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1 1 Ÿ 4Å

á»©¢S˛¥^á©⁄»©�ê{5ÔƒC˛, åN˛å©èá©!»©⁄ßÇ

Ém�'X±9√°?Í�SN. y3˙@èá»©¥d Newton£⁄Ó§⁄ Leibniz

£4ŸZ[§u≤�. á»©�ƒ:¥4Ånÿ, 3á»©u––œ, 4Å�Vgl

‹6˛5`ÈÿÓó, l�E§�à¸zcÉ»�⇣ÿ. Ü 19 ≠V– Cauchy£Ö

‹§!Weierstrass£ü⇣dA.d§!Riemann£i˘§�<3c<Ûä�ƒ:˛≈⁄⌘§

⌦4Ånÿ�ÓÇz, ˘´⇣ÿ‚é(Â. 4ÅnÿÓÇz�Iì5!:¥¢Ínÿ�

Ô·, �4Ånÿ�ÓÇz±9�5á»©�?ò⁄u–—lÿmÈ¢Í8‹�?ÿ.

§1.1 ¢Í

k'¢Ínÿ�ç[?ÿÚ31n˛•–m, ˘p=â£„50↵øù„ò⌦ƒ�

Ø¢.

1.1.1 ✓ÍÜknÍ

g,Í¥òÉÍ�—u:. œ~^ N L´g,Í8‹

N = {0, 1, 2, 3, · · · }

g,Í8È\{$éµ4, =?ø¸ág,Í a ⁄ b, ¶Ç�⁄ a+ b Ñ¥g,Í. g,

Í8È~{$éÿµ4, È\~{$éµ4�Í8¥✓Í8‹

Z = {0,±1,±2,±3, · · · },

ß¥g,Í8�òá*ø. XJ�ƒ¶{$é, K✓Í8È¶{$éµ4, ⇥È¶{$

é�_$é ÿ{$éÿµ4. 3✓Í8‹•V\✓ÍÉÿ�˚, “⇢knÍ�⌧

N

Q =

⇢
p

q

��� p, q 2 Z, q 6= 0

�
,

ßÈ\~¶ÿoK$éµ4, è° Q èknÍç.

3Í�u–É–, Ãá¥^5OÍ⁄‡˛Ç„��›. ⇥¥d⇤⇠Ωnå�>�è

1 �ê/�È�Ç�› a ˜v a2 = 2£˘áÍPè a =
p
2§, ˘⇠�Í¥ÿU^k

nÍL´�, œd7L⁄\çı�Í.
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1.1.2 10 ?õ⇥Í

záknÍ—å±L´è⇥Í�/™, X

1

8
= 0.125,

1

3
= 0.3333 · · · , 2

11
= 0.181818 · · ·

òÑ/, òá£§õ?õ⇥Í a ¥ç

a = a0.a1a2 · · · an · · · ,

Ÿ• a0 ¥òáöKõ?õ✓Í, a1, a2 · · · 2 {0, 1, 2, 3, 4, 5, 6, 7, 9}, a èå±Pè

a = a0 +
a1
10

+
a2
102

+ · · · an
10n

+ · · · .

XJ⇥Í:�>êkkÅáÍÿ¥ 0, ° a ¥kÅ⇥Í: XJ⇥Í:�°�Í¥ÃÇ—

y�, Q�3g,Í n, k ¶⇢ an+i = an+i+k È i = 1, 2, 3, · · · ˛§·, °⇥Í a ¥ÃÇ

⇥Í, Pè

a = a0.a1a2 · · · anȧn+1 · · · ȧn+k.

zòáknÍ—å±�§kÅ⇥ÍΩÃÇ⇥Í. áÉ, zòákÅ⇥ÍΩÃÇ⇥Í

—¥knÍ. ~X, ÃÇ⇥Í a = 0.1̇58̇ ¥knÍ,

1000a = 158.1̇58̇

999a = 158

a =
158

999
.

√ÅÿÃÇ⇥Í°è√nÍ. knÍ⁄√nÍœ°¢Í, ⌧N¢Í�8‹Pè R.
¢Íkı´�Eê™, *d�d. ±˛∑Ç^10 ?õL´¢Í¥ò´Ü*�£„.

1.1.3 ¢Íç

¢Íç£=¢Í�⌧N§¥knÍç�*ø, ÿ⌦ÜknÍçò⇠È\!~!¶!ÿ

oK$éµ4 , Ñ‰k±eƒ�A:,=

⌘⌫5£ÎY5§̇ n ⌫ X ⁄ Y ¥¢Í8 R •�¸áöòf8, ø˜vÈu?

€ x 2 X, y 2 Y , k x 6 y, @oòΩ�3òá0u X ⁄ Y Ém�¢Í, =�3 c 2 R,
¶⇢È?€ x 2 X, y 2 Y , k x 6 c 6 y.

¢Í�⌘⌫5˙n¥¢Ínÿ�ƒ:,⇥T˙nÈknÍçøÿ§·. ~XÈuk

nÍç Q �¸áf8

X = {x | x 2 Q, x2 < 2, x > 0}, Y = {y | y 2 Q, y2 > 2, y > 0}

“ÿ�30u¸ˆÉm�òáknÍ. ¶+Xd, knÍç3¢ÍçS‰k»ó5, =
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Ωn 1.1 ?€¸á¢Í£ÿ+¥knÍÑ¥√nÍ§ÉmòΩ�3òáknÍ.

y≤ ⌫ a, b 2 R ˜v a < b, ÿî⌫ b� a < 1, K

b� a =
cn
10n

+
cn+1

10n+1
+ · · · ,

Ÿ•n > 1, cn > 1. §±

10
n+1

(b� a) > 1, Ω 10
n+1b > 1 + 10

n+1a.

È?ø¢Í x, P [x] L´ÿáL x �Åå✓Í, œd [x] 6 x < [x] + 1. ä‚˘áP“,

k

[10
n+1a] 6 10

n+1a < [10
n+1a] + 1

n‹˛„ÿ�™, ÿJuyknÍ c = 1+[10n+1
a]

10n+1 ˜v a < c < b. ⇤

1.1.4 Í∂

3ÜÇ l ˛IΩòá:è⌃:, ø5ΩŸm˝èï,✓òá�›è¸†�,IΩ⌦

⌃:!̧ †�⁄êï�ÜÇ°èÍ∂. òáƒ�Ø¢¥: Í∂˛�:Ü¢Í¥òòÈA

�. ~Xl⌃:m©, ù¸†�› ï≈g‡˛, “⇢g,Í3Í∂˛ÈA�:,”

n ⌃:Ü˝�‡˛⇢K✓ÍÈA�:.

è£„knÍÈA�:, ⌫Í∂˛ 1 ÈA�:è A, L⌃:äò^…uÍ∂�ÜÇ

l0, È?ø�g,Í n > 1,3 l0 ˛✓: A0, B0 ˜v OA0
= n, OB0

= 1,L: B0 äÇ„

AA0 �≤1Ç, ⇥Í∂u B :,K OB =
1

n
. |^ OB äè#�∫›≈g‡˛, å±3Í

∂˛L—§kknÍ.

XJÍ∂˛òá: A ÿUÈA?€òáknÍ, K: A ÚÍ∂©§Ü>⁄m>¸

‹©. ÚÜ>‹©@⌦:ÈA�knÍ8‹Pè X, m>@⌦:ÈA�knÍ8‹Pè

Y , w,È?ø x 2 X, y 2 Y , k x < y. ä‚¢Í⌘⌫5£ÎY5§̇ n, �3òá¢Í

a 0u X, Y Ém, ˘áÍ“Ü: A ÈA.

Ü:ÈA�Íè°è:�ãI. ¥ƒu˘´ÈA'X, 38��?ÿ•,ÿ2ÓÇ

´©Í∂˛:⁄ŸÈA�¢Í£:�ãI§. $ñÚ✓Í£ΩknÍ!√nÍ§ÈA�:

°è✓Í:£Ωkn:!√n:§.

Í∂˛ò: A ⌃: O �Âl“¥ÈA¢Í�˝Èä |a|. ˝Èä˜v

1
� |a| > 0, �“§·�Ö=� a = 0, =Ω5;

2
� |a� b| = |b� a|, =È°5;

3
� |a+ b| 6 |a|+ |b|, =n�ÿ�™.

±˛n^¥Ω¬Âl�nááÉ. �,, ˝ÈäÑkŸ¶ò⌦5ü, ÿ2K„.
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⌫ a, b 2 R, a < b, 8‹ (a, b) = {x 2 R|a < x < b} °è± a, b è‡:�m´m, 8

‹ [a, b] = {x 2 R|a 6 x 6 b} °è± a, b è‡:�4´m, ßÇÈAÍ∂˛±: a, b è

‡:�Ç„, m´mÿπ‡:, 4´mùπ‡:.

”⇠å±Ω¬åmå4´m

(a, b] = {x 2 R | a < x 6 b}, [a, b) = {x 2 R | a 6 x < b}.

P“/10°è/√°0, ”+1” °è√°, ”�1”°èK√°, 5ø, √ÿ¥√°Ñ

¥K√°, ßÇÿ¥òáÍ, ⇥å±|^ßÇL´√Å´m

(�1, a) = {x 2 R | x < a}, (�1, a] = {x 2 R | x 6 a},

(a,+1) = {x 2 R | x > a}, [a, +1) = {x 2 R | x > a}.

±�≤~^�¥±ò:è•%�m´m(a� �, a + �) = {x | |x� a| < �}, °è a

�òá⇡ç. �^8‹ {x | 0 < |x� a| < �} L´�K•%:�⇡ç,kû^ß5èx“:

a �NC”.



1.1 ¢Í 5

SK 1.1

1. ⌫ a ¥knÍ, b ¥√nÍ. ¶y: a+ b ⁄ a� b —¥√nÍ; � a 6= 0 û, ab ⁄ b

a

è—¥√nÍ.

2. ¶y: ¸áÿ”�knÍÉmk√nÍ.

3. ¶y:
p
2,

p
3 ±9

p
2 +

p
3 —¥√nÍ.

4. re✏ÃÇ⇥ÍL´è©Í:

0.249 99 · · · , 0.3̇75̇, 4.5̇18̇

5. ⌫ r, s, t —¥knÍ. ¶y:

(1) e r + s
p
2 = 0, K r = s = 0;

(2) e r + s
p
2 + t

p
3 = 0, K r = s = t = 0.

6. ⌫¢Í a1, a2, · · · , an kÉ”�Œ“, Ö—åu �1. y≤:

(1 + a1)(1 + a2) · · · (1 + an) > 1 + a1 + a2 + · · ·+ an.

7. ⌫ a, b ¥¢Í, Ö |a| < 1, |b| < 1. y≤:

����
a+ b

1 + ab

���� < 1.
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§1.2 Í✏4Å

1.2.1 Í✏4Å�Ω¬

§¢Í✏, “¥Ω¬3g,Í8˛, øUÏg,Í^S¸✏�òG¢Í

a1, a2, · · · , an, · · · .

œ~^ {an} (n > 1) ˘⇠�P“5L´, 1 n ë an K°è˘áÍ✏�œë. Ωˆ`, Í

✏ {an} ¥✓Í8 N+ ¢Í8�òáN◆, n �î“¥ an 2 R. ä‚¢Í⁄Í∂˛
:�ÈA, Í✏å±w§Í∂˛�òG:, §±è°Í✏è:✏.

Í✏ {an} (n > 1) �4Å, “¥Ôƒ� n √ÅOåû, œë an �Cz™≥. ~Xe

°¸áÍ✏

1,
1

2
,
1

3
, · · · , 1

n
, · · · ;

1,
1

2
, 1,

1

3
, · · · , 1,

1

n
, · · · ,

� n √ÅOåû, 1òáÍ✏�œë/√Å⇢C0òá�Ω�Í/00; 1◆áÍ✏Kÿ

,, ß�œëò¨�¥ 1, ò¨�⇢C 0, Ÿ5�Ü1òáÍ✏⌘⌧ÿ”, ÿU/√Å⇢

C0u?€òá�Ω�Í.

òáÍ✏ {an} (n > 1) �œë an � n/√ÅOå0û/√Å⇢Cu,á¢Í a0¥

∑Ça,��Øú. §¢/√Å⇢C0,á¢Í, =¥/ákı⇢C“kı⇢C0. è“

¥`, ÿ+\˝kçΩ/⇢C0�ß›¥ıå, � n v⌦å�, §k� an oUà\�

á¶.

œd, áìO˘´£„5�)∫, ∑Ç7Lkèx/⇢C0�›˛, ”û3‹6˛

È/n v⌦å�0±9/an Ü a ⇢Cß›àá¶0�`{DÉ(É�π¬.

X˛!§J�@⇠, 3¢Í8•£Ωˆ`3¢Í∂˛§, Í�˝Èäg,â—⌦

ò´›˛, ^±Ô˛¸áÍ�↵£=ÈAÍ∂˛¸:Ém�Âl, kûè°¸áÍ�Â

l§. ëX n �ÿ‰Oå, |an � a| ï⇥, KL´ an Ü a ï⇢C.

±Í✏ { 1
n
}(n > 1) è~, Èu�Ω�Í/00, XJá¶ 1

n
Ü 0 �Âl⇥u 10

�2
,

@o� n > 100 �, §k� 1
n
—U˜vá¶:

�� 1
n
� 0
�� < 10

�2
; XJá¶Âl⇥u 10

�100
,

@o� n > 10
100 �, §k� 1

n
—˜vá¶:

�� 1
n
� 0
�� < 10

�100
.

òÑ/, XJ?øâΩòáÍ ", øá¶� n v⌦å�,
1
n
Ü 0 �ÂlÿáL ":

| 1
n
� 0| < "£=, ÿáL˝kâΩ�Í§, @o, n åüoß›�, U⌦⇥y˜vá¶Q?

∑Çuy, Èu˙c˘á~f, êá n > N =
⇥
1
"

⇤
+ 1 �, “k

����
1

n
� 0

���� =
1

n
<

1

N
< ".
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§±, Èu?øâΩòáÍ ", ¥ƒ3 n ø©å�, Í✏�œëÜòáÍ�ÂlÿáL

" �'Ö, “§⌦¥ƒU⌦È˘⇠� N , 5èx/n ø©å�0, è, N = N(") ��

3åU¨ù6u ", �Öèÿ¥çò�£˛°�~fw⇢ÈòŸ§. œ~, " ï⇥ (á¶ï

Ó), ÉA� N è“ïå.

Ω¬ 1.2 ⌫ {an} ¥âΩ�Í✏. XJkòá¢Í a ‰ke✏5ü: È?øâΩ

�òáÍ ", o¥�3òág,Í N = N("), ¶⇢� n > N û, ÿ�™

|an � a| < "

=

a� " < an < a+ "

§·, @o° a ¥Í✏ {an} �4Å, ΩÍ✏ {an} ± a è4Å, è°Í✏ {an} ¬Òu
a, P§

lim
n!1

an = a Ω lim an = a,

èå±P§ an ! a (n ! 1), ÷ä/� n ™u√°û, an ™u a0.

k4Å�Í✏°è¬ÒÍ✏, ÿ¬Ò�Í✏°èu—Í✏.

∑ÇÑIá`≤˛„Ω¬�‹n5, =§Ω¬Í✏�4Å¥çò�. ˘ò:Ú34

Å�5ü•ä—`≤.

Í✏ {an}¬Òu a�A€£„¥: È?ø� " > 0, —kÉA�g,Í N , ¶⇢ aN

±��§kë(Ω:) an —·3± a è•%, ± " èåª�m´m (a � ", a + ") É•,

�·3˘á´mÉ �:, ñıêk a1, a2, · · · , aN ˘kÅAá:£X„1.1§.

-q q q q q q q q q q( )
a� " a a+ "

aN+1 ana1 a2 a3 a4

„ 1.1

lÍ✏4Å�Ω¬, ∑ÇwXJÍ✏ {an} ÿ±¢Í a è4Å, ¥ç: �3òá

Í "0, ¶⇢È?øg,Í N , —�3' N Ñå�g,Í n, ˜v |an � a| > "0. Ωˆl

A€˛`, �3òá± a è•%�m´m, ¶⇢3d´mÉ kÍ✏ {an} �√°ıë.

~ 1.2.1 Í✏ an = a (n = 1, 2, 3, · · · ) °è~Í✏, K lim an = a.

~ 1.2.2 ↵ > 0, K lim
1

n↵
= 0.
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y≤ È?øâΩ�Í ", )ÿ�™
����
1

n↵
� 0

���� =
1

n↵
< "

⇢, n >
�
1
"

�1/↵
, §±êá✓

N =

"✓
1

"

◆1/↵
#
+ 1,

� n > Nû, “k
�� 1
n↵ � 0

�� < " . dΩ¬å� lim
1
n↵ = 0.

~ 1.2.3 ⌫Í✏ a1 = 0.9, a2 = 0.99, a3 = 0.999, · · ·ßy≤ lim an = 1.

y≤ 5ø 1 � an =
1

10n
ßÈ?øâΩ� " > 0ß✓ N =


log10

⇣
1

"

⌘�
+ 1, �

n > N ûß

|an � 1| = 1

10n
< ",

§± lim an = 1.

œè " �ä^¥èy an Ü a ⇢C�ß›, ∑ÇêÈß�⇥�a,�. èêBÂÑß

kûèåÅΩ " �òá˛.ß̆ øÿKè4Å�?ÿ.

~ 1.2.4 ⌫ q ¥òáâΩ�¢Í, ˜v |q| < 1. ¶y: lim
n!1

qn = 0.

y≤ � q = 0 û, (ÿw,§·, ⇡±eb⌫ q 6= 0. è⌦ÿyêB, ⌫?øâΩ

�Í " ˜v " < 1. Ü⇢)ÿ�™

|qn � 0| = |q|n < ",

⇢ n ln |q| < ln ". du 0 < |q| < 1, øÖÆ≤b⌫ 0 < " < 1, ⇡ ln |q| < 0, ln " < 0, œd

k n > ln "

ln |q| . ä‚˘⌦©€, êá✓

N =


ln "

ln |q|

�
+ 1,

K� n > N û,“k

|qn � 0| < ".

= lim
n!1

qn = 0.

~ 1.2.5 y≤ lim
n!1

2n

n! = 0.

y≤ ⌫ " ¥?øâΩ�òáÍ, áé�ïc°�~f, lÿ�™
��2n
n! � 0

�� =
2n

n! < " •Ü⇢È—òá N øÿN¥. –3êá¶ N ¥�3�, §±∑Çå±Ú✏O
��2n
n! � 0

�� ∑�òåßêB¶)N . d
����
2
n

n!
� 0

���� =
2 · 2 · · · 2
1 · 2 · · ·n < 2 · 2

n
=

4

n
,
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§±)ÿ�™ 4
n
< ", ⇢ n > 4

"
. ⇡✓ N =

⇥
4
"

⇤
+ 1, K� n > Nû, k

����
2
n

n!
� 0

���� =
2
n

n!
<

4

n
<

4

N
< ".

|^4Å�Ω¬, å±y≤ò⌦{¸Í✏�¬Ò5. ,�, ˘áLß¢S˛¥˝k

w—‰N�4Åä, 2ä‚Ω¬5�y. Èò⌦�èE,�Í✏, òê°ß�4Åäô

7N¥* ; ,òê°, =¶* —4Å, |^Ω¬5�yèåUÉ�(J. œd, ?ò

⁄⌦)Í✏¬Ò5�5ü, å±\�È¬Ò5�@£, *åOé4Å�âå.

1.2.2 ¬ÒÍ✏�5ü

�!Ú?ÿ¬ÒÍ✏�ò⌦ƒ�5ü. 3n)⁄y≤˘⌦5ü�Lß•, 'uÍ✏

¬Ò�A€)∫¥ö~kêœ�.

Ωn 1.3 1
� e {an} ¥¬ÒÍ✏, K {an} �4Å¥çò�.

2
� UCÍ✏•kÅıë�ä, ÿKèÍ✏�¬Ò59Ÿ4Å.

y≤ 1
� XJ {an} k¸á4Åä a ⁄ b. ä‚4Å�Ω¬, Èu?ø�Í " ,5

ø "

2 è¥òáÍ, œdÈA¸á4Åä, ©O�3✓Í N1 ⁄ N2, ¶⇢�

n > N1 ûk |an � a| < "

2
,

n > N2 ûk |an � b| < "

2
,

œd, � n > max(N1, N2) û£= n ”û˜v n > N1, n > N2§, ˛°¸áÿ�™—˜

v, §±

|a� b| = |(a� an) + (an � b)| 6 |an � a|+ |an � b| < "

2
+
"

2
= ".

¸áÍ�Âlá⇥u?øòáÍ, ˘¸áÍ7LÉ�, = a = b.

lA€˛w, XJk¸áÿÉ��4Åä a ⁄ b, KòΩ�3©O± a ⁄ b è•%!

Övk˙�:�¸ám´m (a � ", a + ") ⁄ (b � ", b + ")£Ø¢˛, êá✓ " < |a�b|
2

=å§. ä‚4Å�Ω¬, � n ø©å�, an Qá·1òám´m•, qá·1◆á

m´m•�. ˘w,¥ÿåU�.

2
� œè4Å�Ω¬⌘⌧✓˚uø©å±��àë✓ä�™≥, §±, UCkÅë�

äÿ¨Kèø©å±��Øú. ⇤

Ωn 1.4 ⌫ {an} è¬ÒÍ✏, 4ÅäPè a.K

1
� {an} èk.Í✏. =�3òáÍ M£ÜC˛ n √'§, ¶⇢ |an| 6 M È§

k� n = 1, 2, 3, · · · §·.



10 1 1 Ÿ 4Å

2
� e�3¢Í l, ¶⇢ l < a£Ωl > a§, K� n ø©åû, k an > l£Ωan < l§.

AO/, e a > 0£Ωa < 0§, K� n ø©åû, k an > 0£Ωan < 0§.

3
� e�3¢Í l , ¶⇢È n ø©åû, k an > l£Ωan 6 l§,Ka > l£Ωa 6 l§.

AOÈø©å� n, e an > 0£Ω an 6 0§, K a > 0£Ωa 6 0§.

y≤ 1
� ✓ " = 1, dΩ¬�⌫, �,�3òág,Í N , ¶⇢� n > N û, k

|an � a| < 1ß=� n > N û, k |an| < |a|+ 1. ✓

M = max(|a|+ 1, |a1|, |a2|, · · · , |aN |),

5ø, 1ò, kÅáÍ•òΩU✓òáÅå�; 1◆, ˛°(Ω� M w,Ü n √'.

KÈ§kg,Í n, è“¥Í✏�§kë, —k |an| 6 M.

2
� e a > l, ✓ " = a � l > 0, K�3òág,Í N , ¶⇢� n > N û, k

|an � a| < " = a� l, œd

�(a� l) < an � a

=, � n > N ûßÿ�™ an > l §·. Èua < l�ú/ßåaqy≤,3˘´úπeßê

á✓ " = l � a > 0 =å.

3
� �(ÿ¢S˛¥ 2

� �Ìÿ.å±Ê✓áy{µbX(ÿÿ˝,= a < l, dΩn•

2
� �(ÿß� n ø©åûß“k an < l,˘ÜâΩ^áÉgÒ,œd(ÿ§·. ⇤

Ωn 1.4•� 1
� â—⌦¬ÒÍ✏�òá7á^á, =¬ÒÍ✏7k.. œdß√.

Í✏òΩ¥u—�. ~XÍ✏ 0, 1, 0, 2, 0, 3, · · · , 0, n, · · ·¥òá√.Í✏, œd¥

u—�. ⇥¥øö§kk.�Í✏—¥¬Ò�, ~X {(�1)
n�1} ¥òák.Í✏, ⇥¥

ÿ¬Ò(Ñ~ 1.2.12). è“¥`, k.ÿU⇥y¬Ò5. k.ê¥ÈÍ✏zòë✓äâå

�Åõ, ¥ò´˜*õõ, �¬Ò¥á¶Í✏�œëjΩÿ£/√Å⇢Còá�Ω�Í.

Ωn 1.4 •�2
� ⁄ 3

� â—�, ¥dÍ✏4Åä�.ÅÌ‰—� n ø©åûÍ✏œ

ë an �.Å, ±9d¬ÒÍ✏œë�.ÅÌ‰—Ÿ4Åä�.Å.

IáAOç—�¥, 3Ωn 1.4£ 3
�§•,=¶¥ an > l£=¥ÓÇ�ÿ�™§, èÿ

òΩU⌦⇥y a > l. ~X an =
1
n
> 0, ⇥ß�4Åä%¥ 0.

Ωn 1.5 ⌫ {an} ⁄ {bn} ¥¸á¬ÒÍ✏, KœLoK$é/§#�Í✏

{an ± bn} , {anbn} , {an
bn
}£� lim

n!1
bn 6= 0 û§—¬Ò, Ö

1
�

lim
n!1

(an ± bn) = lim
n!1

an ± lim
n!1

bn.

2
�

lim
n!1

anbn = lim
n!1

an · lim
n!1

bn, AOk lim
n!1

can = c lim
n!1

an. Ÿ• c ¥òá~Í.

3
�

lim
n!1

an
bn

=
lim

n!1
an

lim
n!1

bn
=

a

b
, Ÿ• lim

n!1
bn 6= 0 .

y≤ ⌫ lim
n!1

an = a , lim
n!1

bn = b .
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1
� 8�¥áy≤Èu?ø�Í ", U⌦Èòá✓Í N , ¶⇢� n > N û, ÿ

�™ |(an ± bn)� (a± b)| < " §·. d {an}, {bn} �¬Ò5�, Èu "

2 , ©O�3 N1 ⁄

N2 ¶⇢,

� n > N1 û, k |an � a| < "

2
,

±9

� n > N2 û, k |bn � b| < "

2
,

✓ N = max(N1, N2), K� n > N û, ˛°¸á™f”û§·, §±k

|(an ± bn)� (a± b)| 6 |an � a|+ |bn � b| < "

2
+
"

2
= ".

2
� 5ø

|anbn � ab| 6 |anbn � anb|+ |anb� ab|

= |an||bn � b|+ |b||an � a|.

du {an}, {bn} ¥¬ÒÍ✏, ⇡—¥k.�, ✓òáå�. M , ¶⇢

|an|, |bn| < M (n > 1).

œ� |b| 6 M£Ωn 1.4 •� 3
� §. Èu?ø�Í " , ÈA "

2M , ©O�3✓Í N1 ⁄

N2, œd✓ N = max(N1, N2), ¶⇢� n > N û,

|an � a| < "

2M
, |bn � b| < "

2M

”û§·. §±� n > Nû, k

|anbn � ab| < M |bn � b|+M |an � a|

< M · "

2M
+M · "

2M
= ".

3
� œè

an
bn

= an · 1

bn
,

Ö b 6= 0, d 2
� å�, êIy≤Í✏ { 1

bn
} ¬Òu 1

b
=å. ÿîbΩ b > 0, K

����
1

bn
� 1

b

���� =
|bn � b|
|bnb|

.

du bn ¬Òu b, òê°ÈuÍ b/2 > 0, �3 N1, � n > N1 û,k

|bn � b| < b

2

dd⇢

bn > b� b

2
=

b

2
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,òê°, Èu?øâΩ�Í ", �3 N2, ¶⇢� n > N2 û, k

|bn � b| < b2"

2
.

§±, � n > N = max(N1, N2) û
����
1

bn
� 1

b

���� =
|bn � b|
|bnb|

<
2

b2
· b

2"

2
= ".

= lim
n!1

1
bn

=
1
b
. ⇤

Ωn 1.5 `≤¬ÒÍ✏�4Å$é⁄oK$é¥å±⇥Ü�, øåÌ2kÅıá

¬ÒÍ✏ÎÜoK$é�ú/. Èu 3
� •�(ÿ, ¨œè,⌦ bn è 0 �¶⇢©™vk

ø¬. ⇥¥œè {bn} �4Å b 6= 0, §± bn è 0 �ëñıêkkÅıá. å±UC˘k

Åıë�ä, ˘ÿ¨UC {bn} �¬Ò5⁄4Å. Ωˆ3 {an
bn
} •Ìÿ˘⌦vkΩ¬�k

Åıë, ÿ¨UCŸ¬Ò5⁄4Å. k⌦Ωn 1.5, 3OéE,Í✏4Åû, å±ÚŸz

è{¸4Å�oK$é=å, �ÿ72¶^“"–N”äÛäÑ°�Q„.

~ 1.2.6 ¶4Å

lim
n!1

1 + 2 + · · ·+ n

n2
.

) /œ lim
n!1

1
n
= 0, k

lim
n!1

1 + 2 + · · ·+ n

n2
= lim

n!1

n(n+ 1)

2n2
= lim

n!1

✓
1

2
+

1

2n

◆

=
1

2
+

1

2
lim
n!1

1

n
=

1

2
+ 0 =

1

2
.

~ 1.2.7 ¶4Å

lim
n!1

2
n
+ 5 · 3n

3n + 5 · 2n .

) /œ lim
n!1

�
2
3

�n
= 0, k

lim
n!1

2
n
+ 5 · 3n

3n + 5 · 2n = lim
n!1

�
2
3

�n
+ 5

1 + 5 ·
�
2
3

�n = 5.

Ωn 1.6 ⌫Í✏ {an} ⁄ {bn} ©O¬Òu a ⁄ b.

1
� e� n ø©åûk an > bn, K a > b;

2
� e a > b, K� n ø©åû, k an > bn.

y≤ 1
� b⌫(ÿÿ˝, = a < b. ✓ l ˜v a < l < b, KdΩn 1.4£2

�§�, � n

ø©åû, =�3Í N1, ¶⇢� n > N1û, k an < l. ”n, �3 N2, � n > N2 û,

k bn > l. §±� n > max(N1, N2) û, “k an < l < bn, ˘Ü^áÉgÒ, ˘`≤b⌫

Üÿ, =(ÿ§·.
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2
� ✓ l ˜v a > l > b, œè {an} �4Å¥ a, §±dΩn 1.4£2

�§�, �3òá

✓Í N1, ¶⇢ n > N1 û, k an > l. ”n, �3òá✓Í N2, ¶⇢� n > N2 û, k

bn < l. §±� n > max(N1, N2) û(ÿ§·. ⇤

Ωn 1.6 `≤ß4ÅLßU⌦⇥±“^S”, =¸áÍ✏•�åÍ✏�4Åäè�å.

áÉ, È4Åä�å�Í✏, Ÿ�⌧è�å. XJkòáÍ✏Y3¸áÍ✏Ém, �¸‡

�Í✏¬Ò”òáÍû, Y3�•�Í✏òΩ¨“⇢Ω”¬Ò”òáÍ. =

Ωn 1.7 eÍ✏ {bn} ⁄ {cn} —¬Òu a, ÖÈ§kø©å� n, k

bn 6 an 6 cn,

KÍ✏ {an} è¬Ò, �Ö4Åèè a.

y≤ œè {bn} ⁄ {cn} —¬Òu a, §±Èu?øâΩ�Í ", òΩ�3ÉA�

✓Í N1 ⁄ N2, ¶⇢� n > N1 û, |bn � a| < ", � n > N2 û, |cn � a| < ", l�

a� " < bn, cn < a+ ".

^á•§¢/È§kø©å� n0, =L≤�3✓Í N3, ¶⇢� n > N3 û, k

bn 6 an 6 cn.

y3✓ N = max(N1, N2, N3), K� n > N û, ˛„náÿ�™”û˜v, œdk

a� " < bn 6 an 6 cn < a+ ".

= |an � a| < ", ˘L≤ {an} ¬Òu a. ⇤

5ø, ˘pøvkØkbΩÍ✏ {an} ¬Ò. Ωn 1.7 ^5⌥OÍ✏¬Ò¥òá–

��¢^�ê{, Ÿƒ�∞ ¥^Æ�¬Ò�Í✏, Ì‰§�ƒ�Í✏�¬Ò5. 'Ö

¥È§� �Í✏, UƒÈ, ¸á‰k”⇠4Å�Í✏lÜm¸áê°Y4ß. ˘

⇠ÿ=U⌦y≤⇢� Í✏�¬Ò5, �ÖÑU¶—‰N�4Åä. .

~ 1.2.8 ¶ lim
n!1

q
1 +

1
n↵ , Ÿ• ↵ ¥âΩ�¢Í.

) � ↵ > 0 û, w,k

1 <

r
1 +

1

n↵
< 1 +

1

n↵

⇥ lim
n!1

�
1 +

1
n↵

�
= 1, �ÿ�™�Ü‡¥òá~Í✏, §±A^Ωn 1.7, §¶4Åè 1.

~ 1.2.9 ¶ lim
n!1

⇣
1p

n2+1
+

1p
n2+2

+ · · ·+ 1p
n2+n

⌘
.

) 5ø

np
n2 + n

6 1p
n2 + 1

+
1p

n2 + 2
+ · · ·+ 1p

n2 + n
6 np

n2 + 1
,
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�
np

n2 + n
=

1q
1 +

1
n

,
np

n2 + 1
=

1q
1 +

1
n2

,

œdd˛òá~K�(Jå�

lim
n!1

np
n2 + n

= lim
n!1

np
n2 + 1

= 1,

œd, §¶�4Åè 1.

~ 1.2.10 ⌫ a > 0, ¶y: lim
n!1

n
p
a = 1.

y≤ � a = 1û,(ÿ¥w,�. e a > 1,K n
p
a > 1,⇡å⌫ n

p
a = 1+�n (�n >

0). u¥

a = (1 + �n)
n > 1 + n�n.

=

0 < �n =
n
p
a� 1 <

a� 1

n
.

du lim
n!1

a�1
n

= 0, ⇡dΩn 1.7 å⇢ lim
n!1

n
p
a = 1.

e 0 < a < 1, K 1
a
> 1, ⇡k

lim
n!1

n
p
a =

1

lim
n!1

n

q
1
a

= 1.

~ 1.2.11 ¶y lim
n!1

n
p
n = 1.

y≤ ∑ n
p
n = 1 + �n, Kk

n = (1 + �n)
n
= 1 + n�n +

n(n� 1)

2
�2
n
+ · · ·

> 1 +
n(n� 1)

2
�2
n
,

d˛™)⇢ �n <
q

2
n
, ⇡k

0 < n
p
n� 1 = �n <

r
2

n
.

dΩn 1.7, “⇢§y(J.

¬ÒÍ✏�eòá5ü¥'ufÍ✏�¬ÒØK. §¢òáÍ✏ {an} �fÍ
✏£{°f✏§, ¥ç✓g⌃Í✏ {an} •�√°ıë, UÏ⌃Í✏•”⇠�^S�§�

òá#�Í✏. u¥ {an} �f✏¥˘´/™: {ank} (k > 1), Ÿ• nk (k > 1) —¥✓

Í, ˜v n1 < n2 < · · · < nk < · · · . œdf✏¨ëXÍ✏�¬Ò�¬Ò.

Ωn 1.8 ⌫ {an} ¬Òu a, KŸ?øòáfÍ✏è¬Òu a.
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y≤ ⌫ {ank} (k > 1) ¥ {an} (n > 1) �òáf✏, Èu?øâΩ�Í ", ∑Ç

áy≤, �3òáÍ K, ¶⇢ k > K û, k |ank � a| < "

Ø¢˛, du {an} ¬Òu a, §±Èu˛„� ", òΩ�3òáÍ N , ¶⇢�

n > N û, k

|an � a| < ".

œè n1 < n2 < · · · < nk < · · · , �Ö—¥✓Í, §±òΩ�3,á K, ¶⇢� k > K

û, nk > N , u¥, � k > K û, k

|ank � a| < ",

= lim
k!1

ank = a. ⇤

lΩn 1.8 å�, XJòáÍ✏k¸áf✏©O¬Òÿ”�ä, Ωˆkòáf✏

ÿ¬Ò, @o˘áÍ✏òΩvk4Å. œd, ˘á5üœ~^5⌥‰òáÍ✏¥ƒu—.

~ 1.2.12 ¶y: Í✏ {(�1)
n} u—.

y≤ ⌫ an = (�1)
n
, Kß�f✏ {a2k} ± 1 è4Å, �f✏ {a2k�1} ± �1 è4

Å. ⇡⌃Í✏u—.

~ 1.2.13 Í✏

1, 1, 1, 2, 1, 3, · · · , 1, n, · · ·

kòáf✏

1, 2, 3, · · · , n, . . .

¥u—�, §±⌃Í✏u—.

~ 1.2.14 XJ¬ÒÍ✏�4Åÿè 0, K˘áÍ✏•ñıêkkÅıëè 0.

y≤ bXÍ✏•k√°ıë¥ 0, K˘⌦ëå�§⌃Í✏�òáf✏, ß�4Å

w,¥ 0, ⇥dΩn 1.8 �, ß�4ÅAT⁄⌃Í✏ò⇠ÿè 0, gÒ. ⇡(ÿ§·.

1.2.3 ¢Í⌘⌫5eZ�d∑K

�!œL0↵¢Í⌘⌫5�eZ�d∑K, ⌦)¢Í⌘⌫534Å•�ƒ:5ä

^, \�È4Ånÿ�n).

ƒkÔ·(.⌃n, èdkâ—XeΩ¬

Ω¬ 1.9 ⌫ X ⇢ R ¥òáöò8‹, e�3òá¢Í a, ¶⇢Èu?€ x 2 X,

k x 6 a, K° a ¥Í8 X �òá˛.. e�3¢Í b, ¶⇢Èu?€ x 2 X, k x > b,

K° b ¥Í8 X �òáe.. eÍ8 X Qk˛., qke., K° X ¥k.8‹.
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w,, XJÍ8 X k˛.£Ωˆe.§, @oß�˛.£Ωˆe.§òΩÿçò. ∑

Ça,��¥Å⇥�˛.⁄Åå�e.. §¢Í8 X �Å⇥�˛. a ¥ç: 1ò, a ¥

ß�òá˛.; 1◆, ?€' a ⇥�Í—ÿ2¥ß�˛.. =

Ω¬ 1.10 ⌫ a ¥Í8 X �˛., eÈu?ø�Í ", —�3òáÍ x" 2 Xß

¶⇢ x" > a� ". K° a è X �˛(., Pè supX. ”nåΩ¬e(., Pè infX.

ä‚˛£e§(.�Ω¬N¥w—, ˛£e§(.êá�37Ω¥çò�.˘¥œè

XJ�3¸áÿÉ��˛(. a ⁄ a0ßÿî⌫ a0 < aß@o a “ÿ¥Å⇥˛.ßgÒß

§±˛(.XJ�3òΩçò.

Ωn 1.11 R •?€k £̨e§.�öòÍ8òΩk £̨e§(..

y≤ ⌫ X ⇢ R k˛.. P Y = {y | y 2 R, y > x,È?ø�x 2 X§·} , è“¥

` Y è X �§k˛.�§�Í8. w,, X, Y ˜v⌘⌫5£ÎY5§̇ n�^á, œ

d�3òáÍ a, ¶⇢È?ø� x 2 X, y 2 Y , k x 6 a 6 y, = a ¥ X Å⇥�˛.. ”

nåy≤e(.��35. ⇤

òáÍ8� £̨e§(.ßQå±¥Í8•�Íßèå±ÿ¥, ~X

inf

⇢
1

n
, n = 1, 2, · · ·

�
= 0, sup

⇢
1

n
, n = 1, 2, · · ·

�
= 1

inf{x, 0 6 x < 1} = 0, sup{x, 0 6 x < 1} = 1

|^(.⌃n, å±â—'u¸NÍ✏¬Ò5�⌥O{.

Ω¬ 1.12 Í✏ {an} °è ¸N4O£Ω¸NO§�, XJ an 6 an+1, (n =

1, 2, · · · ); °è ¸N4~£Ω¸N~§�, XJ an > an+1, (n = 1, 2, · · · ). ¸N4O⁄¸
N4~Í✏, œ°¸NÍ✏.

d4Å�5üÆ≤�⌫ß¬ÒÍ✏7k.ß⇥k.Í✏ô7¬Òß̆ ¥œèk⌦Í

✏å±3.ÅâåSÿ‰{ƒ£Í✏ {(�1)
n�1} “¥òá;.�~f§. ⇥¥È¸NÍ

✏XJk.ßúπ“ÿ”⌦. ~XßÈ¸NO�Í✏ {an}, XJk.ß�”u`ßk˛
.ß=�3òá~Í M , ¶⇢ an 6 M, n = 1, 2, · · · , Í✏�œë an ëX n �Oå�ÿ

‰Oå, ⇥©™…˛.�“{:” , ‰N5`, k

Ωn 1.13 ¸NO£~§k.Í✏7¬ÒßŸ4Åä�uÍ✏�§�Í8�˛(

.£Ωe(.§, è°èÍ✏�˛(.£Ωe(.§.

y≤ ⌫Í✏ {an} ¸N4Ok˛., œdä‚(.⌃n£Ωn 1.11§, Í8

X = {a1, a2, a3, · · · , an, · · · }

7k˛(., P˛(.è a, è“¥`Èu?øâΩ�Í ", Í a � " ÿ¥ X �˛.,

œdÍ✏•�3òë aN 2 X, ¶⇢ aN > a � ". qœè {an} ¥¸N4O�, §±�
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n > N û, k an > aN > a� ". w, a + " > a > an È?€ n §·, §±� n > N û,

k |an � a| < ". = lim
n!1

an = a. ⇤

~ 1.2.15 ⌫ an =

q
2 +

p
2 +

p
2 + · · · (n ≠ä™), ¶ lim

n!1
an.

) {an} “¥dXe4Ì'X

a1 =
p
2, an+1 =

p
an + 2

Ω¬�òáÍ✏. ƒk*  a2 =
p
2 +

p
2 > a1, a3 =

q
2 +

p
2 +

p
2 >

p
2 +

p
2 =

a2. XJ an > an�1 §·, K

an+1 � an =
p
an + 2�

p
an�1 + 2 =

an � an�1p
an + 2 +

p
an�1 + 2

> 0,

= an+1 > an, §±d8B{y⇢, {an} ¥¸N4O�.

,òê°, |^8B{, œè a1 < 2, a2 < 2, e an < 2, K an+1 =
p
an + 2 < 2. =

Í✏ {an} ¥k˛.�. œd {an} ¬Ò. ⌫Ÿ4Åè a. Ú4Ì˙™Cè

a2
n+1 = an + 2,

3˛™¸‡- n ! 1£5ø˛™¸‡�4Å—Æ≤�⌫¥�3�, §±å±˘oâ§⇢

a2 = a+ 2

)⇢ a = �1 Ω a = 2. ⇥¥ an > 0, ⇡ a > 0, l�å� lim
n!1

an = 2.

dΩn 1.13 ÑÚ⇢e°�≠á(J.

Ωn 1.14 ⌫ en =
�
1 +

1
n

�n
, n > 1, KÍ✏ {en} ¬Ò, øPÍ✏ {en} �4Åè

e = lim
n!1

✓
1 +

1

n

◆n

.

y≤ ƒky≤TÍ✏¥4O�. Ø¢˛, d◆ë™Ωnå⇢

en = 1 +

nX

k=1

C
k

n
· 1

nk
= 1 +

nX

k=1

1

k!
· n(n� 1)(n� 2) · · · (n� k + 1)

nk

= 1 + 1 +

nX

k=2

1

k!

✓
1� 1

n

◆✓
1� 2

n

◆
· · ·
✓
1� k � 1

n

◆
,

en+1 = 1 + 1 +

nX

k=2

1

k!

✓
1� 1

n+ 1

◆✓
1� 2

n+ 1

◆
· · ·
✓
1� k � 1

n+ 1

◆
+

✓
1

n+ 1

◆n+1

.

'� en ⁄ en+1 ¸áLà™�m‡⁄“•�ÈAë, w,, cˆ�⇥. � en+1 §ı—5

�òë
⇣

1
n+1

⌘n+1
> 0, ⇡ en+1 > en. §± {en} èÓÇ¸N4OÍ✏.
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Ÿg, ∑ÇÚy≤Í✏¥k.�. 3 en �˛„–m™•,

0 <

✓
1� 1

n

◆✓
1� 2

n

◆
· · ·
✓
1� k � 1

n

◆
< 1.

§±

2 < en <2 +

nX

k=2

1

k!
= 1 +

1

1!
+

1

2!
+ · · ·+ 1

n!

< 2 +
1

1 · 2 +
1

2 · 3 + · · ·+ 1

n(n� 1)
= 3� 1

n
< 3,

n = 2, 3, · · · , è“¥`Í✏ {en} ¥¸N4Ok˛.�, œdòΩ¬Ò. ⇤

5P du 2 < en =
�
1 +

1
n

�n
< 3, §± 2 6 e 6 3. 31nŸ•∑ÇÚ^ Taylor

˙™?ò⁄y≤ e ¥òá√nÍúŸÍä¥ e = 2.718281828 · · · . 5øÍ✏ {en} �z
òë—¥knÍ, ⇥¥ß�4Åä%¥√nÍ e. ddJ2÷ˆ5ø±e¸:µ

1
� 4Å�nÿØKƒk¥4Å��35ØK, òáÍ✏�4Å�3Üƒÿ=ÜÍ

✏�⌧�5�k', ÑÜÍ✏§3�Íçk'. XJÅõ3knÍç?ÿÍ✏�4Å,

Ωn 1.14 `≤, knÍçÈ4Å$é¥ÿµ4�, œdk7áÈŸ?1*ø, ¶É§è

òá⌘⌫£ÎY§�Íç.

2
� l,òá�›w, Ωn 1.14 ¥^knÍÍ✏�4Å5⌫)òáÍ�~f, Ωˆ

`√nÍ e å±^knÍÍ✏�4ÅL´. SK 1.2 •118K£3§â—⌦^knÍÍ✏

�E√nÍ
p
2 �~f, Ÿ��√nÍ ⇧ èå/œ¸†↵‰k 2

n ^>�S⇢ı>/

°»§�§�knÍ✏�4Å5Ω¬. ˘´yñÿ¥⌘·�ßØ¢˛|^knÍÍ✏�

4Åå±�E§k√nÍ£ÎÑ1n˛§.

3á»©±93ÛßE‚$^•, ~^± e è.�ÈÍ£∑ÇÚ30↵◆Íûä

ò´)∫§, ˘´ÈÍ°èg,ÈÍ, {Pè ln. ,òê°, Ωn 1.14 â—�Í✏4Åè

¥òá;.�Í✏4Å. ÿ�Í✏4ÅØKå±zèÍ e �4Å, ûwe°~K.

~ 1.2.16 ¶ lim
n!1

�
1� 1

n

��n
.

)

lim
n!1

✓
1� 1

n

◆�n

= lim
n!1

✓
1 +

1

n� 1

◆n

= lim
n!1

✓
1 +

1

n� 1

◆n�1✓
1 +

1

n� 1

◆

= e.

äèΩn 1.13 �òá≠áA^, ∑Çke✏´m@Ωn.

Ωn 1.15 (´m@Ωn) ⌫kò✏4´m [an, bn], n = 1, 2, · · · , ˜ve✏^á

1
�

[a1, b1] � [a2, b2] � · · · � [an, bn] � · · ·

2
�

lim
n!1

(bn � an) = 0,
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K�3çòòá: ⇠ ·u§k4´m [an, bn], n = 1, 2, · · ·

y≤ d^á 1
� �ß§k´m�Ü‡:�§�Í✏ {an} ¥¸NO�Ö± b1 è˛

., §k´m�m‡:�§�Í✏ {bn} ¥¸N~�Ö± a1 èe.. ä‚Ωn 1.13 , ¸

áÍ✏©O¬Ò, P

lim
n!1

an = a, lim
n!1

bn = b.

œè an < bn, §± an 6 a 6 b 6 bn. d^á 2
�
,

0 6 b� a 6 lim
n!1

(bn � an) = 0

§± ⇠ = a = b =¥§¶�:. ⇤

|^´m@Ωn, å±Ü⇢y≤e✏✏;5Ωn

Ωn 1.16 (Bolzano-Weierestrass Ωn) l?€k.�Í✏•å¿—òá¬Ò�

f✏.

y≤ ⌫ {an}¥òák.�Í✏,ÿî⌫ {an} ⇢ [c, d]. [c, c+d

2 ]⁄ [
c+d

2 , d]˘¸á´

m•ñ�kòáπkÍ✏ {an}�√°ıë,P˘á´mè [c1, d1].”⇠,3 [c1,
c1+d1

2 ]⁄

[
c1+d1

2 , d1] ˘¸á´m•ñ�kòáπkÍ✏ {an} �√°ıë, P˘á´mè [c2, d2].

UYâe�, å⇢ò✏´m [ck, dk], k = 1, 2, · · · , ¶⇢zá˘⇠�´m—πkÍ✏ {an}
�√°ıë, Ö

[c1, d1] � [c2, d2] � · · · [ck, dk] � · · ·

dk � ck =
1

2k
(d� c) ! 0, k ! 0,

ä‚Ωn 1.15, å�

lim
k!1

ck = lim
k!1

dk = a.

3 [c1, d1] •✓Í✏�òë an1 , ⇢X3 [c2, d2] •✓ an2 , Ö n2 > n1. duzòá´m

[ck, bk] •ùπÍ✏ {an} �√°ıë, §±˘⇠�¿Jå±UYe�ø⇢{an} �f✏
ank 2 [ck, dk]. ä‚Ωn 1.7 ⇢ lim

k!1
ank = a. ⇤

∑Ç�⌫¬ÒÍ✏�f✏òΩè¬Òu”òá4Å£Ωn 1.8§, =/‹©—l✓

N0, Ωn1.16 �π¬¥=¶Í✏u—⇥k., “òΩ�3‹©�§�f✏¥¬Ò�.

Ω¬ 1.17 Í✏ {an} °èƒ�✏, eÈ?øâΩ�Í ", �3✓Í N =

N(")£= N åUù6u "§, ¶⇢� m,n > N û, “k

|an � am| < ".

5ø, ƒ�✏�^áèå±L´§: È?øâΩ�Í ", �3g,Í N , ¶⇢�

n > N û, ÿ�™

|an+p � an| < "
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È§kg,Í p §·.

Ωn 1.18 (Cauchy ¬ÒOK) Í✏ {an} ¬Ò�ø©7á^á¥ {an} ¥ƒ�✏.

y≤ 7á5¥N¥y≤�, œè {an} ¬ÒßÈu?ø�òáÍ ", �3✓Í N ,

¶⇢� m,n > N û

|am � a| < "

2
, |an � a| < "

2
,

œd“k

|am � an| < ".

e°y≤ø©5. ÈuÍ 1, �3✓Í N1, ¶⇢� m,n > N1 û, k |am � an| < 1. -

M = max(|a1|, |a2|, · · · , |aN1|, |aN1|+ 1).

Kk |an| 6 M, n = 1, 2, · · · . ˘`≤ {an} ¥k.�. dΩn 1.16, �3¬Ò�f✏

{ank}.

œè {an} ¥ƒ�✏, §±È?øÍ ", �3✓Í N2, ¶⇢� m,n > N2 û, k

|am � an| <
"

2
.

Èu˘á ", œè lim
k!1

ank = a, �3òá✓Í K, ¶⇢� k > K û, k |ank � a| < "

2 . A

Oå✓òá nk ¶⇢ nk > N2 Ö k > K. u¥, � n > N2 û, k

|an � a| 6 |an � ank |+ |ank � a|

<
"

2
+
"

2
= ".

§±, lim
n!1

an = a. ⇤.

5P Cauchy ¬ÒOK¥3ÿ/œ 3&Eúπe, =ä‚Í✏g⌧S35�5

⌥‰Í✏�¬Ò5. Í✏¬Ò�Ω¬Ãá3u✏O↵ä |an � a|, ⇥˘´⌥‰ê{ê¥�
4Åä¥Æ��úπe‚kåUA^. �Ωn 1.13 â—�¥ò´ä‚Í✏S3¸N5

⌥‰Í✏¥ƒ¬Ò�ê{. ⇥¥ÈuòÑ�Í✏, Cauchy ¬ÒOK‰Û, òáÍ✏¬Ò,

7LÖêIŸø©Ç��?ø¸ë˛⇢C?øçΩ�ß›.

~ 1.2.17 ⌫ an =
sin 1
12 +

sin 2
22 + · · ·+ sinn

n2 , y≤: {an} ¬Ò.

y≤ œè

|an+p � an| =
����
sin(n+ 1)

(n+ 1)2
+ · · ·+ sin(n+ p)

(n+ p)2

����

6 1

(n+ 1)2
+ · · ·+ 1

(n+ p)2
<

1

n(n+ 1)
+ · · ·+ 1

(n+ p� 1)(n+ p)

=
1

n
� 1

n+ p
<

1

n
.
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§±, Èu?øâΩ�Í ", ✓ N =

h
1
"

i
, � n > N û, È?€g,Í p —k

|an+p � an| < ".

d Cauchy ¬ÒOKå� {an} ¬Ò.

~ 1.2.18 ⌫ an = 1 +
1
2 +

1
3 + · · ·+ 1

n
. ¶y {an} u—.

y≤ È?€✓Í n, ✓ p = n, Kk

a2n � an =
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

n+ n
>

1

2n
+

1

2n
+ · · ·+ 1

2n
=

1

2
.

d Cauchy ¬ÒOKå� {an} u—.

1.2.4 u—√°å�Í✏

§¢/u—√°å0�Í✏, åó/`, “¥� n √ÅOåûÍ✏ {an} (n > 1)

�œë an �˝Èä?ø�å.

Ω¬ 1.19 ⌫ {an} (n > 1) ¥âΩ�Í✏, eÈu?øâΩ�Í M , —�3g

,Í N , ¶⇢� n > N û, k |an| > M , K°Í✏ {an} (n > 1) u—√°å£Ω°Í

✏™u√°å§, Pä

lim
n!1

an = 1 Ω an ! 1 (n ! 1).

Ú˛„Ω¬⇤ä?U, Ñå±Ω¬/u—√°å£™u√°å§0: an !
+1 (n ! 1) Ω/u—K√°å£™uK√°å§0: an ! �1 (n ! 1), ÷ˆåg

1â—‰NΩ¬.

7L5ø�¥, òê°u—√°å£Ω™u√°å§�Í✏¥u—Í✏, œd'u

4Å�5ü!$é⁄Ωn�, Èu˘´Í✏òÑøÿ§·; ,òê°u—Í✏ô7u—

√°å, ~XÍ✏{(�1)
n} ¥u—Í✏, ⇥¥ßøÿu—√°å.

dΩ¬å�, u—√°å�Í✏òΩ¥√.�, ⇥áÉÿ,. ~XÍ✏

0, 1, 0, 2, · · · , 0, n, · · ·

w,¥√.�, ⇥øÿu—√°å. ,�, Èu¸NÍ✏, Í✏u—√°åÜÍ✏√

.¥�d�£¡'�Ωn 1.13§.

Ωn 1.20 ¸NÍ✏u—√°å�ø©7á^á¥Ÿèòá√.Í✏.

y≤ Ωn7á5y≤Æ≤3˛°`≤. y3y≤ø©5. ƒk�ƒ¸N4OÍ✏.

Ø¢˛, È?øâΩ�Í M , œè {an} √˛., ⇡7,�3g,Í N , ¶⇢ aN > M .

duÍ✏¥¸N4O�, §±� n > N û, k an > aN > M , = lim
n!1

an = 1.
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'u¸N4~Í✏ {an} (n > 1) �úπå±aq�y≤, èå±|^˛°�(J,

œè {�an} (n > 1) “=zè¸N4O�úπ. ⇤

XJÍ✏ {an} (n > 1) u—√°å, K°� n ™u√°û an ¥√°å˛. ÈA

/, XJòáÍ✏ {an} (n > 1) ¬Òu0ß@o°� n ™u√°û an ¥√°⇥˛.

1.2.5 Stolz Ωn

TΩn3¶Í✏�4Åû, è¥~^�.

Ωn 1.21 (
1
1 . Stolz Ωn) ⌫ {an}, {bn} ¥¸áÍ✏, Ö {bn} ÓÇ4O™u

+1. XJ

lim
n!1

an+1 � an
bn+1 � bn

= A,

Kk

lim
n!1

an
bn

= A,

Ÿ• A å±¥¢Í, èå±¥ +1 Ω �1.

y≤ ˘p, êÈ A¥¢Í�úπâÉy≤. ÿî⌫ {bn}¥ëÍ✏. b⌫^á§

·, KÈ?øÍ ", �3g,Í N1 ¶⇢

A� " <
an+1 � an
bn+1 � bn

< A+ ", n > N1,

du {bn} ÓÇ¸NO, §±

(A� ")(bn+1 � bn) < an+1 � an < (A+ ")(bn+1 � bn), n > N1.

3˛°ÿ�™•, ©O✏— N1 + 1, N1 + 2, · · · , n� 1 øÚ§⇢ÿ�™É\, ⇢

(A� ")(bn � bN1+1) < an � aN1+1 < (A+ ")(bn � bN1+1).

”ÿ± bn ø✓n⇢

aN1+1

bn
� AbN1+1

bn
� "

✓
1� bN1+1

bn

◆
<

an
bn

� A <
aN1+1

bn
� AbN1+1

bn
+ "

✓
1� bN1+1

bn

◆
.

5ø {bn} ! +1, È�Ω� N1, �3g,Í N2, ¶⇢� n > N2 û, k

�" < aN1+1

bn
� AbN1+1

bn
< ".

✓ N = max{N1, N2}, u¥� n > N û, k

�2" <
an
bn

� A < 2".

⇤
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Ωn 1.22 (
0
0 . Stolz Ωn) ⌫ {an}, {bn} ¥¸á¬Òu 0 �Í✏, Ö {bn} ¥

ÓÇ4~Í✏. XJ

lim
n!1

an+1 � an
bn+1 � bn

= A,

Kk

lim
n!1

an
bn

= A,

Ÿ• A å±¥¢Í, èå±¥ +1 Ω �1.

y≤3äSK.

5P

1
� Èu 1

1 .� Stolz Ωn�y≤•øvká¶Í✏ {an} òΩu— 1, ê¥è

⌦Ü 0
0 .� Stolz ΩnÈA, Ê^⌦P““

1
1” .

2
� ¸´a.� Stolz Ωn�_Ωnøÿ§·. ~XÈ an = (�1)

n, bn = n, w,k

lim
n!1

an
bn

= 0. ⇥¥an+1�an

bn+1�bn
= 2(�1)

n �4Åøÿ�3.

3
� 3 §3.4 •, ∑ÇÚ0↵¶ “

0
0” ⁄ “

1
1” .ºÍôΩ™4Å� L’Hospital {K. ˘

p0↵� Stolz Ωnå±w§¥ò´l—/™� L’Hospital {K.

~ 1.2.19 e lim
n!1

an = a, Kk

lim
n!1

a1 + a2 + · · ·+ an
n

= a.

y≤ - An = a1 + a2 + · · · + an, Bn = n. K {Bn} ÓÇ4O™u +1, Ö˜v

lim
n!1

An+1�An

Bn+1�Bn
= lim

n!1
an+1 = a. ä‚ Stolz Ωn, =⇢(ÿ.

˘á~f�π¬¥Èuòá¬ÒÍ✏ {an}, ß�c n ë�é‚≤˛§�§�Í✏

¬Òu”ò4Å. ä‚˘á(Jå±y≤e°~K

~ 1.2.20 ⌫ lim
n!1

an = a, lim
n!1

bn = b, K

lim
n!1

a1bn + a2bn�1 + · · ·+ anb1
n

= ab.

y≤ e b = 0, = bn ! 0, §± |bn| ! 0. du {an} ¬Ò, §±k. |an| 6
M, n = 1, 2, · · · , u¥d~1.2.19 ⇢

����
a1bn + a2bn�1 + · · ·+ anb1

n

���� 6 M
|b1|+ |b2|+ · · ·+ |bn|

n
! 0

e b 6= 0, K bn � b ! 0, d˛°�(J⇢

lim
n!1

a1(bn � b) + a2(bn�1 � b) + · · ·+ an(b1 � b)

n
= 0
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=

lim
n!1

✓
a1bn + a2bn�1 + · · ·+ anb1

n
� b

a1 + a2 + · · ·+ an
n

◆
= 0,

2g|^~1.2.19 =⇢(ÿ.
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SK 1.2

1. ^Ω¬y≤e°�(ÿ:

(1) lim
n!1

n

5 + 3n
=

1

3
; (2) lim

n!1

sinn

n
= 0;

(3) lim
n!1

(�1)
n

1p
n+ 1

= 0; (4) lim
n!1

n!

nn
= 0.

