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).�¼ê´d=IÔnÆ[).�Ú\�¼ê§�,3Ôn�¡k²(�¿Â¿2�¦^§

���20­V30c�âïá
���êÆnØ"�¡�2Â¼êØ½ö©ÙØ§�ÖØ�?Ø"

3Ônp¡§·�~~¬^��:5L«��ÔN§¿rÔN�¤k�þ8¥3T:þ§¡�

�:"@oXÛ^�Ý¼ê5L«�:��Ý©Ùº·�b�x ¶þ©ÙX,«Ô�A §oO�þ

�1§�Ü ux ¶�":"·�òÔ�A 3x ¶þ�Ý¼êP�ρ(x), w,3":�	§Ô�A ©

Ù��Ý¼ê�0§Ï


ρ(x) = 0, x 6= 0.


3":§Ù�Ý�U�Ã¡�"XJ�Ô�A D��Ýv(x)£��÷Xx ¶§ëY©Ù¤§KÀþ

� ∫ ∞
−∞

v(x)ρ(x)dx = v(0).

AO/§XJv = 1§K ∫ ∞
−∞

ρdx = 1.

·�òù���Ý¼ê¡�δ ¼ê§P�δ(x)"δ(x) �÷v±eü�^�"�Ø��¼êµ

(1)

δ(x) =

{
0, x 6= 0,

+∞, x = 0.

(2)
∫∞
−∞ δ(x)dx = 1.

AO/§þ�ü^��
∫∞
−∞ f(x)δ(x)dx = f(0)é¤këY¼êf ¤á�d").�¼ê�±w��

��^3ëY¼ê�m��5�Î§

δ(x) : f(x)→ f(0).

��5`XJI�·��¦�Î�^3�ü¼ê�mþ£limx→±∞ x
mf (n)(x) = 0,∀m,n ∈ N ¤"?

Û·�~��¼êÑUw¤���Î£��Ø�)�ê¼ê¤§ü��Î����=��^3¤k

�ü¼êþ�����§~X�`²xδ(x) = 0§=I`²∫ ∞
−∞

(xδ(x))f(x)dx =

∫ ∞
−∞

δ(x)(xf(x))dx = 0× f(0) = 0 =

∫ ∞
−∞

(0)f(x)dx

é¤k�ü£ëY¤¼ê¤á=�"

XJ·�UCeÈ©«�K ∫ b

a

δ(x)dx =

{
1, x ∈ (a, b),

0, x /∈ [a, b].

éua = 0 ½öb = 0 ��¹·�Ø��Ä"

XJ�þ1 8¥3x = ξ :§K�Ý¼êρ(x) = δ(x− ξ)"�f(x) �ëY¼ê§K∫ ∞
−∞

δ(x− ξ)f(x)dx = f(ξ).
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~f1. k��Ã��; �u§3x = 0v�e§�§Àþ1§¦Ð©�Ý©Ù"

). éu?ÛëY�Ý¼êρ(x),∫ ∞
−∞

ρ(x)v(x)dx =

∫ ∞
−∞

ρ(0)v(x)dx = 1 =

∫ ∞
−∞

ρ(x)
δ(x)

ρ(0)
dx.

¤±v(x) = δ(x)
ρ(0)

.

).�¼ê��
5�µ

(1) é¡5µδ(x) = δ(−x)"���/δ(x− ξ) = δ(ξ−x)"ò).�¼êw��:��Ý©Ù§K

é¡5´w,�"·�d±eòÈúª

δ ∗ f(x) =

∫ ∞
−∞

δ(x− ξ)f(ξ)dξ =

∫ ∞
−∞

δ(ξ)f(x− ξ)dx = f(x).

=

δ ∗ f = f.

(2) ¦�µ·��±�Ù��).�¼ê3�":��ê´"§�3":��êQºÏd·��

±�Î5n)µ�f Ã���§Kd©ÜÈ©úª∫ ∞
−∞

δ′(x)f(x)dx = δ(x)f(x)|∞∞ −
∫ ∞
−∞

δ(x)f ′(x)dx = −f ′(0).

=§δ′(x) : f → −f ′(0)"Ó��n)µδ(n)(x) : f → (−1)nf (n)(0)"ù���Î3êÆþ¡�

2Â¼ê"

(3) Fp�C�µ�ì).�¼ê�½Â

F [δ(x)] =

∫ ∞
−∞

δ(x)eiλxdx = eiλ×0 = 1.

=).�¼ê�Fp�C��1¶��§1 �Fp��C��).�¼ê§=

F−1[1] = δ(x).

rFp��C��úª�\§k/ªL�ª

δ(x) =
1

2π

∫ ∞
−∞

e−iλxdλ.

^�Î5n)µ

〈δ, f〉 =

∫ ∞
−∞

f(x)
1

2π

∫ ∞
−∞

e−iλxdλdx

=
1

2π

∫ ∞
−∞

∫ ∞
−∞

f(x)e−iλxdxdλ

=
1

2π

∫ ∞
−∞

F (−λ)dλ =
1

2π

∫ ∞
−∞

F (λ)e−iλ×0dλ = f(0).
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qe−iλx = cos(λx)− i sin(λx),5¿�sin(λx) ´'ux �Û¼ê§¤±k/ªL�ª

δ(x) =
1

2π

∫ ∞
−∞

cos(λx)dλ.

Ó�/§δ(x− ξ) �Fp�C�

F [δ(x− ξ)] =

∫ ∞
−∞

δ(x− ξ)eiλxdx = eiλξ.

�L5

F−1[eiλξ] = δ(x− ξ).

·�^).�¼êí��K��úª"

~f2. )Ð©¯Kµ {
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = δ(x− ξ), ut(0, x) = 0

). �Fp�C�

U(t, λ) =

∫ ∞
−∞

u(t, x)eiλxdx.

K {
Utt = −a2λ2U,

U(0, λ) = eiλξ, Ut(0, λ) = 0.

ù´���λ k'�~�©�§µ)�

U(t, λ) = C1(λ)eaλti + C2(λ)e−aλti.

�\Ð©^� {
C1(λ) + C2(λ) = eiλξ.

C1(λ)− C2(λ) = 0.

)�

C1(λ) = C2(λ) =
1

2
eiλξ.

¤±

U(t, λ) =
1

2
(eiλ(ξ+at) + eiλ(ξ−at)).

�Fp��C�§��

u(t, x) =
1

2
(δ(x− ξ − at) + δ(x− ξ + at)) .

