

30.

α, β #1 θ J5r cos θ =
(α, β)

|α||β| =
−5√

15
√

30
= −

√
2

6
,

θ = arccos

(

−
√

2

6

)

≈ 103◦38′.

(2) >�� |α| = 3, |β| = 6, #1 θ = arccos
5

6
≈ 33◦33′26′′ 2

9.1.2 \- n e}5N' V ℄Jy��Ps�
(1) (z}RZ) {a α, β ∈ V O0J0�S-3� |α|2 + |β|2 = |α + β|2.
(2) (5rRZ) ' θ 3{a α, β ∈ V J#1�C |α−β|2 = |α|2 + |β|2− 2|α||β| cos θ.

(3) (��C��aC) ' α, β ∈ V , C |α + β|2 + |α − β|2 = 2|α|2 + 2|β|2.
(4) (d�JZ1w�x5S) ' α, β ∈ V 
 |α| = |β|, C (α + β) ⊥ (α − β).

(5) ("1��K0) Z�" α, β ∈ V R#CY d(α, β) = |α − β|, C
d(α, γ) ≤ d(α, β) + d(β, γ). S Z�"{a α, � α2 = (α, α) = |α|2. C/y�J?w�
Z+�Iw0
(α ± β)2 = α2 + β2 ± 2(α, β) (1)� |α ± β|2 = |α|2 + |β|2 ± 2(α, β).

(1) /w0 (1) I α ⊥ β ⇔ (α, β) = 0 ⇔ |α + β|2 = |α|2 + |β|2.
(2) θ 8D |α||β| 6= 0 +1"#�7+ (α, β) = |α||β|(α, β)

|α||β| = |α||β| cos θ.��w0 (1) I
|α − β|2 = |α|2 + |β|2 − 2(α, β) = |α|2 + |β|2 − 2|α||β| cos θ

(3) /w0 (1) I
|α + β|2 + |α − β|2 = (|α|2 + |β|2 + 2(α, β)) + (|α|2 + |β|2 − 2(α, β))

= 2|α|2 + 2|β|2.
(4) D |α| = |β| +1

(α + β, α − β) = α2 − β2 = |α|2 − |β|2 = 0 ⇒ (α + β) ⊥ (α − β).

3



(5) /w0 (1) 1
|α − γ|2 = ((α − β) + (β − γ))2 = |α − β|2 + |β − γ|2 + 2(α − β, β − γ)/Km�K01 (a − β, β − γ) ≤ |α − β||β − γ|. &7
|α − γ|2 ≤ |α − β|2 + |β − γ|2 + 2|α − β||β − γ| = (|α − β| + |β − γ|)2

|α − γ| ≤ |α − β| + |β − γ|�>3 d(α, γ) ≤ d(α, β) + d(β, γ). 2

9.1.3 Z}5N' E(R)℄�"�o{a α1, α2, · · · , αm R# GramfL G = (gij)m×m. gij = (αi, αj), ∀ 1 ≤ i, j ≤ m.

(1) ÆP� α1, α2, · · · , αm w�k� ⇔ det G 6= 0.

(2) / α1, . . . , αn � E(R) J�o�iO0�pi��,t� X1, X2, . . . , Xn ∈ Rn×1,ÆP� det G = ( det (X1, . . . , Xn))2. S (1) ' α1, . . . , αm w�x��C;���d 0 J-> λ1, . . . , λm . λ1α1 + · · ·+
λmαm = 0.

0 = (αi, 0) = (αi, λ1α1 + · · · + λmαm) = (αi, α1)λ1 + · · ·+ (αi, αm)λm�
gi1λ1 + · · · + gimλm = 0Z 1 ≤ i ≤ m ,^�JAs G do>?LJ�8w�f.o



















g11x1 + · · · + g1mλm = 0

· · · · · · · · · · · · · · · · · ·
gm1x1 + · · ·+ gmmxm = 01he6 (x1, . . . , xm)T = (λ1, . . . , λm). o>?LJ�0 det G = 0.d�U�' det G = 0. C G do>?LJ�8w�f.o GX = 0 1he6 X =

(x1, . . . , xm)T . 9^ XTGX = 0. �
XT GX =

m
∑

i,j=1

xi(αi, αj)xj = (
m
∑

i=1

xiαi,
m
∑

j=1

αj) = (α, α) = 0�℄ α =
∑m

i=1 xiαi. JAs α = x1α1 + · · ·+ xmαm = 0 Z��d 0 J x1, . . . , xm ,^�
α1, . . . , αm w�x��JPsb� α1, . . . , αm w�x� ⇔ det G = 0. α1, . . . , αm w�k� ⇔ det G 6= 0.

(2) /s{a αi ��iO0�p�,t� Xi, C``Jy� (αi, αj) = XT
i Xj,

G =









XT
1 X1 · · · XT

1 Xn
... · · · ...

XT
n X1 · · · XT

n Xn









=









XT
1
...

XT
n









(X1, . . . , Xn) = AT A

4



�℄ A = (X1, . . . , Xn). 43 det G = det (AT A) = ( det AT )( detA) = ( detA)T . 2

9.1.4 ' α1, . . . , αn 3}5N' En(R) J�o�� α, β ∈ En(R). ÆP�
(1) α = 0 ⇔ (α, αi) = 0 ZJ1 1 ≤ i ≤ n ,^�
(2) α = β ⇔ (α, αi) = (β, αi) ZJ1 1 ≤ i ≤ n ,^� S (1) s� α = 0 ⇒ (α, αi) = 0 (∀ 1 ≤ i ≤ n).d�U�' (α, αi) = 0 Z 1 ≤ i ≤ n ,^� α L�,�{a αi (1 ≤ i ≤ n) Jw�o� α =
∑n

i=1 xiαi, 43
|α|2 = (α, α) = (α,

n
∑

i=1

xiαi) =
n
∑

i=1

xi(α, αi) =
n
∑

i=1

xi0 = 0 ⇒ α = 0

(2) / (1) Q α = β ⇔ α − β = 0 ⇔ (α − β, αi) = 0 (∀ 1 ≤ i ≤ n)

⇔ (α, αi) = (β, αi) (∀ 1 ≤ i ≤ n). 2

9.1.5 � n e}5N' En(R) ℄``,[1J{ap℄1�r�6Ps{J5k�> p℄ n + 1 r�Ps�p� � 1 ' α1, . . . , αm ∈ V ``,[1�C``Jy� (αi, αj) < 0 (∀ i < 6= j). jqPs α1, . . . , αm−1 �Rw�k��9^ m − 1 ≤ n, m ≤ n + 1.!���' α1, . . . , αm−1 w�x��;���deJ-> x1, . . . , xm−1 . x1α1 + · · ·+
xm−1αm−1 = 0. �g/K0℄ xi ≥ 0 Jzh�K	q�� xj < 0 Jz�FK	2��IF

xi1αi1 + · · ·+ xikαik = −xj1αj1 − · · · − xjs
αjs

(1)K0 (1) `�6 αm ry�I
xi1(αi1 , αm) + · · ·+ xik(αik , αm) = −xj1(αj1, αm) − · · · − xjs

(αjs
, αm) (2)K0 (2) `�J1Jy� (αi, αm) 6 (αj, αm) T < 0, J1Jo> xi,−xj T ≥ 0, ��℄W%1�r xi > 0 � −xj > 0, &7K0 (2) `�W%1�� < 0, 9^`�TK4U�ro->�JPsK0 (1) `�K4U�rhe{a β, K0 (1) q�62�Jy�

(
k
∑

p=1

xipαip ,
s
∑

q=1

(−xjq
)αjq

) = (β, β) (3)K0 (3) q�FH�K4
k
∑

p=1

s
∑

q=1

xip(−xjq
)(αip, αjq

) (4)�℄J1J (αip, αjq
) < 0, xip(−xjq

) ≥ 0, &^ xip(−xjq
)(αip , αjq

) ≤ 0. JAsK0 (3) q� ≤ 0, ^2� (β, β) > 0 m\�
5



J>Psb α1, . . . , αm−1 w�k��m− 1 ≤ n, m ≤ n + 1. V ℄``,[1J{a�*� n + 1 r��
�Ps n e}5N' V ℄;� n + 1 r``,[1J{a�� V ℄�``O0JAg{a {α1, . . . , αn} o,�o���Jo�p/pr{a α = x1α1 + · · · + xnαn -t�
X = (x1, . . . , xn)T �1�Ct�d X = (x1, . . . , xn) 6 Y = (y1, . . . , yn)T J{aJy�
(X, Y ) = x1y1 + · · · + xnyn = XT Y . � n + 1 rt� Xk (1 ≤ k ≤ n + 1):

X1 = (−1, 0, . . . , 0)T , . . . , Xk = (1, 2, . . . , 2k−2,−2k−1, 0, . . . , 0)T , . . .

Xn = (1, 2, . . . , 2n−2,−2n−1)T , Xn+1 = (1, 2, . . . , 2n−1)TCZ 2 ≤ k ≤ n + 1 1 (X1, Xk) = −1, 
Z 2 ≤ k < j ≤ n + 1 1
(Xk, Xj) = 12 + 22 + · · ·+ 22(k−2) − 22(k−1) = 22(k−1)−1

3
− 22(k−1) < 0

n + 1 rt� Xk ��J{a``�yw
``y� < 0, &7``,[1� � 2 Z n ->��waPs V = En(R) ℄``y� < 0 J{ap℄V1 n + 1 r�D n = 1 +�J1J αi (i ≥ 2) T3he{a α1 Jhe(>�� αi = λiα1, 
/
(α1, αi) = (λ1, λiα1) = λ1(α1, α1) < 0 � (α1, α1) > 0 Q λi =

(α1, αi)

(α1, α1)
< 0. ��

i ≥ 3, C (α2, α3) = (λ2α1, λ3α1) = λ2λ2(λ1, α1). / (α1, α1) > 0, λ2 < 0 � λ3 < 0 Q
(α2, α3) > 0, m\�JPsb``y� < 0 J{ap℄Vz1`r��w%'� n − 1 e}5N' En(R) ℄``y� < 0 J{ap℄V1 (n − 1) + 1 = nr�Ps n e}5N' V = En(R) ℄``y� < 0 J{a α1, . . . , αm Jr> m ≤ n + 1.Zpr 1 ≤ i ≤ m − 1, ��4DJ-> λi . βi = αi − λiαm ln

0 = (βi, αm) = (αi − λiαm, αm) = (αi, αm) − λi(αm, αm)/4 αm 6= 0, (αm, αm) > 0, V�� λi =
(αi, αm)

(αm, αm)
�Lln�Æ�
/ λi(αm, αm) =

(αi, αm) < 0 < (αm, αm) Q λi < 0.

V ℄6 αm 5SJ�P{ao,J�� α⊥
m = {β ∈ V | (β, αm) = 0} 3 n − 1 e}5N'�$=pr βi = αi − (αi,αm)

(αm,αm)
αm �4 α⊥

m, 3 αi � α⊥
m yJV*�Z�" 1 ≤ i < j ≤

m − 1, / βi = αi − λiαm, βj = αj − λjαm 1 αi = λiαm + βi, αj = λjαm + βj, 
/
(αm, βi) = (αm, βj) = 0 I

(αi, αj) = (βi + λiαm, βj + λm) = (βi, βj) + λiλj(αm, αm),9^
(βi, βj) = (αi, αj) − λiλj(αm, αm)./ λi < 0, λj < 0 < (αm, αm) Q λiλj(λm, αm) > 0. 3 (αi, αj) < 0. 43 (βi, βj) 3`ro-> (αi, αj),−λiλj(αm, αm) R
� (βi, βj) < 0.JPsb β1, . . . , βm−1 3 n − 1 e}5N' α⊥

m ℄``y� < 0 J m − 1 r{a�/�w%'1 m − 1 ≤ n, � m ≤ n + 1. J>Psb n e}5N'℄``,[1J{a�*�
6



n + 1 r�6Pa 1 U�L� V ℄G2 n + 1 r``,[1J{a�As``,[1J{ap℄1 n + 1 r� � 3 ' S 3/ V ℄``,[1J{ao,J���
J�{ar>=Fp?T�� SJ�?w�k�o Md = {β1, . . . , βd}, C d ≤ dim V = n. ZprON> k ≤ d, � Vk d S℄	 k r{a β1, . . . , βk (,JkN'�C;� Vd J�o� Md = {α1, . . . , αd} /``O0JAg{ao,� (αi, αj) = 0 ∀ 1 ≤ i < j ≤ d), (αi, αi) = 1 (∀1 ≤ i ≤ d), �
�℄	 ir{a α1, . . . , αi o, Vi J� Mi.

Mm L/�pfa{A2U��6 β1 Uf{JAg{a α1 = 1
|β1| sd α1. �	N�'�{A2``O0JAg{a α1, . . . , αk−1 .�℄	 i r{ao, Vi J� (∀ 1 ≤ i ≤ k − 1),CL��4DJ-> λk1, . . . , λk,k−1 . β̃k = βk − (λk1α1 + · · · + λk,k−1αk−1) 6pr αi

(1 ≤ i ≤ k − 1) Jy�
(β̃k, αi) = 0 = (βk, αi) −

k−1
∑

j=1

λkj(αj , αi) = (βk, αi) − λkiV��pr λki = (βk, αi) �Lln�Æ�?�6 β̃k Uf{JAg{a αk = 1
|β̃k|

β̃k �L/ Mk−1 S0d Vk J� Mk = Mk−1 ∪ {αk}, /``O0JAg{ao,�_nJr�.�LIF Vd J� Md = {α1, . . . , αd} /``O0JAg{ao,� S ℄pr{a β L-K�Jo�pJt� X = (x1, . . . , xd) �1�S3�d β = X. N�N� M ℄pr{a
βi = (xi1, . . . , xii, 0, . . . , 0) Jp� d − i rt�d 0, 
O i t� xii K4he{a β̃i J)U
|β̃i|, &^ xii > 0.

S ℄�"`r{aJy�L /KqJt� X = (x1, . . . , xm) 6 Y = (y1, . . . , ym) F2�d (X, Y ) = x1y1 + · · · + xmym.ZprON> i ≤ d, � Si = S\{β1, . . . , βi} d S ℄3b β1, . . . , βi R℄J1J{ao,J���Cpr X = (x1, . . . , xd) ∈ S1 6 β1 = (x11, 0, . . . , 0) Jy� (X, β1) = x1x11 < 0,Q x1 6 x11 > 0%	�&7 S1 ℄J1{aJO 1 t� x1 < 0. �	N�'�ZON> k−1 < dPsb Sk−1 ℄J1J X = (x1, . . . , xd) J	 k − 1 rt� x1, . . . , xk−1 T < 0. Sk−1 ℄J
βk = (xk1, . . . , xk,k−1, xkk, 0, . . . , 0) ∈ Sk−1 6�5��{a X = (x1, . . . , xd) ∈ Sk Jy�

(X, βk) = x1xk1 + · · ·+ xk−1xk,k−1 + xkxkk < 0
/ βk, X J	 k − 1 rt� xkj 6 xj (1 ≤ j ≤ k − 1) U	 (T < 0) Q xjxkj > 0, J�.O k t�J-� xkxkk < 0, 9^ xk 6 xkk %	�D xkk > 0 +Vz xk < 0. JPsb Sk ℄J1{aJ	 k r{aJt��!U	�T3o->�/>��wa;ZQ� S ℄3b β1, . . . , βd R℄J1J{a X = (x1, . . . , xd) ∈ Sd J�!t� x1, . . . , xd U	�T3o->��� Sd ℄;�`r�UJ{a X = (x1, . . . , xd) 6 X̃ = (x̃1, . . . , x̃d), /4KqJ1Jt� xi, x̃i T3o->�-� xix̃i > 0, y� (X, X̃) = x1x̃1 + · · ·+ xdx̃d > 0, X, X̃ �,[1�6 S Jo,xm\�JPsb� S ℄3b�?w�k�o℄J{a β1, . . . , βd R℄W℄V
7



1�r{a� S ℄``,[1J{a�*� d + 1 r� V ℄�2Jw�k�{ar> d ≤ n,&7``,[1J{ar> ≤ d + 1 ≤ n + 1, �*� n + 1 r�6Pa 1 U�L{A2 n+1 r``,[1J{a�JPs``,[1J{ap℄V1 n+1r� 2

§ 9.2 {+�<3!e�)
1. z*�;2	���� 9.2.1 ' V 3}5N'��� α, β ∈ V lnS- (α, β) = 0, >+ α, β �; (orthogonal), �d α ⊥ β.

V ℄/``O0Jhe{ao,J{ao α1, . . . , αk +d �;�P0 (orthogonal vec-

tors). �� V J� M 3O0{ao�>+ M d �;2 (orthogonal basis). /``O0JAg{ao,J�+d z*�;2 ( orthonormal basis). 2�I 9.2.1 }5N' V ℄JO0{ao α1, . . . , αk w�k��
2. Gram-Schmidt �;.���I 9.2.2 n e}5N' V ��;��iO0�� 2�;.o� /}5N' V = En(R) ���o� S = {α1, . . . , αn} pA,O0� M =

{β1, . . . , βn} .pr αk = βk + λk1β1 + · · ·+ λk,k−1βk−1, �℄ λkj ∈ R (∀ 1 ≤ j ≤ k − 1).�<Æ2 β1, . . . , βk−1 R��/ βk = αk − λk1β1 − · · · − λk,k−1βk−1 lnJS-
(βk, βj) = (αk, βj) − λkj(βj , βj) = 0 (∀ 1 ≤ j ≤ k − 1)LÆIpr λkj =

(αk ,βj)

(βj ,βj)
, 9^

βk = αk −
k−1
∑

j=1

(αk, βj)

(βj, βj)
βj (1)9 V J�"�o� S = {α1, . . . , αn} 2`�� β1 = α1. �Hw0/ β1, α2 Æ β2, /

β1, β2, α3 Æ β3. �	N�/ β1, . . . , βk−1, αk Æ βk. p�>IFO0� M = {β1, . . . , βn}.�y. /O0� M = {β1, . . . , βn} ℄pr{a βi Q�,Uf{JAg{a εi = 1
|βi|βi,>IF�iO0� E = {ε1, . . . , εn}.

3. B�	�-
Gram �� }5N' V J{ao S = {α1, . . . , αm} J``y� gij = (αi, αj) (1 ≤

i, j ≤ m) o,JfL G = (gij)m×m +d S J Gram fL�
8



S w�k� ⇔ Gram fLL|� S 3O0{ao ⇔ Gram fL3L|Z1L�
S 3�iO0{ao ⇔ Gram fL3AgL�' S = {α1, . . . , αm}6 B = {β1, . . . , βm}R'1w��o (β1, . . . , βm) = (α1, . . . , αm)P ,C S 6 B J Gram fL G(S) 6 G(B) R'1�o0 G(M) = P T G(S)P . N�N���

S 6 B K&� P L|�C Gram fL G(S) 6 G(B) x���PB� }5N' En(R) J��o� S = {α1, . . . , αn} J Gram fL G +d En(R)Jy��Jo�pJUa?L�/ En(R) ℄pr{a α = x1α1 + · · ·+ xnαn -K�� S pJt� X = (x1, . . . , xn)T�1�C/`r{a α, β Jt� X = (x1, . . . , xn)T , Y = (y1, . . . , yn)T �Fy�Jw0d
(α, β) = XT GY =

n
∑

i,j=1

xigijxj .�℄ gij = (αi, αj) dUa?L G = (gij)n×n JO (i, j) :�N�N� S 3�iO0� ⇔ Ua?L G = I 3AgL�y��Fw0p(A�d
(α, β) = XT Y = x1y1 + · · ·+ xnyn'� S = {α1, . . . , αn} F T = {β1, . . . , βn} J�V?Ld P , � (β1, . . . , βn) =

(α1, . . . , αn)P , Cy�� S, T pJUa?L G, G1 R'1x��o0�
G1 = P T GPL�B��-℄z*�;2 / Gram-Schmidt O0�fa/}5N'J�o� S =

{α1, . . . , αn} pA,�o�iO0� (ε1, . . . , εn) = (α1, . . . , αn)P , �V?L P 3L|$"1fL P . J-!$>3/ S JUa?L G T�$"1L P x�FAgL P TGP = I. Jrx��.L T�Z G 9��o1K���
x(J��U-t�$sf0�p�/ S J Gram fL G 6AgL I �, n× (2n) ?L (G, I), <��o1K����	
n Jx(J���F (I, X), .	 n J G �F I. C	 n J G �vrL|fL P x�F P TGP = I, ^� n J I V<�b��� (^o1<���) xMF P T I = P T = X.J>L/ X = P T IF P = XT , 9^IF�iO0� (ε1, . . . , εn) = (α1, . . . , αn)P . / Gx�FAgL+�V
9�`^1K���
���

(1) λ(i)+(j)
λ(i)+(j)

→ (�℄ i < j): /v� (O i �) J λ �$F pJv� (O j �), ?/O iJ λ �$FO j �
(2) λ(i)

λ(i)
→ : /O i �U- λ, O i U- λ./4x���J9�J1K���6��xU�L V�,W$f�21K����/,WpfJ1K��j��/ λ(i)+(j)

λ(i)+(j)
→ � λ(i)

λ(i)
→ (�d λ(i)+(j)→, λ(i)→. C�e"��a�9�x(J���z*�;2"8	&�B� �� S, T 3U�r}5N'J`o�iO0��y��J`o�pJUa?LT3AgL I, S F T J�V?L P /AgLx�FAgL� P T IP = I, l
9



nS- P TP = I � P T = P−1, J�JL|fL P +dO0fL�O0fL P J�{ao
{aoT3 Rn×1 J�iy�pJ�iO0��Nt�{�?�
9.2.1. '�"e}5N' E3(R) ℄�� α1, α2, α3 JUa?L3

S =









1 0 −1

0 2 0

−1 0 2









,6Æ E3(R) ℄/ α1, α2, α3 t2J�o�iO0��>� 1 Z 3 × 6 ?L (S, I) 9�1K����Z	 3 rx(J���/ (S, I) →
(I, P T ):

(S, I)
(1)+(3)→









1 0 0 1 0 0

0 2 0 0 1 0

0 0 1 1 0 1









1
√

2→









1 0 0 1 0 0

0 1 0 0 1√
2

0

0 0 1 1 0 1







�
(ε1, ε2, ε3) = (α1, α2, α3)









1 0 1

0 1√
2

0

0 0 1









=

(

α1,
1√
2

α2, α1 + α3

)C ε1 = α1, ε2 = 1√
2
α2, ε3 = α1 + α3 o,�iO0��>� 2 / S = (sij)3×3 J s12 = (α1, α2) = 0 Q α1 ⊥ α2. �B λ2, λ3 . β3 =

α3 + λ1α1 + λ2α2 ln
(β3, α1) = (α3, α1) + λ1(α1, α1) = −1 + λ1 = 0, λ1 = 1;

(β3, α2) = (α3, α2) + λ2(α2, α2) = 0 + 2λ2 = 0, λ2 = 0.43 β3 = α1 +α3 6 α1, α3 TO0�
 β2
3 = α2

1 +α2
3 +2(α1, α3) = 1+2+2(−1) = 1.