2. eÍ✏ {an} (n > 1) ˜v^á: ?âÍ ", �3✓Í N , ¶⇢� n > N û, k

|an � a| < M" (Ÿ• M è~Í), K {an} 7± a è4Å.

3. y≤: �Ö=� lim
n!1

(an � a) = 0 û, k lim
n!1

an = a. (Í✏4Å�Nıy≤ØK,

—å^”⇠�ê{?n.)

4. y≤: e lim
n!1

an = a, K lim
n!1

|an| = |a|; áÉÿòΩ§· (¡fi~`≤). ⇥e

lim
n!1

|an| = 0, Kk lim
n!1

an = 0.

5. y≤: e lim
n!1

an = 0, q |bn| 6 M, (n = 1, 2, · · · ), K lim
n!1

anbn = 0.

6. y≤: eÍ✏ {an} ˜v lim
k!1

a2k+1 = a, 9 lim
k!1

a2k = a, K lim
n!1

an = a.

7. y≤e✏Í✏ÿ¬Ò:

(1) an = (�1)
n

n

n+ 1
; (2) an = 5

✓
1� 2

n

◆
+ (�1)

n
.

8. ¶e✏4Å:

(1) an =
4n2+5n+2
3n2+2n+1 ;

(2) an =
1
1·2 +

1
2·3 + · · ·+ 1

(n�1)·n ;

(3) an =
�
1� 1

3

� �
1� 1

6

�
· · ·
⇣
1� 1

n(n+1)/2

⌘
, n = 2, 3, · · · ;

(4) an =
�
1� 1

22

� �
1� 1

32

�
· · ·
�
1� 1

n2

�
;

(5) an = (1 + q)(1 + q2)(1 + q4) · · · (1 + q2
n
), (|q| < 1).

9. e an 6= 0 (n = 1, 2, · · · ) Ö lim
n!1

an = a, Uƒ‰Ω lim
n!1

an
an+1

= 1?

10. eÍ✏ {an}, {bn} ˜v lim
n!1

an · bn = 0, ¥ƒ7k lim
n!1

an = 0 Ω lim
n!1

bn = 0? eÑ

b⌫ lim
n!1

an = a, £â”⇠�ØK.

11. eÍ✏ {an} ¬Ò, Í✏ {bn} u—, KÍ✏ {an ± bn}, {an · bn} �¬Ò5X€? fi

~`≤. eÍ✏ {an}Ü {bn} �u—, £â”⇠�ØK.

12. e°�Ìn¥ƒ(?
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(1) ⌫Í✏ {an} : a1 = 1, an+1 = 2an � 1 (n = 1, 2, 3, · · · ), ¶ lim
n!1

an.

): ⌫ lim
n!1

an = a, 3 an+1 = 2an � 1 ¸>✓4Å, ⇢ a = 2a� 1, = a = 1.

(2)

lim
n!1

✓
1p

n2 + 1
+

1p
n2 + 2

+ · · ·+ 1p
n2 + n

◆

= lim
n!1

1p
n2 + 1

+ lim
n!1

1p
n2 + 2

+ · · ·+ lim
n!1

1p
n2 + n

= 0 + 0 + · · ·+ 0| {z }
ná

= 0.

(3) lim
n!1

�
1 +

1
n

�n
=

h
lim
n!1

�
1 +

1
n

�in
= 1

n
= 1.

13. ⌫Í✏ {an} Ü {bn} ©O¬Òu a, b. e a > b, Kl,òëm©, k an > bn; áL

5, el,ëm©k an > bn, K a > b.

14. ⌫Í✏ {an}, {bn} ©O¬Òu a 9 b. P cn = max(an, bn), dn = min(an, bn) (n =

1, 2, · · · ). y≤

lim
n!1

cn = max(a, b), lim
n!1

dn = min(a, b).

15. ¶e✏4Å:

(1) lim
n!1

h
1

(n+1)2 +
1

(n+2)2 + · · ·+ 1
(2n)2

i
;

(2) lim
n!1

[(n+ 1)
k � nk

], Ÿ• 0 < k < 1;

(3) lim
n!1

(
p
2 · 4

p
2 · 8

p
2 · · · 2n

p
2);

(4) lim
n!1

n
p
n2 � n+ 2;

(5) lim
n!1

n
p
cos2 1 + cos2 2 + · · ·+ cos2 n.

16. ⌫ a1, · · · , amèmáÍ,y≤: lim
n!1

n
p
an1 + an2 + · · ·+ an

m
= max(a1, a2, · · · , am).

17. y≤e✏Í✏¬Ò:

(1) an =
�
1� 1

2

� �
1� 1

22

�
· · ·
�
1� 1

2n

�
;

(2) an =
1

3+1 +
1

32+1 + · · ·+ 1
3n+1 ;

(3) an = ↵0 + ↵1q + · · ·+ ↵nqn, Ÿ• |↵k| 6 M, (k = 1, 2, · · · ), � |q| < 1;

(4) an =
cos 1
1·2 +

cos 2
2·3 +

cos 3
3·4 + · · ·+ cosn

n·(n+1) .

18. y≤e✏Í✏¬Ò, ø¶—Ÿ4Å:
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(1) an =
n

cn
, (c > 1);

(2) a1 =
c

2 , an+1 =
c

2 +
a
2
n
2 (0 6 c 6 1);

(3) a > 0, a0 > 0, an+1 =
1
2

⇣
an +

a

an

⌘
(J´: ky≤ a2

n
> a);

(4) a0 = 1, an = 1 +
an�1

an�1+1 ;

(5) an = sin sin · · · sin 1 (n á sin).

19. ⌫ an 6 a 6 bn (n = 1, 2, · · · ),Ö lim
n!1

(an�bn) = 0. ¶y: lim
n!1

an = a, lim
n!1

bn = a.

20. y≤: e an > 0, Ö lim
n!1

an
an+1

= l > 1. K lim
n!1

an = 0.

21. ⌫ {an}, {bn} ¥Í✏, ˜v an+1

an
6 bn+1

bn
, n = 1, 2, · · · . ¶y: e {bn} ¬Ò, K

{an} ¬Ò.

22. |^4Å lim
n!1

�
1 +

1
n

�n
= e, ¶e✏Í✏�4Å:

(1) an =

✓
1 +

1

2n+ 1

◆2n+1

; (2) an =

✓
1� 1

n� 2

◆n+1

;

(3) an =

✓
1 + n

2 + n

◆n

; (4) an =

✓
1 +

1

n3

◆2n3

.

23. ⌫ lim
n!1

an = 1, Ö |bn| > b > 0 (n = 1, 2, · · · ). K lim
n!1

anbn = 1.

24. (Ω n ! 1 û,
n
p
n! Ü n sin

n⇧
2 (n > 1) ¥ƒk., ¥ƒ™u√°å.

25. ⌫Í✏ {an} d a1 = 1, an+1 = an +
1
an

(n > 1) Ω¬. y≤: an ! +1 (n ! 1).

26. â— 0
0 . Stolz Ωn�y≤.
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§1.3 ºÍ4Å

1.3.1 ºÍ

ºÍ“¥˛Ü˛Ém�ÈA'X. Í∆⁄Ÿ¶â∆•˝å‹©'X—å±ƒñ§

ºÍ'X. ~X, gd·Ne·ûm t Üe·Âl h Ém�'X¥ h0 � h =
1
2gt

2£Ÿ

• g ¥≠Â\Ñ›§; ü˛¥ m �$ƒü:�ƒU¥œLß�$ƒÑ› v UÏ˙™

E =
1
2mv2 â—�; �◆Ç•k>6œL¸†ûmS⌫)�9˛Ü>6r› I �'X¥

Q =
1
2RI2, Ÿ• R ¥◆Ç�>{; 3A€•, ÈuâΩb� ↵ �Ü�n�/, Ü ↵ É⇡

�Ü�>��› x Ün�/°» S Ém�'X¥ S =
1
2(tan↵)x

2
; ◆ë≤°ãI•∫:

3⌃:��‘Ç˛:�ÓãIÜpãIÉm�'X¥ y =
1
2ax

2£Ÿ• a L´�‘Çm

ù�êï⁄å⇥§. køg�¥ß̆ pfi—�~fßè,�ƒ�ØKÿ”ß⇥ƒñ—5—

¥”⇠�◆gºÍ. �,, òÑ�ºÍçèE,ßLàê™èÿ¶É”.

£1§ƒ�Vg

ÈuΩ¬3¢Í8‹ R �f8˛Ö✓äè¢Í�ºÍ, ÓÇΩ¬Xe:

Ω¬ 1.23 ⌫ A ¥ R �f8, eÈu A •�zòáÍ x, kçò(Ω� y 2 R
ÜÉÈA£=ºÍ�¸ä5§, Ú y P§ f(x), @o, “° f ¥ A ˛�òá¢äºÍ.

8‹ A °è f �Ω¬ç, �Í f(x) °è f �ä. f �òÉä�8‹⌫â f �äç, œ

~P§ f(A), = f(A) = {y | y = f(x), x 2 A}. S.˛, °˛„� x ègC˛, y èœ

C˛.

ä‚˛„Ω¬, ºÍknáƒ�áÉ, =Ω¬ç, äç⁄£¸ä�§ÈA'X. òáº

Íèå±w§¥òáÚ A ⇢ R N\ R S�òáN◆:

f : A �! R, Ω f : x 7�! y = f(x)

r¢ÍÜ¢Í∂˛�:òòÈA, KΩ¬3¢Í˛!✓äè¢Í�ºÍkò´A€

L´, = y = f(x) �„ñ. ÚΩ¬ç§3�Í∂äè◆ëãI≤° Oxy �Ó∂!äç§

3�Í∂äèp∂, K y = f(x) �„ñ=¥ Oxy •ãIè (x, f(x)) (x 2 A) �:�§

�≤°:8£åıÍúπe, ˘á:8¥ò £̂©„§≠Ç§.

ºÍ�¸ä5áN3ºÍ�„ñ˛, “¥?€ò^≤1u y ∂�ÜÇ, Ü y = f(x)

�„ññıkòá⇥:.

⌫ºÍ f �Ω¬çè A, òÑ�Û, Ÿäç f(A) �5�4ŸE,, ⇥kn´ú/3

á»©•AO≠á.

1
� ºÍ�äç f(A) ¥òák.Í8. e�3òá~Í M , ¶⇢ f(A) ùπ3´m

[�M, M ] •, =È?€òá x 2 A, k |f(x)| 6 M . °˜v˘´ú/�ºÍè A ˛�k
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.ºÍ, Ωˆ`ºÍ f 3 A ˛k..

2
� Ω¬ç A Üäç f(A) ”S£ΩˆáS§. = A •?ø¸áÍ x1, x2 �å⇥^

S, ˛ÜßÇÈA�äç f(A) •�¸áÍ y1 = f(x1), y2 = f(x2) �å⇥^SÉ”£Ω

ˆÉá§, dû°ºÍ f(x) ¥¸N�. (É/`, f(x) °è A ˛

¸NOºÍ, È?ø� x1, x2 2 A, XJ x1 < x2, kf(x1) 6 f(x2);

¸N~ºÍ, È?ø� x1, x2 2 A, XJ x1 < x2, kf(x1) > f(x2);

¸NO⁄¸N~ºÍ, ⁄°è¸NºÍ. e˛°�ÿ�“èÓÇÿ�“, K° f(x) èÓ

Ç¸NO£~§ºÍ.

3
� Ω¬ç A Üäç f(A) òòÈA. =Èzòá y 2 f(A), —kçò(Ω� x 2 A

¶⇢ f(x) = y. lºÍ„ñ˛w, “¥?€ò^≤1u x ∂�ÜÇ, ÜºÍ�„ññı

kòá⇥:. dû, g,/◆—òád f(A)  A �N◆. ˘áN◆°è f(x) �áº

Í£Ω_N◆§, Pè f�1
,=x = f�1

(y). ß�Ω¬çè f(A), äçè A.

È≤w, e f ¥ A ˛ÓÇ¸N�ºÍ, K f 7,¥ A  f(A) �òáòòN◆, œ

dè“káºÍ.

£2§ºÍ�E‹

ÿ”�ºÍ3¶Ç˙�kΩ¬�´çS¥å±?1\!~!¶!ÿoK$é�£â

ÿ{û, êU3©1ÿè"�´çS?1§. ˘pÃá0↵ºÍ�,ò´$é ºÍ

�E‹$é.

⌫kºÍ y = f(u), Ω¬çè B, äçè C, u = g(x), Ω¬çè A, XJºÍ g(x)

�äç g(A) ùπ3 B S. @od

f � g(x) = f(g(x))

Ω¬⌦òá#ºÍ f � g, °Éè f Ü g �E‹ºÍ, ß�Ω¬ç¥ A . œ~Pè

y = f(g(x)), �° u è•mC˛.

lN◆��›w, E‹ºÍ“¥l A  B 2 C �òáN◆

- - -
x u y

.
.................................

................................
...............................

............................. ............................ ........................... ............................ ............................. .............................. ...............................
............................

....
.

.................................
................................

...............................
............................. ............................ ........................... ............................ ............................. .............................. ...............................

............................
....

g f

„ 1.2

5ø, f � g Ü g � f òÑøÿÉ”, ⇥N¥w, E‹$é˜v(‹∆

(f � g) � h = f � (g � h),
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œd^ f � g � h L´, ΩˆPè f(g(h(x))), ˘¥náºÍ�E‹. aq/å±�ƒ?ø

kÅıáºÍ�E‹.

£3§–�ºÍ

˘p, {¸/€✏ò⌦á»©•≤~�9�ºÍ. Åƒ��ºÍ¥ıë™ºÍ!ò

ºÍ!çÍºÍ!ÈÍºÍ!n�ºÍÜán�ºÍ, °ßÇèƒ�–�ºÍ. dƒ�–

�ºÍ≤LkÅg\!~!¶!ÿ⁄E‹$é⇢—�ºÍ°è–�ºÍ.

~ 1.3.1 ⌫ n ¥öK✓Í, /X

f(x) = anx
n
+ · · ·+ a1x+ a0

�ºÍ°èıë™ºÍ. ¸áıë™ºÍ f(x)!g(x) �˚ f(x)
g(x) °èknºÍ, ß�Ω

¬ç¥ÿù)˜v g(x) = 0 �§k¢Í.

~ 1.3.2 /X

f(x) = x↵

�ºÍ°è òºÍ, Ÿ• ↵ å±¥?ø¢Í. XJ ↵ ¥✓Í, f(x) “¥knºÍ∂XJ

↵ =
1
m
, m > 2 Ö m è✓Í, f(x) = x

1
m = m

p
x ¥ä™ºÍ,XJ m ¥ÛÍ, f �Ω¬

çè x > 0, XJ m ¥€Í, f È?ø x kΩ¬∂XJ ↵ ¥√nÍ, f �Ω¬çòÑ5

Ωè x > 0.

~ 1.3.3 §¢V≠ºÍ¥çXe 4 áºÍ, ßÇ�Ω¬ç¥ R.

sinh x =
e
x � e

�x

2
, cosh x =

e
x
+ e

�x

2
,

tanh x =
e
x � e

�x

ex + e�x
, coth x =

e
x
+ e

�x

ex � e�x
(x 6= 0).

ßÇ©O°èV≠uºÍ!V≠{uºÍ!V≠ÉºÍ!V≠{ÉºÍ. V≠ºÍ

Ün�ºÍkõ©Éq�5ü, ÷ˆågyÉ.

sinh(x± y) = sinh x cosh y ± cosh x sinh y,

cosh(x± y) = cosh x cosh y ± sinh x sinh y,

cosh
2 x� sinh

2 x = 1, sinh 2x = 2 sinh x cosh x, cosh 2x = cosh
2 x+ sinh

2 x.

~ 1.3.4 ¶V≠uºÍ y = sinh x �áºÍ y = sinh
�1 x.

) ⌫ y = sinh
�1 x, K x = sinh y, d

e
y
= cosh y + sinh y =

q
1 + sinh

2 y + sinh y =

p
1 + x2 + x

å⇢ y = ln(x+
p
1 + x2).

£4§ºÍ�Ÿ¶Làê™
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œ~rºÍ y = f(x) �Làê™°è w™

-

6

r
b
b x

y

�1

1

„ 1.3

L´ ΩˆwL´. ⇥3¢SA^•Ñ�3ºÍ

�Ÿ¶Làê™.

1
� ©„ºÍ §¢©„ºÍ, {¸/˘, “

¥ÈugC˛ÿ”�✓äâå, ÉA�ºÍLà

™£=ÈA'X§ÿ”. ~X

y = sgn x =

8
>>><

>>>:

1, x > 0

0, x = 0

�1, x < 0

⁄

y = f(x) =

8
<

:
x3, x > 0

x2, x < 0

��,“¥˘aºÍ.˛°1òá~f°èŒ“ºÍ.

2
� ºÍ�€L´ =gC˛⁄œC˛Ém�ÈA'X¥œLòáêßâ—5�,œ

d°˘aºÍè€ºÍ. ~Xåªè r �↵dêß

x2 + y2 = r2

â—. �,, l˛„êßå±©O)—↵�˛å‹©⁄eå‹©�wL´

y =

p
r2 � x2, �r 6 x 6 r

⁄

y = �
p

r2 � x2, �r 6 x 6 r

⇥¥, ÿ¥záºÍ�€L´—å±lêß•)—,~X

sin(x+ y) + 2x+ y = 0,

áéÜ⇢¶)êß¥õ©(J�. ºÍ�€L´òÑde✏êßâ—

'(x, y) = 0

ÈœL˘⇠ê™L´�ºÍ, ∑ÇÑÚ31◆˛•?1ç�\�?ÿ.
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3
� ºÍ�ÎÍêßL´ §¢ÎÍêßL´, ¥ç≠Ç˛:�¸áãI x Ü y Ém

�'X¥œLòáÎÍÉÈX�, = x ⁄ y åL´§e✏/™
8
<

:
x = x(t),

y = y(t),
t 2 [↵, �]

˘⇠�ÎÍêßL´èå±w§¥l [↵, �] ⇢ R ≤° Oxy S�òáN◆,

r : [↵, �] �! R2,

N◆�î¥ Oxy ≤°˛ò^≠Ç.d≤°˛:Üï˛�ÈA'X,å±rN◆L´§

t 7�! r(t) = (x(t), y(t))

§±kûè°Éèï˛äºÍ.5ø3ºÍ�ÎÍêßL´•,x ⁄ y �/†¥⌘⌧≤

��.

-
t x

y

-

6

.
..................
.................
..................
....................
...................... ........................ ......................... ........................... ............................. ................................ ................................... - -

6

&%
'$

.
.......................
........................
........................
......................... .......................... .......................... ............................. ................................ .................................. .....................................

[ )

0 2⇧
t x

y

„ 1.4

~X, ±⌃:è↵%, åªè r �↵�ÎÍêß

x = r cos t, y = r sin t, t 2 [0, 2⇧]

ß3 Oxy ≤°˛�„ñ¥òá↵, t L´↵�•%�.

�òáåªè a �↵˜X x ∂!Ñ�√wƒ/Eƒû, ↵˛ò�Ω: P �$ƒ;

,°è{Ç, ⌫ t = 0 û P :†u⌃:,K3?€ t ûè,P :�ãI (x, y) ©Oè

x = a(t� sin t), y = a(1� cos t).

˘“¥C˛ x ⁄y —ù6ÎÍ t �ÎÍêßL´.

Èuw™L´�ºÍ y = y(x), èå±Úßw§¥òáÎÍêßL´�ºÍ
8
<

:
x = x,

y = y(x),
x 2 [a, b]

˘p, x à¸⌦ÎC˛��⁄.
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0 2⇧a

y

x

-

6

.................
..................
..................
.................

.................
............................................................................................................................................

.................
.
................
..
..............
...
..............
...
................
..
.................
.
................. ................. .................. .................. ................. ................. .................. ..................

.................
.................
..................
..................
.................

„ 1.5

,�, ÎÍêßL´�ºÍ£±9ßÈA�≠Ç§òÑúπe%ÿU�—œ~

�w™L´. ±¸†↵£r = 1§è~, w,ßÿUL´§ y = y(x) Ω x = x(y),

œè√ÿ3@´úπe, —√{⇥y¸ä5. ⇥¥, XJ3òá€‹�ƒ, “kå

U�—w´Là™. ~X, XJê�ƒ˛å↵, ºÍ x = cos t 3 (0,⇧) ˛káº

Í, §± t = cos
�1 x, x 2 (�1, 1), ì\ y = sin t, t 2 (0,⇧)£dû, y > 0§K y =

p
1� cos2(cos�1 x) =

p
1� x2, x 2 (�1, 1). ”n3eå↵ y = �

p
1� x2, x 2 (�1, 1).

˛eå↵©Okÿ”�w´L´.

òÑúπe, XJ x = x(t) 3,á€‹�3áºÍ t = x�1
(x), @o y = y(t) =

y(x�1
(x)) â— x ⁄ y Ém�wL´. X˛„↵�úπò⇠, ˘´wL´  êU�

3uòá€‹.

ºÍ�ÎÍêßL´3‘n�∆âA^2ç, ~X* òáü:3òm�$ƒ, 

 rûmC˛ t äèÎC˛, òm•ü:$ƒ�;,£≠Ç§̨ �:“å±L´§ûm t

�ÎÍêßΩï˛äºÍ.

1.3.2 ºÍ3√°å?�4Å

a'uÍ✏4Å, ∑Çƒk?ÿºÍ y = f(x) � |x|£É�uÍ✏� n§√ÅOå

û, f(x) ¥ƒkòá/(Ω�™≥0. �,, ˘p∑Çá¶ºÍ f(x) 3 |x| ø©åû
kΩ¬. ~X, f(x) =

1
x
£a'ul—�Í✏ an =

1
n
§, ÿJw—, � |x| √ÅOåû,

f(x) = 1
x
√Å⇢Cu 0. è“¥`, êá |x| ø©å, ∑Ç“U¶ 1

x
⇢Cu 0 à˝k

çΩ�ß›. Ø¢˛, Èu?øâΩ�Í ", êá |x| > 1
"
, “k | 1

x
� 0| < ".

Ω¬ 1.24 ⌫ºÍ y = f(x) ñ�3 |x| > a > 0 kΩ¬. XJkòá¢Í l ‰k

e✏5ü: Èu?øâΩ�Í ", o�3òáÍ X = X(") > a, ¶� |x| > X ûk

|f(x)� l| < ",

@o°� x ™ï√°åû, f(x) ± l è4Å. P§

lim
x!1

f(x) = l, Ω f(x) ! l (x ! 1).
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˘´Ω¬⁄Í✏ {an} ± a è4Å�Ω¬ƒ�øg¥ò⇠�. êÿLÍ✏ {an} ¥
Ω¬3g,Í8˛�ºÍ, ŸgC˛ n l—/O\Üñ√°å. �ºÍ f(x) �gC˛

|x| K¥ÎY/O\Üñ√°å.

˛„Ω¬”⇠èkA€˛�Ü*£„. =3Ü�ãIX Oxy •, f(x) ! l (x ! 1)

�du`, Èu?øâΩ�Í ", 3 x ∂˛, o�3ò: X, ¶⇢� |x| > X£Ω

x > X, x < �X§û, ºÍ f(x) �„ñ, òΩ¨·3±¸^≤1u x ∂�ÜÇ

y = l � ", y = l + " §Y�d�´çÉS£„1.6§.

-

6

................
.............
............
............. .............. ...............

.............................................
.............................................

.............................................
.....

.................. ................... ....................
.....................
......................
......................

........................

..........................

............................

l � "

l

l + "

x

y

„ 1.6

aqu˛„Ω¬, ∑ÇÑå±â—� x ! +1û, f(x) ± l è4Å�Ω¬; ±9

� x ! �1 û, f(x) ± l è4Å�Ω¬. êárΩ¬ 1.24 •�/|x| > X0©OÜ

§/x > X0⁄/x < �X0=å£÷ˆå±g1â—⌘✓�Q„§. ˘¸´4Å©OP§

lim
x!+1

f(x) = l, Ω lim
x!�1

f(x) = l.

f(x) 3£ΩˆK§√°å?�4Å, °è f(x) 3√°å?�£¸á§¸˝4Å.

ÿJw—, lim
x!1

f(x) �3�ø©7á^á, ¥¸á¸˝4Å lim
x!+1

f(x) ⁄ lim
x!�1

f(x) �

3ÖÉ�.

~ 1.3.5 ⌫ k ¥✓Í, y≤: lim
x!1

1
xk = 0.

y≤ È?ø�Í ", áéÈ§F"� X, êá)ÿ�™
����
1

xk
� 0

���� < ".

l˘áÿ�™)⇢ |x| > "�1/k
. §±êá✓ X = "�1/k

, � |x| > X û, “U⇥y˛✏§

·, =, lim
x!1

1
xk = 0.

~ 1.3.6 ⌫ 0 < a < 1, y≤: lim
x!+1

ax = 0.

y≤ È?øâΩ�Í ", ÿî⌫ " < 1, á¶ |ax � 0| = ax < ", êá

x ln a < ln ",
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du ln a < 0, ln " < 0, ⇡êá✓ X =
ln "

ln a
> 0, §±� x > X û, k |ax � 0| = ax < ",

= lim
x!+1

ax = 0, (0 < a < 1).

~ 1.3.7 y≤: lim
x!�1

e
x
= 0.

y≤ ?âòáÍ " < 1, á¶ 0 < |ex � 0| = e
x < ", êá x < ln ". ⇡✓

X = � ln ", K� x < �X = ln " ûk e
x < ", =¥§áy≤�(ÿ.

~ 1.3.8 y≤ lim
x!�1

arctan x = �⇧2 , lim
x!+1

arctan x =
⇧
2 .

y≤ ?âÍ ", á¶

�⇧
2

� " < arctan x < �⇧
2

+ "

êI x < tan
�
�⇧2 + "

�
, §±✓ X = tan

�⇧
2 � "

�
> 0, � x < �X û,“k

���arctan x+
⇧
2

��� < "

=

lim
x!�1

arctan x = �⇧
2
,

”nåy

lim
x!+1

arctan x =
⇧
2

du� x™u!K√°åû,ºÍ arctan x�¸á¸˝4ÅÿÉ�,§± lim
x!1

arctan x

ÿ�3.

1.3.3 ºÍ3ò:?�4Å

y3�ƒ� x Ü,ákÅÍ x0£Ωˆ`Í∂˛òá�Ω�:§√Å⇢Cû, ºÍ

f(x) �Cz™≥. ˘pg,á¶ f(x) 3 x0 :�NCkΩ¬£⇥3: x0 ?å±vkΩ

¬§, =È,áÍ�0,ºÍ38‹ {x | 0 < |x� x0| < �0} ˛kΩ¬.

œd, XJ� x Üx0 √Å⇢Cû, ºÍ f(x) √Å⇢CòáÍ l, K` f(x) � x ™

u x0 û, ± l è4Å. Ωˆ`� |x � x0| ø©⇥û, |f(x) � l| å±?ø⇥. Ü§/"-�0

äÛ, “k

Ω¬ 1.25 ⌫ f(x) 3 x0 NCkΩ¬£3 x0 ÿá¶kΩ¬§. XJÈ?øâΩ�

Í ", �3 � > 0, � 0 < |x� x0| < � ûk |f(x)� l| < ". @o° l è� x ™ï x0 û

f(x) �4Å, P§

lim
x!x0

f(x) = l, Ω f(x) ! l (x ! x0).

lºÍ f(x) �„ñå±w—, f(x) 3 x ™u x0 û± l è4Å�A€ø¬X„1.7

§´.
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l � "

l

l + "

x0 � � x0 x0 + �
x

y

„ 1.7

=, � x �äÅõ3´m (x0 � �, x0 + �) Sû, f(x) �„ñY3≤1u x ∂�¸

^ÜÇ y = l + " ⁄ y = l � " Ém. w,, ~äºÍ f(x) = c 3?€ò: x0 �4Å¥

c. e°✏fiò⌦Ÿ¶~f.

~ 1.3.9 ⌫ f(x) = x, y≤ lim
x!x0

f(x) = x0

y≤ ?âòáÍ ", ∑Çêá✓òáÍ � = ", � 0 < |x� x0| < � û, “k

|f(x)� x0| = |x� x0| < ".

~ 1.3.10 ¶ lim
x!0

x sin 1
x
.

) 5ø, ºÍ3 x = 0 ?vkΩ¬. � x 6= 0û, ok
����x sin

1

x

���� 6 |x|.

œd, È?ø�Í ", ✓ � = ", K� 0 < |x| < � û, “k
����x sin

1

x
� 0

���� < ".

§±

lim
x!0

x sin
1

x
= 0.

~ 1.3.11 y≤ lim
x!1

x
2�1

x2�x
= 2.

y≤ x
2�1

x2�x
3 x = 1 ?vkΩ¬, �� x 6= 1 û, ∑Çá✏O

����
x2 � 1

x2 � x
� 2

���� =
����
x� 1

x

���� .

du§`�4Å=Ü 1 NC� x k', ⇡å±kÅõ x �âå, ~X⌫ |x� 1| < 1
2 , =

1
2 < x < 3

2 . 3˘áâåS, ˛°�✏Oè
����
x� 1

x

���� < 2|x� 1|.
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§±, Èu?øâΩ�Í ", ✓ � = min
�
"

2 ,
1
2

�
, K� 0 < |x� 1| < � û, k

����
x2 � 1

x2 � x
� 2

���� =
����
x� 1

x

���� < 2|x� 1| < 2� 6 ".

3Ω¬ 1.25 •, øvkÅõ x lüoêï⇢C x0. XJá¶ x lÜÇ˛òá�Ω

êï⇢C x0, “¥§¢�¸˝4Å.

Ω¬ 1.26 ⌫ f(x) 3 x0 �Ü˝NCkΩ¬. XJkòá~Í l ˜ve„5ü:

Èu?ø�Í ", o�3Í �, ¶⇢� �� < x � x0 < 0 û, k |f(x) � l| < ", @o

° l ¥ f(x) 3 x0 �Ü4Å, P§

lim
x!x

�
0

f(x) = l, Ω f(x) ! l (x ! x�0 )

eºÍ f(x) 3 x0 �m˝NCkΩ¬, aq/å±Ω¬ f(x) 3 x0 �m4Å, êá

3'uÜ4ÅΩ¬•�ÿ�™ �� < x� x0 < 0 Ü§ 0 < x� x0 < � =å. S.˛, Pº

Í f(x) 3 x0 �Üm4Å©OPè f(x0 � 0) ⁄ f(x0 + 0). 5ø, f(x0 ± 0) =L´ºÍ

3ò: x0 �Üm4Å, ÜºÍ f(x) 3 x0 �✓ävk7,'X.

Ωn 1.27 ºÍ f(x) 3 x0 k4Å�ø©7á^á¥ f(x) 3 x0 �Üm4Å—

�3�ÖÉ�.

y≤¥w,�. ˘á{¸�Ø¢å±^5⌥‰ºÍ f(x) 3 x0 vk4Å.

~ 1.3.12 y≤ lim
x!0

ax = 1, ˘p a > 0.

y≤ � a = 1 û, (ÿw,§·. ⇡±e⌫ a 6= 1. ky lim
x!0+

ax = 1. èd©¸´

ú/:

⌫ a > 1, dû ax > 1. Èu?ø�Í ", á¶

|ax � 1| < ", = 1 < ax < 1 + ",

êá

x ln a < ln(1 + ") Ω x <
ln(1 + ")

ln a

=å. §±êá✓ � = ln(1+")
ln a

, K� 0 < x < � û˛„ÿ�™§·, = lim
x!0+

ax = 1. ”n

åy≤ lim
x!0�

ax = 1.

� 0 < a < 1û,êá5ødû ln a < 0,Ÿ¶aq˛„y≤,Ωå⇢ lim
x!0

ax = 1.

(ÿ§·.

~ 1.3.13 ⌫

f(x) =

8
<

:
3x+ 1, x > 1,

2x� 5, x < 1.
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y≤ lim
x!1

f(x) ÿ�3.

y≤ ÿJw—3 1 �Ü˝, f(x) = 2x� 5, §±Ü4Åè f(1� 0) = �3; �3 1

�m˝, f(x) = 3x + 1, §±, m4Åè f(1 + 0) = 4, œd, ºÍ f(x) 3 x ™Cu1 û,

Üm4Å�3⇥ÿÉ�, §±4Åÿ�3.

1.3.4 ºÍ4Å�5ü⁄$é

∑ÇÆ≤©OΩ¬⌦ x ! 1, x ! ±1 ±9 x ! x0, x ! x±0 �4ÅLß. e°

Ú?ÿ4Å�ƒ�5ü⁄oK$é. è⌦Bu?ÿ, ê�ƒ x ! x0£x0 ¥kÅ§�ú

/, Ÿ¶ú/åaq⇢.

Ωn 1.28 e� x ! x0 û, ºÍ f(x) k4Å l, K

1
� 4Å¥çò�.

2
� f(x) 3 x0 �NC¥k.�. =�3Í M ⁄ �, ¶⇢� 0 < |x� x0| < � û,

|f(x)| 6 M .

3
� e a < l < b, K3 x0 �NC, k a < f(x) < b, =�3òáÍ �, ¶⇢Èu˜

v 0 < |x� x0| < � �§k x, k a < f(x) < b.

Ωn 1.29 ⌫� x ! x0 û, ºÍ f(x) ⁄ g(x) ©O± l ⁄ l0 è4Å, K

1
� e3 x0 �NC, k f(x) > g(x), K l > l0.

2
� e l > l0, K3 x0 �NC,7k f(x) > g(x), =�3 � > 0, ¶� 0 < |x�x0| < �

û, k f(x) > g(x).

3
� äè 1

� ⁄ 2
� �Ìÿ, XJ3 x0 �NC, k f(x) > 0, K l > 0∂XJ l > 0, K

3 x0�NC, k f(x) > 0.

Ωn 1.30 ⌫� x ! x0 û, ºÍ f(x) ⁄ g(x) k4Å, K f(x)± g(x), f(x)g(x),
f(x)
g(x) £� lim

x!x0

g(x) 6= 0 û§̨ k4Å, Ö

1
�

lim
x!x0

(f(x)± g(x)) = lim
x!x0

f(x)± lim
x!x0

g(x).

2
�

lim
x!x0

f(x)g(x) = lim
x!x0

f(x) · lim
x!x0

g(x). AO, lim
x!x0

cf(x) = c lim
x!x0

f(x), Ÿ• c ¥

~Í.

3
�

lim
x!x0

f(x)
g(x) =

lim
x!x0

f(x)

lim
x!x0

g(x) , Ÿ• lim
x!x0

g(x) 6= 0.

±˛Ωn�y≤ÜÍ✏4Å�ÈAΩn�y≤⌘⌧aq, ÿ2≠E.

Ωn 1.31 ⌫ f(x) 3 x0 NC, g(t) 3 t0 NC©OkΩ¬, ⇥� t 6= t0 û,
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g(t) 6= x0. e lim
x!x0

f(x) = l, lim
t!t0

g(t) = x0, K

lim
t!t0

f(g(t)) = l.

y≤ ?âòáÍ ", ä‚ lim
x!x0

f(x) = l �, òΩ�3òáÍ ⌧ , ¶⇢�

0 < |x� x0| < ⌧ û, k

|f(x)� l| < ".

qœè lim
t!t0

g(t) = x0, §±Èu˛„Í ⌧ , òΩ�3òáÍ � > 0, ¶⇢�

0 < |t� t0| < � û, k 0 < |g(t)� x0| < ⌧ . §±, � 0 < |t� t0| < � ûk

|f(g(t))� l| < ".

=

lim
t!t0

f(g(t)) = l.

⇤

Ωn 1.31 wä∑Ç, 3¶4Å�Lß•å±¶ /̂C˛ìÜ0, l�kåU{z¶

4Å�Lß.

~ 1.3.14 ¶ lim
x!1

x
2+2x+3

x2+3x+1 .

) lim
x!1

x
2+2x+3

x2+3x+1 = lim
x!1

1+ 2
x
+ 3

x2

1+ 3
x
+ 1

x2
= 1.

~ 1.3.15 ⌫ P (x) = anxn + an�1xn�1
+ · · ·+ a1x+ a0, KÈu?øò: x0, k

lim
x!x0

P (x) = P (x0).

y≤ |^ lim
x!x0

x = x0, ⇢ lim
x!x0

xk = xk0, 2|^4Å⇢\{, “⇢(J.

~ 1.3.16 ¶ lim
x!�1

⇣
1

x+1 �
3

x3+1

⌘
.

) � x ! �1 û, ⌃™)“•�zòë—vk4Å. §±ÿUÜ⇢|^4Å�5

üOé. ⇥¥, � x 6= �1û, å±Ú)“S�©™?1œ©⁄z{⇢

x� 2

x2 � x+ 1
,

dû, ©f©13x ! �1û, —k4Å, œd

lim
x!�1

✓
1

x+ 1
� 3

x3 + 1

◆
= lim

x!�1

x� 2

x2 � x+ 1

=
limx!�1(x� 2)

limx!�1(x2 � x+ 1)
= �1.

~ 1.3.17 ⌫ a > 0, y≤: lim
x!x0

ax = ax0 .
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y≤ P y = x� x0, K� x ! x0 ûk y ! 0, ⇡dΩn 1.31 “⇢

lim
x!x0

(ax � ax0) = ax0 lim
x!x0

(ax�x0 � 1)

= ax0 lim
y!0

(ay � 1) = 0.

e°?ÿºÍ4Å⁄Í✏4Å�'X.

Ωn 1.32 ºÍ f(x) 3 x ! x0 ûk4Å l �ø©7á^á¥: Èu?øòá±

x0 è4Å�Í✏ {an} (an 6= x0), —k lim
n!1

f(an) = l.

y≤ /7á50: ⌫ {an} (an 6= x0)¥òá± x0 è4Å�Í✏. œè lim
x!x0

f(x) =

l, ⇡Èu?øâΩ⇢Í ", òΩ�3 � > 0, � 0 < |x � x0| < � û, k |f(x) � l| < ".

qdu lim
n!1

an = x0, §±Èu˛„ � > 0, �3òág,Í N , ¶⇢� n > Nû, k

0 < |an � x0| < �, §±� n > N û, |f(an)� l| < ". =¥

lim
n!1

f(an) = l.

“ø©5” (áy) : b⌫� x ! x0 û, f(x) ÿ± l è4Å. @oòΩkòá "0 > 0,

¶Èu?€òáÍ �, —UÈòá x�, =¶ 0 < |x� � x0| < �, Ek |f(x�)� l| > "0.

œd, ✓ �n =
1
n
, ÈAzòá˘⇠� �n, —åÈ an, ¶

0 < |an � x0| < �n =
1

n
, ⇥ |f(an)� l| > "0

� n ! 1 û, ˛°1òáÿ�™L≤ {an} (an 6= x0) ± x0 è4Å, �1◆áÿ�™L

≤, {f(an)}, ÿ± l è4Å. ˘Ü^áÉgÒ, §±b⌫ÿ§·, =k lim
x!x0

f(x) = l. ⇤

TΩn`≤, � x ! x0 û, f(x) �™ï5�XJ3¸á™u x0 �:✏˛ÿòó,

K f(x) òΩvk4Å.

~ 1.3.18 y≤: � x ! 0 û sin
1
x
vk4Å.

y≤ ©O✓ an =
1

2n⇧ , bn =
1

2n⇧+⇧/2 (n = 1, 2, · · · ). w,k lim
n!1

an = lim
n!1

bn =

0. ⇥¥, lim
n!1

f(an) = 0, lim
n!1

f(bn) = 1, §± lim
x!0

f(x) ÿ�3.

1.3.5 ºÍ4Å�3⌥O{

Ωn 1.33 ⌫3 x0 �NC, k h(x) 6 f(x) 6 g(x), �Ö� x ! x0 û, ºÍ h(x)

⁄ g(x) —± l è4Å, @o, f(x) è± l è4Å.

Ÿy≤ÜÍ✏�Ωn 1.7 �y{aq.

Ωn 1.34 ⌫ f(x) 3 (a, b) •¸Nk., K f(a+ 0) ⁄ f(b� 0) ˛�3.

y≤ ÿî⌫ f(x) è¸NO. du f(x) 3 (a, b) k˛., ⇡k˛(. M . e°“

5y≤ f(b� 0) = M .
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?â " > 0, du M � " ÿ¥ f(x) �˛., ⇡7k x0 2 (a, b) ¶ f(x0) > M � ". ✓

� = b� x0, d f �¸N5å�, � b� � = x0 < x < b û, “k

M � " < f(x) 6 M.

œd f(b� 0) = M . aqåy≤ f(a+ 0) �3. ⇤

Ìÿ 1.35 ⌫ f(x) 3 (a, b) •¸Nk., K f(x) 3(a, b) •zò: x0 —kÜm

4Å.

✓ x0 2 (a, b), êá©O3 (a, x0) ⁄ (x0, b) •A^Ωn 1.34 =å.

Ωn 1.36 (Cauchy ⌥OOK) ⌫ºÍ f(x) 3x0 NCkΩ¬, K f(x) 3 x0 k4

Å�ø©7á^á¥: ?â " > 0, �3 � > 0, � 0 < |x0 � x0|, |x00 � x0| < � û, k

|f(x0)� f(x00)| < ".

y≤ “7á5” : ⌫ lim
x!x0

f(x) = l. ?â " > 0, �3 � > 0, � 0 < |x� x0| < � û,

|f(x)� l| < "

2
.

⇡� 0 < |x0 � x0|, |x00 � x0| < � û

|f(x0)� f(x00)| 6 |f(x0)� l|+ |l � f(x00)|

<
"

2
+
"

2
= ".

“ø©5” : Èu?øâΩ�Í ", �3 � > 0, ¶⇢� 0 < |x0 � x0|, |x00 � x0| < �

ûk |f(x0)� f(x00)| < ". ?✓òá± x0 è4Å�Í✏ {an} (an 6= x0), = lim an = x0,

⇡È˛„ � > 0, �3✓Í N , ¶⇢� m,n > N û, k 0 < |am � x0|, |an � x0| < �,

œdè“k

|f(am)� f(an)| < ".

§±Í✏ {f(an)} ˜vÍ✏� Cauchy ¬ÒOK, ⇡¬Ò. ⌫

lim
n!1

f(an) = l.

˘á4Å l, è¥ºÍ3 x ! x0 û�4Å. Ø¢˛, Èu?øâΩ�Í ", òê°d

ø©5^áå�, �3 � > 0, ¶⇢� 0 < |x0 � x0|, |x00 � x0| < � û, k

|f(x0)� f(x00)| < "

2
,

,òê°,du lim
n!1

f(an) = l⁄ lim
n!1

an = x0,⇡�3òág,Í m,¶ 0 < |am�x0| <
� ±9 |f(am)� l| < "/2, u¥� 0 < |x� x0| < � û, “k

|f(x)� l| 6 |f(x)� f(am)|+ |f(am)� l|

<
"

2
+
"

2
= ".
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§±

lim
x!x0

f(x) = l.

⇤

1.3.6 ¸á≠á4Å

e°, ∑ÇÚ|^ºÍ4Å�5ü, â—¸á≠á�ºÍ4Å. ƒky≤òá⁄n.

⁄n 1.37 ⌫ 0 < x < ⇧
2 , K sin x < x < tan x.

y≤ X„1.8 §´, ¸†↵�ÉÇÜ OD �Ú

.

.................................

..................................

...................................

...................................

..................................

..................................

.................................

................................

................................

...............
..............

O A

B

C

D

x

1

s
in

x

t
a
n
x

„ 1.8

�Ç⇥u: B, du

4AOD °» < ˜/AOD °» < 4AOB °»,

è“¥
1

2
sin x <

1

2
x <

1

2
tan x.

⇤

dT⁄n¥�,Èu§k¢Í x,k | sin x| 6 |x|,
Ö�“ê3 x = 0 §·.

Ωn 1.38 lim
x!0

sinx

x
= 1.

y≤ ƒk�ƒm4Å. ⌫ 0 < x < ⇧
2 , du sin x > 0, d⁄n¥�

1 <
x

sin x
<

1

cos x
, = cos x <

sin x

x
< 1.

œd

0 < 1� sin x

x
< 1� cos x = 2

⇣
sin

x

2

⌘2
< 2 sin

x

2
< x.

§±, d¸>Y�ê{⇢

lim
x!0+

sin x

x
= 1.

� x ! 0
�û, - y = �x, K y ! 0

+
, §±

lim
x!0�

sin x

x
= lim

y!0+

sin(�y)

�y
= lim

y!0+

sin y

y
= 1.

⇤
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e„Ωn`≤, � x ! 1 û, ºÍ
�
1 +

1
x

�x �4Å�3, �Ö⁄Í✏
��

1 +
1
n

�n 

�4ÅÉ�£cˆ¥ÎY�C˛, �ˆ¥l—�C˛§.

Ωn 1.39 lim
x!1

�
1 +

1
x

�x
= e.

y≤ duÈ?ø� x > 1, k [x] 6 x < [x] + 1, ±9
✓
1 +

1

[x] + 1

◆[x]

<

✓
1 +

1

x

◆x

<

✓
1 +

1

[x]

◆[x]+1

,

œd

lim
x!+1

✓
1 +

1

[x] + 1

◆[x]

= lim
x!+1

✓
1 +

1

[x] + 1

◆[x]+1✓
1 +

1

[x] + 1

◆�1

= e,

lim
x!+1

✓
1 +

1

[x]

◆[x]+1

= lim
x!+1

✓
1 +

1

[x]

◆[x]✓
1 +

1

[x]

◆
= e.

ä‚Ωn 1.33 •¸>Y�ê{, k lim
x!+1

�
1 +

1
x

�x
= e.

� x ! �1 û, - y = �x, K y ! +1, |^˛°(J, “k

lim
x!�1

✓
1 +

1

x

◆x

= lim
y!+1

✓
1� 1

y

◆�y

= lim
y!+1

✓
1 +

1

y � 1

◆y

= lim
y!+1

✓
1 +

1

y � 1

◆y�1✓
1 +

1

y � 1

◆
= e.

˘“y≤⌦

lim
x!+1

✓
1 +

1

x

◆x

= lim
x!�1

✓
1 +

1

x

◆x

= e,

œdè“⌘§⌦Ωn�y≤. ⇤

Ωn 1.39 •�4Å, Ñke✏ò´~Ñ��d/™

lim
x!0

(1 + x)
1
x = e.

Ωn 1.38 ⁄Ωn 1.39 �(ÿ¥ƒ��, �Öÿ�ºÍ�4ÅØKÅ™å±8(

˘¸á4Å.

~ 1.3.19 y≤ lim
x!0

cos x = 1 ±9 lim
x!0

tanx

x
= 1.

y≤ � 0 < x < ⇧
2 û, œè

0 < 1� cos x < x,

§± lim
x!0+

cos x = 1. ⇥ cos x ¥ÛºÍ, ⇡k lim
x!0�

cos x = 1, §±

lim
x!0

cos x = 1.

ä‚˘á(J, k

lim
x!0

tan x

x
= lim

x!0

sin x

x
· lim
x!0

1

cos x
= 1.
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~ 1.3.20 ¶ lim
x!0

1�cosx
x2 .

)

lim
x!0

1� cos x

x2
= lim

x!0

2 sin
2 x

2

x2
=

1

2
lim
x!0

✓
sin

x

2
x

2

◆2

=
1

2
lim
y!0

✓
sin y

y

◆2

=
1

2
.

~ 1.3.21 ⌫ x0 ¥?ø¢Í, y≤ lim
x!x0

sin x = sin x0.

y≤ d⁄n 1.37 ⇢�ÿ�™ | sin x| 6 |x| å�

0 6 | sin x� sin x0| = 2

����sin
x� x0

2
cos

x+ x0
2

����

6 2

����sin
x� x0

2

����

6 |x� x0|.

|^4Å�Ω¬å�(ÿ§·.

1.3.7 √°å˛Ü√°⇥˛

34ÅLß•™u√Åå�˛, °è/√°å˛0, ÓÇ/`, “¥

Ω¬ 1.40 ⌫ f(x) 3 x0 �NCkΩ¬. eÈu?øâΩ�òáÍ M > 0, —

�3Í �, ¶⇢� 0 < |x� x0| < � û, k |f(x)| > M, K°f(x) ¥� x ! x0 û�√

°å˛. P§

lim
x!x0

f(x) = 1 Ω f(x) ! 1 (x ! x0).

XJ� x 3 x0 �,á⇡ç•Czû, √°å˛ f(x) ⇥±ΩK, ∑Ç“â 1
è)±ÉA�Œ“, =å±Ω¬

lim
x!x0

f(x) = +1, Ω lim
x!x0

f(x) = �1.

ÈuŸ¶/™�4ÅLß, èå±aq/Ω¬√°å˛. 5ø,/√°å˛0øö

ç£˝Èä§Èå�Í, �¥3CzLß•™u√°å�C˛. ~X

lim
x!(⇧/2)�

tan x = +1, lim
x!0+

ln x = �1, lim
x!+1

e
x
= +1,

lim
x!0+

1

x
= +1, lim

x!+1
ln x = +1.

w,, 3”òá4ÅLß•£~X”¥ x ! 1 Ω”¥ x ! x0 ��§, ¸á√°å

˛�»Ñ¥√°å˛, ⇥¥¸á√°å˛�⁄!↵!̊ �5�‰kà´åU. ⇡©O°

è/1±10⁄/1
10.ôΩ™. 'u˘⌦ôΩ™�4Å�OéÚ3�°Ÿ!•?ÿ.

aq/, å±Ω¬√°⇥˛.
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Ω¬ 1.41 ⌫ f(x) 3 x0 NCkΩ¬, e lim
x!x0

f(x) = 0 K° f(x) ¥� x ! x0

û�√°⇥˛.

~X, x, x2, sin x �ºÍ¥ x ! 0 û�√°⇥˛;
1
x
, 1

1+x2 �ºÍ, ¥ x ! 1 û�
√°⇥˛. ”⇠Iá5ø�¥,/√°⇥˛0̆ á∂°, §á£„�¥Ÿ3,á4ÅLß

•�CzA�, �ÿ¥òá˛�å⇥.

kÅá√°⇥˛�ìÍ⁄£Ç5|‹§E,¥√°⇥˛; kÅá√°⇥˛�»E¥

√°⇥˛; òák.C˛Ü√°⇥˛�¶»E,¥√°⇥˛. ⇥¥¸á√°⇥˛�˚%

kà´ÿ”�5�, °è/0
00.ÿΩ™.

~X, � x ! 0 û,

x, x2, sin x, x sin
1

x

—¥√°⇥˛, ⇥¥ßÇ�˚3 x ! 0 û, “kÿ”�5�:
x
2

x
= x ¥√°⇥˛; �

x

x2 =
1
x
%¥√°å˛;

sinx

x
�4Åè 1, � x sin 1

x
x
Qÿ¥√°åèÿ¥√°⇥.

w,, 3”òá4ÅLß•, XJ u(x) ¥√°å˛, K 1
u(x) “¥√°⇥˛. áÉX

J u(x) ¥√°⇥˛, Ö u(x) 6= 0, K 1
u(x) “¥√°å˛; XJ lim

x!x0

u(x) = l, K u(x)� l

¥ x ! x0 û�√°⇥˛.

Ω¬ 1.42 ⌫ºÍ f(x) ⁄ g(x) ¥� x ! x0 û�√°å˛, =

lim
x!x0

f(x) = 1, lim
x!x0

g(x) = 1

1
� XJkö"~Í c, ¶ lim

x!x0

f(x)
g(x) = c, @o° f(x) ⁄ g(x) ¥£� x ! x0 û�§

”�√°å˛. AO� c = 1 û, °ßÇ¥�d√°å˛, P§

f(x) ⇠ g(x) (x ! x0).

2
� XJ lim

x!x0

f(x)
g(x) = 0 Ω lim

x!x0

g(x)
f(x) = 1, @o° f(x) ¥' g(x) $��√°å˛

Ω g(x) ¥' f(x) p��√°å˛. P§

f(x) = o(g(x)) (x ! x0).

~ 1.3.22 x2 + 3x+ 5 ⇠ x2 (x ! 1).

~ 1.3.23 y≤: ln x = o(x) (x ! +1).

y≤ È x > 1, �3g,Í k, ¶⇢

2
k�1 < x 6 2

k.

⇡k

ln x 6 k ln 2 < k.
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u¥

0 <
ln x

x
<

2k

2k
=

2k

(1 + 1)k
<

2k
k(k�1)

2

=
4

k � 1
.

du� x ! +1 û, k ! +1, ⇡ä‚Ωn 1.33 k

lim
x!+1

ln x

x
= 0.

Ø¢˛,⌫ ↵ > 0, K x ! +1 û, y = x↵ ! +1, ⇡

lim
x!+1

ln x

x↵
= lim

x!+1

ln x↵

↵x↵
=

1

↵
lim

y!+1

ln y

y
= 0.

§±È?€ ↵ > 0, —k

ln x = o(x↵) (x ! +1).

=� x ! +1 û, ÿ+ ↵ ¥ı⇥�Í, ln x —¥' x↵ Ñ$��√°å˛. §±ß™

ï√°å�Ñ›/È˙0.

Ω¬ 1.43 ⌫ ↵(x) ⁄ �(x) ¥� x ! x0 û�¸á√°⇥˛.

1
� XJ lim

x!x0

↵(x)
�(x) = c 6= 0. K° ↵(x) ⁄ �(x) ¥£� x ! x0 û�§”�√°⇥˛.

AO, � c = 1 û, °ßÇ¥�d√°⇥˛, P§

↵(x) ⇠ �(x) (x ! x0).

2
� XJ lim

x!x0

↵(x)
�(x) = 0 Ω lim

x!x0

�(x)
↵(x) = 1), K° ↵(x) ¥' �(x) p��√°⇥˛,

� �(x) ¥' ↵(x) $��√°⇥˛. P§

↵(x) = o(�(x)) (x ! x0).

~X, ∑ÇÆ≤�⌫, � x ! 0 û

tan x ⇠ sin x ⇠ x, 1� cos x ⇠ x2

2
.

Ωn 1.44 ⌫ ↵(x) ⁄ �(x) ¥� x ! x0 û��d√°⇥˛£= ↵(x) ⇠
�(x), (x ! x0)§, XJ

lim
x!x0

↵(x)u(x) = l, lim
x!x0

v(x)

↵(x)
= l0,

K

lim
x!x0

�(x)u(x) = l, lim
x!x0

v(x)

�(x)
= l0,

Ÿ• l ⁄ l0 Ñå±¥√°å.
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y≤ lim
x!x0

�(x)u(x) = lim
x!x0

�(x)
↵(x) · ↵(x)u(x) = lim

x!x0

�(x)
↵(x) · lim

x!x0

↵(x)u(x) = l.

,òá�™aqåy. ⇤

˘áΩn`≤, 3¶4Å�Lß•, ✓á™f�òá√°⇥œf^òáÜß�d�

√°⇥˛OÜ, Å™(JÿC. du√°å˛�⇣Í¥√°⇥˛, §±√°åœfèå±

¢1�dOÜ.

~ 1.3.24 ¶ lim
x!0

sinxp
1+x�1

) œè sin x ⇠ x, §±

lim
x!0

sin xp
1 + x� 1

= lim
x!0

xp
1 + x� 1

= lim
x!0

(
p
1 + x+ 1) = 2.

~ 1.3.25 ¶ lim
x!0

tanx�sinx

x3 .

)

lim
x!0

tan x� sin x

x3
= lim

x!0

sin x(1� cos x)

x3 cos x

= lim
x!0

x · x
2

2

x3
=

1

2
.

I5ø�¥êUÈ√°⇥˛⁄√°å˛�œf¢1�dOÜ, �^\!~“Î⇢�

™fp, “ÿU?ø¢1�dOÜ, ~X3˛°�~f•, ©fp� tan x ⁄ sin x XJ

^�d√°⇥˛ x �OÜ, “¨⇢Üÿ�(J.

3òá4ÅLß•È¸á˛£ÿ+¥√°å˛Ñ¥√°⇥˛§?1'�û, “O” ⁄

“o” ¥¸á~^�P“. œ~

1
� XJ3 x0 NC, 'ä f(x)

g(x) k., =�3òá~Í c > 0, ¶⇢

|f(x)| 6 c|g(x)|,

“P

f(x) = O(g(x)) x ! x0.

AO,

f(x) = O(1) (x ! x0)

L´ f(x) 3 x0 �NC¥k.˛.

2
� XJ

lim
x!x0

f(x)

g(x)
= 0,

KP

f(x) = o(g(x)) (x ! x0).

I5ø�¥, ˘p��“, êL´3 x ! x0 û, ¸ˆÉm�ò´'�.
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SK 1.3

1. UΩ¬y≤:

(1) lim
x!�1

ax = 0, (a > 1); (2) lim
x!1

x�1
x+1 = 1;

(3) lim
x!�1

x
2�1

x2+x
= 2; (4) lim

x!0+0
x1/q = 0 (q è✓Í).

2. ¶e✏4Å:

(1) lim
x!1

�
x5 � 5x+ 2 +

1
x

�
; (2) lim

x!1

x
n�1
x�1 (n è✓Í);

(3) lim
x!1

x
2�1

2x2�x�1 ; (4) lim
x!1

(3x+6)70(8x�5)20

(5x�1)90 .

3. y≤e✏4Åÿ�3:

(1) lim
x!+1

sin x; (2) lim
x!0

|x|
x
.

4. ⌫ºÍ f(x) 3√°å?�4Åè l, KÈu?ø™u√°å�Í✏ {an}, k
lim
n!1

f(an) = l. AO/ lim
n!1

f(n) = l.

5. ?ÿe✏ºÍ3 x = 0 ?�4Å.

(1) f(x) = [x]; (2) f(x) = sgn x;

(3) f(x) =

8
>>><

>>>:

2
x, x > 0;

0, x = 0;

1 + x2, x < 0.

(4) f(x) =

8
<

:
cos

1
x
, x > 0;

x, x 6 0.

6. ¶ lim
n!1

cos
x

2 cos
x

22 · · · cos
x

2n .

7. ¶y: lim
n!1

�
sin

↵

n2 + sin
2↵
n2 + · · ·+ sin

n↵

n2

�
=

↵

2 .

8. y≤: e lim
x!1

f(x) = l, K lim
x!0

f
�
1
x

�
= l, áÉΩ(. Q„øy≤, � x ! +1

9 x ! �1 ûaq�(ÿ. (A^�K(ÿ, åÚ4ÅLßè x ! 1 �ØKzè
x ! 0 ?n, ΩˆáL5. ~X, ∑Çk lim

x!0
(1 + x)1/x = e.)

9. ¶e✏4Å:

(1) lim
x!0

tan 2x
sin 5x ; (2) lim

x!0

cosx�cos 3x
x2 ;

(3) lim
x!+1

⇣
x+1
2x�1

⌘x
; (4) lim

x!1

⇣
x
2+1

x2�1

⌘x2

.

10. ¶e✏4Å.

(1) lim
x!+1

arctanx

x
; (2) lim

x!0
x2 sin 1

x
;

(3) lim
x!2

x
3�2x2

x�2 ; (4) lim
x!1

(2x2 � x+ 1).
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11. UΩ¬y≤.

(1) lim
x!+1

loga x = +1, (a > 1); (2) lim
x!0+0

loga x = �1, (a > 1);

(3) lim
x!⇧/2�0

tan x = +1; (4) lim
x!0+0

e
1/x

= +1.

12. y≤: ºÍ y = x sin x 3 (0,+1) S√.; ⇥� x ! +1 û, ˘áºÍøÿ¥√°

å˛.

13. ºÍ y =
1
x
cos

1
x
3´m (0, 1) S¥ƒk.? q� x ! 0 + 0 û, ˘áºÍ¥ƒè√

°å˛?

14. �K§�9�ºÍ4ÅkXm≤�A€ø¬.

