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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

3.5.1 ¼ê�üN5�4�

½n 1 � f(x) 3«m I þëY, 3 I �SÜ��, XJé I S�z�:

x,k f ′(x) > 0£f ′(x) > 0¤,K f(x)3 I þ £́î�¤üN4O�¶XJ

é I S�z�: x, k f ′(x) 6 0£f ′(x) < 0¤, K f(x) 3 I þ´£î�¤

üN4~�.
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3.5.1 ¼ê�üN5�4�

½n 1 � f(x) 3«m I þëY, 3 I �SÜ��, XJé I S�z�:

x,k f ′(x) > 0£f ′(x) > 0¤,K f(x)3 I þ £́î�¤üN4O�¶XJ

é I S�z�: x, k f ′(x) 6 0£f ′(x) < 0¤, K f(x) 3 I þ´£î�¤

üN4~�.

y² �Ä f ′(x) > 0��/£f ′(x) 6 0��/�aqy²¤. � x1, x2

´ I ¥?¿ü:,¿� x1 < x2. ½n�^�L²,¼ê f 3 [x1, x2]þëY,

3 (x1, x2)S��.�d¥�½n�,�3�: ξ ∈ (x1, x2),¦�

f(x2)− f(x1) = f ′(ξ)(x2 − x1).

Ï�é¤k� x, k f ′(x) > 0, ¤± f ′(ξ) > 0; 
 x2 − x1 > 0, í�

f(x2)− f(x1) > 0. l
 f ´üN4O�. y..
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 2 �¼ê f(x)3 x0 ����%��S��,�3 x0 ëY.

1◦ XJ f(x)3 x0�>�,�«mS£=é,� δ > 0,3 (x0−δ, x0)S¤,

k f ′(x) > 0,
3 x0 �m>,�«mS£=é,� δ′ > 0,3 (x0, x0 + δ)

S¤,k f ′(x) < 0,K x0 ���4��:.

2◦ XJ f(x)3 x0�>�,�«mS£=é,� δ > 0,3 (x0−δ, x0)S¤,

k f ′(x) < 0,
3 x0 �m>,�«mS£=é,� δ′ > 0,3 (x0, x0 + δ)

S¤,k f ′(x) > 0,K x0 ���4��:.

3◦ XJ f(x) 3 x0 �!m�,�«mS, f ′(x) �ÎÒ�Ó, K x0 Ø´4

�:.

��½n 2�����(J,XJ�¦ëY¼ê3��4«mþ���

�!���, �k¦Ñ¼ê3«mS�4�:, 2'�¼ê3ù
4�:�

�Úü�à:��, =�Ñ(J£5¿, ëY¼êk�U34«m�à:�

���!���¤.
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½n 3 �¼ê f(x)3 x0k���ê, x0´ f(x)���7:,= f ′(x0) =

0. XJ f ′′(x0) < 0,K x0 ´¼ê�4��:; XJ f ′′(x0) > 0,K x0 ´¼

ê�4��:.
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½n 3 �¼ê f(x)3 x0k���ê, x0´ f(x)���7:,= f ′(x0) =

0. XJ f ′′(x0) < 0,K x0 ´¼ê�4��:; XJ f ′′(x0) > 0,K x0 ´¼

ê�4��:.

~ 1 y²: � 0 < x 6 π
2
�,k 2

π
x 6 sinx.
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½n 3 �¼ê f(x)3 x0k���ê, x0´ f(x)���7:,= f ′(x0) =

0. XJ f ′′(x0) < 0,K x0 ´¼ê�4��:; XJ f ′′(x0) > 0,K x0 ´¼

ê�4��:.

~ 1 y²: � 0 < x 6 π
2
�,k 2

π
x 6 sinx.

y² � f(x) = sinx
x

, w,§´
(
0, π

2

]
þ�ëY¼ê. qÏ�3

(
0, π

2

)
S,k

f ′(x) =
cosx

x2
(x− tanx) < 0

ù´Ï�� 0 < x < π
2
�, cosx > 0, tanx > x. � f(x)3

(
0, π

2

]
Sî�ü

N4~,¤±é x ∈
(
0, π

2

]
,k

f(x) =
sinx

x
> f

(π
2

)
=

2

π
.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 2 ¦¼ê f(x) = e−x
2

(x ∈ (−∞,+∞))�üN«m�4�.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 2 ¦¼ê f(x) = e−x
2

(x ∈ (−∞,+∞))�üN«m�4�.

) f ′(x) = −2xe−x
2
,¤±7:� x = 0. � x ∈ (−∞, 0)�, f ′(x) > 0,

� x ∈ (0, +∞) �, f ′(x) < 0. ¤±¼ê3«m (−∞, 0] þî�üNO, 3

[0,+∞)þî�üN~, x = 0´¼ê�4��:,�4��´ f(0) = 1.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 3 ¦¼ê f(x) = x3 − 3x2 − 9x + 53«m [−4, 4]þ������

��.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 3 ¦¼ê f(x) = x3 − 3x2 − 9x + 53«m [−4, 4]þ������

��.

) w,, f(x)3«m (−4, 4)S��,d

f ′(x) = 3x2 − 6x− 9 = 3(x + 1)(x− 3)

�, f(x)�7:� x1 = −1, x2 = 3.
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~ 3 ¦¼ê f(x) = x3 − 3x2 − 9x + 53«m [−4, 4]þ������

��.

) w,, f(x)3«m (−4, 4)S��,d

f ′(x) = 3x2 − 6x− 9 = 3(x + 1)(x− 3)

�, f(x)�7:� x1 = −1, x2 = 3.

