
�� Hd^a
f(z)�(ER�, U : 0 < |z − a| < ρ, ?J2 ∮

c

f(z)dz,

Cm U O�*a�8��Ts�
v,
1

2πi

∮

c

f(z)dz�mHd�7�
Res[f(z), a] =

1

2πi

∮

c

f(z)dz

f(z) = · · · + a−m(z − a)−m + · · · + a−1(z − a)−1 + a0 + · · · + an(z − a)n + · · ·

Res[f(z), a] =
1

2πi

∮

c

f(z)dz = a−1�B 1 (Hd�B) X)+df(z)��I C \<p�� C �O
ÆV n &(ER�a1, a2, · · ·l{<p��∮

C

f(z)dz = 2πi

n∑

k=1

Res[f(z), ak]2 6f�1m Hd6f�1m $|�L�6f�B 2 ^a
f(z)� m 53���
Res[f(z), a] =

1

(m− 1)!
lim
z→a

dm−1

dzm−1 [(z − a)mf(z)]g����m = 1, Res[f(z), a] = lim
z→a

(z − a)f(z)

f(z) =
a−m

(z − a)m
+

a−m+1

(z − a)m−1
+ · · · + a−1

(z − a)−1
+ a0 + a1(z − a) + · · ·

(z − a)mf(z) = a−m + · · · + a−1(z − a)m−1 + a0(z − a)m + · · ·

[(z − a)mf(z)](m−1) = (m− 1)! a−1 +m(m− 1) · · · 2 a0(z − a) + · · ·

1



kK ^P (z), Q(z)��a�<p�SP (a) 6= 0, Q(a) = 0, Q
′

(a) 6= 0� Res[
P (z)

Q(z)
, a] =

P (a)

Q
′(a)� Res[

P (z)

Q(z)
, a] = lim

z→a
(z − a)

P (z)

Q(z)
= lim

z→a

P (z)
Q(z)−Q(a)

z−a

=
P (a)

Q
′(a)D 6fRes[ 1

sin z
, 0] =

P (0)

Q
′(0)D 6fRes[tan z, π

2
] =

sin z

(cos z)′
|z= π

2
= −1D 6f2 ∮

|z|=2

zez

z2 − 1
dz< ∮

|z|=2

zez

z2 − 1
dz = 2πi{Res[f(z), 1] +Res[f(z),−1]}

Res[f(z), 1] = lim
z→1

(z − 1)
zez

z2 − 1
= lim

z→1

zez

z + 1
=
e

2

Res[f(z),−1] = lim
z→−1

(z + 1)
zez

z2 − 1
= lim

z→−1

zez

z − 1
=
e−1

2
∮

|z|=2

zez

z2 − 1
dz = 2πi(

e

2
+
e−1

2
) = 2πi cosh 1

Res[f(z), 1] =
zez

2z
|z=1 =

e

2

2



D 6f2 ∮

|z|=2

1

z4 − 1
dz< ∮

|z|=2

1

z4 − 1
dz

= 2πi{Res[f(z), 1] +Res[f(z),−1] +Res[f(z), i] +Res[f(z),−i]}C~�B 3,
P (z)

Q
′(z)

=
1

4z3
=
z

4

∮

|z|=2

1

z4 − 1
dz = 2πi{1

4
+

−1

4
+
i

4
+

−i
4
} = 0D 6f2 ∮

|z|=2

ez

z(z − 1)2
dz< Res[f(z), 0] = lim

z→0
z

ez

z(z − 1)2
= 1

Res[f(z), 1] =
1

(2 − 1)!
lim
z→1

d

dz
[(z − 1)2

ez

z(z − 1)2
]

= lim
z→1

d

dz
(
ez

z
) = 0

∮

|z|=2

ez

z(z − 1)2
dz = 2πi(1 + 0) = 2πi

3



D 6fRes[z − sin z

z6
, 0]

1) Res[
z − sin z

z6
, 0] =

1

(3 − 1)!
lim
z→0

d2

dz2
[z3 z − sin z

z6
]

=
1

2!
lim
z→0

d2

dz2
(
z − sin z

z3
)

2)
z − sin z

z6
=

1

3!z3
− 1

5!z
+ · · ·

Res[
z − sin z

z6
, 0] = a−1 = − 1

5!