PºÍ y = f(x) §L´�≠Çè C. eƒ:˜≠Ç√Å$l⌃:û, dƒ:Ü,ò

�ΩÜÇ�Âl™u", K°TÜÇè≠Ç C �ò^ÏCÇ.

(i) RÜÏCÇ ¥�(RÜu x ∂�)ÜÇ x = x0 è≠Ç C �ÏCÇ�ø©7á

^á¥

lim
x!x0�0

f(x) = 1 Ω lim
x!x0+0

f(x) = 1.

(ii) Y≤ÏCÇ ¥�(≤1u x ∂�)ÜÇ y = b è≠Ç C �ÏCÇ�ø©7á^

á¥

lim
x!+1

f(x) = b Ω lim
x!�1

f(x) = b.

(iii) ✓ÏCÇ û÷ˆy≤, êßè y = ax+ b (a 6= 0) �ÜÇ L è≠Ç C �ÏC

Ç�ø©7á^á¥

a = lim
x!+1

f(x)

x
, b = lim

x!+1

�
f(x)� ax

�
;

Ωˆ

a = lim
x!�1

f(x)

x
, b = lim

x!�1

�
f(x)� ax

�
.

˘pg,ábΩ§`�4Å—�3. (J´: ± x ! +1 è~, ⌫≠Ç C 9ÜÇ L

˛�ÓãIè x�:©Oè M,N . K M ñ L�Âl, ¥ |MN |�òá~Í�. œ

d, ÜÇ L è≠Ç C �ÏCÇ, �du lim
x!+1

�
f(x)� (ax+ b)

�
= 0, dd¥⇢§`

�(J.)

¶e✏≠Ç�ÏCÇêß.

(1) y = x ln
�
e +

1
x

�
; (2) y =

3x2�2x+3
x�1 .

15. y≤: 3”ò4ÅLß•�d�√°⇥˛ke✏5ü:

(1) ↵(x) ⇠ ↵(x) (gá5);

(2) e ↵(x) ⇠ �(x), K �(x) ⇠ ↵(x) (È°5);

(3) e ↵(x) ⇠ �(x), �(x) ⇠ �(x), K ↵(x) ⇠ �(x) (D45).
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(5ø, (1) •g,IbΩ ↵(x) ÿ✓"ä; �3 (2)!(3) •, ^á%πX, §`�√°

⇥˛34ÅLß•˛ÿ✓"ä.)

16. � x ! 0 û, '�e✏√°⇥˛�?:

(1) tan x� sin x Ü x3; (2) x3 + x2 Ü sin
2 x;

(3) 1� cos x Ü x2.

17. � x ! +1 û, ¡'�e✏√°å˛�?:

(1) n gıë™ Pn(x) Ü m gıë™ Pm(x) (m,n ˛è✓Í);

(2) x↵ Ü x� (↵, � > 0);

(3) ax Ü bx (a, b > 1).

18. ¡^�d√°⇥˛ìÜ�ê{Oée✏4Å.

(1) lim
x!0

sinmx

sinnx
(m,n ˛è✓Í); (2) lim

x!0

tan ax

x
;

(3) lim
x!0

np1+sinx�1
arctanx

; (4) lim
x!0

p
2�

p
1+cosx

sin2
x

;

(5) lim
x!0

p
1+x+x2�1
sin 2x ; (6) lim

x!0

p
1+x2�1
1�cosx .

1 1 Ÿn‹SK

1. ¶e✏Í✏�4Å:

(1) an =
1
2 ·

3
4 · · · · ·

2n�1
2n (J´:

1
2 ·

3
4 · · · · ·

2n�1
2n 6 1p

2n+1
);

(2) an =
10
1 · 11

3 · 12
5 · · · · · n+9

2n�1 ;

(3) ⌫ a1 > 1, an+1 = 2� 1
an
, n = 1, 2, · · · ;

(4) ⌫ a1 = 3, an+1 =
1

1+an
, n = 1, 2, · · · .

2. ⌫ {an} è¸N4O�Í✏, øÖ¬Òu a, y≤ÈòÉ n k an 6 a. (È¸N4~

Ök4Å�Í✏, aq�(ÿ§·.)

3. y≤e°�Í✏¬Ò:

(1) an = 1 +
1
22 + · · ·+ 1

n2 ;

(2) an =
�
1 +

1
2

� �
1 +

1
22

�
· · ·
�
1 +

1
2n

�
.

4. ¡�Eòáu—�Í✏ {an}, ˜v^á: È?øÍ ", �3✓Í N , ¶� n > N

û, k |an+1 � an| < ".

5. eÍ✏ {an} ˜v: �3~Í M , ¶⇢ÈòÉ n k

An = |a2 � a1|+ |a3 � a2|+ · · ·+ |an+1 � an| 6 M.

y≤: (1) Í✏ {An} ¬Ò; (2) Í✏ {an} è¬Ò.
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6. ⌫ {an} ¥ÓÇ4OÍ✏. ¶y: e an+1 � an k., KÈ?ø ↵ 2 (0, 1) k

lim
n!1

�
a↵
n+1 � a↵

n

�
= 0. ø`≤d(ÿ�_ÿÈ, =, �3ÓÇ4OÍ✏ {an} ¶

⇢È?ø ↵ 2 (0, 1) k lim
n!1

�
a↵
n+1 � a↵

n

�
= 0, ⇥¥ an+1 � an √.. (J´: �ƒ

an = n lnn.)

7. ⌫Í✏ {an} ˜v lim
n!1

(an+1 � an) = a. y≤: lim
n!1

an
n

= a.

8. y≤: e lim
n!1

an = a, Ö an > 0, K lim
n!1

n
p
a1a2 · · · an = a.

9. y≤: e an > 0, Ö lim
n!1

an+1

an
�3, K lim

n!1
n
p
an è�3, øÖ

lim
n!1

n
p
an = lim

n!1

an+1

an
.

10. ¶e✏4Å:

(1) lim
n!1

1+
p
2+ 3p3+···+ npn

n
; (2) lim

n!1
n

np
n!
.

11. Æ� lim
n!1

an = a, ¶y lim
n!1

a1+2a2+···+nan
n2 =

a

2 .

12. ⌫ {an} Ö an ! a 2 R, q⌫ {bn} ¥Í✏, cn =
a1b1+a2b2+···+anbn

b1+b2+···+bn
. ¶y: (1) {cn}

¬Ò; (2) e (b1 + b2 + · · ·+ bn) ! +1, K lim
n!1

cn = a.

13. y≤: lim
x!+1

�
1 +

1
xp

�x
=

8
>>><

>>>:

1, p > 1,

e, p = 1,

1, p < 1.

14. ⌫ f(x) è±œºÍ, Ö lim
x!1

f(x) = 0, y≤ f(x) è".

15. y≤ £1§ºÍ f(x) 3 x ! x0� ûk4Å l �ø©7á^á¥: Èu?øòá±

x0 è4Å�¸N4OÍ✏ {an} (an 6= x0), —k lim
n!1

f(an) = l;£2§ºÍ f(x) 3

x ! x0+ ûk4Å l �ø©7á^á¥: Èu?øòá± x0 è4Å�¸N4~Í

✏ {an} (an 6= x0), —k lim
n!1

f(an) = l.

16. ⌫ ⇠ ¥òá√nÍ. a, b¥¢Í,Ö a < b.¶y: �3✓Í m,n¶⇢ m+n⇠ 2 (a, b),

=, 8‹

S = {m+ n⇠ |m,n 2 Z}

3 R »ó.
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3 §1.3 !•, ∑Ç0↵⌦ºÍ�Vg. �ŸÚ?ÿºÍ�ò^≠á5ü, “¥ºÍ

�ÎY5. Ü*˛˘, §¢ºÍ¥ÎY�, ¥ç�gC˛ÎYCzû, ◆óœC˛èëÉ

ÎY�Cz. ~Xòá$ƒ‘N§rL�Âl, ëûm�Cz�ÎY�Cz. �ûmC

zö~⇥û, ÿ+‘N�$ƒÑ›ıå, ß$ƒ�ÂlCzè¨ö~⇥. lA€˛w, º

ÍÎY“¥çºÍ�A€„î¥ò /̂vk‰m0�/ÎY0�≠Ç. �ŸÃá¥lÍ∆

˛â—ÎYºÍ�Ω¬, ø�\?ÿÎYºÍ�k'5ü.

§2.1 ÎYºÍ�ƒ�Vg

2.1.1 ÎY�Ω¬

è⌦â—ºÍÎY5�ÓÇΩ¬, ƒk* ±eAá~f. 1òá~f¥Œ“º

Í£„2.1•1òá„î§

f(x) = sgn x =

8
>>><

>>>:

1, x > 0

0, x = 0

�1, x < 0

x

y

1

�1

x

y

1

x

y

1

„ 2.1

l„/˛w, ß3 x = 0 ?¥‰m�. �3/m‰:0x = 0 ?�wÕA:¥, � x ! 0

û, ºÍvk4Å£œèÜ!m4Å©Oè �1 ⁄ 1, ¸ˆÿÉ�§. œdlÜ*˛w, á

¶ºÍ3ò:¥/Î⇢0�, è“¥/ÎY0�, ATá¶ºÍ3˘ò:k4Å.

1◆á~f¥£„2.1•�1◆á„î§

f(x) =

8
<

:
1, x 6= 0

0, x = 0

w,, ß3 x = 0 ?¥‰m�, ⌃œ¥ºÍè,3 x = 0 ± 1 è4Å, ⇥4ÅäÜºÍ

�⌧3˘ò:�ºÍä£f(0) = 0§ÿÉ�.



2.1 ÎYºÍ�ƒ�Vg 53

XJUC˘áºÍ3 x = 0 �Ω¬, ¶⇢ºÍ3 x = 0 �ä�uºÍ3 x = 0 �4

Åä,@oß3 x = 0?“ÎY⌦. UC��ºÍ¥ f(x) = 1, x 2 (�1,+1)£„2.1•

�1ná„î§.

§±∑Ç* , ºÍ3ò: x0 ?XJÎY, AT‰⌫¸ááÉ: Ÿò¥ºÍ3˘

ò: x0 ?ATk4Å, Ÿ◆¥4ÅäAT�uºÍ3˘ò:�ä.

Ω¬ 2.1 ⌫ y = f(x) 3 x0 �⇡çS£=ùπ x0 �òám´m§kΩ¬, e

lim
x!x0

f(x) = f(x0)

K° y = f(x) 3 x0 ?ÎY, x0 ¥ f(x) �ÎY:, ƒK° f(x) 3: x0 ?ÿÎY, Ω

x0 ¥ f(x) �m‰:.

ä‚˛„Ω¬, ºÍ f(x) 3ò: x0 ?�ÎY5, ✓˚u f 3˘ò:NC�ä⁄3

˘:�ä, ˘áØ¢L≤£3ò:�§ÎY5, ¥ò /́€‹5ü0.

XJ /̂" � �0äÛQ„, “¥: °ºÍ3Ω¬çS�ò: x0 ÎY, XJÈu?ø

âΩ�Í ", o�3òá � > 0, ¶⇢� |x� x0| < � û, k |f(x)� f(x0)| < ".

,ò´�d�Ω¬Q„¥ƒu§¢/O˛0(Ω°/UC˛0)�Vg.

⌫ºÍ3 x0 �òá⇡çSkΩ¬, �gC˛dä x0 C, òáä x û, “`g

C˛3 x0 ?k⌦òáO˛ �x = x� x0£5ø, O˛ �x ååK, èå±¥"§. ÉA

gC˛�òáO˛, ºÍdä y0 = f(x0) C#�ä y = f(x) = f(x0 +�x), œd, º

Íäè“k⌦òáÜgC˛�O˛ÉA�O˛

�y = y � y0 = �f(x) = f(x)� f(x0) = f(x0 +�x)� f(x).

œd, ºÍ3ò: x0 ÎY, “�du`� x0 �O˛ �x ™u 0 û, ºÍ�O˛ �y è

™u 0, =

lim
�x!0

�y = lim
�x!0

�f(x) = 0, Ω �y ! 0 (�x ! 0).

u¥, ºÍ3ò:ÎYå±{¸/£„è: �gC˛3T:CzÈ⇥û, ÉA�ºÍä�

CzèÈ⇥.

Ω¬ 2.2 e y = f(x) 3´m I = (a, b) •�?ò:ÎY, K° y = f(x) 3´m

I ˛ÎY.

˘⇠, ∑Ç“Ω¬⌦´m˛�ÎYºÍ. Ü*˛w, ´m˛ÎY�ºÍ„ñ, “¥ò

^vk‰m�≠Ç.

~X, ºÍ f(x) = |x| ¥ÎY�; 1 1 Ÿ•§0↵�ıë™ºÍ, ¥ÎYºÍ; l1

1.3.6 !•�~ 1.3.21 å�, ºÍ f(x) = sin x è¥ÎYºÍ.
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2.1.2 Ü(m)ÎYÜm‰

è⌦⌥OºÍ f(x) 3ò: x0 �ÎY5, =¥ƒk lim
x!x0

f(x) = f(x0), kû�ƒ

f(x) 3ò: x0 �¸á¸˝4ÅçèêB. ä‚ºÍ4Å�Ω¬±9ºÍÎY5�Ω¬,

f(x) 3ò: x0 ÎY�du f(x) 3ò: x0 �Ü!m4Å—�3�Ö�u f(x0), =

f(x0 + 0) = f(x0 � 0) = f(x0).

Ω¬ 2.3 ⌫ f(x) 3 x0 �òá⇡çSkΩ¬. e f(x0+0) = f(x0), K° f(x) 3

x0 mÎY; e f(x0 � 0) = f(x0), K° f(x) 3 x0 ÜÎY.

w, f(x) 3 x0 ÎY�ø©7á^á¥ f(x) 3 x0 ÜÎY”ûèmÎY.

f(x) 3òáùπ‡:�´m˛ÎY, ¥ç f(x) 3´mS‹zò:—ÎY, øÖ3

‡:˛kÉA�¸˝ÎY5.

ºÍ3ò: x0 ÿÎY°T:èm‰:. u)m‰¨ke✏n´ú/:

1
� ºÍ3ò: x0 Üm4Å—�3ÖÉ�£§±3˘ò:k4Å§,⇥ÿ�u f(x0),

f(x0 + 0) = f(x0 � 0) 6= f(x0).

2
� ºÍ3ò: x0 Üm4Å—�3, ⇥¥ÿÉ�,

f(x0 + 0) 6= f(x0 � 0).

3
� ºÍ3ò: x0 Üm4Åñ�kòáÿ�3.

Èuú/ 1
� •�m‰£ÎÑ„2.1•�1◆á„ñ§, êá≠#Ω¬£UCΩ÷

ø§f(x0) �ä¶É�u f(x+0 ) “å±?E f(x) 3 x0 �ÎY5, œd˘am‰:¥ö

�ü�, °èå�m‰:.

Èuú/ 2
� •�m‰, œè f(x0 + 0) 6= f(x0 � 0), dûºÍä3 x0 ?kòá/a

⌫0£a⌫�Ã›¥ |f(x0 + 0)� f(x0 � 0)|§. œd° x0 è f(x) �a⌫:.

ú/ 1
� ⁄ 2

� •�m‰:£=å�m‰:⁄a⌫:§⁄°è f(x) �1òam‰:.

ú/ 3
� •�m‰:° x0 è f(x) �1◆am‰:.

w, f(x) 3Ω¬´m�‡:“êk¸´m‰úπ: å�m‰£3T‡: f(x) �É

A¸˝4Å�3⇥ÜºÍäÿ�§⁄1◆am‰:£3T‡: f(x) �ÉA¸˝4Åÿ

�3§.

~ 2.1.1 ÔƒºÍf(x) = sinx

x
(x 6= 0) 3 x = 0 ?�ÎY5.

) œè lim
x!0

sinx

x
= 1, è,ºÍ3 x = 0 vkΩ¬, ⇥êá÷øΩ¬ºÍ3 x = 0
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�äè1, =

f(x) =

8
<

:

sinx

x
, x 6= 0,

1, x = 0,

KºÍ3 0 ÎY.

~ 2.1.2 ?ÿ

f(x) =

8
<

:
3x+ 1, x > 1,

2x� 5, x < 1

3 x = 1 ?�ÎY5.

) œè f(1 + 0) = 4, f(1� 0) = �3, ⇡ x0 = 1 ¥ f(x) �a⌫:, ⌫›è 7.£5

øºÍ3 x = 1 ?¥mÎY�§.

~ 2.1.3 ?ÿ

f(x) =

8
<

:

1
x
, x > 0,

0, x 6 0

3 x = 0 ?�ÎY5.

) œèºÍ3 x = 0 �m4Åÿ�3, §±TºÍ x = 0 ?ÿÎY.

~ 2.1.4 y≤e° Dirichlet ºÍ3?€ò:—k1◆am‰.

D(x) =

8
<

:
1, x èknÍ,

0, x è√nÍ.

y≤ ?âò: x0, ∑Çå±✓òádknÍ|§�¸NO£~§Í✏ {an}¬Ò
 x0 , èå±È√nÍ|§�¸NO£~§Í✏ {bn}¬Ò x0, §± lim

n!1
D(an) = 1,

� lim
n!1

D(bn) = 0. §±ºÍ3?€ò:�Üm4Å—ÿ�3, —¥1◆am‰:.

2.1.3 ÎYºÍ�$é

ä‚ÎYºÍ�Ω¬, êá¶ºÍ3ò: x0 �4Å�3øÖ4Å“¥ f(x0), œd,

g,“kÎYºÍ�oK$é⁄ÎYºÍ�E‹�ÎY5(ÿ.

Ωn 2.4 ⌫ f(x) ⁄ g(x) —3 x0 ÎY, KºÍ f(x)± g(x), f(x)g(x), f(x)
g(x) £�

g(x0) 6= 0 û§3 x0 ?èÎY.

Ωn 2.5 ⌫ u = g(x) 3´m I ˛kΩ¬, ºÍ y = f(u) 3´m J ˛kΩ¬, Ö

g(I) ✓ J . e u = g(x) 3 x0 2 I ÎY, y = f(u) 3 u0 = g(x0) ?ÎY£= f(u) 3 u0

ÎY, u0 = g(x0)§, KE‹ºÍ f(g(x)) è3 x0 ÎY.
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y≤ Èu?øâΩ�Í ", œè f 3 u0 ÎY, K�3òáÍ ⌘ > 0, ¶⇢�

|u� u0| < ⌘ û, k

|f(u)� f(u0)| < "

Èu˛„ ⌘ > 0, qœè g 3 x0 ÎY, §±�3 � > 0, ¶⇢� |x� x0| < � û, k

|g(x)� g(x0)| = |u� u0| < ⌘

u¥, � |x� x0| < � û, l˛°¸áÿ�™⇢

|f(g(x))� f(g(x0))| = |f(u)� f(u0)| < ",

=ºÍ f(g(x)) 3 x0 ÎY. ⇤

TΩnèå±L´èe°/™

lim
x!x0

f(g(x)) = f(g(x0)) = f( lim
x!x0

g(x)),

=3ÎY�^áe, åÚE‹ºÍ�4Å$é£S�ºÍ5$é.

e°Ú?ÿáºÍ�ÎY5ØK. ∑Ç�⌫ÈuΩ¬3Í8 A ˛�ºÍ f(x) , ß

‰káºÍ�ø©7á^á¥ f(x) èΩ¬çäç�òòN◆. XJ f(x) 3 A ˛¥

ÓÇ¸N�, K f(x) káºÍ. ⇥¥, káºÍ�ºÍÿ7¥ÓÇ¸N�, ~X

f(x) =

8
<

:
�1� x, �1 6 x 6 0,

x, 0 < x 6 1.

,�, Èu3òá´m˛�ÎYºÍ, ú/KÈÿÉ”, e✏Ωn¥'uÎYºÍkáº

Í�Åƒ��òá(J.

Ωn 2.6 ⌫ y = f(x) ¥Ω¬3´m [a, b] ˛�òáÎYºÍ, K f(x) 3 [a, b] ˛

�3áºÍ�ø©7á^á¥ f(x) 3 [a, b] ˛ÓÇ¸NO£~§. �˘á^á§·û,

f(x) �áºÍ f�1 3ŸÉA�Ω¬çSè¥ÓÇ¸NO£~§�ÎYºÍ.

lÜ*˛w, ÎYºÍ�áºÍè¥ÎY�˘á(ÿ¥w,�. œèºÍy =

f(x)⁄áºÍx = f�1
(y)3”òãI≤°˛�„ñ¥É”�.

∑ÇÚ3 §2.2 �Å�â—TΩn�ÓÇy≤.

2.1.4 –�ºÍÎY5

30↵⌦ÎYºÍ�Ω¬⁄ƒ�5ü�, ∑ÇÚw, –�ºÍ3ŸΩ¬çS¥Î

Y�.

(1) ıë™ºÍ: ƒk5ø, ~äºÍ f(x) = c£c ¥òá~Í§±9Ç5ºÍ

f(x) = x ¥´m (�1,+1) ˛ÎYºÍ. §±≤LoK$é§⇢�?€ x �ıë™

ºÍ—¥ÎY�.
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(2) n�ºÍÜán�ºÍ: d §1.2 •�~ 1.3.21 å�, ºÍ sin x ¥ÎYºÍ. �

cos x å±w§¥ sin u ⁄ u =
⇧
2 � x ¸áÎYºÍ�E‹

cos x = sin

⇣⇧
2

� x
⌘

�(J, §±¥ÎY�. Ÿ¶�n�ºÍ

tan x =
sin x

cos x
(x 6= (2k + 1)

⇧
2
, k ¥✓Í); cot x =

cos x

sin x
(x 6= k⇧, k ¥✓Í);

sec x =
1

cos x
(x 6= (2k + 1)

⇧
2
, k ¥✓Í); csc x =

1

sin x
(x 6= k⇧, k ¥✓Í);

3àg�Ω¬çS, —¥ sin x!cos x ±9 f(x) = 1 ≤LoK$é§⇢�, §±—¥Î

YºÍ.

Èu§k�án�ºÍ arcsin x, arccosx, arctan x, arccotx, dΩn 2.6 å�ßÇ

3àg�Ω¬çS—¥ÎY�.

(3) çÍºÍÜÈÍºÍ: ä‚ §1.2 •�~ 1.3.17, çÍºÍ f(x) = ax (a > 0, a 6=
1) ¥ŸΩ¬çS�ÎYºÍ. AO f(x) = e

x ¥ÎYºÍ. œè

� a > 1 û, f(x) = ax 3 (�1,+1) ¥ÓÇ4O�∂

� 0 < a < 1 û, f(x) = ax 3 (�1,+1) ¥ÓÇ4~�∂

�Ö√ÿ¥@´/™, ºÍ�äç—¥ (0,+1). ä‚Ωn 2.6, f(x) = ax �áºÍ

f�1
(x) = loga x 3 (0,+1) ˛¥ÎY�. AO, f(x) = ln x ¥ÎY�.

(4) òºÍ: ÈuòºÍ f(x) = x↵ (↵ 6= 0), 3Ÿƒ��Ω¬ç x > 0 S, du

x↵ = e
↵ lnx

§±òºÍ3 x > 0 ÎY.

œL˛„(ÿ, ∑Ç�⌫§kƒ�–�ºÍ3àg�Ω¬çSÎY�. 2ä‚Ω

n 2.4 ⁄Ωn 2.5, ∑Çk

Ωn 2.7 –�ºÍ3ŸΩ¬çS¥ÎYºÍ.

Ωn 2.7�òáÜ⇢A^¥, e x0 ¥–�ºÍ f(x) Ω¬çS�ò:, K f(x) 3˘

ò:�4Å“¥ºÍ3T:�ä f(x0).

~ 2.1.5 ¶ lim
x!0

sin(arctan(x+ 1)).

) œè x = 0¥ºÍ sin(arctan(x+1))Ω¬çS�:,§±4Å¥ sin(arctan 1) =
p
2
2 .

~ 2.1.6 ¶y lim
x!0

ln(1+x)
x

= 1.
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y≤ œè lim
x!0

(1 + x)1/x = e, -

f(x) =

8
<

:
(1 + x)1/x, x 6= 0,

e, x = 0,

KºÍ f(x) 3 x = 0 ?ÎY. du ln y 3 y = e ÎY, §±E‹ºÍ ln f(x) 3 x = 0

ÎY, l�

lim
x!0

ln(1 + x)

x
= ln lim

x!0
f(x) = ln e = 1.
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SK 2.1

1. ⌫ºÍ f(x) 3: x0 NCkΩ¬, Ö lim
h!0

[f(x0 + h)� f(x0 � h)] = 0. Ø f(x) ¥ƒ

73 x = x0 ?ÎY?

2. ⌫È?øÍ " < b�a

2 , ºÍ f(x) 3 [a+ ", b� "] ˛ÎY. y≤ f(x) 3 (a, b) SÎ

Y.

3. ⌫3: x = x0 ?, ºÍ f(x) ÎY, � g(x) ÿÎY, ØºÍ f(x)± g(x) Ü f(x)g(x)

3: x0 �ÎY5X€? e f(x), g(x) 3 x0 ?—ÿÎY, £â”⇠�ØK.

4. (1) ⌫ºÍ f(x) 3: x = x0 ?ÎY, KºÍ |f(x)| 3: x = x0 ?èÎY.

(2) ⌫ºÍ f(x) ⁄ g(x) 3òá´m I ˛ÎY. y≤: ºÍ M(x) = max(f(x), g(x))

9 m(x) = min(f(x), g(x)) 3´m I ˛˛ÎY.

5. y≤: �3˘⇠�ºÍ f(x), ??ÿÎY, ⇥ºÍ |f(x)| ??ÎY.£J´: ∑�/

?U Dirichlet ºÍå⇢—òá~f.§

6. ç—e✏ºÍ�m‰:,ø`≤Ÿa..

(1) f(x) = x+1
x�2 ; (2) f(x) =

8
<

:

sinx

|x| , x 6= 0,

1, x = 0;

(3) f(x) = [| cos x|]; (4) f(x) = 1
1+e1/x

;

(5) f(x) =

8
>>><

>>>:

1
x+7 , �1 < x < �7,

x, �7 6 x 6 1,

(x� 1) sin
1

x�1 , 1 < x < +1;

(6) f(x) =

8
<

:

x
2�4
x�2 , x 6= 2,

4, x = 2.

7. ¡(Ω a, ¶⇢ºÍ f(x) =

8
<

:
e
x, x < 0,

a+ x, x > 0

3 x = 0 ?ÎY.

8. y≤: ºÍ f(x) =

8
<

:

e1/x�e�1/x

e1/x+e�1/x , x 6= 0,

1, x = 0

3: 0 ?mÎY, ⇥ÿÜÎY.

9. y≤: Èzá¢Í x, lim
n!1

1+x

1+x2n �3. Ú˘4ÅäPè f(x), ¡?ÿºÍ f(x) �

ÎY5.

10. y≤: eºÍ f(x) 3: x0 ÎY, K�3òáÍ �, ¶⇢ºÍ f(x) 3´m
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(x0 � �, x0 + �) ˛k.. (˘ò(J°èÎYºÍ�€‹k.5.)

11. y≤: eºÍ f(x) 3: x0 ÎY, Ö f(x0) 6= 0, K�3òáÍ �, ¶⇢ºÍ f(x)

3´m (x0 � �, x0 + �) ˛Ü f(x0) ”“. (˘ò(J°èÎYºÍ�€‹⇥“5) ?

ò⁄, �3,áÍ �, ¶⇢ f(x) 3˘ò´m•˜v |f(x)| > �.

12. y≤: e lim
x!x0

g(x) = a 6= g(x0) (l� x0 è g(x) �å�m‰:), f(u) 3 u = a ?

ÎY, K

lim
x!x0

f(g(x)) = f( lim
x!x0

g(x)) = f(a).

(˘ò(ÿÈŸ¶ ´4ÅLßè§·.)

13. y≤: eºÍ u(x), v(x) 3 x0 ?ÎY, Ö u(x0) > 0, KºÍ u(x)v(x) è3: x0 ?

ÎY.

14. ⌫ f(x) 3 R ˛ÎY, ÖÈu?ø x k f(2x) = f(x). ¶y f(x) ¥~Í.

15. ⌫ f(x) 3 R ˛ÎY, ÖÈu?ø x, y k f(x + y) = f(x) + f(y). ¶y f(x) = cx,

Ÿ• c ¥~Í.

16. � x ! 0 û, ^ sin x ⇠ x, tan x ⇠ x y≤ arcsin x ⇠ x, arctan x ⇠ x; ^

ln(1 + x) ⇠ x y≤ (ex � 1) ⇠ x.

(˛„��d√°⇥, ¥á»©•ö~ƒ��Ø¢.)

17. ¶4Å:

(1) lim
x!0

p
1+x+x2�1
sin 2x ; (2) lim

x!0

p
1+x2�1
1�cosx ;

(3) lim
x!0

( 10p1+tanx�1)(
p
1+x�1)

2x sinx
; (4) lim

x!0

x·arcsin(sinx)
1�cosx ;

(5) lim
x!0

1�cos(1�cosx)
x4 ; (6) lim

x!�1
x(
p
x2 + 100 + x);

(7) lim
x!+1

(sin
p
x+ 1� sin

p
x); (8) lim

x!1

q
2� sinx

x
.

18. ºÍ sinh x =
ex�e�x

2 Ü cosh x =
ex+e�x

2 ©O°èV≠uÜV≠{u (⁄°èV

≠ºÍ), ßÇ˛3Ω¬ç (�1,+1) ˛ÎY. y≤±eàK. (åÜn�ºÍ�5

üä'�.)

(1) sinh(�x) = � sinh x, cosh(�x) = cosh x; (2) cosh
2 x� sinh

2 x = 1;

(3) sinh 2x = 2 sinh x cosh x; (4) cosh 2x = sinh
2 x+ cosh

2 x;

(5) sinh(x± y) = sinh x cosh y ± cosh x sinh y;

(6) cosh(x± y) = cosh x cosh y ± sinh x sinh y.
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§2.2 4´m˛ÎYºÍ�5ü

�!Ãá0↵34´m˛ÎYºÍ�Aá≠á5ü. ∑ÇÚ^ C[a, b] L´Ω¬3

4´m [a, b] ˛�ÎYºÍ⌧N.

2.2.1 ":ΩnÜ0äΩn

3SK2.1 �111K•, ∑Çy≤⌦ÎYºÍk˘⇠�5ü: ⌫ºÍ f(x) 3ò: x0

ÎY, XJ f(x0) 6= 0, ÿî⌫ f(x0) > 0, K�3òáÍ �, ¶⇢3´m (x0 � �, x0 + �)

Sk f(x) > 0. ˘á5ü°èÎYºÍ�€‹⇥“5. ˘áØ¢�á°¥: XJ3± x0

è•%�?øòám´m (x0 � ", x0 + ") S, ÎYºÍ f(x) Q✓ä, q✓Kä,

KêUk f(x0) = 0. œd, ºÍ3ò:ÎY, “U⌦dºÍ3T:NC�,⌦&E, Ì

‰ºÍ3˘ò:�ä. XJºÍ3òá4´m˛ÎY, Kke✏çr�Ωn.

Ωn 2.8 (":Ωn) ⌫ f(x) 2 C[a, b], ÖºÍ3¸á‡:�ä f(a) ⁄ f(b) …

“, = f(a)f(b) < 0, K7kò: ⇠ 2 (a, b), ¶ f(⇠) = 0.

y≤ ÿî⌫ f(a) < 0 < f(b). Ú´m [a, b]¸

-

6

.
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.................
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............
..........
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..............
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...............
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.........................
........................ ....................... ......................

...........

...........

...........

........... ..........
..........
..........
..........
..........
..........
..........

...........

...........

...........

...........

......

a b⇠

a+b
2

x

f(x)

„ 2.2

�©, XJ3©: a+b

2 ? f(x)✓äè" f(a+b

2 ) = 0,

K✓ ⇠ =
a+b

2 , Ωn⇢y. ƒK f(a+b

2 ) 7,Ü f(a)

⁄ f(b) •,òá…“, =3¸á4f´m

a,

a+ b

2

�
,


a+ b

2
, b

�

•,7kòá¶⇢ f(x)3Ÿ‡:✓ä…“,Ö⇥±3

Ü‡:✓äèK, 3m‡:✓äè. P˘á´mè [a1, b1]. ≠E˛„Lß, ÿö,ò

g–3©:? f(x) ✓äè", KΩn⇢y, ƒK“⇢ò✏´m [an, bn] ¶⇢ f(x)

3ŸÜ‡:✓äèKß3m‡:✓äè, =

f(an) < 0 < f(bn)

˘ò✏´m [an, bn] ˜v´m@Ωn^á, œd�3ò: ⇠ 2 [an, bn], ˜v

lim
n!1

an = ⇠, lim
n!1

bn = ⇠,

dºÍÎY5å�

f(⇠) = lim
n!1

f(an) 6 0 6 lim
n!1

f(bn) = f(⇠),

= f(⇠) = 0. ⇤
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œd, Èu4´m˛ÎYºÍ, dºÍ/´m‡:�ä…“0�&E, BU‰ΩºÍ

3´m˛k":. 5ø, Ωn^á•�náƒ�áÉ¥: 4´m!ÎY!3‡:…“.

lA€˛w, 4´m˛�ÎYºÍ, Ÿ„îl x ∂�e£˛§êœ˛£e§êû,

7,BL x ∂, =, Ü x ∂k⇥:.

Ωn 2.9 (0äΩn) ⌫ f(x) 2 C[a, b], Ö f(a) 6= f(b), K f(x) 3 [a, b] ˛U✓

0u f(a) ⁄ f(b) Ém�?øä.

y≤ ÿî⌫ f(a) < f(b), Ö r ¥0u f(a) ⁄ f(b) Ém�?øòáÍ: f(a) <

r < f(b). �ƒ9œºÍ g(x) = f(x)� r, K g(x) è¥ [a, b] ˛ÎYºÍ, �Ö

g(a) = f(a)� r < 0, g(b) = f(b)� r > 0,

⇡˜v":Ωn�^á, œ�k ⇠ 2 (a, b) ¶ g(⇠) = 0, = f(⇠) = r. ⇤

3":Ωn⁄0äΩn�L„•, —¥È´m‡:�Û�. Ø¢˛, È´m˛?ø

¸: x1 < x2, êáºÍ f(x) 3¸:�✓ä…“, K f(x) 3¸:Ém“òΩk":. Ω

êá f(x) 3¸:�✓äÿ�, “òΩU✓ f(x1) ⁄ f(x2) Ém�?øä.

~ 2.2.1 y≤ºÍ f(x) = 2
x � 4x 3´m

�
0, 12
�
Skòá":.

y≤ w,, f(x) 3
⇥
0, 12
⇤
˛ÎY. Ö f(0) = 1 > 0, f(12) =

p
2 � 2 < 0, §±

f(x) = 2
x � 4x 3´m

�
0, 12
�
Skòá":.

~ 2.2.2 y≤?€€gıë™ñ�kòá¢ä.

y≤ ⌫ P (x) = anxn+an�1xn�1
+ · · ·+a1x+a0 ¥òá€gıë™,= n¥€Í,

an 6= 0, K P (x) ⇠ anxn£x ! 1§. ÿî⌫ an > 0, œè n ¥€Í, §±� x ! ±1
û, P (x) ! ±1. ⇡�3¸áÍ a < b, ¶⇢ P (a) < 0 < P (b), d":Ωn� P (x) òΩ

kòá":.

XJ¥Ûgıë™, (JKÿÉ”, ~X P (x) = x2 + 1, “vk¢ä.

2.2.2 k.5ÜÅåÅ⇥äΩn

ä‚ºÍ�ÎY5Ω¬, XJºÍ3ò: x0 ÎY, KÈuòáÍ, ~X " = 1,

�3òáÍ �, ¶⇢� |x � x0| < � û, k |f(x) � f(x0)| < 1. ÜÈ{`, 3´m

(x0 � �, x0 + �)˛,

|f(x)| < 1 + |f(x0)|

œdºÍ¥k.�. =/ò:ÎY, %πXNCk.0. XJºÍ3✓á4´m˛ÎY,

¥ƒ%πXºÍ�k.5? âY¥íΩ�.
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Ωn 2.10 e f(x) 2 C[a, b], Kß3✓á´m˛k.. =�3òá~Í M > 0,

¶⇢� a 6 x 6 b û, k |f(x)| 6 M .

y≤ (áy) b⌫ f(x) 3 [a, b] ˛√., KÈu?øg,Í n, �3 xn 2 [a, b]

¶⇢ |f(xn)| > n. œè {xn} ¥k.Í✏, §±ä‚ Bolzano-Weierestrass Ωn��3

¬Òf✏. ⌫ xnk ! x (k ! 1) ¥òá¬Òf✏. w,, x 2 [a, b]. d f �ÎY5, ⇢

f(xnk) ! f(x), (k ! 1) ⇥¥ä‚ xn �¿J, k |f(xnk)| > nk, (k ! 1) , ˘¥gÒ�.

œd, f(x) 3 [a, b] ˛k.. ⇤

Ωn 2.11 (ÅäΩn) e f(x) 2 C[a, b], K f(x)3 [a, b] ˛U✓Ååä⁄Å⇥

ä. =�3 x⇤ 2 [a, b] ⁄ x⇤ 2 [a, b], ¶⇢È§k� x 2 [a, b], k

f(x⇤) 6 f(x) 6 f(x⇤)

y≤ œè f(x)3 [a, b]˛ÎY,§±3 [a, b]˛k.. ⌫M = sup{f(x) | x 2 [a, b]}.
d˛(.�Ω¬å�ßÈ?øg,Í n �3 xn 2 [a, b] ¶⇢

M � 1

n
< f(xn) 6 M.

˘`≤ {f(xn)} ¬Ò M. ä‚ Bolzano-Weierestrass Ωn��3 {xn} �¬Òf✏
xnk ! x⇤ 2 [a, b]. u¥

M = lim
k!1

f(xnk) = f(x⇤).

˘“y≤⌦ f 3 [a, b] ˛✓˛(. M . ”nåy f 3 [a, b] ˛✓e(.. ⇤

dΩn'Ωn 2.10 ç?ò⁄, 4´m˛�ÎYºÍ, ÿ⇥k., �ÖUàÅå

ä£˛(.§⁄Å⇥ä£e(.§.

5ø, Ωn 2.10 ⁄Ωn 2.11 •�^á/4´m0¥7ÿå��. ~XºÍ f(x) = 1
x

3 (0, 1) ˘ám´m˛kΩ¬, ⇥ß¥3 (0, 1) ˛√.�ºÍ, �,èÿåUàÅå

ä. ÎY5�^á, è¥7L�. XºÍ

f(x) =

8
<

:
x, 0 < x < 1

1
2 , x = 0, 1

3m´m (0, 1) •ÎY, ⇥34´m [0, 1] ˛ÿÎY, è,k., ⇥¥%àÿÅåä⁄

Å⇥ä.

A^0äΩn⁄ÅäΩn, ∑Çk

Ωn 2.12 e f(x) 2 C[a, b], K f(x) �äç¥òá4´m.

y≤ P I = [a, b]. ä‚ÅäΩn, ?€ò:�ºÍä, —0uÅåä f(x⇤) ⁄Å⇥

ä f(x⇤) Ém, §±

f(I) ⇢ [f(x⇤), f(x⇤)]
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,òê°, ?âòáÍ r 2 [f(x⇤), f(x⇤)], ä‚0äΩn, òΩ�3ò: x0 ¶⇢

r = f(x0), = r = f(x0) 2 f(I). œ�

[f(x⇤), f(x⇤)] ⇢ f(I)

n‹˛„(J, =�äç“¥4´m [f(x⇤), f(x⇤)]. ⇤

Å�, ∑Çâ—Ωn 2.6 �y≤.

Ωn 2.6 �y≤ ƒky≤´m [a, b] ˛ÎYºÍkáºÍ�ø©7á^á¥ÓÇ

¸NºÍ.

ø©5¥w,�, œèÓÇ¸NºÍ¥ŸΩ¬çäç�òòN◆, œdkáºÍ.

7á5�y≤Xe: b⌫ f(x) ÿ¥ÓÇ¸N�, K�3 [a, b] •ná: x1 < x2 <

x3, ¶⇢ f(x2) ÿ3 f(x1) ⁄ f(x3) Ém. 3˘´úπe, Ωˆf(x1) 3 f(x2) ⁄ f(x3)

Ém, Ωˆf(x3) 3 f(x1) ⁄ f(x2) Ém. ÿî⌫cò´úπu), du f(x) 3 [x2, x3]

˛ÎY, §±d0äΩn�3ò: x01 2 [x2, x3], ¶⇢ f(x01) = f(x1). œd f(x) ÿ¥´

m˛òòÈA�ºÍ, è“ÿåUkáºÍ, ˘Ü^áÉgÒ. §± f(x) 3´m [a, b]

˛¥ÓÇ¸N�.

Ÿgy≤ÓÇ¸NÖÎYºÍ�áºÍè¥ÓÇ¸NÖÎY�.

ÿî⌫ y = f(x) 3 [a, b] ˛ÓÇ¸NO. §±káºÍ f�1
. ä‚Ωn2.12, ∑Ç�

⌫ f �äç, è“¥áºÍ f�1 �Ω¬çè¥òá´m [f(a), f(b)].

1
� ky f�1 è¥ÓÇ4O�. ?â y1 < y2, Ÿ• y1 = f(x1), y2 = f(x2). u

¥ x1 = f�1
(y1), x2 = f�1

(y2). XJ x2 6 x1, du f(x) ¥ÓÇ¸NO�, “k

y2 = f(x2) 6 f(x1) = y1, ˘Ü y1 < y2 ÉgÒ. œd x1 < x2, = f�1
(y1) < f�1

(y2), ⇡

f�1
(y) èÓÇ¸NO.

2
� y3y≤ x = f�1

(y) 3äç [f(a), f(b)] ˛�ÎY5. ?✓äç•ò:

y0 2 (f(a), f(b)). Kk x0 2 (a, b), ¶ y0 = f(x0). È?â�˜v (x0 � ", x0 + ") ⇢ (a, b)

�Í ". d f(x) �¸N5å�k

y1 = f(x0 � ") < y0 = f(x0) < f(x0 + ") = y2.

✓ � = min(y0 � y1, y2 � y0). K� |y � y0| < � û, “k

y1 < y < y2.

d f�1
(y) �¸N5å�, � |y � y0| < � û, 7k

f�1
(y) > f�1

(y1) = x0 � " = f�1
(y0)� "

9

f�1
(y) < f�1

(y2) = x0 + " = f�1
(y0) + ".



2.2 4´m˛ÎYºÍ�5ü 65

=� |y � y0| < � û,

|f�1
(y)� f�1

(y0)| < ".

⇡ f�1
(y) 3 y0 ÎY, d y0 �?ø5 f�1

(y) 3 (f(a), f(b)) ÎY. ñu f�1
(y) 3‡:

�¸˝ÎY5K^˛„ê{aqåy. ⇤

2.2.3 òóÎY5

ƒk* òá~f

f(x) =
1

x
, x 2 (0, 1)

w,ß¥´m (0, 1) ˛�ÎYºÍ, =3zò: x 2 (0, 1) —ÎY.

⇥¥, ?âòáÍ ", Èuÿ”�: x0, U⌦⇥

-

6
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..........
........ ........ ........ ........

x
0
0 x0 1

x

f(x)

„ 2.3

y |f(x)� f(x0)| < " §�3�Í �£=èy/x ø©

⇢C x00�∫›: 0 < |x� x0| < � §øÿòΩ¥ò⇠�.

~XÈu x0 =
1
n
, á¶

|f(x)� f(x0)| =
����
1

x
� 1

x0

���� =
����
1

x
� n

���� < "

x 7L˜v

� "

n(n+ ")
< x� x0 = x� 1

n
<

"

n(n� ")

œd, Èu x0 =
1
n
, êk✓

� =
"

n(n+ ")
⇠ "

n2

‚U¶⇢� |x� x0| < �, ûk |f(x)� f(x0)| < ".

�3: x00 = 1� 1
n
?, ÈA”òáÍ ", á¶

|f(x)� f(x00)| =
����
1

x
� 1

x00

���� =
����
1

x
� n

n� 1

���� < "

7L

� "(n� 1)
2

n(n+ "(n� 1))
< x� x00 = x�

✓
1� 1

n

◆
<

"(n� 1)
2

n(n� "(n� 1))
.

œd, Èu x00 = 1� 1
n
, ✓

�0 =
"(n� 1)

2

n(n+ "(n� 1))
⇠ "

K� |x� x0| < �0, ûk |f(x)� f(x0)| < ".
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w,, 3˘á~f•, Èu”òáÍ ", � x0 �ÇC 0, È � �á¶�Ó, �� x0

�ÇC 1, � �¿J{/�∞. §±Èuÿ”�ÎY:5`, ÈA� � ¥ÿòó�.

XJÈu§k�: x0,�3⁄ò�Í �,êá |x�x0| < �û,“k |f(x)�f(x0)| <
", K`˘⇠�ÎY5¥/òó0�.

Ω¬ 2.13 ⌫ y = f(x) 3´m I ˛kΩ¬, È?â� " > 0, XJ�3 � > 0, ¶

⇢?✓ò: x0 2 I, êá |x � x0| < �, “k |f(x) � f(x0)| < ". K°ºÍ f 3 I ˛¥

òóÎY�.

òá�d�`{¥: È?â� " > 0, �3 � > 0, êá x1, x2 2 I 9 |x1 � x2| < �,

“k |f(x1)� f(x2)| < ", K° f(x) 3´m I ˛òóÎY.

^/O˛0�äÛ“¥: Èu?øâΩ� " > 0, o�3òá � > 0, ¶⇢ÿ+¥

3 I •�=ò: x, êá3 x ?V\�O˛ �x ˜v |�x| < �, “¶⇢ºÍ�O˛

|�y| = |f(x+�x)� f(x)| < ".

~ 2.2.3 f(x) = sin x 3 (�1,+1) ˛òóÎY.

˘¥œè | sin x1 � sin x2| = 2
��sin x1�x2

2 cos
x1+x2

2

�� 6 |x1 � x2|. §±, ?â " > 0, ✓

� = ", K� |x1 � x2| < � û“k | sin x1 � sin x2| < ".

~ 2.2.4 f(x) = 1
x
3 (0, 1) ÿ¥òóÎY�.

˘¥œèÈu " =
1
2 , ÿ+✓üo⇠�Í �, okg,Í n, ¶⇢ 1

n
< �. ✓

x0 = 1
n
, x00 = 1

n+1 , K

|x0 � x00| = 1

n(n+ 1)
<

1

n
< �,

⇥ ����
1

x00
� 1

x0

���� = 1 >
1

2
.

=Èu˘⇠òá�Í " = 1
2 , ºÍ3 (0, 1) ˛ÿ�3⁄ò� �.

3˛°~f•, XJÅõºÍΩ¬�´çè [a, 1), 1 > a > 0, KºÍ¥òóÎY�.

û÷ˆgy. §±ÎYºÍ�òóÎY5ÜΩ¬�´çk'. AOXJ f(x) ¥Ω¬3

4´m [a, b] ˛, Kk

Ωn 2.14 kÅ4´m [a, b] ˛Ω¬�ÎYºÍ f(x), òΩ3 [a, b] ˛òóÎY.

y≤ (áy) bX f(x) 3 [a, b] ˛ÿ¥òóÎY�, K�3,áÍ "0 ¶⇢È?

øg,Í n, —�3 xn, yn 2 [a, b] ˜v |xn � yn| < 1
n
, ⇥¥ |f(xn) � f(yn)| > "0. d

Bolzano-WeierestrassΩn,Í✏ {xn}kf✏ {xnk}¬Òu x 2 [a, b].l |xnk �ynk | < 1
nk

�, {ynk} è¬Òu x. du f ÎY, k lim
k!1

�
f(xnk) � f(ynk)

�
= f(x) � f(x) = 0. ˘Ü

|f(xnk)� f(ynk)| > "0 ¥gÒ�. ⇤
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SK 2.2

1. y≤ºÍ x · 2x � 1 3 [0, 1] Sk":.

2. y≤ºÍ x � a sin x � b (Ÿ• a, b èÍ) 3 (0,+1) ˛k":, Ö":ÿáL

a+ b.

3. y≤ºÍ x� sin(x+ 1) k¢":.

4. ⌫ºÍ f(x) 3 [a, b] ˛ÎY, Öäç“¥ [a, b]. y≤ f(x) 3 [a, b]˛7kÿƒ:,

=k x0 2 [a, b], ¶⇢ f(x0) = x0.

5. ⌫ºÍ f(x), g(x) 3´m [a, b] ˛ÎY, Ö f(a) > g(a), f(b) < g(b). ¡y: �3

x0 2 (a, b), ¶⇢ f(x0) = g(x0).

6. ⌫ºÍ f(x) 3 [0, 2a] ˛ÎY, Ö f(0) = f(2a). y≤: 3´m [0, a] ˛�3,á x0,

¶⇢ f(x0) = f(x0 + a).

7. ¡y: eºÍ f(x) 3 [a, b] ˛ÎY, x1, x2, · · · , xn èd´m•�?ø:, K3 [a, b]

•kò: ⇠, ¶⇢

f(⇠) =
1

n

�
f(x1) + f(x2) + · · ·+ f(xn)

�
.

çòÑ/, e q1 > 0, q2 > 0, · · · , qn > 0, Ö q1 + q2 + · · · + qn = 1, K3 [a, b] •k

ò: ⇠, ¶⇢

f(⇠) = q1f(x1) + q2f(x2) + · · ·+ qnf(xn).

8. ⌫ºÍ f(x) 3´m [a,+1) ˛ÎY, Ö lim
x!+1

f(x) �3. y≤ f(x) 3 [a,+1) ˛

k..

9. y≤ºÍ f(x) = 1+x
2

1�x2+x4 3 (�1,+1) ˛k..

10. ¥ƒk˜ve°^á�ÎYºÍ? `≤nd.

(1) Ω¬çè [0, 1], äçè (0,+1);

(2) Ω¬çè [0, 1], äçè (0, 1);

(3) Ω¬çè [0, 1], äçè [0, 1] [ [2, 4];

(4) Ω¬çè (0, 1), äçè (2,+1).

11. fi~`≤, È?øÍ " < b�a

2 , ºÍ f(x) 34´m [a+ ", b� "] ˛k., ÿU⇥y

f(x) 3m´m (a, b)˛k.. ('�SK 2.1 1 2 K.)

12. ⌫ y = f(x) 3m´m I = (a, b) ˛ÎYøÓÇ¸N, y≤ y = f(x) �äç f(I) è

¥òám´m.
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13. ⌫ºÍ f(x) 3kÅ´m (a, b) ˛òóÎY. ¶y f(x) 3 a :�m4Å⁄3 b :�

Ü4Å—�3.

14. ⌫ºÍ f(x)3 (0,+1)˛òóÎY, {an}¥¬ÒÍ✏. ¶y {f(an)}è¬Ò. q

Ø=b⌫ f(x) ÎYû, (ÿ¥ƒÑ§·, èüo?

15. ⌫ºÍ f(x) 3 (�1,+1) ˛ÎY, {an} ¥¬ÒÍ✏. ¶y {f(an)} è¬Ò.

16. â—òá3 (�1,+1) ˛ÎYÖk.⇥ÿòóÎY�ºÍ.

1 2 Ÿn‹SK

1. y≤: ºÍ f(x) =

8
<

:
0, x èknÍ,

x, x è√nÍ
=3: x = 0 ?ÎY.

2. ⌫ x1, x2, · · · , xn 2 [0, 1], P f(x) =
|x�x1|+···+|x�xn|

n
, y≤: �3 x0 2 [0, 1], ¶⇢

f(x0) =
1
2 .

3. y≤: ºÍ a1
x��1

+
a2

x��2
+

a3
x��3

(Ÿ• a1, a2, a3 > 0, Ö �1 < �2 < �3) 3 (�1,�2) Ü

(�2,�3) Sàkòá":.

4. ⌫ f(x) ¥òáıë™, K7�3ò: x0, ¶⇢ |f(x0)| 6 |f(x)| È?ø¢Í x §·.

5. ⌫ f(x) 3´m [0, 1] ˛ÎY, Ö f(0) = f(1). y≤: È?ø✓Í n, 3´m
⇥
0, 1� 1

n

⇤
•kò: ⇠, ¶⇢ f(⇠) = f

�
⇠ + 1

n

�
.

6. y≤: �3òá¢Í x, ˜v x5 + cosx
1+x2+sin2

x
= 72.

7. e f(x) 3 [a,+1) ˛ÎY, Ö lim
x!+1

f(x) �3, K f(x) 3 [a,+1) ˛ΩˆkÅå

ä, ΩˆkÅ⇥ä.

8. ⌫ºÍ f(x) Ω¬3´m [a, b] ˛, ˜v^á: a 6 f(x) 6 b (È?ø x 2 [a, b]), ÖÈ

[a, b] •?ø� x, y k |f(x)� f(y)| 6 k|x� y|, ˘p k ¥~Í, 0 < k < 1. y≤:

(1) �3çò� x0 2 [a, b], ¶⇢ f(x0) = x0.

(2)?✓ x1 2 [a, b],øΩ¬Í✏ {xn} : xn+1 = f(xn), n = 1, 2, · · · ,K lim
n!1

xn = x0.

(3) â—òá3¢∂˛�ÎYºÍ, ¶⇢È?ø x 6= y k |f(x)� f(y)| < |x� y|, ⇥
êß f(x)� x = 0 √).

9. y≤: È?ø✓Í n, êß xn + xn�1
+ · · ·+ x = 1 Tkòáä xn; ?ò⁄y≤

Í✏ {xn}(n > 1) ¬Ò, ø¶Ÿ4Å.
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10. ⌫ a < b. f(x)3 [a, b]˛ÎY,ÖÈ?ø x 2 [a, b)�3 y 2 (x, b)¶⇢ f(y) > f(x).

¶y: f(b) > f(a).
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l12Ÿ•∑Ç�⌫, �⁄?C˛�, ≤°˛�≠Ç“å±w§¥C˛Ém�ºÍ�

„î, ‘n•ò⌦C˛ÜC˛Ém�'Xè¥^ºÍL´. œd√ÿ¥≠Ç�ÉÇÑ¥

$ƒü:Ñ›�‘nØK, “ƒñèÔƒºÍC˛Ém�Cz«.˘“¥ºÍ�◆Í. �

ŸÃá0↵¸C˛ºÍ◆Í£è°èá˚§!á©�Vg⁄◆ÍÜá©�Oé{K. ø

|^◆Í?ò⁄ÔƒºÍ�•äΩn!ºÍ�¸N5⁄‡5!|^◆Í¶ºÍ4Å�

L’Hospital {K±9ºÍ�Taylor��SN.

§3.1 ◆Í

3.1.1 ◆Í�Ω¬

ƒkw¸á5gA€⁄‘n�~f.

1
� ≠Ç�ÉÇ

ƒká≤(üo¥/≠Ç˛ò:�ÉÇ0. 3–�A€•, œ~ÚêÜ↵±kòá

⇥:�ÜÇΩ¬è↵�ÉÇ. ,�, ÈuòÑ≠Ç5`, ˘´Ω¬ê™“ÿ∑‹⌦. ~X

Èu�‘Ç£„ 3.1§, w,ê⇥�‘Çuò: A �ÜÇkı^, Ÿ•k�≤w“ÿ¥É

Ç. �Èu„ 3.2, ÜÇ⇥„´≠Çu¸:, w,3⇥: A ?, ÜÇAT¥/ÉÇ0. Èu

„ 3.3 •�≠Ç, 3 A :kòák:,3k:?, Ü≠ÇÉ⇥uò:�”ÉÇ”%k¸^.

-

6
.......................................................................................................................................................................................................................................................................................................................................................................... ................ ................. .................. ..................... ........................ ........................... .............................. ................................. .................................... ....................................... ..........................................

.

.....................................................................................................................................................................................................................................................................................

.

...............................................
...............................................

...............................................
...............................................

...............................................
...............................................

..............

x

y

A

„ 3.1

-

6

.
.......................

....................
.................
...............
.................
................ ................ ............... ................ .................. ............ .......... ......... .......... ...........

............
..............
.................
...................

......................

.

.......................................................................................................................................................................................................................................
x

y

A

„ 3.2

-

6

. ........................ ......................... ......................... .........................
.....................

.....

..................
.........
.
...........................

..........................
.........................
.........................
......................... ........................

.........................................................................................................................

..............................................................................................................

x

y

A

„ 3.3

@o, TX€Ω¬ò^≠Ç�ÉÇQ? òáå1�Âª¥l�Çm©. Î⇢≠Ç C

˛¸: M0 ⁄ M , äò^�Ç L£„ 3.4§, �: M ˜X≠Ç C wƒ M0 û, XJ L

kòá/4Å†ò0, ∑ÇBÚ˘á/4Å†ò0̨ �ÜÇ l, Ω¬è≠Ç3: M0 �É

Ç.
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≤°˛Lò:�ÜÇådÜÇÜ x ∂�ï�

-

6

x

y

. ..................... .................... ................... .................. .................. ...................
....................
....................
.....................
........................

...........................

..............................

.................................

....................................

.......................................

..........................................

.

.................................................................................................................................................................................................................................................................................................................

.

................................................................................................................................................................................................................................................................................................................................................................................................

...........
..........

...........

...........

...........

...........

................... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

............... .......... .......... .......... ..........

?

6

�y

x x + �x

↵

L

`

y = f(x)

M0

M

„ 3.4

Y� ↵ 5L�. ˘áY� ↵ ¥ç x ∂7⌃:˜

_û⇥êï=ƒ, ø3ƒgC⇢ÜTÜÇ≤1û§◊

L��›, œd˜v 0 6 ↵ < ⇧. �›�É tan↵

£XJ�3§°èÜÇ�✓«.

⌫ ↵(M) ¥�Ç M0M Ü x ∂�Y�, XJ

lim
M!M0

↵(M) = ↵

K4Åä ↵ AT¥ M0 :?ÉÇÜ x ∂�Y�.

y3b⌫≠Ç C dºÍ y = f(x) L´£Ωˆ`≠Ç¥ºÍ f(x) �„ñ§, : M0

�ãI¥ M0(x0, f(x0)), ƒ: M �ãI¥ M(x, f(x)), §±�Ç�✓«¥

tan↵(M) =
f(x)� f(x0)

x� x0

⇡˛„¶4Å�Lß“¥

lim
x!x0

f(x)� f(x0)

x� x0
= lim

x!x0

tan↵(M) = tan↵

XJÜ>�4Å�3, T4Å“¥ÉÇ�✓«.

2
� ÜÇ$ƒü:�]mÑ›

� ˜ÜÇäCÑ$ƒ�òáü:. ⌫ü:§$ƒ�ÂlÜûmÉm�'Xè

S = S(t). œd3l t0  t ˘„ûmmÖS, ü:$ƒ�≤˛Ñ›¥

v =
S(t)� S(t0)

t� t0

w,, ˘á≤˛Ñ›øÿU⌘⌧áNü:3 t0  t ˘„ûmSç‰N�$ƒ5∆. XJ

á⌦)ü:3,òûè$ƒ�Cz5∆£=Ñ›§, êá˛„≤˛�ûmmÖ�5�·.

AO, XJ4Å

lim
t!t0

v = lim
t!t0

S(t)� S(t0)

t� t0
�3, K°è3ûè t0 û, ü:$ƒ�]ûÑ›.

√ÿ¥A€˛�l�ÇÉÇ, Ñ¥‘n•�l≤˛Ñ›]ûÑ›, ✓4Å�È

ñ—¥↵˚�/™, èx�—¥ºÍ3ò:�Cz«. Ωˆ`¥3ò:ºÍ�œC˛Ü

gC˛�Cz˛Ém�'«. ∑ÇÚŸƒñ—5, “k⌦'u◆Í�Ω¬.
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Ω¬ 3.1 ⌫ y = f(x) 3 x0 �⇡ç•kΩ¬, ee✏↵˚�4Å

lim
x!x0

f(x)� f(x0)

x� x0

�3, K°ßè y = f(x) 3 x0 �◆Í£Ωá˚§, P§ f 0
(x0),

df
dx

���
x0

Ω dy
dx

���
x0

, ø°

f(x) 3 x0 å◆.

w,, ºÍ�◆Í�A€ø¬⁄‘nø¬¥ºÍ„î3ò:ÉÇ�✓«,Ωƒ:

3òáûè�]ûÑ›.œd, ◆Í¥òá€‹�Vg.