5P. ®�½)¯K {
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = g1(x), ut(0, x) = 0

Ú {
vtt = a2uxx,−∞ < x < +∞, t > 0

v(0, x) = g2(x), vt(0, x) = 0



1 δ ¼ê().�¼ê) 4

�)©O�u, v§K½)¯K{
wtt = a2uxx,−∞ < x < +∞, t > 0

w(0, x) = ag1(x) + bg2(x), wt(0, x) = 0

�)�w = au + bv"ùÒ´U\�n"y3·��¤È©/ª"XJ·�éz�ξ ∈ M0 £M0 �

���±È©�«�¤Ñk½)¯K{
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = g(x; ξ), ut(0, x) = 0

§�)�u(t, x; ξ)"K½)¯K{
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) =
∫
M0

φ(ξ)g(x; ξ)dξ, ut(0, x) = 0

�)�
∫
M0

φ(ξ)u(t, x; ξ)dξ"

y3·�¦ {
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = ϕ(x), ut(0, x) = 0

�)"5¿�ϕ(x) =
∫∞
−∞ ϕ(ξ)δ(x − ξ)dξ"=ϕ(x) �±L«�δ(x − ξ) �aq�5|Ü"d5P§

·��±��þã½)¯K�)�

u(x, x) =

∫ ∞
−∞

ϕ(ξ)
1

2
(δ(x− ξ − at) + δ(x− ξ + at)) d(ξ) =

ϕ(x− at) + ϕ(x+ at)

2
.

~f3. )Ð©¯Kµ {
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = 0, ut(0, x) = δ(x− ξ)

). ·�Äk)Ð©¯Kµ {
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = 0, ut(0, x) = δ(x− ξ)

�Fp�C�

U(t, λ) =

∫ ∞
−∞

u(t, x)eiλxdx.

K {
Utt = −a2λ2U,

U(0, λ) = 0, Ut(0, λ) = eiλξ.

ù´���λ k'�~�©�§µ)�

U(t, λ) = C1(λ)eaλti + C2(λ)e−aλti.

�\Ð©^� {
C1(λ) + C2(λ) = 0.

C1(λ)− C2(λ) = eiλξ

aλi
.
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)�

C1(λ) =
eiλξ

2aλi
, C2(λ) = − eiλξ

2aλi
.

¤±

U(t, λ) =
1

2a
× eiλ(ξ+at) − eiλ(ξ−at)

λi
.

�Fp��C�§��

u(t, x) =

{
1
2a
, ξ − at ≤ x ≤ ξ + at.

0,Ù¦.

5P. éu¼ê

f(x) =

{
1, a ≤ x ≤ b.
0,Ù¦.

§�Fp�C��

F [f ] =

∫ ∞
−∞

f(x)eiλxdx =

∫ b

a

eiλxdx =
eiλb − eiλa

iλ
.

5P. �u(t, x : ξ) �þã~f�)§KÚ~f2��/aq§Ð©¯K{
vtt = a2vxx,−∞ < x < +∞, t > 0

v(0, x) = 0, vt(0, x) = ψ(x)

�)�

v(t, x) =

∫ ∞
−∞

ψ(ξ)u(t, x; ξ)dξ =
1

2a

∫ x+at

x−at
ψ(ξ)dξ.

òü�5P�(J�\·�Ò��
�K��úª"

~f4. �k����2l §Ý�0�«ý9�[\Ã9
§3[\�¥m��e§�¦��9þcρ§

¦\þ�§ÝC�"

). �§Ý�u(t, x)§KÐ©§Ýu(0, x) ÷v

u(0, x) =

{
0, x 6= l,

+∞, x = l.

Ú
∫ 2l

0
u(0, x)cρdx = cρ"¤±u(0, x) = δ(x− l)"
�Ñ½)¯K 

ut = a2uxx, 0 < x < 2l, t > 0

u(0, x) = δ(x− l)
ux(t, 0) = ux(t, 2l) = 0.

^©lCþ{§�u(t, x) = T (t)X(x)§K��

T ′

a2T
=
X ′′

X
.

��−λ§K���k�¯K {
X ′′ + λX = 0,

X ′(0) = X ′(2l) = 0.
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±9

T ′ + λ2a2T = 0.

k"�k�λ0 = 0§�k¼ê�X0 = 1"Ù{�k��Ü��§)�X = A cos(
√
λx)+B sin(

√
λx)"

¤±

B = 0, sin(2l
√
λ) = 0.

)��k�9�k¼ê

λn =
n2π2

4l2
, Xn = cos(

nπ

2l
x), n = 1, 2, · · · .

ò�k��\T ��§§��

T0 = C0, Tn = Cne
−n2π2

4l2
a2t, n = 1, 2, 3, · · · .

¤±

u(t, x) = C0 +

∞∑
i=1

Cne
−n2π2

4l2
a2t cos(

nπ

2l
x).

(½Xê§-t = 0§K

C0 =
1

2l
, Cn =

∫ 2l

0
δ(x− l)Xn(x)dx∫ 2l

0
Xn(x)Xn(x)dx

=
Xn(l)

l
.

���n ≥ 1 �§

Cn =

{
0, n = 2k + 1
(−1)k

l
, n = 2k.

¤±

u(t, x) =
1

2l
+

∞∑
k=1

(−1)k

l
e−

k2π2

l2
a2t cos(

kπ

l
x).

~f5. f(t) ëY§O�È©

I =
2a

π

∫ ∞
0

dλ

∫ t

0

f(τ) sin(λx) sin(aλ(t− τ))dτ.

a > 0, at > x > 0.

). Äk

I =
a

π

∫ ∞
−∞

dλ

∫ t

0

f(τ) sin(λx) sin(aλ(t− τ))dτ.

^n�¼ê�ÈzÚ�úªµ

sin(λx) sin(aλ(t− τ)) =
1

2
(cos(aλ(t− τ)− λx)− cos(aλ(t− τ) + λx))
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¤±

I =
a

2π

∫ t

0

f(τ)dτ

∫ ∞
−∞

cos(aλ(t− τ)− λx)− cos(aλ(t− τ) + λx)dλ

= a

∫ t

0

f(τ) (δ(a(t− τ)− x)− δ(a(t− τ) + x)) dτ

= a

∫ t

0

f(τ)δ(a(t− τ)− x)dτ

= a

∫ −x
at−x

f(
at− η − x

a
)δ(η)d

at− η − x
a

=

∫ at−x

−x
f(
at− η − x

a
)δ(η)dη

= f(t− x

a
).

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

·�Ó��±½Âp��).�¼ê"ò�þ�1 ��:�un��m�":§K�Ý¼

êδ(x, y, z) ÷v

(1)

δ(x, y, z) =

{
0, (x, y, z) 6= (0, 0, 0),

+∞, (x, y, z) = (0, 0, 0).

(2)
∫∞
−∞

∫∞
−∞

∫∞
−∞ f(x, y, z)δ(x, y, z)dxdydz = f(0, 0, 0).

·�uyδ(x)δ(y)δ(z) �÷vþ�^�§¤±δ(x)δ(y)δ(z) = δ(x, y, z). PM = (x, y, z)§^δ(M) L

«δ(x, y, z)"p�).�¼ê�5�´aq�µ

(1) é¡5µδ(M) = δ(−M)"���/δ(M −M0) = δ(M0 −M)"òÈúª

δ ∗ f = f(M) =

∫
R3

f(M0)δ(M −M0)dM0.