α1, α2, β3 o,O0��
 |α1| = |β3| = 1, |α2| =
√

2. �6 α2 Uf{JAg{a
β2 = 1

|α2| α2 = 1√
2
α2.C α1,

1√
2
α2, α1 + α3 o,�iO0�� 2

9.2.2. �Q�8f. x1 − x2 + x3 − x4 = 0 �->8$J6N'J�o�iO0��> ÆIf.J6 X1 = (1, 1, 0, 0), X2 = (0, 0, 1, 1), X3 = (1,−1,−1, 1) o,6N' UJ�oO0��
Y1 = 1

|X1|X1 = ( 1√
2
, 1√

2
, 0, 0), Y2 = 1

|X2| = (0, 0, 1√
2
, 1√

2
), Y3 = 1

|X3|X3 = (1
2
,−1

2
,−1

2
, 1

2
)o, U J�iO0�� 2
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9.2.3. (1) Æ�8w�f.o






x1 + x2 + x3 + x4 + x5 = 0

2x1 + 3x2 + 5x3 + 8x4 = 0J6N'J�o�iO0��
(2) / (1, 1, 1, 1, 1), (2, 3, 5, 8, 0) S0d R5 J�o�iO0��> (1) ÆIf.oJ6 X1 = (2,−3, 1, 0, 0), X2 = (5,−6, 0, 1, 0), X3 = (−3, 2, 0, 0, 1)o,6N' U J�o�� (Xi, Xj) dO (i, j) :o,Jo�JUa?L

S =









14 28 −12

28 62 −27

−12 −27 14







/ 3 × 6 ?L (S, I) <��o1K��� �	 3 x(J1K���, (I, P T ):

(S, I) =









14 28 −12 1 0 0

28 62 −27 0 1 0

−12 −27 14 0 0 1









−2(1)+(2), 6
7
(1)+(3)→









14 0 0 1 0 0

0 6 −3 −2 1 0

0 −3 26
7

6
7

0 1









1

2
(2)+(3)→









14 0 0 1 0 0

0 6 0 −2 1 0

0 0 31
14

−1
7

1
2

1









1
√

14
(1), 1

√

6
(2),

√
14

31
(3)
→









1 0 0 1√
14

0 0

0 1 0 − 2√
6

1√
6

0

0 0 1 −
√

14
7
√

31

√
14

2
√

31

√
14√
31









= (I, P T )

(ε1, ε2, ε3) = (X1, X2, X3)P

=





















2 5 −3

−3 −6 2

1 0 0

0 1 0

0 0 1





























1√
14

− 2√
6

−
√

14
7
√

31

0 1√
6

√
14

2
√

31

0 0
√

14√
31









=





















2√
14

1√
6

−11
√

14
14

√
31

− 3√
14

0 −4
√

14
7
√

31
1√
14

− 2√
6

−
√

14
7
√

31

0 1√
6

√
14

2
√

31

0 0
√

14√
31





















ε1 = ( 2√
14

,− 3√
14

, 1√
14

, 0, 0), ε2 = ( 1√
6
, 0,− 2√

6
, 1√

6
, 0), ε3 = (−11

√
14

14
√

31
,−4

√
14

7
√

31
,−

√
14

7
√

31
,

√
14

2
√

31
,
√

14√
31

) o,6N'J�iO0�� 2

9.2.4. �8>L4 4 J-o>℄z0o,J-w�N' R4[x] ℄R#y� (f(x), g(x)) =
∫ 1
−1 f(x)g(x)dx. 6/ R4[x] J� {1, x, x2, x3} sO0�IF�o�iO0��> ��`r�{a xk, xj (0 ≤ k ≤ j ≤ 3) Jy�

(xk, xj) =
∫ 1

−1
xk+jdx =

1

k + j + 1
xk+j+1

∣

∣

∣

∣

∣

1

−1

=







0, k + j d�>
2

k + j + 1
, k + j d~>
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 �{a 1, x, x2, x3 ``Jy�d:Eo,J Gram fL
G =















2 0 2
3

0

0 2
3

0 2
5

2
3

0 2
5

0

0 2
5

0 2
7















.

(G, I)
− 1

3
(1)+(3),− 3

5
(2)+(4)→















2 0 0 0 1 0 0 0

0 2
3

0 0 0 1 0 0

0 0 8
45

0 −1
3

0 1 0

0 0 0 8
175

0 −3
5

0 1















√

2

2
(1),

√

6

4
(2), 3

√

10

4
(3), 5

√

14

4
(4)→















1 0 0 0
√

2
2

0 0 0

0 1 0 0 0
√

6
4

0 0

0 0 1 0 −
√

10
4

0 3
√

10
4

0

0 0 0 1 0 −3
√

14
4

0 5
√

14
4















(1, x, x2, x3)















√
2

2
0 −

√
10
4

0

0
√

6
4

0 −3
√

14
4

0 0 3
√

10
4

0

0 0 0 5
√

14
4















=

(√
2

2
,

√
6

4
x,

√
10

4
(3x2 − 1),

√
14

4
(5x3 − 3x)

)

√
2

2
,
√

6
4

x,
√

10
4

(3x2 − 1),
√

14
4

(5x3 − 3x) o, R4[x] J�o�iO0�� 2

9.2.5. � R4[x] ℄R#y� (f(x), g(x)) =
∫ 1
0 f(x)g(x)dx, Æ R4[x] J�o�iO0�� > �{a 1, x, x2, x3 ``y� (xk, xj) =

∫ 1
0 xk+jdx = 1

k+j+1
. Jo�J Gram fL

G =















1 1
2

1
3

1
4

1
2

1
3

1
4

1
5

1
3

1
4

1
5

1
6

1
4

1
5

1
6

1
7















(G, I)
− 1

2
(1)+(2),− 1

3
(1)+(3),− 1

4
(1)+(4)→















1 0 0 0 1 0 0 0

0 1
12

1
12

3
40

−1
2

1 0 0

0 1
12

4
45

1
12

−1
3

0 1 0

0 3
40

1
12

9
112

−1
4

0 0 1















−(2)+(3),− 9

1)
(2)+(4)

→















1 0 0 0 1 0 0 0

0 1
12

0 0 −1
2

1 0 0

0 0 1
180

1
120

1
6

−1 1 0

0 0 1
120

9
700

1
5

− 9
10

0 1
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− 3

2
(3)+(4)→















1 0 0 0 1 0 0 0

0 1
12

0 0 −1
2

1 0 0

0 0 1
180

0 1
6

−1 1 0

0 0 0 1
2800

− 1
20

3
5

−3
2

1















2
√

3(2),6
√

5(3),20
√

7→















1 0 0 0 1 0 0 0

0 1 0 0 −
√

3 2
√

3 0 0

0 0 1 0
√

5 −6
√

5 6
√

5 0

0 0 0 1 −
√

7 12
√

7 −30
√

7 20
√

7















= (I, P T )

(1, x, x2, x3)P = (1,
√

3(2x − 1),
√

5(6x2 − 6x − 1),
√

7(20x3 − 30x2 + 12x − 1)).

1,
√

3(2x− 1),
√

5(6x2 − 6x− 1),
√

7(20x3 − 30x2 + 12x− 1) o, R4[x] J�iO0�� 2

9.2.6. ��' [0, 2π]$J�P_��>o,J-w�N' C[0,2π] ℄R#y� (f(x), g(x)) =
∫ 2π
0 f(x)g(x)dx. �P�>o {1, cos kx, sin kx | ∀ ON> k} ``O0�> (1, cos kx) =

∫ 2π
0 1 cos kxdx = 1

k
sin kx|2π

0 = 0.

(1, sin kx) =
∫ 2π
0 1 sin kx dx = − 1

k
cos kx|2π

0 = 0.

(sin kx, cos mx) =
∫ 2π
0 sin kx cos mxdx =

∫ 2π
0

1
2
(sin(k + m)x + sin(k − m)x)dx = 0.D k 6= m +�

(sin kx, sin mx) =
∫ 2π
0 sin kx sin mxdx =

∫ 2π
0

1
2
(cos(k−m)dx−cos(k +m)x)dx = 0;

(cos kx, cos mx) =
∫ 2π
0 cos kx cos mxdx =

∫ 2π
0

1
2
(cos(k − m)x + cos(k + m))dx = 0.JPsbJt�>o℄�"`r�UJ�>x�O0� 2

9.2.7. ' e1, e2, · · · , en 3 En(R) J�iO0�� α1, α2, · · · , αk 3 En(R) J�" k r{a�6P� α1, α2, · · · , αk ``O0J0�S-3
n
∑

s=1

(αi, es)(αj , es) = 0, ∀ 1 ≤ i < j ≤ k. S '{a α ��iO0� E = {e1, . . . , en} pJt�d (x1, . . . , xn), �
α = x1e1 + · · ·+ xnenK0`�6U�r ei (1 ≤ i ≤ n) sy��/ (ei, ej) (∀ i 6= j) � (ei, ei) = 1 I (α, ei) =

xi(ei, ei) = xi. L* α = (α, e1)e1 + · · ·+ (α, en)en.&7 αi = (αi, e1)e1 + · · ·+ (αi, en)en, αj = (αj, e1)e1 + · · ·+ (αj, en)en. KqJy�
αi, αj) K4Z(t� (αi, es), (αies) -�R
�``O0J0�S-d

(αi, αj) =
n
∑

k=1

(αi, es)(αj, es) = 0, ∀ 1 ≤ i < j ≤ n. 2
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9.2.8. -{aJy�Ps�r℄�PF�rJwX) 5wXpW��Y�F n e}5N'�
(1) ��r$��Pd;P O, /N' V p�P P -{a −→

OP �1�C�r3�r 2 ekN'W . ' A 3N'℄tRJ��P�B 3�ry��P�i�Z(4{a α =
−→
OA, β =

−−→
OB,C |AB| = |α − β|. ÆP�D α − β ∈ W⊥ + |α − β| �p~T�

(2) ' E(R) 3}5N'� W 3KJ�"kN'� α 3 E(R) �"tRJ{a�ÆP�D α − β ∈ W⊥ + |α − β| (β ∈ W ) �p~T�
(3) ' E(R) 3}5N'� α ∈ E(R), W 3/ α1, . . . , αk ∈ E(R) (,JkN'�D

x1, . . . , xk ∈ R ln,nS-+� |α − (x1α1 + · · ·+ xkαk)| �p~T� S (1) �X 9-2, ' D 3/ A F�r W J'5w6 W J0P�/{a β0 =
−−→
OD�1�C α − β0 =

−−→
DA ∈ W⊥. jq-{ay�Ps/�ry�"�P B F A JCY

|BA| = |α − β| ≥ |α − β0| = |DA|.

�
�

�
�

�
��

B

������������

�
�
�
�
��
������������

�
�
�
�
��

W

���������*

�
�

�
�

�
��3

JJ] HHHY

O

A

D

X 9 - 2q-��7�=�_3 BD, C/ DA ⊥ �r W Q DA ⊥ BD, 6 BDA 3S1�/z}RZI |BA|2 = |BD|2 + |DA|2 ≥ |DA|2, J>Psb |BA| ≥ |DA|.b$,{a7��−→
BA = α−β = (α−β0)+(β0−β) =

−−→
DA+

−→
BA. 
/ α−β0 ∈ W⊥� β0, β ∈ W Q (α − β0, β0 − β) = (α − β0, β0) − (α − β0, β) = 0 − 0 = 0. &^

|α − β|2 = ((α − β0) + (β0 − β))2 = (α − β0)
2 + (β0 − β)2 ≥ (α − β0)

2 = |α − β0|2JPsb |α − β| ≥ |α − β0|. |DA| = |α − β0| 3J1 |BA| = |α − β| Jp~T�
(2) (1) ℄Z{a α, β, β0 JYZ4�4�"}5N' En(R). ' β, β0 3kN' W ℄J{a�
 α − β0 ∈⊥ W . C (α − β0, β0 − β) = (α − β0, β0) − (α − β0, β) = 0 − 0 = 0.

|α − β|2 = ((α − β0) + (β0 − β))2 = (α − β0)
2 + (β0 − β)2 ≥ (α − β0)

2 = |α − β0|2JPsb |α − β0| ≤ |α − β|. |α − β0| 3J1 |α − β| (β ∈ W ) Jp~T�
(3) α1, . . . , αk ∈ W ⇒ β = x1α1 + · · · + xkαk ∈ W . �H (2) PsJ5k�

|α − (x1α1 + · · · + xkαk)| = |α − β| �p~TJ0i��S-d α − β ∈ W⊥, �>3
(αi, α − β) = (αi − α) − (αi, β) = 0 �

(αi, α) = (αi, β) = x1(αi, α1) + · · ·+ xk(αi, αk)
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Z 1 ≤ i ≤ k ,^��>3A (x1, . . . , xk) 3w�f.o


































(α1, α1)x1 + · · ·+ (α1, αk)xk = (α1, α)

(α2, α1)x1 + · · ·+ (α2, αk)xk = (α2, α)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
(ak, α1)x1 + · · · + (αk, αk)xk = (αk, α)J6�Jrf.oJo>?L>3{ao α1, . . . , αk J Gram fL� 2Æ[ �H (1) JPs�9�r W ℄�P A F�rJ5wX AD ��wX AB WJ;&3z}RZ� |AB|2 = |AD|2 + |DB|2 > |AD|2 ⇒ |AB| > |AD|. -{ay�J7�U=�z}RZ>3^��fw0 −→

AB
2

= (
−−→
AD +

−−→
DB)2 =

−−→
AD

2
+

−−→
DB

2
+ 2

−−→
AD · · ·−−→DB D

−−→
AD · −−→DB = 0 +JN9���^��fw0L/y�J=Fi (?w��Z+�) Y2� �/y�J=FiY�Fb n e}5N' En(R), ^��fw0 (α + β)2 = α2 + β2 + 2(α, β) �>Y�Fb En(R), D (α, β) = 0 +>IFb (α + β)2 = α2 + β2 ≥ α2, � |α + β| ≥ |α|,J>35wXpWJRZ�}�[HJp_�xu3/n>juJ��t|�5d%>s^!*J(AwZ��>�3J��/n>J=F
tO�5d%>(AwZ — =Fi��OO (3) ~OJ5kL -U6E-o>h�8w�f.oJp.6JiO�h�8w�f.o AX = b 1Lzk6�/o>?L A �iOd A = (a1, . . . , an), /f.o AX = b�,{a�0

x1a1 + · · · + xnan = b (1)Æ6Jrf.o�>3/{a b �, a1, . . . , an Jw�o��Æw�o�o> x1, . . . , xn. 8D b �4 a1, . . . , an J(,JkN' W = L(a1, . . . , an) +�f.o"16��� b /∈ W ,f.o>o16�C7+jqL � W yÆ2 β0 = x1a1 + · · · + xnan = AX0 .K6 b JCY |b−b0| = |AX0 −b| pW�/J�IFJ X0 = (x1, . . . , xn)T sdf.o AX = b Jp.:D6��H�OO (3) ~OJ5k�J�J β0 = AX0 (Dln AX0 − β ∈ W⊥, �>3 (ai, AX0 − b) = a
T
i (AX0 − b) = 0 Z 1 ≤ i ≤ n ,^��



















a
T
1 (AX0 − b) = 0

· · · · · · · · · · · ·
a

T
n (AX0 − b) = 0

� 







a
T
1
...

a
T
n









(AX0 − b) = 0 � AT AX0 = AT
b

X0 lnJf.o AT AX = AT
b /;f.o AX = b `�q- AT IF���f.o

AX = b 16�KJ6�R3 AT AX = AT
b J6�d�U�Df.o AX = b k6+�f.o AT AX = AT

b ��R16�KJ6 X >3. |AX − b| pWJ6� ��zÆI X. AX = b, Z^Æ�8�Æ X .{a AX ;Lz3: b, �>3. |AX − b| pW�.
|AX − b|2 p~�
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|AX − b|2 =
√

(a11x1 + · · ·+ a1nxn − b1)2 + · · · + (am1x1 + · · ·+ amnxn − bm)2>3f.o AX = b ℄sf. ai1x1 + · · · + ainxn = bi (∀ 1 ≤ i ≤ m) q2`�'J�f
�.Jr�f
p~J6 X +df.oJ 1���>. 2

9.2.9. (1) ' W 3 R3 ℄�P (0, 0, 0), (1, 2, 2), (3, 4, 0) J�r�ÆP A(5, 0, 0) F�r W JpWCY�
(2) Æf.o



































0.39x − 1.89y = 1

0.61x − 1.80y = 1

0.93x − 1.68y = 1

1.35x − 1.50y = 1Jp~_-6��>3Æ x, y . R4 ℄J{a
δ = x(0.39, 0.61, 0.93, 1.35)− y(1.89, 1.80, 1.68, 1.50)− (1, 1, 1, 1)J)UJ�f�p~T�

(3) ' A ∈ Rm×n, X = (x1, . . . , xn)T , β ∈ Rm×1. ��-o>w�f.o AX = β k6�jqL Æ X . Rm×1 ℄J{a δ = Ax−β J)U |δ| �p~T�lnJrS-J6 X +df.o AX = β Jp~_-6�' A Js�8d α1, . . . , αn, C AX = x1α1+· · ·+xnαn.ÆP�
|δ| �p~T ⇔ (δ, αi) = 0 (∀ 1 ≤ i ≤ n) ⇔ AT AX = Aβ .> (1) 9 A {�r W s5w6 W x04 D, C |AD| 3 A F�rJpWCY�

D ∈ W ⇔ −−→
OD = xα1 +y1α2 = (α1, α2)X = AX Zvr_e-{a X = (x, y)T ∈

R2×1 ,^��℄ A = (α1, α2) 3 α1 = (1, 2, 2)T , α2 = (3, 4, 0)T d`�,J?L�
−−→
AD =

−−→
OD −−→

OA = AX − β, �℄ β =
−→
OA = (5, 0, 0)T .

AD ⊥ W ⇔ (αi,
−−→
AD) = αT

i (AX − β) = 0 Z i = 1, 2 ,^
⇔ AT (AX − β) = 0, (�℄ AT =

(

αT
1

αT
2

)

) ⇔ AT AX = AT β.f.o AT AX = AT β �
(

1 2 2

3 4 0

)









1 3

2 4

2 0









(

x

y

)

=

(

1 2 2

3 4 0

)









5

0

0









⇔
(

9 11

11 25

)(

x

y

)

=

(

5

15

)

6RI (x, y) = (− 5
13

, 10
13

). 43
|AD| = |AX − β| =

√

(x + 3y − 5)2 + (2x + 4y)2 + (2x)2 = 10
√

2
133JÆpWCY�
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(2) /f.o AX = β �,{a�0 xα1 + yα2 = β, �℄ α1, α2 i�3o>?L
A = (α1, α2) J`�' X0 = (x0, y0)

T . δ0 = AX0 − β = x0α1 + y0α2 − β 6 α1, α2 T5S�� αT
1 (AX0−β) = αT

2 (AX0−β) = 0, �>3 AT (AX0−β) = 0 � AT AX0 = AT β,CZ�" δ = AX − β 1
(δ − δ0, δ0) = (AX − AX0)

T (AX0 − β) = (X − X0)
T AT (AX0 − β) = 0,&^

|δ|2 = ((δ − δ0) + δ0)
2 = (δ − δ0)

2 + δ2
0 ≥ δ2

0 = |δ0|2JPsb |δ| Jp~Td |δ0|. D
8D δ − δ0 = 0 � δ = δ0 = AX0 − β � AT AX = AT β+ |δ| = |AX − β| �p~T��O℄
B = AT A =

(

0.39 0.61 0.93 1.35

−1.89 −1.80 −1.68 −1.50

)















0.39 −1.89

0.61 −1.80

0.93 −1.68

1.35 −1.50















=

(

3.2116 −5.4225

−5.4225 11.8845

)

,

b = AT β =

(

0.39 0.61 0.93 1.35

−1.89 −1.80 −1.68 −1.50

)















1

1

1

1















=

(

3.28

−6.87

)

f.o (AT A)X = AT β 1�6 X = (x, y)T = B−1
b = (0.19722,−0.488079)T .

(3) ZprON> i ≤ m 1� (αi, δ) = 0 ⇔ αT
i δ = αT

i (AX − β) = 0.

αT
i O3 AT JO i �� αT

i (AX − β) = 0 3 AT (AX − β) JO i ��&7� (αi, δ) = 0 (∀ 1 ≤ i ≤ m) ⇔ AT (AX − β) Js� αT
i (AX − β) �d 0

⇔ AT (AX − β) = 0 ⇔ AT AX = AT β.' X0 ∈ Rn×1 ln AT AX0 = AT β � AT (AX0 − β) = 0. CZ�" δ = AX − β =

(AX − AX0) + (AX0 − β), /
(AX − AX0, AX0 − β) = (A(X − X0))

T (AX0 − β) = (X − X0)
T AT (AX0 − β) = 0I |δ|2 = δ2 = (AX − AX0)

2 + (AX0 − β)2 ≥ (AX0 − β)2 = |AX0 − β|2.JPsb |δ|2 Jp~Td |AX0 − β|.
|δ| �p~T ⇔ AX − AX0 = 0 ⇔ δ = AX − β = AX0 − β ⇔ AT (AX − β) = 0

⇔ (αi, δ) = 0 (∀ 1 ≤ i ≤ m). 2Æ[ �OO (2) ~OJ�FL 7d4�F�U^,�� Mathematica ℄:��p7D�
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A={{0.39,-1.89},{0.61,-1.80},{0.93,-1.68},{1.35,-1.50}}; b={1,1,1,1};
P=Transpose[A].A; B=Transpose[A].b; Inverse[P].B=�IF:25�� {0.19722,-0.488079} . 2

9.2.10. ' α1, α2, . . . , αk 3}5N' E(R) ℄�o``O0JAg{a�(, E(R) J�rkN' W . α 3 E(R) ℄J�"{a�6Æ x1, . . . , xk ∈ R . δ = α − (x1α1 + · · ·+ xkαk) J)U |δ| �p~T�> / 9.2.8 O (3) ~OJ5kQ�
|δ| )Up~ ⇔ (αi, δ) = (αi, α) − xi = 0 � xi = (αi, α) (∀ 1 ≤ i ≤ k).&7� (x1, . . . , xk) = ((α1, a), . . . , (αk, α)) dJÆ� 2

9.2.11. (Bessel �K0) ' α1, α2, . . . , αk 3}5N' E(R) ℄�o``O0JAg{a� α 3 E(R) ℄J�"{a�Ps�
k
∑

i=1

(α, αi)
2 ≤ |α|2.^
{a β = α −∑k

i=1(α, αi)αi 6pr αi TO0� S � δ = (α, α1)α1 + · · · + (α, αk)αk, β = α − δ. CZpr αi 1
(β, αi) = (α, αi) −

k
∑

j=1

(α, αj)(αi, αj) = (α, αi) − (α, αi) = 0JPsb β 6pr αi TO0�9^ (β, δ) =
k
∑

i=1

(α, αi)(β, αi) = 0. 43
|α|2 = (β + δ)2 = β2 + δ2 ≥ δ2 =

(

k
∑

i=1

(α, αi)αi

)2

=
k
∑

i=1

(α, αi)
2

9.2.12. ' α1, . . . , αn 3 n e}5N' En(R) J�o{a�PsprJtOK& (��``�xd0i��S-).