^/O˛0�äÛ, ˛„Ω¬“¥, ÈuºÍ f(x), �âgC˛ x 3ò: x0 ?

òáO˛ �x û£˘p �x ååK, ⇥ÿè"§, KºÍä“ÉAkòáO˛

�y = f(x0 +�x)� f(x0), f(x) 3: x0 ?�◆Í, “¥¸áO˛É'£=↵˚§�4Å

f 0
(x0) = lim

�x!0

�y

�x
= lim

�x!0

f(x0 +�x)� f(x0)

�x

XJºÍ3ò:�◆Íÿ�3, òÑ5`ß�„î3T:√{Ω¬ÉÇ. òáAœ

ú/¥3ò: �y

�x
! 1 (�x ! 0), =ºÍ�„ñ3T:ÉÇ�✓«¥√°å, è“¥É

Ç≤1u y ∂. 8�∑ÇòÑÿ�ƒ˘⇠�ÉÇ.

⁄?ÿºÍ�ÎY5ò⇠, èIá?ÿºÍ�¸˝å◆5. ßÈÔƒºÍ3ò:�

◆Í, ¨J¯�k^�&E.

Ω¬ 3.2 ⌫ºÍ f(x) 3: x0 �m>C↵kΩ¬, XJ �x > 0, Ö

lim
�x!0+

f(x0 +�x)� f(x0)

�x

�3, K°ßè f(x) 3 x0 �m◆Í, P§ f 0
+(x0), ø° f(x) 3 x0 må◆. aqåΩ

¬ y = f(x) 3 x0 �Üå◆⁄ß�Ü◆Í f 0
�(x0).

w,, f(x) 3 x0 å◆�ø©7á^á¥ f(x) 3 x0 Ü!må◆, øk

f 0
+(x0) = f 0

�(x0).

Ω¬ 3.3 XJ y = f(x) 3´m I �zò:—å◆, K° f(x) 3 I ˛å◆. XJ

´m I ùπk‡:, K3T‡:?, f(x) êIkÉA�¸˝å◆5.

XJ y = f(x) 3´m I •zò:—å◆, KÈu?øâΩ� x 2 I, ÈA'X

x 7�! f 0
(x)

q(Ω⌦ I ˛�òáºÍ, °è f(x) �◆ºÍ, P§ f 0
(x), y0, dy

dx ,
df
dx �.

~ 3.1.1 ⌫ y = c (~Í), ¶ y0.

) y0 = lim
�x!0

�y

�x
= lim

�x!0

0
�x

= 0.
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lÜ*˛w, y = c ¥ò^Y≤ÜÇ, Ÿ˛?øò:—k✓«è"�ÉÇ£è¥Y≤

�ÜÇ§. l‘n˛w, òá$ƒü:�Âl3?€ûè—¥ c, `≤ü:¥∑é�, Ÿ

]ûÑ›�,ûûèèè". �°∑ÇÑÚy≤◆Í??è"�ºÍèêU¥ y = c.

~ 3.1.2 ⌫ y = xn, x 2 (�1,+1), Ÿ• n ¥g,Í. ¶ y0.

) Èu?ø¢Í x, d◆ë™Ωn⇢

�y = (x+�x)n � xn = nxn�1
�x+

n(n� 1)

2!
xn�2

(�x)2 + · · ·+ (�x)n

⇡

y0 = lim
�x!0

�y

�x
= lim

�x!0


nxn�1

+
n(n� 1)

2!
xn�2

�x+ · · ·+ (�x)n�1

�
= nxn�1.

= y = xn �◆ºÍ¥ y0 = nxn�1
, ◆ºÍ�Ω¬çè¥ (�1,+1). AO, � n = 1 û,

ºÍ y = x �◆ºÍè~äºÍ y = 1, = y = x 3zò:�ÉÇ�✓«—¥ 1.

~ 3.1.3 ¶uºÍ⁄{uºÍ�◆ºÍ.

) P y = sin x, x 2 (�1,+1). KÈ?øò: x,

�y = sin(x+�x)� sin x = 2 cos

✓
x+

�x

2

◆
sin

�x

2

d cos x �ÎY5±9ƒ�4Å

lim
x!0

sin x

x
= 1

⇢

lim
�x!0

�y

�x
= lim

�x!0
cos

✓
x+

�x

2

◆
lim

�x!0

sin
�x

2
�x

2

= cosx

= (sin x)0 = cosx, aqå⇢ (cos x)0 = � sin x.

~ 3.1.4 ¶ÈÍºÍ y = loga x, x 2 (0, +1) �◆ºÍ, ˘p a > 0, Ö a 6= 1.

) Èu?ø� x > 0, k loga x =
lnx

ln a
, Ö

�y

�x
=

loga

�
1 +

�x

x

�

�x
=

1

ln a

ln
�
1 +

�x

x

�

�x

|^4Å£Ñ §2.1 !~ 2.1.6§

lim
x!0

ln(1 + x)

x
= 1

⇢

(loga x)
0
=

1

x ln a
.

AO� a = e û, ˛°�(Jè

(ln x)0 =
1

x
, x 2 (0,+1)

ddåÑ, Èu± e è.�g,ÈÍ�◆Í'�{¸.



74 1 3 Ÿ ¸C˛ºÍ�á©∆

~ 3.1.5 ¶e✏©„ºÍ�◆ºÍ

f(x) =

8
<

:
x3, x > 0

x2, x < 0

) ºÍ f(x) dºÍ y = x3 (x > 0) ±9 y = x2 (x < 0) 3 x = 0 ?©⇢�§.

� x > 0 û, f 0
(x) = 3x2, � x < 0 û, f 0

(x) = 2x, � x = 0 û,

lim
�x!0+

f(0 +�x)� f(0)

�x
= lim

�x!0+

(�x)3

�x
= 0

lim
�x!0�

f(0 +�x)� f(0)

�x
= lim

�x!0�

(�x)2

�x
= 0

§±

f 0
(x) =

8
>>><

>>>:

3x2, x > 0

0, x = 0

2x, x < 0

˛°�~f•ºÍ�◆ºÍ—�3, �ÖºÍ3Ω¬çSèÎY. ˘áyñÿ¥Û

,�.

Ωn 3.4 e f(x) 3 x0 å◆, K f(x) 3 x0 ÎY. ÜÈ{`, eºÍ3ò: x0 ÿ

ÎY, K3 x0 ?ÿå◆.

y≤ dÆ�^á, 4Å

lim
x!x0

f(x)� f(x0)

x� x0
= f 0

(x0)

�3. §±

lim
x!x0

(f(x)� f(x0)) = lim
x!x0

✓
f(x)� f(x0)

x� x0
(x� x0)

◆

= lim
x!x0

f(x)� f(x0)

x� x0
lim
x!x0

(x� x0) = f 0
(x0) · 0 = 0

Ωˆ`, 3 x0 �NC,
f(x)�f(x0)

x�x0
k., =k r > 0 ⁄ M > 0, ¶

����
f(x)� f(x0)

x� x0

���� < M (0 < |x� x0| < r).

=� 0 < |x� x0| < r ûk

|f(x)� f(x0)| < M |x� x0|,

∑ x ! x0, èå⇢y. ⇤

Ωn 3.4 �_∑Køÿ§·, =ÎYºÍô7å◆.
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~ 3.1.6 ºÍ f(x) = |x| 3 x = 0 ?ÎY, ⇥¥3 x = 0 ÿå◆.

y≤ � x = 0û

f 0
+(0) = lim

�x!0+

�x� 0

�x
= 1,

f 0
�(0) = lim

�x!0�

��x� 0

�x
= �1.

§± f(x) = |x| 3 x = 0 ?ÿå◆. 5ø, l„3.5 å±w—, ºÍ3 x = 0 kòák:,

=3 x = 0 ÿ1w, §±vkÉÇ.

-

6

.

.................................................................................................................................................................................................................................

................................................................................................................................................................................................................................ x

y

„ 3.5

-

6

x

y

„ 3.6

~ 3.1.7 ºÍ f(x) = x1/3 3 x = 0 ÎY, ⇥ÿå◆.

y≤ 3 x = 0 ?

lim
�x!0

(�x)1/3

�x
= lim

�x!0

1

(�x)2/3
= +1.

˘á~f`≤ºÍ�◆Íÿ�3�,ò´/™, =3ò:k/✓«¥√°å0�É

Ç. dû f(x) = x1/3 �„/3 (0, 0) ?�ÉÇ≤1u y ∂(Ñ„3.6).

±˛¸á~f•�ÎYºÍê3ò:ÿå◆. ÈN¥fi—ÎYºÍ3eZ:ÿå◆

�~f. ç-<ØÁ�¥ Weierstrass QJ—ø�E⌦òá3¢Í∂˛??ÎY!⇥¥

??ÿå◆�ºÍ! ˘⌦~f`≤, ºÍ�ÎY5⁄ºÍ�å◆5, ¥k�å↵O�. È

'ÎY⁄å◆�Ω¬, ∑Çèå±a˘´↵O: ÎY5ê¥Ω5/£„ºÍ�ò´€

‹5�, =�gC˛CzÈ⇥û, ºÍÈA�CzèÈ⇥. �å◆5Kâ—˘´Cz�

ò´Ω˛�èy, =ºÍÉA�CzÜgC˛�Cz�'ä�4Å¥�3kÅ�.

3.1.2 ◆Í�oK$é

Ωn 3.5 ⌫ f(x) ⁄ g(x) å◆, K f(x) ± g(x), f(x)g(x) 9 f(x)
g(x) £� g(x) 6= 0

û§�å◆, øk

1
�

(f(x)± g(x))0 = f 0
(x)± g0(x);
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2
�

(f(x) · g(x))0 = f 0
(x)g(x) + f(x)g0(x);

3
�
⇣
f(x)
g(x)

⌘0
=

f
0(x)g(x)�f(x)g0(x)

g2(x) .

y≤ 'u 1
�
, Ü⇢d◆Í�Ω¬⁄4Å�$é=åy⇢. 'u 2

�
, |^e✏�

™

f(x+�x)g(x+�x)� f(x)g(x)

= f(x+�x)g(x+�x)� f(x)g(x+�x) + f(x)g(x+�x)� f(x)g(x)

øä‚å◆ºÍ�ÎY5, ⇢

(f(x)g(x))0 = lim
�x!0

f(x+�x)g(x+�x)� f(x)g(x)

�x

= lim
�x!0

f(x+�x)g(x+�x)� f(x)g(x+�x) + f(x)g(x+�x)� f(x)g(x)

�x

= lim
�x!0

f(x+�x)� f(x)

�x
g(x+�x) + lim

�x!0
f(x)

g(x+�x)� g(x)

�x

= f 0
(x)g(x) + f(x)g0(x).

'u 3
�
, ƒk5ø, ºÍ g(x) 3: x ?å◆, §±3˘ò:ÎY. œd3 x ?, ^

á g(x) 6= 0 øõX3 x �NC g(x) èÿè". §±�gC˛�O˛ �x ö~⇥û,

g(x+�x) 6= 0, ˘ûk

✓
1

g(x)

◆0
= lim

�x!0

1

�x

✓
1

g(x+�x)
� 1

g(x)

◆

= � lim
�x!0

1

�x

g(x+�x)� g(x)

g(x)g(x+�x)

= � lim
�x!0

1

g(x)g(x+�x)
· lim
�x!0

g(x+�x)� g(x)

�x

= � g0(x)

g2(x)
.

2d 2
� =⇢

✓
f(x)

g(x)

◆0
=

✓
f(x)

1

g(x)

◆0
= f 0

(x)
1

g(x)
� f(x)

✓
1

g(x)

◆0

=
f 0
(x)

g(x)
� f(x)g0(x)

g2(x)
=

f 0
(x)g(x)� f(x)g0(x)

g2(x)
.

⇤

~ 3.1.8 ⌫ f(x) å◆, K (cf(x))0 = cf 0
(x), Ÿ• c ¥~Í. ˘á(ÿ¥w,�.

~ 3.1.9 ¶ f(x) = x2(sin x+ cosx) �◆Í.
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)

f 0
(x) = (x2)0(sin x+ cosx) + x2(sin x+ cosx)0

= 2x(sin x+ cosx) + x2(cos x� sin x).

~ 3.1.10 ¶ºÍ tan x ⁄ cot x�◆Í.

)

(tan x)0 =

✓
sin x

cos x

◆0
=

(sin x)0 cos x� (cos x)0 sin x

cos2 x

=
cos

2 x+ sin
2 x

cos2 x
= sec

2 x.

aqå⇢

(cot x)0 = � csc
2 x.

~ 3.1.11 ¶ºÍ sec x ⁄ csc x �◆Í.

)

(sec x)0 =

✓
1

cos x

◆0
= �(cos x)0

cos2 x
=

sin x

cos2 x

= tan x secx.

aqå⇢

(csc x)0 = � cot x csc x.

3.1.3 E‹ºÍ�¶◆{K

y3?ÿE‹ºÍ�¶◆{K, œ~°è¶◆�Û™{K.

Ωn 3.6 ⌫ºÍ y = g(x) Ω¬3´m I ˛, ºÍ z = f(y) Ω¬3´m J ˛, Ö

g(I) ⇢ J . XJ g(x) 3: x 2 I ?å◆, � f(y) 3: y = g(x) å◆, @oE‹ºÍ

f � g 3: x ?å◆, Ök

(f � g)0(x) = (f(g(x)))0 = f 0
(g(x))g0(x).

y≤ ?✓ x0 2 I, P y0 = g(x0). ˘p∑Çê�ƒ x0 ⁄ g(x0) —ÿ¥§3´m�

‡:�úπ, Èu—y‡:�úπ, êI3e°�y≤•âò⌦{¸?U. Ω¬

h(y) =

8
<

:

f(y)�f(y0)
y�y0

y 6= y0,

f 0
(y0) y = y0,

w,, h(y) 3 y0 ÎY

lim
y!y0

h(x) = lim
y!y0

f(y)� f(y0)

y � y0
= f 0

(y0) = h(y0).
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u¥
f(g(x))� f(g(x0))

x� x0
= h(g(x))

g(x)� g(x0)

x� x0
,

˘¥œè� g(x) = g(x0) û, ˛™¸‡—�u0, � g(x) 6= g(x0) û, ä‚ h(x) �Ω¬,

˛™è
f(g(x))� f(g(x0))

x� x0
=

f(g(x))� f(g(x0))

g(x)� g(x0)

g(x)� g(x0)

x� x0
,

œdè§·. - x ! x0, ä‚ h(x) 3 x0 �ÎY5 , “k

lim
x!x0

f(g(x))� f(g(x0))

x� x0
= lim

x!x0

h(g(x))
g(x)� g(x0)

x� x0

= h(g(x0))g
0
(x0) = f 0

(g(x0))g
0
(x0).

˘⇠“⌘§⌦Ωn�y≤. ⇤

Ωn 3.6 èå±L´§:

dz

dx
=

dz

dy

dy

dx
.

=, XJ z ¥C˛ x �E‹ºÍ, •mC˛è y, @oè⌦¶ z È x �á˚ dz
dx , åk¶

z È•mC˛ y �á˚ dz
dy , 2¶•mC˛ y È x �á˚ dy

dx , Ú§⇢(JÉ¶“⇢
dz
dx .

Èuı�E‹ºÍ, dΩn 3.6 èå⇢aq�¶◆{K. ~X y = f(u) È u å◆,

u = g(v) È v å◆, v = h(x) È x å◆, Ö�òáºÍ�äçùπ3còáºÍ�Ω¬

ç•, KE‹ºÍ y = f � g � h(x) È x èå◆, �Ö

dy

dx
=

dy

du

du

dv

dv

dx
= f 0

(g(h(x)))g0(h(x))h0
(x).

~ 3.1.12 ¶ sin x3 �◆Í.

) P z = sin x3, •mC˛ y = x3, KºÍå±w§ z = sin y ⁄ y = x3 �E‹º

Í. §±, d¶◆�Û™{K⇢

(sin x3)0 = (sin y)0(x3)0 = cos y · 3x2 = 3x2 cos x3.

l˘á~få±w—, ¶E‹ºÍ�◆Í, ƒkIá≤(TºÍ¥d=⌦ºÍE‹

�§�, è“¥`, á≤(•mC˛.

~ 3.1.13 ¶ z = sin(cosx2) �◆Í.

) TºÍ¥ z = sin u, u = cos v, v = x2 náºÍE‹�§�. §±

(sin(cos x2))0 = (sin u)0(cos v)0(x2)0 = �2x cos u sin v = �2x cos(cos x2) sin x2.

~ 3.1.14 ¶ z = (1� x)9 �◆Í.
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) Ú (1� x)9 ^◆ë™Ωn–m, A^ (xn)0 = nxn�1 ±9◆Í�oK$é, å±

¶—TºÍ�◆Í. ⇥¥XJÚTºÍw§ z = y9 ⁄ y = 1� x �E‹, K$éçè{

¸:

((1� x)9)0 = (y9)0(1� x)0 = �9y8 = �9(1� x)8.

~ 3.1.15 ¶ z =

⇣
1+x

1�x

⌘3
�◆Í.

) TºÍå±w§¥ z = y3 ⁄ y =
1+x

1�x
�E‹ºÍ. §±

"✓
1 + x

1� x

◆3
#0

= (y3)0
✓
1 + x

1� x

◆0
= 3y2

1 · (1� x)� (1 + x)(�1)

(1� x)2

= 3

✓
1 + x

1� x

◆2

· 2

(1� x)2
=

6(1 + x)2

(1� x)4
.

~ 3.1.16 ⌫ f(x) 3: x ?å◆, Ö f(x) 6= 0, KºÍ ln |f | 3: x å◆, Ö

(ln |f |)0 = f 0
(x)

f(x)
.

AOk

(ln |x|)0 = 1

x
, x 6= 0.

) du f(x) 3: x å◆, §±ÎY, œd�3òáπ x �´m (x � �, x + �),

¶⇢ºÍ f 3Ÿ˛�✓ä⇥±”“. � f 3 (x � �, x + �) ˛✓“û, |f | = f , =

ln |f | = ln f , ß¥ºÍ z = ln y, y = f(x) �E‹ºÍ, œd

(ln |f |)0 = (ln y)0 · f 0
(x) =

1

y
· f 0

(x) =
f 0
(x)

f(x)
.

� f 3 (x � �, x + �) ˛✓K“û, |f | = �f , §± ln |f | = ln(�f), ß¥ºÍ z =

ln y, y = �f(x) �E‹ºÍ, dû

(ln |f |)0 = (ln y)0 · (�f 0
(x)) =

1

y
· (�f 0

(x)) =
f 0
(x)

f(x)
.

p˛§„, =k�~f�(J.

3.1.4 áºÍ�¶◆{K

∑Ç�⌫, XJºÍ f 3´m˛ÎY, ÖkáºÍ f�1
, K f 7LÓÇ¸N, �Öá

ºÍ f�1 3ŸΩ¬ç˛èÎY. XJºÍ f å◆, g,áØ, ŸáºÍ¥ƒèå◆, XJ

âY¥íΩ�, @oX€OéáºÍ�◆Í?

Ωn 3.7 ⌫ y = f(x) 3´m I ˛ÎY, ÖkáºÍ f�1, XJ f 3: x0 ?å

◆, Ö f 0
(x0) 6= 0. KΩ¬3´m J = f(I) �áºÍ f�1 3: y0 = f(x0) èå◆, Ö

(f�1
)
0
(y0)f

0
(x0) = 1
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Ω�§

(f�1
)
0
(y0) =

1

f 0(x0)
=

1

f 0(f�1(y0))
.

y≤ ∑ÇêÈ x0 ±9 y0 ÿ¥´m‡:�úπ?1y≤. Èu‡:, êIÚe✏

y≤äò:?U=å.

lΩ¬—u, áy≤áºÍ f�1
(y) �å◆5, “w

lim
y!y0

f�1
(y)� f�1

(y0)

y � y0

�4Å¥ƒ�3. œè x = f�1
(y), x0 = f�1

(y0), §±

f�1
(y)� f�1

(y0)

y � y0
=

x� x0
f(x)� f(x0)

=

✓
f(x)� f(x0)

x� x0

◆�1

œèáºÍ x = f�1
(y) èÎY,§±� y ! y0 û, x ! x0, 3˛™¸>- y ! y0 =⇢

Ωn�(ÿ. ⇤

5P

1
� 5ø, 3”òÜ�ãIX•, ºÍ y = f(x) ⁄áºÍ x = f�1

(y) �„îÉ

”. u¥Èu„î˛ò: (x, y) ?�ÉÇ L, lºÍ y = f(x) ��›w, Ÿ✓«“¥ L

ÜgC˛§3�Í∂ x ∂ï�Y�↵ �É tan↵, l x = f�1
(y) ��›w L �✓

«“¥ L ÜgC˛ y §3�Í∂ y ∂ï�Y��£↵ + � =
⇧
2§�É tan � , ¸ˆ

pè⇣Í.

2
� XJ f 0

(x0) = 0, =≠Ç3˘ò: (x0, y0) (y0 = f(x0)) �ÉÇ≤1u x∂, œd

l x = f�1
(y) ��›w, ÉÇÜgC˛§3�Í∂ y ∂�✓«¥√°å. §± f�1

(y)

3 y0 = f(x0) ÿå◆£Ωˆ`◆Í¥√°å§. ~X y = f(x) = x3, ˘¥òáÓÇ¸N

O�ÎYºÍ, ŸáºÍ¥ x = f�1
(y) = 3

p
y. œè f 0

(0) = 0, §± f�1
(y) 3 y = 0 ÿ

å◆.

3
� òÑ5`, S.˛∑Ç^ x L´òáºÍ�gC˛, y L´œC˛. §±3ÿ¨

E§∑†�úπe, ∑Çœ~P y = f(x) �áºÍè y = f�1
(x). 3˘áP“e, ºÍ

y = f(x) ⁄ß�áºÍ y = f�1
(x) „î3Oxy ≤°˛'uÜÇ x = y È°.

~ 3.1.17 ¶án�ºÍ�◆ºÍ.

) y = arcsin x ¥ x = sin y, |y| < ⇧
2 �áºÍ, � x = sin y 3´m

�
�⇧2 ,

⇧
2

�
S

å◆, Ö (sin y)0 = cos y 6= 0, §±3ÈA�´m (�1, 1) S, y = arcsin x å◆, Ö

(arcsin x)0 =
1

(sin y)0
=

1

cos y
=

1p
1� sin

2 y
=

1p
1� x2

.

”⇠å⇢

(arccos x)0 = � 1p
1� x2

, x 2 (�1, 1).
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y3�ƒºÍ y = arctan x, ß¥ x = tan y �áºÍ, œè3´m
�
�⇧2 ,

⇧
2

�
S,

(tan y)0 = sec
2 y 6= 0, §±

(arctan x)0 =
1

(tan y)0
=

1

sec2 y
=

1

1 + tan2 y
=

1

1 + x2
, |x| < +1.

aqk

(arccot x)0 = � 1

1 + x2
, |x| < +1.

~ 3.1.18 çÍºÍ y = ax �◆ºÍ. ˘p a > 0 Ö a 6= 1.

) çÍºÍ y = ax ¥ÈÍºÍ x = loga y �áºÍ, �3´m (0, +1) ˛,

(loga y)
0
=

1
y ln a

6= 0, §±áºÍ y = ax 3ÈA�´m (�1, +1) Så◆,

(ax)0 =
1

(loga y)0
= y ln a = ax ln a, x 2 (�1, +1).

AO, � a = e û, k

(e
x
)
0
= e

x, x 2 (�1, +1),

=± e è.�çÍºÍ�◆ºÍ�uŸg⌧. Ø¢˛, ˘¥TçÍºÍ�A�5ü. ±

�∑ÇÚw, ˜v˘´5ü�ºÍòΩ'u± e è.�çÍºÍ, =XJå◆ºÍ

f ˜v f 0
= f , K f(x) = Ce

x
, Ÿ• C ¥?ø~Í. l˘á�›w, ± e è.�çÍº

Í e
x ±9¶�áºÍ£± e è.�ÈÍºÍ§ln x ‰kòΩ�Aœ/†¥å±n)�.

~ 3.1.19 ⌫ y = x↵, (x > 0), ˘p ↵ ¥?ø¢Í. y≤ (x↵)0 = ↵x↵�1
.

y≤ � ↵ ¥g,Í£ù) ↵ = 0§û, ∑ÇÆ≤ä‚ºÍ◆Í�Ω¬âÉ⌦y≤.

� ↵ 6= 0 û£�,èù)�g,Í§, x↵ = e
↵ lnx

, ß¥ºÍ y = e
u ⁄ºÍ u = ↵ ln x

�E‹ºÍ. §±
dx↵

dx
=

de
u

du

du

dx
= e

u · ↵
x
= ↵x↵�1.

l±˛¸á~få�, XJ a > 0 Ö a 6= 1, ºÍ u = u(x) 3: x ?å◆,

ºÍ y = au(x) ¥ y = au ⁄ u = u(x) �E‹ºÍ, §±3 x ?å◆, Ö◆ºÍ¥

(au)0 = au(x)u0(x) ln a.

XJ ↵ ¥?ø~Í, ºÍ v = v(x) 3 x ?å◆, Ö v(x) > 0, K y = v↵(x) 3 x ?

èå◆, Ö◆Í¥ (v↵)0 = ↵v↵�1v0(x). n‹˘⌦(ÿ, ∑Çk

~ 3.1.20 ⌫ u(x), v(x) å◆, Ö v(x) > 0, KºÍ y = v(x)u(x) å◆, Ÿ◆Í¥

(v(x)u(x))0 = v(x)u(x)
✓
u0(x) ln v(x) +

u(x)v0(x)

v(x)

◆
.
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y≤ œè y = e
u(x) ln v(x) ¥ºÍ y = e

w, w = u(x) ln v(x) �E‹, §± y 3 x ?

�◆Í¥

y0(x) = e
u(x) ln v(x)

(u ln v)0(x)

= v(x)u(x)
✓
u0(x) ln v(x) +

u(x)v0(x)

v(x)

◆
.

�KèåÊ^e°�ê{: 3 y = uv �¸>✓ÈÍ, ⇢

ln y(x) = u(x) ln v(x)

¶T™¸‡È x �◆Í, k
y0(x)

y(x)
= u0(x) ln v + u(x)

v0(x)

v(x)
.

ddèâ—⌦(J.

~ 3.1.21 ¶ y = xex �áºÍ�◆Í.

) ˘pÿ7ÚáºÍ)—5,�¥Ü⇢Ú x wâ¥ y �ºÍøÈ y ?1¶◆⇢

1 = x0ex + xx0ex

)⇢

x0 =
e
�x

1 + x

5P

1
� ¸>✓ÈÍ�ê{‰kòΩ� ∑5. œèÈÍ�ı�¥Ú»zè⁄. Èu,

⌦�9¶»£Ωò§�ºÍ5`, ✓ÈÍ2¶◆  Uë5B|.

2
� Èudêß '(x, y) = 0 â—�áºÍΩ€ºÍ,êá@O⌦òáC˛¥,òá

C˛�ºÍ, 3êß¸>Ü⇢ÈgC˛¶◆=å. k'ç[SNÚ31◆˛•0↵.

3.1.5 ƒ�–�ºÍ�◆Í

ñd, ∑ÇÆ≤›∫⌦8aƒ�–�ºÍ�◆Í˙™, ÆoXe:

(c)0 = 0 (cè~Í);

(sin x)0 = cosx; (cosx)0 = � sin x;

(tan x)0 = sec
2 x; (cotx)0 = � csc

2 x;

(arcsin x)0 = 1p
1�x2 ; (arccosx)0 = � 1p

1�x2 ;

(arctan x)0 = 1
1+x2 ; (arccotx)0 = � 1

1+x2 ;

(ex)0 = ex; (ln x)0 = 1
x
;

(ax)0 = ax ln a; (loga x)
0
=

1
x ln a

;

(xµ)0 = µxµ�1
;
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∑Çwƒ�–�ºÍ�◆ºÍ—¥–�ºÍ.

d˛°˙™, ø$^¶◆�oK$é!E‹ºÍ¶◆£Û™{K§±9áºÍ¶◆,

ÿ⇥å±‰Ω–�ºÍ3ŸΩ¬çS¥å◆�, �Öå±¶—ßÇ�◆Í.

3.1.6 p�◆Í

⌫ y = f(x) 3´m I å◆, ß�◆ºÍ y0 = f 0
(x) è°èºÍ f �ò�◆Í. XJ

y0 = f 0
(x)äè x�ºÍ, E,å◆, K°ÉèºÍ�◆�◆Í, øPè f 00

(x) = (f 0
(x))0.

±daÌ, XJºÍ f(x) �1 n� 1 �◆ºÍE,å◆, KŸ◆Í°è f(x) � n �◆

Í, øPè

y(n)(x), f (n)
(x),

d
ny

dxn
(x), Ω

d
nf

dxn
(x).

w,k

f (n)
(x) = (f (n�1)

(x))0 Ω
d
nf

dxn
=

d

dx

✓
d
n�1f

dxn�1

◆
.

p�◆ÍE,k‘n⁄A€˛�ø¬, ~X⌫ü:$ƒ�†£äèûm t ºÍè

s = s(t), KŸò�◆ÍèÑ› v(t) = s0(t), ◆�◆Íè\Ñ› a(t) = v0(t) = s00(t). lA

€˛w,≠Ç�ò�◆ÍèÉÇ, ◆�◆Í^5èx≠Ç�↵≠ß›£Ñ§3.5.2§.

l◆Í�Ω¬w, òáºÍ�◆ºÍÿ7å◆, $ñÿ7ÎY£Ñ�!SK•�1

12 K§. œdÈºÍ¶◆��á¶�p, ÈºÍ�Åõ�ı. ± f(x) = |x| ˘á~fw,

TºÍ3 x = 0 ÿå◆, ºÍ�„ñ3dkòák:, ÿ1w. œdòáºÍå◆, œ~

/ñ/°ºÍ1w. ºÍ‰k�p�p�◆Í, KºÍ“�/1w0. œd, òÑ�Û, º

Í�5�è“�–.

XJ¸áºÍ u(x) ⁄ v(x) —‰k n �◆Í, @ow,k

(u(x) + v(x))(n) = u(n)(x) + v(n)(x).

⇥¥,ÈußÇ¶»�p�◆Í, Kk

Ωn 3.8 (Leibniz ˙™) e u(x) ⁄ v(x) —k n �◆Í, K

(uv)(n) =
nX

k=0

Ck

n
u(n�k)v(k).

y≤ È n ^8B{. n = 1 û¥w,�, ⌫� n > 1 ûk

(uv)(n) =
nX

k=0

Ck

n
u(n�k)v(k),
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K

(uv)(n+1)
=

 
nX

k=0

Ck

n
u(n�k)v(k)

!0

=

nX

k=0

⇣
Ck

n
u(n�k+1)v(k) + Ck

n
u(n�k)v(k+1)

⌘

= u(n+1)v +
nX

k=1

Ck

n
u(n+1�k)v(k) +

nX

k=1

Ck�1
n

u(n+1�k)v(k) + uv(n+1)

= u(n+1)v +
nX

k=1

(Ck

n
+ Ck�1

n
)u(n+1�k)v(k) + uv(n+1)

=

n+1X

k=0

Ck

n+1u
(n+1�k)v(k).

d8B{å�, Ωn§·. ⇤

~ 3.1.22 ⌫ Pn(x) = anxn + an�1xn�1
+ · · ·+ a1x+ a0 ¥òá n gıë™, ¶ß

�à�◆Í.

) ∑Çk

P 0
n
(x) = nanx

n�1
+ (n� 1)an�1x

n�2
+ · · ·+ a1

Ÿ(J¥òá n � 1 gıë™, l�ıë™�◆ºÍ'⌃ıë™gÍ¸$⌦òg. UY

¶◆, �¶1 k g£1 6 k 6 n§û, Ÿ(J¥òá n� k gıë™

P (k)
n

(x) = n(n� 1) · · · (n� k + 1)anx
n�k

+ · · ·+ k!ak.

AO� k = n gû, Ÿ(J¥òá~Í

P (n)
n

(x) = n!an

��¶◆�gÍpu ng£k > n+ 1§û, Ÿ(J=è"

P (k)
n

(x) = 0.

§±ıë™≤Lıg¶◆, �¶gÍ�5�$, Üñè".

Èuıë™, ∑ÇÑå±y≤˘⇠òá(ÿ:

XJ x0 ¥ıë™ Pn(x) � r g≠ä, = Pn(x) å±©)§

Pn(x) = (x� x0)
rQn�r(x),

Ÿ• Qn�r(x) ¥òá n� r gıë™, Ö Qn�r(x0) 6= 0. K Pn(x) ˜v^á

Pn(x0) = 0, P 0
n
(x0) = 0, · · · , P (r�1)

n
(x0) = 0, P (r)

n
(x0) 6= 0.
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÷ˆåA^ Leibniz ˙™⁄ıë™¶◆�A:âÉy≤. Ø¢˛, ˛„^á⁄|^œ™

©)Ω¬ä�≠Í¥�d�. ⇥T^áå±Ì2Ω¬?øòáå◆ºÍ�":�≠

Í. =ÈuºÍ f(x), XJ

f(x0) = 0, f 0
(x0) = 0, · · · , f (r�1)

(x0) = 0, f (r)
(x0) 6= 0.

K° x0 è f(x) � r ≠":.

~ 3.1.23 ¶ f(x) = e
ax, x 2 (�1,+1) �à�◆Í, Ÿ• a ¥~Í.

) (e
ax
)
0
= aeax, (e

ax
)
00
= (aeax)0 = a2eax, · · · , òÑk

(e
ax
)
(n)

= aneax

AO

(e
x
)
(n)

= e
x

~ 3.1.24 ¶ f(x) = ln(1 + x), x 2 (�1,+1) � n �◆ºÍ.

) ^8B{åy

d
n
ln(1 + x)

dxn
= (�1)

n�1 (n� 1)!

(1 + x)n
, n = 1, 2, · · ·

AO
d
n
ln(1 + x)

dxn

����
x=0

= (�1)
n�1

(n� 1)!.

~ 3.1.25 ¶ sin x ⁄ cos x � n �◆ºÍ, x 2 (�1,+1).

) ^Í∆8B{¥y

(sin x)(n) = sin

⇣
x+

n⇧
2

⌘
, (cos x)(n) = cos

⇣
x+

n⇧
2

⌘
, n = 1, 2, · · ·

AO, 3 x = 0 ?,

(sin x)(n)|x=0 = sin
n⇧
2

=

8
<

:
0, X n èÛÍ,

(�1)
(n�1)/2, X n è€Í,

(cos x)(n)|x=0 = cos
n⇧
2

=

8
<

:
(�1)

n/2, X n èÛÍ,

0, X n è€Í.

~ 3.1.26 ¶ (1 + x)↵, x 2 (�1,+1) � n �◆ºÍ.

) dòºÍ¶◆{K¥�

((1 + x)↵)(n) = ↵(↵� 1)(↵� 2) · · · (↵� n+ 1)(1 + x)↵�n, n = 1, 2, · · ·
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AO

((1 + x)↵)(n)
���
x=0

= ↵(↵� 1)(↵� 2) · · · (↵� n+ 1), n = 1, 2, · · ·

~ 3.1.27 ⌫ y = arctan x, ¶ y(n)(0).

) d y0 = 1
1+x2 å�, ºÍ arctan x k?ø�◆Í, Ö

(1 + x2)y0 = 1.

d Leibniz ˙™⇢

(1 + x2)y(n) + 2(n� 1)xy(n�1)
+ (n� 1)(n� 2)y(n�2)

= 0.

Ú x = 0 ì\“⇢4Ì˙™

y(n)(0) = �(n� 1)(n� 2)y(n�2)
(0).

du y(0) = 0, y0(0) = 1. “⇢

y(2k+1)
(0) = (�1)

k
(2k)!, y(2k)(0) = 0, (k = 0, 1, 2 · · · ).

3.1.7 ÎÍêßL´ºÍ�◆Í

3Ü�ãIXe, ⌫ 8
<

:
x = x(t),

y = y(t),
t 2 [↵, �]

Ωˆ�§ï˛/™

r = r(t) = (x(t), y(t)), t 2 [↵, �]

ÈŸÎY⁄◆Í�Ω¬, Üœ~√…, = x ⁄ y äèÎC˛ t �ºÍ©OΩ¬ÎY⁄å

◆. XJlï˛ r(t) �›�ƒ, ê¥^ï˛��›Ωˆ`≤°˛:Ü:Ém�Âl

|x� y| =
p
(x1 � y1)2 + (x2 � y2)2

ìO˝Èä£ÜÇ˛:Ü:Ém�Âl§=å. ~X3Ω¬ÎY5û, êá^ |r(t) �
r(t0)| < " ìOœ~� |f(x)� f(x0)| < " =å. ˘⇠Ω¬�ÎY5Ü©OÈ x(t) ⁄ y(t)

Ω¬�ÎY5¥�d�. �Èuï˛ r(t) ◆Í�Ü⇢Ω¬Xe

lim
�t!0

r(t+�t)� r(t)

�t
= r0(t)

5ø˛™Üm¸>©O¥ï˛, œd, 4Å�3�duzá©˛ÉA�4Å�3. œ

è r(t+�t)�r(t)
�t

¥≠Ç��Çï˛, œd, � �t ! 0 û, Ÿ4Å r0(t) “¥≠Ç3ò:

(x(t), y(t)) �Éï˛ r0(t) = (x0(t), y0(t)). XJ r(t) L´�¥ü:3 t ûè§?�†ò
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ï˛, K r0(t) “¥ü:$ƒ�Ñ›ï˛. l˘á�›w, ÎÍêßL´�ºÍ, √ÿ¥

èx≠Ç, Ñ¥èxü:�$ƒ—ç\Ü*, �,, øÿ¥§k'uºÍ◆Í�5ü—å

±Ì2ï˛äºÍ r(t) ˛5, ~Xeò!Úy≤�ºÍ�á©•äΩn, È r(t) “ÿ

3§·.

Èu≤°˛ÎÍêßL´�ºÍ, XJ3òá€‹å±L´§ y = y(x), @ol

x, y ÈÎC˛ t �◆Í, å±Ì◆— y È x �◆Í, ‰NLßXeµ

⌫ÎÍêß 8
<

:
x = x(t),

y = y(t),
t 2 [↵, �]

L´�ºÍå◆. XJ x0(t) 6= 0, Ö x = x(t) �3å◆�áºÍ t = t(x) = x�1
(x),ì\

y = y(t) = y(t(x)), Ü⇢È x ¶◆⇢

dy

dx
=

dy

dt

dt

dx

|^ x = x(t) �áºÍ¶◆

dt

dx
=

dx�1
(x)

dx
=

1

x0(t)
, t = x�1

(x)

⇢
dy

dx
=

y0(t)

x0(t)
, t = x�1

(x)

lA€˛w, ≠ÇÉÇ�✓«¥Éï˛¸á©˛É'. XJUY¶◆, ⇢◆�◆Í

d
2y

dx2
=

d

dx

✓
dy

dx

◆
=

d

dt

✓
dy

dx

◆
dt

dx
=

d

dt

✓
y0(t)

x0(t)

◆
1

x0(t)

=
y00(t)x0(t)� y0(t)x00(t)

(x0(t))3
.
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SK 3.1

1. ?ÿe✏ºÍ3: x = 0 ?¥ƒå◆:

(1) f(x) = | sin x|; (2) f(x) =

8
<

:
x+ 1, x > 0,

1, x < 0;

(3) f(x) =

8
<

:
x2 sin 1

x
, x 6= 0,

1, x = 0;

(4) f(x) =

8
<

:
ln(1 + x), x > 0,

x+ 1, x < 0;

(5) f(x) = |x|ex; (6) f(x) = |x3|.

2. ¶ a, b �ä, ¶e✏ºÍ??å◆:

(1) f(x) =

8
<

:
x2, x 6 1,

ax+ b, x > 1;

(2) f(x) =

8
<

:
ln(1 + x), x < 0,

ax+ b, x > 0.

3. ⌫ºÍ g(x) 3 x = a ?ÎY, P f(x) = (x� a)g(x). y≤ f 0
(a) = g(a).

4. eºÍ f(x) 3 x0 ?å◆, y≤

lim
h!0

f(x0 + ↵h)� f(x0 � �h)

h
= (↵ + �)f 0

(x0) (↵, � è~Í).

5. ⌫ºÍ f(x) 3 x = a ?å◆, Ö f(a) 6= 0, y≤ºÍ |f(x)| 3 x = a èå◆. e

f(a) = 0, (ÿ¥ƒE§·?

6. ¶e✏ºÍ�◆Í.

(1) y =
3x2+9x�2

5x+8 ; (2) y = sin x tan x+ cot x;

(3) y = x2 log3 x; (4) y =
x

1�cosx ;

(5) y =
1+lnx

1�lnx
; (6) y =

(1+x
2) lnx

sinx+cosx ;

(7) y = (x2 + 1)(3x� 1)(1� x3); (8) y = x3 · tan x · ln x.

7. ¶e✏ºÍ�◆Í:
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(1) y = x
p
1� x2; (2) y =

3
p
1 + ln

2 x;

(3) y = arccos
2x�1p

3
; (4) y = (sin x+ cosx)3;

(5) y = (sin x3)3; (6) y =

q
x+

p
x+

p
x;

(7) y = sin[sin(sin x)]; (8) y = sin[cos
5
(arctan x3)];

(9) y =

⇣
x
3�1

x4+1

⌘3
; (10) y = x

p
1 + x2 sin x;

(11) y = e

p
x2+1

; (12) y = ln[ln
2
(ln

3 x)];

(13) y = xx
x
+ xx + x2

x
; (14) y = (ln x)e

x
;

(15) y = (tan x)cotx; (16) y = 10
x · (sin x)cosx;

(17) y =
(x+5)2(x�4)1/3

(x+2)5(x+4)1/2
; (18) y =

x
2

1�x

q
x+1

1+x+x2 .

8. ⌫ f(x) = x3. ¶ f 0
(x2) Ü [f(x2)]0.

9. ⌫ f(x) = ln(x+
p
1 + x2), g(x) = e

p
x2+1

. ¶ f 0
[g(x)], [f(g(x))]0.

10. ⌫ f(x) ??å◆. ¶ dy
dx .

(1) y = f(x3); (2) y = f(sin2 x) + f(cos2 x);

(3) y = f(ex + xe); (4) y = sin[f(sin f(x))];

(5) y = f{f [f(sin x+ cosx)]}; (6) y = f(ex)ef(x).

11. ¶e✏ºÍ�◆Í:

(1) y =

8
<

:

xe1/x

1+e1/x
, x 6= 0,

0, x = 0;

(2) y = |1� 2x| sin x.

12. ⌫ n è✓Í, �ƒºÍ f(x) =

8
<

:
xn sin 1

x
, x 6= 0,

0, x = 0.
y≤:

(1) � n = 1 û, f(x) 3: x = 0 ?ÿå◆;

(2) � n = 2 û, f(x) 3: x = 0 ?å◆, ⇥◆ºÍ3 x = 0 ?ÿÎY (Ø¢˛, 3

˘ò:k1◆am‰);

(3) � n > 3 û, f(x) 3: x = 0 ?å◆, Ö◆ºÍ3 x = 0 ?ÎY.

13. y≤: ºÍ f(x) =

8
<

:
x2 sin 1

x2 , x 6= 0,

0, x = 0

3´m [�1, 1] ˛??å◆, ⇥◆ºÍ3˘

á´m˛√..
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14. ¶e✏ºÍ�áºÍ�á˚.

(1) y = xex; (2) y = arctan
1
x
;

(3) y = 2x�x � e
�2x

; (4) y = ln(e
x
+
p
1 + e2x).

15. y≤: å◆�ÛºÍ�◆Íè€ºÍ; �å◆�€ºÍ�◆ÍèÛºÍ.

16. y≤: å◆�±œºÍ�◆ÍE¥±œºÍ.

17. ¶e✏à™�⁄:

(1) Pn = 1 + 2x+ 3x2 + · · ·+ nxn�1
;

(2) Qn = 1
2
+ 2

2x+ 3
2x2 + · · ·+ n2xn�1

;

(3) Rn = cos 1 + 2 cos 2 + · · ·+ n cosn.

18. ¶e✏ºÍ�◆�◆Í:

(1) y = e
�x

2
; (2) y = x22x;

(3) y = (1 + x2) arctan x; (4) y =

8
<

:
x2, x > 0,

�x2, x < 0.

19. ⌫ºÍ f(x) ??kn�◆Í, ¶ y00, y000.

(1) y = f(x2); (2) y = f(ex + x).

20. ⌫ f(x) = xn|x| (nè✓Í), y≤ f (n)
(0) �3, ⇥f (n+1)

(0) ÿ�3.

21. y≤: XJ x0 ¥ıë™ Pn(x) � r ≠ä, = Pn(x) å±©)§

Pn(x) = (x� x0)
rQn�r(x),

Ÿ• Qn�r(x) ¥òá n� r gıë™, Ö Qn�r(x0) 6= 0. K Pn(x) ˜v^á

Pn(x0) = 0, P 0
n
(x0) = 0, · · · , P (r�1)

n
(x0) = 0, P (r)

n
(x0) 6= 0.

22. ¶e✏ºÍ�p�◆Í:

(1) (x2ex)(n); (2) [(x2 + 1) sin x](n);

(3)

⇣
1

x2�3x+2

⌘(n)
; (4) (sinx · cos x)(n).

23. ¶≠Ç y = cosx 3 x =
⇧
4 ?�ÉÇêß.

24. y≤: V≠Ç xy = 1 ˛?ò:?�ÉÇ, Ü¸ãI∂�§�n�/�°»èΩä.

25. kò.åªè r cm, pè h cm �↵I/NÏ, y± a cm
3
/s �Ñ›g∫‹ïŸ

S5Y, ¶Y°˛,�Ñ›.
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26. Ygpè 18 cm, .åªè 6 cm �↵I/¶Ã6\Üªè 10 cm �↵Œ/Ÿ•.

Æ�Y3¶Ã•�›è 12 cm ûY≤°e¸�Ñ«è 1 cm/m. ¡¶↵Œ/Ÿ•Y

≤°˛,�Ñ›.
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§3.2 á©

3.2.1 á©�Ω¬

⌫ y = f(x) 3âΩò: x �NCkΩ¬. XJÈgC˛O\òáUC˛ �x, Kº

Íä y ÉA�UC˛“¥ �y = f(x +�x)� f(x). ¸áUC˛ �x ⁄ �y ÉmœºÍ

f ⁄: x �‰kœJ'X. è“¥`, ÈuºÍ f , �âΩò:x�, 3˘:�UC˛ �x,

ÈAòáºÍä�UC˛ �y. XJ˘´œJ'X3 �x = 0 NCCquÇ5'X,

�y = f(x+�x)� f(x) = A�x+ o(�x), ( � �x ! 0 û)

Ÿ• A = A(x) Ü x k'£�,Ü �x √'§, K° f 3 x åá, Ç5‹© A�x èºÍ

y = f(x) 3 x ?�á©, Pè

dy = A�x, Ω df(x) = A�x.

˘û

�y = dy + o(�x),

è“¥`, dy ¥ºÍUC˛ �y 3 �x ! 0 û�Ãá‹©£,ò‹©¥� �x �p�√

°⇥˛§.

5ø, XJºÍ f 3 x åá, = �y = A�x+ o(�x), K

lim
�x!0

f(x+�x)� f(x)

�x
= lim

�x!0

�y

�x
= lim

�x!0

✓
A+

o(�x)

�x

◆
= A

è“¥, ºÍ3˘ò:å◆. áÉ, XJ f 3 x ?å◆, K

lim
�x!0

�y � f 0
(x)�x

�x
= lim

�x!0

(f(x+�x)� f(x))� f 0
(x)�x

�x
= 0.

˘`≤� �x ! 0 û�y � f 0
(x)�x ¥' �x çp��√°⇥˛, §± �y = A · �x +

o(�x), Ÿ• A = f 0
(x). œdºÍ3 x ?åá. ‚d©€, ∑Çk

Ωn 3.9 y = f(x) 3 x åá�ø©7á^á¥ f(x) 3 x å◆, ˘û dy =

f 0
(x)�x. œdºÍ3ò:å◆kûè°è3ò:åá.

˘p2grNºÍ y = f(x)3ò: x�á©¥òáÜ xÉ'�Ç5ºÍ,ßÚ �x

N f 0
(x)�x, �ÿ¥,òá x �ºÍ. ÈuAO�ºÍ y = f(x) = x , K f 0

(x) = 1,

dy = dx = (x)0�x = �x.

=gC˛�á©ÜUC˛É�. u¥ºÍ y = f(x) 3: x �á©qåP§

dy = df(x) = f 0
(x)dx.
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y3, dx Ü dy —k⌘⌧(Ω�ø¬, ßÇ©O¥gC˛ x ⁄œC˛ y �á©, øÖ

dy

dx
=

df(x)

dx
= f 0

(x).

=ºÍ3ò:�◆Í¥ŸœC˛�á©⁄gC˛�á©�˚. ± ∑Çr dy
dx �äòá

⌘✓P“5L´á˚, �y3å±Úßw§¥/¸áá©�˚0. ˘è¥/á˚0̆ á∂

c�5d.

X„ 3.7,L y = f(x)�„ñ˛ò: (x, f(x))ä

-

6

x

y

. ..................... .................... ................... .................. .................. ...................
....................
....................
.....................
........................

...........................

..............................

.................................

....................................

.......................................

..........................................

.

.................................................................................................................................................................................................................................................................................................................
...........
..........

...........

...........

...........

...........

................... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

............... .......... .......... .......... ..........

?

6

�y

x x + �x

↵

L

y = f(x)

}dy

„ 3.7

ÉÇ L. ¥�, ºÍ„ñpãI�UC˛£=ºÍ�

UC˛§¥ �y, � L ˛:�pãI�UC˛“¥º

Í y = f(x) 3: x ?�á© dy = f 0
(x)�x. du

|�y � dy| = o(�x), ⇡� |�x| È⇥û, ºÍ3: x

�UC˛ÜÉÇ�UC˛�↵, É'gC˛�UC˛

�x 5`, ¥p�√°⇥. œd3: x NC, å±^

L (x, f(x)) �ÉÇìOºÍ£„�≠Ç. ˘“¥á

»©•/±Üì≠0�ƒ�g¥.

^Bç—, L≠Ç˛ò: (x0, y0), y0 = f(x0) �ÉÇêß¥

y � y0 = f 0
(x0)(x� x0).

3.2.2 á©�$éÜò�á©/™�ÿC5

dá©�Là™ dy = f 0
(x)dx ±9ƒ�–�ºÍ�¶◆˙™, å±ÈA/â—ƒ�

–�ºÍ�á©˙™:

d(c) = 0 (cè~Í);

d sin x = cosxdx; d cos x = � sin xdx;

d tanx = sec
2 xdx; d cot x = � csc

2 xdx;

d arcsin x =
1p

1�x2dx; d arccosx = � 1p
1�x2dx;

d arctanx =
1

1+x2dx; darccotx = � 1
1+x2dx;

de
x
= e

x
dx; d ln x =

1
x
dx;

dax = ax ln adx; d loga x =
1

x ln a
dx;

dxµ = µxµ�1
dx;

d , duá©⁄◆Í�ÈA'X, ∑ÇÿJ⇢e✏Ωn.
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Ωn 3.10 ⌫ºÍ u ⁄ v 3 x ?åá, KºÍ cu, u ± v, u · v, u

v
3 x ?åá,

Ök

d(cu) = cdu, Ÿ• c è~Í;

d(u± v) = du± dv;

d(uv) = vdu+ udv;

d
�
u

v

�
=

vdu�udv
v2

, v 6= 0.

±˛˙™⁄{K—¥á©Ω¬⁄¶◆$é�Ü⇢(J.

Ωn 3.11 ⌫ y = '(x) Ω¬3´m I ˛, z = f(y) Ω¬3òáùπ '(I) �

´m J ˛. XJ y = '(x) 3 x ˛åá, z = f(y) 3 y = '(x) ?åá, KE‹ºÍ

z = f('(x)) 3 x ?èåá, øk

dz = (f � ')0dx = f 0
(y)dy,

Ÿ• dy = '0
(x)dx ¥ºÍ y = '(x) 3 x ?�á©.

y≤ dá©Là™⁄E‹ºÍ¶◆�Û™{K, k

dz = (f('(x)))0dx = f 0
('(x))'0

(x)dx

= f 0
(y)dy.

Ωn 3.11 `≤, l/™˛w√ÿ y ¥gC˛Ñ¥•mC˛, z = f(y) �á©‰kÉ

”�/™ df(y) = f 0
(y)dy. ˘´5ü°èò�á©/™ÿC5.

~ 3.2.1 ¶ y = e
�ax

sin bx �á©, Ÿ• a, b —¥~Í.

) |^á©�¶{$é⁄ò�á©/™�ÿC5, k

dy = d(e
�ax

sin bx) = e
�ax

d(sin bx) + (sin bx)de�ax

= e
�ax

(cos bx)d(bx) + (sin bx)e�ax
d(�ax)

= be�ax
(cos bx)dx� a(sin bx)e�ax

dx

= e
�ax
�
b cos bx� a sin bx

�
dx.

~ 3.2.2 ¶ºÍ y = ln(x+
p
x2 + a2) �á©, Ÿ• a ¥~Í.
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)

d

⇣
ln(x+

p
x2 + a2)

⌘
=

d(x+
p
x2 + a2)

x+
p
x2 + a2

=
1

x+
p
x2 + a2

✓
dx+

d(x2 + a2)

2
p
x2 + a2

◆

=
1

x+
p
x2 + a2

✓
1 +

xp
x2 + a2

◆
dx

=
1p

x2 + a2
dx.

ddÑå±⇢TºÍ�◆Í
dy

dx
=

1p
x2 + a2

.

~ 3.2.3 ⌫ 0 < q < 1, ºÍ y = y(x) ˜ve✏êß

y � x� q sin y = 0.

¶ºÍ y = y(x) �◆Í.

) ∑ÇÿUlêß•)— y �w´L´, œdè⌦¶ y0(x), 3˛✏�™�¸‡È

x ¶á©, ø|^ò�á©/™�ÿC5, ⇢

dy � dx� q cos ydy = 0.

⇡

y0(x) =
dy

dx
=

1

1� q cos y
.
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SK 3.2

1. ⌫ y = x2 + x, Oé3 x = 1 ?, � �x = 10, 1, 0.1, 0.01 û, ÉA�ºÍ�UC˛

�y ⁄ºÍ�á© dy, ø* ↵ �y � dy ë �x ~⇥�Czúπ.

2. ¶e✏ºÍ�á©:

(1) y = ln
�⇧

2 � x

4

�
; (2) sinx� x cos x;

(3) y = arccos
1
|x| ; (4) y = ln

���x�1
x+1

���;

(5) y = 5

p
arctanx2

; (6) y = tan
2
(1 + 2x2);

(7) y = e
�x

cos(3� x); (8) y =
xp
x2+1

.

3. Èe✏ºÍ, ¶ dy
dx 9

d2
y

dx2 .

(1)

8
<

:
x = ln(1 + t2),

y = t� arctan t;
(2)

8
<

:
x = t� sin t,

y = 1� cos t;

(3)

8
<

:
x = ' cos',

y = ' sin';
(4)

8
<

:
x = cos

3 ',

y = sin
3 '.

4. ¶e✏≠Ç3Æ�:?�ÉÇêß.

(1)

8
<

:
x = cos t,

y = sin t
3 t = ⇧

4 ?; (2)

8
<

:
x =

3t
1+t2

,

y =
3t2

1+t2

3 t = 2 ?.
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§3.3 á©•äΩn

l�!m©�Ÿ(Â, ∑ÇÚœLºÍ f �◆Í, 5?ò⁄⌦)ºÍ�⌧�ƒ�

5ü. ∑Ç5ø, ◆Í¥ºÍ�↵˚

f(x+�x)� f(x)

�x

�4ÅG�, �ÿ¥↵˚3,á �x ?�ä. ↵˚¥òá�9ºÍ3 x ±9 x ±>�

ä£l‘n˛w“¥,„ûmS�≤˛Ñ›§, áN�¥ò /́✓N05ü, �◆Íê¥

ºÍ3ò: x �/€‹05ü£‘n˛w“¥3,ûè�]ûÑ›§. ∑Ç�8�“¥

áœLºÍ◆Í�€‹5ü, Ì◆—ºÍ✓N�5ü. ⇥˘áLßøÿw,.

±òá4Ÿ{¸�ºÍè~. ⌫ºÍ f(x) = c ¥òá~äºÍ, Kß3?€ò: x

�◆Í f 0
(x) = 0. áÉ, XJÆ�òáºÍ f 3zò:�◆Íè", ¥ƒÌ—˘áºÍ

“òΩ¥òá~Í? âYA�¥íΩ�. œèlA€˛w, XJòáºÍ3zò:�É

Ç—¥Y≤�, K˘áºÍ�„ñ�⌧èA�¥Y≤�. l‘n˛w, XJòáü:�

$ƒÑ›©™è", K˘á‘NòΩ¥∑é�. ⇥¥, ƒñ/l4Å

lim
�x!0

f(x+�x)� f(x)

�x

Ì‰ºÍ f ¥òá~Í, %ÿ¥òáw,�Øú.

3.3.1 Fermat Ωn⁄ Rolle Ωn

Ω¬ 3.12 ⌫ºÍ f(x) 3 x0 �⇡ç (x0 � �, x0 + �) SkΩ¬, XJÈŸ•�?

ò: x, —k

f(x0) > f(x), Ω f(x0) 6 f(x),

@o° f(x0) èºÍ f(x) �€‹4åä£Ω4⇥ä§, x0 °è f(x) �òá4åä

:£Ω4⇥ä:§. 4åä⁄4⇥ä⁄°è4ä, 4åä:⁄4⇥ä:⁄°è4ä:.

5ø, 4äΩ4ä:�Ω¬�⌧, ÜºÍ¥ƒÎY, ¥ƒå◆√'.

Ωn 3.13 (Fermat Ωn) ⌫ºÍ f(x) 3ŸΩ¬´m I �òáS:£=ÿ¥‡

:§x0 ?✓€‹4ä, eºÍ3˘ò:å◆, K7k f 0
(x0) = 0.

y≤ ÿî⌫ºÍ3 x0 ✓4åä. ä‚Ω¬, �3òá (x0 � �, x0 + �) ⇢ I, ¶⇢

f(x0 + h)� f(x0) 6 0

˘pè⌦êB, P h = �x . êáUC˛ h ˜v |h| < �. u¥↵˚

f(x0 + h)� f(x0)

h
> 0, � h < 0 û
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f(x0 + h)� f(x0)

h
6 0, � h > 0 û

qœèºÍ3 x0 å◆, §±3˛✏¸™•©O- h ! 0
� ⁄ h ! 0

+
, k

f 0
�(x0) > 0, f 0

+(x0) 6 0

⇡ f 0
(x0) = 0. � f 3 x0 ✓4⇥ä�úπ, åaqy≤. ⇤

-

6

.
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.................
...............
.................
................ ................ ............... ................ .................. ............ .......... ......... .......... ...........

............
..............
.................
...................

......................
. ..................................................................................................................................................................................................................

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

.....

...........

...........

...........

...........

...........

...........

.........

x

y

x0 x0+�x0��

„ 3.8

-

6

x

y

p
p

. .............................................................................................................

. ......................................................................................................................

..............................

........................................................................................
x0 x1

„ 3.9

lA€˛w, ºÍ f 3ò: x0 ✓4å (4⇥) ä, XJºÍ3d:�ÉÇ�3,

@o3˘:�ÉÇ¥Y≤�£≤1u x ∂§.