3) Res[
z − sin z

z6
, 0] =

1

(6 − 1)!
lim
z→0

d5

dz5
[z6 z − sin z

z6
]

=
1

(6 − 1)!
(z − sin z)(5)|z=0 = − 1

5!D 6f ∮

|z|= 1

2

e
1

z

1 − z
dz

e
1

z

1 − z
= (1 +

1

z
+

1

2!z2
+ · · · + 1

n!zn
+ · · ·)(1 + z + z2 + · · · + zn + · · ·)

= · · · + 1

z
(1 +

1

2!
+ · · · + 1

n!
+ · · ·) + · · ·D 6f ∮

|z|=1

z sin z

(1 − ez)3
dz

4



5.2 �2 �6f
5.2.1 I =

∫ 2π

0
R(cos θ, sin θ)dθ

z = eiθ, dz = ieiθdθ,

dθ =
dz

iz

cos θ =
1

2
(z + z−1)

sin θ =
1

2i
(z − z−1)

R(cos θ, sin θ)dθ = f(z)dz

I =

∮

|z|=1
f(z)dzD I =

∫ 2π

0

dθ

a+ sin θ
(a > 1)< z = eiθ

I =

∮

|z|=1

2

z2 + 2aiz − 1
dz

z2 + 2aiz − 1 = 0, z1 = i(−a+
√
a2 − 1), z2 = i(−a−

√
a2 − 1), |z1| < 1, |z2| > 1

I = 2πiRes[
2

z2 + 2aiz − 1
, z1] =

2π√
a2 − 1D I =

∫ 2π

0

dθ

1 − 2p cos θ + p2
(0 < p < 1)< z = eiθ

I =

∮

|z|=1

dz

i(1 − pz)(z − p)
= 2πiRes[f(z), p] =

2π

1 − p2

5



5.2.2 Zi}B}B 1(��.}B) X)�R
 �_�f(z)��.CR : z = Reiθ\Fz�S lim
z→∞

zf(z) = 0,� lim
R→+∞

∫

CR

f(z)dz = 0}B 2(w�.}B)kK lim
ρ→0

∫

cρ

f(z)dz = i(β − α)Res[f(z), a]}B 3(��}B) X)�R
 �_�g(z)��.CR : |z| = R, Imz > −a(a > 0)Fz�S lim
z→∞

g(z) = 0,��W-
dλ,� lim
R→+∞

∫

CR

g(z)eiλzdz = 0

5.2.3 �B+d�2 ^R(x) =
P (x)

Q(x)

�B+d��ubQ(x)Æ℄�P (x)%��,SQ(x)�`�\oG�,�	xi:q�2 I =

∫ +∞

−∞
R(x)dx��

I = lim
R→+∞

∫ R

−R

R(x)dx��
(1)U"�+df(z) = R(z)

(2)U"��IC = [−R,R] +CR,�Hd�B
2πi

∑
Resf(z) =

∮

C

f(z)dz =

∫ R

−R

R(x)dx+

∫

CR

f(z)dz

∫ +∞

−∞
R(x)dx = 2πi

n∑

k=1

Res[R(z), ak]

6



D I =

∫ +∞

0

dx

x4 + a4
(a > 0)< ∫ +∞

0

dx

x4 + a4
=

1

2

∫ +∞

−∞

dx

x4 + a4
= πi

∑
Resf(z)U"�+df(z) =

1

z4 + a4e&|53�
 ae
π
4
i, ae

3π
4

i, ae
5π
4

i, ae
7π
4

i

∫ +∞

0

dx

x4 + a4
= πi{Res[ 1

z4 + a4
, ae

π
4
i] +Res[

1

z4 + a4
, ae

3π
4

i]}

= πi(− 1

4a4
ae

π
4
i − 1

4a4
ae

3π
4

i) =
π

2
√

2a3

D I =

∫ +∞

−∞

x2dx

(x2 + a2)(x2 + b2)
(a > 0, b > 0)< U"�+df(z) =

z2

(z2 + a2)(z2 + b2)
(a 6= b)e&|53�
 ± ai, ±bi, Q� ai, bi�\�PM

Res[f(z), ai] = lim
z→ai

[(z − ai)
z2

(z2 + a2)(z2 + b2)
] =

a

2i(a2 − b2)

Res[f(z), bi] =
b

2i(b2 − a2)

I =

∫ +∞

−∞

x2dx

(x2 + a2)(x2 + b2)
= 2πi[

a

2i(a2 − b2)
+

b

2i(b2 − a2)
] =

π

a+ b

7



5.2.4 I1 =

∫ +∞

−∞
R(x) cosmxdx, I2 =

∫ +∞

−∞
R(x) sinmxdx (m > 0)^R(x) =

P (x)

Q(x)

�B+d��ubQ(x)Æ℄�P (x)%|�,SQ(x)�`�\oG�,�	xi:q�2 I1, I2���

I1 + iI2 =

∫ +∞

−∞
R(x)eimxdx

(1)U"�+df(z) = R(z)eimz

(2)U"��IC = [−R,R] +CR,�Hd�B
2πi

∑
Resf(z) =

∮

C

f(z)dz =

∫ R

−R

R(x)eimxdx+

∫

CR

R(z)eimzdz

∫ +∞

−∞
R(x)eimxdx = 2πi

n∑

k=1

Res[R(z), ak]