(1) α1, . . . , αn 3 En(R) J�iO0��
(2) (Parseval K0) Z�" α, β ∈ En(R), (α, β) =

∑n
i=1(α, αi)(β, αi) ;

(3) Z�" α ∈ En(R), |α|2 =
∑n

i=1(α, αi)
2 . S (1) ⇒ (2): �Q α1, . . . , αn 3 En(R) J�iO0��'{a α, β Jt�i�d

X = (x1, . . . , xn)T 6 Y = (y1, . . . , yn)T , �
α =x1α1 + · · ·+ xnan, β = y1α1 + · · · + ynαn (1)

(α, β) = x1y1 + · · · + xnyn = XT Y. (2)N�N��{a αi Jt� ei JO i iad 1 ��5ia�d 0. 43 (α, αi) = XT ei = xi,

(β, αi) = Y T ei = yi. �� (2) I
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(α, β) =
n
∑

i=1

(α, αi)(β, αi)tO (2) ,^�
(2) ⇒ (3): �QtO (2) ,^��tO (2) ℄� β = α �I

|α|2 = (α, α) =
n
∑

i=1

(α, αi)
2tO (3) ,^�

(3) ⇒ (1): �QtO (3) ,^��}5N' En(R) ℄��o�iO0�p/pr{a α -t� (�, n e{a) X = (x1, . . . , xn)T �1�/`r{a α, β Jt� X =

(x1, . . . , xn)T , Y = (y1, . . . , yn)T �Fy�Jw0d (α, β) = XT Y = x1y1 + · · · + xnyn.' α1, . . . , αn Jt�i�d X1, . . . , Xn. CtO (3) ,d
XT X = (XT X1)

2 + · · ·+ (XT XT
n ) = (XT X1, . . . , X

T Xn)(XTX1, . . . , X
T Xn)T� (XT X1, . . . , X

T Xn) = XTA, �℄ A = (X1, . . . , Xn) 3�8 X1, . . . , Xn ds�,JfL�CtO (3) ,d
XT X = (XT A)(XTA)T = XT AAT X ⇔ XT (AAT − I)X = 0 (∀ X ∈ Rn×1)-Z+fL AAT − I ERJ_8� Q(X) = XT (AAT − I)X ÆK4 0 J0i��S-3 AAT − I = O, � AAT = I.

AAT JO (i, j) : XT
i Xj = (αi, αj), G = AAT >3{ao α1, . . . , αn J Gram fL� G = I As {α1, . . . , αn} 3�iO0��S- (2) ,^� $JYZ (1) ⇒ (2) ⇒ (3) ⇒ (1) PsbtO (1),(2),(3) K&� 2

19



§ 9.3 �<y0!e�)
1. �;x/	����r��
^P��℄�*i�eÆ/X��KJ���JhÆ/X�J�K�>3��	�J)U�1UÆ/���)U
1UTL /y�U�F�V���	�Jy�Æ/���>Æ/bX�J�K�JL Y�F�	J}5N'��� 9.3.1 }5N' V $Jw��� A ��Æ/{aJy�����>3

(Aα,Aβ) = (α, β)ZJ1J α, β ∈ V ,^�>+ A 3 V $J �;x/ (orthogonal transformation). 2Æ/y����RÆ/{aJ)U
1U���d�U���r��℄�"�Z(xKJ`r"1��K�9^1U�Z(xK�JAsV�Æ/{a a,b, a−b J)U>zÆ/1U9^Æ/y� a · b ���2-$�y� (a,b) L T�)U |a|, |b|, |a + b| F2U�
(a,b) = 1

2
(|a + b|2 − |a|2 − |b|2)V�w���Æ/)U |a|, |b|, |a + b| ���>Æ/y� (a,b) ���J>IF�I 9.3.1 ' A 3}5N' V $Jw����C�

A 3O0�� ⇔ A Æ/J1J{aJ)U���� |Aα| = |α|, ∀ α ∈ V . 2

2. �z*�;2~	B��	Jw�N' V $Jw��� σ /K�N'J�o� S = {α1, . . . , αn} pJs-��
σ(αi) (1 ≤ i ≤ n) �ER�}5N' V = En(R) $Jw��� σ 3lO0���/Kq3lÆ/��o� S ℄J{ay�ER��

σ 3O0�� ⇔ (σ(αi), σ(αj)) = (αi, αj), (∀ 1 ≤ i, j ≤ n)N�N�� S d�iO0��C σ 3O0�� ⇔ σ /�iO0���,�iO0�����o�iO0� S0 p/ En(R) ℄pr{a-t� (�,{a) X �1�prw��� σ -K� S0 pJ?L A �1�C σ : X 7→ AX 3O0��JR#d�
(X, Y ) = XTY = (AX, AY ) = (AX)T (AY ) = XTAT AX (∀ X, Y ∈ Rn×1 ⇔

AT A = I ⇔ A 3O0fL��I 9.3.2 ' A 3}5N' V $Jw����C ptOK&�``�d0i��S-�
(1) A 3O0���
(2) A /�iO0���d�iO0��
(3) A ��"�o�iO0�pJ?L3O0fL� 2
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3. r�#O0�� σ : X 7→ AX �O0fL A J-NMT λ = ±1, nNMT λ Ju |λ| = 1.

4. �;��	�;�m}5N' V = En(R) $`o�iO0� S = {α1, . . . , αn} 6 T = {β1, . . . , βn} R'J�V?L P 3O0fL� (β1, . . . , βn) = (α1, . . . , αn)P . V $U�rw��� σ �J`o�iO0� S, T pJ?L A, B R'T�O0fL P xD� P−1AP = B.�� 9.3.2 ' A, B 3U4-fL���;�O0fL P . B = P−1AP , >+ A 6 B�;�m (orthogonal similar). 24O0fL P lnS- P−1 = P ′, &7 B = P−1AP = P ′AP , A, B T� P O0xD
⇔ A, B T� P x��O0xDU+�3x��U+B1xD
x�J�\��I 9.3.3 ' n 4O0fL A J�!NMTd cos αk + i sin αk (1 ≤ k ≤ s), 1 (t _),

−1 (n − 2s − t _). C A O0xD4�p�0J�i�
B = diag(A1, . . . , As, I(t),−I(n−2s−t))�℄

Ak =

(

cos αk − sin αk

sin αk cos αk

)

, ∀ 1 ≤ k ≤ s. 2Nt�{�?�
9.3.1. Ps`rU4O0?LJ��dO0?L�O0?LJ|�dO0?L� S A, B 3U4O0fL ⇒ AAT = BT = I ⇒ (AB)(AB)T = ABBT AT =

AIAT = I ⇒ AB 3O0fL�
A 3O0fL ⇒ AAT = AT A = I ⇒ A−1(A−1)T = A−1(AT )−1 = (AT A)−1 =

I−1 = I ⇒ A−1 3O0fL� 2Æ[ �P n 4O0fLJ�� O(n, R) Z?L-a
Æ|=Fk���
�AgL I.�	N�����rhN�� G ℄ v^f0R#b-a�L / G ℄�"`r:Ex-I2
G ℄��r:E�ln-a5�i�;�Ag: e ∈ G 6�" a ∈ G x-IF ea = ae = a,�
pr:E a ∈ G ;�|: a−1 ∈ G ln aa−1 = a−1a = e, Jr��>+d���HJrR#��P n 4fLJ��Z4?L-ao,�r��+dO0���s O(n, R).'9�JR#��3db�J6℄L ��(B�+��JR#�^db/�JlnJyUJ=FiY2�o1-J�\�(-4J1J�� 2

9.3.2. t2�r-fL�KJ�``O0��3``O0�>
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A =

(

2 2

1 −1

)

. 2Æ[ q{A2-fL A = (aij)n×n .KJ�``O0��
v��1`rhe:E aij , aik.��J`rhe:EJ�J`O0�/O i �-he(> λ 6= ±1, JIfL B J���``O0�CJ`rhe:EJ�JO j, k `Jy��;UE$ (λ2 − 1)aijaik, /O0�d�O0� 2

9.3.3. �� A, B T3O0fL�
 det A = − det B, ÆP� A + B 3�%fL� S det (A + B) = det A(I + A−1B) = det A det (I + A−1B). / A, B 3O0fLQ A−1B 3O0fL�
 det (A−1B) = ( det A)−1( det B) = −1 = λ1 · · ·λn, �℄
λ1, . . . , λn 3O0fL A−1B J�!�UJNMT� |λi | = 1, (∀ 1 ≤ i ≤ n), 
-NMTVzd 1 � −1. -fL A−1B J�NMT,Zx�yv� λi = λj, -� λiλj = |λi|2 = 1. &7
A J-NMTJ-�d −1, �℄�1�rd −1. JPsb −1 3 A−1B JNMT��>3NM℄z0 φA(λ) = det (λI −A−1B) Ju� det (−I −A−1B) = 0, 9^ det (I +A−1B) =

(−1)n det (−I −A−1B) = 0. det (A + B) = ( det A) det (I + A−1B) = 0. &7 A + B 3�%fL� 2

9.3.4. Ps��_4O0?L���pr`^�0R��
(

cos θ sin θ

− sin θ cos θ

)

,

(

cos θ sin θ

sin θ − cos θ

)

,−π ≤ θ < π. S _4O0fL A =

(

a1 b1

a2 b2

) J` a = (a1, a2)
T 6 b = (b1, b2)

T 3x�5SJAg{a��X 9-3, ' −→
OA 3�rS1t�o℄ a dt�J��{a� θ = 6 XOA, C

a = (cos θ, sin θ)T .

-�
�
���

6y

HHHHY

HHHHjO

A

l
θ

B′

B

xX 9 -36 −→
OA 5SJAg{a1`r�i�/ OA � O �|+K��+Kf{�fS1IF��|+Kf{IFJ −−→

OB Jt�d (− sin θ, cos θ)T , ��+Kf{IFJ −−→
OB′ Jt�d (sin θ,− cos θ)T . x(J

A = (a,b) =

(

cos θ − sin θ

sin θ cos θ

) � (

cos θ sin θ

sin θ − cos θ

)

. 2Æ[ `^_4O0fLJ�0 det A i�K4 1,−1.
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D det A = 1 +�J'�Jw��� σ : X 7→ AX /J1JP�1�;P�f1 θ. J1J�;PJSwT�fb1 θ, D θ 6= kπ (k ∈ Z) +o1�SSwÆ/���&7 A o1-NM{a��o1-NMT�V1`rx�yvJ�NMT cos θ ± sin θ.D det A = −1 +�J'�Jw��� τ : X 7→ AX 3�4�;PJSw l JZ+� l �iX 9-3 J1 6 XOA, / Ox `� O �|+Kf{�f1 θ
2
IF� A 1`r-NMT 1,−1.Z+` l $J1JP� τ Js-p��� l $J1Jhe{aT3;4NMT 1 JNM{a�6Z+` l 5SJJ1he{a v � τ �F −v, 3;4NMT −1 JNM{a� 2

9.3.5. ' A = (aij) 3"4O0?L�
 det A = 1, ÆP�
(1) λ = 1 �d A JNMT�
(2) ;�O0L T , . T T AT =









1 0 0

0 cos θ − sin θ

0 sin θ cos θ









;

(3) θ = arccos tr A − 1
2 . S (1) A JNM℄z0 ϕA(λ) 3-o> 3 8℄z0�W%1�r-u λ1. ϕA(λ) =

(λ− λ1)g(λ), g(λ) 3-o> 2 8℄z0�`u λ2, λ3 Td->�dyv�>�&7 A J 3 rNMT (�>3 vA(λ) J 3 ru) λ1, λ2, λ3 �IT3->��I λ1 3->^ λ2, λ3 3yv�>�����Pp�"rNMTJ-�TK4�0� λ1λ2λ3 = det A = 1./4 A 3O0fL�prNMT λi Ju |λi| = 1 (∀ 1 ≤ i ≤ 3).�� 3 ru λ1, λ2, λ3 T3->�TVzd 1 � −1. C�LzTK4 −1, lC λ1λ2λ3 =

(−1)3 = −1, 6 λ1λ2λ3 = 1 m\�&7W%1�rNMTd 1.��1`ru λ2, λ3 3yv�>�C λ2λ3 = λ2λ2 = |λ2|2 = 1, �� λ1λ2λ3 = 1 I
λ11 = 1 � λ1.J>Psb A W%1�rNMTd 1.

(2) A 1NMT 1, ;�;4NMT 1 JNM{a X1, 6 X1 Uf{JAg{a P1 =
1

|X1|X1 �3;4 1 JNM{a��w��� σ : X 7→ AX pÆ/�S�Ag{a P1 L S0dR#b�iy�J}5N' R3×1 ℄J�o�iO0� S = {P1, P2, P3}, �8 P1, P2, P3dso,JL|fL T = (P1, P2, P3) 3O0fL� R3×1 $w��� σ : X 7→ AX ��
S pJ?L B = TP−1AT . B JO 1 d AP1 = P1 �� S pJt��K4 (1, 0, 0)T . /
A, T 3O0fLQ

B =









1 b12 b13

0 b22 b23

0 b32 b33







�3O0fL�KJ 3  b1,b2,b3 3``O0JAg{a� b1 = (1, 0, 0) 6 b2,b3 Jy� (b1,b2) = b12 = 0, (b1,b3) = b13 = 0. 43 B = diag(1, B2), �℄ B2 ∈ R2×2, 
/
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BT B = diag(1, BT
2 B2) = I Q BT

2 B2 = I, B2 3 2 4O0fL�
 1 = det B = det B1.

B2 JO 1 Ag{aL �, (cos θ, sin θ)T , O 2 /O 1 �|+Kf{�fS1IF�d (− sin θ, cos θ)T . 43
B2 =

(

cos θ − sin θ

sin θ cos θ

)

, B = T−1AT =









1 0 0

0 cos θ − sin θ

0 sin θ cos θ









(3) / B 6 A xDQ
trA = trB = 1 + 2 cos θ ⇒ cos θ =

trA − 1

2
⇒ θ = arccos

tr A − 1

2
. 2

9.3.6. tR 0 6= α ∈ En(R). R# En(R) ℄Jw��� τα : β 7→ β − 2(β, α)

(α, α)
α, ÆP�

(1) τα 3O0���
(2) τα �4DJ�iO0�pJ?Ld diag(−1, 1, . . . , 1). S (1) Z�" β, γ ∈ En(R), 1

(τα(β), τα(γ)) =

(

β − 2(β, α)

(α, α)
α, γ − 2(γ, α)

(α, α)
α

)

=(β, γ) − 2(γ, α)(β, α)

(α, α)
− 2(β, α)(α, γ)

(α, α)
+

4(β, α)(γ, α)(α, α)

(α, α)2
= (β, γ) .JPsb τα 3O0���

(2) �Ag{a α1 = 1
|α| S0d En(R) J�iO0� S = {α1, . . . , αn}. C

τα(α1) = α1 −
2( 1

|α|α, α)

(α, α)
α = α1 −

2

|α|α = α1 − 2α1 = −α1;

τα(αi) = αi −
2(αi, α)

(α, α)
α , (∀ 2 ≤ i ≤ n)

τa ��iO0� S pJ?Ld diag(−1, 1, . . . , 1). 2Æ[ τα / α (,J�ekN' Rα ℄J1{a λα 7→ −λα, / n − 1 ekN' α⊥ ℄J1J{aÆ/�S�D n = 2 +� α⊥ 36 α 5SJSw� τα >3�4JSSwJZ+�D
n = 3 + α⊥ 36 α 5SJ�r� τα 3�4Jr�rJZ+�/4 Rα∩α⊥, En(R) = Rα⊕α⊥, pr{a β ∈ En(R) L �Ni6d β = β0+λαJ�0��℄ β0 ∈ α⊥. 2-$�/ 0 = (β0, α) = (β − λα, α) = (β, α) − λ(α, α) LÆ2
λ = (β,α)

(α,α)
, β0 = β − (β,α)

(α,α)
. 43 τα(β) = τα(β0 + λα) = τα(β0) + λτα(α) = β0 − λα. XDN�/�" g ∈ En(R) i6d γ = γ0 + µα J�0. γ0 ∈ α⊥. C τα(γ) = γ0 − µα.
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(τα(β), τα(γ)) = (β0 − λα, γ0 − µα) = (β0, γ0) + (λα, µα) = (β, γ)J3Z�OO (1) ~OJ3�rPs� 2�t�1 9.1 7,G9
�)y0
1. �(��'"e��N'℄.^bS1t�o�/prP P (x, y, z) 69;P O(0, 0, 0 F P J{a

−→
OP Z(�U��,{a X = (x, y, z)T U�1�Cprw���B1�0 σ : X 7→ AX. σ3 O d~RPJ�f��J0i��S-d�A3O0�� (AT A = I)
�0 det A = 1.jq+ det A = 1 JO0fLd�f?L�s���f?L A 6 B J-� BA �3�f?L�l�JiO3�D�/ σ : X 7→ AX 6 τ : X 7→ BX Jf`
f1Æ τσ : X 7→ BAX Jf`
f1�

τσ Jf`>3 BA J;4NMT 1JNM{aJERJSw�BAJ"rNMT 1, cos θ±
i sin θ R
 1 + 2 cos θ = tr (BA), / cos θ = tr (BA)−1

2
LÆ2f1 θ.M 1 �2N'℄�` L �f1 α J�� σ J?L A, �f` L / z `� O − xz �ry�;P_ x `Of{�f1 ω IF�> /;UJt�`� Oy `�f1 ω, IF�Jt�` Ox′, Oy′, Oz′, .^�Jt�o

O − x′y′z′. C�J Oz′ `>3�f�� σ J�f` L. &7� σ >3� Oz′ `�f1 α J��� σ ��t�opJ?L
B =









cos α − sin α 0

sin α cos α 0

0 0 1









B J 3  B1, B2, B3 i�3 σ(e′
1), σ(e′

2), σ(e′
3) �� {e′

1, e
′
2, e

′
3} pJt���℄ e

′
1, e

′
2, e

′
3�83�t�oJ 3 rt�`Of{$JAg{a��>3� y `�f1 ω J��?L

U =









cos ω 0 sin ω

0 1 0

− sin ω 0 cos ω







J"�jq1 AU = UB. 9^
A = UBU−1 = UBUT

=









cos ω 0 sin ω

0 1 0

− sin ω 0 cos ω

















cos α − sin α 0

sin α cos α 0

0 0 1

















cos ω 0 − sin ω

0 1 0

sin ω 0 cos ω









=









cos2 ω cos α + sin2 ω − cos ω sin α sin ω cos ω(1 − cos α)

cos ω sin α cos α − sin ω sin α

sin ω cos ω(1 − cos α) sin ω sin α sin2 ω cos α + cos2 ω









. 2
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M 2 �"eN'℄�q� x `�f1 α, ?� z `�f1 β. J`r�fJn���3l�3�vS`J�f���3�G2�f` L 
�f1 θ .> �-x/g�( `r�f�� σ1 : X 7→ AX 6 σ2 : X 7→ BX Jn���
σ2σ1 : X 7→ (BA)X J?L

K = BA =









cos β − sin β 0

sin β cos β 0

0 0 1

















1 0 0

0 cos α − sin α

0 sin α cos α









=









cos β − sin β cos α sin β sin α

sin β cos β cos α − cos β sin α

0 sin α cos α







/ A, B 3O0fLQ K = BA 3O0fL�/�0 |A| = |B| = 1 Q |K| = |B||A| =

1. &7 σ2σ1 : X 7→ KX �3�vS�;P O JSw L J�f�℄�(& �f` L $J1JP P ��f�� σ2σ1 pT�S� L $J1J −→
OP 6= 0 T3;4 K JNMT 1 JNM{a�6f.o (K − I)X = 0 Æ2he6 X, >IF�f`

L = {aX | a ∈ R}.�� cos α = 1, C A = I, σ2σ1 = σ2 J�f`3 z `��� cos β = 1, C B = I,

σ2σ1 = σ1 J�f`3 x `� p' cos α 6= 1 
 cos β 6= 1. Z K − I r1K���I
K − I =









cos β − 1 − sin β cos α sin β sin α

sin β cos β cos α − 1 − cos β sin α

0 sin α cos α − 1









sin β

1−cos β
(1)+(2)→









cos β − 1 − sin β cos α sin β sin α

0 −1 − cos α sin α

0 sin α cos α − 1









sin α
1−cos α

(3)+(2), sin β sin α

1−cos α
(3)+(1)→









cos β − 1 sin β 0

0 0 0

0 sin α cos α − 1







ÆI�8w�f.o (K − I)X = 0 J6N'd
L =







λ

(

sin β

1 − cos β
, 1,

sin α

1 − cos α

)T
∣

∣

∣

∣

∣

∣

λ ∈ R







=







λ

(

cot
β

2
, 1, cot

α

2

)T
∣

∣

∣

∣

∣

∣

λ ∈ R







.Sw L >3JÆJ�f`�
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℄�(= θ

cos θ =
tr (BA) − 1

2
=

cos β + cos β cos α + cos α − 1

2

=
(1 + cos α)(1 + cosβ)

2
− 1 = 2 cos2 α

2
cos2 β

2
− 1

cos
θ

2
=

√

1 + cos θ

2
= cos

α

2
cos

β

2
2℄ 2 ℄J`r�f σ1, σ2 Jf` x `6 z `J#1dS1���	��p�L '`r�f�� σ1, σ2 Jf` L1, L2 x04�P O, #1d ω ∈ [0, π

2
], CL.^4DJN'S1t�o�. L2 d z `� L1 / Oz `� Oxz �ry_ Ox `f{�f ω IF�C� L1 �f1 αJ�� σ1 J?L A /℄ 1 ÆI�� z `�f1 β J�� σ2 J?L B 6℄ 2 xU�/℄ 2J B 6℄ 1 J A x-IFJ BA >3n��� σ2σ1 J?L�L #-6℄ 2 xUJfaÆ�f`
�f1����/4 BA LI��FJQx�2?�jq#-f℄JfaU6EJriO�

2. :�(x/�>x"�ZR	��"4�N'S1t�o℄�prhe{a u ER�r�4�r u
⊥ JZ+

τu : X 7→ X − 2(X · u)

(u · u)
u = X − 2

uT u
uu

T X =
(

I − 2

uTu
uu

T
)

XL*�Z+�� τu J?L Su = I − 2
u

T
u
uu

T . N��L / u -4D->�dAg{a� τu����KJ?L�, Su = I − 2uu
T .M 3 "e��N'℄prw��� σ 3�f��J0i��S-3� σ L i6d`r�4�r u

⊥ 6 v
⊥ JZ+ τu 6 τv J-� σ = τvτu, J`r�r1wyP� u,v i�3KqJa{a��f`6 u,v T5S�&^6 u × v ����f1 θ K49 u fF v J,J1

