
?ê¦È A�¯K

7.1.4 ?ê�¦È

du?ê´k�Ú�í2,k�Ú�¦¤�¦È´��ê,Ïd,ég,

/��Äü�Âñ�?ê´Ä�±�¦.

� A =
∞∑
n=1

an Ú B =
∞∑
n=1

bn ´ü�Âñ?ê, ¿� An =
n∑
k=1

ak,

Bm =
m∑
k=1

bk. u´ AnBm =
n∑
i=1

m∑
j=1

aibj §´r¤k�U�¦È

aibj (i = 1, · · · , n, j = 1, · · · ,m)

�\. éu¤��ü�?ê,r¤k�U�¦È�Ñ5:

a1b1 a1b2 a1b3 · · ·
a2b1 a2b2 a2b3 · · ·
a3b1 a3b2 a3b3 · · ·
... ... ...
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?ê¦È A�¯K

ù´��Ã¡Ý
. Ï~�Äü«^S�\{.

1◦ U�¬/ª�\

a1b1 + (a1b2 + a2b2 + a2b2) + (a1b3 + a2b3 + a3b3 + a3b2 + a3b1) + · · ·

d?ê�Ü©Ú´

Cn =

n∑
k=1

ck =

n∑
k=1

ak

n∑
k=1

bk = AnBn.

2◦ Ué��/ª�\

a1b1 + (a1b2 + a2b1) + (a1b3 + a2b2 + a3b1) + · · ·

d?ê�Ï�´

cn =
∑

i+j=n+1

aibj = a1bn + a2bn−1 + · · · + anb1.

d�¡
∞∑
n=1

cn �
∞∑
n=1

an Ú
∞∑
n=1

bn � Cauchy¦È.
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?ê¦È A�¯K

~ 1 � an = bn = (−1)n−1 1√
n
.K

cn =
∑

i+j=n+1

(−1)i−1 1
√
i
(−1)j−1 1

√
j

= (−1)n−1
∑

i+j=n+1

1
√
ij
.

¤±

|cn| >
∑

i+j=n+1

2

i + j
=

2n

n + 1
> 1.

Ïd
∞∑
n=1

cn uÑ,�
∞∑
n=1

an Ú
∞∑
n=1

bn ÑÂñ.

d~`²,ü�Âñ�?ê� Cauchy¦È�U´uÑ�.
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?ê¦È A�¯K

~ 2 � a0 = b0 = 1, an = −(3
2
)n, bn = (3

2
)n−1(2n + 1

2n+1) (n = 1, 2, · · · ).

�
∞∑
n=0

an Ú
∞∑
n=0

bn � Cauchy¦È�
∞∑
n=0

cn,Ù¥

cn =

n∑
k=0

akbn−k = a0bn + anb0 +

n−1∑
k=1

akbn−k

= (3
2
)n−1(2n +

1

2n+1
)− (3

2
)n −

n−1∑
k=1

(3
2
)k(3

2
)n−k−1(2n−k +

1

2n−k+1
)

= (3
2
)n−1(2n +

1

2n+1
)− (3

2
)n − (3

2
)n−1

n−1∑
k=1

(2n−k +
1

2n−k+1
)

= (3
2
)n−1(2n +

1

2n+1
)− (3

2
)n − (3

2
)n−1(2n − 2 + 1

2
−

1

2n
)

= (3
4
)n.

Ïd
∞∑
n=0

cn Âñ,�
∞∑
n=0

an Ú
∞∑
n=0

bn ÑuÑ.
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?ê¦È A�¯K

½n 1 (Cauchy) e?ê
∞∑
n=1

an Ú
∞∑
n=1

bn ÑýéÂñ,ÙÚ©O� AÚ B,

Kr aibj (i = 1, 2, · · · ,∞, j = 1, 2, · · · ,∞) U?¿�ª�\¤��?

êÑýéÂñ,ÙÚ�u AB.

y² � ailbjl (l = 1, 2, · · · )´ aibj (i = 1, 2, · · · ,∞, j = 1, 2, · · · ,∞)

�?¿�«ü�,¿� {i1, · · · , in, j1, · · · , jn}¥���I� N,K

n∑
l=1

|ailbjl| 6

(
N∑
i=1

|ai|

) N∑
j=1

|bj|

 6

(
∞∑
i=1

|ai|

) ∞∑
j=1

|bj|

 ,
¤±

∞∑
l=1

ailbjl ýéÂñ. Ï�éuýéÂñ�?ê��Ã¡õ��gSØU

CÂñ5�Ú�ØC,¤±

∞∑
l=1

ailbjl =

(
∞∑
i=1

ai

) ∞∑
j=1

bj

 = AB.
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?ê¦È A�¯K

Ún 1 e?ê
∞∑
n=1

an ýéÂñ,¿� lim
n→∞

bn = 0,K

lim
n→∞

(a1bn + a2bn−1 + · · · + anb1) = 0.