(2) ¦�µ·��±�Ù��).�¼ê3�":��ê´"§�3":��êQºÏd·��

±�Î5n)µ�f Ã���§Kd©ÙÈ©úª∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

∂δ(x, y, z)

∂x
f(x, y, z)dxdydz =

∫ ∞
−∞

∫ ∞
−∞

δ(y)δ(z)

(∫ ∞
−∞

δ′(x)f(x, y, z)dx

)
dydz

= −
∫ ∞
−∞

∫ ∞
−∞

δ(y)δ(z)
∂f

∂x
(0, y, z)dydz

= −∂f
∂x

(0, 0, 0).

(3) Fp�C�µ£�p��Fp�C�

F [f(x, y, z)] =

∫
R3

f(x, y, z)ei(λx+µy+νz)dxdydz.
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Fp��C�

F−1[F (λ, µ, ν)] =
1

(2π)3

∫
R3

f(x, y, z)e−i(λx+µy+νz)dλdµdν.

�ì).�¼ê�½Â

F [δ(x, y, z)] =

∫
−R3

δ(x, y, z)ei(λx+µy+νz)dxdydz = 1.

=).�¼ê�Fp�C��1¶��§1 �Fp��C��).�¼ê§=

F−1[1] = δ(x, y, z).

2 |³�§Ä�)���¼ê

Öþ�/ª���§�·����ÄÑt�§"3n�ý��m¥�":§·��>þ�−ε0

�:>Ö(ε0�ý�0>~ê)§Ù>Ö�Ý��ρ(x, y, z)§K

(1)

δ(x, y, z) =

{
0, (x, y, z) 6= (0, 0, 0),

+∞, (x, y, z) = (0, 0, 0).

(2)
∫∞
−∞

∫∞
−∞

∫∞
−∞ ρ(x, y, z)dxdydz = −ε0.

¤±ρ(x, y, z) = −ε0δ(x, y, z)"£ÁÑt�§§·��>³¼ê�u(x, y, z)§Kk

∆3u = −ρ(x, y, z)

ε0

= δ(x, y, z).

T�§�)¡�Ñt�§∆3u = 0 �Ä�)"·�)T�§§�p�Fp�C�§k

−(λ2 + µ2 + ν2)ū(λ, µ, ν) = 1.

Ù¥ū �u �Fp�C�"^¥�I§�λ = ρ sin θ cosϕ, µ = ρ sin θ sinϕ, ν = ρ cos θ§K

ū = − 1

ρ2
.

�Fp��C�§��

u(x, y, z) =
1

(2π)3

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

ū(λ, µ, ν)e−i(λx+µy+νz)dλdµdν

·��r =
√
x2 + y2 + z2§N´uyu(x, y, z) �����r k'§¤±·o��¦u(0, 0, r) Ò�±
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§

u(0, 0, r) =
1

(2π)3

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

ū(λ, µ, ν)e−iρr cos θdλdµdν

=
1

(2π)3

∫ ∞
0

∫ 2π

0

∫ π

0

− 1

ρ2
e−iρr cos θρ2 sin θdθdϕdρ

=
1

(2π)2

∫ π

0

∫ ∞
0

−e−iρr cos θ sin θdρdθ

=
1

(2π)2

∫ ∞
0

e−iρr cos θ

−iρr
|π0dρ = − 1

(2π)2

∫ ∞
0

2 sin(ρr)

ρr
dρ = − 1

2π2r

∫ ∞
0

sin(ρ)

ρ
dρ

= − 1

4πr
.

¤±

u = − 1

4πr
.

�d§·���
Ñt�§�Ä�)"Ï�·�{��´K>Ö§¤±>³�K§XJ·�{��

´�>Ö§@o>³��§=

ũ =
1

4πr
.

·��M = (x, y, z)§M0 = (ξ, η, ζ)§XJ·��m©�:>Ö−ε0 Ø´�3":§
´�

3M0 :§@o>³�

u(M ;M0) = − 1

4πr(M,M0)
,

Ù¥r(M,M0) L«ü�:�m�må"d�

∆3u = δ(x− ξ, y − η, z − ζ).

�)"

XJ�m�>Ö�Ý�ρ(M)§K�A�Ñt�§�

∆3u = −ρ(M)

ε0

·��±ò−ρ(M)
ε0
©)�).�¼ê�È©U\§

−ρ(M)

ε0

= − 1

ε0

∫
R3

ρ(M0)δ(M −M0)dM0.

@o�A�)�´È©U\µ

u(M) = − 1

ε0

∫
R3

ρ(M0)u(M ;M0)dM0 =
1

4πε0

∫
R3

ρ(M0)

r(M ;M0)
dM0.

éuÄ�)§·���±ùon)§·�2":�þ���−ε0 >Ö"dpdúª§ÏLµ4

­¡�>Ïþ�uµ4­¡�>ÖØþ0>~ê§�dé¡5§>|rÝ���":�ålk'§

����":§�Ù���E(a) £��ÒØ+
¤"Ï
ÏL±":��%§a ��»�>Ïþ�

−E(a)× 4πa2 = −ε0

ε0

= −1
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=

E(a) =
1

4πa2

b�Ã¡�?>³�"§Kr ?>³�

U(+∞)− U(r) =

∫ ∞
r

1

4πa2
da = − 1

4πa
|∞r =

1

4πr
,

=

U(r) = − 1

4πr

Ú·�O��(J´���§ù`²�,·�v`§�·�®²%@
Ã¡�?>³�""�ù«

%@¿Øo´�(�§~X§�·�¦��Ñt�§

∆2u(x, y) = δ(x, y)

��ÿ§d�

−E(a)× 2πa = −ε0

ε0

= −1

��

E(a) =
1

2πa
,

ù�ÿ2%@Ã¡�?>³�"§K

U(+∞)− U(r) =

∫ ∞
r

1

2πa
da =Ø�È,

ù�ÿ·�ÒØU%@Ã¡�?>³�"§ÄKv{�">³´��éþ§�±%@?Û/�>³

�"§,�¦Ù¦:��é>³§Ï
·��±%@a = 1 ?>³�"§K

U(1)− U(r) =

∫ 1

r

1

2πa
da =

ln a

2π
|1r = − ln r

2π
.

¤±

U(r) =
ln r

2π
.

��¡(J´���"@oXJ´��Qº

∆1u(x) = δ(x).

d�

−E(a)× 2 = −ε0

ε0

= −1

��

−E(a) = −1

2
,

·�Zy%@":�>³�"§K

U(0)− U(r) =

∫ 0

r

1

2
da =

a

2
|0r = −r

2
.

¤±

U(r) =
r

2
.
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2.1 ��¼ê9ÙÔn¿Â

�k��d7á¥��¤�«�V§7á¥��/£>³�"¤§SÜM0 ?��:>Ö§>þ

�ε0§KV SÜ>³©Ùu ÷v {
∆u = −δ(M −M0),M ∈ V
u|∂V = 0.

T½)¯K�)·�¡���¼ê§P�G(M ;M0)§��¼ê´küÜ©|¤�§�Ü©´k:

>Öε0�)�>³§ù�®²3c¡ùL§�

(1) u(M ;M0) =
1

4πr(M,M0)
,

Ù¥r(M,M0) L«ü�:�m�må",�Ü©´daA>Ö�)�>³§÷vXe½)¯Kµ

(2)

{
∆u = 0,M ∈ V
u(M)|∂V = − 1

4πr(M,M0)
.