〈u,v〉 J 2 ��> ' σ 3�f�����f`$�"�R�P O � �f`d z `.^N'S1t�o��
L �B z `JOf{.IOZ z `Of{I*J�f1 θ 3�|+Kf{$J [0, π] eby�� Ox `Of{$JAg{a u = (1, 0, 0)T , / u � Oxy �ry{ y `Of{�%�f θ
2
F v = (cos θ

2
, sin θ

2
, 0)T . C τu, τv J?Li�3

Su = I − 2









1

0

0









(1, 0, 0) =









−1 0 0

0 1 0

0 0 1









,

Sv = I − 2









cos θ
2

sin θ
2

0









(cos
θ

2
, sin

θ

2
, 0) =









− cos θ − sin θ 0

− sin θ cos θ 0

0 0 1
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`rZ+J-� τvτu J?L
SvSu =









−1 0 0

0 1 0

0 0 1

















− cos θ − sin θ 0

− sin θ cos θ 0

0 0 1









=









cos θ − sin θ 0

sin θ cos θ 0

0 0 1







�-3� z `�f1 θ J�� σ J?L�&^ σ = τvτu.d�U�' τu, τv 3�4�r u
⊥,v⊥ JZ+�J`r�r1wyP��`r�rJwyP

O d;P�wySwd z `� u J�JSwd x `.^S1t�o�C τvτu J?L SvSu �$J=�3� Oz `�f1 θ J��J?L� τvτu 3�f��� 2e"�Z℄ 3 J�� σ .^S1t�o+�/�f`�s z `����S6�f`5SJSwTL �s x `����r6�f`5SJhe{aTL �s u, ?/ u ��f`� σ J�ff{�f θ
2
1IF v, IF σ J�ri60 σ = τvτu. JAs σ Ji60����M 2 >� 2 ' σ1 6 σ2 i�3� x `�f1 α 
� z `�f1 β J��� y `$JAg{a u = (0, 1, 0)T 6 x, z `T5S�� x `/ u �f −α

2
1F v = (0, cos α

2
,− sin α

2
)T ,� z `/ u �f β

2
1F w = (− sin β

2
, cos β

2
, 0)T . C σ1 = SuSv, σ2 = SwSu, n���

σ = σ2σ1 = (SwSu)(SuSv) = SwSv �3`rZ+R���3�f����f�� σ = SwSv J�f`3 v = (0, cos α
2
,− sin α

2
)T 6 w = (− sin β

2
, cos β

2
, 0)TJw5w� v 6 w J℄�

v × w =

(

sin
α

2
cos

β

2
, sin

α

2
sin

β

2
, cos

α

2
sin

β

2

)T6 v,w T5S�KJ�JSw L >3�f`�D α, β T�d 0 +�- v×w J (sin α
2

sin β
2
)−1� (cot β

2
, 1, cot α

2
)T �Q v × w, IFJ>�6O�^6axU�

v 6 w J#1 θ
2
K4�f1 θ J���/ cos θ

2
= v · w = cos α

2
cos β

2
LÆ2 θ. 2M 4 �N'S1t�o℄� σ2 3� Oz `�f1 β J��� σ1 3�` L �f1 α J��� L / Oz `� Oxz �ry�;P{ Ox `Of{�f1 ω IF�Æn��� σ2σ1 J�f`
�f1 θ.> 6℄ 2 6a 2 U�/ σ1, σ2 si6d`rZ+J-�� σ1 = τuτv, σ2 = τwτu, �℄

u,v,w 3Ag{a�C σ = σ2σ1 = (τwτu)(τuτv) = τwτv, 6 v,w T5SJ v × w J�Sw>3n��� σ J�f`� v 6 w J#1K4�f1 θ J����5rT cos θ
2

= v · w.

y `$JAg{a u = (0, 1, 0)T 6`r�f` Oz, L T5S�� Oz / u �f1 β
2
IF w = (− sin β

2
, cos β

2
, 0)T , σ2 = τwτu. σ1 = τuτv ℄J u (D/ v � L `�f1 α

2
IF�/ u � L �f −α

2
IF v. ℄ 1 J?L A JO 2 3/ u � L �f1 α IFJ{a�/�℄J α pd −α

2
>IF v = (cos ω sin α

2
, cos α

2
,− sin ω sin α

2
)T .
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n��� σ J�f1 θ /
cos

θ

2
= v ·w = cos

α

2
cos

β

2
− cos ω sin

α

2
sin

β

2

= cos
α + β

2
+ (1 − cos ω) sin

α

2
sin

β

2ER�{a
v × w =









cos ω sin α
2

cos α
2

− sin ω sin α
2









×









− sin β
2

cos β
2

0









=









sin ω sin α
2

cos β
2

sin ω sin α
2

sin β
2

cos ω sin α
2

cos β
2

+ cos α
2

sin β
2







��f`$�D v×w �de+�JERJSw>3�f`�Ag{a v,w J℄� v×w = 08DKqJ#1 θ
2

= 0 9^ θ = 0, 7+ σ 3Ag�����SwT3KJ�f`� 2D ω = 0 +�℄ 4 ℄J`r�f`_��T3 z `� σ J�f`/ (0, 0, sin α+β
2

) ER��3 z `�/ cos θ
2

= α+β
2
ERJ�f1 θ = α + β 3`r�f`R
�D ω = π

2
, �f`/ v × w = (sin α

2
cos β

2
, sin α

2
sin β

2
, cos α

2
sin β

2
)T ER��f1 θ /

cos θ
2

= cos α
2

cos β
2
ER�6℄ 2 J5k�X�
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§ 9.4 d����
�<�n!e�)
1. XhF8`	���/}5N' V = En(R)$J_8� Q��iO0�M p�,?L�0 Q(X) = XT SX,�℄ S 3-Z+fL�C Q �f�o�iO0� M1 pJ?L S1 = P T SP = P−1SP 6 SO0xD
x���℄ P 3�iO0� M F M1 J�VfL�3O0fL�
2. ����	�;�mz*��I 9.4.1 -Z+fL S JNMT�!3->�;4�UNMTJNM{ax�O0�

2 �I 9.4.2 -Z+fL S L�O0fL P xD4Z1L P TSP = Λ = diag(λ1, . . . , λn),Z1:>3 S J�PNMT� P Jsi�3;4sNMTJNM{a� 2o� ��p a9��
(1) Æ S J�!�UNMT λ1, . . . , λt.

(2) ZprNMT λi Æf.o (S − λiI)X = 0 J�46��>3NMkN' Vλi
J�

Mi.

(3) Zpr Vλi
J� Mi rO0�
Ag�IF�iO0� Πi, IF V J�o�iO0�

Π = Π1 ∪ · · ·Πt.  Π ℄s{ads�,O0fL P , C P TSP 3Z1L��>3 S JO0xD�i�� 2

3. ��M
(1) ���	'&�f }0N'$J_8� Q �4DJ�iO0�pB1�0

Q(x1, . . . , xn) = λ1x
2
1 + · · ·+ λnx2

n+d Q Jb`�0�
(2) O ����ub�-�=. `r-Z+fL S1, S2 ℄��1�r (℄� S1), C;�U�rL|fL P /KqU+x�FZ1L P TS1P = I, P TS2P = D = diag(d1, . . . , dn).

(3) ��^R.xz*�� � X = (x, y, z)T , C":_8f. f(x, y, z) = 0 q�L �,
f(X) = (XT , 1)S

(

X

1

)

, S =

(

S1 α

αT a0

)�℄ S1 3 3 4-Z+fL� α ∈ R3×1. /t�o�;P O s4D�f��>3-4DJO0fL P1 / S1 x�FZ1L P T
1 S1P1 = Λ = diag(λ1, λ2, λ3), 9^/ S �d

S̃ =

(

P1 0

0 1

)T ( S1 α

αT a0

)(

P1 0

0 1

)

=

(

Λ β

βT a0

)
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f(x, y, z) J_8z!i�d λ1x
′2 +λ2y

′2 + λ3z
′2. �� Λ L| (NMT λ1, λ2, λ3 ��d 0),�L / S̃ 9� x�dZ1L

(

I 0

−βT ΛT 1

)

S̃

(

I −Λ−1β

0 1

)

=

(

Λ 0

0 b0

)�>3?T�t�oJ��/f.�d λ1x
′′2 + λ2y

′′2 + λ3z
′′2 + b0 = 0 J�0�9^�d[r�A��?�?�r�hrJ�if.�D Λ �L|+�L T�4D���d�lrJ�if.�

4. ��x/�� 9.4.1 ' A 3}5N' V $Jw�����

(A(α), β) = (α,A(β))Z�" α, β ∈ V ,^�>+ A 3 ��x/ 2�I 9.4.3 ' A 3}5N' V $Jw����C�

A 3Z+�� ⇔ A � V J���o�iO0�pJ?L A 3Z+fL� 2�I 9.4.4 }5N'$ V $JZ+�� A J;4�UNMTJNMkN'x�O0� S ' Vλ1
, Vλ2

i�3 A J;4�UNMT λ1, λ2 JNMkN'� α ∈ Vλ1
, β ∈ Vλ2

.C
(A(α), β) = (λ1α, β) = λ1(α, β) = (α,A(β)) = (α, λ2β) = λ2(α, β)&^ (λ1 − λ2)(α, β) = 0, / λ1 − λ2 6= 0 I (α, β) = 0, α ⊥ β.JPsb Vλ1

⊥ Vλ2
2�I 9.4.5 }5N'$JZ+�� A �4DJ�iO0�pJ?L3Z1L�;�/ A JNM{a{,J�iO0�� 2 Nt�{�?�

9.4.1 '
A =









1 −2 0

−2 2 −2

0 −2 3









,ÆO0?L T , . T−1AT 3Z1?L��Æ Ak (k 3ON>).> A JNM℄z0 ϕA(λ) = (λ + 1)(λ − 2)(λ − 5), NMTd −1, 2, 5. i�6f.o (A + I)X = 0, (A − 2I)X = 0, (A − 5I)X = 0 ÆI�46 X1 = (2, 2, 1)T ,

X2 = (−2, 1, 2)T , X3 = (1,−2, 2)T , >3i�;4NMT −1, 2, 5 JNM{ao, R3×1 J
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O0��6KqUf{JAg{a P1 = (2
3
, 2

3
, 1

3
)T , P2 = (−2

3
, 1

3
, 2

3
)T , P3 = (1

3
,−2

3
, 2

3
)T o,�iO0���,O0fL

T =









2
3

−2
3

1
3

2
3

1
3

−2
3

1
3

2
3

2
3







. T−1AT = D = diag(−1, 2, 5) 3Z1L�/ A = TDT−1 I
Ak = TDkT−1 = TDkT T

=









4(−1)k+4×2k+5k

9
−4(−1)k+2×2k+2×5k

9
2(−1)k−4×2k+2×5k

9
−4(−1)k+2×2k+2×5k

9
4(−1)k+2k+4×5k

9
−2(−1)k−2×2k+4×5k

9
2(−1)k−4×2k+2×5k

9
−2(−1)k−2×2k+4×5k

9
(−1)k+4×2k+4×5k

9









. 2

9.4.2 ' S 3 n 4-Z+fL�ÆP�R#� Rn×1 Jk� U = {X ∈ Rn×1 | |X| = 1}$J�> f(X) = XT SX Jp?T
p~Ti�3 S Jp?
p~JNMT� S -Z+fL S JNMT λ T3->�L�9?F~J�Æ�d λ1 ≥ · · · ≥ λn.;�O0fL P / S xDFZ1L P TSP = D = diag(λ1, . . . , λn). pr X ∈ U L�,
X = PY J�0��℄ Y = P−1X, / P T P = I I |Y |2 = Y T Y = Y T P TPY = XT X =

|X|2 = 1, Y ∈ U . JAs Y 7→ X = PY 3�� U $JL|���Z�" X ∈ U , �
Y = P−1X = (y1, . . . , yn)T , C |Y |2 = y2

1 + · · · + y2
n = 1,

f(X) = Y T P T SPY = Y T DY = λ1y
2
1 + · · ·+ λny2

n ≥ λn(y2
1 + · · · + y2

n) = λn
 f(X) ≤ λ1(y
2
1 + · · ·+ y2

n) = λ1.�
L� Y = (1, 0, . . . , 0)T IF f(P1) = λ1, � Y = (0, . . . , 0, 1)T IF f(Pn) = λn.JPsb f(X) Jp?TK4p?NMT λ1, p~TK4p~NMT λn. 2

9.4.3 Ps�p"rS-℄V�1`r,^�f�r���,^�
(1) A 3Z+J� (2) A 3O0J� (3) A2 = I. S %R (1) 6 (2) ,^�� AT = A 
 AT A = I. /	�K0����0I AA = I� A2 = I. JPsb (3) ,^�%R (1) 6 (3) ,^� A = AT 
 AA = I ⇒ AAT = I, A 3O0fL� (3) ,^�%R (2) 6 (3) ,^� A2 = I = AAT ⇒ A = A−1 = AT , A 3Z+fL� (1) ,^�

2

9.4.4 -O0?L�p_8�d�i��
(1) Q(x1, x2, x3) = 2x2

1 + x2
2 − 4x1x2 − 4x2x3;

(2) Q(x1, x2, x3) = 3x2
1 + 4x1x2 + 8x1x3 + 4x2x3 + 3x2

3;

(3) Q(x1, x2, x3) = 4x2
1 + x2

2 + 9x2
3 − 2x1x2 − 4x1x3 + 2x2x3 ;

(4) Q(x1, x2, x3) = x1x2 + x1x3 + x2x3.

32



> Æ_8� Q(X) = XT SX Z(JZ+fL S JNM{a P1, P2, P3 o,�iO0���,O0fL P = (P1, P2, P3) / S xDFZ1L P TSP = D = diag(λ1, λ2, la3), Z1: λ1, λ2, λ3 i�3 P J 3 J;JNMT�C Q(X) �d�i� Q1(Y ) = (PY )T SP (Y ) =

Y T DP = λ1y
2
1 + λ2y

2
2 + λ3y

2
3, �℄ Y = P TX = (y1, y2, y3)

T . BP�F5��p�
(1)

S =









2 −2 0

−2 1 −2

0 −2 0







JNMTd −2, 1, 4. i�6f.o (S + 2I)X = 0, (S − I)X = 0, (S − 4I)X = 0 Æ2NM{a X1 = (1, 2, 2)T , X2 = (2, 1,−2)T , X3 = (2,−2, 1)T . �6KqUf{JAg{a
P1 = (1

3
, 2

3
, 2

3
)T , P2 = (2

3
, 1

3
,−2

3
)T , P3 = (2

3
,−2

3
, 1

3
)T dso,O0fL P , rL|w��� Y = P T X �



























y1 =
1

3
(x1 + 2x2 + 2x3)

y2 =
1

3
(2x1 + x2 − 2x3)

y3 =
1

3
(2x1 − 2x2 + x3)C;_8��d�i� Q1(y1, y2, y3) = −2y2

1 + y2
2 + 4y2

3.

(2)

S =









3 2 4

2 0 2

4 2 3







NMTd −1 (2 _), 8. 6f.o (S + I)X = 0 ÆI�46 X1 = (1,−2, 0)T , X2 =

(1, 0,−1). 6f.o (S − 8I)X = 0 ÆI�46 X3 = (2, 1, 2)T . Z X1, X2 sO0��-
X̃1 = X1 − (X1,X2)

(X2,X2)
X2 = (1

2
,−2, 1

2
)T �Q X1 IO0{ao {X̃1, X2}. �6 X̃1, X2, X3 Uf{JAg{a P1 = ( 1

3
√

2
,−

√
2

3
, 1

3
√

2
)T , P2 = ( 1√

2
, 0,− 1√

2
)T , P3 = (2

3
, 1

3
, 2

3
)T dso,O0fL P , sL|w��� Y = P TX �































y1 =
1

3
√

2
(x1 − 2x2 + x3)

y2 =
1√
2

(x1 − x3)

y3 =
1

3
(2x1 + x2 + 2x3)C;_8��d�i� Q1(y1, y2, y3) = −y2

1 − y2
2 + 8y2

3.

(3)

S =









4 −1 −2

−1 1 1

−2 1 9
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� Matlab ℄:��p7DÆO0fL P / S xDFZ1L D:

S=[4,-1,-2;-1,1,1;-2,1,9];[P,D]=eig(S)=�IF
P =

0.2578 −0.9043 −0.3401

0.9647 0.2213 0.1429

−0.0540 −0.3649 0.9295

D =

0.6768 0 0

0 3.4376 0

0 0 9.8856�L|w��� Y = P T X �


















y1 = 0.2678x1 + 0.9647x2 − 0, 0540x3

y2 = −0.9043x1 + 0, 2213x2 − 0.3649x3

y3 = −0.3401x1 + 0.1429x2 + 0.9295x3C;_8��d�i� Q1(y1, y2, y3) = 0.6768y2
1 + 3.4376y2

2 + 9.8856y2
3

(4)

S =









0 1
2

1
2

1
2

0 1
2

1
2

1
2

0







JNMTd −1
2

(2 _), 1. 6f.o (S+ 1
2
I)X = 0 ÆI X1 = (1,−1, 0)T , X2 = (1, 1,−2)To,6N'J�iO0��6f.o (S − I)X = 0 ÆI�46 X3 = (1, 1, 1)T . �6

X1, X2, X3 Uf{JAg{a P1 = ( 1√
2
,− 1√

2
, 0)T , P2 = ( 1√

6
, 1√

6
, 0)T , P3 = ( 1√

3
, 1√

3
, 1√

3
)Tdso,O0fL P . rL|w��� Y = P T X �































y1 =
1√
2
(x1 − x2)

y2 =
1√
6
(x1 + x2 − 2x3)

y3 =
1√
3
(x1 + x2 + x3)C;_8��d�i� Q1(y1, y2, y3) = −1
2
y2

1 − 1
2
y2

2 + y2
3. 2Æ[ �OO (3) ~OJfL S JNMTT�31Z>�-�FÆ�2U�&7JrO�z-7F6E��HM.s�
J6J�Æ�JrOL A32 “<” b�C3��-!(-℄9F
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J�JODn��xG>�rb�-�F� -F>3b�jqt2b- Matlab �FJrOJ7D
=�5���L -�J -UÆ6�℄��� Mathematica ℄:� p7D
S={{4,-1,-2},{-1,1,1},{-2,1,9}};Eigensystem[S]=�R�IFh(n>J5��J3&d� Mathematica \-"8f.JÆuw0 (GBw0)ÆNM℄z0Ju�/-u�1,b�>R
�/7Dr�P~~J	p�/?LJ���ria�,~>J�0�℄�/ 4 p�d 4.0, �?Lia�3I,i�T^3I,:DT�9�:D�F�	p�J7Dd�
S={{4.0,-1,-2},{-1,1,1},{-2,1,9}};Eigensystem[S]=�5�d�
{{9.88559, 3.4376,0.676816}, {{-0.34012, 0.142881, 0.929464}, {0.904349, -0.221284,

0.364947}, {0.25782, 0.964686, -0.0539512}}}�℄O�r�R	yJ"r> 9.88559, 3.4376, 0.676816 3 S J 3 rNMT� �"r�R	i�3 3 rNM{a�^
�<Ag��o,�iO0�� 2

9.4.5 �.^bS1t�oJ 3 e��N'℄��pJf.JX|3,n�
(1) x2 + y2 + z2 − 4xy − 6xz + 8yz = 12 ;

(2) 4x2 + y2 + 9y2 − 2xy − 4xz + 2yz = 12 ;

(3) xy + yz + zx = 5 ;

(4) xy + yz + zx = 0 .> s~Of.q�T3_8� Q(X) = XT SX (�℄ X = (x, y, z)T ), S 3-Z+fL�;�O0fL P1 / S xDFZ1L P−1
1 SP1 = Λ = diag(λ1, λ2, λ3), �℄ λ1, λ2, λ3 3

S JNMT� det P = d = ±1. / P1 JO 3 - d, IFJfL P = P1diag(1, 1, d) �3O0fL
�0 det P = 1, �
 Λ = P−1SP = P T SP .