8



D I =

∫ +∞

0

cosmx

1 + x2
dx (m > 0)< ∫ +∞

0

cosmx

1 + x2
dx =

1

2

∫ +∞

−∞

cosmx

1 + x2
dx

∫ +∞

−∞

eimx

1 + x2
dx = 2πiRes[

eimz

1 + z2
, i] = πe−m

∫ +∞

0

cosmx

1 + x2
dx =

1

2
πe−m

D I =

∫ +∞

−∞

x sinx

a2 + x2
dx< U"�+df(z) =

zeiz

a2 + z2

I = Im

∫ +∞

−∞

xeix

a2 + x2
dx = Im 2πiRes[

zeiz

a2 + z2
, ai] = πe−a

9



5.2.5 �DD I =

∫ +∞

0

sinx

x
dx< ∫ +∞

0

sinx

x
dx =

1

2

∫ +∞

−∞

sinx

x
dx

(1)U"�+df(z) =
eiz

z

(2)U"��IC = [−R,−r] + Cr + [r,R] + CR,�Hd�B
∫ −r

−R

eix

x
dx+

∫

Cr

eiz

z
dz +

∫ R

r

eix

x
dx+

∫

CR

eiz

z
dz = 0^x = −t,

∫ −r

−R

eix

x
dx =

∫ r

R

e−it

t
dt = −

∫ R

r

e−ix

x
dx

2i

∫ R

r

sinx

x
dx+

∫

Cr

eiz

z
dz + +

∫

CR

eiz

z
dz = 0

lim
R→+∞

∫

CR

eiz

z
dz = 0

lim
r→0

∫

Cr

eiz

z
dz = i(0 − π) lim

z→0
{z e

iz

z
} = −πi

r → 0, R → +∞ ⇒
∫ +∞

0

sinx

x
dx =

π

2

D I =

∫ +∞

0

sin2x

x2
dx

10



D I1 =

∫ +∞

0
cos x2dx, I2 =

∫ +∞

0
sinx2dx

I1 + iI2 =

∫ +∞

0
eix

2

dxU"�+df(z) = eiz
2U"��I(1)Z;y�I 9A�U"��I(2)[y�IC = ÔA+ CR + B̂O

∫

ÔA

+

∫

CR

+

∫

B̂O

= 0

∫ R

0
eix

2

dx+

∫ π
4

0
eiR

2ei2θ

Rieiθdθ +

∫ 0

R

eir
2e

πi
2

e
πi
4 dr = 0

∫ 0

R

eir
2e

πi
2

e
πi
4 dr = −eπi

4

∫ R

0
e−r2

dr → −eπi
4

∫ +∞

0
e−r2

dr = −eπi
4

√
π

2

|
∫ π

4

0
eiR

2ei2θ

Rieiθdθ| ≤
∫ π

4

0
e−R2 sin 2θRdθ ≤ R

∫ π
4

0
e−

4

π
R2θdθ =

π

4R
(1 − e−R2

)

∫ +∞

0
eix

2

dx =
1

2

√
π

2
+ i

1

2

√
π

2
∫ +∞

0
cos x2dx =

∫ +∞

0
sinx2dx =

1

2

√
π

20�U"�+df(z) = e−z2U"��Im[y�IC = ÔA+ CR + B̂O

∫ R

0
e−x2

dx+

∫

CR

+

∫ 0

R

e−r2e
πi
2

e
πi
4 dr = 0

∫ +∞

0
e−x2

dx− e
πi
4

∫ +∞

0
e−ir2

dr = 0

11



D I =

∫ +∞

0
e−ax2

cos bxdx (a > 0)<u =
√
ax, t =

b

2
√
a
, t2 =

b2

4a

I =
1√
a

∫ +∞

0
e−u2

cos
b√
a
u du =

1

2
√
a

∫ +∞

−∞
e−x2

cos 2txdxU"�+df(z) = e−z2U"��Im=y
∫

l

f(z)dz =

∫ R

−R

e−(x+ti)2dx = −et2
∫ R

−R

e−x2

cos 2txdx

∫ R

−R

e−x2

dx→
√
π

I =

∫ +∞

0
e−ax2

cos bxdx =
1

2

√
π

a
e−

b2

4a (a > 0)

12



D I =

∫ +∞

0

1

1 + x3
dx

D I =

∫ +∞

−∞

eax

1 + ex
dx (0 < a < 1)

