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��õCþ�È©�ý��£, �Ùùã�m)ÛAÛ�Ä�SN. ÏLÚ?�þ

$�Ú�IX, ¦�·��±^�ê��{5)û�
AÛ¯K.

ùpb�Öö
)�m��
Ä�AÛ(�ÚVg. ~X�m¥�:!�!¡�A

Ûé�!§��m�'X±9�ã��Ý½ü:�m�ål��, Ïd·�Ø2Kã.

§8.1 �þ��IX

g,.�Nõé�, X�Ý!¡È!§Ý!õ�, 3(½��Ýþü �, �±^¢

êL«, ùa�k���þ¡�êþ. �´k
þØ=k��, �k��, ~X £!å!

åÝ!�Ý!\�Ý��. ù
þ�´·��?Ø��þ.

8.1.1 �þ�½Â��þ�\{Úê¦

½Â 8.1 �m¥Qk��£�Ý¤qk���þ¡��þ, P� a, b, c, · · · . �þ
a ���£�Ý¤́ ���K¢ê,P� |a| . ü��þ a Ú b, ������, ���Ó,

Ò¡üö�� a = b.

AO, ��� 0 ��þ¡�"�þ, P� 0£Ï~3Ø�u· �{üP�/00¤,

"�þvk(½���. ��þ a ����, �������þP� −a ¡� a �K�

þ£½��þ¤.

�â�þk��Ú���A�, �±^k��ã5L«���þ. � AB �ë�

A,B ü:��ã, §��Ý�u�þ a ���, l: A ��: B �����þ a �

���Ó, ·�Ò�±^
−→
AB L«�þ a, P� a =

−→
AB, Ïd −a =

−→
BA.

�m¥k��ã�²£ ´�ØUC�ã��ÝÚ���$Ä. Ïd�þ�k��

ãL«¢Sþ�k��ã�å:Ã'. XJ
−→
AB Ú

−−→
A′B′ ÏL²£¦�å:Úª:©O

­Ü, K§��L
Ó���þ, ½ö`üö��
−→
AB =

−−→
A′B′. Ïd, �½���½:

O, @o?��þ a ÏL²£, ���å:� O , ª:� A ��þ­Ü a =
−→
OA.

� a, b ´ü��þ, ^Ó�å: O �k��ãL«§�: a =
−→
OA, b =

−−→
OB, K±

−→
OA,
−−→
OB ��>�²1o>/�é���þ c =

−→
OC Ò¡�ùü��þ�Ú, P�

−→
OC =

−→
OA+

−−→
OB

½{�¤

c = a+ b.

ù«¦Ú��{¡�²1o>/{K (ã 8.1).
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ü��þ a, b �\{��±^n�/{K (ã 8.2). � a =
−→
OA, ± a �ª: A �

å:, ��k��ã¦Ù�u b:
−→
AB = b, K± O �å:, B �ª:��þ

−−→
OB Ò´ a

� b �Ú

a+ b =
−→
OA+

−→
AB =

−−→
OB.

a

b c

ã 8.1

a

bc

ã 8.2

ü��þ a Ú b �~�½ÂXe

a− b = a+ (−b)

� a =
−→
OA, b =

−−→
OB, K −b =

−−→
BO, Ïd

−→
OA+ (−

−−→
OB) =

−→
OA+

−−→
BO =

−→
BA

5� 1 �þ\{÷vXe5�:

1◦ a+ b = b+ a, (��Æ)

2◦ (a+ b) + c = a+ (b+ c). ((ÜÆ)

3◦ a+ 0 = a , a+ (−a) = 0 .

y² l�þ¦Ú�²1o>/{

KN´wÑ��Æ¤á. 
^n�/{

K�´y²(ÜÆ (ã 8.3). � a =
−→
OA,

b =
−→
AB, c =

−−→
BC,K a+b =

−−→
OB, b+c =

−→
AC, ¤±

(a+ b) + c =
−−→
OB +

−−→
BC =

−→
OC,

a+ (b+ c) =
−→
OA+

−→
AC =

−→
OC.

O

A B

C

a

b

c
a+ b

b+ c
a+ b+ c

ã 8.3

�þ�,��Ä�$�´ê��þ�¦{§¡��þ�ê¦. � λ ´��¢ê, λ

��þ a �¦´���þ, P� λa, §��Ý�u |λ||a|, � λ > 0 � λa ���� a

�Ó§� λ < 0 � λa ���� a ��; AO, ¢ê 0 ¦±?¿�þ�u"�þ, −1 ¦

±�þ a �u§�K�þ (−1)a = −a. {ü/`, λa Ò´r a ��Ý�  |λ| �, �

λ < 0 �ÒL«�= a ���.

¡���u 1 ��þ�ü �þ. éu?Û���"�þ a , PÓ��ü �þ
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ea =
a

|a|
, §�±^5L« a ���. w,�ª

a = |a|ea

ò�þ a ²(/©)���Ú��üÜ©.

5� 2 � λ, µ ´¢ê§a, b ´�þ, K

1◦ λ(a+ b) = λa+ λb,

2◦ (λ+ µ)a = λa+ µa,

3◦ (λµ)a = λ(µa).

±e½n5gn�/�Ä�5�: ü>�Ú�u1n>.

½n 8.2 � a, b ´ü��þ, K

|a+ b| 6 |a|+ |b|,

�Ò¤á��=��3�K¢ê λ ÷v a = λb.

8.1.2 �þ���Ú�¡

½Â 8.3 �|�þ, XJÏL²£¦§�Ó?�^��þ, @o¡§�´���.

���ü��"�þ a Ú b �¡�´�p²1�, ^ a ‖ b L«.

�|�þ, XJÏL²£¦§�Ó?��²¡þ, @o¡§�´�¡�.

w,, "�þ�?¿���þ��; ����þ����o�Ó, �o��; ���

�þ�´�¡�; ?Ûü��þ�½´�¡./��0Ú/�¡0ke��êL«.

½n 8.4

1◦ ü��þa, b ��, ��=��3Ø��"�¢ê λ, µ, ¦�

λa+ µb = 0.

2◦ n��þ a, b, c �¡, ��=��3n�Ø��"�¢ê λ, µ, ν, ¦�

λa+ µb+ νc = 0

þãü�£n�¤�þ���£�¡¤�d��êL«, ¡��þ�/�5�'0. Ï

d�þ��½�¡�du�þ�5�'.

y² � a, b �����k��Ø´"�þ, Ø�� |a| 6= 0. Ïdüö����o

�Ó, �o��. Ïdk

b = ka, k = ±|b|
|a|
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��, XJ�3Ø��"�¢ê λ, µ, Ø�� µ 6= 0, Ïdd�ª λa + µb = 0 Ò���

b = −λ
µa, =üö��.

� a, b, c �¡. eÙ¥kü���, Ø�� a Ú b ��, d 1◦ �, �3Ø��"�

¢ê λ, µ ¦� λa+ µb = 0. � ν = 0, K λ, µ, ν E,Ø��", � λa+ µb+ νc = 0 .

e a, b, c ¥?Ûü�ÑØ��£Ïd, Ñ´�"�þ¤, P a =
−→
OA, b =

−−→
OB, c =

−→
OC, L

−→
OC �ª: C©O�²1u

−−→
OB ����

−→
OA ¤3��u A′; �²1u

−→
OA �

���
−−→
OB ¤3��u B′; Ïd

−→
OC =

−−→
OA′ +

−−→
OB′

Ï�
−−→
OA′ �

−→
OA ��, ¤±�3k ¦�

−−→
OA′ = k

−→
OA. Ón, Ï�

−−→
OB′ �

−−→
OB ��, ¤±

�3l ¦�
−−→
OB′ = l

−−→
OB. nþ¤ã,kc = ka+ lb.

��, � λa + µb + νc = 0 �λ, µ, ν Ø��".Ø�� ν 6= 0, Ïd c = −λ
νa −

µ
ν b,

= c 3 −λ
νa Ú −

µ
ν b /¤�o>/�é��þ, Ïd a, b, c �¡. �

8.1.3 �þ�:¦Ú�¦

� a =
−→
OA, b =

−−→
OB ´ü��þ, §��Y�½Â� θ = θ(a, b), θ �����5½

� 0 ��. w, θ(a, b) = θ(b,a), �éu?¿� 0 ¢ê λ,

θ(λa, b) =

 θ(a, b), e λ > 0,

�− θ(a, b), e λ < 0.

½Â 8.5 ü��þ a, b �:¦ a · b ´��¢ê, ½Â�

a · b = |a| |b| cos θ(a, b).

eÙ¥���þ´"�þ, K:¦5½�0. :¦�¡��þ�SÈ½êþÈ.

l½Â��wÑ a · b > 0, ��=� θ(a, b) < �
2 . a · b = 0, ��=� θ(a, b) = �

2 ,

d�ü��þ¡��p��£½R�¤, P� a ⊥ b.
lAÛþw (ã 8.4), |a| cos θ ´�þ a

3�þ b ¤3���þ£{¡3 b þ¤�

ÝK�þ�k��Ý, , �Y� θ ´b��,

ÝK�þ���� b ��; �Y� θ ´ð�

�, ÝK�þ���� b ��. P a 3 b þ

�ÝK�þ� ab, K

ab = |a| cos θeb = (a · eb)eb,

bab

ah a

ã 8.4

ùp eb = 1

|b|
b ´ b �ü �þ. XÓå�©), �þ a �±£��¤©)�3 b þ�
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ÝK�þ ab Ú��� b R���þ ah �Ú

a = ab + ah.

Ïd a · b ´ a 3 b ��þ�ÝK�þ�k��Ý¦± b ��Ý, ½ö`´ a �ÝK�

þ� b �:¦£� b R����©þ ah é:¦vk�z¤

a · b = ab · b = |a||b| cos θ

lÔnþw, 	å a �^3ÔNþ¤��õÒ´ a 3 £ b ��þ©å ab¦± 

£��� |b|: W = |a||b| cos θ = a · b. � £��R��©å, é�õvk�z.

5� 3 :¦÷ve��ê5�.

1◦ a · b = b · a. (��Æ)

2◦ (λa) · b = λa · b, ùp λ ´?¿¢ê. ((ÜÆ)

3◦ (a+ b) · c = a · c+ b · c. (©�Æ)

y² 1◦ �y²´w,�. 3 2◦ �y²¥, � λ 6= 0, K

(λa) · b = |λa||b| cos θ(λa, b) =

λ|a||b| cos θ(a, b), λ > 0

−λ|a||b| cos(�− θ(a, b)), λ < 0

= λ|a||b| cos θ(a, b) = λa · b.

'u3◦ �åÆ¹Â´, �^3Ó�ÔN

þü�å¤��õ�uÜå¤��õ (ã

8.5). äNy²Xe: Ø�� c ´ü �þ

|c| = 1. Ïd a + b ±9a, b3 c þ�ÝK

�þ÷v

c

b

a

a
+
b

ã 8.5

(a+ b)c = ac + bc,

¤±

(a+ b) · c = (a+ b)c · c = (ac + bc) · c

=
(
(a · c)c+ (b · c)c

)
· c = (a · c+ b · c)(c · c)

= a · c+ b · c.

ù�Ò�¤
T5��y². �

�þ�,��­�$�¡��þ��¦. �d·�kÚ?/mÃX0�Vg.
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� {a, b, c} ´n�Ø�¡�þ�¤�kS�þ|, ¿kÓ��å:. cü��þ

a, b Òû½
��²¡, 
 c �����²¡�,�ý. �mÃo�^X²¡, Uìl

a � b =Ä�, XJmÃ-�� c Ñ��²¡�Ó�ý, @o¡ {a, b, c} �mÃX, Ä

K¡��ÃX. N´wÑ, XJ {a, b, c} ´mÃX, @o {b, c,a} Ú {c,a, b} E´mÃ
X. �´ {b,a, c} Ú {a, b,−c} Ñ´�ÃX.

½Â 8.6 ü��þ a Ú b ��¦´���þ, P� a × b , §���5½�±

a, b ��>�²1o>/�¡È

|a× b| = |a||b| sin θ(a, b),

§���5½�: a × b � a Ú b R�, ��þ| {a, b,a × b} �¤mÃX (ã8.6). e

a Ú b ¥k��´"�þ, Küö��¦5½�"�þ. �¦�¡�	È½�þÈ.

w,, XJü��þ²1, @o§���¦�u"�þ.

a× b

b

a

ã 8.6

e

a

h

e× a

ae

ah

ã 8.7

� e ´��ü �þ, h ´ e ��þ a ¤3²¡þ� e R���þ (ã 8.7). r�

þ a ©)�3 e þ�ÝK�þ aeÚ3 h þ�ÝK�þ ah �Ú a = ae +ah, N´wÑ

± e � a ��>�²1o>/¡È�u± e � ah ��>�Ý/¡È, 
� e × a �
e× ah ����Ó, ¤±

e× a = e× ah.

�*�`, e× a Ò´ò�þ ah 7 e UmÃ{K^= ({¡m^) �2 . lþã©Û�

�wÑ, 3 e Ú a ��¦¥, a 3 e þ�ÝK�þvk�z.

�¦�åÆ¹ÂXe: � O ´ÔN

þ���½:, ¿b�å a �^uÔN

þ,��: P, K a �¦ÔN÷ÏL O

:�¶^=, ^=¶R�u�þ
−→
OP Ú

a |¤�²¡. K�þ c =
−→
OP × a ¡

�åÝ. §��^=¶���¿���

� |
−→
OP | · |a| sin θ (ã 8.8).

O P

c
a

θ

ã 8.8

5Pµ a × b ����´± a, b ��>�²1o>/�¡È, 
²1o>/¤3
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²¡þ�?Û���þ c£=� a, b �¡¤�±L«� c = λa + µb, Ïd�� a × b
R�, ¤±¡ a× b � a, b ¤3²¡���{�þ.

�þ��¦$�÷vXe5�:

5� 4

1◦ (λa)× b = a× (λb) = λ(a× b), ùp λ ´��¢ê.

2◦ a× b = −b× a,£�¡5¤

3◦ a× (b+ c) = a× b+ a× c.£©�Æ¤

y² 1◦ Ú 2◦ �±|^½Â���y, ·��y² 3◦ . e a = e ´ü �þ . d

u (b+ c)h = bh + ch, 
U�¦�AÛ¿Â e× bh, e× ch Ú e× (b+ c)h ©O´ò�

þ bh, ch Ú (b+ c)h 7 e m^
�
2
, �m^�±�þ\{, ¤±

e× (b+ c)h = e× (bh + ch) = e× bh + e× ch.

éu���þ a, k a = |a|e, Ù¥ e ´ü �þ. Äk|^ 1◦, 2Uþãy²=��

3◦ é���þ a �¤á. �

5� 5 ¡(a× b) · c �n��þ a, b, c �·ÜÈ, K a, b, c �·ÜÈ�ýé�´

± a, b, c �c�²18¡N�NÈ.

y² ± a, b, c �c�²18¡N (ã 8.9) ´�: ò�þL«�Ó�å:�k��

ã�, ±n�k��ã�c�²18¡N. §�.¡È S �u |a× b|, p h �u�þ c

3.¡ü {�
a× b
|a× b|

þÝK�þ�

�Ý, =

h =
|c · (a× b)|
|a× b|

,

¤±NÈ

V = S · h = |a× b · c|.

a
b

c

a× b

ã 8.9

I��Ñ�´, ê a × b · c ��K�ûu�þ a × b � c �Y�, �kS�þ|

{a, b, c} ´mÃX�, Y��u �
2 , Ïd a × b · c > 0, � {a, b, c} ´�ÃX�, Y��

u �
2 , ¤± a× b · c < 0.

8.1.4 �þ��IL«

�Ä�m�þ�N�¤�8Ü V , 3 V ¥·�½Â
�þ�\{Úê¦¿y²


k'5�. Ïd V ´���þ�m£�¡�/�5�m0, ��ò35�5�ê6¥?

Ø¤. V ¥n�Ø�¡��þ| {a, b, c} ¡� V ��|/Ä�þ0, {¡�Ä.
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5� 6 ��þ| {a, b, c} ´ V ¥��|Ä�þ, K V ¥�?��þ x Ñ�±

���L«�Ä�þ {a, b, c} ��5|Ü

x = x1a+ x2b+ x3c

ùpXê (x1, x2, x3) ¡��þ x 3Ä {a, b, c} e��I.

y² Äk©±eü«�¹?1?Ø.

e x � {a, b, c} ¥?¿ü��þ�¡, Ø�� x � a, b �¡, Kd½n 8.4 �, �

3Ø�� 0 ��|¢ê λ, µ, ν ¦� λx + µa + νb = 0. Ï� a Ú b Ø�U��£ÄK

a, b, c �¡¤, Ïd λ 6= 0, ù� x Ò�±L«¤ a, b£�,�´ a, b, c¤��5|Ü.

e x � {a, b, c} ¥?¿ü��þÑØ�¡, Ø�� x =
−→
OP,a =

−→
OA, b =

−−→
OB, c =

−→
OC. L P :�²1

−→
OA �²1�, �

−−→
OB Ú

−→
OC ¤3²¡u P ′ :. ��¡

−−→
OP ′ �

b =
−−→
OB, c =

−→
OC �¡, ¤±�3Ø��"¢ê x2, x3 ¦�

−−→
OP ′ = x2b + x3c. ,��¡

−−→
P ′P � a =

−→
OA ²1, �Ò´��, Ïd�3¢ê x1 ¦�

−−→
P ′P = x1a. �ª�

x =
−→
OP =

−−→
OP ′ +

−−→
P ′P = x1a+ x2b+ x3c.

bX�3,	�|�I x′1, x
′
2, x
′
3, ¦� x = x′1a+ x′2b+ x′3c, @o

(x1 − x′1)a+ (x2 − x′2)b+ (x3 − x′3)c = 0,

du a, b, c Ø�¡, ¤±d½n 8.4 � x1 = x′1, x2 = x′2, x3 = x′3, =�I´���. �

ÏLV ¥��|Ä,·�Òïá
V ¥�þ x ��I�m���éA'X. Ïd�

±r�þP�

x = x1a+ x2b+ x3c = (x1, x2, x3)

ù�'u�þ�\{!ê¦�$�, Ò�±éA¤�I�$�.~X��þ x,y

��I©O´ (x1, x2, x3), (y1, y2, y3), N´�y x + y, λx éA���I©O´

(x1 + y1, x2 + y2, x3 + y3) Ú (λx1, λx2, λx3).

,
, 3O��þ��Ý, �Ý, :¦Ú�¦�, eæ^���Ä, ¬¦O�C��

©E,. �d, ·��÷ve�^���þ| {e1, e2, e3}

1◦ e1, e2, e3 ´üü��£�,Ø�¡¤�ü �þ, =§�÷vei · ej = δij , i, j =

1, 2, 3, ùp δij = 1, �i = j , δij = 0, �i 6= j .

2◦ {e1, e2, e3} �¤mÃX, =§��·ÜÈ÷v e1 × e2 · e3 = 1.

¿¡�V �IO��Ä. �±y² V ¥�IO��Ä´�3�. ±eþb½�þ��

I´3�½��|IO��Ä {e1, e2, e3} e��I. Ïd·�k±e�X�(Ø.

?Û���þ x 3IO��Äe��I�´ x ©O�Ä�þ�ÝK

x = (x · e1)e1 + (x · e2)e2 + (x · e3)e3.
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��þ a = (a1, a2, a3), b = (b1, b2, b3), K a � b �:¦�±L«�

a · b = (a1e1 + a2e2 + a3e3) · (b1e1 + b2e2 + b3e3)

= a1b1 + a2b2 + a3b3.

�þ��ÝÚü�þ�Y��

|a| =
√
a · a =

√
a2

1 + a2
2 + a2

3,

θ(a, b) = arccos

(
a1b1 + a2b2 + a3b3√

a2
1 + a2

2 + a2
3

√
b21 + b22 + b23

)
.

éu�¦, 5¿��¤Ä {e1, e2, e3} �Ä�þ, Ø�´ü �þ!�p��, 
�

��¤mÃX. ÏdÄ�þ�m��¦÷v

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2,

|^�¦�©�ÆÚ�¡5, ����ü��þ�m��¦

a× b = (a1e1 + a2e2 + a3e3)× (b1e1 + b2e2 + b3e3)

= (a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3

=

∣∣∣∣∣∣∣∣
e1 e2 e3

a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣∣ ,
þª�����ª´��/ª� 3 �1�ªL«. XJ�¤�þ��IL«, Òk

a× b = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1)

=

( ∣∣∣∣∣a2 a3

b2 b3

∣∣∣∣∣ ,
∣∣∣∣∣a3 a1

b3 b1

∣∣∣∣∣ ,
∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣
)
.

XJ2� c = (c1, c2, c3), @oØJO�, n��þ a, b, c �·ÜÈ�

a× b · c =

∣∣∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣∣∣
þª�´ 3 �1�ª�AÛ)º. = 3�1�ª´��±z�1��I�n��þ�¤

�²18¡N�NÈ. 1�ª��, Kn��þ/¤mÃX, ����ÃX.

~ 8.1.1 � a = a1e1 + a2e2, b = b1e1 + b2e2 ´ü�²¡�þ, K

a× b =

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣ e3.
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|a×b| = |a1b2−a2b1|´ a, b)¤²1o>/�¡È,Ïd1�ª

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣ = a1b2−a2b1

L«²1o>/�k�¡Èµ�1�ª��, l�þ a  �þ b �^=Ú e1  e2 �

^=Ó�, ¡È½Â��; �1�ª�K, l�þ a  �þ b �^=Ú e1  e2 �^=

��, d�¡È½Â�K.

~ 8.1.2 ®� a, b ´ü �þ, §��Y� θ =
�
3
, ¦�þ a− b � 3a+ 2b Y

� φ �{u.

) d cosφ =
(a− b) · (3a+ 2b)

|a− b| · |3a+ 2b|
��O��

|a− b|2 = (a− b) · (a− b) = 1− 2a · b+ 1 = 1,

|3a+ 2b|2 = (3a+ 2b) · (3a+ 2b) = 9 + 12a · b+ 4 = 19,

(a− b) · (3a+ 2b) = 3 + 2a · b− 3b · a− 2 =
1

2
.

¤±

cosφ =
1

2
√

19
.

~ 8.1.3 y² Cauchy Ø�ª

(a1b1 + a2b2 + a3b3)2 6 (a2
1 + a2

2 + a2
3)(b21 + b22 + b23),

�Ò¤á��=��3¢ê λ ÷v ai = λbi, i = 1, 2, 3.

y² ��þ a = (a1, a2, a3), b = (b1, b2, b3), K Cauchy Ø�ª�du

(a · b)2 = (|a||b| cos θ)2 6 |a|2|b|2


�, �Ò¤á��=� cos θ = ±1, = a � b ��.

8.1.5 �m�IX

XJ3�m¥�½�: O, @o�m�?¿�: P éA���þ
−→
OP, ¡�: P �

 ��þ. ù�Òïá
�m¥:��þ�m V ¥��þ�m���éA, XJ2�

½ V ¥�|IO��Ä {i, j,k}, @oÒïá
�m¥:��þ��I�m�éA.

P ←→
−→
OP = xi+ yj + zk←→ (x, y, z)

¡: O � {i, j,k} ��m����IX, P� [O; i, j,k]. O ¡��:, {i, j,k} ¡��
I�þ. n�ê| (x, y, z) Q¡� P :��I, P� P (x, y, z), ��±L« ��þ

r = r(P ) =
−→
OP = xi+ yj + zk = (x, y, z).

AO, �:��I�O(0, 0, 0), �I�þ� i = (1, 0, 0), j = (0, 1, 0), k = (0, 0, 1).
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L�:� i²1���¡� x ¶, i

���� x ¶���. Ón½Â y ¶, z

¶ ±9§��g���, nöÚ¡�m

��I¶. Ï~�^ Oxyz L«�m�

��IX. x ¶Ú y ¶¤3²¡¡ Oxy

²¡, aq/k Oyz Ú Ozx ²¡. n

��I²¡ò�m©��pØ��� 8

�«�, ù
«�¡�%�.

O

i
j

k P (x, y, z)

ã 8.10

Pn�ê|�N�

R3 = {(x, y, z)
∣∣ x, y, z ∈ R}.

ÏL�IX [O; i, j,k], �þ�m V � R3 ��éA, Ïdk��ò�þ�mP� R3.

�m¥k
�:, ?¿�:qk
�I, ÒØJO�ü�:�m�ål.

� P (x1, y1, z1), Q(x2, y2, z2) ´�m¥ü�:, §��m�ål |PQ| �u�þ
−→
PQ

��Ý, Ï�
−→
PQ =

−→
OQ−

−→
OP = (x2,−x1, y2 − y1, z2 − z1),

¤±

|PQ| =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.

AO, �: O �: P (x, y, z) �ål�

|OP | = |
−→
OP | =

√
x2 + y2 + z2.


 P (x, y, z):���£=
−→
OP ���¤�±d

−→
OP �n��I¶�Y�£¡��þ

−→
OP

����¤α, β, γ 5�x, Ïd

x = |
−→
OP | cosα, y = |

−→
OP | cos β, z = |

−→
OP | cos γ.

¡����{u cosα, cos β, cos γ �T�þ
−→
OP � ��{u. ØJ�y, ��{u÷v

cos2 α + cos2 β + cos2 γ = 1.

Ïd
−→
OP ���{u�¤
��ü �þ (cosα, cos β, cos γ) , §�²
 P :���.

~ 8.1.4 � A(x1, y1, z1), B(x2, y2, z2) ´²¡þü:, �ã AB þ�: P (x, y, z)

ò�ã©¤½' λ, =
|AP |
|PB|

= λ, ¦ P :��I.

) ®�
−→
AP = λ

−−→
PB, =

−→
OA−

−→
OP = λ(

−→
OP −

−−→
OB).
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^�ILÑ, �

(x1 − x, y1 − y, z1 − z) = λ(x− x2, y − y2, z − z2)

)�

x =
x1 + λx2

1 + λ
, y =

y1 + λy2

1 + λ
, z =

z1 + λz2

1 + λ
.

AO, � λ = 1 �,

x =
x1 + x2

2
, y =

y1 + y2

2
, z =

z1 + z2

2

´ A,B ¥:��I.

~ 8.1.5 ®�n�/�º: A(1, 2, 3), B(3, 4, 5), C(−1,−2, 7), ¦ 4ABC �¡
È.

) �¤¦n�/�¡È� S, Kd�þÈ�½Â��

S =
1

2
|
−→
AB ×

−→
AC |.

�
−→
AB= (2, 2, 2),

−→
AC= (−2,−4, 4),

−→
AB ×

−→
AC=

∣∣∣∣∣∣∣∣
i j k

2 2 2

−2 −4 4

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣ 2 2

−4 4

∣∣∣∣∣ i−
∣∣∣∣∣ 2 2

−2 4

∣∣∣∣∣ j +

∣∣∣∣∣ 2 2

−2 −4

∣∣∣∣∣k
= 16i− 12j − 4k,

¤±

S =
1

2

√
162 + (−12)2 + (−4)2 = 2

√
26.

SK 8.1

1. y²5� 2.

2. y²5� 4 � (1) Ú (2).

3. �äe�(Ø´Ä¤á, ¿Þ~`²:

(1) e a · b = 0, K a = 0 ½ b = 0.

(2) e a× c = a× b, K7k c = b.

(3) üü �þ�êþÈ7�u 1, �þÈ7�u�ü �þ.
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(4) (a · b)c = a(b · c).
(5) |a · b|2 = |a|2 · |b|2.

(6) (a+ b)× (a+ b) = a× a+ 2a× b+ b× b.

4. y² a× b · c = b× c · a = c× a · b.

5. �
−→
AM=

−→
MB, y²: é?¿�: O,

−→
OM=

1

2
(
−→
OA +

−→
OB).

6. � a, b, c ´÷v a+ b+ c = 0 �ü �þ, Á¦ a · b+ b · c+ c · a ��.

7. e�þ a+ 3b R�u�þ 7a− 5b, �þ a− 4b R�u�þ 7a− 2b, ¦ü�þ a

Ú b m�Y�.

8. ®��þ a Ú b p�R�, � |a| = 3, |b| = 4, ÁO�:

(1) |(a+ b)× (a− b)|;
(2) |(3a− b)× (a− 2b)|.

9. ®��þ a Ú b �Y� θ =
2�
3
§q |a| = 1, |b| = 2, ÁO�:

(1) |a× b|2; (2) |(a+ 3b)× (3a− b)|2.

10. ®� a+ b+ c = 0, Áy

a× b = b× c = c× a.

11. ®� a, b, c Ø��, � a× b = b× c = c× a, ¦y: a+ b+ c = 0.

12. ¦y: |a× b|2 = |a|2|b|2 − (a · b)2.

13. O�±�þ a = p− 3q + r, b = 2p + q − 3r, Ú c = p + 2q + r �c�²18¡

N�NÈ, ùp p, q Ú r ´p�R��ü �þ.

14. ®� a = (3,−5, 8), b = (−1, 1,−4), ¦ a− b ��Ú��{u.

15. ®� a = 3i+ 4j − 12k, ¦ a ���ü �þ a0 ��I.

16. ®� xy²¡��þ a� x¶Ú y¶¤Y��©O´ a = 60◦, b = 120◦,� |a| = 2,

Á¦ a ��I.

17. ®�
−→
OA= 2i + 4j + k,

−→
OB= 3i + 7j + 5k,

−→
OC= 4i + 10j + 9k, ¯ A,B,C n:

´Ä��?

18. ®� a, b �Y� θ =
2�
3
, � |a| = 3, |b| = 4, O�:

(1) a · b¶ (2) (3a− 2b) · (a+ 2b).
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19. ®� a = (4,−2, 4), b = (6,−3, 2), ÁO�:

(1) a · b; (2)
√
b · b;

(3) (2a− 3b) · (a+ 2b); (4) |a− b|2.

20. ¦�þ a = (2,−4, 4) Ú b = (−3, 2, 6) �Y��{u.

21. Á¦�þ a = (5, 2, 5) 3�þ b = (2,−1, 2) þ�ÝK�, =¦ê� a · eb.

22. ®��þ a = (3,−1,−2) Ú b = (1, 2,−1), Á¦e��þÈ��I:

(1) a× b; (2) (2a− b)× (2a+ b).

23. ®�: A(1, 2, 0), B(3, 0,−3), C(5, 2, 6), ¦n�/ ABC �¡È.

24. O�º:� A(2,−1, 1), B(5, 5, 4), C(3, 2,−1), D(4, 1, 3) �o¡N�NÈ.

25. �äe��þ a, b, c ´Ä�¡?

(1) a = (2, 3,−1), b = (1,−1, 3), c = (1, 9,−11);

(2) a = (3,−2, 1), b = (2, 1, 2), c = (3,−1,−2).

26. e�o:: A(1, 2,−1), B(0, 1, 5), C(−1, 2, 1), D(2, 1, 3) ´Ä3��²¡þ?

27. (1) �½: A(a, b, c), ¦§'un��I²¡é¡:��I;

(2) ¦½: (a, b, c) 'un��I¶é¡:��I.

28. ¦: P (4,−3, 5) ��I�:±9���I¶�ål.

29. 3 yz ²¡þ¦�: P , ¦§�n®�: A(3, 1, 2), B(4,−2,−2) 9 C(0, 5, 1) �å

l.
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§8.2 ²¡���

þ!·�ïá
�m���IX, k
�IX, �m¥�AÛ/¢N0�±�êz.

Äk·�?Ø²¡Ú����êL«.

8.2.1 ²¡�§

AÛþw, (½�m¥��²¡kü«�{, �´L�½:¿R���(½��, �

´L�½�Ø3�^��þ�n:. e¡·�ò©O�Ñü«�¹e²¡��êL«.

1◦ ²¡����§ �²¡L�½: P0(x0, y0, z0), ¿��þ n = (a, b, c) R� .

¡ù��²¡R����¡�{�, L«{���þ¡�{�þ. w,, �²¡R�!�

����ü��þÑ´{�þ.

é²¡þ?¿�: P (x, y, z) , K
−−→
P0P ⊥ n, �Ò´ n ·

−−→
P0P = 0 ½ö

n · (r − r0) = 0,

Ù¥ r =
−→
OP, r0 =

−−→
OP0 ©O´ P Ú P0 � ��þ. 5¿� r − r0 = (x − x0, y −

y0, z − z0), Ïd²¡þ?¿�: P (x, y, z) ��I÷ve�n��g�§

a(x− x0) + b(y − y0) + c(z − z0) = 0,

½

ax+ by + cz + d = 0,

Ù¥ d = −(ax0 + by0 + cz0) ´��®�ê. ��, ±÷vþã�§�ê|(x, y, z) ��

I�:�½3²¡þ.

¡þã�§�²¡����§. ù�·�Òr²¡/L�½:¿R���(½�

�0�AÛ£ã,=z�²¡þ?¿�:��I7L÷v��ê�§. 8�, ·�^��

n��g�§L«²¡, Cþ x, y, z �Xê (a, b, c) éA��þ=´²¡�{�þ.

²¡�§��
AÏ�/´��'5�.

£1¤ d = 0, �§òz� ax+ by + cz = 0, Ïd (0, 0, 0) ÷v�§, =²¡L�:.

£2¤ c = 0, d�{�þ n = (a, b, 0) R�u z ¶, ¤±�§ ax + by + d = 0 L«

²1u z ¶�²¡. Ón, �§ ax+ az + d = 0 � by+ cz + d = 0 ¤L«�²¡Ò©O

²1u y ¶� x ¶.

£3¤ a = b = 0, d�{�þ n = (0, 0, c) ²1u z ¶, ¤±�§ cz + d = 0 ½

ö z = −d
c L«L: (0, 0,−d

c ) �²1u Oxy ²¡�²¡. Ón, �§ x = d L«L:

(d, 0, 0) �²1u Oyz �²¡, �§ y = d L«L: (0, d, 0) �²1u Ozx �²¡.
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2◦ n:û½�²¡ �²¡L�½�n�: P1(x1, y1, z1), P2(x2, y2, z2), P3(x3, y3, z3),

Ï�
−−→
P1P2 �

−−→
P1P3 3²¡þ, ¤±�þ

−−→
P1P2 ×

−−→
P1P3 Ò´ù²¡���{�þ, éu²

¡þ?¿�: P (x, y, z), k

−−→
P1P · (

−−→
P1P2 ×

−−→
P1P3) = 0,

Ïd (x, y, z) ÷v²¡����§de�1�ª�Ñ∣∣∣∣∣∣∣∣
x− x1 y − y1 z − z1

x2 − x1 y2 − y1 z2 − z1

x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣∣ = 0,

AO, éuLn��I¶þ�n: (α, 0, 0), (0, β, 0), (0, 0, γ), K�§�

∣∣∣∣∣∣∣∣
x− α y z

−α β 0

−α 0 γ

∣∣∣∣∣∣∣∣ = 0,

þã�§z{�
x

α
+
y

β
+
z

γ
= 1.

¿¡�²¡��åª�§, 
 α, β, γ ©O¡�²¡3 x ¶, y ¶� z ¶þ��å.

~ 8.2.1 ¦ÏL: P0(3, 2, 1) 9 x ¶�²¡�§.

) Ï¤¦²¡ÏL x ¶, ���ù²¡��§�

by + cz = 0.

q²¡L: P0(3, 2, 1), ¤±§��IA÷vù��§, =k

2b+ c = 0

½ c = −2b. � b = 1, c = −2 =�¤¦²¡��§�

y − 2z = 0.

3◦ ü²¡�'X �kü²¡

�1 : a1x+ b1y + c1z + d1 = 0,

�2 : a2x+ b2y + c2z + d2 = 0,
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§��{�þ©O´ n1 = (a1, b1, c1) Ú n2 = (a2, b2, c2). ü²¡� �'X�±©�

Xeü«�/:

£1¤ü²¡²1: = n1 ‖ n2 ,Ïd�3� 0 ~ê λ, ¦� n1 = λn2, ½ö

a1 = λa2, b1 = λb2, c1 = λc2. XJ2k d1 = λd2 , @oü²¡­Ü.

£2¤ü²¡��: ½Âü²¡{�þ n1 � n2 �Y� θ �ü²¡��¤¤��¡

�,K�¡��{u�

cos θ =
n1 · n2

|n1||n2|
=

a1a2 + b1b2 + c1c2√
a2

1 + b21 + c2
1

√
a2

2 + b22 + c2
2

,

AO� n1⊥n2, = n1 · n2 = a1a2 + b1b2 + c1c2 = 0, ²¡�1 ��2 R�.

~ 8.2.2 ¦ÏL z ¶��²¡ x− 2y + 5 = 0 R��²¡.

) ÏL z ¶�²¡�§���

Ax+By = 0,

ù²¡�®��²¡ x− 2y + 5 = 0 R�, �k

A− 2B = 0,

½ A = 2B. �\¤��²¡�§¿�� B, Ò��

2x+ y = 0.

§=´¤¦�²¡�§.

~ 8.2.3 ¦ÏL: P1(8,−3, 1)� P2(4, 7, 2)�R�u²¡� : 3x+5y−7z+21 = 0

�²¡�§.

) ¤¦²¡�{�þ n AR�u�þ
−→
P1P2 9²¡��{�þ n1 = (3, 5,−7),

Ïd��

n = n1×
−→
P1P2=

∣∣∣∣∣∣∣∣
i j k

3 5 −7

−4 10 1

∣∣∣∣∣∣∣∣ = 25(3i+ j + 2k),

�¤¦²¡��§�

3(x− 8) + (y + 3) + 2(z − 1) = 0,

=

3x+ y + 2z − 23 = 0.

~ 8.2.4 ¦ü���²¡ x− y + z = 0 � x+ y − z = 0 �Y�.
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) ¤�ü²¡�{�þ´

n1 = (1,−1, 1), n2 = (1, 1,−1),

�ÙY� θ �{u�

cos θ =
n1 · n2

|n1||n2|
= −1

3
,

l
¦� θ =�− arccos 1
3 .

5¿, XJò{�þ n1 �¤§�K�þ, ù� cos θ =
1

3
, 
 θ = arccos

1

3
, �½Â,

§E´ü²¡�Y�.

4◦ :�²¡�ål �½²¡

� : ax+ by + cz + d = 0

±9²¡	�: P0(x0, y0, z0). L: P0 �²¡��R�, PRv� P1, u´ |P0P1| =
��¦�ål. e3²¡�þ?��: P (x, y, z), ¿��þ

−−→
PP0 �²¡��{�þ

n = (a, b, c) �Y�� θ, Kk

|P0P1| = |PP0|| cos θ| =
∣∣∣∣ n|n| · −−→PP0

∣∣∣∣
=
|a(x0 − x) + b(y0 − y) + c(z0 − z)|√

a2 + b2 + c2
.

Ï� P (x, y, z) 3�þ, ¤± ax+ by + cz = −d. u´¦�: P0 �²¡��ål�

|P0P1| =
|ax0 + by0 + cz0 + d|√

a2 + b2 + c2
.

þª�©f��ur P0 ��I�\²¡�§.

�m��Ü²¡� , ¢Sþr�m©¤n�Ü©:/þ0�Ü©, �Ò´{�¤��

@Ü©!/e0�Ü©, =þ�Ü©��¡, ±9²¡��. �ä��: P0 á3=Ü©,

��w²¡þ?Û��: P � P0 ��þ
−−→
PP0 �²¡{�þ�Y�´b�!ð�½´

��, �Ò´w n ·
−−→
PP0 ´��!K�½´". Ï�

n ·
−−→
PP0 = a(x0 − x) + b(y0 − y) + c(z0 − z) = ax0 + by0 + cz0 + d,

¤±

P0 3²¡�þ�Ü©, ��=� ax0 + by0 + cz0 + d > 0,

P0 3²¡�e�Ü©, ��=� ax0 + by0 + cz0 + d < 0,

P0 3²¡þ, ��=� ax0 + by0 + cz0 + d = 0.
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8.2.2 ���§

(½�m¥�^��kü«�{, �´L�½:¿÷���½���, ½Lü�½

:; �´ü�Ø²1²¡���.

1◦ :�ª�§ ��� L L®��: P0(x0, y0, z0) ���"�þ£¡�����

��þ¤v = (l,m, n) ²1. @o, éu��þ?¿�: P (x, y, z), r − r0 � v ��, =

�3¢ê t ¦�

r − r0 = tv, ½ r = r0 + tv,

ùp, r0 =
−−→
OP0, r =

−→
OP , t ´ëê. �¤©þ�/ªÒ´

x = x0 + lt, y = y0 +mt, z = z0 + nt,

¡��� L �ëê�§. lëê�§¥��ëê t Ò��P ��I÷v��§

x− x0

l
=
y − y0

m
=
z − z0

n
.

¡��� L �:�ª�§, §¢Sþ´¹kü�n��g�§��§|

x− x0

l
=
y − y0

m
,
y − y0

m
=
z − z0

n
,

cöL«²1u z ¶�²¡, �öL«²1u x ¶�²¡, 
�� L Ò´§����.

XJ���þ��I���"§~X l = 0, d������� x ¶R�, :�ª�

§
x− x0

0
=
y − y0

m
=
z − z0

n

An)�eã��§|

x = x0,
y − y0

m
=
z − z0

n
,

XJkü��"§~X l = 0,m = 0, K��� z ¶²1, �§�

x = x0, y = y0.

��� L Lü��½: P1(x1, y1, z1), P2(x2, y2, z2) , K������þ� v =

(x2 − x1, y2 − y1, z2 − z1), Ò��Ñ���ëê�§½:�ª�§

r = r1 + tv = r1 + t(r2 − r1)

x− x1

x2 − x1
=

y − y1

y2 − y1
=

z − z1

z2 − z1
.

2◦ ü²¡�� ���:�ª�§¢Sþ�±w¤´ü�²¡�§�éá. ��

�¹e, �?¿ü�Ø²1�²¡�1 Ú�2 , K�� L þ�:Q3�1 þ, �3�2 þ,
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Ïd: P (x, y, z) 3�� L þ��=�§��I÷vn��g�§|a1x+ b1y + c1z + d1 = 0

a2x+ b2y + c2z + d2 = 0

ù��§|¡�������§. Ï��� L R�uü�²¡�{�þ n1 Ú n2, ¤±

§����þ v = n1 × n2. 2lþã�§|¦Ñ��A)P0(x0, y0, z0), K�����

�§��±�¤:�ª�§.

3◦ ü��� �'X �½ü^��

L1 : r = r1 + tv1, Ù¥ r1 = (x1, y1, z1),v1 = (l1,m1, n1),

L2 : r = r2 + tv2, Ù¥ r2 = (x2, y2, z2),v2 = (l2,m2, n2).

§�� �'X�©/�¡0Ú/É¡0ü«�/.

�� L1 � L2 �¡�du v1 = (l1,m1, n1),v2 = (l2,m2, n2) � r1 − r2 �¡, �d

u (r1 − r2) · v1 × v2 = 0, ^�IL«, Ò´∣∣∣∣∣∣∣∣
x2 − x1 y2 − y1 z2 − z1

l1 m1 n1

l2 m2 n2

∣∣∣∣∣∣∣∣ = 0.

Ón, �� L1 � L2 É¡�¿©7�^�´∣∣∣∣∣∣∣∣
x2 − x1 y2 − y1 z2 − z1

l1 m1 n1

l2 m2 n2

∣∣∣∣∣∣∣∣ 6= 0.

3 L1 � L2 �¡�¹e, ü�����þ v1 = (l1,m1, n1) � v2 = (l2,m2, n2) �

Y� θ Ò´ü���Y�. d

cos θ =
v1 · v2

|v1||v2|
=

l1l2 +m1m2 + n1n2√
l21 +m2

1 + n2
1

√
l22 +m2

2 + n2
2

��, � cos θ = ±1 �, v1 ‖ v2, Ïdü��²1��=�

l1
l2

=
m1

m2
=
n1

n2
;

� | cos θ| < 1�ü����, AO, ü��p�R���=�

l1l2 +m1m2 + n1n2 = 0.

~ 8.2.5 ���ÏL: (1, 1, 1) �Úü��

L1 :
x

1
=
y

2
=
z

3
, L2 :

x− 1

2
=
y + 2

1
=
z − 3

4

��, ¦§��§.
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) �¤¦����§� x−1
l = y−1

m = z−1
n , Ï�§� L1 ��, ¤±§�´�¡�

�, �k ∣∣∣∣∣∣∣∣
1 1 1

1 2 3

l m n

∣∣∣∣∣∣∣∣ = l − 2m+ n = 0;

Ó�ù��� L2 �¡, qk∣∣∣∣∣∣∣∣
0 3 −2

2 1 4

l m n

∣∣∣∣∣∣∣∣ = 14l − 4m− 6n = 0.

lþüª�)� m = 5
4 l, n = 3

2 l. Ø�- l = 4, u´�� (l,m, n) = (4, 5, 6). Ïd:�

ª�§
x− 1

4
=
y − 1

5
=
z − 1

6

¤L«���Ò� L1 9 L2 ��.

4◦ :����ål �®��� L : r = r0 + tv Ú��	�: P1(x1, y1, z1), Ù

¥ r0 =
−→
OP0§P0 = P0(x0, y0, z0). ��þ

−−→
P0P1 ������Y�� θ, K: P1 ���

L �ål d �

d = |
−−→
P0P1| sin θ =

|v ×
−−→
P0P1|
|v|

=

(∣∣∣∣∣ m n

y1 − y0 z1 − z0

∣∣∣∣∣
2

+

∣∣∣∣∣ n l

z1 − z0 x1 − x0

∣∣∣∣∣
2

+

∣∣∣∣∣ l m

x1 − x0 y1 − y0

∣∣∣∣∣
2) 1

2

√
l2 +m2 + n2

.

5◦ ���²¡� �'X �½��Ú²¡Xe

L : r = r0 + tv, v = (l,m, n),

� : (r − r1) · n = 0, n = (a, b, c).

���²¡�Y�½Â��� L �§3d²¡�þ�ÝK�¤¤�b�. e����

���þ v = (l,m, n) �²¡�{�þ n = (a, b, c) �Y�� θ, K���²¡���

φ = �
2 − θ ½ −

�
2 + θ. du

sinφ = ± sin
(�

2
− θ
)

= ± cos θ = | cos θ|,

¤±

sinφ =
|n · v|
|n||v|

=
|al + bm+ cn|√

a2 + b2 + c2
√
l2 +m2 + n2

.
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(1)!���²¡p�R�: ù�������þ�²¡�{�þ²1, =

l

a
=
m

b
=
n

c
.

(2)!���²¡²1: ù�������þ�²¡�{�þp�R�, =

al + bm+ cn = 0.

(3)!���²¡��: ù� sinφ < 1, v · n 6= 0. �: P ′(x′, y′, z′) Ó�÷v²¡

�§Ú���§

(r′ − r1) · n = 0 r′ = r0 + t′v

¤±

(r0 − r1) · n+ t′v · n = 0

)�

t′ = −(r0 − r1) · n
v · n

= −ax0 + by0 + cz0 + d

al + bm+ cn
,

ùp d = −r1 · n. ò t′ �\���§, Ò���: P ′ ��I.

SK 8.2

1. �Ñe�²¡ ��A:, ¿�ã.

(1) 2x+ 2y + 2z = −1; (2) 3x− 3y + 2 = 0;

(3) y − 3z = 0; (4) 3x− 2 = 0.

2. Á¦ÏL: M1(2,−1, 3) Ú M2(3, 1, 2) �²1u�þ v = (3,−1, 4) �²¡��§.

3. �²¡ÏL: (5,−7, 4) �3 x, y, z n¶þ��å��, ¦²¡�§.

4. Á�äe��§|¥�|²¡� �'X(²1,­Ü,��,R�).

(1) 2x− 3y + 5z − 7 = 0 � 2x− 3y + 5z + 3 = 0;

(2) 4x+ 2y − 4z + 5 = 0 � 2x+ y + 2z − 1 = 0;

(3) x− 3z + 2 = 0 � 2x− 6z + 4 = 0;

(4) 3x− y − 2z − 5 = 0 � x+ 9y − 3z + 2 = 0.

5. ¦ÏL: M(3,−1, 1) �Ó�R�uü�²¡ 2x− z + 1 = 0 Ú y = 0 �²¡�§.

6. ¦ÏL: M(−5, 2,−1) �²1u�I¡ Oyz �²¡��§.

7. ¦e��é²¡�Y�:

(1) 2x− y + z − 7 = 0 Ú x+ y + 2z − 11 = 0;

(2) 4x+ 2y + 4z − 7 = 0 Ú 3x− 4y = 0.
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8. O�:�²¡�ål d:

(1) M(2,−1,−1), 16x− 12y + 15z − 4 = 0;

(2) M(9, 2,−2), 12y − 5z + 5 = 0.

9. ¦ü²1²¡m�ål:

(1) 3x+ 6y − 2z − 7 = 0 � 3x+ 6y − 2z + 14 = 0;

(2) 2x− y + 2z + 9 = 0 � 4x− 2y + 4z − 21 = 0.

10. Á�½: M(2,−1, 1) ��:3e�²¡�Óý�´Éý?

(1) 5x+ 3y + z − 18 = 0;

(2) x+ 5y + 12z − 1 = 0.

11. ¦�ü²¡ x+ y − 2z − 1 = 0 Ú x+ y − 2z + 3 = 0 �ål�²¡.

12. ¦ü²¡ 2x− y + z − 7 = 0 Ú x+ y + 2z − 11 = 0 ¤¤ü��¡��²©¡.

13. 3²¡ x+ y + z − 1 = 0 �n�I²¡¤�¤�o¡NS¦�:, ¦§�o�¡�

ål��.

14. ©OUe��|^�¦²¡�§.

(1) ²©ü: A(1, 2, 3) Ú B(2,−1, 4) m��ã�R�u�ã AB;

(2) �²¡ 6x+ 3y+ 2z+ 12 = 0 ²1, 
: (0, 2,−1) �ùü�²¡�ål��;

(3) ÏL x ¶, �: (5, 4, 13) �ù�²¡�ål� 8 �ü ;

(4) ²L: M(0, 0, 1) 9 N(3, 0, 0) ¿� Oxy ²¡¤�/3 �.

15. ©O¦Ñ÷ve��|^�����§.

(1) L: (0, 2, 4) 
�ü²¡ x+ 2z = 1, y − 3z = 2 ²1;

(2) L: (−1, 2, 1) �²1u��x+ y − 2z − 1 = 0,

x+ 2y − z + 1 = 0;

(3) L: (2,−3, 4) �Ú z ¶R�¿��;

(4) L: (−1,−4, 3) ¿�e¡ü��

2x− 4y + z = 1,

x+ 3y = −5


x = 2 + 4t,

y = −1− t,

z = −3 + 2t

ÑR�.
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16. ¦��

2x+ 3y − z − 4 = 0,

3x− 5y + 2z + 1 = 0
�ëê�§.

17. ¦���²¡��:.

(1)
x− 1

1
=
y + 1

−2
=
z

6
, 2x+ 3y + z − 1 = 0;

(2)
x+ 2

−2
=
y − 1

3
=
z − 3

2
, x+ 2y − 2z + 6 = 0.

18. ¦e����Y�.

(1)

5x− 3y + 3z − 9 = 0,

3x− 2y + z − 1 = 0
Ú

2x+ 2y − z + 23 = 0,

3x+ 8y + z − 18 = 0;

(2)

x+ 2y + z − 1 = 0,

x− 2y + z + 1 = 0
Ú

x− y − z − 1 = 0,

x− y + 2z + 1 = 0.

19. y²e��|��p�²1, ¿¦§�m�ål.

(1)
x+ 2

3
=
y − 1

−
2 = z Ú

x+ y − z = 0,

x− y − 5z − 8 = 0;

(2)
x+ 7

3
=
y − 5

−
1 =

z − 9

4
Ú

2x+ 2y − z − 10 = 0,

x− y − z − 22 = 0.

20. y²e��|��R���, ¿¦§���:.

(1)

x+ 2y = 1,

2y − z = 1
Ú

x− y = 1,

x− 2z = 3;

(2)

4x+ y − 3z + 24 = 0,

z − 5 = 0
Ú

x+ y + 3 = 0,

x+ 2 = 0.

21. ¦��Ú²¡�Y� φ.

(1)

3x− 2y = 24,

3x− z = −4;
6x+ 15y − 10z + 31 = 0;

(2)

x+ y + 3z = 0,

x− y − z = 0;
x− y − z + 1 = 0.

22. ¦:����ål d.

(1) P0(1, 0,−1),
x

1
=
y − 1

2
=

z

−1
;
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(2) M0(1, 2, 3),

x+ y − z = 1,

2x+ z = 3.

23. y²e��|��´É¡��, ¿¦§��ål(=ü��úR���).

(1)
x− 9

4
=
y + 2

−3
=
z

1
Ú

x

−2
=
y + 7

9
=
z − 2

2
;

(2)

x+ y − z − 1 = 0,

2x+ y − z − 2 = 0
Ú

x+ 2y − z − 2 = 0,

x+ 2y + 2z + 4 = 0.

24. Á¦ÏL��

3x+ 2y − z − 1 = 0,

2x− 3y + 2z + 2 = 0
¿R�u²¡ x+ 2y + 3z − 5 = 0 �²¡

�§.

25. ¦ÏL�� x = 3t+1, y = 2t+3, z = −t−2�²1u��

2x− y + z − 3 = 0,

x+ 2y − z − 5 = 0

�²¡�§.

26. L��

5x− 11z + 7 = 0,

5y + 7z − 4 = 0
�üp�R��²¡. Ù¥�²¡L: (4,−3, 1), ¦

d�²¡�§.

27. ¦: (−1, 2, 0) 3²¡ x+ 2y − z + 1 = 0 þ�ÝK.

28. ¦: (2, 3, 1) 3�� x = t− 7, y = 2t− 2, z = 3t− 2 þ�ÝK.

29. ¦�:'u²¡ 6x+ 2y − 9z + 121 = 0 é¡�:��I.

30. ¦: (1, 2, 3) 'u��
x

1
=
y − 4

−3
=
z − 3

−2
é¡�:��I.

31. Á¦ λ, ¦ü��
x− 1

λ
=
y + 4

5
=
z − 3

−3
�

x+ 3

3
=
y − 9

−4
=
z + 14

7
��, ¿¦Ñ

�:Úddü��(½�²¡�§.

32. ���ÏL: (−3, 5,−9), ��ü��y = 3x+ 5,

z = 2x− 3,

4x− y − 7 = 0,

5x− z + 10 = 0

��, ¦Ù�§.

33. ¦��

x+ y − z − 1 = 0,

x− y + z + 1 = 0
3²¡ x+ y + z = 0 þ�ÝK����§.
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34. �ÑR�u²¡ 5x− y + 3z − 2 = 0, ��§���3 Oxy ²¡þ�²¡�§.

35. ¦d�:���
x− 5

4
=
y − 2

3
=
z + 1

−2
�R��§.
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§8.3 �g­¡

²¡Ú��´�m¥�{ü�¡Ú�. ²¡þ?¿�:��I7L÷v��n��

g�§. ��, ÷v��£n�¤�g�§�:¤/¤�AÛã/Ò´��²¡. éu�

��´Xd, �´��éA��§´dü��g�§éá��§|.

����Ýw, XJÀ�m¥�:�/Ä:0, @o3vk?Û�å��ÿ, Ä:´

��gd�, d�Ä:kn�/gdÝ0. �O\���å^�, ~XÄ:��I÷v�

��g�§, KÄ:���3��²¡þ, ÙgdÝ�kü�. XJO\ü��å^�,

~XÄ:��I÷vü��g�§, @oÄ:�U3�^��þ$Ä. gdÝ�Uk�

�.

XJr�g�§��å^�í2����/, =�Ä:��I÷v���n��§

F (x, y, z) = 0, @oÄ:�gdÝE,´ü�, Ä:Ò��3�Ü­¡þ. XJÄ:�I

÷vü��§ F (x, y, z) = 0, G(x, y, z) = 0, KÄ:Ò���3�^­�þ. ~X

x2 + y2 + z2 = 1

¤L«�´�m�¥¡. 
ü�éá�§

x2 + y2 + z2 = 1, z = 0

�Ñ�´�� Oxy ²¡þ��. Ïd, ·�r÷v�§

F (x, y, z) = 0

�:�¤�ã�w¤´�m¥��Ü­¡, �¡��§¤L«�Ûª­¡, Ón�§|

F (x, y, z) = 0, G(x, y, z) = 0

�L�´�m¥�^­�, �¡�Ûª­�.

±�g�§L«�­¡, ¡��g­¡. e¡·�òÛ��
~���g­¡.

1. Î¡

Äk±�Î¡����~f. AÛþw�Î¡þ?Û�:��^�½���ål´

��~ê. Ø��ù^��� z ¶, d��Î¡þ?Û�: (x, y, z) 3 z ¶þ�ÝK�

(0, 0, z), ål�u
√
x2 + y2, Ïdù���Î¡�§�√

x2 + y2 = c, ½ x2 + y2 = c2,

§´d²1u z ¶¿� z ¶�ål� c ���|¤.

5P ùp7L�Ñµ8�, Ø�AO`², ·�o´3�mw¯K�, ¦^�o

´�m�IX, ��:��Io´ (x, y, z), ��±´AÏ�¹ (x, y, 0) ��, �ØU´
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(x, y). Ïd=¦�§Ø¹ z, ��w¤´'u (x, y, z) ��§. ~X x2 + y2 = c2 ´é

(x, y, z) ��å, Ïd´���Î¡. �,��3 Oxy ²¡þ, §L«���. Õ3�m

��Ý, Oxy ²¡þ��´���Î¡� Oxy ²¡���, Ù�§7L�� x2 + y2 = c2,

z = 0

��/, � L ´ Oxy �I²¡þ

��^­�, ­�þ:��I÷v�§F (x, y) = 0

z = 0.

��^R�uù��I¡£=²1u z

¶¤�� L �����, K�d��÷

­� L ²1£Ä�¤�¤�­¡¡�

Î¡, L¡�Î¡�O�,Ä��¡�§

�1�.e3Î¡þ?��: P (x, y, z),

KÙÝK: P1(x, y, 0) Ò3­� L þ.

x

y

z

O

P

P1

ã 8.11

Ïdk F (x, y) = 0, ��, ?�÷v F (x, y) = 0 �: P (x, y, z) 73L: P1(x, y, 0) �

1�þ, =3Î¡þ. �± L �O�, 1�� z ¶²1�Î¡�§´

F (x, y) = 0

Ó�, �§ G(y, z) = 0 L«1�²1u x ¶�Î¡, 
�§ H(z, x) = 0 ÒL«1�²

1u y ¶�Î¡. ±e�Ñ1�²1u z ¶�A��gÎ¡��§.

ý�Î¡:

x2

a2
+
y2

b2
= 1,

ã 8.12

ý�Î¡�R�uÙ1��²¡��´��ý�.

V­Î¡:

x2

a2
− y2

b2
= 1,

ã 8.13

V­Î¡�R�uÙ1��²¡��´��V­�.
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�ÔÎ¡:

y2 = 2px,

ã 8.14

�ÔÎ¡�R�uÙ1��²¡��´���Ô�.

2. ^=­¡

¤¢^=­¡, Ò´�^­�7�m��^��^=¤��­¡. kw��{ü~

f, � Oyz ²¡þ�ý� 
y2

a2
+
z2

b2
= 1

x = 0
,

7 z ¶^=, ¤�­¡¡�^=ý¥¡, Ùþ�?¿�: P (x, y, z) kXeA::

Äk, : P 3LT:¿� z ¶R�����þ, T���%3 z ¶!�»�

r =
√
x2 + y2.

Ùg, P ´ý�þ�: (0,±r, z) 7 z ¶^=���, ¤±

x2 + y2

a2
+
z2

b2
= 1,

ùÒ´^=ý¥¡��§.

éu���/, �3 yz ²¡þ�½�^­�

L :

F (y, z) = 0 (y > 0)

x = 0
,

r L 7 z ¶^=����^=­¡, 3­¡þ?��: P (x, y, z), L: P �R�

u z ¶��¡, §�^=­¡����¥%3 z ¶þ!�»� r =
√
x2 + y2 ��.

ù��´²¡­� L þ�: (0,±
√
x2 + y2, z) 37 z ¶^=�¤/¤��, �k

F (+
√
x2 + y2, z) = 0, ½ F (−

√
x2 + y2, z) = 0. Ï
: P �n��I x, y, z ÷v�§

F (±
√
x2 + y2, z) = 0.

ùp, éu�KÒ, þã�§L«��k�«�¹¤á. ��, ÷vù��§�: P 7

3d^=­¡þ, ¤±§=´�¦�^=­¡��§.

XJ L 7 y ¶^=, ¤�^=¡��§�

F (y,±
√
x2 + z2) = 0.

Ón, �±��Ù¦�I²¡þ�­�7¶�^=¤�^=­¡��§.
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~ 8.3.1 � L ´ Oxz ²¡þ�V­�


x2

a2
− z2

b2
= 1

y = 0
,

L 7 z ¶^=¤��¡�^=ü�V­¡, �§´:
x2 + y2

a2
− z2

b2
= 1,

L 7 x ¶^=¤��¡�^=V�V­¡, �§´:
x2

a2
− y2 + z2

b2
= 1.

~ 8.3.2 Oyz ²¡þ��Ô�

y2 = 2pz

x = 0
7 z ¶^=¤��¡�^=�Ô¡,

�§´: x2 + y2 = 2pz;

~ 8.3.3 Oyz ²¡þ���
{
y

a
=
z

c
7 z ¶^=¤��¡��I¡, �§´:

x2 + y2

a2
− z2

c2
= 0.

3. ý¥¡

ý¥¡��ê�§´

x2

a2
+
y2

b2
+
z2

c2
= 1 (a > 0, b > 0, c > 0),

w,, ý¥¡þ?¿�: P (x, y, z) Ø�÷v�§, Ó���3

|x| 6 a, |y| 6 b, |z| 6 c;

��S. ý¥¡���A:´§�²¡ z = h, (0 6 |h| < c) ��(�²¡ x = h (0 6

|h| 6 a) ½ y = h (0 6 |y| 6 b) ����/aq), ��´ý�:
x2

a2 + y2

b2 = 1− h2

c2

z = h,

3ý¥¡��§¥, e a, b, c kü

���, ~X a = b, K§ÒL« yz ²

¡þ�ý�7 z ¶^=
¤�^=ý

¥¡, e a = b = c Ò��¥¡�§

x2 + y2 + z2 = a2. ã 8.15

4. V­¡
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�§

x2

a2
+
y2

b2
− z2

c2
= 1, a > 0, b > 0, c > 0

½Â�­¡¡�ü�V­¡. §�²¡

z = h ����´��ý�:
x2

a2 + y2

b2 = 1 + h2

c2 ,

z = h.

ã 8.16

�²¡ y = h (½ö x = h) �����´V­�:
x2

a2 −
z2

c2 = 1− h2

b2 ,

y = h.

� h = ±b �, Kþã�§òz¤ü��g�§

x

a
− z

c
= 0,

x

a
+
z

c
= 0.

§L«²¡ y = b �dV­¡¤���´�é��u: (0, b, 0) ���.

�§

x2

a2
+
y2

b2
− z

2

c2
= −1, a > 0, b > 0, c > 0

½Â�­¡¡�V�V­¡. §�²¡

z = h (|h| > c) ���d±e�§|£

ã: 
x2

a2 + y2

b2 = h2

c2 − 1

z = h.

ã 8.17

� h = ±c �, ��òz�ü: (0, 0,±c), ¡�V­¡�º:: �|h| > c�, ��´ý�,

¿� |h| �O\
ÅìC�.

V�V­¡�²¡ y = h£½ x = h¤���´V­�:−
x2

a2 + z2

c2 = 1 + h2

b2

z = h.

§¢¶²1u z ¶, J¶²1u x ¶�V­�.

3V�V­¡��§¥, e a = b, §ÒL«3 yz ²¡þ�V­�

−y
2

b2
+
z2

c2
= 1

7 z ¶^=
¤�^=­¡, ¿¡�V�^=V­¡.



32 1 8 Ù �m)ÛAÛ

5. �gI¡

�§

x2

a2
+
y2

b2
− z2

c2
= 0, a > 0, b > 0, c > 0

¤L«�­¡¡��gI¡. �§k²w�

à5: XJ (x0, y0, z0) ÷v�§, @oé?

¿ λ 6= 0, (λx0, λy0, λz0) �÷v�§. Ïd,

XJ: P0(x0, y0, z0) á3I¡þ, @oÏL

�I�: O �: P0 ��� L Ò�Üá3

ã 8.18

I¡þ. ¯¢þ, ��� L ����þ�
−→
OP0= (x0, y0, z0), ù� L ��§�

x = x0t, y = y0t, z = z0t.

�âI¡�§�à5, (x, y, z)÷v�§. ÏLþã©Û,I¡´dÏL�: O ��
�

�¤�¤. �¤I¡���¡�ùI¡�1�, ù
1�¤ÏL�: O ¡I¡�º:.

^²1u Oxy �I¡�²¡ z = h �I¡¤����´��ý�
x2

a2 + y2

b2 = h2

c2

z = h
.

e^²1 Ozx �I²¡½ Oyz �I²¡�²¡��I¡, ¤����Ñ´V­�.

XJ a = b, �gI¡Ò´�I¡, §��§�

x2 + y2 − z2

c2
= 0

6. ý��Ô¡

�§

x2

a2
+
y2

b2
= z, a > 0, b > 0

½Â�­¡¡�ý��Ô¡. ²¡ z =

h > 0 �ý��Ô¡���´��ý�:

e^²¡ y = h½ x = h��ý��Ô

¡, ¤���´���Ô�. ã 8.19

7. V­�Ô¡
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�§

x2

a2
− y2

b2
= z

½Â�­¡¡�V­�Ô¡, §�/

G�êQ, ¤±�¡�êQ¡. ^²¡

z = h ��êQ¡, ¤�����§� ã 8.20


x2

a2
− y2

b2
= h,

z = h.

� h > 0 �, ù´¢¶²1 x ¶, J¶²1 y ¶�V­�. � h = 0 �, ù´�I¡ Oxy

þü^��u�:��� 
x

a
+
y

b
= 0,

z = 0,

Ú 
x

a
− y

b
= 0,

z = 0,

� h < 0 �, §�´V­�, �¢¶²1u y ¶, J¶²1u x ¶.

^²¡ x = h ��, ¤�����§�
y2 = b2

(
h2

a2
− z
)
,

x = h.

� h = 0 �, ��´�I¡ Oyz þº:��:��Ô�, �Ü��e. � |h| > 0

�, ���Ñ´Ü��e��Ô�, �´� |h| �O�, �Ô��º:��,p. ^²¡

y = h ��, ��´Ü��þ��Ô�
x2 = a2

(
z +

h2

b2

)
,

y = h.

�d·�®²0�
ý�!V­!�Ô�n«Î¡!ý¥¡!ü�ÚV�ü«V­

¡!�gI¡!ý�ÚV­ü«�Ô¡�Êa­¡, §�Ñ´�g­¡. ¯¢þ, ���

��n��g�§

a11x
2 + a22y

2 + a33z
2 + 2a12xy + 2a13xz + 2a23yz + 2b1x+ 2b2y + 2b3z + c = 0,
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¤L«��g­¡, �ÏL�I�²£Ú^=, ¦�¤�þãÊaIO��g­¡±9

Ù¦/ª��gÎ¡£X�é��²¡µ x2

a2 −
y2

b2 = 0 ½�é²1²¡: x2 − a2 = 0 �¤

ÚÙ¦�
òz/ª£X�� x2

a2 + y2

b2 = 0 �¤ . �I�²£Ú^=ò3e!0�.

SK 8.3

1. �Ñe��§¥=
´^=­¡, §�´N��)�.

(1)
x2

4
+
y2

9
+
z2

9
= 1; (2) x2 + y2 + z2 = 1;

(3) x2 + 2y2 + 34z2 = 1; (4) x2 − y2

4
+ z2 = 1;

(5)
x2

9
+
y2

16
− z2

9
= −1; (6) x2 − y2 − z2 = 1;

(7) x2 + y2 = 4z; (8)
x2

4
− y2

9
= 3z.

2. �Ñe��§3²¡���IX Oxy Ú�m���IX Oxyz ¥©OL«N��

AÛã/.

(1) x = 2; (2) y = x+ 1;

(3) x2 + y2 = 4; (4) x2 − y2 = 1;

(5) y = x2 + 1; (6)

5x− y + 1 = 0,

2x− y − 3 = 0;

(7)


x2

4
+
y2

9
= 1,

y = 2;
(8)


x2

4
− y2

9
= 1,

x = 4.

3. ¦e�^=­¡��§, ¿�Ñ§��¶¡.

(1) ­�

y
2 − z2

4
= 1,

x = 0
7 z ¶^=�±;

(2) ­�

y = sinx (0 6 x 6�),

z = 0
7 x ¶^=�±;

(3) ­�

4x2 + 9y2 = 36

z = 0
7 y ¶^=�±;

4. ¦ Oyz ²¡þ��� y − 2z + 1 = 0 7 Oyz ²¡þ��� y = z ^=¤�^=­

¡��§.
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5. ¦��L :
x− 1

1
=
y

1
=
z − 1

−1
3²¡� : x− y + 2z − 1 = 0 þ�ÝK�� L0 �

�§, ¿¦ L0 7 y ¶^=�±¤¤­¡��§.

6. xÑe��|­¡¤�¤�áNã/.

(1)
x

3
+
y

2
+ z = 1, x = 0, y = 0, z = 0;

(2) z = x2 + y2, x = 0, y = 0, ‘z = 0, x+ y − 1 = 0;

(3) z =
√
x2 + y2, x2 + y2 + z2 = R2;

(4) x2 + y2 = 2x, z = 0, z = 1;

(5) x2 + y2 + z2 = R2, x2 + y2 + (z −R)2 = R2.

7. �	­¡ x2 − y2 − z2 = 9 3e�²¡þ��è.

(1) z = 0; (2) x = 0;

(3) y = 0; (4) x = 5.

8. �Ä: P (x, y, z) ��:�ål�u§�²¡ z = 4 �ål, Á¦dÄ: P �;,,

¿�½§´�o­¡.

9. ïáÏLü­¡ x2 + y2 + 4z2 = 1 Ú x2 = y2 + z2 ���, 
1�²1u z ¶�Î

¡�§.

10. ®��¥¡²L: (0,−3, 1) �� Oxy ²¡�¤�±

x2 + y2 = 16

z = 0
, Á¦Ù�

§.

11. ïáü�V­¡
x2

16
+
y2

4
− z2

5
= 1 �²¡ x− 2z + 3 = 0 ���3 xy ²¡þ�Ý

K�­��§.

12. ¯3 xy ²¡¥�§ xy = h (h ´½�, ½K, ½�"�~ê) L«N��­�? 3

�m�IX¥�§ xy = z L«�o­¡? Á^��{ïÄ§�ã/.
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§8.4 �IC�ÚÙ§~^�IX

8.4.1 �IC�

�m¥ü�ØÓ�mÃ���IX, Ù¥���±ÏL²£Ú^=�,��­Ü,

²£¦§���:­Ü, ^=¦§��A��I¶­Ü. �ó�ü�ØÓ����IX,

��·��²£Ú^=. ±e·��?Ø�´, �m¥��:, 3ØÓ�IXe�I�

m�C�'X.

� F = [O; i, j,k] Ú F′ = [O′; i′, j ′,k′] ´�mü�ØÓ�mÃ���IX, �m

�: P 3ü��IXe��IL«©O� P (x, y, z) Ú P (x′, y′, z′). �¦ (x, y, z) �

(x′, y′, z′) �m�'X, ·�©�ü«�¹©O?Ø.

1!²£

��IX F Ú F′ ��I¶���Ó, �:ØÓ, = O′ 6= O§i = i′, j = j ′,k = k′.

ù��IX F′ ´�IX F ²L²£��, ²£�þ�
−−→
OO′.

�: P 3ü��IX��I©O� (x, y, z) Ú (x′, y′, z′), K

−→
OP = xi+ yj + zk,

−−→
O′P = x′i+ y′j + z′k.

|^
−−→
O′P =

−→
OP −

−−→
OO′, ¿�

−−→
OO′ = ai + bj + ck£(a, b, c) ´: O′ 3�IX F e��

I¤, ��

x′i+ y′j + z′k = (x− a)i+ (y − b)j + (z − c)k,

Ïd��²£���IC�

x′ = x− a, y′ = y − b, z′ = z − c.

~ 8.4.1 e¡�§�y�´�oã/?

4x2 + 25y2 + 4z2 − 16x− 50y − 16z − 43 = 0.

) |^��, ��§�±z�

4(x− 2)2 + 25(y − 1)2 + 4(z − 2)2 − 100 = 0,

ò�I�:²£� (2, 1, 2), =-

x′ = x− 2, y′ = y − 1, z′ = z − 2,

�\þª�
x′2

25
+
y′2

4
+
z′2

25
= 1,
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����§L«¥%3: (2, 1, 2) ���^=ý¥¡.

2!̂ =

y3·�b�ü�£mÃ¤�IX F Ú F′ ��:�Ó, ��I¶��ØÓ. �ü�

�IX�Ä�þ {i, j,k} Ú {i′, j ′,k′} �m�m�Y�deL�Ñ:

i j k

i′ α1 β1 γ1

j ′ α2 β2 γ2

k′ α3 β3 γ3

Ù¥, L¥�z�1©OL«�þ i′, j ′,k′ 3�IX F ¥�n��I�þ i, j,k ���

�. Ïd�þ i′, j ′,k′ �±d§�3 i, j,k ¥���{u5L«,

i′ = cosα1i+ cos β1j + cos γ1k,

j ′ = cosα2i+ cos β2j + cos γ2k,

k′ = cosα3i+ cos β3j + cos γ3k.

du i′, j ′,k′ ´üü���ü �þ, Ïdk

cosαi cosαj + cos βi cos βj + cos γi cos γj = δij

Ù¥ δij = 1, � i = j; δij = 0 � i 6= j. 5¿�, L¥�z��©OL«�þ i, j,k 3�

IX F′ ¥����. ~X�þ i � F′ n��I�þ����� α1, α2, α3. Ïd��±

���þ i, j,k 3 F′ ¥�{uL«.

��m¥�: P 3ü��IX F Ú F′ ¥��I©O� (x, y, z), (x′, y′, z′), ·�k

−→
OP = xi+ yj + zk

= x′i′ + y′j ′ + z′k′

= x′(cosα1i+ cos β1j + cos γ1k)

+ y′(cosα2i+ cos β2j + cos γ2k)

+ z′(cosα3i+ cos β3j + cos γ3k)

= (x′ cosα1 + y′ cosα2 + z′ cosα3)i

+ (x′ cos β1 + y′ cos β2 + z′ cos β3)j

+ (x′ cos γ1 + y′ cos γ2 + z′ cos γ3)k,
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u´��^�I (x′, y′, z′) L��I (x, y, z) �úª

x = x′ cosα1 + y′ cosα2 + z′ cosα3,

y = x′ cos β1 + y′ cos β2 + z′ cos β3,

z = x′ cos γ1 + y′ cos γ2 + z′ cos γ3.

Ó���±�Ñ^�I (x, y, z) L��I (x′, y′, z′) �úª

x′ = x cosα1 + y cos β1 + z cos γ1,

y′ = x cosα2 + y cos β2 + z cos γ2,

z′ = x cosα3 + y cos β3 + z cos γ3.

§�Ñ´�m���IX^=��IC�úª.

AO, ��IX^=�±��¶ØÄ§ùpØ�� z ¶�±ØÄ, =

i j k

i′ α �
2 − α

�
2

j ′ �
2 + α α �

2

k′ �
2

�
2 0

éA���Iu#�I�m�C��

x = x′ cosα + y′ sinα,

y = −x′ sinα + y′ cosα,

z = z′.

������g�§L«�­¡, ²L�I·��^=Ú²£C�, �±z{­¡

�§L«, ?
wÑT­¡�´§8.3 ¥¤0��ý�!V­!�Ô�n«Î¡!ý¥¡!

ü�ÚV�ü«V­¡!�gI¡!ý�ÚV­ü«�Ô¡�Êa­¡. e¡·�Þ~

`².

~ 8.4.2 ò���IX Oxy 7 z ¶÷�����^=
�
4
, �#�IX Ox′y′z′,

ÁL«#Î�Im�C�'X, ¿ò�§ xy = z C��#�IXe��§.

) #Î�IX�I¶�m�Y�XeL¤«:

i j k

i′ �
4

�
4

�
2

j ′ 3�
4

�
4

�
2

k′ �
2

�
2 0
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u´�Î�I�#�I�C�'X�

x = x′ cos
�
4

+ y′ cos
3�
4

+ z′ cos
�
2

=
1√
2

(x′ − y′),

y = x′ cos
�
4

+ y′ cos
�
4

+ z′ cos
�
2

=
1√
2

(x′ + y′),

z = x′ cos
�
2

+ y′ cos
�
2

+ z′ cos 0 = z′.

òùC�ª�\��§ xy = z �

x′2

2
− y′2

2
= z′.

dþ�!��, ù�#�§¤L«�AÛã/´��êQ¡.

~ 8.4.3 |^�IC�z{�§

45x2 + 45y2 − 8z2 − 54xy + 36
√

2x

− 108
√

2y + 32z + 184 = 0,

¿�Ñ§´�o­¡.

) k|^�IX�^=, ���§¥� xy �. du x2 � y2 �Xê��, �ò�

IX Oxyz 7 z ¶÷�����^=
�
4
��#�IX Ox′y′z′, u´k�IC�

x =
x′ − y′√

2
, y =

x′ + y′√
2

, z = z′.

òC�ª�\���§¿�n�

9x′2 + 36y′2 + 4z′2 − 36x′ − 72y′ + 16z′ + 92 = 0,

����Ñ

9(x′ − 2)2 + 36(y′ − 1)2 − 4(z′ − 2)2 + 36 = 0.

eò�:2²£� (2,1,2) �#�IX O′′x′′y′′z′′, u´k

x′′ = x′ − 2, y′′ = y′ − 1, z′′ = z′ − 2.

l
¤��§�z{¤

9x′′2 + 36y′′2 − 4z′′2 = −36,

½�¤
x′′2

4
+
y′′2

1
− z′′2

9
= −1

§L«��V�V­¡.



40 1 8 Ù �m)ÛAÛ

8.4.2 Ù§~^�IX

ÃØ´���IX�´���IX, Ñ´ÏL(½�:Ú�mn�Ø�¡��þ�

¤�. ù��¤��m�IX¡��5�IX. §��A���´, ���I©þ�u

~êéA¡�Ñ´²¡. e¡·��0��4�IX!Î�IXÚ¥�IX, Ñ´~^

��IX, �Ø2´�5�IX.

1. ²¡�4�IX

3²¡þ�½�: O£¡�4:¤, l4:Ú�^�� Ox£¡�4¶¤, 2À½�

��Ýü Ú�Ý���£Ï~�4¶���_����¤, ù�Ò�¤
²¡þ�4

�IX. éu²¡þ?¿�: P , ^ r L« P �4: O �ål£�ã OP ��Ý½�

þ
−→
OP ���¤, θ L«l4¶��þ

−→
OP ���Y�£Ì�¤, Kê| (r, θ) �±^5

(½: P 3�m� �, ¿¡� P :�4�I. ùp, r ������ [0,+∞), θ ��

���� [0, 2�).

XJ3²¡���IX [O : i, j] ¥, ��:�4�IX�4:, x ¶�4¶, @o²

¡þ?¿�: P ����IÚ4�I�m�'X£C�¤Xe:x = r cos θ

y = r sin θ
½ö

r =
√
x2 + y2

θ = arctan
y

x

.

P � ��þ�±L«�

r = xi+ yj = r cos θi+ r sin θj.

ØJuy, r = ~ê´²¡þ±�:��%�Ó%�, θ = ~ê´l�:Ñu���.

2. Î¡�IX

��m�½���IX [O; i, j,k]. é?¿�: P (x, y, z),  ��þ
−→
OP 3 Oxy ²

¡�ÝK�þ
−−→
OP1 = xi+ yj,

^4�IL«
−−→
OP1 = r cos θi+ r sin θj,

Ïd,  ��þ�L«�

−→
OP =

−−→
OP1 + zk = r cos θi+ r sin θj + zk.

½ö

x = r cos θ, y = r sin θ, z = z,
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Ù¥ 0 6 r < +∞, 0 6 θ < 2�, −∞ < z < +∞. ù�Ò�Ñ
�m�Î¡�IX. ê

|(r, θ, z)¡�: P �Î¡�I. 3Î¡�IX¥, r = c£��~ê¤L«± c ��»

��Î¡ x2 + y2 = c2, θ = θ0£~ê¤́ ± z ¶�>��²¡.

3. ¥¡�IX

e¡·�?Ø�m�¥¡�IX. � ��þ
−→
OP � z ¶����� θ,

−→
OP 3

Oxy ²¡�ÝK�þ�
−−→
OP1, K

z = |OP | cos θ, r =
−→
OP =

−−→
OP1 + |OP | cos θk.

ò: P1 ^ Oxy ²¡�4�IL«Ñ, � ϕ ´
−−→
OP1 3 Oxy ²¡þ�Ì�, K

−−→
OP1 = |OP1| cosϕi+ |OP1| sinϕj.

- r = |OP | = |r|, K |OP1| = |OP | sin θ , Ïd

r =
−→
OP = r sin θ cosϕi+ r sin θ sinϕj + r cos θk,

½

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

Ù¥ 0 6 r < +∞, 0 6 θ 6�, 0 6 ϕ < 2�. ê| (r, θ, ϕ) ¡�: P �¥¡�I, ¤/

¤��IX¡� ¥¡�IX.

SK 8.4

1. ÏL�IX�²£,z{�§ x2− y2− z2−2x+ 2y+ z−1 = 0,¿�Ñ­¡�a..

2. ÏL�IC�, z{�§ xy − x+ y + z + 1 = 0 , ¿�Ñ­¡�a..

3. ÏL�I^=, z{�§ 5x2 − 3y2 + 3z2 + 8yz − 5 = 0, ¿�Ñ§´�o­¡.

4. òe��§U�¦��A�C�:

(1) x2 − y2 = 25 =�¤Î¡�IX�§Ú¥¡�IX�§;

(2) x2 + y2 + 4z2 = 10 =�¤Î¡�IX�§Ú¥¡�IX�§;

(3) 2x2 + 2y2 − 4z2 = 0 =�¤¥¡�IX�§;

(4) x2 − y2 − z2 = 1 =�¤¥¡�IX�§;

(5) r2 + 2z2 = 4 =�¤¥¡�IX�§;

(6) ρ = 2 cosφ =�¤Î¡�IX�§;

(7) x+ y = 4 =�¤Î¡�IX�§;

(8) x+ y + z = 1 =�¤¥¡�IX�§;

(9) r = 2 sin θ =�¤���IX�§;
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(10) r2 cos 2θ = z =�¤���IX�§;

(11) ρ sinφ = 1 =�¤���IX�§.

5. ò Ozx ²¡þ�Ô� z = 2x2 7 z ¶^=�±, �Ñ¤)¤�­¡3Î¡�IX

¥��§.

6. ò Ozx ²¡þV­� 2x2 − z2 = 2 7 z ¶^=�±, �Ñ¤)¤�­¡3Î¡�

IX¥��§.

7. ®� Oxy ²¡þ±�:��%, a ��»���ëê�§L«�x = a cos t,

y = a sin t,
t ∈ [0, 2�),

¦ Oxy ²¡þ±: P0(x0, y0) ��%, a ��»�����ëê�§L«.

8. ®� Oxyz �m¥±�:��%, a ��»�¥�ëê�§L«�
x = a sinu cos v,

y = a sinu sin v,

z = a cosu,

u ∈ [0,�], v ∈ [0, 2�)

¦ Oxyz �m¥±: P0(x0, y0, z0) ��%, a ��»�¥���ëê�§L«.

9. ¦�Ô¥¡
x2

a2
+
y2

b2
+
z2

c2
= 1

���ëê�§L«.

10. |^V­¼ê, �ÑV­�

x2

a2
− y2

b2
= 1

���ëê�§L«.

11. ©O¦ü�V­¡
x2

a2
+
y2

b2
− z2

c2
= 1

ÚV�V­¡
x2

a2
+
y2

b2
− z2

c2
= −1

���ëê�§L«.



8.4 �IC�ÚÙ§~^�IX 43

1 8 ÙnÜSK

1. � O ��½:, A,B,C �Ø���n:. y²: : M  u²¡ ABC þ�¿©7

�^�´�3¢ê k1, k2, k3 ¦�

−−→
OM = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC, � k1 + k2 + k3 = 1.

2. y²: �þ a− b+ c, −2a+ 3b− 2c, 2a− b+ 2c �5�'.

3. y²: n��m¥o�½o�±þ��þ�½�5�'.

4. � e1, e2, e3 ��|Ä,

(1) y²: a = e1 + 2e2 − e3, b = 2e1 + e2 + e3, c = 3e1 + 2e3 ��|Ä;

(2) � c̃ = 3e1 + xe2 + 2e3. ¯� x �Û��, a, b, c̃ �¡?

5. ��þ a, b �Y�� 60◦, � |a| = 1, |b| = 2. Á¦ |a× b|2 Ú |(a+ b)× (a− b)|.

6. y²Ø�ª (a× b)× c+ (b× c)× a+ (c× a)× b = 0.

7. ¦O��

y2 + z2 = 1,

x = 1,
1���� (2, 1, 1) �Î¡����§.

8. ¦O��

y2 + z2 = 1,

x = 1,
º:�I� (2, 1, 1) �I¡����§.

9. ¦�� x− 1 = y = z 7 x = y = 1 ^=¤�^=¡�ëê�§Ú���§.

10. ¦�

(x− 2)2 + y2 = 1,

z = 0
7 y ¶^=¤�^=¡�ëê�§Ú���§.