Ï

f(−1) = 10, f(3) = −22,


3«m�à:?,

f(−4) = −71, f(4) = −15,

'�ù
������¼ê f(x)37: x1 = −1?����� 10,3à:

x = −4?����� −71.
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~ 4 ¦y: ex > 1 + x + x2

2!
+ · · · + xn

n!
, x > 0.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 4 ¦y: ex > 1 + x + x2

2!
+ · · · + xn

n!
, x > 0.

y² P

fn(x) = ex −
(

1 + x +
x2

2!
+ · · · +

xn

n!

)
.

K f1(x) = ex − (1 + x). Ï� f ′1(x) = ex − 1 > 0, x > 0, ¤± f1(x) 3

x > 0î�4O,l f1(0) = 0,=� f1(x) > 0, x > 0.
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~ 4 ¦y: ex > 1 + x + x2

2!
+ · · · + xn

n!
, x > 0.

y² P

fn(x) = ex −
(

1 + x +
x2

2!
+ · · · +

xn

n!

)
.

K f1(x) = ex − (1 + x). Ï� f ′1(x) = ex − 1 > 0, x > 0, ¤± f1(x) 3

x > 0î�4O,l f1(0) = 0,=� f1(x) > 0, x > 0.

yb�� x > 0�k fn−1(x) > 0.du

f ′n(x) = ex −
(

1 + x +
x2

2!
+ · · · +

xn−1

(n− 1)!

)
= fn−1(x) > 0,

¤± fn(x)3 x > 0î�4O,Ï
, fn(x) > fn(0) = 0, x > 0.�â8B{

k, fn(x) > 0, x > 0,é��g,ê n¤á.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 5 �¼ê f(x)3 [a,+∞)þ��, f(a) = 0,�� x > a�,k

|f ′(x)| 6 |f(x)|.

¦y: f(x) = 0.

8/37

‖J I‖ J I �£ �¶ '4 òÑ



üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 5 �¼ê f(x)3 [a,+∞)þ��, f(a) = 0,�� x > a�,k

|f ′(x)| 6 |f(x)|.

¦y: f(x) = 0.

y² - g(x) = (e−xf(x))
2
.K

g′(x) = 2e−xf(x)
(
e−xf ′(x)− e−xf(x)

)
= 2e−2x

(
f(x)f ′(x)− |f(x)|2

)
6 0.

ù`² g(x) 3 [a,+∞) þüN4~. Ï� f(a) = 0, `² g(x) 6 0. �l

g(x)�½Â�� g(x) > 0.u´ g(x) = 0,l
 f(x) = 0.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 6 (Young Ø�ª) � α, β ´�ê, � α + β = 1. é?¿�ê x, y

k

xαyβ 6 αx + βy.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 6 (Young Ø�ª) � α, β ´�ê, � α + β = 1. é?¿�ê x, y

k

xαyβ 6 αx + βy.

y²ky² y = 1��¹. - f(t) = tα − αt− β, t ∈ [0, 1]. Ï�

f ′(t) = αtα−1 − α = α

(
1

t

)β
− α > 0, t ∈ (0, 1).

¤± f(t)3 [0, 1]þî�4O.Ïd, f(t) 6 f(1) = 0.=,

tα 6 αt + β, t ∈ [0, 1].
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~ 6 (Young Ø�ª) � α, β ´�ê, � α + β = 1. é?¿�ê x, y

k

xαyβ 6 αx + βy.

y²ky² y = 1��¹. - f(t) = tα − αt− β, t ∈ [0, 1]. Ï�

f ′(t) = αtα−1 − α = α

(
1

t

)β
− α > 0, t ∈ (0, 1).

¤± f(t)3 [0, 1]þî�4O.Ïd, f(t) 6 f(1) = 0.=,

tα 6 αt + β, t ∈ [0, 1].

éu?¿�ê x, y,Ø�� x 6 y,ò t = x
y
�\þª,�(

x

y

)α
6 α

x

y
+ β.

d=¤y.
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~ 7 � α1, · · · , αn ´�ê, � α1 + · · · + αn = 1. Ké?¿�ê

x1, · · · , xn k
xα1

1 · · ·x
αn
n 6 α1x1 + · · · + αnxn.
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~ 7 � α1, · · · , αn ´�ê, � α1 + · · · + αn = 1. Ké?¿�ê

x1, · · · , xn k
xα1

1 · · ·x
αn
n 6 α1x1 + · · · + αnxn.

y² n = 1 �, (Ø´w,�, n = 2 �, (Ø�®y². b�(Øé

n− 1��ê´¤á�.

- α = α1 + · · · + αn−1.K α + αn = 1.u´k

xα1
1 · · ·x

αn
n
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x1, · · · , xn k
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1 · · ·x
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- α = α1 + · · · + αn−1.K α + αn = 1.u´k

xα1
1 · · ·x

αn
n =

(
x
α1/α
1 · · ·xαn−1/α

n−1

)α
· xαnn
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�â8B{�n,(Ø�y.
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~ 8 � f(x) 3 R þk���¼ê, f(x), f ′(x), f ′′(x) Ñ�u", b�

�3�ê a, b¦� f ′′(x) 6 af(x) + bf ′(x)é�� x ∈ R¤á.

(i)¦y: lim
x→−∞

f ′(x) = 0;

(ii)¦y: �3~ê c¦� f ′(x) 6 cf(x).

(iii)¦¦þ¡Ø�ª¤á���~ê c.
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(i)¦y: lim
x→−∞

f ′(x) = 0;
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(iii)¦¦þ¡Ø�ª¤á���~ê c.

y² d^�� f 9 f ′ ´üN4O��¼ê§Ïd lim
x→−∞

f(x) Ú

lim
x→−∞

f ′(x)Ñ�3"
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(iii)¦¦þ¡Ø�ª¤á���~ê c.

y² d^�� f 9 f ′ ´üN4O��¼ê§Ïd lim
x→−∞

f(x) Ú

lim
x→−∞

f ′(x)Ñ�3"

�â�©¥�½n§é?¿ x�3 θx ∈ (0, 1)¦�

f(x + 1)− f(x) = f ′(x + θx) > f ′(x) > 0.