5P Ωn 3.13 �_øÿ§·, è“¥`, =¶ºÍ f 3òS:�◆Íè", ô7

˘ò:¥4ä:, Å{¸�á~¥ f(x) = x3, x 2 [�1, 1], w,, f 0
(0) = 0, ⇥¥ x = 0

ÿ¥TºÍ�4ä:. =BXd, Ωn 3.13 J¯⌦˘⇠�Âª, =d◆Í�&E, Ì‰

ºÍ�k' (4å!4⇥) ä¥ƒ�3? œ~, °◆Íè"�:èºÍ�7:, œdé⌦

)ºÍ�4ä:, êá37:•ä?ò⁄?ÿ=å (∑Çë�Ú?1ç[?ÿ).

Ωn 3.14 (Rolle Ωn) ⌫ f(x) 34´m [a, b] ˛ÎY, 3m´m (a, b) Så◆,

�Ö f(a) = f(b), K7k ⇠ 2 (a, b), ¶ f 0
(⇠) = 0.

y≤ ä‚4´m [a, b] ˛ÎYºÍòΩkÅåä⁄Å⇥ä�¢Ø, XJÅåä

⁄Å⇥ä•ñ�kòá3 (a, b) S‹ò: ⇠ ✓⇢, ⇠ �,è¥4ä:. dΩn 3.13,

f 0
(⇠) = 0. áÉ, XJÅåä⁄Å⇥äêU3‡: a ⁄ b ?✓⇢, � f(a) = f(b), =Å

åä⁄Å⇥äÉ�, ºÍêU¥~äºÍ, dûºÍ�◆ºÍ3?€ò:—è". ⇤

÷ˆåg1fi~`≤, Rolle Ωn•�^á: 4´m˛ÎY!m´m˛å◆!‡:�

ä, nˆ"òÿå.

-

6

x

y

. ....................................................................................

. ....................................................................................

.......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ...........................................................................................

...................................................................................................................

...................................................................................
a ⇠ b

„ 3.10

-

6

x

y

. ..............................
.............................
............................
...........................
..........................

...........................

.
.................
..........

...................
.......

........................
...

............................ ............................. ........................................ .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... .......... ...................................
..............................

a b

„ 3.11
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3.3.2 á©•äΩn

Ωn 3.15 (á©•äΩn) ⌫ f(x)3 [a, b]ÎY,3 (a, b)åá,K7k ⇠ 2 (a, b),

¶

f 0
(⇠) =

f(b)� f(a)

b� a
.

kû, ∑Çè°á©•äΩnè Lagrange •äΩn. 5ø, XJ f(a) = f(b), K•

äΩnzè⌦ Rolle Ωn, œdß¥' Rolle ΩnçòÑ5�Ωn.

lA€˛w, á©•äΩn�(J¥ÿJn)�. X

-

6

x

y

.

.....................................................................................................................

.

......................................................................................................................................... ........... .
.......... ........... .

.......... ........... .
.......... ........... .

.......... ........... .
.......... ........... .

.......... ........... .
.......... ........... .

.......... ........... .
.......... ........... .

.......... ........... .
...........

.......................

...................................................................................................................
A

B

a b

„ 3.12

„3.12 §´,�ƒºÍ�↵˚
f(b)� f(a)

b� a
,

ß¥�Ç AB �✓«. XJ∑ÇÚ�Ç≤1£ƒ£œd✓

«ÿC§, Kßñ�3,òá†òÜ≠ÇÉÉ, =ñ��3

0u a ⁄ b Ém�ò: ⇠, ¶⇢3T:ÉÇ�✓«�u�

Ç�✓«. l‘n˛w, òá˜ÜÇ$ƒ�ü:, 7,3,

òáûè�]ûÑ›, �u✓á$ƒLß�≤˛Ñ›.

Ωn 3.15 �y≤ y≤�ê{¥ÚŸzèAœú/ Rolle Ωn5)˚. l„

î˛w£'�„3.10 ⁄„3.12§, ê¥r Rolle Ωn•�´ø„✓òá�›�Æ. œd∑

ÇÚ�Eòá9œºÍ F (x), ¶⇢ F (x) ˜v Rolle Ωn.

œèÎ⇢ (a, f(a)) ⁄ (b, f(b)) ¸:�ÜÇêß¥

g(x) =
f(b)� f(a)

b� a
(x� a) + f(a),

⌫

F (x) = f(x)� g(x) = f(x)� f(b)� f(a)

b� a
(x� a)� f(a).

KN¥�y F (b) = F (a) = 0, �Ö F (x) 34´m [a, b] ˛ÎY, 3m´m (a, b) Så◆,

œd F (x) ˜v Rolle Ωn�ná^á, ⇡�3ò: ⇠ 2 (a, b), ¶⇢

F 0
(⇠) = f 0

(⇠)� f(b)� f(a)

b� a
= 0.

˘⇠“⌘§⌦Ωn�y≤. ⇤

3á©•äΩn�^áe, å±�ƒ´m [a, b] ˛?ø¸: x1, x2£ x1 < x2§Ém

�•äΩn. =òΩ�30u x1, x2 Ém�ò: ⇠, x1 < ⇠ < x2 ¶⇢

f 0
(⇠) =

f(x1)� f(x2)

x1 � x2
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XJ✓

✓ =
⇠ � x1
x2 � x1

,

N¥�y 0 < ✓ < 1, œd˛™≤~L´§

f(x2)� f(x1) = f 0
(x1 + ✓(x2 � x1))(x2 � x1).

Ωˆ^O˛�äÛ, L´§

f(x+�x)� f(x) = f 0
(x+ ✓�x)�x.

3á©•äΩn•, ÿ⌦ ⇠ †u¸: x1, x2 Ém , Èu ⇠ �†òøôä—?€≤

(�‰Û. ~X, Èu f(x) = x2,

f(x1)� f(x2)

x1 � x2
= x1 + x2 = f 0

(⇠) = 2⇠

§± ⇠ = x1+x2
2 , ß¥ [x1, x2] �•:, �Èu f(x) = x35`, f 0

(x) = 3x2, §±

⇠ =

r
x22 + x1x2 + x21

3

úπ“E,�ı. ¶+Xd, ∑ÇE,U⌦œLá©•äΩn, ⇢ºÍg⌧�ò⌦5

ü. Ÿ•òáÜ⇢(J, “¥'u�!m©û§J�ØK, =◆Íè"�ºÍ¥ƒ¥

~äºÍ, èdk

Ìÿ 3.16 XJºÍ f 3òá´m˛ÎY, ÖÈ´mS�zòá: x, —k

f 0
(x) = 0, @oºÍ f 3´m˛òΩ¥~äºÍ. çòÑ�ßÈ¸áå◆ºÍ f ⁄ g,

XJßÇ�◆ÍÉ�, @o¸áºÍÉ↵òá~Í.

y≤ ?✓´m˛¸: x1 < x2, 3 [x1, x2] ˛, d•äΩn�, �3ò: ⇠ ¶⇢

f(x1)� f(x2) = f 0
(⇠)(x2 � x1)

⇥ f 0
(x) è", §± f 0

(⇠) = 0, u¥ f(x1) = f(x2), =ºÍ3´m˛?ø¸:�äÉ

�, §±¥~äºÍ. ⇤

,òê°, ∑Ç�⌫, åáºÍòΩÎY. ⇥á©•äΩnèÎY5J¯⌦ç\Ω˛

z�(J, =

Ìÿ 3.17 eºÍ f 3´m I åá, Ö |f 0
(x)| 6 M£=◆Ík.§, K

|f(x2)� f(x1)| 6 M |x2 � x1|

˜v˛„˙™�ºÍ⇢°è˜v Lipschitz ÎY5^á. §±‰kk.◆Í�ºÍ

òΩ¥ Lipschitz ÎY�. áÉ, Lipschitz ÎYô7å◆. ç[ú/3dÿä?ÿ.
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~ 3.3.1 y≤: È?ø~Í c, êß x3 � 3x+ c = 0 3 [0, 1] •ÿåUk¸áÉ…

�¢ä.

y≤ P f(x) = x3 � 3x+ c. eÈ,á c, êß3 [0, 1] ˛k¸áÉ…�¢ä x1, x2

ÿî⌫ 0 6 x1 < x2 6 1 K f(x1) = f(x2) = 0, œd f(x) 3 [x1, x2] ˛˜v Rolle Ωn

�ná^á, §±7k x1 < ⇠ < x2 ¶⇢

f 0
(⇠) = 3(⇠2 � 1) = 0.

= |⇠| = 1, ⇥ 0 6 x1 < ⇠ < x2 6 1, ⇡gÒ. ˘`≤k¸áÉ…¢ä�b⌫ÿ§·.

~ 3.3.2 ⌫ 0 < a < b, y≤

b� a

b
< ln

b

a
<

b� a

a
.

y≤ du 0 < a < b, ⇡3 [a, b] ˛, ºÍ ln x w,˜v•äΩn�^á, §±�3

ò: ⇠ 2 (a, b) ¶⇢

ln b� ln a = (ln x)0
��
x=⇠

(b� a) =
1

⇠
(b� a)

⇥
1

b
<

1

⇠
<

1

a

=k§y�(J.

~ 3.3.3 y≤�™

arcsin x+ arccosx =
⇧
2
, |x| 6 1

y≤ ∑ f(x) = arcsin x+ arccosx. K f 0
(x) ⌘ 0. §±

arcsin x+ arccosx ⌘ c (~Í).

Ú x = 0 ì\, =⇢ c = ⇧
2 .

äèá©•äΩn�òáÜ⇢Ì2¥e✏ Cauchy •äΩn.

Ωn 3.18 (Cauchy •äΩn) e f(x) ⁄ g(x) 3 [a, b] ˛ÎY, 3 (a, b) Såá.

�ÖÈ?ò: x 2 (a, b), g0(x) 6= 0. K3 (a, b)S, 7�3ò: ⇠, ¶⇢

f(b)� f(a)

g(b)� g(a)
=

f 0
(⇠)

g0(⇠)
.

˘p, œè g0(x) 6= 0, d Lagrange •äΩn�, g(b)� g(a) 6= 0, §±˛™�Ü>¥kø

¬�.
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y≤ 5ø, � g(x) = x û, Cauchy •äΩn“¥ Lagrange •äΩn, œdc

ˆ¥�ˆ�Ì2, ⇡y≤ê™èkÉq5. 3 Lagrange •äΩny≤•§�E�9œ

ºÍ F (x) •, Ú x Ü§ g(x)£l�ÈA/Ú a, b Ü§ g(a), g(b)§, =⌫9œºÍ

F (x) = f(x)� f(a)� f(b)� f(a)

g(b)� g(a)
[g(x)� g(a)].

¥�, F (x) ˜v Rolle Ωn�ná^á: 34´m˛ÎY, 3m´mSå◆, Ö

F (b)� F (a) = 0.

§±�3ò: ⇠ 2 (a, b), ¶⇢ F 0
(⇠) = 0, =

f 0
(⇠)� f(b)� f(a)

g(b)� g(a)
g0(⇠) = 0.

d=Ωn�(ÿ. ⇤

3.3.3 ◆ºÍ�0ä5ü

òá3´mI Så◆�ºÍ f(x), Ÿ◆Íâ—⌦ I S�◆ºÍ f 0
(x). e°Úâ—

◆ºÍ�òá≠á5ü, ±\�ÈºÍ◆Í�n).

ƒkÔƒ◆ºÍ�4ÅØK.

Ωn 3.19 ⌫ºÍ f(x) 3´m [x0, x0 + �] ÎY£˘p � > 0§, 3 (x0, x0 + �)

Så◆. e◆ºÍ3 x0 ?�m4Å�3, = lim
x!x

+
0

f 0
(x) = l, K f(x) 3 x0 ?�m◆Í

è�3, Ö

f 0
+(x0) = lim

x!x
+
0

f 0
(x) = l.

Ú´m [x0, x0 + �] Üè [x0 � �, x0] ø�ƒ◆ºÍ3 x0 ?�Ü4Å, èkaq�(ÿ.

y≤ È x 2 (x0, x0 + �], dá©•äΩn⇢

f(x)� f(x0)

x� x0
= f 0

(⇠),

˘p x0 < ⇠ < x. � x ! x+0 û, ⇠ ! x+0 , =ºÍ3x0 �m◆Í�u◆ºÍ f 0
(x) 3 x0

�m4Å. ⇤

˘áΩn`≤XJºÍ3´mS??å◆, K3´mSzò:?, ◆ºÍ f 0
(x) á

oÎYßáok1◆am‰:ßÿåUk1òam‰:. ddÌ—‰k1òam‰:�

ºÍ£XŒ“ºÍ§ÿUäè,áºÍ�◆ºÍ.

Ωn 3.20 (Darboux Ωn) ⌫ f(x) 3[a, b] ˛å◆, KÈu0u f 0
(a), f 0

(b) Ém

�?€ä �, òΩ�3 ⇠ 2 [a, b], ¶⇢ f 0
(⇠) = �.
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y≤ ÿî⌫ f 0
(a) < f 0

(b). ƒk�ƒAœú/: f 0
(a) < 0 < f 0

(b), =

lim
x!a+

f(x)� f(a)

x� a
= f 0

(a) < 0, lim
x!b�

f(x)� f(b)

x� b
= f 0

(b) > 0,

§±�3 �1 > 0, ¶⇢� x 2 (a, a+ �1) ûk
f(x)�f(a)

x�a
< 0, = f(x) < f(a). ”n, �3

�2, ¶⇢� x 2 (b� �2, b) ûk f(x)�f(b)
x�b

> 0, 5ødû x < b, §±� x 2 (b� �2, b)

û, f(x) < f(b). œdºÍ f(x) �¸á‡: f(a), f(b) ÿ¥ f(x) 3 [a, b] ˛�Å⇥ä.

è“¥` f(x) 3 [a, b] S‹ò: ⇠ ✓Å⇥ä, ä‚ Fermat Ωnk f 0
(⇠) = 0.

ÈuòÑúπ, ?✓ f 0
(a) < � < f 0

(b). - g(x) = f(x) � �x, K g(x) 3´m [a, b]

˛å◆, Ö

g0(a) = f 0
(a)� � < 0, g0(b) = f 0

(b)� � > 0,

§±�3ò: ⇠ 2 (a, b) ¶⇢ g0(⇠) = 0, = f 0
(⇠) = �. ⇤

Ωn3.20 ⇡´⌦◆ºÍ,òá-<Ø€�5ü, =È´m I ˛å◆ºÍ±9´m•

?ø¸áÿ”: c, d 2 I(c < d), Ÿ◆ºÍ f 0
(x) √ÿ¥ƒÎY, 3 [c, d] ⇢ I ˛—U✓

0u f 0
(c) ⁄ f 0

(d) Ém�òÉä. du◆ºÍÿòΩ¥ÎYºÍ, œd˛„(Jøÿ¥

ÎYºÍ0äΩn�Ì2.
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SK 3.3

1. ⌫ f(x) = (x� 1)(x� 2)(x� 3)(x� 4), (Ωêß f 0
(x) = 0 �¢ä�áÍ, øç—

ä§3�´m.

2. ⌫ºÍ f(x) 3´m [1, 2] ˛k◆�á˚, Ö f(1) = f(2) = 0. P F (x) = (x �
1)

2f(x), K3´m (1, 2) Sñ�kò: ⇠, ¶⇢ F 00
(⇠) = 0.

3. fi~`≤, •äΩn�e„ø¬e�_ÿ§·: ⌫ ⇠ 2 (a, b) ¥çΩ�ò:, K�3

c, d 2 [a, b], ¶⇢ f(c)�f(d)
c�d

= f 0
(⇠). (J´: �ƒºÍ f(x) = x3, ⇠ = 0.)

4. y≤e✏ÿ�™:

(1) � a > b > 0, n > 1û, k nbn�1
(a� b) < an � bn < nan�1

(a� b);

(2) � x > 0 û, k x

1+x
< ln(1 + x) < x;

(3) � 0 < a < b û, k (a+ b) ln a+b

2 < a ln a+ b ln b.

(4) � 0 < ↵ < � < ⇧
2 û, k ��↵

cos2 ↵ < tan � � tan↵ < ��↵

cos2 � .

5. y≤e✏�™:

(1) arctan x = arcsin
xp
1+x2 ;

(2) arctan x+ arctan
1�x

1+x
=

8
<

:

⇧
4 , x > �1,

�3⇧
4 , x < �1.

6. ⌫ f(x) ¥4´m [0, 1] ˛�å◆ºÍ, È?ø x 2 [0, 1] k f(x) 2 (0, 1); øÖÈz

á x, f 0
(x) 6= 1. y≤3 (0, 1) SkÖ=kòá x, ¶ f(x) = x.

7. ⌫ºÍ f(x) 3 [0, 1] ˛ÎY, 3 (0, 1) Så◆, Ö |f 0
(x)| < 1, q f(0) = f(1). y≤:

Èu [0, 1] ˛�?ø¸: x1, x2, k |f(x1)� f(x2)| < 1
2 .

8. e f(x) ??å◆, Ö f 0
(x) = f(x). y≤ f(x) = Cex, C è?ø~Í.

9. ⌫ÿè~Í�ºÍ f(x) 34´m [a, b] ˛ÎY, 3m´m (a, b) Så◆, Ö

f(a) = f(b). y≤3 (a, b) S�3ò: ⇠, ¶⇢ f 0
(⇠) > 0.

10. ⌫ºÍ f(x) 3 [a,+1) ˛åá, Ö lim
x!+1

f 0
(x) = 0. y≤:

(1) lim
x!+1

[f(x+ 1)� f(x)] = 0;

(2) lim
x!+1

f(x)
x

= 0.

11. y≤: eºÍ f(x) 3(kÅ)m´m (a, b) Skk.�◆ºÍ, K f(x) 3 (a, b) Sè

k.. XJkÅ´m (a, b) Uè√°´m, (ÿÑ§·Ì? ∑K�_∑K¥ƒ§·?

12. ⌫È§k�¢Í x, y, ÿ�™ |f(x)� f(y)| 6 M |x� y|2 (M è~Í) —§·. y≤:
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f(x) è~Í.

13. ⌫ºÍ f(x) 3´m [x0, x0 + �] ˛ÎY (˘p � > 0), 3 (x0, x0 + �) Så◆. e

lim
x!x

+
0

f 0
(x) = l (˘p� l å±¥√°å), K f(x) 3 x0 ?�m◆Íèè l, =

f 0
+(x0) = lim

x!x
+
0

f 0
(x).

(Ú´m [x0, x0 + �] Üè [x0 � �, x0], kaq�(ÿ.)

14. A^˛òK�(ÿy≤:

(1) ºÍ x
1
3 3 x = 0 ?ÿå◆;

(2) ºÍ arcsin x, arccosx 3 x = 1 ?vkÜ◆Í, 3 x = �1 ?vkm◆Í.

15. y≤: eºÍ f(x) 3òá´mS??å◆, K◆ºÍ f 0
(x) ÿUk1òam‰:,

=3 (´mS) zò:?, f 0
(x) ΩˆÎY, Ωˆk1◆am‰. (d�KÌ—, ‰k1

òam‰:�ºÍ, X sgn x, ÿU§è,áºÍ�◆ºÍ.)

16. ⌫ f(x) 3òá´m I ˛ÎY, Ö (ñı) ÿ⌦kÅá: , f(x) 3 I S‹�◆Íè

(K),K f(x)3 I ˛ÓÇ¸N4O(~). (5ø,3~ �:?, f(x)åUÿå◆.)

17. ⌫ºÍ f(x) ⁄ g(x) ˛3´m I ˛ÎY, Ö(ñı)ÿ⌦kÅá: , f(x) ⁄ g(x) 3

I S‹˜v f 0
(x) > g0(x); ⌫�3 a 2 I, ¶⇢ f(a) = g(a) (a ÿ¥´m‡:), K�

x 2 I Ö x > a û, k f(x) > g(x); � x 2 I Ö x < a û, k f(x) < g(x).

18. e f(x) 3 [0,+1) å◆, f(0) = 0, f 0
(x) ÓÇ4O, y≤ f(x)

x
3 (0,+1) ÓÇ4

O.

19. ⌫ x0 ¥ºÍ f(x) �òáå¶4ä:, Ö f(x) 3 x0 ?◆�åá, f 00
(x0) 6= 0. y

≤: e f 00
(x0) < 0, K x0 ¥ f(x) �òá4åä:; e f 00

(x0) > 0, K x0 ¥ f(x) �

òá4⇥ä:. (J´: y37k f 0
(x0) = 0.)

fi~`≤: e f 00
(x0) = 0, K x0 å±¥ f(x) �4åä:Ω4⇥ä:, èå±ÿ¥

4ä:.

20. ⌫ f(x) 3 [0, 1] ˛k◆�◆ºÍ, Ö f(0) = f 0
(0), f(1) = f 0

(1). ¶y: �3

⇠ 2 (0, 1), ˜v f(⇠) = f 00
(⇠).

21. ¶e✏ºÍ�¸N´mÜ4ä:

(1) y = 2x3 � 3x2; (2) y = x2/3;

(3) y = x2e�x
2
; (4) y = x1/x;

(5) y =
(lnx)2

x
; (6) y = arctan x� 1

2 ln(1 + x2).
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22. ¶e✏ºÍ3§â´m˛�Ååä⁄Å⇥ä:

(1) y = x4 � 2x2 + 5, [�2, 2]; (2) y = sin 2x� x,
⇥
�⇧2 ,

⇧
2

⇤
;

(3) y = arctan
1�x

1+x
, [0, 1]; (4) y = x ln x, (0,+1).

23. y≤e✏ÿ�™:

(1)
1

2p�1 6 xp + (1� x)p 6 1, x 2 (0, 1], p > 1;

(2) tan x > x� x
3

3 , x 2
�
0, ⇧2

�
;

(3)
tanx2
tanx1

> x2
x1
, 0 < x1 < x2 <

⇧
2 ;

(4) ln(1 + x) > arctanx

1+x
, x > 0;

(5) 1 + x ln(x+
p
1 + x2) >

p
1 + x2, x è?ø¢Í;

(6)
x

sinx
> 4

3 �
1
3 cos x, x 2 (0, ⇧2 ), Öm‡�~Í

4
3 ÿUÜèçå�Í;

(7)
�
1� 1

x

�x�1 �
1 +

1
x

�x+1
< 4, x 2 (1,+1).

(8) xa�1
+ xa+1 >

⇣
1�a

1+a

⌘a�1
2

+

⇣
1�a

1+a

⌘a+1
2

, x 2 (0, 1), a 2 (0, 1).

24. ¡(Ωe✏ºÍ¢":�áÍ9§3âå:

(1) x3 � 6x2 + 9x� 10; (2) ax� ln x (Ÿ• a > 0).

25. ⌫ a 2 (0, 1), b1 = 1� a,

bn+1 =
bn

1� e�bn
� a, n = 1, 2, · · · .

Ø {bn} ¥ƒ¬Ò? eÿ¬Ò, KâÉy≤, e¬Ò, K¶4Å.
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§3.4 ôΩ™�4Å

�!�Ãá8�¥¶ôΩ™�4Å. §¢/ôΩ™�4Å0¥ç� x ™u,òá

ä£Ω√°§û, √°⇥£å§̨ ⁄√°⇥£å§̨ �˚ΩŸ¶/™�4ÅØK£ë�Ú

€✏à´åU�ôΩ™§. 3)˚ôΩ™�4ÅØKû, L’Hospital {K¥òáö~k�

�ê{, �Ô· L’Hospital {K�ƒ:¥˛!•� Cauchy •äΩn.

3.4.1 0
0
.ôΩ™�4Å

=� x ! x0£Ω√°§ûß̧ á√°⇥˛É'�4ÅØK.

Ωn 3.21 (L’Hospital {K) ⌫ f(x) ⁄ g(x) 3 x0 NCå◆, g0(x) 6= 0, Ö˜v

lim
x!x0

f(x) = lim
x!x0

g(x) = 0.

XJ lim
x!x0

f
0(x)

g0(x) = l, @ok lim
x!x0

f(x)
g(x) = l, ˘p l å±¥òákÅ¢Í, èå±¥ 1.

y≤ §¢“NC”, =�3òá´m (x0 � �, x0 + �), ¶⇢È´mS?øò:£:

x0 åUÿ §, f 0
(x) ⁄ g0(x) —�3, �Ö g0(x) 6= 0.

du lim
x!x0

f(x) = lim
x!x0

g(x) = 0, œd∑Çÿîb⌫ f(x0) = g(x0) = 0, ˘⇠, ºÍ

f ⁄ g 3 x0 —ÎY.

⌫ x ¥´m (x0 � �, x0 + �) •�?øò:£x 6= x0§, 3± x ⁄ x0 è‡:�4´

m˛, f ⁄ g ˜v Cauchy •äΩn�òÉ^á, u¥�30u x ⁄ x0 Ém�ò: ⇠,

¶⇢
f(x)

g(x)
=

f(x)� f(x0)

g(x)� g(x0)
=

f 0
(⇠)

g0(⇠)
.

œè |⇠ � x0| < |x� x0|, §±� x ! x0 û, ⇠ ! x0. dΩn�b⌫, =⇢

lim
x!x0

f(x)

g(x)
= lim

⇠!x0

f 0
(⇠)

g0(⇠)
= l.

⇤

˛„(Jÿ¥⌘·�, 7L5ø±e¸:

1
� l˛°�y≤ÿJw—, Ωn•�4ÅLßåUè¸ˇ4Å£=x ! x±0§, (

ÿ”⇠§·. ,òê°Èu x ! +1, x ! �1 Ω x ! 1 û� 0
0 .ôΩ™�4Å, è

kaq� L’Hospital {K. ˘p± x ! 1 ûè~.

⌫ lim
x!1

f(x) = 0, lim
x!1

g(x) = 0, XJ lim
x!1

f
0(x)

g0(x) = l, K lim
x!1

f(x)
g(x) = l.

y≤�Lß•êá⌫ y =
1
x
, K x ! 1 û, y ! 0, �Ö

lim
x!1

f(x)

g(x)
= lim

y!0

f
⇣

1
y

⌘

g
⇣

1
y

⌘ = lim
y!0

1
y2
f 0
⇣

1
y

⌘

1
y2
g0
⇣

1
y

⌘ = lim
x!1

f 0
(x)

g0(x)
= l.
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2
� 3¶^ L’Hospital {Kû, XJ f

0(x)
g0(x) Ñ¥

0
0 .ôΩ™, =ÿ⇥ lim

x!x0

f(x) =

lim
x!x0

g(x) = 0, �Ö lim
x!x0

f 0
(x) = lim

x!x0

g0(x) = 0, Kå±UY�ƒ◆�◆Í, XJ

lim
⇠!x0

f
00(⇠)

g00(⇠) = l, K lim
⇠!x0

f(⇠)
g(⇠) = l. ÿ+¶^Ag, cJ^áò¥cˆ7L¥ 0

0 .ôΩ™, ◆

¥�ˆ�4ÅòΩ�3, ¸ˆ"òÿå.

~ 3.4.1 ¶ lim
x!0

e2x�1
ln(1+x) .

) ˘¥òá 0
0 .ôΩ™, ⇥du

lim
x!0

(e
2x � 1)

0

(ln(1 + x))0
= lim

x!0

2e
2x

1
1+x

= 2

§±d L’Hospital {K�

lim
x!0

e
2x � 1

ln(1 + x)
= 2.

~ 3.4.2 ¶ lim
x!0

ex+e�x�2
sin2

x
.

) ˘¥òá 0
0 .ôΩ™. ⇥©f©1àg¶◆��'™

(e
x
+ e

�x � 2)
0

(sin
2 x)0

=
e
x � e

�x

sin 2x

E,¥òá 0
0 .ôΩ™, œdIá2g¶^ L’Hospital{K, =

lim
x!0

e
x
+ e

�x � 2

sin
2 x

= lim
x!0

e
x � e

�x

sin 2x
= lim

x!0

e
x
+ e

�x

2 cos 2x
= 1.

3.4.2 1
1 .ôΩ™�4Å

√ÿ¥ x ™u�Ω�kÅÍ, Ñ¥™u√°, Ñ¥✓¸ˇ4Å, Èu 1
1 .ôΩ™�

4Å, L’Hospital {K”⇠k�. y≤�ê{è¥ƒu Cauchy •äΩn, e°ù„øy

≤ x ! x0 4ÅLß� 1
1 . L’Hospital {K, Ÿ¶4ÅLß�úπ¥aq�, ∑ÇÚÿ

ä?ÿ.

Ωn 3.22 (L’Hospital {K) ⌫ f(x) ⁄ g(x) 3 x0 NCåá, g0(x) 6= 0, Ö

lim
x!x0

g(x) = 1.

XJ

lim
x!x0

f 0
(x)

g0(x)
= l,

Kk

lim
x!x0

f(x)

g(x)
= l,

˘p l å±¥òákÅ¢Í, èå±¥ 1.



3.4 ôΩ™�4Å 109

˘pIáAO`≤�¥, Ü 0
0 .� L’Hospital {KÉ', �Ωn•øÿIá

lim
x!x0

f(x) = 1 �^á. ⇥¥è⌦P“˛�⁄ò, S.˛E,°è “
1
1 .” .

Ωn 3.22 �y≤ êy≤ l è¢Í�úπ, l = +1 Ω l = �1 �úπaq. d

lim
x!x

+
0

f
0(x)

g0(x) = l �, È?øâΩ� " > 0, �3 �1 > 0, � x 2 (x0, x0 + �1) û, k

l � " <
f 0
(x)

g0(x)
< l + ".

d Cauchy •äΩn, Èu [x, c] ⇢ (x0, x0 + �1), �3 ⇠ 2 (x, c) ¶⇢

f(x)� f(c)

g(x)� g(c)
=

f 0
(⇠)

g0(⇠)
.

œd,

l � " <
f(x)� f(c)

g(x)� g(c)
< l + ".

du lim
x!x0

g(x) = 1,Èu�Ω� c,�3 �2 > 0,¶⇢� x 2 (x0, x0+�2)û,k
��� g(c)
g(x)

��� < ",
��� f(c)
g(x)

��� < ". ✓ � = min(�1, �2), u¥, � x 2 (x0, x0 + �) û, l�™

f(x)

g(x)
=

f(x)� f(c)

g(x)� g(c)
� f(x)� f(c)

g(x)� g(c)
· g(c)
g(x)

+
f(c)

g(x)

Ì— ����
f(x)

g(x)
� l

���� < (2 + |l|+ ")".

ddy≤⌦ lim
x!x

+
0

f(x)
g(x) = l. ”n, k lim

x!x
�
0

f(x)
g(x) = l. ⇤

~ 3.4.3 ⌫ ↵ > 0, ¶ lim
x!+1

lnx

x↵ .

) ˘¥òá 1
1 .ôΩ™, §±

lim
x!+1

ln x

x↵
= lim

x!+1

1

↵x↵�1 · x = lim
x!+1

1

↵x↵
= 0.

XJ^ 1
x
ìO x, K lim

x!0+
x↵ ln x = 0.

˘á~f`≤√ÿ ↵ ¥ı⇥�Í, � x ! +1 û, òºÍ x↵ o¥'ÈÍºÍç

p��√°å˛.

~ 3.4.4 ⌫ µ > 0, a > 1, ¶ lim
x!+1

x
µ

ax
.

) 5ø, êá µ� k > 0, � x ! +1 û, �K�©f‹© k g◆ºÍE¥√°

å˛, �©1‹©�?ø�◆ºÍ—¥√°å˛. œd✓✓Í n > µ. K� x > 1 ûk

0 <
xµ

ax
<

xn

ax
.
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⇢Î¶^ n g L’Hospital {K“k

lim
x!+1

xn

ax
= lim

x!+1

nxn�1

ax ln a
= · · ·

= lim
x!+1

n!

ax(ln a)n
= 0.

§±

lim
x!+1

xµ

ax
= 0.

d~`≤, √ÿ µ ¥ıoå�Í, êá~Í a > 1, � x ! +1 û, çÍºÍ ax

o¥'òºÍ xµ çp��√°å˛.

3.4.3 Ÿ¶a.�ôΩ™�4Å

ÿ⌦c°≠:0↵� 0
0 .ôΩ™⁄

1
1 ôΩ™É , Ñke✏A´ôΩ™

0 ·1, 1�1, 1
1, 0

0, 10

c¸´˛å±z§ 0
0 .Ω

1
1 .∂��n´åœLÈºÍ✓ÈÍ�ç{, zèƒ�� 0

0

.Ω 1
1 .. œd˛„ aôΩ™, —å±^ L’Hospital {K?n.

∑Ç^ò⌦‰N�~f5`≤?n�ê™.

~ 3.4.5 ¶ lim
x!+1

x
�⇧

2 � arctan x
�
.

) ˘¥òá 0 ·1 .ôΩ™, åÚßzè 0
0 .ôΩ™?n

lim
x!+1

x
⇣⇧
2

� arctan x
⌘
= lim

x!+1

⇧
2 � arctan x

x�1

= lim
x!+1

1
1+x2

1
x2

= lim
x!+1

x2

1 + x2
= 1.

~ 3.4.6 ¶ lim
x!1

⇣
1

lnx
+

1
1�x

⌘
.

) ˘¥òá1�1.ôΩ™. - y = x�1,K� x ! 1ûk y ! 0. ⌃™åzè
0
0 .ôΩ™. 3?nLß•, å±^”��√°⇥˛?1Oì, X ln(1 + y) ⇠ y, y ! 0,

§±

lim
x!1

✓
1

ln x
+

1

1� x

◆
= lim

y!0

y � ln(1 + y)

y ln(1 + y)
= lim

y!0

y � ln(1 + y)

y2

= lim
y!0

1� 1
1+y

2y
=

1

2
.

~ 3.4.7 ¶ lim
x!0

�
sinx

x

� 1
x2 .

) ˘¥ 1
1 .ôΩ™, -

y = y(x) =

✓
sin x

x

◆ 1
x2

,
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K

ln y =
ln

sinx

x

x2

˘¥òá 0
0 .ôΩ™, |^L’Hospital{Kå⇢

lim
x!0

ln
sinx

x

x2
= lim

x!0

x cos x� sin x

2x3

= lim
x!0

�x sin x

6x2
= �1

6
,

§±

lim
x!0

✓
sin x

x

◆ 1
x2

= lim
x!0

e
ln y(x)

= e
� 1

6 .

~ 3.4.8 ¶ lim
x!0+

xx.

) ˘¥ 0
0 .ôΩ™, d~ 3.4.3 ±9çÍºÍ�ÎY5⇢

lim
x!0+

xx = lim
x!0+

e
x lnx

= exp( lim
x!0+

x ln x) = e
0
= 1

~ 3.4.9 ¶ lim
x!+1

x
1p
x .

) ˘¥ 10 .ôΩ™, P y = y(x) = x1/
p
x
, K ln y =

lnxp
x
. d~ 3.4.3 å�

lim
x!+1

lnxp
x
= 0, §±

lim
x!+1

x1/
p
x
= lim

x!+1
e
ln y

= exp( lim
x!+1

ln y) = e
0
= 1.

~ 3.4.10 ¶ lim
x!0

(1� cos x)tanx
.

) ˘¥ 0
0 .ôΩ™

lim
x!0

(1� cos x)tanx
= lim

x!0
e
tanx ln(1�cosx).

lim
x!0

tan x ln(1� cos x) = lim
x!0

x ln(1� cos x) = lim
x!0

ln(1� cos x)
1
x

= lim
x!0

sin x

x�2(cos x� 1)
= 0.

§±

lim
x!0

(1� cos x)tanx
= 1.

~ 3.4.11 ¶ lim
x!+1

xarctanx�⇧
2 .

) ˘¥ 10 .ôΩ™ßd

lim
x!+1

xarctanx�⇧
2 = lim

x!+1
e
(arctanx�⇧

2
) lnx,
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±9

lim
x!+1

⇣
arctan x� ⇧

2

⌘
ln x = lim

x!+1

arctan x� ⇧
2

1
x

· ln x
x

= lim
x!+1

1
1+x2

� 1
x2

lim
x!+1

ln x

x
= 0,

å⇢

lim
x!+1

xarctanx�⇧
2 = 1.

~ 3.4.12 ¶ lim
x!0

�
1
x2 � 1

x tanx

�
.

) ˘¥ 1�1 .ôΩ™

lim
x!0

✓
1

x2
� 1

x tan x

◆
= lim

x!0

tan x� x

x2 tan x
= lim

x!0

tan x� x

x3

= lim
x!0

sin x� x cos x

x3 cos x
= lim

x!0

cos x� cos x+ x sin x

3x2

=
1

3
.

3OéôΩ™�4Åû, ¶^√°⇥£å§̨ ��dìÜ, ~U{zOéLß. ˘p

±0
0 è~. ⌫ f(x) ⁄ h(x) ¥� x ! x0 û��d√°⇥˛: lim

x!x0

f(x)
h(x) = 1, K

lim
x!x0

f(x)

g(x)
= lim

x!x0

f(x)

h(x)
· h(x)
g(x)

XJÈu0
0 .�

h(x)
g(x) $^ L’Hospital {KçN¥Oé—(J, K

lim
x!x0

f(x)

g(x)
= lim

x!x0

h(x)

g(x)

3dÚQ≤¶—L�ò⌦� x ! 0 û��d√°⇥˛€✏ue, ±⌫⌃^.

sin x ⇠ tan x ⇠ ln(1 + x) ⇠ e
x � 1 ⇠ x,

1� cos x ⇠ x2

2
, (1 + x)↵ � 1 ⇠ ↵x,

tan x� sin x ⇠ x3

2
, x� sin x ⇠ x3

6
.
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SK 3.4

1. ¡â— Cauchy •ä˙™�A€)∫.

2. ¡`≤34´m [�1, 1] ˛ Cauchy •äΩnÈºÍ f(x) = x2 ⁄ g(x) = x3 èüo

ÿ(?

3. ⌫ b > a > 0, ºÍ f(x) 3 [a, b] ˛ÎY, 3 (a, b) Såá, ¶y: �3 ⇠ 2 (a, b), ¶

⇢ 2⇠[f(b)� f(a)] = (b2 � a2)f 0
(⇠).

4. ⌫ f(x) 3 [a, b] ˛ÎY (ab > 0), 3 (a, b) ˛åá. ¶y: �3 ⇠ 2 (a, b), ¶

af(b)� bf(a)

a� b
= f(⇠)� ⇠f 0

(⇠).

5. ¶e✏4Å.

(1) lim
x!0

mp1+↵x� np1+�x

x
(m,n è✓Í, ↵, � è¢Í);

(2) lim
x!0

(1+mx)n�(1+nx)m

x2 (m,n è✓Í);

(3) lim
x!1

x
3+x�2

x2�3x+2 ; (4) lim
x!0

x�arcsinx

sin3
x

;

(5) lim
x!0

ex�1
sinx

; (6) lim
x!0

(1+x)↵�1
x

(↵ è?ø¢Í);

(7) lim
x!0

e
� 1

x2

x
; (8) lim

x!0

(a+x)x�a
x

x2 (a > 0);

(9) lim
x!0

x sin 1
x
; (10) lim

x!0

x
2 cos 1

x
tanx

;

(11) lim
x!0

�
1

arctan2 x
� 1

x2

�
; (12) lim

x!1�0
ln x ln(1� x);

(13) lim
x!⇧

2
�0
(tan x)2x�⇧; (14) lim

x!0

h
(1+x)1/x

e

i1/x
;

(15) lim
x!1�0

ln(1�x)+tan ⇧
2
x

cot⇧x
; (16) lim

x!0

(arcsinx
3)2

(1�cosx)(ex2�1) tan2 x
;

(17) lim
x!+1

⇣
ln(1+x)

x

⌘1/x
; (18) lim

x!0

(arctanx
2)p

1+x sinx�
p
cosx

·
⇣
2� x

ex�1

⌘
;

(19) lim
n!1

n
k

an
(n è✓Í, a > 1, k > 0);

(20) lim
n!1

lnn

nk (n è✓Í, k > 0).

6. ⌫ f(x) 3´m [0, a] ˛k◆�ÎY◆Í, f 0
(0) = 1, f 00

(0) 6= 0, Ö 0 < f(x) < x,

x 2 (0, a). -

xn+1 = f(xn), x1 2 (0, a).

(1) ¶y {xn} ¬Òø¶4Å; (2) ¡Ø {nxn} ¥ƒ¬Ò? e¬Ò, K¶Ÿ4Å.
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§3.5 ºÍ�¸N5⁄‡5

�!∑ÇÚ|^◆ÍJ¯�&EÔƒºÍ�,⌦5ü, XºÍ�¸N5⁄4äØ

K, ºÍ�‡]5!$:±9èxºÍ‡]£↵≠§ß›�≠«�ØK.

3.5.1 ºÍ�¸N5Ü4ä

äèá©•äΩn�Ü⇢A^, ∑Çk

Ωn 3.23 ⌫ f(x) 3´m I ˛ÎY, 3 I �S‹åá, XJÈ I S�zò: x,

k f 0
(x) > 0£f 0

(x) > 0§, @o f(x) 3 I ˛¥£ÓÇ§̧ NO�∂XJÈ I S�zò

: x, k f 0
(x) 6 0£f 0

(x) < 0§, @o f(x) 3 I ˛¥£ÓÇ§̧ N~�.

y≤ �ƒ f 0
(x) > 0 �ú/£f 0

(x) 6 0 �ú/åaqy≤§. ⌫ x1, x2 ¥ I •?

ø¸:, øÖ x1 < x2. Ωn�^áL≤, ºÍ f 3 [x1, x2] ˛ÎY, 3 (x1, x2) Såá.

⇡d•äΩn�, �3ò: ⇠ 2 (x1, x2), ¶⇢

f(x2)� f(x1) = f 0
(⇠)(x2 � x1).

œè f 0
(⇠) > 0; � x2 � x1 > 0, Ì⇢ f(x2)� f(x1) > 0. l� f ¥¸NO�. ⇤

lA€˛w („3.13), äè f �„ñ�≠Ç, XJ3≠Ç˛zò: (x, f(x)) ?ÉÇ

�✓«—¥�£=ÉÇÜ x ∂ï�Y�˜v 0 < ↵ < ⇧
2§, K≠Ç•˛�™≥. �

�≠Ç˛zò: (x, f(x)) ?ÉÇ�✓«—¥K�û£⇧2 < ↵ < ⇧§, ≠Ç•e¸™≥.

œd, Ωn 3.23 â—⌦ºÍ4ä�òá{¸¢^�⌥O{.

-

6

x

y

.

.....................................................................................................................

.

...............................................................................................................................

.............................................................................................................................................................

.

..........................
..........................

..........................
...

„ 3.13

-

6

x

y

...........

............

........................................................................................

..............................

...................................................................................................................

f
0
>0

f
0
<0

f
0
>0

„ 3.14

Ωn 3.24 ⌫ x0 ¥ºÍ f(x) 3´m I S�ò:, Ö f(x) 3 x0 ÎY.

1
� XJ f(x) 3 x0 Ü>�,á´mS£=È,á � > 0, 3 (x0 � �, x0) S§,

k f 0
(x) > 0, �3 x0 �m>,á´mS£=È,á �0 > 0, 3 (x0, x0 + �0) S§, k

f 0
(x) < 0, @o x0 èòá€‹4åä:.

2
� XJ f(x) 3 x0 Ü>�,á´mS£=È,á � > 0, 3 (x0 � �, x0) S§,

k f 0
(x) < 0, �3 x0 �m>,á´mS£=È,á �0 > 0, 3 (x0, x0 + �0) S§, k
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f 0
(x) > 0, @o x0 èòá€‹4⇥ä:.

3
� XJ3 x0 Ü>�,á´m⁄m>�,á´mS, f 0

(x) �Œ“É”, @o x0 ÿ

¥4ä:.

äèΩn 3.24 �òáÜ⇢(J, XJá¶ÎYºÍ3òá4´m˛�Ååä!Å⇥

ä, åk¶—ºÍ3´mS�4ä:, 2'�ºÍ3˘⌦4ä:�ä⁄3¸á‡:�ä,

=⇢—(J£ÎYºÍkåU34´m�‡:àÅå!Å⇥ä§£„3.14§.

ñd, ∑Ç�⌫⌦X€|^ºÍ�£ò�§◆Í§J¯�&E, ⌥‰ºÍg⌧�¸N

´m⁄4ä:, ”ûè›∫⌦ºÍ„î�òáƒ�”+. ⇥¥á⇡´ºÍ„î�ç[ó

�ê°, ÑIá¶œuºÍ�◆�◆Í. e°�Ωn (y≤3äSK) `≤X€^◆�◆

Íl7:•˛O4ä:, Ÿ¶'u|^◆�◆ÍÔƒºÍ5ü�SNÚë�?ÿ.

Ωn 3.25 ⌫ºÍ f(x)3´mISå◆, x0 ¥ f(x) �òá7:, = f 0
(x0) = 0. ⌫

f(x) 3 x0 k◆�◆Í, e f 00
(x0) < 0, K x0 ¥ºÍ�4åä:; e f 00

(x0) > 0, K x0

¥ºÍ�4⇥ä:.

~ 3.5.1 y≤: � 0 < x 6 ⇧
2 û, k 2

⇧x 6 sin x.

y≤ ⌫ f(x) = sinx

x
, w,ß¥

�
0, ⇧2

⇤
˛�ÎYºÍ. qœè3

�
0, ⇧2

�
S, k

f 0
(x) =

cos x

x2
(x� tan x) < 0,

˘¥œè� 0 < x < ⇧
2 û, cos x > 0, tan x > x£Ñ⁄n 1.37§. ⇡ f(x) 3

�
0, ⇧2

⇤
SÓ

Ç¸N4~, §±È x 2
�
0, ⇧2

⇤
, k

f(x) =
sin x

x
> f

⇣⇧
2

⌘
=

2

⇧
.

~ 3.5.2 ¶ºÍ f(x) = e
�x

2
(x 2 (�1,+1)) �¸N´mÜ4ä.

) f 0
(x) = �2xe�x

2
, §±7:è x = 0. � x 2 (�1, 0) û, f 0

(x) > 0, =ºÍ3

d´m˛ÓÇ¸NO∂� x 2 (0, +1) û, f 0
(x) < 0, =ºÍ3d´m˛ÓÇ¸N~.

x = 0 ¥ºÍ�4åä:, Ö4åä¥ f(0) = 1.

~ 3.5.3 ¶ºÍ f(x) = x3 � 3x2 � 9x+ 5 3´m [�4, 4] ˛�ÅåäÜÅ⇥ä.

) w,, f(x) 3´m (�4, 4) Så◆, d

f 0
(x) = 3x2 � 6x� 9 = 3(x+ 1)(x� 3)

⇢, f(x) �7:è x1 = �1, x2 = 3. œ f(�1) = 10, f(3) = �22, �3´m�‡:?,

f(�4) = �71, f(4) = �15, '�˘⌦ä�å⇥å�ºÍ f(x) 37: x1 = �1 ?✓

Ååä 10, 3‡: x = �4 ?✓Å⇥ä �71.

~ 3.5.4 ⌫ x > 0, 0 < ↵ < 1, y≤ x↵ � ↵x 6 1� ↵.
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-

6

x

y
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.

................................................................................................................................................................................................................................................. ...............

........................................................................................................................................................... ...........
........... ...........
........... ...........
........... ...........
........... ...........
........... ...........
........... ...........
........... ...........
........... ...........
........... ...........
.........

↵ �

A B

P

„ 3.15

y≤ P f(x) = x↵ � ↵x, x > 0, K f 0
(x) = ↵(x↵�1 � 1), §±ºÍêkçò�7

: x = 1. œè 0 < ↵ < 1, §±� 0 < x < 1 û, f 0
(x) > 0; �� x > 1 û, f 0

(x) < 0. ⇡

ºÍ3 x = 1 à✓á´m x > 0 ˛�Ååä, = f(x) 6 f(1) = 1�↵ È§k x > 0 §

·, d=§á(J.

~ 3.5.5 ¡3âΩÜÇ˛¶—ò: P , ¶ÉÜÜÇ ¸áÆ�: A ⁄ B �Âl

É⁄èÅ⇥.

) XJ˘¸:©O3ÜÇ�¸˝, @o P :w,“¥ÜÇÜÇ„ AB �⇥:. §

±ÿî⌫ A ⁄ B 3ÜÇ�”ò˝.

ÿî✓âΩ�ÜÇè x ∂, A :3 y ∂ £̨„3.15§, ãIè A(0, h), B :�ãIè

B(a, b), §á¶�:ãI¥ P (x, 0). ä‚K8á¶, =¥á¶

|AP |+ |PB| =
p

x2 + h2 +
p
(x� a)2 + b2 = f(x)

✓Å⇥ä.œè

f 0
(x) =

xp
x2 + h2

+
x� ap

(x� a)2 + b2
,

f 00
(x) =

h2

p
(x2 + h2)3

+
b2p

[(x� a)2 + b2]3
,

êß f 0
(x) = 0 �)˜v

xp
x2 + h2

=
a� xp

(x� a)2 + b2
,

=¥^á

cos↵ = cos �,

Ÿ• ↵ ⁄ � ©O¥ÜÇ„ AP ⁄ BP Ü x ∂�bY�. è“¥`, � P :˜v˛°^

áû, ŸÓãI x ˜v f 0
(x) = 0, qœè f 00

(x) > 0, §±¥çò�4⇥ä:, œd¥Å

⇥ä:£ºÍ3¸á‡: ±1 ™u√°§.

˘áØK�)Ü1∆•Õ∂� Fermat Å·ûm⌃nkXóÉÈX, =1Ç3∫°

˛�á◆��u\◆�.
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3.5.2 ºÍ�‡5⁄$:

œLc°?ÿ, ∑Çƒ�⌦)⌦ä‚ºÍ�ò�◆Í§J¯�&E, å(ΩºÍ�

OΩ~�´m±94ä:�âå. œd, lºÍ„ñw, “›∫⌦≠Ç˛,!e¸�åó

�/ñ.

,�, ò�◆Í§J¯�&E, E,ê¥òáåV. 'X”⇠¥≠Ç�˛,£e¸§,

åê™ÿ¶É”, ≠Ç�↵≠ß›èk↵…. œd,∑ÇÑIá/œºÍ�◆�◆Í, =

ºÍ/Cz«�Cz«0, ?ÿ�ºÍ(≠Ç)�‡5!$:⁄≠«�ØK.

lA€˛w, ⌫3Ü�ãIX Oxy •, kò^≠Ç L, 3≠Ç�,ò„âåS, ?✓

T≠Ç„˛�¸:, XJÎ⇢˘¸: M1, M2 �ÜÇÇ„£°Éè�Ç,Pè M1M2§o

¥†u≠Ç„�˛ê£eê§, K°≠Ç3T≠Ç„¥‡�£]�§, ˘p/˛ê0Ω/e

ê0¥çÜ y ∂�êïòóΩÉá£„3.16, „3.17§.
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x1 x2x1+x2
2

„ 3.16

-

6

x

y
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„ 3.17

XJ≠Ç L ¥ºÍ f(x) (x 2 I) �„î, K≠Ç¥‡�£]�§, “°ºÍ f(x) ¥

¥´m I ˛�‡ºÍ£]ºÍ§. 5ø, XJºÍ f(x) 3´m I ˛¥‡�, K �f(x) 3

´m I ˛¥]�. œd, ∑ÇêI?ÿºÍ�‡5.

Èu‡ºÍ f(x) ±9ß§L´�‡≠Ç L , ?✓ L ˛�¸: M1(x1, f(x1)) ⁄

M2(x2, f(x2))£ÿî⌫ x1 < x2§, Î⇢˘¸:�ÜÇêß¥

y = g(x) = f(x1) +
f(x2)� f(x1)

x2 � x1
(x� x1), x 2 [x1, x2].

ä‚˛„‡5�A€£„, TÜÇ3≠Ç L �˛ê, =¥e✏ÿ�™

f(x) 6 f(x1) +
f(x2)� f(x1)

x2 � x1
(x� x1), x 2 [x1, x2]

È I •�?ø¸: x1, x2 §·. du x1 Ü x2 Ém�?€Í x åL´è x =

↵x1+(1�↵)x2, ↵ 2 (0, 1).Ú˛™•� xÜè x = ↵x1+(1�↵)x2, ˛„ÿ�™�du

f(x) = f(↵x1 + (1� ↵)x2) 6 ↵f(x1) + (1� ↵)f(x2).

œd∑Çâ—XeΩ¬.
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Ω¬ 3.26 ⌫ f(x) ¥´m I ˛�ºÍ, XJ?â I •¸: x1, x2, ±9?ø

↵ 2 (0, 1) k

f (↵x1 + (1� ↵)x2) 6 ↵f(x1) + (1� ↵)f(x2),

@o°ºÍ¥´m I ˛�‡ºÍ, �˛™�ÿ�“Uè/<0û, “° f(x) èÓÇ‡�

~ 3.5.6 ¶y, ºÍ f(x) = x2 3 (�1,+1) ˛¥‡ºÍ

y≤ Èu?ø�¸: x1, x2 ±9 x = ↵x1 + (1� ↵)x2,↵ 2 (0, 1), k

(↵x1 + (1� ↵)x2)
2
= ↵2x21 + 2↵(1� ↵)x1x2 + (1� ↵)2x22

§±

(↵x1 + (1� ↵)x2)
2 � (↵x21 + (1� ↵)x22) = �↵(1� ↵)(x1 � x2)

2 < 0

= f(x) = x2 ¥´m (�1,+1) ˛�‡ºÍ.

5P XJ�3¸: x1 < x2 ±90uÉm� x0, (x1 < x0 < x2) ¶⇢Ω¬•ÿ�

™��“§·, @o3´m [x1, x2] ˛�“§·. è“¥`XJ: M0(x0, f(x0)) †

uÎ⇢M1(x1, f(x1)), M2(x2, f(x2)) ��Ç M1M2˛, KºÍ f(x) L´�≠Ç3´m

[x1, x2] ˛Ü�Ç M1M2 ⌘⌧≠‹£œd¥ò„ÜÇ§. ƒK, 7�3 x00 2 (x1, x2), ¶⇢

M 0
0(x

0
0, f(x00)) †u M1M2 eê, ÿî⌫ x00 < x0, §±�Ç M 0

0M2 †u�Ç M1M2 �

eê, ˘“◆ó M0 †u�Ç M 0
0M2 �˛ê. ˘ÜºÍ¥‡�ÉgÒ. ~Xe✏ºÍ

f(x) =

8
<

:
x2, x > 0

0, x 6 0

¥‡ºÍ, ⇥3⌃:�Ü>¥ò^ÜÇ, Èu˘´úπ, êI�ƒm>�‡5=å. œd,

È¸C˛ºÍ�Û, 8�Úÿ2´©“‡” Ü“ÓÇ‡”.

ä‚Ω¬,ke✏(J.

Ωn 3.27 ºÍ f(x) ¥´m I ˛�‡ºÍ,�Ö=�È?€ x1, x2 2 I, x1 < x2,

±9?€ x 2 I, x1 < x < x2 k

f(x)� f(x1)

x� x1
6 f(x2)� f(x1)

x2 � x1
6 f(x2)� f(x)

x2 � x
.

y≤ 7á5 -

↵ =
x2 � x

x2 � x1
, 1� ↵ =

x� x1
x2 � x1

K

x = ↵x1 + (1� ↵)x2.

d f �‡5, å�

f(x) 6 ↵f(x1) + (1� ↵)f(x2).
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Ú f(x) L´§ f(x) = ↵f(x) + (1� ↵)f(x) øì\˛™✓n⇢

f(x)� f(x1)

x� x1
6 f(x2)� f(x)

x2 � x
.

|^ÿ�™
a

b
6 a+ c

b+ d
6 c

d

Ÿ• a, b, c, d˜v
a

b
6 c

d
, b > 0, d > 0,

ø✓

a = f(x)� f(x1), c = f(x2)� f(x)

b = x� x1, d = x2 � x,

=⌘§7á5y≤.

ø©5 eΩn•ÿ�û§·,Kdÿ�™

f(x)� f(x1)

x� x1
6 f(x2)� f(x)

x2 � x
.

Ì◆—

f(x) 6 ↵f(x1) + (1� ↵)f(x2).

Ÿ• x = ↵x1 + (1� ↵)x2, d x �?ø5,⇢ ↵ �?ø5,Ö ↵ 2 (0, 1),§±ºÍ f(x)

¥‡�. ⇤

Ωn 3.27�A€ø¬õ©òŸ,ºÍ¥‡�øá^á¥È?ø� x1 < x < x2,≠Ç

�n^�Ç M1M, M1M2 ±9 MM2�✓«ùgO�.�Ç�4Å/™“¥ÉÇ,œdÈ

?ø¸: x1 < x2 ?�ÉÇ�✓«£=ºÍ�◆Í§AT¸N4O, �èy◆ºÍ¸N

4O�^á¥◆�◆ºÍöK.œdke✏Ωn

Ωn 3.28 ⌫ f(x) ¥´m I ˛ÎYºÍ.

1
� eºÍ3 I S‹åá. K f(x) 3 I ˛¥£ÓÇ§‡ºÍ,�Ö=�Ÿ◆ºÍ

f 0
(x) 3 I S£ÓÇ§̧ N4O.

2
� eºÍ3 I S‹◆�å◆,Kf(x) 3 I ˛¥‡ºÍ,�Ö=�3 I S‹ f 00

(x) >
0.£�ÓÇ‡�øá^á¥ f 00

(x) > 0 Ö3?€f´m˛ÿè"§.

y≤ ˘pêy≤ 1
�
, Ÿ¶y≤3â÷ˆ.

7á5 ?✓ x1, x2 2 I, x1 < x2,È x1 < x < x2, A^Ωn 3.27•1òáÿ�™,k

f(x)� f(x1)

x� x1
6 f(x2)� f(x1)

x2 � x1
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œèºÍåá,- x ! x+1 ⇢

f 0
(x1) 6

f(x2)� f(x1)

x2 � x1
.

”n,È x1 < x0 < x2, A^Ωn 3.27•�1◆áÿ�™,k

f(x2)� f(x1)

x2 � x1
6 f(x2)� f(x0)

x2 � x0
,

ø- x0 ! x�2 , k
f(x2)� f(x1)

x2 � x1
6 f 0

(x2).

§± f 0
(x1) 6 f 0

(x2). ä‚ x1, x2�?ø5,7á5y..

ø©5 È?ø� x1 < x < x2, dá©•äΩn�,�3 ⇠ 2 (x1, x), ⌘ 2 (x, x2), ¶

⇢
f(x)� f(x1)

x� x1
= f 0

(⇠),
f(x2)� f(x)

x2 � x
= f 0

(⌘).

œè f 0
(x) ¸NO,Ö⇠ < x < ⌘,§± f 0

(⇠) 6 f 0
(⌘),=

f(x)� f(x1)

x� x1
6 f(x2)� f(x)

x2 � x
.

ä‚Ωn 3.27, å�ºÍ f(x) ¥‡ºÍ. ⇤

e°Ú?ÿºÍ�◆�◆ÍÈºÍg⌧§J¯�ç∞[�&E.

ƒk* òá~f f(x) = x3, x 2 (�1, +1),X„3.18§´. œè f 00
(x) = 6x,ÿ

Jw—3´m (�1, 0)˛, f 00
(x) < 0, œdºÍ3 (�1, 0] ˛¥]�; �3´m (0,+1)

˛, f 00
(x) > 0, œdºÍ3 [0,+1) ˛¥‡�. è“¥`, ºÍ f(x) = x3 3x = 0 �¸

˝�‡]5Éá. w,, x = 0 ¥≠Çd]ï‡�$:, =¥≠ÇO�Ñ›dòÖï\Ø

�=Ú:. òÑ/, ∑ÇΩ¬

Ω¬ 3.29 ⌫ y = f(x) 3ùπ: x0 �´m˛ÎY, XJ: x0 ¥ f(x) �‡!]

´m�òá©.:, K° x0 ¥ºÍ f(x) �òá$:£Ω°€=:§. kûè°ºÍ„

î˛�: (x0, f(x0)) ¥≠Ç�$:.

„ 3.19 •, x1, x2 ¥4ä:, ÿ¥$:; x3 ¥$:, ⇥ÿ¥4ä:, è,3T:?◆

Íè 0 .

