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1.��«mþ�È©

� D = [a, b] × [c, d] ´ R2 ¥���4«m. ©O� [a, b] Ú [c, d] þ�

©�:

Tx : a = x0 < x1 < · · · < xn = b;

Ty : c = y0 < y1 < · · · < ym = d.

üx²1�� x = xi, (i = 0, 1, · · · , n) Ú y = yj, (j = 0, 1, · · · ,m) r

D ©¤ n×m�f«m:

Dij = [xi−1, xi]× [yj−1, yj] (i = 1, 2, · · · , n; j = 1, 2, · · · ,m).

ù
f«m|¤ D ���©� T = Tx × Ty. éu3 D þ½Â�¼ê

f(x, y),3z� Dij ¥��: ξij,�Úª (RiemannÚ)

S(f, T ) :=

n∑
i=1

m∑
j=1

f(ξij)σ(Dij), (1)

Ù¥ σ(Dij)´Dij �¡È.P ‖T‖ = max
i,j
{diam(Dij)},ùp diam(Dij)´
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Dij �é���Ý,¡ ‖T‖�©� T �°Ý.¡ ξij ��:.

½Â 1 � f(x, y)´½Â3 D = [a, b]× [c, d]þ�¼ê. XJ�3ê A,

¦�é?¿�½� ε > 0, �3 δ > 0, � ‖T‖ < δ �, ØØ�: ξij 3

Dij ¥XÛÀ,Ñk ∣∣∣∣∣∣
n∑
i=1

m∑
j=1

f(ξij)σ(Dij)−A

∣∣∣∣∣∣ < ε,

K¡¼ê f 3«m D þ�È,¿ò A���
D

f(x, y)dxdy ½

�
D

fdσ,

¡� f 3«m D þ��È©.
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2.k.8þ�È©

� f(x, y)´½Â3k.8 D ⊂ R2 þ�¼ê. Ue¡��ªò§òÿ�

R2 �¼ê: -

fD(x, y) =

f(x, y), (x, y) ∈ D;

0, (x, y) 6∈ D,

� f(x, y) ´½Â3k.8 D ⊂ R2 þ�¼ê. I ´����«m, �

D ⊂ I.e fD(x, y)3 Iþ�È,K¡ f 3Dþ�È.È©�Ò´ fD(x, y)

3 I þ�È©�,P��
D

f(x, y) dxdy ½

�
D

fdσ.
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3.È©�5�

(a)� D ´k.8. XJ f 3 D þ�È,@o f 3 D þk..

(b)� f(x, y)´k.8 D ⊂ R2 þ�k.¼ê. XJ ∂D ±9 f 3 D þ

�mä:�NÑ´"ÿ8,@o f 3 D þ�È.

(c)� D ´k.8. e f Ú g Ñ3 D þ�È, c1, c2 ´~ê, K c1f + c2g

�3 D þ�È,��
D

(c1f + c2g)dσ = c1

�
D

fdσ + c2

�
D

gdσ.

(d)� D ´k.8. e f Ú g Ñ3 D þ�È,K fg �3 D þ�È.

(e)� D ´k.8, f Ú g Ñ3 D þ�È.

(1)e f > 0,K

�
D

fdσ > 0;

(2)e f > g,K

�
D

fdσ >
�
D

gdσ.
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(f)� D ´k.8. XJ f 3 D þ�È,@o |f |�3 D þ�È,�k∣∣∣∣�
D

fdσ

∣∣∣∣ 6 �
D

|f |dσ.

(g)� D1Ú D2´k.8,¿� D1 ∩D2´"¡È8. XJ f 3 D1Ú D2

þÑ�È,@o f �3 D1 ∪D2 þ�È,¿��
D1∪D2

fdσ =

�
D1

fdσ +

�
D2

fdσ.
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4.�È©�O�

a b
x

y

O

y = y1(x)

y = y2(x)

D1

x

y

O

c

d

x = x1(y)

x = x2(y)
D2

�
D1

f dσ =

� b

a

dx

� y2(x)

y1(x)

f(x, y) dy.