y² Ï� {bn}Âñ,¤±k.,� |bn| < M.du
∞∑
n=1

|an|Âñ,¤±

é?¿ ε > 0,�3g,êm,� n > m�,k

|am+1| + |am+2| + · · · + |an| <
ε

2M
.

d lim
n→∞

bn = 0,��3 N ,� n > N �,k

|bn| 6
ε

2(|a1| + · · · + |am| + 1)
.
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?ê¦È A�¯K

Ïd� n > N +m− 1�,k

|a1bn + a2bn−1 + · · · + anb1|

6 |a1bn + · · · + ambn+1−m| + |am+1bn−m + · · · + anb1|

6 (|a1| + · · · + |am|)
ε

2(|a1| + · · · + |am| + 1)
+ (|am+1| + · · · + |an|)M

<
ε

2
+
ε

2
= ε.

u´Ún�y.
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?ê¦È A�¯K

½n 2 (Mertens) e?ê
∞∑
n=1

anÚ
∞∑
n=1

bnÑÂñ,ÙÚ©O� AÚ B.XJ

ü�?ê¥��k��´ýéÂñ�, @o§�� Cauchy ¦ÈÂñ, �Ú

�u AB.

y² Ø��
∞∑
n=1

an ýéÂñ,
∞∑
n=1

bn Âñ. P

An =

n∑
k=1

ak, Bn =

n∑
k=1

bk, Cn =

n∑
k=1

 ∑
i+j=k+1

aibj

 .
�Iy² lim

n→∞
Cn = AB.ùde¡�í�ÚÚn=�.

Cn = a1b1 + (a1b2 + a2b1) + (a1b3 + a2b2 + a3b1) + · · ·

+ (a1bn + a2bn−1 + · · · + anb1)

= a1Bn + a2Bn−1 + · · · + anB1

= a1(Bn −B) + a2(Bn−1 −B) + · · · + an(B1 −B) +AnB.
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?ê¦È A�¯K

½n 3 e?ê
∞∑
n=1

an Ú
∞∑
n=1

bn ÑÂñ, ÙÚ©O� A Ú B. XJ§��

Cauchy¦ÈÂñ,K Cauchy¦È�Ú�u AB.

~ 3 d D’Alembert �O{�?ê
∞∑
n=0

xn

n!
é��¢ê x ÑýéÂñ, �

ÙÚ� E(x).�
∞∑
n=0

xn

n!
�

∞∑
n=0

yn

n!
� Cauchy¦È� E(x)E(y).Ï�

m∑
n=0

∑
i+j=n

xi

i!
·
yj

j!

 =

m∑
n=0

1

n!

∑
i+j=n

n!

i!j!
xiyj

=

m∑
n=0

(x + y)n

n!
→ E(x + y) (m→∞),

¤± E(x)E(y) = E(x + y).
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?ê¦È A�¯K

¯K 1 � {an} Ú {bn} ´ü��Kê�÷v an+1 < an + bn, �
∞∑
n=1

bn Âñ. ¦y lim
n→∞

an �3.

y² P B0 = 0, Bn = b1 + · · · + bn, lim
n→∞

Bn = B.d^�,k

an+1 −Bn < an −Bn−1.

ù`²ê� {an − Bn−1} üN4~ke. −B, Ïd, ù�ê�Âñ. q

{Bn−1}Âñ,¤± {an}Âñ.
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?ê¦È A�¯K

¯K 2 � Φ(x) ´ (0,∞) þ��î�O¼ê, � Φ(0) = 0, {an}, {bn}
Ú {cn}´n��Kê�¦�

∑∞
n=1 bn uÑ,

∑∞
n=1 cn Âñ,�

an+1 6 an − bnΦ(an) + cnan, (1)

¦y lim
n→∞

an = 0.

y² d (1) �, e ak = 0, KÙ�� an Ñ�". Ïd, Ø�� an > 0.

e an+1 6 an,K ln an+1 − ln an 6 cn.e an+1 > an,K

ln an+1 − ln an = ln(1 +
an+1 − an

an
) <

an+1 − an
an

6 cn.

Ïd,ok

ln an+1 − ln an 6 cn. (2)

du
∑∞

n=1 cn Âñ, éþª¦Ú�� {ln an} k., Ï {an} k.. 2l∑∞
n=1 cn Âñ,�

∑∞
k=1 ckak Âñ. l (1)��

an+1 6 an + cnan,
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?ê¦È A�¯K

�â¯K1�(Ø� {an}Âñ.

e a = lim
n→∞

an > 0, K�3�ê δ ¦� an > δ é�� n ¤á, d�

Φ(an) > Φ(δ).d (1)�

an+1 + Φ(δ)bn 6 an + cnan.

dª%¹
∞∑
n=1

bn Âñ,ù�^�ØÎ.u´ lim
n→∞

an = 0.
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?ê¦È A�¯K

¯K 3 � {an}´�ê�,?ê
∞∑
n=1

an Âñ. eê� {an − an+1}î�

4~,Kk

lim
n→∞

(
1

an+1

−
1

an

)
= +∞

y² Ï�
∞∑
n=1

an Âñ,¤± an→ 0,Ï an − an+1 → 0,qÏ�

{an − an+1}î�4~,¤± an − an+1 > 0.