-

6

x

y

y=x
3

„ 3.18

-

6

x

y

. .............................................................................................................

. ......................................................................................................................

. ................................................................... .............................................................

..............................

........................................................................................
x1 x2 x3

„ 3.19
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-

6

t

x(t)

. .............................................................................................................

. .........................................................................................................................................................................................

. ................................................................... .............................................................

........................................................................................

........................................................................................

.....................................................

~Ñ

\Ñ ~Ñ  é

\Ñ

x0
0

„ 3.20

X€⌥Oòá:¥$:, ¥∑Ç§'%�. ä‚Ωn 3.28 ⁄Ωn 3.23, ∑Çk

Ωn 3.30 ⌫ f(x) 3 x0 ÎY, 3 x0 �òá⇡ç£ÿùπ x0§Så◆. XJ3

x0 �Ü˝,á´m (x0 � �, x0) S f 0
(x) ÓÇ¸NO£Ω~§, �3 x0 �m˝,á´m

(x0, x0 + �) S f 0
(x) ÓÇ¸N~£ΩO§, @o x0 ¥ f(x) �$:.

Ωn 3.31 ⌫ f(x) 3 x0 ÎY, 3 x0 �òá⇡ç£ÿùπ x0§S◆�å◆. X

J3 x0 �Ü˝,á´m (x0 � �, x0) S f 00
(x) > 0 (< 0), �3 x0 �m˝,á´m

(x0, x0 + �) S f 00
(x) < 0 (> 0), @o x0 ¥ f(x) �$:. AO� f(x) 3 x0 ?k◆�

◆Íû, x0 ¥$:�7á^á¥ f 00
(x0) = 0.

˘⇠, ∑ÇœLºÍ�◆�◆Í,â—⌦ºÍ$:�òák�⌥O{. 5øºÍ3ò

:�◆�◆Íè", ê¥⌥‰$:�7á^á, =$:?◆�◆Í7,è", ⇥◆�◆Í

è"�:ô7¥$:. ~XÈuºÍ f(x) = x4, ÿJw— f 00
(0) = 0, ⇥w, x = 0 ÿ¥

ºÍ�$:.

ºÍ�‡]5Èu�∞(/›∫ºÍ�5�k⌦?ò⁄�êœ. AO¥È‰kò�

⁄◆�◆Í�ºÍ, Ÿ◆ºÍ“J¯⌦ºÍ�˛,⁄e¸!4ä:!‡]5±9$:�

&E,kœu∑Çç∞(/⌦)ºÍëgC˛�Cz�Cz�5∆. ~X, � òáü:

3≤°˛˜ÜÇ$ƒ, Ÿ$ƒ;,“¥ò^ÜÇ. ˘^ÜÇáNÿ—ü:$ƒ�‰N5

∆. XJ�ƒü:§rL�¥ßÜûm�'X¥òáºÍ x = x(t). 3 Otx ûò≤°˛,

ºÍ„î�˛,!e¸!‡⁄]ÿ⇥áN⌦ü:$ƒLß•c?Ñ¥⇣Ú, èáN⌦$

ƒ�\Ñ⁄~Ñ£Ñ„3.20§.

œd, ÿ+ºÍ�✓µX€, ›∫ºÍ„î�∞(�/�, ¥ö~kø¬�. òÑ5

`, ˘áLßå©èe✏⁄Ω.

1
� (ΩºÍ�Ω¬ç, È—ºÍ�m‰:.

2
� (ΩºÍ¥ƒ‰k€Û5Ω±œ5.

3
� (ΩºÍ�¸N´mÜ4ä:.
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-

6

x

y

..........

..........

..........

..........

..........

...........

..........

..........

..........

..........

..........

...........

p
2
2�

p
2
2

y = e�x2

„ 3.21

4
� (ΩºÍ�‡!]´m⁄$:.

5
� (ΩºÍ�ÏCÇ£Î� §1.2 �SK§.

~ 3.5.7 (ΩºÍ f(x) = e
�x

2
3 (�1,+1) �/�.

) ƒk5øºÍ¥òáÛºÍ£§±êá›∫åÜÇ˛�/�=å§. œè

f 0
(x) = �2xe�x

2
, f 00

(x) = 2(2x2 � 1)e
�x

2

§±� x < 0 û, f 0
(x) > 0, ºÍ¥¸N4O�; � x > 0 û, f 0

(x) < 0, ºÍ¥¸N4~

�; œdx = 0£f 0
(0) = 0 §¥4åä:. � f 00

(x) = 0 �)¥ x = ±
p
2
2 , ßÇ¥åU�

$:.

3´m
⇣
�

p
2
2 ,

p
2
2

⌘
•, f 00

(x) < 0, ⇡ºÍ3Ÿ˛¥]�∂

3´m
⇣
�1,�

p
2
2

⌘
±93

⇣p
2
2 ,+1

⌘
•, f 00

(x) > 0, ⇡ºÍ3˘¸á´m˛¥‡

�; u¥, ˛„◆�◆ºÍ�¸á": x = ±
p
2
2 —¥ºÍ�$:. lÍ∂�KêïwL

5, 3$: x = �
p
2
2 ?, ºÍd‡C], 3$: x =

p
2
2 ?, ºÍd]C‡.

èòŸÂÑ, Ú˛°�(J✏§òáLXe:

x

⇣
�1,�

p
2

2

⌘
�

p
2

2

⇣
�

p
2

2 , 0

⌘
0

⇣
0,

p
2

2

⌘ p
2

2

⇣p
2

2 ,+1
⌘

f
0
(x) + + + 0 � � �

f
00
(x) + 0 � � � 0 +

f(x) ‡ $: ] 4åä: ] $: ‡

qœè lim
x!1

e
�x

2
= 0, ⇡ x ∂¥≠Ç�ò^ÏCÇ£ÿdÉ vkŸ¶�ÏCÇ§.

ä‚˛°�§k&E, “å±3 Oxy ≤°˛±õºÍ�„î£„3.21§. ^Bç—,

ºÍ f(x) = e
�x

2
3V«ÿ⁄Ín⁄O•¥òáö~ƒ��ºÍ, ¥ò´°Éè/�

©Ÿ£Ω Gauss ©Ÿ§0�{¸/™.
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3.5.3 ≤°≠Ç�≠«

⌫ Oxy ≤°˛�≠Ç L ¥ºÍ y = f(x) �„î.˛!ä‚≠Ç��Ç!ºÍ�◆

Í�O~,Ω◆�◆Í�K,Ôƒ⌦≠Ç L �‡]5⁄$:, è“¥≠Ç↵≠�êï.

�!Ú?ÿ≠Ç�↵≠ß›, =≠Ç�≠«.

X„3.22§´,˜≠Ç Ll A:↵≠ B :,ÉÇ�êïèëÉ=⌦òá�›£O

˛§�', XJP≠Ç˛l A : B :�l��O˛è �s, K≠Ç�↵≠ß›å±d

�' ⁄ �s 5èy. ¥uw—, �¸ál�„�O˛É�û, ÉÇ=ƒ�›åˆ↵≠ß›

�å£„3.23§; �¸„l�ÉÇ=ƒ�›É�û, l�O˛⇥ˆ↵≠ß›�å£„3.24§

.
..................................

................................

..............................

............................

...........................

............................
.............................

..............................
............................... ................................ ................................. q

q
�'.............
............

A

B

„ 3.22

.
...............
............

................
........

................
.....

................... ................... .................. ................. ................ .................. ...................
....................
......................
.......................

.........................

............................

...............................

..................................

......................................

.
........................

......
............................. ........................... .......................... ......................... ....................... ........................ .........................

..........................
..........................
...........................

............................

.............................

...............
..............�'

.............
...........
............�'

„ 3.23

.
................
................

.................
............

..................
.........

.....................
.....

......................... ........................ ....................... ...................... ...................... .......................
........................
.........................
..........................

...........................

.............................

................................

q
................
..........
..........
............... �'

. ............... ............. ............ ........... ............ .............
..............
................

„ 3.24

œd, Èg,/|^ �' ⁄ �s ˘¸á˛�' �'

�s
5L´T„l AB �≤˛↵≠ß

›. è⌦Ω¬≠Ç3ò: A ?�↵≠ß›, 4: B ˜X≠Ç L ⇢C A :, � B �⇢C

A, l �'

�s
�UáN—≠Ç3 A :�↵≠ß›. XJ lim

B!A

�'

�s
Ω lim

�s!0

�'

�s
¬Ò, “Ú˘

4ÅäΩ¬è≠Ç3 A :�≠«. Pè  = (A).

Ω¬⌦≠«É�, ⇢e5�ØK¥X€k�/Oéß.

(1) dºÍ y = f(x), x 2 [a, b] L´�≠Ç�≠«.

3dú/, ⌫≠Ç˛: A ⁄ B �ãI©O¥ A(x, f(x)) ⁄ B(x + �x, f(x +

�x))£„3.25§.

XJlÂ: (a, f(a)) ?øƒ: (x, f(x)) �l�Pè s = s(x), ƒ: (x, f(x))

?ÉÇïÜ x ∂ï�Y�Pè ↵(x). KÈAu x �O˛è �x, l��O˛¥

�s = s(x+�x)� s(x), Y��O˛è �↵ = ↵(x+�x)� ↵(x). ÿJw—l��O˛å

±Cqu: B(x+�x, f(x+�x)) Ü: A(x, f(x))Ém��Ç�›

�s = s(x+�x)� s(x) ⇡
p
�x2 + (f(x+�x)� f(x))2
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-

6

x

y

.

.......................................

......................................

.....................................

....................................

.....................................

.......................................

.........................................

...........................................

..............................................

................................................

..................................................

............. ↵+�↵ ..........
.........
........↵

A
.............................................................................
x0

B
........................................................................................................................................................................

x0+�x

„ 3.25

§±

s0(x) = lim
�x!0

s(x+�x)� s(x)

�x

= lim
�x!0

p
�x2 + (f(x+�x)� f(x))2

�x
=

p
1 + f 02(x)

�O˛

�↵ = arctan f 0
(x+�x)� arctan f 0

(x).

lim
�x!0

�↵

�x
=

f 00
(x)

1 + f 02(x)

§±3 A(x, f(x)) :?

 = (A) = lim
�x!0

�↵

�s
= lim

�x!0

✓
�↵

�x

��s

�x

◆

=
f 00

(x)

(1 + f 02(x))3/2
.

l�, ºÍ y = f(x) §L´�≠Ç L 3ò: (x, f(x)) ?�≠«è

 = (x) =
f 00

(x)

(1 + f 02(x))3/2
.

l˛°�˙™∑Çw—, ºÍ y = f(x) �ò�⁄◆�◆Í, èy⌦ºÍ§L´≠Ç

�↵≠ß›. òáÅ{¸�~f¥ÜÇ f(x) = ax + b, ˘p a, b ¥~Í, ¥�ß3?€

ò:�≠«è", ÜÇ�,¥/vk↵≠�≠Ç0.

≠«ÿ=èy⌦≠Ç�↵≠ß›, Ø¢˛, ß�Œ“èèy⌦≠Ç↵≠�êï£è

“¥‡]5§, =� (x) > 0 û, f 00
(x) > 0, œd≠Ç¥‡�. ëXÎÍ x �O\, ≠

Ç¥ _û⇥êï↵≠�£_û⇥êïœ~¿è≤°�ï, ˘è¥Ω¬ºÍ”‡”�d

5§. �  < 0 û, ≠Ç¥]�. ‡Ω]�ß›d || èy.

(2) dÎÍêß x = �(t), y =  (t), t 2 [↵, �] L´≠Ç�≠«.
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˘p⌫ (�0(t),  0
(t)) 6= 0 Ö �0(t),  0

(t) ÎY£˘⇠�≠Ç°èK≠Ç§, ÿî

⌫�0(t) 6= 0,œd≠Ç3€‹å±L´§ y = f(x),d

f 0
(x) =

 0
(t)

�0(t)
, f 00

(x) =
 00

(t)�0(t)�  0
(t)�00(t)

(�0(t))3

ÿJ⇢—≠Ç3?€ò:�≠«¥

(t) =
�0(t) 00

(t)�  0
(t)�00(t)

(�02(t) +  02(t))3/2
,

Ÿ• �02(t) +  02
(t) 6= 0.

~ 3.5.8 Oé�‘Ç y =
1
2ax

2 �≠«.

) œè y0 = ax, y00 = a, §±

 =
a

(1 + a2x2)3/2
.

� a > 0 û£�‘Çmùï˛§, ≠Ç¥]�. � a < 0 û£mùïe§, ≠Ç¥‡�. 3

x = 0 ? || àÅåä, è“¥�‘Ç3∫:↵≠�Åx≥.

~ 3.5.9 Oé˝↵

x = a cos t, y = b sin t, t 2 [0, 2⇧]

˛?€ò:�≠«.

) œè �0(t) = �a sin t, �00(t) = �a cos t,  0
(t) = b cos t,  00

(t) = �b sin t, ì\˙

™=å⇢

 =
ab

(a2 sin2 t+ b2 cos2 t)3/2
.

AO, �a = b = R û, êßÚz§åªè R �↵�ÎÍêßL´. �↵˛?€ò:�

≠«è

 =
1

R
,

=↵�↵≠ß›Üåª§á'. ↵�å, ↵≠ß›�⇥, ↵�⇥↵≠ß›�å.

XJ⁄? ⇢ =
1
|| , °è≠Ç3ò:�≠«åª. l˛°�~få�, ↵�≠«åª

“¥↵�åª.
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SK 3.5

1. (Jensen ÿ�™) e f(x) ¥´m I ˛�‡ºÍ, x1, · · · , xn ¥ I • n á:, KÈ?

ø˜v ↵1 + · · ·+ ↵n = 1 �Í ↵1, · · · ,↵n, k

f(↵1x1 + · · ·+ ↵nxn) 6 ↵1f(x1) + · · ·+ ↵nf(xn).

2. ⌫ x1, x2, · · · , xn ⁄ �1,�2, · · · ,�n —¥Í, Ö �1 + �2 + · · ·+ �n = 1. Kkÿ�™

x�1
1 x�2

2 · · · x�n
n

6 �1x1 + �2x2 + · · ·+ �nxn.

AO✓ �1 = �2 = · · · = �n =
1
n
, Kké‚≤˛ÿ�™

n
p
x1x2 · · · xn 6 x1 + x2 + · · ·+ xn

n
.

£J´µ�ƒ´m (0,+1) ˛�ºÍ f(x) = � ln x �‡]5ßø|^ Jensen ÿ�

™"§

3. ⌫ a, b, c, d ˜v a

b
6 c

d
, Ÿ• b > 0, d > 0, y≤ÿ�™

a

b
6 a+ c

b+ d
6 c

d
.

4. ⌫ f(x) ¥´m I ˛�‡ºÍ, @o f(x) 3 I �S:¥ÎY�.

5. ⌫ºÍ f(x) 3´m I ˛??å◆, Öÿ⌦kÅá:É , ˛k f 00
(x) > 0. K f(x)

3 I ˛¥‡�. Ú�K^u �f , “⇢'u]ºÍ�aq(ÿ.

6. ⌫ºÍ f(x) 3´m I SkÎY�◆�◆Í. e x0 ¥ f(x) �òá€=:, K

f 00
(x0) = 0.

7. ⌫ºÍ f(x) 3: x0 9ŸNC◆�å◆, Ö f 00
(x0) = 0. e f 000

(x0) �3⇥ÿè",

K x0 ¥ f(x) �$:.

8. ¶e✏ºÍ�‡]´m⁄€=::

(1) y = 2x3 � 3x2 � 36x+ 25; (2) y = x+
1
x
;

(3) y = x5/3; (4) y = (1 + x2)ex;

(5) y = x4; (6) y = x+ sin x.

9. ¶ a, b ä, ¶: (1, 3) è≠Ç y = ax3 + bx2 �$:.

10. £±e✏à≠Ç�„/.

(1) y = x3 + 6x2 � 15x� 20; (2) y =
x
3

2(1+x)2 ;

(3) y = x� 2 arctan x; (4) y = xe�x.
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11. ⌫ºÍ y = f(x) §L´�≠Çè C. P C ˛ò: M(x, y) ?�≠«è k(k 6= 0),

L: M ⁄≠Ç�{Ç, 3d{Ç˛≠Ç‡�ò˝✓: D, ¶ |DM | = 1
k
= ⇢, ± D

è↵%, ⇢ èåªä↵; ˘á↵°è≠Ç3: C ?�≠«↵, Ÿ↵% D °è≠Ç3

: M ?�≠«•%, åª ⇢ °è≠Ç3: M ?�≠«åª.

¶e✏≠Ç3çΩ:�≠«, ≠«•%9≠«åª.

(1) xy = 1 3: (1, 1) ?; (2) y = e
�x

2
3: (0, 1) ?.

12. ¶e✏≠Ç3çΩ:�≠«:

(1)

8
<

:
x = 3t2

y = 3t� t3
3 t = 1 ?; (2)

8
<

:
x = cos t+ t sin t

y = sin t� t cos t
3 t = ⇧

2 ?.

13. ÈÍ≠Ç y = ln x ˛=ò:�≠«åªÅ⇥? ø¶—T:�≠«åª.

14. ⌫ºÍ f(x) ¥Ω¬3 (�1,+1) ˛�‡ºÍÖk˛.. ¶y: f(x) ¥~Í.
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§3.6 Taylor –m

⌫ºÍ f(x) 3 x0 åá, P

R(x, x0) = f(x)� (f(x0) + f 0
(x0)(x� x0)) ,

K

lim
x!x0

R(x, x0)

x� x0
= lim

x!x0

✓
f(x)� f(x0)

x� x0
� f 0

(x0)

◆
= 0

œd, 3 x0 �NC, å±^òá'u x� x0 �ògıë™

T1(x) = f(x0) + f 0
(x0)(x� x0),

Cq f(x). ıë™ T1(x) Ü f(x) 3 x = x0 ✓É”�ä T1(x0) = f(x0) økÉ

”�ÉÇ T 0
1(x0) = f 0

(x0). 3 x = x0 �NC, T1(x) Ü f(x) �ÿ↵£Ω°è{

ë§R(x, x0) = f(x)� T1(x) � x ! x0 û, ¥' x� x0 çp��√°⇥˛.

?ò⁄, �b⌫ f 3òá´m I Sk◆�◆Íû, KÈu I S�?ø¸: x ⁄ x0,

aq Lagrange •äΩn�y≤, �E9œºÍ

g(t) = f(t)� T1(t)�
f(x)� T1(x)

(x� x0)2
(t� x0)

2

K g(t) ˜v

g(x) = g(x0) = 0, g0(x0) = 0

§±d Lagrange •äΩnå�3 x0 ⁄ x Ém, �3ò: ⇠0, ¶⇢ g0(⇠0) = 0, 3 ⇠0 ⁄

x0 Ém, �3ò: ⇠, ¶⇢ g00(⇠) = 0. =

g00(⇠) = f 00
(⇠)� 2

f(x)� T1(x)

(x� x0)2
= 0

§±{ë R(x, x0) “L´è

R(x, x0) = f(x)� T1(x) =
f 00

(⇠)

2
(x� x0)

2

œL˘á{ë, ∑Çå±✏OºÍ f(x) 3✓á´m I ˛⁄ògıë™ T1(x) Ém�ÿ

↵.

3.6.1 Taylor ˙™

g,F"U⌦^çp�� n gıë™ Tn(x) 3 x = x0 NC�Cq f(x) , ¶Ÿÿ

↵, ={ë Rn(x, x0) = f(x) � Tn(x) 3 x ! x0 û, ¥(x � x0)n�p�√°⇥˛. øU

?ò⁄È{ë R(x, x0) ä—�∞(�✏O.
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ƒkáØ, üo⇠�ıë™U⌦3 x ! x0 û¥ºÍ f(x) �p�Cq∫Ωˆ`X

Jkòá n gıë™ Tn(x), 3 x ! x0 û¥ºÍ f(x) �p�Cq, X€(Ωß�XÍ

a0, a1, · · · , an∫èd⌫

Tn(x) = a0 + a1(x� x0) + · · ·+ an(x� x0)
n,

Ÿ•XÍñΩ, ø⌫ºÍ f(x) 3 x0 �⇡ç (x0 � �, x0 + �) S n �å◆. XJ f(x) Ü

Tn(x) �ÿ↵� x ! x0 û¥' (x� x0)n çp��√°⇥˛

f(x) = Tn(x) + o((x� x0)
n
), x ! x0,

@o“k

lim
x!x0

f(x)� Tn(x)

(x� x0)k
= lim

x!x0

o((x� x0)n)

(x� x0)k
= 0, k = 0, 1, · · · , n,

±däè—u:ø|^8B{, � k = 0 ûk

lim
x!x0

(f(x)� Tn(x)) = 0

ddÌ—

a0 = Tn(x0) = f(x0)

� k = 1 û, |^ L’Hospital {Kk

0 = lim
x!x0

f(x)� Tn(x)

x� x0
= lim

x!x0

(f 0
(x)� T 0

n
(x)) = f 0

(x0)� T 0
n
(x0),

“⇢

a1 = T 0
n
(x0) = f 0

(x0)

XJÈ?ø� k, 1 6 k 6 n, k

a0 = Tn(x0) = f(x0), · · · , ak�1 =
T (k�1)
n (x0)

(k � 1)!
=

f (k�1)
(x0)

(k � 1)!
,

@o� x ! x0 û,ºÍ f(x)�Tn(x)±9ÿáL k�1�à�◆Í f (i)
(x)�T (i)

n (x), 1 6
i 6 k � 1 —¥√°⇥˛, œdåÎY¶^ L’Hospital {K,⇢

0 = lim
x!x0

f(x)� Tn(x)

(x� x0)k
= lim

x!x0

(f (k)
(x)� T (k)

n (x))

k!
,

=

ak =
T (k)
n (x0)

k!
=

f (k)
(x0)

k!
.

ñd, ∑ÇÆ≤y≤⌦˜v f(x) = Tn(x) + o((x� x0)n), x ! x0 �ıë™êU¥Xe

/™:

Tn(x) = f(x0) +
f 0
(x0)

1!
(x� x0) + · · ·+ f (n)

(x0)

n!
(x� x0)

n.

°˛„dºÍ f(x) 3ò:�à�◆Í(Ω�ıë™ Tn(x) èºÍ f(x) 3: x0 ?� n

g Taylor ıë™.
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Ωn 3.32 ⌫ºÍ f(x) 3 x0 �⇡ç (x0� �, x0+ �) S n �å◆. KºÍ f(x) Ü

ß3: x0 ?� n g Taylor ıë™ Tn(x) Ém�ÿ↵£={ë§Rn(x) = f(x)� Tn(x)

� x ! x0 û¥ (x� x0)n �p�√°⇥˛

lim
x!x0

Rn(x)

(x� x0)n
= lim

x!x0

f(x)� Tn(x)

(x� x0)n
= 0.

Ωˆ`, � x ! x0 û, k

f(x) = f(x0) +
f 0
(x0)

1!
(x� x0) + · · ·+ f (n)

(x0)

n!
(x� x0)

n
+ o((x� x0)

n
),

˛™°èºÍ f(x) 3: x0 ?�ë Peano {ë� Taylor ˙™.

AO,XJºÍ f(x)3 x = 0⇡çSk n�◆Í, Ωn 3.32•✓ x0 = 0, K Taylor

˙™è

f(x) = f(0) +
f 0
(0)

1!
x+ · · ·+ f (n)

(0)

n!
xn + o(xn), x ! 0

ø°ÉèºÍ f(x) � n �‰k Peano {ë� Maclaurin ˙™£Ω–m™§.

3.6.2 {ë�L´Ü✏O

Ωn 3.32 kòΩ�€Å5, ßêáN⌦� x ! x0 ûºÍ�5�. ∑Ç?ò⁄F"

U⌦È{ëkòá�è∞(�✏O, �ÿ==¥� x ! x0 û�5�. èd∑Ç\r^

á, b⌫ºÍ f(x) 3,á´m‰kÜñ n+ 1 ��◆Í. Ø¢˛, ∑Çk

Ωn 3.33 ⌫ºÍ f(x) 3´m I Sk n + 1 �◆Í, x ⁄ x0 ¥ I •?ø¸:,

Tn(x) ¥ f 3 x0 ?� n g Taylor ıë™. K3 x ⁄ x0 Ém�3òáÍ ⇠, ¶⇢

f(x) = Tn(x) +Rn

•�{ë Rn ‰ke✏/™

Rn =
f (n+1)

(⇠)

(n+ 1)!
(x� x0)

n+1,

Ωˆ` f(x) å±L´§

f(x) = f(x0) +
f 0
(x0)

1!
(x� x0) + · · ·+ f (n)

(x0)

n!
(x� x0)

n
+

f (n+1)
(⇠)

(n+ 1)!
(x� x0)

n+1.

Rn °è Lagrange {ë, �˛°˘á˙™°è‰k Lagrange {ë� Taylor ˙™.

y≤ ⌫9œºÍXe

g(t) = f(t)� Tn(t)�
f(x)� Tn(x)

(x� x0)n+1
(t� x0)

n+1, t 2 I

w,, g(t) k n+ 1 �◆Í, Ö˜v

g(x0) = g(x) = 0, g(k)(x0) = f (k)
(x0)� T (k)

n
(x0) = 0, k = 1, 2, · · · , n
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ä‚á©•äΩn, �30u x ⁄ x0 Ém�Í ⇠1 ¶⇢ g0(⇠1) = 0,(‹Æ�^á

g0(x0) = 0, UYÈ g0(t) $^á©•äΩnÌ—,�30u x0 ⁄ ⇠1 Ém�Í ⇠2,¶⇢

g00(⇠2) = 0. XdaÌ, 3 ⇠n ⁄ x0 Ém£�,è3 x ⁄ x0 Ém§, �3òáÍ ⇠ ¶⇢

g(n+1)
(⇠) = 0. 5ø T (n+1)

n (t) ⌘ 0, §±

g(n+1)
(⇠) = f (n+1)

(⇠)� (n+ 1)!
f(x)� Tn(x)

(x� x0)n+1
= 0

=

f(x) = Tn(x) +
f (n+1)

(⇠)

(n+ 1)!
(x� x0)

n+1.

⇤

œè ⇠ ¥0u x ⁄ x0 �òáÍ, §±åL´§è

⇠ = x0 + ✓(x� x0), 0 < ✓ < 1

œd Lagrange {ë Rn èL´§

Rn =
f (n+1)

(⇠)

(n+ 1)!
(x� x0)

n+1
=

f (n+1)
(x0 + ✓(x� x0))

(n+ 1)!
(x� x0)

n+1.

Ø¢˛, ä‚ÿ”�Iá, Taylor ˙™�{ë Rn(x) kı´ÿ”�Là/™. 31

5 Ÿ•ÑÚâ—òá»©/™�Là™.

”ûè5ø, � n = 0 û, Ω

x

y

e
x

e
x

T1
T3

T2

„ 3.26

n 3.33 “¥Ÿ�� Lagrange •ä˙

™. œdΩn 3.33 �(J, èåw§

¥ Lagrange •äΩn�Ì2.

,òê°, 3¶4äLß•, 3

òá7: x0 ?£= f 0
(x0) = 0§,

XJ◆�◆Í f 00
(x0) 6= 0, Kä‚

◆�◆Í3 x0�ΩK, Ì‰ºÍ

3 x0 ?✓4åΩ4⇥ä. ⇥¥�

f 00
(x0) = 0 û, x0 ¥4ä:Ωÿ¥4

ä:�åU5—k£~XÈu f(x) =

x4, 37: x = 0 ?, è, f 00
(0) = 0,

⇥¥4⇥ä:. �Èu f(x) = x3 úπK⌘⌧ÿ”, è,”⇠ x = 0 ¥7:, �Ö”⇠k

f 00
(0) = 0, ⇥¥ x = 0 ÿ¥4ä:§. |^ Taylor –m∑Çå±â—òÑ5�ø©^á:
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⌫ x0 ¥ºÍ f(x) �7:= f 0
(x0) = 0§, * f(x) 3òá7:?� Taylor –m™,

f(x)� f(x0) =
f 00

(x0)

2!
(x� x0)

2
+ · · ·+ f (n)

(x0)

n!
(x� x0)

n
+

f (n+1)
(⇠)

(n+ 1)!
(x� x0)

n+1.

˘û, ØK�'Ö¥w˛™m>�1òáö"ë¥ x� x0 �ÛgòÑ¥€gò. ÈuÛ

gò, x0 ¥4ä:, 3T:✓4åÑ¥4⇥✓˚u˘òë�XÍ¥KÑ¥. Èu€

gò, x0 ÿ¥4ä:. ÷ˆÿîâÉÓÇ�y≤£SK•�111K§.

Èu Taylor –m�A€)∫å±le✏¸áê°5w. ƒk5ø3ò: x0 N

C, ºÍ f(x) Üß� Taylor ıë™ Tn(x) Ém�ÿ↵ëX n �Oå�5�⇥, �Ö

f(x)� Tn(x) 3 x0 ?Üñ n ◆Í—è" f(x0)� Tn(x0) = 0, f 0
(x0)� T 0

n
(x0) = 0, · · · ,

f (n)
(x0)� T (n)

n (x0) = 0, ∑Ç°ßÇ§Ω¬�≠Çk n �⇢>£Ø¢˛⌘⌧aq/å±

Ω¬?ø¸áºÍÉm� n �⇢>§, Tn(x) è°è f(x) �óÉ/�‘Ç0, è,êk

� n = 2 û, T2(x) ‚¥˝��‘Ç. „3.26 ¥'uºÍ f(x) = e
x 3 x = 0 ?�Å–

n^óÉ�‘Ç, l•÷ˆå±N /̈óÉ0�π¬. Ÿ•

T1(x) = 1 + x, T2(x) = 1 + x+
1

2
x2, T3(x) = 1 + x+

1

2
x2 +

1

3!
x3.

Ìÿ 3.34 ⌫ºÍ f(x)3´m I Skk.� n+1�◆ºÍ, = |f (n+1)
(x)| 6 M ,

K3´m I ˛, f(x) Üß� Taylor ıë™Ém�ÿ↵£è“¥{ë§¥

|f(x)� Tn(x)| = |Rn| 6
M

(n+ 1)!
(x� x0)

n+1.

T˙™¶⇢ÿ↵ç\òfl. AO� n ! 1 û, k Rn ! 0, ˘¥8�∑Ç�ƒrº

ÍL´§/√°gıë™0û�òáÅ{¸�⇥y.

Ìÿ 3.35 ⌫ºÍ f(x) 3´m I S‰k n+ 1 �◆Í, XJ3ò: x0 ?�3g

,Í r, r < n ¶⇢

f(x0) = 0, f 0
(x0) = 0, · · · , f (r�1)

(x0) = 0, f (r)
(x0) 6= 0

@o° x0 ¥ f(x) �òá r ≠":. (ÿ¥ x0 ¥ f(x) � r ≠":�ø©7á^á¥

�3òáºÍ g(x), ¶⇢

f(x) = (x� x0)
rg(x), g(x0) 6= 0

y≤ ⌫ x0 ¥ f(x) � r ≠":, |^ Taylor ˙™, Ú f(x) 3 x = x0 ?–m⇢

f(x) =
f (r)

(x0)

r!
(x� x0)

r
+ · · ·+ f (n)

(x0)

n!
(x� x0)

n
+

f (n+1)
(⇠)

(n+ 1)!
(x� x0)

n+1

= (x� x0)
r

✓
f (r)

(x0)

r!
+ · · ·+ f (n)

(x0)

n!
(x� x0)

n�r
+

f (n+1)
(⇠)

(n+ 1)!
(x� x0)

n�r+1

◆

= (x� x0)
rg(x),
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Ÿ•

g(x) =
f (r)

(x0)

r!
+ · · ·+ f (n)

(x0)

n!
(x� x0)

n�r
+

f (n+1)
(⇠)

(n+ 1)!
(x� x0)

n�r+1

˜v g(x0) =
1
r!f

(r)
(x0) 6= 0"áÉKêIá|^ Leibniz ¶◆{KåÜ⇢�y. �,˛

„(Jèå^ L’Hospital {K5y≤.

� 0 ¥´m I Sò:û, Taylor ˙™�òáAœ/™ä⇢¸’J—. 3˙™•✓

x0 = 0, K ⇠ = ✓x, 0 < ✓ < 1, œd

f(x) = f(0) +
f 0
(0)

1!
x+ · · ·+ f (n)

(0)

n!
xn +

f (n+1)
(✓x)

(n+ 1)!
xn+1

˘á3 x0 = 0 � n � Taylor –m™è°è‰k Lagrange {ë� Maclanrin ˙™.

e°∑Ç✏— ´~Ñ–�ºÍ� Maclanrin ˙™.

e
x
= 1 + x+

x2

2!
+ · · ·+ xn

n!
+

e
✓x

(n+ 1)!
xn+1. (�1 < x < +1)

ln(1 + x) = x� x2

2
+ · · ·+ (�1)

n�1x
n

n
+Rn(x), (x > �1)

Rn(x) =
(�1)

nxn+1

(n+ 1)(1 + ✓x)n+1
. (0 < ✓ < 1)

sin x = x� x3

3!
+ · · ·+ (�1)

m�1 x2m�1

(2m� 1)!
+R2m(x), (�1 < x < +1),

R2m(x) =
(�1)

mx2m+1

(2m+ 1)!
cos ✓x, (0 < ✓ < 1).

cos x = 1� x2

2!
+ · · ·+ (�1)

m�1 x2m�2

(2m� 2)!
+R2m�1(x), (�1 < x < +1)

R2m�1(x) =
(�1)

mx2m

(2m)!
cos ✓x. (0 < ✓ < 1)

(1 + x)↵ = 1 + ↵x+
↵(↵� 1)

2!
x2 + · · ·+ ↵(↵� 1) · · · (↵� n+ 1)

n!
xn +Rn(x),

Rn(x) =
↵(↵� 1) · · · (↵� n)

(n+ 1)!
xn+1

(1 + ✓x)↵�n�1. (0 < ✓ < 1).

ÈuÅ�òá–m™, � ↵ ¥g,Íû, (1 + x)↵ “gƒzè Newton ◆ë™˙™.

è⌦¶—ºÍ f(x) 3ò: x0 � Taylor ˙™, ⌃K˛A¶—ºÍ3 x0 :�◆Íä

f (k)
(x0) , k = 0, 1, 2, · · ·n. ⇥kûˇºÍ�p�◆ÍäøÿN¥Oé. œdå±Ê✓Ÿ

¶m⇢ê™. ˘¥ƒuÈ Taylor ˙™ƒ�π¬�e„n):

Ωn 3.32 �ƒ�π¬¥, XJºÍ f (n)
(x0) �3, K√ÿ^üoê{, êá⇢‰

N/™

f(x) = a0 + a1(x� x0) + · · ·+ an(x� x0)
n
+ o((x� x0)

n
), x ! x0
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�–m™, KßòΩ“¥ºÍ f � Taylor ˙™. äèB⌫¨, ∑Çè^BOé—ºÍ3

x0 �à�◆Í f (k)
(x0) = k!ak. e°È Maclaurin ˙™â—‰N~f.

~ 3.6.1 ¶ºÍ e
�x

4
� 4n � Maclaurin ˙™.

) œè� x ! 0û, �x4 ! 0, |^ e
x –m�(J, Ü⇢Ú �x4 Oì e

x –m™•

� x, k

e
�x

4
= 1 + (�x4) +

(�x4)2

2!
+

(�x4)3

3!
+ · · ·+ (�x4)n

n!
+ o((�x4)n), x ! 0

= 1� x4 +
x8

2!
� x12

3!
+ · · ·+ (�1)

nx4n

n!
+ o(x4n), x ! 0

˘“¥§á¶� Maclaurin ˙™úddè⇢⌦

(e
�x

4
)
(4k)
���
x=0

=
(�1)

k
(4k)!

k!
,

�3 x = 0 ?�Ÿ¶à�◆Í˛è". ˘´ê{, á'Ü⇢OéºÍ e
�x

4
�à�◆ÍN

¥�ı.

~ 3.6.2 ¶ cos
2 x � 2n �� Maclaurin ˙™.

) |^

cos
2 x =

1

2
+

1

2
cos 2x,

±9 cos x � Maclaurin ˙™, 5ø� x ! 0 û, 2x ! 0, §±

cos
2 x =

1

2
+

1

2


1� (2x)2

2!
+ · · ·+ (�1)

n�1
(2x)2n�2

(2n� 2)!
+ o((2x)2n�2

)

�

= 1� 2

2!
x2 + · · ·+ (�1)

n�1

(2n� 2)!
2
2n�3x2n�2

+ o(x2n�2
), x ! 0

e°òá~f¥|^ºÍ�–m™, Oé4ÅØK.

~ 3.6.3 ¶ lim
x!0

e�x4�cos2 x�x
2

x4 .

) ˘¥òá 0
0 .�ôΩ™. XJ^ L’Hospital {K, K¨ëE,�¶◆Lß.

XJ|^ºÍ� Maclaurin ˙™, dc°�~f

e
�x

4 � cos
2 x� x2 = (1� x4 + o(x4))� (1� x2 +

1

3
x4 + o(x4))� x2

= �4

3
x4 + o(x4), x ! 0.

§±§¶�4Åè:

lim
x!0

e
�x

4 � cos
2 x� x2

x4
= �4

3
.

5ø, du©13 x ! 0 û, ¥òá 4 �√°⇥˛, œd©fêá–m 4 �=å. ,ò

ê°, 3�K�OéLß•, ÿ+¥kÅá√°⇥˛�⁄, Ñ¥kÅ�Í¶±√°⇥˛,

Ÿ(JÑ¥√°⇥˛.
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~ 3.6.4 ⌫ f(x) = 1
x
, ¶ f(x) 3 x = 2 � Taylor ˙™.

) d 1
x
=

1
x�2+2 =

1
2

�
x�2
2 + 1

��1
. 3 (1 + x)�1 � Maclaurin ˙™•, ^ x�2

2 ì

O x, “⇢

1

x
=

1

2

✓
1� x� 2

2
+ · · ·+ (�1)

n

✓
x� 2

2

◆n

+ 2R

◆

=
1

2
� x� 2

22
+ · · ·+ (�1)

n
(x� 2)

n

2n+1
+R,

˘p

R =
(�1)

n+1
(x� 2)

n+1

2n+2


1 +

✓(x� 2)

2

��n�2

, (0 < ✓ < 1).

~ 3.6.5 Oé e �ä, ¶ÿ↵ÿáL 10
�5
.

) 3 e
x �–m™•, ✓ x = 1, ⇢

e = 1 + 1 +
1

2!
+ · · ·+ 1

n!
+

e
✓

(n+ 1)!
0 < ✓ < 1.

du

0 <
e
✓

(n+ 1)!
<

e

(n+ 1)!
<

3

(n+ 1)!

§±, êá(Ω n, ¶⇢
3

(n+ 1)!
< 10

�5

=å, ¥�, áà˘⇠�∞›, êI✓ n = 9, ˘û

e = 1 + 1 +
1

2!
+ · · ·+ 1

9!
= 2.718282

~ 3.6.6 y≤ e ¥√nÍ.

y≤ £áy{§XJ e ¥knÍ, ⌫ e =
q

p
, Ÿ• p, q ¥✓Í. ✓ n > p Ö

n > 3, K

e =
q

p
= 1 + 1 +

1

2!
+ · · ·+ 1

n!
+

e
✓

(n+ 1)!
0 < ✓ < 1.

u¥k
n!q

p
= n! + n! +

n!

2!
+ · · ·+ n!

n!
+

n!e✓

(n+ 1)!

d n �¿✓å�, ˛™ÿm>Å�òë , Ÿ{àë—¥✓Í. œd n!e✓

(n+1)! è7¥✓Í.

⇥¢S˛

0 <
n!e✓

(n+ 1)!
=

e
✓

n+ 1
<

3

n+ 1
<

3

4
< 1,

gÒ. ˘`≤ e ÿ¥knÍ.

~ 3.6.7 ⌫ºÍ f(x)3 [0, 1]´m˛◆�å◆,ÖÈ?ø� x,k |f 00
(x)| 6 M£M

¥òá~Í§, ±9 f(0) = f(1) = 0. y≤: 3 [0, 1] ´m˛k |f(x)| 6 M

8 .
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y≤ È?ø� x 2 (0, 1), d Taylor ˙™, ⇢

f(0) = f(x)� f 0
(x)x+

f 00
(⇠1)

2
x2, ⇠1 2 (0, x)

f(1) = f(x) + f 0
(x)(1� x) +

f 00
(⇠2)

2
(1� x)2, ⇠2 2 (x, 1)

Ú1ò™¶± (1� x), 1◆™¶± x, ,�É\⇢

|f(x)| =
����
f 00

(⇠1)

2
x2(1� x) +

f 00
(⇠2)

2
x(1� x)2

���� 6
M

2
x(1� x) 6 M

8
.
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SK 3.6

1. �—e✏ºÍ� (‰k Peano {ë�) Maclaurin –m™:

(1) y =
x
3+2x+1
x�1 ; (2) sin

2 x.

2. ¶—ºÍ e
sinx � (‰k Peano {ë�) n� Maclaurin –m.

3. ¶—ºÍ ln cosx � (‰k Peano {ë�) 8� Maclaurin –m.

4. Æ� f(x)¥òáogıë™,øÖ f(2) = �1, f 0
(2) = 0, f 00

(2) = 2, f 000
(2) = �12,

f (4)
(2) = 24. Oé f(�1), f 0

(0), f 00
(1).

5. ¶e✏ºÍ‰k Lagrange .{ë� Taylor ˙™:

(1) y = tan x 3 x = 0 �◆� Taylor –m™;

(2) y =
1
x
3 x = �1 � n � Taylor –m™.

6. ¶e✏4Å:

(1) lim
x!0

cosx�e�
1
2x2

sin4
x

; (2) lim
x!0

4p1+x2� 4p1�x2

x2 ;

(3) lim
x!1

⇥
x� x2 ln

�
1 +

1
x

�⇤
; (4) lim

x!0

cos(sinx)�cosx
sin4

x
.

7. ⌫ºÍ f(x) ??k n + 1 �◆Í, y≤: f(x) ègÍÿáL n �ıë™�ø©7

á^á¥ f (n+1)
(x) è".

8. ⌫ºÍ f(x) 3 [0, 2] ˛◆�å◆, ÖÈ?ø x 2 [0, 2], k |f(x)| 6 1 9 |f 00
(x)| 6 1.

y≤: |f 0
(x)| 6 2, x 2 [0, 2].

9. ⌫ n è✓Í, �ƒºÍ f(x) =

8
<

:
xn+1, x èknÍ,

0, x è√nÍ.
y≤ f 0

(0) = 0; ⇥ f 00
(0) ÿ

�3. (J´: y≤ f(x) =3ò: x = 0 å◆.)

5ø, ∑Çw,k

f(x) = 0 + 0 · x+ 0 · x2 + · · ·+ 0 · xn + o(xn), x ! 0.

⇥� n > 1 û, øÿU‰Û f (k)
(0) = 0(2 6 k 6 n). œd, Ωn 3.32 •�^á: º

Í3: x0 ?k n �◆Í, ¥ñ'≠á�.

10. �ƒºÍ f(x) =

8
<

:
e
� 1

x2 , x 6= 0,

0, x = 0,
ß3 x 6= 0 ?w,k?ø�◆Í. y≤ f(x) 3

x = 0 ?�?ø�◆Í—�3, �Ö—�u". (J´: ƒk, ¥^8B{y≤, �

x 6= 0 û, È n = 1, 2, · · · k f (n)
(x) = e

� 1
x2P3n

�
1
x

�
, ˘p P3n(t) ¥ t � 3n gıë
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™; d , d◆ÍΩ¬9 L’Hospital {K, ⇢— (P y =
1
x
))

lim
x!0

f(x)� f(0)

x
= lim

y!1

y

ey
2 = lim

y!1

1

2yey2
= 0,

= f 0
(0) = 0. y3§`�(ÿ¥^8B{9 L’Hospital {Ky≤.)

�KøõX, È?ø�✓Í n, ºÍ f 3 x = 0 ?� n � Taylor ıë™¥ 0; Ü

È{`, {ëo¥�u f(x). œd, =¶¥ºÍ3ò:NC�5�, ^ (3T:�)

v⌦p��◆Íèô7UÚŸ⇡´—5.

11. ⌫ºÍ f(x) 37: x0 ?� n �á˚�3, øÖ

f 0
(x0) = f 00

(x0) = · · · = f (n�1)
(x0) = 0, � f (n)

(x0) 6= 0.

(1) e n è€Í, KºÍ f(x) 3: x0 ?√4ä;

(2) e n èÛÍ, KºÍ f(x) 3: x0 ?✓⇢4ä. �f (n)
(x0) > 0 û, f(x) 3:

x0 ?✓4⇥ä; � f (n)
(x0) < 0 û, f(x) 3: x0 ?✓4åä.

�KL≤, eºÍ f(x) 37:˛�3X˛§„�p�◆Í, Kddå(Ω7:¥ƒ

è4ä:. ,�, ∑Ç5ø, ˛òK•�ºÍ f 3 x = 0 ?w,k4⇥ä, ⇥%ÿå

U^˘ò⌥O{⌥O.

1 3 Ÿn‹SK

1. ⌫ f(x) = x(x+ 1)(x+ 2) · · · (x+ n), ¶ f 0
(0).

2. ⌫€ºÍ f(x) 3 (�1,+1) ˛‰k◆�ÎY◆Í, PºÍ

g(x) =

8
<

:

f(x)
x

, x 6= 0,

a, x = 0.

(1) (Ω a �ä, ¶ g(x) 3 (�1,+1) ˛ÎY.

(2) È (1) •(Ω� a, y≤ g(x) 3 (�1,+1) ˛å◆, Ö◆ºÍÎY.

3. ⌫ a0
n+1 +

a1
n
+ · · ·+ an = 0. y≤: êß a0xn + a1xn�1

+ · · ·+ an = 0 3 (0, 1) Sñ

�kòáä.

4. eºÍ f(x)3 [a, b]˛ÎY,3 (a, b)Så◆,Ö f(a) = f(b) = 0,K�3 ⇠ 2 (a, b),

¶ f 0
(⇠) + f(⇠) = 0.

5. ⌫ f(x) 3´m I ˛ÎY, XJ?â I •¸: x1, x2, k

f

✓
x1 + x2

2

◆
6 f(x1) + f(x2)

2
,

K f(x) ¥´m I ˛�‡ºÍ.
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6. ⌫ f(x) ¥ [0, 1] ˛�◆�å◆ºÍ, f(0) = f(1) = 0. y≤: �3 ⇠ 2 (0, 1), ¶⇢

f 00
(⇠) = 2f 0(⇠)

1�⇠
.

7. eºÍ f(x) 3 [a, b] ˛ÎY, Ö f(a) = f(b) = 0, f 0
(a)f 0

(b) > 0. y≤: 3 (a, b) S

�3ò: ⇠, ¶⇢ f(⇠) = 0.

8. ⌫ f(x) 3 [0, 1] ˛å◆, f(0) = 1, f(1) = 1
2 . ¶y: �3 ⇠ 2 (0, 1), ¶⇢

f2
(⇠) + f 0

(⇠) = 0.

9. ⌫ºÍ f(x) 3 [a,+1) ˛◆�åá, Ö˜v f(a) > 0, f 0
(a) < 0, ±9� x > a û,

f 00
(x) 6 0. ¡y3´m (a,+1) S, ºÍ f(x) Tkòá":.

10. ⌫ºÍ f(x) 3 [a, b] ˛åá, f 0
(x) ÓÇ¸NO. e f(a) = f(b) = �, KÈ?ø

x 2 (a, b), k f(x) < �.

11. ºÍ sinx
2

x
(x > 0) L≤, eºÍ f(x) 3 (a,+1) ˛å◆, Ö lim

x!+1
f(x) �3, ÿU

⇥y lim
x!+1

f 0
(x) �3. y≤: eÆ�˘4Å�3, KŸä7,è".

12. ⌫ºÍ f(x)3 x > 0û◆�åá,Ö f 00
(x) < 0, f(0) = 0. y≤: È?øÍ x1, x2,

kf(x1 + x2) < f(x1) + f(x2).

13. ⌫ºÍ f(x) 3 x0 ?�3◆�◆Í, ¶

lim
h!0

f(x0 + h) + f(x0 � h)� 2f(x0)

h2
.

14. y≤e✏ÿ�™:

(1) È?ø¢Í x, e
x > 1 + x+

x
2

2 +
x
3

6 ;

(2) È x > 0, x� x
2

2 6 ln(1 + x) 6 x� x
2

2 +
x
3

3 ;

(3) È 0 < x < ⇧
2 , x� x

3

6 < sin x < x� x
3

6 +
x
5

120 ;

(4) È?ø¢Í x, y, k 2e
x+y
2 6 e

x
+ e

y
.

15. ¶ lim
n!1

�
1 +

1
n2

� �
1 +

2
n2

�
· · ·
�
1 +

n

n2

�
.

16. ¶ n
p
n (n = 1, 2, · · · ) �Ååä.

17. ¡â—ºÍ x cos x 3
⇥
0, ⇧2

⇤
˛�òá¶åU⇥�˛..

18. ⌫ºÍ f(x)34´m [�1, 1]˛‰kn�ÎY◆Í,Ö f(�1) = 0, f(1) = 1, f 0
(0) =

0. y≤: �3 ⇠ 2 (�1, 1), ¶⇢ f 000
(⇠) = 3.

19. ⌫ a > 1, ºÍ f : (0,+1) ! (0,+1) åá. ¶y�3™u√°�Í✏ {xn} ¶
⇢

f 0
(xn) < f(axn), n = 1, 2, · · · .
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20. |^‡ºÍ�5üy≤ Hölder ÿ�™: ⌫ {ai}, {bi}, i = 1, 2, · · · , n ¥Í. p, q

¥åu 1 �Í, Ö 1
p
+

1
q
= 1, Kk

nX

i=1

aibi 6
 

nX

i=1

ap
i

! 1
p
 

nX

i=1

bq
i

! 1
q

.

(J´: �ƒºÍ f(x) = xp.)
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313Ÿ•, ∑Ç0↵⌦ºÍ�◆Í£á˚§±9◆Í�‘nø¬⁄A€ø¬. ~

X, Æ�òáü:$ƒ�ÂlÜûm�'X s = s(t), œL¶◆å(Ωü:$ƒ�

Ñ› v = v(t) ⁄\Ñ› a = a(t). òág,�áØK¥: XJÆ�ü:$ƒ�Ñ›

v = v(t)£Ω\Ñ› a = a(t)§, Uƒ(ΩŸ$ƒ�5∆ s = s(t). ~X, òágd·N�

\Ñ›¥ g£~Í§, Uƒ⇢3,òûè·N�Ñ›⁄¸·Âl. lÍ∆˛w, aq˘

⇠�ØK¢S˛¥◆Í (Ωá©) �_$éØK, =¶òáô�ºÍ, ¶⇢Ÿ◆Í�uò

áÆ��ºÍ. ˘“¥�Ÿ§á0↵�ÿΩ»©.

§4.1 ÿΩ»©9Ÿƒ�Oéê{

4.1.1 ƒ�Vg

Ω¬ 4.1 ⌫ f(x) ¥´m I ˛âΩ�ºÍ, e�3òáåáºÍ F (x), ¶⇢3´

m I ˛k

F 0
(x) = f(x) Ω dF (x) = f(x)dx,

K° F (x) è f(x) 3´m I ˛�òá⌃ºÍ.

N¥w—, òê°, XJ F (x) ¥ f(x)£3´m I ˛§�òá⌃ºÍ, K F (x) \˛

òá?ø~Í�E,¥ f(x) �òá⌃ºÍ; ,òê°, ÈuºÍ f(x) 3´m I ˛?ø

¸á⌃ºÍ F1(x) ⁄ F2(x), ßÇ�↵ F1(x)� F2(x) òΩ˜v F 0
1(x)� F 0

2(x) = 0, §±

¥òá~Í. œd, f(x) (3´m I ˛) �⌃ºÍ�⌧NåL´è

F (x) + C

�/™, Ÿ• F (x) è f(x) (3´m I ˛)�òá⌃ºÍ, � C ¥?ø�~Í.

ºÍ f(x) �⌃ºÍ�⌧Nè°è f(x) �ÿΩ»©, Pä

f(x)dx,

Ÿ•/ 0°è»©“, f(x) °è⇢»ºÍ, f(x)dx °è⇢»Là™. 5ø, 3»©“

e��¥§¶⌃ºÍ�á©, �ÿ¥á˚.

œd, ºÍ f(x) �ÿΩ»©, Aç(É/°èá© f(x)dx �ÿΩ»©.

/ÿΩ»©0̆ ò∂c±9ŸÉAP“�d5, ∑ÇÚ3 §5.1 •ä⌦)∫. ÷ˆÈ

ØUw, ˘òP“, Èu¶ÿΩ»© (⌃ºÍ) �$é, ÚLy—NıB|.

d◆Í�A€ø¬,å±lA€˛)∫¶ºÍ f(x) �⌃ºÍ�ØK: 3 Oxy Ü�ã

IX•È—ò^≠Ç y = F (x), ¶Ÿ3 x ?�ÉÇ✓«è f(x). ˘⇠�ò^≠Ç, °è



142 1 4 Ÿ ÿΩ»©

f(x) �ò^»©≠Ç, Úß˜X y ∂�êïä≤£, B⇢—§kŒ‹˛„á¶�≠Ç.

œd, 3A€˛, ÿΩ»© f(x)dx L´ùπ˛„⌧‹»©≠Ç�≠Çx (X„ 4.1).

-

6

x

y

.

.....................................................................................................................

.

.....................................................................................................................

.

.....................................................................................................................

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

„ 4.1

-

6

x

y

.
...............
.......

................
....
................. ................ ............... .............. ............. ............. .............. ...............

................
.................
....................

......................

.
...............
.......

................
....
................. ................ ............... .............. ............. ............. .............. ...............

................
.................
....................

......................

.
...............
.......

................
....
................. ................ ............... .............. ............. ............. .............. ...............

................
.................
....................

......................

y= 1
2
x
2

„ 4.2

~X, á¶ f(x) = x �⌃ºÍ, “¥á¶ Oxy ≤°•˘⇠�≠Ç y = F (x), ß

3: (x, F (x)) ?�ÉÇ�✓«ëX x �O��Ç5O�. ˘⇠�≠Ç�⌧Nd

y = F (x) = 1
2x

2
+ C L´, Ÿ• C ¥?ø~Í£„ 4.2§.

k⌦ØK•, á¶— f(x) �LâΩò: (x0, y0) �»©≠Ç. ˘û, åä‚á¶, ¶

⇢~Í¥òá(Ω�ä. ± f(x) = x è~, XJá¶¶ò^L (0, 1) �»©≠Ç, Kd

1 = F (0) ⇢ C = 1, §±˘^AΩ�»©≠Ç¥ y = F (x) = 1
2x

2
+ 1.

œ~, °(Ω~Í C �^á

y(x0) = y0, Ω y|x=x0 = y0,

è–©^á. ëk–©^á�¶⌃ºÍØK, °è–äØK.

∑ÇIá?ÿ�ØK¥:

£1§üo⇠�ºÍk⌃ºÍ£Ωˆ`üo⇠�⇢»ºÍkÿΩ»©§?

£2§31 3 Ÿ•, ∑Ç5ø–�ºÍ�◆ÍE,¥–�ºÍ, @oäè◆Í�_

$é, òá–�ºÍ�⌃ºÍ£Ωˆ`ÿΩ»©§¥ƒòΩÑU⌦L´§–�ºÍ?

£3§XJòáºÍ f(x) k⌃ºÍ, @oX€‰Né— f(x)�⌃ºÍ? è“¥X€

¶—ºÍ�ÿΩ»©?

d1 3 ŸSK 3.3, 1 14 Kå�, Œ“ºÍ y = sgnx ¥ÿUL´§òáºÍ�◆Í

�, œèäèŸßºÍ�◆ºÍ, ¥ÿåUk1òam‰:�ºÍ. ˘á~f`≤, ÿ¥

§k�ºÍ—k⌃ºÍ. ∑ÇÚ3eòŸ•y≤òá≠áØ¢: ÈuâΩ´m˛�ÎY

ºÍ, 3˘´m˛7k⌃ºÍ.

'u1◆áØK�£â¥ƒΩ�. (¢k˘⇠�–�ºÍ, ~XßÇ�ÿΩ»

©£⌃ºÍ§�3, %√{L´§–�ºÍ. ~X, å±y≤e✏»©

e
�x

2
dx,

1

ln x
dx, sin x2dx

¥ÿUL´§è–�ºÍ�. ∑ÇÚ3eòŸ•, ?ÿ˘⇠�ÎY�⇢»ºÍ⁄ßÇ�
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ÿΩ»©.

5ø, 8�∑Ç /̀¶—ÿΩ»©0, ¥çåÚÿΩ»©L´è–�ºÍ.

e°, ä‚ §3.2 •á©˙™L, ƒkâ—ò⌦{¸ºÍ�ÿΩ»© (Ÿ• C C 0 è

?ø~Í).

(i) 0dx = C;

(ii) x↵dx =
1

↵+1x
↵+1

+ C, (↵ 6= �1);

(iii) axdx =
1

ln a
ax + C (a > 0, a 6= 1);

(iv)
1
x
dx = ln |x|+ C;

(v) sin xdx = � cos x+ C; cos xdx = sin x+ C;

sec
2 xdx = tan x+ C; csc

2 xdx = � cot x+ C;

(vi)
1p

1�x2dx = arcsin x+ C = � arccosx+ C 0
;

1
1+x2dx = arctan x+ C = �arccotx+ C 0

.

Å�, ∑Çâ—ÿΩ»©�ƒ�5ü

1
� XJ a ¥~Í (a 6= 0), K a · f(x)dx = a · f(x)dx;

2
�

[f(x)± g(x)]dx = f(x)dx± g(x)dx.

˛„5ü¥á©{Kw,�Ìÿ, ⇥AT5ø, 'uÿΩ»©��™¢S˛¥'

uºÍx��™ (=òá8‹�™). 5ü 1
� �π¬¥, � a 6= 0 û, a · f �⌃ºÍåd

a ¶ f �⌃ºÍ⇢; �Ö a ¶ f �⌃ºÍè7¥ a · f �⌃ºÍ. 5ü 2
� ‰kaq�

π¬.

d˛„5ü, å±Úòá�E,�ÿΩ»©zèeZáÆ��ÿΩ»©�⁄, ?�

⇢—(J.

~ 4.1.1 ¶ x
2�3x+1
x+1 dx.

)

x2 � 3x+ 1

x+ 1
dx =

✓
x� 4 +

5

x+ 1

◆
dx

= xdx� 4 dx+ 5
dx

x+ 1

=
1

2
x2 � 4x+ 5 ln |x+ 1|+ C.
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(5ø, ˛°1◆á�™m‡�zòáÿΩ»©—πkòá?ø~Í, Å�‹øPä C;

'u˘ò:ß±�ÿ2⇡≤.)

~ 4.1.2 ¶ 1
sin2

x·cos2 xdx.

)

1

sin
2 x · cos2 x

dx =
sin

2 x+ cos
2 x

sin
2 x · cos2 x

dx = sec
2 xdx+ csc

2 xdx

= tan x� cot x+ C.

~ 4.1.3 ¶ 1
x2(1+x2)dx.

)

1

x2(1 + x2)
dx =

✓
1

x2
� 1

1 + x2

◆
dx =

1

x2
dx� 1

1 + x2
dx

= �1

x
� arctan x+ C.

,�, ù‚˛„5ü¶ÿΩ»©øÿ‰k2ç5. è⌦ç–/£âX€¶ÿΩ»©

�ØK, e°©O0↵¸´ç{))Ü⇤»©{⁄©‹»©{.

4.1.2 Ü⇤»©{

Ü⇤»©{¥¶ÿΩ»©�ò´ƒ�ê{, ßÜE‹ºÍ�á©{KÉÈA. Ÿ⌃

K, åó/`, ¥⁄\#�»©C˛, ±UC⇢»ºÍ�/™, ¶ÿΩ»©¥u¶—.