G(M,M0) = (1) + (2)�)=���¼ê§ù�Jø
��¦��¼ê��{§��¦Ñ£2¤Ò�

±
§,
�´J¦§·��Ué�
AÏ��/¦��¼ê"

½n. ��¼êäké¡5§=G(M1;M2) = G(M2;M1), M1,M2 �V Sü:"

y². í�I�^���1�úª∫
V

w∆v − v∆wdV =

∫
S

w
∂v

∂~n
− v∂w

∂~n
dS

�G(M ;Mi), i = 1, 2 ÷v½)¯K{
∆u = −δ(M −Mi),M ∈ V
u(M)|∂V = 0.

3��1�úª¥�w = G(M ;M1), v = G(M ;M2)§���>∫
V

G(M ;M1)∆G(M ;M2)−G(M ;M2)∆G(M ;M1)dV

=

∫
V

G(M ;M1)(−δ(M −M2))−G(M ;M2)(−δ(M −M1))dV

=G(M1;M2)−G(M2;M1)

m> ∫
S

G(M ;M1)
∂G(M ;M2)

∂~n
−G(M ;M2)

∂G(M ;M1)

∂~n
dS = 0

éì��

G(M1;M2) = G(M2;M1).

XJ·���
��¼ê§·��±¦Ñ��Ñt�§>�¯K�)"=



2 |³�§Ä�)���¼ê 12

½n. Ñt�§>�¯Kµ {
∆u = −f(x, y, z),M ∈ V
u|∂V = ϕ(x, y, z).

�)�

u(M) = −
∫
S

ϕ(M0)
∂M0

G

∂~n
dS +

∫
V

G(M ;M0)f(M0)dM0,

Ù¥G = G(M ;M0)"

y². )küÜ©§�¡Ü©
∫
V
Gf(M0)dM0 �½)¯K{

∆u = −f(x, y, z),M ∈ V
u|∂V = 0.

�)"·���y²c¡Ü©v(M) = −
∫
S
ϕ(M0)∂G

∂~n
dS �½)¯K{

∆v = 0,M ∈ V
v|∂V = ϕ(x, y, z).

�)=�"d��1�úª∫
S

G(M ;M0)
∂v(M0)

∂~n
− v(M0)

∂G

∂~n
dS =

∫
V

G(M ;M0)∆v(M0)− v(M0)∆G(M ;M0)dM0

=

∫
V

0 + v(M0)δ(M −M0)dM0 = v(M).

q3>.þG(M ;M0) = 0§¤±3>.þ

ϕ(M) = −
∫
S

v(M0)
∂G

∂~n
dS = −

∫
S

ϕ(M0)
∂G

∂~n
dS.

ù�·��y
>.^�§y3·o�y�½�§"

∆ (v(M)) = −
∫
S

ϕ(M0)
∂M0

∆MG

∂~n
dS = −

∫
S

ϕ(M0)
∂M0

δ(M −M0)

∂~n
dS = 0.

�
�B§·�²~��M,M0 � �"

u(M0) = −
∫
S

ϕ(M)
∂G

∂~n
dS +

∫
V

Gf(M)dM.

2.2 ^º�{¦��¼ê

��5`��¼êéJ¦§�´éuAÏ��¹§��¼ê�±^º�{¦Ñ"

1¤��m���¼êµ½)¯K{
∆G = −δ(x− ξ, y − η, z − ζ) = −δ(M −M0), z > 0

G|z=0 = 0.

�)¡���m���¼ê"lÔn�Ýw§ùÒ´3M0 = (ξ, η, ζ) ?�þ>þ�ε0 �>ÖQ§

z = 0 �Ã����/�7á�§¦þ��m�>³©Ù"�{´º�{§�Ò´3(ξ, η, ζ) '
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uz = 0 �é¡:M ′0 = (ξ, η,−ζ) ?�þ>þ�−ε0 �>ÖQ
′§¿£K7á�"Kd>ÖQ Ú>

ÖQ′ �)�>³�

u(M) =
1

4πr(M,M0)
− 1

4πr(M,M ′0)
.

dé¡5§3z = 0 ?§>³�0"¿�

∆u = −δ(M −M0) + δ(M −M ′0).

3þ�²¡�Ð�

∆u = −δ(M −M0).

¤±

G(M ;M0) = u(M) =
1

4πr(M,M0)
− 1

4πr(M,M ′0)
=

1

4π
(

1

r(M,M0)
− 1

r(M,M ′0)
).

Ò´·��¦���¼ê"=

G(M ;M0) =
1

4π
(

1√
(x− ξ)2 + (y − η)2 + (z − ζ)2

− 1√
(x− ξ)2 + (y − η)2 + (z + ζ)2

).

éu��/ª½)¯Kµ {
∆u = −f(x, y, z), z > 0

G|z=0 = ϕ(x, y).

·��\7Úúª§k

u(M) = −
∫
S

ϕ(M0)
∂M0

G

∂~n
dS +

∫
V

Gf(M0)dM0.

Ù¥c¡��

−
∫
S

ϕ(M0)
∂M0

G

∂~n
dS =

∫
S

ϕ(M0)
G(M,M0)

∂ζ
dM0 =

∫
S

ϕ(ξ, η)
∂G(M,M0)

∂ζ
dM0.

O�

∂G(M,M0)

∂ζ

∣∣∣
ζ=0

= − 1

8π

(
2(ζ − z)

((x− ξ)2 + (y − η)2 + (z − ζ)2)3/2
− 2(ζ + z)

((x− ξ)2 + (y − η)2 + (z + ζ)2)3/2

) ∣∣∣
ζ=0

=
z

2π((x− ξ)2 + (y − η)2 + z2)3/2

¤±½)¯K {
∆v = 0, z > 0

v|z=0 = ϕ(x, y).

�)�

v(x, y, z) =
1

2π

∫
R2

ϕ(ξ, η)z

((x− ξ)2 + (y − η)2 + z2)3/2
dξdη.

½ö�¤

v(ξ, η, ζ) =
1

2π

∫
R2

ϕ(x, y)ζ

((x− ξ)2 + (y − η)2 + ζ2)3/2
dxdy.
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Öþ�Yg,´��"

¤±�²¡¦��¼ê�'�´3M0'u�²¡�é¡:M
′
0J���>þ�−ε0 �>Ö§¿

òü�>Ö�)�>³U\"¤±'�´éé¡:§)ÛAÛÖþATkúª£Ðj§��zÝé

Ø�¤"¦M0 = (ξ, η, ζ) 'uax+ by + cz + d = 0 �é¡:"k�²LM0 Ú²¡R���§kë

êL«(ξ + pa, η + pb, ζ + pc)",�¦T�Ú²¡��:P"��)Ñp

a(ξ + pa) + b(η + pb) + c(ζ + pc) + d = 0.