11. ò�IX [O; e1, e2, e3] 7 e1 _��^=�Ý α ���#�IX [O, ẽ1, ẽ2, ẽ3], 2

ò�IX [O, ẽ1, ẽ2, ẽ3]7 e2_��^=�Ý β ����#�IX� [O, ê1, ê2, ê3].

¦ [O; e1, e2, e3] � [O, ê1, ê2, ê3] �m��IC�úª.

12. ®�ý¥¡�n��¶�©O� a, b, c, n^é¡¶�§©O�

3− x =
y

2
=
z

2
,
x

2
= 3− y =

z

2
,
x

2
=
y

2
= 3− z,

¦ý¥¡����§.

13. �3¥¡�IX¥kü: (ρ1, θ1, φ1) Ú (ρ2, θ2, φ2), d ´ùü:�m���ål.

y²:

d =
√

(ρ1 − ρ2)2 + 2ρ1ρ2 [1− cos(θ1 − θ2) sinφ1 sinφ2 − cosφ1 cosφ2].
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14. �3¥¡ ρ = a þkü�: (a, θ1, φ1) Ú (a, θ2, φ2). y²ùü�:�m�¥¡ål

´ aγ (0 6 γ 6�), Ù¥ γ ÷v

cos γ = cos(θ1 − θ2) sinφ1 sinφ2 + cosφ1 cosφ2.
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3�Ù¥, ·�ò?Ø½Â3p��m�õCþ (½¡õ�!X��!n���) ¼

ê�4�!ëY!���Ä�Vg. ��5`, ¤?Ø�SN��3��!n��¹e�

y²¤á, KØJí2��õCþ��/¥�. Ïd�Ùò±?Ø��Ún���/�

Ì, �
�½Â3��Ýþ�mþ¼ê�í2ò31nþ¥?Ø.

§9.1 õCþ¼ê9ÙëY5

õCþ¼ê´½Â3²¡�p��m:8þ�¼ê. P R2 = {(x, y) | x, y ∈
R}, Ù¥ R2 ¥: M ��I� (x, y), ÏdPT:� M(x, y). í
2�, P Rn =

{(x1, · · · , xn)} | xi ∈ R �kS¢ê| (x1, · · · , xn) �8Ü, Ïd Rn �m¥:��IL
«� M(x1, · · · , xn). Rn ¥Ü©:�¤�8Ü¡�:8. �éu��þ�:8, �m:

8w,�E,�õ. ùp{ü0�'u²¡:8�Ä�Vg�A:.

9.1.1 ²¡þ�:8

1◦ ål��� R2 ¥�ü�: M1(x1, y1),M2(x2, y2) �m�ål½Â�

ρ(M1,M2) = |M1M2| =
√

(x1 − x2)2 + (y1 − y2)2

ù�½Â�ål�a'u��þ�ýé� , §÷vål�n��, =

(1) �½5: ρ(M1,M2) > 0, �Ò¤á��=� M1 = M2.

(2) é¡5: ρ(M1,M2) = ρ(M2,M1).

(3) n�Ø�ª: ρ(M1,M2) 6 ρ(M1,M3) + ρ(M3,M2).

k
ål, Ò�±½Â�:��� :

B(M0, r) = {M | ρ(M,M0) < r}

ù´��± r ��»�Ø�¹>.���, k��P� Br(M0). XJ�K�%, ù��

:8P�

B−(M0, r) = {M | 0 < ρ(M,M0) < r}.

¡� M0 �/NC0. k�r:8

S(M0, r) = {(x, y) | |x− x0| < r, |y − y0| < r}

��� M0(x0, y0) ���. §´��Ø�¹>.��/. �/��Ú�/��¿vk�

���O, ·��±�âI��¿ÀJ. ùü«���L«�ª, Ñ�±w¤´���/

±�:�¥%�m«m�í2.
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��²¡:8 E ¡�k.�, XJ�3���ê R, ¦ E ⊂ B(O,R) (O ��I�

:). ÄK¡�Ã.8. éuk.��:8 E, §��»P�

diamE = sup{ρ(M ′,M ′′) | M ′,M ′′ ∈ E}.

2◦ S:!	:Ú>.: � E ⊂ R2 ´��:8, R2¥Øáu E �Ü©, ¡� E

�{8, P� Ec. w, (Ec)c = E. ²¡þ�:�±Uì§�� E �'X©¤n«

(ã9.1).

(1) XJ�3�ê r, ¦ B(M, r) ⊂ E, @o¡ M � E �S:;

(2) XJ�3 r > 0, ¦ B(M, r) ⊂ Ec, @o¡ M � E �	:;

(3) XJé?Û r > 0, B(M, r) ¥Qk E �:, qk Ec �:, @o¡ M � E �

>.:.

E ��NS:|¤�8Ü� E �Ø, P¤ E◦. E ��N>.:�8Ü¡� E �>

., P¤ ∂E. E �>.:�±3 E ¥, ��±3 Ec ¥.

E
c

E

外点

内点

边界点

ã 9.1

x

y

P

PP

0

12

ã 9.2

3◦ �á:�à: � M ∈ R2, XJ�3�ê r ¦ B(M, r) ∩ E = {M}, @o¡ M

´ E ��á:. w, E ��á:7´ E �>.:. éu�m¥�: M , XJé?¿

r > 0, B−(M, r) ¥Ñk E ¥�: , @o¡ M � E �à:. 5¿, E �à:�±´ E

¥�:, ��±Ø´ E ¥�:. E �S:7½´ E �à:. XJ M ∈ ∂E �Ø´ E �

�á:, @o M 7´ E �à:. dd��>.:½´�á:, ½´à:. à:K�)


8Ü�S:Ú��á�>.:.

4◦ ²¡:��4�

� {Mn} ´²¡:�. Xk M0 ∈ R2, ¦ lim ρ(Mn,M0) = 0, K¡:� {Mn}
�Âñ:�. M0 ¡�:��4�. P¤ lim

n→∞
Mn = M0. �ù
:��I©O�

Mn(xn, yn),M0(x0, y0), K��5¿�w,�Ø�ª

|xn − x0|, |yn − y0| 6 ρ(Mn,M0) 6 |xn − x0|+ |yn − y0|,

K�y² limMn = M0 �¿�^�´ limxn = x0 Ú lim yn = y0. Ïd¦:��4�Ò
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´¦:��I©þ|¤�ê��4�, ¤±¿ØI�#��{.

�´, ���þ�ê�ØÓ�´, ²¡þk4��:�±±�gd��ªÂñu�

:, ~X:� Mn(e−n/4 cosn, e−n/4 sinn), w, Pn → O(0, 0) �ªu��ª´±Ú^/

ª?1� (ã9.2).

²¡þ�k.:�÷vXe5�, §´¢êëY53 R2 þ�Ny, ÖöØ�gy.

½n 9.1 ²¡þ�k.:�7kÂñ�f�.

5◦ m8�48 � E ⊂ R2, e E = E◦, = E ¥�:Ñ´ E �S:, K¡ E

´��m8. e E �{8 Ec ´m8, K¡ E ´48. ~X, �²¡ x > 0, ��

B(M, r), B−(M, r) �´m8. ��²¡ R2 Ú�8 ∅ �´m8, Ï�§vkØ´S:�

:. �´ R2 Ú ∅ p�{8,Ïd�´48, �m¥, �kùü�8Ükù«AÏ5.

� E ⊂ R2, P E = E ∪ {E�¤kà:} ¿¡� E � 4�. ~X B(M, r) �4�

� B(M, r) = {M | ρ(M,M0) 6 r}, ´���¹>.���.

5� 1 ü�m8�¿8Ú�8E´m8¶ü�48�¿8Ú�8�Ñ�´48.

5� 2 E ⊂ R2 ´m8, ��=� ∂E ∩ E = ∅.

Ï�>.:Ø´S:, ¤±� E ´m8�, ∂E ∩ E = ∅. ��, ?� M ∈ E, Ï�

E �§�>.vkú�:, ¤± M Ø´>.:, �7´S:.

5� 3 E ⊂ R2 ´48, ��=� ∂E ⊂ E.

du ∂E = ∂Ec ¤±� E ´48�, Ec ´m8, d5� 2 ��, ∂Ec ∩ Ec = ∅, �

Ò´ ∂E ∩ Ec = ∅, ¤± ∂E ⊂ E. ù��í�´���_�.

5� 4 E ⊂ R2 ´48, ��=� E = E, =48�¹Ù�Üà:.

ù´Ï�à:½´S:, ½´>.:, ¤±73 E ¥, �48�¹Ù�Üà:. �

�, Ï���:8�>.:dÙà:½´ E ¥��á:|¤, ¤±à:3 E ¥, Ò¿�

X E �¹Ù�Ü>.:.

6◦ 8Ü�ëÏ5 ²¡þ��8Ü�ëÏ5½ÂXe

½Â 9.2 éu²¡:8 E ⊂ R2,XJ?¿ò E ©)¤ü�Ø�����f8�

¿8 E = A ∪B, A ∩B = ∅ �, Ù¥��k��f8¹k,��f8�và:,@o¡

E �ëÏ�.

ùp, ·��a,��´�«AÏ�ëÏ5, ¡��´ëÏ5.

½Â 9.3 � E ⊂ R2 ´��²¡:8, XJéu E ¥?¿ü: P Ú Q, 3 E ¥

�3�^ëY­�ò P Ú Q ë�å5, @o¡E ��´ëÏ�, ½lëÏ�.
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��5`, ëY­�´e�ëê�§L«¼ê�ã�

r(t) = (x(t), y(t)), t ∈ [α, β]

Ù¥ x(t), y(t) ´ [α, β] þëY¼ê. ë�ü: P Ú Q =L« P = (x(α), y(α)),

Q = (x(β), y(β)). ­���±©ãdëê�§L«£XëY�ò�¤. XJëY

­�vkg��, @o¡­���^{ü­� ½ Jordan ­�, XJ­���ü�

à:­Ü, @o¡� 4­�. �­�dþãëê�§L«�, ¤¢{ü­�=´

÷vé?¿ α 6 t1 < t2 6 β, k (x(t1), y(t1)) 6= (x(t2), y(t2)). 
4­��^��

(x(α), y(α)) = (x(β), y(β)).

�±y²,�´ëÏ8�½´ëÏ�.äNy²�±æ�ù���{: ò E ?¿©)

¤ü���Ø��8Ü E = A ∪ B,©O� A,B ¥?¿�: M1 Ú M2. Ï� E ´�

´ëÏ�, Ïd3 E ¥�3ë�ü:�ëY­� L : {r(t) = (x(t), y(t))| α 6 t 6 β},
r(α) = M1, r(β) = M2.

� t0 = inf{t| r(t) ∈ B}. XJ r(t0) ∈ A,£d� t0 < β¤. ?� ε > 0, k δ > 0, ¦

� 0 < t − t0 < δ �k |x(t) − x(t0)| < ε/2, |y(t) − y(t0)| < ε/2. d t0 ��{��, k

t0 < t′ < t0 + δ ¦ r(t′) ∈ B. =3 O(r(t0), ε) ¥k B ¥�: r(t′). ¤± r(t0) ´ B �

à:. XJ r(t0) ∈ B, y²aq.

��á¤`�ëÏ5,A�´þã�´ëÏ� . ëÏ�m8¡�m«�, m«��

4�¡� 4«�, Ú¡�«�.

XJ«� D S?�^{ü4­��SÜ�3 D S,@o¡ D ´üëÏ�, =«�

vk�É. ��, Ò¡ D ´õëÏ� (ã9.3).

ã 9.3

9.1.2 õCþ¼ê

ùp·�òl���8Ü X �8Ü Y �N�Ñu, ½Âõ�Cþ¼ê£=l Rn

� R �N�¤!�þ�¼ê£=l Rn � Rm �N�¤±9Û¼ê.

1◦ N� �kü�8Ü X, Y 9��5K f . ?¿�½ X ¥���� x, Ñ�±U

ì5K f , é� Y ¥��(½��� y (P¤ y = f(x)) � x éA, K¡ f ´ X � Y

���N�, P¤

f : X → Y.
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f
X Y

ã 9.4

½Â¥�/��0�¹Â, ´�éz�� x �UéA�� y, ØUéAü�½�õ�

� (y ¡�´ x 3 f e��, x ¡� y ���), �´ØÓ� x �±éAÓ�� y.

XJN�´��éA, =����k����. ù��±½Â�� f(X) ⊂ Y£¡�

Y ���¤� X �N�µ

f−1 : f(X)→ X.

§�N�5K f−1 ´: ?� y ∈ f(X), 7k�� x ∈ X ¦ y = f(x). ù� x Ò´ y

3 f−1 e��. =´`XJ y = f(x), @o x = f−1(y). ù�¡ f ��_N�, f−1 ¡

� f �_N�.

ü�N��±EÜ¤��#�N�.�

f : X → Y, g : Y → Z.

KfÚg�±EÜ¤��#�N�

g ◦ f : X → Z

¡f ◦ g�fÚg�EÜN�.

2◦ õCþ¼ê n�£¢¤ê|�m Rn = {x = (x1, x2, · · · , xn) : xi ∈ R, i =

1, 2, · · · , n} ¥�: x, ��±éA���þ, =

x = x1e1 + x2e2 · · ·+ xnen,

ùp

ei = (0, · · · , 0,
i
1, 0 · · · , 0), i = 1, 2, · · · , n

� Rn �IO��Ä. ù��þ x ��Ý |x|!½ö: x ��:�ål ρ(0,x) �

|x| = ρ(0,x) =
√
x2

1 + x2
2 + · · ·+ x2

n.

� D ⊂ Rn. Kl D ���þ�N� f : D → R ¡��� n �¼ê. Ï� Rn ¥
�:k�I (x1, x2, · · · xn), ¤±�±�¤ z = f(x1, · · · , xn).

AO, � n = 2 �, Ò´��¼ê

z = f(x, y), (x, y) ∈ D ⊂ R2
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XJr z ¤3�ê¶��:� Oxy ²¡��:�3�å, ¦�R�u²¡¿�

Oxy ²¡¥� x ¶Ú y ¶/¤mÃX, ù�Ò����n��m Oxyz, 
:8

S = {(x, y, f(x, y)) : (x, y) ∈ D}

Ò´�Ün��m�­¡ (ã9.5). ùÜ­¡��w¤äkn�gdÝ�n��m¥�

: (x, y, z) É����å z = f(x, y) ¤/¤�.

x

y

z

D

E

O

ã 9.5

~X, ¼ê z = x2 + y2, z = x2 − y2 �, Ò´~���g­¡ (ã8.6)

ã 9.6

Ø
þã3���IXe¼ê�AÛL«	, ·�Ú?�«¡���� (½��¡)

�Vg, §Jø
'u¼ê�,�«AÛ�*. ±��¼ê�~, 3gCþ (x, y) ¤3�

Oxy ²¡, �@
¦�¼ê z = f(x, y) �u,��½~ê�:, X z = c, K8Ü

Lc = {(x, y)| f(x, y) = c}

Ï~´ Oxy ²¡þ�^½A^­�, ½òz¤�:. ¡�¼ê3�½����

�(½�p�). �½ØÓ��, Ò��ØÓ����. AO, XJþ!/��|�

c1 = h, c2 = 2h, · · · , cn = nh, · · · , @oéA�����8�/�, `²¼êCz

�. ����éDÕ�/�, `²¼êCz��²�. eã©O´¼ê z = x2 + y2 Ú
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z = x2 − y2 ��p�, é'�eã9.6, ·�Ó�����*�AÛã�.

ã 9.7

|^ù���{, �±3²¡þ±��p�£½�§�¤/ã.

3◦ õCþ¼ê�EÜ *	��~f

z = f(x, y) = exy sin(x2 + y2)

XJÚ?#�Cþ

u = xy, v = x2 + y2

@o�¼ê´�é{ü¼ê u = xy, v = x2 + y2, � z = eu sin v �EÜ. ½ö`, eZ

��{ü�¼ê, ÏL,«Cþ'é, EÜ (C�) ¤����E,�¼ê.

��5`,õCþ¼ê�EÜkõ«/ª, ~X, �

z = f(u, v) (u, v) ∈ D, u = u(x, y), v = v(x, y), (x, y) ∈ D̃

KEÜ¼ê�± x, y �gCþ���¼ê

z = f(u(x, y), u(x, y))

��EÜ´3�S?1, =� (x, y) ∈ D̃ �, (u(x, y), u(x, y)) ∈ D =�.

���¼ê z = f(x, y) Ú��¼ê x = x(t), y = y(t) EÜ�, Ò´��#���

¼ê

z = z(t) = f(x(t), y(t)).

AÛþ��±rù��EÜw¤´ò¼ê z = f(x, y) (�Ò´ Oxyz �m��Ü­¡,

Ø�P� S),��3 Oxy²¡þ«� D¥��^­� L : x = x(t), y = y(t), t ∈ [α, β]

þ, Ù(J z = f(x(t), y(t)) ´­¡ S þ��^­�.

4◦ �þ�¼ê =´��l n ��m Rn � m ��m Rm �N�

f : D → Rm, D ⊂ Rn

½ n ��m� m ��m¥:�:�m�éA

f : (x1, x2, · · · , xn) 7−→ (y1, y2, · · · , ym),
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ùp�þ�¼ê f �z�©þ

y1 = f1(x1, · · · , xn), · · · , ym = fm(x1, · · · , xn)

Ñ´(x1, · · · , xn) �õ�¼ê. �½�m�IX�,©OP {ei} Ú {êi} ´ Rn Ú Rm �
IO��Ä,K

x = x1e1 + · · ·+ xnen 7−→ y = f(x) = y1ê1 + · · ·+ ymêm.

AO� m = n�,XJN��_,@o¡��Ó�ê�m�m�C�.~X� m = n = 2

�, Ò´²¡þ��«� (u, v) ∈ D �,��²¡«� (x, y) ∈ D′ �C�

f :

x = x(u, v),

y = y(u, v).
(u, v) ∈ D

Ïd²¡�4�IÚ���I�m�±w¤´ (r, θ) � (x, y) �m�C�x = r cos θ,

y = r sin θ.
0 < r < +∞, 0 6 θ < 2�

x

yr

f

ã 9.8

~^���þ�¼ê´ R→ R3 �N�

r = r(t) = x(t)i+ y(t)j + z(t)k, t ∈ [α, β] ⊂ R

½

x = x(t), y = y(t), z = z(t), t ∈ [α, β]

±9 R2 → R3 �N�

r = r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D ⊂ R2

½

x = x(u, v), y = y(u, v), z = z(u, v), (u, v) ∈ D

ùp, i, j, k ´n��m3���IX¥�n�ü �I�þ. ±þüa�þ�¼ê3

n��m R3 ¥��©O´­�Ú­¡, Ïdq��m­�Ú­¡�ëê�§L«, ¤

L«�­�­¡©O¡�ëê­�Úëê­¡.
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9.1.3 õCþ¼ê�4�

½Â 9.4 � z = f(x, y) ´½Â3²¡:8 D þ���¼ê, M0 = (x0, y0) ´ D

�à:, q� a ´��ê.XJé?¿�½� ε > 0, �3 δ > 0, � M = (x, y) ∈ D ÷v

0 < ρ(M,M0) =
√

(x− x0)2 + (y − y0)2 < δ

½ö

0 < |x− x0| < δ, 0 < |y − y0| < δ

� , k

|f(M)− a| < ε,

@o¡� M ªu M0 � f(M) ± a �4�, P¤

lim
M→M0

f(M) = a.

��±�¤

lim
(x,y)→(x0,y0)

f(x, y) = a ½ lim
x→x0
y→y0

f(x, y) = a.

XJ /̂Oþ0��ó (=� ∆x, ∆y ´ü�Oþ), @o¼ê3 M0 = (x0, y0) 4�

Ò´

lim
∆x→0
∆y→0

f(x0 + ∆x, y0 + ∆y) = a

Ï� ρ =
√

∆x2 + ∆y2 ÷v

|∆x|, |∆y| 6 ρ 6 |∆x|+ |∆y|

¤±, 4���±L«¤

lim
ρ→0

f(x0 + ∆x, y0 + ∆y) = a.

aqüCþ�/,�±½Â4�

lim
x→∞
y→∞

f(x, y) = a, ½ lim
x→x0
y→y0

f(x, y) =∞

��,d?Ø2Kã.

~ 9.1.1 ¦y

lim
(x,y)→(0,0)

x2y2

x4 + y2
= 0

.



54 1 9 Ù õCþ¼ê��©Æ

y² |^Ø�ª

|2x2y| 6 x4 + y2

��

0 6
x2y2

x4 + y2
6

1

2
|y|,

¤±, é?¿� ε > 0, � δ = 2ε, � 0 < |x| < δ, 0 < |y| < δ �, k∣∣∣∣ x2y2

x4 + y2
− 0

∣∣∣∣ < 1

2
δ < ε

.

~ 9.1.2 ¦y

lim
(x,y)→(0,0)

x3 + y3

x2 + y2
= 0

.

y² |^4�I x = r cos θ, y = r sin θ, K∣∣∣∣x3 + y3

x2 + y2

∣∣∣∣ = r| cos3 θ + sin3 θ| 6 2r

¤±, é?¿� ε > 0, � δ = 1
2ε, � 0 < r =

√
x2 + y2 < δ �, k∣∣∣∣x3 + y3

x2 + y2
− 0

∣∣∣∣ 6 2r < 2δ < ε

.

l��¼ê4��½Â�±wÑ, �´r��¼ê4�½Â¥��þ:�ål£ý

é�¤�¤²¡þ:�ål=�. ¤±k'4��5��±^Ó���{\±y². ±

eÛ�eZ5�

½n 9.5 � f(x, y) 3²¡«� D þk½Â,(x0, y0) ´ D ���à:,K¼ê4

�

lim
(x,y)→(x0,y0)

f(x, y) = a

�¿©7�^�´,é?ÛÂñu (x0, y0) �:� (xn, yn), (xn, yn) 6= (x0, y0) k

lim
n→∞

f(xn, yn) = a

½n 9.6 � f(x, y), g(x, y) 3 M0 = (x0, y0) �NC B−(M0, r) = {M | 0 <

ρ(M,M0) < r} k½Â, XJ

lim
(x,y)→(x0,y0)

f(x, y) = a lim
(x,y)→(x0,y0)

g(x, y) = b
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@o

lim
(x,y)→(x0,y0)

(f(x, y)± g(x, y)) = a± b

lim
(x,y)→(x0,y0)

f(x, y)g(x, y) = ab

lim
(x,y)→(x0,y0)

f(x, y)

g(x, y)
=
a

b
, b 6= 0

½n 9.7 � f(x, y) 3 M0 = (x0, y0) �NC B−(M0, r) k½Â,�3 M0 ?kk

�4� a, x = x(t), y = y(t) 3 0 < |t− t0| < l k½Â, ¦� {(x(t), y(t))| 0 < |t− t0| <
l} ∈ B−(M0, r), � lim

t→t0
x(t) = x0, lim

t→t0
y(t) = y0, K

lim
t→t0

f(x(t), y(t)) = a

½n 9.7`², ��4��3, K²¡þ�:÷?Û´»£­�¤ªu (x0, y0) �, 4

�Ñ´�3
��u¼ê3T:�4�.

~ 9.1.3 ¦ye�4�Ø�3

lim
(x,y)→(0,0)

x2y

x4 + y2

y² � y = kx2£(x, y) ²¡¥��Ô�¤, Kk

lim
x→0
y=kx2

x2y

x4 + y2
= lim

x→0

kx4

x4 + k2x4
=

k

1 + k2
,

=� (x, y) ÷XØÓ��Ô�ª� (0, 0) �, ¼êkØÓ�4�, ¤±4�Ø�3.

lù�~f�±wÑ, y²��¼ê4�Ø�3��k��{, ´�(x, y) →
(x0, y0) �, *	÷ØÓ´»¼ê�4��¹. aquÏL*	�m4�?ØüCþ¼ê

4�Ø�3��{.

�´õCþ¼ê�4��üCþ¼ê�4�E,k
ØUa'�5�, ~X, ·�

��Ø?Ø��¼ê�üN5. õCþ¼ê4��,��A:´¤¢\g4�¯K.�

¼ê f(x, y) 3 (x0, y0) NCk½Â,k�é x, y ¦4�,

lim
y→y0

lim
x→x0

f(x, y), lim
x→x0

lim
y→y0

f(x, y)

XJþã4��3, @o¡��¼ê f(x, y) 3 (x0, y0) ?�\g4�. 3���¹e,

õCþ¼ê�4��\g4�vk�o7,�'X.

~ 9.1.4 ?Øe�¼ê3 (0, 0) �4�Ú\g4�.

f(x, y) =

x sin 1
y , y 6= 0,

0, y = 0.
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) Ï� |f(x, y)| 6 |x|é?Û (x, y)¤á,¤±N´y²Ù4�� 0,� lim
y→0

lim
x→0

f(x, y) =

lim
y→0

0 = 0, �´ lim
x→0

lim
y→0

f(x, y) %Ø�3.

~ 9.1.5 ?Øe�¼ê

f(x, y) =
y

x
, x 6= 0

�4�Ú\g4�.

) w,, lim
x→0

lim
y→0

f(x, y) = 0. �´, lim
(x,y)→(0,0)

f(x, y) Ú lim
y→0

lim
x→0

f(x, y) ÑØ�3.

XÓüCþ�/, XJ� (x, y)→ (x0, y0) �, ¼ê f(x, y) �4�´", @o¡¼

ê f(x, y) ´� x→ x0, y → y0£½ ρ =
√

(x− x0)2 + (y − y0)2 → 0¤��Ã¡�þ.

���¹e, XJ

lim
ρ→0

f(x, y)

ρk
= C£~ê¤

� C 6= 0 �,@o¡ f(x, y) � ρ→ 0 �´� ρk Ó��Ã¡�þ, P� f(x, y) = O(ρk).

XJ C = 0£=þã4��"¤, @o` f(x, y) � ρ→ 0 �´' ρk �p��Ã¡�þ,

P� f(x, y) = o(ρk). Ó�, ·��±?1ü�Ã¡�þ�m�'�, �

lim
(x,y)→(x0,y0)

f(x, y) = 0 lim
(x,y)→(x0,y0)

g(x, y) = 0

XJ f Ú g �' f
g �4�´���"�~ê, @o`² f Ú g 3 (x, y) → (x0, y0) �

´Ó�Ã¡�þ,XJ4��", @o`² f ´' g �p��Ã¡�þ. ù
Vg��

�¼ê�aq, Ø2Kã.

��, þã'u��¼ê4��½ÂØJí2��þ�¼ê y = f(x1, · · · , xn) �

/, ��ò½Â¥�xü:�mål�¤

0 < ρ(M,M0) =

√√√√ n∑
i=1

[(xi − x0
i )

2 + (yi − y0
i )

2] < δ

½ö

0 < |x1 − x0
1| < δ, . . . , 0 < |xn − x0

n| < δ

ò |f(M)− a| < ε �¤

|f(x1, · · · , xn)− a| < ε

=�, ùp, 4�� a �,´�þ, ýé�Ò´�þ��Ý.

9.1.4 õCþ¼ê�ëY5

��¼êëY5�½ÂXe
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½Â 9.8 � f(x, y)3 (x0, y0)�+� B(M0, r) = {M | ρ(M,M0) < r}k½Â,X

Jé?¿��ê ε > 0, �3���ê δ > 0, � (x, y) ∈ D ÷v

ρ =
√

(x− x0)2 + (y − y0)2 < δ,

½ö

|x− x0| < δ, |y − y0| < δ

�,Òk

|f(x, y)− f(x0, y0)| < ε

�Ò´`4�

lim
x→x0
y→y0

f(x, y) = f(x0, y0),

½

lim
∆x→0
∆y→0

f(x0 + ∆x, y0 + ∆y) = f(x0, y0),

@o¡ f 3 (x0, y0) ëY. XJ f 3«� D �z��:ëY, Ò¡ f 3 D þëY.

~ 9.1.6 3½Â� xy > −1 S,y²e�¼ê3 (0, 0) ?´ëY�

f(x, y) =

ln(1 + xy)
1
xy , xy 6= 0,

1 xy = 0.

y² Ï�

lim
u→0

ln(1 + u)
1
u = 1

¤±, é?¿� ε > 0, �3 δ′ > 0, ¦�

| ln(1 + u)
1
u − 1| < ε

� δ =
√
δ′ > 0, K� 0 < |x| < δ, 0 < |y| < δ �, |xy| < δ2 = δ′, k

|f(x, y)− f(0, 0)| = | ln(1 + xy)
1
xy − 1| < ε

� x = 0 ½ y = 0 �, f(0, y) = f(x, 0) = 1, ¤±þãØ�ªE,¤á.

�â½Â,ØJwÑ,XJ¼ê f(x, y)3�: (x0, y0)ëY,@o f(x, y0)�� x�

¼ê, 3 x0 ?ëY. Ó�, f(x0, y) �� y �¼ê, 3 y0 ?ëY. ���Ø,, ~X

f(x, y) =


2xy
x2+y2 , (x, y) 6= (0, 0),

0, (x, y) = (0, 0)
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w, f(x, 0) = 0, ¤±é x ëY, f(0, y) = 0, ¤±é y �´ëY�. �´, ¼ê3��

x = y þ, Ø�: (0, 0) �	k f(x, x) = 1. �Ò´`� (x, y) ÷Xù^���C�:

�, ¼ê´ØëY�. ¤±¼ê f(x, y) 3�:ØëY.

�¼ê f 3«� D SëY, �â½Â, é?¿���ê ε, �é�: (x0, y0) ∈ D,

�3�ê δ ¦�Ù¦: (x, y) ��� (x0, y0) �ål�u δ �, üö�¼ê���Ò�

u ε, ��5`, �xü:ål�ºÝ δ ¬Ï: (x0, y0) �ØÓ
ØÓ. XJ�3��Ú

��ºÝ5�x?Ûü:�ål�, @o¡ù��ëY���ëY.

½Â 9.9 � f 3«� DSëY, é?¿��ê ε > 0, �3���ê δ > 0, é«

� D ¥?¿ü: (x, y) Ú (x′, y′), ��¦��ål÷v

0 < ρ =
√

(x′ − x)2 + (y′ − y)2 < δ,

½ö

0 < |x′ − x| < δ, 0 < |y′ − y| < δ

�, Òk

|f(x′, y′)− f(x, y)| < ε,

K¡ f 3 D S��ëY.

½n 9.10 aquüCþ�/,��ëY¼êkXe5�:

1◦ ëY¼ê�Ú!�!È!û (©1Ø�"�) �´ëY¼ê.

2◦ � z = f(u, v) 3 D ¥ëY, u = u(x, y), v = v(x, y) 3 ∆ ¥ëY, KEÜ

¼ê z = f(u(x, y), v(x, y) ëY,��EÜ´3�S?1.=é?¿� (x, y) ∈ ∆, k

(u(x, y), v(x, y)) ∈ D.

3◦ (0�½n) XJëY¼ê f(M) �½Â� D £́�´¤ëÏ�, @oéu?¿

ü: M1,M2 ∈ E, f 3 D ¥�� f(M1) Ú f(M2) �m�¤k�.

4◦ k.48þ�ëY¼ê�±�����Ú���.

5◦ k.48þ�ëY¼ê, �½´��ëY�.

±þ5�éÙ§õCþ�ëY¼ê�´¤á�.

y² ùp��Ñ 3◦ Ú 5◦ �y², Ù¦5��y²aquüCþ�/.

'u 3◦ �y²�±ù�?1: Ø�� f(M1) < f(M2), �?¿� c ÷v f(M1) <

c < f(M2), Ï� D ëÏ, � D ¥�^ë� M1 Ú M2 �ëY­�

L : r(t) = (x(t), y(t)), (α 6 t 6 β),

¦ r(α) = M1, r(β) = M2, dEÜ¼ê�ëY5�� f(r(t)) = f(x(t), y(t)) 3 [α, β] þ

ëY, Ï f(r(α)) = f(M1) < c < f(M2) = f(r(β)), �d��ëY¼ê�0�½n��
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7k t0 ∈ (α, β) ¦ f(r(t0)) = c. ù«y²�{´r¯K��3�^ë� M1 Ú M2 �

­�þ, p�¯KÏ
Òz���¯K.

'u 5◦ �y²æ��y{. XJ¼ê f(x, y) 3k.48þëY, �Ø´��ëY

�, @oéu,�� ε0 > 0, ¦�é?¿���ê n, 3 D ¥�3ü�:� {(xn, yn)}
Ú {(x′n, y′n)}, �,k

0 < |x′n − xn| <
1

n
, 0 < |y′n − yn| <

1

n

�´

|f(x′n, y
′
n)− f(xn, yn)| > ε0

duk.48¥�:�7kÂñf�, ¤± {(xn, yn)} Ú {(x′n, y′n)} ��3��SÒ�
Ó�Âñf� {(xnk , ynk)} Ú {(x′nk , y

′
nk

)}. dúª

0 < |x′nk − xnk | <
1

nk
, 0 < |y′nk − ynk | <

1

nk

��, ü�f�ÂñuÓ��: (x0, y0). �´

ε0 6 lim
k→∞

|f(x′nk , y
′
nk

)− f(xnk , ynk)| = |f(x0, y0)− f(x0, y0)| = 0

gñ. ¤±, f 3 D þ´��ëY�.

SK 9.1

1. y²: (A ∩B)c = Ac ∪Bc, (A ∪B)c = Ac ∩Bc.

2. y²: ü�m8��8Ú¿8E´m8, ü�48��8Ú¿8E´48.

3. y²÷v y > ax+ b �¤k: (x, y) ´��m8. 3�I¶þxÑ§���, ¿¦

§�>.:A÷v�'X.

4. � limMn = M0, limM ′n = M ′0. ¦y: lim ρ(Mn,M
′
n) = ρ(M0,M

′
0).

5. y², ²¡þÂñ�:�7,´k.�.

6. y²8Ü E = {(x, y) : y = sin 1
x , 0 < x 6 2

�} ∪ {(0, y) : 0 6 y 6 1} ´ëÏ��
Ø´�´ëÏ�.

7. (½¿xÑ±e¼ê�½Â�, ¿�Ñ§�´Ä´«�, ´Ä´4«�.

(1) z =
√
x+ y; (2) z =

√
x− 2y2;

(3) z =

√
x2 + y2 + 2x√
2x− x2 − y2

; (4) z =
√

sin(x2 + y2);

(5) z = ln

(
1− x2

a2
− y2

b2

)
(6) z =

√
cosx sin y;

(7) u = arcsin

√
x2 + y2

z
; (8) u =

√
2az − x2 − y2 − z2 (a > 0).
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8. xÑ¼ê z = cos(2x+ y) �Ñã±9éAu z = 0, ±1, ±1
2 ��p�.

9. ��Cþ���/ª� n gõ�ª�k n + 1 �ü�ª x0, x1, · · · xn, XJéuü

�Cþ
ó, ü�ª½Â� xkyl, gê½Â� k + l, ¯��/ª� n g��õ�ª

��kõ��, í2� k �Cþ��/Q?

10. � f(x, y) = 2xy
x2+y2 , ¦ f(1, 1), f(y, x), f

(
1, yx
)
, f(u, v), f(cos t, sin t).

11. � f(x, y) =

1, y > x,

0, y < x,
q

x = cos t,

y = sin t.
¦ F (t) = f(cos t, sin t).

12. � f
(
x+ y, yx

)
= x2 − y2 (x 6= 0), ¦ f(2, 3), f(x, y).

13. � f(x, y) = xy, ϕ(x, y) = x + y, ψ(x, y) = x − y, ¦ f [ϕ(x, y), ψ(x, y)], ϕ[f(x, y),

ψ(x, y)], ψ[ϕ(x, y), f(x, y)].

14. �äe��K4�´Ä�3, ek4�, ¦ÑÙ4�:

(1) lim
x→0
y→0

x2 + y2

|x|+ |y|
; (2) lim

x→0
y→a

sinxy

x
;

(3) lim
x→+∞
y→+∞

(
xy

x2 + y2

)x2
; (4) lim

x→∞
y→a

(
1 +

1

x

) x2

x+y

;

(5) lim
x→0
y→0

x3 + y3

x2 + y2
; (6) lim

x→∞
y→∞

x2 + y2

x4 + y4
;

(7) lim
x→+∞
y→+∞

(x2 + y2)e−(x+y); (8) lim
x→1
y→0

ln(x+ ey)√
x2 + y2

;

(9) lim
x→0
y→0

xy√
xy + 1− 1

; (10) lim
x→0
y→0

√
xy + 1− 1

x+ y
;

(11) lim
x→0
y→0

1− cos(x2 + y2)

(x2 + y2)x2y2
; (12) lim

x→0
y→0

(1 + xy)
1

x+y .

15. e x = ρ cosϕ, y = ρ sinϕ, ¯÷N���� ϕ(0 6 ϕ 6 2�), e�4��3.

(1) lim
ρ→0+

e
1

x2−y2 ; (2) lim
ρ→+∞

ex
2−y2 · sin 2xy.

16. y²µ�4� lim
(x,y)→(x0,y0)

f(x, y) = A �3�,

(1) e y 6= y0 �, lim
x→x0

f(x, y) �3, K lim y → y0 lim
x→x0

f(x, y) = A;

(2) e x 6= x0 �, lim
y→y0

f(x, y) �3, K limx→ x0 lim
y→y0

f(x, y) = A.

17. ïÄe�¼ê�ëY5:

(1) f(x, y) =


xy
x−y , x 6= y,

0, x = y;
(2) f(x, y) =

x sin 1
y , y 6= 0,

0, y = 0;

(3) f(x, y) =


x2y
x2+y2 , (x, y) 6= (0, 0),

0, (x, y) = (0, 0);
(4) f(x, y) =


x−y
x+y , x+ y 6= 0,

0, x+ y = 0.
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18. y²¼ê f(x, y) =


x2y
x4+y2 , x2 + y2 > 0

0, x2 + y2 = 0
3: (0, 0) ÷XLd:�z���

x = t cosα, y = t sinα, (0 6 t < +∞) ëY, = lim
t→0

f(t cosα, t sinα) = f(0, 0). �d

¼ê3: (0, 0) ¿ØëY.

19. � f(x, y) 3 D ⊂ R2 þ©Oé x Ú y ëY, �'uCþ y ´üN�, y²µf(x, y)

3 D þëY.

20. � D ⊂ R2 é?¿ (x, y) ∈ D, - f(x, y) = x. ¡Ù� D 3 x ¶�ÝK¼ê. y²

ÝK¼ê´ëY¼ê, �´§Ø�½ò48N¤48.

21. �Ñ��¼ê f(x, y) 3 (x0, y0) ?Âñ� Cauchy ÂñOK���£ã¿y²�.

22. � f(x, y) 3 (x0, y0) ?ëY, x = x(u, v), y = y(u, v) 3 (u0, v0) ?ëY. ^ ε − δ
�óy²EÜ¼ê f(x(u, v), y(u, v)) 3 (u0, v0) ?ëY.

23. � f(x, y) = 1
1−xy , (x, y) ∈ [0, 1]× [0, 1], (x, y) 6= (1, 1), y²¼êëY�Ø��ë

Y.
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§9.2 õCþ¼ê��©

9.2.1 õCþ¼ê� �û

·���, ¼ê y = f(x) 3�:��ê�x�´¼ê3ù:�/CzÇ0. ,
, é

u��¼ê z = f(x, y) 5`, §3�:�CzÇ�±5gØÓ���Ú±ØÓ��ª,

ùp, Äk?Ø¼ê÷X�I¶���CzÇ.

½Â 9.11 � z = f(x, y) 3 M0(x0, y0) ���¥k½Â, XJ¼ê÷ x ��Cz

Ç�4�

lim
x→x0

f(x, y0)− f(x0, y0)

x− x0
= lim

∆x→0

f(x0 + ∆x, y0)− f(x0, y0)

∆x

�3, @o¡§� z = f(x, y) 3 M0 'u x � �û£½ �ê¤, P� ∂f
∂x(x0, y0) ½

ö f ′x(x0, y0). aq/, XJ4�

lim
y→y0

f(x0, y)− f(x0, y0)

y − y0
= lim

∆y→0

f(x0, y0 + ∆y)− f(x0, y0)

∆y

�3, @o¡4��� f(x, y) 3 M0 'u y � �û, P� ∂f
∂y (x0, y0) ½ö f ′y(x0, y0).

ùp ∆x = x− x0, ∆y = y − y0 ©OL«gCþ�Oþ.

XJ3«� D �z�: z = f(x, y) Ñk'u x � �û, @o f ′x(x, y) ½Â
 D

þ����¼ê, ¡� f(x, y) 'u x � �¼ê, ½{¡ f(x, y) 'u x � �û. a

q��½Â'u y � �û f ′y(x, y).

lAÛþw,3�IX Oxyz ¥,^

²1u x¶�²¡ y = y0��­¡ z =

f(x, y), Ò��²¡ y = y0 þ��^­

� z = φ(x) = f(x, y0), 
 f ′x(x0, y0) Ò

´ù^��­�3 M0 ����Ç. Ó

�, f ′y(x0, y0) ´²¡ x = x0 þ­�

z = ψ(y) = f(x0, y) 3 M0 ����Ç.
ã 9.9

Ïd, ¦¼êé,�Cþ� �êÚüCþ¼ê�¦�ÃÉ, ��@O
é@�C

þ¦�, 
3¦�L§¥òÙ§CþÀ�~ê=�. ¤±¦ �ê¿ØI�#��{.

~Xéuü�¼ê f(x, y) Ú g(x, y) ¦È� �ê, Ò´�âüCþ¼ê¦È¦��5

K?1O�
∂(fg)

∂x
= g

∂f

∂x
+ f

∂g

∂x
.

'u y � �ê�O���aq.
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~ 9.2.1 �ÄXe¼ê

f(x, y) =


2xy
x2+y2 , (x, y) 6= (0, 0),

0, (x, y) = (0, 0)

� �ê.

�â �ê�½Â, ØJ�y, §3�:�ü� �ê�3
��u0, �´3 §9.1
¥®²y²
T¼ê3�:´ØëY�. ù�~f`², �,¼ê3�:� �ê�3,

�ØU�y¼ê3T:ëY.

ù«y�lAÛþwØJn), Ï� �ê��3�´¼ê÷X x ¶£½ y ¶¤�

���þ��«5�. 
ëY5KØ,, §´¼ê3�:���S��«5�. ¦+X

d, XJ\r^�, E,�±l �êJø�&E, �Ñ¼ê�ëY5$��r�(J,

k'SNò3e�!?Ø.

�¼ê z = f(x, y) 3¤½Â�«�¥z�:Ñk �ê ∂f
∂x(x, y), ∂f

∂y (x, y), Ù(J

´��¼ê. XJ§�E,k �ê, @o�±UYé§�¦ �, Ò��
p� �

û½p� �ê. ~X, ��¼êko«�U��� �û

∂

∂x

(
∂f

∂x

)
=
∂2f

∂x2
= f

′′

xx ½P� f
′′

11,

∂

∂y

(
∂f

∂x

)
=

∂2f

∂y∂x
= f

′′

xy ½P� f
′′

12,

∂

∂x

(
∂f

∂y

)
=

∂2f

∂x∂y
= f

′′

yx ½P� f
′′

21,

∂

∂y

(
∂f

∂y

)
=
∂2f

∂y2
= f

′′

yy ½P� f
′′

22.

éØÓgCþ©O¦��p� �ê¡�·Ü �ê, Xþã ∂2f
∂y∂x� . aq�±½Â

�p�� �û ∂nf
∂yj∂xi , i > 0, j > 0, i+ j = n , ¿¡ n � �ê��.

I�5¿�´, =¦·Ü �ê ∂2f
∂y∂x Ú

∂2f
∂x∂y Ñ�3, �ØU�yüö�½��. e

¡�½nw�·�, ��ùü�·Ü �ê´ëY�, @oüö�½��, �Ò´`éØ

ÓCþ¦��gS�±��.

½n 9.12 e z = f(x, y) 3«� D ¥k½Â, XJ ∂2f
∂x∂y Ú

∂2f
∂y∂x ëY, @oüö

��, =¦��gS���.

y² �û´�û�4�, ¤±·�æ^�y²�{´^��·Ü�©��

�5�Ñ��·Ü �û���. ?� M0 = (x0, y0) ∈ D 9 B(M0, r) ⊂ D. �
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h = ∆x 6= 0, k = ∆y 6= 0 ¦ (x0 + h, y0 + k) ∈ B(M0, r). -

ϕ(x) = f(x, y0 + k)− f(x, y0),

ψ(y) = f(x0 + h, y)− f(x0, y)

´ f(x, y) ©Oéu y Ú x ����©. N´�y, XJ ϕ(x) Ú ψ(y) ©Oé x Ú y 2

?1�©, @o�©�(J´Ñ�u f(x, y) ���·Ü�© (e�1���ª�mà)

ϕ(x0 + h)− ϕ(x0) = ψ(y0 + k)− ψ(y0)

= f(x0 + h, y0 + k)− f(x0 + h, y0)− f(x0, y0 + k) + f(x0, y0).

d��¼ê��©¥�úª��k

ϕ(x0 + h)− ϕ(x0) = hϕ′(x0 + θ1h)

= h(f ′x(x0 + θ1h, y0 + k)− f ′x(x0 + θ1h, y0))

= hkf ′′xy(x0 + θ1h, y0 + η1k),

Ù¥ 0 < θ1, η1 < 1. aq�3 0 < θ2, η2 < 1, ¦�

ψ(y0 + k)− ψ(y0) = hkf ′′yx(x0 + θ2h, y0 + η2k),

�k

f ′′xy(x0 + θ1h, y0 + η1k) = f ′′yx(x0 + θ2h, y0 + η2k).

- (h, k)→ (0, 0), d·Ü �ê�ëY5=�y²½n. �

í
2�, �� z = f(x, y) � n � �êÑ

(x, y) (x+ h, y)

(x+ h, y + h)

x

y

ã 9.10

´ëY�, @o§� n � �ê�¦��gSÃ

'. ù�(Øéu��õ�¼ê�´¤á�, Ø2

Kã.

'uÙ¦õCþ¼ê� �ê�½Â,���

¼ê�/����. � z = f(x1, · · · , xn) ´ n �

¼ê,Ù �ê�½Âde�4��Ñ

∂f(x1, · · · , xn)

∂xi
= lim

∆xi→0

f(x1, · · · , xi + ∆xi, · · · , xn)− f(x1, · · · , xi, · · · , xn)

∆xi

k'·Ü �ê����5���¼êÃÉ.
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9.2.2 õCþ¼ê���5

éuüCþ¼ê y = f(x), 3�: x0 ��¿�X3T:NC¼ê�Oþ÷v

∆f = f(x0 + ∆x)− f(x0) = f ′(x0)∆x+ o(∆x)

ùp ∆x = x− x0 ´gCþ�Oþ, {� o(∆x) ´ ∆x �p�Ã¡�þ:

lim
∆x→0

o(∆x)

∆x
= lim

∆x→0

f(x+ ∆x)− f(x)− f ′(x)∆x

∆x
= 0

lAÛþw, 3 x0 NC, ¼ê y = f(x) ¤L«�­��±d y = f(x0) + f ′(x0)(x− x0)

L«���Cq, �Ø�´��' ∆x = x− x0 �p��Ã¡�þµ

f(x) = f(x0) + f ′(x0)(x− x0) + o(x− x0), � x→ x0

ù^�� y = f(x0) + f ′(x0)(x− x0) �´­� y = f(x) 3 x0 ?���.

��«�Ýw, f(x) 3�: x0 �Oþ ∆f ´gCþ�Oþ h = ∆x£ùp,�


�B,^ h �O ∆x¤�¼ê, = ∆f(h) = f(x0 + h) − f(x0). Ïd§3 x0 ��¿�X

∆f(h) �±L«���'u h �£àg¤�5¼ê A(h) = f ′(x0)h �'u h �p�Ã

¡�þ�Ú

∆f(h) = A(h) + o(h)

Ï~ò ∆f ��5Ü© A P� df , = df(x0)(h) = f ′(x0)h, ¿¡�� f(x) 3 x0 ��

©. AO, éuAÏ�¼ê f(x) = x, kf ′(x) = 1, K�© df(h) = dx(h) = h, dd�

±uyé���¼ê f(x), k

df(x0)(h) = f ′(x0) dx(h).

du x0 Ú h �?¿5, �±ò f(x) ��©L«¤

df(x) = f ′(x)dx

±þ?Ø�±g,/í2�õ�Cþ�¼ê. ùp, ·�X­?Ø��¼ê��©.

½Â 9.13 � f(x, y) ´½Â3«� D ⊂ R2 þ���¼ê, XJ3 D ¥�:

(x0, y0) �NC, ¼ê f(x, y) �±CquL (x0, y0) ���²¡

f(x, y) = f(x0, y0) + a(x− x0) + b(y − y0) + o(ρ)

@o¡ f(x, y) 3 (x0, y0) ��.ùp, a, b ´~ê, ρ =
√

(x− x0)2 + (y − y0)2.

XJ¼ê f(x, y) 3 D ¥z�:Ñ��, @o¡¼ê3 D ¥��.

Ú? h = ∆x = x− x0, k = ∆y = y − y0, ρ =
√
h2 + k2, @o

∆f(h, k) = f(x+ h, y + k)− f(x, y) = ah+ bk + o(ρ),
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= f(x, y) �OþL«¤gCþ�Oþ h, k �£àg¤�5¼ê A(h, k) = ah + bk � ρ

�p�Ã¡�þ�Ú. P

df(h, k) = A(h, k) = ah+ bk.

¿¡� f(x, y) ��©. AOé¼ê f(x, y) = x, k ∆f(h, k) = x + h − x = h, éA

� a = 1, b = 0, o(ρ) = 0, ¤± df(h, k) = dx(h, k) = h, é¼ê f(x, y) = y, Ón��

dy(h, k) = k, @oé���¼ê f(x, y), k

df = a dx+ b dy.

�â���½Â, ·�����e�(J.

½n 9.14 �¼ê f(x, y) 3 (x0, y0) ��, K

1◦ f(x, y) 3 (x0, y0) ëY.

2◦ f(x, y) 3 (x0, y0) ü� �êÑ�3, � ∂f
∂x(x0, y0) = a, ∂f

∂y (x0, y0) = b, Ïd

f(x, y) ��©�

df =
∂f

∂x
dx+

∂f

∂y
dy.

y² Ï� f(x, y) 3 (x0, y0) ��, ¤±

f(x0 + h, y0 + k)− f(x0, y0) = ah+ bk + o(ρ)

- h→ 0, k → 0, � f(x0 + h, y0 + k)− f(x0, y0)→ 0, = f(x, y) 3 (x0, y0) ëY.

� k = 0, K ρ = |h|, 3�ª

f(x0 + h, y0)− f(x0, y0) = ah+ o(|h|)

ü>Ø± h ¿- h→ 0 �

lim
h→0

f(x0 + h, y0)− f(x0, y0)

h
= a

¤± f(x, y) 3 (x0, y0) 'u x � �ê�3, 
� ∂f
∂x(x0, y0) = a. Ón�yé y � 

�ê��3�÷v ∂f
∂y (x0, y0) = b. �

,
, �üCþ�/ØÓ�´, =¦õCþ¼ê� �êÑ�3,EØU�y¼ê�

��5. ~ 9.2.1 ¥¤�Ñ�¼ê3 (0, 0) 'u x Ú y �ü� �êÑ�3, �3 (0, 0)

ØëY, �,�Ø�U��. XJO\é �ê�^�, @ok

½n 9.15 �¼ê f(x, y) 3«� D S�3ü� �ê

1◦ XJ �ê f ′x(x, y), f ′y(x, y) 3 D Sk., @o f 3 D SëY.

2◦ XJ �ê f ′x(x, y), f ′y(x, y) 3 D SëY, @o f 3 D S��.
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y² ��3~ê M ¦� |f ′x(x, y)| < M, |f ′y(x, y)| < M . ?��S: (x, y) ∈ D,

���Oþ h = ∆x, k = ∆y v
�, Ò�½U
¦� (x+ h, y + k) (±9 (x+ h, y) Ú

(x, y + k)) á3 D ¥± (x, y) �¥%���S (ã9.10). u´

f(x+ h, y + k)− f(x, y) =[f(x+ h, y + k)− f(x+ h, y)]

+ [f(x+ h, y)− f(x, y)]

©Oé1���)ÒS1��CþÚ1���)ÒS1��Cþ$^�©¥�½n

f(x+ h, y + k)− f(x+ h, y) = kf ′y(x+ h, y + θ2k)

f(x+ h, y)− f(x, y) = hf ′x(x+ θ1h, y)

Ù¥ 0 < θ1, θ2 < 1. dd�

|f(x+ h, y + k)− f(x, y)| = |kf ′y(x+ h, y + θ2k) + hf ′x(x+ θ1h, y)|

6M(|h|+ |k|)

w,, � (h, k)→ (0, 0) � f(x+ h, y + k)− f(x, y)→ 0, =¼ê f 3 (x, y) ?ëY.

� f ′x(x, y), f ′y(x, y) 3 D ¥ëY�, k

f(x+ h, y + k)− f(x, y)− hf ′x(x, y)− kf ′y(x, y)

= k[f ′y(x+ h, y + θ2k)− f ′y(x, y)] + h[f ′x(x+ θ1h, y)− f ′x(x, y)]


� (h, k)→ (0, 0) �, k∣∣k[f ′y(x+ h, y + θ2k)− f ′y(x, y)] + h[f ′x(x+ θ1h, y)− f ′x(x, y)]
∣∣

√
h2 + k2

6 |f ′y(x+ h, y + θ2k)− f ′y(x, y)|+ |f ′x(x+ θ1h, y)− f ′x(x, y)| → 0.

Ïd, ¼ê f ��. �

��, �â½Â, Öö�±g1y²éuü���¼ê f, g ��5|ÜÚüö�¦

È, k

d(af + bg) = a df + b dg, d(fg) = g df + f dg.

5P ò�©í2� n �¼ê, Äk�
)�o´ Rn þ�£àg¤�5¼ê. ùp

�Ñ��{ü£ã. � A : Rn −→ R , e A ÷v

A(ah+ bk) = aA(h) + bA(k), h,k ∈ Rn

K¡�� Rn þ£àg¤�5¼ê. P e1, · · · , en ´ Rn ��|Ä, Ké?¿�

h = h1e1 + · · ·+ hnen ∈ Rn
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d�55��

A(h) = h1A(e1) + · · ·+ hnA(en)

P ai = A(ei), K

A(h) = a1h1 + · · ·+ anhn

��, �½�|ê a1, · · · , an, - A(ei) = ai, i = 1, · · · , n, Ò(½
 Rn þ����5
¼ê. n�¼ê u = f(x1, · · · , xn) ��©Ò½Â� df = a1h1 + · · ·+ anhn. Ó��±y

² ai = ∂f
∂x , Ïd

df =
∂f

∂x1
dx1 +

∂f

∂x2
dx2 + · · ·+ ∂f

∂xn
dxn.

9.2.3 ���ê�FÝ

õCþ¼ê�����g,(J´¼êé��gCþ� �ê�3, é��¼ê

f(x, y) , =´÷X x Ú y ¶��©O��. ¯¢þ, 3²¡þùü���¿ÃAO�?,

Ïdg,�Ä¼ê f(x, y) 3?¿��þ���¯K, ùÒ´���ê, =�Ä: (gC

þ) ÷�^���C,��½: (x, y) �, ¼ê f(x, y) �CzÇ.

� L ´L (x, y) ��^��, L � x ¶���Y�� α, ¤± L ����þ e �

±^��{uL«

e = cosαi+ cos βj, α + β =
�
2
.

¤± L þ�?¿Ä:�±L«¤� (x + t cosα, y + t cos β), 
�ëê t O\���Ò

´ e ���. ¼ê f(x, y) ÷�� L ¤�
 t �¼ê f(x+ t cosα, y + t cos β).

½Â 9.16 XJ4�

lim
t→0

f(x+ t cosα, y + t cos β)− f(x, y)

t

�3, @o¡4��� f 3: (x, y) ÷�� e ����ê, P� ∂f
∂e(x, y).

AO� e = i ½ = j (= α = 0 ½ α = �
2 ) �, þ¡�½ÂÒ´¼ê f ü� �ê

�½Â, ¤±` �ê´÷ x ¶Ú y ¶����ê.

�¼ê f(x, y) ���, 3

f(x+ h, y + k)− f(x, y) = h
∂f

∂x
+ k

∂f

∂y
+ o(ρ)

¥� h = t cosα, k = t cos β, ρ =
√
h2 + k2 = |t| �, ü>ÓØ± t, 2- t → 0, ØJ�

�e�½n
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½n 9.17 � f(x, y) ´²¡«� D þ���¼ê, K f(x, y) 3 D ¥?Û�:

÷?Û�� e = cosαi+ cos βj ����êÑ�3, 
�k

∂f

∂e
=
∂f

∂x
cosα +

∂f

∂y
cos β.

P

gradf =
∂f

∂x
i+

∂f

∂y
j.

ù´��d¼ê� �ê¤û½��þ, ¡�¼ê z = f(x, y) 3: (x, y) ?�FÝ. Ï

d¼ê÷?Û������ê�T���¼ê�FÝ�SÈ

∂f

∂e
= gradf · e.

� θ ´ gradf Ú e �Y�, K ∂f
∂e = |gradf | cos θ, �Ò´`, f(x, y) 3: (x, y) ?÷�

� e ����ê�uFÝ3�� e þ�ÝK. dd��, ���ê����ûu¦��

��FÝ�Y�.

~ 9.2.2 ¦¼ê r(x, y) =
√
x2 + y2 ÷ e = cosαi+ cos βj ����ê.

) Äk¦ü� �ê

∂r

∂x
=

x√
x2 + y2

,
∂r

∂y
=

y√
x2 + y2

.

XJP (x, y) ��:���� x ¶���Y�� τ , @o

∂r

∂x
=

x√
x2 + y2

= cos τ,
∂r

∂y
=

y√
x2 + y2

= sin τ.

∂r

∂e
=
∂r

∂x
cosα +

∂r

∂y
sinα

= cos τ cosα + sin τ sinα = cos(α− τ).

du¼ê r ´²¡ ��þ r = xi + yj ��Ý, þ¡�(J`², ¼ê r ÷�» r �

�������ê´ 1, 
÷��»��R�������ê´ 0.

þã(JØJí2�n��m. � f(x, y, z) ´n��m,�«� V ¥���¼ê,

e = cosαi+ cos βj + cos γk

´ü �þ e ���{u, α, β, γ ©O´ e �n��I¶���Y� , K3 V ¥,

f(x, y, z) ����ê�

∂f

∂e
=
∂f

∂x
cosα +

∂f

∂y
cos β +

∂f

∂z
cos γ.
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éu���n�¼ê f(x, y, z), ÙFÝ½Â�

gradf =
∂f

∂x
i+

∂f

∂y
j +

∂f

∂y
k,

Ïd, ���ê�

∂f

∂e
=
∂f

∂x
cosα +

∂f

∂y
cos β +

∂f

∂z
cos γ = gradf · e.

9.2.4 EÜ¼ê��©Ú���©/ªØC5

� u = f(ξ, ζ)½Â3«� D̃ þ, ξ = φ(x, y), ζ = ψ(x, y)½Â3«� D þ. �
¦

EÜ¼ê u = f(φ(x, y), ψ(x, y)) k¿Â£=EÜ3�S?1¤, �¦ (φ(x, y), ψ(x, y)) ∈
D̃ é?Û (x, y) ∈ D ¤á. ±eo´�ù��b�.

½n 9.18 � u = f(ξ, ζ) 3«� D̃ ¥��, ξ = φ(x, y), ζ = ψ(x, y) 3«� D ¥

��, KEÜ¼ê u = f(φ(x, y), ψ(x, y)) 3 D ¥��.

y² �âb�, Oþ ∆ξ, ∆ζ ©O�±L«¤Oþ ∆x, ∆y ��5¼ê�

ρ =
√

∆x2 + ∆y2 �Ã¡�þ�Ú:

∆ξ = ϕ(x+ ∆x, y + ∆y)− ϕ(x, y) = a1∆x+ a2∆y + o(ρ),

∆ζ = ψ(x+ ∆x, y + ∆y)− ψ(x, y) = b1∆x+ b2∆y + o(ρ).

Ó�, ∆u �±L«¤ ∆ξ, ∆ζ ��5¼ê� ρ̃ =
√

∆ξ2 + ∆ζ2 �Ã¡�þ�Ú:

∆u = f(ξ + ∆ξ, ζ + ∆ζ)− f(ξ, ζ) = c1∆ξ + c2∆ζ + o(ρ̃)

Ïd, � u �� x, y �¼ê�, òOþ ∆ξ, ∆ζ �L�ª�\, �

∆u = (c1a1 + c2b1)∆x+ (c1a2 + c2b2)∆y + (c1 + c2)o(ρ) + o(ρ̃),

d�

ρ̃ =
√

[a1∆x+ a2∆y + o(ρ)]2 + [b1∆x+ b2∆y + o(ρ)]2.

w,, � ρ→ 0 (∆x→ 0, ∆y → 0) �, ρ̃→ 0, 
� ρ̃
ρ ´k.�µ

ρ̃2

ρ2
6

[
|a1|
|∆x|
ρ

+ |a2|
|∆y|
ρ

+
o(ρ)

ρ

]2

+

[
|b1|
|∆x|
ρ

+ |b2|
|∆y|
ρ

+
o(ρ)

ρ

]2

6M.

Ïd o(ρ̃) ´ ρ→ 0 ��Ã¡�þµ

lim
ρ→0

o(ρ̃)

ρ
= lim

ρ→0

o(ρ̃)

ρ̃

ρ̃

ρ
= 0
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nÜ±þ(J, k

∆u = (c1a1 + c2b1)∆x+ (c1a2 + c2b2)∆y + o(ρ),

=EÜ¼ê u = f(ϕ(x, y), ψ(x, y)) �� x, y �¼ê, §�Oþ�±L«¤ x, y �Oþ

∆x, ∆y ��5¼ê� ρ =
√

∆x2 + ∆y2 ���p�Ã¡�þ�Ú. ù�·�Òy²


EÜ¼ê�´���. �

þ¡�(JØ=y²
EÜ¼ê���5, Ó���Ñ���EÜ¼ê �ê�O

�. �â½n9.14, k

a1 =
∂ξ

∂x
=
∂ϕ

∂x
, a2 =

∂ξ

∂y
=
∂ϕ

∂y

b1 =
∂ζ

∂x
=
∂ψ

∂x
, b2 =

∂ζ

∂y
=
∂ψ

∂y

c1 =
∂u

∂ξ
=
∂f

∂ξ
, c2 =

∂u

∂ζ
=
∂f

∂ζ


l½ny²���Ü©�±uy

∂u

∂x
= c1a1 + c2b1,

∂u

∂y
= c1a2 + c2b2.

¤±, k

íØ 9.19 � u = f(ξ, ζ) 3«� D̃ ¥��, ξ = ϕ(x, y), ζ = ψ(x, y) 3«� D ¥

��, KEÜ¼ê u = f(ϕ(x, y), ψ(x, y)) 3 D ¥ �ê÷ve�óª{K

∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂ζ

∂ζ

∂x
∂u

∂y
=
∂u

∂ξ

∂ξ

∂y
+
∂u

∂ζ

∂ζ

∂y
.

¼ê u = f(ξ, ζ) = f(ϕ(x, y), ψ(x, y)) Q´Cþ ξ, ζ �¼ê, �´Cþ x, y �¼ê,

Ïd'u§��©kü«L«�ª, Ù�´ dξ, dζ ��5|Ü, Ù�´ dx, dy ��5

|Ü

du =
∂u

∂ξ
dξ +

∂u

∂ζ
dζ,

du =
∂u

∂x
dx+

∂u

∂y
dy

5¿�, � ξ, ζ ©O´x, y �¼ê�

dξ =
∂ξ

∂x
dx+

∂ξ

∂y
dy

dζ =
∂ζ

∂x
dx+

∂ζ

∂y
dy
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Ïd,

du =
∂u

∂ξ
dξ +

∂u

∂ζ
dζ

=
∂u

∂ξ

(
∂ξ

∂x
dx+

∂ξ

∂y
dy

)
+
∂u

∂ζ

(
∂ζ

∂x
dx+

∂ζ

∂y
dy

)
=
∂u

∂x
dx+

∂u

∂y
dy

=¼ê u 'uü|gCþ ξ, ζ Ú x, y ��©/ª´���. ùÒ´¤¢����©/

ª�ØC5.

þã?Ø¿ØÛ�uü�Cþ�/, ¯¢þ, éu n �Cþ�/, (Ø�¤á, ~X

� u = f(ξ1, ξ2, · · · , ξm), ξi = ϕi(x1, x2, · · · , xn) (i = 1, 2, · · · ,m), K

∂u

∂xj
=

∂u

∂ξ1

∂ξ1

∂ξj
+
∂u

∂ξ2

∂ξ2

∂xj
+ · · ·+ ∂u

∂ξm

∂ξm
∂xj

(j = 1, 2, · · · , n).

Ïd'u u ��©/ª�´ØC�

du =
∂u

∂ξ1
dξ1 + · · ·+ ∂u

∂ξm
dξm

=
∂u

∂x1
dx1 + · · ·+ ∂u

∂xn
dxn

o�, éuEÜ¼ê¦ �ê, Ø+¥mkA�EÜ, A�¥mCþ, ��@O
é

=��Cþ¦ �, Uìóª{K?1¦�=�.

~ 9.2.3 � u = f(x, y, z), y = ϕ(x, r), z = ψ(x, y, r). ¦ ∂u
∂x ,

∂u
∂r .

) ùp²LEÜ�, r u �¤gCþ x, r ���¼ê

u = u(x, r) = f(x, ϕ(x, r), ψ(x, y, r)).

Ïd·�k

∂u

∂x
= f ′x + f ′yϕ

′
x + f ′z(ψ

′
x + ψ′yϕ

′
x),

∂u

∂r
= f ′yϕ

′
r + f ′z(ψ

′
yϕ
′
r + ψ′r).

~ 9.2.4 �u�:�>Ö q �)�> ´ u = q
r , ùp r ´: r = (x, y, z) ��

:�ål r =
√
x2 + y2 + z2. � r 6= 0 �, ¦§3�m?¿�:?�FÝ9÷�� r �

CzÇ, ¿y²¼ê u ÷v Laplace �§

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0.

) Ï�
∂u

∂x
= −q 1

r2

∂r

∂x
= −q 1

r2

x√
x2 + y2 + z2

= −q x
r3
,
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|^¼ê'ugCþ�é¡5, ØJ�� u ©O'u y, z ��� �ê. Ïd�âFÝ

�$�{K, á=��

gradu = grad
q

r
=
(q
r

)′
grad r = − q

r2

r

r
= −q r

r3
.

P r ��þ�ü �þ� r0 = r
r , K>  u ÷�� r �CzÇ�

∂u

∂r
= gradu · r0 = gradu · r

r
= −q r

r3
· r
r

= − q

r2
.

UYé u ¦�� �ê

∂2u

∂x2
= q

∂

∂x

(
− x
r3

)
= q
−r3 + 3r2xr′x

r6
= −q 1

r3
+ q

3x2

r5
.

d¼êéugCþ�é¡5q�

∂2u

∂y2
= −q 1

r3
+ q

3y2

r5
,

∂2u

∂z2
= −q 1

r3
+ q

3z2

r5
.

¤± u = q
r (r 6= 0) ÷v Laplace �§. ¡÷v Laplace �§�¼ê¡�NÚ¼ê.

9.2.5 �þ�¼ê��ûÚ�©

�Ä�þ�¼ê£½ëê­�¤

t 7−→ r(t), t ∈ [α, β]

XJe�4��3

r′(t) =
dr

dt
(t) = lim

∆t→0

r(t+ ∆t)− r(t)

∆t

@o¡�� r(t) 'u t ��ê. �â½Â, �þ�¼ê��ê�´���þ.

lAÛþw, �­�þü: M0 Ú

M éA� ��þ©O´ r(t0)Ú r(t).

u´���þ
−−−→
M0M = r(t) − r(t0), �

r(t)−r(t0)
t−t0 Ò�

−−−→
M0M ��, ¿��ëê

�O\��. � t→ t0 �, r(t) 3 t0 �

�ê r′(t0) Ò´­�3 M0 ���þ,

��þ�����ëêO\���.
ã 9.11

3���IXe, �þ�¼ê£½­��ëê�§L«¤�

r(t) = x(t)i+ y(t)j + z(t)k, t ∈ [α, β]

N´�y, r(t) ����=�§�©þ¼ê��, �

r′(t) =
dx

dt
(t)i+

dy

dt
(t)j +

dz

dt
(t)k.
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e§�UY¦�, Kk

d2r

dt2
(t) =

d2x

dt2
(t)i+

d2y

dt2
(t)j +

d2z

dt2
(t)k,

��. XJò t ´À��mCþ, r(t) À����:� ��þ, @o§����êÚ�

��ê©OL«�:$Ä��Ý�þÚ\�Ý�þ.

aqu¼ê�/, �±Ú?�þ��© dr(t) = dr
dt dt ½

dr = dxi+ dyj + dzk

�þ�¼ê��ê£�©¤$���þ��ê$�÷vXe'Xµ

5� 7 � a(t), b(t) ´�þ�¼ê, f(t) ´êþ¼ê, K

1◦
d

dt
(fa) = f

da

dt
+

df

dt
a,

2◦
d

dt
(a · b) =

da

dt
· b+ a · db

dt
,

3◦
d

dt
(a× b) =

da

dt
× b+ a× db

dt
.

�þ�¼ê��©$��÷vaq�'X.

y² ·��y² 3◦ . � a(t) = x1(t)i+ y1(t)j + z1(t)k, b(t) = x2(t)i+ y2(t)j +

z2(t)k, �y² 3◦ ¥��ªü>��, ��y²ü>�z�©þ¼ê��, é1��©

þ¼ê, ��O�k[
d

dt
(a× b)

]
· i =

d

dt
(a× b · i) =

d

dt
(y1z2 − y2z1)

= y′1z2 + y1z
′
2 − y′2z1 − y2z

′
1

= (y′1z2 − y′2z1) + (y1z
′
2 − y2z

′
1)

=
da

dt
× b · i+ a× db

dt
· i.

Ón�y²ü>Ù¦©þ���. �

~ 9.2.5 � a(t) ´½���þ�¼ê: |a(t)| = c (~ê), ½ a · a = c2, Kd

0 =
d

dt
(a · a) = 2a · da

dt

��, ½���þ�¼ê�§���þR�.

~ 9.2.6 ���:�ÄþÝ½Â�

l = r ×mv = r × p

Ù¥m ��:��þ, r ´�:� ��þ, v = dr
dt ´�Ý, p = mv ´Äþ . K�:

�ÄþÝ��m�CzÇ�
dl

dt
=

d(r × p)

dt
=

dr

dt
× p+ r × dp

dt
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þªm>1��� 0, ÏdòÚî1�½Æ

dp

dt
= m

d2r

dt2
= F

�\m>�1���
dl

dt
= r × F = M

ùpM = r × F ¡��å F é�I�:�åÝ, ¤±ÄþÝ�CzÇ�uåÝ.

þãO�¥��²w�¯¢´, ·�æ^�´�½����IX, n��I�þ

i, j, k �CþÃ'. ��æ^Ù¦�IX, KéA��I�þ�U�Cþk', Ïdé

u�þ¦��, 7L��Äé�I�þ��ê. ±e±���m�~.

� i, j ´���m R2 ���IX¥ü��½��I�þ. 34�IL«e

r(t) = x(t)i+ y(t)j = r(t) cos θ(t)i+ r(t) sin θ(t)j.

ùp4�I r = r(t), θ = θ(t) ´ t �¼ê. � r ��þ��ü �þ±9_����R

��,��ü �þ:

er = cos θ(t)i+ sin θ(t)j,

eθ = − sin θ(t)i+ cos θ(t)j.

üö�¤3�: (x(t), y(t)) ?��IX. ØJ�Ñ§���ê©O´

der
dt

= − sin θ
dθ

dt
i+ cos θ

dθ

dt
j =

dθ

dt
eθ,

deθ
dt

= − cos θ
dθ

dt
i− sin θ

dθ

dt
j = − dθ

dt
er.

d�, ���:� ��þ3�IX {er, eθ} ¥�±L«¤

r(t) = r(t)er.

§��Ý�þÚ\�Ý�þ©O´

v(t) =
dr

dt
=

dr

dt
er + r

dθ

dt
eθ,

a(t) =
dv

dt
=

(
d2r

dt2
− r

(
dθ

dt

)2
)
er +

(
r

d2θ

dt2
+ 2

dr

dt

dθ

dt

)
eθ.

����IXe�ÝÚ\�Ý�L«�'�, þª���NÑ�ÝÚ\�Ý©O3��

Ú»����©).

éu�6ü�Cþ��þ£=­¡�ëê�§L«¤

r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D.
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§� �ê½Â�

∂r

∂u
=
∂x

∂u
i+

∂y

∂u
j +

∂z

∂u
k,

∂r

∂v
=
∂x

∂v
i+

∂y

∂v
j +

∂z

∂v
k.

§��©´

dr(u, v) = dx(u, v)i+ dy(u, v)j + dz(u, v)k

=
∂r

∂u
du+

∂r

∂v
dv.

��, k
þã?Ø, ØJò¦�Ú�©í2������/.

�N� f : Rn −→ Rm, �¤©þ�/ªk

y = (y1, · · · , ym) = (f1(x), · · · , fm(x)),

Ù¥�z��©þÑ´�� n �¼ê. ·�½Â f ��©Ò´éz��©þ��©, Ï

dk

df(x) = ( df1(x), · · · , dfm(x)).

|^ n �¼ê�©�5K

dfj =
n∑
i=1

∂fj
∂xi

dxi, j = 1, 2, · · · ,m.

¿|^�5�ê¥'uÝ
�$�, ·�k
df1

...

dfn

 =


∂y1
∂x1

· · · ∂y1
∂xn

...
...

∂ym
∂x1

· · · ∂ym
∂xn




dx1

...

dxn

 .

P

Jx(f) =


∂y1
∂x1

· · · ∂y1
∂xn

...
...

∂ym
∂x1

· · · ∂ym
∂xn

 ,

¿¡���þ�¼ê f �Jacobi Ý
.

� n = m �, Jacobi Ý
��
, §�1�ª{P�

detJx(f) =
∂(y1, · · · , yn)

∂(x1, · · · , xn)
,

¿¡��¼ê� Jacobi 1�ª.

AO, éu R2 → R2 ����þ�¼ê

f = (x(u, v), y(u, v)), ½ x = x(u, v), y = y(u, v)
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J(f) =

(
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

)
,

∂(x, y)

∂(u, v)
=

∣∣∣∣∣∂x∂u ∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣ .
éu�þ�¼ê�EÜ¦�, ·�±��²¡���²¡þ�N��~`². �

ξ = ξ(u, v), ζ = ζ(u, v); u = u(x, y), v = v(x, y),

ù´²¡m�ü�N� (x, y) → (u, v) Ú (u, v) → (ξ, ζ), EÜ�Ò��N� (x, y) →
(ξ, ζ), �¤©þ/ªÒ´

ξ = ξ(u(x, y), v(x, y)), ζ = ζ(u(x, y), v(x, y)).

Ïd ξ, ζ ©Oé x, y � �êÒ´EÜ¼ê� �ê. AO5¿�

∂(ξ, ζ)

∂(x, y)
=
∂(ξ, ζ)

∂(u, v)

∂(u, v)

∂(x, y)

ùÒ´N�� Jacobi 1�ª�m�óª{K, �Öög1�y.

SK 9.2

1. ¦e��¼ê3�½:� �û:

(1) � f(x, y) = x+ y −
√
x2 + y2, ¦ f ′x(3, 4);

(2) � f(x, y) = sin x2y, ¦ f ′x(1,�);

(3) � f(x, y) = ln[xy2 + yx2 +
√

1 + (xy2 + yx2)2], ¦ f ′x(1, y), f ′y(1, y).

2. ¦e��¼êéuz�gCþ� �û:

(1) z =
xey

y2
; (2) z = 3−

y
x ;

(3) z = sin
x

y
cos

y

x
; (4) z = ln(x+

√
x2 + y2);

(5) u = arctan
x+ y

x− y
; (6) u = ex(x2+y2+z2);

(7) u = xy
z

; (8) u = xe−z + ln(x+ ln y) + z.

3. � f(x, y) =
� x2y

1
sin t
t dt, ¦ ∂f

∂x ,
∂f
∂y .

4. � f(x, y) =

y sin 1
x2+y2 , x2 + y2 6= 0,

0, x2 + y2 = 0.
�	¼ê f(x, y) 3�: (0, 0) � �ê.

5. y²¼ê z =
√
x2 + y2 3: (0, 0) ëY� �êØ�3.

6. ¦­¡ z = x2+y2

4 �²¡ y = 4 ���3: (2, 4, 5) ?���� Ox ¶���¤¤

��Ý.
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7. ¦­�

z =
√
x2 + y2 + 1,

x = 1
þ: (1, 1,

√
3) ?���©O� x ¶!y ¶!z ¶�

��Y�.

8. y²¼ê u = 1√
t
e−

x2

4t ÷v9D��§ ∂u
∂t = ∂2u

∂x2 .

9. 3e��K¥, ¦ ∂2z
∂x2 ,

∂2z
∂x∂y ,

∂2z
∂y2

(1) z = x−y
x+y ; (2) z = arctan x+y

1−xy ;

(3) z = ln(x+
√
x2 + y2); (4) z = sin2(ax+ by);

(5) z = ylnx; (6) z = arcsin(xy).

10. � u = exyz, ¦ ∂3u
∂x∂y∂z ,

∂3u
∂x∂y2 .

11. � r =
√
x2 + y2 + z2, y²� r 6= 0 �k

(1) ∂2r
∂x2 + ∂2r

∂y2 + ∂2r
∂z2 = 2

r ;

(2) ∂2 ln r
∂x2 + ∂2 ln r

∂y2 + ∂2 ln r
∂z2 = 1

r2 ;

(3) ∂2

∂x2
1
r + ∂2

∂y2
1
r + ∂2

∂z2
1
r = 0.

12. �

f(x, y) =

xy
x2−y2
x2+y2 , x2 + y2 6= 0,

0, x2 + y2 = 0.

y²¼ê��� �ê�3, �¤k�� �ê (AO´ü�·Ü �ê) 3 (0, 0)

ØëY, � f ′′xy(0, 0) 6= f ′′yx(0, 0) (ù�~f`², 3¼ê3�:©Oé x Ú y ¦�

�gSØU��, Ù�Ï´ØëYÚå�).

13. ¦e�¼ê��©, ½3�½:��©

(1) z = ln(x2 + y2); (2) z = xy
x2+y2 ;

(3) u = s+t
s−t ; (4) z = arctan y

x ;

(5) z = sin(xy) 3: (0, 0); (6) z = x4 + y4 − 4x2y2 3: (0, 0), (1, 1);

14. � f Ú g ´ü���¼ê. |^�©�½ÂÚ½n 9.14, y² d(fg) = gdf + fdg.

(=Äk©O�Ñ f Ú g �Oþ�L�ª, ©Û fg �Oþ�L�ª).

15. �â���½Ây², ¼ê f(x, y) =
√
|xy| 3�:?Ø��.

16. y²¼ê f(x, y) =


x2y
x2+y2 , x2 + y2 6= 0,

0, x2 + y2 = 0
3: (0, 0) ëY� �ê�3, �3d
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:Ø��.

17. y²¼ê f(x, y) =


(x2 + y2) sin 1√

x2+y2
, x2 + y2 6= 0,

0, x2 + y2 = 0
3: (0, 0) ëY� �

ê�3, � �ê3: (0, 0) ØëY, 
 f 3�: (0, 0) ��.

18. ée�¼ê, ¦Ñ'u x Ú y �¤k��Ú�� (¹·Ü)  �ê.

(1) z = u ln v, Ù¥ u = x2, v = 1
1+y ;

(2) z = u arctan v, Ù¥ u = xy
x−y , v = x2y + y − x.

19. ¦e�EÜ¼ê� �ê½�ê.

(1) � u = et + arctan(t2 + 1), t = xy, ¦ ∂u
∂x ,

∂u
∂y ;

(2) � u = exyz, x = rs, y = r
s , z = rs, ¦ ∂u

∂r ,
∂u
∂s ;

(3) � u = ln(x2 + y2), x = et+s+r, y = 4(s2 + t2), ¦ ∂u
∂r ,

∂u
∂s ,

∂u
∂t ;

(4) � u = eax(y−z)
a2+1 , y = a sinx, z = cosx, ¦ du

dx ;

20. ¦e�EÜ¼ê� �ê½�ê, Ù¥�K¥� f þkëY��� �.

(1) � u = f(x, y), x = t3, y = 2t2, ¦ du
dt ;

(2) � u = f(x, y, z), x = sin t, y = cos t, z = et, ¦ du
dt ;

(3) � u = f(x2 − y2, exy), ¦ ∂u
∂x ,

∂2u
∂x∂y ;

(4) � u = f(x+ y + z, x2 + y2 + z2), ¦ ∂u
∂x ,

∂2u
∂x2 ,

∂2u
∂x∂y ;

21. ¦¼ê u = xyz 3: (1, 2,−1) ÷�� l = (3,−1, 1) ����û.

22. Á¦¼ê z = arctan y
x 3� x2 + y2 − 2x = 0 þ�: P

(
1
2 ,
√

3
2

)
?÷T�±_��

��þ����û.

23. ¦¼ê u = x2 + 2y2 + 3z2 + xy + 3x− 2y − 6z 3: (1, 1,−1) �FÝÚ����

�û.

24. � r = xi+ yj + zk, r = |r|, Á¦ (1) grad 1
r2 ; (2) grad ln r.

25. � u = f(t), t = ϕ(xy, x + y), Ù¥ f, ϕ ©OäkëY����ê9 �ê, ¦
∂u
∂x ,

∂u
∂y ,

∂2u
∂x∂y .

26. � z = f(xy), f ���¼ê. y² x ∂z∂x − y
∂z
∂y = 0.

27. � z = f
(

lnx+ 1
y

)
, f ���¼ê. y² x ∂z∂x + y2 ∂z

∂y = 0.

28. y²¼ê u = ϕ(x− at) + ψ(x+ at) ÷vÅÄ�§

∂2u

∂t2
= a2∂

2u

∂x2
.
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Ù¥ ϕ, ψ këY����û.

29. e u = F (x, y), F ?¿�� ��3, 
 x = r cosϕ, y = r sinϕ. y²:(
∂u

∂r

)2

+

(
1

r

∂u

∂ϕ

)2

=

(
∂u

∂x

)2

+

(
∂u

∂y

)2

.

30. Áy: �§ ∂2u
∂x2 + 2 ∂2u

∂x∂y − 3∂
2u
∂y2 + 2∂u∂x + 6∂u∂y = 0 ²Cz ξ = x+ y, η = 3x− y �C

¤ ∂2u
∂η∂ξ + 1

2
∂u
∂ξ = 0. (Ù¥�� �êþëY)

31. Áy: �§ ∂2u
∂x2 + 2 ∂2u

∂x∂y cosx − ∂2u
∂y2 sin2 x − ∂u

∂y sinx = 0 ²C� ξ = x − sinx + y,

η = x+ sinx− y �C¤ ∂2u
∂ξ∂η = 0. (Ù¥�� �êþëY)

32. �C�

u = x− 2y,

v = x+ ay
�r�§ 6 ∂

2z
∂x2 + ∂2z

∂x∂y −
∂2z
∂y2 = 0 {z� ∂2z

∂u∂v = 0. ¦~ê

a. (Ù¥�� �êþëY)

33. ¦�§ ∂z
∂y = x2 + 2y ÷v^� z(x, x2) = 1 �) z = z(x, y).

34. � u = u(x, y), � y = x2 �k u = 1, ∂u∂x = x, ¦� y = x2 �� ∂u
∂y .

35. � u = u(x, y) ÷v�§ ∂2u
∂x2 −

∂2u
∂y2 = 0 ±9^� u(x, 2x) = x, u′x(x, 2x) = x2, ¦

u′′xx(x, 2x), u′′xy(x, 2x), u′′yy(x, 2x). (Ù¥�� �êþëY)

36. ¦e�EÜ¼ê��© du

(1) u = f(t), t = x+ y;

(2) u = f(ξ, η), ξ = xy, η = x
y ;

(3) u = f(x, y, z), x = t, y = t2, z = t3;

(4) u = f(x, ξ, η), ξ = x2 + y2, η = x2 + y2 + z2;

(5) u = f(ξ, η, ζ), ξ = x2 + y2, η = x2 − y2, ζ = 2xy.

37. ¦3¥�Ie� Laplace �§�/ª.

38. ¦���IÚ4�I��IC� x = x(r, θ) = r cos θ, y = y(r, θ) = r sin θ �

Jacobi 1�ª.
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§9.3 Û¼ê½nÚ_N�½n

Ø
 y = f(x), z = f(x, y) �¼ê�L��ª	, �þCþ�m�¼ê'X´ÏL

�§£½�§|¤�Ñ�, §��ã�¡� Ûª­� ½ Ûª­¡. ~X²¡þ��d�

§ ax+ by + c = 0 �Ñ, �»�1��±d�§ x2 + y2 − 1 = 0 �Ñ. ��/, XJ�§

F (x, y) = 0

3,���SU
(½Cþ x Ú y �m�¼ê'X y = y(x) ½ x = x(y), @o¡ù�

�¼ê´d�§(½�Û¼ê ½¡�¼ê�ÛL«. 5¿, �·�'5�§ F (x, y) = 0

�, ¿Øb½Cþ x Ú y ¥=��',��?u`k/ .

3���§¥, �±)Ñ y ´ x ��5¼ê£½ö x ´ y ��5¼ê¤. 3

(½ü ���§¥, �±©O�7�4: (0, 1), ÛÜ/)ÑL«þ���¼ê

y =
√

1− x2, x ∈ (−1, 1) , ±9�7H4: (0,−1), ÛÜ/)ÑL«e���¼ê

y = −
√

1− x2, x ∈ (−1, 1).