0 <

(
1

an+1

−
1

an

)−1

=
anan+1

an − an+1

<
a2
n

an − an+1

=

∞∑
k=n

a2
k − a2

k+1

an − an+1

=

∞∑
k=n

(ak + ak+1)
ak − ak+1

an − an+1

6
∞∑
k=n

(ak + ak+1)→ 0, n→ +∞.

¤±(Ø¤á.
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?ê¦È A�¯K

¯K 4 � {an} ´�ê�, ?ê
∞∑
n=1

an Âñ, P rn =
∞∑
k=n

ak. Kéu

0 < p < 1?ê
∞∑
n=1

an
r
p
n
Âñ,�k

∞∑
n=1

an

rpn
<

1

1− p

(
∞∑
n=1

an

)1−p

,

Ù¥mà�Xê 1
1−p ´�Z�.
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?ê¦È A�¯K

y² w, rn > 0 � {rn} üN4~ªu 0. 3 [rn+1, rn] þé¼ê

f(x) = x1−p ^¥�½n,�

r1−p
n − r1−p

n+1 = (1− p)
rn − rn+1

ξp
= (1− p)

an

ξp
,

Ù¥ ξ ∈ (rn+1, rn).Ïd,k

an

rpn
<

1

1− p
(r1−p
n − r1−p

n+1).

dd�
+∞∑
n=1

an

rpn
<

1

1− p

+∞∑
n=1

(r1−p
n − r1−p

n+1)

=
1

1− p

(
+∞∑
n=1

an

)1−p

.
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?ê¦È A�¯K

� an = 1
an

(a > 1).K rn = 1
(a−1)an−1.Ï

+∞∑
n=1

an

rpn
=

+∞∑
n=1

(a− 1)p

an−(n−1)p
=

(
a− 1

a

)p +∞∑
n=1

1

(a1−p)n

=

(
a− 1

a

)p 1
a1−p

1− 1
a1−p

=

(
a− 1

a

)p
1

a1−p − 1

=
(a− 1)p

a− ap
.

q (
+∞∑
n=1

an

)1−p

=
1

(a− 1)1−p,

Ïd
+∞∑
n=1

an

rpn

/(
+∞∑
n=1

an

)1−p

=
a− 1

a− ap
→

1

1− p
, (a→ 1+).

ù`²Xê 1
1−p ´�Z�.
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?ê¦È A�¯K

¯K 5 � {an} ´��4Oê�. ¦y: ?ê
∞∑
n=1

(
an+1

an
− 1
)
Âñ�¿

©7�^�´ {an}k..

y² (¿©5) e {an} k., KÂñu a > 0. - An = an+1 − an,
Bn = 1

an
.K {Bn}üN4~ªu 1

a
,q

∞∑
n=1

An Âñ,¤±�â Abel�O{�
∞∑
n=1

AnBn Âñ,=
∞∑
n=1

(
an+1

an
− 1
)
Âñ.

(7�5)�
∞∑
n=1

(
an+1

an
− 1
)
Âñu S. Kk

S >

m∑
n=1

an+1 − an
an

=

m∑
n=1

∫ an+1

an

1

an
dx

>
m∑
n=1

∫ an+1

an

1

x
dx =

∫ am+1

a1

1

x
dx = ln am+1 − ln a1.

dd� {an}k..
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?ê¦È A�¯K

¯K 6 � α > 0, {an}´4O�ê�. ¦y?ê
∞∑
n=1

an+1 − an
an+1aαn

Âñ.

y² Ï�
n∑
k=1

ak+1 − ak
aα+1
k+1

=

n∑
k=1

∫ ak+1

ak

dx

aα+1
k+1

6
n∑
k=1

∫ ak+1

ak

dx

xα+1
=

∫ an+1

a1

dx

xα+1

=
1

α
(a−α1 − a

−α
n+1) <

1

α
a−α1 .

¤±
∑∞

k=1
ak+1−ak
aα+1
k+1

Âñ. w,?ê
∑∞

k=1

(
1
aαk
− 1

aαk+1

)
Âñ,Ï?ê

∞∑
k=1

ak+1 − ak
ak+1

(
1

aαk
−

1

aαk+1

)
Âñ. d

ak+1 − ak
ak+1a

α
k

=
ak+1 − ak
aα+1
k+1

+
ak+1 − ak
ak+1

(
1

aαk
−

1

aαk+1

)
�¤��?êÂñ.
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