��é¡:=�

2P − (ξ, η, ζ) = (ξ + 2pa, η + 2pb, ζ + 2pc)

~f6. «�Ω = {(x, y, z) : x+ y + z > 0}, ¦��¼ê"

). 3Ω «��M0 = (ξ, η, ζ) �>þ�ε0 �:>Ö§3§�'ux + y + z = 0 �é¡:M ′0 =

( ξ−2η−2ζ
3

, η−2ξ−2ζ
3

, ζ−2ξ−2η
3

) �,�:>Ö§>þ�−ε0"��¼ê�ü�>Ö�)>³�U\µ=

G(M ;M0) =
1

4π

 1√
(x− ξ)2 + (y − η)2 + (z − ζ)2

− 1√
(x− ξ−2η−2ζ

3
)2 + (y − η−2ξ−2ζ

3
)2 + (z − ζ−2ξ−2η

3
)2

 .

~f7. «�Ω = {(x, y, z) : x > y}, ¦��¼ê"

). 3Ω «��M0 = (ξ, η, ζ) �>þ�ε0 �:>Ö§3§�'ux = y �é¡:M ′0 = (η, ξ, ζ) �

,�:>Ö§>þ�−ε0"��¼ê�ü�>Ö�)>³�U\µ=

G(M ;M0) =
1

4π

(
1√

(x− ξ)2 + (y − η)2 + (z − ζ)2
− 1√

(x− η)2 + (y − ξ)2 + (z − ζ)2

)
.

	ü {�� 1√
2
(−1, 1, 0)§¤±½)¯K{

∆u = 0, x+ y > 0

u|x=y = ϕ(x).

�)�

u(M) = −
∫
S

ϕ(M0)
∂G

∂~n
dS =

∫ ∞
−∞

∫ ∞
−∞

ϕ(ξ)(Gξ −Gη)|η=ξdξdζ.

��¦�

u(M) =
1

2π

∫ ∞
−∞

∫ ∞
−∞

(x− y)ϕ(ξ)√
(x− ξ)2 + (y − ξ)2 + (z − ζ)2

3 dξdζ.

¢Sþ§�±?�Úz{�

u(M) =
x− y
π

∫ ∞
−∞

ϕ(ξ)√
(x− ξ)2 + (y − ξ)2

dξ.

~f8. ¦½)¯K {
uxx + 4uyy + 9uzz = 0, x > 0

u|x=0 = ϕ(y, z).
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). �x̄ = x, ȳ = 1
2
y, z̄ = 1

3
z§K½)¯Kz�{

ux̄x̄ + uȳȳ + uz̄z̄ = 0, x̄ > 0

u|x̄=0 = ϕ(2ȳ, 3z̄).

·�¦x̄ > 0 «����¼ê§�M0 = (ξ, η, ζ) �ξ > 0§Ù'ux̄ = 0 �é¡:M ′0 = (−ξ, η, ζ)§

3M0 :�þε0 �>Ö§3M ′0 �þ−ε0 �>Ö"¤±��¼ê

G(M ;M0) =
1

4π

(
1√

(x̄− ξ)2 + (ȳ − η)2 + (z̄ − ζ)2
− 1√

(x̄+ ξ)2 + (ȳ − η)2 + (z̄ − ζ)2

)
.

ü 	{��~n = (−1, 00)§¤±

∂G

∂~n
|ξ=0 = −∂G

∂ξ
|ξ=0 = − 1

2π

x̄√
x̄2 + (ȳ − η)2 + (z̄ − ζ)2

3 .

¤±

u =
x̄

2π

∫ ∞
−∞

∫ ∞
−∞

ϕ(2η, 3ζ)√
x̄2 + (ȳ − η)2 + (z̄ − ζ)2

3 dηdζ =
x

2π

∫ ∞
−∞

∫ ∞
−∞

ϕ(2η, 3ζ)√
x2 + (y

2
− η)2 + ( z

3
− ζ)2

3 dηdζ.

2). ¥/�þ���¼êµb�k��7á¥�§�/§¥SM0 = (ξ, η, ζ) ?kε0 �>Ö§¦

¥S>³©Ù"·��ρ0 = r(O,M0)§ρ1 = R2/ρ0"3

M ′0 =
ρ1

ρ0

M0 =
R2

ρ2
0

(ξ, η, ζ)

?{�>Ö§>þ�

−R
ρ0

ε0.

·��±�yùü>Ö�)�>³3¥�þ�>³�""éu?¿7á¥�þ�:M§n�

/OMM0 �n�/OMM ′0 �q§¤±

|MM ′0|
|MM0|

=
|MO|
|OM0|

=
R

ρ0

,

¤±�M 37á¥�þ��ÿ§M ?�>³�

1

4π

(
1

|MM0|
− R

|MM ′0|ρ0

)
=

1

4π

(
1

|MM0|
− 1

|MM0|

)
= 0.

Ï
dùü>Ö)¤>³©Ù�U\Ò´·��¦���¼ê�

G(M ;M0) =
1

4π

(
1

r(M,M0)
− R

ρ0r(M,M ′0)

)
.

XJ·�POM0 �OM �m�Y��ψ§Kd{u½n

r(M,M0) =
√
r2 + ρ2

0 − 2rρ0 cosψ,

Ú

r(M,M0) =
√
r2 + ρ2

1 − 2rρ1 cosψ =

√
r2ρ2

0 +R4 − 2R2rρ0 cosψ

ρ2
0

.
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¤±

G(M ;M0) =
1

4π

(
1√

r2 + ρ2
0 − 2rρ0 cosψ

− R√
r2ρ2

0 +R4 − 2R2rρ0 cosψ

)
.

AO/§

lim
ρ0→0

G(M ;M0) =
1

4π

(
1√
r2
− R√

R4

)
=

1

4π

(
1

r
− 1

R

)
.

¤±

Gρ0 |ρ0=R = − 1

8π

(
2ρ0 − 2r cosψ√

r2 + ρ2
0 − 2rρ0 cosψ

3 −
R(2ρ0r

2 − 2R2r cosψ)√
r2ρ2

0 +R4 − 2R2rρ0 cosψ
3

)
|ρ0=R.

=

Gρ0 |ρ0=R = − 1

4π

R2 − r2√
r2 +R2 − 2rR cosψ

3 .

½)¯K {
∆u = 0, r ≤ R
u|r=R = φ(θ, ϕ).

�)�

u =
R

4π

∫ 2π

0

∫ π

0

φ(θ, ϕ)
R2 − r2√

r2 +R2 − 2rR cosψ
3 sin θdθdϕ

2.2.1 ���/

·�¦�²¡���¼ê§Äk¦±eÄ�)¯K

∆2u = δ(x, y).

ù�3c¡·�®²¦L
§Ä�)�

u =
ln r

2π
.

ù´30 :{�
��−ε0 >Ö�)�>³"Ó��XJ·�3":{�ε0 >Ö�)�>³�

− ln r

2π
.

�,·���±^Öþ�){§dÔn�*§)ATké¡5§¤±u = u(r)§r �M = (x, y) �

":ål"Kk

urr +
ur
r

= 0, r > 0

=

r2urr + rur = 0.

ù´î.�§§�CþO�r = et§��

utt = 0.

¤±

u = A+Bt = A+B ln r, r > 0
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�A = 0§¿é����È©

1 =

∫
R2

∆2udxdy =

∫
Cε

∂u

∂n
dl =

∫
Cε

B

r
dl = 2πB.