�´, 3ý�õê�¹e, �§¤(½�¼ê'X£=¦´ÛÜ¤́ Ã{ÏLwª)

Ñ�, $�´Ä�3�¤�¯K. ~X�§ sin(x+ y) + 2x+ y = 0 ÒÃ{^Ð�¼ê�

Ñwª), x2 + y2 = 0 �)�´²¡þ��:, 
�§ x2 + y2 + 1 = 0 ��Ã¢ê).

Ïdk7�ÏL��ïÄ¼ê F (x, y) ��, 
)�§ F (x, y) = 0 ´ÄÛ¹X,«

Cþ�m�¼ê'X, ¿l�§¥���Ñ¼ê£½­�!­¡¤���5£½��!�

²¡¤�5�, 
Ø´l�§¥äN¦Ñ¼êL«, 2ïÄ¼ê�5�.

9.3.1 Û¼ê��35Ú�û

Äk�)ûÛ¼ê��35¯K. �d·��Xe©Û: �¼ê F (x, y) ´«�

D ⊂ R2 þ���¼ê, (x0, y0) ∈ D ÷v F (x0, y0) = 0£L²�§ F (x, y) = 0 ��k

�é)¤, bX�§ F (x, y) = 0 3 (x0, y0) NC�3Û¼ê, Ø��� y = f(x), @o

F (x, f(x)) ≡ 0.

éð�ªü>|^EÜ¼ê�¦�, �

F ′x + F ′yf
′(x) = 0,

¤±, Û¼ê��êATäkXe/ª

dy

dx
= −F

′
x(x, y)

F ′y(x, y)
.

Ïd, �§ F (x, y) = 0 �3��Û¼ê�^�´¼ê F (x, y) këY� �ê, �

F ′y(x, y) (½ F ′x(x, y)) 3 (x0, y0) ?Ø�u".
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½n 9.20 (Û¼ê�3½n) �«� D ⊂ R2, M0(x0, y0) ∈ D. XJ F (x, y) 3

D ¥k½Â¿÷vµ

1◦ F (x, y) ∈ C1(D), =F (x, y)3«�D ¥këY� �¼ê;

2◦ F (x0, y0) = 0;

3◦ F ′y(x0, y0) 6= 0.

@o�3 M0 ���Ý/�� (a, b) × (c, d) ⊂ D, ¦�éz�� x ∈ (a, b), �§

F (x, y) = 0 �3��) y = f(x), ÷v y0 = f(x0), � y = f(x) ëY¿ke��û

dy

dx
= f ′(x) = −F

′
x(x, y)

F ′y(x, y)
.

XJ^� 3◦ U� F ′x(x0, y0) 6= 0, @o�3aqþã(J�Û¼ê x = g(y).

y² Äky²Û¼ê��35. y²L§¥, ò�E|^¼êëY5�Ä�5�.

Ø�� F ′y(x0, y0) > 0. d F ′y(x, y) �ëY5��, �3��± (x0, y0) �¥%�Ý

/4�� [a′, b′]× [c, d], ¦�

F ′y(x, y) > 0, (x, y) ∈ [a′, b′]× [c, d].

Ïd, é?Û�½� x ∈ [a′, b′], F (x, y) 3 [c, d] þ'u y ´î�üNO�, AO3

x0 ∈ [a′, b′], k

F (x0, c) < F (x0, y0) = 0 < F (x0, d),

d F (x, y) é x �ëY5��, �3��± x0 �¥%�ú�«m [a, b] ⊂ [a′, b′], ¦�

F (x, c) < 0 < F (x, d), x ∈ [a, b].

Ó�¤á. 2Ï� F (x, y) é y �ëY5Úî�üN5, éz�� x ∈ [a, b], d0�½n

�,�3 [c, d]¥����:,P� f(x)£ c < f(x) < d, x ∈ [a, b]¤,¦� F (x, f(x)) = 0.

ù«éA'X�Ñ�¼ê y = f(x) Ò´�§(½�Û¼ê.

AO, é x0 ∈ [a, b], �k��� f(x0) ∈ [c, d], ¦� F (x0, f(x0)) = 0. �d^� 2◦

�, y0 �÷v F (x0, y0) = 0, Ïdd��5B�� y0 = f(x0).

���y²Û¼ê y = f(x) ëY¿këY��¼ê. é?¿� x ∈ (a, b), �Oþ h

¿©�,¦� x+h ∈ (a, b). P k = f(x+h)−f(x),K F (x, f(x)) = 0, F (x+h, f(x+h)) =

0, �Ò´ F (x+ h, f(x) + k) = 0. aq½n 9.15 �y², ¿P y = f(x), k

0 = F (x+ h, y + k)− F (x, y)

= [F (x+ h, y + k)− F (x+ h, y)] + [F (x+ h, y)− F (x, y)],

mà1���)ÒS�´1��CþØÓ, 
1���)ÒS�´1��CþØÓ. Ï
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d©Oé1��CþÚ1��Cþ¦^�©¥�½n.

F (x+ h, y + k)− F (x+ h, y) = kF ′y(x+ h, y + θ2k)

F (x+ h, y)− F (x, y) = hF ′x(x+ θ1h, y)

Ù¥ 0 < θ1, θ2 < 1. Ïd

kf ′y(x+ h, y + θ2k) + hf ′x(x+ θ1h, y) = 0

du �ê F ′x, F
′
y �ëY5±9 F ′y(x0, y0) 6= 0, Äk��3 (x0, y0) �����S,

|F ′x|
|F ′y|
6M k., ¤±

|k| = |F
′
x|
|F ′y|
|h| 6M |h|,

� h→ 0 �, Òk k = f(x+ h)− f(x)→ 0, ù�·�Òy²
 f(x) �ëY5. Ùg

lim
h→0

f(x+ h)− f(x)

h
= − lim

h→0

F ′x(x+ θ1h, y)

F ′y(x+ h, y + θ2k)

= −F
′
x(x, y)

F ′y(x, y)
,

= f(x) ��, �f ′(x) = −F ′x(x,y)
F ′y(x,y) ëY. �d·�Ò�¤
½n�y². �

~ 9.3.1 ��§

F (x, y) = sin(x+ y) + 2x+ y = 0

(½ y ´ x �¼ê, 3 (x, y) = (0, 0) NC, ¦ dy
dx Ú

d2y
dx2 .

) w,, (x, y) = (0, 0) ÷v�§. �â½n

F ′x(x, y) = cos(x+ y) + 2, F ′y(x, y) = cos(x+ y) + 1

� F ′y(0, 0) 6= 0 ,¤±

dy

dx
= −cos(x+ y) + 2

cos(x+ y) + 1
= −1− 1

cos(x+ y) + 1
.

u´r y �¤ x �¼ê, UY¦�

d2y

dx2
= − d

dx

1

cos(x+ y) + 1

= − sin(x+ y)

(1 + cos(x+ y))2

(
1 +

dy

dx

)
=

sin(x+ y)

(1 + cos(x+ y))3
.
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~ 9.3.2 �Ä�§

F (x, y) = y3 − x = 0

3: (0, 0) ?, F (0, 0) = 0, F ′y(0, 0) = 0. ,
, �§3 (0, 0) NC(¢�3Û¼ê£�

±��l�§¥)Ñ5¤

y = x
1
3

�´3 x = 0 ?Ø��. ù�~f`²½n¥^� F ′y(x0, y0) 6= 0 �´¿©^�.

~ 9.3.3 �Ä�§ (éA�­�¡� Descartes �/�. ã9.12)

F (x, y) = x3 + y3 − 3axy = 0

é¼ê F (x, y) = x3 + y3 − 3axy �ü�Cþ©O¦��

F ′x(x, y) = 3x2 − 3ay, F ′y(x, y) = 3y2 − 3ax

5¿��: (0, 0) �,÷v

�§ F (0, 0) = 0, �´ F ′x(0, 0) =

0, F ′y(0, 0) = 0. ¤±½n3 (0, 0) �

�. lã/þw, ­�3: (0, 0) ?g

��, Ïd, 3ù�:�NC, ?Û�½

� x (½ y), ÑÃ{��ü�/éA�

� y (½ x). �Ò´`Û¼êØ�U�

3.

x

y

ã 9.12

éu­�þ÷v y2 − ax 6= 0 �@
: (x, y) ?, Û¼ê´�3�, §��ê´

dy

dx
= −x

2 − ay
y2 − ax

.

� y′ = 0, = x2 − ay = 0 �, éX��§, )�

x = a
3
√

2, y = a
3
√

4

§´Û¼ê�7:, é�~f5`�´4�:Ú4�. ¤±, =¦vk��¼ê�wL

«, �U¦Ñ4�:Ú4�.

þã~f�`²��¯¢: e��­� F (x, y) = 0 g��, K3�:? F (x, y) �

ü� �ê�½� 0, ÄK����Ø� 0, Ò¬�3Û¼ê, ùw,´Ø�U�.

½n 9.20 ´���m¥d�§ F (x, y) = 0 (½Û¼ê��35½n. Ød�	,

�ke�n«;.�/, ÙÛ¼ê��35y²��þ�½n 9.20 ´���, ·�òX

­�ÑÛ¼ê�ê�í�L§, k'Û¼ê�AÛ)ºò3e!?Ø.
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1◦ �Än��m����§

F (x, y, z) = 0

XJ�3��) (x0, y0, z0), F (x0, y0, z0) = 0, ¿3(x0, y0, z0) NC, �3Û¼ê z =

f(x, y), @o

F (x, y, f(x, y)) ≡ 0.

Ó�, éù�ð�ªü>©Oé x Ú y ¦�, Kk

F ′x + F ′zf
′
x = 0; F ′y + F ′zf

′
y = 0.

l¥�±)�, Û¼ê z = f(x, y) �ü� �êXe

∂z

∂x
= −F

′
x(x, y, z)

F ′z(x, y, z)
,
∂z

∂y
= −

F ′y(x, y, z)

F ′z(x, y, z)
.

Ïd, ù«�¹eÛ¼ê�3�^�´: F (x, y, z) këY� �ê, F (x0, y0, z0) = 0, �

F ′z(x0, y0, z0) 6= 0

�,, XJ F ′x(x0, y0, z0) 6= 0 ½ F ′y(x0, y0, z0) 6= 0, @oÛ¼êÒ´ y = f(x, z) ½

x = f(y, z). nÜ
ó, ���§�3��) (x0, y0, z0) �3T:?¼ê F (x, y, z) �F

ÝØ�" gradF (x0, y0, z0) 6= 0£�du F ′x, F
′
y, F

′
z Ø��",½ö F ′2x +F ′2y +F ′2z 6= 0¤,

@o3 (x0, y0, z0) NCÒ�½�3Û¼ê.

2◦ �Än��mdü��§�¤��§| F (x, y, z) = 0,

G(x, y, z) = 0.

þãü��§�Ñn�Cþ�ü��å, XJk��) (x0, y0, z0) , 
�3 (x0, y0, z0)

�NC, �3��Û¼ê

y = y(x), z = z(x),

�\�§|, Òkü�ð�ª

F (x, y(x), z(x)) = 0, G(x, y(x), z(x)) = 0,

é x ¦�, ¿)Ñ y′(x), z′(x),

y′(x) = −F
′
xG
′
z − F ′zG′x

F ′yG
′
z − F ′zG′y

, z′(x) = −
F ′xG

′
y − F ′yG′x

F ′yG
′
z − F ′zG′y

.

Ïd, Û¼ê�3���^�´: F (x, y, z), G(x, y, z) këY� �ê, (x0, y0, z0) ÷v

�§|, �3ù�:? Jacobi 1�ª

∂(F,G)

∂(y, z)
=

∣∣∣∣∣∂F∂y ∂F
∂z

∂G
∂y

∂G
∂y

∣∣∣∣∣ 6= 0.
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Ù¦�¹aq. nÜ
ó, ��þ gradF × gradG 6= 0 �, Û¼êÒ�½�3.

3◦ �Äo��mdü��§�¤��§|

�  F (x, y, u, v) = 0,

G(x, y, u, v) = 0.

(½
Û¼ê u = u(x, y), v = v(x, y), �\�§|, ¿©Oé x Ú y ¦ �ê, �

∂F

∂x
+
∂F

∂u

∂u

∂x
+
∂F

∂v

∂v

∂x
= 0

∂G

∂x
+
∂G

∂u

∂u

∂x
+
∂G

∂v

∂v

∂x
= 0

dþã�5�§|, )Ñ u, v é x ��ê

∂u

∂x
= −∂(F,G)

∂(x, v)

/∂(F,G)

∂(u, v)
,
∂v

∂x
= −∂(F,G)

∂(u, x)

/∂(F,G)

∂(u, v)
.

aq��� u, v é y ��ê

∂u

∂y
= −∂(F,G)

∂(y, v)

/∂(F,G)

∂(u, v)
,
∂v

∂y
= −∂(F,G)

∂(u, y)

/∂(F,G)

∂(u, v)
.

�,, d«�¹eÛ¼ê�3�^�´ F (x, y, u, v), G(x, y, u, v) këY� �ê, �§

|��k) (x0, y0, u0, v0) �3T:?÷v

∂(F,G)

∂(u, v)
6= 0.

~ 9.3.4 � z = z(x, y) ´d�§ ez − xyz = 0 ¤(½�Û¼ê, ¦ ∂z
∂x �

∂z
∂y .

) � F (x, y, z) = ez − xyz, ��

∂F

∂x
= −yz, ∂F

∂y
= −xz, ∂F

∂z
= ez − xy.

�\þãúª�Ñ
∂z

∂x
=

yz

ez − xy
,
∂z

∂y
=

xz

ez − xy
.

½|^ ez = xyz �z{¤

∂z

∂x
=

z

x(z − 1)
,
∂z

∂y
=

z

y(z − 1)
.

'uO�Û¼ê�p��û, �Iéù�Û¼ê¤÷v�ð�ªõg$^EÜ¼ê

��û{K¦�=�. e¡=Þü~±���.

~ 9.3.5 � z = z(x, y) ´d�§ ax2 + by2 + cz2 = 1 ¤(½�Û¼ê, ¦
∂2z
∂x2 ,

∂2z
∂x∂y ,

∂2z
∂y2 .
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) ò¤��§é x � y ¦ �û�

ax+ cz
∂z

∂x
= 0, by + cz

∂z

∂y
= 0,

¤±
∂z

∂x
= −ax

cz
,

∂z

∂y
= −by

cz
.

2òþã�ª©Oé x, y ¦ �ûÒ��

∂2z

∂x2
= − a

cz
+
ax

cz2

∂z

∂x
,

∂2z

∂y2
= − b

cz
+

by

cz2

∂z

∂y
,

∂2z

∂x∂y
=

by

cz2

∂z

∂x
.

ò ∂z
∂x ,

∂z
∂y �L�ª�\¿z{��

∂2z

∂x2
= −acz

2 + a2x2

c2z3
,

∂2z

∂x∂y
= −abxy

c2z3
,

∂2z

∂y2
= −bcz

2 + b2y2

c2z3
.

~ 9.3.6 �§| u2 − v + x = 0,

u+ v2 − y = 0

3 (0, 0) ���¥(½ u Ú v ´ x, y �¼ê,¦ ∂u
∂x Ú

∂v
∂x .

) ��§|®(½Û¼ê|

u = u(x, y), v = v(x, y).

�§|�ü��§é x ¦�, ��2uu′x − v′x + 1 = 0,

u′x + 2vv′x = 0.

u´)�
∂u

∂x
= − 2v

1 + 4uv
,

∂v

∂x
=

1

1 + 4uv
.

9.3.2 l�©��ÝwÛ¼ê½n

Ï�b�
 F (x, y) � �êëY, ¤± F (x, y) ��. Ïd, é¼ê F (x, y) ?1�

©, k

dF = F ′x dx+ F ′y dy.
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��§ F (x, y) = 0 �ÑÛ¼ê y = y(x) �, k F (x, y(x)) ≡ 0, Ïd�©�

dF = F ′x dx+ F ′y dy = 0,

XJ�3Û¼ê x = x(y), �Ó���þã�ª. ùÒ´`�Cþ x, y É�§

F (x, y) = 0 �å, *dØ2Õá�, @oCþ x, y �UCþ dx, dy �Ø2Õá, 
´÷

v�5�§ F ′x dx + F ′y dy = 0. ��Ù¥��XêØ�", Ø�� F ′y 6= 0 , K��Û¼

ê��©

dy = y′(x) dx = −F
′
x(x, y(x))

F ′y(x, y(x))
dx.

XJ�Än��m���­�

F (x, y, z) = 0, G(x, y, z) = 0

é¼ê F (x, y, z) Ú G(x, y, z) ?1�©¿�ÄXe�§|

F ′x dx+ F ′y dy + F ′z dz = 0, G′x dx+G′y dy +G′z dz = 0

Ø�� Jacobi 1�ª ∂(F,G)
∂(y,z) 6= 0, K�§|k��)

dy = −F
′
xG
′
z − F ′zG′x

F ′yG
′
z − F ′zG′y

dx, dz = −
F ′xG

′
y − F ′yG′x

F ′yG
′
z − F ′zG′y

dx.

=´Û¼ê y = y(x), z = z(x) ��©, 
 ∂(F,G)
∂(y,z) 6= 0 K´�3ù«/ªÛ¼ê�¿©

^�.

éu���/, �N�

F : D ⊂ Rm+n → Rn

3 D þ��, F �¼ê�´ Rn ¥��þ, Ïd�±�¤©þ/ª F = (F1, · · · , Fn),

Ù¥z� Fi ´�� m+ n �¼ê.

XJ F (x,y) = 0, x = (x1, · · · xm), y = (y1, · · · , yn), �e� Jacobi 1�ª÷v

∂(F1, · · · , Fn)

∂(y1, · · · , yn)
6= 0

@o, �3Û¼ê y = y(x). é�ª

F (x,y(x)) = 0

?1�©, �
m∑
i=1

∂F1

∂xi
dxi +

n∑
j=1

∂F1

∂yj
dyj = 0

· · · · · ·
m∑
i=1

∂Fn
∂xi

dxi +
n∑
j=1

∂Fn
∂yj

dyj = 0
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d�5�§|��'nØ��, lþã�§¥�±��)Ñ dy1, dy2, · · · , dyn, 
�§

�´ dx1, dx2, · · · , dxm ��5¼ê, ¤±�Ñ
Û¼ê

y1 = yi(x1, · · · , xm), · · · , yn = yn(x1, · · · , xm)

��©, Ù¥'u dxi �XêÒ´Û¼êé xi � �ê, ùp i = 1, · · · ,m.

'u��N��ÛN�½n, ò31nþ�[?Ø.

9.3.3 _N���û

Äk£Ák'��¼ê��¼ê±9�ê. � y = f(x) këY��¼ê, f ′(x0) 6=
0, Ø�� f ′(x0) > 0, Ï��¼êëY, ¤±3 x0 ���+� (a, b) S, f ′(x) > 0. ù`

²¼ê3 (a, b) Sî�üNO, ¤±�¼ê x = f−1(y) �3.

y3, ·�l,���Ý�Ä. - F (x, y) = y − f(x), ¿�Ä�§

F (x, y) = y − f(x) = 0,

Ï� F ′x(x0, y0) = −f ′(x0) 6= 0,�âÛ¼ê½n,�3Û¼ê x = x(y),P� x = f−1(y),


�¦��ê´
dx

dy
=

df−1

dy
= −

F ′y
F ′x

=
1

f ′(x)
,

¤±
df−1

dy

df

dx
= 1.

'u_N��©���(J, ò31nþ�[?Ø,ùp±��²¡���²¡�

N��~.

�ü�¼ê

u = u(x, y), v = v(x, y)

Ñ´ Oxy ²¡¥«� D þkëY �ê�¼ê. ��¡�±w¤´�«AÏ/�þ�

¼ê: (x, y) −→ (u, v) (=gCþ¤3�m��ê�����ê��). ,��¡�w¤

´²¡�g����N�.

�{ü�~f´¤¢���C�

u = ax+ by, v = cx+ dy

Ù¥ a, b, c, d ´~ê. TN��_�^�´Xê¤�¤���1�ª÷v∣∣∣∣∣ a b

c d

∣∣∣∣∣ 6= 0.
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éu��N� u = u(x, y), v = v(x, y), ��§|

F (x, y, u, v) = u− u(x, y) = 0, G(x, y, u, v) = v − v(x, y) = 0.

�âÛ¼ê�3½n,N��_�¿©^�´

∂(F,G)

∂(x, y)
=
∂(u, v)

∂(x, y)
=

∣∣∣∣∣ ∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

∣∣∣∣∣ 6= 0

3�§¥��é u ¦�, ��§|

∂u
∂x

∂x
∂u + ∂u

∂y
∂y
∂u = 1,

∂v
∂x

∂x
∂u + ∂v

∂y
∂y
∂u = 0.

ddÒ�±)Ñ_�� �û

∂x

∂u
=

∂v
∂y

∂u
∂x

∂v
∂y −

∂v
∂x

∂u
∂y

,
∂y

∂u
= −

∂v
∂x

∂u
∂x

∂v
∂y −

∂v
∂x

∂u
∂y

.

Ó�, XJò�§|é v ¦�, Ò��

∂x

∂v
= −

∂u
∂y

∂u
∂x

∂v
∂y −

∂v
∂x

∂u
∂y

,
∂y

∂v
=

∂u
∂x

∂u
∂x

∂v
∂y −

∂v
∂x

∂u
∂y

.

½n 9.21 �N� u = u(x, y), v = v(x, y)këY� �ê. e3�: (x0, y0)?,

k ∂(u,v)
∂(x,y)(x0, y0) 6= 0, K3 (u0, v0) = (u(x0, y0), v(x0, y0)) NC, �3_N� (u, v) −→

(x, y): x = x(u, v), y = y(u, v), 
�_N���, Ù �ê� Jacobi 1�ª÷v

∂(x, y)

∂(u, v)
· ∂(u, v)

∂(x, y)
= 1.

��, �_N�� Jacobi 1�ªk��u��¼ê�¼ê��ê�A�.

~ 9.3.7 ¦4�IC� x = r cos θ, y = r sin θ �_C�� �û.

) òdC�¥� r, θ w¤´ x, y �¼êü>é x ¦��

cos θ
∂r

∂x
− r sin θ

∂θ

∂x
= 1,

sin θ
∂r

∂x
+ r cos θ

∂θ

∂x
= 0.

§´'u ∂r
∂x ,

∂θ
∂x ����géá�§. )��

∂r

∂x
= cos θ =

x√
x2 + y2

,

∂θ

∂x
= −sin θ

r
= − y

x2 + y2
.

Ón��
∂r

∂y
=

y√
x2 + y2

,
∂θ

∂y
=

x

x2 + y2
.
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SK 9.3

1. y²e��§3�½:�NCé y k��), ¿¦Ñ y é x 3T:?���Ú�

��ê

(1) x2 + xy + y2 = 7, 3 (2, 1) ?. (2) x cosxy = 0, 3
(
1, �2

)
?.

2. ¦de��§¤(½�Û¼ê��ê.

(1) sin(xy)− exy − x2y = 0, ¦ dy
dx ; (2) ln

√
x2 + y2 = arctan y

x , ¦ dy
dx Ú

d2y
dx2 ;

(3) xy = yx, ¦ dy
dx Ú

d2y
dx2 . (4) e−xy − 2z + ez = 0, ¦ ∂z

∂x ,
∂z
∂y ,

∂x
∂y ,

∂2z
∂x2

(5) x
z = ln z

y , ¦ ∂z
∂x ,

∂z
∂y (6) F (x, x+ y, x+ y + z) = 0, ¦ ∂z

∂x ,
∂z
∂y ;

(7) F (xz, yz) = 0, ¦ ∂z
∂x ,

∂z
∂y .

3. éÑ÷v�§ x2 + xy + y2 = 27 �¼ê y = y(x) �4���4��.

4. Á¦de��§¤(½�Û¼ê��©.

(1) cos2 x+ cos2 y + cos2 z = 1, ¦ dz; (2) xyz = x+ y + z, ¦ dz;

(3) u3 − 3(x+ y)u2 + z3 = 0, ¦ du; (4) F (x− y, y − z, z − x) = 0, ¦ dz.

5. y²: � 1 + xy = k(x− y) (Ù¥ k �~ê) �k�ª

dx

1 + x2
=

dy

1 + y2
.

6. � z = z(x, y) ´d�§ 2 sin(x + 2y − 3z) = x + 2y − 3z ¤(½�Û¼ê, Áy:
∂z
∂x + ∂z

∂y = 1.

7. � z = z(x, y) ´d�§ ϕ(cx− az, cy − bz) = 0 ¤(½�Û¼ê, Áy: ØØ ϕ �

N����¼ê, Ñk a ∂z∂x + b∂z∂y = c.

8. � z = x2 + y2, Ù¥ y = y(x) �d�§ x2 − xy + y2 = 1 ¤½Â�¼ê, ¦ dz
dx 9

d2z
dx2 .

9. � y = f(x+ t), 
 t ´d�§ y + g(x, t) = 0 ¤(½� x, y �¼ê, ¦ dy
dx .

10. � x = x(z), y = y(z) ´�§|

x+ y + z = 0,

x2 + y2 + z2 = 1
¤(½�Û¼ê|, ¦

dx
dz ,

dy
dz ;

11. � u = u(x, y), v = v(x, y) ´de��§|¤(½�Û¼ê|, ¦ ∂(u,v)
∂(x,y) .
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(1)

u2 + v2 + x2 + y2 = 1,

u+ v + x+ y = 0;
(2)

xu− yv = 0,

yu+ xv = 1;

(3)

u = f(ux, v + y),

v = g(u− x, v2y).

12. ¦e�¼ê|¤(½��¼ê|� �ê ∂u
∂x ,

∂u
∂y ,

∂v
∂x ,

∂v
∂y .

(1)

x = f(u, v),

y = g(u, v);
(2)

x = eu + u sin v,

y = eu − u cos v.

13. � u = f(x, y, z), ϕ(x2, ey, z) = 0, y = sinx, Ù¥ f, ϕ Ñäk��ëY �ê, �
∂ϕ
∂z 6= 0. ¦ du

dx .

14. � y = y(x), z = z(x) ´d�§ z = xf(x + y) Ú F (x, y, z) = 0 ¤(½�¼ê, Ù

¥ f Ú F ©Oäk��ëY�êÚ��ëY �ê. ¦ dz
dx .

15. � u = u(x, y), v = v(x, y) ´d�§ F (x, y, u, v) = 0 Ú G(x, y, u, v) = 0 ¤(½�

Û¼ê, Ù¥ F Ú G Ñäk��ëY �ê. ¦ du, dv.

16. ¼ê u = u(x, y)d�§| u = f(x, y, z, t), g(y, z, t) = 0, h(z, t) = 0½Â,¦ ∂u
∂x ,

∂u
∂y .
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§9.4 �m­��­¡

�!òA^�ê, ?Øn��m¥^ëê�§L«ÚÛ¼êL«�­�Ú­¡��

�!�²¡�AÛ5�.

9.4.1 ëê­�

�ëê­��ëê�§L«Xe

r = r(t) = x(t)i+ y(t)j + z(t)k, t ∈ [α, β].

1◦ ��þ����§ �â §9.2.5, ­�3�: M(x(t0), y(t0), z(t0)) ���þ�

r′(t0) = x′(t0)i+ y′(t0)j + z′(t0)k.

XJ x′(t), y′(t), z′(t)ëY, @o¡­�´1w­�. XJ­�ëY, �©¤k�1w

�ã, @o¡­�´Åã1w�. �­�þ�:?���þØ�"� (=éA��ëê

� t0, k |r′(t0)| 6= 0), ¡T:�­���K:. ÄK¡�Û:. XJ­��¤k:Ñ´

�K:(=é?Û t, |r′(t)| 6= 0), ¡­���K­�.

k
��þ, KL­�þ: M0 = M(x(t0), y(t0), z(t0)) ����§�

X − x(t0)

x′(t0)
=
Y − y(t0)

y′(t0)
=
Z − z(t0)

z′(t0)
.

ùp,^ (X, Y, Z) L«��þ:��I. ­��{²¡£=L M0 ����R��²¡¤

�§�

x′(t0)(X − x(t0)) + y′(t0)(Y − y(t0)) + z′(t0)(Z − z(t0)) = 0.

ùp,^ (X, Y, Z) L«{²¡þ:��I.

~ 9.4.1 y²�ÎÚ^�

x(t) = a cos t, y(t) = a sin t, z(t) = bt, −∞ < t <∞

3z�:���þ� z ¶�Y�´~ê.

) z ¶����þ´ k = (0, 0, 1), ¤±Y��{u�

cos θ =
r′ · k
|r′||k|

=
b√

a2 + b2
.

2◦ l� �O�²¡­��l��{��, �m­��l��±^­�S�ò��

���Cq�, -ò��5��, XJ4��3, Ò½ÂÙ�­��l�. éu1w½©
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ã1w­�, ù��4��±^½È©O�.

A

M1

M2

M3

Mk−1 Mk

Mn−1

B

ã 9.13

äNL§Xe. éëCþ t �©�:

T : α = t0 < t1 < · · · < tn−1 < tn = β

P r(ti)�ª:�Mi, i = 1, · · · , n. ù�Ò��­� Lþ�^S�ò�AM1M2 · · ·Mn−1B

(ã9.13), ò��o�Ý�

l(T ) =
n∑
i=1

|r(ti)− r(ti−1)|

=
n∑
i=1

√
[x(ti)− x(ti−1)]2 + [y(ti)− y(ti−1)]2 + [z(ti)− z(ti−1)]2.

éz��©þ©O¦^�©¥�½n, ¿�

l(T ) =
n∑
i=1

√
x′2(ξi) + y′2(ηi) + z′2(ζi)∆ti,

Ù¥ ti−1 < ξi, ηi, ζi < ti, ∆ti = ti − ti−1. 5¿�þª¿Ø´î�� Riemann Ú�/ª,

ÏdI��7��?�, ¦ÙCq�� Riemann Ú.

Ï� x′(t), y′(t), z′(t) ´ëY�, ¤± f(ξ, η, ζ) =
√
x′2(ξ) + y′2(η) + z′2(ζ) ´½Â

3n�4«m [α, β]3 þ�n�ëY¼ê, Ïd��ëY, �é?� ε > 0, �3 δ1 > 0.

� ‖T‖ < δ1 �, é?Û (ξi, ηi, ζi) ∈ [ti−1, ti]
3(i = 1, 2, · · · , n) Ñk∣∣∣√x′2(ξi) + y′2(ηi) + z′2(ξi)−
√
x′2(ti) + y′2(ti) + z′2(ti)

∣∣∣ < ε.

Ïd ∣∣∣∣∣l(T )−
n∑
i=1

|r′(ti)|∆ti

∣∣∣∣∣ < ε
n∑
i=1

∆ti = ε(β − α).

�Ò´`, l(T ) � Riemann Ú
∑n

i=1 |r′(ti)|∆ti ��é�. qÏ |r′(t)| 3 [α, β] þ�ë

Y, ¤±�È. |r′(t)| 3 [α, β] þ� Riemann Ú�4��´ |r′(t)| 3 [α, β] þ�È©. ù
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�éu?¿� ε > 0, Ò´�3 δ2 > 0, � ‖T‖ < δ2 �∣∣∣∣∣
n∑
i=1

|r′(ti)|∆ti −
� β

α

|r′(t)| dt

∣∣∣∣∣ < ε.

� δ = min(δ1, δ2). u´� ‖T‖ < δ �Òk∣∣∣∣l(T )−
� β

α

|r′(t)| dt
∣∣∣∣ < ε(β − α + 1).

Ïd L �l� l ½Â�

l = lim
‖T‖→0

l(T ) =

� β

α

|r′(t)| dt =

� β

α

√
x′2(t) + y′2(t) + z′2(t) dt.

�­� L ´Åã1w­��, �±Åã�Ä­��l�, éAþªm>�È©, �

Ò´3 [α, β] þ�©ãÈ©.

²¡­� L : r = (x(t), y(t)), t ∈ [α, β]�±w¤AÏ��m­� r = r(x(t), y(t), 0),

Ïdl��

l =

� β

α

√
x′2(t) + y′2(t) dt.

XJ²¡­�´dwL« y = f(x), x ∈ [a, b] �Ñ, -

r(x) = (x, f(x), 0), x ∈ [a, b],

Ù¥x À�ëê, @ol��

l =

� b

a

|r′(x)| dx =

� b

a

√
1 + f ′2(x) dx.

ù�·�31�þ¥|^��{���(J��.

3◦ l�ëê � L ´�K­�£|r′(t)| > 0¤, 3 L þ��Ä: M(t), Klå: A

�Ä: M(t) �l
_

AM ��Ý�

s(t) =

� t

α

|r′(τ)| dτ, t ∈ [α, β].

ù´��Cþ�È©�Ñ�¼ê, w, s(t) > 0, s(α) = 0, �

ds

dt
=

√
x′2(t) + y′2(t) + z′2(t) = |r′(t)| > 0,

=¼ê s(t) ´î�üNO�, ¤±�3�¼ê t = t(s). ù�, ­��±±l���ëê

r = r(t) = r(t(s)) = r(s)

½ö

x = x(s), y = y(s), z = z(s),
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Ï�l� s ´��AÛþ, §´­���¤�k�, Ïd·�r­�±l���ë

ê�ëê�§¡�­��g,�§.

©Oé t Ú s �©, �

dr = r′(t) dt = r′(s) ds

|^
ds

dt
= |r′(t)|, dt

ds
=

1

|r′(t)|
Ò����­�(Ø,

r′(s) =
r′(t)

|r′(t)|
,

=3g,ëê�§L«¥, r(s) él� s ��û, ´­� L 3: M(s) ?�ü ��

þ, ¿��l�O\���. �¤©þ=´

|r′(s)|2 =

(
dx

ds

)2

+

(
dy

ds

)2

+

(
dz

ds

)2

= 1

½

ds2 = dx2 + dy2 + dz2.

ùp, r ds w¤´l�����Ý, K dx, dy, dz ©O´ ds 3n��I¶þ�ÝK,

Ïdþª�±w¤´��/ª���½n.

ePü ��þ r′(s) �n���{u� (cosα, cos β, cos γ), Kk

dx

ds
= cosα,

dy

ds
= cos β,

dz

ds
= cos γ.

S.þ, r r él�ëê s ��ûP¤

ṙ =
dr

ds
r̈ =

d2r

ds2

Xd��. 3ÔnÆ¥, �þé�mëê t ��û  �´æ^þãÎÒ. Ø�AO`

², ��á¥� “t” ==L«���ëCþ.

~ 9.4.2 ¦Ú^�

x = R cos t, y = R sin t, z = kt

3 0 6 t 6 2� ��ãl�.

) dl�úª�

s =

� 2�

0

√
(−R sin t)2 + (R cos t)2 + k2 dt

=

� 2�

0

√
R2 + k2 dt = 2�

√
R2 + k2.
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4◦ ­Ç ±eob½�K­� L : r = r(t), α 6 t 6 β äkëY����ê.

du��þ ṙ ´ü �þµ ṙ · ṙ = 1 , �k

d

ds
(ṙ · ṙ) = 2ṙ · r̈ = 0.

þª`²�� r̈ 6= 0, r̈ Ú��þ ṙ ´���, Ïd§´ L ���{�þ, ¡� L �Ì

{�þ. P

κ = ṙ × r̈,

§� ṙ �´���, ¡Ù� L �B{�þ. ØJwÑ

|κ| = |r̈|.

�­� L þ�ã�Ý� ∆s �l

�

)

M1M2,lþ��þo=�� ∆α. K

κ =
∣∣∆α

∆s

∣∣ Ò´ù�lãþü l�=
Ä��²þ�, κ ���Ò£ã
ù�

ãl��­§Ý, ¡�ùãl�²þ­

Ç.

M1

M2

∆α

ã 9.14

P L þü: M1 Ú M2 ?�ü ��þ� ṙ1 Ú ṙ2, K

|∆α| ≈ |∆ṙ|,

¤±

κ = lim
∆s→0

∣∣∣∣∆α∆s

∣∣∣∣ = lim
∆s→0

∣∣∣∣∆ṙ∆s

∣∣∣∣ = |r̈| = |κ|

Ò½Â�­��­Ç.

|^��ëê�l�ëê�'X,�±í�Ñ­Ç�6u��ëê�L«, Ï�

ṙ =
dr

ds
=

dt

ds

dr

dt
=
r′(t)

|r′(t)|
.

u´Ì{�þ�

r̈ =
dṙ

ds
=

dt

ds

d

dt

r′(t)

|r′(t)|

=
1

|r′(t)|

(
r′′(t)

|r′(t)|
+

(
d

dt

1

|r′(t)|

)
r′(t)

)
=

1

(r′(t))2
r′′(t) +

1

|r′(t)|

(
d

dt

1

|r′(t)|

)
r′(t).

�,, Ì{�þ�L�/ªk
�¡, ØLB{�þ�L�/ªÒ{'�õ. du

r′(t)× r′(t) = 0, ¤±

κ = ṙ × r̈ =
r′(t)

|r′(t)|
× r̈ =

r′(t)× r′′(t)
|r′(t)|3

.
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3��ëêL«e, ­��­Ç�L�ª�

κ =
|r′(t)× r′′(t)|
|r′(t)|3

.

AO, éu��: r = r(t) = r0 + tv, t ∈ R. w,k r′′(t) = 0, � κ = 0. ��, XJ

­� L �­Çð�", @o§�½´�^��.

~ 9.4.3 ¦e�Ú^��­Ç

x(t) = a cos t, y(t) = a sin t, z(t) = bt (a, b > 0).

) ¦��

(x′(t), y′(t), z′(t)) = (−a sin t, a cos t, b),

(x′′(t), y′′(t), z′′(t)) = (−a cos t,−a sin t, 0),

�

|r′(t)| =
√
a2 + b2, |r′(t)× r′′(t)| = a

√
a2 + b2,

¤±

κ =
a

a2 + b2
.

� L ´ Oxy ²¡þ�ëê­�:

x = x(t), y = y(t) (α 6 t 6 b).

�3 Oxyz �m¥ r(t) = x(t)i+ y(t)j, Ïd

κ =
(x′(t)i+ y′(t)j)× (x′′(t)i+ y′′(t)j)

(x′2(t) + y′2(t))3/2

=
x′(t)y′′(t)− x′′(t)y′(t)

(x′2(t) + y′2(t))3/2
k.

=, B{�þ©ª� z ¶²1. ¡

κ =
x′(t)y′′(t)− x′′(t)y′(t)

(x′2(t) + y′2(t))3/2

� L �­Ç. 5¿, ²¡­��­ÇØ

�ýé�, κ ��K, ©OL«­���

­��.

du

x′(t)y′′(t)− x′′(t)y′(t)
x′2(t)

=

(
y′(t)

x′(t)

)′
,

k

r′

r′′

ã 9.15
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¤±� κ > 0 �, ���Ç¥O\ª³, ù� r′(t), r′′(t),k ¤mÃX, ¤± r′′(t) ��­

�]��ý.

� κ < 0 �, ���Ç¥~�ª³, ù� r′(t), r′′(t),k ¤�ÃX, ¤± r′′(t) �´�

�­�]��ý.

AO, �l�ëê�, Ò��Ì{�þo´��­�]��ý. ��­��A~´

­�dw¼ê y = f(x) (a 6 x 6 b) �Ñ�,

κ =
f ′′(x)

[1 + f ′2(x)]3/2
k,

κ =
f ′′(x)

[1 + f ′2(x)]3/2
.

κ > 0 �, f ′′(x) > 0, ­�¥à/; κ < 0 �, f ′′(x) < 0, ­�¥]/.

~ 9.4.4 � L ´{�: x = a(t− sin t), y = a(1− cos t) (a > 0). ¦ L �­Ç.

)

κ =
|a2(1− cos t) cos t− a2 sin2 t|
[a2(1− cos t)2 + a2 sin2 t]3/2

=
1

4a
∣∣sin t

2

∣∣ .
9.4.2 ëê­¡

�ëê­¡

r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D ⊂ R2

½

x = x(u, v), y = y(u, v), z = z(u, v) (u, v) ∈ D

3ëê­¡þ,XJ�½�� v �,

4 u 3Ù#N�SCz, K r(u, v) �

;,Ò´­¡þ��^­�, ¡� u ­

�. Ó��±½Â v ­�. �Ü­¡Ò

´dù
 u ­�Ú v ­���
¤�.

~X¥¡ x

y

z

ϕ

θ

ϕ-­�

θ-­�

ã 9.16

x(θ, ϕ) = R sin θ cosϕ, y(θ, ϕ) = R sin θ sinϕ, z(θ, ϕ) = R cos θ

Ù¥ 0 6 θ 6 �, 0 6 ϕ 6 2�. � θ �½�¤��� ϕ ­�Ò´��, 
 ϕ �½�¤

�� θ ­�Ò´²�.
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1◦ �²¡ � r(u, v) këY� �û

r′u =
∂r

∂u
=
∂x

∂u
i+

∂y

∂u
j +

∂z

∂u
k,

r′v =
∂r

∂v
=
∂x

∂v
i+

∂y

∂v
j +

∂z

∂v
k.

5¿� r′u(u0, v0) Ú r′v(u0, v0) ©O´L M0 � u-­�Ú v-­����þ.

��^�� u­¡þ¿L M0 �­� L, Ù�§´�±w¤´ uv ²¡«� D ¥

­�: u = u(t), v = v(t) ²C� x = x(u, v), y = y(u, v), z = z(u, v) N¤��m­�

r(t) = r(u(t), v(t)) = x(u(t), v(t))i+ y(u(t), v(t))j + z(u(t), v(t))k,

Ù¥ u(t0) = u0, v(t0) = v0. é t ¦�, �­� L 3 M0 ���þXe

r′(t0) = r′u(u0, v0)u′(t0) + r′v(u0, v0)v′(t0),

§´ r′u(u0, v0) � r′v(u0, v0) ��5|Ü, Ïd� r′u(u0, v0) Ú r′v(u0, v0) �¡. Ïd, �

�r′u(u0, v0) Ú r′v(u0, v0) Ø��, K§�¤3�²¡Ò´­¡3 M0 ?��²¡, �²

¡�{�þ´ r′u(u0, v0)× r′v(u0, v0).

2◦ {�þ| Ï� M0 �?¿5, ¤±­¡þk��ëYCz�{�þ|

r′u(u, v)× r′v(u, v) =
∂(y, z)

∂(u, v)
i+

∂(z, x)

∂(u, v)
j +

∂(x, y)

∂(u, v)
k.

���¹e, Ø
3k��:½­�ãþ±	, ·�b� r këY� �û, �

r′u(u, v)× r′v(u, v) 6= 0 , ¿¡ù��­¡´1w­¡½Åã1w­¡.

5¿�{�þ r′u(u, v) × r′v(u, v) ��Ý¢Sþ´­¡3�:?��²¡þ± r′u

Ú r′v �>�²1o>/�¡È. §�w¤´3�:NC­¡¡È�Cq. |^úª

|r′u × r′v|2 = |r′u|2|r′v|2 − (r′u · r′v)2

¿P

E = r′2u = x′2u + y′2u + z′2u ,

G = r′2v = x′2v + y′2v + z′2v ,

F = r′u · r′v = x′ux
′
v + y′uy

′
v + z′uz

′
v,

Ïd

|r′u × r′v| =
√
EG− F 2

Ï~,P

n =
r′u × r′v
|r′u × r′v|



9.4 �m­��­¡ 101

�­¡�ü {�þ.

k
{�þ, L­¡þ�: M(x(u, v), y(u, v), z(u, v)) ��²¡�§g,Ò¬L«

Ñ5. � (X, Y, Z) L«�²¡þÄ:��I, ù�, ­¡3 M ?��²¡�§´

∂(y, z)

∂(u, v)
(X − x(u, v)) +

∂(z, x)

∂(u, v)
(Y − y(u, v)) +

∂(x, y)

∂(u, v)
(Z − x(u, v)) = 0,

AO, éud��¼ê z = f(x, y) ((x, y) ∈ D) ¤L«�­¡, §�±w¤´ëê�

§���A~:

r = r(x, y) = (x, y, f(x, y)), (x, y) ∈ D.

ùp, x, y À�ëCþ. e f ′x(x, y) Ú f ′y(x, y) Ñ3 D ëY, K

r′x = (1, 0, f ′x), r′y = (0, 1, f ′y),

r′x × r′y = (−f ′x,−f ′y, 1),

w, n 6= 0, Ïd§´�Ü1w­¡. d	, éu D S?¿ü�ØÓ: (x1, y1) 6=
(x2, y2), ðk (x1, y1, f(x1, y1)) 6= (x2, y2, f(x2, y2)), =wª­¡o´Øg��.

k'ëê­¡�¡ÈO�, ò3 §11.2.1 ¥?Ø.

9.4.3 Ûª­�ÚÛª­¡

±eþb�¤�9�¼ê´���.

1. ²¡Ûª­� ²¡þÛª­�d�§ F (x, y) = 0 �Ñ. ùpb� gradF =

F ′xi + F ′yj 6= 0£�du F ′x, F
′
y Ø��", ½ö F ′2x + F ′2y 6= 0¤. Ø��ÙÛ¼ê�

y = f(x), Ïd, L­�þ�: (x, y) ����§�

(Y − y)− (X − x)f ′(x) = 0,

ùp X, Y L«��þ:��I. ­�3 (x, y) ?�­Ç�

κ =
f ′′(x)

(1 + f ′2)
3
2

,


­��$:�^�� f ′′(x) = 0.

ò f ′(x) = −F ′x(x,y)
F ′y(x,y) �\þ¡�ª, ÏdL­�þ�: (x, y) ����§�

(X − x)F ′x + (Y − y)F ′y = 0,

l¥��­�3 (x, y) ����FÝ gradF R�. ­Ç�L«�

κ =
−F ′2y F ′′xx + 2F ′xF

′
yF
′′
xy − F ′2x F ′′yy(√

F ′2x + F ′2y

)3 .
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$:÷v�^��du

F ′2y F
′′
xx − 2F ′xF

′
yF
′′
xy + F ′2x F

′′
yy = 0.

XJÛ¼êd x = g(y) L«, í�Ñ5����§!­Ç±9$:÷v�^�E,

Xd. dd��, ��|^ F (x, y) ����ê�Ñ�Ûª­����!­ÇÚ$:÷v

�^�'u x, y ´��é¡�, ¿ØI�«© x Ú y =�´gCþ§=�´ÏCþ.

?�Ú*	ØJuy, d�§ F (x, y) = 0 (½�Ûª­�´¼ê u = F (x, y) 3

u = 0 ����. é������ F (x, y) = c, þã?Ø��¤á, �I^ F (x, y)− c �
O F (x, y), 
üökX�Ó��¼ê. ¤±3?¿��� F (x, y) = c þ�:?���

�§!­ÇÚ$:÷v�^��L�ª´���. AO, ���3�: (x, y) ����

R�u¼ê F (x, y) 3ù�:�FÝ gradF , �Ò´ gradF ´²¡Ûª­��{�þ.

3 §9.2.3 ¥, ·�®²�� z = F (x, y) ÷ü �þ e ����ê÷v

∂F

∂e
= gradF · e.

� e �FÝ�����, F (x, y) ����ê��, =¼ê�÷����FÝ£{�þ¤

��Cz��.

2. �mÛª­¡ � F (x, y, z) ´½Â3«� V ⊂ R3 þ�këY� �ê,

F (x, y, z) = 0

�Ñ
�m¥�ÜÛª­¡. e F (x, y, z) �FÝ gradF 6= 0. K�âÛ¼ê�3½

n, 3­¡þ�: M0(x0, y0, z0)£= F (x0, y0, z0) = 0¤NC(½
��ëY���Û¼

ê. ØJwÑ, Ûª­¡�Ò´¼ê u = F (x, y, z) 3 u = 0 ���¡. �Ä­¡þL

M0(x0, y0, z0) �?¿�^1w­� Γ, Ùëê�§�

r = r(t) = x(t)i+ y(t)j + z(t)k, t ∈ [α, β],

Ù¥ x0 = x(t0), y0 = y(t0), z0 = z(t0), t0 ∈ [α, β]. du Γ 3­¡þ, �7k

F (x(t), y(t), z(t)) = 0 (t ∈ [α, β]),

�ªüàé t ¦�, ¿� t = t0, Ò��

F ′x(M0)x′(t0) + F ′y(M0)y′(t0) + F ′z(M0)z′(t0) = 0.

þªL², 3 M0 �FÝ

gradF (M0) = F ′x(M0)i+ F ′y(M0)j + F ′z(M0)k

�­¡þ?¿�^1w­� Γ 3 M0 ���þ r′(t) = x′(t0)i + y′(t0)j + z′(t0)k R�.

¤±FÝ gradF (M0) Ò´­¡3 M0 �{�þ. ± gradF (M0) �{�þ�¿L M0 �
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²¡, Ò´­¡3 M0 ��²¡. ù�, ·�Ò��
­¡þ?¿�:��²¡��§

F ′x(M0)(X − x0) + F ′y(M0)(Y − y0) + F ′z(M0)(Z − z0) = 0.

ùp (X, Y, Z) ´�²¡þ�Ä:��I.

aq²¡þÛª­��/, þã(Jé?Û��¡ F (x, y, z) = c Ñ´¤á�, �

�^��^F (x, y, z) − c �OF (x, y, z) =�, §�k�Ó��¼ê. Ïd3��¡

F (x, y, z) = c þ�:?�{�þE,´¼ê F (x, y, z) �FÝ gradF , 
� F (x, y, z)

÷��¡{�þ£=FÝ¤������ê�����.

3◦ �m¥Ûª­�. �m¥Ûª­�de�éá�§|L«F (x, y, z) = 0,

G(x, y, z) = 0
.

ùp·�o´b�¼ê F (x, y, z), G(x, y, z) 3�m«� V ⊂ R3 þ��, �FÝØ�":

gradF 6= 0, gradG 6= 0. �m¥Ûª­�¢Sþ´�§ F (x, y, z) = 0 Ú G(x, y, z) = 0

©OL«�üÜ­¡���. � M0(x0, y0, z0) �­�þ?¿�:, Ï�­�3ü�­¡

þ, ¤±­�3 M0 ���þR�uü�²¡�{�þ

gradF (M0) = F ′x(M0)i+ F ′y(M0)j + F ′z(M0)k

gradG(M0) = G′x(M0)i+G′y(M0)j +G′z(M0)k

­����þÒ�±L«�

l = gradF × gradG =
∂(F,G)

∂(y, z)
i+

∂(F,G)

∂(z, x)
j +

∂(F,G)

∂(x, y)
k.

�� gradF Ú gradG Ø��£=þã�þ�n�©þØÓ��"¤.

~ 9.4.5 ¦­� x2 + y2 + z2 − 4a2 = 0,

x2 + y2 − 2ax = 0

3 M0(a, a,
√

2a) ?���Ú{²¡�§.

) �§|L«�­�´¥¡�Î¡���. ¥¡ÚÎ¡3 M0 ?�{�þ©O�

n1 = F ′x(M0)i+ F ′y(M0)j + F ′z(M0)k = 2ai+ 2aj + 2
√

2ak

n2 = 2aj

Ïd, ­�3 M0 ?���þ�

n1 × n2 = −4
√

2a2i+ 4a2k,
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l
, ¤¦����§´
x− a
−
√

2
=
y − a

0
=
z −
√

2a

1
,

¤¦�{²¡�§´

−
√

2(x− a) + 0(y − a) + (z −
√

2a) = 0,

z{�
√

2x− z = 0.

SK 9.4

1. � r = (a sin t,−a cos t, bt2), a, b ´~ê, ¦ r′(t) Ú r′′(t).

2. � r(t) ´ü �þ, Áy² dr
dt ⊥r, ¿`²§�AÛ¿Â.

3. y²­� x = a cos t, y = a sin t, z = bt ���� Oz ¶¤½�.

4. � r =
(

t
1+t ,

1+t
t , t

2
)

(t > 0), �ä§´Ø´{ü­�, ´Ø´1w­�, ¿¦Ñ§

3 t = 1 �����§Ú{²¡�§.

5. ¦e�­�����{²¡�§

(1) x = a sin2 t, y = b sin t cos t, z = c cos2 t, 3 t = �
4 ;

(2) x = t− cos t, y = 3 + sin2 t, z = 1 + cos 3t, 3 t = �
2 .

6. ¦e�­¡3¤«:?��²¡�{��§.

(1) x = u cos v, y = u sin v, z = av, 3 (u0, v0);

(2) x = a sin θ cosϕ, y = b sin θ sinϕ, z = c cos θ, 3 (θ0, ϕ0).

7. �ü^Ûª­� F (x, y) = 0 � G(x, y) = 0 3�: (x0, y0) ��, ¦3�:?ü^

Ûª­����Y�. ùp F (x, y), G(x, y) ´��¼ê.

8. ¦e�­¡3�½:��²¡Ú{��§.

(1) z =
√
x2 + y2 − xy, 3: (3, 4,−7);

(2) z = arctan y
x , 3:

(
1, 1, �4

)
;

(3) ez − z + xy = 3, 3: (2, 1, 0);

(4) 4 +
√
x2 + y2 + z2 = x+ y + z, 3: (2, 3, 6).

9. ¦ý¥¡ x2 + 2y2 + z2 = 1 þ²1u²¡ x− y + 2z = 0 ��²¡�§.

10. 3­¡ z = xy þ¦�:, ¦ù:?�{�R�u²¡ x + 3y + z = 0, ¿�Ñù�
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{��§.

11. ¦ý¥¡ x2 + 2y2 + 3z2 = 21 þ,: M ?��²¡ π ��§, ¦ π L®���

L : x−6
2 = y−3

1 = 2z−1
−2 .

12. ��� l :

x+ y + b = 0,

x+ ay − z − 3 = 0
3²¡ π þ, 
²¡ π �­¡: z = x2 + y2 �

�u: (1,−2, 5), ¦ a, b��.

13. Áy­¡ x2 + y2 + z2 = ax �­¡ x2 + y2 + z2 = by p���.

14. y²­¡ x+ 2y − ln z + 4 = 0 Ú x2 − xy − 8x+ z + 5 = 0 3: (2,−3, 1) ?��

(=kú���²¡).

15. y²­¡ z = xex/y �z��²¡ÑÏL�:.

16. ¦e�²¡­�3�½:���Ú{��§

(1) x3y + xy3 = 3− x2y2, 3: (1, 1);

(2) cosxy = x+ 2y, 3: (1, 0).

17. ¦e�­�3�½:���Ú{²¡�§

(1)

y2 + z2 = 25,

x2 + y2 = 10
3: (1, 3, 4);

(2)

2x2 + 3y2 + z2 = 47,

x2 + 2y2 = z
3: (−2, 1, 6).

18. ��§|

pu+ qv − t2 = 0,

qu+ pv − s2 = 0
(p2 − q2 6= 0) (½
Û¼ê

u = u(s, t),

v = v(s, t)
±9

�¼ê

s = s(u, v),

t = t(u, v).
¦y:

∂t

∂u
· ∂u
∂t

=
∂s

∂v
· ∂v
∂s

=
p2

p2 − q2
.
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§9.5 õCþ¼ê� Taylor úª�4�

3��Cþ�¹e, ¼ê f(x) 3�½: x0 NC��, K

f(x) = f(x0) + f ′(x0)(x− x0) + o(x− x0),

=¼ê f(x) �d�gõ�ª T (x) = f(x0) + f ′(x0)(x− x0) Cq. XJ¼êk�p��

�ê�3, 'X�3 n ��ê, @o Taylor ½nw�·�, f(x) �^ n gõ�ªCq.

� n+ 1 ��ê�3�k.�, ·���±�°(/�OÑCq��.

éuõ�Cþ��/, ·�F"kaq�(J. ±��¼ê f(x, y) �~, /̂Oþ0

��ó`,Ò´F"¼ê� f(x+h, y+k)U
Cq� h = ∆x = x−x0, k = ∆y = y−y0

���õ�ª. ùÒ´¤¢���¼ê� Taylorúª.

9.5.1 ��¼ê��©¥�½n

3í���¼ê� Taylor úª�c, Äkí���aqu��¼ê�©¥�½n

�(J. ù�(Jr¼ê��© f(x+ h, y + k)− f(x, y) �¼ê� �ê f ′x Ú f ′y éX

å5.

�d·�b�¼ê f(x, y) 3��à«� D SkëY� �ê. ¤¢à«� D ´

�ù��«�, ë� D ¥?Ûü:���ãE,3 D ¥.

Pë�: (x + h, y + k) Ú (x, y) ��ã� L, K L þ�:�±^ëêL«

{(x+ th, y + tk) | t ∈ [0, 1]}, ¤±¼ê��3�ã L þÒ´����¼ê

ϕ(t) = f(x+ th, y + tk), t ∈ [0, 1].

§÷v ϕ(0) = f(x, y), ϕ(1) = f(x+ h, y + k). é ϕ ¦^�©¥�½n, �

ϕ(1)− ϕ(0) = ϕ′(θ),

Ù¥ 0 < θ < 1. |^

ϕ′(t) = hf ′x(x+ th, y + tk) + kf ′y(x+ th, y + tk),

þª�±L«�e���¼ê�¥�úª

f(x+ h, y + k)− f(x, y) = hf ′x(x+ θh, y + θk) + kf ′y(x+ θh, y + θk).

5¿� (ξ, ζ) = (x+ θh, y + θk) ´�ã L þ���:. Ïd, ·�k

½n 9.22 �¼ê f(x, y) 3��à«� D SkëY� �ê, Ké D S?Ûü

: (x1, y1), (x2, y2), �3 uë� (x1, y1), (x2, y2) ���ãþ�: (ξ, ζ) ¦�

f(x2, y2)− f(x1, y1) = (x2 − x1)f ′x(ξ, ζ) + (y2 − y1)f ′y(ξ, ζ).



9.5 õCþ¼ê� Taylor úª�4� 107

��3/Oþ0L«¥� (x, y) = (x1, y1), h = x2 − x1, k = y2 − y1, (ξ, ζ) =

(x1 + θ(x2 − x1), y1 + θ(y2 − y1)) =�y². l¥�½n�±����e�íØµ

íØ 9.23 XJ¼ê f(x, y) 3��à«�S �êð�" f ′x = f ′y = 0, @oT

¼ê�½´��~�¼ê. ¯¢þ, �� D ´²¡þ�«�£�´ëÏ�m8¤, @o

ù�(Ø�¤á.

þã'u��¼ê��©¥�½néN´í2�õCþ¼ê�/, ��r²¡þ�

�ãí2�p��/=�. n��m¥�ü: (x1 +h1, · · · , xn+hn)Ú (x1, · · · , xn)�

m��ãþ�:�^ëêL«: {(x1 +th1, · · · , xn+thn) : t ∈ [0, 1]}. XJù��ãá
3 n �¼ê z = f(x1, · · · , xn) ½Â�«�S, @o¼ê��3ù��ãþÒz���

��¯K ϕ(t) = f(x1 + th1, · · · , xn + thn), t ∈ [0, 1]. f 3ü: (x1 +h1, · · · , xn +hn)

Ú (x1, · · · , xn) ���÷v

f(x1 + h1, · · · , xn + hn)− f(x1, · · · , xn) = ϕ(1)− ϕ(0)

ddÑu, n �¼ê��©¥�½n����/vk?Û���O.

I�AO�Ñ�´, éu�þ�¼ê, �A��©¥�½n´Ø�3�. ~X�Ä

[0,�] −→ R2 �N�

r(t) = cos ti+ sin tj, ½ x(t) = cos t, y(t) = sin t, t ∈ [0,�]

XJ�3 θ ∈ (0,�) ¦�

r(�)− r(0) = r′(θ)(�− 0),

@o7ksin θ = 2
� , cos θ = 0. ùw,´Ø�U�.

,
, éu���þ�¼ê, =��l Rn ¥�«� D� Rm �N�

f : D → Rm, D ⊂ Rn

§�z�©þ

y1 = f1(x1, · · · , xn), · · · , ym = fm(x1, · · · , xn)

Ñ´D þ�õ�¼ê. ÏdXJ�« �êð�" ∂fi
∂xj

= 0, i = 1, · · · ,m; j = 1, · · · , n.

K fi(x1, · · · , xn), i = 1, · · · ,m Ñ´~ê, ¤± f ´ Rm ¥�~��þ.

9.5.2 ��¼ê� Taylor úª

õCþ¼ê¥�½n�í�, �·�Jø
í�õCþ¼ê Taylor úª��{.

� (x0, y0) ´«� D �S:, 3 (x0, y0) ���£à¤��S£X�/��½�/�

�¤¼êf(x, y) këY� n + 1 ��û. Ïd� (x, y) á3ù���S�, ë�ü:�
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���3���¥. P h = x− x0, k = y − y0, é ϕ(t) = f(x0 + th, y0 + tk) ¦��

ϕ′(t) = h
∂f

∂x
(x0 + th, y0 + tk) + k

∂f

∂y
(x0 + th, y0 + tk)

= Df(x0 + th, y0 + tk).

ùp·�Ú?
�Î

D = h
∂

∂x
+ k

∂

∂y
.

½ö` d
dt �^3 ϕ(t) þ��u D �^3f(x0 + th, y0 + tk) þ. Ón

ϕ′′(t) =h2∂
2f

∂x2
(x0 + th, y0 + tk) + 2hk

∂2f

∂x∂y
(x0 + th, y0 + tk)

+ k2∂
2f

∂y2
(x0 + th, y0 + tk)

=D2f(x0 + th, y0 + tk).

|^8B{ØJy²

ϕ(m)(t) =
∑
i+j=m

m!

i!j!
hikj

∂mf

∂xi∂yj
(x0 + th, y0 + tk)

= Dmf(x0 + th, y0 + tk)

ùpé Dm, /ªþæ^��Ðm

Dm =

(
h
∂

∂x
+ k

∂

∂y

)m
=
∑
i+j=m

m!

i!j!
hikj

∂m

∂xi∂yj
.

u´, é��¼ê ϕ(t) 3 t = 0 ?� Taylor Ðm, ke� Maclaurin úª

ϕ(t) =
n∑

m=0

ϕ(m)(0)

m!
tm +

ϕ(n+1)(θt)

(n+ 1)!
tn+1 (0 < θ < 1).

3þª¥� t = 1, Ò��
��¼ê� Taylor Ðm

f(x, y) = f(x0 + h, y0 + k) =
n∑

m=0

1

m!
Dmf(x0, y0) +Rn,

Ù¥

Rn =
1

(n+ 1)!
Dn+1f(x0 + θh, y0 + θk) (0 < θ < 1).

Ï�b�
 f(x, y) këY� n+ 1 � �û, ¤±3 (x0, y0) �+�Sk.∣∣∣∣∂n+1f(x, y)

∂ix∂jy

∣∣∣∣ 6M

ù�� h→ 0, k → 0 �, P ρ =
√
h2 + k2, k

|Rn| 6M(|h|+ |k|)n+1 = o(ρn)
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AO, ��Taylor Ðm�úª´

f(x, y) = f(x0, y0) + (x− x0)
∂f(x0, y0)

∂x
+ (y − y0)

∂f(x0, y0)

∂y
+R1.

��Taylor Ðm�úª´

f(x, y) =f(x0, y0) +
∂f(x0, y0)

∂x
h+

∂f(x0, y0)

∂y
k

+
1

2
(Ah2 + 2Bhk + Ck2) +R2,

Ù¥

A =
∂2f(x0, y0)

∂x2
, B =

∂2f(x0, y0)

∂x∂y
, C =

∂2f(x0, y0)

∂y2
.

~ 9.5.1 ò¼ê f(x, y) = ex cos y 3(0, 0) � Taylor Ðm��g�.

) kO�¤�¼ê9Ù �û3: (0, 0) ��.

f(0, 0) = 1, f ′x(0, 0) = 1, f ′y(0, 0) = 0,

f ′′xx(0, 0) = 1, f ′′xy(0, 0) = 0, f ′′yy(0, 0) = −1.

=�

ex cos y = 1 + x+
1

2
(x2 − y2) +R2.

þãí����±í2� n �¼ê z = f(x1, · · · xn) ��/, Ù¥�Î�

D = h1
∂

∂x1
+ · · ·+ hn

∂

∂xn
.

¿÷v

Dm =
∑

i1+···+in=m

m!

i1! · · · in!
hi11 · · ·hinn

∂m

∂xi11 · · · ∂x
in
n

9.5.3 ��¼ê�4�

aqüCþ�/, ùp�Ñ��¼ê4��½Â.

½Â 9.24 � f(x, y) 3«� D ¥k½Â, M0(x0, y0) ∈ D. e3 M0 �,���

¥, ðk

f(x, y) 6 (½ >) f(x0, y0),

K¡ M0(x0, y0) ´f(x, y) ���4�(½4�)�:, f(x0, y0) ¡� f(x, y) ���4

�(½4�)�. ¼ê�4��:Ú4��:Ú¡�¼ê�4�:, 4��Ú4��Ú¡

�4�.
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e f(x, y) 3 D ¥k �ê, M0(x0, y0) ´ f(x, y) �4�:, K x0£y0¤́ ��¼

ê f(x, y0)£f(x0, y)¤�4�:, �k

f ′x(x0, y0) = 0, f ′y(x0, y0) = 0.

¤±, ¼ê34�:� �û�". ���Ø,. ~X, f(x, y) = xy, 3: (0, 0) ¿Ø´

§�4�:, � f ′x(0, 0) = f ′y(0, 0) = 0.

¦¼ê�� �êÑ�"�:, ¡�¼ê�7:, Ïd7:´4�:�7�^�.

�
37:¥?�ÚþO4�:, I��Ä¼ê37:?����û. �

M0(x0, y0) ´¼ê�7:£¤±�� �ê�"¤, �â Taylor Ðm, k

f(x, y)− f(x0, y0) =
1

2
(Ah2 + 2Bhk + Ck2) + o(ρ2)

Ù¥

A =
∂2f(x0, y0)

∂x2
, B =

∂2f(x0, y0)

∂x∂y
, C =

∂2f(x0, y0)

∂y2

h = x− x0, k = y − y0, ρ =
√
h2 + k2. P

Q(h, k) = Ah2 + 2Bhk + Ck2

§´ h, k �àg��gõ�ª (= Q ÷v Q(λh, λk) = λ2Q(h, k)), ¡ù�a.�õ�

ª��g.. Ï��g. Q ´Ðmª¥�Ì�Ü©, ¤±§3 (x0, y0) NC��KÒû

½
� f(x, y)− f(x0, y0) ��K. ùp·�b�Xê A,B,C Ø��"£=�«�� 

�êØ��"¤. Ïd�ä�g.��KÒ¤�¦4��'�.

éu�g. Q(h, k) ��e�©a:

1◦ é?Û�"� (h, k), Q ���ð��(½ð�K), ¡ù���g.��½�

(½K½�). Ø+@«�/, Ú¡�½�.

2◦ Q �±��ØÓÎÒ��, =é,
 (h, k) ���, 
é,�
 (h, k) �K�,

¡ù���g.�Ø½�.

3◦ Q é,
�"� (h, k) ���", Ù¦/���ð�� (½ð�K). ¡ù���

g.��� (K) ½�. Ø+@«�/, Ú¡��½�.

e�½n�ÑXÛ�O�g.�a..

½n 9.25 P�g. Q(h, k) = Ah2 + 2Bhk +Ck2 ��Oª� ∆ = AC −B2, K

1◦ �g. Q(h, k) ´½�, ¿©7�^�´ ∆ > 0. d�, XJ A > 0£�,�k

C > 0¤, §Ò´�½�, ÄK§´K½�;

2◦ �g. Q(h, k) ´Ø½�, ¿©7�^�´ ∆ < 0;

3◦ �g. Q(h, k) ´�½�, ¿©7�^�´ ∆ = 0.
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ù
(Ø�y²´X�ê�. ~Xé(Ø 1◦, XJ Q ´�½�, = Q > 0 é?Û

(h, k) ¤á. AOk Q(h, 0) = Ah2 > 0, (h 6= 0), ¤± A > 0 (Ón C > 0). qÏ�

Q =
1

A

(
(Ah+Bk)2 + ∆k2

)
¤±��3�� Ah+Bk = 0þ, Q > 0 Òí� ∆ > 0.

��, XJ ∆ > 0, @ow, A 6= 0, C 6= 0, dþª�±wÑ, � A > 0 �, Q > 0.

k
ù��O{,Òke�(Ø:

½n 9.26 � (x0, y0) ´¼ê f(x, y) ���7:, 3e�Ðmª¥

f(x, y)− f(x0, y0) =
1

2
(Ah2 + 2Bhk + Ck2) + o(ρ2)

1◦ � ∆ > 0, A > (<)0 �,= Q �£½K¤½, (x0, y0) ´¼ê f �4�£½4�¤

�:;

2◦ � ∆ < 0 �, = Q ´Ø½�, (x0, y0) Ø´¼ê f �4�:;

3◦ � ∆ = 0 �, = Q ´�½�, Ã{�ä (x0, y0) ´Ø´¼ê f �4�:.

y² � h, k Ø��", Ú?Cþ

u =
h√

h2 + k2
=
h

ρ
, v =

k√
h2 + k2

=
k

ρ

K

Q(h, k) = ρ2ϕ(u, v) = ρ2(Au2 + 2Buv + Cv2)

Ù¥ ϕ(u, v) = Au2 + 2Buv + Cv2 ´½Â3ü �± u2 + v2 = 1 þ�ëY¼ê. �

Q �½�, ϕ(u, v) > 0 é�±þ?Û: (u, v) ¤á. 
ü �±´��k.48. ¤±

ϕ(u, v) 3�±þ���� m �´��, � Q > mρ2, =

f(x, y)− f(x0, y0) =
1

2
(Ah2 + 2Bhk + Ck2) + o(ρ2) > ρ2

(
1

2
m+

o(ρ2)

ρ2

)
.

5¿�þªmà)ÒS��� ρ ¿©��, �½´��, ¤±k f(x, y)− f(x0, y0) > 0.

= (x0, y0) ´4��:. éuK½��/, y²´��aq�.

éu(Ø 2◦, Ï� Q ´Ø½�, ¤±�3: (h1, k1), (h2, k2), ¦�

Q(h1, k1) = ρ2
1ϕ(u1, v1) > 0, Q(h2, k2) = ρ2

2ϕ(u2, v2) < 0

þã^��du ϕ(u1, v1) > 0, ϕ(u2, v2) < 0, ¤±�3��ê m ¦�

ϕ(u1, v1) > m > 0, ϕ(u2, v2) < −m < 0

=

Q(h1, k1) > mρ2
1, Q(h2, k2) < −mρ2

2
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- h = th1, k = tk1, 0 6 t 6 1, K ρ = tρ1, Q(h, k) = t2Q(h1, k1) > mt2ρ2
1,

f(x0 + th1, y0 + tk1)− f(x0, y0) =
1

2
Q(th1, tk1) + o(t2ρ1) > t2

(
1

2
m+

o(t2)

t2ρ2
1

)
.

¤±é¿©�� t, þªmà)ÒS�u". �Ò´ f(x0 + th1, y0 + tk1)− f(x0, y0) > 0.

Ó���n, �3��¿©�� t, ¦� f(x0 + th2, y0 + tk2)− f(x0, y0) < 0.

nþ©Û, 3 (x0, y0) �?¿����S, Qk�u f(x0, y0) ��, qk�u

f(x0, y0) ��, ¤± (x0, y0) Ø´4�:.

'u��½�/Ã{�ä, 3dØ2?Ø. �

~ 9.5.2 ¦¼ê f(x, y) = x3 − y3 + 3x2 + 3y2 − 9x �¤k4�:.

) )�§| f ′x(x, y) = 3x2 + 6x− 9 = 0,

f ′y(x, y) = −3y2 + 6y = 0

�7:

M1(1, 0), M2(1, 2), M3(−3, 0), M4(−3, 2).

2�Ñ¤�¼ê��� �û

f ′′xx(x, y) = 6x+ 6, f ′′xy(x, y) = 0, f ′′yy(x, y) = −6y + 6.

3: M1(1, 0), A = 12 > 0, B = 0, C = 6, AC − B2 = 72 > 0. � M1 ´4��:.

4��� f(1, 0) = −5.

3: M2(1, 2), A = 12, B = 0, C = −6, AC −B2 = −72 < 0. Ï
 M2 Ø´4�:.

3: M3(−3, 0), A = −12, B = 0, C = 6, AC − B2 = −72 < 0. Ï
 M3 �Ø´4

�:.

3: M4(−3, 2), A = −12 < 0, B = 0, C = −6, AC −B2 = 72 > 0. � M4 ´4��

:. 4���f(−3, 2) = 31.

~ 9.5.3 ¦¼ê z = sinx sin y sin(x + y) 3«� x > 0, y > 0, x + y 6 � þ�

�������.

) ®�¼ê�½Â����4n�/. dëY¼ê�5���¼ê z 3ù�«�

þ�½���������.
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¦ �û¿-Ù�"���§|

∂z

∂x
= cosx sin y sin(x+ y) + sin x sin y cos(x+ y)

= sin y sin(2x+ y) = 0,

∂z

∂y
= sinx cos y sin(x+ y) + sin x sin y cos(x+ y)

= sinx sin(x+ 2y) = 0.

�3n�/�SÜ sinx � sin y ÑØ�", ¤±

sin(2x+ y) = 0, sin(x+ 2y) = 0,

�k 0 < 2x+ y < 2�, 0 < x+ 2y < 2�. u´7L

2x+ y =�, x+ 2y =�.

)���7:�

x = y =
�
3
.

¼ê37:��� z
(
�
3 ,
�
3

)
= sin3 �

3 = 3
8

√
3. Ï�¼ê3n�/�>.þ���", ¤

±¼ê34n�/þ����� z
(
�
3 ,
�
3

)
= 3

√
3

8 ; 
��� z = 0 %3n�/�n^>

þ?Û�:��.

5P �g.´�5�ê¥�SN��. éu n �C� x = (x1, · · · , xn) 5`, �

g.���/ª´

Q(x) =
∑

16i,j6n

aijxixj

ùp, Xê aij ÷vé¡5: aij = aji, 1 6 i, j 6 n. §�� (K) ½5!�� (K) ½

5±9Ø½5�½Â��!�½Â´���, �ØLrü�C� (h, k) �¤ n �C�

(x1, · · · , xn) 
®. � (K) ½5!� (K) ½5±9Ø½5´é�g.��«©a, �

,, éu n �C���g., XÛ�ä´=«., ��'ü�C���/E,. k'�g

.�5�Ú©a, Öö�ë�?Û��'u�5�ê���Ö.

éuäkëY��� �ê� n �¼ê z = f(x1, · · · , xn), 37: (= ∂f
∂x1

=

0, · · · , ∂f
∂xn

= 0) ?´Ä´4�:, K��Äd f �¤k�� �ê aij = ∂2f
∂xi∂xj

��X

ê��g.�� (K) ½5!� (K) ½5±9Ø½5. 3d·�Ø��[0�, Öö�3

Æ��g.�äNSN�, �ì�!�?Ø, �Ñ�O4�:�äN[!.

9.5.4 ^�4�

Äk?Ø��äN�~f.
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~ 9.5.4 ¦�±�½NÈ V0 �L¡È����ÎN.

) ��ÎN.¡�»� r, p� h, ��ÎN�L¡È´

S(r, h) = 2�r2 + 2�rh

�´Ù¥��»ÚpÉ�NÈ�½���å, = r, h 7L÷v

ϕ(r, h) =�r2h− V0 = 0

¤±¯Kz�¦S = S(r, h)3^� ϕ(r, h) = 0 e����¯K. éuù�äN~f, �

±l�§ ϕ = 0 ¥)Ñ h ´ r �¼ê h = V0
�r2 , �\ S(r, h) �

S(r) = S

(
r,

V0

�r2

)
= 2�r2 +

2V0

r

Ïd, d S′(r) = 0 )�

r0 =
3

√
V0

2�
,

2d S′′(r0) > 0 ��, S(r) 3 r0 ��4��, �´���£Ï��k��4�:�3à

: r → 0+, r → +∞ ¼ê�ªuÃ¡¤. d�

h0 =
V0

�r2
0

= 2r0.

¤±, éu�½NÈ��ÎN, �p�.¡�»���L¡È��.

é���/, �¼ê

z = f(x, y), (x, y) ∈ D ⊂ R2

këY��û, �§

ϕ(x, y) = 0

�Ñ D ¥�^1w­� L = {(x, y)| ϕ(x, y) = 0}. ¤¢^�4� Ò´ f(x, y) ��3­

� L þ�4�¯K, �Ò´¼ê f(x, y) 3��^� ϕ(x, y) = 0 e�4�¯K.

XJ�§ ϕ(x, y) = 0 �3Û¼ê y = y(x) , @o f(x, y) ��3 L þÒ�

z = z(x) = f(x, y(x))

ù�^�4�ÒC¤
��¼ê z = z(x) �4�¯K. � x = a ´§���7:, P

b = y(a) , Ïd ϕ(a, b) = 0 , K

z′(a) = f ′x(a, b)) + f ′y(a, b)y
′(a)

= f ′x(a, b)− f ′y(a, b)
ϕ′x(a, b)

ϕ′y(a, b)
= 0
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ùp, ·�^�
Û¼ê��ê

y′(x) = −ϕ
′
x(x, y)

ϕ′y(x, y)
.

¤±FÝgrad f Ú gradϕ�ü�©þ3 (a, b)?'~��, �Ò´3 (a, b)?, grad f Ú

gradϕ ��£=²1¤.P

λ = − f
′
x(a, b)

ϕ′x(a, b)
= −

f ′y(a, b)

ϕ′y(a, b)

ù�, �U�4�: (a, b) 7L÷v�§ ϕ(a, b) = 0 ±9

f ′x(a, b) + λϕ′x(a, b) = 0,

f ′y(a, b) + λϕ′y(a, b) = 0.

�Ò´ grad f(a, b) + λ gradϕ(a, b) = 0 .

5¿� grad f � gradϕ ©O´ f(x, y) � ϕ(x, y) ����{�þ£� §9.4.3¤, Ï

d, {�þ²1¿�X f(x, y) ����q f(x, y) = c ¥,�^���� ϕ(x, y) = 0 Ø

���, 
�3�:?��£�ã 9.17¤.

ã 9.17


3�:?éA�� c = f(a, b) Ò´�U�4��½4��, Ïd�§

f ′x + λϕ′x = 0, f ′y + λϕ′y = 0.

� ϕ(x, y) = 0 éá, Ò�±^5û½�'~ê�: (a, b) Ú λ .

·�òþã©Û?�Ú8BXe, Ú?9Ï¼ê

F (x, y) = f(x, y) + λϕ(x, y).

K, ^�4�:A÷v7:�§
F ′x(x, y) = f ′x(x, y) + λϕ′x(x, y) = 0,

F ′y(x, y) = f ′y(x, y) + λϕ′y(x, y) = 0,

ϕ(x, y) = 0.

Ïd, �¦^�4�, Äklþã�§¥)Ñ7:, ,�2�âK¿, ��O=
7

:´4�:. ù«�{¡� Lagrange ¦ê{.
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~ 9.5.5 ¦3�å^� (x− 1)2 + y2 − 1 = 0 e z = xy �4�.

) �9Ï¼ê

F (x, y) = xy + λ(x− 1)2 + λy2 − λ.

u´��7:�§ 
y + 2λ(x− 1) = 0,

x+ 2λy = 0,

(x− 1)2 + y2 − 1 = 0.

)�7: (ã9.13): M1(0, 0), M2

(
3
2 ,
√

3
2

)
, M3

(
3
2 , −

√
3

2

)
.

x

y

ã 9.18

Ï�ëY¼ê z = xy 348 D = {(x, y) | (x − 1)2 + y2 − 1 = 0} þ�����Ú
���, 
����:Ú���:Ñ´7:. ¤± z2 = 3

√
3

4 ´���, �´4��, 


z3 = −3
√

3
4 ´���, �´4��.

ùp7L�Ñ, Lagrange ê¦{´ÏLÛ¼ê��3, ò^�4�=z���5�

4�¯K. �´¿ØI�òÛ¼êý�)Ñ5. ¯¢þ,XJU
¦Ñ���L��^

� ϕ(x, y) = 0 �Û¼ê, (¢�±òÛ¼ê�\ f(x, y) ���¦4�£X~ 9.5.4¤.

�´, ���¹e, Û¼ê�,�3, ��7U
)Ñ5. =¦U
)Ñ5, ��U�

´ÛÜ�. 3~ 9.5.5 ¥, ^� ϕ(x, y) = (x − 1)2 + y2 − 1 = 0 L«���. l¥�

)Ñ y =
√

1− (x− 1)2, �´�L«���Ü©£þ��¤, �\ z = xy �, �U¦

Ñ7: M2

(
3
2 ,
√

3
2

)
. ����/�Ä4�, �I)Ñ,�Ü©£e��¤�Û¼ê

y = −
√

1− (x− 1)2, �\¼ê�¦Ñ7: M3

(
3
2 , −

√
3

2

)
. �Ä��.?, ��¦Ñ

x = 1 +
√

1− y2£m��¤Ú x = 1−
√

1− y2£���¤. ,�òz��Û¼ê©O�

\ z = f(x, y) = xy , ¿Å��Ä4�¯K, âU�y¤k�7:ÑU
¦Ñ5.

Ïd, Lagrange ¦ê{3)û^�4�¯K�´�©k��. ò Lagrange ¦ê{

í2��õCþ�/¿ØE,. e¡±ü�äN�~f5�O��5�í2.

~ 9.5.6 ¦d�:�­¡ (x− y)2 − z2 = 1 ��áål.
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) �Ä�:�­¡þ�: (x, y, z) �ål²� d2 = x2 + y2 + z2, K¯KÒz¤

¦¼ê

u = x2 + y2 + z2

3��^� (x− y)2 − z2 = 1e����. U¦ê{�9Ï¼ê

F (x, y, z) = x2 + y2 + z2 + λ[(x− y)2 − z2 − 1],

¿¦�7:�§| 

∂F
∂x = 2x+ 2λ(x− y) = 0,

∂F
∂y = 2y − 2λ(x− y) = 0,

∂F
∂z = 2z − 2λz = 0,

(x− y)2 − z2 − 1 = 0.

d1n�§� z(1 − λ) = 0. �� λ = 1 �N´wÑ, ù|�§Ø�N, ¤±�Uk

z = 0. l
)�

x = ±1

2
, y = −x = ∓1

2
.

u´:
(

1
2 ,−

1
2 , 0
)
�
(
−1

2 ,
1
2 , 0
)
B�U´4�:. d¯K���¿Â�����½´�

3, 
¼ê3ùü:þ��Ó�� 1
2 . Ïdùü:Ñ´¼ê����:, ¿�Ñ¤¦��

áål d =
√

2
2 .

~ 9.5.7 Áò�ê a ©¤ n ��ê�Ú, ¦ù n ��ê�¦È��.

) � a©¤� n��ê� x1, x2, · · · , xn,K¯KÒ¤�3�å^� x1 +x2 + · · ·+
xn = a e¦¼ê

u = u(x1, · · · , xn) = x1x2 · · · xn, xi > 0, i = 1, · · · , n

����. �9Ï¼ê

F (x1, x2, · · · , xn) = x1x2 · · · xn + λ(x1 + x2 + · · ·+ xn − a),

�7:�§|

∂F

∂x1
= x2x3 · · · xn + λ = 0,

∂F

∂x2
= x1x3 · · · xn + λ = 0,

· · · · · · ,
∂F

∂xn
= x1x2 · · · xn−1 + λ = 0

x1 + x2 + · · ·+ xn − a = 0.
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'�ù
�ª��

x1 = x2 = · · · = xn.

�\�å^�¦�

x1 = x2 = · · · = xn =
a

n
.

lK¿������½�3£Ï�¼ê u = u(x1, · · · , xn) ëYk��þ. an¤, 
3÷

v�å^�:8�>.:£~X x1 = 0, x2 + · · ·+ xn = a ½ x1 = a, x2 = · · · = xn = 0¤

þ, u = u(x1, · · · , xn) ����". Ïdù����U�4�:Ò´¦¼ê�����

:. l
í�, eò�ê a ©¤ n �����ê, Kù n ��ê�¦È��, Ù���

�
(
a
n

)n
.

lþã(J��±����­��Ø�ª. du

x1x2 · · · xn 6
(a
n

)n
=

(
x1 + x2 + · · · xn

n

)n
,

¤±

n
√
x1x2 · · ·xn 6

x1 + x2 + · · · xn
n

,

= n ��ê�AÛ²þ�Ø�u§���â²þ�.

SK 9.5

1. ¦­� F (t) = f(x+ th, y + tk) 3 t = 1 ?��Ç, Ù¥

(1) f(x, y) = sin(x2 + y); (2) f(x, y) = x2 + 2xy2 − y4.

2. ¦e�¼êd: (x0, y0) C� (x0 + h, y0 + k) �¼ê�Oþ.

(1) f(x, y) = x3 + y2 − 6xy − 39x+ 18y + 4, (x0, y0) = (5, 6);

(2) f(x, y) = x2y + xy2 − 2xy, (x0, y0) = (1,−1).

3. éu¼ê f(x, y) = sin�x+ cos�y, ^¥�½ny², �3��ê θ, 0 < θ < 1 ¦

�
4

�
= cos

�θ
2

+ sin
[�

2
(1− θ)

]
4. ¦e�¼ê� Taylor úª, ¿�ÑÐmª¤á�«�.

(1) f(x, y) = ex ln(1 + y) 3: (0, 0), ��n���;

(2) f(x, y) =
√

1− x2 − y2 3: (0, 0), ��o���;

(3) f(x, y) = 1
1−x−y+xy 3: (0, 0), �� n ���;

(4) arctan 1+x+y
1−x+y 3: (0, 0), ������;

(5) f(x, y) = sin(x2 + y2) 3: (0, 0) �� n ���;

(6) cosx
cos y 3: (0, 0) Ðm�����;

(7) f(x, y) = 2x2 − xy − y2 − 6x− 3y + 5 3: (1,−2) � Taylor Ðmª.
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5. � z = z(x, y)´d�§ z3−2xz+y = 0¤(½�Û¼ê,� x = 1, y = 1� z = 1,

ÁU (x− 1) Ú (y − 1) �¦�Ðm¼ê z ��g���.