þª�>� x→ −∞�4�� 0§Ï
k lim
x→−∞

f ′(x) = 0.
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� c = b+
√
b2+4a
2

.K c > b > 0,� a
b−c = −c.u´�â^�k

f ′′(x)− cf ′(x) 6 (b− c)f ′(x) + af(x) = (b− c)(f ′(x)− cf(x)).

=, (
e−(b−c)x(f ′(x)− cf(x))

)′
6 0.

ù`²¼ê e−(b−c)x(f ′(x) − cf(x)) ´üN4~�"5¿�T¼ê� x →
−∞�4�� 0§Ïdk f ′(x)− cf(x) 6 0.=§

f ′(x) 6 cf(x).

~ê cÒ´�Z�§ù´Ï�é¼ê f(x) = ecx k

f ′′(x) = af(x) + bf ′(x).
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3.5.2 ¼ê�à5Ú$:
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ã 3.2 þà

XJ­� L ��«m I þ¼ê f(x) �ã�´eà�£þà�¤, Ò¡

¼ê f(x)´´ I þ�à¼ê£]¼ê¤.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

éuà¼ê f(x), ±9§�ã� L£�^à­�¤, ?� L þ�ü:

(x1, f(x1))Ú (x2, f(x2))£Ø�� x1 < x2¤,ë�ùü:����§´

y = g(x) = f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1), x ∈ [x1, x2].
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

éuà¼ê f(x), ±9§�ã� L£�^à­�¤, ?� L þ�ü:

(x1, f(x1))Ú (x2, f(x2))£Ø�� x1 < x2¤,ë�ùü:����§´

y = g(x) = f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1), x ∈ [x1, x2].

�âþãà£]¤5�AÛ£ã,3ùü:�m���ã3­� L�þ

�,=

f(x) 6 f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1), x ∈ [x1, x2].

é I ¥�?¿ü: x1, x2 ¤á.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

éuà¼ê f(x), ±9§�ã� L£�^à­�¤, ?� L þ�ü:

(x1, f(x1))Ú (x2, f(x2))£Ø�� x1 < x2¤,ë�ùü:����§´

y = g(x) = f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1), x ∈ [x1, x2].

�âþãà£]¤5�AÛ£ã,3ùü:�m���ã3­� L�þ

�,=

f(x) 6 f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1), x ∈ [x1, x2].

é I ¥�?¿ü: x1, x2 ¤á.

du x1 � x2 �m�ê�L«�

x = αx1 + (1− α)x2,

Ù¥ α = x2−x
x2−x1

∈ (0, 1).òþ¡Ø�ª¥� x�� αx1 + (1− α)x2,��

f(αx1 + (1− α)x2) 6 αf(x1) + (1− α)f(x2).

Ïd·��ÑXe½Â.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½Â 1 � f(x) ´«m I þ�¼ê, XJ?� I ¥ü: x1, x2, ±9?¿

α ∈ (0, 1)k

f (αx1 + (1− α)x2) 6 αf(x1) + (1− α)f(x2),

K¡¼ê´«m I þ�à¼ê,�þª�Ø�ÒU�/<0�,Ò¡ f(x)�

î�à�

5¿,¼ê½ö­��àÚ],�´wã���ÝØÓ
®,ØÓ�Öþ

¬ÑyØÓ�½Â.  `Öþ½Â�à,%´¯Öþ½Â�],vk���

éÚ��`{. Ïd,��©z�,Äk�w©z¥éà]5�½Â.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 4 � f(x)3«m I þëY,XJ?� I ¥ü: x1, x2,k

f

(
x1 + x2

2

)
6
f(x1) + f(x2)

2
,

K f(x)´«m I þ�à¼ê.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 4 � f(x)3«m I þëY,XJ?� I ¥ü: x1, x2,k

f

(
x1 + x2

2

)
6
f(x1) + f(x2)

2
,

K f(x)´«m I þ�à¼ê.

y² éu x1, x2, x3, x4 ∈ I ,P y1 = x1+x2

2
, y2 = x3+x4

2
,K

x1 + x2 + x3 + x4

4
=
y1 + y2

2
.
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½n 4 � f(x)3«m I þëY,XJ?� I ¥ü: x1, x2,k

f

(
x1 + x2

2

)
6
f(x1) + f(x2)

2
,

K f(x)´«m I þ�à¼ê.

y² éu x1, x2, x3, x4 ∈ I ,P y1 = x1+x2

2
, y2 = x3+x4

2
,K

x1 + x2 + x3 + x4

4
=
y1 + y2

2
.

Ïd,

f

(
x1 + x2 + x3 + x4

4

)
= f

(
y1 + y2

2

)
6
f(y1) + f(y2)

2
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 4 � f(x)3«m I þëY,XJ?� I ¥ü: x1, x2,k

f

(
x1 + x2

2

)
6
f(x1) + f(x2)

2
,

K f(x)´«m I þ�à¼ê.

y² éu x1, x2, x3, x4 ∈ I ,P y1 = x1+x2

2
, y2 = x3+x4

2
,K

x1 + x2 + x3 + x4

4
=
y1 + y2

2
.