�
D2

f dσ =

� d

c

dy

� x2(y)

x1(y)

f(x, y) dx.
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5.�È©��µ�ëY¼ê F (x, y) ½Â3k.«� D ⊂ R2 þ§ëY

���N� ϕdúª

x = x(u, v), y = y(u, v), (u, v) ∈ ∆

½Â§¿ò ∆�é�/N� D,�

∂(x, y)

∂(u, v)
=

∣∣∣∣∣∂x∂u ∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣ 6= 0

3 ∆þ¤á§Kk��úª�

D

F (x, y) dxdy =

�

∆

F ◦ ϕ(u, v)

∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣ dudv.
6.4�I��µ x = r cos θ,

y = r sin θ,

∂(x, y)

∂(r, θ)
= r.

8/20

‖J I‖ J I �£ �¶ '4 òÑ



7.nÈ©�O�µ

O

x

y

z

D

V

(x, y)

ϕ1(x, y)

ϕ2(x, y)

�

V

f dµ =

�

D

dxdy

� ϕ2(x,y)

ϕ1(x,y)

f(x, y, z) dz,
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O

x

y

z

c

d

z

V

Dz

�

V

f dµ =

� d

c

dz

�

Dz

f(x, y, z) dxdy.
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8.nÈ©�� �ëY¼ê F (x, y, z) ½Â3k.«� V ∈ R3 þ§ëY

���N� ϕdúª

x = x(u, v, w), y = y(u, v, w), z = z(u, v, w), (u, v, w) ∈ ∆,

½Â§¿ò ∆�é�/N� V,�

det Jϕ =
∂(x, y, z)

∂(u, v, w)
6= 0

3 ∆¤á§Kk��úª�

V

F (x, y, z) dxdydz =

�

∆

F ◦ ϕ(u, v, w) |det Jϕ| dudvdw.

9.¥�I��úª
x = r sin θ cosϕ,

y = r sin θ sinϕ,

z = r cos θ,

∂(x, y, z)

∂(r, θ, ϕ)
= r2 sin θ.
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10.È©²þ�½n � K ´ Rn ¥�k.4«�§¼ê f, g 3 K þëY§

� g 3 K þØCÒ§K�3�: ξ ∈ K ¦��

K

fg dσ = f(ξ)

�

K

g dσ.

~ 1 � f(x, y)´ R2 þ�ëY¼ê§¦4�

lim
r→0

1

�r2

�

x2+y26r2

f(x, y) dxdy.

)µdÈ©²þ�½n�§�3 ξr ∈ Dr(0)¦��

x2+y26r2

f(x, y) dxdy = f(ξr)

�

x2+y26r2

dxdy =�r2f(ξr).

u´d f �ëY5��¤¦�4�� lim
r→0

f(ξr) = f(0, 0).
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~ 2 UCÈ©
� 1

0

dy

� 1

1
2

f(x, y)dx +

� 2

1

dy

� 1
y

1
2

f(x, y)dx�^S.

)µ� D1 = [1
2
, 1] × [0, 1], D2 = {(x, y) : 1

2
6 x 6 1, 1 6 y 6 1

x
}.

D = D1 ∪D2 = {(x, y) : 1
2
6 x 6 1, 0 6 y 6 1

x
}.

� 1

0

dy

� 1

1
2

f(x, y)dx =

�
D1

f(x, y) dxdy

� 2

1

dy

� 1
y

1
2

f(x, y)dx =

�
D2

f(x, y) dxdy

�,

� 1

0

dy

� 1

1
2

f(x, y)dx +

� 2

1

dy

� 1
y

1
2

f(x, y)dx =

�
D

f(x, y) dxdy

=

� 1

1
2

dx

� 1
x

0

f(x, y) dy.
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~ 3 O�È©
�
D

| cos(x+ y)|dxdy, D d�� y = x, y = 0, x = �
2
�

¤.

)µ

XãD1´d A,B,C n:¤�¤

�n�/, D2 ´d B,C,D n:

¤�¤�n�/,KD = D1∪D2.

¼ê cos(x, y)3D1þ�K,3D2

þ��.

�,�
D

| cos(x + y)|dxdy =

�
D1

cos(x + y)dxdy −
�
D2

cos(x + y)dxdy.

14/20

‖J I‖ J I �£ �¶ '4 òÑ



�
D1

cos(x + y)dxdy =

� �
4

0

dy

� �
2−y

y

cos(x + y) dx

=

� �
4

0

(
sin(x + y)

∣∣∣x=�2−y

x=y

)
dy

=

� �
4

0

(1− sin 2y)dy =
�
4
−

1

2
.