6. y², ¥¡n�Æ¥�{u½n

cos z = cosx cos y + sinx sin y cos θ

3�:���S=z�îAp�AÛ¥�{u½n

z2 = x2 + y2 − 2xy cos θ

7. ¦e�¼ê�4�.

(1) f(x, y) = xy + 50
x + 20

y (x > 0, y > 0);

(2) f(x, y) = 4(x− y)− x2 − y2;

(3) f(x, y) = e2x(x+ 2y + y2);

(4) (x2 + y2)2 = a2(x2 − y2), ¦Û¼ê y = y(x) �4�.

(5) x2 + y2 + z2 − 2x+ 2y − 4z − 10 = 0, ¦Û¼ê z = z(x, y) �4�.

8. ¦��n�/, ¦�§�n����u¦È��.

9. ~9.5.5 ¥®²�Ñ
3�å^� (x − 1)2 + y2 − 1 = 0 e z = xy �4�, �xÑ

z = xy ����q�­� (�) (x− 1)2 + y2 − 1 = 0 ����¹, ¿IÑ4�:�

 ��«¿ã.

10. ¦e�¼ê3�½^�e�4�
(1) u = x2 + y2, e x

a + y
b = 1;

(2) u = x+ y + z, e 1
x + 1

y + 1
z = 1, x > 0, y > 0, z > 0;

(3) u = sinx sin y sin z, e x+ y + z = �
2 , x > 0, y > 0, z > 0;

(4) u = xyz, e x+ y + z = 0 � x2 + y2 + z2 = 1.

11. ¦e�¼ê3�½��S��������.

(1) z = x2 − y2, {(x, y)|x2 + y2 6 4};
(2) z = x2 − xy + y2, {(x, y)| |x|+ |y| 6 1};
(3) z = sinx+ sin y − sin(x+ y), {(x, y)|x > 0, y > 0, x+ y 6 2�};
(4) z = x2y(4− x− y), {(x, y)|x > 0, y > 0, x+ y 6 6}.

12. 3²¡ 3x− 2z = 0 þ¦�:, ¦§�: A(1, 1, 1) Ú B(2, 3, 4) �ål²�Ú��.

13. 3­�

z = x2 + 2y2

z = 6− 2x2 − y2
þ, ¦ç�I©O����Ú����:.

14. � f(x, y) = 3x2y − x4 − 2y2. y²: (0, 0) Ø´§�4�:, �÷L (0, 0) :�z^

��, (0, 0) Ñ´§�4��:.
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15. �á(, eÜ��Î/, þÜX±�I/�º(, �á(�NÈ��½ê V0. Áy�

R =
√

5H, h = 2H�, (Ù¥ R,H ���Î/�.�»Úp, h ��I/�p) ¤^

%Ù��.

16. ®�²18¡N¤k�c��Ú� 12a, ¦Ù��NÈ.

17. 3ý� x2

a2 + y2

b2 = 1 þ¦�: M(x, y) (x, y > 0), ¦ý�3T:�����I¶�

¤�n�/¡È���, ¿¦Ù¡È.

18. ¦²¡þ�: (x0, y0), ¦Ù� n �½: (x1, y1), (x2, y2), · · · , (xn, yn) �ål�²

�Ú��.

19. ý¥N x2

a2 + y2

b2 + z2

c2 6 1 �S���N¥, ¦NÈ�����N�NÈ.

20. 3^=ý¥¡ x2

4 + y2 + z2 = 1 þ¦å²¡ x+ y + 2z = 9 ��Ú�C�:.

21. �­¡ S :
√
x+
√
y +
√
z =
√
a (a > 0)

(1) y² S þ?¿:?��²¡���I¶��å�Ú�u a.

(2) 3 S þ¦��²¡, ¦d�²¡�n�I¡¤�¤�o¡NNÈ��, ¿¦o

¡NNÈ����.
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§9.6 �þ|��û

3 §9.1.3 Ú §9.2.5 ¥, ·�Ú?
�þ�¼ê±9�û, �!ò?Ø�«#Vgµ

�þ|¿?Ø§��û.·�òX­?Øn��m�/.

9.6.1 �þ|

¤¢�þ| ´��m¥,�«�¥, z�:éA���þ. �þ|´Ôn�Æ�¥

�Ý|!å|!>|!̂ |�/|0�Vg�V).

~XXã9.19 ¤«�°�¥Y6��Ý|, z���þw«T:?Y6�Ý

���Ú��, 
�Ý|���/¤���/, KL²Y63d/¤��µ6.

ã 9.19

�m¥Ú?�IX, �þ|�^�IX5L«. XJ�mÚ\���IX

[O; i, j,k], @o�m¥��:Ò�±d�IL« M(x, y, z), 
ù�:éA��þ v

�±L«�

v(x, y, z) = P (x, y, z)i+Q(x, y, z)j +R(x, y, z)k, (x, y, z) ∈ D ⊂ R3,

Ù¥ P,Q,R ¡��þ| v �©þ¼ê. 3²¡þÚ?���IX, @o²¡�þ|L

«Xe

v(x, y) = P (x, y)i+Q(x, y)j, (x, y) ∈ D ⊂ R2.

�m¥L«: M � ��þ r =
−−→
OM , ¡��m� ��þ|, 3���IXe

r = xi+ yj + zk.

±�þ� M ¿ u�I�:��:, é u: M(x, y, z) ?�þ� m ��:�Ú

å|L«Xe (ã9.20)

F = −kmM
r3
r,
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Ù¥ k ´Úå~ê, r =
√
x2 + y2 + z2.

ã 9.20 ã 9.21

�þ| v(r) = −yi+ xj L«�´�����/¸^0G�þ| (ã9.21), ÙA:´

z�:��þÑ��%3�:����, ¿��X��:�ål��, �þ��.

�éu�þ|, ·�¡�m¥�:éA��êþ¡�êþ|. ~XÔN¥z�:é

A��þ�Ý!§Ý, 6N¥z�:éA�Ør��Ñ´êþ|. ��½���IX�,

êþ|Ò´: M(x, y, z) �¼ê u(x, y, z).

éu�þ| v(x, y, z), �e�4��3�

∂v

∂x
= lim

∆x→0

v(x+ ∆x, y, z)− v(x, y, z)

∆x

Ò½Â� v(x, y, z) é x � �û, Ón�½Â v(x, y, z) é y Ú z � �û. AO, 3

���IXe �û�±L«�

∂v

∂x
=
∂P (x, y, z)

∂x
i+

∂Q(x, y, z)

∂x
j +

∂R(x, y, z)

∂x
k,

±9é y Ú z aq� �ûL«. XJ©þ¼êP,Q,RkëY� �ê, @o·�¡�

þ| v �1w�þ| .

9.6.2 FÝ!ÑÝ�^Ý

�â�©�½Â, ¼ê φ(x, y, z) ��© dφ ´ dx, dy, dz ��5¼ê, §�L«�

dφ =
∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz

=

(
∂φ

∂x
i+

∂φ

∂y
j +

∂φ

∂z
k

)
· ( dxi+ dyj + dzk)

Ïd¼ê��© dφ ´¼ê�FÝ gradφ = ∂φ
∂xi+ ∂φ

∂y j + ∂φ
∂zk � dr = dxi+ dyj + dzk

�:¦.

3���IXe, ½ÂXe�Î

∇ = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
,
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¿¡� Hamilton �Î½ Nabla �Î. �Î ∇ ok�ûÚ�þü«$�á5, Ù¥�¼

ê φ(x, y, z) �/ê¦0Ò�Ñ
¼ê�FÝ

∇φ = gradφ =
∂φ

∂x
i+

∂φ

∂y
j +

∂φ

∂z
k,

�ØL φ/¦±0z�©þ´é φ ¦ �ê.Ïd ��êþ|�FÝ´���þ|.

/^�Î ∇, ¼ê φ ��© dφ �±L«�

dφ = ∇φ · dr.

du�Î ∇ äk�þ5�, ¤±��±��þ|©O�/:¦0Ú/�¦0.

½Â 9.27 3���IXe, � v(x, y, z) = P (x, y, z)i+Q(x, y, z)j +R(x, y, z)k,

1◦ �þ| v �ÑÝ ½ÂXe

div v = ∇ · v =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
.

Ïd, ���þ|�ÑÝ´��êþ|.

2◦ �þ|�^Ý ½ÂXe

rotv = ∇× v

=

(
∂R

∂y
− ∂Q

∂z

)
i+

(
∂P

∂z
− ∂R

∂x

)
j +

(
∂Q

∂x
− ∂P

∂y

)
k.

Ïd, ���þ|�^Ý´���þ|.

AO, aq�þ�m��¦, �þ|�^Ý�±L«¤e�1�ª/ª

rotv = ∇× v =

∣∣∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣ ,

ù�, ·�ÒÏL Hamilton �Î, ­#½Â
êþ|�FÝ, Ó�½Â
�þ|�

ÑÝÚ^Ý. 'u§��AÛ�Ôn¹Âò3 §11.6 ¥2�`², ùp·��Ñe�$

�5K, ù
5KÑ�±ÏL Hamilton �Î5Ny, ¿�Öögy.
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� φ, ψ ´êþ|, a, b ��þ|, K

∇(φ+ ψ) = ∇ϕ+∇ψ,

∇ · (a+ b) = ∇ · a+∇ · b,

∇× (a+ b) = ∇× a+∇× b,

∇(φψ) = φ∇ψ + ψ∇φ,

∇ · (φa) = φ∇ · a+ a · ∇φ,

∇ · (a× b) = b · ∇ × a− a · ∇ × b,

∇× (φa) = ∇φ× a+ φ∇× a.

��±���ye�(J

rot gradφ = ∇×∇φ = 0,

div rota = ∇ · (∇× a) = 0

Hamilton �Î ∇äk�þ�á5¦�§gCÚgC��±?1/:¦0, Ù(J´

��#��Î, P�

∆ = ∇ · ∇ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
,

¡� Laplace �Î, §�^3êþ| φ(x, y, z) þ�

∆φ =
∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2
.

9.6.3 Hamilton �Î3Î�IXÚ¥�IX¥�L«*

Ú? Hamilton �Î�, FÝ!̂ ÝÚÑÝ�±^ ∇ ©O�êþ| u Ú�þ| v

�/ê¦0!/:¦0Ú/�¦0L«. 5¿�k'½ÂÚí�Ñ´3���IX¥?1

�, XÛ�Ñ3Ù¦�IX¥�FÝ!ÑÝÚ^Ý�L«, '�´��Ñ ∇ 3ØÓ�I
X¥�L�ª. ùp, ­:�Ä ∇ 3ü«~^�IX¥�L�ª.

1◦ Î�IX¥� Hamilton �Î

Î�Ide�úª�Ñ

x = r cos θ, y = r sin θ, z = z,

ùp r > 0, 0 6 θ < 2�, −∞ < z <∞, ½ö ��þ

r = xi+ yj + zk = r cos θi+ r sin θj + zk
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Ïd r ÷Î�In�ëê­����þ�

∂r

∂r
= cos θi+ sin θj = er

∂r

∂θ
= −r sin θi+ r cos θj = reθ

∂r

∂z
= k = ez

ùpÏL r �n���þ, Ú?
n��þ

er = cos θi+ sin θj, eθ = − sin θi+ cos θj, ez = k

N´�y er, eθ, ez ´üü���ü �þ, ¿��¤mÃX, ¡�Î�IX. �´��

��IXØÓ�´, Î�IX¥n��I�þ er, eθ, ez ´�m:��þ¼ê, äN5

`, �I�þ er, eθ �6uCþ θ, �Ø�6uCþ r, Ïdé θ ¦��

∂er
∂θ

= eθ,
∂eθ
∂θ

= −er,
∂ez
∂θ

= 0

3Î�IX¥

dr =
∂r

∂r
dr +

∂r

∂θ
dθ +

∂r

∂z
dz = drer + r dθeθ + dzez

ddÄk��3Î�Iel���L�ª

ds2 = dr · dr = dr2 + r2 dθ2 + dz2

éu?¿��êþ| u , §Q´ (x, y, z) �¼ê, Ó�q´ (r, θ, z) �¼ê, �â�

��©/ªØC5, k

du = ∇u · dr =
∂u

∂x
dx+

∂u

∂y
dy +

∂u

∂z
dz

=
∂u

∂r
dr +

∂u

∂θ
dθ +

∂u

∂z
dz.

Ï� u �FÝ|´���þ|, Ïd�FÝ|3Î�IX¥�L«�

∇u = a1er + a2eθ + a3ez,

Ù¥ a1, a2, a3 �½. òþª� dr = drer + r dθeθ + dzez �\

du = ∇u · dr =
∂u

∂r
dr +

∂u

∂θ
dθ +

∂u

∂z
dz

¿'� dr, dθ, dz �Xê�

a1 =
∂u

∂r
, a2 =

1

r

∂u

∂θ
, a3 =

∂u

∂z
.
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Ïd, êþ| u �FÝ3Î�IX¥�L«�

∇u =
∂u

∂r
er +

1

r

∂u

∂θ
eθ +

∂u

∂z
ez

½ö`�f ∇ 3Î�IX¥�L«�

∇ = er
∂

∂r
+

1

r
eθ

∂

∂θ
+ ez

∂

∂z
.

�
í�Î�IXe�þ|�ÑÝÚ^Ý, òÎ�IXeL«� ∇ ��þ|

v = Aer +Beθ + Cez

©O?1/:¦0Ú/�¦0, ¿5¿��I�þ eθ, ez é θ ��ê£∂er
∂θ = eθ,

∂eθ
∂θ =

−er¤. Ïd, Î�IXe�þ| v �ÑÝL«�

∇ · v = er ·
∂v

∂r
+

1

r
eθ ·

∂v

∂θ
+ ez ·

∂v

∂z

=
∂A

∂r
+

1

r
(A+

∂B

∂θ
) +

∂C

∂z


^ÝL«�

∇× v = er ×
∂v

∂r
+

1

r
eθ ×

∂v

∂θ
+ ez ×

∂v

∂z

=
1

r

∣∣∣∣∣∣∣∣
er reθ ez
∂
∂r

∂
∂θ

∂
∂z

A rB C

∣∣∣∣∣∣∣∣ ,
Laplace �Î3Î�IX¥�L«

∆ = ∇ · ∇ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂θ2
+

∂2

∂z2

½ö` Laplace �f�^3¼êþ�

∆u =
1

r

∂

∂r

(
r
∂u

∂r

)
+

1

r2

∂2u

∂θ2
+
∂2u

∂z2
.

2◦ ¥�IX¥� Hamilton �Î

n��m�¥�Ide�úª�Ñ

x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ,

ùp,r > 0, 0 6 θ 6�, 0 6 φ < 2�, ½ö

r = xi+ yj + zk = r sin θ cosφi+ r sin θ sinφj + r cos θk.
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Ïd r ÷n�¥�I­����þXe

∂r

∂r
= sin θ cosφi+ sin θ sinφj + cos θk = er,

∂r

∂θ
= r cos θ cosφi+ r cos θ sinφj − r sin θk = reθ,

∂r

∂φ
= −r sin θ sinφi+ r sin θ cosφj = r sin θeφ.

ùp½Â
n��p��¿�¤mÃX�ü �þ {er, eθ, eφ}, ¡�¥�IX, n�

�I�þ�6u¥�I (θ, φ).

3¥�IX¥,  ��þ��©Xe

dr =
∂r

∂r
dr +

∂r

∂θ
dθ +

∂r

∂φ
dφ = drer + r dθeθ + r sin θ dφeφ.

Ïdl��3¥�IX¥�L«�

ds2 = dr · dr = dr2 + r2 dθ2 + r2 sin2 θ dφ2.

aqÎ�IX�/, d���©/ª�ØC5�

du = ∇u · dr =
∂u

∂r
dr +

∂u

∂θ
dθ +

∂u

∂φ
dφ.

��þ| ∇u 3¥�IX¥�L«�

∇u = a1er + a2eθ + a3eφ,

Ù¥ a1, a2, a3 �½. ò dr = drer + r dθeθ + r sin θ dφeφ �\�

a1 =
∂f

∂r
, a2 =

1

r

∂f

∂θ
, a3 =

1

r sin θ

∂f

∂φ
,

=êþ| u 3¥�IX¥�FÝ�

∇u =
∂u

∂r
er +

1

r

∂u

∂θ
eθ +

1

r sin θ

∂u

∂φ
eφ

½ö`�f ∇ 3¥�IX¥�L«�

∇ = er
∂

∂r
+

1

r
eθ

∂

∂θ
+

1

r sin θ
eφ

∂

∂φ
.

^¥�IXe� ∇ ��þ| v = Aer + Beθ + Ceφ ©O?1/:¦0Ú/�¦0,

¿5¿��I�þ er, eθ, eφ �6Cþ (θ, φ), �é (θ, φ) ��êXe

∂er
∂θ

= eθ,
∂eθ
∂θ

= −er,
∂eφ
∂θ

= 0,

∂er
∂φ

= sin θeφ,
∂eθ
∂φ

= cos θeφ,
∂eφ
∂φ

= −(sin θer + cos θeθ).
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Ïd�þ| v 3¥�I¥�ÑÝL«�

∇ · v = er ·
∂v

∂r
+

1

r
eθ ·

∂v

∂θ
+

1

r sin θ
eφ
∂v

∂φ

=
1

r2

∂(r2A)

∂r
+

1

r sin θ

∂(sin θB)

∂θ
+

1

r sin θ

∂C

∂φ
.

�þ| v 3¥�I¥�^ÝL«�

∇× v = er ×
∂v

∂r
+

1

r
eθ ×

∂v

∂θ
+

1

r sin θ
eφ ×

∂v

∂φ

=
1

r2 sin θ

∣∣∣∣∣∣∣∣
er reθ r sin θeφ
∂
∂r

∂
∂θ

∂
∂φ

A rB r sin θC

∣∣∣∣∣∣∣∣ .
Laplace �Î3¥�IX¥�L«

∆u =
1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂φ2
.

5P ÃØ´Î�IX�´¥�IX, r ÷n�ëê (r, θ, z)£Î�I¤½ (r, θ, φ)

£¥�I¤��ê�Ñ�n��þ�p��. ²L8�z�, Ò©O��Î�IXÚ¥�

IX�n�IO����I�þ. ���¹e, XJk�IC�

r = x(u, v, w)i+ y(u, v, w)j + z(u, v, w)k

½P¤

x = x(u, v, w), y = y(u, v, w), z = z(u, v, w)

U�y÷ëê u, v, w Cz���n���þ

∂r

∂u
,
∂r

∂v
,
∂r

∂w

�p��, K¡���­��I. éþ¡n��þ²L8�z?n, Ò����|IO�

�X, Ïdêþ|�FÝÚ�þ|�ÑÝ, ^ÝÑ�^aquÎ�IÚ¥�I��{Å

��Ñ. ùpØ2��[0�.

SK 9.6

1. ¦>|rÝ e = q
r3r(r = |r|) �ÑÝÚ^Ý.

2. � ω = ω1i+ ω2j + ω3k ´��~��þ, ¦�þ|

v = ω × r

�^Ý ∇× v, ¿�ÑÜn�Ôn)º. ùp r = xi+ yj + zk ´ ��þ.
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3. ¦e��þ|3�½:�ÑÝ

(1) v = (3x2 − 2yz, y3 + yz2, xyz − 3xz2) 3 M(1,−2, 2) ?;

(2) v = x2 sin yi+ y2 sin(xz)j + xy sin(cos z)k 3 M(x, y, z) ?.

4. � w ´~�þ, r = xi+ yj + zk, r = |r|, ¦
(1) div [(r ·w)w]; (2) div rr ;

(3) div (w × r); (4) div (r2w).

5. ¦e��þ|�^Ý.

(1) v = y2i+ z2j + x2k;

(2) v = (xey + y)i+ (z + ey)j + (y + 2zey)k.

6. � w ´~�þ, r = xi+ yj + zk, r = |r|, ¦:

(1) rot (w × r); (2) rot[f(r)r];

(3) rot[f(r)w]; (4) div [r × f(r)w].

7. � w ´~�þ, r = xi + yj + zk, r = |r|, f(r) ´ r ���¼ê, ÁÏL ∇ $�
¦:

(1) ∇(w · f(r)r);

(2) ∇ · (w × f(r)r);

(3) ∇× (w × f(r)r).

8. � φ, ψ ´êþ|, a, b ��þ|, y²

∇(φ+ ψ) = ∇ϕ+∇ψ,

∇ · (a+ b) = ∇ · a+∇ · b,

∇× (a+ b) = ∇× a+∇× b,

∇(φψ) = φ∇ψ + ψ∇φ,

∇ · (φa) = φ∇ · a+ a · ∇φ,

∇ · (a× b) = b · ∇ × a− a · ∇ × b,

∇× (φa) = ∇φ× a+ φ∇× a.

9. y²

rot gradφ = ∇×∇φ = 0,

div rota = ∇ · (∇× a) = 0

10. y²

∇× (∇× v) = ∇(∇ · v)−∇2v.
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§9.7 �©/ª*

3 §9.3 ¥, ·�0�
¼ê��©. =�½��½Â3 D ⊂ E = Rn þ���¼ê
z = f(x) = f(x1, · · · , xn), K f 3�: x = (x1, · · · , xn) ��©´

df(x) =
∂f

∂x1
(x) dx1 + · · ·+ ∂f

∂xn
(x) dxn

�Ò´`, ¼ê f ��© df , Ò´ dx1, dx2, · · · , dxn ��5|Ü, Ù|ÜXê´¼ê

éA� �ê.

Ïd·�½Â dx1, dx2, · · · , dxn ?¿��5|Ü

ω = A1(x) dx1 + · · ·+ An(x) dxn

��g�©/ª, ùpXê Ai, i = 1, · · · , n ´Cþ (x1, · · · , xn) �¼ê.

5¿, �g�©/ª�7´��¼ê��©, Ø�§�Xê�ÐéA��¼ê� 

�ê. Ïd�g�©/ª�½Â, ¦·�{ø
äN¼ê�åP, Ø2��3äN¼ê

��©, 
´í2��©�/ª.

�
?�Ú`²�©/ª�¿Â, ·�±n��m��©/ª�~.

9.7.1 �©/ª��m

Äk3 dx, dy, dz �m½Â�«¦{, ¡�/	È0, §÷ve�	È$��Ä�

5Kµ

dx ∧ dx = dy ∧ dy = dz ∧ dz = 0

dx ∧ dy = − dy ∧ dx, dy ∧ dz = − dz ∧ dy, dz ∧ dx = − dx ∧ dz,

�õ� dx, dy, dz ?1ë¦�, �âþã5K�±��gS, �ë¦¥ekü���,

Ò�½´", �k dx ∧ dy ∧ dz ´�²��.

r { dx, dy, dz}!{ dy ∧ dz, dz ∧ dx, dx ∧ dy} ±9 { dx ∧ dy ∧ dz} ©Ow¤)
¤�, §��g�5)¤���©O¡�/�g!�g!ng�©/ª0½{¡//ª0.

Ó�·��½���¼ê�/0 g�©/ª0, V)å5=´µ� Ω ´ R3 ¥�«�

0 g�©/ª: Ω þ��¼ê£½¡êþ|¤z = φ(x, y, z) , Ïd�P�

ω0
φ = φ

1 g�©/ª: dx, dy, dz ��5|Ü A dx + B dy + C dz, Ù¥ A,B,C ´ Ω þ

�¼ê. �g/ªéA��½Â3 Ω þ��þ| v = Ai + Bj + Ck, Ïd�g/ª�

P¤

ω1
v = A dx+B dy + C dz.
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2 g�©/ª: dy ∧ dz, dz ∧ dx, dx ∧ dy ��5|Ü D dy ∧ dz +E dz ∧ dx+

F dx ∧ dy, Ù¥Xê D,E, F ´ Ω þ�¼ê. ���g�©/ª�éA Ω þ���þ

| v = Di+ Ej + Fk , ÏdP�

ω2
v = D dy ∧ dz + E dz ∧ dx+ F dx ∧ dy.

3 g�©/ª: ng�©/ª½Â� h dx ∧ dy ∧ dz, Ù¥Xê h = h(x, y, z) ´ Ω

þ�¼ê, ÏdP�

ω3
h = h dx ∧ dy ∧ dz

w,, �â dx, dy, dz �m�	È'X, n��m¥Ø2kÙ¦/ª��©/ª
.

,��¡, Óg��©/ªäk�5�m¥�þ¤äk�ê¦Ú\{$�.

9.7.2 �©/ª�	È

ò'u dx, dy, dz �m�	È$�í2��©/ª¥�, Uì dx, dy, dz �m�

	È$��Ä�5K, ¿5½�©/ª�m�	È÷v(ÜÆÚéÓg�©/ª\{�

©�Æ. äN$�(JXe:

1◦ éuü��g/ª

ω1
vj = Aj dx+Bj dy + Cj dz, j = 1, 2,

�â	È$��Ä�5K, §��	È�

ω1
v1
∧ ω1
v2

= (A1 dx+B1 dy + C1 dz) ∧ (A2 dx+B2 dy + C2 dz)

= (B1C2 −B2C1) dy ∧ dz + (C1A2 − C2A1) dz ∧ dx+ (A1B2 − A2B1) dx ∧ dy

Ïd´���g/ª. 5¿�ù��g/ªéA��þ|�´ü��g/ªéA��þ

| v1 = A1i+B1j + C1k Ú v2 = A2i+B2j + C2k �m�¦�(J, =

ω1
v1
∧ ω1
v2

= ω2
v1×v2

2◦ ���g/ª ω1
v = A dx + B dy + C dz ����g/ª ω2

u = P dy ∧ dz +

Q dz ∧ dx+R dx ∧ dy �	È, Uì	È$��Ä�5K, Ù(J´��ng/ª

ω1
v ∧ ω2

u = (A dx+B dy + C dz) ∧ (P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy)

= (AP +BQ+ CR) dx ∧ dy ∧ dz.

Xê AP +BQ+ CR �´�þ| v = A1i+B1j + C1k Ú u = P i+Qj +Rk �:¦

ω1
v ∧ ω2

u = ω3
v·u



132 1 9 Ù õCþ¼ê��©Æ

3◦ n��g/ª ω1
vj = Aj dx + Bj dy + Cj dz, j = 1, 2, 3 �	È´��ng/

ª, �â 1◦ Ú 2◦, ØJ�Ñ

ω1
v1
∧ ω1
v2
∧ ω1
v3

= ω3
v1×v2·v3

4◦ 0 g/ª ω0
φ = φ(x, y, z) �?Û/ª�	È�u φ ¦±�©/ª�Xê. ~X

0 g/ª��g/ª ω1
v = A dx+B dy + C dz �	ÈE��g/ª

ω0
φ ∧ dω1

v = φA dx+ φB dy + φC dz = ω1
φv

Ø
þão«�¹, n��m¥�©/ª�	È2�vkÙ¦�²���¹
.

9.7.3 �©/ª�	�©

·���, ��"g/ª�¼ê φ, §��©´���g/ª. y3�¯K´, �

g£½ö�pgê�¤�©/ª�Ä�©? ,��¡, ���½��g/ª, ´Ä�±L

«¤��"g�©/ª��©? �d·�½Â�©/ª��«�©, ¡�	�©, §´

¼ê (= 0 g/ª) �©�í2.

� Ω ´ R3 ¥�«�, ±eþb�¤�9�¼êÚ�©/ª�Xê3 Ω þ���

 �êÑ´ëY�.

½Â�©/ª�	�©´��l$g�/ª�p�g�/ª�N�

d : p g/ª −→ p+ 1 g/ª

éun��mþ��©/ª, 	�©�äNL§Xe

1◦ éu"g/ª ω0
φ = φ, §�	�©½Â�

dω0
φ =

∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz,

=´¼ê��©, (J´���g/ª, Xê�´¼ê φ �FÝ�n�©þ

dω0
φ = ω1

gradφ = ω1
∇φ

2◦ �g/ª ω1
v = P dx+Q dy +R dz �	�©½Â�

dω1
v = d(P dx+Q dy +R dz) = dP ∧ dx+ dQ ∧ dy + dR ∧ dz

Ï� P, Q, R Ñ´¼ê (�Ò´ 0 g/ª), §���©®d 1◦ ¤½Â, Ù(J´��

�g/ª, ~X

dP =
∂P

∂x
dx+

∂P

∂y
dy +

∂P

∂z
dz
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��, �\�

dω1
v =

(
∂P

∂x
dx+

∂P

∂y
dy +

∂P

∂z
dz

)
∧ dx+

(
∂Q

∂x
dx+

∂Q

∂y
dy +

∂Q

∂z
dz

)
∧ dy

+

(
∂R

∂x
dx+

∂R

∂y
dy +

∂R

∂z
dz

)
∧ dz

=

(
∂R

∂y
− ∂Q

∂z

)
dy ∧ dz +

(
∂P

∂z
− ∂R

∂x

)
dz ∧ dx+

(
∂Q

∂x
− ∂P

∂y

)
dx ∧ dy

Ù(J´���g/ª. Ïd dω1
v éA��þ|�´ v �^Ý

dω1
v = ω2

rotv = ω2
∇×v.

3◦ �g/ª ω2
v = P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy �	�©½Â�

dω2
v = d(P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy)

= dP ∧ dy ∧ dz + dQ ∧ dz ∧ dx+ dR ∧ dx ∧ dy

r dP, dQ, dR �L�ª�\, �

dω2
v =

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx ∧ dy ∧ dz.

§´ng/ª

dω2
v = ω3

divv = ω3
∇·v.

w,, 3n��m, ng/ª�	�©o´" dω3
h = 0.

éu	�©$�, kXe­�� Poincaré Ún.

Ún 9.28 (Poincaré) � ω ´���©/ª, ÙXêäk��ëY� �û, K

d2ω = d( dω) = 0

y² ·�Ø�én��m��g�©/ª��\±�y.

1◦ � ω = ω0
φ = φ(x, y, z) ´�� 0 g/ª�,

dω0
φ = ω1

gradφ =
∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz,

´���g/ª, UYéÙ�	�©�

d2ω0
φ = dω1

gradφ = ω2
rot gradφ = 0

2◦ � ω = ω1
v = P dx+Q dy +R dz ´���g/ª�,

dω1
v = ω2

rotv
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´���g/ª,u´

d2ω1
v = dω2

rotv = ω3
div rotv = 0.

3◦ � ω = ω2
v ´���g/ª�, �©�g, K dω ´��ng/ª, 2�©�g,

g,k d2ω = 0. �

½Â 9.29 éu�½�£�!�!ng¤�©/ª ω, XJ�3��$�g�/ª

θ, ¦� ω ´ θ �	�©, =k ω = dθ, @o¡ ω ´��T��©/ª.

½n 9.30 [Poincaré Ún�_½n] XJ ω ÷v dω = 0, �§�½Â�÷v�½

^�, @o§´T��.

ùp, �
{ü`², ·�Ø2�Äþã½n¥éu�©/ª½Â���¦.

~ 9.7.1 � ω = y dx+ z dy+ x dz, K dω = − dy ∧ dz− dz ∧ dx− dx∧ dy 6= 0,

¤±Ø´T��, =Ø�3�� 0 g/ª θ ¦� ω = dθ. ½ö` ω ØUL«¤¼ê�

��©.

~ 9.7.2 � ω = yz dx+ zx dy+ xy dz, K dω = 0. N´wÑ§´¼ê (0 g/ª)

θ = xyz ���©: ω = dθ.

éuT���©/ª ω , XÛ�E��/�/ª0θ, ¦� ω = dθ£a'��¼ê�

�¼êVg¤, AT´��È©�L§. ·�ò3Ú?­�È©Ú­¡È©��?Ø.

9.7.4 �©/ª3p��m�í2

�©/ª3p��m Rn �í2Xe:

0 g/ªÒ´ n ���¼ê��N.

�g/ªÒ´ dxi, i = 1, · · · , n ��5|Ü
n∑
i=1

ai(x) dxi

�g/ª´ dxi ∧ dxj , 1 6 i < j 6 n ��5|Ü∑
16i<j6n

aij(x) dxi ∧ dxj .

í
2�, p g/ªÒ´ dxi1 ∧ · · · ∧ dxip , 1 6 i1 < · · · < ip 6 n ��5|Ü∑
16i1<···<ip6n

ai1i2···ip(x) dxi1 ∧ · · · ∧ dxip

p g/ª��N V p �¤��
(
n
p

)
���m.
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 n g/ªÒ´

a(x) dx1 ∧ dx2 ∧ · · · ∧ dxn.

ùp, 	È�$��Åe��K

dxi ∧ dxj = − dxj ∧ dxi, 1 6 i, j 6 n.

¤kXêÑ´�m E ¥«� Ω þ�këY �û�¼ê. Ïd, ��/§�� p g/

ª ωp Ú�� q g/ª ωq �	È´�� p+ q g/ª

ωq ∧ ωq ∈ V p+q

¤½Â�	�©/ d0, ´���±�5Úê¦�N�

d : V p −→ V p+1, p = 0, 1, · · · , n− 1.

SK 9.7

1. O�

(1) (x dx+ y dy) ∧ (z dz − z dx)); (2) ( dx+ dy + dz) ∧ (x dx ∧ dy − z dy ∧ dz).

2. ée��©/ª ω, O�§���©, =O� dω

(1) ω = xy + yz + zx;

(2) ω = xy dx;

(3) ω = xy dx+ x2 dy;

(4) ω = x2y dx− yze2 dy + sinxyz dz;

(5) ω = xy2 dy ∧ dz − xz2 dx ∧ dy;

(6) ω = xy dy ∧ dz + yz dz ∧ dx+ zx dx ∧ dy;

1 9 ÙnÜSK

1. � a1, a2, · · · , an ´�"~ê. f(x1, x2, · · · , xn) 3 Rn þ��. ¦y: �3 R þ�
���¼ê F (s) ¦� f(x1, x2, · · · , xn) = F (a1x1 + a2x2 + · · ·+ anxn) �¿©7�

^�´ aj
∂f
∂xi

= ai
∂f
∂xj

, i, j = 1, 2, · · · , n.

2. � f(x, y, z) = F (u, v, w), Ù¥ x2 = vw, y2 = wu, z2 = uv. ¦y:

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= u

∂F

∂u
+ v

∂F

∂v
+ w

∂F

∂w
.
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3. e¼ê u = f(x, y, z) ÷vð�ª f(tx, ty, tz) = tkf(x, y, z) (t > 0), K¡ f(x, y, z)

� k gàg¼ê. Áyeã'uàg¼ê�î.½n: ��¼ê f(x, y, z) � k g

àg¼ê�¿�^�´:

xf ′x(x, y, z) + yf ′y(x, y, z) + zf ′z(x, y, z) = kf(x, y, z).

4. � f(x, y, z) ´ n gàg���¼ê. e�§ f(x, y, z) = 0 Û¹¼ê z = ϕ(x, y)

(=, f ′z 6= 0), K ϕ(x, y) ´�gàg¼ê.

5. � f(x, y) 3 R2 þkëY�� �ê, �é?¿¢ê x, y, z ÷v f(x, y) = f(y, x)

Ú

f(x, y) + f(y, z) + f(z, x) = 3f

(
x+ y + z

3
,
x+ y + z

3

)
.

Á¦ f(x, y).

6. y²Ø�ª x2+y2

4 6 ex+y−2 (x > 0, y > 0).

7. �3 R3 þ½Â� u = f(x, y, z) ´ z �ëY¼ê, � ∂f
∂x ,

∂f
∂y 3 R3 þëY. y² u

3 R3 þëY.

8. � D ⊂ R2 ´�¹�:�à«�, f ∈ C1(D). e

x
∂f(x, y)

∂x
+ y

∂f(x, y)

∂y
= 0, ((x, y) ∈ D),

K f(x, y) ´~ê.

9. � f ∈ C1(R2), f(0, 0) = 0. y²: �3 R2 þ�ëY¼ê g1, g2 ¦�

f(x, y) = xg1(x, y) + yg2(x, y).

10. � f(x, y) 3 (x0, y0) �,��� U þk½Â, ∂f
∂x Ú

∂f
∂y 3 U þ�3. ¦y: XJ

∂f
∂x Ú

∂f
∂y ¥k��3 (x0, y0) ?ëY, @o f(x, y) 3 (x0, y0) ��.

11. � u(x, y) 3 R2 þ����k��ëY �ê. y² u ÷v�§

u
∂2u

∂x∂y
=
∂u

∂x

∂u

∂y

�¿©7�^�´�3��¼ê f Ú g ¦� u(x, y) = f(x)g(y).

12. � r(t) = x(t)i+ y(t)j, t ∈ [a, b] këY��ê, y²µ�3 θ ∈ (a, b), ¦�

|r(b)− r(a)| 6 |r′(θ)|(b− a).

J«µ- ϕ(t) = (x(b)− x(a))x(t) + (y(b)− y(a))y(t), é¼ê ϕ(t) ¦^�©¥�½

n, ¿|^ Cauchy-Schwarz Ø�ª: (a1b1 + a2b2)2 6 (a2
1 + a2

2)(b21 + b22).
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13. � f(x, y, z) 3 R3 þk��ëY �ê, �÷v ∂f
∂x = ∂f

∂y = ∂f
∂z . XJ f(x, 0, 0) > 0

é?¿� x ∈ R ¤á, ¦y: é?¿� (x, y, z) ∈ R, �k f(x, y, z) > 0.

14. ¦¼ê f(x, y) = x2 + xy2 − x 3«� D = {(x, y) | x2 + y2 6 2} þ����Ú�
��.

15. � x1, x2, · · · , xn ´�ê, � x1 + x2 + · · ·+ xn = n. ^ Lagrange ¦ê{y²

x1x2 · · · xn
( 1

x1
+

1

x2
+ · · ·+ 1

xn

)
6 n,

�Ò��=� x1 = x2 = · · · = xn = 1 �¤á.

16. � ai > 0 (i = 1, 2, · · · , n), p > 1. y²:

a1 + · · ·+ an
n

6

(
ap1 + · · ·+ apn

n

)1/p

,

¿?Ø�Ò¤á�^�.

17. � yi = yi(x1, · · · , xn), i = 1, 2, · · · ´ n ���� n �¼ê, y²

dy1 ∧ dy2 ∧ · · · ∧ dyn =
∂(y1, y2, · · · , yn)

∂(x1, x2, · · · , xn)
dx1 ∧ dx2 ∧ · · · ∧ dxn.
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�Ù�Ì�8�´ò��¼ê�½È©�Vg, í2�õ�Cþ¼ê��/, ù«

È©¡��­È©. ·�ò­:?Ø��¼êÚn�¼ê©O3²¡«�Ú�m«�þ

�­È©, Ó��Ñ n ­È©eZ;.~f.

§10.1 �­È©

�éu¢¶þ«m��Ý, ²¡þ:8�¡È���E,, Ïdk7�é²¡:8

�¡È?1{�`², �[�?ØÚØyò31nþ¥Ðm.

10.1.1 ²¡«��¡È

�*þw, ²¡:8 D �¡È´���K�¢ê,P� σ(D), ¿÷ve�ü�5�:

�´�½¡È�ü �u>�� 1 ���/, Ïd>�� l ���/�¡È� l2 .

�´XJ D ´pØ­U (=, Ãú�S:) �k��8Ü D1, D2, · · · , Dk |¤, z� Di

©Ok¡È σ(Di), @o σ(D) ÷v�\5.

σ(D) = σ(D1) + · · ·+ σ(Dk)

� D ´��k.8Ü, K�3����/ [a, b] × [a, b] ¦� D ⊂ [a, b] × [a, b], é

��/�©� T : a = x0 < x1 < x2 < · · · < xn = b, ù�Ò�� n2 ����/

[xi−1, xi]× [xj−1, xj ], 1 6 i, j 6 n.

P@
���¹3 D S����/¡È�Ú� σ−T (D), @
� D kú�:���

�/¡È�Ú� σ+
T (D), w,, XJ D k¡È�{, @o¡È σ(D) �½0u σ−T (D) Ú

σ+
T (D) �m (ã10.1).

ã 10.1

ØJwÑ�X©��5�[, σ−T (D) üN4O¿± (b− a)2 �þ., 
 σ+
T (D) üN

eüke., Ïd� |T | → 0 �, σ−n (D) Ú σ+
n (D) Ñkk�4�. XJ4���, @og
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,½ÂT4��:8 D �¡È.

½Â 10.1 � D ´k.�²¡:8, � [a, b]× [a, b], ¦� S ⊂ [a, b]× [a, b], XJ

éu?¿©� T : a = x0 < x1 < x2 < · · · < xn = b, e�4���

lim
|T |→0

σ+
n (D) = lim

|T |→0
σ−n (D)

@o¡:8 D ´ Jordan �ÿ�, ÄK¡�Ø�ÿ�. þã4��¡� D �ÿÝ ½/¡

È0. AO, �þã4���u 0 �, ¡ D �"ÿ8.

�âþã½Â, Ý/´ Jordan �ÿ�, ÙÿÝ�uÝ/��Ú°�¦È. Äud,

3�©���Ø7ÕYu��/, �±�Ý/�©�.

P:8 D �>.� ∂D, ·�r���/¥@
¹k>.:�]ÀÑ5, K

0 6 σ+
T (D)− σ−T (D) 6 σ+

T (∂D)

Ïd, � ∂D ´"ÿ8�, D ´�ÿ�. ?�Ú�±y², D ´ Jordan �ÿ�¿©7�

^�´§�>. ∂D �ÿÝ�"£�1nþ¤.

~X, 4«mþëY¼ê

y = f(x), x ∈ [a, b] ½ x = g(y), y ∈ [c, d]

�Ñ�²¡­�ã�¡È�". í
2�, �±y²XJ��k.:8�>.�±Åã

L«¤4«mþëY¼ê�Ñ�­�ã, @oT:8´�ÿ�.

�´,(¢�3Ø�ÿ�k.:8,~X [0, 1]×[0, 1]S¤kkn: (=:�ü��I

Ñ´knê) ¤�¤�8Ü D ´ Jordan ¿ÂeØ�ÿ�, ù´Ï� ∂D = [0, 1]× [0, 1],

Ïd>.�¡È� 1. ½ö`é [0, 1]× [0, 1] �?¿©� T , σ−T (D) = 0, σ+
T (D) = 1.

I�`²�´, 3?ØüCþ¼ê�½È©�, ·��½Â
d«m [a, b], ��

x = a, x = b Ú­� y = f(x) �¤£½¡ f(x)/CX0e¤­>Ý/�¡È. @pÚ?

� Darboux þÚ� Darboux eÚ=´ùp� σ+
T (D) Ú σ−T (D) , Darboux þÚ�eÚ

�m��
n∑
i=1

ωi∆xi

=´­>Ý/>. y = f(x) �¡È£Ù§>.���ã¤. ùp, T : a = x1 < x2 <

· · · < xn = b ´«m [a, b] �©�, ωi ´¼ê f(x) 3�«m [xi−1, xi] þ��Ì. Ïd, |

^È©½Â�­>Ý/�¡È� Jordan ÿÝ´���.

10.1.2 �­È©�Ä�Vg�5�

8�, Ø�AO�Ñ, ÄKòb�¤J9�²¡«� D ´4�k.«�, D±9§

�©�£�7�½�´Ý/©�¤, Ñ´�ÿ�.
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¤¢ D �?¿�«/©�0T, ´�r D ©¤ n �pØ­U (=üüvkú�S

:) ��ÿ�«� Di(i = 1, · · · , n). P σ(Di) L«©��«��¡È, ¿P

|T | = max
16i6n

diamDi,

3z�� Di þ?��: (ξi, ηi), ¡

S(T ) =
n∑
i=1

f(ξi, ηi)σ(Di)

� f(x, y) 3 D þ��� Riemann Ú.

½Â 10.2 XJ�3¢ê A ÷vµé?¿�½� ε > 0, �3 δ > 0, �� |T | < δ,

ØØ (ξi, ηi) 3 Di ¥XÛÀJ, Ñk∣∣∣∣∣
n∑
i=1

f(ξi, ηi)σ(Di)− A

∣∣∣∣∣ < ε

@o¡¼ê f(x, y) 3 D þ�È, P�

A =

�
D

f(x, y) dσ ½

�
D

f,

ª¥A ¡� f �È©�, D ¡�È©«�, f(x, y) dσ ¡��ÈL�ª, f(x, y) ¡��È

¼ê, dσ ¡�¡È��. .

lAÛþw, Riemann Ú¥z��¦Ú�´��ÎN (ã10.3), Ù¥ σ(Di) ´ÎN

�.¡È, f(ξi, ηi) ´ÎN�p, ¤± f(ξi, ηi)σ(Di) ´ÎN�NÈ, S(T ) ´± D þ�¼

ê f(x, y) �º�­ºÎN�NÈ�Cq, �©��5�[�, CqÒ�5�°(. ù�

�nÚ��½È©´���.

ã 10.2
ã 10.3

lÔnþw, XJr¼ê f(x, y) w¤¡È� D ��¬����Ý¼ê, @o, �­

È©Ò´ù�����þ.

aq��¼ê�/, �â½Â�±y²

½n 10.3 D þ�È¼ê7k..
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y²�üCþ�/����. �k.�¼ê�7�È, ��;.�~fÒ´���

Dirichlet ¼ê

D(x, y) =

1, (x, y) ´ [0, 1]× [0, 1] ¥�kn:,

0, (x, y) Ø´ [0, 1]× [0, 1] ¥�kn:.

�±�â½Â�y, §3 [0, 1]× [0, 1] þ´Ø�È�¼ê.

� f(x, y) ´ D þk.: m 6 f(x) 6M, P f(x, y) 3�«� Di �þ (e)(.�

Mi = sup{f(x, y) : (x, y) ∈ Di}, mi = inf{f(x, y) : (x, y) ∈ Di}, 1 6 i 6 n,

½Â¼ê f(x, y) 3«� D þ� Darbouxþ (e) Ú±93 Di þ�Ì�ÚXe

S(T ) =
n∑
i=1

Miσ(Di), S(T ) =
n∑
i=1

miσ(Di)

ω(T ) =
n∑
i=1

(Mi −mi)σ(Di) = S(T )− S(T )

w, Darboux þÚke.,Darboux eÚkþ.

S(T ) > mσ(D), S(T ) 6Mσ(D),

�

S(T ) > S(T ) > S(T )

ùp σ(D) L«È©«� D �¡È, Ïd S(T ) Ú S(T ) ©Oke(.Úþ(.,�

inf
T
{S(T )} > sup

T
{S(T )}

/Ï Darbouxþ (e) Ú, ke�(Ø

½n 10.4 � f(x, y) 3 D þk..

1◦ f(x, y) 3 D þ�È�¿©7�^�´ Darboux þÚ�e(.� Darboux eÚ

�þ(.��, ½ö inf
T
{ω(T )} = 0

2◦ XJ f(x, y) 3 D þëY, @o3 D þ�È. XJ f(x, y) �ØëY�:©Ù3

D ¥�ÿ��ÿÝ�"�:8£X D ¥k���á�:, ½ök�^1w�­�¤þ,

@o f(x, y) 3 D þ��È.

3◦ XJ3 D þ¦ f(x, y) 6= g(x, y) �:©Ù3 D ¥ÿÝ�"�:8þ, @o

f(x, y) Ú g(x, y) 3 D þk�Ó��È5. �È�k�
D

f =

�
D

g.

�Ò´`, 3ÿÝ�"�:8þ?¿UC¼ê�ØUC¼ê��È5, �¼ê�È

��Ø¬UCÈ©��.
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�� Dirichlet ¼ê�mä:8´ [0, 1]× [0, 1], ÿÝØ�", ÏdØ�È.

aq��¼ê�È©, �­È©ke�5�.

½n 10.5 � D ´�ÿ�, f(x, y) Ú g(x, y) 3 D þ�È.

1◦ éu?¿�~ê c1 Ú c2 k
�
D

(c1f + c2g) = c1

�
D

f + c2

�
D

g.

2◦ � D ´ü��ÿ:8 D1, D2 �©�£=vkú�S:¤, e¼ê f(x, y)3 D1

Ú D2 Ñ�È, K f(x, y) 3 D = D1 ∪D2 þ��È, ¿k

�
D

f =

�
D1

f +

�
D2

f.

3◦ f(x, y) Ú g(x, y) �¦È f(x, y)g(x, y) 3 D þE�È.

4◦ e3 D þ f(x, y) > g(x, y), K

�
D

f >
�
D

g.

AO, e3 D þðk m 6 f(x, y) 6M, K (σ(D) L« D �¡È)

mσ(D) 6
�
D

f 6Mσ(D).

5◦ |f(x, y)| 3 D þ��È, ¿k∣∣∣∣�
D

f

∣∣∣∣ 6 �
D

|f |.

6◦ (È©¥�½n) e D ´ëÏ4�, f(x, y) 3 D ëY, K7k P ∈ D, ¦
�
D

f = f(P )σ(D).

'u5� 6◦ �y²Xe: � m Ú M ©O´ f(x, y) 3 D þ����Ú���, K

mσ(D) 6
�
D

f 6Mσ(D).

� σ(D) = 0 �, (Jw,. � σ(D) > 0 �, �âëY¼ê3ëÏ«�¥�0�5

��, �3 P ∈ D ¦

f(P ) =

�
D f

σ(D)
.
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10.1.3 �­È©�O�

Äk?Ø3Ý/«� D = [a, b] × [c, d] þÈ©�O�. � f(x, y) 3 D þ�È, �

[a, b] Ú [c, d] �©�

Tx : a = x0 < x1 < · · · < xn = b;

Ty : c = y0 < y1 < · · · < ym = d.

ù�Ò�� D ���Ý/©�

T : Dij = [xi−1, xi]× [yj−1, yj ] (i = 1, · · · , n; j = 1, · · · ,m).

w, σ(Dij) = ∆xi∆yj , ∆xi = xi − xi−1, ∆yj = yj − yj−1. Ï�

diamDij =
√

(∆xi)2 + (∆yj)2 < ∆xi + ∆yj

¤±

|Tx|, |Ty| < |T | < max
16i6n

∆xi + max
16j6m

∆yj = |Tx|+ |Ty|.

3 Dij ¥?�½�: Mij(ξi, ηj), Ù¥ ξi ∈ [xx−1, xi], ηj ∈ [yj−1, yj ], i = 1, · · · , n; j =

1, · · · ,m, K, ¼ê f(x, y) 3©� T e� Riemann ÚXe

S(T,M) =
∑
i,j

f(Mij)∆xi∆yi

Ï�¼ê�È, ¤±Ý/©��e, þ¡ Riemann Ú�4�Ò´È©��,

A = lim
|T |→0

∑
i,j

f(Mij)∆xi∆yi

Ï~, ·���r§P�
�
D

f(x, y) dx dy 
Ø^
�
D

f(x, y) dσ �/ª.

duþã4��3,¤±?� ε > 0,�3 δ > 0,�� |T | < δ,é?¿�Mij(ξi, ηj) ∈
Dij = [xi−1, xi]× [yj−1, yj ], k

A− ε

2
<

n,m∑
i,j=1

f(Mij)∆xi∆yj < A+
ε

2
.

½

A− ε

2
<

m∑
j=1

∆yj

(
n∑
i=1

f(ξi, ηj)∆xi

)
< A+

ε

2
.

5¿�, éu ηj ∈ [yj−1, yj ],
n∑
i=1

f(ξi, ηj)∆xi ´ f(x, ηj) 3 [a, b] þ� Riemann Ú.
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y3, XJ2\þù���^�: b�éu?Û�½� y, f(x, y) �� x �¼ê3

«m [a, b] þ´�È�, ¿PÈ©��
� b
a f(x, y) dx = ϕ(y). @o

lim
|Tx|→0

n∑
i=1

f(ξi, ηj)∆xi =

� b

a

f(x, ηj) dx = ϕ(ηj).

- |Tx| → 0, �� |Ty| < δ Òk

A− ε < A− ε

2
6

m∑
j=1

ϕ(ηj)∆yj 6 A+
ε

2
< A+ ε.

dd�� ϕ(y) 3 [c, d] �È, ¿�È©�u A

� d

c

ϕ(y) dy =

� d

c

(� b

a

f(x, y) dx

)
dy =

�
D

f(x, y) dx dy.

½n 10.6 � f(x, y) 3 D = [a, b]× [c, d] þ�È.

1◦ eéz� y ∈ [c, d], f(x, y) ´ [a, b] þ'u x ��È¼ê, KÈ© ϕ(y) =� b
a f(x, y) dx ½Â
'uCþ y 3 [c, d] þ��È¼ê, ¿k

� d

c

ϕ(y) dy =

� d

c

dy

� b

a

f(x, y) dx =

�
D

f(x, y) dx dy.

2◦eéz� x ∈ [a, b], f(x, y)´ [c, d]þ'u y��È¼ê,K ψ(x) =
� d
c f(x, y) dy

´'u x 3 [a, b] þ��È¼ê, ¿k

� b

a

ψ(x) dx =

� b

a

dx

� d

c

f(x, y) dy =

�
D

f(x, y) dx dy.

3◦ e f(x, y) Ó�÷v 1◦ Ú 2◦ �^�, K

�
D

f(x, y) dx dy =

� d

c

dy

� b

a

f(x, y) dx =

� b

a

dx

� d

c

f(x, y) dy

=, ©Oé x Ú y È©�gS´�±���.

þã½nw�·�, ��«mþ¼ê��­È©, �z�ké��Cþ���¼ê

�È©, 2é,��Cþ���¼ê�È©. ù«È©L§�¡�\gÈ©. �\gÈ

©����, ÀJké=�CþÈ©, ���âÈ©��B
½.
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ã 10.4

lAÛþw, \gÈ©gX¦�¡¡��NÈ. kO�z�¡�¡È, 2¦±z�¡

�þÝ, ¿ò(J�\.

S(T ) =
∑
i,j

f(Mij)∆xi∆yj =
m∑
j=1

þÝ︷︸︸︷
∆yj

n∑
i=1

f(ξi, ηj)∆xi︸ ︷︷ ︸
¡È

Ônþw, ¦��± f(x, y) �¡�Ý�����þ, �±ò��©�¤�
[�

^, z���^��þ�À� f(x, y) 3�^þ���½È©, 2é�^�°ÝÈ©.

~ 10.1.1 ¦
�
D e

x+y dx dy, Ù¥ D = [0, 1]× [0, 1].

) �
D

ex+y dx dy =

� 1

0

dy

� 1

0

ex+y dx =

� 1

0

ey dy

� 1

0

ex dx

= (e− 1)

� 1

0

ey dy = (e− 1)2.

~ 10.1.2 ¦
�
D x cosxy dx dy, Ù¥ D = [0,�]× [0, 1].

) �
D

x cosxy dx dy =

� �
0

dx

� 1

0

x cosxy dy

=

� �
0

(
sinxy

∣∣∣y=1

y=0

)
dx =

� �
0

sinx dx = 2.

3ù�~f¥, XJké x È©, O�ò�\E,.

�­È©�\gÈ©{Ø=�ué½Â3Ý/«�þ�¼ê�È©, ¯¢þéu½

Â3��2���ak.«� D þ�¼ê f(x, y), \gÈ©E,k�.

½n 10.7 � f(x, y) 3k.4«� D þ�È.

1◦ �D = {(x, y)| y1(x) 6 y 6 y2(x), a 6 x 6 b}, Ù¥ y1(x), y2(x) 3 [a, b] þë

Y. = D ´²¡þd­� y = y1(x), y = y2(x), x ∈ [a, b] ±9²1u y �ü^��

x = a, x = b �¤�«�.

XJé?¿� x ∈ [a, b], f(x, y) 3 [y1(x), y2(x)] þ'uCþ y �È, P

ϕ(x) =

� y2(x)

y1(x)

f(x, y) dy

@o ϕ(x) 3 [a, b] �È, ¿k
� b

a

ϕ(x) dx =

� b

a

dx

� y2(x)

y1(x)

f(x, y) dy =

�
D

f(x, y) dx dy.
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2◦ � D = {(x, y)| x1(y) 6 x 6 x2(y), c 6 y 6 d} Ù¥¼ê x1(y) Ú x2(y) 3 [c, d]

ëY, XJéz�� y ∈ [c, d], f(x, y) 3 [x1(y), x2(y)] �È, @o
� d

c

dy

� x2(y)

x1(y)

f(x, y) dx =

�
D

f(x, y) dx dy.

3◦ XJ f(x, y) ëY, �È©«� D Q�±L«¤ 1◦ ¥�/ª, q�±L«¤ 2◦

¥�/ª, @oü«\gÈ©���, �� b

a

dx

� y2(x)

y1(x)

f(x, y) dy =

� d

c

dy

� x2(y)

x1(y)

f(x, y) dx =

�
D

f(x, y) dx dy.

y² ùp�é1◦ ��/�Ñy². � D ⊂ [a, b] × [c, d], ò½Â3 D þ�¼êU

e��ª*¿� [a, b]× [c, d] þ

f∗(x, y) =

f(x, y), (x, y) ∈ D,

0, (x, y) 6∈ D

Äk�y f∗(x, y) ÷v½n10.6 �^�. Ï�Ý/«� [a, b]× [c, d] �©¤ü�Ü©, �

´ D, ,��´Ý/SØ
 D �	��{Ü©, P� D∗. ØJuy, f∗(x, y) 3 D þ�

f(x, y) ����Ïd�È, 3 D∗ þð�",Ïd�È, 
�k�
[a,b]×[c,d]

f∗(x, y) dx dy =

�
D

f∗(x, y) dx dy +

�
D∗
f∗(x, y) dx dy

=

�
D

f(x, y) dx dy.

é [a, b] ¥?Û�½� x, k� d

c

f∗(x, y) dy =

� y1(x)

c

f∗(x, y) dy +

� y2(x)

y1(x)

f∗(x, y) dy +

� d

y2(x)

f∗(x, y) dy

=

� y2(x)

y1(x)

f(x, y) dy.

¤± f∗(x, y) ÷v½n10.6 Ú½n10.7 ¥ 1◦ �^�. Ïdé f∗(x, y) A^½n10.6 ¿

5¿� f∗(x, y) � f(x, y) �'XÒ�� 1◦ ¥�(J. �

x

y

z

c d

x1(y)

x2(y)

ã 10.5
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��È¼ê f(x, y) �½Â� D �±©)¤½eZ¬½n10.7 ¥¤£ã�üa«

��, |^È©é«���\5, 3��©«�þ?1\gÈ©, 2òÈ©��\Ò��

¼ê3 D þ�È©.

~ 10.1.3 �¼ê f(x, y) ëY, y²µ

� b

a

dx

� x

a

f(x, y) dy =

� b

a

dy

� b

y

f(x, y) dx.

y² Äk5¿�È©«�´²¡þd�� x = b, y = a ±9 y = x �¤�n�

«�. qÏ�¼êëY, ¤±Ó�«��ØÓ�ª�\gÈ©��.

~ 10.1.4 ¦
�
D x

2y2 dx dy, Ù¥ D d y = 0, x = a Ú y = b
ax �¤.

) Ï� D = {(x, y)| 0 6 x 6 a, 0 6 y 6 b
ax}, �

�
D

x2y2 dx dy =

� a

0

dx

� b
a
x

0

x2y2 dy

=
b3

3a3

� a

0

x5 dx =
1

18
a3b3.

~ 10.1.5 ¦
�
D(x2 + y2) dx dy, Ù¥ D ´d (a > 0) y = a, y = 3a, y = x Ú

y = x+ a �¤�²1o>/.

x

y

a

3a

y = x

y = x+ a

ã 10.6

) D : a 6 y 6 3a, y − a 6 x 6 y, �

�
D

(x2 + y2) dx dy =

� 3a

a

dy

� y

y−a
(x2 + y2) dx

=

� 3a

a

(
ay2 +

y3

3
− (y − a)3

3

)
dy = 14a4.

XJ�ké y È©, ÒI�r B ©¤n�«�©OO�.

~ 10.1.6 ¦
� 2

1 y dy
� 2

y
sinx
x2−1 dx.
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)
� 2

1

y dy

� 2

y

sinx

x2 − 1
dx =

�

16y62
y6x62

y sinx

x2 − 1
dx

=

� 2

1

sinx

x2 − 1
dx

� x

1

y dy =
1

2

� 2

1

sinx dx

=
1

2
(cos 1− cos 2).

~ 10.1.7 ¦
�
|x|+|y|61 x

2y2 dx dy.

) È©«�´����/, duÈ©«��é¡5Ú�È¼êé x, y Ñ�ó¼

ê, ��
�

|x|+|y|61

x2y2 dx dy = 4

�

x+y61
x,y>0

x2y2 dx dy = 4

� 1

0

dx

� 1−x

0

x2y2 dy

=
4

3

� 1

0

x2(1− x)3 dx =
1

45
.

��
ó, XJÈ©«� D 'u y ¶´é¡�, 
�È¼ê f(x, y) 'u x ´ó¼

ê (= f(−x, y) = f(x, y)). r D 3�!o���@Ü©P¤ D1, D 3�!n���Ü

©P¤ D2. @o3�E Riemann Ú��ÿ, D1 ¥k��¡È�� σ(Di) = ∆x∆y, @

o D2 ¥��±����é¡�¡È�� σ(Di)
′ = ∆x∆y. 3 Di ¥�� f(ξ, η), K3

D′i ¥�±�� f(−ξ, η) = f(ξ, η). ¤±�È¼ê3 D1 Ú D2 þ�È©�´���. Ï


k �
D

f(x, y) dx dy = 2

�
D1

f(x, y) dx dy.

aq�?Ø��, XJ«� D 'u y ¶é¡, 
 f(x, y) 'u x ´��Û¼ê. @

o �
D

f(x, y) dx dy = 0.

~ 10.1.8 ¦d x2 + y2 6 a2 Ú x2 + z2 6 a2 ��Ü©�áN�NÈ V.

) ù�áN31�%�@Ü©´��­ºÎN, Ùº� z =
√
a2 − x2, .´²¡

«� x2 + y2 6 a2, x > 0, y > 0. dé¡5��

V = 8

�

x2+y26a2
x>0,y>0

√
a2 − x2 dx dy = 8

� a

0

√
a2 − x2 dx

� √a2−x2
0

dy

= 8

� a

0

(a2 − x2) dx =
16

3
a3.
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x

y

z

O

ã 10.7

SK 10.1

1. UCe�È©�^S.

(1)

� 1

−1

dx

� √1−x2

0

f(x, y) dy;

(2)

� 2

0

dx

� 6−x

2x

f(x, y) dy;

(3)

� a

0

dy

� a+
√
a2−y2

a−
√
a2−y2

f(x, y) dx;

(4)

� b

a

dy

� b

y

f(x, y) dx;

(5)

� 1

0

dx

� x

0

f(x, y) dy +

� 2

1

dx

� 2−x

0

f(x, y) dy;

(6)

� 1

0

dy

� 1

1
2

f(x, y) dx+

� 2

1

dy

� 1
y

1
2

f(x, y) dx.

2. O�e�È©.

(1)

�
D

y

(1 + x2 + y2)3/2
dx dy, D = [0, 1]2;

(2)

�
D

sin(x+ y) dx dy, D = [0,�]2;

(3)

�
D

cos(x+ y) dx dy, D : d y =�, x = y, x = 0 �¤;

(4)

�
D

(x+ y) dx dy, D : d x2 + y2 = a2 �¤��31���Ü©;

(5)

�
D

(x+ y − 1) dx dy, D : d y = x, y = x+ a, y = a, y = 3a �¤;
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(6)

�
D

sin y

y
dx dy, D : d y = x Ú x = y2 �¤;

(7)

�
D

x2

y2
dx dy, D : d x = 2, y = x 9 xy = 1 �¤.

(8)

�
D

| cos(x+ y)| dx dy, Ù¥ D ´d�� y = x, y = 0, x = �
2 ¤�¤;

3. |^¼ê�Ûó5O�e�È©:

(1)

�
D

(x2 + y2) dx dy, D : −1 6 x 6 1,−1 6 y 6 1;

(2)

�
D

sinx sin y dx dy, D : x2 − y2 = 1, x2 + y2 = 9 �¤¹�:�Ü©;

4. �¼ê ϕ Ú ψ ©O3«m [a, b] Ú [c, d] þ�È, ¦y f(x, y) = ϕ(x)ψ(y) 3

D = [a, b]× [c, d] þ�È, �k
�
D

f(x, y) dx dy =

� b

a

ϕ(x) dx

� d

c

ψ(x) dx.

5. �¼ê f(x) 3 [0, a] þëY, y²
� a

0

dx

� x

0

f(x)f(y) dy =
1

2

(� a

0

f(x) dx

)2

,

� a

0

dx

� x

0

f(y) dy =

� a

0

(a− x)f(x) dx.

6. �¼ê f(x, y) këY��� �ê, 3 D = [a, b]× [c, d] þ, ¦È©

�
D

∂2f(x, y)

∂x∂y
dx dy

7. �¼ê f(x, y) ëY, ¦4�

lim
r→0

1

�r2

�
x2+y26r2

f(x, y) dx dy.
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§10.2 �­È©���

�!ò?Ø­È©���, ���î�Øyò31nþ�Ñ, ùp·�ò­:?Ø

äN�O�¯K. Äk*	��~f,�
D

√
x2 + y2 dx dy, D = {(x, y) : x2 + y2 6 1; x > 0, y > 0}

È©«�´��÷/«�. XJé D ?1Ý/©�, ¿¦^\gÈ©,@o

�ª =

� 1

0

dx

� √1−x2

0

√
x2 + y2 dy.

²LéCþ y ?1©ÜÈ©��X�È©O��, �
� √1−x2

0

√
x2 + y2 dy =

1

2

(√
1− x2 + x2 ln

1 +
√

1− x2

x

)
.

¿2é x È©. w,È©L§��E,. XJé÷/«� D lÝ�»��Xe©�

T : 0 = θ0 < θ1 < · · · < θn <
�
2

0 = r0 < r1 < · · · < rm = 1

@oz���¬�¡È�

σ(Dij) =
1

2
(r2
i − r2

i−1)(θj − θj−1) =
ri + ri−1

2
∆ri∆θj ≈ ri∆ri∆θj

ù��5, È©�ue� Riemann Ú�4�

S(T ) =

n,m∑
i,j=0

√
x2 + y2

∣∣∣x=ri cos θj
y=ri sin θj

σ(Dij)

=

n,m∑
i,j=0

r2∆ri∆θj =
�
2

n∑
i=0

r2
i∆ri

§�4�Ò´
�
2

� 1

0

r2 dr =
�
6

10.2.1 �I­�Ú¡È��

þã~f¢Sþ´�
���IC�

x = r cos θ, y = r sin θ

§�Ñ
 O′rθ ²¡þ�«m D′ = [0, 1]× [0, �2 ]� Oxy ²¡þ D = {(x, y) : x2 + y2 6

1; x > 0, y > 0} ���éA.3ù�C��e, È©�¡È��C�'X�

dσ = dx dy = r dr dθ.
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��/, �

x = x(u, v), y = y(u, v) (u, v) ∈ D′

´l O′uv ²¡þ�k.«� D′ � Oxy ¡þ�«� D ��IC�.

�½ u = u0£3 D′ ¥, ´�^²1 v ¶���¤, K

x = x(u0, v), y = y(u0, v)

�Ñ D ¥��^­�, ¡�� v ­�.Ó�, �½ v = v0£D′ ¥²1 u ¶���¤�,

x = x(u, v0), y = y(u, v0)

�Ñ�^ u ­�. ù�Ò�±�� u ­�xÚ v ­�x. duN�´��éA, ¤±Ó

x�­�*dØ��, 
�^ u ­�Ú�^ v ­���k���:. u´Ò�±rùü

x­��� Oxy ²¡«� D ¥��I­�.

u

v

x

y

O′ O

ã 10.8

ù�, 3 O′uv ²¡þé D′ �Ý/©�, Ò�Ñ Oxy ²¡þé D ���d u ­�

Ú v ­���¤���©�. D′ ¥����¬ [u, u + ∆u] × [v, v + ∆v] éA� D ¥,

Ò´��­>o>/, §�o�º:©O�:

M1 = (x1, y1) = (x(u, v), y(u, v)),

M2 = (x2, y2) = (x(u+ ∆u, v), y(u+ ∆u, v)),

M3 = (x3, y3) = (x(u+ ∆u, v + ∆v), y(u+ ∆u, v + ∆v)),

M4 = (x4, y4) = (x(u, v + ∆v), y(u, v + ∆v))

�©�C[�, ­>o>/�¡È ∆σ Cqu±�þ
−−−−→
M1M2 Ú

−−−−→
M1M4 �>�²1

o>/�¡È:

∆σ ≈
∣∣∣−−−−→M1M2 ×

−−−−→
M1M4

∣∣∣ = |(x2 − x1)(y4 − y1)− (x4 − x1)(y2 − y1)|.
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XJ x(u, v) Ú y(u, v) ´���, @o

x2 − x1 = x(u0 + ∆u, v0)− x(u0, v0) =
∂x

∂u
∆u+ o(∆u),

x4 − x1 = x(u0, v0 + ∆v)− x(u0, v0) =
∂x

∂v
∆v + o(∆v),

y2 − y1 = y(u0 + ∆u, v0)− y(u0, v0) =
∂y

∂u
∆u+ o(∆u),

y4 − y1 = y(u0, v0 + ∆v)− y(u0, v0) =
∂y

∂v
∆v + o(∆v).

Ñ�p?Ã¡�þ�Òk

∆σ ≈
∣∣∣∣∂x∂u ∂y∂v − ∂y

∂u

∂x

∂v

∣∣∣∣∆u∆v =

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣∆u∆v.

3þã?Ø¥, � ∂(x,y)
∂(u,v) = 0 �, D′ þ��¬, N�� D ¥��Uòz. Ïd�

x = x(u, v), y = y(u, v) (u, v) ∈ D′

´l O′uv ²¡þ�k.«� D′ � Oxy ²¡þ�k.«� D �����N�, 
�
∂(x,y)
∂(u,v) 6= 0, (u, v) ∈ D′, Kk¡È��ª

dσ = dx dy =

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ du dv.

du dσ ´«� D �¡È��, du dv ´«� D′ �¡È��, ¤±
∣∣∣∂(x,y)
∂(u,v)

∣∣∣ Ò´C
��¡È)äÇ.

10.2.2 �­È©���

÷^c¡�PÒÚb�, ¿� f(x, y) ´ D þëY���¼ê.

é O′uv ²¡þk.«� D′ ?1Ý/©�µ

T ′ : u0 < u1 < · · · < un; v0 < v1 < · · · < vm

éA u = ui (i = 1, 2, · · · , n), v = vj (j = 1, 2, · · · ,m)��I­�r Oxy ²¡þ� D ©

�¤�«� Dij . ù
�«�´ D′ij = [ui−1, ui]× [vj−1, vj ] 3�IC� x = x(u, v), y =

y(u, v) e��, �

σ(Dij) ≈
∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣
(ui,vj)

∆ui∆vj

Ïd f(x, y) 3 Oxy ²¡«� D þ�È©�L«��
D

f(x, y) dx dy =
∑
i,j

�
Dij

f ≈
∑
i,j

f(ξij , ηij)σ(Dij)

≈
∑
i,j

f(ξij , ηij)

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣
(ui,vj)

∆ui∆vj ,
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Ù¥ (ξij , ηij) = (x(ui, vj), y(ui, vj)) ´ Dij ¥�:, K

�
D

f(x, y) dx dy ≈
∑
i,j

f(x(ui, vj), y(ui, vj))

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣
(ui,vj)

∆ui∆vj .

þªmà´¼ê

f(x(u, v), y(u, v))

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣
3«� D′ þ� Riemann Ú. �©�Ã�C[�, Ò��

½n 10.8 � D ´ Oxy ¥�ÿ�k.4«�, f(x, y) 3 D þëY, C�

x = x(u, v), y = y(u, v) (u, v) ∈ D′

´l O′uv ²¡þ�ÿ�k.«� D′ � Oxy ²¡þk.«� D �këY �ê��

�N�¿÷v

∂(x, y)

∂(u, v)
=

∣∣∣∣∣ ∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣ 6= 0

K �
D

f(x, y) dx dy =

�
D′
f(x(u, v), y(u, v))

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ du dv.

AO, é4�IC�

x = r cosϕ, y = r sinϕ

·�k

∂(x, y)

∂(r, ϕ)
=

∣∣∣∣∣ cosϕ sinϕ

−r sinϕ r cosϕ

∣∣∣∣∣ = r.

¤± �
D

f(x, y) dx dy =

�
D′
f(r cosϕ, r sinϕ)r dr dϕ,

Ù¥«� D′ ²4�IC�N¤«� D. D ¥éA r = ri, ϕ = ϕj ��I­�Ò´ Oxy

²¡¥���G��Ú	�. �!fm©�~f, ^��úªÒC��\{ü.

�

x2+y261
x>0,y>0

√
x2 + y2 dx dy =

�

06r61
06ϕ6�

2

r2 dr dϕ =

� �
2

0

dϕ

� 1

0

r2 dr =
�
6
.

~ 10.2.1 ¦ý¥ x2

a2 + y2

b2 + z2

c2 6 1 �NÈ V.

) ý¥þ�Ü©�¼ê´

z = c

√
1− x2

a2
− y2

b2
, (x, y) ∈ D =

{
(x, y) :

x2

a2
+
y2

b2
6 1

}
,
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¤±

V = 2c

�
D

√
1− x2

a2
− y2

b2
dx dy.

- x = as, y = bt, K
∣∣∣∂(x,y)
∂(s,t)

∣∣∣ = ab, (s, t) ∈ D′ = {(s, t) : s2 + t2 6 1}, ¤±

V = 2abc

�
D′

√
1− s2 − t2 ds dt.

- s = r cosϕ, t = r sinϕ, K
∣∣∣ ∂(s,t)
∂(r,ϕ)

∣∣∣ = r; D′′ : 0 6 r 6 1, 0 6 ϕ 6 2�

V = 2abc

�

06r61
06ϕ62�

√
1− r2 r dr dϕ = 2abc

� 2�

0

dϕ

� 1

0

√
1− r2 r dr =

4

3
�abc.

AO� a = b = c = R �, ���»� R �¥N�NÈ V = 4
3�R

3.

~ 10.2.2 ¦¥N x2 + y2 + z2 6 a2 ��Î¡ x2 + y2 = ay ¤�e�NÈ V.

) dé¡5��

V = 4

�
D

√
a2 − x2 − y2 dx dy,

Ù¥«� D : x2 + y2 6 ay, x > 0. z¤4�I/ª� (ã10.9)

D : 0 6 r 6 a sinϕ, 0 6 ϕ 6
�
2
.

�

V = 4

� �
2

0

dϕ

� a sinϕ

0

√
a2 − r2r dr

=
4

3
a3

� �
2

0

(1− cos3 ϕ) dϕ =
4

3

(
�
2
− 2

3

)
a3.

x

y

z

O

ã 10.9

~ 10.2.3 ¦¥ x2 + y2 + z2 6 R2 Ú x2 + y2 + (z −R)2 6 R2 ��Ü©�NÈ.

) �¥NL¡���÷v (ã10.10)

x2 + y2 + z2 = R2, x2 + y2 + (z −R)2 = R2.
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=

z =
R

2
, x2 + y2 =

3

4
R2.

x

y

z

O

ã 10.10

N´wÑ, V �u± x2 + y2 + z2 = R2 (x2 + y2 6 3
4R

2) �º�­ºÎNNÈ V1 �

± x2 + y2 + (z −R)2 = R2 (x2 + y2 6 3
4R

2) �º�­ºÎN�NÈ V2 ��. =k

V =

�

x2+y26 3
4
R2

(√
R2 − x2 − y2 −R +

√
R2 − x2 − y2

)
dx dy

=

� 2�

0

dϕ

� √
3

2
R

0

(2
√
R2 − r2 −R)r dr =

5

12
�R3.

~ 10.2.4 ¦VÝ� (x2 + y2)2 = 2a2(x2 − y2) ¤�¤�¡È.

) ¤�ã/31���Ü©�«�

D : 0 6 ϕ 6
�
4
, 0 6 r 6 a

√
2 cos 2ϕ.

�dé¡5, VÝ��¤�¡È�

S = 4

�
D

dx dy = 4

� �
4

0

dϕ

� a
√

2 cos 2ϕ

0

r dr

= 4a2

� �
4

0

cos 2ϕ dϕ = 2a2.

~ 10.2.5 ¦
�
D(
√
x+
√
y) dx dy, Ù¥ D ´d

√
x+
√
y = 1 ��I¶�¤�«

� (ã10.11).
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x

y

O

ã 10.11

) �
knz�È¼ê, �Cþ��

x = r2 cos4 t, y = r2 sin4 t.

��

D′ : 0 6
√
x+
√
y = r 6 1, 0 6 t 6

�
2

9

∂(x, y)

∂(r, t)
=

∣∣∣∣∣ 2r cos4 t 2r sin4 t

−4r2 cos3 t sin t 4r2 sin3 t cos t

∣∣∣∣∣ = 8r3 cos3 t sin3 t.

�
�
D

(
√
x+
√
y) dx dy = 8

� �
2

0

cos3 t sin3 t dt

� 1

0

r4 dr =
2

15
.

~ 10.2.6 ¦È©
�
D x

2y2 dx dy,Ù¥ D do^�Ô� y2 = px, y2 = qx, x2 = ay

Ú x2 = by �¤ (0 < p < q, 0 < a < b) (ã10.12).

x

y

O
u

v

O′

ã 10.12

) Cþ��

y2 = ux, x2 = vy (p 6 u 6 q, a 6 v 6 b)
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Òr O′uv ²¡þ�«�

D′ : p 6 u 6 q, a 6 v 6 b

N¤ Oxy ²¡þ�«� D (ã9.14). )Ñ

x = (uv2)
1
3 , y = (u2v)

1
3 ,

��

∂(x, y)

∂(u, v)
=

∣∣∣∣∣∣
1
3

(
v
u

) 2
3 2

3

(
v
u

) 1
3

2
3

(
u
v

) 1
3 1

3

(
u
v

) 2
3

∣∣∣∣∣∣ = −1

3
.

� �
D

x2y2 dx dy =
1

3

� q

p

u2 du

� b

a

v2 dv =
1

27
(q3 − p3)(b3 − a3).

~ 10.2.7 ¦
�

x2+y26R2

e−x
2−y2 dx dy.

) |^4�IC��

x2+y26R2

e−x
2−y2 dx dy =

� 2�

0

dϕ

� R

0

e−r
2

r dr

=�
(

1− e−R
2
)
.

|^ù�(J�±¦Ñ��­���~È©� +∞

−∞
e−x

2

dx

��. ·�k (� R

−R
e−x

2

dx

)2

=

� R

−R
e−x

2

dx

� R

−R
e−y

2

dy

=

�

−R6x6R
−R6y6R

e−x
2−y2 dx dy,

d e−x
2−y2 > 0 9È©«���¹'X (ã10.13) ��

x

y

O R
√

2R

ã 10.13
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�

x2+y26R2

e−x
2−y2 dx dy 6

(� R

−R
e−x

2

dx

)2

6
�
x2+y262R2

e−x
2−y2 dx dy.

dd~���Ø�ª

�
(

1− e−R
2
)
6

(� R

−R
e−x

2

dx

)2

6�
(

1− e−2R2
)
.

· R→ +∞, =�� � +∞

−∞
e−x

2

dx =
√
�,

½ � +∞

0

e−x
2

dx =

√
�
2
.

ù�È©�VÇÈ©.

SK 10.2

1. O�e�È©.

(1)

� R

0

dx

� √R2−x2

0

ln(1 + x2 + y2) dy;

(2)

� a

0

dx

� b

0

xy(x2 − y2) dy;

(3)

� �
0

� �
0

cos(x+ y) dx dy;

(4)

� 1√
2

0

dx

� √1−x2

x

xy(x+ y) dy;

(5)

� R√
1+R2

0

dx

� Rx

0

(
1 +

y2

x2

)
dy +

� R

R√
1+R2

dx

� √R2−x2

0

(
1 +

y2

x2

)
dy;

2. O�e¡�­È©.

(1)

�
D

√
x2 + y2 dx dy, D : x2 + y2 6 x+ y;

(2)

�
D

√
x2

a2
+
y2

b2
dx dy, D :

x2

a2
+
y2

b2
= 4, y = 0, y = x ¤�¤�1���Ü©;

(3)

�
D

(x2 + y2) dx dy, D : d xy = 1, xy = 2, y = x, y = 2x �¤�1���Ü

©;

(4)

�
D

dx dy, D : d y2 = ax, y2 = bx, x2 = my, x2 = ny �¤�«� (a > b >

0,m > n > 0);
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(5)

�
D

xy dx dy, D : xy = a, xy = b, y2 = cx, y2 = dx �¤�1���Ü©

(0 < a < b, 0 < c < d);

(6)

�
D

4xy dx dy, D : x4 + y4 6 1, x > 0, y > 0 �¤�«�;

(7)

�
D

x2 − y2

√
x+ y + 3

dx dy, D : |x|+ |y| 6 1;

(8)

�
D

sin
y

x+ y
dx dy, D : d�� x+ y = 1, x = 0, y = 0 �¤�«�.

(9)

�
D

|xy| dx dy, D = {(x, y) : x2 + y2 6 a2}

3. ¦e�­�¤�¤�²¡«��¡È:

(1) x2 + 2y2 = 3 Ú xy = 1 (Ø¹�:Ü©);

(2) (x− y)2 + x2 = a2 (a > 0);

(3) d�� x + y = a, x + y = b, y = kx Ú y = mx (0 < a < b, 0 < k < m) �¤�

²¡«�.

4. y²
�
x2+y261

ex
2+y2 dx dy 6

[� √
�
2

−
√
�
2

ex
2

dx

]2

.

5. � f(x) 3 [0, 1] þëY, y²
� 1

0

ef(x) dx ·
� 1

0

e−f(y) dy > 1.

6. � f(x) �ëY�Û¼ê, y²
�
|x|+|y|61

ef(x+y) dx dy > 2.

7. � f(t) �ëY¼ê, ¦y

�
D

f(x− y) dx dy =

� A

−A
f(t)(A− |t|) dt

Ù¥ D �: |x| 6 A
2 , |y| 6

A
2 , A > 0 �~ê.
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§10.3 n­È©

n­È©��­È©vk��«O, �´¼ê f(x, y, z) ´½Â3n��m¥k.

«� Vþ. Ïd·�Ã{2/ÏAÛ�*5£ãn­È©. ��±/ÏÔnþ¦���

þ!ÔN��þ5)º.

�n��I�mÔN V, �þ��Ý¼ê´ ρ(x, y, z), �O�ÔN�o�þ, Ø

�òÔN©�¤eZ�¬ V1, V2, · · · , Vn, 3 Viþ, �Ý¼ê�Cqu��~ê

ρ(ξi, ηi, ζi), (ξi, ηi, ζi) ∈ Vi, ¤± Vi ��þCqu ρ(ξi, ηi, ζi)σ(Vi), ùp σ(Vi) L«�¬

�NÈ. òz��¬�Cq��\, Ò��oN�þ�Cq� (= Riemann Ú)

n∑
i=1

ρ(ξi, ηi, ζi)σ(Vi)

©��[, Cq�Ò�°(, �©�����»ªu"�, þãCq��4�ÒAT´Ô

NoN��þ.

Ïd, éu½Â3k.«� V þ�¼ê f(x, y, z), �©�����»ªu"�,

XJ�A� Riemann Úk4�, 
�4�Ø�6u©���ª±9z��¬þ:

(ξi, ηi, ζi) �À�, K¡¼ê´�È�, ¿P�
�

V

f(x, y, z) dV, ½

�
V

f(x, y, z) dx dy dz, ½

�
V

f dV

¼ê�n­È©äk��­È©���5�, 3d��Þ±eü^(J, Ù§Ø2

­E, 
òX­:=£�n­È©�O�þ5.

½n 10.9 �¼ê f(x, y, z) ´½Â3n��m¥���k.«� V þ

1◦ XJ f(x, y, z) 3 V þ�È, @ok..

2◦ XJ f(x, y, z) 3 V þëY, @o�È. XJ f(x, y, z) 3 V þk., 3 V þ�

ØëY:�©Ù3 V ¥k�Ü1w­¡þ, @o¼ê�È.

10.3.1 n­È©�\gÈ©

Äk�Ä�«{ü�/, � V = I1 × I2 × I3 = [a1, b1] × [a2, b2] × [a3, b3] ´n��

m���á�N, V ��Ý©Ù� f(x, y, z). @oO� V ��þkü«å».

�´3 I1× I2 ¥�¡È� dx dy, ±ù�¡È��., ���²1 z ¶�[�ÎN,

3ù�[�ÎN��þCq�é��ÝÈ©
� b3
a3
f(x, y, z) dz ¦±¡È� dx dy. 2é¡

È�È© (=�­È©), Ò��o��þ
�
I1×I2

(� b3

a3

f(x, y, z) dz

)
dx dy.
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�´²1uÔN�.¡òÔN©�¤�¡, z��¡��þ�À�¡�Ý3 I1 × I2

þ�È©
�
I1×I2 f(x, y, z) dx dy ¦±�� dz£þÝ¤, 2é z È©

� b3

a3

(�
I1×I2

f(x, y, z) dx dy

)
dz.