Ïd,

f

(
x1 + x2 + x3 + x4

4

)
= f

(
y1 + y2

2

)
6
f(y1) + f(y2)

2

6
1

2

(
f(x1) + f(x2)

2
+
f(x3) + f(x4)

2

)
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½n 4 � f(x)3«m I þëY,XJ?� I ¥ü: x1, x2,k

f

(
x1 + x2

2

)
6
f(x1) + f(x2)

2
,

K f(x)´«m I þ�à¼ê.

y² éu x1, x2, x3, x4 ∈ I ,P y1 = x1+x2

2
, y2 = x3+x4

2
,K

x1 + x2 + x3 + x4

4
=
y1 + y2

2
.

Ïd,

f

(
x1 + x2 + x3 + x4

4

)
= f

(
y1 + y2

2

)
6
f(y1) + f(y2)

2

6
1

2

(
f(x1) + f(x2)

2
+
f(x3) + f(x4)

2

)
=
f(x1) + f(x2) + f(x3) + f(x4)

4
.
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Ud�{,¿|^8B�n,��é.Xm = 2n �g,ê,k

f

(
x1 + x2 + · · · + xm

m

)
6
f(x1) + f(x2) + · · · + f(xm)

m
. (3.1)
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

Ud�{,¿|^8B�n,��é.Xm = 2n �g,ê,k

f

(
x1 + x2 + · · · + xm

m

)
6
f(x1) + f(x2) + · · · + f(xm)

m
. (3.1)

-

x0 =
x1 + · · · + xm−1

m− 1
,

K

x0 =
x1 + · · · + xm−1 + x0

m
.

Ïd,lþª��

f(x0) 6
f(x1) + · · · + f(xm−1) + f(x0)

m
,

=,

f

(
x1 + x2 + · · · + xm−1

m− 1

)
6
f(x1) + f(x2) + · · · + f(xm−1)

m− 1
.

¤±l½n�^���,é?¿g,êm,Ø�ª (3.1)¤á.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

y� x, y ∈ I,9?¿g,ê n,m (n < m),3 (3.1)¥-

x1 = · · · = xn = x, xn+1 = · · · = xm = y,

��

f
( n
m
x + (1−

n

m
)y
)
6
n

m
f(x) + (1−

n

m
)f(y).

=,é?¿knê r ∈ (0, 1),k

f (rx + (1− r)y) 6 rf(x) + (1− r)f(y).
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

y� x, y ∈ I,9?¿g,ê n,m (n < m),3 (3.1)¥-

x1 = · · · = xn = x, xn+1 = · · · = xm = y,

��

f
( n
m
x + (1−

n

m
)y
)
6
n

m
f(x) + (1−

n

m
)f(y).

=,é?¿knê r ∈ (0, 1),k

f (rx + (1− r)y) 6 rf(x) + (1− r)f(y).

éu?¿¢ê α ∈ (0, 1),��ªu α�knê� rn ∈ (0, 1).òþª¥

� r �¤ rn,¿- n→∞,�â f �ëY5,Ò��

f (αx + (1− α)y) 6 αf(x) + (1− α)f(y).

ùÒy²
 f ´ I þ�à¼ê. y..
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

y{ 2 (�y{) e f(x) Ø´ I þ�à¼ê, K�3 x1, x2 ∈ I, 9

x0 ∈ (x1, x2)¦�

f(x0)− f(x1)

x0 − x1

>
f(x2)− f(x1)

x2 − x1

,

=,

f(x0) > f(x1) +
f(x2)− f(x1)

x2 − x1

(x0 − x1).

�E�5¼ê

g(x) = f(x1) +
f(x2)− f(x1)

x2 − x1

(x− x1).

§�ã�´ë� (x1, f(x1))Ú (x2, f(x2))�u,Ïdk

g(x1) = f(x1), g(x2) = f(x2), f(x0) > g(x0).

-

h(x) = f(x)− g(x).

K h(x1) = h(x2) = 0, h(x0) > 0.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

du h(x)´ëY¼ê,�3 x0 ��� (a, b) ⊂ (x1, x2),¦�

h(a) = h(b) = 0, h(x) > 0, x ∈ (a, b).

d�k

h

(
a + b

2

)
> 0, =, f

(
a + b

2

)
> g

(
a + b

2

)
.

Ï� g ´�5¼ê,¤±

g

(
a + b

2

)
=
g(a) + g(b)

2
=
f(a) + f(b)

2
.

Ïd f
(
a+b

2

)
> f(a)+f(b)

2
.ù�^�gñ!

½n 5 � f(x)3«m IþëY, α ∈ (0, 1).XJéu I¥?¿ü: x1, x2,

Ñk

f (αx1 + (1− α)x2) 6 αf(x1) + (1− α)f(x2),

K f(x)´«m I þ�à¼ê.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 6 � f(x)´«m Iþ�à¼ê, x1, x2, x3´ In:,� x1 < x2 < x3.

@ok
f(x2)− f(x1)

x2 − x1

6
f(x3)− f(x1)

x3 − x1

6
f(x3)− f(x2)

x3 − x2

.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 6 � f(x)´«m Iþ�à¼ê, x1, x2, x3´ In:,� x1 < x2 < x3.

@ok
f(x2)− f(x1)

x2 − x1

6
f(x3)− f(x1)

x3 − x1

6
f(x3)− f(x2)

x3 − x2

.

y² - α = x3−x2

x3−x1
,K

x2 = αx1 + (1− α)x3.

d f �à5,�

f(x2) 6 αf(x1) + (1− α)f(x3).