�
D2

cos(x + y)dxdy =

� �
2

�
4

dx

� x

�
2−x

cos(x + y) dy

=

� �
2

�
4

(
sin(x + y)

∣∣∣y=x

y=�2−x

)
dx

=

� �
2

�
4

(sin 2x− 1)dy =
�
2
−

1

2
.

u´,¤¦È©��� 3�
4
− 1.
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~ 4 O��È©
�
D

x2 − y2

√
x + y + 3

dxdy, D : |x| + |y| 6 1.

)µ�C� u = x + y, v = x − y, K D C� U : −1 6 u 6 1, −1 6

v 6 1.ddC�� x = u+v
2
, y = u−v

2
.�, ∂(x,y)

∂(u,v)
= −1

2
.u´

�
D

x2 − y2

√
x + y + 3

dxdy =

�
U

uv
√
u + 3

·
1

2
dudv

=
1

2

� 1

−1

u
√
u + 3

� 1

−1

v dv

= 0.

5: ¢Sþ,du D 'u x, y é¡,k�
D

x2

√
x + y + 3

dxdy =

�
D

y2

√
x + y + 3

dxdy.

�,¤¦È©� 0.
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~ 5 O��È©
�
D

sin
y

x + y
dxdy, D : d�� x + y = 1, x =

0, y = 0�¤�«�.

)µ �C� u = y
x+y
, v = x + y, =, x = v(1 − u), y = uv. Ï,

∂(x,y)
∂(u,v)

= −v.3dC�e,«� D C���/ [0, 1]2.�,�
D

sin
y

x + y
dxdy =

�
[0,1]2

v sinududv

=

� 1

0

vdv

� 1

0

sinudu

=
1

2
(1− cos 1)

= sin2 1

2
.
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~ 6 O�nÈ©
�

V

(|x|+ z)e−(x2+y2+z2)dxdydz, V : 1 6 x2 + y2 +

z2 6 4.

)µ «� V 'u z é¡,Ï
�

V
ze−(x2+y2+z2)dxdydz = 0,¤±�

V

(|x| + z)e−(x2+y2+z2)dxdydz =

�
V

|x|e−(x2+y2+z2)dxdydz.

�¥�IC� x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ,K«� V C�

V1 : 1 6 r 6 2, 0 6 θ 6 �
2
, 0 6 ϕ 6 2�.�

V

|x|e−(x2+y2+z2)dxdydz =

�
V1

r sin θ| cosϕ|e−r2

r2 sin θ drdθdϕ

=

� 2

1

r3e−r
2

dr

� �
2

0

sin2 θdθ

� 2�

0

| cosϕ|dϕ

=
1

2
(2e−1 − 5e−4) ·

�
4
· 4

=
�
2

(2e−1 − 5e−4)
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~ 7 � f(x), g(x)3 [a, b]þëY§¦y CauchyÈ©Ø�ªµ(� b

a

f(x)g(x) dx

)2

6
� b

a

f 2(x) dx

� b

a

g2(x) dx. (1)

y²µ � D = [a, b]× [a, b].

mà =

� b

a

f 2(x)dx

� b

a

g2(y) dy =

�
D

f 2(x)g2(y) dxdy

mà =

� b

a

f 2(y)dy

� b

a

g2(x) dy =

�
D

f 2(y)g2(x) dxdy.

�à =

(� b

a

f(x)g(x) dx

)(� b

a

f(y)g(y) dy

)
=

�
D

f(x)f(y)g(x)g(y) dxdy.

Ïd,k

2×mà− 2×�à =

�
D

[
f(x)g(y)− f(y)g(x)

]2
dxdy > 0.
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~ 8 � f(x), g(x)Ñ3 [a, b]þüN,�´üN5��,Kk

(b− a)

� b

a

f(x)g(x) dx 6
� b

a

f(x) dx

� b

a

g(x) dx

y²µ éu?¿ x, y ∈ [a, b]k[
f(x)− f(y)

]
·
[
g(x)− g(y)

]
6 0.

òþª3 D = [a, b]× [a, b]þÈ©,��
D

f(x)g(x) dxdy +

�
D

f(y)g(y) dxdy

−
�
D

f(x)g(y) dxdy −
�
D

f(y)g(x) dxdy 6 0

=,

2(b− a)

� b

a

f(x)g(x) dx− 2

�
D

f(x)g(y) dxdy 6 0
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