Ø+@«�/, éÙ¥��­È©UY¢�\gÈ©, �ªò¯Kz�n�\gÈ©.

lêÆþw, � f(x, y, z) 3 V = I1× I2× I3 = [a1, b1]× [a2, b2]× [a3, b3] þëY. �


O�È©, ·�æ�e�©�

a1 = x0 < x1 < · · · < xn = b1,

a2 = y0 < y1 < · · · < ym = b2,

a3 = z0 < z1 < · · · < zk = b3,

K Riemann Ú�

S(T ) =
n∑
i=1

m∑
j=1

k∑
l=1

f(ξi, ηj , ζl)∆xi∆yj∆zl

��¡þã Riemann Ú�±L«¤

S(T ) =
n∑
i=1

m∑
j=1

(
k∑
l=1

f(ξi, ηj , ζl)∆zl

)
∆xi∆yj

��­È©aq, �©�����»ªu"�, þª)ÒS�ÚªªuÈ©
� b3

a3

f(ξi, ηj , z) dz = ϕ(ξi, ηj).

ÏdéA [a1, b1] Ú [a2, b2] ©��¦ÚCq���­È©� Riemann Ú
n∑
i=1

m∑
j=1

� b3

a3

f(ξi, ηj , z) dz∆xi∆yj =
n∑
i=1

m∑
j=1

ϕ(ξi, ηj)∆xi∆yj

¤±k �
V

f(x, y) dx dy dz =

�
I1×I2

dx dy

�
I3

f(x, y, z) dz

UYé�­È©¢�\gÈ©, k�
V

f(x, y) dx dy dz =

�
I1

dx

�
I2

dy

�
I3

f(x, y, z) dz

=

� b1

a1

dx

� b2

a2

dy

� b3

a3

f(x, y, z) dz

,��¡, r Riemann ÚL«¤

S(T ) =
n∑
i=1

 m∑
j=1

k∑
l=1

f(ξi, ηj , ζl)∆yj∆zl

∆xi
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5¿�þª)ÒS�Úª´����¼ê� Riemann Ú, K�©����»ªu"�,

Ù(J´�� [a1, b1] Ú [a2, b2] þ��­È©
�
I2×I3

f(ξi, y, z) dy dz = ϕ(ξi)

ù���ÚªC¤
��'u x �¼ê� Riemann Ú, �ª�Nþ�4���
V

f(x, y) dx dy dz =

�
I1

dx

�
I2×I3

f(x, y, z) dy dz

=

� b1

a1

dx

� b2

a2

dy

� b3

a3

f(x, y, z) dz

5¿, ·�®²b�¼ê�ëY5, ¤±éz��©þÑëY, éz��©þ�È,


�n�È©�gS�´�±���. aq�­È©�\gÈ©, ù
(J�±î�y

². Ïdn­È©�z�Åg?1�üCþ�½È©.

~ 10.3.1 ¦

�
V

x2yexyz dx dy dz, Ù¥ V = [0, 1]3.

) �
V

x2yexyz dx dy dz =

�
[0,1]2

x2y dx dy

� 1

0

exyz dz

=

�
[0,1]2

x(exy − 1) dx dy

=

� 1

0

x dx

� 1

0

exy dy −
� 1

0

x dx

� 1

0

dy

=

� 1

0

(ex − 1) dx− 1

2
= e− 5

2
.

þã(Jw,�±í2�'n�á�N«��E,�«�¥�.

½n 10.10 �¼ê f(x, y, z) 3k.4«� V þëY£Ïd�È¤.

1◦ XJ V ´ù��«�: §3 Oxy ²¡þ�ÝK�²¡«� D, 
 V ´d­¡

S1 : z = z1(x, y) (x, y) ∈ D Ú S2 : z = z2(x, y) (x, y) ∈ D£z1(x, y) 6 z2(x, y))¤9±

∂D �O�¿²1u z ¶�Î¡�¤�, @o

�
V

f(x, y, z) dx dy dz =

�
D

dx dy

� z2(x,y)

z1(x,y)

f(x, y, z) dz.

XJ D ´d x = a, x = b, y = φ1(x), y = φ2(x) (φ1(x) 6 φ2(x)) �¤, @o

�
V

f(x, y, z) dx dy dz =

� b

a

dx

� φ2(x)

φ1(x)

dy

� z2(x,y)

z1(x,y)

f(x, y, z) dz.

2◦ XJ V ´ù��«�: §3 z ¶þ�ÝK�«m I. L I þ�: (0, 0, z) � z
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¶R��²¡Ó V ���²¡ã/3 Oxy ²¡þ�ÝK�«� Dz, @o�
V

f =

�
I

dz

�
Dz

f(x, y, z) dx dy.

�,éu Dz þ�È©, ��±UYz�\gÈ©. «� V ��±�¤�O�²¡½ê

¶ÝK, ����Ó�(J.

3◦ XJ«� V �±y©¤k�õ�½n¥£ã�«�, @o�±|^È©éÈ©

«���\5©OÈ©�2¦Ú.

~ 10.3.2 O�
�

V
dx dy dz

(1+x+y+z)3 , Ù¥ V ´d�I¡ x = 0, y = 0, z = 0 �²¡

x+ y + z = 1 �¤�o¡N (ã10.14).

) kro¡NÝK��I¡ Oxyþ, ¤��²¡«� D ´d�� x = 0, y = 0

Ú x+ y = 1 ¤�¤�n�/. éu D ¥�?¿�: (x, y), �²1u z ¶���, ÙB

\ V S�:�áI´ z = 0, BÑ V 	�:�áI´ z = 1− x− y, ¤±��
�

V

dx dy dz

(1 + x+ y + z)3
=

�
D

dx dy

� 1−x−y

0

dz

(1 + x+ y + z)3

=
1

2

�
D

[
1

(1 + x+ y)2
− 1

4

]
dx dy

=
1

2

� 1

0

dx

� 1−x

0

[
1

(1 + x+ y)2
− 1

4

]
dy

=
1

2

� 1

0

(
1

1 + x
− 3− x

4

)
dx =

1

2

(
ln 2− 5

8

)
.

x

y

z

O

ã 10.14

x

y

z

O

ã 10.15

~ 10.3.3 O�
�

V z dx dy dz,Ù¥ V ´dI¡ R2z2 = h2(x2 +y2)9²¡ z = h

�¤�IN (ã10.15).

) 3I¡�§¥- z = h�� V 3²¡ Oxyþ�ÝK«� D´� x2 +y2 6 R2.

L D S?¿�: (x, y) �²1u z ¶���, Ù� V �L¡��ü:�áI�´

z =
h

R

√
x2 + y2, z = h,
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u´¦� �
V

z dx dy dz =

�
D

dx dy

� h

h
R

√
x2+y2

z dz

=
1

2

�
D

[
h2 − h2

R2
(x2 + y2)

]
dx dy

=
h2

2R2

� 2�

0

dϕ

� R

0

(R2 − r2)r dr =
�
4
R2h2.

ù�n­È©��z¤��gS�\gÈ©5O�. du«� V 3 z ¶þ�ÝK

«m´ [0, h], �éT«mS�?¿�: z, �R�u z ¶�²¡, §� V �¤�«�

Dz ´�»� R
h z �� x2 + y2 6 R2

h2 z
2, ¤±

�
V

z dx dy dz =

� h

0

z dz

�
Dz

dx dy =�
R2

h2

� h

0

z3 dz =
�
4
R2h2.

ùpÏ��È¼ê�Cþ x, y Ã', �­È©�O�ÒC�AO{ü, §��Ò´�»

� R
h z ��¡È. ü«O��{�{Ø�, ·�ÀJ�{z¦)L§.

~ 10.3.4 O�
�

V (x2 + y2 + z2) dx dy dz, Ù¥ V ´ý¥N x2

a2 + y2

b2 + z2

c2 6 1.

) kO�n­È©
�

V x
2 dx dy dz. ù��È¼ê��6u x, �¨ké y, z �

�­È©. du«� V 3 x ¶þ�ÝK«m´ [−a, a], �LT«m�: x �R�u x

¶�²¡��ý¥N V �, �¡«� Dx ´

y2

b2
+
z2

c2
6 1− x2

a2
,

ù´�¶� b
√

1− x2

a2 Ú c
√

1− x2

a2 �ý�, ¤±

�
V

x2 dx dy dz =

� a

−a
x2 dx

�
Dx

dy dz

=�bc
� a

−a
x2

(
1− x2

a2

)
dx =

4

15
�a3bc

Ó��� �
V

y2 dx dy dz =
4

15
�ab3c,

�
V

z2 dx dy dz =
4

15
�abc3.

u´|^�È¼ê��\5, ¤¦�n­È©��
V

(x2 + y2 + z2) dx dy dz =

�
V

x2 dx dy dz +

�
V

y2 dx dy dz +

�
V

z2 dx dy dz

=
4

15
�abc(a2 + b2 + c2).

~ 10.3.5 ¦

�
V

z
√
x2 + y2dxdydz, Ù¥ V dÎ¡ x2 + y2 = 2x, z = 0 Ú

z = a(a > 0) �¤ (ã10.16).
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)
�

V

z
√
x2 + y2 dx dy dz =

� a

0

z dz

�
x2+y262x

√
x2 + y2 dx dy

=
a2

2

� �
2

−�
2

dϕ

� 2 cosϕ

0

r2 dr =
16

9
a2.

x

y

z

a

O

ã 10.16

x

y

z

O

ã 10.17

~ 10.3.6 ¦

�
V

dx dy dz

1 + x2 + y2
. V : 0 6 z 6 h, x2 + y2 6 4z (ã10.17).

) Ï Dz : x2 + y2 6 4z, �

�
V

dx dy dz

1 + x2 + y2
=

� h

0

dz

�
x2+y264z

dx dy

1 + x2 + y2

=

� h

0

dz

� 2�

0

dϕ

� 2
√
z

0

r dr

1 + r2

=�
� h

0

ln(1 + 4z) dz

=
�
4

(
(1 + 4h) ln(1 + 4h)− 4h

)
.

10.3.2 n­È©���

�C�

x = x(u, v, w), y = y(u, v, w), z = z(u, v, w)

r O′uvw �m¥�«� V ′ ��N¤ Oxyz �m¥�«� V.

Ú? uv ­¡, vw ­¡Ú wu ­¡�� V ¥��I­¡. ¿|^�I­¡é V ?

1©�, ©���­8¡N�NÈCq�un^c�þ�·ÜÈ, u´���NÈ��

����ª

dV = dx dy dz =

∣∣∣∣ ∂(x, y, z)

∂(u, v, w)

∣∣∣∣ du dv dw.
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­E�­È©�� (Cþ��) ��{���
V

f(x, y, z) dx dy dz

=

�
V ′
f(x(u, v, w), y(u, v, w), z(u, v, w))

∣∣∣∣ ∂(x, y, z)

∂(u, v, w)

∣∣∣∣ du dv dw.

��­��A~´¥�IC�

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

§� Jacobi 1�ª�
∂(x, y, z)

∂(r, θ, ϕ)
= r2 sin θ.

¤±3¥�IC�e�
V

f(x, y, z) dx dy dz

=

�
V ′
f(r sin θ cosϕ, r sin θ sinϕ, r cos θ)r2 sin θ dr dθ dϕ.

~ 10.3.7 O�n­È©
�

V (x2 + y2 + z2) dx dy dz, Ù¥ V ´dI¡ z =√
x2 + y2 �¥¡ x2 + y2 + z2 = R2 ¤�¤�áN (ã10.18)

) 3¥�Ie, x2 +y2 +z2 = r2,
 V �>.­¡ z =
√
x2 + y2 Ú x2 +y2 +z2 =

R2 ©O�

θ =
�
4
, r = R.

¤±È©«� V �±L«¤

0 6 ϕ 6 2�, 0 6 θ 6
�
4
, 0 6 r 6 R.

dd=�¤¦�n­È©����
V

(x2 + y2 + z2) dx dy dz =

� 2�

0

dϕ

� �
4

0

sin θ dθ

� R

0

r4 dr

=
1

5
�R5(2−

√
2).

x

y

z

O

ã 10.18

x

y

z

O

ã 10.19
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~ 10.3.8 ¦­¡ (x2 + y2 + z2)2 = a3z (a > 0) ¤�¤�áNNÈ (ã10.19).

) 3­¡��§¥Ï x 9 y �Ñy²��, �¤�áN V 'u²¡ Ozx 9²¡

Oyz é¡; qÏ z Ø�K�, ¤±ù�áN u²¡ Oxy �þý, l
�¦�NÈ´§

31�%�S�áN V1 �o�, A^¥¡�I, ­¡��§z¤ r = a 3
√

cos θ. 
ù
�

I3 V1 ¥�Cz��´

0 6 ϕ 6
�
2
, 0 6 θ 6

�
2
, 0 6 r 6 a

3
√

cos θ.

u´¦�áN�NÈ�
�

V

dx dy dz = 4

�
V1

dx dy dz = 4

� �
2

0

dϕ

� �
2

0

sin θ dθ

� a
3√

cos θ

0

r2 dr

=
2

3
�a3

� �
2

0

cos θ sin θ dθ =
1

3
�a3.

��`5, ��È¼êäk/ª f(x, y, z) = F (x2 + y2 + z2) ½È©«�´¥¡�

IX��I­¡�¤�, n­È©Ò¨æ^¥¡�I5?1O�.

~ 10.3.9 O�­¡
(
x
a

) 2
3 +

(
y
b

) 2
3 +

(
z
c

) 2
3 = 1 ¤�¤�áN V�NÈ.

) k�C� x = au3, y = bv3, z = cw3, §ò�m O′uvw �ü ¥

V ′ : u2 + v2 + w2 6 1

N¤�m Oxyz ¥¤��áN V. ù�C�� Jacobi 1�ª�

∂(x, y, z)

∂(u, v, w)
= 27abcu2v2w2,

¤± �
V

dx dy dz = 27abc

�
V ′
u2v2w2 du dv dw.

m>�È©��
V ′
u2v2w2 du dv dw =

�
V ′
r6 sin4 θ cos2 θ sin2 ϕ cos2 ϕr2 sin θ dr dθ dϕ

=

� 2�

0

sin2 ϕ cos2 ϕ dϕ

� �
0

sin5 θ cos2 θ dθ

� 1

0

r8 dr =
4

945
�.

l
¤¦áN�NÈ� �
V

dx dy dz =
4

35
�abc.

10.3.3 5gÔnÆ¥�A�~f*

O�ÔN��%!=Ä.þ½é,��ÔN�Úå, ÙÄ�g��O�ÔN��þ

aq. Ñ´òÔN[©¿Àz��¬����:, ÏL�Äõ�:��%!=Ä.þ±
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9�m�Úå§��ÏLÈ©?1O�. ±eþb�ÔNÓk�m«�� V , ¿këY

��Ý¼ê ρ(x, y, z).

1◦ �% ��m¥k n ��:, Ù�þÚ�I©O´µmi, (xi, yi, zi), i = 1, · · · , n.
@o§���%Ò´

x0 =

n∑
i=1

ximi

n∑
i=1

mi

, y0 =

n∑
i=1

yimi

n∑
i=1

mi

, z0 =

n∑
i=1

zimi

n∑
i=1

mi

.

��/, ò V ©¤ n ��¬ Vi, z��¬�Cq��þ� ρ(ξi, ηi, ζi)∆Vi ��:,

�©��5�[�, §���%�4��Ò´¤¦ÔN��%.

x =

∑
i

ξiρ(ξi, ηi, ζi)σ(Vi)∑
i

ρ(ξi, ηi, ζi)∆Vi
−→ x

G
=

�
V xρ(x, y, z) dx dy dz�
V ρ(x, y, z) dx dy dz

,

�%�Ù§ü��I y
G
, z

G
��aq�Ñ. éþ!ÔN, ρ �u~ê, K�%�I{z�

x
G

=
1

σ(V )

�
V

x dx dy dz,

±9'uy
G
, z

G
aq�L«, Ù¥ σ(V ) L«ÔN�NÈ.

~ 10.3.10 �¥N x2 + y2 + z2 6 2az ¥?�:��Ý�T:��I�:�ål

¤�', ¦d¥N��%.

) du¤�¥N��þ©Ùé¡u z ¶, ¤±§��% u z ¶þ, 
�Ý´

ρ = k
√
x2 + y2 + z2,

Ù¥ k ´'~~ê, Ïd�

x
G

= y
G

= 0;

z
G

=

�
V z
√
x2 + y2 + z2 dx dy dz�

V

√
x2 + y2 + z2 dx dy dz

.

æ^¥¡�IO�ùü�n­È©. òC�ª

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

�\¥N�Ø�ª�

0 6 r 6 2a cos θ,

¿� ϕ, θ �Cz��´

0 6 ϕ 6 2�, 0 6 θ 6
�
2
.
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u´���
V

√
x2 + y2 + z2 dx dy dz =

� 2�

0

dϕ

� �
2

0

dθ

� 2a cos θ

0

r · r2 sin θ dr

= 8�a4

� �
2

0

cos4 θ sin θ dθ =
8

5
�a4;

�
V

z
√
x2 + y2 + z2 dx dy dz =

� 2�

0

dϕ

� �
2

0

dθ

� 2a cos θ

0

r2 cos θr2 sin θ dr

=
64

5
�a5

� �
2

0

cos6 θ sin θ dθ =
64

35
�a5.

�¤�¥N��%�I�

x
G

= y
G

= 0, z
G

=
64
35k�a

5

8
5k�a

4
=

8

7
a.

2◦ =Ä.þ rÔNCqw� n � u (ξi, ηi, ζi), �þ� ρ(ξi, ηi, ζi)σ(Vi) ��:

Vi£i = 1, · · · , n¤¤|¤��:X, T�:Xé x ¶�=Ä.þÒ´∑
i

(η2
i + ζ2

i )ρ(ξi, ηi, ζi)σ(Vi).

é V ©��4�, K�ÔNé x ¶�=Ä.þ�

Ix =

�
V

(y2 + z2)ρ(x, y, z) dx dy dz;

Ón��ÔNé y ¶, z ¶�=Ä.þ Iy, Iz, ±9ÔNé�:�=Ä.þ

I
O

=

�
V

(x2 + y2 + z2)ρ(x, y, z) dx dy dz.

~ 10.3.11 ¦.�»� R, p� l �þ!�ÎNéÙ¶��=Ä.þ.

) �.%��:, ¶�� z ¶, u´¤�ÎNd�Î¡ x2 + y2 = R2 9²¡

z = 0, z = l �¤.�§é z ¶�=Ä.þ�

Iz =

�
V

ρ(x2 + y2) dx dy dz = ρ

� 2�

0

dϕ

� R

0

r3 dr

� l

0

dz

=
�
2
ρlR4 =

1

2
MR2,

Ù¥ M ´ÎN��þ.

~ 10.3.12 ¦�»� R, �þ� M �þ!¥N7Ù�»�=Ä.þ.

) ��»� z ¶, ¥%��I�:, KÈ©«� V � x2 + y2 + z2 6 R2. u´

Iz =

�
V

ρ(x2 + y2) dx dy dz = ρ

� 2�

0

dϕ

� �
0

sin3 θ dθ

� R

0

r4 dr

=
8

15
ρ�R5 =

2

5
MR2.
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3◦ Úå ùp�ÄÔN V é�þ� m��: A(x0, y0, z0)�Úå¯K.ÏLé V �

©�, �ò¯Kz� u (ξi, ηi, ζi), �þ� ρ(ξi, ηi, ζi)σ(Vi) ��:X Vi£i = 1, · · · , n¤
éA �Úå.

P r = (x, y, z), ri = (ξi, ηi, ζi), r0 = (x0, y0, z0), K Vi é: A �Úå´

∆F i = k
mρi(ξi, ηi, ζi)σ(Vi)

|ri − r0|3
(ri − r0).

ri − r0

m

ã 10.20

Ù¥ k �Úå~ê, ¦Ú�¿�4��ÔN V é�: A �Úå

F = km

�
V

r − r0

|r − r0|3
ρ(x, y, z) dx dy dz.

m>´é���þ�È©, An)�éz��©þ�È©. ~X1��©þ�

Fx = km

�
V

x− x0

[(x− x0)2 + (y − y0)2 + (z − z0)2]3/2
ρ(x, y, z) dx dy dz,

Ù¦ü�©þ Fy, Fzkaq�L«.

~ 10.3.13 ¦�»� R �þ!(ρ = ~ê) ¥Né¥N	�þ� m ��: A �

Úå.

) �¥%��I�:, z ¶L: A, K�: A ��I� (0, 0, l) (l > R). �âÈ©

�é¡5, k Fx = Fy = 0, ±9

Fz = kmρ

�
V

z − l
r3

dx dy dz,

Ù¥ r =
√
x2 + y2 + (z − l)2, V �¥N x2 + y2 + z2 6 R2. z�\gÈ©�

Fz = kmρ

� R

−R
(z − l) dz

�
Dz

dx dy

r3
.
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Ù¥ Dz = {(x, y)|x2 + y2 6 R2 − z2}. ^4�IC�O�m>��­È©�
�
Dz

dx dy

r3
=

� 2�

0

dϕ

� √R2−z2

0

s

[s2 + (z − l)2]
3
2

ds

= 2�
(

1

l − z
− 1√

R2 − 2lz + l2

)
.

¤±

Fz = −2�kmρ
� R

−R

[
1 +

z − l√
R2 − 2lz + l2

]
dz = −4�kmρR3

3l2
.

du¥N�NÈ� M = 4
3�R

3, �§é�þ� m ��:�Úå�n�©þ�

Fx = Fy = 0, Fz = −kMm

l2
.

Ù(J��u�� u�%!�þ� M ��:é u z ¶þ�þ� m ��:�Úå.

SK 10.3

1. O�e�n­È©.

(1)

�
V

xy dx dy dz, V : 1 6 x 6 2, −2 6 y 6 1, 0 6 z 6
1

2
;

(2)

�
V

xy2z3 dx dy dz, V : d z = xy, y = x, x = 1, z = 0 �¤;

(3)

�
V

y cos(x+ z) dx dy dz, V : d y =
√
x, y = 0, z = 0, x+ z = �

2 �¤;

(4)

�
V

(a− y) dx dy dz, V : d y = 0, z = 0, 2x+ y = a, x+ y = a, y+ z = a�¤.

2. O�e�È©�.

(1)

� 2

0

dx

� √2x−x2

0

dy

� a

0

z
√
x2 + y2 dz;

(2)

� R

−R
dx

� √R2−x2

−
√
R2−x2

dy

� √R2−x2−y2

0

(x2 + y2) dz;

(3)

� 1

0

dx

� √1−x2

0

dy

� √1−x2−y2

0

√
x2 + y2 + z2 dz;

(4)

� 1

0

dx

� √1−x2

0

dy

� √2−x2−y2

√
x2+y2

z2 dz.

3. O�e�n­È©.

(1)

�
V

(x2 + y2) dx dy dz, V : d x2 + y2 = 2z, z = 2 �¤;

(2)

�
V

√
x2 + y2 dx dy dz, V : d x2 + y2 = z2, z = 1 �¤;
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(3)

�
V

z dx dy dz, V : d
√

4− x2 − y2 = z, x2 + y2 = 3z �¤;

(4)

�
V

xyz dx dy dz, V : ´ x2 + y2 + z2 6 1 �1�%�Ü©;

(5)

�
V

x2 dx dy dz, V : ´d­¡ z = y2, z = 4y2(y > 0) 9²¡ z = x, z =

2x, z = 1 ¤��«�;

(6)

�
V

|x2 + y2 + z2 − 1| dx dy dz, V : x2 + y2 + z2 6 4.

(7)

�
V

e|z| dx dy dz, V : x2 + y2 + z2 6 1;

(8)

�
V

(|x|+ z)e−(x2+y2+z2) dx dy dz, V : 1 6 x2 + y2 + z2 6 4.

4. |^é¡5¦e�n­È©.

(1)

�
V

(x+ y) dx dy dz, V : d z = 1− x2 − y2 Ú z = 0 �¤;

(2)

�
V

x dx dy dz, V : d x2 + y2 = z2, x2 + y2 = 1 �¤;

(3)

�
V

√
x2 + y2 + z2 dx dy dz, V : x2 + y2 + z2 6 x;

(4)

�
V

(x2 + y2) dx dy dz, V : r2 6 x2 + y2 + z2 6 R2, z > 0;

(5)

�
V

√
1− x2

a2
− y2

b2
− z2

c2
dx dy dz, V :

x2

a2
+
y2

b2
+
z2

c2
6 1;

(6)

�
V

z ln(x2 + y2 + z2 + 1)

x2 + y2 + z2 + 1
dx dy dz, V : x2 + y2 + z2 6 1.

5. O�e�­¡�¤�áNNÈ.

(1) y = 0, z = 0, 3x+ y = 6, 3x+ 2y = 12, x+ y + z = 6;

(2) z = x2 + y2, z = 2x2 + 2y2, y = x, y = x2;

(3) z2 + x2 = 1 Ú x+ y + z = 3, y = 0;

(4) x2 + y2 = 2x, z = x2 + y2, z = 0;

(5)
x2

9
+
y2

4
= 1, z = xy (31�%�Ü©);

(6) x2 + y2 + z2 = 2az, x2 + y2 = z2 (¹ z ¶Ü©);

(7)
x2

a2
+
y2

b2
+
z2

c2
= 1,

x2

a2
+
y2

b2
=
z2

c2
(¹ z ¶Ü©);

(8) (x2 + y2 + z2)2 = a3x.

6. ¦¼ê f(x, y, z) = x2 + y2 + z2 3� x2 + y2 + z2 6 x+ y + z S�²þ�.
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7. � F (t) =

�
x2+y2+z26t2

f(x2 + y2 + z2) dx dy dz, Ù¥ f ���©¼ê, ¦ F ′(t).

8. y²:

�
x2+y2+z261

f(z) dv =�
� 1

−1

f(z)(1− z2) dz.

9. �¼ê f(x, y, z) ëY§y²µ� b

a

dx

� x

a

dy

� y

a

f(x, y, z) dz =

� b

a

dz

� b

z

dy

� b

y

f(x, y, z) dx.

10. ¦ý��¡
x2

a2
+
y2

b2
6 1 ��þ, ��Ý ρ =

x2

a2
+
y2

b2
.

11. ��²¡��´d�»� R Ú r (R > r) �ü�Ó%�¤�¤�, ®�á��:�

�ÝÚ��%�ål¤�', ¿3S���±þ�Ý� 1, ¦���þ.

12. ��ÔN´dü��»�� R Ú r (R > r) �Ó%¥¤�¤, ®�á���ÝÚ�

¥%�ål¤�', �3ål�u 1 ?��Ý�u k, ¦ÔN�o�þ.

13. �»� a ���, Ù�:��ÝÚ��%�ål¤�' ('~Xê� 1), 8S�u

�����»� a
2 ���, ¦{eÜ©�­%�I.

14. k��!���, §´d�»� a ���Ú����/©�
¤, �
¦­%�Ð

3�%þ, ¯��/�° b A�õ�?

15. ¦d­¡
x2

a2
+
y2

b2
=
z2

c2
Ú z = c ¤�¤�þ!ÔN�­%�I.

16. �¥N x2 + y2 + z2 6 2az S�:�Ý��:��:�ål¤�', ¦Ù­%�I.

17. 3�»� a ��Îþë����»� a ��¥, �
¦­%�Ð3¥%þ, ¯�Î

�pXÛ?

18. ¦±e�ÔN�=Ä.þ (� ρ = ~ê)

(1) �þ� m, �»� R ����, éu: (a) ÏL�%¿R����¶; (b) �».

(2) �þ� m, �»� R �¥N, éuÏL¥%�¶�.

19. ¦�Ý� ρ �þ!¥INéu3Ùº:��ü �þ��:�áÚå, �¥��»

� R, 
¶�¡�÷/���u 2α.
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§10.4 n ­È©

aq�­Ún­È©, ·��±ïá n ­È©. éun ­È©�\gÈ©, ��@

ý©Û�Ù«��A:, �Ú�Ú/ü$È©­ê, Åg?1È©=�. ~Xéu n �

�N I = I1 × I2 × · · · × In þëY¼ê f(x1, · · · , xn), §�È©�±z�\gÈ©
�
· · ·
�
I

f(x1, · · · , xn) dx1 · · · dxn =

� b1

a1

dx1

� b2

a2

dx2 · · ·
� bn

an

f(x1, · · · , xn) dxn.

XJ¼ê½Â� V = {x = (x1, · · · , xn) ∈ Rn} ´ù���«�µ V 3'uCþ

(x1, · · · , xn−1) ¤3� n− 1 �f�m Rn−1 ¥�ÝK´k.4«� D ⊂ Rn−1. 
�é

V ¥z��: x = (x1, · · · , xn), §�1 n �©þ÷v

φ1(x1, · · · , xn−1) 6 xn 6 φ2(x1, · · · , xn−1), (x1, · · · , xn−1) ∈ D

Ù¥ φ1, φ2 ´ D ¥�ëY¼ê. @o
�
V

f =

�
· · ·
�
D

dx1 · · · dxn−1

� φ2(x1,··· ,xn−1)

φ1(x1,··· ,xn−1)

f(x1, · · · , xn) dxn

éun ­È©l V −→ V ′ ���

x1 = x1(u1, · · · , un), · · · , xn = xn(u1, · · · , un)

ü|Cþ�m� n �NÈ���'X�

dx1 · · · dxn =

∣∣∣∣∂(x1, · · · , xn)

∂(u1, · · · , un)

∣∣∣∣ du1 · · · dun

¤±È©���úª��
· · ·
�
V

f(x1, · · · , xn) dx1 · · · dxn

=

�
· · ·
�
V ′
f(x1(u1, · · · , un), · · · , xn(u1, · · · , un))

∣∣∣∣∂(x1, · · · , xn)

∂(u1, · · · , un)

∣∣∣∣ du1 · · · dun.

äN[!Ø2Kã, �
��´e¡ü�~f.

1◦ n �ü/�NÈ ¤¢ n �ü/´�m Rn ¥ù��:8

Sn(a) = {(x1, · · · , xn) : x1, · · · , xn > 0; x1 + · · ·+ xn 6 a}

� n = 1 �, Ò´4«m [0, a]¶� n = 2 �, Ò´ Oxy ²¡þ± (0, 0), (a, 0), (0, a) �

º:�n�«�. 3n��m¥, ü/Ò´ u1���¿± (0, 0, 0), (a, 0, 0), (0, a, 0),

(0, 0, a) �º:�o¡N.

�O� n �ü/�NÈ σ(Sn(a)), �±O�¼ê f ≡ 1 3 Sn(a) þ�È©

σ(Sn(a)) =

�
Sn(a)

dσ
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���

xi = ati, i = 1, · · · , n, ∂(x1, · · · , xn)

∂(t1, · · · , tn)
= an

=r>�� a �ü/{z¤>�� 1 �ü/, ¤± (t1, · · · , tn) ∈ Sn(1), �

σ(Sn(a)) =

�
Sn(a)

dσ = an
�
Sn(1)

dσ = anσ(Sn(1))

5¿�, éu�½� t ∈ [0, 1], Sn(1) � tn = t ���´d÷v ti, · · · , tn−1 > 0, t1 +

· · ·+ tn−1 6 1− t �:|¤!>�� 1− t � n− 1 �ü/ Sn−1(1− t). Ïd

σ(Sn(1)) =

� 1

0

dt

�
· · ·
�
Sn(1−t)

dt1 dt2 · · · dtn−1 =

� 1

0

σ(Sn−1(1− t)) dt

=

� 1

0

(1− t)n−1σ(Sn−1(1)) dt = σ(Sn−1(1))

� 1

0

(1− t)n−1 dt

=
1

n
σ(Sn−1(1))

ù�Ò����4íúª, w, σ(S1(1)) = 1, ¤±

σ(Sn(1)) =
1

n!
, σ(Sn(a)) =

an

n!
.

2◦ n �¥�NÈ � Bn(a) = {(x1, · · · , xn) : x2
1 + · · · x2

n 6 a2}, ¡��±�:�¥
%!± a ��»� n �¥N. �»� 1 �¥N¡�ü ¥N. aqü/NÈ�O�, k

σ(Bn(a)) =

�
Bn(a)

dσ = an
�
Bn(1)

dσ = anσ(Bn(1))

5¿�, éu�½� tn−1 = u, tn = v, u2 + v2 6 1, §�¥N Bn(1) ���´d÷v

t21 + · · ·+t2n−2 6 1−u2−v2 �:�¤,¤±��´�� n−2�¥N Bn−2(
√

1− u2 − v2),

|^\gÈ©, k

σ(Bn(1)) =

�
Bn(1)

dσ =

�
u2+v261

du dv

�
· · ·
�
Bn−2(

√
1−u2−v2)

dt1 · · · dtn−2

=

�
u2+v261

(1− u2 − v2)(n−2)/2σ(Bn−2(1)) du dv

= σ(Bn−2(1))

�
u2+v261

(1− u2 − v2)(n−2)/2 du dv.

éuþª¥��­È©, |^4�I u = r cos θ, v = r sin θ, �
�
u2+v261

(1− u2 − v2)(n−2)/2 du dv =

� 2�

0

dθ

� 1

0

(1− r2)(n−2)/2r dr =
2�
n
.

dd��'uü ¥NNÈO��4íúª

σ(Bn(1)) =
2�
n
σ(Bn−2(1))
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w,, σ(B1(1)) = 2, σ(B2(1)) =�, �ªk

σ(B2n(1)) =
�n

n!
, σ(B2n−1(1)) =

2n�n−1

(2n− 1)!!

σ(B2n(a)) =
�n

n!
a2n, σ(B2n−1(a)) =

2n�n−1

(2n− 1)!!
a2n−1.

ùp, é����ê n, n!! = n(n− 2)(n− 4) · · · , ¤±éuóêk 2n = 2nn!, éuÛê

k(2n− 1)!! = (2n− 1)(2n− 3) · · · 1.

5P O� n �¥�NÈ, ��±ÏL¥�I���5?1, '�´�ïá n ��

¥�I, ¿O���� Jacobi 1�ª. k'SNò31nþ�[?Ø, ùp{��Ñï

á n ��m¥�I�Ä�g´.

Äk£� 3 �¥�I´XÛïá�. � P (x1, x2, x3) ´�m¥?¿�:, r = |
−→
OP |,

K
−→
OP 3 Ox2x3 ²¡þ�ÝK�

−−→
OP ′. P θ1 ´l x1 ¶��þ

−→
OP ����, Ïd

x1 = r cos θ1,

� r′ = |
−−→
OP ′| = r sin θ1. ò Ox2x3 ²¡þ: P ′(x2, x3) ��I^ 2 �4�IL«:

x2 = r′ cos θ2 = r sin θ1 cos θ2, x3 = r′ sin θ2 = r sin θ1 sin θ2,

Ù¥ θ2 ´ x2 ¶�
−−→
OP ′ ����. ù�, ·�Ò��3 ��¥�IC�

x1 = r cos θ1, x2 = r sin θ1 cos θ2, x3 = r sin θ1 sin θ2.

ùp, �
Bu�p�í2, ·�æ^�PÒ� §8.4 !�kØÓ, 3@p·�Äkr�

þ
−→
OP � Oxy ²¡þÝK, 2òÝK�þ3 Oxy ²¡þ^4�IL«.

5¿�l¥�I����I�C�£½N�¤¢Sþ´e�C��EÜ
r

θ1

θ2

 −→

u1 = r cos θ1

u2 = r sin θ1

u3 = θ2

 −→


x1 = u1

x2 = u2 cos θ2

x3 = u2 sin θ2

 ,

Ù¢�´ 2 �4�IC�� 2 �4�IC��EÜ, ÏdC�� Jacobi 1�ª�

∂(x1, x2, x3)

∂(r, θ1, θ2)
=
∂(x1, x2, x3)

∂(u1, u2, u3)

∂(u1, u2, u3)

∂(r, θ1, θ2)
= r2 sin θ1.

±daí, 3 4 ��m, ò P (x1, x2, x3, x4) � Ox2x3x4 �mÝK, K x1 = r cos θ1,

ÝK�þ��Ý� r′ = r sin θ1. é Ox2x3x4 �m�:?1¥�IC�, �ª�� 4 �
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¥�IC�

x1 = r cos θ1,

x2 = r sin θ1 cos θ2,

x3 = r sin θ1 sin θ2 cos θ3,

x4 = r sin θ1 sin θ2 sin θ3,

��þ´�� 2�4�IC�Ú�� 3 �¥�IC��EÜ, Ïd|^EÜN��

Jacobi 1�ª�O�, ���� 4 �¥�IC�� Jacobi 1�ª. ^ù���E�ª,

Ø=�±�� n ��¥�I, 
��N´O���� Jacobi 1�ª£ë�1nþ¤.

SK 10.4

1. O�e� n ­È©.

(1)

�
· · ·
�

[0,1]n

(
x2

1 + · · ·+ x2
n

)
dx1 · · · dxn;

(2)

�
· · ·
�

[0,1]n
(x1 + · · ·+ xn)2 dx1 · · · dxn;

(3)

� 1

0

dx1

� x1

0

dx2 · · ·
� xn−1

0

x1 · · · xn dxn

2. O�e�8Ü Vn =
{

(x1, · · · , xn) : x1
a1

+ · · ·+ xn
an
6 1, x1, · · · , xn > 0

}
�NÈ.

3. � f(x) ëY, y²:
� a

0

dx1

� x1

0

dx2 · · ·
� xn−1

0

f(xn) dxn =
1

(n− 1)!

� a

0

f(t)(a− t)n−1 dt.

4. � f(x) ëY, y²:

� a

0

dx1

� x1

0

dx2 · · ·
� xn−1

0

f(x1)f(x2) · · · f(xn) dxn =
1

n!

(� a

0

f(t) dt

)n

1 10 ÙnÜSK

1. O��­È© I =

�
D

sgn(x2 − y2 + 2) dx dy, Ù¥ D = {(x, y) : x2 + y2 6 4}.

2. O�n­È©

I =

�

[0,1]3

du dv dw

(1 + u2 + v2 + w2)2
.
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3. � a > 0, b > 0. Á¦e¡�È©:

(1) I1 =

� 1

0

sin

(
ln

1

x

)
· x

b − xa

lnx
dx;

(2) I2 =

� 1

0

cos

(
ln

1

x

)
· x

b − xa

lnx
dx.

4. � D = {(x, y) |x2 + y2 6 1}. ¦ I =

�
D

∣∣∣∣x+ y√
2
− x2 − y2

∣∣∣∣ dx dy.

5. Á¦�� (x− a)2 + (y − a)2 6 a2 �­� (x2 + y2)2 = 8a2xy ¤�Ü©���«�

D �¡È.

6. O�­¡ (x2 + y2)2 + z4 = y ¤��NÈ V.

7. y²:

�

[0,1]2

(xy)xy dx dy =

� 1

0

tt dt.

8. � a, b ´Ø�� 0 �~ê. ¦y:

�

x2+y261

f(ax+ by + c) dx dy = 2

� 1

−1

√
1− t2 f

(
t
√
a2 + b2 + c

)
dt.

9. � f ´ëY���üCþ¼ê. - F (t) =

�

[0,t]2

f(xy) dx dy. ¦y:

(1) F ′(t) =
2

t

F (t) +

�

[0,t]2

xyf ′(xy) dx dy

 ;

(2) F ′(t) =
2

t

� t2

0

f(s) ds.

10. (PoincaréØ�ª)� ϕ(x), ψ(x)´ [a, b]þ�ëY¼ê, f(x, y)3«� D = {(x, y) :

a 6 x 6 b, ϕ(x) 6 y 6 ψ(x)} þëY��, �k f(x, ϕ(x)) = 0, K�3 M > 0, ¦

� �
D

f2(x, y) dx dy 6M

�
D

(f ′y(x, y))2 dx dy.

11. � a > 0, Ωn(a) : x1 + · · ·+ xn 6 a, xi > 0 (i = 1, 2, · · · , n). ¦È©

In(a) =

�
· · ·
�

Ωn(a)

x1x2 · · · xn dx1 dx2 · · · dxn.

12. � f(x1, · · · , xn) � n ��ëY¼ê, y²:

� b

a

dx1

� x1

a

dx2 · · ·
� xn−1

a

f(x1, · · · , xn) dxn =

� b

a

dxn

� b

xn

dxn−1 · · ·
� b

x2

f(x1, · · · , xn) dx1.
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õCþ¼ê�­È©, ´��¼ê½È©�í2. Ù¥½È©´¼ê3±���m

¥�ã��ã�È©«m, 
­È©´±²¡½�mS�«��È©«�. ¯¢þ, ·�

��±ïÄ,�«/ª�í2, =�Äêþ|Ú�þ|3�m¥�ã­�½�Ü­¡þ

�È©, {¡�­�È© ½ ­¡È©. �Ù�?Øn��m��/. ÏL­�Ú­¡È

©, ·�òïá Newton-Leibniz úª3n��m�í2, ùÒ´ Gauss-Stokes úª.

§11.1 êþ|3­�þ�È©

11.1.1 Ä�Vg

�­� L ´�ã�þ!��á, Ù��Ý� ρ(x, y, z). �
O��á��þ, kò

�á©�¤k�ã ∆si, z�ã��þCq� ρ(ξi, ηi, ζi)∆si. òù��Cq��\Ò´

�áo��þ�Cq�. �©��©�[�, Ù4��Ò´�á��þ.

½Â 11.1 � L´n��m¥�^1w£½Åã1w¤­�ã, φ(x, y, z)´½Â3

­� L þ�êþ|£½¼ê¤. � L �?¿©�: M0, M1, · · · , Mn, ¿Pzã

)

Mi−1Mi

�l�� ∆si, ���Ý� λ = max{|∆si| 1 = 1, · · · , n}. 3zãlþ
)

Mi−1Mi ?��:

Ni(ξi, ηi, ζi). XJe�Úª�4�

lim
λ→0

n∑
i=1

φ(ξi, ηi, ζi)∆si,

´��k�ê, ��: Ni(ξi, ηi, ζi) �ÀJÃ', K¡¼ê φ(x, y, z) 3­�þ�È, 4�

�¡�êþ|3­�þ�È©, ½¡�1�.­�È©, P�

�
L

φ(x, y, z) ds.

l½Âþw, êþ|3­�þ�È©, �¼ê3«m [a, b] þ�È©, �´²��«

m�¤
­�. Ïdêþ|3­�þ�È©�½È©kaq�5�, ~XÈ©éu�È

¼ê��55!�S5±9È©éuÈ©­���\5
�
L

φ(x, y, z) ds =

�
L1

φ(x, y, z) ds+

�
L2

φ(x, y, z) ds,

Ù¥ L ´ L1 Ú L2 ë�
¤�­�, ���´¤á�.

� φ(x, y, z) = 1 3­� L þ�È©
�
L ds, Ò�Ñ
 L �l�.
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11.1.2 êþ|3­�þÈ©�O�

�­� L �ëê�§L«�

r = r(t) = x(t)i+ y(t)j + z(t)k t ∈ [α, β]

Ù¥ x(t), y(t), z(t) 3«m [α, β] þkëY����û x′(t), y′(t), z′(t), � |r′(t)| 6= 0,

φ(x, y, z) 3 L þëY, Ïd φ(x(t), y(t), z(t)) 3 [α, β] þëY.

y3� [α, β] �©�

T : α = t0 < t1 < · · · < tn−1 < tn = β.

ddéA­� L þ± Mi(x(ti), y(ti), z(ti)), i = 0, · · · , n �©�:�©�. dl��O

�úª�È©¥�½n, ��lã

)
Mi−1Mi ���

∆si =

� ti

ti−1

|r′(t)|dt = |r′(θi)|∆ti,

Ù¥ ti−1 6 θi 6 ti, (i = 1, 2, · · · , n).

�lãþ?¿�: Ni(x(τi), y(τi), z(τi)), ti−1 6 τi 6 ti, (i = 1, 2, · · · , n), u´

n∑
i=1

φ(x(τi), y(τi), z(τi))∆si =
n∑
i=1

φ(x(τi), y(τi), z(τi))|r′(θi)|∆ti.

�ªm>�Ø´��¼ê� Riemann Ú, �·���Xe?�
n∑
i=1

φ(x(τi), y(τi), z(τi))∆si =
n∑
i=1

φ(x(τi), y(τi), z(τi))|r′(τi)|∆ti

+
n∑
i=1

φ(x(τi), y(τi), z(τi))(|r′(θi)| − |r′(τi)|)∆ti.

¦�mà�1���´¼ê φ(x(t), y(t), z(t))|r′(t)| 3 [α, β] þIO� Riemann Ú, 


1��ò�y²3|T | → 0 ��4��".

�d, éu?¿� ε > 0, d φ(x(t), y(t), z(t))|r′(t)| �ëY5��, §3 [α, β] þ�

È, Ïd�3 δ1 > 0, ¦��©�÷v |T | < δ1 �,k∣∣∣∣∣
n∑
i=1

φ(x(τi), y(τi), z(τi))|r′(τi)|∆ti −
� β

α

φ(x(t), y(t), z(t))|r′(t)|dt

∣∣∣∣∣ < ε.

d φ(x(t), y(t), z(t)) �ëY5, ��§3 [α, β] þk. |φ| 6M, d |r′(t)| �ëY5í�
3 [α, β] þ��ëY, Ïd�3 δ2 > 0, é?¿� t, t′ ∈ [α, β], �� 0 < |t− t′| < δ2 , Ò

k

||r′(t)| − |r′(t′)|| < ε.
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ù�� |T | < δ2 �, éu?¿� θi, τi ∈ [ti−1, ti], k |θi − τi| 6 ∆ti 6 |T | < δ2, Ïd∣∣∣∣∣
n∑
i=1

φ(x(τi), y(τi), z(τi))(|r′(θi)| − |r′(τi)|)∆ti

∣∣∣∣∣ < M(α− β)ε.

nþ¤ã, �©�÷v |T | < δ = min{δ1, δ2} �, k∣∣∣∣∣
n∑
i=1

φ(x(τi), y(τi), z(τi))∆si −
� β

α

φ(x(t), y(t), z(t))|r′(t)|dt

∣∣∣∣∣ < ε+M(β − α)ε

�d, ·�Ò�¤
e�½n�y².

½n 11.2 � L ´�m¥�^1w­�, Ùëê�§L«�

r = r(t) = x(t)i+ y(t)j + z(t)k t ∈ [α, β]

φ(x, y, z) 3 L þëY,K φ(x, y, z) 3­� L þ�È,�

�
L

φ(x, y, z) ds =

� β

α

φ(x(t), y(t), z(t))|r′(t)| dt

=

� β

α

φ(x(t), y(t), z(t))

√
x′2(t) + y′2(t) + z′2(t) dt.

dd��, |^ ds = |r′(t)| dt, êþ|3­�þ�È©Òz�Ï~�È©. ½n¥

�(Ø�±a'u½È©¥���úª
� b

a

φ(x) dx =

� β

α

φ(x(t))x′(t) dt

ùp t −→ x = x(t) ´l t ¶þ���ã [α, β] � x ¶þ���ã [a, b] ���N�.

�� dx Ú�� dt �m÷v dx = x′(t) dt. 
3½n¥, �´­��l�� ds ���

dt �m÷v ds = |r′(t)| dt.

±e´�­�3²¡þ��ü«AÏ/ª.

e²¡­� L d y = y(x) (a 6 x 6 b) �Ñ , K�À��«AÏ�ëê�§L«

x = x, y = f(x), z = 0, Ù¥Cþ x À�ëCþ. Ïdk
�
L

f(x, y) ds =

� b

a

f(x, y(x))

√
1 + y′2(x) dx.

e²¡­� L �4�I�§� r = r(θ) (α 6 θ 6 β), K x = r(θ) cos θ, y =

r(θ) sin θ, ¤±

�
L

f(x, y) ds =

� β

α

f(r(θ) cos θ, r(θ) sin θ)

√
r2(θ) + r′2(θ) dθ.

~ 11.1.1 ¦­�È©
�
L xy ds. Ù¥ L �ý� x2

a2 + y2

b2 = 1 31����lã.
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) L ��§��¤

x = a cos θ, y = b sin θ, 0 6 θ 6
�
2
,

¤±

�
L

xy ds = ab

� �/2
0

cos θ sin θ
√
a2 sin2 θ + b2 cos2 θ dθ

=
ab

2

� �/2
0

√
b2 + (a2 − b2) sin2 θ d sin2 θ

=
ab

3(a2 − b2)

(
b2 + (a2 − b2) sin2 θ

)3/2
∣∣∣�/2
0

=
ab(a2 + ab+ b2)

3(a+ b)
.

~ 11.1.2 ¦­�È©
�
L x ds, Ù¥ L ´±²¡þ O(0, 0), A(1, 0), B(0, 1) �º

:�n�/�>. (ã11.1).

O
x

y

A

B

ã 11.1

) ­� L ´©ã1w�, §dn^�� OA, AB, BO �¤, n^����§±

9l�� ds �©OL«�

OA : x = t, y = 0, ds = dt, t ∈ [0, 1];

AB : x = 1− t, y = t, ds =
√

2 dt, t ∈ [0, 1]

BO : x = 0, y = 1− t, ds = dt, t ∈ [0, 1]

¤±©ã?1È©k�
L

x ds =

�
OA

x ds+

�
AB

x ds+

�
BO

x ds

=

� 1

0

t dt+

� 1

0

(1− t)
√

2 dt+

� 1

0

0 dt =
1 +
√

2

2
.

SK 11.1

1. O�e�­��l�.

(1) r(t) = et cos ti+ et sin tj + etk (0 6 t 6 2�);
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(2) x = 3t, y = 3t2, z = 2t3 l O(0, 0, 0) � A(3, 3, 2) @�ã;

(3) x = a cos t, y = a sin t, z = a ln cos t
(
0 6 t 6 �

4

)
;

(4) z2 = 2ax � 9y2 = 16xz ���, d: O(0, 0, 0) �: A
(
2a, 8a

3 , 2a
)
;

(5) 4ax = (y+z)2 � 4x2 +3y2 = 3z2 ���,d�:�: M(x, y, z) (a > 0, z > 0).

2. O�e�­�È©.

(1)
�
L y

2 ds, L : x = a(t− sin t), y = a(1− cos t), (0 6 t 6 2�);

(2)
�
L

z2

x2+y2 ds, L : x = a cos t, y = a sin t, z = at, (0 6 t 6 2�);

(3)
�
L(x+ y) ds, L : º:� O(0, 0), A(1, 0), B(0, 1) �n�/±.;

(4)
�
L

dS
x−y , L : é(: A(0,−2) �: B(4, 0) ���ã;

(5)
�
L(x + y + z) ds, L : ��ã AB : A(1, 1, 0), B(1, 0, 0) 9Ú� BC : x =

cos t, y = sin t, z = t (0 6 t 6 2�) |¤;

(6)
�
L e
√
x2+y2 ds, L : d­� r = a, ϕ = 0, ϕ = �

4 ¤�¤�«�>.;

(7)
�
L x ds, L : éêÚ� r = aekϕ (k > 0) 3� r = a S�@�ã;

(8)
�
L z ds, L ´�IÚ� x = t cos t, y = t sin t, z = t (0 6 t 6 t0);

(9)
�
L x
√
x2 − y2 ds, L : VÝ� (x2 + y2)2 = a2(x2 − y2) (x > 0) ���;

(10)
�
L(x2 + y2 + z2)n ds, L : �± x2 + y2 = a2, z = 0;

(11)
�
L x

2 ds, L : �± x2 + y2 + z2 = a2, x+ y + z = 0;

(12)
�
L(xy + yz + zx) ds, L : �± x2 + y2 + z2 = a2, x+ y + z = 0.

3. ¦­� x = et cos t, y = et sin t, z = et l t = 0 �?¿:m@ãl��þ, �§�:

��Ý�T:��:�ål²�¤�', �3: (1, 0, 1) ?��Ý� 1.

4. ¦Ú^��� x = a cos t, y = a sin t, z = h
2�t (0 6 t 6 2�) éu��I¶�=Ä.

þ (��Ý ρ = 1).

5. ¦�»� a �þ!��l (�Ý� ρ) éu?3�% O �þ� M ��:�Úå.
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§11.2 êþ|3­¡þ�È©

aquêþ|3­�þ�È©, ò�Äêþ| φ(x, y, z) 3�m¥�Ü­¡þ�È

©. ù��È©�¡�1�.­¡È©. �d, ·�ÄkI�
)­¡�¡ÈO�¯K.

11.2.1 ­¡�¡È

� S ´�Ü1w�ëê­¡:

r = r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D,

= x(u, v), y(u, v), z(u, v) äkëY� �ê, �

r′u × r′v 6= 0

ùp D ´ëCþ (u, v) ¤3²¡¥���k.«�.

^²1u Ouv �I¶��� u = ui, v = vj �©�«� D, Ù¥���«�

Dij = {(u, v) : ui 6 u 6 ui+1, vj 6 v 6 vj+1} éA3 S þÒ����f­¡ Sij , §d

ü^ u ­� v = vj , v = vj+1 Úü^ v ­� u = ui, u = ui+1 �¤. � ∆ui = ui+1 − ui
Ú ∆vj = vj+1 − vj Ñé��, Sij �±Cqw¤dü��þ r(ui+1, vj) − r(ui, vj) Ú

r(ui, vj+1)− r(ui, vj) Ü¤�²1o>/ (ã11.2)

u

v

O
x

y

z

ã 11.2

Ï�

r(ui+1, vj)− r(ui, vj) = r′u(ui, vj)∆ui + o(∆ui),

r(ui, vj+1)− r(ui, vj) = r′v(ui, vj)∆vj + o(∆vj),

¤±, Sij �¡È

σ(Sij) ≈ |r′u(ui, vj)× r′v(ui, vj)|∆ui∆vj .

�Ò´`, /̂±��­0�g�, ­¡���¬¡È�±^�²¡þ± r′u(ui, vj)∆u Ú
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r′v(ui, vj)∆v �>�²1o>/¡È5Cq. u´­¡ S �¡È

σ(S) =

�
D

|r′u(u, v)× r′v(u, v)| du dv.

�â §9.5 !Ú?�PÒ

E = r′2u = x′2u + y′2u + z′2u ,

G = r′2v = x′2v + y′2v + z′2v ,

F = r′u · r′v = x′ux
′
v + y′uy

′
v + z′uz

′
v,

P

dS = |r′u(u, v)× r′v(u, v)| du dv =
√
EG− F 2 du dv

¿¡�­¡�¡È��. Ïd, ­¡ S �¡È���O�úª�

σ(S) =

�
D

√
EG− F 2 du dv.

5P ùp·���^­¡�ëê�§L«O�­¡�¡È. ,
, ­¡�¡È´

­¡�k�AÛA�, ØAT�6uëê�§�L«. XJ­¡�3,	�«ëê�§

L«

r = r(s, t) = x̃(s, t)i+ ỹ(s, t)j + z̃(s, t)k, (s, t) ∈ D̃,

�±y², ¤�Ñ�¡È´���, �Ò´`ùp�Ñ�¡È�À�­¡�o��ëê

L«Ã'.

±eA«A~´¬²~-��.

1◦ � F = r′u · r′v = 0 �, `² u ­�Ú v ­����þ�pR�, ¤± u ­�Ú

v ­�3­¡þ?�
���pR��­��.

2◦ �­¡ S ´²¡«��, S �ëê�§�

x = x(u, v), y = y(u, v), z = 0, (u, v) ∈ D.

ù�

|r′u × r′v| =
∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ ,
¡È��

dσ =

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ du dv.

2g���­È©¥²¡«� S Ú²¡«� D �mC�¥¡È���m�'X.

3◦ XJ­¡ S ´½Â3«� D þ���¼ê z = f(x, y) �Ñ, ù��ò x, y w

�ëCþ, 
­¡ S �ëê�§Ò�AO�/ª

r = r(x, y) = (x, y, f(x, y)) (x, y) ∈ D,
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u´

E = 1 + z′2x , G = 1 + z′2y , F = z′xz
′
y.

dd�

dS =
√

1 + z′2x + z′2y dx dy

9

σ(S) =

�
D

√
1 + z′2x + z′2y dx dy.

XJ­¡��§� x = g(y, z) ½ y = h(z, x), (J´aq�.

~ 11.2.1 ¦�»� R �¥�L¡È.

) �¥¡ S �ëê�§�

x = R sin θ cosϕ, y = R sin θ sinϕ, z = R cos θ,

Ù¥0 6 θ 6�, 0 6 ϕ 6 2�. O���

E = R2, F = 0, G = R2 sin2 θ.

¤±

dS = R2 sin θ dθ dϕ.

�¥¡¡È

σ(S) =

� �
0

dθ

� 2�

0

R2 sin θ dϕ = 4�R2.

~ 11.2.2 ¦¥¡ x2 + y2 + z2 = R2 �Î¡ x2 + y2 = Rx ¤�e�­¡¡È.

) dué¡5, ��¤¦­¡�¡È´§31�%�S¡È�o�. æ^¥¡�

I� dS = R2 sin θ dθ dϕ. �(½ëê θ, ϕ �Cz«� D, r¥¡�ëê�§�\Î¡

�§ x2 + y2 = Rx ��k

sin θ = cosϕ,

Ï�31�%�¥ 0 6 θ 6 �
2 , 0 6 ϕ 6 �

2 , ¤±ùüÜ­¡���3¥¡�Ie��§

�

θ =
�
2
− ϕ.

Ïd D ´dØ�ª 0 6 ϕ 6 �
2 , 0 6 θ 6 �

2 − ϕ �Ñ�«�, l
��

σ(S) = 4

�
D

R2 sin θ dθ dϕ = 4R2

� �
2

0

dϕ

� �
2
−ϕ

0

sin θ dθ

= 4R2

� �
2

0

(1− sinϕ) dϕ = 2R2(�− 2).

~ 11.2.3 O��I¡ y2 + z2 = x2 �Î¡ y2 + z2 = R2 ¤�e�­¡ S �¡È
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) �Ñ�­¡3²¡ Oyz þ�ÝK«� D ´�»� R �� y2 + z2 6 R2, ¤±

σ(S) = 2

�
D

√
1 + x′2y + x′2z dy dz

= 2

�
D

√
2 dy dz = 2

√
2�R2.

11.2.2 êþ|3­¡þ�È©ÚO�

� S ´�Ük.�1w­¡, ϕ(x, y, z) ´½Â3 S þ�êþ|. r S ©¤ n ¬­

¡ S1, S2, · · · , Sn, z��¬�¡ÈP� σ(Si). 3 Si þ?��: Mi(ξi, ηi, ζi), XJe�

4�

lim
λ→0

n∑
i=1

ϕ(ξi, ηi, ζi)σ(Si),

´��k�ê, 
�� Mi(ξi, ηi, ζi) �ÀJÃ', Ù¥ λ ´¤k�¬­¡����», @

o¡ ϕ(x, y, z) 3­¡ S þ��È, 4��Ò´§�È©�, P¤
�
S

ϕ(x, y, z) dS = lim
λ→0

n∑
i=1

ϕ(xi, yi, zi)σ(Si),

�­¡ S �äkëê�§L«

r = r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D,

�, Ù¥ D ´²¡ O′uv þ�k.4«�. � ϕ(x, y, z) 3�¹ S ���«�SëY (k

�{¡¼ê3 S þëY), K§3 S þ�­¡È©´�½�3�, 
�k�
S

ϕ(x, y, z) dS =

�
D

ϕ(x(u, v), y(u, v), z(u, v))|r′u × r′v| du dv

=

�
D

ϕ(x(u, v), y(u, v), z(u, v))
√
EG− F 2 du dv.

5¿: þª�mà, �´½Â3²¡«� D þ¼ê ϕ(x(u, v), y(u, v), z(u, v))|r′u × r′v| �
�­È©. AO, XJ1w­¡ S d�§ z = z(x, y), (x, y) ∈ D �Ñ, @ok�

S

ϕ(x, y, z) dS =

�
D

ϕ(x, y, z(x, y))
√

1 + z′2x + z′2y dx dy.

~ 11.2.4 � S ´1�%��¥¡ x2 + y2 + z2 = R2 (x > 0, y > 0, z > 0), O�

­¡È©
�
S(x2 + y2) dS.

) ò¥¡ S L«�ëê�§

x = R sin θ cosϕ, y = R sin θ sinϕ, z = R cos θ,

K θ, ϕ �Cz��´²¡ O′θϕ þ�Ý/ D′

0 6 θ 6
�
2
, 0 6 ϕ 6

�
2
,
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¥¡�¡È���

dS = R2 sin θ dθ dϕ,

¤±

�
S

(x2 + y2) dS =

�
D′
R2 sin2 θ ·R2 sin θ dθ dϕ

= R4

� �
2

0

dϕ

� �
2

0

sin3 θ dθ =
1

3
�R4.

ù�È©��±lé¡5�¡�Ä, Ï�3 S þ, x2, y2, z2 �È©´���, ¤±

�ª = 2

�
S

x2 dS =
2

3

�
S

(x2 + y2 + z2) dS

=
2R4

3

� �
2

0

dϕ

� �
2

0

sin θ dθ =
1

3
�R4.

~ 11.2.5 � S ´I¡ z2 = k2(x2 + y2) (z > 0) �Î¡ x2 + y2 = 2ax (a > 0) ¤

���­¡ (ã11.3), O�­¡È©

�
S

(y2z2 + z2x2 + x2y2) dS.

O
x

y

z

2a

ã 11.3

) ¤�­¡ S �¡È��´

dS =
√

1 + z′2x + z′2y dx dy =
√

1 + k2 dx dy.

¿� S 3²¡ Oxy þ�ÝK«� D ´�

x2 + y2 6 2ax,
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u´��
�
S

(y2z2 + z2x2 + x2y2) dS

=
√

1 + k2

�
D

[k2(x2 + y2)2 + x2y2] dx dy

= 2
√

1 + k2

� �
2

0

dϕ

� 2a cosϕ

0

r5(k2 + cos2 ϕ sin2 ϕ) dr

=
�
24
a6(80k2 + 7)

√
1 + k2.

aqu�­È©, êþ|3­¡þ�È©�k�
Ä�5�, X�5, �S5, �È

¼ê7k.��.êþ|3©¡1w­¡þ�­¡È©�|^È©éÈ©­¡��\5

5O�, ~X­¡ S ´d1w­¡ S1 Ú S2 ©�
¤, @o
�
S

ϕ(x, y, z) dS =

�
S1

ϕ(x, y, z) dS +

�
S2

ϕ(x, y, z) dS.

SK 11.2

1. ¦e�­¡3�½Ü©�¡È.

(1) I¡ z =
√
x2 + y2 �¹3�Î x2 + y2 = 2x S�Ü©;

(2) Î¡ x2 + y2 = a2 �²¡ x+ z = 0, x− z = 0 (x > 0, y > 0) ¤��@Ü©;

(3) �Î¡ x2 + y2 = a2 ��Î y2 + z2 = a2 ¤�e�@Ü©;

(4) ¥¡ x2 + y2 + z2 = 3a2 Ú�Ô¡ x2 + y2 = 2az (z > 0) ¤�¤�áN��L

¡;

(5) ­¡ x = 1
2 (2y2 + z2) �Î¡ 4y2 + z2 = 1 ¤�e�@Ü©;

(6) I¡ z2 = x2 + y2 � Oxy ²¡Ú z =
√

2
(
x
2 + 1

)
¤�e�@Ü©;

(7) Ú^¡ x = r cosϕ, y = r sinϕ, z = hϕ 3 0 < r < a, 0 < ϕ < 2� @Ü©;

(8) ­¡ (x2 + y2 + z2)2 = 2a2xy ��Ü.

2. O�e�­¡È©.

(1)

�
S

(x+ y + z) dS, S : á�N 0 6 x 6 1, 0 6 y 6 1, 0 6 z 6 1 ��L¡;

(2)

�
S

xyz dS, S : x+ y + z = 1 31�%�Ü©;

(3)

�
S

(x2 + y2) dS, S : d z =
√
x2 + y2 Ú z = 1 ¤�¤�áNL¡;

(4)

�
S

(xy + yz + zx) dS, S : I¡ z =
√
x2 + y2 �Î¡ x2 + y2 = 2ax (a > 0)

¤�e�@¬­¡;
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(5)

�
S

(x4− y4 + y2z2−x2z2 + 1) dS, S : �I z =
√
x2 + y2 �Î¡ x2 + y2 = 2x

¤�e�Ü©.

(6)

�
S

dS

r2
, S : �Î¡ x2 + y2 = R2 .u²¡ z = 0 9 z = H �m�Ü©, r ´

S þ�:��:�ål;

(7)

�
S

|xyz| dS, S �­¡ z = x2 + y2 0u�²¡ z = 0 Ú z = 1 m�Ü©.

3. |^é¡5O�­¡È©.

(1)

�
S

(x2 + y2) dS, S : x2 + y2 + z2 = R2;

(2)

�
S

(x+ y + z) dS, S : x2 + y2 + z2 = a2 (z > 0).

4. � G ´²¡ Ax+ By + Cz +D = 0 (c 6= 0) þ���k.4«�, §3 Oxy ²¡

þ�ÝK´ G1, Áy G�¡È
G1�¡È

=
√

A2+B2+C2

C2 .

5. ¦�Ô¡� z = 1
2(x2 + y2) (0 6 z 6 1) ��þ, Ù�:��Ý� ρ = z.

6. ���»� R �þ!¥� (�Ý� ρ) 7Ù�»^=, ¦§�=Ä.þ.

7. ���Ý� ρ �þ!�I¡ z =
√
x2 + y2 (0 < a 6 z 6 b), ¦§éu?3Iº�

�þ� m ��:�Úå.
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§11.3 �þ|3­�þ�È©

11.3.1 ­��½�

� F (x, y, z) = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k ´��å|, �	���:÷

�^­� L $Ä�å|¤��õ, A5¿n���, =å|���, �:$Ä���Ú

�:$Ä�ål. �d�±æ�±e�{ (ã11.4):

A

BF

ã 11.4

÷�:$Ä����­� L ���©�

M0(x0, y0, z0), M1(x1, y1, z1), · · · , Mn(xn, yn, zn).

31 i ãþ, å| F �Cq¤��~��þ

F i = Pii+Qij +Rik.

Tã­��Cq¤k���

∆ri =
−−−−−→
Mi−1Mi = ∆xii+ ∆yij + ∆zik.

§������:$Ä���. Ïdå|3z��ãþ¤��õ�Cq�

Wi = F i ·∆ri = Pi∆xi +Qi∆yi +Ri∆zi.

òù��Cq��\, ¿4©�����Ýªu", @o(JÒ´å|¤��oõ. 5

¿�, =¦�:3Ó�^­�þ$Ä, �$Ä���ØÓ, å|¤��õ�ØÓ.

Ïd, k7�é­������²(. ��/, � L ´ë��mü: A,B �­�,

5½Ù¥���å:, �d/Ò5½
­� L �����. ½Â
���­�¡�½�

­�, ± A �å:!B �ª:�½�­�P� LAB. w,­� L kü�½�, ,��´

± B �å:, A �ª:�­�, P� LBA.

�­� L äke�ëê�§L«�

L : r = r(t) = x(t)i+ y(t)j + z(t)k, α 6 t 6 β.

XJ�ëê t l α O\� β �, ­�þéA�:lå: A $Ä�ª: B (ù�: A

Ú B ��I©O´ A = (x(α), y(α), z(α)), B = (x(β), y(β), z(β)),) @oëê t O
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\���� LAB �����, ¡t´½�­�� LAB ���ëê. XJ­� L ´1w

­�, @o��þ r′(t) ´��ëê t O\��� (ù´Ï� r′(t) ´�û r(t+∆t)−r(t)
∆t

�4�). ¤±�½ü ��þ τ = r′(t)
|r′(t)| ��uÀJ LAB ����, �½ü ��þ

τ 1 = − r
′(t)
|r(t)| ��uÀJ LAB �K��.

XJ­� LAB ´Åã1w�, ·��±3z�ãþÀ��­������ëê, �

�­��©ã��ëêL«.

XJ L ´ Oxy ²¡þ�^{ü4­�, S.þ¡Ù_��������. ù� L

�SÜ«�3 L �����>.

é�
äN¯K, ­�kAO²(���.~Xå|é$Ä�:�õ¯K¥, ÀJ�

:$Ä���, ��Ù;,­����.

ã 11.5

11.3.2 �þ|3­�þÈ©�½ÂÚO�

å|�õ�~f, ��Ñ
�þ|3­�þÈ©�½Â:

½Â 11.3 � v = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k ´�m«� D ¥��þ

|, LAB ´ D ¥½�­�, 3 LAB þl A � B �gÀ�?¿�©�::

A = M0, M1, · · · , Mn = B,

Ù¥©�:��I´ Mi(xi, yi, zi), i = 0, · · · , n, K

∆ri =
−−−−−→
Mi−1Mi = ∆xii+ ∆yij + ∆zik

3z�ãl

)

Mi−1Mi þ?��: Ni(ξi, ζi, χi), �©�����Ý |T | → 0 �, XJe�

Úª
n∑
i=1

v(ξi, ζi, χi) ·∆ri =
n∑
i=1

P (ξi, ζi, χi)∆xi +Q(ξi, ζi, χi)∆yi +R(ξi, ζi, χi)∆zi

�4��3k�, @o4��¡��þ| v ÷­�£½´»¤LAB �È©£�¡�1�

.­�È©¤, P� �
LAB

v · dr.
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½�­� LAB ¡�È©´». � L ´µ4­��, È©¡��þ| v ÷�´ L��þ,

Ï~P� �
L

v · dr.

e¡, |^­��ëê�§L«, ò�þ|3­�þ�È©�O�äNz.

½n 11.4 ��þ| v = P (x, y, z)i+Q(x, y, z)j +R(x, y, z)k 3«� D SëY,

­� LAB ⊂ D äkëê�§L«

LAB : r = r(t) = x(t)i+ y(t)j + z(t)k, α 6 t 6 β,

�këY��¼ê, ëê t ´��ëê, K�þ|3 LAB þ�È, ��z�e�½È©�
LAB

v · dr =

� β

α

v(r(t)) · r′(t) dt

=

� β

α

(Px′(t) +Qy′(t) +Rz′(t)) dt.

y² éëê¤3�«m [α, β] ?1�?¿©� T : α = t0 < t1 < · · · < tn = β ,

KéA­�þ÷��l A � B �?¿©� A = M0,M1, · · · ,Mn = B, �â­�ëê�

§L«�ëY5��, 'u t �©����Ýªu"�du­�þéA�©����Ý

ªu". d�

∆ri =
−−−−−→
Mi−1Mi = r(ti)− r(ti−1)

= ∆xii+ ∆yij + ∆zik

�â�©¥�½nk

∆xi = x′(λi)∆ti, ∆yi = y′(µi)∆ti, ∆zi = z′(νi)∆ti,

Ù¥ ti−1 6 λi, µi, νi 6 ti. �1 i ã­�þ?¿�:

(ξi, ζi, χi) = (x(τi), y(τi), z(τi)), ti−1 6 τi 6 ti

ùp, i = 1, 2, · · · , n, K
n∑
i=1

v(ξi, ζi, χi) ·∆ri =
n∑
i=1

v(x(τi), y(τi), z(τi)) ·∆ri

=
n∑
i=1

P (x(τi), y(τi), z(τi))x
′(λi)∆ti

+
n∑
i=1

Q(x(τi), y(τi), z(τi))y
′(µi)∆ti

+
n∑
i=1

R(x(τi), y(τi), z(τi))z
′(νi)∆ti.
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5¿�þª�����ª¥, �,n�¦Ú�ÑØ´î�� Riemann Ú, ��±æ�

¼ê3­�þÈ©��?n�{, ?17��?�, ¦�z�¦ÚÑUL«¤î��

Riemann Ú���?���Ú. � |T | → 0 �, ?���4��", ¤±k

lim
|T |→0

n∑
i=1

v(x(τi), y(τi), z(τi)) ·∆ri =

� β

α

(Px′(t) +Qy′(t) +Rz′(t)) dt

=

� β

α

v(r(t)) · r′(t) dt.

�

�þ|3­�þ�È©ke�ü«L«, z�«L«ÑâÑ
È©�,«¹Â.

Äk, � s �­� LAB �l�ëê, l��O�éA­���. �â§9.4.1 , k

dr

ds
= τ (s), ½ dr = τ (s) ds

Ïd, �þ|�­�È©�L«�
�
LAB

v · dr =

�
LAB

v · τ ds.

�ª�m>�´��'uêþ| v · τ �­�È©£�Ò /́1�.­�È©0¤.

Ùg, |^

dr = dxi+ dyj + dzk,

·�k �
LAB

v · dr =

�
LAB

P dx+Q dy +R dz.

�ª�m>¢Sþ´���g�©/ª�È©£��ò3§11.8 ¥?Ø¤.

nÜþãü«L«, XJòü ��þ τ L«���{u

τ = cosαi+ cos βj + cos γk,

@o, l

dr = cosα dsi+ cos β dsj + cos γ dsk = dxi+ dyj + dzk

ØJwÑ

dx = cosα ds, dy = cos β ds, dz = cos γ ds,

= dx, dy, dz ©O´ τ ds 3 i, j,k ��þ�k�ÝK, ¿��
LAB

v · dr =

�
L

(P cosα +Q cos β +R cos γ) ds

=

�
LAB

P dx+Q dy +R dz.
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�þ|3­�þÈ©äk±e5�, Ùy²Öö�g1�¤.

1◦ �55: e v = c1v1 + c2v2, Kk

�
L

v · dr = c1

�
L

v1 · dr + c2

�
L

v2 · dr.

AO, � v1 = P i, v2 = Qj, v3 = Rk �, v = v1 + v2 + v3 = P i+Qj +Rk. Ïd

�
L

v · dr =

�
L

P dx+Q dy +R dz

=

�
L

P dx+

�
L

Q dy +

�
L

R dz.

I�5¿�´, éu/X
�
LAB

P dx �È©, ATn)¤´�þ| v = P i+ 0j + 0k

3­�þ�È©, 
Ø´Ï~�½È©, ùp� dx ´k�l�� dr 3 x ¶�ÝK. Ù

¦�/aq.

2◦ éÈ©­���\5: e LAC ´d LAB Ú LBC ë�
¤�, Kk

�
LAC

v · dr =

�
LAB

v · dr +

�
LBC

v · dr.

¤±éuÅã1w�­�, �±©ã?1È©.

3◦ È©���5:
�
LAB

v · dr = −
�
LBA

v · dr.

XJ­� L  uR�u z ¶�²¡ (Q� Oxy ²¡²1�²¡) þ, @o L �ë

ê�§� x = x(t), y = y(t), z = c (½ 0) (α 6 t 6 β), dO�úªá���
�
LR dz = 0.

lAÛþw, Ò´k�l�� dr = τ ds 3 z ¶þ�ÝK�". aqX L 3� y ¶ (½

x ¶) R��²¡S, K
�
LQ dy = 0 (½

�
L P dx = 0).

AO, XJ­� L ´ x ¶þl a � b (a < b) ���ã, ���l�à: a �mà

: b, @ok�l�� dr = τ ds 3 y ¶Ú z ¶þ�ÝK�", 3 x ¶�ÝKÒ´Ï~

���, P ϕ(x) = P (x, 0, 0), ¤±�þ| v = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k 3

��ãþ�È©�

�
L

v · τ ds =

� b

a

ϕ(x) dx

¤±��¼ê�½È©�±w¤´AÏ�­�È©.

~ 11.3.1 O�­�È©
�
L xy dx+x2 dy, L´n�/ OAB ���±. (ã11.6),

Ù¥ A, B ��I©O´A(1, 0), B(1, 2).
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x

y

O A

B

ã 11.6

) Ï� �
L

xy dx+ x2 dy =

�
L1

xy dx+ x2 dy +

�
L2

xy dx+ x2 dy

+

�
L3

xy dx+ x2 dy,

3 L1 þ, y = 0, dy = 0, x ´ëCþ, 0 6 x 6 1, ¤±
�
L1

xy dx+ x2 dy =

� 1

0

x · 0 dx = 0;

3 L2 þ, x = 1, dx = 0, y ´ëCþ, 0 6 y 6 2, ¤±
�
L2

xy dx+ x2 dy =

� 2

0

1 · dy = 2;

3 L3 þ, y = 2x, 0 6 x 6 1, ùp x À�ëCþ. � L3 ���´l B :��:

O, ¤±ëCþ x l 1 C� 0,
�
L3

xy dx+ x2 dy =

� 0

1

x · 2x dx+ x2 d(2x) = −4

3
.

l
�� �
L

xy dx+ x2 dy =
2

3
.

~ 11.3.2 �3å| F = yi − xj + zk ��^e, �:d: A(R, 0, 0) ÷�ÎÚ

^� L

x = R cos t, y = R sin t, z = kt (0 6 t 6 2�)

$Ä�: B(R, 0, 2�k), Á¦å| F é�:¤��õ.

) w,: A Ú B éA�ëê�©O´ t = 0 Ú t = 2�, 
�ëê t O\���

�´l A :� B :���. Ïd

dx = −R sin t dt, dy = R cos t dt, dz = k dt,
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�å| F é�:��õ��
LAB

F · dr =

�
LAB

y dx− x dy + z dz

=

� 2�

0

(R sin t(−R sin t) dt−R cos tR cos t dt+ k2t dt)

=

� 2�

0

(−R2 + k2t) dt = 2�(�k2 −R2).

^B�Ñ, XJ�:÷R� Oxy ²¡���ãd A $Ä� B, @o3ùã��þ,

dx = dy = 0, dz = k dt ¤±å|é§��õ�
�
AB

F · dr =

� 2�

0

k2t dt = 2�2k2.

��ù�å|¤��õ��:l A $Ä� B ¤²L�´»k'.

~ 11.3.3 ��é/¥�Úå�À�ü��þ©O� M Ú m ��:�m�Úå

F = −kmM
r3
r,

Ù¥ r ´l�: M ���: m � ��þ, Á¦�: m l�: A �,�: B $1

�, Úå¤��õ.

) r�I�:�u�: M þ, ��: m �$Ä;� L �ëê�§� r = r(t),

Ïd��: m ÷;� L l A � B �, Úå|�õ�

W =

�
LAB

F · dr = −kmM
�
LAB

1

r3
r · dr.

�
r · dr =

(
x(t)x′(t) + y(t)y′(t) + z(t)z′(t)

)
dt

=
1

2

d

dt

(
x2(t) + y2(t) + z2(t)

)
dt =

1

2

dr2

dt
dt = r dr,

Ù¥ r = |r|, ¤±

W = −kmM
� rB

rA

dr

r2
= kmM

(
1

rB
− 1

rA

)
.

ùp rA 9 rB ©OL«�: m 3 A :±93 B :��: M �ål. þãO��(

JL², Úå| F ¤��õ¢Sþ��´»�å: A 9ª: B k', 
�ë� A,B

�´»Ã'.

~ 11.3.4 ¦�þ|

v1 =
−yi+ xj

x2 + y2
, v2 =

xi+ yj

x2 + y2

÷ Oxy ²¡þ� L : x2 + y2 = R2 _������þ,
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) � x = R cos t, y = R sin t, 0 6 t 6 2� (ëêO\���´_����), ¤±

�
L

v1 · dr =

� 2�

0

(cos2 t+ sin2 t) dt = 2�,
�
L

v2 · dr = 0

AÛþwþã(Ø´w,�, Ï� v1 �����þ��, 
 v2 ���þR�.

11.3.3 Green½n

þ!�~f`², �þ|÷­� (´») �È©, k��´»Ã',��´»�å:Ú

ª:k'. Ïd, l�:�,�:�È©, �ÀJØÓ�´», (J´���. y3�¯

K´kvk�«�O�þ|�È©�´»´Ä�'��{. �!ò±���þ|÷²¡

þ�­�È©�~&?ù�¯K.3�Y�ü!¥, �ò?1��\�ïÄ.

� v = P (x, y)i + Q(x, y)j ´�����1w�þ|, LAB Ú L̃AB ´ë�å: A

Úª: B �?¿ü^­�, 
�Ø
å:Úª:	, Ø2��.XJò L̃AB K=��, @

o LAB Ú L̃BA Ò�¤
��k��Øg���µ4�´ L. ��, éu?¿��Øg�

��k��´ L, 3Ùþ?�ü: A Ú B ©O��å:Úª:, Kl A :� B :Òk

ü^´», Ù¥�^�����´����, ,�^����. ù��5, ïÄ�þ|­

�È©´Ä�´»�', Ò=z¤ïÄ�þ|÷µ4­���þ´Ä�"�¯K.

~ 11.3.5 O�²¡�þ| v =

P (x, y)i + Q(x, y)j ÷��Ý/ D =

[a, b]× [c, d] �>. L = ∂D ���þ,

���_����.

) òÝ/�>.©�oã£Xã

11.7 ¤«¤, K
x

y

O

L1

L3

L2L4

ã 11.7

�
L

P dx+Q dy =

�
L1

P dx+Q dy +

�
L2

P dx+Q dy

+

�
L3

P dx+Q dy +

�
L4

P dx+Q dy,
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Ù¥3 L1 Ú L3 þ, dy = 0, 5¿��ã L1 Ú L3 ©O���, k

�
L1

P dx+Q dy +

�
L3

P dx+Q dy =

� b

a

P (x, c) dx−
� b

a

P (x, d) dx

=

� b

a

(P (x, c)− P (x, d)) dx

= −
� b

a

� d

c

∂P (x, y)

∂y
dx dy

= −
�
D

∂P (x, y)

∂y
dx dy

Ón, ÷ L2 Ú L4, k dx = 0, Ó�5¿� L2 Ú L4 ©O���, k
�
L2

P dx+Q dy +

�
L4

P dx+Q dy =

�
D

∂Q(x, y)

∂x
dx dy.

¤±, ²¡�þ|÷Ý/>.��þ�
�
L

P dx+Q dy =

�
D

(
∂Q(x, y)

∂x
− ∂P (x, y)

∂y

)
dx dy.

=�þ|÷Ý/>.��þ�u¼ê ∂Q(x,y)
∂x − ∂P (x,y)

∂y 3Ý/«�þ��­È©.

ù�(J¿��Û�3Ý/«�þ, ¯¢þ·�kXe����(J.

½n 11.5 (Green) � D ´k�^Åã1w�µ4­� L �¤�²¡4«�£Ï

d L = ∂D¤, v = P (x, y)i+Q(x, y)j ´ D þ1w�þ|, K

�
∂D

P dx+Q dy =

�
D

(
∂Q

∂x
− ∂P

∂y

)
dx dy,

Ù¥­�È©���� L = ∂D �_����.þãúª¡��Green úª.

y² y²�g´´ò¯K©), ¿d{\�.

1�ÚµÄky² Green úª�/�\5�0.�«� D U
©)¤eZ�¬

D =
n⋃
i=1

Di

Ù¥ Di, i = 1, · · · , n �mvkú��S:, z��¬�>. ∂Di Ñ´Åã1w�­

�, ��Ñ´_����. XJ Green úª3z��¬ Di þ¤á
�
∂Di

P dx+Q dy =

�
Di

(
∂Q

∂x
− ∂P

∂y

)
dx dy, i = 1, · · · , n.

@o3�� D þ¤á. ù´Ï�é���ü��¬5`, �þ|3ú�>.þ�­�È



11.3 �þ|3­�þ�È© 201

©�O�
üg, �����, Ïd�p-�. 2|^�­È©��\5, k�
∂D

P dx+Q dy =
∑ �

∂Di

P dx+Q dy

=
∑�

Di

(
∂Q

∂x
− ∂P

∂y

)
dx dy

=

�
D

(
∂Q

∂x
− ∂P

∂y

)
dx dy.

ã 11.8

1�Úµ�/­>Ý/0Dy ´ù��«�, §´dü^�� x = a, x = b (a < b)

þ�,�ã£�k�Uòz¤�:¤±9ü^1w­� y = ϕ1(x), y = ϕ2(x), ϕ1(x) <

ϕ2(x), x ∈ [a, b] �¤�«�

Dy = {(x, y) : ϕ1(x) 6 y 6 ϕ2(x), a 6 x 6 b}

K �
∂Dy

P dx = −
�
Dy

∂P

∂y
dx dy

þª�y²�éÝ/«��y²��, r Dy ©¤oãµL1 : y = ϕ1(x), x ∈ [a, b]; L2 :

x = b; L3 : y = ϕ2(x), x ∈ [a, b]; L4 : x = a. 3 L2, L4 þ, dx = 0, 3 L1 � L3 þ, ©O

k �
L1

P dx =

� b

a

P (x, ϕ1(x)) dx,

�
L3

P dx =

� a

b

P (x, ϕ2(x)) dx

üª�\=���(J. Ón, 3,�«/­>Ý/0

Dx = {(x, y) : ψ1(y) 6 x 6 ψ2(y), c 6 y 6 d}

þ, �y�aq(J �
∂Dx

Q dy =

�
Dx

∂Q

∂x
dx dy.

1nÚµ?1Ü¤. � D Q�±©�¤k�¬/X Dy �«�, q�©�¤/X

Dx �«�, |^1�Ú�/�\5�0Ú1�Ú�(J, Ò�±y²½n. �
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I�`²�´µ

1◦ �,·�vké¤k�U�«��Ñ½n�y², �éu¢^8�, ÷v½ny

²¥�¦�«�®²´v
´L��a«�
.

2◦ ½n�Ñ
��÷µ4­��È© (��þ´�«���È©) ����È©

�m�'X. Ïd, O��
�þ¯K�z��­È©�O�, ��, �
�­È©�O

��z�÷È©«�>.�­�È©¯K. e�íØÒ´����A^.

íØ 11.6 � D ´÷v Green ½n¥^��«�, σ(D) L« D �¡È, ∂D �

D �©ã1w�>., K

σ(D) =
1

2

�
∂D

−ydx+ xdy =

�
∂D

−ydx =

�
∂D

xdy.

y²´w,�, ����A^ Green ½n, ¿5¿� D �¡È�u~�¼ê

f(x, y) = 1 3 D þ��­È©=�.

éu�þ�"½�´»Ã'�­�È©, ·�ke�(Ø.

½n 11.7 � D ´²¡þüëÏ«�£= D ¥?¿�^{ü4­�¤�¤�«

�Ñ�¹3 D ¥¤, v ´½Â3 D þ�1w�þ|, Ke�n�·K�p�d

1◦ �þ| v 3«�S7?Û{üµ4­� L ��þ�u"�
L

v · dr = 0

½ö` v 3«�S�­�È©�´»Ã', ÏdPë� D ¥?¿ü: A, B �­�

LAB þ�È©Xe �
LAB

v · dr =

� B

A

v · dr

2◦ �þ| v ´��¼ê�FÝ|, =�3��¼ê ϕ(x, y), ¦�

v = gradϕ(x, y) = ∇ϕ(x, y)

�ù��¼ê ϕ(x, y) 3����~ê¿Âe´���.