ò α�\dª,²C/=�½n¥�Ø�ª. y..
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½n 7 � f(x)´«m I þ�à¼ê,@o f(x)3 I �S:´ëY�.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 7 � f(x)´«m I þ�à¼ê,@o f(x)3 I �S:´ëY�.

y² � x0 ´ I ���S:. 3 I ¥À�o�: x1, x2, y1, y2 ¦�

x1 < x2 < x0 < y1 < y2.�â½n 6,� x ∈ (x2, y1)� x 6= x0 �,k

f(x2)− f(x1)

x2 − x1

6
f(x)− f(x0)

x− x0

6
f(y2)− f(y1)

y2 − y1

.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 7 � f(x)´«m I þ�à¼ê,@o f(x)3 I �S:´ëY�.

y² � x0 ´ I ���S:. 3 I ¥À�o�: x1, x2, y1, y2 ¦�

x1 < x2 < x0 < y1 < y2.�â½n 6,� x ∈ (x2, y1)� x 6= x0 �,k

f(x2)− f(x1)

x2 − x1

6
f(x)− f(x0)

x− x0

6
f(y2)− f(y1)

y2 − y1

.

dª`²� x ∈ (x2, y1)� x 6= x0 �,
∣∣∣f(x)−f(x0)

x−x0

∣∣∣´k.�,=�3�êM,

¦�
∣∣∣f(x)−f(x0)

x−x0

∣∣∣ 6M.Ï


|f(x)− f(x0)| 6M |x− x0|, x ∈ (x2, y1).

ldªB��Ñ f 3 x0 ëY.y..
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½n 7 � f(x)´«m I þ�à¼ê,@o f(x)3 I �S:´ëY�.

y² � x0 ´ I ���S:. 3 I ¥À�o�: x1, x2, y1, y2 ¦�

x1 < x2 < x0 < y1 < y2.�â½n 6,� x ∈ (x2, y1)� x 6= x0 �,k

f(x2)− f(x1)

x2 − x1

6
f(x)− f(x0)

x− x0

6
f(y2)− f(y1)

y2 − y1

.

dª`²� x ∈ (x2, y1)� x 6= x0 �,
∣∣∣f(x)−f(x0)

x−x0

∣∣∣´k.�,=�3�êM,

¦�
∣∣∣f(x)−f(x0)

x−x0

∣∣∣ 6M.Ï


|f(x)− f(x0)| 6M |x− x0|, x ∈ (x2, y1).

ldªB��Ñ f 3 x0 ëY.y..

l±þ½n�y²�wÑe f(x)´m«m I þ�à¼ê,K f 3 I þ

ëY,�� [a, b]´ I ¥�k�4«m�, f 3 [a, b]þ´ LipschitzëY�.
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½n 8 � f(x) 3«m I þëY, 3d«mSÜ��. XJ f ′(x) 3 I

S£î�¤üN4O,K f(x)´ I þ�£î�¤à¼ê. ��,XJ f(x)´

I þ�à¼ê,K f ′(x)3 I þüN4O.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 8 � f(x) 3«m I þëY, 3d«mSÜ��. XJ f ′(x) 3 I

S£î�¤üN4O,K f(x)´ I þ�£î�¤à¼ê. ��,XJ f(x)´

I þ�à¼ê,K f ′(x)3 I þüN4O.

y² éu?¿ x1, x2 ∈ I, 9?¿ α ∈ (0, 1). Ø�� x1 < x2. P

x0 = αx1 + (1 − α)x2, K x1 < x0 < x2, � α = x2−x0

x2−x1
. d�©¥�½n, �

3 ξ1 ∈ (x1, x0)Ú ξ2 ∈ (x0, x2)¦�

f(x0)− f(x1) = f ′(ξ1)(x0 − x1);

f(x2)− f(x0) = f ′(ξ2)(x2 − x0).
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 8 � f(x) 3«m I þëY, 3d«mSÜ��. XJ f ′(x) 3 I

S£î�¤üN4O,K f(x)´ I þ�£î�¤à¼ê. ��,XJ f(x)´

I þ�à¼ê,K f ′(x)3 I þüN4O.

y² éu?¿ x1, x2 ∈ I, 9?¿ α ∈ (0, 1). Ø�� x1 < x2. P

x0 = αx1 + (1 − α)x2, K x1 < x0 < x2, � α = x2−x0

x2−x1
. d�©¥�½n, �

3 ξ1 ∈ (x1, x0)Ú ξ2 ∈ (x0, x2)¦�

f(x0)− f(x1) = f ′(ξ1)(x0 − x1);

f(x2)− f(x0) = f ′(ξ2)(x2 − x0).

5¿� f ′(x)´üN4O�,·�k f ′(ξ1) 6 f ′(ξ2).u´
f(x0)− f(x1)

x0 − x1

6
f(x2)− f(x0)

x2 − x0

,

dª�C/� f(αx1 + (1 − α)x2) 6 αf(x1) + (1 − α)f(x2). Ïd, f(x) 3

I þ´à¼ê. y..
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 9 � f(x) 3«m I þëY, 3d«mSk���¼ê. XJé I S

?¿ xk f ′′(x) > 0£f ′′(x) > 0¤,K f(x)´ I þ£î�¤à¼ê. ��,

XJ f(x)´ I þ�à¼ê,Ké I S?¿ xk f ′′(x) > 0.
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½n 9 � f(x) 3«m I þëY, 3d«mSk���¼ê. XJé I S

?¿ xk f ′′(x) > 0£f ′′(x) > 0¤,K f(x)´ I þ£î�¤à¼ê. ��,

XJ f(x)´ I þ�à¼ê,Ké I S?¿ xk f ′′(x) > 0.

½n 10 (JensenØ�ª) � f(x)´«m I þ�à¼ê. Ké I ¥?¿ n

�: x1, x2, · · · , xn,k

f(α1x1 + α2x2 + · · · + αnxn) 6 α1f(x1) + α2f(x2) + · · · + αnf(xn),

Ù¥ α, · · · , αn Ñ´�ê� α1 + · · · + αn = 1.

y² �â f(x)3SÜ�ëY5Úà5,|^8B{=�y².
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~ 9 � x, y �K� x + y 6 1. ¦y:

x
√

1 + x2
+

y√
1 + y2

6
2
√

5
.