¤±B = 1
2π

. ¤±

u =
ln r

2π
.

y3·�b�3þ�²¡y > 0 �, �M0 = (ξ, η) ?{�
>Öε0. y = 0 ´7á��/"·

�¦��¼ê§=¦µ {
∆2u = −δ(M −M0), y > 0

u|y=0 = 0.

�{aq§Ó�3M0 'uy = 0 �é¡:M ′0 = (ξ,−η) ?{�>Ö−ε0"��¼ê=´dùü>Ö

�)>³�U\§=

G(M ;M0) = − 1

2π
(ln r(M,M0)− ln r(M,M ′0)) =

1

4π
ln

(x− ξ)2 + (y + η)2

(x− ξ)2 + (y − η)2
.

n��½)¯Kúªé���,¤á§±e½)¯Kµ{
∆2u = 0, y > 0

u|y=0 = ϕ(x).

�)�

u(x, y) = −
∫
R
ϕ(ξ)

∂G

∂~n
dξ.

~n = (0,−1) �ü 	{�§¤±

∂G

∂~n
|η=0 = −Gη|η=0 = − 1

π

y

(x− ξ)2 + y2
.

¤±

u(x, y) =
y

π

∫
R

ϕ(ξ)

(x− ξ)2 + y2
dξ.

��½)¯Kµ {
∆2u = −f(x, y), y > 0

u|y=0 = ϕ(x).

�)�

u(x, y) =

∫ ∞
0

∫ ∞
−∞

f(ξ, η)Gdξdη +
y

π

∫
R

ϕ(ξ)

(x− ξ)2 + y2
dξ.

~f9. ¦½)¯Kµ {
uxx + 4uyy = 0, x < 0

u|x=0 = ϕ(y).

). �x̄ = x, ȳ = 1
2
y§K½)¯Kz�{

ux̄x̄ + uȳȳ = 0, x̄ < 0

u|x̄=0 = ϕ(2ȳ).
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·�¦x̄ < 0 «����¼ê§�M0 = (ξ, η) �ξ < 0§Ù'ux̄ = 0 �é¡:M ′0 = (−ξ, η)§¤±

��¼ê

G(M ;M0) = − 1

2π
(ln r(M,M0)− ln r(M,M ′0)) =

1

4π
ln

(x̄+ ξ)2 + (ȳ − η)2

(x̄− ξ)2 + (ȳ − η)2
.

ü 	{��~n = (1, 0)§¤±

∂G

∂~n
|ξ=0 =

∂G

∂ξ
|ξ=0 =

1

π

x̄

x̄2 + (ȳ − η)2
.

¤±

u = − x̄
π

∫ ∞
−∞

ϕ(2η)

x̄2 + (ȳ − η)2
dη = −x

π

∫ ∞
−∞

4ϕ(2η)

4x2 + (y − 2η)2
dη.

~f10. �²¡«�Ω = {(x, y) : x+ y > 0},

(1) ¦«�Ω ���¼ê¶

(2) ¦«�Ω �½)¯Kµ {
∆2u = 0, x+ y > 0

u|x+y=0 = ϕ(x).

). (1). �M0 = (ξ, η)�Ω S:§KM0 'ux+ y = 0 �é¡:�M ′0 = (−η,−ξ) ¤±��¼ê�

G(M ;M0) = − 1

2π
(ln r(M,M0)− ln r(M,M ′0)) =

1

4π
ln

(x+ η)2 + (y + ξ)2

(x− ξ)2 + (y − η)2
.

(2).ü 	{��~n = − 1√
2
(1, 1)§¤±

∂G

∂~n
|ξ+η=0 = − 1√

2
(Gξ +Gη)|ξ+η=0 = −x+ y

π
√

2

1

(x− ξ)2 + (y + ξ)2
.

¤±

u(x, y) =
x+ y√

2π

∫
ϕ(ξ)

(x− ξ)2 + (y + ξ)2
dl =

x+ y

π

∫ ∞
−∞

ϕ(ξ)

(x− ξ)2 + (y + ξ)2
dξ.

2). ��þ���¼êµ��«���»�R ��SÜ§¦��¼ê§3�SM0 = (ξ, η, ζ) ?

kε0 �>Ö§�±þ>³�"§¦�S>³©Ù"·��ρ0 = r(O,M0)§ρ1 = R2/ρ0"3

M ′0 =
ρ1

ρ0

M0 =
R2

ρ2
0

(ξ, η, ζ)

?{�>Ö§>þ�

−ε0.

d�§�±O����±þ�>³�,Ø´0§�´~ê"¢Sþéu�±þ�?¿:M§n�

/OMM0 �n�/OMM ′0 �q§¤±

|MM ′0|
|MM0|

=
|MO|
|OM0|

=
R

ρ0

,

¤±�M 3�±þ��ÿ§M ?�>³�

1

2π
ln
|MM ′0|
|MM0|

=
1

2π
ln
R

ρ0

.
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Ï
��¼ê�

G(M ;M0) =
1

2π
ln
r(M,M ′0)

r(M,M0)
− 1

2π
ln
R

ρ0

=
1

2π
ln
ρ0r(M,M ′0)

Rr(M,M0)
.

�M 2�±þ��ÿ§

G(M ;M0) =
1

2π

(
ln
ρ0r(M,M ′0)

Rr(M,M0)

)
=

1

2π
ln
ρ0R

Rρ0

= 0.

±e½)¯K {
∆2u = 0, 0 ≤ r ≤ R
u|r=R = ϕ(θ).

�)�

u(x, y) = −
∫
ϕ
∂G

∂~n
dl = −

∫ 2π

0

ϕ(θ)Gρ0Rdθ.

�ψ �OM �OM0 Y�"d{uúªµ

r(M,M0) =
√
r2 + ρ2

0 − 2rρ0 cosψ

Ú

r(M,M ′0) =
√
r2 + ρ2

1 − 2rρ1 cosψ =

√
r2ρ2

0 +R4 − 2R2rρ0 cosψ

ρ2
0

.

¤±

G(M ;M0) =
1

2π
ln
ρ0r(M,M ′0)

Rr(M,M0)
=

1

2π
ln

√
r2ρ2

0 +R4 − 2R2rρ0 cosψ

R
√
r2 + ρ2

0 − 2rρ0 cosψ
.

¤±

Gρ0 |ρ0=R =
1

4π

(
2ρ0r

2 − 2R2r cosψ

r2ρ2
0 +R4 − 2R2rρ0 cosψ

− 2ρ0 − 2r cosψ

r2 + ρ2
0 − 2rρ0 cosψ

)
|ρ0=R.

=

Gρ0 |ρ0=R =
1

2πR

r2 −R2

r2 +R2 − 2rR cosψ
.