3◦ �þ| v �ü�©þ Q,P ÷v

∂Q

∂x
− ∂P

∂y
= 0.

y² £1◦ ⇒ 2◦ ¤: � D S���½: M0(x0, y0) Ú��Ä: M(x, y) ±93 D

Së�ü:�?¿�^­� L, Ï�È©�´»Ã', ¤±e�È©½Â
��¼êµ

ϕ : (x, y) 7−→
� (x,y)

(x0,y0)

v · dr =

� (x,y)

(x0,y0)

P dx+Q dy
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3ë� (x, y) Ú (x+ ∆x, y) ���ãþ, dy = 0, Ïdk

ϕ(x+ ∆x, y)− ϕ(x, y)

∆x
=

1

∆x

� (x+∆x,y)

(x,y)

P dx+Q dy =
1

∆x

� x+∆x

x

Pdx

- ∆x→ 0, � ∂ϕ
∂x = P. Ón�� ∂ϕ

∂y = Q, =�þ| v ´ ϕ(x, y) �FÝ.

XJ�3,��¼ê ψ(x, y), ¦� v = ∇ψ(x, y), @o ∇(ϕ(x, y)− ψ(x, y)) = 0, Ï

d ϕ(x, y) � ψ(x, y) ����~ê.

£2◦ ⇒ 3◦ ¤: Ï�

P =
∂ϕ

∂x
, Q =

∂ϕ

∂y

���y�� 3◦.

£3◦ ⇒ 1◦ ¤: Ï�«� D ´üëÏ�, é?¿�^{üµ4­� L, �â Green ½

n, �þ|3Ùþ��þ�u", ÏdÈ©�´»Ã'. �

½n 11.5 Ú½n 11.7Jø
��­�&E, =3üëÏ«� D S, �´»Ã'�

È©¯K, =z¤
��3 D S��©¯K. �?�Ú, k

½n 11.8 � D ´²¡þüëÏ«�, v ´ D þ1w�þ|, XJ3 D S�­

�È©�´»Ã', @o3 D S�?Ûü: A, B, k� B

A

v · dr = ϕ(B)− ϕ(A)

Ù¥ ϕ(x, y) ÷v v = ∇ϕ.

y² �â^�, �3 ϕ ¦� v = ∇ϕ. ?�ë� A, B ü:��^­� LAB, ¿�

Ùëê�§L«� x = x(t), y = y(t), α 6 t 6 β, Ïd� B

A

v · dr =

�
LAB

gradϕ · dr

=

�
LAB

ϕ′x(x, y) dx+ ϕ′y(x, y) dy

=

� β

α

(
ϕ′x(x(t), y(t))x′(t) + ϕ′y(x(t), y(t))y′(t)

)
dt

=

� β

α

dϕ(x(t), y(t)) = ϕ(x(β), y(β))− ϕ(x(α), y(α))

= ϕ(B)− ϕ(A).

�

~ 11.3.6 ïÄe��þ|

v =
−yi+ xj

x2 + y2

34­�þ��þ.
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) � Γ ´?Û�^���:�Åã1w4­�, =�:´ Γ �¤�«� D �S

:. �´, �þ| v 3�:?vk½Â, �,3 D SØ��:�Ù§/�÷v

∂Q

∂x
− ∂P

∂y
=

∂

∂x

(
x

x2 + y2

)
− ∂

∂y

(
−y

x2 + y2

)
= 0

�´ØUA^ Green ½n. XJ3 D S����±�:�¥%, ± r ��»���, K

3�{Ü©«� D ¥, �þ|÷v Green ½n^�, ¿�3 D þ Q′x − P ′y = 0, Ïd�
∂D

P dx+Q dy =

�
D

(
∂Q

∂x
− ∂P

∂y

)
dx dy = 0,

5¿�±e¯¢: ��¡«� D Ø´²¡þüëÏ«�, Ïd½n 11.7 Ø¤á. ,��

¡ D �>. ∂D ´dü^­�|¤, �´ Γ, �´������± Lr, d~11.3.4 �,

�þ|�7�± Lr _������þ�u 2�. �l D ��Ýw D �>., Γ ´_�

���, 
�± Lr ´^����, Ïdk�
∂D

P dx+Q dy =

�
Γ

P dx+Q dy −
�
Lr

P dx+Q dy

¤±T�þ| v ÷?Û���:�Åã1w4­� Γ ��þÑ´ 2�, 
÷?ÛØ��

�:�Åã1w4­���þ� 0.

~ 11.3.7 �²¡þk��õ>/ D, Ùº:��IU_��üS©O´

(x1, y1), (x2, y2), · · · , (xn, yn),

Á^ Green úª5O�õ>/�¡È.

) �l1 k �º: (xk, yk) �1 k + 1 �º: (xk+1, yk+1) ���ã� Lk, §�

ëê�§´

Lk : r = r(t) = ((1− t)xk + txk+1)i+ ((1− t)yk + tyk+1)j, 0 6 t 6 1

=

x = x(t) = (1− t)xk + txk+1, y = y(t) = (1− t)yk + tyk+1, 0 6 t 6 1

ùp k = 1, · · · , n, ¿P (xn+1, yn+1) = (x1, y1). K3z�ãþk

1

2

�
Lk

−y dx+ x dy =
1

2

� 1

0

(x(t)y′(t)− y(t)x′(t)) dt

=
xkyk+1 − xk+1yk

2

5¿� D �>. ∂D d��ã Lk, k = 1, · · · , n |¤, ¤± n >/�¡È�

σ(D) =
1

2

�
∂D

−y dx+ x dy =
1

2

n∑
k=1

�
Lk

−y dx+ x dy

=
n∑
k=1

xkyk+1 − xk+1yk
2

.
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SK 11.3

1. O�e�1�.­�È©.

(1)

�
L

(x2 + y2) dx+ (x2 − y2) dy, L ´­� y = 1− |1− x| l: (0, 0) �: (2, 0);

(2)

�
L

dx+ dy

|x|+ |y|
, L´÷��/ A(1, 0), B(0, 1), C(−1, 0), D(0,−1)_���±�

´»;

(3)

�
L

−x dx+ y dy

x2 + y2
, L ´�± x2 + y2 = a2, �_�����±�´»;

(4)

�
L

y2 dx + xy dy + xz dz, L ´l O(0, 0, 0) � A(1, 0, 0) 2� B(1, 1, 0) ���

C(1, 1, 1) �ò�ã;

(5)

�
L

ex+y+z dx + ex+y+z dy + ex+y+z dz, L ´ x = cosϕ, y = sinϕ, z = ϕ
� l:

A(1, 0, 0) �: B
(
0, 1, 1

2

)
;

(6)

�
L

y dx + z dy + x dz, L ´ x + y = 2 � x2 + y2 + z2 = 2(x + y) ���, l�

:w�´^����.

2. ¦�þ| v = (y + z)i + (z + x)j + (x + y)k ÷­� L : x = a sin2 t, y =

2a sin t cos t, z = a cos2 t (0 6 t 6�) ëêO\���­�È©.

3. ���:?u�5å|¥, �å�����:, ����:l�:�ål¤�', '

~Xê� k, e�:÷ý� x2

a2 + y2

b2 = 1 l: (a, 0) £�: (0, b), ¦�5å¤��

õ.

4. |^ Greenúª, O�e�­�È©.

(1)

�
L

(x+ y)2 dx+ (x2 − y2) dy, L ´º:� A(1, 1), B(3, 3), C(3, 5) �n�/�±

., ÷�����;

(2)

�
L

(xy + x+ y) dx+ (xy + x− y) dy, L ´ý� x2

a2 + y2

b2 = 1 ÷^����;

(3)

�
L

(yx3 + ey) dx+ (xy3 + xey − 2y) dy, L ´é¡uü�I¶�4­�;

(4)

�
L

√
x2 + y2 dx + y[xy + ln(x +

√
x2 + y2)] dy, L ´ y2 = x− 1 � x = 2 �¤

�µ4­�÷_����;

(5)

�
AMB

(x2+2xy−y2) dx+(x2−2xy+y2) dy, L´l: A(0,−1)÷�� y = x−1

�: M(1, 0), 2l M ÷�± x2 + y2 = 1 �: B(0, 1);

(6)

�
AMO

(ex sin y − my) dx + (ex cos y − m) dy, Ù¥ AMO �d: A(a, 0) �:

O(0, 0) �þ��± x2 + y2 = ax (a > 0).

5. |^­�È©O�e�«��¡È.
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(1) (/� x = a cos3 t, y = a sin3 t (0 6 t 6 2�) �¤�«�;

(2) ^Ó� x = a(t− sin t), y = a(1− cos t) (0 6 t 6 2�) � Ox ¶¤�¤�«�.

6. O�­�È©

�
L

−y dx+ x dy

x2 + y2
.

(1) L �l: A(−a, 0) ÷�± y =
√
a2 − x2 �: B(a, 0), a > 0;

(2) L �l: A(−1, 0) ÷�Ô� y = 4− (x− 1)2 �: B(3, 0).

7. � D ´²¡þd{ü4­� L �¤�«�.

(1) XJf(x, y) këY����ê, y²
�
L

∂f

∂n
ds =

�
D

∆f dx dy, ùp n ´­

� L �ü 	{�þ, ∆ = ∂2

∂x2 + ∂2

∂y2 ¡���� Laplace �f. Ïd, �

f ÷v Laplace �§ ∆f = 0 �, k
�
L

∂f

∂n
ds = 0. £J«µ�ü 	{�

þ� n = cosαi + cos βj, K²¡­� L ��_�����ü ��þ�

τ = − cos βi+ cosαj¤.

(2) XJ a ´ü ~��þ, y²µ
�

cos(a,n) ds = 0

(3) XJ u(x, y), v(x, y) këY����ê, y²e�1� Green úªµ�
L

(
v
∂u

∂n
− u ∂v

∂n

)
ds =

�
D

(v∆u− u∆v) dx dy
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§11.4 �þ|3­¡þ�È©

�!?Ø�þ|3­¡�È©, �¡�1�.­¡È©. ��3�^à6¥���

Ü��, 6NÏL��ùÜ­¡��Ç¡�Ïþ, =ü �mSÏL­¡�6NNÈ. û

½Ïþ���Ï�k: 6N�6�!6��­¡��Ý!­¡�¡È±9ÏL­¡�=

��6Ä��´���. �ö��½�ÀJ. �d·�Äk?Øù��½�¯K.

ã 11.9

11.4.1 Vý­¡9Ù½�

üý­¡ÚVý­¡ Ï~·�¤���­¡o´k�ýÚ�ý!½ (éuµ4­

¡5`) kpýÚ	ý�©. éuù�kVý�­¡, XJ��hÖúhÖ­¡�,�

ý, ��¦Ø�L­¡�>., ´ÃØXÛ�Ø¬hÖ�,�ý�.

,
, ¿�¤k�­¡Ñ´Xd. ��;.�~f��/Möbius �0. ò���/

�^ ABCD Û= 180◦,2÷ AB Ú CD ü>Êå5, ¦ AÚ C ­Ü, B Ú D ­Ü,Ò

��
ù«�/��.. ù�, XJhÖúl?¿�:m©hÖ, ¦ØI��L>.Ò

�ò Möbius ��¤k/�ëY/hÖ�H, =ù«­¡�k��ý¡�(ã11.10) Ïd,

·�I�3êÆþ�y­¡�Vý5½üÿ5, ²(­¡�½�.

A B

CD

ã 11.10

� S 1w­¡,Ïd3z�:M Ñk�"�{�þ n(M).w,� n(M)����

��þ −n(M) �´ S 3 M �{�þ, §�Ñ�­¡��²¡R�. é?�: M0 ∈ S,
�½ S 3 M0 �{�þ¥���, P� n(M0). �?¿�^ S þL M0 �4­� L. 4
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: M l M0 Ñu÷ L £Ä, 3 M ²L�z�:���{�þ n(M) ¦ n(M) �ëY

Cz, XJ� M £� M0 �, ���{�þ�´ n(M0), Ò¡ M0 ´­¡ S �Vý:,

XJ­¡þz�:Ñ´Vý�, @o¡­¡´�ÜVý­¡. ÄK, Ò¡ S ´�Üüý

­¡.

ã 11.11

��5¿�´, ��­¡ S þk��: M0 äk/Vý05. @o S þ¤k�:

ÒÑäkù��/Vý05. ù´Ï�XJk M1 ∈ S ´üý�, ë� M0 Ú M1 ¿L

M1 ���4­� L. � n(M0) ÷ë��l M0 �� M1 ��� n(M1), 27 L�±�

M1 ��� −n(M1), ,�2÷ë���£ M0 �, �â{�þëYCz��K, A��

−n(M0), ù� M0 �Vý5�gñ.

8�·��?ØVý­¡§§�¡��½�­¡.

Vý­¡�½� � S ´n��m¥���½�1w­¡, �âþã©Û, éu S

þ?�: M0 kü�ü {�� n(M0) Ú −n(M0), ���½Ù¥�� n(M0), KÏL

ëYwÄ, Ò�±(½­¡þ¤k�: M ?�éA� n(M), Xd��
­¡���ë

Yü {�þ|, ù�{�þ|½Â
­¡��ý; ­¡����ýÒ´d­¡�,�

�ü {�þ| −n(M) ½Â.

3�½�­¡þ�½��ëYü {�þ| n ���, ¡­¡�½�­¡, n ¡�

½�­¡���: �d/`, �½�­¡ S küý£ü¡¤, �½Ù¥�ý��ý, K S

Ò´½�­¡.

±e� S ´½�­¡, ü {�þ| n ´��. � S 3���IXeäkëê�

§L«�,

r = x(u, v)i+ y(u, v)j + z(u, v)k (u, v) ∈ D

§�ü�{�þ´

±r′u × r′v = ±
(
∂(y, z)

∂(u, v)
i+

∂(z, x)

∂(u, v)
j +

∂(x, y)

∂(u, v)
k

)
.

XJ r′u× r′v �½� n ����Ó, @o¡ (u, v) ´½�­¡ S ���ëê, ù�du

n =
r′u × r′v
|r′u × r′v|

.
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XJ r′u × r′v �½� n ����, ¡ (u, v) ´��ëê.

N´�y, XJ (u, v) ´��ëê, @o (v, u) ´½�­¡���ëê. ��·�

� (u, v) ´½�­¡���ëê, ù� n = r′u×r′v
|r′u×r′v|

´­¡���.

AO�­¡�L«�wªL«�,

S : z = f(x, y) (x, y) ∈ D

���

n =
−f ′xi− f ′yj + k√
(f ′x)

2 + (f ′y)
2 + 1

,

§� Oz ¶����Y��b�, = n · k > 0. Ïd¤����ý¡�­¡�þý, 
,

�ý¡�eý.

ã 11.12 ã 11.13

éuµ4­¡, {�þ��­¡	Ü£	¡¤�@�ý¡�	ý, ,�ý¡�Sý.

~X±�:��%�¥ x2 + y2 + z2 = R2, Ù��	ý�{�þ�

n =
xi+ yj + zk

R
=
r

R
.

k�, ·�I�ò­¡����Ù>�­������N, �N��K´­¡��

��>.­�����¤mÃX, =�mÃ-��{�þ�±���, Ù¦o��Þ�

­����>.­������. ù�, (½
­¡���Ò�±(½>.���; �L

5(½
>.����±�, �Ò(½
­¡���.

ã 11.14 ã 11.15

XJ­¡ S ´dVý­¡ S1 Ú S2 ©�
¤. � S1 �>.��(½�, @oA�
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S2 ���¦ S1 Ú S2 �ú�>.üýk���r�, ùÒ´©�­¡����N. dõ

ÜVý­¡¡©�¤�­¡�½�, ½�Uþã�K3kú�>.�­¡¡�m�N.

5P þã­¡�½�, ´�n��m���­¡, Ïd��n��m��¡��

½�­¡ S, Ø=k¡È (=��) σ(S), 
��k�� (=�½­¡���ü {�þ)

n, ¤±�¤��/¡È�þ0nσ(S). aq�k�¡ÈVg, ·�Q²31 8 Ù?Ø�

þ��¦Ú·ÜÈ�J9, Öö�±uyüö�m���5.

11.4.2 �þ|3­¡þÈ©�½ÂÚO�

·�±O�6NÏL�m­¡�Ïþ�~, Ú?�þ|3­¡þÈ©�äN/ª.

� v ´��Ø�Ø 6N��Ý|, S ´�Ü½�­¡. (½���ü {�þ´

n.� S þ��¬¡È� dS,Ïd/k�¡È�0(=¡È�þ)� dS = n dS.3 dS þ

��: M, K6N3 dS þ��Ý�Cq� v(M). @oü �mS6² dS �6þ�

dN = v · dS = v · n dS,

n

v

ã 11.16

u´L S �Ïþ (ü �mS6L S �6þ) Ò´�«È©, =

½Â 11.9 � v(M) ´½Â3½�­¡ S þ����þ|, S ����ü {�

þ n, Ke�È© �
S

v · dS =

�
S

v · n dS,

¡��þ| v 3k�­¡ S þ�­¡È©£�¡�1�.­¡È©¤. ½ö`�þ|3

­¡þ�È©´ÏLêþ| v · n 3 S þ�­¡È©£1�.­¡È©¤�Ñ�. �­

¡ S ´��µ4­¡�, ¡È©��þ|ÏLµ4­¡�Ïþ, k��P��
S

v · dS

~ 11.4.1 ¦�þ|

v =
−yi+ xj

x2 + y2

L Oxz ²¡þ����/ S = {(x, 0, z) : 1 6 x 6 3, 0 6 z 6 2}, ½�� y ¶���

²¡�Ïþ.
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) ­¡ S �ü {�þ´ n = j, ¤±k�¡È� dS = j dx dz, ÏdÏþ�
�
S

v(x, 0, z) · dS =

�
S

1

x
j · j dx dz =

� 3

1

� 2

0

1

x
dx dz = 2 ln 3.

�þ|�­¡È©kXe5�

1◦ é�þ|��55µe v = c1v1 + c2v2, K�
S

v · n dS = c1

�
S

v1 · n dS + c2

�
S

v2 · n dS.

2◦ éÈ©­¡��\5µe½�­¡ S d­¡ S1 Ú S2 �N©�
¤, Kk�
S

v · n dS =

�
S1

v · n dS +

�
S2

v · n dS.

3◦ é­¡���5µe^ S+ Ú S− L«­¡�½ü�ØÓ½�, � n+ Ú n− ©

O´§��½�, K �
S−
v · n− dS = −

�
S+

v · n+ dS.

e¡ò?ØXÛ|^­¡�ëêL«, O��þ|�­¡È©. 3���IXe,

��þ|�

v = P i+Qj +Rk;

S ´�Ü½�1w­¡, ¿�äk��ëêL«

r = r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D.

§�¡È�� dS = |r′u × r′v| du dv. d���ü {�þ�

n = n(u, v) =
r′u × r′v
|r′u × r′v|

.

Kk�¡È��

dS = n dS =
r′u × r′v
|r′u × r′v|

dS = (r′u × r′v) du dv

Ïd�þ|È©�±z�ëê«� D þ��­È©�
S

v · dS =

�
S

(v · n) dS

=

�
D

(v · r′u × r′v) du dv

=

�
D

∣∣∣∣∣∣∣∣
P Q R

x′u y′u z′u

x′v y′v z′v

∣∣∣∣∣∣∣∣ du dv

=

�
D

(
P
∂(y, z)

∂(u, v)
+Q

∂(z, x)

∂(u, v)
+R

∂(x, y)

∂(u, v)

)
du dv.
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þª¥, È©���¢SþÛ¹3 ∂(y,z)
∂(u,v) �n� Jacobi 1�ª¥. k�¡È�q�

±L«�

dS = (r′u × r′v) du dv

=

(
∂(y, z)

∂(u, v)
du dv

)
i+

(
∂(z, x)

∂(u, v)
du dv

)
j +

(
∂(x, y)

∂(u, v)
du dv

)
k.

P

dy ∧ dz =
∂(y, z)

∂(u, v)
du dv, dz ∧ dx =

∂(z, x)

∂(u, v)
du dv, dx ∧ dy =

∂(x, y)

∂(u, v)
du dv,

K

dS = ( dy ∧ dz)i+ ( dz ∧ dx)j + ( dx ∧ dy)k.

XJ^��{uL«­¡���ü {�þ

n = cosαi+ cos βj + cos γk,

ùp α, β, γL« n �n��I¶����Y�. @ok�¡È��

dS = cosα dSi+ cos β dSj + cos γ dSk.

¤±

dy ∧ dz = cosα dS, dz ∧ dx = cos β dS, dx ∧ dy = cos γ dS,

§�©O�k�¡È dS 3n��I²¡ Oyz, Oxz,Oxy þ�ÝK.

Ïd, �þ|È©q�±L«¤��
S

v · dS =

�
S

P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy

=

�
S

(P cosα +Q cos β +R cos γ) dS.

5P �â1�ª�k'5�, k

dz ∧ dy =
∂(z, y)

∂(u, v)
du dv = −∂(y, z)

∂(u, v)
du dv = − dy ∧ dz,

Ù§ü«�/aq dz ∧ dx = − dx ∧ dz, dx ∧ dy = − dy ∧ dx. Ïd� §9.6 ¥½Â�
�© dy, dz, dx �m�	È´���, ½ö`, ùp�Ñ
���©/ªn�Ä��

dy ∧ dz, dz ∧ dx, dx ∧ dy ��AÛ)º, =§�Ñ´k�¡È�©O3n��I²

¡þ�ÝK.

,
, 3A�¤k��Ö¥£��á�Ø~	¤, �
{zå�, E,P

dy dz = dy ∧ dz, dz dx = dz ∧ dx, dx dy = dx ∧ dy,
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=, �^PÒ �
S

P dy dz +Q dz dx+R dx dy

L«�þ|È©, �d�� dy dz, dz dx, dx dy ®²äk
���¹Â.

e¡´�þ|È©�ü�AÏ�/.

XJ S ´wª­¡

z = f(x, y) (x, y) ∈ D,

�Ø��­¡����­¡�þý, ù� (x, y) ´­¡���ëê, @o

�
S

v · n dS =

�
D

∣∣∣∣∣∣∣∣
P Q R

1 0 f ′x

0 1 f ′y

∣∣∣∣∣∣∣∣ dx dy

=

�
D

(−Pf ′x −Qf ′y +R) dx dy.

XJ��´­¡�eý, @o�þ|�È©A�uþãÈ©c\KÒ.

��þ| v(x, y, z) = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k �©þ¥�k���,

~X Q = R = 0, KÈ©òz� �
S

P dy dz

ÖöA5¿, ù´��AÏ��þ|3­¡þ�È©, 
Ø´�­È©. AO, XJ­¡

S ´ Oyz ²¡þ��¬, ��� x ¶��� (ù«�¹e S =´²¡þ���«�, �

�P� D), ù� (y, z) ´ S ���ëê, @o�
S

P dy dz =

�
D

P dy dz

=�Ï~��­È©. Ù¦ü«�¹aq.

~ 11.4.2 ¦�þ| v(x, y, z) = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k ÏL¥¡

S : x2 + y2 + z2 = a2 	ý�Ïþ.

) � r = xi + yj + zk, Ïd��¥¡	ý�{�þ� n = r
a , ¡È��þ�

dS = r
a dS. �Ïþúª��

S

v · dS =

�
S

v · n dS =
1

a

�
S

(xP + yQ+ zR) dS.

XJæ^¥�I

x(ϕ, θ) = a sinϕ cos θ, y(ϕ, θ) = sinϕ sin θ, z(ϕ, θ) = cosϕ,

Ù¥ 0 6 ϕ 6�, 0 6 θ 6 2�, @o dS = a2 sinϕ dϕ dθ, (r, θ) ´��ëê, ¤±�
S

v · dS =

�
S

v · (sinϕ cos θi+ sinϕ sin θj + cosϕk)a2 sinϕ dϕ dθ.
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AO, éu un��m��:�>Ö q, Ù3�m�:?�>|�

E =
q

r3
r

Ù¥ r = xi + yj + zk, r = |r| =
√
x2 + y2 + z2, @o E ÏL¥¡ x2 + y2 + z2 = R2

	ý�Ïþ� �
S

E · dS =

�
S

qr

r3
· r
R

dS =

�
S

qr2

r3R
dS

=

�
S

q

R2
dS =

q

R2
· 4�R2 = 4�q.

5¿�, �~¥��þ|ÏL¥¡�Ïþ�¥��»Ã'.

~ 11.4.3 ¦�þ| v(x, y, z) = P (x, y, z)i+Q(x, y, z)j +R(x, y, z)k ÏL�Î¡

S : x2 + y2 = a2,−h 6 z 6 h 	ý�Ïþ.

) ���Î¡	ý�{�þ� xi+ yj, ¤±��ü {�þ�

n =
1

a
(xi+ yj) = cos θi+ sin θj

Ù¥ x = a cos θ, y = a sin θ, z = z, 0 6 θ 6 2�, −h 6 z 6 h ´Î¡�I. Ïd

dS = a dθ dz, �

�
S

v · dS = a

� 2�

0

� h

−h
(P cos θ +Q sin θ) dθ dz.

5¿�, XJ�þ| v ���� z ¶²1, @o v ��Î¡�{�þR�, ÏdÏþ�

".

AOéu�þ|

E =
q

r3
r

3�Î¡þ, r =
√
a2 + z2, ¤±�þ|ÏL�Î¡	ý�Ïþ�

�
S

E · dS = a2

� 2�

0

� h

−h

q(cos2 θ + sin2 θ)√
(a2 + z2)3

dθ dz

= 2a2q�
� h

−h

1√
(a2 + z2)3

dz = 4q�
h√

a2 + h2
.

~ 11.4.4 ��þ| v = y(x− z)i+ x2j + (y2 + xz)k, ¦ v ÏL��N: 0 6 x 6

a, 0 6 y 6 b, 0 6 z 6 c �	ý S �Ïþ.

) � S �8�ý¡� S1, S2, · · · , S6, {�©O� n1, n2, . . . , n6, ����	

ý.�±òÈ©�� �
S

y(x− z) dy dz + x2 dz dx+ (y2 + xz) dx dy.
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3­¡ S1 Ú S2 þ, (y, z) ©O´��Ú��ëê, 
3Ù§ 4 �¡þ, y ½ö z ´~

ê, Ïd �
S

y(x− z) dy dz =

�
S1

y(x− z) dy dz +

�
S2

y(x− z) dy dz

=

�
06y6b
06z6c

y(a− z) dy dz −
�

06y6b
06z6c

y(0− z) dy dz

=
1

2
ab2c.

aq�� �
S

x2 dz dx =

�
S3

x2 dz dx+

�
S4

x2 dz dx = 0

Ú �
S

(y2 + xz) dx dy =

�
S5

(y2 + xz) dx dy +

�
S6

(y2 + xz) dx dy

=

� a

0

dx

� b

0

(y2 + cx) dy −
� a

0

dx

� b

0

y2 dy

=
1

2
a2bc.

¤± �
S

v · dS =
1

2
abc(a+ b).

x

y

z

a

b

c

n1

n2

n3n4

n5

n6

ã 11.17

~ 11.4.5 ¦­¡È©�
S

x2 dy dz + y2 dz dx+ z2 dx dy,

Ù¥ S ´�¥¡ x2 + y2 + z2 = a2 (z > 0), ½��þý.

) ò�¥¡ S ©¤f­¡ S1, S2, Ù�§©O´

x =
√
a2 − y2 − z2, (y, z) ∈ D = {y2 + z2 6 a2, z > 0},

x = −
√
a2 − y2 − z2, (y, z) ∈ D = {y2 + z2 6 a2, z > 0}.
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u´ �
S

x2 dy dz =

�
S1

x2 dy dz +

�
S2

x2 dy dz,

÷ x ¶���w, �ªm>1��È©½��3 S1 þý, 1��È©½��3 S2 �e

ý, ½ö` (y, z) ´ S1 ���ëê!S2 ���ëê. A^­¡È©�O�úª, z��

­È©�
�
S

x2 dy dz =

�
D

(
√
a2 − y2 − z2)2 dy dz −

�
D

(−
√
a2 − y2 − z2)2 dy dz

= 0.

Ó��� �
S

y2 dz dx = 0.

Ï�3¥¡ S þ z2 = a2 − x2 − y2, 
 S 3²¡ Oxy þ�ÝK«� G ���

x2 + y2 6 a2, ¤±A^­¡È©þý�O�úªq�
�
S

z2 dx dy =

�
G

(a2 − x2 − y2) dx dy

=

� 2�

0

dϕ

� a

0

(a2 − r2)r dr =
1

2
�a4.

l
¤¦�­¡È©�
�
S

x2 dy dz + y2 dz dx+ z2 dx dy =
1

2
�a4.

~ 11.4.6 O�­¡È©
�
S

x3 dy dz + y3 dz dx,

Ù¥ S ´þ�ý¥¡ x2

a2 + y2

b2 + z2

c2 = 1 (z > 0), ½���þý.

) òý¥¡ S L«¤ëê�§

x = a sin θ cosϕ, y = b sin θ sinϕ, z = c cos θ,

Ù¥ θ, ϕ �Cz��´��Ý/«�

D : 0 6 ϕ 6 2�, 0 6 θ 6
�
2
.

Ï�

∂(y, z)

∂(θ, ϕ)
= bc sin2 θ cosϕ,

∂(z, x)

∂(θ, ϕ)
= ac sin2 θ sinϕ,

∂(x, y)

∂(θ, ϕ)
= ab cos θ sin θ > 0,
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¤±�þ r′θ × r′ϕ �� S ���, �d­¡È©�O�úª�
�
S

x3 dy dz =

�
S

a3 sin3 θ cos3 ϕ · bc sin2 θ cosϕ dθ dϕ

= a3bc

� 2�

0

cos4 ϕ dϕ

� �
2

0

sin5 θ dθ =
2

5
�a3bc.

Ó��� �
S

y3 dz dx =
2

5
�ab3c.

l
¤¦­¡È©����
S

x3 dy dz + y3 dz dx =
2

5
�abc(a2 + b2).

SK 11.4

1. O�e�1�.­¡È©.

(1)

�
S

(x+ y2 + z) dx dy, S �ý¥¡ x2

a2 + y2

b2 + z2

c2 = 1 �	ý.

(2)

�
S

xyz dx dy, S ´Î¡ x2 + z2 = R2 3 x > 0, y > 0 ü%�S�²¡ y = 0

9 y = h ¤�eÜ©�	ý;

(3)

�
S

xy2z2 dy dz, S �¥¡ x2 + y2 + z2 = R2 � x 6 0 ����l¥%�ý;

(4)

�
S

yz dz dx, S �¥¡ x2 + y2 + z2 = 1 �þ�Ü© (z > 0) ¿�	ý;

(5)

�
S

x2 dy dz + y2 dz dx + z2 dx dy, S �²¡ x + y + z = 1 31�%��Ü©,

�l�:��ý;

(6)

�
S

(y − z) dy dz + (z − x) dz dx + (x − y) dx dy, S ´�I¡ x2 + y2 = z2

(0 6 z 6 1) �eý;

(7)

�
S

xz2 dy dz+ x2y dz dx+ y2z dx dy, S ´ÏLþ�¥¡ z =
√
a2 − x2 − y2 �

þý;

(8)

�
S

f(x) dy dz + g(y) dz dx+ h(z) dx dy, Ù¥ f(x), g(y), h(z) �ëY¼ê, S �

��²18¡N 0 6 x 6 a, 0 6 y 6 b, 0 6 z 6 c �	ý.

2. ¦| v = (x3 − yz)i− 2x2yj + zk ÏL��N 0 6 x 6 a, 0 6 y 6 b, 0 6 z 6 c �	

ýL¡ S �Ïþ.



218 1 11 Ù ­�È©Ú­¡È©

§11.5 Gauss ½nÚ Stokes ½n

aqu²¡�þ|3µ4�²¡­�þÈ©� Green ½n, �!Ì�)ûü�¯

K, �´�þ|3µ4­¡þ�È©, �´�þ|3µ4��m­�þ�È©.

11.5.1 Gauss ½n

Äk�	1w�þ| v(x, y, z) = P (x, y, z)i+Q(x, y, z)j + R(x, y, z)k ÏL�m¥

��N V = [0, a] × [0, b] × [0, c] �L¡ S = ∂V (ù´��©¡1w�µ4­¡) 	ý

�Ïþ.

� §11.4 !¥�~11.4.4 ��, � S �8�	ý� S1, S2, S3, S4, S5, S6 (§11.4

!¥�ã11.20) 3 S1 Ú S2 þ, ��	ý�{�þ©O� n = i Ú n = −i, ¡
È��þ dS = i dy dz Ú dS = −i dy dz, S1 Ú S2 �ëê�§´w,�, ©O�

x = a, y = y, z = z Ú x = 0, y = y, z = z, Ù¥ y Ú z ©Ow¤´ëê. ¤±

�
S1

v · dS =

� c

0

� b

0

P (a, y, z) dy dz,

�
S2

v · dS = −
� c

0

� b

0

P (0, y, z) dy dz.

Ïd3 S1 + S2 þ, k
�
S1+S2

v · dS =

� c

0

� b

0

(P (a, y, z)− P (0, y, z)) dy dz

=

� c

0

� b

0

� a

0

∂P (x, y, z)

∂x
dx dy dz =

�
V

∂P (x, y, z)

∂x
dx dy dz.

Ón, 3 S3 + S4 ±9 S5 + S6 þ, k
�
S3+S4

v · dS =

�
V

∂Q(x, y, z)

∂y
dx dy dz,

�
S5+S6

v · dS =

�
V

∂R(x, y, z)

∂z
dx dy dz.

òþã(JÜ¿å5, �ª�
�
S

v · dS =

�
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz.

5¿�, þ¡��ª(J�Ñ
�þ| v 3µ4­¡ S = ∂V (=��N�	L¡) �¼

ê ∂P
∂x + ∂Q

∂y + ∂R
∂z 3��N V þ�n­È©�m�'X.

·�òuy, ù�(J¿�ó,. �Ò´`, éu�a��2��n��m«� V,

þã(J�¤á. y²g´� Green ½n�y²����,�d��:cÏO�.



11.5 Gauss ½nÚ Stokes ½n 219

«� V ¡�

Z .«�µV = {(x, y, z) : z1(x, y) 6 z 6 z2(x, y), (x, y) ∈ D}. = V ´dwª­¡

z = z1(x, y), z = z2(x, y), (x, y) ∈ D 9± ∂D �O�, 1�� Oz ²1�Î¡�¤ .

X .«�µ V = {(x, y, z) : x1(y, z) 6 x 6 x2(y, z), (y, z) ∈ D}.

Y .«�µ V = {(x, y, z) : y1(z, x) 6 y 6 y2(z, x), (z, x) ∈ D}.

x

y

z

z = z1(x, y)

z = z2(x, y)

ã 11.18

x

y

z

y = y1(x, z)

y = y2(x, z)

ã 11.19

x

y

z

x = z1(y, z)

x = z2(y, z)

ã 11.20

½n 11.10 � R(x, y, z) këY�� �ê, v3 = R(x, y, z)k, V ´ Z .«�, K�
S

v3 · dS =

�
V

∂R

∂z
dx dy dz,

Ù¥ S = ∂V, §�½��� V �	ý.

y² � V 3 xy ²¡�ÝK� D. Ï� V �ý¡�{�þ� z ¶R�, ºÜ­

¡Ú.Ü­¡�{�þ©O� z ¶���Y�´b�Úð� (ã11.18). Ïd�
S

v3 · dS =

�
S2

v3 · dS +

�
S1

v3 · dS

=

�
D

R(x, y, z2(x, y)) dx dy −
�
D

R(x, y, z1(x, y)) dx dy

=

�
D

(R(x, y, z2(x, y))−R(x, y, z1(x, y))) dx dy

=

�
D

(� z2(x,y)

z1(x,y)

∂R

∂z
dz

)
dx dy =

�
V

∂R

∂z
dx dy dz.

�

aqþã(J, XJ V ´ X .«�, v1 = P (x, y, z)i, S = ∂V , ���� V �	

ý, @ok �
S

v1 · dS =

�
V

∂P

∂x
dx dy dz.

XJ V ´ Y .«�, v2 = Q(x, y, z)j, S = ∂V , ���� V �	ý, @ok�
S

v2 · dS =

�
V

∂Q

∂y
dx dy dz.
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½n 11.11 (Gauss) � v = P (x, y, z)i+Q(x, y, z)j + R(x, y, z)k ´ V þ1w�

þ|£=äkëY �ê¤, V ´�m¥©¡1w­¡�¤�4«�. XJ V �±Ó�

©)¤k��pØ­U� X .!Y .Ú Z .f«��¿, @ok£Gauss úª¤�
S

P dy dz +Q dz dx+R dx dy =

�
V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx dy dz,

½ �
S

v · dS =

�
V

∇ · v dV =

�
V

div v dV.

Ù¥ S ´ V �L¡, S = ∂V, ����V�	ý.

T½n�Ñ
�þ| v 3µ4­¡ S þ�­¡È©��þ|�ÑÝ div v 3 S ¤

�¤�NÈ V þ�n­È©£�¡�/NÈ©0¤, ÏdT½n�¡�ÑÝ½n.

y² aq Green ½n�y², ò V ©O©)¤ X, Y, Z .f«�. �I5¿�±

eü:, �´ÃØr V ©)¤@«.�f«�, 3��ü�f«�ú�>.þ, üý�

­¡È©p�-�, Ï
3ù
f«�	ýL¡�È©�Ú�u3«� V �	ý S þ

�­¡È©, 
3f«�þ�n­È©�Ú, �u3 V þ�n­È©. �´3naf«

�þ©Oé�þ| v1 = P (x, y, z)i, v2 = Q(x, y, z)j, v3 = R(x, y, z)k ?1­¡È©¿

ò(J�\, �ªÒ��½n¥�(J. �

11.5.2 Stokes ½n

½n 11.12 (Stokes) �v = P (x, y, z)i + Q(x, y, z)j + R(x, y, z)k ´ V þ1w�

þ|£=äkëY �ê¤, XJ S ´±­� L �>�©¡äk��ëY �ê�1w

­¡, ½ö` L ´k.­¡ S �> L = ∂S, @ok£Stokes úª¤�
L

P dx+Q dy +R dz

=

�
S

(
∂R

∂y
− ∂Q

∂z

)
dy dz +

(
∂P

∂z
− ∂R

∂x

)
dz dx+

(
∂Q

∂x
− ∂P

∂y

)
dx dy,

½ �
L

v · dr =

�
S

rotv · dS =

�
S

∇× v · dS

Ù¥ L �½�� S �½���N, = L ���� S �{�þ/¤mÃX.

Ïd Stokes ½n�Ñ
�þ| v ÷µ4­� L �È©£�þ¤��þ| rotv 3

± L �>.�­¡ S þ�­¡È©�m�'X.

y² Äk,� S ´äk��ëY �ê�1w­¡, =Ùëê�§L«µ

S : r = r(u, v) = x(u, v)i+ y(u, v)j + z(u, v)k, (u, v) ∈ D

k��ëY �ê. À� D �>.­� ∂D 3 Ouv ²¡þ�ëêL«

∂D : u = u(t), v = v(t), t ∈ [α, β],
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KéA� S > L 3 Oxyz �m�ëêL«�:

L : r(t) = r(u(t), v(t)) = x(u(t), v(t))i+ y(u(t), v(t))j + z(u(t), v(t))k, t ∈ [α, β],

�üö����N, =ëê t O\����ëê (u, v) (½�­¡{���N. Ïdk�
L

P dx =

� α

β

P (x(u(t), v(t)), y(u(t), v(t)), z(u(t), v(t)))(x′uu
′
t + x′vv

′
t) dt

=

� α

β

Px′uu
′
t dt+ Px′vv

′
t dt

=

�
∂D

(Px′u) du+ (Px′v) dv

=

�
D

(
∂(Px′v)

∂u
− ∂(Px′u)

∂v

)
du dv

ùp, P = P (x(u, v), y(u, v), z(u, v)), ���Ú·�A^
 Green úª. 


∂(Px′v)

∂u
= (P ′xx

′
u + P ′yy

′
u + P ′zz

′
u)x′v + Px′′vu

∂(Px′u)

∂v
= (P ′xx

′
v + P ′yy

′
v + P ′zz

′
v)x
′
u + Px′′uv

üª�~� �
L

P dx =

�
D

(
∂(Px′v)

∂u
− ∂(Px′u)

∂v

)
du dv

=

�
D

(
P ′z
∂(z, x)

∂(u, v)
− P ′y

∂(x, y)

∂(u, v)

)
du dv

=

�
S

P ′z dz dx− P ′y dx dy,

Ón,�� �
L

Q dy =

�
S

Q′x dx dy −Q′z dy dz,
�
L

R dz =

�
S

R′y dy dz −R′x dz dx

nÜå5Ò�� Stokes úª.

XJ S ´©¡1w�­¡,�ò S ©)¤eZ¬1w­¡ Si, i = 1, · · · , n, 3z�
�¬ Si þ Stokes ½n¤á, Ó�5¿�3���¬�ú�>þ, du­�È©���

��, ¤±�p-�, k�Ü©�´ S �> ∂S = L þ�­�È©. �

�d, ·�®²?Ø
n�­�úª, ©O´ Green úª, Stokes úªÚ Gauss ú

ª, 3���m R2 Ún��m R3 ¥,§�©O�Ñ
­¡ S þ�È©£��¤�Ù>

.�­� ∂S þ�È©£��¤�m, ±9NÈ V þ�È©£n�¤�Ù>.­¡ ∂V þ

�È©£��¤�m�'X. XJr Newton–Leibniz úª� b

a

f(x) dx = F (b)− F (a), F ′(x) = f(x)
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�m>w¤´"��/È©0£=3 [a, b] >. ∂[a, b] = {a, b} þ�/È©0, F (a) c

�KÒ´du½����¤, @o Green úª, Stokes úªÚ Gauss úª�±w¤´

Newton–Leibniz úª3p��í2, ·�ò3���!, l�©/ª��Ý, �ÑÚ�

�£ã.

~ 11.5.1 O�­¡È©
�
S

y(x− z) dy dz + x2 dz dx+ (y2 + xz) dx dy,

Ù¥ S ´��N V : 0 6 x 6 a, 0 6 y 6 b, 0 6 z 6 c �	ýL¡.

) P v = y(x− z)i+ x2j + (y2 + xz)k, ¤±|^ Gauss úª, k

�ª =

�
V

(x+ y) dx dy dz =

� a

0

dx

� b

0

dy

� c

0

(x+ y) dz =
1

2
abc(a+ b).

�~11.4.4�'�, ØJuy|^Gaussúª'��O�­¡È©�\{ü.

~ 11.5.2 �­¡ S �

S = {(x, y, z) : x+ y + z = 1, x, y, z > 0}

½�� i+ j +k �Ó, ¦å| F = y2i+ z2j + x2k 7 S ���>. ∂S �±¤��õ.

) S ��{��þ´ n = 1√
3
(i+ j + k), ¤±

�
∂S

F · dr =

�
∂S

y2 dx+ z2 dy + x2 dz = − 2√
3

�
S

(x+ y + z) dS

= − 2√
3
|S| = − 2√

3

√
3

2
= −1,

Ù¥ |S| L« S �¡È.

~ 11.5.3 �­� L ´ý��Ô¡ z = 3x2 + 4y2 �ý�Î¡ 4x2 + y2 = 4y ��

�,l z ¶����w, L���´^����,¦�þ| v = y(z+1)i+zxj+(xy−z)k

÷ L ��þ.

) � D ´²¡«� 4x2 + y2 6 4y, S ´­¡ z = 3x2 + 4y2, (x, y) ∈ D �eý.

d Stokes úª��k

�
L

v · τ dl =

�
S

∣∣∣∣∣∣∣∣
dy dz dz dx dx dy
∂
∂x

∂
∂y

∂
∂z

y(z + 1) zx xy − z

∣∣∣∣∣∣∣∣
= −

�
S

dx dy =

�
D

dx dy = 2�.
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SK 11.5

1. O�e�­¡È©

(1)

�
S

(x+1) dy dz+y dz dx+(xy+z) dx dy, S ´± O(0, 0, 0), A(1, 0, 0), B(0, 1, 0),

C(0, 0, 1) �º:�o¡N�	L¡;

(2)

�
S

xy dy dz + yz dz dx+ zx dx dy, S ´d x = 0, y = 0, z = 0, x+ y + z = 1 ¤

�¤�o¡N�	ýL¡;

(3)

�
S

x2 dy dz + y2 dz dx+ z2 dx dy, S ´¥¡ (x− a)2 + (y − b)2 + (z − c)2 = R2

�	ý;

(4)

�
S

xy2 dy dz + yz2 dz dx+ zx2 dx dy, S ´¥¡ x2 + y2 + z2 = z �	ý;

(5)

�
S

(x−z) dy dz+(y−x) dz dx+(z−y) dx dy, S ´^=�Ô¡ z = x2 +y2 (0 6

z 6 1) �eý;

(6)

�
S

(y2 +z2) dy dz+(z2 +x2) dz dx+(x2 +y2) dx dy, S ´þ�¥¡ x2 +y2 +z2 =

a2 (z > 0) �þý.

2. ¦Úå| F = −km rr3 ÏLe�4­¡	ý�Ïþ:

(1) �m¥?����þ m (3�:) �4­¡;

(2) �m¥?�Ø���þ m �4­¡;

(3) �þ m 31w�4­¡þ.

3. �«� V ´d­¡ x2 +y2− z2

2 = 19²¡ z = 1, z = −1�¤, S � V ��L¡	

ý,q� V = (x2 +y2 +z2)−
3
2 (xi+yj+zk).¦È©

�
S

x dy dz + y dz dx+ z dx dy√
(x2 + y2 + z2)3

.

4. �éu��m x > 0 S?¿�1wk�µ4­¡ S, Ñk�
S

xf(x) dy dz − xyf(x) dz dx− e2xz dx dy = 0,

Ù¥¼ê f(x) 3 (0,+∞) SäkëY����ê, � limx→0+ f(x) = 1, ¦ f(x).

5. y²?¿1w4­¡ S �¤�áNNÈ�±L¤

V =
1

3

�
S

x dy dz + y dz dx+ z dx dy

Ù¥È©÷ S �	ý?1.

6. y² Archimedes �nµÔN V �ÜE\�N¥¤É�2å�u�ÔNÓNÈ��

N�­þ.£J«µ��N��Ý�~ê ρ, �ÑÔNL¡z��¬ dS ¤É��Ø
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å, ÏLÈ©O� ∂V �Øå.¤

7. � c ´~�þ, S ´?¿�1w4­¡, y²:

�
S

cos(ĉ,n) dS = 0. Ù¥ (ĉ,n) L

«�þ c �­¡{�þ n �Y�.

8. � L ´ xy ²¡þ1w�{ü4­�, _����, áN V ´ÎN, §± L �O�,

± L 3 xy ²¡S¤�²¡«� D �., ý¡´1�²1u z ¶�Î¡, p� 1,

Á�Ñ�þ| v = P i+Qj 3 V þ� Gauss úª, ¿dd5y² Green úª.

9. O�e�­�È©.

(1)

�
L

y dx+ z dy + x dz, L ´º:� A(1, 0, 0), B(0, 1, 0), C(0, 0, 1) �n�/>.,

l�:w�, L ÷^����;

(2)

�
L

(y − z) dx + (z − x) dy + (x − y) dz, L ´�Î¡ x2 + y2 = a2 Ú²¡
x
a + z

h = 1 (a > 0, h > 0) ���, l x ¶����w5, L ÷�����;

(3)

�
L

(y2− z2) dx+ (z2− x2) dy+ (x2− y2) dz, L ´²¡ x+ y+ z = 3
2a �á�N

0 6 x 6 a, 0 6 y 6 a, 0 6 z 6 a L¡���l z ¶��w5, L ÷�����;

(4)

�
L

y2 dx + xy dy + xz dz, L ´�Î¡ x2 + y2 = 2y �²¡ y = z ���, lz

¶��w5, L ÷_����;

(5)

�
L

(y2 − y) dx + (z2 − z) dy + (x2 − x) dz, L ´¥¡ x2 + y2 + z2 = a2 �²¡

x+ y + z = 0 ���, L ���� z ¶��¤mÃX;

(6)

�
L

(y2 − z2) dx+ (2z2 − x2) dy + (3x2 − y2) dz, Ù¥ L ´²¡ x+ y + z = 2 �

Î¡ |x|+ |y| = 1 ���, l z ¶��w�, L �_����.

10. 3È©

�
L

x2y3 dx+ dy+z dz ¥,´» L´ Oxy²¡þ���� x2 +y2 = R2, Z =

0; |^ Stokes úªz­�È©�± L �>.¤�«� S þ�­¡È©. (1) S �

Oxy ²¡þ��¡ x2 + y2 6 R2. (2) S ��¥¡ z =
√
R2 − x2 − y2; (J�Óí?

11. y²~�þ| c ÷?¿1w4­���þÑ�u 0.

12. ¦�þ| v = (y2 + z2)i + (z2 + x2)j + (x2 + y2)k ÷­� L ��þ. L �

x2 + y2 + z2 = R2 (z > 0) � x2 + y2 = Rx ���, l x ¶��w5, L ÷���

��.
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§11.6 Ù¦/ª�­�­¡È©*

3 §11.1 � §11.4 ¥, ·�©O?Ø
êþ| φ Ú�þ| v 3­�!­¡þXe/

ª�È© �
L

φ ds;

�
L

v · dr

Ú �
S

φ dS;

�
S

v · dS.

e¡·�?Øe�A«/ª�­�­¡È©.

�
L

φ dr =

�
L

φτ ds;
�
L

dr × v =

�
L

τ × v ds.

ùp τ L«­��ü ��þ. ±9

�
S

φ dS =

�
S

φn dS;
�
S

dS × v =

�
S

n× v dS

Ù¥ n ´­¡ S �ü {�þ.

w,, þão�È©�(JÑ´���þ, ��þÒ´éz�©þ¼êÅ�?1­

�½­¡È©. §�÷v� Gauss Ú Stokes úªXe

½n 11.13 � S ´�mÅã1wk.­¡, S �> ∂S ´Åã1wµ4­�, K

�
∂S

φ dr =

�
S

dS ×∇φ,
�
∂S

dr × v =

�
S

( dS ×∇)× v

y² �y²�´ü>��þ��, ��y§��?¿�þ�:¦��=�. � a

´?¿��~��þ, Ké1���ª��>?1:¦, k

a ·
�
∂S

φ dr =

�
∂S

φa · dr,

5¿, þªmà´'u�þ| v = φa 3­� ∂S þ�È©, Ïd|^ Stokes ½n¿/
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^ ∇ �O�úª£�§9.6.2 !¤k

a ·
�
∂S

φ dr =

�
S

(∇× (φa)) · dS

=

�
S

∇φ× a · dS

=

�
S

dS ×∇φ · a

= a ·
�
S

dS ×∇φ.

du�þ a �?¿5, Ò��1���ª.

Ó���{, ��

a ·
�
∂S

dr × v =

�
∂S

dr · (v × a)

=

�
S

dS · ∇ × (v × a)

=

�
S

( dS ×∇) · (v × a)

=

�
S

(( dS ×∇)× v) · a

ùp·�é�þ| v × a ¦^
 Stokes ½n. ÏdÒk1���ª. �

½n 11.14 � V ´�mk.«�, V �>. ∂V´Åã1wµ4­¡, K

�
∂V

φ dS =

�
V

∇φ dV,
�
∂V

dS × v =

�
V

∇× v dV.

y² �{�½n11.13 ��, ^?¿��~��þ a :¦1���ª��>�

a ·
�
∂V

φ dS =

�
∂V

φa · dS

=

�
V

∇ · (φa) dV

= a ·
�

V

∇φ dV.

u´Ò�¤
1���ª�y², ùp·�é�þ| φa ¦^
 Gauss ½n±9^�


§9.6.2 !¥ ∇ �O�úª.
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^?¿�~��þ a :¦1���ª��>�

a ·
�
∂V

dS × v =

�
∂V

dS · (v × a)

=

�
V

∇ · (v × a) dV

= a ·
�

V

∇× v dV.

ùpé�þ| v × a ¦^
Gauss úª. �

|^½n11.13 Ú½n11.14, ·��±�Ñe�FÝ!ÑÝÚ^Ý�È©L«. � φ

Ú v ©O´��êþ|Ú�þ|, é�m?¿�: P, ½ÂFÝ!ÑÝÚ^ÝXe.

∇φ = lim
V→P

(
1

σ(V )

�
S

φ dS

)
∇ · v = lim

V→P

(
1

σ(V )

�
S

v · dS

)
∇× v = lim

V→P

(
1

σ(V )

�
S

dS × v
)

ùp V ´�¹: P ����m�«�, 4� V → P L««� V Â � P :. σ(V )

L« V �NÈ, S = ∂V L« V �>..

5¿�^È©½Âêþ|FÝÚ�þ|�ÑÝ!̂ Ý, `:3u½Â��IX�À

�Ã'. ÏL©OÀ�ØÓ��IX?1È©2�4�, �±��ØÓ�IXe� §9.6
¥�½Â���(J.

e¡·�±FÝ�~, ©Oí�Ñ���IXÚÎ�IXeFÝ�L«.

3���IXe, ±P :�º:��m¥��á�N«� V, Ùn����c�þ

©O´ ∆xi,∆yj,∆zk, NÈ� σ(V ) = ∆x∆y∆z. á�N�8�¡©�né, ©OP�

i ��� S1, S2, j ��� S3, S4, ±9 k ��� S5, S6, 8�¡���þ��	ý. �

∆x,∆y,∆z → 0 � V → P.

êþ| φ 3 S = ∂V þ�È©�©)�©O3z�é¡þ�È©, � φ 3z�¡

þ�©OCq�~�.

~X S1, S2 �k�¡È©O� ∆y∆zi Ú −∆y∆zi, φ 3S1, S2 þ�È©�

(φ(x+ ∆x, y, z)− φ(x, y, z))∆y∆zi ≈ ∂φ

∂x
∆x∆y∆zi.

Ón�3Ù¦üé­¡þ�È©

(φ(x, y + ∆y, z)− φ(x, y, z))∆x∆zj ≈ ∂φ

∂y
∆x∆y∆zj,

(φ(x, y, z + ∆z)− φ(x, y, z))∆x∆yk ≈ ∂φ

∂z
∆x∆y∆zk.
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¤±3á�N V �>. ∂V þ�È©�
�
S

φ dS ≈
(
∂φ

∂x
i+

∂φ

∂y
j +

∂φ

∂z
k

)
∆x∆y∆z

�Ò´

lim
∆x,∆y,∆z→0

(
1

∆x∆y∆z

�
S

φ dS

)
=
∂φ

∂x
i+

∂φ

∂y
j +

∂φ

∂z
k

�´ §9.6 ¥�Ñ�FÝ3���IXe�L«.

x

y

z

dx

dy

dz

ã 11.21

x

y

z

φ ρ dφ
ρdφ

dρ

dz

ρdφ

ã 11.22

À��mÎ�I£� §9.6.3¤, =-

x = r cos θ, y = r sin θ, z = z,

½ö ��þ

r = xi+ yj + zk = r cos θi+ r sin θj + zk

Ú?Î�IX�n��I�þ

er = cos θi+ sin θj, eθ = − sin θi+ cos θj, ez = k

�
∂er
∂θ

= eθ,
∂eθ
∂θ

= −er.

Xã¤«, ± P :�º:��m¥��á�N«� V, Ùn����c�þ©O�

∆rer, r∆θeθ, ∆zez. V �NÈ�

σ(V ) = r∆r∆θ∆z

á�N�8�¡©�né, ©OP� er ��� S1, S2, eθ ��� S3, S4, ±9 ez ���

S5, S6, ��þ��	ý. � ∆r,∆θ,∆z → 0 �, V → P.

Ïdêþ| φ 3 S = ∂V þ�È©�©)�©O3z�é¡þ�È©, � φ 3z

�¡þ�©OCq�~�.
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3 er ��þ�é­¡, §�k�¡È�©O�

∆S1 = −r∆θ∆zer, Ú ∆S2 = (r + ∆r)∆θ∆zer,

Ïd φ 3ü�¡þ�È©�

φ(r + ∆r, θ, z)∆S2 + φ(r, θ, z)∆S1

= (φ(r + ∆r, θ, z)(r + ∆r)− φ(r, θ, z)r)∆θ∆zer

≈
(
∂φ

∂r
r + φ

)
∆r∆θ∆zer.

3 eθ ��þ�é­¡�k�¡È©O�

∆S3 = −∆r∆θeθ(θ), Ú ∆S4 = ∆r∆θeθ(θ + ∆θ),

Ïd φ 3ü�¡þ�È©�

φ(r, θ + ∆θ, z)∆S4 + φ(r, θ, z)∆S3

= (φ(r, θ + ∆θ, z)eθ(θ + ∆θ)− φ(r, θ, z)eθ(θ))∆r∆z

≈
(
∂φ

∂θ
eθ − φer

)
∆r∆θ∆z.

3 ez ��þ�é­¡�k�¡È©O�

∆S5 = −r∆r∆θez, Ú ∆S6 = r∆r∆θez,

Ïd φ 3ü�¡þ�È©�

φ(r, θ, z + ∆z)∆S6 + φ(r, θ, z)∆∆S5

= (φ(r, θ, z + ∆z)− φ(r, θ, z))r∆r∆θez

≈ ∂φ

∂z
r∆r∆θ∆zez.

ò φ ©O3 er, eθ Ú ez n���þ�È©�\, ¿- V → P , �

∇φ = lim
∆r,∆θ,∆z→0

(
1

r∆r∆θ∆z

�
S

φ dS

)
=
∂φ

∂r
er +

1

r

∂φ

∂θ
eθ +

∂φ

∂z
ez

ùÒ´FÝ3Î�Ie��©L«.

5P 'u^Ý�È©L«, e�L��ª�\äkÔn�*. ��6N3: P N

C/¤��/µ. 6N��Ý|� v. XJ3/µ¥�\���Ó (Xã), �Ó�^=

�Ý (��Ý) �±�y�6þ�rÝ. ��Ó�¶�/µ¤3¡¤���Ý, K�Ý�



230 1 11 Ù ­�È©Ú­¡È©

� (R�), �Ó^=��¯. ��ÓN=����, K^=�����. Ïd6N7ØÓ

��^=ÒkØÓ����þrÝ.

âd, é V ¥��½��: P Ú�½���

ü �þ n, �L P :���¡­¡ S, Ù>.

L = ∂S �����½��þ n ¤mÃX. K�

âStokesúª, e�4�

Ωn(M) = lim
S→M

1

σ(S)

�
L

v · τ ds = (∇× v) · n
ã 11.23

½Â��þ| v 3 P :?± n �^=¶�µþ. w,, � n � ∇× v ����
�, µþ�����|∇ × v| . Ïd¡∇× v ��þ| v �^Ý, P� rotv = ∇× v. þ
ª��±w¤´^Ý��«È©L«.

'uÑÝ�Ôn)ºXe:��þ| v ´6N��Ý|, �âÑÝ�½Â

N =

�
S

v · n dS

L« v ÏL S �ý�Ïþ. � v � n ¤b��, = v ·n > 0, L«6Nl S ��ý6

� n ¤���,�ý, Ïþ��. AO, éu����	ý�µ4­¡ S, N > 0 L«

6Ñ�u6\, Ïd S SÜk�)6N�/
0, 
 N < 0 `²6Ñ�u6\§Ïd S

SÜk/¦0. � S Â ��: P �, Ù4����KL²6N3�: P ´k/
0�

´k/¦0. ù� /́ÑÝ0ù�¶¡�5d.

SK 9.6

1. |^ÑÝ�È©L«, í�Ñ3Î�IXe�ÑÝ.

2. |^FÝ�È©L«, í�Ñ3¥�IXe�FÝ.

3. �¼ê u(x, y, z) 31w­¡ S ¤�¤�4«� V þäk�����ëY �û,


�÷v.Ê.d�§:

∆u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0.

Áy²:

(1)

�

S

∂u

∂n
dS = 0; (2)

�

S

u
∂u

∂n
dS =

�

V

(∇u)2 dV , Ù¥
∂u

∂n
´ u ÷ S 	ý{

�þ n ����û.



11.7 �Å| 231

§11.7 �Å|

3 §11.3.4 ¥, ·�?Ø
²¡�þ| v �­�È©�´»��'5¯K. /Ï

Green ½n, ·��Ñ
éu½Â3üëÏ²¡«�þ��þ| v ­�È©�´»Ã

'£=�þ�"¤�¿©7�^�. �!Ì�8�´òù
(Jí2��m�/.

11.7.1 �Å|�³¼ê

Äk�Ñe�½Â

½Â 11.15 � v = P i+Qj +Rk ´ëÏ«� V S�1w�þ|.

e v 3 V S�­�È©�´»Ã', ��å:Úª:k', ½ö` v ÷ V S?Û

µ4­���þ�", K¡ v ´«� V S� �Å|.

Ïd§�Å|3ë� V ¥ü: A Ú B �?Û­�þ�È©��å:Úª:k'§

�±P� �
LAB

v · dr =

� B

A

v · dr.

�
ò½n11.7 í2��m�/. I�é�m«��ëÏ5�XeÖ¿`².

é�m¥üëÏ«� V, XJ V S?Û�^4´ L, Ñ�3�Ü± L �>!���

�¹3 V S�©¡1w­¡, ½ö` V S?Û�^{üµ4­�Ñ�±3 V SëY

Â ��:, @o¡��­¡üëÏ�, ~X, �K¥%�¥N´­¡üëÏ�, 
iY

�£�¡¤�SÜ�m, ÒØ´­¡üëÏ�. XJ�m V ¥?Ûµ4­¡Ñ�±3Ù

SÜëYÂ ��:, @o¡���müëÏ�. w,, �K¥%�¥N�,´­¡ü

ëÏ�, �§Ø´�müëÏ�.

½n 11.16 � V ⊂ R3 ´­¡üëÏ«�, v = P i+ Qj + Rk ´ V þ�1w�

þ|§Ke�n�·K�dµ

1◦ v ´�Å|.

2◦ �3��êþ| φ, ¦� v = ∇φ . ¿¡φ ´�þ| φ � ³¼ê. Ïd

v · dr = ∇φ · dr = dφ

´����©.

3◦ v ÷v ∇× v = 0.

k�, ·�¡äk³¼ê��þ|�k³|, ^Ý�"��þ|�Ã^|. ½

n11.16 `²ù
Vg��Å|�Vg´�d�.
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y² y²Ue�Ú½?1.

£1◦ ⇒ 2◦¤µ� v ´�Å|§K v �­�È©�´»Ã', ¤±éu V ¥���½

: M0(x0, y0, z0) Ú��Ä: M(x, y, z), K�Å| v ÷ë� M0 Ú M �­��È©¿

Ø�6­��À�,
==�6å:Úª:, Ïd½Â
 V ¥��êþ|

(x, y, z) 7−→ φ(x, y, z) =

� (x,y,z)

(x0,y0,z0)

v · dr =

� (x,y,z)

(x0,y0,z0)

P dx+Q dy +R dz.

� ∆x ¿©�, ¦�: (x+ ∆x, y, z) E,3 V S, ÀJl(x, y, z) � (x+ ∆x, y, z) ��

�ã, ¿|^È©éÈ©­���\5��

φ(x+ ∆x, y, z)− φ(x, y, z) =

� (x+∆x,y,z)

(x,y,z)

P dx+Q dy +R dz

3d��þw,k dy = 0, dz = 0 (ã11.24), Ïd

1

∆x
(φ(x+ ∆x, y, z)− φ(x, y, z)) =

1

∆x

� x+∆x

x

P dx.

dd��

∂φ

∂x
= P (x, y, z).

Ón�y

∂φ

∂y
= Q(x, y, z),

∂φ

∂z
= R(x, y, z),

= ∇φ = v.

x

y

z

O

(x, y, z) (x+ ∆x, y, z)

ã 11.24

£2◦ ⇒ 3◦¤µ� v ´k³|,=�3³¼ê φ¦� v = ∇φ,K, ∇×v = ∇×∇φ = 0.

£3◦ ⇒ 1◦¤µ� v ´Ã^|�, = ∇× v = 0. 3 V ¥?��^4­� L Ú�Ü3

V S± L �>.�­¡ S, d Stokes úª�
�
L

v · dr =

�
S

∇× v · dS = 0

= v ÷?¿�^4­�È©�", ¤±´�Å|. �

�âþã½n, Úå|

F = −kmM
r3
r

´3Ø�¹�:«�S��Å|£� §11.3.2 ¥�~11.3.3¤.

l½n11.16 ±9y²L§, ·���±e­�&Eµ

�´½n�y²�Ñ
³¼ê��E, aquÏLCþ�È©�E�¼ê. =ÏL

À�ë��½:ÚÄ:�AÏ´»é�Å|?1­�È©, ��³¼ê. XÓ�¼ê�
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�, �Å|�³¼ê¿Ø´���. XJ φ(x, y, z) ´ v �³¼ê, @oéu?¿��~

ê c, k ∇(φ(x, y, z) + c) = ∇φ, ¤± φ(x, y, z) + c �´��³¼ê. ��XJ v kü�

³¼ê φ Ú ψ, @o ∇(φ− ψ) = 0, ¤± φ− ψ =~ê.

�´��êþ| φ �FÝ| v = ∇φ �½´�Å|.

n´�ä���þ|´Ä´�Å|, �du���©¯K ∇× v = 0§�Ò´�þ

|�n�©þ÷ve��©�§|

∂R

∂y
− ∂Q

∂z
= 0

∂P

∂z
− ∂R

∂x
= 0

∂Q

∂x
− ∂P

∂y
= 0.

o´½n¥�¦«�´­¡üëÏ, =^3y²Ã^|´�Å|¥. ¯¢þ, ?¿

ëÏ«�þ��Å|�½´k³|£y²��¤,k³|´Ã^|, �Ã^|´Ä´k³

|�½Â�´Ä´­¡üëÏk'.

½n 11.17 � v ´«� V þ��Å|§φ ´ v ���³¼ê§Kéu V ¥?¿

ü: A Ú B ±9ë�ü:�?¿1w­� LAB, k

�
LAB

v · dr =

� B

A

v · dr =

� B

A

dφ = φ(B)− φ(A).

y² �ë� A Ú B ü:­��ëê�§L«�

x = x(t), y = y(t), z = z(t), t ∈ [α, β],

¦� A = (x(α), y(α), z(α)), B = (x(β), y(β), z(β)), ¤±

�
LAB

v · dr =

� B

A

v · dr =

� B

A

dφ

=

� β

α

(φ′xx
′(t) + φ′yy

′(t) + φ′zz
′(t)) dt

=

� β

α

dφ(x(t), y(t), z(t))

= φ(B)− φ(A)

~ 11.7.1 ���å| F ´�Å|§¦å|é�:¤��õ"

) � −U ´å| F �³¼ê, = F = −∇U, K���: m 3å|e$Ä�

Newton �§�

mr̈ = F = −∇U
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ùp3���IXe r = r(t) = x(t)i+ y(t)j + z(t)k. d��:�oUþ�

E =
1

2
mṙ2 + U(r),

Ù¥ U ´ U. Ïd�Åå|é�:¤��õ�u U3å: A Úª: B ���
LAB

F · dr = U(A)− U(B)

~ 11.7.2 y²�þ|

v = (x2 − yz)i+ (y2 − zx)j + (z2 − xy)k

´k³|, ¿¦Ñ§���³¼ê.

)

∇× v =

∣∣∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

x2 − yz y2 − zx z2 − xy

∣∣∣∣∣∣∣∣
= (−x+ x)i+ (−y + y)j + (−z + z)k = 0.

Ïd v 3���m¥´Ã^|, ¤±�´k³|. erå:�3�:, �� v ���³

¼ê�

ϕ(x, y, z) =

(x,y,z)�

(0,0,0)

(x2 − yz) dx+ (y2 − zx) dy + (z2 − xy) dz

=

� x

0

x2 dx+

� y

0

y2 dy +

� z

0

(z2 − xy) dz

=
1

3
(x3 + y3 + z3)− xyz.

~ 11.7.3 ¦>|rÝ E = q
r3r �³¼ê.

) dSK 9.6 11 K��, >|rÝ E 3Ø��:����mþ´Ã^�, 
�

m¥Ø�¹�: (0, 0, 0) �?Û«� V ´­¡üëÏ�, ¤±§3 V ¥´�Å|, Ù³

¼ê�

ϕ(M) =

� M

M0

E · dr =

� M

M0

q

r3
r · dr =

� r

r0

q

r3
r dr

=

� r

r0

q

r2
dr = −

(
q

r
− q

r0

)
.

��Bå�, r: M0 �3Ã¡�?, u´ r0 → ∞, K e ���³¼ê�

ϕ(M) = − q
r . 3·>Æ¥~P V = −ϕ = q

r , ¿¡�>| E �> . Ïdk E = −∇V.
§L²>| E ��>  V ~��¯���.
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~ 11.7.4 O�È©

� (3,1)

(1,0)

(ey + 1) dx+ (xey − 2y) dy.

) N´wÑ, �ÈL�ª´��©

(ey + 1) dx+ (xey − 2y) dy = d(xey + x− y2),

¤±È©�´»Ã', �k
� (3,1)

(1,0)

(ey + 1) dx+ (xey − 2y) dy = (xey + x− y2)
∣∣∣(3,1)

(1,0)
= 3e.

11.7.2 Ã
|��þ³

·�®²��, eêþ|�FÝ�" ∇ϕ = 0, K ϕ ´��~�êþ|. e�þ|�

^Ý�" ∇× v = 0 , K v ´���Å|, Ïd�3³¼ê. ùp·�­:?ØÑÝ�

"��þ| ∇ · v = 0, ¿¡��Ã
|. Äk�Ñe�½Â

½Â 11.18 � v ´�m«� V ∈ R3 ¥�1w�þ|§XJ�3�þ| α ¦�

v = rotα = ∇×α,

@o¡ α � v ��þ³.

w,,äk�þ³��þ| v �½´Ã
|, ù´Ï�

∇ · v = ∇ · ∇ ×α = 0,

��, ��Ã
|´Ä�3�þ³? � v = P i + Qj + Rk, ´Ä�3 α =

Ai+Bj + Ck ¦� v = ∇×α �du¦)e����©�§
∂C

∂y
− ∂B

∂z
= P (x, y, z),

∂A

∂z
− ∂C

∂x
= Q(x, y, z),

∂B

∂x
− ∂A

∂y
= R(x, y, z),

�
¦Ñ�|�²�) (A,B,C), Ø�- C = 0, þã�§|¥cü��§{z�

∂A

∂z
= Q(x, y, z), −∂B

∂z
= P (x, y, z),

é z È©�Ñ

A =

� z

z0

Q(x, y, z)dz, B = −
� z

z0

P (x, y, z)dz + f(x, y),
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ùp·���3
1���§é z È©��È©~ê f(x, y) , §I�ÏL1n��

§?�Ú(½, ±�y¦Ñ���²�). r A, B �L�ª�\1n��§, ¿|^

∇ · v = 0 �

R(x, y, z) = −
� z

z0

(
∂P

∂x
+
∂Q

∂y

)
dz +

∂f

∂x

=

� z

z0

∂R

∂z
dz +

∂f

∂x

= R(x, y, z)−R(x, y, z0) +
∂f

∂x
.

lþãí�L§¥ØJuy, ∇ · v = 0 �y
 f(x, y) U
(½Xe

f(x, y) =

� x

x0

R(x, y, z0) dx

¤± v ����þ³´

α =

(� z

z0

Q(x, y, z)dz

)
i+

(
−
� z

z0

P (x, y, z)dz +

� x

x0

R(x, y, z0)dx

)
j.

±þ©Û�Ñ�E�þ³�äN�{. �´,lÈ©L§�±wÑ, I�é�þ| v

�½Â� V \±^�, ±�y±½: P0(x0, y0, z0) ÚÄ: P (x, y, z) �º:�á�N�

¹3 V ±S. ÷vù�^��;.�«�´�m¥�¥/«�. 
é��«�¥?Û�

�½:, Ñ�3¥/��, Ïd·�k

½n 11.19 � v ´�m¥�1w�þ|,K v ´Ã
|�¿©7�^�´ v 3

?Û�:�ÛÜ�3�þ³.

XJÏ¦3��«�þ��þ³, I�é«� V \±^�, ¿éþã¦)�§�L

§?17��?�, k,��Öö�±ë�Ù§�á, d?Ø2Kã.

Ã
|��þ³Ø´���. ¯¢þXJ αÚ β Ñ´�þ³,@o rot(α−β) = 0,

= α− β ´Ã^|, ¤±�3��êþ| ϕ ¦� α− β = gradϕ. (Ø´�þ³3��

��¼ê�FÝ¿Âe´���.

SK 11.7

1. �²¡þko^´»:

L1: ò�, l (0, 0) � (1, 0) 2� (1, 1);

L2: l (0, 0) ÷X�Ô� y = x2 � (1, 1);

L3: l (0, 0) � (1, 1) ���ã;

L4: ò�, l (0, 0) � (0, 1) 2� (1, 1).

¦e�å| F ÷þão^´»¤��õ, ¿`²§�����o¬��½Ø�.
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(1) F = −yi+ xj;

(2) F = 2xyi+ x2j.

2. ¦e�­�È©.

(1)

�
L

(2x+ y) dx+ (x+ 4y + 2z) dy + (2y − 6z) dz, Ù¥ L d: P1(a, 0, 0) ÷­�x2 + y2 = a2,

z = 0
� P2(0, a, 0), 2d P2 ÷��

z + y = a,

x = 0
�: P3(0, 0, a);

(2)

�
ÂMB

(x2 − yz) dx + (y2 − zx) dy + (z2 − xy) dz, Ù¥ ÂmB ´Î¡Ú� x =

a cosϕ, y = a sinϕ, z = h
2�ϕ þ: A(a, 0, 0) � B(a, 0, h) ù�ã.

3. y²e��þ|´k³|, ¿¦Ñ§��³¼ê.

(1) v = (2x cos y − y2 sinx)i+ (2y cosx− x2 sin y)j;

(2) v = yz(2x+ y + z)i+ xz(2y + z + x)j + xy(2z + x+ y)k;

(3) v = r2r, (r = xi+ yj + zk, r = |r|).

4. � a�Û��,�þ| F = (x2 + 5ay+ 3yz)i+ (5x+ 3axz− 2)j+ [(a+ 2)xy− 4z]k

´k³|, ¿¦Ñù��³¼ê.

5. ¦e���©��¼ê u:

(1) du = (3x2 + 6xy2) dx+ (6x2y − 4y3) dy;

(2) du = (x2 − 2yz) dx+ (y2 − 2xz) dy + (z2 − 2xy) dz.

6. �ye�È©�´»Ã', ¿¦Ñ§���.

(1)

� (1,1)

(0,0)

(x− y)( dx− dy);

(2)

� (2,2)

(1,1)

(
1

y
sin

x

y
− y

x2
cos

y

x
+ 1

)
dx+

(
1

x
cos

y

x
− x

y2
sin

x

y
+

1

y2

)
dy;

(3)

� (6,3)

(1,0)

x dx+ y dy√
x2 + y2

;

(4)

� (2,3,−4)

(0,0,2)

x dx+ y2 dy − z3 dz;

(5)

� (2,2,2)

(1,1,1)

(
1− 1

y
+
y

z

)
dx+

(
x

z
+
x

y2

)
dy − xy

z2
dz;

(6)

� (x2,y2,z2)

(x1,y1,z1)

x dx+ y dy + z dz√
x2 + y2 + z2

Ù¥ (x1, y1, z1), (x2, y2, z2)3¥¡ x2+y2+z2 = a2

þ.

7. � f(u) ´�ëY�¼ê, �Ø�½��, L ´©ã1w�?¿4­�, y²:
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(1)

�
L

f(x2 + y2)(x dx+ y dy) = 0;

(2)

�
L

f(
√
x2 + y2 + z2)(x dx+ y dy + z dz) = 0.

8. ­ð>6 I ÏLÃ¡����� (� Oz ¶) ¤�)�^|� B = 2I
x2+y2 (−yi +

xj) (x2 + y2 6= 0), Á?Ø B ÷ Oxy ²¡þ?¿1w4­���þ Γ.

9. Á¦¼ê f(x), ¦­�È©
�
L

(f ′(x) + 6f(x) + e−2x)y dx + f ′(x) dy �È©�´»

Ã'.

10. ®� α(0) = 0, α′(0) = 2, β(0) = 2.

(1) ¦ α(x), β(x) ¦�È©
�
L

P dx + Q dy �´�Ã', Ù¥ P (x, y) = (2xα′(x) +

β(x))y2 − 2yβ(x) tan 2x, Q(x, y) = (α′(x) + 4xα(x))y + β(x);

(2) ¦

� (0,2)

(0,0)

P dx+Q dy.

11. �¼êQ(x, y)3 Oxy²¡þäk��ëY �ê,­�È©

�
L

2xy dx+Q(x, y) dy

�´»Ã', ¿�é?¿ t ðk
� (t,1)

(0,0)

2xy dx + Q(x, y) dy =

� (1,t)

(0,0)

2xy dx +

Q(x, y) dy, ¦ Q(x, y).

12. ¦)�©�§

(1) (xy2 + 2y − 2y cosx− y sinx) dx+ (x2y + 2x+ cosx− 2 sinx) dy = 0;

(2) 2xy dx+ (y2 − x2) dy = 0.

13. � f(x) äk��ëY�ê, f(0) = 0, f ′(0) = 2, � (ex sin y + x2y + f(x)y) dx +

(f ′(x) + ex cos y + 2x) dy = 0 ����©�§. ¦ f(x) 9d��©�§�Ï).

14. (½~ê λ, ¦3m�²¡ x > 0 þ��þ| v = 2xy(x4 + y2)λi − x2(x4 + y2)λj

�,��¼ê u(x, y) �FÝ, ¿¦ u(x, y).

15. �Ñ���¹eFÝÚ Laplace �f34�IXe�L«.

16. |^ Laplace �f34�IÚ¥�Ie�L«,©O�y u(x, y) = ln
√
x2 + y2) Ú

u(x, y, z) = 1√
x2+y2+z2

´ Laplace �§ ∆u = 0 �)"
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§11.8 �©/ª�È©*

3üCþ�È©¥,e«m [a, b]þ��¼ê f(x)�3�¼ê F (= dF = f(x) dx,

½ö` f(x) dx L«¤��¼ê���©), @ok Newton–Leibnizúª

� b

a

f(x) dx = F (b)− F (a).

P ω = f(x) dx, K½È©
� b
a f(x) dx =´���m��g/ª ω �È©, f ��¼

ê F =´�� 0 g/ª (5¿, ���m�k 0 gÚ�g/ª), 'Xª dF = f(x) dx

L²�g/ª ω ´ 0 g�©/ª F �	�©§Ïd´T��, F ´§��/ª. Ïd,

Newton–Leibniz úªÒ´��T���©/ª ω = f(x) dx 3���m¥�k��ã

[a, b] þ�È©Ú§��/ª F 3 [a, b] �>. {a, b} = ∂[a, b] (��k��lÑ:8,

½ö`´��/0 ��m0) þ�È©

� b

a

f(x) dx =

�
[a,b]

ω =

�
∂[a,b]

F = F (b)− F (a),

ùp, F (b)− F (a) �±n)¤ F 3/k�0lÑ:8 {a, b} = ∂[a, b] þ�È©. lÑ:

8 {a, b} �¹�SÜÒ´ [a, b], ��Ò /́	ÿ0, = b :��m, a :���. lÑ:

þ�È©Ò´¼ê3:þ��¦Ú, Ù¥ F (a) c�KÒ, ´d a :���¤û½�.

ù«*:ØJí2��m­�­¡È©þ, =�!¤�?Ø��©/ª�È©.

11.8.1 �©/ª�È©

3 §9.7 ¥, ·��Ñ
n��m�þ|��©/ª�éA, Ïd�þ|�­�È©
�
LAB

v · dr =

�
LAB

P dx+Q dy +R dz

Ú­¡È© �
S

v · dS =

�
S

P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy,

þ�±L«�éA��©/ª�È©
�
LAB

v · dr =

�
LAB

ω1
v,�

S

v · dS =

�
S

ω2
v,

ùp·�¡E¦^ dy∧ dz, dz∧ dx, dx∧ dy �O~^� dy dz, dz dx, dx dy,
 ω1
v, ω

2
v

©OL«�þ|éA��gÚ�g�©/ª.
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é�©/ª?1	�©�

dω1
v = ω2

∇×v,

dω2
v = ω3

∇·v,

K Gauss-Stokes úª�±Ú�/L«��
∂Ω

ω =

�
Ω

dω,

ùp ω L«�g½�g�©/ª. ∂Ω L«�m¥�µ4­�½­¡, Ω ´±µ4­�

∂Ω �>�­¡, ½´µ4­¡ ∂Ω �¤�«�,

�þ| v ¡��Å|, �duéA��g/ªω1
v ÷v dω1

v = ω2
∇×v = 0.

�þ| v ¡�Ã
|, �duéA��g/ªω2
v ÷v dω2

v = ω3
∇·v = 0.

�âPoincaré Ún�_½n9.30, 3½Â�÷v�½^��, ω1
v Ú ω2

v ´T��.

ÏdéT�� ω1
v, �3"g/ª£=êþ|¤ω0

φ = φ, ¦�

ω1
v = dω0

φ.

ùp� φ �´�Å| ω1
v �³¼ê.


éuT�� ω2
v , �3���g/ªω1

α, ¦�

ω2
v = dω1

α.

Ù¥�g/ª ω1
α éA��þ| α �´Ã
|��þ³.

�d, (Ü §9.7, ·�®²{�òn��m��þ|!�þ|�FÝ!ÑÝÚ^Ý!

�þ|��­�­¡È©±9�Å|ÚÃ
|�¹Â, B\
n��m��©/ª!�

©/ª�	�©!�©/ª�È©±9T��©/ª�µe. ù´ò�þ|9ÙÈ©�

p��mí2�m©.

11.8.2 ��©�§

±���m�~, ��T���g/ª ω = P (x, y) dx + Q(x, y) dy �¡���©

/ª, Ïd�3 0 g/ª£½³¼ê¤φ(x, y), ¦ dφ(x, y) = P (x, y) dx + Q(x, y) dy, u

´¦)�©�§

P (x, y) dx+Q(x, y) dy = dφ = 0

ÒkÏÈ©£�§�Ï)¤

ϕ(x, y) = c.

§´²¡þ��^­�,3ÛÜ�3Û¼ê y = y(x)£XJ φ′y = Q 6= 0¤½ x = x(y)£X

J φ′x = P 6= 0¤.
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e3üëÏ� D ¥, �g�©/ª ω = P dx + Q dy ÷v dω =
(
∂Q
∂x −

∂P
∂y

)
dx ∧

dy = 0, KÒ´��©/ª, 
³¼ê φ(x, y) �±^�È©¦Ñ. ÏÈ©�

φ(x, y) =

� (x,y)

(x0,y0)

P dx+Q dy = c.

~ 11.8.1 ¦)�©�§

(2x cos y − y2 sinx) dx+ (2y cosx− x2 sin y) dy = 0.

) · P (x, y) = 2x cos y − y2 sinx, Q(x, y) = 2y cosx− x2 sin y, K3�²¡k

∂Q

∂x
=
∂P

∂y
= −2y sinx− 2x sin y.

���§���©�§, ÙÏÈ©�

c =

� x

0

P (ξ, 0) dξ +

� y

0

Q(x, η) dη

= x2 cos y + y2 cosx.

éu ω = P (x, y) dx + Q(x, y) dy Ø´��©/ª��/, XJ�±ÏLV\��

�¡��È©Ïf � µ(x, y) ¦� µ(x, y)P (x, y) dx + µ(x, y)Q(x, y) dy ���©/ª,

ù���È©

µ(x, y)P (x, y) dx+ µ(x, y)Q(x, y) dy = 0

ÒU¦Ñ�©�§

P (x, y) dx+Q(x, y) dy = 0

�ÏÈ©. ��éù���È©Ïf, ��u¦)�� �©�§, JÝ�U�pu)

��§. XJ3�
AÏ�/, U
ÏL*	{éÑ��È©Ïf, �Ø���«¦)

�§��{.

~ 11.8.2 ¦)�©�§

(x+ y2) dx− 2xy dy = 0.

) N´wÑ µ(x, y) = 1
x2 ´�§�È©Ïf. u´d

x+ y2

x2
dx− 2y

x
dy = d

(
ln |x| − y2

x

)
= 0

=���§�ÏÈ©�

x = ce
y2

x .
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1 11 ÙnÜSK

1. ¦1�.­�È© I =

�
L

z ds, Ù¥ L ´­¡ x2 + y2 = z2 � y2 = ax (a > 0) �

�þl: (0, 0, 0) � (a, a, a
√

2) �lã.

2. � a, b, c > 0. ¦d­� L : (x/a)2n+1 + (y/b)2n+1 = c(x/a)n(y/b)n �¤�«� D

�¡È S.

3. ¦²¡þe�ü�ý�

x2

a2
+
y2

b2
= 1,

x2

b2
+
y2

a2
= 1 (a > b)

SÜú�«��¡È.

4. (Poisson úª) � S : x2 + y2 + z2 = 1, f(t) ´ R þ�ëY¼ê, ¦y:�
S

f(ax+ by + cz) dS = 2�
� 1

−1

f(kt) dt,

Ù¥ k =
√
a2 + b2 + c2.

5. � S(t) ´²¡ x+ y + z = t �¥¡ x2 + y2 + z2 = 1 �e�Ü©, �

F (x, y, z) = 1− (x2 + y2 + z2).