P J 3  ε1, ε2, ε3 o,27o�iO0��i� J 3 d Ox′, Oy′, Oz′ `$JAg{a.^�JS1t�o O − x′y′z′, CU�P�;t�o6�t�o℄Jt� X = (x, y, z)T6 Y = (x′, y′, z′) R'1��w0 X = PY , f.q�/ XT SX �, (PY )T S(PY ) =

Y T ΛY = λ1x
′2 + λ2y

′2 + λ3z
′2. C;f.JX|��Jt�opJf.d λ1x

′2 + λ2y
′2 +

λ3z
′2 = C, �℄ C 3;f.K	2�J(>�/ 3 rNMT λ1, λ2, λ3 ℄O>6o>Jr>

p, q �L�Y;f.JX|J�g�̂ p, q �3 S JOo��U>��
��F2 S JNMT�V�/ S x�FZ1L D = diag(d1, d2, d3), 3 rZ1:℄O>
o>Jr>i�K4 p, q, �>3 S JNMT℄O>6o>Jr>�s~OBP�F5�d�
35



(1)

S =









1 −2 −3

−2 1 4

−3 4 1









2(1)+(2),3(1)+(3)

2(1)+(2),3(1)+(3)
→









1 0 0

0 −3 −2

0 −2 −8









− 2

3
(2)+(3)

− 2

3
(2)+(3)

→









1 0 0

0 −3 0

0 0 −20
3







/ S <�x����,Z1L�Z1:1 1 rO>� 2 ro>�LQ S JNMT℄�(1
1 rO>� 2 ro>�L4D�NMTJ�Æ. λ1 < λ2 < 0 < λ3.;f.LT�t����, −|λ1|x′2 − |λ2|y′2 + |λ3|z′2 = 12, `�U3 −12 �,

x′2

a2
+

y′2

b2
− z′2

c2
= −1�℄ a2 = 12

|λ1| , b
2 = 12

|λ2| , c
2 = 12

|λ3| . X|d?�?�r�
(2)

S =









4 −1 −2

−1 1 1

−2 1 9









→ D =









4 0 0

0 3
4

0

0 0 23
3







/ S x�F1L D, Z1:�dO�LQ S JNMT λ1, λ2, λ3 T3O>�;f.<�t�����,
|λ1|x′2 + |λ2|y′2 + |λ3|z′2 = 12 ⇔ x′2

a2
+

y′2

b2
+

z′2

c2
= 1�℄ a2 = 12

|la1| , b
2 = 12

|λ2| , c
2 = 12

|λ3| . X|d[r�
(3)

S =









0 1
2

1
2

1
2

0 1
2

1
2

1
2

0







NMTd −1
2
,−1

2
, 1. ;f.<�t����,
−1

2
x′2 − 1

2
y′2 + z′2 = 5 ⇔ x′2

10
+

y′2

10
− z′2

5
= −1X|d?��f?�r�

(4) S 6O (3) ~OxU�;f.<�t����,
−1

2
x′2 − 1

2
y′2 + z′2 = 0 ⇔ x′2 + y′2 = 2z′2X|d<hr� 2

9.4.6 �.^bS1t�oJ 3 e��N'℄�Psf.
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2x2 + 4y2 + 8z2 − 2xy + 4xz + 6yz − 20 = 0JX|3[r��Æ2Jr[rJb,J^PJP�� (�Q[r x2

a2 + y2

b2
+ z2

c2
= 1 Jb,J^PP�d 4

3
πabc.) S f.q�J_8zo,_8� (x, y, z)S(x, y, z)T , �℄

S =









2 −1 2

−1 4 3

2 3 8







J"r�Æbk0
2 > 0,

∣

∣

∣

∣

∣

2 −1

−1 4

∣

∣

∣

∣

∣

= 7 > 0, det S = 10 > 0JPsb S OR�3rNMT λi (i = 1, 2, 3)�dO�;��0d 1JO0fL P / S xDF�i� Λ = diag(λ1, λ2, λ3). P J"o,27o�iO0��i� J"d Ox′, Oy′, Oz′`Of{.^�J27oS1t�o O − x′y′z′, C;f.JX|��t�opJf.d
λ1x

′2 + λ2y
′2 + λ3z

′2 = 20 � x′2

a2
+

y′2

b2
+

z′2

c2
= 1�℄ a =

√

20
λ1

, b =
√

20
λ2

, c =
√

20
λ3

. Jr�f.JX|3[r�;f.JX|3[r�Jb^PJP�
V =

4

3
πabc =

4

3
π

√

203

λ1λ2λ3

S J 3 rNMTR� λ1λ2λ3 = det S = 10. &7 V =
4

3
π

√

203

10
=

80

3
π
√

2.f.X|JbJ^PJP�d 80

3
π
√

2. 2

9.4.7 �.^bS1t�oJ 3 e��N'℄�6\-t�`J�f
��/f. a11x
2 +

a22y
2 + a33z

2 + 2a12xy + 2a13xz + 2a23yz + 2a1x + 2a2y + 2a3z + a0 = 0 �(�MkKJX|Js^LzJ�g�N���t2X|3[r�A�?�r�?�?�rJS-�> � X = (x, y, z) ∈ R1×3 d��PJt��C�wf.L �, (X, 1)S(X, 1)T = 0�>3 XAXT + 2αXT + a0 = 0 J�0��℄
S =















a11 a12 a13 a1

a21 a22 a23 a2

a31 a32 a33 a3

a1 a2 a3 a0















=

(

A αT

α a0

)

A 3 S Jq$1J 3 4kfL� Q(X) = XAXT 3f.q�J_8zo,J_8�� α =

(a1, a2, a3), f(X) = 2αXT 3f.q�J�8zo,Jw��>�
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t�oJ�f/"S` Ox, Oy, Oz �vS�;PJSwi��fF Ox′, Oy′, Oz′ `�;Ut�`Of{$JAg{a e1, e2, e3 o,J27o�iO0��fF�t�`Of{$JAg{a e
′
1, e

′
2, e

′
3 o,J27o�iO0��`o�R'J�V?L U 3 3 4O0fL
�0 det U = 1. U�P�`rt�o℄Jt� X = (x, y, z) 6 ξ = (x′, y′, z′) R'1��w0

XT = UξT . 9^ (X, 1)T = P1(ξ, 1)T , �℄ P1 = diag(U, 1)./t�o O−x′y′z′ ��F O′−x′′y′′z′′, ;P O �F O′, st�` O′x′′, O′y′′, O′z′′ Of{$JAg{a���'�;P O′ �;t�o O−x′y′z′ pJt� h = (h1, h2, h3), CU�P�t�`��	�Jt� ξ = (x′, y′, z′) 6 η = (x′′, y′′, z′′) R'1��w0 ξ = η + h, �
(

ξT

1

)

=

(

ηT + h
T

1

)

=

(

I(3) h
T

0 1

)(

ηT

1

)&7�p�P;UJt� X = (x, y, z)6<�t�`J�f
��R�Jt� η = (x′′, y′′, z′′)R'J��w0d (X, 1)T = P (η, 1)T , �℄
P =

(

U 0

0 1

)(

I h
T

0 1

)

=

(

U k
T

0 1

)

U L���0 det U = 1 J 3 4O0fL� k
T = Uh

T L�� R3×1.X|$JPJ;t� X = (x, y, z, ) lnJf. (X, 1)S(X, 1)T = 0 �,�t� η =

(x′′, y′′, z′′) lnJf. (P (η, 1)T )T SP (η, 1)T = 0 � (η, 1)S0(η, 1)T = 0, �℄
S0 = P TSP =

(

UT
0

k 1

)(

A αT

α a0

)(

U k
T

0 1

)

=

(

UT AU βT

β d

)�℄ β = (kA + α)U ∈ R1×3, d = kAk
T + 2αk

T + a0 ∈ R. 4D�B U 6 k . S0 ;Lz(A�L�Rf. (η, 1)S0(η, 1)T = 0 X|J�g�8q�L�BO0fL U1 /-Z+fL A x�FZ1L UT
1 AU1 = Λ = diag(λ1, λ2, λ3),�℄ λi (1 ≤ i ≤ 3) 3 A JNMT�
LT�QN U1 sJ��ÆQN λi J��Æ.heJ λi ��	 r g (r = rankA), K4eJ λj ��p� 3 − r g��� det U1 = −1, C

det (−U1) = 1, - −U1 �Q U1 L�d det U1 = 1 J���J�>/ S 1 �(d
S1 =

(

U1 0

0 1

)T (A αT

α a0

)(

U1 0

0 1

)

=

(

Λ βT
1

β1 a0

). Λ ,dZ1L diag(λ1, λ2, λ3), �℄ β1 = (b1, b2, b3) = αU1. pZ rank A = r J�UTi�Mk�/ S1 "��(�\H 1 rankA = 3, A L|9^ Λ L|� λ1, λ2, λ3 ��d 0. 7+L/t�os4D���/ S1 x�FZ1L
S0 =

(

I 0

−β1Λ
−1 1

)(

Λ βT
1

β1 a0

)(

I −Λ−1βT

0 1

)

=

(

Λ 0

0 d

)
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�℄ d = a0 − β1Λ
−1βT

1 ∈ R, 
/ ( detΛ)d = det S0 = det S Q d = detS
detΛ

= detS
detA

.f.�(d (η, 1)S0(η, 1)T = 0 �
λ1x

′′2 + λ2y
′′2 + λ3z

′′2 + d = 0 (1)\H 1.1 λ1, λ2, λ3, d UdO->�Udo->��>3 S OR�oR�Cf. (1) k->6�X|3N��\H 1.2 d = 0, � det A 6= 0 = det S.�� λ1, λ2, λ3 UdO->�Udo->��>3 A OR�oR�7+f. (1) JX|d�rP O′.�5��p� A JO��U>
o��U>T�d 0, f. (1) JX|d_8hr�\H 1.3 d 6= 0, 
 S JO��U>
o��U>T�d 0, 7+L /f. (1) J(>z
d �F2�,d −d, ?/f.`�U- −d−1 �d 1, f.�d

ε1x
′′2

a2
+

ε2y
′′2

b2
+

ε3z
′′2

c2
= 1 (2)�℄ a, b, c i�K4 √

∣

∣

∣

d
λi

∣

∣

∣ (i = 1, 2, 3), εi = − λid
|λid| ∈ {1,−1}.D A OR�oR+�J1J εi = 1, X|d[r (Rr).D εi ℄1`r 1 �r −1 +�X|dA�?�r�D εi ℄1`r −1 �r 1 +�X|d?�?�r�\H 2 A = O 6= S. ;f.d 2a1x + 2a2y + 2a3z + a0 = 0, �℄ ai ��d 0, X|d�r�\H 3 rankA = 2, λ1λ2 6= 0 = λ3. 7+LT�t�`J���/ S1 x�F

S0 = P2















λ1 0 0 b1

0 λ2 0 b2

0 0 0 b3

b1 b2 b3 a0















P T
2 =















λ1 0 0 0

0 λ2 0 0

0 0 0 b3

0 0 b3 d + 2b3t















, P2 =

(

I 0

h 1

)

�℄ h = (−b1λ
−1
1 ,−b2λ

−1
2 , t), d = a0 − b2

1λ
−1
1 − b2

2λ
−1
2 , D b3 6= 0 +� t = − d

2b3
.

d + 2b3t = 0.\H 3.1 b3 = 0. 7+f. (η, 1)S2(η, 1)T = 0 �
λ1x

′′2 + λ2y
′′2 + d = 0 (3)�� d 6= 0, 
 λ1, λ2, d U	�Cf. (3) JX|3N���5��p�f. (3) JX|3K6t�r O′x′′y′′ J0��6 O′x′′y′′ 5SJf{���S�,Jr�R�pX��
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D d = 0 
 λ1, λ2 U	+�f. (3) ��r O′x′′y′′ $JX|V1�rP (;P O′), �NrN'JX|3�SSw (O′z′′ `).D d = 0 
 λ1, λ2 %	+�f. (3) L �d
|λ1|x′′−|λ2|y′′2 = 0 � √

|λ1|x′′ ±
√

|λ2|y′′ = 0��r O′x′′y′′ $JX|3�;PJ`Sx0Sw��NrN'JX|3i��J`SSw�
O′z′′ `J`r�r�D d 6= 0 
 λ1, λ2, d ��U	+�/f. (3) J(>z d �F2��, −d, ?/`�U- −d−1 �, 1, f. (3) �d

ε1x
′′2

a2
+

ε2y
′′2

b2
= 1 (4)�℄ ε1, ε2 d 1 � −1 
W%1�rd 1. f. (4) ��r O′x′′y′′ $JX|3[< (D

ε1 = ε2 = 1) �?�w (D ε1ε2 = −1), �N'JX|3[<r�?�r�\H 3.2 b3 6= 0. �� t = − d
2b3
. d + 2b3t = 0, f. (η, 1)S0(η, 1)T = 0 d

λ1x
′′2 + λ2y

′′2 + 2b3z
′′ = 0/�8z 2b3z

′′ �FK	2��?/f.`�U- −(2b3)
−1 /2�J�8zo>�d 1, /f.�d

ε1x
′′2

a2
+

ε2y
′′2

b2
= z′′ (5)J�0��℄ a =

√

|2b3
λ1
|, b =

√

|2b3
λ2
|, εi ∈ {1,−1}. Cf. (5) JX|d[<�lr (D

ε1 = ε2) �?��lr (D ε1 = −ε2).\H 4 rankS = 1, λ1 6= 0 = λ2 = λ3.

S1 =















λ1 0 0 b1

0 0 0 b2

0 0 0 b3

b1 b2 b3 a0













\H 4.1 b2 = b3 = 0. 7+f. (x′, y′, z′, 1)S1(x
′, y′, z′, 1)T = 0 ,d λ1x

′2 + 2b1x
′ +

a0 = 0, 3V��rfQ> x′ J_8f.�D��0 ∆ = 4(b2
1 − λ1a0) < 0 � b2

1 < λ1a0 +k->6�X|dN��D ∆ = 0 � b2
1 = λ1a0 +1�6 x′ = − b1

λ1

, X|d� (− b1
λ1

, 0, 0)
6 Ox′ 5SJ�r�D ∆ > 0 � b2
1 > λ1a0 +1`r6 x1, x2 i�K4 −b1±

√
b2
1
−λ1a0

λ1
, X|3S1t�o O − x′y′z′ ℄5S4 Ox′ J`r�r�i��P (x1, 0, 0) 6 (x2, 0, 0).\H 4.2 (b2, b3) 6= (0, 0). /t�o O − x′y′z′ �` Ox′ �fvr1UIF�t�o
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O − x′y′′z′′, �>3�Bvr 2 4�f?L U2, - 4 4fL P2 = diag(1, U2, 1) / S1 x�F
S0 = P T

2 S1P2 =















λ1 0 0 b1

0 0 0 c2

0 0 0 c3

b1 c2 c3 a0















�℄ (

c1

c2

)

= U2

(

b3

b3

)

jqn`4D�B U2 . c3 = 0. �!:26 (b2, b3)
T O0J{a (−b3, b2)

T . /KqAg�IF R2×1 J�iO0�o,0fL
U2 =

( b2
r

− b3
r

b3
r

b2
r

) C det U2 = 1, U2

(

b2

b3

)

=

(

r

0

)�℄ r =
√

b2
2 + b2

3. C P2 = diag(1, U2, 1) / S1 x�F S0 .�℄J c2 = r 6= 0 = c3. X|$JP�t�o O − x′y′′z′′ pJt�lnJf. (x′, y′′, z′′, 1)S0(x
′, y′′, z′′, 1)T = 0 d

λ1x
′2 + 2b1x

′ + 2ry′′ + a0 = 0�
y′′ = −λ1

2r
x′2 − b1

r
x′ − a0

2r
(6)K�t��r Ox′y′′ yJX|3�lw��NrN'℄JX|3JS�lw�6�r Ox′y′′ 5SJf{���S�,Jr� 2

9.4.8 ' A 3 n 4-Z+?L�
 A2 = I, Ps�;�O0?L T , .I
T−1AT =

(

Ir 0

0 −In−r

)

, (0 ≤ r ≤ n). S ;�O0fL P /-Z+fL AxDF-Z1L P−1AP = D = diag(λ1, . . . , λn).

λi 3 A JNMT� P JO i  Pi 3;4NMT λi JNM{a�ln APi = λiPi. /
D2 = diag(λ2

1, . . . , λn)2 = (P−1AP )2 = P−1AT P = P−1IP = I Qpr λ2
i = 1 9^

λi = ±1, APi = Pi � APi = −Pi. / P = (P1, . . . , Pn) Js_���Æo,�JfL
T = (Pi1 , . . . , Pin), .�℄	 r  Pi ln APi = Pi, � n − r  Pj ln APj = −Pj . O0fL P = (P1, . . . , Pn) Js3``O0JAg{a�_��R�IFJ T Js��3``O0JO0{a��o,�iO0�� T �3O0fL�


AT = (Pi1, . . . , Pir ,−Pir+1
, . . . ,−Pin) = T diag(I(r),−I(n−r))

T−1AT = diag(I(r),−I(n−r)) 2

9.4.9 ' A 3 n 4-Z+?L�
 A2 = A, Ps�;�O0?L T , .I
T−1AT =

(

Ir 0

0 0

)

, (0 ≤ r ≤ n).
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 S ;�O0fL P /-Z+fL AxDFZ1L P−1AP = diag(λ1, . . . , λn),pr λi3 A J�rNMT�P = (P1, . . . , Pn) JO i  Pi ln APi = λiPi. / A2 = A Q λ2
i = λi

(∀ 1 ≤ i ≤ n), λi = 1 � 0. / P Js�Æ_��IFO0fL T = (Pi1 , . . . , Pin), �℄	 r  Pi ln APi = Pi, � n − r  Pj ln APj = 0Pj. 43
AT = (Pi1, . . . , Pir , 0, . . . , 0) = Tdiag(I(r), O(n−r))

T−1AT = diag(I(r), O(n−r)) 2

§ 9.5 %�y0�%���!e�)
1. wpx/���o�iO0� M p/}5N' V ℄Jpr{a α -t� X ∈ Rn×1 �1�C V$prw��� A B1�0 A : X 7→ AX, A 3 A �� M pJ?L�Z�" α, β ∈ V , '

α, β Jt�i�d X, Y , C
(Aα, β) = (AX)T Y = XT (AT Y ) = (α,A∗β)�℄ A∗ : Y 7→ AT Y 3 V $Jw����K�� M pJ?L3 AT .�� 9.5.1 ' A }5N' V $Jw����C;�lnS-

(Aα, β) = (α,A∗β), ∀ α, β ∈ VJ�Jw��� A∗, +d A J wpx/ (adjoint transformation). 2

A 6 A∗ �U�o�iO0� M pJ?L A, A1 �dfY� A1 = AT ./fY?LJ�\ (AT )T = A, (A+B)T = AT +BT , (λA)T = λAT , (AB)T = BT ATQ
H��1x(J�\�
(1) (A∗)∗ = A.

(2) (A + B)∗ = A∗ + B∗.

(3) (λA)∗ = λA∗.

(4) (AB)∗ = B∗A∗.

2. $�x/�$����� 9.5.2 ��}5N' V $Jw��� A lnS- A∗A = AA∗, >+ A 3 $�x/ (normal transformation). ��-fL A lnS- AT A = AAT , >+ A 3 $���
(normal matrix). 2w��� A 6�
H�� A∗ �U�o�pJ?L�dfY�&7�

A 3�e�� ⇔ A ��iO0�pJ?L3�efL�
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6�efL A O0xDJfL B �3�efL�%M-
(1) O0��� A∗ = A−1. O0fL� AT = A−1.

(2) Z+�� (l
��): A∗ = A. Z+fL� AT = A.

(3) ���x/ (�/wx/): A∗ = −A. �Z+fL� AT = −A.

3. $���	�;�mz*��"	$
(1) i"1L

A =

(

A1 A2

0 A3

) � A =

(

A1 0

A2 A3

)

,

(�℄ A1, A3 3fL) 3�efL ⇔ A2 = 0, 
 A1, A3 3�efL�
(2) ' W 3}5N' V $J�e�� A J��kN'�C W⊥ �3 A J��kN'��;�mz*��I 9.5.3 '�> a1 ± b1i, . . . , as ± bsi (J1J bk > 0, ∀ 1 ≤ k ≤ s) �->

λ2s+1, . . . , λn 3 n 4-�efL A J�!NMT�C A O0xD4�pJ�i�
D = diag

((

a1 b1

−b1 a1

)

, . . . ,

(

as bs

−bs as

)

, λ2s+1, . . . , λn

)%M
(1) O0fL�NMT λk ln |λk| = 1, λk = cos α ± i sin α. �i�d

diag

((

cos α1 sin α1

− sin α1 cos α1

)

, . . . ,

(

cos αs sin αs

− sin αs cos αs

)

, I(t),−I(n−2s−t)

)

.

(2) Z+fL�NMT λk d->��i�dZ1L diag(λ1, . . . , λn).

(3) �Z+fL�NMT λk -!d 0, d6�> ±bi � 0. �i�d�
diag

((

0 b1

−b1 0

)

, . . . ,

(

0 bs

−bs 0

)

, O(n−2s)

)

4. U4��	'i	��"}�I 9.5.4 ' V 3 n e}5N'�C�
(1) ZprtRJ α ∈ V , ,& fα : V → R, β 7→ (α, β) 3 V $Jw��>�&^3

V JZ~N' V ∗ ℄J�r:E�
(2) ,& σ : V → V ∗, α 7→ fα 3 n ew�N' V F V ∗ JU{,&�
(3) Zpr f ∈ V ∗, ;� α ∈ V . f(β) = (α, β) ZJ1J β ∈ V ,^�
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Nt�{�?�
9.5.1 \-
H��JR#Ps
H��J�p�\�
(i) (A + B)∗ = A∗ + B∗; (ii) (λA)∗ = λA∗, ∀ λ ∈ R; (iii) (AB)∗ = B∗A∗. S Z�" α, β ∈ V 1
(i) ((A+B)α, β) = (Aα, β) + (Bα, β) = (α,A∗β) + (α,B∗β) = (α + (A∗ +B∗)β).JPsb (A + B)∗ = A∗ + B∗.

(ii) ((λA)α, β) = λ(Aα, β) = λ(α,A∗β) = (α, λA∗β).JPsb (λA)∗ = λA∗.

(iii) ((AB)α, β) = (A(Bα), β) = (Bα,A∗β) = (α,B∗(A∗β)) = (α, (B∗A∗)β).JPsb (AB)∗ = B∗A∗. 2

9.5.2 ' A 3 n 4�Z+-fL�
(1) ÆP� A2 JNMTT3->
 ≤ 0.

(2) ' X1 3 A2 J;4NMT λ1 JNM{a�CD λ1 = 0 + AX1 = 0; D λ1 6= 0 +
W = L(X1, AX1) 3 A : X 7→ AX J��kN'� A|W � W J���o�iO0�pJ?Ld (

0 b1

−b1 0

)

, �℄ ±b1i 3 A|W JNMT
 λ1 = −b2
1. S (1) S = AT A = −AA = −A2 3�OR-Z+fL� A2 = −S 3�oR-Z+fL�NMTT3->
 ≤ 0.

(2) A2X1 = λ1X1.D λ1 = 0 1 A2X1 = 0. g Y1 = AX1 = (y1, . . . , yn)T . C
y2

1 + · · ·+ y2
n = Y T

1 Y1 = XT
1 AT AX1 = −XT

1 A2X1 = 0 ⇒ AX1 = Y1 = 0.' λ1 6= 0. C A /�" aX1 + bAX1 ∈ W 7→ aAX1 + bA2X1 = bλ1X1 +aAX1 ∈ W ,L* W 3 A J��kN'�/ AT = −A Q (XT
1 AX1)

T = XT
1 AT X1 = −X1AX1, 1 4fL XT

1 AX1 3�Z+fL�Vz XT
1 AX1 = 0, J>3A Rn×1 ℄J{a X1 6 AX1 J�iy� (X1, AX1) =

XT
1 (AX1) = 0. / A(AX1) = A2X1 = λ1X1 6= 0 Q AX1 6= 0, X1 6 AX1 3 W O0��6 X1 Uf{JAg{a ξ1 =

1

|X1|
�3 A2 J;4NMT λ1 JNM{a� ξ1 6 Aξ1 �o, W JO0��� b = |Aξ1|, C ξ2 = b−1Aξ1 3Ag{a� ξ1, ξ2 o, W J�iO0�

M0, 
 Aξ1 = bξ2, Aξ2 = b−1A2ξ1 = b−1λ1ξ1, A|W �� M0 pJ?Ld
B0 =

(

0 b−1λ1

b 0

)

M0 L S0d Rn×1 J�iO0� M1 = {ξ1, ξ2, . . . , ξn}. �8 ξ1, . . . , ξn ds�
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,O0fL P , C
B = P−1AP =

(

B0 B12

O B22

)3w��� A : X 7→ AX ��iO0� M1 pJ?L�
/ B = P T AP x�4�Z+fL
A Q B �3�Z+fL�&7 B0 6 B22 T3�Z+fL�
 B12 = O. 43 B0 JO (1, 2):E b−1λ1 = −b,

B0 =

(

0 −b

b 0

)

, B =

(

B0 O

O B22

)

B22 3 n − 2 4�Z+fL� B0 JNM℄z0 ϕB0
(λ) = λ2 + b2, NMTd ±bii, J�>3

A|W JNMT� A|W ����o�iO0�pJ?L B̃0 6 B0 O0xD�U�N3�Z+fL�B1�0
B̃0 =

(

0 b1

−b1 0

)B16 B0 U�JNM℄z0 ϕB̃0
(λ) = λ2 + b2

1 = λ2 + b2, NMTd ±b1i, λ1 = −b2 = −b2
1.