Ωn 4.2 ⌫ F (x) ¥ f(x) �òá⌃ºÍ£= F 0
(x) = f(x)§, ø⌫ u = '(x) å

á, K∑Çk

f('(x)) · '0
(x)dx = F ('(x)) + C,

= f('(x)) · '0
(x) �òá⌃ºÍ¥ F ('(x)).

y≤ dò�á©/™�ÿC5, 'X™

dF (u) = f(u)du

3±ºÍ '(x) ìOgC˛ u ûE,§·, dd◆—§¶�™. ⇤

3¢Ç•, b⌫ñ¶�ÿΩ»©å±Làè/™ f('(x)) · '0
(x)dx, Ωˆ�§

f('(x))d'(x). eÿΩ»© f(u)du ¥u¶⇢, KdΩn 4.2 B¶—éá¶—�»©

f('(x)) · '0
(x)dx. ˘òê{è°è“1òìÜ{”Ω“ná©{”.

Ωn 4.3 ⌫ºÍ x = '(t) ¥ÓÇ¸N�åáºÍ, Ö '0
(t) ÿ✓"ä£l� ' k

å◆�áºÍ '�1§. e G(t) ¥ f('(t))'0
(t) �òá⌃ºÍ, =

f('(t))'0
(t)dt = G(t) + C,
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Kk

f(x)dx = G('�1
(x)) + C.

= G('�1
(x)) ¥ f(x) �òá⌃ºÍ.

y≤ ∑ÇdE‹ºÍ¶◆{K, áºÍ¶◆{K±9Æ�^á, ⇢—

dG('�1
(x))

dx
=

dG

dt
· dt
dx

= G0
(t) · 1

'0(t)
= f('(t))'0

(t) · 1

'0(t)

= f('(t)) = f(x).

dd◆—§`�(J. ⇤

Ωn 4.3 J¯⌦,ò´ê™�ìÜ: ⌫ñ¶�ÿΩ»©è f(x)dx, Öÿ¥Ü⇢

»©. ∑Çåäòá∑��ìÜ x = '(t),£˘p, '(t) ˜vΩn 4.3 •�á¶§, Ú

f(x)dx zè

f('(t))d'(t) = f('(t)) · '0
(t)dt.

em‡�ÿΩ»©¥u¶⇢, Kêá3Ÿ(J•± t = '�1
(x) ÚC˛ t Ü£C˛ x, “

¶—⌦ f(x)dx. ˘òê{œ~°è“1◆ìÜ{”.

~ 4.1.4 ¶ tan x dx.

) §¶�ÿΩ»© =
sin x

cos x
dx = � (d cos x)

cos x
= � ln | cos x|+ C.

~ 4.1.5 ¶
ln x

x
p
1 + ln x

dx.

) P t = ln x, §¶�ÿΩ»©è

ln x

x
p
1 + ln x

dx =
ln xp
1 + ln x

d(ln x) =
tp
1 + t

dt

=
(1 + t)� 1p

1 + t
dt =

p
1 + td(1 + t)� d(1 + t)p

1 + t

=
2

3
(1 + t)3/2 � 2

p
1 + t+ C

=
2

3
(1 + ln x)3/2 � 2

p
1 + ln x+ C.

~ 4.1.6 ¶
1p

ex + 1
dx.

) ⌫ t =
p
ex + 1, K e

x
+ 1 = t2, ⇡ e

x
dx = 2tdt, = dx =

2t
t2�1dt. §¶�ÿΩ»

©è

1

t
· 2t

t2 � 1
dt =

✓
1

t� 1
� 1

t+ 1

◆
dt = ln

t� 1

t+ 1
+ C = 2 ln

⇣p
ex + 1� 1

⌘
� x+ C.
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~ 4.1.7 ¶
1p

x(1 + 3
p
x)

dx.

) ⇢»ºÍ�Ω¬çè x > 0. ∑Ç- x = t6 (t > 0) ±ûÿ§kä“, K
p
x = t3, 3

p
x = t2, dx = 6t5dt, l�

dxp
x(1 + 3

p
x)

= 6
t2dt

1 + t2
= 6 dt� 6

dt

1 + t2

= 6(t� arctan t) + C.

Å�, du t = 6
p
x, ⇡§¶�ÿΩ»©è 6( 6

p
x� arctan 6

p
x) + C.

~ 4.1.8 ¶
p
a2 � x2dx, Ÿ• a ¥òá~Í, a > 0.

) è⌦�ÿ◆gä“,∑Ç- x = a sin t, ˘p �⇧2 < t < ⇧
2 . K t = arcsin

x

a
, Ö

dx = a cos tdt. ⇡§¶�ÿΩ»©è

a2 cos2 tdt =
a2

2
(1 + cos 2t)dt =

a2

2

✓
t+

sin 2t

2

◆
+ C

=
a2

2
(t+ sin t cos t) + C

=
a2

2
arcsin

x

a
+

1

2
x
p
a2 � x2 + C.

~ 4.1.9 ¶
1p

x2 � a2
dx, ˘p a ¥òá~Í, a > 0.

) ⇢»ºÍ�Ω¬çè x > a Ω x < �a. ∑Çk�ƒ x > a �ú/. dûän

�ìÜ x = a sec t (Ÿ• 0 < t < ⇧
2 ), å⇢—(J, ⇥�KÊ^V≠ìÜKçèêB.

- x = a ch t,Ÿ• t > 0. (Î�SK2.1,118K).K dx = a sh tdt,
p
x2 � a2 = a sh t,

⇡§¶�»©zè dt = t + C. y3, ¥dV≠{uºÍ�áºÍLà™⇢— (È

x > a)

1p
x2 � a2

dx = ln

 
x

a
+

r⇣x
a

⌘2
� 1

!
+ C = ln(x+

p
x2 � a2) + C 0,

Ÿ• C 0
= C � ln a, è?ø~Í.

� x < �a û, - x = �a sec t (0 < t < ⇧
2 ); Ωˆ- x = �a ch t (t > 0), aq/å⇢

—(Jè ln(�x�
p
x2 � a2) + C 0

. (ç{¸�, - x = �t, KÚ�ò´ú/, zè⌦cò

´ú/.) œd, ¸´ú/e�(Jå‹øè

1p
x2 � a2

dx = ln |x+

p
x2 � a2|+ C.

~ 4.1.10 ¶
1

x
p
a2 � x2

dx, ˘p a ¥~Í, a > 0.

) ⇢»ºÍ�Ω¬çè |x| < a, Ö x 6= 0. �Kå±^n�ìÜ¶), ˘p0↵,

ò´k��ìÜ——⇣ÍìÜ.
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� 0 < x < a û, - x =
a

t
, K t > 1, Ö dx = � a

t2
dt. dc~�(J, ¥�§¶�ÿ

Ω»©è

�1

a

1p
t2 � 1

dt = �1

a
ln |t+

p
t2 � 1|+ C

=
1

a
ln

�����
a�

p
a2 � x2

x

�����+ C.

”⇠, ��a < x < 0 û, - x =
a

t
(Ÿ• t < �1), ⇢—�(JÜ˛°�É”. n‹Â5,

⇢
1

x
p
a2 � x2

dx =
1

a
ln

�����
a�

p
a2 � x2

x

�����+ C.

∑ÇJ2÷ˆ, e⇢»ºÍ3Ω¬ç˛ÎY, K7L¶—⇢»ºÍ3✓áΩ¬ç˛

�ÿΩ»© (∑Ç�⌫, ß7Ω�3), �ÿ¥‹©Ω¬ç˛�ÿΩ»©. ∑Çfiá~f,

±ä`≤.

~ 4.1.11 ¶
x2 + 1

x4 + x2 + 1
dx.

) � x 6= 0û, Ú⇢»ºÍ�©f!©1”ÿ± x2, ⇢—

x2 + 1

x4 + x2 + 1
dx =

1 +
1
x2

�
x� 1

x

�2
+ 3

dx =
d
�
x� 1

x

�
�
x� 1

x

�2
+ 3

=
1p
3
arctan

x2 � 1p
3x

+ C.

è⌦¶— f(x) = x
2+1

x4+x2+1 3✓áΩ¬ç (�1,+1) ˛�⌃ºÍ F (x), dÆ⇢�(J,

å⌫

F (x) =

8
>>><

>>>:

1p
3
arctan

x
2�1p
3x

+ C1, x < 0;

C, x = 0;

1p
3
arctan

x
2�1p
3x

+ C2, x > 0.

d F (x) 3 x = 0 ?ÎY, ⇢—

lim
x!0+0

F (x) = lim
x!0�0

F (x) = F (0),

= 1p
3
⇧
2 + C1 = C = � 1p

3
⇧
2 + C2, ⇡ C1 = C � 1p

3
⇧
2 , C2 = C +

1p
3
⇧
2 . dd (A^S

K3.3, 113K) ¥�

F 0
+(0) = F 0

�(0) = f(0).

l� F 3 x = 0 ?å◆, Ö F 0
(0) = f(0). ⇡

f(x)dx =

8
>>>><

>>>>:

1p
3

⇣
arctan

x
2�1p
3x

� ⇧
2

⌘
+ C, x < 0;

C, x = 0;

1p
3

⇣
arctan

x
2�1p
3x

+
⇧
2

⌘
+ C, x > 0.
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�KèåÊ^e°�ê{ (;ù⌦˛°�ÊÜ):

x2 + 1

x4 + x2 + 1
dx =

1

2

(x2 + x+ 1) + (x2 � x+ 1)

(x2 + x+ 1)(x2 � x+ 1)
dx

=
1

2

1

x2 � x+ 1
dx+

1

2

1

x2 + x+ 1
dx

=
1

2

d
�
x� 1

2

�
�
x� 1

2

�2
+

3
4

+
1

2

d
�
x+

1
2

�
�
x+

1
2

�2
+

3
4

=
1p
3
arctan

2x� 1p
3

+
1p
3
arctan

2x+ 1p
3

+ C.

(¥u�y, ˘ò(JÜc°�(J¢üÉ”.)

4.1.3 ©‹»©{

ÿΩ»©•�©‹»©{¥?n»©ØKû2çÊ^�,ò´ê{, ßÜºÍ¶»

�á©{K

(u(x)v(x))0 = u0(x)v(x) + u(x)v0(x),

Ω

d(u(x)v(x)) = v(x)du(x) + u(x)dv(x)

ÉÈA. œd (u(x)v(x))0 �òá⌃ºÍ“¥ u(x)v(x), §±∑Ç·=“ke°�Ωn.

Ωn 4.4 (©‹»©{) ⌫ºÍ u = u(x) Ü v = v(x) kÎY�á˚, K

u(x) · v0(x) dx = u(x) · v(x)� v(x) · u0(x) dx;

˘å{Pè

u dv = uv � v du.

Ωn•�?ø~Í?1⌦‹ø. TΩnÅÜ⇢�A^¥|^¶ u0v ⁄ uv0 Ÿ•òá

�ÿΩ»©, â—,òá�ÿΩ»©.

~ 4.1.12 ¶ ln x dx.

) ✓ u(x) = ln x, dv(x) = dx, Kå✓ v(x) = x, ⇢—

ln x dx = x ln x� xd(ln x) = x ln x� dx

= x ln x� x+ C.

~ 4.1.13 ¶ e
ax

sin bx dx (a, b ¥ÿ�u"�¢Í).

) P§¶�ÿΩ»©è I, Kd©‹»©˙™, ⇢—

I =
1

a
sin bx · d(eax) = e

ax

a
sin bx� b

a
e
ax

cos bx dx.
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Èm‡1◆á»©2^©‹»©˙™, ⇢

e
ax

cos bxdx =
e
ax

a
cos bx+

b

a
e
ax

sin bxdx.

œd,∑Çk

I =
e
ax

a
sin bx� b

a2
e
ax

cos bx� b2

a2
I.

£ë⇢ (5ø, I L´òáºÍx)

I =
e
ax

a2 + b2
(a sin bx� b cos bx) + C.

~ 4.1.14 P In =
1

(x2 + a2)n
dx (n = 1, 2, · · · ), Ÿ• a ¥ö"¢Í. y≤e°

�4Ì˙™§·:

In+1 =
1

2na2
x

(x2 + a2)n
+

2n� 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 =
1
a
arctan

x

a
, å4Ì/¶⇢ In.)

y ©‹»© (=✓ u =
1

(x2+a2)n , v = x, K du = � 2nx
(x2+a2)n+1dx, dv = dx), ⇢

In =
x

(x2 + a2)n
+ 2n

x2

(x2 + a2)n+1
dx

=
x

(x2 + a2)n
+ 2n

✓
1

(x2 + a2)n
dx� a2

1

(x2 + a2)n+1
dx

◆

=
x

(x2 + a2)n
+ 2n

�
In � a2In+1

�
,

dd=⇢(J.

NıÿΩ»©�Oé, IÚ©‹»©{ÜÜ⇤{(‹¶^, ∑Çfiòá˘⇠�~f.

~ 4.1.15 ¶ xex(1 + e
x
)
� 3

2dx.

) ∑Çkd©‹»©⇢—

xex(1 + e
x
)
� 3

2dx = � 2xd

✓
1p

1 + ex

◆

= � 2xp
1 + ex

+ 2
1p

1 + ex
dx.

�˛™•�ÿΩ»©å^ìÜ{¶⇢ (Ñ~ 4.1.6), ∑ÇÅ�k

xex(1 + e
x
)
� 3

2dx = 4 ln

⇣p
ex + 1� 1

⌘
� 2x� 2xp

ex + 1
+ C.
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SK 4.1

1. ¶e✏ÿΩ»©:

(1) x(x� 1)
3
dx; (2)

e
3x

+ 1

ex + 1
dx;

(3) (2
x
+ 3

x
)
2
dx; (4) tan

2 x dx;

(5)
x2

1 + x2
dx; (6)

1 + cos
2 x

1 + cos 2x
dx.

2. ^1òìÜ{¶e✏ÿΩ»©:

(1) (2x� 1)
100

dx; (2)
1

x2
sin

1

x
dx;

(3)
cos x� sin x

1 + sin x+ cosx
dx; (4)

arctan x

1 + x2
dx;

(5) x
p
1� x2 dx; (6)

1p
x(1 + x)

dx;

(7)
arctan

1
x

1 + x2
dx; (8)

1 + ln x

1 + x ln x
dx;

(9) sin
2 x dx; (10) sin

5 x cos x dx.

3. ^1◆ìÜ{¶e✏ÿΩ»©, Ÿ•� a ˛è~Í:

(1)
p
ex � 2 dx; (2)

p
x2 + a2 dx;

(3)
1

(x2 � a2)3/2
dx; (4)

x2p
a2 � x2

dx;

(5)
1

1 +
p
x+ 1

dx; (6)
x ln x

(1 + x2)3/2
dx;

(7)
1� ln x

(x� ln x)2
dx; (8)

1

x2
p
x2 + a2

dx;

(9)
x+ 2

3
p
2x+ 1

dx; (10)
x1/7 + x1/2

x8/7 + x1/14
dx;

(11)
x� 1

x2
p
x2 � 1

dx; (12)
1

x8(1 + x2)
dx.

4. ¶e✏ÿΩ»©:

(1) |x| dx; (2) max(1, x2) dx.
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5. ^©‹»©{¶e✏ÿΩ»©:

(1) x sin x dx; (2) x2 ln x dx;

(3) cos ln x dx; (4) x2 cos 5x dx;

(5) sec
3 x dx; (6) x2ex dx;

(7) x arcsin x dx; (8) x(arctan x)2 dx;

(9) (arcsin x)2 dx; (10) ln(x+

p
x2 + 1) dx.

6. ◆—e✏ÿΩ»©�4Ì˙™:

(1) sin
n xdx (n = 1, 2, · · · ); (2) xnexdx (n = 1, 2, · · · ).

7. ¶e✏ÿΩ»©:

(1)
1

1 + ex
dx; (2)

x2 � 1

x4 + x2 + 1
dx;

(3)
1

x4 + x6
dx; (4) x

p
x� 2 dx;

(5)

p
x� 1 arctan

p
x� 1

x
dx; (6)

xexp
ex � 2

dx;

(7) xex sin x dx; (8)
1

(1 + tan x) sin2 x
dx;

(9)

p
1� x

1�
p
x
dx; (10)

r
x� 1

x+ 1
· 1

x2
dx;

(11)
x arctan x

(1 + x2)3
dx; (12)

x

1 + sin x
dx;

(13) arcsin
p
x dx; (14)

x+ sin x

1 + cosx
dx;

(15) x sin2 x dx; (16)
x3p
1 + x2

dx;

(17)
arctan x

x2(1 + x2)
dx; (18)

arctan e
x

ex
dx;

(19) e
2x
(1 + tan x)2 dx; (20)

x2

(x sin x+ cosx)2
dx;

(21) cos x cos 2x cos 3x dx; (22)
1p

x� 1 +
p
x+ 1

dx;

(23)
1pp
x+ 1

dx; (24)

r
x

1� x
p
x
dx;

(25) e
�x

2
/2 cos x� 2x sin x

2
p
sin x

dx; (26)
xex

(1 + x)2
dx.
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§4.2 knºÍ�ÿΩ»©

˛ò!Æ≤0↵⌦¶ÿΩ»©�ò⌦ƒ�ê{⁄⌃K, ”ûèç—⌦kNı–�º

Í�ÿΩ»©è,�3, %ÿ¥U^–�ºÍL´�. ,�, 3ÿΩ»©nÿ•kòá

Èkø¬�òÑ(J: òÉknºÍ�ÿΩ»©—¥–�ºÍ. œdÈò⌦U⌦œLC

ÜzèknºÍ�ºÍa, Ÿ»©è¥–�ºÍ.

4.2.1 knºÍ�ÿΩ»©

§¢knºÍ¥çòá©f!©1—¥ x �ıë™�©™ P (x)
Q(x) , Ÿ•

P (x) = anx
n
+ an�1x

n�1
+ · · ·+ a0, an 6= 0;

Q(x) = bmx
m
+ bm�1x

m�1
+ · · ·+ b0, bm 6= 0.

e n > m, ° P (x)
Q(x) èknb©™; e n < m, K° P (x)

Q(x) èkn˝©™.

dıë™�ÿ{¥�, ?€knb©™åL´èòáıë™Üòákn˝©™É

⁄. duıë™�⌃ºÍ¥uOé, Ÿ(JE¥òáıë™. œd, ¶knºÍ�ÿΩ»

©, êI�ƒkn˝©™�ÿΩ»©.

kn˝©™�ÿΩ»©, ùÇe°¸á·uìÍ∆�Ø¢, ˘pÿäy≤.

Ωn 4.5 (ıë™œ™©)) 3¢ÍâåS, ?€¢XÍ�ıë™ Q(x) å©)è

Q(x) = bm(x� ↵1)
r1 · · · (x� ↵k)

rk(x2 + �1x+ �1)
s1 · · · (x2 + �lx+ �l)

sl ,

˘p r1 + · · · + rk + 2s1 + · · · + 2sl = m, §k� ↵i, �j , �j —¥¢Í, Ö �2
j
� 4�j < 0

(j = 1, 2, · · · , l).

Ωn 4.6 ⌫ P (x) ⁄ Q(x) ©O¥ n ⁄ m g¢XÍıë™, øÖ n < m. e Q(x)

Æ©)èΩn4.5•�/™, K�3¢Í Ai,j , Bi,j , Ci,j, ¶⇢

P (x)

Q(x)
=

A1,1

(x� ↵1)
+ · · ·+ A1,r1

(x� ↵1)
r1

+ · · ·+ Ak,1

(x� ↵k)
+ · · ·+ Ak,rk

(x� ↵k)
rk

+
B1,1x+ C1,1

(x2 + �1x+ �1)
+ · · ·+ B1,s1x+ C1,s1

(x2 + �1x+ �1)s1
+ · · ·

+
Bl,1x+ Cl,1

(x2 + �1x+ �l)
+ · · ·+ Bl,slx+ Cl,sl

(x2 + �lx+ �l)sl
.

{¸/`, e Q(x) �©)•kœ™ (x� ↵)r, K P (x)
Q(x) �‹©©™©)•ùπXë:

A1

x� ↵
+ · · ·+ Ar

(x� ↵)r
;
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e Q(x) �©)•kœ™ (x2 + �x+ �)s (Ÿ• �2 � 4� < 0), K
P (x)
Q(x) �‹©©™©)•

ùπe✏/™�ë:

B1x+ C1

x2 + �x+ �
+ · · ·+ Bsx+ Cs

(x2 + �x+ �)s
.

X€ÈòáknºÍ?1©), åkb⌫knºÍk˛„©)Là™, Ÿ•§k�

~Í Ai, Bi, Ci ñΩ. ,�?1œ©, '�œ©�©f�àgò�XÍ, (Ω§kñΩ

�~Í. ˘œ~°èñΩXÍ{. Ωn 4.6 ⇥y⌦ñΩXÍ¥òΩU⌦(Ω�.

Ωn 4.6 �Ãáä^¥ÚòÑ�kn˝©™©)è,⌦�{¸�knºÍÉ⁄, d

dåÚ¶ P (x)
Q(x) �ÿΩ»©�ØK, zè¶±e¸´Aœa.�ÿΩ»©:

(i)
1

(x� ↵)k
dx; (ii)

Bx+ C

(x2 + �x+ �)k
dx.

Ÿ• k èg,Í, � �2 � 4� < 0.

w,, /X (i) �ÿΩ»©¥–�ºÍ (5ø, k = 1 9 k > 1 û�ú/ÿ”). Èu

(ii) •�ÿΩ»©, P t = x+
�

2 , a
2
= � � �

2

4 , ßåzè

Bx+ C

(x2 + �x+ �)k
dx =

B

2

2t

(t2 + a2)k
dt+

✓
C � B�

2

◆
1

(t2 + a2)k
dt.

� k = 1 û, ˛™m‡�1òáÿΩ»©¥ÈÍºÍ/™, 1◆á¥áÉºÍ/™, §

±¥–�ºÍ. � k > 1 û, ˛™m‡�1òáÿΩ»©è

1

(1� k)
· 1

(x2 + �x+ �)k�1
+ C,

˘¥–�ºÍ; �d §4.1 •~ 4.1.14 �4Ì˙™�, ˛™m‡�1◆áÿΩ»©è¥ò

á–�ºÍ. ˘⇠, ∑Ç“y≤⌦kn˝©™�⌃ºÍ (?�?øknºÍ�⌃ºÍ),

—¥–�ºÍ.

~ 4.2.1 ¶ 1
x3+1dx.

) ⇢»ºÍ�©1å©)è

x3 + 1 = (x+ 1)(x2 � x+ 1).

dΩn 4.6, å⌫
1

x3 + 1
=

A

x+ 1
+

Bx+ C

x2 � x+ 1
,

Ÿ•, A,B,C ˛¥ñΩ�¢Í. Ú˛™�©1, ⇢�™

A(x2 � x+ 1) + (Bx+ C)(x+ 1) = 1.
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'��™¸>”gò�XÍ, k
8
>>><

>>>:

A+B = 0,

�A+B + C = 0,

A+ C = 1.

ddå)⇢ A =
1
3 , B = �1

3 , C =
2
3 . (¶ A,B,C èåÊ^“ìä{”. ~X, 3˛„�

™•✓ x = �1, å⇢ A =
1
3 ; ✓ x = 0, ⇢ C =

2
3 ; 2✓ x = 1, ⇢— B = �1

3 .) y3

1

x3 + 1
dx =

1

3

1

x+ 1
dx� 1

3

x� 2

x2 � x+ 1
dx

=
1

3
ln |x+ 1|� 1

6

d(x2 � x+ 1)

x2 � x+ 1
+

1

2

1
�
x� 1

2

�2
+

3
4

dx

=
1

6
ln

(x+ 1)
2

x2 � x+ 1
+

1p
3
arctan

2x� 1p
3

+ C.

¶knºÍ�ÿΩ»©, ⌃K˛åkä—knºÍ�‹©©™©). è⌦â˘ò

:, ñΩXÍ{¥É�ƒ��ê{. ,�, ⇥ÈØK�A:, Ê^∑���C/, kû

Uç{¸/ä—§Iá�©). ,òê°, k⌦ØK•, Ê^˛„⌃KÚ⌫)P�⁄E

,�Oé, ∑Çw⌘Ê^Ÿ¶�¶)ê{, Xe°�¸á~f.

~ 4.2.2 ¶
1

x(x+ 1)(x2 + x+ 1)
dx.

) ∑Çk

1

x(x+ 1)(x2 + x+ 1)
=

(x2 + x+ 1)� (x+ 1)x

x(x+ 1)(x2 + x+ 1)
=

1

x
� 1

x+ 1
� 1

x2 + x+ 1
,

dd¥�§¶�ÿΩ»©è

ln

����
x

x+ 1

�����
2p
3
arctan

2x+ 1p
3

+ C.

~ 4.2.3 ¶
1

x(x8 + 1)
dx.

) ∑Çk

1

x(x8 + 1)
dx =

1 + x8 � x8

x(x8 + 1)
dx =

1

x
dx� 1

8

d(x8 + 1)

x8 + 1

= ln |x|� 1

8
ln(x8 + 1) + C.

4.2.2 n�ºÍkn™�ÿΩ»©

dn�ºÍ9~Í≤LkÅgoK$é�§�Là™, °èn�ºÍ�kn™. n

�ºÍ�kn™åPä R(sin x, cos x), ˘p R(u, v) ¥'uC˛ u, v �knºÍ, =¥

¸á'u u, v �◆⇤ıë™É˚.
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n�ºÍkn™�ÿΩ»©

R(sin x, cos x)dx,

œLe✏�⇡UCÜ

t = tan
x

2
(�⇧ < x <⇧),

åzèknºÍ�»©, œ�ŸÿΩ»©è¥–�ºÍ. Ø¢˛, œL/⇡UCÜ0, k

1

1 + t2
= cos

2 x

2
,

t2

1 + t2
= sin

2 x

2
.

dn�ºÍ���˙™⇢

sin x =
2t

1 + t2
, cos x =

1� t2

1 + t2
,

è“¥ sin x ⁄ cos x (?�§kn�kn™) —U≤L/⇡UCÜ0L´§kn™. �≤

Lá©, k

dx =
2

1 + t2
dt

= x È t �◆ÍèåL´§kn™. ddåÚ R(sin x, cos x)dx zè

R

✓
2t

1 + t2
,
1� t2

1 + t2

◆
· 2

1 + t2
dt,

˘¥'u t �knºÍ�ÿΩ»©, ⇡åL´è t �–�ºÍ; l� R(sin x, cos x)dx

è¥ x �–�ºÍ.

~ 4.2.4 ¶ 1
5+4 sinx

dx.

) - t = tan
x

2 , K

5 + 4 sin x =
5t2 + 8t+ 5

t2 + 1
.

l�

1

5 + 4 sin x
dx = 2

dt

5t2 + 8t+ 5
=

2

3
arctan

5t+ 4

3
+ C

=
2

3
arctan

5 tan
x

2 + 4

3
+ C.

ÈuV≠ºÍkn™�»©

R(cosh x, sinh x)dx

èåaq/⁄?ò´⇡UCÜ

u = tanh
x

2
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Ú»©zèknºÍ�»©. ÷ˆåø©|^V≠ºÍaqun�ºÍ�òX✏5ü?

1?ÿ.

û÷ˆ5ø, ⌃K˛, ÿ+¥n�knºÍÑ¥V≠knºÍ, ⇡UCÜ¥?nßÇ

ÿΩ»©�òÑê{. ⇥⇥È‰NØK, ∑�/A^n��C/£⁄V≠ºÍaq�

�™§, åÊ^ç(π!{B�ê{.

~ 4.2.5 ¶ sin
4 xdx.

) �Kkı´){; ^⇡UCÜK�èÑ°. ∑Ç¸g^��˙™, ⇢—

sin
4 xdx = (sin

2 x)2dx =

✓
1� cos 2x

2

◆2

dx

=
1

4
(1� 2 cos 2x+ cos

2
2x)dx

=
1

4

✓
1� 2 cos 2x+

1 + cos 4x

2

◆
dx

=
3

8
x� 1

4
sin 2x+

1

32
sin 4x+ C.

5P ˛°⁄?�CÜ t = tan
x

2 �A€ø¬

-

6

u

v

.......................

.......................

........................

.......................

.......................

......................

......................
.......................

.......................
...................................................................................................................................................................

.......................
..................
....

................
......

...............
........

..............
.........

..............
..........

.............
..........

.............

..........

.............

..........

.............
..........

..............
..........

..............
.........

...............
........

................
......

..................
....

....................... ....................... ........................ ....................... ....................... ....................... ....................... ........................
.......................
.......................
......................

......................

.......................

.......................

........................

.......................

.......................

q

O

.

...............
................x
2 ...........

.......... x

P(u,v)

S

R

„ 4.3

Xe: X„4.3, 3¸†↵±˛ò: P , ß�ãIè

(u, v), u = cosx, v = sin x, � t = tan
x

2 , =¥Ç„

SP (Ω� |x| > ⇧
2 û SP �Ú�Ç) Ü v ∂�⇥:

R �pãI. œd, ¸†↵±˛�òÑ: P (u, v) å

œLÎÍ t �kn™

u =
1� t2

1 + t2
, v =

2t

1 + t2

5L´. ß¥↵± (ÿ S :É ) Ü✓á¢Í∂£=

v ∂§Ém�òòÈA: � t l �1  +1 û, ÈA

�: P (u, v) Kl S :—u, _û⇥êï7↵ò±. ↵±˘⇠�L´, w,“¥�™

(t2 � 1)
2
+ (2t)2 = (t2 + 1)

2, t 2 (�1,+1)

5ø, � t ¥✓Íû, ˛™â—⌦ Pythagoras (.àx.d) ✓Í a = t2 � 1, b =

2t, c = t2 + 1, =˜vêß a2 + b2 = c2 �✓Í) (⇤⇠Ωn). AO� t = 2 û,

a = 3, b = 4, c = 5.

4.2.3 Ÿ¶a.�–�ºÍ�ÿΩ»©

X”c°�P“, P R(u, v) ¥'uC˛ u, v �knºÍ, = R(u, v) ¥¸á'u

u, v �ıë™§/§�©™.
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1
� R(x,

p
1� x2) �ÿΩ»©

ÿΩ»©

R(x,
p
1� x2)dx

åœLe✏ìÜ

x = cosu, K
p

1� x2 = sin u, dx = � sin udu

zèn�ºÍ�kn™�ÿΩ»©, ˘p 0 6 u 6⇧. ��ˆœL⇡UCÜ t = tan
u

2 z

èknºÍ�ÿΩ»©, §⇢�(J¥'u t �–�ºÍ. œd, êá|^¸áìÜ

�áºÍ, “å±rR(x,
p
1� x2) �ºÍ�ÿΩ»©L´§–�ºÍ.

XJÚ¸gìÜ‹Â5

t =

r
1� x

1 + x
,

K

x =
1� t2

1 + t2
,
p
1� x2 =

2t

1 + t2
,
dx

dt
= � 4t

(1 + t2)2

“å±Ü⇢Ú⌃ÿΩ»©zèknºÍ�ÿΩ»©.

2
� R(x,

p
x2 � 1) �ÿΩ»©

3ÿΩ»©

R(x,
p
x2 � 1)dx

•, ∑Ç|^V≠{uºÍäèìÜ,

x = coshu, K
p
x2 � 1 = sinh u, dx = sinh u

Ú»©zèV≠knºÍ�»©. 2¶^V≠knºÍ�⇡UCÜ, Å™Ú⌃ÿΩ»©

zèknºÍ�ÿΩ»©.

3
� R(x,

p
x2 + 1) �ÿΩ»©

ÈuÿΩ»©

R(x,
p
x2 + 1)dx

åäìÜ x = sinh u, ÚŸzèV≠knºÍ�ÿΩ»©; Ωˆ|^ìÜ

u = x+

p
x2 + 1,

ò⁄“åÚŸzèknºÍ�ÿΩ»©.

4
� R(x, n

q
ax+b

cx+d
) �ÿΩ»©

Èu˘aÿΩ»©, Ÿ• a, b, c, d ¥~Í, Ö ad 6= bc, åäCÜ

t = n

r
ax+ b

cx+ d
, Ω x =

dtn � b

�ctn + a
,
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K dx
dt ¥ t �kn™. u¥

R

 
x, n

r
ax+ b

cx+ d

!
= R

✓
dtn � b

�ctn + a
, t

◆
dx

dt
dt

zèknºÍ�»©.
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SK 4.2

1. ¶e✏knºÍ�ÿΩ»©:

(1)
1

x2 + x� 2
dx; (2)

x4

x2 + 1
dx;

(3)
x3 + 1

x3 � x
dx; (4)

1

(x2 + 1)(x2 + x)
dx;

(5)
x

(x+ 1)2(x2 + x+ 1)
dx; (6)

x2 + 1

x4 + 1
dx;

(7)
x5 � x

x8 + 1
dx; (8)

x15

(x8 + 1)2
dx.

2. ¶e✏n�ºÍkn™�ÿΩ»©, Ÿ• a, b ¥~Í:

(1)
1 + sin x

sin x(1 + cos x)
dx; (2)

sin
5 x

cos x
dx;

(3)
1

sin
4 x cos2 x

dx; (4)
sin

2 x cos x

sin x+ cosx
dx;

(5)
sin x cos x

1 + sin
4 x

dx; (6)
sin

2 x

1 + sin
2 x

dx;

(7)
sin x cos x

sin x+ cosx
dx; (8)

1

sin
4 x cos4 x

dx;

(9)
1

2 sin x+ sin 2x
dx; (10)

cos x

a sin x+ b cos x
dx, a2 + b2 6= 0.
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�Ÿ§ç�»©, è°èΩ»©. {§˛, Ω»©¥è⌦Oé≤°˛µ4≠Çå

§�„/°»!ΩOéòm≠°�°»!≠Ç��›�⌫)�. 3�Ÿ•, ∑ÇÚ

l±Ω¬3´m [a, b] ˛ºÍ f(x) �„îè>�≠>F/�°»\√, Ô·¸C˛

ºÍ»©�ƒ�gé⁄nÿ. ∑ÇÚ¨uy, ≠>F/�°»ÜºÍ f(x) �⌃ºÍ

F (x) (dF (x) = f(x)dx)kX;óÈX, l�Ú»©Üá©;óÈXÂ5. ˘“¥Õ∂�

á»©ƒ�Ωn))Newton-Leibniz ˙™.

§5.1 »©

5.1.1 »©�Ω¬

ƒk, ∑ÇÚœL≠>F/°»�Oé5⁄—»©�Ω¬. §¢“≠>F/” ¥çX

„ 5.1))5.3 §´�à´„/. òÑ5`òáºÍ y = f(x), x 2 [a, b] §L´�„/C

Xe�°»å±ø©§e✏„/�/™Ω≠>äe�aq„/. œd, êá�ƒzòá

≠>F/�°»“å±⌦.

„ 5.1 „ 5.2

.
...............................

...........................

........................

....................

.................
..............
.......... ........
....... ....... ........ ............

..............
.
..............
.....
.............. .......... ......... ........ ......... ..........

............
............... .
.........................

......................

...................
...............
............
.......... ........ ....... ........ ......... ............

...............
..............
....

..............
.......

..............
..........

.............
.............
.

.............

.............

....

.............

.............

.......

„ 5.3

✓ΩòáÜ�ãIX Oxy, ¶§�ƒ�≠>F/dÎY≠Ç y = f(x) (f(x) > 0)

Ü x ∂, ¸ÜÇ x = a 9 x = b §å§ (X„5.4).

x

y

a b

y = f(x)

„ 5.4

x

y

a b

y = f(x)

„ 5.5

Ü*˛w,XJ∑Ç⇢…˘⇠�b⌫: ˘´„/�°»¥òák(Ωø¬�Í,@o

y3�Ûä“¥¶—˘áÍ. èd3 a Ü b Ém⇥\ n� 1 á©�: x1, x2, · · · , xn�1
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øP x0 = a, xn = b, ˘⇠ a = x0 < x1 < x2 < · · · < xn�1 < xn = b °è´m [a, b]�ò

á©�. 3zòá©�:˛x—Ü x ∂RÜ�ÜÇ, u¥§`�≠>F/⇢©§ n á

⇥/�^0£X„5.4§.

⇥¥¶˘⌦⇥�^°»�J›øô¸$, œdå±�ƒ^⇥�›/5äCq£X

„5.5§. ç(É/`, ∑Ç3zá⇥´m [xi�1, xi] •?ø✓òá: ⇠i, Kzò⇥¨›/

�pè f(⇠i), ∞è xi � xi�1, œd°»¥ f(⇠i)(xi � xi�1), ßÇ�o⁄Pè

Sn = f(⇠1)(x1 � x0) + · · ·+ f(⇠n)(xn � xn�1)

=

nX

i=1

f(⇠i)�xi.

Ÿ• �xi = xi � xi�1 (i = 1, 2, · · · , n). œd Sn å¿è≠>F/°»�Cqä. XJ�

´m [a, b] ©�⇢�5�[, =√⇥´m�Åå�›™ïu"û,/Cqä0 Sn ™uò

á(Ω�4Å, @o˘á4ÅäAT“å±Ω¬è≠>F/�°».

e°∑Çâ—ÓÇ�Ω¬.

Ω¬ 5.1 ⌫ºÍ f(x) 34´m [a, b] ˛kΩ¬. ^©�

T : a = x0 < x1 < · · · < xn�1 < xn = b

£xi, i = 1, · · · , n °è©�:§Ú´m [a, b] ©�§ n á⇥´m [xi�1, xi](i = 1, · · · , n).
3zòá´m [xi�1, xi] ˛?✓ò: ⇠i, øP

kTk = max
16i6n

�xi, �xi = xi � xi�1

@o

Sn(T ) =
nX

i=1

f(⇠i)�xi,

°èºÍ f(x) 3´m [a, b] ˛ÈAu©� T �òáRiemann£i˘§⁄, kTk °è©�
�/⌧0Ω/∞›0.

XJk¢Í I ¶⇢È?øòáÍ " > 0, �3 � > 0, êá©� T ˜v kTk < � ,

√ÿ: ⇠i 2 [xi�1, xi], i = 1, 2, · · · N⇠¿✓, —k

|Sn(T )� I| =

�����

nX

i=1

f(⇠i)�xi � I

����� < "

@o°ºÍ f(x) 3´m [a, b] ˛å»; ø°I è f(x) 3 [a, b] ˛�»©, Pè

I =

b

a

f(x)dx.

kûè°� kTk ! 0 û, Riemann ⁄ Sn(T ) �4Å¥I.
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5øΩ¬%π⌦¸á“?ø5”µò¥©��?ø5, ◆¥: ⇠i 2 [xi�1, xi], i =

1, 2, · · · ¿✓�?ø5.

dΩ¬∑Ç·=w, ºÍå»±9ß�»©, áN�¥ºÍ3òá´m˛�✓

N5ü£˘ÜºÍ�åá5⌘⌧Éá§. ¢S˛, XJP qi =
1

b�a
�xi, K qi > 0 (i =

1, · · · , n),
nP

i=1
qi = 1. @o, f 3 [a, b] ˛å», øõXºÍ3´m [a, b] ˛ n á:�✓ä

f(⇠i) �\⇡≤˛
nP

i=1
qif(⇠i) ‰kò´–�5�: 3 max

16i6n

qi ! 0 ûk4Å.

»©�˛„Ω¬¥õ ≠V⇡IÍ∆[ Riemann£i˘§â—�, œdXJ3,á

´m˛�ºÍ3˘òø¬eå», è°˘ºÍ3§`�´m˛ Riemann å», ÉA�»

©°è Riemann »©.£¶^˘á∂°, è¥è⌦´©˛„»©ÜŸß»©Vg.§

P“ b

a
f(x)dx •, »©“ÉAu¶⁄“

P
, �äèòá✓N, f(x)dx ÉAu

f(⇠i)�xi, °è⇢»Là™, f(x) °è⇢»ºÍ, x °è»©C˛, a Ü b ©O°è»©

eÅÜ»©˛Å.

N¥w, ^N⇠�i15L´»©C˛, ¥⌘⌧√';á�. œd, å±Ú
b

a
f(x)dx �§ b

a
f(t)dt, Ω b

a
f(u)du. ∑Ç^BJòe, ñ x

a
f(x)dx Ω b

x
f(x)dx ˘

⇠�Là™, Ÿ•É”�i1Q^5L´»©C˛, q^5L´»©�˛ (e) Å, ˘k

ûÚ⁄Âÿ), œ�A�;ù¶^.

»©¥°»!¥ß˘⌦‰NØK�Í∆ƒñ, ß≤(⌦˘⌦Ü*Vg�Í∆π¬,

⇥ØKÑ✏✏vk˝)˚. ∑Ç8cÿ�⌫=⌦ºÍå»; çÿ�⌫, �òáºÍ3

,á´m˛å»û, N⇠¶—ÉA�»©ä.

5.1.2 å»ºÍa

üo⇠�ºÍå», ¥ƒUâ—òá{≤�OK⌥OòáºÍ3,á´m˛å»,

˘⌦ØKÿ¥òá{¸ØK. ƒkç—ºÍå»�òáƒ��7á^á, ßâ—⌦å»

ºÍ�òáâå.

Ωn 5.2 eºÍ f(x) 3´m [a, b] ˛å», K f(x) 3 [a, b] ˛k..

y≤ ä‚Ω¬, å»ºÍ� Riemann ⁄ Sn(T ) � kTk ! 0 ûk4Å A, §±È

" = 1, �3Í �, ✓Ω´m [a, b]˛˜v kTk < � �òá©� T : a = x0 < x1 < · · · <
xn�1 < xn = b,, “k

�����

nX

i=1

f(⇠i)�xi

����� 6 |A|+ 1

5ø˛™Èu?øò|: (⇠1, ⇠2, · · · , ⇠n), ⇠i 2 [xi�1, xi] —§·.

bXºÍ f(x) 3 [a, b] ˛√., K f(x) 73,áf´m [xk�1, xk] ˛√.. y32
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✓Ω ⇠i 2 [xi�1, xi], ˘p i = 1, · · · , n, ⇥ i 6= k , ⇥3 ⇠k �?ø5, dû

|f(⇠k)|�xk 6

������

X

i 6=k

f(⇠i)�xi

������
+ |A|+ 1

È?ø ⇠k 2 [xk�1, xk] §·. ˛™�m>¥òá�Ω�Í. œdÜ f(x) 3 [xk�1, xk] ˛

√.gÒ. ⇤

Ωn 5.2 U⌦^u⌥‰,⌦ºÍ3âΩ�´m˛ÿå», ⇥¥Ωn 5.2 �_øÿ

(. ~X, Dirichlet ºÍ£Ñ§2.1§3?ò´m [a, b] ˛k., ⇥¥, Ü⇢|^Ω¬“å⌥

‰ß3 [a, b] ˛¥ÿå»�, û÷ˆg1⌘§y≤.

y3, ∑Ç€✏—Aa≠áÖƒ��å»ºÍa, Èu˘⌦‰Û�ò⌦y≤Ú3

§5.2 !?ÿºÍå»5�≈ò⌘§.

Ωn 5.3 4´m [a, b] ˛ÎY�ºÍ£œ�¥k.�§, 3 [a, b] ˛òΩ¥å»�.

Ωn 5.4 e f(x) 34´m [a, b] ˛k., Ö3˘´m˛ñıêkkÅám‰:,

K f(x) 3 [a, b] ˛å».

Ωn 5.5 e f(x) ¥4´m [a, b] ˛�¸NºÍ£˘%π⌦ f 3 [a, b] ˛k.§,

K f(x) 3 [a, b] ˛å».

Ωn 5.3 ¥å»5nÿ•Åèƒ��(J. AO/, ˘òΩn⇥y⌦ (≠>F/) °

»�Í∆Ω¬�‹n5. ¥uw£„5.6§, XJ [a, b] ˛�ÎYºÍ f ÿè, »©
b

a
f(x)dx èk≤⌦�A€π¬.

+_
+

x

y

„ 5.6

x

y

a b

„ 5.7

Ωn 5.4 ¥Ωn 5.3 �òáÌ2. ßL≤å»ºÍa'ÎYºÍaå. œèÎYº

Í¥zò:—á¶ÎY, �»©¥òá/»\0�4Å, §±Èu3eZ:k⌦ØKˇå

N=. „5.7 ¥òá‰kkÅám‰:�≠Ç§CX�°»�´ø„.

Ωn 5.5 3nÿ˛è$è≠á. ∑Ç3dJ9ß, Ãá¥F"÷ˆ⌦): å»�ºÍ
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èå±k√°ıám‰:. ~X, ºÍ

f(x) =

8
<

:

1
n
, 1

n+1 < x 6 1
n
(n = 1, 2, · · · )

0, x = 0

,

3 1
2 ,

1
3 ,

1
4 , · · · ˘√°ıá:˛m‰; ⇥3´m [0, 1]˛, f ¸NOÖk., œdå». ∑Ç

5ø, êk�ºÍ3 [a, b] ˛k√°ıám‰:û, Ωn 5.5 ‚w´—Ÿø¬.

5P l˛°�©€å±w—, å»ºÍaù)⌦kkÅám‰:�k.ºÍ, $

ñù)⌦˛„~f•k√Åám‰:�¸Nk.ºÍ. ⇥¥ Dirichlet ºÍ`≤è,ß

¥òák.ºÍ, %¥ÿå»�. ⌃œ¥ Dirichlet ºÍ??m‰. g,¨Ø, ¥ƒå

±œL∞(èy“m‰:�ı�” 5´©ºÍ�å»Ωÿå». âY¥íΩ�, ˘“¥

Lebesgue Ωn. TΩn�åóπ¬¥ºÍå»�ø©7á^á¥3´m [a, b] ˛ºÍ�

m‰:�§�:8�“o�›” è 0£çúÑ�◆·1n˛§.

5.1.3 »©�–�~f

kò⌦ƒ�Ö≠á�ºÍ, U⌦œLΩ¬5OéßÇ�»©. è⌦Q„êB, ∑Ç

Ê^»©Ω¬•�P“, �ÿAO⇡≤.

~ 5.1.1 ´m [a, b] ˛�~äºÍ f(x) = c �»©¥
b

a

c dx = c(b� a).

y≤ œè~äºÍ3?€:�ä—¥ò⇠�, §±

Sn =

nX

i=1

f(⇠i)�xi = c
nX

i=1

�xi = c(b� a).

œd� kTk ! 0 û, Sn k4Å, Ö4Åè c(b� a). � c > 0 û, d~�A€ø¬è: �!

∞©Oè c Ü b� a �›/�°»¥ c(b� a), ˘Ü–�A€•�Ω¬òó.

~ 5.1.2 ⌫ a < b, y≤
b

a

x dx =
1

2
(b2 � a2).

y≤ œèºÍ f(x) = x ÎY, §±å». =√ÿÊ✓üo⇠�´m©�ê™±9

√ÿ✓üo⇠�: ⇠i, ÈA� Riemann ⁄�4ÅòΩ�3. 3dcJe, è⌦^Ω¬O

é»©, ∑Çå¿J,´Aœ�©�ê™, ✓Aœ�: ⇠, ±Bu?nÉA� Riemann

⁄. ˘p∑ÇÚ´m [a, b] ^©�:

a, a+ h, a+ 2h, · · · , a+ (n� 1)h, b = a+ nh
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y©è n �∞, Ÿ• h =
b�a

n
. Úzá⇥´m�m‡:✓ä ⇠i, KÉA�»©⁄è

Sn = (a+ h)h+ (a+ 2h)h+ · · ·+ (a+ nh)h

= nah+
1

2
n(n+ 1)h2

= a(b� a) +
1

2

✓
1 +

1

n

◆
(b� a)2.

⇡� n ! 1 û, Sn ! 1
2(b

2 � a2).

-

6

x

y

.............................................................

..........................................................................................................................................................................

a b

„ 5.8

-

6

x

y

a b

„ 5.9

~ 5.1.3 ⌫ a < b, y≤
b

a

x2 dx =
1

3
(b3 � a3).

y≤ œè⇢»ºÍ f(x) = x2 ÎY, §±⁄1◆á~f�ndò⇠, øÊ^É”

�©�:9: ⇠, ⇢—»©⁄

Sn = (a+ h)2h+ (a+ 2h)2h+ · · ·+ (a+ nh)2h

= na2h+ n(n+ 1)ah2
+

1

6
n(n+ 1)(2n+ 1)h3

= a2(b� a) +

✓
1 +

1

n

◆
a(b� a)2 +

1

6

✓
1 +

1

n

◆✓
2 +

1

n

◆
(b� a)3.

dd¥� lim
n!1

Sn =
1
3(b

3 � a3).

�K`≤: �‘Ç y = x2, Ü x ∂, ±9¸ÜÇ x = a ⁄ x = b å§�≠>F/�

°»è 1
3(b

3 � a3)£„5.9§. ˘á(J@3 Archimedes£Cƒí⇡, ˙⇤c287c)˙⇤

c212c§ûì“Æ�⌫.

~ 5.1.4 ¶ f(x) = sin x 3´m [a, b] ˛�»©.

) ƒk, f(x) = sin x ¥ÎYºÍ, §±òΩå». 3dcJe, ✓Ü1◆á~f•

ò⇠�©�:, øÚzá⇥´m�m‡:✓ä ⇠i, K Riemann ⁄è

Sh = h[sin(a+ h) + sin(a+ 2h) + · · ·+ sin(a+ nh)]

=
h

2 sin
h

2


cos

✓
a+

h

2

◆
� cos

✓
a+

2n+ 1

2
h

◆�

=
h

2 sin
h

2


cos

✓
a+

h

2

◆
� cos

✓
b+

h

2

◆�
.



166 1 5 Ÿ ¸C˛ºÍ�»©∆

˛™�Ì◆Lß•, È

2 sin
h

2
[sin(a+ h) + sin(a+ 2h) + · · ·+ sin(a+ nh)]

•�zòë, |^n�ºÍ�»z⁄↵˙™“⇢1òá�™, êá h ÿ¥ 2⇧ ��Í.

�1◆á�™^⌦ b = a+ nh. œd� h ! 0 û, ˛™ÅÜ‡�1òáœf

h

2 sin
h

2

! 1,

§±k
b

a

sin x dx = �(cos b� cos a).

”nÑå±⇢
b

a

cos x dx = sin b� sin a.

e°�~f, �9Å{¸�ÿÎYºÍ�»©, ∑Ç3�°�?ÿ•ÑÚJß.

~ 5.1.5 ⌫ a < b, � c ˜v a 6 c 6 b. �ƒºÍ

J(x) =

8
<

:
0, x 2 [a, b], x 6= c,

1, x = c.

y≤ b

a
J(x) dx = 0.

y≤ J(x) =3ò: x = c ?m‰; dΩn 5.4 �, J(x) 3 [a, b] ˛å», œd, È

´m [a, b] �?øòá©� a = x0 < x1 < · · · < xn = b ⁄?ø�: ⇠i 2 [xi�1, xi] (1 6
i 6 n), 4Å

lim
kTk!0

nX

i=1

J(⇠i)�xi

o¥�3�. AO,✓˘⇠� ⇠i(1 6 i 6 n), ¶ßÇ;m: c , = ⇠i 6= c(1 6 i 6 n), @o

ºÍ J(x) 3˘⇠�:˛˜v J(⇠i) = 0(1 6 i 6 n), §±˛„4Åäè0, è“¥ J(x)

3 [a, b] ˛�»©è 0.

5.1.4 »©�ƒ�5ü

å±w—, ±˛zòá~f—¥ä‚Ω¬, Ê✓Aœê{?n�, w,ÿ‰kòÑ

5. èd, ∑ÇÚ?ò⁄?ÿ»©�ò⌦ƒ�5ü. Å™â—Oé»©�òÑ5�(J.

Ωn 5.6 ⌫ a < c < b. XJºÍ f 3´m [a, b] ˛å», K f 3´m [a, c] ⁄

[c, b] ˛˛å». áL5, e f 3 [a, c] ⁄ [c, b] ˛å», K f 3 [a, b] ˛å». f 3ná´

m˛�»©˜v
b

a

f(x) dx =

c

a

f(x) dx+

b

c

f(x) dx.
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T5ü°è»©�´må\5, A€˛w“¥°»�å\5. ç[y≤Ñ §5.2!.

˘pIáâòá≠á`≤: ñd∑Ç=È a < b �ú/Ω¬⌦ b

a
f(x) dx. è⌦8��

êB, èIá3 a = b 9 a > b �ú/DÉŒ“ b

a
f(x) dx ≤(�ø¬: Ω¬�ê™A

¶⇢Ωn 5.6 •»©�´må\5˙™⇥±§·. œd, � c = a û
b

a

f(x)dx =

a

a

f(x)dx+

b

a

f(x)dx.

§±ØkΩ¬
a

a

f(x) dx = 0

¥‹n�. XJ✓ b < a, KΩ¬
b

a

f(x) dx = �
a

b

f(x) dx

˘⇠, »©�Ω¬•˛eÅ“vk⌦å⇥É©, �ÖÈÜ3å»´mâåS�?øná

Í a, b, c, Ωn 5.6 •�å\5—§·£⇥á5ø a, b, c �^S§.

Ìÿ 5.7 ⌫ºÍ f(x) 3´m [a, b] ˛å», K f 3[a, b] �?€f´m [a0, b0] ✓
[a, b] ˛èå».

˘¥œèdΩn 5.6 ,ƒk⇢ºÍ3´m [a, b0]˛å»,2gA^Ωn 5.6⇢3 [a0, b0]

˛èå».

Ωn 5.8 ⌫ºÍ f ⁄ g 3´m [a, b] ˛å». K

1
� È?ø~Í ↵, �, ºÍ ↵f + �g 3 [a, b] ˛å», Ö

b

a

(↵f(x) + �g(x)) dx = ↵
b

a

f(x) dx+ �
b

a

g(x) dx;

2
� ºÍ f · g 3 [a, b] ˛å».

Ωn 5.8 •�1òá(ÿ�y≤¥w,�, û÷ˆg1⌘§. °Éè»©�Ç55

ø¥uÌ2eZáå»ºÍú/: =eZáå»ºÍ�/Ç5|‹0E,å», øÖ»

©ä“�u˘eZáºÍ�»©�/Ç5|‹0. AOd f(x) å», åÌ— ↵f(x) å»,

Ö
b

a

↵f(x) dx = ↵
b

a

f(x) dx,

=⇢»Là™•�~ÍœfåJ✓ñ»©“É .

dΩn 5.8 •� 1
�
, ÑUÌ—å»ºÍ�òáä⇢5ø�ƒ�5ü: �ƒ~ 5.1.5

§Ω¬�ºÍ J(x), ß3å»Ö»©è 0 ; ?�, È?ø~Í ↵, ºÍ ↵J 3 [a, b] ˛å

»Ö b

a
↵J(x) dx = 0. Ú ↵J \òá (3 [a, b] ˛) å»�ºÍ f˛, §⇢�ºÍE,

å», øÖ
b

a

(f(x) + ↵J(x)) dx =

b

a

f(x) dx.
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ddåÑ, UCå»ºÍ f(x)3ò:?£?�kÅá:?§�ä, ÿ¨ªÄŸå»5, è

ÿUCŸ»©ä.

Ωn 5.8 •1◆á(ÿ�y≤33 §5.2 !?1. ßL≤¸áå»ºÍ�¶»E,

å». ,�, »© b

a
f(x)g(x) dx òÑÿU^ b

a
f(x) dx Ü b

a
g(x) dx 5L´, òÑ�Û,

b

a

f(x)g(x) dx 6=
b

a

f(x)dx ·
b

a

g(x) dx.

Ωn 5.9 ⌫ºÍ f(x) ⁄ g(x) 3 [a, b] ˛å».

1
� eÈ§k x 2 [a, b] k f(x) > 0, K

b

a

f(x) dx > 0;

2
� eÈ§k x 2 [a, b] k f(x) 6 g(x), K

b

a

f(x)dx 6
b

a

g(x) dx;

3
� ºÍ |f(x)| 3 [a, b] ˛èå», Ök

����
b

a

f(x) dx

���� 6
b

a

|f(x)| dx.

3Ωn 5.9 •, 1
� °è»©�⇥“5, åd»©�Ω¬Ü⇢Ì—5. 2

� °è»©�

¸N5, ß¥ 1
� 9Ωn 5.8 • 1

� �w,Ìÿ.

ä⇢5ø�¥, � b

a
f(x) dx ÿ¥Oéû, 2

� â—⌦✏O˘ò»©�òáƒ�⌃

K: 3 [a, b] ˛, â— f(x) �òá¶åU–� (å»�) ˛.ºÍ g(x), ¶⇢ b

a
g(x) dx

¥uOé, ˘  U⇢ b

a
f(x)dx ��∞(�˛.. ”⇠�⌃K�,è∑^u✏O

b

a
f(x) dx �e..

3
�•1òá‰ÛL≤, ˝Èä$é⇥±å»5, ˘¥å»5nÿ•Èƒ��Ø¢. ≤

L §5.2 !�?ÿÉ�, Ú¨ÈN¥â—y≤.

dΩn 5.9•� 2
� 9~ 5.1.1å·=⇢—e✏(ÿ,ßè¥»©�Åè{≤�✏ä.

Ωn 5.10 ⌫ºÍ f 3´m [a, b] ˛å», M 9 m ©O¥ f 3 [a, b] ˛�òá˛

.9òáe., =È§k x 2 [a, b], k

m 6 f(x) 6 M,

K

m(b� a) 6
b

a

f(x) dx 6 M(b� a).

e°�5ü°è»©∆�•äΩn, ßâ—⌦ÎYºÍ�»©˘ò✓N�˛, ÜŸ

¸áºÍä�ò´{≤�ÈX.
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Ωn 5.11 (»©•äΩn) ⌫ºÍ f(x) 34´m [a, b]˛ÎY, K�3 ⇠ 2 [a, b],

¶⇢

b

a

f(x) dx = f(⇠)(b� a).

y≤ d f 34´m [a, b] ˛ÎY, l�ß3˘á´m˛kÅåä M ÜÅ⇥ä m,

u¥d˛„Ìÿå�

m 6 1

b� a

b

a

f(x) dx 6 M.

ä‚ÎYºÍ�0äΩn, 3´m [a, b] ˛�3ò: ⇠, ¶⇢ f(⇠) T–�u§¢�»©

≤˛ä 1
b�a

b

a
f(x) dx, ˘“¥áy≤�(J. ⇤

±˛náΩn—kXm≤�A€ø¬, û÷ˆgC±„øâÉ)∫.

∑Ç^BJA^'u»©•äΩn�5∫. ƒk, Ωn•� ⇠, Ø¢˛å✓3´m�

S‹, = a < ⇠ < b; Ÿg, Ωn•ÎY5�^á¥7ÿå��; Å�, •äΩnÑkòá

k��“\⇡” Ì2, ˘è¥»©∆•ä⇢5ø�(J. §k˘⌦, û÷ˆÎ�SK5.1 •

1 7 K⁄1 9 K.

5.1.5 á»©ƒ�Ωn

⌫ºÍ f(x) 3´m [a, b] ˛å». dΩn 5.6 �Ìÿå�, È?ò´m [a0, b0] ✓
[a, b], f 3 [a0, b0] ˛èå», Ÿ»©ù6u»©Å a0 ⁄ b0, =¥¸á»©Å a0 ⁄ b0 �º

Í. è⌦êB/?ÿ (»©) Èu»©Å�˘´ù6'X, ∑ÇÚeÅ✓èòá�Ω�

Í; S.˛“✓è a, �˛ÅK^ x 5L´, ±L≤∑ÇÚ˛ÅwäC˛. u¥, ∑ÇP

'(x) =
x

a

f(t)dt, a 6 x 6 b.

œèÈzá x 2 [a, b], ˛™m‡˛çò(Ω⌦òáÍäÜÉÈA, œd '(x) ¥ [a, b] ˛

�òá#�ºÍ, °èC˛Å�»©.

5ø,/C˛Å»©0ÿ¥òá#�»©, êÿL¥3´m [a, x] ˛�Ω»©, Ÿ•,

»©�˛Åkòáåπƒ�âå.