¦y: � |t| 6
√

3 �, k�
S(t)

F (x, y, z) dS =
�
18

(3− t2)2.

6. � f(t) 3 |t| 6
√
a2 + b2 + c2 þëY. y²:

�

x2+y2+z261

f

(
ax+ by + cz√
x2 + y2 + z2

)
dx dy dz =

2

3
�
� 1

−1

f(
√
a2 + b2 + c2t) dt.

7. � D ´²¡þ1wµ4­� L ¤�¤�«�, f(x, y) 3 D þk��ëY �ê

�÷v Laplace �§ ∂2f
∂x2 + ∂2f

∂y2 = 0. ¦y� f(x, y) 3 L þð�"�, §3 D þ�

ð�".

8. � f(x, y) 3 B(P0, R) þk��ëY �ê�÷v Laplace �§ ∂2f
∂x2 + ∂2f

∂y2 = 0. ¦

y: é 0 6 r 6 R, k f(P0) =
1

2�r

�
L

f(x, y) ds, Ù¥ P0 = (x0, y0), L ´± P0 �

�% r ��»��.

9. � D ´²¡þ1wµ4­� L ¤�¤�«�, f(x, y) 3 D þk��ëY �ê

�÷v Laplace �§ ∂2f
∂x2 + ∂2f

∂y2 = 0. ¦yef(x, y) Ø´~ê, K§3 D þ����

Ú���Ñ�U3 L þ��.
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10. � f(x, y, z) 3 B(P0, R) þk��ëY �ê�÷v ∆f = ∂2f
∂x2 + ∂2f

∂y2 + ∂2f
∂z2 = 0. ¦

y: é 0 6 r 6 R, k f(P0) =
1

4�r2

�

S

f(x, y, z) dS, Ù¥ P0 = (x0, y0, z0), S ´±

P0 �¥%�¥¡.
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�Ùò?ØXÛò¼êÐm¤dn�¼ê�¤�¼ê�?ê. ù´�Ê­V{I�

Æ[ Fourier 3ïÄ96¯K���­��êÆuy. e¡·�{ü£ã Fourier �Ð

�g�5
.

3áÂ½º�9�ÔNSÜ, §Ý©Ù T = T (x, y, z, t) 3?Û�:þ�6�mC

z, �É�ÔN�/G!�Ý!á��'9!Ð©G�±9±>�¸¤K�. ~X, 'u

��\GÔN�96¯K, �de�êÆ�.£ã
∂2T
∂x2 = k2 ∂T

∂t , T = T (x, t)

T (0, t) = T (l, t) = 0, (t > 0) £�½�>.^�¤

T (x, 0) = f(x), 0 < x < l £�½�Ð©^�¤

=3���Ý� l ��\þ, üà�±"Ý, Ð©�§Ý©Ù� f(x), K�X�m�ü

z, t ���§Ý©Ù T (x, t) ÷vþã�§, ùp k ´'9Xê.

Fourier æ�
¦)�©�§~^�©lCþ{. =-�§�)kXe/ª

T (x, t) = φ(x)ψ(t)

�\�§�

φ′′(x)ψ(t) = k2φ(x)ψ′(t)

½
φ′′(x)

k2φ(x)
=
ψ′(t)

ψ(t)
.

þªüà©O´Cþ x ÚCþ t �¼ê, Ïdüà������UÒ´üà�u~ê,

Ø��
φ′′(x)

k2φ(x)
=
ψ′(t)

ψ(t)
= −λ, £���½~ê¤.

�
�B, 8�� k = 1. þª�due�ü��§

φ′′(x) + λφ(x) = 0;

ψ′(t) + λψ(t) = 0

��§�>.^��=z�é1���§�>.^�

φ(0) = φ(l) = 0.

1���§�Ï)�

φ(x) = b sin(
√
λx+ c),
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>.^� φ(0) = 0 ¿�XÏ)¥�~ê c = 0, ^� φ(l) = 0 K�Ñé λ ���:
√
λl = n�, = λ �U´:

λn =
(n�

l

)2
, n = 0, 1, · · · .

éAz� λn, 'u φ(x) Ú ψ(t) ��§k�|)

φn(x) = bn sin
n�
l
x, ψn(t) = exp

(
−
(n�

l

)2
t

)
.

ù�, Fourier ��
�|÷v>.^��)µ

Tn(x, t) = bn exp

(
−
(n�

l

)2
t

)
sin

n�
l
x,

ùp bn ´?¿~ê. Ï���§´�5�, >.^��´àg�, ¤±ØÓ)��5|

Ü�´), ù�Ò��÷v>.^��/Ï)0:

T (x, t) =
∞∑
n=1

bn exp

(
−
(n�

l

)2
t

)
sin

n�
l
x.

�3ùa)¥éÑ��÷vÐ©^��), �I�âe��ª(½Xê bn =�,

f(x) = T (x, 0) =
∞∑
n=1

bn sin
n�
l
x.

,
, #�¯K�)
. þã¦)�L§¿�X: éu��¯k�½�½Â3«m

[0, l] þ�¼ê f(x), Ø+ù�¼ê�½ÂXÛ, $�k�Ukmä:, §U
L«¤þ

ãn�¼ê�Úº½L«¤e�����n�¼ê�¤�n�?ê?

f(x) =
a0

2
+
∞∑
n=1

(
an cos

n�
l
x+ bn sin

n�
l
x
)
,

ùp�
�B, ·�r/"g�0üÕ�Ñ5.

XJ�Y´�½�, @oqXÛL«? �Ò´XÛ(½Xê an, bn. �,, ·��¬

¯, ò¼êÐm¤ Fourier ?ê, ���êÆnØq´�o. ÏL�Ù�?Ø, ·�uy

Fourier l��äN�¯KÑu, %m8
êÆïÄÚA^��#+�.

§12.1 ¼ê� Fourier ?ê

Ø+dn�?ê¤L«�¼ê�/?¿50XÛ, Ï�?ê�z��Ñ´± 2l �±

Ï�±Ï¼ê, ¤±¼ê�±Ï5Ò¤��«��^�. �´, ·�ò¬w�ù���´

����, Ï�·��±é½Â3��k�«mþ�¼ê?1òÿ, ¦�¤���±Ï

¼ê¥��ã.
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12.1.1 ±Ï¼ê�n�¼ê���5

1◦ ±Ï¼ê�Ä�5� �¼ê f(x) 3����þk½Â, XJ�3 T, ¦�

f(x+ T ) = f(x), x ∈ (−∞,+∞)

¤á, @o¡ f(x) ´±Ï¼ê, T ¡�¼ê�±Ï. ØJwÑ±Ï¼ê�±ÏØ´��

�, XJ T ´¼ê f(x) �±Ï, @o nT �´§�±Ï, ùp n ´?Û�ê.

3È©L§¥, ±Ï¼êk��Ä�5�� a+T

a

f(x) dx =

� T

0

f(x) dx

=, ±Ï¼ê3��±ÏS�È©�å:Ã'. ù´Ï�� a+T

a

f(x) dx =

� 0

a

f(x) dx+

� T

0

f(x) dx+

� a+T

T

f(x) dx,

mà1n�È©ÏLC� x = u+ T Ú f(x) �±Ï5, �1��È©�p-�..

XJ g(t) ´��± T �±Ï�¼ê, �e�C�

x =
2�
T
t, ½ t =

T

2�
x

@o¼ê

f(x) = g

(
T

2�
x

)
´��±Ï� 2� �¼ê,Ïd�I?Ø±Ï� 2� �¼ê,Ø�AO`².

lAÛþw, XJò±Ï¼ê�� (½m) £Ä��±Ï��Ý, ã/´ØC�. ½

ö`, XJò����U±Ï T ��Ý©¤�ã�ã�«m, @oz��«mþ�ã�

´,��«mþã��E�¬.

2◦ ±Ïòÿ �´�â±Ï¼ê�A5, éu��½Â3«m [−l, l] þ�¼ê
f(x) (XJ½Â�«m´?¿� [a, b], K�ÏL�I²£¦«m�¥% u�I�:),

�±r§�ü>± 2l ��Ý�«m�ã�ã/?1E�, �)��½Â3��ê¶þ

�±Ï 2l �¼ê

F (x) =

f(x− 2nl), (2n− 1)l < x < (2n+ 1)l;

f(l)+f(−l)
2 , x = (2n+ 1)l.

ùp n = 0, ±1,±2, · · · . 3òÿ��.? x = (2n + 1)l, �
�y¼ê�±Ï5, ¼ê

F (x) 3ù
:� f(x) �mà:Ú�à:?�¼ê���â²þ.

~X, e�¼ê

f(x) =

x, 0 6 x 6 l;

0, −l 6 x 6 0.
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´½Â3 [−l, l] þ�¼ê, ±Ïòÿ�Ùã�Xe (5¿3�.?���)

ã 12.1

Ïd, ±e¤k�?Ø�,�é±Ï¼ê, ���ò(J��3���½�«mþ,

Ù(Jéu½Â3ù�«mþ�¼ê´¤á�, �´3à:?�äN�¹äNé�.

3◦ óòÿ�Ûòÿ é«mþ½Â�¼ê, k���±ò¼ê?1¤¢�ó (Û)

òÿ, ,�2?1±Ïòÿ, ¦�)�±Ï¼ê�ó (Û) ¼ê.

� f(x) ´½Â3«m [0, l] þ�¼ê£XJ´½Â�«m´?¿� [a, b], @o�Ï

L�I²£¦«m��à: u�I�:¤. ¤¢óòÿ, =-

fe(x) =

f(x), 0 6 x 6 l;

f(−x), −l 6 x 6 0.

Ïd fe(x) ´ [−l, l] ¥�ó¼ê, é fe(x) 2?1±Ïòÿ, Ù(JÒ¤�����þ�

�±Ï�ó¼ê. XJ-

fo(x) =


f(x), 0 < x 6 l;

0, x = 0

f(−x), −l 6 x < 0.

Ïd fo(x) ´ [−l, l] ¥�Û¼ê, é fo(x) 2?1±Ïòÿ, Ù(JÒ¤�����þ�

�±Ï�Û¼ê. AÛþw , ó¼ê´'u y ¶é¡�, 
Û¼ê'u�:é¡.

4◦ n�¼ê���5 e�¼ê�

1, cosx, sinx, cos 2x, sin 2x, · · · , cosnx, sinnx, · · ·

¡�n�¼êX. ¦���Ó±Ï´ 2�, 3��±Ï [−�,�] S, §�÷v

1

�

� �
−�

cosmx cosnx dx = δmn, m, n = 0, 1, 2, · · ·

1

�

� �
−�

sinmx sinnx dx = δmn, m, n = 1, 2, · · ·

1

�

� �
−�

cosmx sinnx dx = 0. m = 0, 1, 2, · · · , n = 1, 2, · · ·
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Ù¥

δmn =

1, m = n;

0, m 6= n.

Ïd, XJéu«m [−�,�] þ��È¼ê, ½Â�«SÈXe

〈f, g〉 =
1

�

� �
−�

f(x)g(x) dx

@on�¼êX¥�¼êüü����Ý�ü , Ïd¡n�¼êX´��¼êX. 8

�·�¬uy��¼êX¿Ø=�un�¼êX.

12.1.2 ±Ï¼ê� Fourier ?ê

Äk�Xe©Û: b�±Ï� 2� �¼ê f(x) �±Ðm¤e�n�?ê

f(x) =
a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx).

�
(½Xê an, bn, ü>¦± cosmx ½ sinmx ,�È©, |^n�¼ê���5¿

b�È©�¦Ú´����. KØJuy, ù
Xê�±de�úªL«

am =
1

�

� �
−�

f(x) cosmx dx (m = 0, 1, 2, · · · ),

bm =
1

�

� �
−�

f(x) sinmx dx (m = 1, 2, · · · ).

ùp, ·�r~ê�P� a0
2 , ´�
¦ a0 �L�ª�Ù§ an ��. þãL§�´�

�©Û�L§, ¿�î�y². �´©ÛL§w�·�XJ f(x) �±Ðm¤n�¼ê

�Ú, ÙÐmª¥�Xêkþª�L«´Ün�. ¡þª�Ñ� an, bn �¼ê f(x)

�Fourier Xê.

�
�y Fourier Xê�O��±?1, ·�b�¼ê f(x) 3«m [−�, �]þ´

�È�£�,�´ýé�È�¤, XJk×:,@oAb�´ýé�È�£ò3113Ù�

[?Ø¤,Ø+=«�¹,þb� f(x) 3«m [−�, �]þ �È�ýé�È.

k
þã©Û, é�½��È�ýé�È¼ê f(x), Ò�±O�Ñ Fourier Xê

an, bn , ,��E��n�?ê:

f(x) −→ {an, bn} −→
a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx).

¡§� f(x) � Fourier ?ê, ¿P¤

f(x) ∼ a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx).

ùp·�ÿØ��?ê´ÄÂñ, =¦Âñ�Ø��´ÄÂñ�¼ê f(x). e�½n=

´¯K��Y, ·�òy²33�¡?1.
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½n 12.1 (Dirichlet) �¼ê f(x) ± 2� �±Ï.

1◦ XJ3?Ûk�«mþ f(x) ´©ã���, @o§� Fourier ?ê3��ê¶

þÑÂñ, �

a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx) =
f(x+ 0) + f(x− 0)

2
;

2◦ XJ31◦ �^�e2O\¼ê??ëY�^�, @oÙ Fourier ?êÒ3��

ê¶þ��Âñu f(x).

¤¢¼êf(x)3��«m [a, b] þ ©ã��, ´��3��©� a = x0 < x1 <

· · · < xn = b, ¦�¼ê f(x) 3z�f«m[xi−1, xi] �SÜkëY��¼ê!3à:

f(x) küý4�, ±9ke�/ªí2�üý�ê£E÷^üý�ê�PÒ¤

f ′(xi−1 + 0) = lim
x→x+i−1

f(x)− f(xi−1 + 0)

x− xi−1
,

f ′(xi − 0) = lim
x→x−i

f(x)− f(xi − 0)

x− xi
,

ùp i = 1, · · · , n.

~ 12.1.1 � f(x) ± 2� �±Ï, 3��±Ï [−�,�] S f(x) �äN/ª�

f(x) =

x, 0 6 x <�;

0, −� 6 x 6 0.

r f(x) Ð¤ Fourier ?ê.

) ÄkO� f � Fourier Xê

a0 =
1

�

� �
−�

f(x) dx =
1

�

� �
0

x dx =
�
2
.

an =
1

�

� �
−�

f(x) cosnx dx =
1

�

� �
0

x cosnx dx =
(−1)n − 1

n2�
,

bn =
1

�

� �
−�

f(x) sinnx dx =
1

�

� �
0

x sinnx dx =
(−1)n+1

n
.

−� � x

f(x)

ã 12.2
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w, f(x) ÷v Dirichlet ½n�^�, ÏdÙ Fourier ?êÂñ, ¿k

�
4

+
∞∑
n=1

[
(−1)n − 1

n2�
cosnx+

(−1)n+1

n
sinnx

]
=

f(x), x 6= (2k − 1)�;

�
2 , x = (2k − 1)�.

3Ðmª¥��
AÏ��, Ò¬���
/¿�Ø�0�(J. ~X- x = 0, K

0 = f(0) =
�
4
− 2

�

∞∑
k=1

1

(2k − 1)2
,

=

1 +
1

32
+

1

52
+ · · ·+ 1

(2k − 1)2
+ · · · = �

2

8
.

?
q�¦�Ù§A�k��Úª�Ú. Ï�

∞∑
n=1

1

n2
=
∞∑
k=1

1

(2k − 1)2
+
∞∑
k=1

1

(2k)2
=
�2

8
+

1

4

∞∑
k=1

1

k2
,

l
��

1 +
1

22
+

1

32
+ · · ·+ 1

n2
+ · · · = �

2

6
.

Ó�, d?ê
∞∑
n=1

(−1)n−1

n2 ýéÂñ, �k

∞∑
n=1

(−1)n−1

n2
=
∞∑
k=1

1

(2k − 1)2
−
∞∑
k=1

1

(2k)2

=
�2

8
− 1

4

∞∑
k=1

1

k2
,

q��

1− 1

22
+

1

32
− · · ·+ (−1)n−1

n2
+ · · · = �

2

12
.

þãn�ê�?ê�Âñ5´@®���, y3·�q��§�©OÂñu �2

8 ,
�2

6 Ú
�2

12 !

�8c��, ·�¤?Ø�±Ï¼ê�±Ï´ 2�. ùw,Ø´����5���

^�. éu��±Ï� 2l �¼ê f(x), �±ÏLC� x = l
�t, ����±Ï� 2� �

¼ê g(t) = f
(
l
�t
)

(l
 g(�l x) = f(x)). é g(t) ¢1 Fourier Ðm, k

g(t) ∼ a0

2
+
∞∑
n=1

(an cosnt+ bn sinnt),

£��5�Cþ x Ò���f(x) 3«m [−l, l] þ¼ê� Fourier Ðmª

f(x) ∼ a0

2
+
∞∑
n=1

(
an cos

n�
l
x+ bn sin

n�
l
x
)
,
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Ù¥Fourier Xê�

an =
1

�

� �
−�

g(t) cosnt dt =
1

l

� l

−l
f(x) cos

n�x
l

dx,

bn =
1

�

� �
−�

g(t) sinnt dt =
1

l

� l

−l
f(x) sin

n�x
l

dx,

n = 1, 2, · · · . �±Ï� 2� �¼ê�', �´XêÈ©c¡� � �¤
 l, n�¼êX

¥�z��¼êõ
��Ïf �
l . Dirichlet ½n12.1E,¤á.

12.1.3 k�«mþ¼ê� Fourier ?ê

� f(x) ´½Â3±�:�¥%�k�«m [−l, l] þ�©ã��¼ê, @oÏL±

Ïòÿ��������þ±Ï 2l �¼ê F (x). 3?Ûk�«m¥, F (x) �õ�¹k

�� f(x) �E�¬, ¿3�.?�UO\k��1�amä:, Ïdòÿ���±Ï¼

ê F (x) ´©ã���, ÷v Dirichlet ½n12.1�^�, 
� F (x) � Fourier Xê�È

©�3��±ÏS (= [−l, l] S) ?1, Ïd�´ f(x) � Fourier Xê. r Dirichlet ½

n12.1¥é F (x) �(J��3«m [−l, l] þ, Ò��
'u f(x) �(J, �´3�½

mà:, f(x) � Fourier ?êÂñu

f(−l + 0) + f(l − 0)

2
.

äN5`, ke�½n'u½Â3k�«mþ¼ê� Dirichlet ½n.

½n 12.2 �¼ê f(x) ´½Â3k�«m [−l, l] þ�©ã��¼ê, @o f(x)

� Fourier ?êÂñ, ¿k

a0

2
+
∞∑
n=1

(
an cos

n�

l
x+ bn sin

n�

l
x
)

=


f(x+0)+f(x−0)

2 , x ∈ (−l, l),
f(−l+0)+f(l−0)

2 , x = ±l.
;

XJ2O\¼ê3 [−l, l] þëY, ¿÷v f(−l) = f(l) �^�, @oÙ Fourier ?êÒ

3[−l, l] þ��Âñu f(x).

ùp, ^�f(−l) = f(l) ´�
�y±Ïòÿ��±Ï¼ê�´ëY�.

éu½Â3��k�«m [a, b] þ¼ê f(x), � 2l = b − a, ò¼ê²£�±�:
�¥%�½Â�: =- g(x) = f(x + x0), x0 = b+a

2 , @o g(x) �½Â�� [−l, l]. O�
g(x) � Fourier Xê�

ãn =
1

l

� l

−l
g(x) cos

n�x
l

dx =
1

l

� b

a

f(u) cos
n�(u− x0)

l
du

=
2

b− a

� b

a

f(u)

(
cos

2n�u
b− a

cos
2n�x0

b− a
+ sin

2n�u
b− a

sin
2n�x0

b− a

)
du

= an cos
2n�x0

b− a
+ bn sin

2n�x0

b− a
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Ón�

b̃n = −an sin
2n�x0

b− a
+ bn cos

2n�x0

b− a
ùp

an =
2

b− a

� b

a

f(x) cos
2n�x
b− a

dx,

bn =
2

b− a

� b

a

f(x) sin
2n�x
b− a

dx.

n = 1, 2, · · · . Ïdd g(x) = f(x+ x0) 3 [−l, l] þ� Fourier ?ê, Ò�� f(x) 3 [a, b]

þ� Fourier ?ê

f(x) ∼ a0

2
+
∞∑
n=1

(
an cos

2n�x
b− a

+ bn sin
2n�x
b− a

)
,

��±� l = b− a ¿ò¼ê²£�«m [0, l] þ, ,�ÏLó (½Û) òÿÖ¿¼ê

3 [−l, 0) �½Â, ¦�òÿ¤� [−l, l] þ�ó (½Û) ¼ê, ½öÏLÙ§?Û�ªÖ¿

3 [−l, 0) �½Â, ¦�òÿ� [−l, l] þ�¼ê, ���yòÿ��¼êE,´©ã��

�. 2?1Ðm, Ò�±��¼ê�{u (½�u) Ðm, ½Ù¦/ª�Ðm. ù�, éu

½Â3 [a, b] þ�¼ê, 3«m [a, b] þ�±kõ«n�?ê�L«�{. ·�òÏL~

fäN`².

~ 12.1.2 ¦ f(x) = cos ax 3 [−�,�] þ� Fourier ?ê. ùp a Ø´�ê.

) r f òÿ���ê¶þ± 2� �±Ï�±Ï¼ê, Ï� f(−�) = f(�), ¤±

òÿ��¼ê´ëY�!©ã���. Ïd

an =
2

�

� �
0

cos ax cosnx dx

=
1

�

� �
0

(cos(a− n)x+ cos(a+ n)x) dx

=
(−1)n

n

2a sin a�
a2 − n2

, n = 0, 1, · · · ,

bn = 0, n = 1, 2, · · · .

3 [−�,�] þ, k

cos ax =
sin a�
�

(
1

a
+
∞∑
n=1

(−1)n
2a

a2 − n2
cosnx

)
.

AO3 x = 0 ?k
�

sin a�
=

1

a
+
∞∑
n=1

(−1)n
2a

a2 − n2
.
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~ 12.1.3 �Å�6¼ê�±Ï´ 2�
ω , 3«m

[
−�ω ,

�
ω

]
þ, §�L�ª�

f(t) =

0, −�ω 6 t < 0;

E sinωt, 0 6 te�ω .

Á¦�Å�6¼ê� Fourier ?ê.

−�ω
�
ω

x

f(x)

ã 12.3

)

a0 =
ω

�

� �
ω

0

E sinωt dt =
2E

�
,

an =
ω

�

� �
ω

0

E sinωt cosnωt dt

=
Eω

2�

� �
ω

0

[sin(n+ 1)ωt− sin(n− 1)ωt] dt.

Ïd

a1 =
Eω

2�

� �
ω

0

sin 2ωt dt = 0,

an =
Eω

2�

� �
ω

0

[sin(n+ 1)ωt− sin(n− 1)ωt] dt

=
E

2�

[
−cos(n+ 1)ωt

n+ 1
+

cos(n− 1)ωt

n− 1

]∣∣∣∣�ω
0

=
[(−1)n−1 − 1]E

(n2 − 1)�
(n = 2, 3, · · · ), n 6= 1

u´k a2k−1 = 0, a2k = 2E
(1−4k2)� . 2O� bn, Ï�

bn =
ω

�

� �
ω

0

E sinωt sinnωt dt

=
Eω

2�

� �
ω

0

[cos(n− 1)ωt− cos(n+ 1)ωt] dt,
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¤±,

b1 =
Eω

2�

� �
ω

0

(1− cos 2ωt) dt =
E

2
,

bn =
Eω

2�

� �
ω

0

[cos(n− 1)ωt− cos(n+ 1)ωt] dt

=
E

2�

[
sin(n− 1)ωt

n− 1
− sin(n+ 1)ωt

n+ 1

]∣∣∣∣�ω
0

= 0, n 6= 1.

du¼ê3
[
−�ω ,

�
ω

]
þëY, ©ã��, ¿�f

(
−�ω

)
= f

(
�
ω

)
. ¤±§� Fourier

?ê3«m
[
−�ω ,

�
ω

]
þ��Âñu f(x)

f(t) =
E

�
+
E

2
sinωt+

2E

�

∞∑
k=1

1

1− 4k2
cos 2kωt, |x| 6 �

ω
.

3Ã�>>´�nØ¥, ��5`r±ÏÅÐm� Fourier ?êÒ��ur§©)

¤�X�ØÓªÇ�{�Å�U\. ?ê¥�~ê� a0
2 ¡�±ÏÅ��6¤©, �g

� a1 cos �xl + b1 sin �xl ¡�ÄÅ, ªÇ´ ω1 = �
l . pg� an cos n�xl + bn sin n�x

l ¡�

n g�Å, ªÇ´ ωn = n�
l , ´ÄÅªÇ� n �. 3~12.1.3¥, �6¤©� E

� , ÄÅ�
E
2 sinωt, � 2n g�Å��Ì´

An =
2E

�
1

4n2 − 1
.

w,, �Ågê�p, �Ì��. Ïd3A^¥, ��Ðmª¥ccA��ÅÒv

.

~ 12.1.4 ¦e�¼ê� Fourier ?ê

f(x) =


1

2h , |x| < h;

0, h 6 |x| 6 l.

−h h−l l
x

f(x)

ã 12.4
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) ¼ê f(x) 3½Â�S´ó¼ê, Ïdk bn = 0,

a0 =
2

l

� l

0

f(x) dx =
2

l

� h

0

1

2h
dx =

1

l
,

an =
2

l

� l

0

f(x) cos
n�x
l

dx =
2

l

� h

0

1

2h
cos

n�x
l

dx =
1

n�h
sin

n�h
l

.

qÏ3«m�à: x = ±l ?k f(l) = f(−l) = 0, ¤±

f(x) =
1

2l
+

1

�h

∞∑
n=1

1

n
sin

n�h
l

cos
n�x
l

, (|x| 6 l, |x| 6= h).

� x = ±h �, ù�?êÂñu 1
4h .

~ 12.1.5 òe�¼êÐm��u?êÚ{u?ê.

f(x) =

x, 0 6 x < l
2 ;

l − x, l
2 6 x 6 l

) k¦�u?ê. òÿ f(x) � [−l, 0) þ, ¦Ù¤�Û¼ê.

bn =
2

l

� l

0

f(x) sin
n�x
l

dx

=
2

l

� l
2

0

x sin
n�x
l

dx+
2

l

� l

l
2

(l − x) sin
n�x
l

dx

=
2

l

� l
2

0

x

(
sin

n�x
l

+ sin
n�(l − x)

l

)
dx

=

0, n = 2k;

(−1)k−14l
(2k−1)2�2 , n = 2k − 1.

�

f(x) =
4l

�2

∞∑
k=1

(−1)k−1

(2k − 1)2
sin

(2k − 1)�x
l

(0 6 x 6 l).

−l l
x

f(x)

ã 12.5

−l l
x

f(x)

ã 12.6
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Ùg¦{u?ê. òÿ¼ê f(x) � [−l, 0) þ, ¦Ù¤�ó¼ê

a0 =
2

l

� l

0

f(x) dx =
2

l

� l
2

0

x dx+
2

l

� l

l
2

(l − x) dx =
l

2
,

an =
2

l

� l

0

f(x) cos
n�x
l

dx

=
2

l

� l
2

0

x cos
n�x
l

dx+
2

l

� l

l
2

(l − x) cos
n�x
l

dx

=
2

l

� l
2

0

x

(
cos

n�x
l

+ cos
n�(l − x)

l

)
dx

=

0, n = 2k − 1;

4
l

� l
2

0 x cos 2k�
l dx, n = 2k.

Ø a4k+2 = − 2l
(2k+1)2�2 	, Ù{ an Ñ�". u´

f(x) =
l

4
− 2l

�2

∞∑
k=0

1

(2k + 1)2
cos

(4k + 2)�x
l

(0 6 x 6 l).

~ 12.1.6 r [0, 1] þ�¼ê f(x) = x2 Ðm� Fourier ?ê.

) ± 2l = 1 �±Ïò¼ê f(x) mÿ���ê¶þ, u´k

a0 = 2

� 1

0

f(x) dx = 2

� 1

0

x2 dx =
2

3
,

an = 2

� 1

0

x2 cos 2n�x dx =
1

n2�2
(n = 1, 2, · · · ),

bn = 2

� 1

0

x2 sin 2n�x dx = − 1

n�
(n = 1, 2, · · · ).

Ï� f(x) = x2 3 [0, 1] þëY, � f(0) = 0, f(1) = 1, ¤±, � 0 < x < 1 �, k

f(x) = x2 =
1

3
+

1

�2

∞∑
n=1

(
1

n2
cos 2n�x− �

n
sin 2n�x

)
,


� x = 0 ½ 1 �, þãn�?êÂñu 1
2 .

12.1.4 Fourier ?ê�Eê/ª

¯¤±�, Eulerúª

eix = cosx+ i sinx

�Ñ
n�¼ê��ê¼ê�m�'X. âd, ·�ò Fourier ?êL«¤Eê/ª. Ø

��½Â3«m [−l, l] þ�¼ê f(x) 3ù�«mþ�±Ð¤ Fourier ?ê

f(x) =
a0

2
+
∞∑
n=1

(an cosnωx+ bn sinnωx),
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Ù¥ ω = �
l 9

an =
1

l

� l

−l
f(x) cosnωx dx (n = 0, 1, 2, · · · ),

bn =
1

l

� l

−l
f(x) sinnωx dx (n = 1, 2, · · · ).

A^ Euler úª

cosnωx =
einωx + e−inωx

2
, sinnωx =

einωx − e−inωx

2i
,

Ò��

f(x) =
a0

2
+
∞∑
n=1

(
an

einωx + e−inωx

2
+ ibn

e−inωx − einωx

2

)
=
a0

2
+
∞∑
n=1

an − ibn
2

einωx +
∞∑
n=1

an + ibn
2

e−inωx,

½ö�¤

f(x) =
∞∑

n=−∞
Fneinωx,

Ù¥

F0 =
a0

2
=

1

2l

� l

−l
f(x) dx,

F±n =
1

2
(an ∓ ibn) =

1

2l

� l

−l
f(x)(cosnωx∓ i sinnωx) dx

=
1

2l

� l

−l
f(x)e∓inωx dx (n = 1, 2, 3, · · · ).

ùÒ´ f(x) � Fourier ?ê�Eê/ª. §�Xê Fn � F−n ´p��Ý�Eê, =

F−n = F n.

SK 12.1

1. �Ñe�±Ï 2� �¼ê�ã/, ¿r§�Ðm¤ Fourier ?ê (`²Âñ�¹).

(1) 3 [−�,�) ¥, f(x) =

−�, −� 6 x 6 0,

x, 0 < x <�;

(2) 3 [−�,�) ¥, f(x) = cos x2 ;

(3) 3 [−�,�) ¥, f(x) =

ex, −� 6 x 6 0,

1, 0 6 x <�.
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2. òe�¼êÐm¤±�½«m�Ý�±Ï� Fourier ?ê, ¿`²Âñ�¹.

(1) f(x) = 1− sin x
2 (0 6 x 6�);

(2) f(x) = x
3 (0 6 x 6 T );

(3) f(x) = eax (−l 6 x 6 l);

(4) f(x) =

1, |x| < 1,

−1, 1 6 |x| 6 2.

3. re�¼êÐm¤�u?êÚ{u?ê:

(1) f(x) = 2x2 (0 6 x 6�);

(2) f(x) =

A, 0 6 x < 1
2 ,

0, 1
2 6 x 6 l;

(3) f(x) =

1− x
2h , 0 6 x 6 2h,

0, 2h < x 6�.

4. ®�¼ê� Fourier ?êÐmª, ¦~ê a ��.

(1)
∞∑
n=1

cos(2n− 1)x

(2n− 1)2
= a(2a− |x|), Ù¥ −� 6 x 6�;

(2)
∞∑
n=1

(−1)n−1

n
sinnx = ax, Ù¥ −� < x <�.

5. (1) �

f(x) =

x, 0 6 x 6 1
2 ,

2− 2x, 1
2 < x < 1,

S(x) =
a0

2
+
∞∑
n=1

an cosn�x, −∞ < x < +∞

Ù¥ an = 2

� 1

0

f(x) cosn�xdx (n = 0, 1, 2, · · · ). ¦ S
(

9
4

)
, S
(
−5

2

)
;

(2) � f(x) =

−1, −� < x 6 0,

1 + x2, 0 < x 6�,
KÙ± 2� �±Ï� Fourier ?ê�Ú¼

ê� S(x),−∞ < x < +∞. ¦ S(3�), S(−4�).

6. � f(x) ´��± 2� �±Ï�¼ê,

(1) XJ f(x±�) = −f(x), Áy² f(x) 3 (−�,�) S� Fourier Ðm�¹kÛ

g�Å, =

a2n = 0 (n = 0, 1, 2, · · · ), b2n = 0 (n = 1, 2, · · · );
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(2) XJ f(x±�) = f(x), Áy² f(x) 3 (−�,�) S� Fourier Ðm�¹kóg

�Å, =

a2n−1 = b2n−1 = 0 (n = 1, 2, · · · ).

7. ®�±Ï� 2� �¼ê f(x) � Fourier Xê´ an Ú bn, Áy²“²£” 
�¼ê

f(x+ h) (h = ~ê) � Fourier Xê�

an = an cosnh+ bn sinnh (n = 0, 1, 2, · · · )

bn = bn cosnh− an sinnh (n = 1, 2, · · · )

8. ò y = 1− x2 3 [−�,�] þÐm¤ Fourier ?ê, ¿|^Ù(J¦e�?ê�Ú:

(1)
∞∑
n=1

(−1)n−1

n2
; (2)

∞∑
n=1

1

n4
.

9. ò f(x) = 1 + x (0 6 x 6�) Ð¤±Ï� 2� �{u?ê, ¿¦

(1)
∞∑
n=1

cos(2n− 1)

(2n− 1)2
; (2)

∞∑
n=1

cos 4(2n− 1)

(2n− 1)2
.

10. � f(x) 3
[
−T

2 ,
T
2

]
ù�±Ïþ�L�

f(x) =


0, −T

2 6 x < − τ
2 ,

H, − τ
2 6 x < τ

2 ,

0, τ
2 6 x 6 T

2 .

Ár§Ðm¤ Fourier ?ê�Eê/ª.
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§12.2 ²�²þÂñ

Dirichlet ½n12.1 `²éu± 2� �±Ï�ëY�©ã�� f(x), Ù Fourier ?ê

��Âñu f(x). ù��Âñ�¡�Å:Âñ. �!òl�a¼ê�m��Ý, 3½Â


�«Ýþ�, �Ñ Fourier ?ê,�«ÂñVg, =²�²þÂñ.

12.2.1 Ä�Vg

� L2[a, b] ´ [a, b] þ¤k�È�²��È¼ê��N. I��Ñ�´, XJ¼ê

f(x) 3«m [a, b] þ´ Riemann ¿Âe�È, @oÙ²���½´�È�. �´XJ¼

ê3«mþk×:, ¼ê�È�7²��È, ~X f(x) = 1√
x
, 3 [0, 1] «mþ�È, �²

�Ø�È. Ïd, ^�/�È�²��È0�¹
3 [a, b] þk×:��È�²��È�

¼ê.

ØJ�y, 8Ü L2[a, b] 3¼ê�\{Úê¦$�e´���5�m. é�m

L2[a, b] ¥?¿ü�¼ê£3�m¥Ï~¡��/�þ0½/:0¤, È©

〈f, g〉 =

� b

a

f(x)g(x) dx

�Ñ
 L2[a, b] ��SÈ, Ïd�Ò�Ñ
¼ê���µ

‖f‖ =
√
〈f, f〉 =

√� b

a

f2(x) dx,

±9ü�¼ê�m�ålµ

‖f − g‖ =
√
〈f − g, f − g〉 =

√� b

a

[f(x)− g(x)]2 dx.

3þãSÈ�½Âe, ·�®²��, n�¼êX{
1√
2�

,
cosmx√
�

,
sinmx√
�

, m =, 1, 2, · · ·
}

´ L2[−�, �] þ���¼êX, ùpO\
��8�zÏf, 8�´¦�3þãSÈ

¿Âe, n�¼êX�z��¤
����uü , ù��¼êX¡��IO��X.

½Â 12.3 é L2[a, b] ¥���½�¼ê f, XJ�3 L2[a, b] ¥���¼ê�

{fn, n = 1, 2, · · · , } ¦�

lim
n→∞

‖fn − f‖2 = lim
n→∞

� b

a

(fn(x)− f(x))2 dx = 0,

@o¡ fn(x) ²�²þÂñu f(x).

�!òïÄ¼ê� Fourier ?ê�Ü©Ú Sn(x) 3þã½ÂeÂñu f(x) �¯K.
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12.2.2 Bessel Ø�ª

éu?Û�|¢ê α0, αk, βk, k = 1, · · · , n, ·�¡

gn(x) =
α0

2
+

n∑
k=1

(αk cos kx+ βk sin kx)

� n gn�õ�ª. Ïd§éu f(x) ∈ L2[a, b], §� gn(x) �ål�²��

∆n = ‖f − gn‖2 =

� �
−�

[f(x)− gn(x)]2 dx

=

� �
−�

f2(x) dx− 2

� �
−�

f(x)gn(x) dx+

� �
−�

g2
n(x) dx.

N´��
� �
−�

f(x)gn(x) dx

=
α0

2

� �
−�

f(x) dx+
n∑
k=1

(
αk

� �
−�

f(x) cos kx dx+ βk

� �
−�

f(x) sin kx dx

)

=�

[
α0a0

2
+

n∑
k=1

(αkak + βkbk)

]
,

Ù¥ a0, ak, bk, k = 1, 2, · · · , n ´ f(x) � Fourier Xê. dn�¼êX���5��

� �
−�

g2
n(x) dx =

� �
−�

[
α0

2
+

n∑
k=1

(αk cos kx+ βk sin kx)

]2

dx

=

� �
−�

[
α2

0

4
+

n∑
k=1

(α2
k cos2 kx+ β2

k sin2 kx)

]
dx

=�

[
α2

0

2
+

n∑
k=1

(α2
k + β2

k)

]
,

u´Òk

∆n =

� �
−�

f2(x) dx+�

[
−α0a0 − 2

n∑
k=1

(αkak + βkbk) +
α2

0

2
+

n∑
k=1

(α2
k + β2

k)

]

=

� �
−�

f2(x) dx−�

[
a2

0

2
+

n∑
k=1

(a2
k + b2k)

]

+�

{
1

2
(α0 − a0)2 +

n∑
k=1

[(αk − ak)2 + (βk − bk)2]

}
.

Ïd, �k� α0 = a0, αk = ak, βk = bk k = 1, 2, · · · , n �, ∆n ����, l
y²
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½n 12.4 � f(x) ∈ L2[−�, �], K3¤k� n gn�õ�ª¥, �± f(x) �

Fourier Xê�¤�n�õ�ª

Sn(x) =
a0

2
+

n∑
k=1

(ak cos kx+ bk sin kx)

� f(x) �ål��, =� f(x) ²�²þ � ∆n ���, �����

∆n = ‖f − Sn‖2

=

� �
−�

f2(x) dx−�

[
a2

0

2
+

n∑
k=1

(a2
k + b2k)

]
.

5¿� ∆n > 0, ¤±

a2
0

2
+

n∑
k=1

(a2
k + b2k) 6

1

�

� �
−�

f2(x) dx.

é?Û n Ñ¤á. ÏdÒk
e¡ü�íØ.

íØ 12.5 � f(x) ∈ L2[−�, �], K§� Fourier Xê¤�¤�e���?ê

a2
0

2
+
∞∑
k=1

(a2
k + b2k)

Âñ, �÷vØ�ª
a2

0

2
+
∞∑
k=1

(a2
k + b2k) 6

1

�

� �
−�

f2(x) dx.

¡� Bessel Ø�ª.

íØ 12.6 � f(x) ∈ L2[−�, �], K f(x) � Fourier Xê÷v

lim
n→∞

an = lim
n→∞

1

�

� �
−�

f(x) cosnx dx = 0

lim
n→∞

bn = lim
n→∞

1

�

� �
−�

f(x) sinnx dx = 0

12.2.3 ²�²þÂñ

Bessel Ø�ª�,�Ñ
 f(x) �Fourier ?êÜ©Ú Sn(x) ´¤k n n�õ�ª

¥� f �ål�����, �Evk�Ñ²�²þÂñu f �(Ø, �dk

½n 12.7 �¼ê f(x) ∈ L2[−�, �], K f(x) � Fourier ?êÜ©Ú Sn(x) �

¤�n�õ�ª�²�²þÂñu f(x)

lim
n→∞

‖f − Sn‖2 =

� �
−�

(f(x)− Sn(x))2 dx = 0
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þã(Ø�du Bessel Ø�ª¥��Ò¤á,=

a2
0

2
+
∞∑
k=1

(a2
k + b2k) =

1

�

� �
−�

f2(x) dx.

¡þª� Parseval �ª.

T½n�y²ò3�¡?Ø, ùpÄk�Ñe�n�­��íØ.

íØ 12.8 éu [−�, �] þ�ëY¼ê f(x), XJ�n�¼êX{
1√
2�

,
cosmx√
�

,
sinmx√
�

, m =, 1, 2, · · ·
}

¥�z��Ñ��, @o f(x) ≡ 0, XJü�ëY¼ê f Ú g � Fourier XêÑ��, @

o f(x) ≡ g(x).

�Öögy.

íØ 12.9 � f(x), g(x) ∈ L2[−�, �], an, bn Ú ãn, b̃n ©O´ f Ú g � Fourier

Xê, K

1

�

� �
−�

f(x)g(x) dx =
a0ã0

2
+
∞∑
n=1

(anãn + bnb̃n)

��5¿� f ± g � Fourier Xê´ an± ãn, bn± b̃n ¿©O�Ñ f + g Ú f − g �
Parseval �ª, ²Lüö�~Ò���íØ.

íØ 12.10 � f(x) ∈ L2[−�, �], Ù Fourier ?ê�

f(x) ∼ a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx),

Ké [−�, �] ¥?¿�4«m [a, b], k
� b

a

f(x) dx =

� b

a

a0

2
dx+

∞∑
n=1

� b

a

(an cosnx+ bn sinnx) dx.

�âc��íØ, �

g(x) =

1, a 6 x 6 b,

0, −� 6 x < a, ½ b < x 6�,

K g(x) � Fourier Xê�

ãn =

� b

a

cosnx dx, b̃n =

� b

a

sinnx dx, n = 0, · · · ,

Ïd � b

a

f(x) dx =

� �
−�

f(x)g(x) dx =

� b

a

a0

2
dx+

∞∑
n=1

� b

a

(an cosnx+ bn sinnx) dx
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ù�íØ��­�¿Â3u=B f �Fourier ?êØÂñ� f(x) ��, �3?¿f

«mþ�È©�u Fourier ?ê�Å�È©.

Parseval �ª,��k��A^´�±�Ñ�
ê�?ê�Ú

~ 12.2.1 éuó¼ê f(x) = |x|, x ∈ [−�,�], ØJO�ÙFourier Ðm�

|x| = �
2
− 4

�

∞∑
n=1

1

(2n− 1)2
cos(2n− 1)x.

u´d Parseval �ªÒ��

�2

2
+

(
4

�

)2 ∞∑
n=1

1

(2n− 1)4
=

1

�

� �
−�
|x|2 dx =

2

3
�2,

dd�Ñ
∞∑
n=1

1

(2n− 1)4
=
�4

96
.

l
qk
∞∑
n=1

1

n4
=
∞∑
k=1

1

(2k − 1)4
+
∞∑
k=1

1

(2k)4

=
�4

96
+

1

16

∞∑
k=1

1

k4
,

=
∞∑
n=1

1

n4
=
�4

90
.

5P XJr [−�, �] þ�È�²��È¼ê�m L2[−�, �] � n �£k�¤

�îª�m En ���a', ØJuyIO���n�¼êX�ü��´ En ¥IO�

�Ä��Ú. Fourier Xê���u���þ3�|Ä�e��I. Parseval �ª�´ù

��þ�ÝL«. �´ùp?Ø��m�êØ2´k���
.

12.2.4 2Â Fourier ?ê

3 L2[−�, �] �²�²þÂñ¥, IO���n�¼êX�ü
­��Ú, �, n

�¼êX�7´�����¼êX. ~X, ·�Ù���¼ê

1, x, x2, x3, · · · xn, · · ·

�,§�3 L2[a, b] ½Â�SÈ¿ÂeüüØ´���. ��±�ye�½Â�

Legrendre õ�ª¤:

Pn(x) =
1

2n · n!

dn

dxn
(x2 − 1)n (n = 0, 1, 2, · · · ).
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´ L2[−1, 1] þüü���¼êX£�SK¤.

Ïd, k7�?Øïá3����¼êXþ�2Â Fourier ?êÚ²�²þÂñ�

¯K.

� {ϕ1(x), ϕ2(x), · · · , ϕn(x), · · · } ´ L2[a, b] ¥�|IO��X,

〈ϕm(x), ϕn(x)〉 =

� b

a

ϕm(x)ϕn(x) dx =

0, m 6= n;

1, m = n,

@oé?¿� f(x) ∈ L2[a, b], ��E� f(x) k'� Fourier Xê, ¡�2Â Fourier X

ê

an =

� b

a

f(x)ϕn(x) dx

dù
Xê, ��E��� f(x) k'�2Â Fourier ?ê

f(x) ∼
∞∑
n=1

anϕn(x).

aqn�¼êX� Bessel Ø�ª, �Tn(x) =
n∑
k=1

αkϕk(x) ´?¿�/n g ϕ-õ�ª0,

@o§� f(x) �²�²þ÷v:

∆n = ‖f − Tn‖2 =

� b

a

[f(x)− Tn(x)]2 dx

=

� b

a

f2(x) dx− 2
n∑
k=1

αk

� b

a

f(x)ϕk(x) dx

+
n∑
k=1

n∑
l=1

� b

a

αkαlϕk(x)ϕl(x) dx

=

� b

a

f2(x) dx− 2
n∑
k=1

αkak +
n∑
k=1

α2
k

=

� b

a

f2(x) dx+
n∑
k=1

(αk − ak)2 −
n∑
k=1

a2
k

>
� b

a

f2(x) dx−
n∑
k=1

a2
k

= ‖f − Sn‖2

ùp

Sn(x) =
n∑
k=1

akϕk(x)

´ f(x) �2Â Fourier ?êc n ��Ú. V)å5k±e(Ø
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½n 12.11 � f ∈ L2[a, b], {ϕn(x)} ´ L2[a, b] ¥�|IO��X, Ké?¿

�/n g ϕ-õ�ª0Tn(x) =
n∑
k=1

αkϕk(x), k

‖f − Sn‖ 6 ‖f − Tn‖,

‖f − Sn‖2 = ‖f‖2 −
n∑

m=1

a2
m,

∞∑
m=1

a2
m 6 ‖f‖2, Ïd?êÂñ.

,
, XÓ L2[−�,�] ¥n�¼êX��, Bessel Ø�ª�ØU�y²�²þÂ

ñ, �dé���IO��¼êX, ·��ÑXe½Â

½Â 12.12 � {ϕn(x)} ´ L2[a, b] ¥�|IO��X,XJ Parseval �ª
∞∑
m=1

a2
m = ‖f‖2,

¤á, @o¡ {ϕn(x)} ´ L2[a, b] ¥���IO��X.

Ïd, aq½n12.7 , ·�k

½n 12.13 � {ϕn(x)} ´ L2[a, b] ¥���IO��X, @o f �2Â Fourier

?êÜ©Ú Sn(x) =
n∑
k=1

akϕk(x) ²�²þÂñu f,

lim
n→∞

‖f − Sn‖ = 0

½n 12.7 �Ñ
 L2[−�, �] ¥n�¼êX÷v Parseval �ª, Ïdn�¼êX

´���, éu�����¼êX��5y², �äN¯KäNé�. ¦+Xd, éu�

����¼êX, k

½n 12.14 � ϕ1(x), · · · , ϕn(x), · · · ´ L2[a, b] ¥�����IO��X, K

1◦ XJ f(x) 3 [a, b] ëY, @o f(x) = 0 �¿©7�^�´ f(x) �2Â Fourier

Xê an = 0, n = 1, 2, · · · ;

2◦ XJl {ϕn(x)} ¥í�?Û��¼ê, @o�{�¼ê¤�¤�¼êXÒØ2

´���;

3◦ �
� b
a ϕ

2
0(x) dx = 1. XJr ϕ0(x) V\� {ϕn(x)} ¥, @o#�¤�¼êXØ2

´IO��X.

½n¥� 2◦ Ú 3◦ `², �����¼êX¥¼ê��ØU�, ���ØUõ.

y² w,, XJ f(x) = 0, K an = 0. ,��¡, d

0 =
∞∑
n=1

a2
n =

� b

a

f2(x) dx



12.2 ²�²þÂñ 267

9 f(x) �ëY5�� f(x) ≡ 0.

'u 2◦ �y²æ��yµØ��í� ϕ1(x), bX#�¼êX

ϕ2(x), · · · , ϕn(x), · · · .

´���, @odu ϕ1(x) ���� 1, ��Ù¦ ϕn(x), n > 2 ��, Ïd ϕ1(x) 3#�

¼êXe�2Â Fourier ?ê�Xê an = 0, (n > 2). �â 1◦, ATk

0 =
∞∑
n=2

a2
n =

� b

a

ϕ2
1(x) dx = 1,

ù´Ø�U�, ¤±#�¼êXØ´���.

'u 3◦�y²Xe,� ϕ0(x)���� 1,XJV\ ϕ0(x)�,¼êX ϕ0(x), ϕ1(x), · · ·´
IO��X, @o ϕ0(x) � ϕ1(x), ϕ2(x), · · · ¥?Û��¼ê��. ¤± ϕ0(x) 3���

IO��X ϕ1(x), ϕ2(x), · · · e�2Â Fourier ?ê�Xê an = 0, n > 1, ¿k

0 =
∞∑
n=1

a2
n =

� b

a

ϕ2
0(x) dx = 1,

ù´gñ�, ¤±V\��� 1 �¼ê ϕ0(x) ��¤�¼êXØ2´IO��X. �

SK 12.2

1. ò f(x) =

1, |x| < a,

0, a 6 |x| <�
Ðm¤ Fourier ?ê, ,�|^ Parseval �ª¦e�

?ê�Ú:

(1)
∞∑
n=1

sin2 na

n2
; (2)

∞∑
n=1

cos2 na

n2
.

2. � f(x) ´ [−�,�] þ�È�²��È�¼ê, an, bn ´ f(x) � Fourier Xê. ¦

yµ
∞∑
n=1

an
n
Ú

∞∑
n=1

bn
n
Âñ.

3. ¦±Ï� 2� ¼ê f(x) =

−1, −� < x < 0,

1, 0 6 x 6�
� Fourier ?ê, ¿¦

∞∑
n=1

1
(2n−1)2

�Ú±9
∞∑
n=1

cos(2n−1)x
(2n−1)2 , (0 6 x 6�) �Ú.

4. y²e�¼êX´��X, ¿¦ÙéA�IO��X.

(1) 1, cosx, cos 2x, · · · , cosnx, · · · , 3 [0,�] þ;

(2) sin �l x, sin
2�
l x, · · · , sin

n�
l x, · · · , 3 [0, l] þ;
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(3) sin x, sin 3x, · · · , sin(2n+ 1)x, · · · , 3 [0, �2 ] þ;

(4) cos �2lx, cos 3�
2l x, · · · , cos (2n+1)�

2l x, · · · , 3 [0, l] þ.

5. ò f(x) = a
(
1− x

l

)
(0 6 x 6 l) U1 4 K¥ (2) �¼êXÐm¤2Â Fourier ?

ê.

6. ò f(x) = x (0 6 x 6 l) U1 4 K¥ (4) �¼êXÐm¤2Â Fourier ?ê.

7. y² Legrendre õ�ª

Pn(x) =
1

2n · n!

dn

dxn
(x2 − 1)n (n = 0, 1, 2, · · · )

£§´�� n gõ�ª¤3«m [−1, 1] þ�¤����X.

J«µØä¦^©ÜÈ©¿5¿�� 1 6 k 6 n �, dn−k

dxn−k
(x2 − 1)n

∣∣∣
x=±1

= 0.

8. Legrendre õ�ªk�
éÐ�5�ÚA^,��y Legrendre õ�ª÷v

(1) y = Pn(x) ´e��§�)

(1− x2)
d2P (x)

dx2
− 2x

dP (x)

dx
+ n(n+ 1)P (x) = 0.

(2) ���n� Legrendre õ�ª÷v

(n+ 1)Pn+1 = (2n+ 1)xPn − nPn−1.

x2 − 1

n

dPn
dx

= xPn − Pn−1

(2n+ 1)Pn =
d

dx
(Pn+1 − Pn−1).
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§12.3 Âñ5½n�y²*

3 §12.1 Ú §12.2 ¥, ·�©O�Ñ
¼ê� Fourier ?êÅ:Âñ£=Dirichlet½

n¤Ú²�²þÂñ£= Parseval �ª¤, �!ò�Ñü«Âñ5�y². 3y²²�²

þÂñ�, ·��?Ø¼ê´ Riemann �È��/.

é Fourier ?êÂñ5y²�\[��?Ø, ò31nþ?1.

12.3.1 Dirichlet ½n�y²

�

S(x) =
f(x+ 0) + f(x− 0)

2

�	¼ê f(x) � Fourier ?ê�Ü©Ú

Sn(x) =
a0

2
+

n∑
k=1

(ak cos kx+ bk sin kx)

8I=�y² lim
n→∞

Sn(x) = S(x). ò

ak =
1

�

� �
−�

f(t) cos kt dt, bk =
1

�

� �
−�

f(t) sin kt dt

�\Ü©Ú Sn(x)

Sn(x) =
1

2�

� �
−�

f(t) dt

+
1

�

n∑
k=1

(
cos kx

� �
−�

f(t) cos kt dt+ sin kx

� �
−�

f(t) sin kt dt

)

=
1

�

� �
−�

(
1

2
+

n∑
k=1

cos k(x− t)

)
f(t) dt.

|^úª
1

2
+

n∑
k=1

cos k(x− t) =
sin
(
n+ 1

2

)
(x− t)

2 sin 1
2(x− t)

K

Sn(x) =
1

2�

� �
−�

sin
(
n+ 1

2

)
(x− t)

sin 1
2(x− t)

f(t) dt

=
1

2�

� �−u
−�−u

sin
(
n+ 1

2

)
)

sin 1
2u

f(x+ u) du

=
1

2�

� �
−�

sin
(
n+ 1

2

)
u

sin 1
2u

f(x+ u) du,
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���Ú�ª^�
±Ï¼ê3±ÏSÈ©�å:Ã'ù�¯¢. u´

Sn(x) =
1

2�

� �
0

sin
(
n+ 1

2

)
u

sin 1
2u

[f(x+ u) + f(x− u)] du.

AOé¼ê f(x) = 1 , §� Fourier ?êc n �Ú Sn(x) = 1, ¤±kð�ª

1 =
1

�

� �
0

sin
(
n+ 1

2

)
u

sin 1
2u

du,

þª�È©�¼ê¡�Dirichlet Ø, |^ù�ð�ª, é��¼ê f(x) � Fourier ?ê

c n �Ú, k

Sn(x)− S(x) =
1

2�

� �
0

sin
(
n+ 1

2

)
u

sin 1
2u

[f(x+ u) + f(x− u)− 2S(x)] du

=
1

2�

� �
0

sin
(
n+ 1

2

)
u

sin 1
2u

φ(u, x) du.

ùp, φ(u, x) = f(x + u) + f(x − u) − 2S(x). y3, �y² lim
n→∞

(Sn(x) − S(x)) = 0, �

�y²

lim
n→∞

� �
0

sin
(
n+

1

2

)
u
φ(u, x)

sin 1
2u

du = 0.

�d, ·�Äky², éu [0,�] þ?¿�È²��È¼ê g(x), k

lim
n→∞

� �
0

g(u) sin
(
n+

1

2

)
(u) du = 0.

¯¢þ, -

ψ(u) =

g(u), 0 6 u 6�,

0, −� 6 u < 0

K

lim
n→∞

� �
0

g(u) sin
(
n+

1

2

)
(u) du

= lim
n→∞

� �
−�

ψ(u) sin
(
n+

1

2

)
(u) du

= lim
n→∞

� �
−�

(
ψ(u) sin

u

2

)
cosnu du

+ lim
n→∞

� �
−�

(
ψ(u) cos

u

2

)
sinnu du

5¿�þª��ü�È©©O´¼ê ψ(u) sin u
2 Ú ψ(u) cos u2 �Fourier Xê, Ïd, �

n→∞ �, ¼ê ψ(u) sin u
2 Ú ψ(u) cos u2 � Fourier Xêªu", �Ò´þã4��".

Ïd f(x) � Fourier ?êÂñ5¯KÒ=z�¼ê

g(u) =
φ(u, x)

sin 1
2u
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3«m [0, �] þ'uCþ u ´Ä´�È�²��È�¯K.

¯¢þ

φ(u, x)

2 sin 1
2u

=

[
f(x+ u)− f(x+ 0)

u
+
f(x− u)− f(x− 0)

u

]
u

2 sin 1
2u
,

¤±, � u > 0 �, þã¼ê´©ã���, 
� u→ 0 �, k

lim
u→0+

φ(u, x)

2 sin 1
2u

= f ′(x+ 0)− f ′(x− 0),

Ïd, u = 0 Ø´×:, g(u) 'u u ´�È�²��È�.

��, � f(x) ´ëY�!±Ï�!©ã��¼ê�, �¼ê f ′(x) 3 [−�,�] �k

�©��z��«mSÜëY, ¿3�«m�à:?küý�ê, ¤±´�È�²��

È�. 2�â f(−�) = f(�), ¤±

an =
1

�

� �
−�

f(x) cosnx dx =
f(x) sinnx

n�

∣∣∣∣�
−�

− 1

n�

� �
−�

f ′(x) sinnx dx = −b
′
n

n
,

bn =
1

�

� �
−�

f(x) sinnx dx = − f(x) cosnx

n�

∣∣∣∣�
−�

+
1

n�

� �
−�

f ′(x) cosnx dx =
a′n
n

Ù¥, a′n, b
′
n L« f ′(x)� FourierXê,déA� BesselØ�ª��,?ê

∞∑
n=0

(a′2n+b′2n)

Âñ. dØ�ª

2|an| = 2

∣∣∣∣b′nn
∣∣∣∣ 6 b′

2
n +

1

n2

2|bn| = 2

∣∣∣∣a′nn
∣∣∣∣ 6 a′

2
n +

1

n2

íÑ, éu?¿� x, k

|an cosnx+ bn sinnx| 6 |an|+ |bn| 6
1

2
(a′

2
n + b′

2
n) +

1

n2
.

�â¼ê�?ê��Âñ� Weierstrass �O{, f(x) � Fourier ?ê3��ê¶þ�

�Âñ£
�ýéÂñ¤. �

12.3.2 ²�²þÂñ5½n�y²

� f(x) 3 [−�,�] ´ Riemann �È�, Ïd´k.�: m 6 f(x) 6 M. Ó�

UC f 3�:��ØK��È5±9ÏLÈ©O� f � Fourier Xê, Ïdb�

f(−�) = f(�).



272 1 12 Ù Fourier ©Û

Ï� Riemann �È,¤±é?¿� ε > 0, �3 [−�, �] ��©�,

T : −� = x0 < · · · < xm =�

¦�
m∑
i=1

ωi∆xi <
ε

4Ω

Ù¥ ωi = Mi −mi ´ f 3�«m [xi−1, xi] þ��Ì, Ω = M −m ´ f 3��«m

[−�, �] þ��Ì. ^ò�ë� (xi−1, f(xi−1)) Ú (xi, f(xi)) ¿Pò�¤�¤�¼ê

� g(x), T¼ê´ëY�,÷v g(−�) = g(�), 
�3 x ∈ [xi−1, xi] þ, f � g ÷v

mi 6 f(x) 6Mi, mi 6 g(x) 6Mi.

¤±

|f(x)− g(x)| 6 ωi, x ∈ [xi−1, xi]

u´ f � g �²�²þØ�÷v

‖f − g‖2 =
m∑
i=1

� xi

xi−1

(f(x)− g(x))2 dx

6
m∑
i=1

ω2
i ∆xi 6 Ω

m∑
i=1

ωi∆xi <
ε

4

5¿�¼ê g(x)´ [−�,�]þ©ã���ëY¼ê,¿÷v g(−�) = g(�),Ïd±Ï

òÿ�E,´©ã���ëY¼ê. �âk�«mþ Dirichlet½n12.2, g(x)� Fourier

?ê3 [−�,�] þ��Âñu g(x), �Ò´�3����ê N, � n > N �, g(x) �

Fourier ?ê�c n �Ü©Ú Tn(x) ÷v

|g(x)− Tn(x)| < 1

2

√
ε

2�
,

é?¿� x ∈ [−�, �] ¤á, ¤±

‖g − Tn‖2 <
ε

4

é

f(x)− Tn(x) = (f(x)− g(x)) + (g(x)− Tn(x))

|^Ø�ª (a+ b)2 6 2(a2 + b2), �

‖f − Tn‖2 6 2‖f − g‖2 + 2‖g − Tn‖2 < ε

�â Bessel Ø�ª, é¤k� n gn�õ�ª, �k f � Fourier ?ê�Ü©Ú Sn(x)

� f(x) ål��, ¤±� n > N �k

‖f − Sn‖2 6 ‖f − Tn‖2 < ε
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=

lim
n→∞

‖f − Sn‖ = 0.

ù�·�é [−�,�] þ Riemann �È�¼ê f(x), y²
§� Fourier ?ê²�²þ

Âñu f(x), Ïd Parseval �ª¤á. �

SK 12.3

1. r¼ê f(x) = sgnx (−� < x < �) Ðm� Fourier ?ê; ¿y²: � 0 < x < �

�, k
∞∑
k=1

sin(2k − 1)x

2k − 1
=
�
4
, ¿¦?ê

∞∑
n=1

(−1)n−1

2n− 1
.

2. 3«m (−�,�) þre�¼êÐm� Fourier ?ê:

(1) |x|; (2) sin ax (a 6∈ Z); (3) x sinx.

3. r f(x) = x− [x] ([x] ´Ø�L x ��ê) 3 [0, 1] þÐm� Fourier ?ê.

4. |^ cos ax 3 [−�,�] þ� Fourier Ðmª, y²:

(1) cotx =
1

x
+
∞∑
n=1

2x

x2 − n2�2
(x 6= k�, k = 0,±1,±2, · · · );

(2)
1

sinx
=

1

x
+
∞∑
n=1

(−1)n
2x

x2 − n2�2
(x 6= k�, k = 0,±1,±2, · · · ).

5. y²: é?¿¢ê x, k

| cosx| = 2

�
+

4

�

∞∑
n=1

(−1)n−1

4n2 − 1
cos 2nx,

| sinx| = 2

�
− 4

�

∞∑
n=1

1

4n2 − 1
cos 2nx,

6. é x ∈ (0, 2�) ±9 a 6= 0, ¦y:

eax =
e2a� − 1

�

(
1

2a
+
∞∑
k=1

a cos kx− k sin kx

k2 + a2

)
.

7. éÐmª

x = 2
∞∑
n=1

(−1)n−1 sinnx

n
(−� < x <�)

Å�È©, ¦¼ê x2, x3 Ú x4 3«m (−�,�) þ� Fourier Ðmª, ¿y²:

∞∑
n=1

1

n6
=
�6

945
,

∞∑
n=1

1

n8
=
�8

9450
.
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8. � f(x) =


�−1

2 x, 0 6 x 6 1,

�−x
2 , 1 < x 6�.

y²:

f(x) =
∞∑
n=1

sinn

n2
sinnx (0 6 x 6�).

9. |^þK�(J, y²:

(1)
∞∑
n=1

sinn

n
=
∞∑
n=1

(
sinn

n

)2

=
�− 1

2
;

(2)
∞∑
n=1

sin2 n

n4
==

(�− 1)2

6
.
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§12.4 Fourier C�

3§12.1 ¥, ·�?Ø
½Â3k�«mþ¼ê� Fourier Ðm, �!ò�ÄXÛò

aq�(Jí2�½Â3Ã¡«mþ.

12.4.1 Fourier È©

�Ä½Â3 [−l, l] þ f(x) � Fourier ?ê�Eê/ª

f(x) ∼
∞∑

n=−∞
Fneinωx,

Ù¥ ω = �
l , F−n = F n,

F±n =
1

2l

� l

−l
f(x)e∓inωx dx (n = 0, 1, 2, 3, · · · ).

òXê�\ Fourier ?ê, ¿P

λn = nω =
n�
l
, ∆λn = λn − λn−1, n = 0,±1, · · · ,

K

f(x) ∼
∞∑

n=−∞

1

2l

� l

−l
f(ξ)e−inω(ξ−x) dξ

=
∞∑

n=−∞

1

2�

[� l

−l
f(ξ)e−iλn(ξ−x) dξ

]
∆λn

=
∞∑

n=−∞

1

2�
∆λneiλnxHn,

Ù¥

Hn =

� l

−l
f(ξ)e−iλnξ dξ.

ù´�� Riemann Ú�/ª, �, {λn} Ø´k�«mþ�©�, �3 l → +∞ �, þ

ãÚª��Ün�4�AT´e�È©

f(x) ∼ 1

2�

� +∞

−∞
dλeiλx

� +∞

−∞
dξf(ξ)e−iλξ

þãL§==´��oÑ�©Û, ØU�Oy². �´·��±î�y²e�aq�

Dirichlet ½n.

½n 12.15 XJ½Â3��ê¶þ�¼ê f(x) 3?Ûk�«mþ´©ã��

�, ¿�3«m (−∞,+∞) þýé�È, @oé?Û x ∈ (−∞,+∞), k

1

2�

� +∞

−∞
dλeiλx

� +∞

−∞
dξf(ξ)e−iλξ =

f(x+ 0) + f(x− 0)

2
.
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� f(x) ëY�, Kk

1

2�

� +∞

−∞
dλeiλx

� +∞

−∞
dξf(ξ)e−iλξ = f(x).

ùp, aq×È©, ·�b�¼ê f(x) 3 (−∞,+∞) þýé�È´�
�y� +∞
−∞ f(ξ)e−iλξ dξ �Âñ5, k'�~È©ýé�È�Vgò3113Ù¥�[?Ø.

12.4.2 Fourier C�

±e·�b� f(x) ÷v½n12.15 ¥^�¿�ëY, Ïd¡

F (λ) =

� +∞

−∞
f(ξ)e−iλξ dξ,

� f(x) �Fourier C� ½ f(x) ��¼ê, 


f(x) =
1

2�

� +∞

−∞
F (λ)eiλx dλ.

¡� F (λ) �_C�½��¼ê. d�¼ê F (λ) £�¼ê f(x) �úª¡� Fourier C

���üúª. |^ eix = cosx+ i sinx ±9�È¼ê'uÈ©Cþ λ �Ûó5k

f(x) =
1

2�

� +∞

−∞
dλ

� +∞

−∞
f(ξ)e−iλ(ξ−x) dξ

=
1

�

� +∞

0

dλ

� +∞

−∞
f(ξ) cosλ(x− ξ) dξ

=
1

�

� +∞

0

dλ

(� +∞

−∞
f(ξ) cosλξ cosλx dξ +

� +∞

−∞
f(ξ) sinλξ sinλx dξ

)
,

¤±, Fourier È©úªq��¤

f(x) =

� +∞

0

(a(λ) cosλx+ b(λ) sinλx) dλ,

Ù¥

a(λ) =
1

�

� +∞

−∞
f(ξ) cosλξ dξ,

b(λ) =
1

�

� +∞

−∞
f(ξ) sinλξ dξ.

�k�«mþ Fourier úª�', 'u f(x) �L�ª±9 Fourier Xê�È©L�

�ØL´rlÑCþ n �¤
ëYCþ λ, ¦Ú�¤
È©.

XÓ Fourier ?ê��, Û¼ê�ó¼ê� Fourier C�äk'�{ü�/ª.

1◦ XJ f(x) ´ó¼ê, @o f(x) sinλx ´Û¼ê,

f(x)→ Fe(λ) =

� +∞

−∞
f(t)(cosλt− i sinλt) dt

= 2

� +∞

0

f(t) cosλt dt,
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¡� f(x) �{uC�. du Fe(λ) �´ λ �ó¼ê, Ïd, §�_C�´

Fe(x)→ f(x) =
1

2�

� +∞

−∞
Fo(λ)(cosλx+ i sinλx) dλ

=
1

�

� +∞

0

Fe(λ) cosλx dλ.

2◦ XJ f(x) ´Û¼ê, @oÙ Fourier C��

f(x)→ Fo(λ) = −2i

� +∞

0

f(t) sinλt dt.

- Go(λ) = iFo(λ) = 2
�∞

0 f(t) sinλt dt, ¡� f(x) ��uC�, �A�_C��

Go(λ)→ f(x) =
1

�

� +∞

0

Go(λ) sinλx dλ.

éu½Â3 [0,+∞) þ�¼ê f(x), �©O�óòÿ½Ûòÿ, ¿��¼ê�{u

C�½�uC�£5¿3Ûòÿ¥, �U3 x = 0 �)mä¤. Ïd, �±Uì¯K�I

���uC�½{uC�.

~ 12.4.1 ¦�êP~¼ê

f(x) =

e−βx, x > 0;

0, x < 0
(β > 0)

� Fourier C�.

) d½Â

F (λ) =

� +∞

−∞
f(t)e−iλt dt =

� +∞

0

e(−iλ−β)t dt

=
1

β + iλ
=

β − iλ

β2 + λ2
,

Ï f(x) 3 x = 0 ØëY, ��Âñ½n, ·�k

1

2�

� +∞

−∞

β − iλ

β2 + λ2
eiλx dλ =

f(x), x 6= 0;

1/2, x = 0.

x

f(x)

ã 12.7
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~ 12.4.2 ¦©ã¼ê

f(x) =


1, |x| < a;

1
2 , x = ±a;

0, |x| > a

� Fourier C�.

) Ï f(x) ´ó¼ê, ¤±§� Fourier C�´{uC�, ��

F (λ) = 2

� +∞

0

f(t) cosλt dt = 2

� a

0

cosλt dt =
2 sinλa

λ
.

qÏ f(x) 3ØëY: x = ±a ®½Â�Ù�m4��²þ�, ��üúª3��ê¶

þ¤á, u´

f(x) =
2

�

� +∞

0

sinλa

λ
cosλx dλ (−∞ < x < +∞).

~ 12.4.3 ¦¼ê f(x) = e−ax (a > 0, x > 0) � Fourier {uC�Ú�uC�.

) éf(x) ©O�óòÿÚÛòÿ, K{uC�Ú�uC�©O�

Fe(λ) = 2

� +∞

0

e−at cosλt dt =
2a

a2 + λ2
,

Go(λ) = 2

� +∞

0

e−at sinλt dt =
2x

a2 + λ2
.

Ï�óòÿ�¼êëY�÷v½n12.15�^�, ¤±é x > 0, k

e−ax =
1

�

� +∞

0

Fe(λ) cosλx dλ =
1

�

� +∞

0

2a

a2 + λ2
cosλx dλ,


Ûòÿ�¼ê�÷v½n12.15�^�, �´3 x = 0 ØëY, ¤±é x > 0, k

e−ax =
1

�

� +∞

0

Go(λ) sinλx dλ =
1

�

� +∞

0

2x

a2 + λ2
sinλx dλ.

Fourier C�k�
{ü�5�, ù
5�é¦¼ê� Fourier C�k���¿Â.

��Bå�, ^PÒ F [f ] L«¼ê f(x) � Fourier C�, =

F [f ](λ) = F (λ) =

� +∞

−∞
f(x)e−iλx dx.

1◦ (�5'X) e¼ê f(x) � g(x) �3 Fourier C�, Ké?¿~ê α, β, k

F [αf + βg] = αF [f ] + βF [g].

2◦ (ª£A5) e¼ê f(x) �3 Fourier C�, Ké?¿�¢ê λ0, k

F [f(x)e−iλ0x] = F (λ+ λ0).



12.4 Fourier C� 279

þãü^5�´w,�.

3◦ (�©'X) e f(±∞) = 0, 
�û f ′(x) � Fourier C��3, Kk

F [f ′(x)] = iλF [f(x)].

¯¢þ, d©ÜÈ©{=�

F [f ′(x)] =

� +∞

−∞
f ′(x)e−iλx dx = f(x)e−iλx

∣∣∣∣+∞
−∞

+ iλ

� +∞

−∞
f(x)e−iλx dx

= iλF [f(x)].

��/, e f i)(±∞) = 0, i = 0, · · · , k − 1, K

F [f (k)(x)] = (iλ)kF [f(x)].

4◦ (�©A5) e¼ê f(x) � xf(x) � Fourier C��3, K F (λ)��, �

F ′(λ) = F [−ixf(x)].

�
`² Fourier C��,�­�5�, ·�Ú?òÈ�Vg.

½Â 12.16 �¼ê f(x) � g(x) 3«m (−∞,+∞) þ�È¿ýé�È, Ke�

È©½Â
��#�¼ê

(f ∗ g)(x) =

� +∞

−∞
f(x− t)g(t) dt

¡� f(x) � g(x) �òÈ.

XÓÊÏ¦{��, òÈ÷v��Æ, (ÜÆÚ©�Æ. =k

f ∗ g = g ∗ f ;

(f ∗ g) ∗ h = f ∗ (g ∗ h);

(f + g) ∗ h = f ∗ h+ g ∗ h.

±(ÜÆ�~. dòÈ�½Âk

(f ∗ g) ∗ h =

� +∞

−∞
(f ∗ g)(x− t)h(t) dt

=

� +∞

−∞

{� +∞

−∞
f(x− t− τ)g(τ) dτ

}
h(t) dt.

��� ξ = t+ τ, ¿��È©^S=�

(f ∗ g) ∗ h =

� +∞

−∞
f(x− ξ)

{� +∞

−∞
g(ξ − t)h(t) dt

}
dξ

= f ∗ (g ∗ h).
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�âòÈ�½Â, ·�ke¡�5�.

5◦ �¼ê f(x) � g(x) 3«m (−∞,+∞) þýé�È, KòÈ f ∗ g �3«m
(−∞,+∞) þýé�È, �k

F [f ∗ g] = F [f ]F [g].

y² ùp�y��Øä, d½Â��

F [f ∗ g] =

� +∞

−∞

[� +∞

−∞
f(x− t)g(t) dt

]
e−iλx dx,

5¿� f(x) � g(x) �ýé�È5, ��È©gS´����, u´��

F [f ∗ g] =

� +∞

−∞
g(t)

[� +∞

−∞
f(x− t)e−iλx dx

]
dt.

�Cþ�� x = t+ ξ, Òk

F [f ∗ g] =

� +∞

−∞
g(t)

[� +∞

−∞
f(ξ)e−iλ(t+ξ) dξ

]
dt

=

� +∞

−∞
g(t)e−iλt dt ·

� +∞

−∞
f(ξ)e−iλξ dξ = F [f ]F [g].

6◦ (Parseval �ª) � f(x) �È�²��È, F (λ) ´ f(x) � Fourier C�, K� +∞

−∞
f2(t) dt =

1

2�

� +∞

−∞
|F (λ)|2 dλ,

y² -

g(x) =

� +∞

−∞
f(t)f(x+ t) dt,

§� Fourier C��

F [g] =

� +∞

−∞
g(x)e−iλx dx

=

� +∞

−∞

(� +∞

−∞
f(t)f(x+ t) dt

)
e−iλx dx

=

� +∞

−∞
f(t)

(� +∞

−∞
f(x+ t)e−iλx dx

)
dt

=

� +∞

−∞
f(t)

(� +∞

−∞
f(u)e−iλu du

)
eiλt dt

=

� +∞

−∞
f(t)eiλt dt

� +∞

−∞
f(u)e−iλu du

= F (λ)F (λ) = |F (λ)|2.

d_C�úª�

g(x) =
1

2�

� +∞

−∞
|F (λ)|2eiλx dλ,
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� x = 0, Ò��

g(0) =

� +∞

−∞
f(t) · f(0 + t) dt =

� +∞

−∞
f2(t) dt

=
1

2�

� +∞

−∞
|F (λ)|2eiλ·0 dλ =

1

2�

� +∞

−∞
|F (λ)|2 dλ.

~ 12.4.4 Ád Fourier C��5�¦�uP~¼ê

f(x) =

e−βx sinω0x, x > 0;

0, x < 0
(β > 0)

� Fourier C�.

) d~12.4.1 �P~¼ê

g(x) =

e−βx, x > 0;

0, x < 0

� Fourier C��

F [g(x)] = F (λ) =
1

β + iλ
,




f(x) = g(x) sinω0x = − i

2
(eiω0x − e−iω0x)g(x).

�â�5'XÚª£A�=�d¼ê� Fourier C�

F [f ] = − i
2
{F [eiω0xg(x)]− F [e−iω0xg(x)]}

= − i

2
[F (λ− ω0)− F (λ+ ω0)]

= − i

2

{
1

β + i(λ− ω0)
− 1

β + i(λ+ ω0)

}
=

ω0

(β + iλ)2 + ω2
0

.

ù���l½Â���(J����.

��·�^ Fourier C�¦)Ã¡�\f�§Ý©Ù, ���Ù�(å.

~ 12.4.5 �Ã¡�[\�§Ý©Ù T = T (x, t) ÷v�§

∂T

∂t
=
∂2T

∂x2
, T (x, 0) = f(x), x ∈ R,

ùp·��Ð©§Ý©Ù f(x) 3 (−∞,∞) þ´ýé�È�¼ê.

éCþ x � Fourier C�, P u(λ, t) = F [T ](λ), K

F [
∂T

∂t
] =

∂u

∂t
, F [

∂2T

∂x2
] = (iλ)2F [T ] = −λ2u.
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¤± u(λ, t) ÷v�§ ∂u
∂t = −λ2u, ¦)��

u(λ, t) = C(λ)e−λ
2t,

Ù¥ C(λ) ´È©~ê. � F (λ) = F [f ](λ) ´Ð©©Ù¼ê f � Fourier C�, nÜ

T (x, t) ÷v�Ð©^� T (x, 0) = f(x) ��

u(λ, t) = F (λ) · e−λ2t.

|^ Fourier C���ü��

T (x, t) = f(x) ∗ 1

2�

� +∞

−∞
e−λ

2teiλx dλ.

|^Ûó5��O���

1

2�

� +∞

−∞
e−λ

2teiλx dλ =
1

�

� +∞

0

e−λ
2t cosλx dλ

=
1

�
√
t

� +∞

0

e−λ
2

cos
λx√
t

dλ (ùp|^C�λ→ λ
√
t)

=
1

2
√
�t

e−
x2

4t , (ùp|^�ª
� +∞

0

e−x
2

cos βx dx =

√
�
2

e−
β2

4 ).

¤±

T (x, t) = f(x) ∗ 1

2
√
�t

e−
x2

4t =
1

2
√
�t

� +∞

−∞
f(x− τ)e−

τ2

4t dτ.

SK 12.4

1. ^ Fourier È©L«e�¼ê:

(1) f(x) =


0, x 6 0,

kx, 0 < x < T,

0, x > T ;

(2) f(x) =

sgnx, |x| 6 1,

0, |x| > 1;

(3) f(x) = 1
a2+x2 (a > 0).

2. ¦e�¼ê� Fourier C�:

(1) f(x) = xe−a|x| (a > 0);

(2) f(x) = e−a|x| cos bx (a > 0);

(3) f(x) =

cosx, |x| 6 �
2 ,

0, |x| > �
2 .
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3. U�½��¦ò¼ê f(x) = e−x (0 6 x < +∞) L«¤ Fourier È©.

(1) ^ó5mÿ; (2) ^Û5mÿ.

4. ¦¼ê

f(x) =

0, |x| > 1,

1, |x| < 1

� Fourier C�. ddy²

� +∞

0

sinα cosαx

α
dα =


�
2 , |x| < 1,

�
4 , |x| = 1

0, |x| > 1.

5. ¦¼ê F (λ) = λe−β|λ| (β > 0) � Fourier _C�.

1 12 ÙnÜSK

1. y²: ?ê
∑∞

n=2
sinnx
lnn 3Ø�¹ 2� �ê��4«mþ��Âñ, �§Ø´?¿

3 [−�,�] þ²��È¼ê� Fourier ?ê.

2. y²e��ª:

(1)
∞∑
n=1

(−1)n−1 cosnx

n
= ln

(
2 cos

x

2

)
(−� < x <�);

(2)
∞∑
n=1

cosnx

n
= − ln

(
2 sin

x

2

)
(0 < x < 2�).

3. � f ´±Ï� 2� ��È�ýé�È¼ê. y²:

(1) XJ f 3 (0, 2�) þ4~, @o bn > 0;

(2) XJ f 3 (0, 2�) þ4O, @o bn 6 0.

4. � f ´±Ï� 2� �3 [−�,�] þ Riemann �È�¼ê. XJ§3 (−�,�) þ

üN, y²:

an = O

(
1

n

)
, bn = O

(
1

n

)
(n→∞).

5. � f 3 [−a, a] þëY, �3 x = 0 ?��. ¦y:

lim
λ→+∞

� a

−a

1− cosλx

x
f(x) dx =

� a

0

f(x)− f(−x)

x
dx.
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6. � f 3 [a, b] þ Riemann �È. y²:

lim
λ→+∞

� b

a

f(x)| cosλx| dx =
2

�

� b

a

f(x) dx,

lim
λ→+∞

� b

a

f(x)| sinλx| dx =
2

�

� b

a

f(x) dx.

7. � f ´±Ï� 2� �ëY¼ê. -

F (x) =
1

�

� �
−�

f(t)f(x+ t) dt,

^ an, bn Ú An, Bn ©OL« f Ú F � Fourier Xê. y²:

A0 = a2
0, An = a2

n + b2n, Bn = 0.

ddíÑ f � Parseval �ª.

8. � f 3 [−�,�] þëY, �3d«mþk�È�²��È��ê f ′. XJ f ÷v

f(−�) = f(�),

� �
−�

f(x) dx = 0,

y²: � �
−�

(f ′(x))2 dx >
� �
−�

f2(x) dx,

�Ò��=� f(x) = α cosx+ β sinx �¤á.
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�~È©Ú¹ëCþÈ©�1 7 Ù¥�ê�?êÚ¼ê�?êkØ��Ó�?, �

´cö´�«È©/ª, 
�ö´¦Ú/ª. �­��´, ¹ëCþÈ©��Ñ
�E

½L«¼ê��«�ª, AO´3Ã{ÏLÐ�¼êO�È©��¹e, ù«�ª*�


·�é¼ê�@���. �Ù·�ò?Ø�~È©�Âñ5¯K, ¿é¹ëCþÈ©

�ª½Â�¼ê, ?Ø§��ëY5, ��5Ú�È5�5�.���[©ÛÏL¹ëC

þÈ©�E� Gamma ¼ê ( Γ ¼ê ) Ú Beta ¼ê( B ¼ê) ��X�5�.

§13.1 �~È©

�â §5.4 !�½Â, üCþ��~È©©�üa, �a´é½Â3Ã¡«mþ¼ê

�È©, ,�a´½Â3k�«mþÃ.¼ê�È©£¡��×È©¤. �!Ì�ïÄþ

ãü«�~È©Âñ5��O�{.

13.1.1 Ã¡«mþÈ©�Âñ5

È©
� +∞
a f(x) dx Âñ, ´� f(x) 3 [a,+∞) �?¿k�«mþ�È, ¿�

� +∞

a

f(x) dx = lim
A→+∞

� A

a

f(x) dx

��mà4��3k�. é?¿� A > a, f(x) 3[a,A] þ�È©Ò½Â
��¼ê

F (A) =

� A

a

f(x) dx.

ù�,
� +∞
a f(x) dx Âñ�du lim

A→+∞
F (A) kk�4�.

±e·�©ªb� f(x) 3 [a,+∞) �?¿k�«mþ�È, ¿Ø2��`².

�â¼ê4�� Cauchy ÂñOK, Ò���'u�~È©� Cauchy ÂñOK.

½n 13.1
� +∞
a f(x) dx Âñ�¿©7�^�´éu?¿� ε > 0, �3 A0 > a,

�� A′, A′′ > A0, Òk

|F (A′′)− F (A′)| =

∣∣∣∣∣
� A′′

A′
f(x) dx

∣∣∣∣∣ < ε.

5¿�, d Cauchy ÂñOK��, ¼ê3Ã¡«mþ�È, �du¼ê3¿©�?

�?¿��k�«mþÈ© (½¼ê/CX�¡È0) ¿©�, ���ù��¦, ¿ØI

� f(x)→ 0 (x→ +∞) 5�y. �´éÂñ�Ã¡?ê
+∞∑
n=0

an, l Cauchy ÂñOK�

���?ê�Ï�7L÷v an → 0.
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�â Cauchy ÂñOK, ·������e�½n

½n 13.2 XJ
� +∞
a |f(x)| dx Âñ, @o

� +∞
a f(x) dx �Âñ.

T½n�_¿Ø¤á, ·�ò3e��!�Ñ f(x) 3 [a,+∞) þÂñ, � |f(x)|
3 [a,+∞) þuÑ�~f. Ïd�ìÃ¡?ê�½Â, XJ

� +∞
a |f(x)| dx Âñ, @

o¡
� +∞
a f(x) dx ýéÂñ; XJ

� +∞
a f(x) dx Âñ, �

� +∞
a |f(x)| dx uÑ, @o¡� +∞

a f(x) dx ^�Âñ.

a'��?ê, ·�Äk�Ñ�K¼ê�~È©�Âñ5Ú'��O{.