25/37

‖J I‖ J I �£ �¶ '4 òÑ
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~ 9 � x, y �K� x + y 6 1. ¦y:

x
√

1 + x2
+

y√
1 + y2

6
2
√

5
.

y² - f(x) = x√
1+x2

.K� x > 0�

f ′(x) = (1 + x2)−
3
2 > 0, f ′′(x) = −3x(1 + x2)−

5
2 < 0.

ù`²� x > 0� f(x)´î�üN4O�]¼ê.
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~ 9 � x, y �K� x + y 6 1. ¦y:

x
√

1 + x2
+

y√
1 + y2

6
2
√

5
.

y² - f(x) = x√
1+x2

.K� x > 0�

f ′(x) = (1 + x2)−
3
2 > 0, f ′′(x) = −3x(1 + x2)−

5
2 < 0.

ù`²� x > 0� f(x)´î�üN4O�]¼ê.

u´� x + y 6 1�,k

f(x) + f(y) 6 f(x) + f(1− x) 6 2f(
x + 1− x

2
) =

2
√

5
.

�Ò��=� x = y = 1
2
�¤á.
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~ 9 � x, y �K� x + y 6 1. ¦y:

x
√

1 + x2
+

y√
1 + y2

6
2
√

5
.

y² - f(x) = x√
1+x2

.K� x > 0�

f ′(x) = (1 + x2)−
3
2 > 0, f ′′(x) = −3x(1 + x2)−

5
2 < 0.

ù`²� x > 0� f(x)´î�üN4O�]¼ê.

u´� x + y 6 1�,k

f(x) + f(y) 6 f(x) + f(1− x) 6 2f(
x + 1− x

2
) =

2
√

5
.

�Ò��=� x = y = 1
2
�¤á.

~ 10 � a, b, c´�ê. ¦y:

a

b + c
+

b

c + a
+

c

a + b
>

3

2
.
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~ 11 (\�AÛ�â²þØ�ª) � x1, x2, · · · , xn Ú λ1, λ2, · · · , λn
Ñ´�ê,� λ1 + λ2 + · · · + λn = 1.KkØ�ª

xλ1
1 x

λ2
2 · · ·x

λn
n 6 λ1x1 + λ2x2 + · · · + λnxn.

AO� λ1 = λ2 = · · · = λn = 1
n
,KkAÛ�â²þØ�ª

n
√
x1x2 · · ·xn 6

x1 + x2 + · · · + xn

n
.

26/37

‖J I‖ J I �£ �¶ '4 òÑ



üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

~ 11 (\�AÛ�â²þØ�ª) � x1, x2, · · · , xn Ú λ1, λ2, · · · , λn
Ñ´�ê,� λ1 + λ2 + · · · + λn = 1.KkØ�ª

xλ1
1 x

λ2
2 · · ·x

λn
n 6 λ1x1 + λ2x2 + · · · + λnxn.

AO� λ1 = λ2 = · · · = λn = 1
n
,KkAÛ�â²þØ�ª

n
√
x1x2 · · ·xn 6

x1 + x2 + · · · + xn

n
.

y² �Ä«m (0,+∞)þ�¼ê f(x) = − lnx.Ï� f ′′(x) = 1
x2 > 0,

¤± f(x)´ (0,+∞)þ�î�à¼ê. u´�â JensenØ�ª,k

− ln(λ1x1 + · · · + λnxn) 6 −λ1 lnx1 − · · · − λn lnxn,

=,

xλ1
1 x

λ2
2 · · ·x

λn
n 6 λ1x1 + λ2x2 + · · · + λnxn.
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~ 12 (Hölder Ø�ª)� x1, x2, · · · , xnÚ y1, y2, · · · , ynÑ´�Kê,

� p > 1, q > 1´�é�Ýê,= 1
p

+ 1
q

= 1.KkØ�ª

n∑
k=1

xkyk 6

(
n∑
k=1

xpk

) 1
p
(

n∑
k=1

yqk

)1
q

,

Ù¥�Ò¤á�¿©7�^�´ê| xp1, x
p
2, · · · , xpn Ú yq1 , y

q
2 , · · · , yqn ¤'

~.
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~ 12 (Hölder Ø�ª)� x1, x2, · · · , xnÚ y1, y2, · · · , ynÑ´�Kê,

� p > 1, q > 1´�é�Ýê,= 1
p

+ 1
q

= 1.KkØ�ª

n∑
k=1

xkyk 6

(
n∑
k=1

xpk

) 1
p
(

n∑
k=1

yqk

)1
q

,

Ù¥�Ò¤á�¿©7�^�´ê| xp1, x
p
2, · · · , xpn Ú yq1 , y

q
2 , · · · , yqn ¤'

~.

y² �I�Äê|¥�êÑ�u"��¹. - f(x) = xp, (x > 0).Ï

� f ′′(x) = p(p− 1)xp−2 > 0,¤± f ´î�à¼ê. -

λk =
yqk∑n
i=1 y

q
i

, Ak = xky
1−q
k , k = 1, 2, · · · , n,

�â JensenØ�ª,k

f
( n∑
k=1

λkAk

)
6

k∑
k=1

λkf(Ak).
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=, (∑n
k=1 xkyk∑n
k=1 y

q
k

)p
6

n∑
k=1

(
yqk∑n
i=1 y

q
i

· (xky1−q
k )p

)
=

∑n
k=1 x

p
k∑n

k=1 y
q
k

.

ùÒ´
n∑
k=1

xkyk 6

(
n∑
k=1

xpk

) 1
p
(

n∑
k=1

yqk

)1
q

.