¤±

u(M) =
1

2π

∫ 2π

0

ϕ(θ)(R2 − r2)

r2 +R2 − 2rR cos(θ − φ)
dθ,

Ù¥φ �M �Ì�"

·������~f´Öþ�§^©lCþ{¦��¼ê"

~f11. «��Ω : 0 < x < a, 0 < y < b§¦��¼ê"

). ��)Xe½)¯Kµ {
∆2u = δ(ξ, η), 0 < x < a, 0 < y < b

u|x=0 = u|x=a = u|y=0 = u|y=b = 0.
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2.3 9�§Ð©¯K�Ä�)

·�`,
y�äk�mÚ�m�²£ØC5§XJ�Ð©G�����mÚ�m�²£�§

�A�ÔnL§��A�����mÚ�m�²£"AO/��êÆÔn�§XJ§�Xê´��

mÚ�mÃ'�~ê§@o§£ã�ÔnL§Òäk�mÚ�m�²£ØC5§�Ð©G�u)²

£�§·�=I�é�A�)²££r�5��m�m�¤�é�mÚ�é�m¤=�"

�L ´x, y, z �~Xê£�mÚ�m�²£5�¤�5�©�f"¡

II1 :

{
ut = Lu, t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = δ(x, y, z).

��Ü¯K

II2 :

{
ut = Lu+ f(t, x, y, z), t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = ϕ(x, y, z).

�Ä�)"XJ·�U)ÑII1§@oII2 �)�Ò��
"�II1 �)�

U(t,M),M = (x, y, z).

Kd�mÚ�m�²£5�§

(c) :

{
ut = Lu, t > τ,−∞ < x, y, z <∞
u(τ, x, y, z) = δ(M −M0).

�)�

U(t− τ,M −M0).

KII2 �)�

U(t,M) ∗ ϕ(M) +

∫ t

0

U(t− τ,M) ∗ f(τ,M)dt.

�
n)ù�ªf§·��±òII2 ^U\�n©¤üÜ©

(a) :

{
ut = Lu, t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = ϕ(x, y, z).

Ú

(b) :

{
ut = Lu+ f(t, x, y, z), t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = 0.

)�c�Ü©=´(a) �)§Ù¢

ϕ(M) = ϕ(M) ∗ δ(M) =

∫
R3

ϕ(M0)δ(M −M0)dM0.

l
(a) �)�òþª¥).�¼êO��(c) �)"=�∫
R3

ϕ(M0)U(t,M −M0)dM0 = U(t,M) ∗ ϕ(M).
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�u(b)§·��±^Àþ�n§��¦

(d) :

{
ut = Lu, t > τ,−∞ < x, y, z <∞
u(0, x, y, z) = f(τ, x, y, z).

Ù)�

f(τ,M) ∗ U(t− τ,M).

dÀþ�n§(b) �)� ∫ t

0

f(τ,M) ∗ U(t− τ,M)dτ.

ù�·�ò(a) Ú(b) Üå5Ò��
II2 �)"

þã´��/ª§·�£�9�§�Ä�)¯Kµ{
ut = a2∆3u, t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = δ(x, y, z).

I�5¿�´§����n��9�§Ä�)k�Ó�/ª§Ï
d?·�=`²n���/"�

n��Fp�C�

Ū(t, λ, µ, ν) =

∫
R3

u(t, x, y, z)ei(λx+µy+νz)dxdydz.

K {
Ūt = −a2(λ2 + µ2 + ν2)Ū , t > 0,−∞ < λ, µ, ν <∞
Ū(0, λ, µ, ν) = 1.

ù´��±t �gCþ�~�©�§")�

Ū = C(λ, µ, ν)e−a
2(λ2+µ2+ν2)t.

-t = 0§��

C(λ, µ, ν) = 1.

¤±

Ū = e−a
2(λ2+µ2+ν2)t.

�Fp��C�"

u(t, x, y, z) =
1

(2π)3

∫
R

∫
R

∫
R
e−a

2(λ2+µ2+ν2)te−i(λx+µy+νz)dλdµdν

=
1

2π

∫
R
e−a

2λ2te−iλxdλ× · · ·

�²�

1

2π

∫
R
e−a

2λ2te−iλxdλ =
1

2πa
√
t

∫
R
e−(aλ

√
t+ ix

a
√
t
)2− x2

4a2t d(a
√
tλ) =

e−
x2

4a2t

2πa
√
t

∫
R
e−λ

2

dλ =
e−

x2

4a2t

2a
√
πt
.

¤±Ä�)�

U(t, x, y, z) =

(
1

2a
√
πt

)3

e−
x2+y2+z2

4a2t .
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��9�§�Ä�)�

U(t, x, y) =

(
1

2a
√
πt

)2

e−
x2+y2

4a2t .

��9�§�Ä�)�

U(t, x) =
1

2a
√
πt
e−

x2

4a2t .

�±wÑ9*Ñ�ÿ©ª�±��©Ù§¿��±­�½K­¡½öp�­¡eoNÈØC§=U

þÅð§�ö�±ÏLFp�C�éN´��§¢Sþ∫
R3

U(t, x, y, z)dxdydz = Ū(t, 0, 0, 0).




Ūt(t, 0, 0, 0) = 0=Ū(t, 0, 0, 0)ð�u~ê.

¤±UþÅð"

2.4 ÅÄ�§Ð©¯K�Ä�)

�L ´x, y, z �~Xê£�mÚ�m�²£5�¤�5�©�f"¡

II1 :

{
utt = Lu, t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = 0, ut(0, x, y, z) = δ(x, y, z).

��Ü¯K

II2 :

{
utt = Lu+ f(t, x, y, z), t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = ϕ(x, y, z), ut(0, x, y, z) = ψ(x, y, z).

�Ä�)"XJ·�U)ÑII1§@oII2 �)�Ò��
"�II1 �)�

U(t,M).

KII2 �)�

u(t,M) =
∂

∂t
[U(t,M) ∗ ϕ(M)] + U(t,M) ∗ ψ(M) +

∫ t

0

U(t− τ,M) ∗ f(τ,M)dτ.

ù��§�)knÜ©§�¡üÜ©ÑÐn)§·�=I��y1�Ü©�½)¯K{
utt = Lu, t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = ϕ(x, y, z), ut(0, x, y, z) = 0.

�)=�"Äk�yÙ÷v�½�§µ=

∂3

∂t3
[U(t,M) ∗ ϕ(M)] =

∂

∂t
[
∂2

∂t2
[U(t,M)] ∗ ϕ(M)] =

∂

∂t
[L[U(t,M)] ∗ ϕ(M)] = L ∂

∂t
[U(t,M) ∗ ϕ(M)].

Ù¥

L[U(t,M)]∗ϕ(M) =

∫
R3

L[U(t,M−M0)]ϕ(M0)dM0 = L[

∫
R3

U(t,M−M0)ϕ(M0)dM0] = L[U(t,M)∗ϕ(M)].
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,��yÐ©^�µ

∂

∂t
[U(t,M) ∗ ϕ(M)]|t=0 = Ut(t,M)|t=0 ∗ ϕ(M) = δ(M) ∗ ϕ(M) = ϕ(M);

∂2

∂t2
[U(t,M)∗ϕ(M)]|t=0 = Utt(t,M)|t=0∗ϕ(M) = L[U(t,M)]|t=0∗ϕ(M) = L[U(t,M)|t=0]∗ϕ(M) = 0.