2

9.5.3 ' A =















0 1 1 1

−1 0 1 1

−1 −1 0 1

−1 −1 −1 0















. ÆO0fL P . P−1AP d�i���z �H 9.5.2 JkP�qZ A2 JprNMT λi Æ2�rNM{a Xi. sr Xi, AXio, R4×1 J�oO0��<�Ag�IF�iO0��,J
JO0fL P .>
A2 =















−3 −2 0 2

−2 −3 −2 0

0 −2 −3 −2

2 0 −2 −3













JNM℄z0 ϕA2(λ) = (λ2 + 6λ + 1)2, 1`r�UJNMT −3 ±
√

2.ÆI;4 A2 JNMT λ1 = −3 + 2
√

2 J�rNM{a X1 = (
√

2,−1, 0, 1)T , ;4NMT λ2 = −3 − 2
√

2 J�rNM{a X2 = (−
√

2,−1, 0, 1)T . ?F2
AX1 = (0, 1 −

√
2, 2 −

√
2, 1 −

√
2)T , AX2 = (0, 1 +

√
2, 2 +

√
2, 1 +

√
2)TKq�T3 A2 JNM{a�i�;4NMT λ1, λ2. Zpr i = 1, 2, Xi, AXi o, A2 JNMkN' Vλi

J�oO0�� X1,−AX1, X2,−AX2 o, R4×1 JO0��/KqAg�R�I
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F�iO0���,O0fL
P =















1√
2

0 − 1√
2

0

−1
2

1
2

−1
2

−1
2

0 − 1√
2

0 − 1√
2

1
2

1
2

1
2

−1
2













/ A xDF�i�
P−1AP =















0 −1 +
√

2 0 0

1 −
√

2 0 0 0

0 0 0 1 +
√

2

0 0 −1 −
√

2 0















. 2Æ[ 9.5.2 JZkYE
 9.5.3 JBP-℄t2b/->8$�Z+fL A O0xD4�i�JFa�Z�oRZ+fL A2 Jpr-NMT λi, ÆNMkN' Vλi
J�oO0� Mi = {Xi1,

AXi1, . . . , Xik, AXik}. /sr�{aAg��yUo, Rn×1 J�o�iO0���,O0fL P / A xDF�i�
P−1AP = diag(B1, . . . , Bs, O(n−2s))�℄pr
Bk =

(

0 bk

−bk 0

)

(∀ 1 ≤ k ≤ s)Z(4 A J�oyv6�>NMT ±bki. $FaJO��
L���V4�p2-�
(1) ;4-Z+fL S J�UNMT λi, λj JNMkN' Vλi

, Vλj
x�O0�J3&d�Z�" X1 ∈ Vλi

, X2 ∈ Vλj
, / XT

1 SX2 = XT
1 λ2X2 � XT

1 SX2 = (SX1)
T X2 = λ1X

T
1 X2I XT

1 λ2X2 = λ1X
T
1 X2 = (λ2 − λ1)X

T
1 X2 = 0 ⇒ 0 = XT

1 X2 = (X1, X2). &7�;4-Z+fL A2 J�UNMTJNMkN'x�O0�
(2) D A 3�Z+fL+�pr Xi 6 AXi Jy� (Xi, AXi) = XT

i AXi = 0. 2

9.5.4 Ps� n e}5N' V Jw��� A J��kN' W JO0� W⊥ 3 A J
H�� A∗ J��kN'� S Z�" α ∈ W 6 β ∈ W⊥, 1 Aα ∈ W , &^
(α,A∗β) = (Aα, β) = 0JPsb A∗β ∈ W⊥. L* W⊥ 3 A∗ J��kN'� 2

9.5.5 ' A 3 n e}5N' V Jw���� A∗ 3 A J
H���Ps� ImA∗ 3
KerA JO0��
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 S Z�" α ∈ KerA, A∗(β) ∈ ImA∗ (β ∈ V ), 1
(α,A∗(β)) = (A(α), β) = (0, β) = 0.JPsb KerA ⊥ ImA∗, ImA∗ ⊆ (KerA)⊥.��"�o�iO0� M p/pr α ∈ V -KJt� X ∈ Rn×1 U�1�C A : X 7→

AX,A∗ : X 7→ AT X, �℄ A 3 A �� M pJ?L�C dim KerA = n − rank A =

n − rank AT = n − dim ImA∗, dim(ImA∗) = n − dim(KerA) = dim(KerA)⊥. ImA∗�4 (KerA)⊥, �
e>6 (KerA)⊥ xK�J>Psb
ImA∗ = (KerA)⊥ . 2

9.5.6 Ps� A 3�e�� ⇔ |A(α)| = |A∗(α)| ZJ1J α ∈ V ,^� S � V J��o�iO0�p/pr{a α -t� X ∈ Rn×1 �1�w��� A -?L As-a�1�A : X 7→ AX,C A : X 7→ AT X, |A(α)|2 = (AX)T (AX) = XT AT AX,

|A∗(α)|2 = (AT X)T (AT X) = XT AAT X. 431�
A 3�e�� ⇔ AT A = AAT ⇒ XT AT AX = XT AAT X ⇔ |A(α)|2 = |A∗(α)|2 ⇔

|A(α)| = |A∗(α)| ZJ1J α ∈ V ,^�d�U�' |A(α)| = |A∗(α)| ZJ1J α ∈ V ,^�CZ�" α, β ∈ V 1
(A(α),A(β)) =

|A(α + β)|2 − |A(α)|2 − |A(β)|2
2

=
|A∗(α + β)|2 − |A∗(α)|2 − |A∗(β)|2

2
= (A∗(α),A∗(β))�>3Z�" X, Y ∈ Rn×1 1

XT AT AY = (AX)T (AY ) = (AT X)T (AT Y ) = XT AAT YN�N�Z�" 1 ≤ i, j ≤ n � Rn×1 Jl��{a ei, ej I
(AT A)(i, j) = e

T
i AT Aej = e

T
i (AAT )ej = (AAT )(i, j)�℄ (AT A)(i, j) 6 (AAT )(i, j) i�3 AT A 6 AAT JO (i, j) :E� AT A 6 AAT JZ(iaxK�&^ AT A = AAT , A 3�efL� A 3�e��� 2

9.5.7 �2J�J-fL A, A �3�efL�C A2 3�efL�>
A =

(

1 1

0 −1

)

. AAT =

(

2 −1

−1 1

)

6= AT A =

(

1 1

1 2

)

.

A �3�efL�C A2 = I 3�efL� 2Æ[ AT A 3 A J{aoJ Gram fL� AAT 3 A J�{aoJ Gram fL�V� A J{ao6{aoJ Gram fL�U� A >�3�efL��℄℄J A JO 1 �J)U�fd 2, O 1 )U�fd 1, s��3�efL�
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�℄℄J A 6Z1L D = diag(1,−1) xD�&7 A2 = D2 = I. C A 6 D �hO0xD�&7�efL D <�xDR��,h�efL A. 2

9.5.8 -fL A 6 AT A L0��J�JfL A 3l�R3�eJ��z A(AT A) = (AT A)A. �� A L|�K0`�U+2- A−1 IF AAT = AT A, JPs A 3�eJ��� A �L|�CL �,iZ1L A = diag(A1, O). A1 L|��LQ A1�e9^ A �e��	��p�'a-4DJO0fL/ A O0xDF B = P−1AP = P T AP. BT B = P−1AT AP = diag(D1, O), �℄ D1 3L|fL�C/ B 6 BT B 0�QG BB1�0 B = diag(B1, O), / BT
1 B1 = D1 L|Q B1 L|��d�6EJ�P�> A �R3�eJ�Ps�p�

AT A 3�OR-Z+fL�;�O0fL P / AT A xDFZ1L P−1AT AP = D =

diag(D1, O), �℄ D1 = diag(d1, . . . , dr) 3 AT A J�PheNMT di > 0 dZ1:o,JL|Z1L�� B = P−1AP = P TAP , C
BT B = P TAT AP = P−1AT AP = D = diag(d1, . . . , dr, 0, . . . , 0)

BT B 3 B J{aoJ Gram fL� BT B dZ1L D As B Js``O0� D J�
n − r rZ1:�d 0 As B J� n − r �d 0, B B1�0

B =

(

B1 O

B2 O(n−r)

)�℄ B1 ∈ Rr×r, B2 ∈ R(n−r)×r. / A 6 AT A 0�Q B = P−1AP 6 D = BT B =

P−1AT AP = diag(D1, O) 0��/
BD =

(

B1D1 O

B2D1 O

)

= DB =

(

DB1 O

O O

)Q B2D1 = O, 
/ D1 L|Q B2 = O. 9^ B = diag(B1, O), BT B = diag(BT
1 B1, O)./ BT

1 B1 = D1 L|Q B1 L|�?/
BBT B =

(

B1B
T
1 B1 O

O O

)

= BT BB =

(

BT
1 B2

1 O

O O

)IF B1B
T
1 B1 = BT

1 B2
1 . `�U+2- B−1

1 I B1B
T
1 = BT

1 B1. 9^ BBT = BT B,

AAT = AT A, A 3�efL� 2

9.5.9 ->8 R $�P n 4fL{, R $ n2 ew�N' V = Rn×n, � V ℄R#by� (X, Y ) = tr (XY T ) R�,d}5N'�Z V $�pJw��> f , Æ B ∈ V .
f(X) = (X, B).

(1) f(X) = tr X;
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(2) ZtRJ A, D ∈ Rn×n, f(X) = tr (AXD);

(3) ZtRJ A, D ∈ Rn×n, f(X) = tr (AX − XD);

(4) ZtRJ α, β ∈ R1×n, f(X) = αXβT .> (1) � B = I d n 4AgL�C f(X) = trX = tr (XIT ) = (X, B).

(2) � B = (DA)T , C f(X) = tr (A(XD)) = tr (XDA) = (X, B).

(3) � B = (A − D)T , C
f(X) = tr (AX − XD) = tr (AX) − tr (XD) = tr (XA) − tr (XD) = (X, B).

(4) � B = (βTα)T = αT β. C/ αXβT 3 1 4fLQ
f(X) = αXβT = tr (αXβT ) = tr (XβTα) = (X, B) . 2

§ 9.6 �G9!e�)
1. �F8	���� 9.6.1 '�n>8 C $w�N' V $R#b 2 :n�>�/p�Z{a α, β Z(F�rn> (α, β), �
ln�pS-�
(1) (yv?w�) (α1 + α2, β) = (α1, β) + (α2, β), (λα1, β) = λ(α1, β);

(β, α1 + α2) = (β, α1) + (β, α2), (β, λα1) = λ(β, α1)Z�" α1, α2, β ∈ V 
 λ ∈ F ,^
(2) (yvZ+�) (α, β) = (β, α) Z�" α, β ∈ V ,^
(3) (OR�) (α, α) > 0 Z�" 0 6= α ∈ V ,^>+ (α, β) d U4 (inner product), V d �F8 (unitary space). 2�I 9.6.2 (Cauchy-Schwatz �K0) Z0N' V ℄�" α, β ∈ V ,

|(α, β)|2 ≤ (α, α)(β, β),^��℄JK	8D α, β w�x�+,^� 2Nt�{�?�
9.6.1 �n>8$ 2 e>oN' C2 $R#�>

f(X, Y ) = ax1y1 + bx1y2 + cx2y1 + dx2y2.Dn> a, b, c, d ln,n�JS-+� f 3 C2 $Jy��> / C2 �, 2 e�{aN' C1×2 J�0�C X = (x1, x2), Y = (y1, y2). f(X, Y ) =

XAY ∗, �℄
A =

(

a b

c d

)
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f �lnyv?w��
f lnyvZ+�J0i��S-3 A∗ = A, a, d 3->�
 d = c.

f lnOR�J0i��S-3� a > 0, 

(

1 0

−ba−1 1

)

A

(

1 −a−1b

0 1

)

=

(

a 0

0 d − ba−1b

)JZ1:TdO�� d − ba−1b > 0, det A = ad − bb > 0.m$J=� a, b, c, d lnJS-3�
a, d T3O->� c = b, 
 ad − bc > 0. 2

9.6.2 �n>8 C $ 3 e�{aN' V = C1×3 ℄R#�iy� (X, Y ) = XY ∗ . V,d0N'�Z{ao α1 = (1, i, 0), α2 = (1, 1 + i, 1 − i), α3 = (0, i, 1) sO0�Æ2 V J�o�iO0��> g β1 = α1 = (1, i, 0).� λ21 . β2 = α2 − λ21β1 ln (β2, β1) = (α2, β1) − λ21(β1, β1) = 0.C λ21 =
(α2, β1)

(β1, β1)
=

2 − i

2
,

β2 = (1, 1 + i, 1 − i) − 2 − i

2
(1, i, 0) =

(

i

2
,
1

2
, 1 − i

)

.� λ31, λ32 . β3 = α3 − λ31β1 − λ32β2 ln
(β3, β1) = (α3, β1) − λ31(β1, β1) = 0 
 (β3, β2) = (α3, β2) − λ32(β2, β2) = 0.C λ31 =

(α3, β1)

(β1, β1)
=

1

2
, λ32 =

(α3, β2)

(β2, β2)
=

2 + 3i

5
,

β3 = (0, i, 1) − 1

2
(1, i, 0) − 2 + 3i

5

(

i

2
,
1

2
, 1 − i

)

=
(

−1 + i

5
,
−1 + i

5
,− i

5

)

.C β1, β2, β3 3 V J�oO0��i��6s βi Uf{JAg{a
γ1 =

1

|β1|
β1 =

1√
2
(1, i, 0) =

(

1√
2
,− i√

2
, 0

)

,

γ2 =
1

|β2|
β2 =

√

2

5

(

i

2
,
1

2
, 1 − i

)

=

(

i√
10

,
1√
10

,
2 − 2i√

10

)

.

γ3 =
1

|β3|
β3 =

√
5
(

−1 + i

5
,
−1 + i

5
,− i

5

)

=

(

−1 + i√
5

,
−1 + i√

5
,− i√

5

)C {γ1, γ2, γ3} 3 V J�iO0�� 2

9.6.3 Ps�0N' V ℄J{a α, β O0J0i��S-3�Z�"n> x, y, |xα +

yβ|2 = |xα|2 + |yβ|2 ,^� S Z�"n> x, y, 1
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|xα + yβ|2 = (xα + yβ, xα + yβ) = (xα, xα) + (yβ, yβ) + (xα, yβ) + (yβ, xα)

= |xα|2 + |yβ|2 + xy(α, β) + xy(α, β).s�1 α ⊥ β ⇒ (α, β) = 0 ⇒ |xα + yβ|2 = |xα|2 + |yβ|2.d�U�D (α, β) 6= 0 +�� y = 1, x = (α, β)−1, C xy(α, β) = 1, xy(α, β) +

xβy(α, β) = 1 + 1 = 2 6= 0, 9^ |xα + yβ|2 = |xα|2 + |yβ|2 + 2 6= |xα|2 + |yβ|2.JPsb� α ⊥ β ⇔ |xα + yβ|2 = |xα|2 + |yβ|2 ZJ1n> x, y ,^� 2Æ[ D V 3}5N'+��OJPsJ5k>3z}RZ�V� |xα+yβ|2 = |xα|2+|yβ|2Z�ohe-> x, y ,^>LYR α ⊥ β. ^D V 30N'+C����. (α, β) 6= 0,�L��
y = 1 � x = i(α, β)−1 . xy(α, β)+xβy(α, β) = i+i = 09^ |xα+yβ|2 = |xα|2+|yβ|2.V1D |xα + yβ|2 = |xα|2 + |yβ|2 ZJ1Jn> x, y ,^"zYR α ⊥ β. 2

9.6.4 � m×n n?L{,Jnw�N' V = Cm×n $R#�> f(X, Y ) = tr (XY ∗),ÆP�
(1) f 3y�� Cm×n � f p,d0N'�
(2) �� U1, U2 i�3 m 4�n 40fL�C V $Jw��� X 7→ U1XU2 30��� S (1) � V J�

E = {Eij | 1 ≤ i ≤ m, 1 ≤ j ≤ n}

= {E11, E12, . . . , E1n, E21, . . . , E2n, . . . , Em1, . . . , Emn}p/pr X = (xij)m×n -t� ξ = (x11, . . . , x1n, . . . , xm1, . . . , xmn) ∈ C1×mn �1��,�{aJ�0�' X = (xij)m×n 6 Y = (yij)m×n Jt�i�d�{a ξ, η. C
f(X, Y ) = tr (XY ∗) =

∑m
i=1

∑n
j=1 xijyij = ξη∗>30N' C1×mn ℄J�iy��lny�J"SwZ�&7 f lny�J"SwZ�3 V $Jy�� V � f p,d0N'�

(2) � σ : X 7→ U1XU2 d V $Jw����CZ�" X, Y ∈ V 1
f(σ(X), σ(Y )) = tr ((U1XU2)(U1Y U2)

∗) = tr (U1XU2U
∗
2 Y ∗U∗

1 )

= tr (U1XY ∗U−1
1 ) = tr (XY ∗) = f(X, Y ).JPsb σ Æ/ V ℄�"`r{aJy����3 V $J0��� 2

9.6.5 � n 4nfL{,Jnw�N' V = Cn×n ℄R#y� (X, Y ) = tr (XY ∗). Æ
V ℄J1JZ1L{,JkN' W JO0��> V ℄prZ1L D = diag(a1, . . . , an) = a1E11 + · · · + anEnn L �N�,
Λ = {Eii | 1 ≤ i ≤ n} Jw�o�� Λ 3 W J�o�� Y = (yij)n×n ∈ W⊥ J0i��S-3 yii = f(Y, Eii) = 0 ZJ1 1 ≤ i ≤ n ,^� W⊥ /Z1:�d 0 JJfLo,� 2

9.6.6 A ∈ Cm×n, Ps� rank A = rankA∗A; N�� A∗A = 0 ⇔ A = 0.

51



 S Z�" X ∈ Cm×1, AX = 0 ⇒ A∗AX = 0 ⇒ (AX)∗(AX) = X∗A∗AX = 0

⇒ AX = 0. JPsb AX = 0 ⇔ A∗AX = 0 ⇒ f.o AX = 0 6 A∗AX = 0 U6�6N'e> dim VA = n − rank A = VA∗A = n − rank (A∗A) ⇒ rank A = rankA∗A.N�N� A∗A = O ⇔ rank Arank (A∗A) = 0 ⇔ A = O. 2

9.6.7 nfL U = A+ iB, �℄ A, B 3-fL�ÆP�U 30fLJ0i��S-3�
AT B Z+�
 AT A + BT B = I. S U = A + iB 30fL3�

I = (A + iB)∗(A + iB) = (AT − iBT )(A + iB) = AT A + BT B + i(AT B − BT A)�� AT A + BT B = I, 
 AT B = BT A = (AT B)T � AT B Z+� 2

§ 9.7 ���
��n!e�)
1. $���*$�x/6}5N'$JO0��6Z+��XD��0N'$�1`X��B1N�J_����� 9.7.1 ' V 30N'� A 3 V $Jw����
(1) �� A Æ/{aJy����� (Aα,Aβ) = (α, β) Z�"J α, β ∈ V ,^�>+

A 3 �x/ (unitary transformation).

(2) �� (Aα, β) = (α,Aβ) Z�"J α, β ∈ V ,^�>+ A 3 Hermite x/
(Hermitian transformation). 2Ts 9.7.1 ' A 30N' V $Jw���� A 3 A ��iO0� M pJ?L�C�

(1) A 30�� ⇔ A 30fL�
(2) A 3 Hermite �� ⇔ A 3 Hermite fL��� 9.7.2 lnS- AA∗ = A∗A JnfL A +d $��� (normal matrix). 2s�0fL6 Hermite fLT3�efL�6}5N'℄XD�0N' V $�L R#
H��
�e����
1� A 3�e��

⇔ A ��iO0�pJ?L3�efL�Ts 9.7.2 ' A 30N' V $�rw����C;� V $�Jw��� A∗ .
(Aα, β) = (α,A∗β)ZJ1J α, β ∈ V ,^�' A ��iO0� M pJ?L3 A, C A∗ >3�U�o� M p A∗ d?LJw����
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vQ 9.7.1 A 30N' V $J�e�� ⇔ A � V J�"�o�iO0�pJ?L3�efL� 2

2. $���	��mz*�jqqU�=�e����iO0�pJp(�0J?L��>3�=�efLJ0xD�i����/JIFJ5k(-40fL
 Hermite fL�0��
 Hermite ���q9�	JnfLH/��I 9.7.3 ��nfL A 0xD4$"1L�Ts 9.7.4 6�efL A 0xDJfL B �3�efL� S ' B = U−1AU = U∗AU , �℄ U 30fL�� U−1 = U∗.C B∗ = (U∗AU)∗ = U∗A∗U . / AA∗ = A∗A I
BB∗ = U−1AU · U−1A∗U = U−1AA∗U = U−1A∗AU

= U−1A∗U · U−1AU = B∗B,JPsb B 3�efL� 2Ts 9.7.5 $"1L T 3�efL ⇔ T 3Z1L� 2�I 9.7.6 nfL A 3�eL ⇔ A 0xD4Z1L� 2

3. ���* Hermite ��	��mz*�/40fL
 Hermite fLT3�eL�KqT0xD4Z1L� pV�As0fL

Hermite fL0xD4D�JZ1L�Ts 9.7.7 (1) 0fLJ-��30fL�0fLJ|�30fL�60fL0xDJfL�30fL�

(2) 6 Hermite fLyvx�JfL�3 Hermite fL�6 Hermite fL0xDJfL�3 Hermite fL��I 9.7.8 (1) A 30fL ⇔ A 0xD4 diag(λ1, . . . , λn), �℄ |λk| = 1 � λk =

cos αk + i sin αk, ∀ 1 ≤ k ≤ n.

(2) A 3 Hermite fL ⇔ A 0xD4 diag(λ1, . . . , λn), �℄ λ1, . . . , λn T3->�
2 vQ 9.7.2 0fLJNMTJuTK4 1. Hermite fLJNMTT3->�vQ 9.7.3 n 4 Hermite fL H yvx�4-Z1L diag(I(p),−I(r−p), O(n−r)), �℄
r = rankH . 2vQ 9.7.4 Hermite fL H OR ⇔ H JNMT�!3O->� 2
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M 1 ' A, B 3U4 Hermite fL��
 A OR�;�L|nfL P . P ∗AP 6 P ∗BPT3Z1L� 2M 2 lnS- A∗ = −AJnfL A+d� Hermite �� (skew-Hermitian matrix).Æ� Hermite fLJ0xD�i�� 2M 3 n�efL A J;4�UNMT λ1, λ2 JNM{ax�O0�Nt�{�?�
9.7.1 Ps�
(1) 0fLJ�UNMTJZ(JNM{a3O0J�
(2) Hermite fLJ�UNMTJZ(JNM{a3O0J� S ' X1, X2 3fL AJ;4�UNMT λ1, λ2 JNM{a�C AX1 = λ1X1, AX2 =

λ2X2. jqPs�D A 30fL� Hermite fL+ X1 6 X2 Jy� (X1, X2) = X∗
1X2 = 0,>IF X1 ⊥ X2.