�Ò¤á��=�

A1 = A2 = · · · = An,

=, xp1, x
p
2, · · · , xpn Ú yq1 , y

q
2 , · · · , yqn ¤'~.
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½Â 2 � y = f(x)3�¹: x0 �«mþëY,XJ: x0 ´ f(x)�à!

]«m���©.: (=, 3 x0 ��>´à�, �3,�>´]� ), K

¡ x0 ´¼ê f(x) ���$:£½¡Û=:¤. k��¡¼êã�þ�:

(x0, f(x0))´­��$:.

~X,éu¼ê f(x) = x3 5`, x = 0Ò´§���$:.

-

6

x

y

y=x3

ã 3.3

-

6

x

y

. ....................................................................................................................................................................................................

. ...................................................................................................................................................................................................................

. ......................................................................................................................... .
........
.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.
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.......

.

........

.......

.

........

....

.

x0 x′0

ã 3.4
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

½n 11 � f(x) 3 x0 ëY, 3 x0 �����S£Ø�¹ x0¤��. XJ

3 x0 ��ý,�«m (x0 − δ, x0)S f ′(x)î�üN4O£½4~¤,
3

x0 �mý,�«m (x0, x0 + δ)S f ′(x)î�üN4~£½4O¤,K x0 ´

f(x)�$:.

½n 12 � f(x) 3 x0 ëY, 3 x0 �����S£Ø�¹ x0¤����.

XJ3 x0��ý,�«m (x0− δ, x0)S f ′′(x) > 0 (< 0),
3 x0�mý

mý,�«m (x0, x0 + δ)S f ′′(x) < 0 (> 0),K x0 ´ f(x)�$:. AO,

� f(x)3 x0 ?k���ê�, x0 ´$:�7�^�´ f ′′(x0) = 0.

ù�, ÒÏL¼ê����ê�Ñ
¼ê$:���k��O{. 5¿

¼ê3�:����ê�", �´�ä$:�7�^�, =$:?���ê

7,�", ����ê�"�:�7´$:. ~Xéu¼ê f(x) = x4, ØJ

wÑ f ′′(0) = 0,�w, x = 0Ø´¼ê�$:.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

ìC�

½Â 3 �k­� y = f(x),�­�þ�:÷X­�$Ä
�l�:�,§

�,^���ålªu",Ò¡ù^��´­� y = f(x)�ìC�.

ìC�©na: R�ìC�,Y²ìC�,�ìC�.

31/37

‖J I‖ J I �£ �¶ '4 òÑ



üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

ìC�

½Â 3 �k­� y = f(x),�­�þ�:÷X­�$Ä
�l�:�,§

�,^���ålªu",Ò¡ù^��´­� y = f(x)�ìC�.

ìC�©na: R�ìC�,Y²ìC�,�ìC�.

R�ìC� e¼ê f(x)÷v lim
x→x+

0

f(x) = ∞, ½ lim
x→x−0

f(x) = ∞K

�� x = x0 ´­� y = f(x)�R�ìC�.
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ìC�

½Â 3 �k­� y = f(x),�­�þ�:÷X­�$Ä
�l�:�,§

�,^���ålªu",Ò¡ù^��´­� y = f(x)�ìC�.

ìC�©na: R�ìC�,Y²ìC�,�ìC�.

R�ìC� e¼ê f(x)÷v lim
x→x+

0

f(x) = ∞, ½ lim
x→x−0

f(x) = ∞K

�� x = x0 ´­� y = f(x)�R�ìC�.

Y²ìC� e¼ê f(x) ÷v lim
x→+∞

f(x) = a, ½ lim
x→−∞

f(x) = a K

�� y = a´­� y = f(x)�Y²ìC�.
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ìC�

½Â 3 �k­� y = f(x),�­�þ�:÷X­�$Ä
�l�:�,§

�,^���ålªu",Ò¡ù^��´­� y = f(x)�ìC�.

ìC�©na: R�ìC�,Y²ìC�,�ìC�.

R�ìC� e¼ê f(x)÷v lim
x→x+

0

f(x) = ∞, ½ lim
x→x−0

f(x) = ∞K

�� x = x0 ´­� y = f(x)�R�ìC�.

Y²ìC� e¼ê f(x) ÷v lim
x→+∞

f(x) = a, ½ lim
x→−∞

f(x) = a K

�� y = a´­� y = f(x)�Y²ìC�.

�ìC� éu¼ê f(x),e�3 a 6= 0÷v

lim
x→+∞

(f(x)− ax) = b, ½ lim
x→−∞

(f(x)− ax) = b,

K�� y = ax + b´­� y = f(x)��ìC�.
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3.5.3 ²¡­��­Ç

½Â 4 � L ´²¡þ�1w­�, A,B ´ L þü:. l A � B �l�

� σ,��:÷ Ll A$Ä� B �,��=L��Ý� ϕ,K'� ϕ
σ
�x


lã
_

AB �²þ�­§Ý,¡�lã
_

AB �²þ­Ç.XJ lim
B→A

ϕ
σ
Âñ,

Òòù4��½Â�­�3 A:�­Ç.P� κ = κ(A).

w,, ­Ç����, KL²­���

­; ­Ç����, K­��²". �

±ßÿ, e­�3z:�­Ç�", K

L²­�vk�­, Ïdù¢Sþ´

��. e­�3z:�­ÇÑ�Ó, K

­�A��.
.

...............................................

.............................................

...........................................

.........................................

.......................................

.....................................

.....................................

......................................

.......................................

........................................

.........................................

..........................................

...........................................
............................................

............................................. .............................................. r
r

ϕ
.
...........

...........

...........
...........