ù�·�Ò�¤
�y"

~f12. ÅÄ�§�Ü¯K�Ä�)µ

II1 :

{
Utt = a2∆3U, t > 0,−∞ < x, y, z <∞
U(0, x, y, z) = 0, Ut(0, x, y, z) = δ(x, y, z).

). �n��Fp�C�

Ū(t, λ, µ, ν) =

∫
R3

u(t, x, y, z)ei(λx+µy+νz)dxdydz.

K {
Ūtt = −a2(λ2 + µ2 + ν2)Ū , t > 0,−∞ < λ, µ, ν <∞
Ū(0, λ, µ, ν) = 0, Ūt(0, λ, µ, ν) = 1.

�
Ö��B§·��ρ =
√
λ2 + µ2 + ν2§¿P¥4�I

λ = ρ sin θ cosφ, µ = ρ sin θ sinφ, ν = ρ cos θ.

K {
Ūtt = −a2ρ2Ū , t > 0,−∞ < λ, µ, ν <∞
Ū(0, λ, µ, ν) = 0, Ūt(0, λ, µ, ν) = 1.

ù´��±t �gCþ�~�©�§")�

Ū = C(λ, µ, ν) cos(aρt) +D(λ, µ, ν) sin(aρt).

�\Ð©^���

C(λ, µ, ν) = 0, D(λ, µ, ν) =
1

aρ
.

¤±

Ū =
sin(aρt)

aρ
.

�Fp��C�§

U =
1

(2π)3

∫
R3

sin(aρt)

aρ
e−i(λx+µy+νz)dλdµdν.

ÏL*	§·�uy)AT´¥é¡�"�Ò´`U ����´��mÚM �":�ålk'"
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=U = U(t, r)"¤±

U(t, r) =
1

(2π)3

∫ ∞
0

∫ 2π

0

∫ π

0

sin(aρt)

aρ
e−iρr cos θρ2 sin θdθdφdρ

=
1

(2π)2

∫ ∞
0

∫ π

0

ρ sin(aρt)

a
e−iρr cos θ sin θdθdρ

=
1

(2π)2

∫ ∞
0

sin(aρt)

iar
e−iρr cos θ|π0dρ

=
1

(2π)2

∫ ∞
0

2 sin(ρr) sin(aρt)

ar
dρ

=
1

8π2ar

∫ ∞
−∞

cos(ρr − aρt)− cos(ρr + aρt)dρ.

^úª

δ(x) =
1

2π

∫ ∞
−∞

cos(λx)dλ.

��

U(t, r) =
1

4πar
(δ(r − at)− δ(r + at)).

Ï�r, a, t > 0, ¤±

U(t, r) =
δ(r − at)

4πar
.

ù`²Å±":�¥%§�o±±!�a *Ñ"ù�·�Ò��
n�ÅÄ�§�Ä�)"

k
n�ÅÄ�§�Ä�)§·��±�Ñn�gdÅ�)"n�gdÅ½)¯K�{
utt = a2∆3u, t > 0,−∞ < x, y, z <∞
u(0, x, y, z) = ϕ(x, y, z), ut(0, x, y, z) = ψ(x, y, z).

Ù)�

u(t,M) =
∂

∂t
[U(t,M) ∗ ϕ(M)] + U(t,M) ∗ ψ(M).

Ù¥�¡�

U(t,M) ∗ ψ(M) =

∫
R3

U(t,M −M0)ψ(M0)dM0

=
1

4πa

∫
R3

δ(r − at)
r

ψ(M0)dM0.

ùpr =
√

(x− ξ)2 + (y − η)2 + (z − ζ)2. d).�¼ê���5K§·��±áê��G�¼

êu(t,M) ���M :ålat �:�Ð©G�k'"rM0 = (ξ, η, ζ) �¤±M = (x, y, z) �¥%

�¥�I/ª§ 
ξ = x+ r sin θ cosϕ

η = y + r sin θ sinϕ

ζ = z + r cos θ.
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¿�ψ̃(r, θ, ϕ) = ψ(ξ, η, ζ)"��

U(t,M) ∗ ψ(M) =
1

4πa

∫ ∞
0

∫ π

0

∫ 2π

0

δ(r − at)
r

ψ̃(r, θ, ϕ)r2 sin θdϕdθdr

=
1

4πa

1

at

∫ π

0

∫ 2π

0

ψ̃(at, θ, ϕ)(at)2 sin θdϕdθ

=
1

4πa2t

∫
Sat

ψ(M0)dS

= t[
1

4π(at)2

∫
Sat

ψ(M0)dS].

¥)Òp��ué¥¡¦²þ"P

Mat(ψ) =
1

4π(at)2

∫
Sat

ψ(M0)dS.

K�±��gdÅ�DÂúªµ

u(t,M) =
∂

∂t
[tMat(ϕ)] + tMat(ψ).

Ï~¡��Ñtúª"

��5¿�´ÅÄ�§ØÓ�ê�Ä�)¿ØÚ�§e¡·��Ñ��ÅÄ�§�Ä�)§¢

Sþ§±c�L"

II1 :

{
Utt = a2Uxx, t > 0,−∞ < x,<∞
U(0, x) = 0, Ut(0, x) = δ(x).

). �Fp�C�

Ū(t, λ) =

∫
R3

u(t, x)ei(λx)dxdydz.

K {
Ūtt = −a2(λ2)Ū , t > 0,−∞ < λ <∞
Ū(0, λ) = 0, Ūt(0, λ) = 1.

ù´��±t �gCþ�~�©�§")�

Ū = C(λ) cos(aλt) +D(λ) sin(aλt).

�\Ð©^���

C(λ) = 0, D(λ) =
1

aλ
.

¤±

Ū =
sin(aλt)

aλ
.

�Fp��C�§

U =
1

2π

∫
R3

sin(aλt)

aλ
e−iλxdλ =

1

2π

∫
R3

eiλat − e−iλat

2aλi
e−iλxdλ.

¤±

U(t, x) =

{
1
2a
, x ∈ [−at, at]

0, Ù¦.

¤±���Ä�)´{ü�"
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ò��ÅÄ�§�Ä�)�\�m©�úª§·��±���K��úª"��gdÅ

II1 :

{
utt = a2uxx, t > 0,−∞ < x,<∞
u(0, x) = ϕ(x), ut(0, x) = ψ(x).

�)�

u(t, x) =
∂

∂t
[u(t, x) ∗ ϕ(x)] + u(t, x) ∗ ψ(x).

ÏLO�µ

u(t, x) ∗ ψ(x) =

∫ ∞
−∞

U(t, ξ)ψ(x− ξ)dξ =
1

2a

∫ at

−at
ψ(x− ξ)dξ =

1

2a

∫ x+at

x−at
ψ(ξ)dξ.

ù´�K��úª���Ü©"

∂

∂t
[u(t, x) ∗ ϕ(x)] =

∂

∂t
[

1

2a

∫ x+at

x−at
ϕ(ξ)dξ] =

ϕ(x− at) + ϕ(x+ at)

2
.

ù´�K��úª�c�Ü©"