½n 13.3 �3 [a,+∞) þ f(x) > 0, K
� +∞
a f(x) dx Âñ�¿©7�^�´, �

3 M > 0 ¦é?Û A > a Ñk
� A

a

f(x) dx < M.

ù´Ï� f(x) > 0, ¤±¼ê F (A) =
� A
a f(x) dx üNO. � A→ +∞ �, F (A) �

4��3�¿©7�^�´ F (A) éu?Û A > a k.. �âù�½n, ·�k

½n 13.4 ('��O{) � f(x) Ú g(x) é¿©�� x, e�Ø�ª

0 6 f(x) 6 g(x),

¤á, @o

1◦ e
� +∞
a g(x) dx Âñ, K

� +∞
a f(x) dx Âñ;

2◦ e
� +∞
a f(x) dx uÑ, K

� +∞
a g(x) dx uÑ.

~ 13.1.1 é?¿¢ê α,
� +∞

1 xαe−x dx Âñ.

y² du

lim
x→+∞

xαe−
x
2 = 0,

�� x ¿©��k

xαe−x = xαe−
x
2 e−

x
2 < e−

x
2 .

d
� +∞

1 e−
x
2 dx �Âñ5Ò�í��È©�Âñ5.

'��O{�kXe4�/ª.

½n 13.5 � f(x) Ú g(x) 3 [a,+∞) þ�K, XJ

lim
x→+∞

f(x)

g(x)
= k,

@o

1◦ e 0 < k < +∞, K
� +∞
a f(x) dx �

� +∞
a g(x) dx ÓñÑ;
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2◦ e k = 0, K�
� +∞
a g(x) dx Âñ�,

� +∞
a f(x) dx �Âñ;

3◦ e k = +∞, K�
� +∞
a g(x) dx uÑ�,

� +∞
a f(x) dx �uÑ.

'��O{´|^�®��~È©Âñ�¼ê?1'�. ��~^5?1'��¼

ê´ g(x) = 1
xp . ÏL½ÂØJ�y

� p > 1�
� +∞

a

dx

xp
(a > 0) Âñ,

� p 6 1�
� +∞

a

dx

xp
(a > 0) uÑ.

�ù�¼ê�'�, �±�ä�a�~È©�ñÑ5.

~ 13.1.2
� +∞

1
x2 dx√

x+1(x4+x+1)
Âñ.

y² � x→ +∞ �

x2

√
x+ 1(x4 + x+ 1)

∼ 1

x5/2
.



� +∞

1
dx
x5/2
Âñ, d½n13.5 =��È©Âñ.

13.1.2 Ã¡«mþÈ©Âñ5����O{

�
�Ñ�����O{, I�Ú?aq?ê� Abel Ún.

Ún 13.6 (1�È©²þ�½n) � f(x) 3 [a, b] þ�È,

1◦ XJ g(x) 3 [a, b] þ�K�üN4~, @o�3 ξ ∈ [a, b], ¦�

� b

a

f(x)g(x) dx = g(a)

� ξ

a

f(x) dx.

2◦ XJ g(x) 3 [a, b] þ�KüN4O, @o�3 η ∈ [a, b], ¦�

� b

a

f(x)g(x) dx = g(b)

� b

η

f(x) dx.

3◦ XJ g(x) 3 [a, b] þüN£Ø7�K½��¤, @o�3 ξ ∈ [a, b], ¦�

� b

a

f(x)g(x) dx = g(a)

� ξ

a

f(x) dx+ g(b)

� b

ξ

f(x) dx.

y² 5¿�Ø+=«�¹, g(x) ´üN�, ¤±�È, Ïd f(x)g(x) ��È, Ïd

n«�¹e�>�È©k¿Â. Äky² 1◦, é«m [a, b] �©�

T : a = x0 < x1 < x2 < · · · < xn = b
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K f(x)g(x) 3 [a, b] þ�È©�±L«
� b

a

f(x)g(x) dx =
n∑
i=1

� xi

xi−1

f(x)g(x) dx

=
n∑
i=1

g(xi−1)

� xi

xi−1

f(x) dx

+
n∑
i=1

� xi

xi−1

f(x)(g(x)− g(xi−1)) dx

ùp ωi = sup{|g(x) − g(x′)| : x, x′ ∈ [xi−1, xi]} L« g 3�«m [xi−1, xi] þ��Ì.

þªmà1��÷v
n∑
i=1

� xi

xi−1

|f(x)||g(x)− g(xi−1)| dx 6 K
n∑
i=1

ωi∆xi

ùp K L« f 3 [a, b] ���þ.£Ï��È¤±k.¤.Ï� g �È, ¤±

lim
|T |→0

n∑
i=1

ωi∆xi = 0.

u´k � b

a

f(x)g(x) dx = lim
|T |→0

n∑
i=1

g(xi−1)

� xi

xi−1

f(x) dx.

P

F (x) =

� x

a

f(t) dt, F (xk) =
k∑
i=1

� xi

xi−1

f(t) dt

K F (x) ´«m [a, b] þ���ëY¼ê, �k���Ú���, ©OP� M Ú m, =

m 6 F (x) =

� x

a

f(t) dt 6M


 g(x0) > g(x1) > · · · > g(xn) > 0, |^?ê� Abel Ún, Òk

n∑
i=1

g(xi−1)

� xi

xi−1

f(x) dx =
n−1∑
i=1

F (xi)[g(xi−1)− g(xi)] + F (b)g(xn−1).

¤±

mg(a) 6
n∑
i=1

g(xi−1)

� xi

xi−1

f(x) dx 6Mg(a)

- |T | → 0, �

mg(a) 6
� b

a

f(x)g(x) dx 6Mg(a).

du F (x) ´ëY�, �âëY¼ê�0�½n, �3 ξ ∈ [a, b], ¦�
� b

a

f(x)g(x) dx = g(a)

� ξ

a

f(x) dx.
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'u 2◦ �y²�±éÈ©ÏLC� x = a + b − t ¿|^ 1◦ �(J��í�Ñ

5.'u 3◦ �y²,Ø�� g(x) üNO,K ψ(x) = g(b)− g(x) üN~,é ψ(x) Ú f(x) |

^ 1◦ �(J=��� 3◦ �y². �

½n 13.7 (Dirichlet) XJ f(x) Ú g(x) ÷ve¡ü�^�:

1◦ F (b) =
� b
a f(x) dx �� b �¼ê3 (a,+∞) k..

2◦ g(x) 3 (a,+∞) þüN, � lim
x→+∞

g(x) = 0,

@oÈ©
� +∞
a f(x)g(x) dx Âñ.

y² � |F (b)| 6M. A^1�È©²þ�½n, �3 ξ ∈ [A,A′], ¦�

� A′

A

f(x)g(x) dx = g(A)

� ξ

A

f(x) dx+ g(A′)

� A′

ξ

f(x) dx

¤± ∣∣∣∣∣
� A′

A

f(x)g(x) dx

∣∣∣∣∣ = |g(A)|
∣∣∣∣� ξ

A

f(x) dx

∣∣∣∣+ |g(A′)|

∣∣∣∣∣
� A′

ξ

f(x) dx

∣∣∣∣∣
�â^� 1◦, �∣∣∣∣� ξ

A

f(x) dx

∣∣∣∣ = |F (ξ)− F (A)| 6 2M,

∣∣∣∣∣
� A′

ξ

f(x) dx

∣∣∣∣∣ 6 2M

d^� 2◦, é?¿� ε > 0, �½�3 X > 0, ¦�� A, A′ > X �, k

|g(A)| < ε

4M
, |g(A′)| < ε

4M

¤±�� A, A′ > X, Òk ∣∣∣∣∣
� A′

A

f(x)g(x) dx

∣∣∣∣∣ < ε.

�â Cauchy ÂñOK, ·�Ò�¤
½n�y². �

½n 13.8 (Abel) XJ f(x) Ú g(x) ÷ve¡ü�^�:

1◦ È©
� +∞
a f(x) dx Âñ¶

2◦ g(x) 3 [a,+∞) þüNk..

@o
� +∞
a f(x)g(x) dx Âñ.

y² �´|^1�È©²þ�½nÚ Cauchy ÂñOK, Ì��O∣∣∣∣∣
� A′

A

f(x)g(x) dx

∣∣∣∣∣ = |g(A)|
∣∣∣∣� ξ

A

f(x) dx

∣∣∣∣+ |g(A′)|

∣∣∣∣∣
� A′

ξ

f(x) dx

∣∣∣∣∣ .
3�½n�^�e, Äk�� |g(A)| < M, |g(A′)| < M, Ùg�â^� 1◦, éu?¿�
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ε > 0, �3 X > 0, ¦�� A, A′ > X �£�,, d� ξ > X¤, k∣∣∣∣� ξ

A

f(x) dx

∣∣∣∣ < ε

2M
,

∣∣∣∣∣
� A′

ξ

f(x) dx

∣∣∣∣∣ < ε

2M

�{�Ú½Ò�8
,
. �

~ 13.1.3 � g(x) 3 [a,+∞) k½Â, ¿�� x → +∞ � g(x) üNªu", K

È© � +∞

a

g(x) sinx dx,

� +∞

a

g(x) cosx dx

ÑÂñ.

y² dué?¿ b > a, Ñk∣∣∣∣� b

a

sinx dx

∣∣∣∣ 6 2,

∣∣∣∣� b

a

cosx dx

∣∣∣∣ 6 2,

d½n13.7 ��, �È©ÑÂñ.

~ 13.1.4 � a > 0, 0 < p 6 1, ¦y:
� +∞
a

sinx
xp dx Ú

� +∞
a

cosx
xp dx ^�Âñ.

y² 3~13.1.3 ¥� g(x) = 1
xp , w,� x→ +∞ � g(x) üN~ªu". ¤±þ

ãü�È©ÑÂñ. ½ö��|^©ÜÈ©{�
� +∞

a

sinx

xp
dx = −cosx

xp

∣∣∣+∞
a
− p
� +∞

a

cosx

x1+p
dx

=
cos a

ap
− p
� +∞

a

cosx

x1+p
dx.

du 1 + p > 1, þªm>�È©ýéÂñ, Ï
È©
� +∞
a

sinx
xp dx Âñ. Ón�y� +∞

a
cosx
xp dx �Âñ.

,��¡, ÏL | sinx| > sin2 x = 1
2 −

1
2 cos 2x ·�uy

� +∞

a

sin2 x

xp
dx =

� +∞

a

dx

2xp
−
� +∞

a

cos 2x

2xp
dx

þªmà1��È©uÑ, 1��È©Âñ, ��àÈ©�½uÑ. Ïdd | sinx|
xp > sin2 x

xp

��:
� +∞
a

| sinx|
xp dx uÑ. aq, �±y²

� +∞
a

cosx
xp dx ^�Âñ.

'u¼ê3 [a,+∞) þÈ©Âñ5�(J, éN´í2�u¼ê3 (−∞, a] þ�È

©, ½ö��²LC� x→ −x, òÙ=z�3 [−a,+∞) þ�©. ��±�Ä¼ê f(x)

3���� (−∞, +∞) þ�È©, =

� +∞

−∞
f(x) dx = lim

A→−∞
B→+∞

� B

A

f(x) dx
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��m>�4��3. ��±@�� +∞

−∞
f(x) dx =

� a

−∞
f(x) dx+

� +∞

a

f(x) dx

�´, þª¤á�cJ, ´m>ü��~È©©OÕá/Âñ.

13.1.3 Ã.¼êÈ©�Âñ�O{

� f(x) 3 (a, b] ¥k½Â¿3 (a, b] ?Û4f«mþ�È, a ´ f(x) �×:, =

� x→ a+ �, f(x) Ã.. K f(x) 3 (a, b] þ�~�È�½Â�
� b

a

f(x) dx = lim
η→0+

� b

a+η

f(x) dx

��mà4��3k�. aq/, �½Â� b ´×:�×È©.

½öé×È©
� b
a f(x) dx �e�C�

y =
1

x− a

K � b

a

f(x) dx =

� +∞

1
b−a

f
(
a+ 1

y

)
y2

dy.

¤±, ×È©=z¤
Ã¡«mþ�È©.

Ø+´ÏL×È©�½Â, �´ÏLC�ò×È©=��Ã¡«mþÈ©, ÑU�

Ñ�Ã¡«mþÈ©���A�(Ø. ·�òù
(Ø��Û�Ñ5, Ø2y².

½n 13.9 (CauchyÂñOK) � a ´ f(x) �×:. È©
� b
a f(x) dx Âñ, ��=

�é?¿ ε > 0, �3 δ > 0, �� 0 < η′, η′′ < δ, Òk∣∣∣∣∣
� a+η′′

a+η′
f(x) dx

∣∣∣∣∣ < ε.

é×È©�kýéÂñÚ^�Âñ�Vg.

½n 13.10 XJÈ©
� b
a |f(x)| dx Âñ, @oÈ©

� b
a f(x) dx �Âñ.

½n 13.11 XJéu¿©�C a � x (> a) kØ�ª 0 6 f(x) 6 g(x), @o

1◦ e
� b
a g(x) dx Âñ, K

� b
a f(x) dx Âñ;

2◦ e
� b
a f(x) dx uÑ, K

� b
a g(x) dx uÑ.

½n 13.12 � f(x) Ú g(x) Ñ´ (a, b] þ��KëY¼ê, �

lim
x→a+

f(x)

g(x)
= k,
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@o

1◦ e 0 < k < +∞, K
� b
a f(x) dx Ú

� b
a g(x) dx ÓñÑ;

2◦ e k = 0, K�
� b
a g(x) dx Âñ�,

� b
a f(x) dx Âñ;

3◦ e k = +∞, K�
� b
a g(x) dx uÑ�,

� b
a f(x) dx uÑ.

aqÃ¡«mþ¼ê�È©, ~^5'��¼ê��� g(x) = 1
(x−a)p . ���y�

�

1◦ � 0 < p < 1 �,
� b
a

1
(x−a)p dx Âñ.

2◦ � p > 1 �,
� b
a

1
(x−a)p dx uÑ.

Ïd3×: a NC, � 1
(x−a)p ?1'�Ò��O�a¼êÂñ5.

~ 13.1.5 ïÄe�ý�È©�Âñ5� 1

0

dx√
(1− x2)(1− k2x2)

, 0 < k < 1

ùp�È¼ê±È©þ� x = 1 �×:, du

lim
x→1−

1√
(1− x2)(1− k2x2)

/ 1√
1− x

=
1√

2(1− k2)
,

q
� 1

0
1√
1−x dx Âñ, �â½n13.12 �ý�È©Âñ.

~ 13.1.6 ïÄÈ©
� 1

0
lnx

1−x2 dx �ñÑ5.

) 5¿�� x→ 1 �, ke�4�

lim
x→1

lnx

1− x2
= −1

2
,

¤± x = 1 ´��×:. �Ä x = 0 NC��¹, é¿©�� x, ðk 1− x2 > 1
2 , ¤±∣∣∣∣ lnx

1− x2

∣∣∣∣ 6 2| lnx|,


È© � 1

0

| lnx|dx = −
� 1

0

lnx dx = − x lnx|10 +

� 1

0

dx = 1

´Âñ�, Ïd�È©Âñ.

~ 13.1.7 ïÄÈ©
� +∞

0
xα arctanx

2+xβ
dx (β > 0) �Âñ5.

) � α < 0 �, x = 0 ´×:, ¤±rÈ©
¤üÜ©5�Ä:� +∞

0

xα arctanx

2 + xβ
dx =

� 1

0

xα arctanx

2 + xβ
dx+

� +∞

1

xα arctanx

2 + xβ
dx.

� x→ 0+ �,
xα arctanx

2 + xβ
∼ 1

2
xα+1,
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�� α + 1 > −1, = α > −2 �, 1��È©Âñ. � x→ +∞ �,

xα arctanx

2 + xβ
∼ �

2

1

xβ−α
.

�� β − α > 1 �, 1��È©Âñ. ¤±�È©� α > −2 � β > 1 + α �Âñ.

31�þ§5.4 ¥, ·��Ñ
�~È©�©ÜÈ©Ú��{�O��{. ÏLäN

O���±�ä�~È©�Âñ5. ~Xe�� Euler È©

J =

� �
2

0

ln sinx dx

w,, x = 0 ´×:. |^©ÜÈ©

J = x ln sinx
∣∣∣�2
0
−
� �

2

0

x
cosx

sinx
dx = −

� �
2

0

x

sinx
cosx dx

5¿� lim
x→0

x ln sinx = 0, ¤±©ÜÈ©�±?1. 
 x = 0 ´È©
� �

2
0

x
sinx cosx dx ��

�×:, Ïd´ Riemann ¿Âe�È�, ù��y²
 Euler È©�Âñ5! äNO�

L§� §5.4.2 ¥~ 5.4.2.

SK 13.1

1. �äe��~È©�Âñ5:

(1)

� +∞

0

ln(x2 + 1)

x
dx; (2)

� +∞

0

√
xe−x dx;

(3)

� +∞

0

x arctanx
3
√

1 + x4
dx; (4)

� +∞

e2

dx

x ln lnx
;

(5)

� 1

0

lnx√
1− x2

dx; (6)

� 1

0

x2

3
√

(1− x2)5
dx;

(7)

� 1

0

dx

e
√
x − 1

; (8)

� 1

0

√
x

esinx − 1
dx;

(9)

� 1

0

dx

ex − cosx
; (10)

� �
2

0

ln sinx√
x

dx;

(12)

� �
2

0

dx√
sinx cosx

; (14)

� +∞

0

arctanx

xµ
dx.

2. ïÄe�È©�^�Âñ5�ýéÂñ5:

(1)

� +∞

1

cos(1− 2x)
3
√
x 3
√
x2 + 1

dx; (2)

� +∞

0

sinx
3
√
x2 + x+ 1

dx;

(3)

� +∞

2

sinx

x lnx
dx; (4)

� +∞

0

ln(1 + x)

x2(1 + xp)
dx (p > 0);

(5)

� +∞

0

sinx

x(1 +
√
x)

dx; (6)

� 1

0

sin 1
x

xp
dx.
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3. � f(x) 3 [a,+∞) üN!ëY,
� +∞
a f(x) dx Âñ, ¦y: lim

x→+∞
f(x) = 0.

4. � f(x) Ú g(x) 3 [0,+∞) þ�K,
� +∞

0 g(x) dx Âñ, �� 0 < x < y �, k

f(y) 6 f(x) +

� y

x

g(t) dt.

¦y: lim
x→+∞

f(x) �3.

5. � f(x) Ú g(x) 3 [0,+∞) þ�K, g(x) üN4~ªu 0, �
� +∞

0 f(x)g(x) dx Â

ñ. ¦y: lim
x→+∞

g(x)
� x

0 f(t) dt = 0.

6. �
� +∞

0 f(x) dx ýéÂñ, � lim
x→+∞

g(x) = 0. ¦y: lim
x→+∞

� x
0 f(t)g(x− t) dt = 0.
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§13.2 �~õ­È©*

XÓü�Cþ�/, õCþ��~È©Ã�´r­È©�Vg�½Â3Ã.«�þ

¼êí2, ½�½Â3k�«�þÃ.¼êí2. 3d=±ü�Cþ�/�~, ¿X­

?Ø½Â3Ã.«�þ¼ê��~È©. éuk.«�þÃ.¼ê��~È©, �aq

?Ø.

du²¡«��éu��þ«m�E,5, I�Ú?±eVg.

� D ´²¡þ��«�. ��f«�� {Dn, n = 1, 2, · · · } ¡��«� D �&¦

4O� , XJ÷v:

1◦ z� Dn ´k.�, 
�´ Jordan �ÿ�£ë� §10.1.1¤.

2◦ D1 ⊂ · · · ⊂ Dn ⊂ Dn+1 ⊂ · · · ⊂ D, 
�
∞⋃
n=1

Dn = D

�â½Â, k

Ún 13.13 XJ D ´k.�ÿ48, @o

lim
n→∞

µ(Dn) = µ(D)

TÚn�(Ø�,�©g,, äNy²�1nþ, 3dØ��[Øy.

½Â 13.14 �¼ê f(x, y) 3 R2 ¥Ã.«� D þk½Â,3 D �?Ûk.�ÿ

f8þ�È, {Dn, n = 1, 2, · · · } ´ D �&¦4O�,XJ4�

lim
n→∞

�
Dn

f(x, y) dx dy

�3k�¿�Ø�6u D �&¦4O��À�, @o¡4��¼ê f(x, y) 3 D þ

�/�~È©0, EP� �
D

f(x, y) dx dy

�â½Â, XJ�3 D ���&¦4O�¦�½Â¥�4�uÑ, ½ö�3ü�&

¦4O�, éA½Â¥�4��,Âñ�´Ø��, @o¼ê��~È©Ñ´uÑ�.

�´, éuÃ.«�þ�K¼ê, �¹k
AÏ. ·�ke�½n.

½n 13.15 � f(x, y) ´Ã.«� D þ�K¼ê, �3 D �?¿k.�ÿf8

þ�È. XJ�3,� D �&¦4O� Sn ¦�

In =

�
Sn

f(x, y) dx dy, n = 1, 2, · · ·

Âñ, @o¼ê f(x, y) 3Ã.«� D þ��~È©�3, =é?¿�Ù§&¦4O�,

½Â¥�4��3
���.
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ù�, éu�K¼ê, ��¦�3÷v½Â13.14 ���AÏ&¦4O�Ò1
. Ï

~¬À� Sn �± n ��»���� D ��8

Sn = Bn ∩D, Bn = {(x, y) |x2 + y2 6 n2}

½ö°Ý� n ���/� D ��8, ��§�´ Jordan �ÿ�, Ò´��AÏ�&¦

4O�. ù�3O��K¼ê��~È©�, �±����B�AÏ&¦4O�.

~ 13.2.1 O�e�È© �
R2

e−x
2−y2 dx dy

) 5¿��È¼ê��Ò´��!ëY�, �â½n, � R2 ���AÏ&¦4

O�

Bn = {(x, y) | x2 + y2 6 n2}, n = 1, 2, · · ·

K �
Bn

e−x
2−y2 dx dy =

�
x2+y26n2

e−x
2−y2 dx dy

=

� n

0

dr

� 2�

0

re−r
2

dθ =�(1− e−n
2

)

- n→ +∞, Òk �
R2

e−x
2−y2 dx dy =�

,��¡, ^�/&¦4O�

Dn = {(x, y) | |x| 6 n, |y| 6 n}, n = 1, 2, · · ·

K �
Dn

e−x
2−y2 dx dy =

� n

−n
e−x

2

dx

� n

−n
e−y

2

dy =

(� n

−n
e−x

2

dx

)2

.

- n→ +∞ k �
R2

e−x
2−y2 dx dy =

(� +∞

−∞
e−x

2

dx

)2

=�.

dd��e� Poisson È© � +∞

−∞
e−x

2

dx =
√
�

5¿�, ¼ê e−x
2
��¼êØU^Ð�¼êL«, Ïd��¦§��~È©´�©(J

�. 
���~�­È©��~f, %�Ñ
ù�3©Û¥­��È©.

½n13.15 �y² P

lim
n→∞

�
Sn

f(x, y) dx dy = A.
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e¡�y²éÙ¦?¿��&¦4O�, 4��3��u A. � {Dn, n = 1, 2, · · · } ´
D �?¿��&¦4O�,w, {Dk,n = Dk ∩Sn, n = 1, 2, · · · }K´ Dk �&¦4O�.

Ï�®²b�¼ê f 3?Ûk.�ÿf8þ�È, ¤±3 Dk þk.: 0 6 f(x, y) 6M ,

Ïd

0 6
�
Dk

f(x, y) dx dy −
�
Dk∩Sn

f(x, y) dx dy

=

�
Dk−Dk∩Sn

f(x, y) dx dy 6M(µ(Dk)− µ(Dk ∩ Sn))

�âÚn, lim
n→∞

µ(Dk ∩ Sn) = µ(Dk), �
�
Dk

f(x, y) dx dy = lim
n→∞

�
Dk∩Sn

f(x, y) dx dy

6 lim
n→∞

�
Sn

f(x, y) dx dy = A.

é k = 1, 2, · · · , ¤á. du¼ê f �K, Dn ⊂ Dn+1, n = 1, 2, · · · , Ïd

Jn =

�
Dn

f(x, y) dx dy

´üNO± A �þ.�ê�,¤±Âñ

lim
n→∞

�
Dn

f(x, y) dx dy = B 6 A

5¿�, Ø+´ {Sn, n = 1, 2, · · · } �´ {Dn, n = 1, 2, · · · }, ¦�Ñ´ D �&¦4O

�, / ²�, 5���, ¤±�k A 6 B, ù�Òy²
½n.

½n 13.16 �¼ê f(x, y), g(x, y) 3Ã.«� D þk½Â, f(x, y) 3 D �?Û

k.�ÿf8þ�È�ýé�È, 
�÷v

|f(x, y)| 6 g(x, y), (x, y) ∈ D

XJ g ´ D þ´�~�È�, @o f Ú |f | �´ D þ�~�È�.

y² � {Dn, n = 1, 2, · · · } ´ D �?¿��&¦4O�, K�
Dn+m

|f(x, y)| dx dy −
�
Dn

|f(x, y)| dx dy =

�
Dn+m−Dn

|f(x, y)| dx dy

6
�
Dn+m−Dn

g(x, y) dx dy

=

�
Dn+m

g(x, y) dx dy −
�
Dn

g(x, y) dx dy

�â Cauchy ÂñOK��, ê� �
Dn

|f(x, y)| dx dy
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Âñ, Ïd3 D þ��~È©Âñ. -

f+ =
1

2
(|f |+ f), f− =

1

2
(|f | − f)

w,, 0 6 f± 6 |f |, ÏdaqþãL§, d |f | 3 D þ�~È©�Âñ5Ò��� f±

��~È©�Âñ5. 2d f = f+ − f− Ò��� f 3 D þ��~È©�Âñ5. �

5P �!¥, ·�ÏL&¦4O�½Â
�~�­È©, ¿�Ñ
ü�'�¢^

�½n. 5¿�½n13.16 �y², ¢Sþ��y
ù��(ØµXJ |f | 3 D þ�~È

©Âñ, @o f± �Âñ, Ïdf = f+ − f− Âñ. aquüCþ�~È©¥�¤¢ ”ý

éÂñ” �Vg.

,
, �±y²3&¦4O��Ñ�~È©Âñ5�½Âe, ¼ê f(x, y) ��~È

©Âñ� |f(x, y)| �~È©Âñ´�d��ÏdØ�3 ”ýéÂñ” Ú ”^�Âñ” �

«O. ùp·�Ø���Ñù«�d5��[y², 
´ÏLe�~f`²ÏL&¦4

O�½Â��~È©�üCþ�/½Â��~È©�«O.

�
∞∑
n=1

an ���^�Âñ�?ê, ½Â¼ê f(x) Xe

f(x) = an, � x ∈ [n− 1, n), n = 1, 2, · · ·

ØJwÑ, È©
� +∞

0 f(x) dx �´^�Âñ��Âñ�?ê�Ú. �â¼ê�½Â,

r��� [0,+∞) þz���«m [n− 1, n], n = 1, 2, · · · �?ê�� an éA3�å.

du?ê´^�Âñ�, �â Riemann ­ü½n, �±ÏL­#ü�?ê��¦�

­#ü���?ê
∞∑
n=1

a′n uÑ� +∞. #?ê�c n �Ü©Ú
∑n

k=1 a
′
k �´¼ê f 3

@
� a′k, k = 1, · · · , n �éA��«m¿8 Dn þ�È©
n∑
k=1

a′k =

�
Dn

f(x) dx.

w,, {Dn, n = 1, 2, · · · } ¥z��8Ü Dn ®²Ø2´�����k�«m, �´§�

�¤��� [0,+∞) �&¦4O� Dn ⊂ Dn+1, n = 1, 2, · · · ,
+∞⋃
n=1

Dn = [0,+∞). du

lim
n→+∞

�
Dn

f(x) dx = lim
n→+∞

n∑
k=1

a′k = +∞

Ïdþã¼ê3&¦4O�½Â��~È©¿Âe´uÑ�.

lù�~fwÑ, ÏL&¦4O�½Â��~È©Âñ¥�¦�&¦4O�À�Ã

'5�du?ê¦Ú�§���ü�Ã'5, 
�ö�Ð�du?ê�ýéÂñ5.

SK 13.2

1. O��~È©:
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(1)

�
D

1√
x2 + y2

dx dy, Ù¥ D ´ü �SÜ;

(2)

�
D

dx dy

(1 + x+ y)α
, Ù¥ D ´1���, α > 2 �~ê;

(3)

�
D

max(x, y)e−(x2+y2) dx dy, Ù¥ D ´1���.

2. /^ Fresnel È©
+∞�
−∞

sinx2 dx =
+∞�
−∞

cosx2 dx =
√�

2 �ye�\gÈ©

� +∞

−∞
dy

� +∞

−∞
sin(x2 + y2) dx =

� +∞

−∞
dx

� +∞

−∞
sin(x2 + y2) dy =�.

¿y²¼ê sin(x2 + y2) 3½Â13.14 ¿Âe3R2 þ��~�­È©uÑ.(J

«µ©O�ÄR2 �ü�&¦4O� Dn = {(x, y) | |x| 6 n, |y| 6 n} Ú Bn =

{(x, y) | x2 + y2 6 2n�}.
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§13.3 ¹ëCþ�È©

{ü/`, ¤¢¹ëCþÈ©Ò´Ø
È©Cþ±	, �È¼ê, $�È©þe��

�6u,��Cþ. �éuÈ©Cþ, ·�¡ù�Cþ�ëCþ.

13.3.1 ¹ëCþ�È©9Ù5�

���¼ê f(x, u) 3«m [a, b] × [α, β] þëY, Ïdéu?�½� u ∈ [α, β],

f(x, u) éCþ x 3 [a, b] þ Riemann È©½Â
��¼ê

u 7−→ ϕ(u) =

� b

a

f(x, u) dx.

ùpÈ©þe� a, b þØ�6uëCþ u. �!Ì�8�, Ò´�?Ø¹ëCþÈ©½

Â�¼ê�ëY5!��5Ú�È5.

½n 13.17 e¼ê f(x, u) 3 I = [a, b]× [α, β] þëY, K

ϕ(u) =

� b

a

f(x, u) dx

3 [α, β] þëY.

y² 3«m [α, β] þ?��: u0, u´

|ϕ(u)− ϕ(u0)| =
∣∣∣∣� b

a

f(x, u) dx−
� b

a

f(x, u0) dx

∣∣∣∣
6
� b

a

|f(x, u)− f(x, u0)| dx,

du f(x, u) 34«� I þëY, 7��ëY. �é?¿ ε > 0, �3�ê δ, �� I ¥ü

: (x1, u1) � (x2, u2) �ål�u δ, Òk

|f(x1, u1)− f(x2, u2)| < ε.

AO� |u− u0| < δ �, é?¿ x ∈ [a, b], : (x, u0) Ú (x, u) �ål�u δ, ¤±

|f(x, u)− f(x, u0)| < ε, x ∈ [a, b]

l
��

|ϕ(u)− ϕ(u0)| < (b− a)ε.

ùÒy²
 ϕ(u) 3: u0 ?ëY, d u0 �?¿5��, ϕ(u) 3 [α, β] þëY. �

u´

lim
u→u0

ϕ(u) = ϕ(u0)
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Ò��¤

lim
u→u0

� b

a

f(x, u) dx =

� b

a

lim
u→u0

f(x, u) dx,

�Ò´`4�$��È©$��gS�±��.

3(½
 ϕ(u) ´ u �ëY¼ê��, ·�UY�	§3«m [α, β] þ�È©
� β

α

ϕ(u) du =

� β

α

[� b

a

f(x, u) dx

]
du.

Ï� f(x, u) 3 I þëY, ¤±þªmàÈ©�´ f(x, u) 3 I þ��­È©�\gÈ

©, ùB´

½n 13.18 XJ¼ê f(x, u)3 I = [a, b]×[α, β]þëY,@o ϕ(u) =
� b
a f(x, u) dx

3 [α, β] þ�È©÷v
� β

α

ϕ(u) du =

� β

α

[� b

a

f(x, u) dx

]
du =

� b

a

[� β

α

f(x, u) du

]
dx.

y3?�ÚïÄ¼ê ϕ(u) ���5.

½n 13.19 �¼ê f(x, u) 3 I = [a, b]× [α, β] þëY, �é u këY �û, K

ϕ(u) =
� b
a f(x, u) dx 3 [α, β] þ��, ¿�¦�ÚÈ©$����

ϕ′(u) =
∂

∂u

� b

a

f(x, u) dx =

� b

a

∂f(x, u)

∂u
dx.

y² -

g(u) =

� b

a

∂f(x, u)

∂u
dx,

K g(u) ´ [α, β] þ�ëY¼ê, �â½n13.17, � α 6 u 6 β �k
� u

α

g(t) dt =

� b

a

[� u

α

∂f(x, t)

∂t
dt

]
dx

=

� b

a

[f(x, u)− f(x, α)] dx = ϕ(u)− ϕ(α).

�� ϕ(u) ´ g(u) ��¼ê, Ïd ϕ′(u) = g(u). �

½n13.19 ¥�«m [α, β] ��±Ø´4«m. ~Xr [α, β] �¤ (α, β), Ké

?¿ u0 ∈ (α, β), � α < α1 < u0 < β1 < β, ,�é [α1, β1] ¦^½n13.19, Ò��

ϕ′(u0) =
� b
a
∂f(x,u0)

∂u dx.

~ 13.3.1 Á¦È©
� 1

0
ln(1+x)

1+x2 dx ��.

) �Ä¹ëCþ�È©

I(u) =

� 1

0

ln(1 + ux)

1 + x2
dx.
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�È¼ê ln(1+ux)
1+x2 9Ù'u u � �û x

(1+x2)(1+ux) Ñ3 [0, 1]2 þëY, d½n13.19 Ò

k

I ′(u) =

� 1

0

x

(1 + x2)(1 + ux)
dx

=
1

1 + u2

� 1

0

(
x

1 + x2
+

u

1 + x2
− u

1 + ux

)
dx

=
1

1 + u2

[
ln 2

2
+
�
4
u− ln(1 + u)

]
.

òdª�üà'u u l 0 � 1 È©�

I(1)− I(0) =

� 1

0

1

1 + u2

[
ln 2

2
+
�
4
u− ln(1 + u)

]
du

=
ln 2

2
arctanu

∣∣∣∣1
0

+
�
8

ln(1 + u2)
∣∣∣1
0
−
� 1

0

ln(1 + u)

1 + u2
du

=
�
4

ln 2− I(1).

q I(0) = 0, �¤¦È©��� I(1) = �
8 ln 2.

,	, ���â½n13.18 ¦�È©� I(1). Ï�

ln(1 + ux) =

� u

0

x

1 + xy
dy,

¤±

I(u) =

� 1

0

x

1 + x2

(� u

0

dy

1 + xy

)
dx.

du x
(1+x2)(1+xy) 3 [0, 1]× [0, u] þëY, �k

I(u) =

� u

0

[� 1

0

x

(1 + x2)(1 + xy)
dx

]
dy

=

� u

0

1

1 + y2

[
ln 2

2
+
�
4
y − ln(1 + y)

]
dy

=
ln 2

2
arctanu+

�
8

ln(1 + u2)−
� u

0

ln(1 + x)

1 + x2
dx.

� u = 1, Ò��

I(1) =

� 1

0

ln(1 + x)

1 + x2
dx =

�
8

ln 2.

13.3.2 È©��6uëCþ�È©9Ù5�

�ÄØ=�È¼ê¹këCþ, È©��¹këCþ�XeÈ©

ψ(u) =

� b(u)

a(u)

f(x, u) dx,

§w,�(½��ëCþ u �¼ê, ��þª¥�È©k�.
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½n 13.20 �¼ê f(x, u) 3Ý/«� I = [a, b] × [α, β] þëY, ¼ê a(u) Ú

b(u) 3 [α, β] þëY, ¿�

a 6 a(u) 6 b, a 6 b(u) 6 b,

K

ψ(u) =

� b(u)

a(u)

f(x, u) dx

3 [α, β] þëY.

y² 3 [α, β] þ?��: u0, ¿òëCþÈ© ψ(u) �¤

ψ(u) =

� a(u0)

a(u)

f(x, u) dx+

� b(u0)

a(u0)

f(x, u) dx+

� b(u)

b(u0)

f(x, u) dx.

mà1��È©duþe�Ñ´~ê, ¤±§'u u ´ëY�, u´k

lim
u→u0

� b(u0)

a(u0)

f(x, u) dx =

� b(u0)

a(u0)

f(x, u0) dx.


1���1n�È©k�O�∣∣∣∣∣
� a(u0)

a(u)

f(x, u) dx

∣∣∣∣∣ 6M |a(u)− a(u0)|,∣∣∣∣∣
� b(u)

b(u0)

f(x, u) dx

∣∣∣∣∣ 6M |b(u)− b(u0)|,

Ù¥ M ´ëY¼ê |f(x, u)| 3«� I þ�þ.. Ï� a(u), b(u) 3: u0 ëY, ¤±�

u→ u0 �, ùü�È©ªu". u´

lim
u→u0

ψ(u) =

� b(u0)

a(u0)

f(x, u0) dx = ψ(u0),

= ψ(u) 3: u0 ?ëY. d u0 �?¿5�, ψ(u) 3 [α, β] þëY. �

½n 13.21 �¼ê f(x, u) 3 I = [a, b] × [α, β] þëY�é u këY� �û,

a(u) Ú b(u) 3 [α, β] þ��, ¿�

a 6 a(u) 6 b, a 6 b(u) 6 b,

K¼ê ψ(u) 3«m [α, β] þ��, �k

ψ′(u) =

� b(u)

a(u)

∂f(x, u)

∂u
dx+ f(b(u), u)b′(u)− f(a(u), u)a′(u).

y² -

F (u, y, z) =

� z

y

f(x, u) dx,
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u´ ψ(u) ´d F (u, y, z) � y = a(u), z = b(u) EÜ
¤�EÜ¼ê, dEÜ¼ê��

�59óª{K, k

ψ′(u) =
∂F

∂u
+
∂F

∂y

dy

du
+
∂F

∂z

dz

du

=

� z

y

∂f(x, u)

∂u
dx+ f(z, u)

dz

du
− f(y, u)

dy

du
,

ò y = a(u), z = b(u) �\þªÒ��

ψ′(u) =

� b(u)

a(u)

∂f(x, u)

∂u
dx+ f(b(u), u)b′(u)− f(a(u), u)a′(u).

~ 13.3.2 � I(u) =
� u2
u

sinux
x dx, ¦ I ′(u).

) du x = 0 ´ sinux
x ���mä:, � sinux

x é?¿ x, u Ñ´ëY�, �é u k

ëY� �û, �d½n13.21 k

I ′(u) =

� u2

u

cosux dx+ 2u
sinu3

u2
− sinu2

u

=
sinux

u

∣∣∣∣u2
u

+
2 sinu3

u
− sinu2

u

=
3 sinu3 − 2 sinu2

u
.

SK 13.3

1. Á^ü«�{O�±e4�:

(1) lim
α→0

� 1

−1

√
x2 + α2 dx (2) lim

α→0

� 1+α

α

1

1 + x2 + α2
dx

2. ¦ F ′(α):

(1) F (α) =

� cosα

sinα

eα
√

1−x2 dx;

(2) F (α) =

� b+α

a+α

sinαx

x
dx;

(3) F (α) =

� α

0

ln(1 + αx)

x
dx;

(4) F (α) =

� α

0

f(x+ α, x− α) dx (f(u, v) këY �ê).

3. � f(x) 3 [a, b] þëY, y²

y(x) =
1

k

� x

c

f(t) sin k(x− t) dt, c, x ∈ [a, b)

÷v~�©�§

y′′ + k2y = f(x),
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Ù¥ c � k �~ê.

4. A^éëê?1�©½È©��{, O�e�È©:

(1)

� �
2

0

ln(a2 sin2 x+ b2 cos2 x) dx (a > 0, b > 0);

(2)

� �
0

ln(1− 2a cosx+ a2) dx (0 6 a < 1);

(3)

� �
2

0

arctan(a tanx)

tanx
dx (a > 0);

(4)

� �
2

0

ln
1 + a cosx

1− a cosx
· dx

cosx
(0 6 a < 1).
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§13.4 ¹ëCþ��~È©

�!·�?�Ú�Ä¹ëCþ��~È©. �(½å�, �?ØäkÃ¡þ��È

©. Ù(J�±aí�äkÃ¡e�9Ã.¼ê�È©£=×È©¤.

13.4.1 ¹ëCþ��~È©���Âñ5

b�¼ê f(x, u) 3 I = [a,+∞) × [α, β] þëY, ¿é?¿�½� u ∈ [α, β], �~

È© � +∞

a

f(x, u) dx

ÑÂñ, ¡�¹ëCþ u ��~È©. ù�, È©(½
«m [α, β] þ���¼ê

u ∈ [α, β] 7−→ ϕ(u) =

� +∞

a

f(x, u) dx,

·��8�Ò´�ïÄùa¼ê�ëY5!��5Ú�È5.

XJrÃ¡«mþÈ©a'uê�?ê, @o¹ëCþ�Ã¡«mþ�È©, �a

'u¼ê�?ê. 3¼ê�?ê�?Ø¥, ¦�Ú¼êäkëY5!��5±9�È5

��­�^�´��Âñ5. 3?Ø¹ëCþ��~È©¤(½�¼ê ϕ(u) �5��,

aq�Vg�äkû½5�¿Â.

¤¢È©
� +∞
a f(x, u) dx Âñ, ´�éuz��½� u, k

lim
A→+∞

� A

a

f(x, u) dx =

� +∞

a

f(x, u) dx,

=é?¿�½��ê ε, �3ê X (> a), � A > X �k∣∣∣∣� A

a

f(x, u) dx−
� +∞

a

f(x, u) dx

∣∣∣∣ =

∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣ < ε.

��`5, ê X Ø=�6u ε, 
���6uëCþ u. 
��Âñ, Ò´�Ïéù��

ºÝ X, §é¤k u ∈ [α, β], þªÑ/��/0¤á. Ïd·�k

½Â 13.22 XJé?¿�½��ê ε, oUé� X (> a), � A > X �, Ø�ª∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣ < ε

é?¿ u ∈ [α, β] ¤á, @o¡�~È©
� +∞
a f(x, u) dx 3 [α, β] þ��Âñ. ùp�

[α, β] ��±�¤m«m½Ã¡«m.

�â½ÂØJy²e�(J.

½n 13.23 Ã¡«mþ¹ëCþÈ©´��Âñ�¿©7�^�´

lim
A→+∞

β(A) = 0
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Ù¥

β(A) = sup
u∈[α,β]

∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣
T½n¢Sþ´��Âñ½Â�,�«L��ª, �3¦^¥'��B.

½n 13.24 (Cauchy OK) È©
� +∞
a f(x, u) dx 3«m [α, β] þ��Âñ�¿©

7�^�´: é?¿�½��ê ε, o�3��=� ε k'�ê X, ¦�� A′, A′′ > X,

ÒkØ�ª ∣∣∣∣∣
� A′′

A′
f(x, u) dx

∣∣∣∣∣ < ε

é?¿� u ∈ [α, β] ¤á.

½n 13.25 (Weierstrass�O{) � f(x, u) 3«� I = [a,+∞) × [α, β] þëY.

XJ�3��3 [a,+∞) þ�È�¼ê p(x), ¦�éu��¿©�� x ±9 [α, β] þ�

?¿ u Ñk

|f(x, u)| 6 p(x),

@oÈ©
� +∞
a f(x, u) dx 3 [α, β] þ��Âñ. p(x) ¡�§���¼ê.

þ¡½n�y², �¼ê�?ê���Âñ5aq½n�y²��, �Öög1�

¤.

~ 13.4.1 � α > 0, y²

È©
� +∞

0 e−(α+u2)x sinx dx 'uu 3 u > 0 þ��Âñ.

È©
� +∞

0 e−(α+u2)x sinx du 'ux 3 x > 0 þ��Âñ.

y² é?¿� u > 0, k

|e−(α+u2)x sinx| 6 e−αx, x > 0,

�dWeierstrass�O{�È©
� +∞

0 e−(α+u2)x sinx dx 'uu 3 u > 0 þ��Âñ.

éu
� +∞

0 e−(α+u2)x sinx du, u = 0 Ø´×:, ¤±�I�Ä
� +∞

1 e−(α+u2)x sinx du

'ux 3 x > 0 þ��Âñ5=�. du

|e−(α+u2)x sinx| 6 xe−u
2x 6

x

1 + u2x
6

1

u2
,

é x > 0 ¤á, ùp·�|^
 eu
2x > 1 + u2x. ÏddWeierstrass�O{,

� +∞
1

1
u2 du

ÂñÒíÑ
� +∞

1 e−(α+u2)x sinx du 'ux 3 x > 0 þ��Âñ.

~ 13.4.2 y²È©
� +∞
a ue−uxdx 3 u > 0 þØ��Âñ.
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y² w,È©3 u > 0 Âñ. Ï�∣∣∣∣� +∞

A

ue−ux dx

∣∣∣∣ =

0, u = 0;

e−uA, u > 0,

¤± β(A) = sup
u>0

∣∣∣� +∞
A ue−ux dx

∣∣∣ = 1, �Ø��Âñ.

�¼ê�?ê��, �k¹ëCþ�~È©��Âñ��°[� Dirichlet �O{

Ú Abel �O{.

½n 13.26 (Dirichlet �O{) �¼ê f(x, u) Ú g(x, u) éz� u ∈ [α, β] 3

[a,+∞) ¥?¿k�«m [a, b] þ�È, e�÷ve¡ü�^�:

1◦ È©
� b
a f(x, u) dx 'u b > a Ú u ∈ [α, β] ��k., =, �3 M > 0, ¦�

� b

a

f(x, u) dx 6M,

é�� b > a Ú u ∈ [α, β] ¤á;

2◦ éz��½� u ∈ [α, β], g(x, u) ´ x �üN¼ê, �� x → +∞ �, 'u

u ∈ [α, β] ��ªu 0,

@oÈ© � +∞

a

f(x, u)g(x, u) dx

3 [α, β] þ��Âñ.

½n 13.27 (Abel �O{) �¼ê f(x, u) Ú g(x, u) éz� u ∈ [α, β] 3 [a,+∞)

¥?¿k�«m [a, b] þ�È, e�÷ve¡ü�^�:

1◦ È©
� +∞
a f(x, u) dx 'u u ∈ [α, β] ��Âñ;

2◦ éz��½� u ∈ [α, β], g(x, u) ´ x �üN¼ê, �'u u ∈ [α, β] ��k.,

@oÈ© � +∞

a

f(x, u)g(x, u) dx

3 [α, β] þ��Âñ.

~ 13.4.3 � α > 0, y²È©
� +∞

0
x sinβx
α2+x2 dx 3 β > β0 > 0 þ��Âñ.

y² � f(x, β) = sin βx, g(x, β) = x
α2+x2 , w,∣∣∣∣� A

0

sin βx dx

∣∣∣∣ =
1− cos βA

β
6

1

β0
,

¤± f(x, β) 3 β > β0 þ��k.. 
� x → +∞ �, g(x, β) = x
α2+x2 £l x > α m

©¤üN~ªu". �â Dirichlet �O{, T4�3 β > β0 þ��Âñ.
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~ 13.4.4 � 0 < p 6 1, y²
� +∞

0 e−ux sinx
xp dx é u > 0 ��Âñ.

y² Ï�
� +∞

0
sinx
xp dx Âñ£5¿Ï� 0 < p 6 1, ¤± x = 0 Ø´×:¤ , é?

Û u > 0, e−ux 'u x üN~¿k. e−ux 6 1. Ïd�â Abel �O{, È©3 u > 0 þ

��Âñ.

13.4.2 ¹ëCþ�~È©�5�

±eob�e�È©Âñ

ϕ(u) =

� +∞

a

f(x, u) dx.

·�ò­:?ØdÈ©½Â�¼ê ϕ(u) �ëY5!��5Ú�È5, l¥ØJwÑ�

�Âñ5¤u��'��^.

½n 13.28 XJ¼ê f(x, u) 3 I = [a,+∞)× [α, β] þëY, �È©

ϕ(u) =

� +∞

a

f(x, u) dx

3 [α, β] þ'u u ��Âñ, @o¼ê ϕ(u) 3 [α, β] þëY.

y² duÈ©
� +∞
a f(x, u) dx 3 [α, β] þ��Âñ, �é?¿��ê ε, o�3¢

ê X, �� A > X, Òk ∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣ < ε

3

é?Û u ∈ [α, β] ¤á. 3 [α, β] þ?��: u0, Ï�¹ëCþ�È©
� A
a f(x, u) dx 3

[α, β] þëY, ¤±�3�ê δ, � |u− u0| < δ �k∣∣∣∣� A

a

f(x, u) dx−
� A

a

f(x, u0) dx

∣∣∣∣ < ε

3
,

u´, �� |u− u0| < δ, =�í�

|ϕ(u)− ϕ(u0)| =
∣∣∣∣� +∞

a

f(x, u) dx−
� +∞

a

f(x, u0) dx

∣∣∣∣
6

∣∣∣∣� A

a

f(x, u) dx−
� A

a

f(x, u0) dx

∣∣∣∣+

∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣
+

∣∣∣∣� +∞

A

f(x, u0) dx

∣∣∣∣
<
ε

3
+
ε

3
+
ε

3
= ε,

du u0 �?¿5, � ϕ(u) 3��«m [α, β] þëY. �

½n 13.29 XJ¼ê f(x, u) 3 I = [a,+∞)× [α, β] þëY, �È©

ϕ(u) =

� +∞

a

f(x, u) dx
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3 [α, β] þ'u u ��Âñ, @ok

� β

α

ϕ(u) du =

� β

α

[� +∞

a

f(x, u) dx

]
du =

� +∞

a

[� β

α

f(x, u) du

]
dx.

y² db���, é?¿� ε > 0, �3ù��ê X, �� A > X, é?Û

u ∈ [α, β] Ñk ∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣ < ε

β − α
.

Ï� ϕ(u) 3 [α, β] þëY£½n13.28¤, ¤±�È, �

� β

α

ϕ(u) du =

� β

α

[� A

a

f(x, u) dx

]
du+

� β

α

[� +∞

A

f(x, u) dx

]
du,


é¹ëCþ�È©Ak
� β

α

[� A

a

f(x, u) dx

]
du =

� A

a

[� β

α

f(x, u)du

]
dx,

¤±� A > X �Ò��∣∣∣∣� β

α

ϕ(u) du−
� A

a

[� β

α

f(x, u) du

]
dx

∣∣∣∣ 6 � β

α

∣∣∣∣� +∞

A

f(x, u) dx

∣∣∣∣ du < ε.

�

½n13.29¹Â´, é x 3 [a,+∞) þ�È©, Úé u 3 [α, β] þ�È©, üö�g

S´�±���. �´, XJé u �È©«m�´Ã�� [α+∞), ü�È©���¯K

ÒØ´w,�, I��%é�. �d, ·��Ñ�'(J£y²lÑ¤.

½n 13.30 � f(x, u) ÷ve�^�:

1◦ ¼ê f(x, u) 3 [a,+∞)× [α,+∞) þëY;

2◦ È©
� +∞
a f(x, u) dx 'uëCþ u 3?Ûk�«m [α, β] þ��Âñ; 
�È

©
� +∞
α f(x, u) du 'u x 3?Ûk�«m [a, b] þ���Âñ;

3◦ e�ü�È©
� +∞

a

dx

� +∞

α

|f(x, u)| du,
� +∞

α

du

� +∞

a

|f(x, u)| dx

¥��k���3, K
� +∞

a

dx

� +∞

α

f(x, u) du,

� +∞

α

du

� +∞

a

f(x, u) dx

Ñ�3���, =k
� +∞

a

dx

� +∞

α

f(x, u) du =

� +∞

α

du

� +∞

a

f(x, u) dx.
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~ 13.4.5 O�È©
� +∞

0
e−ax−e−bx

x dx, Ù¥ 0 < a < b.

) �È¼ê�±L¤È©

e−ax − e−bx

x
=

� b

a

e−ux du,

u´¤�O��È©ÒC�
� +∞

0

e−ax − e−bx

x
dx =

� +∞

0

dx

� b

a

e−ux du,

dué?¿ u ∈ [a, b], k

e−ux 6 e−ax,


Ã¡È©
� +∞

0 e−ax dx Âñ (a > 0), d'��O{�,
� +∞

0 e−ux dx 3 [a, b] þ��Â

ñ, q e−ux 3 [0,+∞)× [a, b] þëY, �â½n13.29 B��
� +∞

0

e−ax − e−bx

x
dx =

� b

a

du

� +∞

0

e−ux dx =

� b

a

du

u
= ln

b

a
.

��, ïÄ¹ëCþ�~È©�¦�¯K.

½n 13.31 XJ¼ê f(x, u) ÷ve�^�µ

1◦ f(x, u) Ú ∂f(x,u)
∂u 3 [a,+∞)× [α, β] þëY;

2◦
� +∞
a f(x, u) dx 3 [α, β] þÂñ;

3◦
� +∞
a

∂f(x,u)
∂u dx 3 [α, β] þ��Âñ.

@o ϕ(u) =
� +∞
a f(x, u) dx 3 [α, β] þ��, ¿k

ϕ′(u) =

� +∞

a

∂f(x, u)

∂u
dx (α 6 u 6 β).

½n¥�«m [α, β] �¤m«m, ½�m�4�«m�, ½n�(Ø�,¤á.

~ 13.4.6 O�È©

I(β) =

� +∞

0

e−x
2

cos 2βx dx, β ∈ (−∞,+∞).

) Ï�é?¿�¢ê β k

|e−x2 cos 2βx| 6 e−x
2


È©
� +∞

0 e−x
2

dx Âñ, �È©
� +∞

0 e−x
2

cos 2βx dx Âñ. yO�§��, �ò β À

�ëê, du� x > 0 �kØ�ª∣∣∣∣ ∂∂β (e−x
2

cos 2βx)

∣∣∣∣ = |2xe−x
2

sin 2βx| 6 2xe−x
2

,
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È©
� +∞

0 xe−x
2

dx Âñ, ¤±È©
� +∞

0 xe−x
2

sin 2βx dx 3��ê¶þ'u β ��

Âñ, ��½n13.30 �

dI(β)

dβ
=

� +∞

0

∂

∂β
(e−x

2

cos 2βx) dx

= −2

� +∞

0

xe−x
2

sin 2βx dx.

q
� +∞

0 xe−x
2

sin 2βx dx = βI(β), l
¼ê I(β) ÷v�©�§

dI(β)

dβ
= −2βI(β).

)�©�§, ¿5¿� I(0) =
� +∞

0 e−x
2

dx =
√
�
2 , =�

I(β) =

√
�
2

e−β
2

.

±þ·�¤?Ø�¹ëCþ��~È©Ñ�uÈ©«m�Ã¡��/, éu¹ëC

þ�×È© , ���Øõ�UCÒ���aq(J, ùpÒØ2Qã
.

13.4.3 A�­��È©

|^¹ëCþ�~È©�5�, ±e·�O�A�­���~È©.

1◦ Dirichlet È© � +∞

0

sinx

x
dx.

3~13.1.4 � p = 1 �� Dirichlet È©´^�Âñ�. Ú?ÂñÏf e−ux, ¿�Ä¹ë

Cþ�È©

I(u) =

� +∞

0

e−ux
sinx

x
dx.

du� u > 0�,dÈ©´��Âñ�£~13.4.4¤. 
�È¼ê3«� [0,+∞)× [0,+∞)

þëY, Ï
 I(u) Ò3 [0,+∞) þëY. AO3: u = 0 ëY, �í�

lim
u→0+

I(u) = I(0) =

� +∞

0

sinx

x
dx.

,��¡, ò I(u) �û, �

I ′(u) = −
� +∞

0

e−ux sinx dx,

Ù¥3È©Òeé u �û�Ün5´Ï� u > u0 > 0 �, È©
� +∞

0 e−ux sinx dx ´�

�Âñ�. N´�Ñù�È©��, l
��

I ′(u) = − 1

1 + u2
,
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¤±¦�

I(u) = − arctanu+ c,

� u > 0 �, ·�k

|I(u)| =
∣∣∣∣� +∞

0

e−ux
sinx

x
dx

∣∣∣∣ 6 � +∞

0

e−ux dx =
1

u
,

��� u→ +∞ � I(u)→ 0, dd½Ñ~ê c = �
2 . �k

I(u) =
�
2
− arctanu (u > 0).

- u ªu"=� � +∞

0

sinx

x
dx = I(0) =

�
2
.

'u Dirichlet È©, N.I.Lobachevsky /Ï¼ê cos ax � Fourier Ðm, ��Ñ��

°|O�. 3 §12.1 ~12.1.2 ¥, �â cos ax£aØ´�ê¤3[−�, �] �Ðmª, ·�

®²����k��(J

1

sin a�
=

1

a�
+
∞∑
n=1

(−1)n
2a�

(a�)2 − (n�)2
.

�C�a� = t, ���tØ´���ê��,

1

sin t
=

1

t
+
∞∑
n=1

(−1)n
(

1

t− n�
+

1

t+ n�

)
.

|^þª, �±O�Dirichlet È©. ¯¢þ,

I =

� +∞

0

sinx

x
dx =

∞∑
j=0

� (j+1)�/2

j�/2

sinx

x
dx,

é¦Ú¥�z��, �j = 2n(n 6= 0)�, ²L��x = n�+ t,
� (2n+1)�/2

2n�/2

sinx

x
dx = (−1)n

� �/2
0

sin t

n�+ t
dt,

�j = 2n− 1�, ²L��x = n�− t,
� 2n�/2

(2n−1)�/2

sinx

x
dx = (−1)n−1

� �/2
0

sin t

n�− t
dt,

¤±

I =

� �/2
0

sin t

t
dt+

∞∑
n=1

� �/2
0

(−1)n
(

1

t− n�
+

1

t+ n�

)
sin t dt.

5¿�?ê
∞∑
n=1

(−1)n
(

1
t−n� + 1

t+n�

)
sin t

(
0 6 t < �

2

)
÷v

∞∑
n=1

∣∣∣∣(−1)n
(

1

t− n�
+

1

t+ n�

)
sin t

∣∣∣∣ 6 1

�

∞∑
n=1

4

4n2 − 1
,
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¤±§3[0, �2 ]þ��Âñ. ��þª�È©Ú¦Ú��

I =

� �/2
0

sin t

[
1

t
+
∞∑
n=1

(−1)n
(

1

t− n�
+

1

t+ n�

)]
dt

=

� �/2
0

sin t
1

sin t
dt =

�
2
.

2◦ Laplace È©

I(β) =

� +∞

0

cos βx

α2 + x2
dx (α > 0, β > 0),

J(β) =

� +∞

0

x sin βx

α2 + x2
dx (α > 0, β > 0).

·�Q|^ Fourier Cz?ØLþãü�È©. ùpÀÈ©�¹ β �ëCþÈ©.

é?¿� β > 0 , k
| cos βx|
α2 + x2

6
1

α2 + x2
,

� I(β) 3 β ∈ [0,+∞) þ��Âñ. ,	, d~13.4.3 �, J(β) é?¿� β > β0 > 0 �

�Âñ. ¤±I(β) é β ��û�3È©Òe?1,

I ′(β) =

� +∞

0

∂

∂β

(
cos βx

α2 + x2

)
dx = −

� +∞

0

x sin βx

α2 + x2
dx = −J(β).

� β > 0 �, k
�
2

=

� +∞

0

sin βx

x
dx,

u´k

I ′(β) +
�
2

= −
� +∞

0

x sin βx

α2 + x2
dx+

� +∞

0

sin βx

x
dx

= α2

� +∞

0

sin βx

x(α2 + x2)
dx,

þªq�é β 3È©Òe¦�û, u´qk

I ′′(β) = α2

� +∞

0

cos βx

α2 + x2
dx = α2I(β),

ù´����~Xê�5�©�§, ¦�Ï)�

I(β) = c1eαβ + c2e−αβ,

Ù¥ c1, c2 �?¿~ê. dué β > 0 k

|I(β)| 6
� +∞

0

dx

α2 + x2
=
�
2α
,
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�� I(β) k., qÏ� α > 0, ¤± c1 7L�", �k

I(β) = c2e−αβ.

5¿, �d��, $�Ñ´3 β > 0 �b�e?1�.

e¡5(½ c2 ��,duÈ© I(β)3 β ∈ [0,+∞)þ��Âñ,� I(β)3 [0,+∞)

þëY, AO3 β = 0 ?mëY, u´k

c2 = lim
β→0+

I(β) = I(0) =

� +∞

0

dx

α2 + x2
=
�
2α
.

���

I(β) =

� +∞

0

cos βx

α2 + x2
dx =

�
2α

e−αβ (α > 0, β > 0).

þªé β ��êÒ�Ñ


J(β) =

� +∞

0

x sin βx

α2 + x2
dx = −I ′(β) =

�
2

e−αβ, (α > 0, β > 0).

3◦ Fresnel È© � +∞

0

sinx2 dx,

� +∞

0

cosx2 dx.

d~13.1.4 �� � +∞

0

sinx2 dx =
1

2

� +∞

0

sin t√
t

dt

´^�Âñ�. � t > 0 �, d

1√
t

=
2√
�

� +∞

0

e−tu
2

du,

�� � +∞

0

sin t√
t

e−vt dt =
2√
�

� +∞

0

e−vt sin t dt

� +∞

0

e−tu
2

du,

��È©gSÒ��� +∞

0

sin t√
t

e−vt dt =
2√
�

� +∞

0

du

� +∞

0

e−(u2+v)t sin t dt

=
2√
�

� +∞

0

du

1 + (u2 + v)2
.

�ªmà�È©'u v 3 [0,+∞) þ��Âñ, 
d~13.4.4 ���ª�à�È©'u

v 3 [0,+∞) þ��Âñ. Ïd� v → 0+ �, �ªüà�È©Òe�4�, =k
� +∞

0

sin t√
t

dt =
2√
�

� +∞

0

du

1 + u4
=

2√
�
�

2
√

2
=

√
�
2
.

¤± � +∞

0

sinx2 dx =

√
�
8
.
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aq�� � +∞

0

cosx2 dx =

√
�
8
.

�I�yþ¡��A©gS�Ün5.

Äk��y
� +∞

0 du
� +∞

0 e−t(u
2+v)| sin t| dt �3, Ï�

� +∞

A

du

� +∞

0

e−t(u
2+v)| sin t| dt 6

� +∞

A

∣∣∣∣� +∞

0

e−t(u
2+v) dt

∣∣∣∣ du

=

� +∞

A

du

u2 + v
<

1

A
.

Ùg��y
� +∞

0 e−t(u
2+v) sin t dt 3 u > 0 þ, ±9

� +∞
0 e−t(u

2+v) sin t du 3 t > 0

þ���Âñ5. ù�¯K®²3~13.4.1 ��)û. �d·��¤
�Üy².

SK 13.4

1. (½e�ëCþ�~È©�Âñ�:

(1)

� +∞

0

xu dx; (2)

� +∞

1

xu
x+ sinx

x− sinx
dx;

(3)

� +∞

2

dx

xu lnx
; (4)

� �
0

dx

sinu x
;

(5)

� +∞

0

sin2 x

xα(1 + x)
dx; (6)

� +∞

0

ln(1 + x2)

xα
dx.

2. ïÄe�È©3�½«mþ���Âñ5:

(1)

� +∞

−∞

cosux

1 + x2
dx (−∞ < u < +∞);

(2)

� +∞

0

e−αx sin βx dx, a) 0 < α0 6 α < +∞; b) 0 < α < +∞.

(3)

� +∞

0

√
αe−αx

2

dx (0 6 α < +∞);

(4)

� +∞

1

ln(1 + x2)

xα
dx (1 < α < +∞);

(5)

� +∞

1

e−αx
cosx

xp
dx (0 6 α < +∞) (Ù¥ p > 0 �~ê);

(6)

� +∞

0

sin(x2)

1 + xp
dx (0 6 p < +∞).

3. � f(x, u) 3 a 6 x < +∞, α 6 u 6 β þëY, qéu [α, β) þz� u, È©� +∞
a f(x, u) dx Âñ, 
� u = β �

� +∞
a f(x, β) dx uÑ, ÁyÈ©

� +∞
a f(x, u) dx

3 [α, β) þ7Ø��Âñ.
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4. y²: ϕ(u) =
� +∞
a ue−uxdx ´ u > 0 þ�ëY¼ê, �,TÈ©3 u > 0 þØ��

Âñ£�~13.4.2¤.

5. �y
� 1

0

du

� +∞

0

(2− xu)xue−xu dx 6=
� +∞

0

dx

� 1

0

(2− xu)xue−xu du

¿`²nd.

6. y² F (α) =
� +∞

0
cosx

1+(x+α)2 dx 3 0 6 α < +∞ ´ëY����¼ê.

7. O�e�È©:

(1)

� 1

0

xβ − xα

lnx
dx (α, β > −1); (2)

� +∞

0

1− e−ax

xex
dx (a > −1);

(3)

� +∞

0

1− e−ax
2

x2
dx (a > 0); (4)

� +∞

0

e−αx
2 − e−βx

2

x
dx (α, β > 0);

(5)

� +∞

0

arctan ax

x(1 + x2)
dx; (6)

� +∞

0

[
e−( ax)

2

− e−( bx)
2]

dx (0 < a < b).

8. |^
� +∞

0 e−x
2

dx =
√
�
2 9

� +∞
0

sinx
x dx = �

2 O�:

(1)

� +∞

−∞

x

σ
√

2�
e−

1
2(x−aσ )

2

dx (σ > 0);

(2)

� +∞

−∞

(x− a)2

σ
√

2�
e−

1
2(x−aσ )

2

dx (σ > 0);

(3)

� +∞

0

sin ax cos bx

x
dx (a > 0, b > 0);

(4)

� +∞

0

sin2 x

x2
dx;

(5)

� +∞

0

x2ne−x
2

dx (n ´��ê);

(6)

� +∞

0

sin4 x

x2
dx.
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§13.5 Euler È©

�!ò?Ød Euler �n�Ñ�ü«¹ëCþ�È©�Ñ� Γ ¼êÚ B ¼êÚ§

��5�.

¤¢ Γ ¼ê´e�¹ëCþ s �È©

Γ(s) =

� +∞

0

ts−1e−t dt,

¤½Â���'u s �¼ê. 
 B ¼êK´d¹ëCþ p, q �È©

B(p, q) =

� 1

0

tp−1(1− t)q−1 dt,

¤½Â���'u p, q ���¼ê.

13.5.1 Γ ¼ê�5�

½n 13.32 Γ(s) �½Â�´ (0, +∞), 
�3 (0, +∞) ¥ëY.

y² rÈ©©¤üÜ©,

Γ(s) =

� 1

0

ts−1e−t dt+

� +∞

1

ts−1e−t dt.

é?¿� β > α > 0, � α 6 s 6 β, 0 < t 6 1 �k

ts−1e−t 6 tα−1e−t,

ÏÈ©
� 1

0 t
α−1e−t dt Âñ, �d Weierstrass �O{�, È©

� 1

0 t
s−1e−t dt 3 [α, β] þØ

�Âñ, 
���Âñ.

q� α 6 s 6 β, 1 6 t < +∞ �k

ts−1e−t 6 tβ−1e−t,

ÏÈ©
� +∞

1 tβ−1e−t dt Âñ, Ó��â Weierstrass �O{, È©
� +∞

1 ts−1e−t dt �3

[α, β] þÂñ, 
���Âñ. � Γ(s) 3 [α, β] þk½Â, 
�ëY. du β > α ´?¿

�ü��ê, ¤± Γ(s) 3 (0,+∞) k½Â
�ëY. �

½n 13.33 Γ ¼êk?¿��ê, ��ê�

Γ(k)(s) =

� +∞

0

ts−1e−t(ln t)k dt.

y² ·�I�*	�È¼êé s ¦ k g�ê��È©� +∞

0

ts−1e−t(ln t)k dt =

� 1

0

ts−1e−t(ln t)k dt+

� +∞

1

ts−1e−t(ln t)k dt.
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|^½n13.32 ¥Ó���{, k

|ts−1e−t(ln t)k| 6 (−1)ktα−1e−t(ln t)k t ∈ [0, 1],

ts−1e−t(ln t)k 6 tβ−1e−t(ln t)k t ∈ [1,+∞).

þ¡ü�Ø�ª�m>Ñ´�È�, Ï�� t → 0+ �, (ln t)k ªuÃ¡��Ý, '?Û

tγ , γ > 0 ú. 
� t→ +∞ �, ts−1(ln t)k ªuÃ¡��Ý, �'Øþ et. ¤±�±y²

þãÈ©3 (0,+∞) þ´��Âñ�, l
½n¤á. �

½n 13.34 Γ(s+ 1) = sΓ(s), s > 0.

y² d©ÜÈ©{�

Γ(s+ 1) =

� +∞

0

tse−t dt = −tse−t
∣∣∣∣+∞
0

+ s

� +∞

0

ts−1e−t dt

= sΓ(s).

�

­EA^þ¡�4íúªB�

Γ(s+ 1) = s(s− 1) · · · (s− n+ 1)Γ(s− n+ 1), n− 1 < s 6 n.

3þª¥, Ï� 0 < s− n + 1 6 1, ¤±é s > 1 � Γ ¼ê��O�o�±8(�O�

0 < s < 1 � Γ ¼ê�.

AO� s = n (n �g,ê) �Òk

Γ(n+ 1) = n(n− 1) · · · 1Γ(1) = n!,

ù´Ï� Γ(1) =
� +∞

0 e−t dt = 1.

d	, Γ
(

1
2

)
��½���O�, �L3È©

Γ

(
1

2

)
=

� +∞

0

t−
1
2 e−t dt

¥�Cþ�� t = x2 =��

Γ

(
1

2

)
= 2

� +∞

0

e−x
2

dx =
√
�.

ddq�(½� s ���ê n+ 1
2 � Γ ¼ê��

Γ

(
n+

1

2

)
=

(
n− 1

2

)(
n− 3

2

)
· · · 1

2
Γ

(
1

2

)
=

(2n− 1)!!

2n
√
�.

Γ ¼ê,�­�5�, =´e¡�{�úª.



320 1 13 Ù �~È©Ú¹ëCþ�È©

½n 13.35 ({�úª) e 0 < s < 1, Kk

Γ(s)Γ(1− s) =
�

sin s�
.

ØJwÑ, ÏL{�úª, Γ ¼ê�¼ê�O��ª�6u Γ ¼ê3«m
(
0, 1

2

)
S

�¼ê��O�. AO, � s = 1
2 �§2g�Ñ Γ

(
1
2

)
=
√
�. ·�ò3�!���Ñ{

�úª��[y².

½n 13.36 Γ ¼êäke��«L��ª

Γ(s) = 2

� +∞

0

u2s−1e−u
2

du, s > 0.

��3 Γ ¼ê�È©¥� t = u2 ���9�y�.

13.5.2 B ¼ê�5�

½n 13.37 B(p, q) 3 I = (0,+∞)× (0,+∞) ¥k½Â, ÷vé¡5¿�ëY.

y² l B ¼ê�½Â

B(p, q) =

� 1

0

tp−1(1− t)q−1 dt

��, �k� p < 1, t = 0 ´×:; �k� q < 1, t = 1 ´×:. �rÈ©
¤üÜ©:� 1

0

tp−1(1− t)q−1 dt =

� a

0

tp−1(1− t)q−1 dt+

� 1

a

tp−1(1− t)q−1 dt,

Ù¥ 0 < a < 1. � t→ 0 �,

tp−1(1− t)q−1 ∼ tp−1,

¤±1��È©� p > 0 �Âñ; � t→ 1 �,

tp−1(1− t)q−1 ∼ (1− t)q−1,

¤±1��È©� q > 0 �Âñ. Ò´`, B(p, q) �½Â�� p > 0, q > 0.

Ó���3È©¥?1�� u = 1 − t, Ò�wÑ B ¼êäké¡5µ B(p, q) =

B(q, p), p > 0, q > 0.

3 I þ?��: (p0, q0), � p0 > p1 > 0, q0 > q1 > 0, K� p > p1, q > q1 �, ÃØ

t ´«m (0, 1) þN��ê�, Ñk

tp−1(1− t)q−1 6 tp1−1(1− t)q1−1,

duÈ©
� 1

0 t
p1−1(1−t)q1−1 dtÂñ,Ï
È©

� 1

0 t
p−1(1−t)q−1 dt3 [p1,+∞)× [q1,+∞)

þ��Âñ, � B(p, q) 3 (p0, q0) ëY, d (p0, q0) �?¿5��, B(p, q) 3Ù½Â�þ

ëY. �
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½n 13.38 B ¼ê�ke�L«, =é?¿� p > 0, q > 0, k

B(p, q) =

� +∞

0

zq−1

(1 + z)p+q
dz.

½

B(p, q) = 2

� �
2

0

sin2p−1 θ cos2q−1 θ dθ

= 2

� �
2

0

cos2p−1 θ sin2q−1 θ dθ

y² 3 B ¼ê¥,��� t = 1
1+z , =k 1− t = z

1+z , dt = − dz
(1+z)2 , =���½n

¥�1��úª,��� t = sin2 θ, ½ t = cos2 θ =���1��úª. �

½n 13.39 é?¿� p > 0, q > 0, k

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
,

Ïd, B ¼ê3Ù½Â�Sk?¿��ê.

y² � p > 0, q > 0 �, |^ Γ ¼ê3½n13.36 ¥�L��ª,k

Γ(p)Γ(q) = 4

� +∞

0

u2p−1e−u
2

du

� +∞

0

v2q−1e−v
2

dv,

= 4

� +∞

0

� +∞

0

u2p−1v2q−1e−(u2+v2) du dv

- u = ρ cos θ, v = ρ sin θ, K

Γ(p)Γ(q) = 4

� �
2

0

� +∞

0

ρ2(p+q)−2 cos2p−1 θ sin2q−1 θe−ρ
2

ρ dρ dθ,

= 4

� �
2

0

cos2p−1 θ sin2q−1 θ dθ

� +∞

0

ρ2(p+q)−1e−ρ
2

dρ

= B(p, q)Γ(p+ q)

�

A^ Γ ¼ê�4íúª, á=�� B ¼ê�4íúª:

B(p+ 1, q + 1) =
pq

(p+ q)(p+ q + 1)
B(p, q).

¢Sþ, ·�k

B(p+ 1, q + 1) =
Γ(p+ 1)Γ(q + 1)

Γ(p+ q + 2)

=
pΓ(p)qΓ(q)

(p+ q + 1)(p+ q)Γ(p+ q)

=
pq

(p+ q)(p+ q + 1)
B(p, q).
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AO, � p = m− 1, q = n− 1 ´��ê�, k

B(m,n) =
(m− 1)!(n− 1)!

(m+ n− 1)!
.

|^ B ¼ê�5�±9� Γ ¼ê�'X, �±��e�'u Γ ¼ê�\�úª.

½n 13.40 (�\úª½ Legendre úª) � p > 0 �, k

Γ(2p) =
22p−1

√
�

Γ(p)Γ

(
p+

1

2

)
.

y² ¯¢þ, 3È©

B(p, p) =

� 1

0

tp−1(1− t)p−1 dt =

� 1

0

[
1

4
−
(

1

2
− t
)2
]p−1

dt

= 2

� 1
2

0

[
1

4
−
(

1

2
− t
)2
]p−1

dt

¥�Cþ�� 1
2 − t = 1

2

√
τ , K���

B(p, p) =
1

22p−1

� 1

0

τ−
1
2 (1− τ)p−1 dτ =

1

22p−1
B

(
1

2
, p

)
,

òù��ªü>� B ¼ê^ Γ ¼ê5L«Ò¤�

Γ2(p)

Γ(2p)
=

1

22p−1

Γ(1
2)Γ(p)

Γ(p+ 1
2)
,

r Γ
(

1
2

)
=
√
� �\=�\�úª. �

~ 13.5.1 ¦È© � �
2

0

sinn x cosm x dx

��, Ù¥ n 9 m Ñ´�K�ê.

) |^½n13.38 ¥ B ¼ê�Lª,- x = n+1
2 , q = m+1

2 =�� �
2

0

sinn x cosm x dx =
1

2
B

(
n+ 1

2
,
m+ 1

2

)
=

1

2

Γ
(
n+1

2

)
Γ
(
m+1

2

)
Γ
(
n+m

2 + 1
) ,

Ïd|^ Γ ¼ê3�ê, ½��êþ��, Ò���È©��. AO� m = 0 �Òk� �
2

0

sinn x dx =
1

2

Γ
(

1
2

)
Γ
(
n+1

2

)
Γ
(
n
2 + 1

)

=


(n−1)!!
n!!

�
2 , � n �óê;

(n−1)!!
n!! , � n �Ûê.
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���!�(å, ·��Ñ{�úª��«y².

{�úª�y² � 0 < s < 1 �, |^½n13.39 k

Γ(s)Γ(1− s) = B(1− s, s) =

� ∞
0

ts−1

1 + t
dt.

Ïd¯K=�XÛ¦þãÈ©. w,�È¼ê÷v

ts−1

1 + t
∼ ts−1, t→ 0;

ts−1

1 + t
∼ ts−2, t→ +∞


 −1 < s− 1 < 0, s− 2 < −1 ÏdþãÈ©´Âñ��~È©. òÈ©©¤�È�ü

�Ü© � ∞
0

ts−1

1 + t
dt =

� 1

0

ts−1

1 + t
dt+

� ∞
1

ts−1

1 + t
dt

3«m (0, 1) þr�È¼êÐm�

ts−1

1 + t
= ts−1 +

∞∑
n=1

(−1)ntn+s−1,

XJ�à?ê�Å�È©, @o
� 1

0

ts−1

1 + t
dt =

1

s
+

� 1

0

∞∑
n=1

(−1)ntn+s−1

=
1

s
+
∞∑
n=1

� 1

0

(−1)ntn+s−1 dt

=
∞∑
n=0

(−1)n

s+ n
.

éu1��3 [1,∞) þ�È©, �C� t = 1
u , K� ∞

1

ts−1

1 + t
dt =

� 1

0

t(1−s)−1

1 + t
dt

=
∞∑
n=1

(−1)n

s− n
.

Ïdk � ∞
0

ts−1

1 + t
dt =

1

s
+
∞∑
n=1

(−1)n
2s

s2 − n2

éì1 12 Ù §12.1 ¥�~12.1.2�(J, þª�à�?ê�´ �
sin s� 3 [−�,�] þ�

Fourier Ðmª. ù�·�Ò��
{�úª.

e¡�¯K´�Ö¿y²?ê
∞∑
n=1

(−1)ntn+s−1 = − ts

1 + t
, t ∈ [0, 1)
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3 [0, 1] þ�Å�È©. 5¿�?ê´ [0, 1] þëY¼ê −ts ¦±¼ê 1
1+t � Taylor Ð

ª, 
 1
1+t � Taylor Ðª�Âñ�»� 1, Ïd?ê3 [0, 1) �?Û4f«mþ��Â

ñuÚ¼ê

S(t) = − ts

1 + t

P?ê�Ü©Ú�

Sn(t) =
n∑
k=1

(−1)ktk+s−1 = ts
(−1)ntn − 1

1 + t

Ïd4�

lim
n→∞

Sn(t) = S(t), t ∈ [0, 1)

¿�3 [0, 1) �?Û4f«mþ´���. w,

|Sn(t)| 6 2, |S(t)| 6 2, t ∈ [0, 1]

Ïd, é?¿� ε > 0, � 0 < δ < min{1, ε8}, K∣∣∣∣� 1

1−δ
(Sn(t)− S(t)) dt

∣∣∣∣ 6 4δ <
ε

2

qÏ�?ê3 [0, 1− δ] þ��Âñ, ¤±�3 N > 0, ¦�� n > N �, k∣∣∣∣� 1−δ

0

(Sn(t)− S(t)) dt

∣∣∣∣ 6 � 1−δ

0

|Sn(t)− S(t)| dt < ε

2

�, � n > N �, k ∣∣∣∣� 1

0

(Sn(t)− S(t)) dt

∣∣∣∣ < ε

�Ò´
� 1

0

(
− ts

1 + t

)
dt = lim

n→∞

� 1

0

Sn(t) dt

= lim
n→∞

n∑
k=1

� 1

0

(−1)ntn+s−1 dt

=
∞∑
n=1

(−1)n

s+ n
.

ù�, ·�Ò�¤
{�úª���y². �

SK 13.5

1. y²:

(1) Γ(s) = 2

� +∞

0

x2s−1e−x
2

dx (s > 0);
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(2) Γ(s) = as
� +∞

0

xs−1e−ax dx (s > 0, a > 0).

2. y²:

B(p, q) = 2

� �
2

0

sin2p−1 t cos2q−1 t dt (p > 0, q > 0).

3. |^ Euler È©O�:

(1)

� 1

0

√
x− x2 dx (2)

� a

0

x2
√
a2 − x2 dx;

(3)

� �
2

0

sin6 x cos4 x dx; (4)

� 1

0

xn−1(1− xm)q−1 dx (n,m, q > 0);

(5)

� +∞

0

e−at
1√
�t

dt (a > 0); (6)

� �
2

0

tanα x dx (|α| < 1);

(7)

� 1

0

√
1

x
ln

1

x
dx; (8)

� b

a

(
b− x
x− a

)p
dx (0 < p < 1);

(9) lim
n→∞

� 2

1

(x− 1)2 ·
n

√
2− x
x− 1

dx; (10) lim
n→∞

� +∞

0

1

1 + xn
dx.

4. O�4�

lim
α→+∞

√
α

� 1

0

x3/2(1− x5)α dx.

5. � a > 0, Á¦d­� xn + yn = an Úü�I¶¤�¤²¡ã/31����¡È.

6. � 0 < α < 1, y²

(1) éu x > 0 k xα − αx+ α− 1 6 0. ¿ddíÑe�Ø�ª

aαb1−α 6 αa+ (1− α)b, ùp a > 0, b > 0

(2) � xi > 0, yi > 0, (i = 1, · · · , n), Kk Hölder Ø�ª

n∑
i=1

xiyi 6

(
n∑
i=1

x
1
α
i

)α( n∑
i=1

y
1

1−α
i

)1−α

(3) � f > 0, g > 0,¿�ëY,|^ Hölder Ø�ª,ÏL Riemann Ú�4���

{,y²È©/ª� Hölder Ø�ª

� b

a

f(x)g(x) dx 6

(� b

a

f
1
α (x) dx

)α(� b

a

g
1

1−α (x) dx

)1−α

±9 � ∞
a

f(x)g(x) dx 6

(� ∞
a

f
1
α (x) dx

)α(� ∞
a

g
1

1−α (x) dx

)1−α

ùpþb�¤�9��~È©´Âñ�.

(4) y² ln Γ(x) ´à¼ê.
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1 13 ÙnÜSK

1. �¼ê f(x) > 0 ¿3 [a,+∞) �?Ûk�«mþ�È, ê� {an} üNO¿

an → 0(n → ∞). y²: È©
� +∞

0 f(x) dx Âñu l ��=�?ê
+∞∑
n=1

� an
an−1

f(x) dx

Âñu l.

2. y²: e�È© � +∞

0

x dx

1 + x6 sin2 x

Âñ. ��È¼ê f(x) = x
1+x6 sin2 x

3 [0,+∞) þ�K!ëY!Ã.£Ïd�

x→ +∞ �, f(x) �4�Ø�"¤. J«µ|^þK(J.

3. � ϕ k���ê, ψ k���ê. y²:

u(x, t) =
1

2

(
ϕ(x− at) + ϕ(x+ at)

)
+

1

2a

� x+at

x−at
ψ(s) ds

÷vu�Ä�§
∂2u

∂t2
= a2∂

2u

∂x2
.

4. y²: n � Bessel ¼ê

Jn(x) =
1

�

� −�
0

cos(nϕ− x sinϕ) dϕ

÷v Bessel �§

x2J ′′n(x) + J ′n(x) + (x2 − n2)Jn(x) = 0.

5. y²: é?¿¢ê u, k

1

2�

� 2�

0

eu cosx cos(u sinx) dx = 1.

6. y²: È©

� +∞

0

sin 3x

x+ u
e−ux dx 'u u 3 [0,+∞) þ��Âñ.

7. y²: È© � +∞

0

x cosux

x2 + a2
dx (a > 0)

'u u 3 [δ,+∞) (δ > 0) þ��Âñ, �3 (0,+∞) þØ��Âñ.

8. y²: È© � +∞

0

x sinux

x2 + a2
dx (a > 0)

'u u 3 (0,+∞) þØ��Âñ.
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9. �
� +∞

−∞
|f(x)| dx Âñ. y²: ¼ê

ϕ(u) =

� +∞

−∞
f(x) cosux dx

3 (−∞,+∞) þ��ëY.

10. y²: ¼ê

f(x) =

� +∞

0

e−t

| sin t|x
dt

3 [0, 1) þëY.

11. y²:

� 1

0

ln Γ(x) dx = ln
√

2�.

12. y²:

� 1

0

sin(�x) ln Γ(x) dx =
1

�

(
ln
�
2

+ 1
)
.

13. y²:

� �
0

dx√
3− cosx

=
1

4
√
�

Γ2

(
1

4

)
.

14. � ϕ(t)´ (0,+∞)þ�î�4~�ëY¼ê,� lim
t→0+

ϕ(t) = +∞,
� +∞

0

ϕ(t) dt = 1.

� ψ(t) ´ ϕ(t) ��¼ê. ¦y: �3 p ∈ (0, 1) ¦�
� p

0

ϕ(t) dt+

� p

0

ψ(t) dt = 1 + p2.

15. � f(x) ´ [0,+∞) þëY¼ê, �

� +∞

0

f2(x) dx Âñ. y²: ¼ê

g(x) = f(x)− 2e−x
� x

0

etf(t) dt

÷v � +∞

0

g2(x) dx =

� +∞

0

f2(x) dx.
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