(1) ' A 30fL� A∗ = A−1, CNMT |λi| = 1, λi = λ−1
i . / AX1 = λ1X1 I

A−1X1 = λ−1
1 X1 � A∗X1 = λ1X1. 43I
0 = X∗

1AX2 − X∗
1AX2 = (A∗X1)

∗X2 − X∗
1 (AX2)

= (λ1X1)
∗X2 − X∗

1 (λ2X2) = (λ1 − λ2)X
∗
1X2 ⇒ X∗

1X2 = 0

(2) ' A 3 Hermite fL� A∗ = A, CNMT λ1, λ2 T3->�
0 = X∗

1AX2 − X∗
1AX2 = (AX1)

∗X2 − X∗
1 (AX2)

= (λ1X1)
∗X2 − X∗

1 (λ2X2) = (λ1 − λ2)X
∗
1X2 ⇒ X∗

1X2 = 0 2

9.7.2 (1) ' H dL| Hermite fL�C H−1 dL| Hermite fL�
(2) ' A, B T3 n 4 Hermite fL�C� AB �3 Hermite fL ⇔ AB = BA. S (1) K0HH−1 = I `��yvfYI (H−1)∗H∗ = I. / H∗ ��I (H−1)∗H =

I, 9^ (H−1)∗ = H−1, JPsb H−1 3L| Hermite fL�
(2) �Q A∗ = A 
 B∗ = B. 431� AB 3 Hermite fL ⇔ AB = (AB)∗ =

B∗A∗ = BA. 2

9.7.3 ' Hermite fL
H =













1
3 − 1

3
√

2
− i√

6
− 1

3
√

2
1
6

i
2
√

3
i√
6

− i
2
√

3
1
2











Æ0fL U . U−1HU dZ1L��Æ Hk (k dl�>).> NM℄z0 ϕH(λ) = λ2(λ − 1). NMTd 1, 2(2 _).
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Æ2;4NMT 1 JNM{a X1 = (
√

2,−1, i
√

3)T .Æ2;4NMT 0 JNM{a X2 = (1,
√

2, 0)T , X3 = (i
√

3, 0,
√

2)T o,NMkN'
V0 J�o��- ξ3 = X3 − (X3,X2)

(X2,X2)
X2 = X3 − i

√
3

3
X2 = 1

3
(2
√

3i,−
√

6i, 3
√

2)T �Q X3,IF V JO0� {X1, X2, ξ3}. �6 X1, X2, ξ3 i�Uf{JAg{a P1 = 1√
6
X1, P2 =

1√
3
X2, P3 = 1

2
ξ3 ds�,0fL
U =









1√
3

1√
3

i√
3

− 1√
6

2√
6

− i√
6

i√
2

0 1√
2









, C U−1HU = D =









1 0 0

0 0 0

0 0 0







/ Dk = D � H = UDU−1 Q Hk = UDkU−1 = UDU−1 = H . 2

9.7.4 ' U d0fL�
 −1 �3 U JNMT�Ps�
(1) I + U dL|L�
(2) H = (I − U)(I + U)−1 d� Hermite fL� S (1) −1 �3 U JNMT ⇔ −1 �3NM℄z0 det (λI − U) Ju
⇔ det (−I − U) 6= 0 ⇔ det (I + U) = (−1)n det (−I − U) 6= 0 ⇔ I + U L|�
(2) / H = (I − U)(I + U)−1 I H(I + U) = I − U . `�U+�yvfYI

(I + U∗)H∗ = I − U∗ � (I + U−1)H∗ = I − U−1.`�U+q- U I (U + I)H∗ = U − I, 9^ H∗ = (U − I)(I + U)−1 = −H .JPsb H 3� Hermite fL� 2

9.7.5 ' A d�eL� U d0fL�Ps� U−1AU 3�eL� S � B = U−1AU = U∗AU . C B∗ = U∗A∗U .

BB∗ = U∗AUU∗A∗U = U∗AA∗U = U∗A∗AU = (U∗A∗U)(U∗AU) = B∗BJPsb B = U−1AU 3�eL� 2

9.7.6 ! A∗ = −A, Ps� A ± I dL|L� S A 3� Hermite fL�NMTd6�>� 0. &^ ±1 �3 A JNMT��3NM℄z0 det (λI −A) Ju�� det (±I −A) 6= 0, det (A± I) = (−1)n det (∓I −A) 6= 0,

A ± I L|� 2

9.7.7 ' λ1, λ2, · · · , λn 3 n 4�eL A JNMT� µ1, µ2, · · · , µn 3 A∗A JNMT�Ps�
n
∑

i=1

µi =
n
∑

i=1

|λi|2. S ;�0fL U /�eL A xD4Z1L Λ = U−1AU = diag(λ1, . . . , λn), λi

(1 ≤ i ≤ n) 3 A JNMT�43 A = UΛU−1 = UΛU∗, A∗ = UΛ∗U∗.
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A∗A = (UΛ∗U∗)(UΛU∗) = U(ΛΛ∗)U−1xD4Z1L ΛΛ∗ = diag(λ1λ1, . . . , λnλn) = diag(|λ1|2, . . . , |λn|2), ΛΛ∗ J�!NMT
|λ1|2, . . . , |λn|2 >3 A∗A J�!NMT µ1, . . . , µn Jvr��&7

n
∑

i=1

µi =
n
∑

i=1

|λi|2. 2

9.7.8 ' U d0fL�
 U−1AU = B, Ps� tr (A∗A) = tr (B∗B). S B∗B = (U∗AU)∗(U−1AU) = (U∗A∗U)(U−1AU) = U−1A∗AU . &7
tr (B∗B) = tr (U−1A∗AU) = tr (A∗AUU−1) = tr (A∗A) 2

9.7.9 ' H1, H2 T3 n 4OR Hermite fL�
 H1 −H2 OR�ÆP� H−1
2 − H−1

1OR� S qPs;�U�rL|fL P / H1, H2 yvx�FZ1L�8q�;�L|fL P1 /OR Hermite fL H1 yvx�FAgL� P ∗
1 H1P1 = I.

H3 = P ∗
1 H2P1 �3OR Hermite fL�L�0fL U1 xDFZ1L D = U−1

1 H3U1 =

U∗
1 H3U1 = P ∗H2P , �℄ P = P1U1. 
 P ∗H1P = U∗

1 P ∗
1 H1P1U1 = U∗

1 IU1 = I.J>Psb�;�L|fL P / H1, H2 U+yvxDFZ1L�P ∗H1P = I, P ∗H2P =

D = diag(d1, . . . , dn), �℄ di > 0 (∀ 1 ≤ i ≤ n).

P / H1 − H2 yvx�FZ1L P ∗(H1 − H2)P = P ∗H1P − P ∗H2P = I − D =

diag(1 − d1, . . . , 1 − dn). 
�
H1 − H2 OR ⇒ I − D OR ⇒ Z1: 1 − di > 0 9^ di < 1 (∀ 1 ≤ i ≤ n)/ H1 = (P ∗)−1P−1 � H2 = (P ∗)−1DP−1 Q

H−1
2 − H−1

1 = PD−1P ∗ − PP ∗ = P (D−1 − I)P ∗�℄ D−1 − I = diag(d−1
1 −1, . . . , d−1

n −1). / 0 < di < 1 Q d−1
i > 1 ZJ1 1 ≤ i ≤ n ,^�9^Z1L D−1 − I JJ1Z1: d−1

i − 1 > 0, D−1 − I OR�H−1
2 −H−1

1 6 D−1 − Iyvx��&7�OR� 2

9.7.10 ' H1, H2 T3 n 4 Hermite fL�
 H1 OR�ÆP� H1 + H2 ORJ0i��S-3�fL H−1
1 H2 JNMTT?4 −1. S 6 9.7.9 U�LPs;�L|fL P U+ln

P ∗H1P = I, P ∗H2P = D = diag(d1, . . . , dn).

H1 + H2 OR ⇔ P ∗(H1 + H2)P = I + D = diag(1 + d1, . . . , 1 + dn) OR
⇔ J1J 1 + di > 0 � di > −1, (∀ 1 ≤ i ≤ n)./ H1 = (P ∗)−1P−1, H2 = (P ∗)−1DP−1 I H−1

1 H2 = PDP−1 xD4 D. D J�PNMT di �>3 H−1
1 H2 J�PNMT�/7IF�

56



H1 + H2 ORJ0i��S-3� H−1
1 H2 JJ1NMT di > −1 (1 ≤ i ≤ n). 2Æ[ /n>?L A T�xM�xD�x����,(AJ�i� S, / A Jx�iO(�dZ(A?L S J�=�1Lz.iO�Iv�!���z/`rn>?L A, B U+�,(AJ�i���1Lz.iO�Iv�!� 9.7.96 9.7.10 >3J��U�rL|fL P /`r Hermite fL H1, H2 (�℄W%�rOR) U+yvx�FZ1L�iO>�I�!b�Jrfa��=-Z+fL+�#-����`r-Z+fL S1, S2 ℄W%1�rOR��L -U�rL|fL P / S1, S2 U+x�FZ1L

P TS1P = I 6 P TS2P = D.

9.7.10 �1�r�+PTIe"�/`rfL H1, H2 U+yvx�FZ1L P ∗H1P = I6 P ∗H2P = D R��/`0x “3” IF P−1H−1
1 H2P = D, LQ H1, H2 R# H−1

1 H2 6
D xD� 2

§ 9.8 k�
(j!e�)Nt�{�?�
9.8.1 ÆP�w�N' V $pr?w��> f TL �,Z+?w��>6�Z+?w��>R
� S Z�" α, β ∈ V , R#

f1(α, β) = 1
2
(f(α, β) + f(β, α)), f−1(α, β) = 1

2
(f(α, β) − f(β, α)).C f1, f−1 T3 V $?w��>�
Z�" α, β ∈ V , 1

f(α, β) = f1(α, β) + f−1(α, β), f1(α, β) = f1(β, α), f−1(α, β) = −f−1(β, α)JPsb f 3Z+?w��> f1 6�Z+?w��> f−1 R
� 2

9.8.2 ' Q 3w�N' V $J_8��� V $R# f(α, β) = Q(α+β)−Q(α)−Q(β),ÆP�
(1) f(α, β) 3 V $JZ+?w��>�
(2) Q(α) =

1

2
f(α, α) ZJ1J α ∈ V ,^�

(3) Z V $�"w��� A, f(Aα,Aβ) = f(α, β) (∀ α, β ∈ V ) J0i��S-3
Q(Aα) = Q(α) (∀ α ∈ V ). S �"�R V J�o� M , / V ℄pr{a α -K�Jo�pJt� σ(α) = X ∈
Rn×1 �1�C;��J-Z+fL S . Q(α) = XT SX ZJ1J α ∈ V ,^�

(1) ' α, β Jt�i�3 X, Y . C
f(α, β) = Q(α + β) − Q(α) − Q(β) = (X + Y )T S(X + Y ) − XT SX − Y T SY
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= XT SY + Y T SX = XT SY + (Y T SX)T = XT SY + XT SY = 2XT Y .�℄ Y T SX = (Y T SX)T 3&d Y T SX 3 1 4fL&73Z+fL�JPsb f(α, β) = XT (2S)Y 3/-Z+fL 2S ERJZ+?w��>�
(2) / f(α, α) = 2XT SX = 2Q(a) Q Q(α) = 1

2
f(α, α) ZJ1J α ∈ V ,^�

(3) 'Z�" α, β ∈ V 1 f(Aα,Aβ) = f(α, β), � β = α �I
Q(Aα) = 1

2
f(Aα,Aα) = 1

2
f(α, α) = Q(α).d�U�'Z�" α ∈ V 1 Q(Aα) = Q(α). CZ�" α, β ∈ V 1

f(Aα,Aβ) = Q(Aα + Aβ) − Q(Aα) − Q(Aβ)

= Q(A(α + β)) − Q(Aα) − Q(Aβ)

= Q(α + β) − Q(α) − Q(β) = f(α, β) 2

9.8.3 ÆP�w�N' V $J?w��> f(α, β)L �,w��> f1, f2 R� f(α, β) =

f1(α)f2(β) J0i��S-3� rank f = 1. S � V J��o� M p/pr{a α ∈ V -t� X ∈ F n×1 �1�' f(α, β) = f1(α)f2(β), f1, f2 3 V $w��>� X, Y i�3 α, β ∈ V Jt��Cw��> f1(α) = A1X, f2(β) = A2Y , �℄ A1 = (a1, . . . , an) 6 A2 = (b1, . . . , bn) 3(>
ai, bi (1 ≤ i ≤ n) o,Jh�{a�43?w��>

f(α, β) = (A1X)T (A2Y ) = XT AT
1 A2Y�� M pJ?L AT

1 A2 dhe{a AT
1 6�{a A2 J-�� rank f = rank (AT

1 A2) = 1.d�U�' rank f = 1, C f(α, β) = XT AY �� M pJ?LJ[ rank A = rank f =

1, A = AT
1 A2 Zhe{a AT

1 
�{a A2 ,^�43
f(α, β) = XT AT

1 A2Y = (A1X)T (A2Y ) = f1(α)f2(β),�℄ f1(α) = A1X 6 f2(β) = A2Y T3 V $Jw��>� 2

9.8.4 ' V = R1×2 3->8 R $ 2 e�{aN'�{a X = (x1, x2), Y = (y1, y2) ∈
V . � V $R#Jp�>3l?w��>�3lZ+��Z+?w��>�

(1) f(X, Y ) =

∣

∣

∣

∣

∣

x1 y1

x2 y2

∣

∣

∣

∣

∣

.

(2) f(X, Y ) = (X − Y )(X − Y )T .

(3) f(X, Y ) = Q(X + Y ) − Q(X) − Q(Y ), �℄ Q(X) = XXT (∀ X ∈ V ).> (1) f(X, Y ) = x1y2 − x2y1 = XSY T Z
A =

(

0 1

−1 0

)
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,^� f 3/�Z+fL A ERJ�Z+?w��>�
(2) ?w��> f(X, Y ) D Y = 0 +Z�" X 1 f(X, 0) = f(X, 00) = 0f(X, 0) =

0. �~OD Y = 0 6= X +1 f(X, 0) = XT X = x2
1 + x2

2 > 0, L* f �3?w��>�
(3) f(X, Y ) = (X + Y )(X + Y )T − XXT − Y Y T = XY T + Y XT = 2XY T =

2x1y1 + 2x2y2 3/Z+fL 2I ERJ?w��>� 2Æ[ �	N��{aN' F 1×n $J_:�> f(X, Y ) ��z|�, f(X, Y ) = XAY TJ�0� A 3(o>fL�C f 3?w��>� f Z+��Z+/fL A Z+��Z+ER��OO (1),(3) ~O>3J��RJ�
f(X, Y ) �3 X 6 Y J 2n ria xi, yj (1 ≤ i, j ≤ n) J 2n :�>� f(X, Y ) 3?w��>J0i��S-3� f 3 xi, yj (1 ≤ i, j ≤ n) J_8�8℄z0�pz aijxiyj ��r xi 
�r yj J-��C�z3`r xi �`r yj J-��O (1) ~OJ x1y2 − x2y1 6O (3) ~OJ 2x1y1 + 2x2y2 Tm�Jr�Æ�O (2) ~OJ

f(X, Y ) = (x1 − y1)
2 + (x2 − y2)

2 = x2
1 − 2x1y1 + y2

1 + x2
2 − 2x2y2 + y2

2G�3_8�8℄z0�C�℄J_8z x2
1, x

2
2, y

2
1, y

2
2 �m��Æ�J �3?w��>�/�0J�\>LQG 2 4�0 f(X, Y ) = det (X, Y ) ln?w��>JS-

det (λX1 + X2, Y ) = λ det (X1, Y ) + det (X2, Y )

det (X, λY1 + Y2) = λ det (X, Y1) + det (X, Y2)�
 det (X, Y ) = − det (Y, X), JAs f(X, Y ) = det (X, Y ) 3�Z+?w��>� 2

9.8.5 Ps��� V = F 2×1 $J�Z+?w��> f lnS- f(

(

1

0

)

,

(

0

1

)

) = 1,C f >3�0�> f(X, Y ) = det (X, Y ), �℄ (X, Y ) 3�8 X, Y do,J?L� S �Q f(e1, e2) = 1 Z e1 =

(

1

0

)

, e2 =

(

0

1

) ,^�/ f �Z+Q f(e2, e1) = −f(e1, e2) = −1. 
Z�" X 1 f(X, X) = −f(X, X)

⇒ f(X, X) = 0. N�N� f(e1, e1) = f(e2, e2) = 0.Z�" X =

(

x1

x2

)

= x1e1 + x2e2, Y =

(

y1

y2

)

= y1e1 + y2e2, / f ?w�I
f(X, Y ) = x1y1f(e1, e1) + x1y2f(e1, e2) + x2y1f(e2, e1) + x2y2f(e2, e2)

= x1y1 × 0 + x1y2 × 1 + x2y1 × (−1) + x2y2 × 0

= x1y2 − x2y1 = det

(

x1 y1

x2 y2

)

= det (X, Y ) . 2

9.8.6 �>8 F $ 2e{aN' V = F 2×1 $R#�> f(X, Y ) = XT

(

0 1

−1 0

)

Y .

(1) Ps f(X, Y ) = det (X, Y ).
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(2) D f(X, Y ) = 0 +R# X ⊥ Y . Ps X ⊥ Y ⇔ Y ⊥ X ⇔ X 6 Y w�x��
(3) �� V $w��� A : X 7→ AX lnS-

f(AX,AY ) = f(X, Y ), ∀ X, Y ∈ V ,>+ A 3 V $J �x/ (symplectic transformation). Ps�
A 3��� ⇔ AT

(

0 1

−1 0

)

A =

(

0 1

−1 0

)

⇔ det A = 1. S (1) � X = (x1, x2)
T , Y = (y1, y2)

T , C
f(X, Y ) = (x1, x2)

(

0 1

−1 0

)(

y1

y2

)

= x1y2 − x2y1 = det (X, Y ).

(2) X ⊥ Y ⇔ f(Y, X) = −f(X, Y ) = 0 ⇔ Y ⊥ X

⇔ det (X, Y ) = f(X, Y ) = 0 ⇔ X 6 Y w�x��
(3) ' A : X 7→ AX. C

f(AX,AY ) = det (AX, AY ) = det (A(X, Y )) = ( det A) det (X, Y ).

A 3��� ⇔ ( det A) det (X, Y ) = f(AX,AY ) = f(X, Y ) = det (X, Y ) Z�" 24fL (X, Y ) ∈ F 2×2 ,^�s�1� det A = 1 ⇒ ( det A) det (X, Y ) = det (X, Y ) ⇒ A 3����d�U�� (X, Y ) = I = (e1, e2) d 2 4AgL�IF�
A 3��� ⇒ det A = det (AI) = f(Ae1,Ae2) = f(e1, e2) = det (e1, e2) = 1.

2

9.8.7 Ps�'>8 F $ n ew�N' V $R#bhZ��Z+?w��> f .

(1) Ps� n 3~>�
(2) Ps� f � V J4DJ� M pJ?L3 H =

(

O I(m)

I(m) O

)

, �℄ m =
n

2
.

(3) Ps� A 3 V $J��� ⇔ A �� M pJ?L A lnS- AT HA = H .

(4) lnS- AT HA = H JfL+d�fL��. pfL
(

P O

O Q

)

,

(

I X

O I

)

,

(

I O

X I

)3�fL��℄J m 4O P, Q, X (Dln,n�J0i��S-� S (1) � V J��o� S = {α1, . . . , αn}p/pr{a α = x1α1+· · ·+xnαn ∈ V-K�� S pJt� X = (x1, . . . , xn)T ∈ F n×1 �1�C?w��> f(X, Y ) = XT BY ,�℄ B = (bij)n×n 3 f � S pJ?L�/ bij = f(αi, αj) (1 ≤ i, j ≤ n) o,�
f �Z+ ⇔ ?L B �Z+� BT = −B. f hZ� ⇔ B L|� det B 6= 0.
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�� nd�>�C�Z+fL B J�0 det B = det BT = det (−B) = (−1)n det B =

− det B ⇒ det B = 0, ⇒ f Z��m\�&7� f hZ�8D n 3~>�
(2) 
�Ps�;� V J� M = {β1, . . . , βn} ln

H = (hij)n×n =

(

O I(m)

−I(m) O

)

, hij = f(βi, βj) =



















1, j = i + m

−1, j = i − m

0, �5��/4 f hZ��Z�" 0 6= β1 ∈ V ;� αm+1 6 β1 �O0�f(β1, αm+1) = a1 6= 0. �
βm+1 = a−1

1 αm+1, C f(β1, βm+1) = 1, f(βm+1, β1) = −1. �� β1 6 βm+1 w�x��C
βm+1 = bβ1, f(β1, βm+1) = f(β1, bβ1) = bf(β1, β1) = 0, m\�&7� M1 = {β1, βm+1}(, V J 2 ekN' W1, M1 3 W1 J�o���� n = 2, m = 1, C W1 = V , f �� M1 pJ?L H1 =

(

0 1

−1 0

) m��Æ�' n = 2m > 2, Z m s>��wa�%RtO�Z n = 2(m − 1) J��,^�'
W⊥

1 = {α ∈ V | α ⊥ W1}, C/ f hZ�Q dim W⊥
1 = n − dim W1 = 2m − 2. f � 2 ekN' W1 $JvZ f1 �� M1 pJ?L H1 L|�&^ f1 hZ�� W1 ∩ W⊥

1 = 0. &7
V = W1 ⊕W⊥

1 . W⊥
1 J��o� M̃2 6 M1 J�� M̃ = M1 ∪ M̃2 3 V J�o�� f �Jo�pJ?L

B =

(

H1 O

O B2

)3iZ1L
L|�&7B2 L|�f � W⊥
1 $JvZ f2 3hZ��Z+?w��>�/�w%'Q;� W⊥

1 J� M2 = {β2, . . . , βm, βm+2, . . . , β2m} . f2(βk, βm+k) = 1 = −f(βm+k, βk)

(∀ 2 ≤ k ≤ m), 
Z�5�"�Z βi, βj ∈ M2 1 f(βi, βj) = 0. M1 ∪M1 3 V J�o��_���Æd M = {β1, . . . , β2m}, C f � M pJ?L H ln�Æ�
(3) ' f � V J� M pJ?Ld H , V $w��� A �� M pJ?Ld A. �� Mp/ V ℄{a-t� X ∈ F n×1 �1�C f(X, Y ) = XT HY , AX = AX.