A

B
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

�²¡­�dwª y = f(x), x ∈ [a, b]L«. 3ù«�¹e,�­�þ

: AÚ B ��I©O´ A(x, f(x))Ú B(x + ∆x, f(x + ∆x)).

x

y

x x + ∆x

A

B

αα + ∆α

�lå: (a, f(a)) �?¿Ä: (x, f(x)) �l�P� s = s(x), Ä:

(x, f(x)) ?��� x ¶���Y�P� α(x). KéAu x �Oþ� ∆x,
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

l��Oþ´

∆s = s(x + ∆x)− s(x),

Y��Oþ�

∆α = α(x + ∆x)− α(x).

ØJwÑ

∆α = arctan f ′(x + ∆x)− arctan f ′(x).

¤±

κ = κ(A) = lim
∆x→0

∆α

∆s
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l��Oþ´

∆s = s(x + ∆x)− s(x),

Y��Oþ�

∆α = α(x + ∆x)− α(x).

ØJwÑ

∆α = arctan f ′(x + ∆x)− arctan f ′(x).

¤±

κ = κ(A) = lim
∆x→0

∆α

∆s
= lim

∆x→0

arctan f ′(x + ∆x)− arctan f ′(x)

s(x + ∆x)− s(x)
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l��Oþ´

∆s = s(x + ∆x)− s(x),

Y��Oþ�

∆α = α(x + ∆x)− α(x).

ØJwÑ

∆α = arctan f ′(x + ∆x)− arctan f ′(x).

¤±

κ = κ(A) = lim
∆x→0

∆α

∆s
= lim

∆x→0

arctan f ′(x + ∆x)− arctan f ′(x)

s(x + ∆x)− s(x)

= lim
∆x→0

(
arctan f ′(x + ∆x)− arctan f ′(x)

∆x

/s(x + ∆x)− s(x)

∆x

)
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l��Oþ´

∆s = s(x + ∆x)− s(x),

Y��Oþ�

∆α = α(x + ∆x)− α(x).

ØJwÑ

∆α = arctan f ′(x + ∆x)− arctan f ′(x).

¤±

κ = κ(A) = lim
∆x→0

∆α

∆s
= lim

∆x→0

arctan f ′(x + ∆x)− arctan f ′(x)

s(x + ∆x)− s(x)

= lim
∆x→0

(
arctan f ′(x + ∆x)− arctan f ′(x)

∆x

/s(x + ∆x)− s(x)

∆x

)
= lim

∆x→0

arctan f ′(x + ∆x)− arctan f ′(x)

∆x

/
lim

∆x→0

s(x + ∆x)− s(x)

∆x
.
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þª©f�4�´

(arctan f ′(x))′ =
f ′′(x)

1 + f ′2(x)
,


©1�4�´

s′(x) =
√

1 + f ′2(x).

ù�úªò3¦­��l��Ù!Sy². l
,¼ê y = f(x)¤L«�­

� L3�:?�­Ç�

κ = κ(x) =
f ′′(x)(

1 + f ′2(x)
)3/2

.
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üN5 à¼ê ëYà¼ê Jensen Ø�ª Hölder Ø�ª $: ìC� ­Ç

ëê�§L«�­��­Ç

�k��1w�­�,Ùëê�§�

x = ϕ(t), y = ψ(t), t ∈ [α, β].

Ï�
dy

dx
=
ψ′(t)

ϕ′(t)
,
d2y

dx2
=
ψ′′(t)ϕ′(t)− ψ′(t)ϕ′′(t)

(ϕ′(t))3
.

¤±T­��­Ç�

κ(t) =
ψ′′(t)ϕ′(t)− ψ′(t)ϕ′′(t)

(ϕ′(t))3

/(
1 +

(
ψ′(t)

ϕ′(t)

)2
)3/2

=
ψ′′(t)ϕ′(t)− ψ′(t)ϕ′′(t)(

(ϕ′(t))2 + (ψ′(t))2
)3/2

~ 13 � x = R cos t, y = R sin t (t ∈ [0, 2π])�­Ç� 1
R
.

36/37

‖J I‖ J I �£ �¶ '4 òÑ
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1. �¼ê f(x)3«m [a, b]þëY,3 (a, b)¥z:Ñk��êÚm�

ê. e f(a) = f(b),K�3 ξ ∈ (a, b)¦� f ′−(ξ)f ′+(ξ) 6 0.
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1. �¼ê f(x)3«m [a, b]þëY,3 (a, b)¥z:Ñk��êÚm�

ê. e f(a) = f(b),K�3 ξ ∈ (a, b)¦� f ′−(ξ)f ′+(ξ) 6 0.

2. �¼ê f(x) 3«m [a, b] þk n ��¼ê, �é?¿ x ∈ (a, b) k

f (n)(x) 6= 0.-

F (x) = f(x)−
n−1∑
k=0

f (k)(a)

k!
(x− a)k.

Ké?¿ x ∈ (a, b)k F (x) 6= 0.
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1. �¼ê f(x)3«m [a, b]þëY,3 (a, b)¥z:Ñk��êÚm�

ê. e f(a) = f(b),K�3 ξ ∈ (a, b)¦� f ′−(ξ)f ′+(ξ) 6 0.

2. �¼ê f(x) 3«m [a, b] þk n ��¼ê, �é?¿ x ∈ (a, b) k

f (n)(x) 6= 0.-

F (x) = f(x)−
n−1∑
k=0

f (k)(a)

k!
(x− a)k.

Ké?¿ x ∈ (a, b)k F (x) 6= 0.

3. �¼ê f(x)3 [0,+∞)þ��,�÷v�©�§

f ′(x) = exf(x).

e f(0) > 0,Ké?¿ x > 0k f(x) > 0.
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