13



5.2.6 ��+d�2 D I =

∫ +∞

0

lnx

(1 + x2)2
dx< �"�+df(z) =

lnz

(1 + z2)2

(2)U"��IC = [−R,−r] + Cr + [r,R] + CR,�Hd�B
∫ −r

−R

f(z)dz +

∫

Cr

f(z)dz +

∫ R

r

lnx

(1 + x2)2
dx+

∫

CR

f(z)dz = 2πiRes[
lnz

(1 + z2)2
, i]

Res[
lnz

(1 + z2)2
, i] = lim

z→i

d

dz
[f(z)(z − i)2] =

d

dz

lnz

(z + i)2
|z=i =

π + 2i

8

lim
r→0

∫

Cr

f(z)dz = 0 , lim
R→+∞

∫

CR

f(z)dz = 0

z ∈ [−R,−r], z = xeiπ, (x > 0)

lnz = lnx+ iπ, dz = −dx
∫ −r

−R

f(z)dz =

∫ r

R

lnx+ iπ

(1 + x2)2
(−dx) =

∫ R

r

lnx+ iπ

(1 + x2)2
dx

∫ +∞

0

lnx

(1 + x2)2
dx+

∫ +∞

0

lnx+ iπ

(1 + x2)2
dx = 2πi

π + 2i

8

∫ +∞

0

lnx

(1 + x2)2
dx = −π

4

D I =

∫ +∞

0

xp

1 + x
dx (−1 < p < 0)

14



5.3 !;�B~�<>G� 	nh�B 1 ^a, b �
f(z)� m 5G�, n 53���
a, b�
 f ′(z)

f(z)
� 1 53��S

Res[
f ′(z)

f(z)
, a] = m, Res[

f ′(z)

f(z)
, b] = −n� f(z) = (z − a)mϕ(z)

f ′(z)

f(z)
=

m

z − a
+
ϕ′(z)

ϕ(z)

Res[
f ′(z)

f(z)
, a] = m

f(z) = (z − b)−nψ(z)

f ′(z)

f(z)
=

−n
z − b

+
ψ′(z)

ψ(z)

Res[
f ′(z)

f(z)
, b] = −n�B 2 ^f(z)��I C \<pS�mG�� C �O
ÆV�r&3�l{<p��

1

2πi

∮

C

f ′(z)

f(z)
dz = N − P� G�a1, a2, · · · , an,5dα1, α2, · · · , αn

Res[
f ′(z)

f(z)
, ak] = αk3�b1, b2, · · · , bm,5dβ1, β2, · · · , βm

Res[
f ′(z)

f(z)
, bk] = −βk

1

2πi

∮

C

f ′(z)

f(z)
dz =

n∑

k=1

αk −
m∑

k=1

βk = N − P

15



!;�/ θ = argβ − argα, 7�∆largz?J2 ∮

C

1

z
dz = 2πi,

∮

C

2

z
dz = 4πiY^w = z2,

∮

C

2z

z2
dz =

∮

C

1

w
dw = 2πi, ?^w = ρ(θ)eiθ, dw = dρeiθ + ρieiθdθ

1

2πi

∮

C

f ′(z)

f(z)
dz =

1

2πi

∮

l

1

w
dw =

1

2πi
(

∮

l

dρ

ρ
+ i

∮

l

dθ)

=
1

2π

∮

l

dθ =
1

2π
∆largw =

1

2π
∆Cargf(z)

1

2πi

∮

C

f ′(z)

f(z)
dz =

1

2πi

∮

C

dLnf(z) =
1

2πi

∮

C

d{ln|f(z)| + iArgf(z)} =
1

2π
∆Cargf(z)�B 3(!;�B) N − P =

1

2π
∆Cargf(z)

�B 4(Rouché �B) ^f(z), ϕ(z)��I C 4QO
<p�S� C \���b |f(z)| > |ϕ(z)|�� C O
f(z),f(z) + ϕ(z)�tj�G�d� 1

2π
∆Cargf(z)

1

2π
∆Carg[f(z) + ϕ(z)] =

1

2π
∆Cargf(z)(1 +

ϕ(z)

f(z)
)

=
1

2π
∆Cargf(z) +

1

2π
∆Carg(1 +

ϕ(z)

f(z)
)

|1 − (1 +
ϕ(z)

f(z)
)| = |ϕ(z)

f(z)
| < 1,

1

2π
∆Carg(1 +

ϕ(z)

f(z)
) = 0

16



D �Nz7 − z3 + 12 = 0�G���1 ≤ |z| ≤ 2D ��zn + a1z
n−1 + a2z

n−2 + · · · + an = 0� n &#'D ^ϕ(z)�C : |z| = 1\4QO
<p�S� C \�|ϕ(z)| < 1,�N� C O
�|&�z0a�ϕ(z0) = z0
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