A 3��� ⇔ �" X, Y ∈ F n×1 ln
XTHY = f(X, Y ) = f(AX, AY ) = (AX)T H(AY ) = XT AT HAYs��D AT HA = H +J1J XT HY = XTAT HAY , A 3����d�U�' A 3����� X = ei, Y = ej d�"`rl��{a��℄ ei JO i iad 1 ��5ia�d 0. C H(i, j) = e

T
i Hej = e

T
i AT HAej = (AT HA)(i, j), �℄ H(i, j)6 (AT HA)(i, j) i�3?L H 6 AT HA JO (i, j) ia� H 6 AT HA JprZ(iaxK�&7 H = AT HA.JPsb� A 3��� ⇔ AT HA = H .
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(4) �
A1 =

(

P O

O Q

)

, A2 =

(

I X

O I

)

, A3 =

(

I O

X I

)C
AT

1 HA1 =

(

O P TQ

−QT P O

)

= H ⇔ P TQ = I ⇔ Q = (P T )−1

AT
2 HA2 =

(

O I(m)

−I(m) XT − X

)

= H ⇔ XT − X = O ⇔ XT = X

AT
3 HA3 =

(

X − XT I(m)

−I(m) O

)

= H ⇔ X − XT = O ⇔ XT = X

P, Q, X lnJ0i��S-d�P L|�Q = (P T )−1, X 3Z+fL�XT = X. 2�t�1 9.1 C�_w���
?L3w��>Jb��=Z|��℄JL|w���6L|fLB1N�_�Js-�
§ 9.9 !�
N.Nt�{�?�

9.9.1 ' H1, H2 T3 n 4OR Hermite fL�ÆP� H1H2 JNMTT3OJ� S V�Ps;�L|fL P / H−1
1 yvx�FAgL P ∗H−1

1 P = I, �
/ H2 yvFZ1L P ∗H2P = D = diag(d1, . . . , dn). C
D = I−1D = (P ∗H−1

1 P )−1(P ∗H2P ) = P−1H1H2P6 D xD� D J�!Z1: di >3 H1H2 J�!NMT� D 6OR Hermite fL H2 yvx����OR�J1JZ1: di 3O->�J>3A H1H2 J�!NMTT3O->�V
?Ps;�U�rL|fL P / H−1
1 , H2 i�x�FZ1L I 6 D. 8q�;�L|fL P1 /OR Hermite fL H1 yvx�FAgL P ∗

1 H1P1 = I, `��|IF
P−1

1 H−1
1 (P−1

1 )∗ = I, As H−1
1 yvx�4 I. H3 = P−1

1 H2(P
−1
1 )∗ yvx�s4OR

Hermite fL H2, �3OR Hermite fL�;�0fL U / H3 xD (�3yvx�) 4Z1L U−1H3U = D = diag(d1, . . . , dn). � P = (P−1
1 )∗U , C P ∗H2P = D, 
 P ∗H−1

1 P =

U−1IU = I. ��J
� 2Æ[ �O��/ H1, H2 U+yvx�FZ1L P ∗H1P = I, P ∗H2P = D, ?/`0x-kaI2�4 H1H2 J5k�CL/`0x “3” IFZ1L P−1H−1
1 H2P = D 6
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H−1
1 H2 xD�dbIF�4 H1, H2 -� H1H2 J5k�pd/ H−1

1 , H2 U+yvx�FZ1L P ∗H−1P = I, P ∗H2P = D, ?/`0x “3” IFZ1L P−1H1H2P = D 6 H1H2xD�iO>)�^6b� 2

9.9.2 ' n 4 Hermite fL H J[d r, Ps� r ≥ (tr H)2

tr (H2)
. S ;�0fL U / H xD4-Z1L U−1HU = Λ = diag(λ1, . . . , λr, 0, . . . , 0),�℄ λ1, . . . , λr 3 H J�PheNMT� trH = trΛ = λ1 + · · · + λr. ^ Λ2 =

diag(λ2
1, . . . , λ

2
r, 0, . . . , 0) = U−1H2U 6 H2 xD�KJZ1: λ2

1, . . . , λ
2
r >3 H2 J�PheNMT� tr H2 = tr Λ2 = λ2

1 + · · · + λ2
r.Z- r e{a (λ1, . . . , λr) 6 (1, . . . , 1) \-Km – )\j�K0�I

r(λ2
1 + · · · + λ2

r) ≥ (1λ1 + · · ·+ 1λr)
2� r · tr (H2) ≥ (tr H)2, r ≥ (tr H)2

tr (H2)
. 2

9.9.3 ' H = (hij)n×n 3OR Hermite fL�ÆP� det H ≤ h11 · · ·hnn. S Z n r>��wa�D n = 1 +OR Hermite fL H = (h11) >3O-> h11 > 0,

det H = h11 ln det H ≥ h11.'tOZ n − 1 4OR Hermite fL,^�/ H iOd
H =

(

Hn−1 β

β∗ hnn

)

/�" n−1 ehe{a ξ ∈ C(n−1)×1, R$O n ia 0 IFhe n e{a X =

(

ξ

0

)

, /
H ORQ ξ∗Hn−1ξ = X∗HX > 0, JAs Hn−1 = (hij)1≤i,j≤n−1 3 n − 1 4OR HermitefL�3L|fL�/ H yvx�FiZ1L

H̃ =

(

I(n−1) 0

−β∗H−1
n−1 1

)

H

(

I(n−1) −H−1
n−1β

0 1

)

=

(

Hn−1 0

0 dnn

)�℄ dnn = hnn − β∗H−1
n−1β. C det H = det Hn−1dnn, / H, Hn−1 ORQ det H > 0
 det Hn−1 > 0, &^ dnn =

det H

det Hn−1
> 0. 
/ Hn−1 = H∗

n−1H
−1
n−1Hn−1 Q H−1

n−16OR Hermite fL Hn−1 yvx�Q H−1
n−1 OR�Q β∗H−1

n−1β ≥ 0, 9^ 0 < dnn =

hnn − β∗H−1
n−1β ≤ hnn. /�w%'Q det Hn−1 ≤ h11 · · ·hn−1,n−1. 9^

det H = ( det Hn−1)dnn ≤ (h11 · · ·hn−1,n−1)dnn ≤ h11 · · ·hn−1,n−1hnn . 2

9.9.4 ' A = (aij)n×n 3 n 4nfL�ÆP�
| det A|2 ≤

n
∏

j=1

n
∑

i=1

|aij |2.
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 S �K02�s� ≥ 0, D det A = 0 +�K0s�,^�' det A 6= 0, A L|� H = A∗A = (hij)n×n 3OR Hermite fL��℄ hjj =
n
∑

i=1

aijaij =
n
∑

i=1

|aij|2. Z H = A∗A (- 9.9.4 JP5kIF
| det A|2 = det H ≤

n
∏

i=1

hjj =
n
∏

i=1

n
∑

j=1

|aij|2 . 2

9.9.5 Ps�nfL A 3�eL ⇔ ;�no>℄z0 f(λ) . A∗ = f(A). S ��;�no>℄z0 f(λ) . A∗ = f(A), C A∗A = f(A)A = Af(A) = AA∗,

A 3�eL�d�U�' A 3�eL�C;�0fL U / A xDFZ1L
U−1AU = U∗AU = D = diag(λ1I(n1), . . . , λtI(nt)),�℄ λ1, . . . , λt 3 A J�!�UJNMT�

D∗ = diag(λ1I(n1), . . . , λtI(nt)) = (U∗AU)∗ = U∗A∗U = U−1A∗UZpr 1 ≤ i ≤ t, � fi(λ) =
∏

j 6=i

(λ − λj) d3b λ − λi R℄J1J λ − λj (1 ≤ j ≤

t, j 6= i) J-��C;�TqW�&T℄z0
f(λ) =

n
∑

i=1

λi

fi(λi)
fi(λ)lnS- f(λi) = λi, (∀ 1 ≤ i ≤ t). 9^ f(D) = D∗,

f(A) = f(UDU−1) = Uf(D)U−1 = UD∗U−1 = A∗ . 2

9.9.6 Ps�-fLJpr�%TT3NMTJ0i��S-3 A ≥ 0. S ' λ1, . . . , λr 3 A J�PNMT�uA Schur �K0�
tr (A∗A) = tr (AT A) ≥

n
∑

i=1

|λi|2,K	,^J0i��S-3 A 3�efL�
tr (AT A) = µ2

1, . . . , µ
2
r K4 AT A JsheNMT µ2

i R
��℄s µi > 0 (1 ≤ i ≤ r)>3 A J�!�%T��� A J�%T µ1, . . . , µr T3 A JNMT��g%RKq3 A J	
r rNMT λ1, . . . , λr. C/ Schur �K0I

tr (AT A) ≥ |λ1|2 + · · ·+ |λr|2 +
∑

r<i≤n

|λi|2 ≥ λ2
1 + · · ·+ λ2

r = tr (AT A)J�. Schur �K0℄JK	,^�
 ∑

r<r≤n

|λi| = 0, A 3�eL
�P�%T λ1, . . . , λr >3 A J�!heNMT�A J�!NMT λ1, . . . , λr, 0, . . . , 0 �!3ho->�;�O0fL
U / A xD4�i� U−1AU = D = diag(λ1, . . . , λr, 0, . . . , 0), A = UDU−1 = UDUTx�4�ORZ1L D, &^ A 3�ORZ+fL�
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d�U�'-fL A 3�ORZ+fL�C;�O0fL U / A xD4Z1L U−1AU =

UT AU = D = diag(λ1, . . . , λr, 0, . . . , 0), �℄ λ1 ≥ · · · ≥ λr > 0 3 A JheNMT�
DT D = diag(λ2

1, . . . , λ
2
r, 0, . . . , 0) = (UT AT U)(UT AU) = U−1(AT A)U .6 AT A xDJZ1L DT D JheZ1: λ2

1, . . . , λ
2
r >3 AT A J�!heNMT�KqJF<�fu λ1, . . . , λr >3 A J�P�%T�O�3 A J�!heNMT� 2

9.9.7 ' n 4OR Hermite fL H = A + iB, �℄ A, B 3 n 4-fL� i2 = −1.Ps det A ≥ det H , �℄JK	,^D
8D B = 0. S / H∗ = (A + iB)∗ = AT − iBT = H = A + iB Q AT = A, BT = −B. ��
B = O, C H = A, det A = det H ,^� p%R B 6= O, Ps det A > det H .Z�"he n e-{a X ∈ Rn×1, / B �Z+Q XT BX = 0, ?/ H ORQ
0 < X∗HX = XT (A + iB)X = XT AX + iXT BX = XT AX. JPsb A 3OR-Z+fL�;�L|fL P1 / A x�FAgL P T

1 AP = I. B1 = P TBP �3�Z+fL�;�O0fL U / B1 xDF�i� U−1B1U = UT B1U = K = diag(K1, . . . , Ks, O(n−2s)), �℄pr
Kj =

(

0 bj

−bj 0

)Z(4 B1 J�Zyv�u ±bji. g P = (P1U)−1, C (P−1)T BP−1 = K, (P−1)T AP−1 =

UT IU = I. 43 A = P TP , B = P TKP , H = A + iB = P T (I + iK)P , �℄
I + iK = diag(T1, . . . , Ts, I(n−2s))�℄pr

Tj = I(2) + Kj =

(

1 bji

−bji 1

)

, (∀ 1 ≤ i ≤ s)/ H ORQiZ1L I+iK = (P−1)∗H(P−1) OR�KJZ1O Tj OR�det Λj = 1−b2
j >

0, 
/ b2
j > 0 Q det Tj < 1. 9^ det (I + iK) = ( det T1) · · · ( detTs) < 1. 43/

A = P T P � H = P T (I + iK)P I
det A = ( detP )2 > ( det P )2 det (I + iK) = det H . 2Æ[ �O�3/ A, B 6U+x�4(A�g P T AP = I, P TBP = K, V���Z+-fL B �zx�4Z1L�Vz�,/�*� 2 4JZ1Oo,JiZ1L�J�<n .iO)�^6� 2

9.9.8 (no>w�f.oJp~_-6) ' A ∈ Cm×n, β ∈ Cm×1. ��h�8w�f.o AX = β k6�jqÆ X0 ∈ Cn×1 . |AX0 − β| p~�J�J X0 +d AX = β Jp~_-6�ÆP�
X0 3 AX = β Jp~_-6 ⇔ X0 3f.o A∗AX = A∗β J6�
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 S f.o A∗AX = A∗β J6 X0 ln A∗(AX0 − β) = 0. Z�" X ∈ Cn×1, /
u = AX − β ∈ Cm×1 i6d Cm×1 ℄`r{a u1 = A(X −X0) 6 u2 = AX0 − β R
�KqJ�iy�

(u1,u2) = (A(X − X0))
∗(AX0 − β) = (X − X0)

∗A∗(AX0 − β) = 0,D��1 (u2,u1) = (u1,u2) = 0. 43
|AX − β|2 = |u|2 = (u1 + u2, u1 + u2) = (u1, u1) + (u1, u2)

= |u1|2 + |u2|2 ≥ |u2|2 = |AX0 − β|2JPsb A∗AX = A∗β J6 X0 . |AX0 − β| =Fp~T� X0 3f.o AX = β Jp~_-6� 2Æ[ �O℄PsJ (u1,u2) = 0 ⇒ |u1 + u2|2 = |u1|2 + |u2|2 >30N'℄Jz}RZ�/7IFJ |u1 + u2| ≥ |u2| J��"#3���P P FkN' W JpWCY35wX
PD J)U�' W 3 A Js Ai (,JkN'� P 3 −→

OP = β J��JP�C P F WJ5wX PD J5n D / −−→
OD = AX0 ��� −−→

PD = AX0 − β ⊥ W ⇔ −−→
PD 6 A Jp

Ai Jy� A∗
i (AX0 − β) = 0 ⇔ A∗(AX0 − β) = 0 ⇔ A∗AX0 = A∗β. 2

9.9.9 (M–P �#|) ' A 3 m× n n?L��� n×m n?L B U+ln p 4 rS-�>+ B 3 A J�r Morre–Penrose �#|�(+ M–P �#|�
(1) ABA = A; (2) BAB = B; (3) (AB)∗ = AB; (4) (BA)∗ = BA.6T� p a�= Morre–Penrose |J;������66f.oJ�o�
(1) �B m 40fL U1 
 n 40fL U2 / A 0xMF�i�

A1 = U1AU2 =















µ1

. . .

µr

O(m−r)×(n−r)















,�℄ µ1 ≥ · · · ≥ µr > 0. g B1 = U∗
2 BU∗

1 . ÆP�
B 3 A J M–P �#| ⇔ B1 3 A1 J M-P �#|�

(2) Ps� A1 ;��J M–P �#|�9^ A ;��J M–P �#|�jq/ A J�J M–P �#|�s A+.

(3) Z�" β ∈ Cm×1, ÆP� X = A+β 3w�f.o AX = β Jp~_-6���p~_-6���C X = A+β �3u |X| p~Jp~_-6�
(4) ' A ∈ F m×n J[d r, CL� A = BC . B ∈ F m×r, Cr×n, rank B = rankC =

r. �<QG B∗B, CC∗ L|�6�P
A+ = C∗(CC∗)−1(B∗B)−1B∗
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ln M–P �#|J 4 rS-� S (1) ' U1, U2 i�3 m 4
 n 40fL� A1 = U1AU2, B1 = U∗
2 BU∗

1 =

U−1
2 BU−1

1 . C�
B 3 A J M–P �#|

⇔



























ABA = A ⇔ A1B1A1 = U1ABAU2 = U1AU2 = A1

BAB = B ⇔ B1A1B1 = U−1
2 BABU−1

1 = U−1
2 BU−1

1 = B1

(AB)∗ = AB ⇔ (A1B1)
∗ = (U1ABU∗

1 )∗ = U1(AB)∗U∗
1 = U1ABU∗

1 = A1B1

(BA)∗ = BA ⇔ (B1A1)
∗ = (U1BAU∗

1 )∗ = U1(BA)∗U∗
1 = U1BAU∗

1 = B1A1



























⇔ B1 3 A1 J M–P �#|�
(2) ' A1 ;� M–P �#| B1 ∈ Cn×m. / A1, B1 iOd

A1 =

(

Λ1 O

O O

)

, B1 =

(

B11 B12

B21 B22

)�℄ Λ1 = diag(µ1, . . . , µr) � B11 i�3 A1, A2 q$1J r 4fL�C Λ1 3 r 4L|Z1L� B12 ∈ Cr×(m−r), B21 ∈ C(n−r)×r, B22 ∈ C(n−r)×(m−r). C/
A1B1 =

(

Λ1B11 Λ1B12

O O

)

= (A1B1)
∗, B1A1 =

(

B11Λ1 O

B21Λ1 O

)

= (B1A1)
∗Q Λ1B12 = O, B21Λ1 = O. 9^ B12 = O, B21 = O. 43

B1 =

(

B11 O

O B22

)

, B1A1B1 =

(

B11Λ1B11 O

O O

)

= B1 =

(

B11 O

O B22

)

,J�. B22 = O. 43/
A1B1A1 =

(

Λ1B11Λ1 O

O O

)

= A1 =

(

Λ1 O

O O

)I Λ1B11Λ1 = Λ1 ⇒ Λ1B11 = I ⇒ B11 = Λ−1
1 .

B1 =

(

Λ−1
1 O

O O

)

=















µ−1
1

. . .

µ−1
r

O(n−r)×(m−r)















.!�PJr B1 ln A1B1A1 = A1, B1A1B1 = B1, (A1B1)
∗ = A1B1, (B1A1)

∗ =

B1A1 K 4 rS-�&73 A1 J�J M–P �#|�/7LQ A = U∗
1 A1U

∗
2 1�J M–P�#| B = U2B1U1, �s A+.

(3) AX = β Jp~_-6>3f.o A∗AX = A∗β J6� A J M–P �#| A+ ln AA+ = (AA+)∗ � AA+A = A. � X1 = A+β, C
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A∗AX1 = A∗AA+β = A∗(AA+)∗β = (AA+A)∗β = A∗βJPsb X1 = A+β 3f.o A∗AX = A∗β J6�9^3f.o AX = β Jp~_-6�' X2 �3 AX = β Jp~_-6�/K0 A∗AX2 = A∗β 6 A∗AX1 = A∗β x)I
A∗Aξ = 0�℄ ξ = X2 − X1. 43 X2 = X1 + ξ. V�Ps ξ 6 X1 � Cn×1 J�iy�pO0�

(X1, ξ) = (A+β)∗ξ = 0, C/z}RZ |X2|2 = |X1|2 + |ξ|2 ≥ |X1|2 Q X1 = A+β 3u
|X1| p~Jp~_-6�jq1

A∗Aξ = 0 ⇒ ξ∗A∗Aξ = (Aξ)∗(Aξ) = 0 ⇒ Aξ = 0 ⇒ β∗(A+)∗A+Aξ = 09^
β∗(A+)∗A+Aξ = β∗(A+)∗(A+A)∗ξ = β∗(A+AA+)∗ξ = β∗(A+)∗ξ = (A+β)∗ξ = 043 |X2|2 = |X1 + ξ|2 = |X1|2 + |ξ|2 ≥ |X1|2, X1 �p~_-6℄3u |X1| p~J�
(4) ' A = BC ∈Cm×n, B ∈Cm×r, C ∈C r×n, r = rankA.� A+ = C∗(CC∗)−1(B∗B)−1B∗. C�

(i) AA+A = (BC)(C∗(CC∗)−1(B∗B)−1B∗)(BC)

= B(CC∗)(CC∗)−1(B∗B)−1(B∗B)C = BC = A;

(ii) A+AA+ = (C∗(CC∗)−1(B∗B)−1B∗)(BC)(C∗(CC∗)−1(B∗B)−1B∗)

= C∗(CC∗)−1(B∗B)−1(B∗B)(CC∗)(CC∗)−1(B∗B)−1B∗ = A+;

(iii) AA+ = (BC)(C∗(CC∗)−1(B∗B)−1B∗) = B(B∗B)−1B∗ = (AA+)∗;

(iv) A+A = (C∗(CC∗)−1(B∗B)−1B∗)(BC) = C∗(CC∗)−1C = (A+A)∗.J�Pb A+ ln M–P |J 4 rS-� A+ 3 A J M–P |� 2�t�1 9.2 #�W����
1. �	��0>	AÆ}qQ/w�f.o AX = b Jo>?L A ∈ Cm×n �iOd A = (a1, . . . , an), �℄ aj 3

A JO j �Cf.oL �,{a�0
x1a1 + · · · + xnan = b���"#3�/ m e{aN' Cm×1 ℄J{a b �1, n r�Q{a a1, . . . , an Jw�o��Æo> x1, . . . , xn.�� m = n, 
 A 3L|fL�C

(1) AX = b ⇒ A−1(AX) = A−1
b ⇔ X = A−1

b. f.o��16�Vz3 A−1
b.

(2) A(A−1
b) = b ⇒ X = A−1

b �-3f.oJ6�&73�6�
68



lnS- BA = I J?L B +d A Jq|�lnS- AB = I J B +d A J2|� $kPJO (1)  Ps6J���-FJ3 A−1A = I, A−1 3 A Jq|�O (2)  �P
A−1β 3f.oJ6�-FJ3 AA−1 = I, A−1 3 A J2|�L|fL A J| A−1  3q|332|�&7f.o AX = β ;��J6 A−1β. C�1�?L A V1q|o12|��IV12|o1q|��℄�p�M 1 A 3 m × n �l[?L� rank A = m < n. 7+ rank (AA∗) = rankA = m,

AA∗ 3 m 4L|fL� AA∗(AA∗)−1 = I, A−1
r = A∗(AA∗)−1 3 A J2|C�3q|�7+ X1 = A−1

r β 3f.o AX = β J6C�3�6�f.o AX = β JT6d X = X1 +ξ,�℄ ξ ln Aξ = 0, &^ ξ∗A∗ = 0, (ξ, X1) = ξ∗A∗(AA∗)−1β = 0. JAs X1, ξ � Cn×1J�iy�px�O0� |X|2 = |X1|2 + |ξ|2 ≥ |X1|2, X1 = A−1
r β 3f.o AX = β JB1p~u |X1| J6� 2M 2 A 3l[ m×n ?L�rank A = n < m. 7+ rank (A∗A) = rankA = n, A∗A3 n 4L|fL� (A∗A)−1A∗A = I, A−1

l = (A∗A)−1A∗ 3 A Jq|C�32|���f.o AX = β 16 X1, C AX1 = β ⇒ A−1
l AX1 = A−1

l β ⇒ X1 = A−1
l β = (A∗A)−1A∗β.

AX = β 1Lzk6�C7+ X1 = (A∗A)−1A∗β ln AA∗X1 = A∗β, X1 �3f.o A∗AX = A∗β J6��>3 AX = β Jp~_-6�d�U�/ A∗A L|Qf.o
A∗AX = A∗β 1�6 X = (A∗A)−1A∗β = A−1

l β. 2M 3 ' A ∈ Cm×n 3�"n?L� rank A = r. C A L xM4�i��9^i6dl[?L B ∈ Cm×r 6�l[?L C ∈ Cr×n J-��
A = P

(

I(r) O

O O

)

Q = P

(

I(r)

O

)

( I(r) O ) Q = BC�℄ B /L|fL P J	 r o,� C /L|fL Q J	 r �o,�f.o AX = β� BCX = β. `�U+q- B−1
l = (B∗B)−1B∗ }� B, I CX = B−1

l β. � C−1
r =

C∗(CC∗)−1, C X1 = C−1
r B−1

l β = ln CX1 = B−1
l β 
B1p~u |X1|. !�P

X1 = C∗(CC∗)−1(B∗B)−1B∗βlnf.o A∗AX = A∗β � C∗B∗BCX = C∗B∗β, 3 AX = β Jp~_-6��
�J1p~_-6℄B1p~Ju |X1|.
C∗(CC∗)−1(B∗B)−1B∗ >3 9.9.9 ℄R#��O (4) ~O℄�PJ M–P | A+, X1 =

A+β. ^ B+ = B−1
l = (B∗B)−1B∗, C+ = C∗(CC∗)−1, (BC)+ = C+B+, O� (BC)−1 =

C−1B−1. 2
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