Ωn 5.12 ⌫ºÍ f(x) 3 [a, b] ˛å», K f(x) �C˛Å»© '(x) 3´m [a, b]

˛ÎY.

y≤ du f 3 [a, b] ˛å», §± f 3˘´m˛k., =�3 M ¶⇢ |f(t)| 6
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M, 8t 2 [a, b]. ⌫ x0 2 [a, b], KÈ?ø� x 2 [a, b], k

|'(x)� '(x0)| =
����

x

a

f(t)dt�
x0

a

f(t)dt

����

=

����
x0

a

f(t)dt+
x

x0

f(t)dt�
x0

a

f(t)dt

����

=

����
x

x0

f(t)dt

���� 6
����

x

x0

|f(t)|dt
���� 6 M |x� x0|.

5ø, ä‚Ωn 5.6�`≤, √I´© x > x0 Ω x < x0. œd, ?âòáÍ " > 0,

êá✓ � = "

M
, K� 0 < |x � x0| < � û, “k |'(x) � '(x0)| < ", ˘“y≤⌦ '(x) 3

x = x0 ?ÎY. ⇤

Ωn 5.13 ⌫ºÍ f(x) 3 [a, b] ˛å», x0 2 [a, b].

1
� e f(x) 3 x = x0 ?ÎY, K f(x) �C˛Å»© ' 3 x = x0 ?åá, Ö

'0
(x0) = f(x0).

2
� e f(x) 3´m [a, b] ˛ÎY, K f(x) �C˛Å»©3 [a, b] ˛åá, øÖ

'0
(x) = f(x), a 6 x 6 b, Ω d'(x) = d

x

a

f(t)dt = f(x)dx,

= '(x) ¥ f(x) �òá⌃ºÍ. §±∑Çèk˘⇠�(ÿ: ÎYºÍòΩk⌃ºÍ.

y≤ ƒk�ƒ x0 ÿ¥‡: a⁄ b �ú/. du f 3 x0 ?ÎY, KÈâΩ�

" > 0, kòáÍ �, ¶⇢3 |t� x0| < � Ö a 6 t 6 b û,

|f(t)� f(x0)| < ".

œd, e 0 < |x� x0| < � �Ö a 6 x 6 b, K
����
'(x)� '(x0)

x� x0
� f(x0)

���� =
����

1

x� x0

x

x0

[f(t)� f(x0)]dt

���� < ".

˘“Ü⇢y⇢⌦ '0
(x0) = f(x0).

e x0 è a Ω b, Ú˛°�y≤äw,�?U, BU⇢—§`�(J. Ωn•� 2
� ¥

1
� �Ü⇢Ì2. ⇤

ÈuÎYºÍ f(x) 5`, œè '(x) ¥ f(x) �òá⌃ºÍ, §± f(x) �?øòá

⌃ºÍ F (x), —å±L´è F (x) = '(x) + c. ˘⇠“k⌦e°�≠á(J.

Ωn 5.14 ⌫ f(x) ¥´m [a, b] ˛ÎYºÍ, K

1
� f(x) �?øòá⌃ºÍ F (x)£= dF (x) = f(x)dx§—å±L´§e✏/™

F (x) = '(x) + c =
x

a

f(t)dt+ c
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2
� e F (x) ¥ f(x) �òá⌃ºÍ, K

b

a

f(x)dx = F (b)� F (a).

˘ò�™è~L´è
b

a

f(x)dx =

b

a

dF = F (x)
���
b

a

˘“¥ Newton—Leibniz ˙™, è°èá»©ƒ�Ωn. ß⇡´⌦èy€‹5ü�

á©ÜáN✓N5ü�»©˘¸áVgÉm��è�p_'X.

ä⇢òJ�¥: lΩ¬5w, ⌃ºÍ (=á©�_$é) ⁄ (Ω) »©⌃�¥¸áØ

ú, 3⇡´⌦ßÇÉm�'X�, ∑Ç‚knd¶^“ÿΩ»©” ˘ò‚ä°�⌃ºÍ,

øÖÑÚ⌃ºÍ�⌧NPè f(x) dx.

lOé˛w, XJå±OéºÍ f �C˛Å»©, Kå¶— f �òá⌃ºÍ. áÉ,

áOéòáºÍ f(x) �»©, XJ∑Ç�⌫ß�òá⌃ºÍ F (x), K»©“¥⌃ºÍ

3»©˛!eÅ✓ä�↵. œdUƒA^ Newton—Leibniz ˙™Oé»©, 'Ö3uU

ƒkê{¶—òá⌃ºÍ F (x) ˜vΩn 5.14 �á¶, ˘¥1 4 Ÿ•Ûä�òád

ä. ~X, Èu

F (x) =
x3

3
⁄ f(x) = x2,

K3 [a, b] ˛k F 0
(x) = f(x), dd“¶—⌦c°~5.1.3 •�»©. (aq/å¶⇢

~5.1.1 ⁄~5.1.2 •�»©.)

è, Newton—Leibniz ˙™¥á»©�ƒ�Ωn, ⇥lOé»©�›w, Ek~ 

u). ˘Ãák¸áê°�⌃œ. ò¥�3ò⌦ÎYºÍ£~X∑Ç31 4 Ÿ•ÆJ

L� f(x) = e�x
2
§, è,ßÇ�⌃ºÍòΩ�3, ⇥⌃ºÍÿUL´§è–�ºÍ. ◆

¥�3NıºÍ, è,3çΩ�´m˛å», ⇥%vk⌃ºÍ, œd, Oé˘¸aºÍ�

»©û, “√{A^ Newton—Leibniz ˙™. ~X, äè~5.1.1—~5.1.3 �È', ~5.1.4

•�ºÍ J(x), 3§`�´m˛Bvk⌃ºÍ, œd∑ÇÿUÜ⇢^ Newton—Leibniz

˙™5Oé~5.1.4 •�»©.

du Newton—Leibniz ˙™�≠á5, ∑ÇœdJ9e„(J, ß3�f�^áe

â—⌦É”�(ÿ.

Ωn 5.15 ⌫ºÍ f(x) 3 [a, b] ˛å», ºÍ F (x) 3 [a, b] ˛ÎY, 3 (a, b) S

åá, Ö

F 0
(x) = f(x), a < x < b.

K
b

a

f(x)dx = F (b)� F (a).
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y≤ ⌫ T : a = x0 < x1 < · · · < xn�1 < xn = b ¥´m [a, b] �?òá©�. K

nX

i=1

(F (xi)� F (xi�1)) = F (b)� F (a).

w, F (x) 3zá⇥´m [xi�1, xi] ˛˜vá©•äΩn�^á. œd, �3 ⇠i 2
(xi�1, xi), ¶⇢

F (xi)� F (xi�1) = F 0
(⇠i)�xi = f(⇠i)�xi.

u¥
nX

i=1

f(⇠i)�xi = F (b)� F (a).

˛™Ü>¥ÉAu©� T �òá Riemann⁄.du f(x)3 [a, b]˛å»,⇡� kTk ! 0

û, ˘á»©⁄™u b

a
f(x)dx, l�◆—⌦§`��™. ⇤

5.1.6 »©�Oé

A^ Newton—Leibniz ˙™Oé»©, ⌃K˛êI¶—⇢»ºÍ�⌃ºÍ£=ÿΩ

»©§. �OéÿΩ»©�¸á≠áê{))Ü⇤{⁄©‹»©{¥á©•E‹ºÍ

¶◆{KÜºÍ¶»¶◆� Leibniz {K�_$é. œL Newton—Leibniz ˙™, å±

Ü⇢Úá©•¸á≠á�5üáN»©•5, =Ô·»©�Ü⇤{⁄©‹»©{. ˘

¸áê{, ¥»©nÿ•ö~ƒ�⁄≠á�(J, ÷ˆåœL˘¸á{K�y≤, 2gN

¨á©Ü»©�'X.

Ωn 5.16 (»©�Ü⇤{K) ⌫ºÍ f(x) 3´m [a, b] ˛ÎY, �ºÍ x = '(t)

˜ve°^á

1
� '(↵) = a 9 '(�) = b, Ö� t l ↵ C � û, x = '(t) §(Ω�ä⌧‹πu´

m [a, b];

2
� ºÍ '(t) 3´m [↵, �]£Ω [�,↵]§̨ kÎY�á˚ '0

(t). Kke°�Ü⇤˙

™
b

a

f(x)dx =

�

↵

f('(t))'0
(t)dt.

y≤ ƒk⌫ ↵ < �. dΩn•�^áå�, ˛™¸‡�»©—�3, ÖºÍ f(x)

⁄ f ['(t)]'0
(t) ©O3´m [a, b] 9 [↵, �] ˛k⌃ºÍ. ⌫ F (x) ¥ f(x) (3 [a, b] ˛) �

òá⌃ºÍ, Kä‚E‹ºÍ�¶◆{Kå�, F ('(t)) ¥ f('(t))'0
(t) 3 [↵, �] ˛�ò

á⌃ºÍ. d Newton–Leibniz ˙™, ∑Çk

b

a

f(x)dx = F (b)� F (a),
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±9
�

↵

f ['(t)]'0
(t)dt = F ['(�)]� F ['(↵)] = F (b)� F (a).

˘“y≤⌦§`��™.

� ↵ > � ûy≤åaq/?1. ⇤

5P ÜÿΩ»©�Ü⇤{É', Ω»©�Ü⇤{á{¸Nı. œcˆÅ™AÚ#

C˛Ü£⌃5�»©C˛, �3Ω»©�Ü⇤{•K√I˘⇠â. œd, Ωn 5.16 •ÿ

á¶C˛OÜºÍ x = '(t) káºÍ£¡'�§4.1, Ωn 4.3§. d , û÷ˆ5ø, Ω

n 5.16 •, #�»©˛!eÅ£= ↵ ⁄ �§�å⇥√';á, ˘¥œè, Ωn�y≤ùÇ

⌦ Newton)Leibniz ˙™, �˘3£»©§eÅåu˛ÅûE,§·.

Ωn 5.17 (»©�©‹»©{) ⌫ºÍ u(x) ⁄ v(x) 3´m [a, b] ˛kÎY�á

˚ u0(x) Ü v0(x), K

b

a

u(x)v0(x) dx = u(x)v(x)
���
b

a

�
b

a

u0(x)v(x) dx,

Ωˆ�§
b

a

u(x) dv(x) = u(x)v(x)
���
b

a

�
b

a

v(x) du(x).

y≤ dá©•�¶◆{Kå⇢

(u(x)v(x))0 = u0(x)v(x) + u(x)v0(x),

dÆ�^áå�, ˛™�¸>—¥ÎY�, œdå». È˛™¸>?1»©, ø^

Newton)Leibniz˙™, “å⇢—Ωn(J. ⇤

~ 5.1.6 Oé
2

0
|x3 � 1| dx.

) ƒkA^»©�´må\52©OA^ Newton)Leibniz ˙™, ⇢—

2

0
|x3 � 1|dx =

1

0
|x3 � 1|dx+

2

1
|x3 � 1|dx

=

1

0
�(x3 � 1)dx+

2

1
(x3 � 1)dx

= �
1

0
x3dx+

2

1
x3dx

= �1

4
x4
���
1

0
+

1

4
x4
���
2

1
= 3

1

2
.

~ 5.1.7 Oé
1

�1
sgn x dx.
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) ºÍ sgn x 3 x = 0 ?k1òam‰, œdß3 [�1, 1] ˛vk⌃ºÍ, l�ÿ

UÜ⇢^ Newton)Leibniz ˙™Oé»©. œdƒkd»©�´må\5, ⇢—
1

�1
sgn x dx =

0

�1
sgn x dx+

1

0
sgn x dx.

3´m [�1, 0] ˛, Ú sgn x 3 x = 0 ?�ä, UCèºÍ3 x = 0 ?�Ü4Åä �1, K

⇢»ºÍ3 [�1, 0] ˛ÎY (5ø, ˘ò√YÿUCºÍ�å»59ÉA�»©ä), ?�

d Newton)Leibniz ˙™⇢
0

�1
sgn x dx =

0

�1
�1 dx = �x

���
0

�1
= �1.

”⇠, 3´m [0, 1] ˛, Ú sgn x 3 x = 0 ?�ä, UCèºÍ3 x = 0 ?�m4Åä1,

aq/⇢ 1
0 sgn x dx = 1. œd§¶�»©è 0.

XJ^\r� Newton)Leibniz ˙™£Ωn 5.15§, KOéçèÜ⇢: f(x) = �x 3

´m [�1, 0] ˛ÎY, 3ŸS‹å◆, Ö◆Íè �1 = sgn x, x 2 (�1, 0). ⇡dTΩn⇢—
0
�1 sgn x dx = �1. ”⇠å¶— 1

0 sgn x dx = 1.

~ 5.1.8 Oé
0

�1

x2 + 1

x4 + 1
dx.

) å±k¶⇢»ºÍ�ÿΩ»©. È x 6= 0, Ú⇢»ºÍ�©f!©1”ûÿ±

x2, ⇢—

x2 + 1

x4 + 1
dx =

1
x2 + 1

x2 + 1
x2

dx =
d
�
x� 1

x

�
�
x� 1

x

�2
+ 2

=
1p
2
arctan


1p
2

✓
x� 1

x

◆�
+ C.

⇥˘⇠¶—�⌃ºÍÅõ⌦ x 6= 0, ÿUÜ⇢^uOéØK•�»©.

è⌦^˛°�(JOé»©, ∑ÇÊ^e°�ç{: P

F (x) =
1p
2
arctan


1p
2

✓
x� 1

x

◆�
, �1 6 x < 0.

du F (0 � 0) =

p
2
4 ⇧, ∑ÇΩ¬ F (0) =

p
2
4 ⇧, K F (x) 3 [�1, 0] ˛ÎY, Ö3T´m

˛�◆Í¥ x
2+1

x4+1 . œd, d Newton)Leibniz ˙™,

0

�1

x2 + 1

x4 + 1
dx = F (0)� F (�1) =

p
2

4
⇧.

,ò´Oéê{Xe: duC˛Å»© x

�1
t
2+1
t4+1dt (�1 6 x 6 0) ¥ x �ÎYºÍ,

⇡ (3´m [�1, x] ˛^ Newton)Leibniz ˙™)

0

�1

t2 + 1

t4 + 1
dt = lim

x!0�0

x

�1

t2 + 1

t4 + 1
dt = lim

x!0�0
[F (x)� F (�1)]

=

p
2

4
⇧.
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5ø, èå±;ù˛„@⇠ÿ± x2, �¶⇢ x
2+1

x4+1 (3Ÿ✓áΩ¬ç˛) �òá⌃º

Íè
1p
2
arctan

p
2

 
x�

p
2

2

!
+

1p
2
arctan

p
2

 
x+

p
2

2

!
.

^˘ò⌃ºÍ9 Newton–Leibniz ˙™åÜ⇢¶⇢ØK•�»©ä.

~ 5.1.9 ¶
a

0

p
a2 � x2 dx (a > 0).

) - x = a sin t (0 6 t 6 ⇧/2). K� x = 0 û, t = 0; � x = a û, t = ⇧
2 . §±

(d»©�Ü⇤{)

a

0

p
a2 � x2 dx =

⇧
2

0
a2 cos2 t dt =

a2

2

⇧
2

0
[1 + cos 2t] dt

=
a2

2


t+

1

2
sin 2t

�����

⇧
2

0

=
⇧
4
a2.

~ 5.1.10 Oé
⇧
2

0
sin

n x dx 9

⇧
2

0
cos

n x dx (n = 0, 1, 2, · · · ).

) äOÜ x =
⇧
2 � t. K� x = 0 û, t = ⇧

2 ; � x =
⇧
2 û, t = 0, ⇡d»©�Ü⇤

{⇢—
⇧
2

0
sin

n x dx = �
0

⇧
2

cos
n t dt =

⇧
2

0
cos

n t dt =

⇧
2

0
cos

n x dx.

œd∑ÇêI¶ In =

⇧
2

0 sin
n x dx. w, I0 =

⇧
2 , I1 = 1. È n > 2, d©‹»©⇢

In =

⇧
2

0
sin

n�1 xd(� cos x)

= � sin
n�1 x · cos x

���
⇧
2

0
+ (n� 1)

⇧
2

0
sin

n�2 x · cos2 xdx

= (n� 1)

⇧
2

0
sin

n�2 x(1� sin
2 x) dx

= (n� 1)

⇧
2

0
sin

n�2 x dx� (n� 1)

⇧
2

0
sin

n x dx.

= In = (n� 1)In�2 � (n� 1)In, §±

In =
n� 1

n
In�2 (n > 2).

d˘4Ì˙™, ∑Ç⇢—

I2n =
(2n� 1)

2n
I2n�2 = · · · = (2n� 1)

2n
· (2n� 3)

(2n� 2)
· · · 3

4
· 1
2
· I0

=
(2n� 1)!!

(2n)!!
· ⇧
2
.
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aq/⇢

I2n+1 =
2n

(2n+ 1)
· (2n� 2)

(2n� 1)
· · · 2

3
· I1 =

(2n)!!

(2n+ 1)!!
.

n‹Â5, ∑Çk

⇧
2

0
sin

n x dx =

⇧
2

0
cos

n x dx =

8
<

:

(n�1)!!
n!! , n è€Í,

(n�1)!!
n!! · ⇧2 , n èÛÍ.

~ 5.1.11 Oé I =

1

0

arctan x

1 + x
dx.

) ©‹»©⇢—

I = arctan x · ln(1 + x)
���
1

0
�

1

0

ln(1 + x)

1 + x2
dx =

⇧
4

ln 2�
1

0

ln(1 + x)

1 + x2
dx.

èOé�ò»©, - x = tan ✓, ˘p ✓ 2
⇥
0, ⇧2

�
, K»©Cè

⇧
4

0 ln(1 + tan ✓) d✓. ⇥

1 + tan ✓ =

p
2 sin

�⇧
4 + ✓

�

cos ✓
,

⇡k
1

0

ln(1 + x)

1 + x2
dx =

⇧
8

ln 2 +

⇧
4

0
ln sin

⇣⇧
4

+ ✓
⌘
d✓ �

⇧
4

0
ln cos ✓ d✓.

äOÜ ✓ = ⇧
4 � ' (˘p ' l⇧4 C 0), åÚm>1◆á»©zè1òá»©, l�

1

0

ln(1 + x)

1 + x2
dx =

⇧
8

ln 2,

u¥ I =
⇧
8 ln 2.

5.1.7 ^»©Ω¬ºÍ

31 4 Ÿ⁄�Ÿ•, ∑Ç©O⁄?⌦¸áVg, òá¥ÿΩ»©£⌃ºÍ§, òá¥

Ω»©. œL Newton–Leibniz ˙™, ∑Ç�⌫, Èu�3⌃ºÍ�⇢»ºÍ, Ÿ3´m

˛�Ω»©, “¥⌃ºÍ3´m�¸á‡:ä�↵. áÉ, òáºÍ�⌃ºÍ, èå±œ

LŸC˛Å»©â—. œdÿ+¥¶òáºÍ�⌃ºÍ, Ñ¥¶˘áºÍ�Ω»©, ∑Ç

œ°è¶ºÍ�»©.

å˛�~f`≤, –�ºÍ�⌃ºÍE¥–�ºÍ, 31 4 Ÿ•, ∑Ç—¥¶åU

ç¶/✏—å^–�ºÍ5»©�ºÍ£=rºÍ�»©(J, ^–�ºÍ5L´§.

⇥¥, Èue✏–�ºÍ�ÿΩ»©

e
�x

2
dx,

1

ln x
dx,

sin x

x
dx, sin x2dx,

Ω
dxp

a0 + a1x+ · · ·+ anxn
,

p
a0 + a1x+ · · ·+ anxndx
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¡„^–�ºÍL´»©�(J¢S˛¥ÿåU�.

œd, òõJ¶–�ºÍ�»©U⌦L´§–�ºÍ�á¶, �⌧“¥ÿ‹n�.

‚ª˘⇠�Åõ, á�mˇ⌦∑Ç�¿ç.

ÈuòáÎYºÍ5`, Ÿ»©¥òΩ�3�, ß�C˛Å»©ÿ⇥ÎY, �Öå

◆. �ß�»©U⌦œL∑ÇÆ≤Ÿ��ºÍ£–�ºÍ§5L´û, L≤∑ÇŸ��º

Íèå±^»©5Ω¬£è,ßÇåUk⌃5�—?§. �»©ÿU^Ÿ��ºÍL´

û, ∑Çÿî⁄\˘á»©äèòá#⌫)�ºÍ. œd, »©�LßD¥⌫)#ºÍ

�òáê{. e°fi¸á~f.

1
� ^»©Ω¬ÈÍºÍ

-

6

x

y
.

.............
.............
...........

..............
..............
.......

..............
..............
......

...............
...............
..

...............
...............
.

................
.............

..................
...........

.....................
..........

.........................
.......

................................
..

................................... .....................................

1 x

y= 1
x

„ 5.10

è,ÈÍºÍ¥òáŸ��–�ºÍ, ∑ÇÚw

, ^òáknºÍ 1
x
£w,¥Ω¬3 x > 0 ˛�Î

YºÍ§�»©5Ω¬ß, ”⇠å±⇢ß�òX✏

5ü.

y3b⌫∑ÇØkÿ�⌫üo¥ÈÍºÍ, Èu

x > 0, œL»©Ω¬

f(x) =
x

1

1

u
du

ß¥Ω¬3 x > 0 ˛òáÎY�Öå◆�ºÍ. lA€˛w, ß¥≠Ç y =
1
u
3´m

[1, x] Ω [x, 1], x > 0 CXe�°». √ÿ¥A€Ü*, Ñ¥ä‚»©�5ü, ∑Çƒk⇢

˛™§Ω¬�ºÍ˜v f(1) = 0, f(x) ÓÇ¸N4O, œd� x > 1 û, f(x) > 0, �

0 < x < 1 û, f(x) < 0.

Èu x > 0, y > 0, ºÍ f(x) ‰ke✏5ü:

f(xy) = f(x) + f(y)

˘¥œè

f(xy) =
xy

1

1

u
du =

x

1

1

u
du+

xy

x

1

u
du

˘p, ^⌦»©È»©´m�å\5. È˛™m>�1◆á»©?1Ü⇤ u = xt, k
xy

x

1

u
du =

y

1

1

xt
x dt =

y

1

1

t
dt
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§±5ü§·. AO,

✓ y = x, ⇢

f(x2) = 2f(x)

✓ y = x�1
, Kk

f(x) + f(x�1
) = f(1) = 0, = f(x�1

) = �f(x)

˛°(J�g,Ì2¥

f(xn) = nf(x), x > 0, n ¥?€£ΩK§�✓Í

Èu?€�knÍ ↵ =
m

n
, P x↵ = y, œd xm = yn, K

f(xm) = f(yn) =) mf(x) = nf(y)

§±

f(x↵) = ↵f(x), x > 0

e°y≤

f(e) = 1

ä‚Í✏�4Å, ∑Ç�⌫

e = lim
n!1

✓
1 +

1

n

◆n

5øºÍ f(x) �ÎY5, k

f(e) = f

✓
lim
n!1

✓
1 +

1

n

◆n◆
= lim

n!1
f

✓✓
1 +

1

n

◆n◆

= lim
n!1

nf

✓
1 +

1

n

◆

|^»©•äΩn, å��3ò: ⇠ 2
⇥
1, 1 + 1

n

⇤
, ¶⇢

f

✓
1 +

1

n

◆
=

1+ 1
n

1

1

u
du =

1

⇠

1

n

œd, � n ! 1 û, ⇠ ! 1, §±⇢ f(e) = 1.

∑Çr˛°Ω¬�ºÍPâ log x Ω ln x.

5P aqu^»©Ω¬ÈÍºÍ�Lß, ∑Çèå±»©Lß⁄¶áºÍ�Lß

5⁄\n�ºÍ, èdêI✓

arctan x =

x

0

dt

1 + t2
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⁄

arcsin x =

x

0

dtp
1� t2

äèºÍ arctan x ⁄ arcsin x �Ω¬, ,�œL¶áºÍ⇢n�ºÍ. ^˘´ê™5

Ω¬n�ºÍ, vk�9Ü*�A€, èvk/�0�Vg. å±Ü⇢ä‚˛„Ω¬y≤

n�ºÍ�ƒ�5ü.

2
� ˝↵»©Ü˝↵ºÍ

XJ`˛°^»©Ω¬�ºÍE,¥∑Ç⌃kŸ��–�ºÍ�{, á—–�ºÍ

�1òá≠á~f¥ ˝↵»©. ˝↵»©¥ò´»©a., ˘p∑Ç✏fi¸aÿ”/™

�˝↵»©

u(s) =
s

0

dxp
(1� x2)(1� k2x2)

Ÿ• k ¥òáÎÍ.±9

u(s) = 4a
s

0

p
1� e2u2p
1� u2

du,

Ÿ• e è˝↵�l%«.

∑Ç�8�ê¥â—¸áœLÈ–�ºÍ��»©, E�Eò⌦ÿ¥–�ºÍ�º

Í, §±3dÿ?ÿ˝↵»©�´´5ü.

5.1.8 Taylor –m•{ë�»©L´

|^»©, ∑Ç2g?ÿ'u Taylor ˙™•{ë�✏O. ˘´{ë�»©L´, l

,òá˝°áN⌦á©Ü»©�'X.

ƒkÑ¥lÅ{¸�úπm©. ⌫ f(x) kÎY�◆�◆Í, P

R = f(x)� f(a)� f 0
(a)(x� a)

¥ Taylor ò�–m�{ë. XJr a w§C˛£5ø˘û f(x) ⁄ x w§¥~Í§, ø

ÈŸ¶◆, ⇢

R0
(a) = �f 0

(a)� f 00
(a)(x� a) + f 0

(a) = �f 00
(a)(x� a)

d™È?€´m•� a —§·. l˛™—u, ƒkÈ a »©, ø5ø� a = x û,

R(x) = 0, k

R(a) =
x

a

f 00
(t)(x� t)dt

Ÿg|^á©•ä˙™⇢

R(a)�R(x)

x� a
=

R(a)

x� a
= �R0

(⇠) = f 00
(⇠)(x� ⇠)
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§±

R(a) = (x� a)(x� ⇠)f 00
(⇠)

Ÿ• ⇠ ¥0u a ⁄ x Ém�òá:.

Ú˛„géÌ2çp��–m•�, ⌫ºÍ f(x) 3´m•‰kÜ n + 1 ��

ÎY◆ºÍ. �ƒºÍ3 x = a ?� Taylor –m™

f(x) = f(a) +
f 0
(a)

1!
(x� a) + · · ·+ f (n)

(a)

n!
(x� a)n +Rn

˘p, {ë Rn å±L´§

Rn(a) = f(x)� f(a)� f 0
(a)

1!
(x� a)� · · ·� f (n)

(a)

n!
(x� a)n

y3, Ú a w§C˛, §±� a = x û, Rn(x) = 0. XJ�™�¸>È a ¶◆, K

R0
n
(a) = �f 0

(a)� f 00
(a)

1!
(x� a) +

f 0
(a)

1!
� f 000

(a)

2!
(x� a)2 +

f 00
(a)

1!
(x� a)

� · · ·� f (n+1)
(a)

n!
(x� a)n +

f (n)
(a)

(n� 1)!
(x� a)n�1

û�˝å‹©ë�, k

R0
n
(a) = �f (n+1)

(a)

n!
(x� a)n.

È˛™?1»©, ø5ø Rn(x) = 0, k

Rn(a) =
x

a

f (n+1)
(t)

n!
(x� t)n dt.

˘“¥ Taylor –m•{ë�òá∞(�»©L´™. ”⇠, |^á©•ä˙™k

R(a)�R(x)

x� a
=

R(a)

x� a
= �R0

(⇠) =
f (n+1)

(⇠)

n!
(x� ⇠)n,

§±

R(a) =
(x� a)(x� ⇠)n

n!
f (n+1)

(⇠),

Ÿ• ⇠ ¥0u a ⁄ x Ém�òá:.

|^˛°�(J, ∑Çå±⇢Ÿ¶/™�{ëL´™.

1
� {ë� Lagrange L´™: 3»©L´™•, 5ø⇢»ºÍ‹©� (x � t)n

3 a ⁄ x ÉmÿC“! (ÿ+¥ a < x Ω a > x), œdä‚»©•äΩn (SK 5.1: 9),

�3ò: ⇠ 0u a ⁄ x Ém, ¶⇢

Rn =
1

n!
f (n+1)

(⇠)
x

a

(x� t)ndt =
(x� a)n+1

(n+ 1)!
f (n+1)

(⇠)

2g- ⇠ = a+ ✓h, h = (x� a), 0 6 ✓ 6 1, “k

Rn =
hn+1

(n+ 1)!
f (n+1)

(a+ ✓h)
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2
� {ë� Cauchy L´™: Ú ⇠ = a+ ✓h, h = (x� a), 0 6 ✓ 6 1 ì\

R(a) =
(x� a)(x� ⇠)n

n!
f (n+1)

(⇠)

•, ø5ø x� ⇠ = (x� a)(1� ✓), “k

R(a) =
hn+1

n!
(1� ✓)nf (n+1)

(⇠).

5P Taylor –m™±9ß�{ë, èå±Ü⇢l

f(x)� f(a) =
x

a

f 0
(t)dt =

x

a

f 0
(t)d(t� x)

áE?1©‹»©Ì◆—5, ~X

f(x)� f(a) =
x

a

f 0
(t)dt =

x

a

f 0
(t)d(t� x)

= f 0
(t)(t� x)

���
x

a

�
x

a

f 00
(t)(t� x)dt

= f 0
(a)(x� a) +

x

a

f 00
(t)(x� t)dt

÷ˆå±UY eÌ◆, â—òÑ(J.
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SK 5.1

1. ç—e°�ºÍ•=⌦3´m [0, 1] ˛å»? ø`≤nd.

(1) f(x) =

8
<

:

sinx

x
, x 6= 0,

1, x = 0;

(2) f(x) =

8
<

:

1
x
sin

1
x
, x 6= 0,

1, x = 0;

(3) f(x) =

8
><

>:

1

[
1
x ]
, 0 < x 6 1,

0, x = 0.

2. y≤ Dirichlet ºÍ3?ø´m [a, b] ˛ÿå». (œdk.�ºÍô7å».)

3. fi~`≤, òáºÍ�˝ÈäºÍ3 [a, b] ˛å», ÿU⇥y˘ºÍ3 [a, b] ˛å».

4. (1) ⌫å»ºÍ f(x) 3 [a, b] ˛öK, Ö3ò: c ?ÎY (˘p a 6 c 6 b). e

f(c) > 0, K
b

a
f(x) dx > 0.

(2) y≤, e f(x) ¥´m [a, b] ˛öK�ÎYºÍ, Öÿè", K
b

a
f(x) dx > 0.

(3) fi~`≤, k˘⇠�å»ºÍ f(x) , 3´m [a, b] ˛öKÖÿè", ⇥ f 3T

´m˛�»©è 0.

5. eºÍ f(x) 3 [a, b] ˛¸N4O, K

(b� a)f(a) 6
b

a

f(x) dx 6 (b� a)f(b).

e f(x) 3 [a, b] ˛¸N4~, ATküo⇠�ÿ�™∫

6. y≤e✏ÿ�™:

(1)

2⇧

0
|a sin x+ b cos x| dx 6 2⇧

p
a2 + b2 (a, b è~Í).

(2)

1

0
xm(1� x)n dx 6 mmnn

(m+ n)m+n
(m > 0, n > 0, ˛è~Í).

7. (1) y≤, »©•äΩn•�•ä ⇠, å✓3´m [a, b] S‹.

(J´: d˘Ωn�y≤åÑ, êáç—� f �Ååä M ΩÅ⇥ä m 3´m‡:

✓⇢, Ö�u 1
b�a

b

a
f(x) dx û, (ÿ§·.)

(2) fi~`≤, »©•äΩn•ÎY5�^á¥7á�.

8. ⌫ f ¥´m [a, b] ˛�ÎYºÍ. e b

a
f(x) dx = 0, K f 3 (a, b) •ñ�kòá"

:. (œd, dºÍ�»©˘ò✓N&E, U⌦Ì‰ºÍä�,⌦5ü.)

9. (1) ⌫ºÍ f(x) 3 [a, b] ˛ÎY, � g(x) 3 [a, b] ˛å»Ö¥öK (Ωö) �. y
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≤: �3 ⇠ 2 [a, b], ¶⇢

b

a

f(x)g(x) dx = f(⇠)
b

a

g(x) dx.

(2) fi~`≤, (1) •ÈuºÍ g �b⌫¥7ÿå��.

5 (1) •�(Jè°è»©•äΩn�\⇡Ì2. ˘´\⇡�»©•äΩn,

èJ¯⌦✏O»©�òá√„: � b

a
'(x) dx ÿ¥Oéû, å¡äÚ '(x) �§

f(x)g(x), Ÿ• f(x)⁄ g(x)˜v˛° (i)•�^á,Ö¶⇢ b

a
g(x) dx¥uOé.d

d◆—

m
b

a

g(x) dx 6
b

a

'(x) dx 6 M
b

a

g(x) dx,

˘p M,m ©O¥ f(x) 3 [a, b] ˛�Ååä9Å⇥ä. ¥uw,
b

a
'(x) dx ˘ò

˛!e.✏O, `uÜ⇢^Ωn 5.11 §⇢�(J.

10. fi~`≤: 3Ωn 5.13 •, ºÍ f(x) 3 x = c ?ÎY, ÿ¥ F (x) = x

a
f(t) dt 3

x = c ?å◆�7á^á.

11. ¶e✏ºÍ�◆Í:

(1) f(x) =
x
2

0
sin t2 dt; (2) f(x) =

1

x

1

1 + t2 + cos2 t
dt;

(3) f(x) =
x
2

x

e
�t

2
dt; (4) f(x) = sin

✓
x

0
sin

✓
y

0
sin t2 dt

◆
dy

◆
.

12. Èe°�ºÍ, ¶ (f�1
)
0
(0)ß̆ p f�1

(x) L´ºÍ f(x) �áºÍ.

(1) f(x) =
x

0
[1 + sin(sin t)] dt; (2) f(x) =

x

1
e
�t

2
dt.

13. ⌫ºÍ f(x) ??ÎY. P F (x) = x

0 xf(t) dt, ¶ F 0
(x).

14. ⌫ f(x) 3 [0,+1) ˛èäÎYºÍ. y≤, � x > 0 û, ºÍ

G(x) =
x

0
tf(t) dt

. x

0
f(t) dt

¸N4O.

15. ^ Newton-Leibniz ˙™Oée✏»©:

(1)

⇧

0
sin x dx; (2)

1

0
x↵ dx, ↵ è~Í, ↵ > 0;

(3)

2

1
ln x dx; (4)

3

2

1

2x2 + 3x� 2
dx.
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16. ⌫ f(x) =

8
>>><

>>>:

�1, �1 6 x < 0;

0, x = 0;

1, 0 < x 6 1,

¶ F (x) = x

�1 f(t) dt; øÔƒ F (x) 3 [�1, 1] ˛�

åá5.

17. Oée°≤°„/�°»:

(1) d≠Ç y =
p
x Ü y = x2 §å§�„/;

(2) d≠Ç y = x2, y =
1
4x

2 9 y = 1 å§�„/.

18. ¶e✏4Å:

(1) lim
x!0

x

0 sin t3 dt

x4
;

(2) lim
x!0

1

sin
3 x

tanx

0
arcsin t2 dt;

(3) lim
n!1

"
1p
n2

+
1p

n2 � 12
+

1p
n2 � 22

+ · · ·+ 1p
n2 � (n� 1)2

#
;

(4) lim
n!1

1
p
+ 2

p
+ · · ·+ np

np+1
, p ¥~Í, p > 0.

19. ¶e✏4Å:

(1) lim
n!1

b

a

e�nx
2
dx, ˘p a, b è~Í, Ö 0 < a < b;

(2) lim
n!1

1

0

xn

1 + x
dx;

(3) lim
n!1

n+a

n

sin x

x
dx, ˘p a è~Í, Ö a > 0.

(5ø: Èu (2) e^»©•äΩn, §`�»©è ⇠
n

1+⇠
, Ÿ• 0 < ⇠ < 1; ⇥˘û ⇠

Ü n k', ⇡3 n ! 1 û, ÿU‰Û ⇠n ! 0.)

20. ⌫ºÍ f(x) 3´m [�a, a] ˛ÎY. y≤:

(1) e f(x) ¥€ºÍ, K
a

�a
f(x) dx = 0;

(2) e f(x) ¥ÛºÍ, K
a

�a
f(x) dx = 2

a

0 f(x) dx.

21. ⌫ f(x) è‰k±œ T �ÎYºÍ, y≤, È?ø�~Í a, k

a+T

a

f(x) dx =

T

0
f(x) dx.

22. Oée✏»©:
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(1)

2⇧

0
| cos x| dx; (2)

4

�3
[x] dx;

(3)

1

�1
cos x ln

1 + x

1� x
dx; (4)

⇧
2

�⇧
2

1

1 + ex
cos

3 x dx;

(5)

ln 2

0

p
1� e�2x dx; (6)

1

0
x arcsin x dx;

(7)

1

0
x3ex dx; (8)

a

0

1

x+
p
a2 � x2

dx;

(9)

⇧
4

0

p
tan x dx; (10)

⇧
2

0

1

a2 sin2 x+ b2 cos2 x
dx (a > 0, b > 0);

(11)

1

�1
x4
p
1� x2 dx; (12)

2⇧

0
sin

6 x dx;

(13)

1

�1
e
|x| · arctan ex dx; (14)

⇧

0

sec
2 x

2 + tan2 x
dx.

23. ⌫ f(x) 3 [0, 1] ˛ÎY, y≤

⇧

0
xf(sin x) dx =⇧

⇧
2

0
f(sin x) dx;

ø^˘ò(JOé ⇧
0

x sinx

1+cos2 x dx.

24. y≤:
1
6 < 1

0 sin x2 dx < 1
3 . (5ø: �K•⇢»ºÍ sin x2 è,å», ⇥Ÿ⌃ºÍ¥

ÿU^–�ºÍL´�. œd¡„œL¶ØK•�»©¥‰N�).

25. ⌫ºÍ f(x) 3 [a, b] ˛å», ∑ÇÚ 1
b�a

b

a
f(x) dx Ω¬èºÍ f(x) 3´m [a, b]

˛�≤˛ä. Èe✏ºÍ, Oé3çΩ´m˛�≤˛ä, ±9Åå!Å⇥ä.

(1) f(x) = x, ´mè [0, 1] 9 [0, 105];

(2) f(x) = e
�x

, ´mè [0, 1] 9 [0, 105];

(3) f(x) = xe�x
, ´mè [0, 1] 9 [0, 105].

26. �ƒ»© I =
100
0

e�x

x+100 dx.

(1) ¡â— I �¶åU–�˛!e.✏O;

(2) ¶— I �Cqä, ∞( 0.0001.

27. (1) ⌫ f(x) ¥ [0, 1] ˛¸N4~�ÎYºÍ. y≤, È?ø ↵ 2 (0, 1), k
↵

0
f(x) dx > ↵

1

0
f(x) dx.

(2) e=b⌫ f(x) 3 [0, 1] ˛¸N4~, y≤”⇠�(ÿ.

J´:(1) kA´y{. 1ò´ê{: |^ ↵

0 f(x) dx = ↵ 1
0 f(↵x) dx; 1◆´ê{:
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�ƒ g(↵) = 1
↵

↵

0 f(x) dx (0 < ↵ < 1), y≤ g(↵) ¥¸N4~ºÍ. ⇥¥, ˘¸´ê

{—Iá f(x) ÎY˘òb⌫, œd—ÿ∑^u)˚ (2).

28. ⌫ºÍ f(x) 3 [a, b] ˛åá, Ö |f 0
(x)| 6 M (È?ø x 2 [a, b]).

(1) e f(a) = 0, y≤
b

a

|f(x)| dx 6 M

2
(b� a)2;

(2) e f(a) = f(b) = 0, y≤

b

a

|f(x)| dx 6 M

4
(b� a)2.

J´: œLÈ»©�˛Å¶◆U⇢— (1) �òáy≤, =�ƒºÍ

G(t) =
t

a

|f(x)| dx� M

2
(t� a)2, a 6 t 6 b.

29. |^CÜ u = sin x, Úe✏»©

dxp
cos 2x

Cè˝↵»©�/™.

30. |^

f(x)� f(a) =
x

a

f 0
(t) dt =

x

a

f 0
(t) d(t� x)

≤Lıg©‹»©, ç[Ì◆— Taylor –m™⁄ß�{ë�»©L´.

31. ⌫ f(x) 3 R ˛ÎY. -

g(x, y) =
x

0

⇣
f(t+ y)� f(t)

⌘
dt.

¶y: g(x, y) = g(y, x).
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§5.2 ºÍ�å»5

�!X≠Ôƒüo⇠�ºÍ¥å»�. duå»ºÍòΩ¥k.�, §±�!•∑

Ço¥bΩ3´m [a, b] ˛�ºÍ f(x) ¥k.�, ø⌫ß�˛e(.©O¥ M ⁄ m,

œd

m 6 f(x) 6 M, x 2 [a, b].

5.2.1 ºÍ�å»5

3»©�Ω¬•, k¸á'Ö::

ò¥´m�©�

T : a = x0 < x1 < · · · < xn = b

¥?ø�, �Ö3zòá⇥´m [xi�1, xi] •§✓�: ⇠i ¥?ø�. ◆¥òá4ÅLß,

=�©��Åå∞› kTk = max16i6n�xi ! 0 û, Riemann ⁄�4Å�3.

ä‚1òá'Ö:, ÈuâΩ�©� T , ⌫ºÍ f(x) 3´m [xi�1, xi] ˛�˛!e(

.©Oè

Mi = sup{f(x) | x 2 [xi�1, xi]} mi = inf{f(x) | x 2 [xi�1, xi]}

øP

! = M �m, !i = Mi �mi, i = 1, · · · , n

©O°èºÍ f(x) 3´m [a, b] ⁄ [xi�1, xi] ˛��Ã.

Ω¬ 5.18

S(T ) =
nX

i=1

Mi�xi, S(T ) =
nX

i=1

mi�xi

©O°ÉèºÍ f(x) �/Darboux ˛⁄0Ü/Darboux e⁄0.

w,, Èu?ø�: ⇠i 2 [xi�1, xi], k

m 6 mi 6 f(⇠i) 6 Mi 6 M, i = 1, · · · , n

œdºÍ f(x) �?øòá Riemann ⁄

S(T ) =
nX

i=1

f(⇠i)�xi

òΩ0uß� Darboux ˛⁄Ü Darboux e⁄Ém, �Ön´⁄—¥k.�

m(b� a) 6 S(T ) 6 S(T ) 6 S(T ) 6 M(b� a)
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y3�ƒ©�. 5ø, XJ T 0 ¥©� T •O\òá©�:/§�©�, =

T : a = x0 < x1 < · · · < xk�1 < xk < · · · < xn = b,

T 0
: a = x0 < x1 < · · · < xk�1 < x0

k
< xk < · · · < xn = b.

KºÍ f(x) ©O3¸áf´m [xk�1, x0k] ⁄ [x0
k
, xk] �˛(.ÿ¨áLß3´m

[xk�1, xk] ˛�˛(.£‹©�˛(.ÿ¨áL✓N�˛(.§

Mk > M 0
k
= sup{f(x) | x 2 [xk�1, x

0
k
]}, Mk > M 00

k
= sup{f(x) | x 2 [x0

k
, xk]}

œd,

S(T )� S(T 0
) = Mk(xk � xk�1)�M 0

k
(x0

k
� xk�1)�M 00

k
(xk � x0

k
)

> Mk(xk � xk�1)�Mk(x
0
k
� xk�1)�Mk(xk � x0

k
) = 0.

q

S(T )� S(T 0
) 6 M(xk � xk�1)�m(x0

k
� xk�1)�m(xk � x0

k
)

= !(xk � xk�1) 6 !kTk.

=

S(T ) > S(T 0
) > S(T )� !kTk.

Èu Darboux e⁄èkÈA�(J S (T ) 6 S (T 0
) 6 S (T ) + !kTk.

XJ T 0 ¥©� T œLO\?økÅá©�:§⇢�#�©�, ø° T 0 è©�

T �\[©�, Kè¨kaq�(J, =

Ωn 5.19 ⌫ T 0 ¥©� T V\ l á©�:§⇢�\[©�, K

S(T ) > S(T 0
) > S(T )� l!kTk,

S (T ) 6 S (T 0
) 6 S (T ) + l!kTk

S(T )� S (T ) > S(T 0
)� S (T 0

)� 2l!kTk.

˛„Ωn`≤, 3È©�\[£=©�:�ó›O\§�Lß•, ˛⁄ÿO, e⁄ÿ

~, ‰kò /́¸N50.

e°©€ Darboux ˛⁄Üe⁄Ém�?ò⁄'X. ⌫ T1 ⁄ T2 ©O¥¸á?ø�

©�, KÚ¸á©��©�:‹Â5/§òá#�©� T , K T Q¥ T1 �\[©�, è

¥ T2 �\[©�, §±

Ωn 5.20 Èu´m [a, b] �?ø¸á©� T1 ⁄ T2, òá©�ÈA�e⁄, o¥

ÿáL,òá©�ÈA�˛⁄, =

S(T1) 6 S(T ) 6 S(T ) 6 S(T2)
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k⌦˛°�©€, ∑ÇF"* Darboux ˛⁄Üe⁄� kTk ! 0 û�4Å. œè

˛⁄Üe⁄—¥k.�, �Ö‰k,´¸N5£Ωn 5.19§, a'u/¸Nk.Í✏k4

Å, �Ö4Å“¥Í✏�˛(.Ωe(.0�Ø¢, §±ÈuºÍ f(x), ∑Ç�ƒ§k˛

⁄£e⁄§|§�8‹�e(.£˛(.§, P

I = inf
T

S(T ), I = sup
T

S(T )

°èºÍ f(x) �˛»©⁄e»©. äèΩn 5.20 �Ü⇢Ìÿ, Èu?ø¸á©� T1

⁄ T2, kÿ�™

S(T1) 6 I 6 I 6 S(T2)

Ωn 5.21 Èu´m [a, b] ˛?øòák.ºÍ f(x), � kTk ! 0 û, f(x) �

Darboux £̨e§⁄òΩk4Å, �Ö4Å“¥ £̨e§»©

lim
kTk!0

S(T ) = I, lim
kTk!0

S(T ) = I.

y≤ ∑Çêy≤1◆á�™, 1òá�™�y≤¥aq�. ä‚˛(.�Ω¬,

Èu?øâΩ�Í ", �3´m [a, b] �òá©�

T0 : a = x0 < x1 < · · · < xl = b

¶⇢

I > S(T0) > I � "

2

✓

� =
"

2l! + 1
> 0,

Èu?ø©� T , êá kTk < �û, Ú T ⁄ T0 �©�:‹Â5|§òá#�©� T 0
, ˘

û T 0 ¥3 T �©�:ƒ:˛, ñıO\⌦ T0 � l á©�:£/ñı0�π¬¥kåU

©�:k≠E§. œd, dΩn 5.19 å�,

S(T ) > S(T 0
)� l!kTk > S(T0)� l!kTk

> I � "

2
� l!

"

2l! + 1
> I � "

˘“y≤⌦

lim
kTk!0

S(T ) = I.

ñd, Èuk.ºÍ f(x), � kTk ! 0 û, è,øÿ�⌫ß�?ø Riemann ⁄

S(T ) ¥ƒk4Å, ⇥ß� Darboux ˛⁄ S(T ) Üe⁄ S(T ) �4Åo¥�3�. ⇥¥d

ÿ�™

S(T ) 6 S(T ) 6 S(T )



190 1 5 Ÿ ¸C˛ºÍ�»©∆

∑Ç·=å±w—, � kTk ! 0 û, XJk.ºÍ f(x) � Darboux ˛⁄Üe⁄�4Å

É�, K f(x) 3´m˛� Riemann ⁄ Sn(T ) �4ÅòΩ�3�ÖÜÉÉ�.

áÉ, XJºÍ f(x) å», = lim
kTk!0

S(T ) = I, œdÈu?ø�Í ", �3òá

Í �, ¶⇢�©� T ˜v kTk < � û, k

I � "

2
<

nX

i=1

f(⇠i)�xi < I +
"

2

ÈòÉ: ⇠i 2 [xi�1, xi], i = 1, · · · , n §·, œ�©OÈzòá⇥´m•✓˛(e)(.,

k

I � " < I � "

2
6 S(T ) 6 S(T ) 6 I +

"

2
< I + "

= Darboux ˛⁄Üe⁄�4ÅÉ�. ˘⇠∑Ç“k⌦Å™�(J

Ωn 5.22 ⌫ºÍ f(x) 3´m [a, b] ˛k.. K f(x) 3 [a, b] ˛å»�ø©7á

^á¥� kTk ! 0 û, f(x) � Darboux ˛⁄Üe⁄�4ÅÉ�

lim
kTk!0

�
S(T )� S(T )

�
= lim

kTk!0

nX

i=1

!i�xi = 0

Ÿ• !i = Mi �mi ¥ f(x) 3©�⇥´m [xi�1, xi], i = 1, · · · , n ˛��Ã.

Ωn5.22 •1◆á�™L≤, �yºÍå»�ø©7á^áû, ÿIá‰NOé

—ºÍ Darboux ˛⁄Üe⁄�4Å£=ÿIáé—˛»©⁄e»©§, êI�y�

kTk ! 0 û,

nP
i=1

!i�xi �4Å¥ƒ�u 0 =å. è⌦A^êB, 3(Â�⇥!Éc, ∑Ç

â—'uk.ºÍ f(x)3òá´m [a, b] ˛��Ã�,ò´£„.

Ωn 5.23 k.ºÍ f(x) 3´m [a, b] ˛��Ãèå±de✏ê™Là

! = sup{|f(x)� f(y)| | x, y 2 [a, b]}.

=�Ã�uºÍ3´m˛?ø¸:ä↵˝Èä�˛(..

y≤ ä‚Ω¬, ºÍ3òá´m [a, b]˛��ÃèŸ˛(.⁄e(.�↵

! = M �m, M = sup{f(x) | x 2 [a, b]}, m = inf{f(x) | x 2 [a, b]}.

w,, È?ø� x, y 2 [a, b], k

|f(x)� f(y)| 6 M �m = !

= ! ¥8‹ {|f(x)� f(y)| | x, y 2 [a, b]} �òá˛..

,òê°, È?ø�Í "£ÿî✓ " < M �m§ , du M ¥ f(x) 3 [a, b] ˛�

˛(., §±�3ò: x0, ¶⇢ f(x0) > M � "

2 . ”nßÈue(. m, �3ò: y0, ¶
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⇢ f(y0) < m+
"

2 . œd

|f(x0)� f(y0)| = f(x0)� f(y0) > M �m� " = ! � "

= ! ¥8‹ {|f(x)� f(y)| | x, y 2 [a, b]} �˛(.. ⇤

|^�Ã�˘´Làê™, 3‰NOéû¨ë5ò⌦B|.

5.2.2 å»ºÍak'Ωn⁄5ü�y≤

y3∑Ç|^ºÍå»5�k'(J,5⌘§˛ò!•â—�å»ºÍak'Ωn

⁄5ü�y≤. œL˘⌦y≤, ∑Çuy §5.2.1 !•§?ÿ�å»5nÿ¥˘⌦Ωn⁄
5üj¢�ƒ:.

~ 5.2.1 'uΩn5.3 �y≤, =4´m [a, b] ˛ÎYºÍ£œ�k.§òΩå».

y≤ œè4´m˛ÎYºÍòΩ¥òóÎY�, §±È?øâΩ�Í ", òΩ�

3òáÍ �, ¶⇢, �?ø¸: x, y 2 [a, b] ˜v |x� y| < � û, òΩk

|f(x)� f(y)| < "

2(b� a)

Èu [a, b] �òá©� T : a = x0 < x1 < · · · < xn = b, � kTk < � û, 3zòá⇥´m

[xi�1, xi] ˛, w,k|x � y| 6 kTk < �, x, y 2 [xi�1, xi], œ�ä‚Ωn 5.23 •È�Ã�

Ω¬, k

!i = sup{|f(x)� f(y)| | x, y 2 [xi�1, xi]} 6 "

2(b� a)
,

§±
nX

i=1

!i�xi 6
"

2(b� a)

nX

i=1

�xi < ".

=ºÍ f(x) å». ⇤

~ 5.2.2 'uΩn5.4 �y≤, =4´m˛ñıêkkÅám‰:�k.ºÍò

Ωå».

y≤ ⌫ºÍ f(x) 34´m [a, b] ˛k., P ! è f(x) 3 [a, b] ˛��Ã.

ƒk⌫ f(x) 3 [a, b] ˛kòám‰: c 2 [a, b], ÿî⌫ a < c < b£c 3‡:�

ú/åaq?n§, È?øâΩ�Í ", ✓Í �1 < "

4! ”û �1 < min{ b�c

2 , c�a

2 } ±
⇥y± c è•%�m´m (c � 2�1, c + 2�1) ·3 [a, b] �S‹. dûºÍ f(x) 3´m

[a, c� �1] ⁄ [c+ �1, b] ˛©OÎY, �,©OòóÎY. œd�3òá⁄ò�Í �2, ¶

⇢� |x� y| < �2, x, y 2 [a, c� �1] Ω x, y 2 [c+ �1, b] û, k|f(x)� f(y)| < "

b�a
.

✓ � = min{�1, �2}. œdÈu [a, b] �òá©� T : a = x0 < x1 < · · · < xn = b, �

kTk < � û⇥´m [xi�1, xi] Ω·3 (c � 2�1, c + 2�1) S, Ω·3 [a, c � �1] Ω [c + �1, b]
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S, Ú⁄™©§e✏¸‹©
nX

i=1

!i�xi =
X

(1)

!i�xi +
X

(2)

!i�xi

Ÿ•
P
(1)

!i�xi L´È@⌦⇥´m·3 (c� 2�1, c+ 2�1) S�¶⁄,
P
(2)

!i�xi L´Ÿ{¶

⁄‹©.w, X

(1)

!i�xi 6 4!�1 < ",
X

(2)

!i�xi 6 "

œd
nX

i=1

!i�xi < 2"

ÈukÅıám‰:�ú/, y≤⌘⌧aq. ⇤

Iá`≤�¥Ωn5.4 ê¥1n˛Úá0↵� Lebesgue Ωnò´Aœúπ. ⇥¸ˆ

�y≤kÉqÉ?.

~ 5.2.3 'uΩn5.5 �y≤, =4´m˛¸NºÍòΩå».

y≤ ÿî⌫ f(x) 3[a, b] ˛¸N4O. Èu?ø©� T , 5ø¸N4OºÍ3´

m [xi�1, xi] ˛��Ã“¥ºÍ3¸á‡:�ä↵, §±

0 6
nX

i=1

!�xi =
nX

i=1

(Mi �mi)�xi

=

nX

i=1

(f(xi)� f(xi�1))�xi 6 kTk
nX

i=1

(f(xi)� f(xi�1))

= kTk(f(b)� f(a)).

=

lim
kTk!0

nX

i=1

!i�xi = 0.

⇤

~ 5.2.4 'uΩn5.6 �y≤, =»©È´m�å\55ü.

y≤ ⌫ a < c < b, È [a, c] �?ø©� T1 : a = x0 < · · · < xm = c ⁄ [c, b] �?

ø©� T2 : c = xm < · · · < xn = b, Ú©:‹ø, “â— [a, b] �òá©� T , Ö

kTk = max{kT1k, kT2k},

=� kT1k ! 0, kT2k ! 0 ûk kTk ! 0. œd, � f(x) 3 [a, b] ˛å»û, d
mX

i=1

!i�xi 6
nX

i=1

!i�xi,
nX

i=m+1

!i�xi 6
nX

i=1

!i�xi,
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ø- kT1k ! 0, kT2k ! 0, =åÌ— f(x) 3 [a, c] ⁄ [c, b] ˛©Oå».

áÉ, È[a, b] �?ò©� T : a = x0 < · · · < xn = b, O\ c äè©:, ⇢ò\[�

©� T 0
. ˘⇠ T 0 å©)§ [a, c] �©� T1 ⁄ [c, b] �©� T2, Ö˜v

kT1k, kT2k 6 kT 0k 6 kTk

=� kTk ! 0 û, kT1k ! 0, kT2k ! 0 . dΩn5.19 •1n™⇢
nX

i=1

!i�xi = S(T )� S (T ) > S(T 0
)� S (T 0

)� 2!kTk

=

X

(1)

!i�xi +
X

(2)

!i�xi � 2!kTk.

˘p
P
(1)

,
P
(2)

©OL´ÈA©� T1, T2 ⇥´m˛!i�xi �¶⁄. œd- kTk ! 0, “å

y⇢ f(x) 3[a, b] ˛èå». ⇤

~ 5.2.5 'uΩn5.8 • 2
� �y≤, =å»ºÍ�¶»E,¥å»�.

y≤ ⌫ f(x), g(x) ¥´m [a, b]˛�å»ºÍ, œd—¥k.ºÍ. ÿî⌫

|f(x)| 6 M, |g(x)| 6 M, x 2 [a, b]. È [a, b]�?ò©� T : a = x0 < x1 < · · · < xn = b,

©OP !i(f), !i(g), !i(fg) èºÍ f, g, fg 3´m [xi�1, xi] ˛��Ã, Kd

|f(x)g(x)� f(y)g(y)| = |f(x)g(x)� f(y)g(x) + f(y)g(x)� f(y)g(y)|

6 M |f(x)� f(y)|+M |g(x)� g(y)|, x, y 2 [xi�1, xi]

å⇢

!i(fg) 6 M(!i(f) + !i(g)), i = 1, · · · , n,

¶⁄⇢
nX

i=1

!i(fg)�xi 6 M

 
nX

i=1

!i(f)�xi +
nX

i=1

!i(g)�xi

!
,

=å⌘§y≤. ⇤
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SK 5.2

1. ¶´m [0, 1] ˛ Dirichlet ºÍ3´m [0, 1] ˛�˛»©⁄e»©.

2. ¡â— Darboux ˛⁄Üe⁄�A€)∫.

3. y≤, XJºÍ f(x) 3´m [a, b] ˛å», K |f(x)| 3´m [a, b] ˛èå», �Ök
����

b

a

f(x) dx

���� 6
b

a

|f(x)| dx

4. y≤, ⌫ f(x) 3´m [a, b] ˛—å», Ö f(x) > c > 0. ¶y:
1

f(x) 3´m [a, b] ˛è

å».
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§5.3 »©�A^

A€Ü‘n∆•kNı✓N5ü�˛ (Pè Q) (X≠Ç�l�!ö˛!‘N�≠%

�), å±A^»©5(Ω. ˘p§¢�✓N5ü�˛, ¥ç˘⇠�˛Ü,á´çk',

øÖÑ‰k´çå\5. ‰N/`, 3òëúπe´m [a, b] ˛˛ Q �©‹A˜v

Q([a, c]) +Q([c, b]) = Q([a, b]), a 6 c 6 b

£œd� c = a û, g,k Q(a) = 0§.

^»©¶,òá˛, 3Í∆˛w, ¥`˘á˛�Ω¬U⌦L´èòá»©. ù»©

Ω¬ß¶ä�Lßkoá⁄Ω: ©�))CqìO))¶⁄))✓4Å, �Ú§¶�˛

zèòá»©5Oé.£÷ˆåÎ�c°'u≠>F/°»�?ÿ§. ¢S˛, ˛°`�

oá⁄Ω,   {zè¸⁄, ˘“¥§¢�á⇤{:

3òëúπe, ⌫§�ƒ�˛ Q ©Ÿ3´m [a, b] ˛, ºÍ Q(x) L´˛ Q ÈAu

´m [a, x] (a 6 x 6 b) �‹©˛.

1ò⁄, 3´m [a, b] ˛?✓òá�›è dx �⇥´m [x, x + dx], ¶—€‹˛

�Q = Q(x+dx)�Q(x)�òáCqä f(x)dx,Ÿ• f(x)¥,áºÍ,¶⇢ �Q�f(x)dx

¥� dx çp��√°⇥:

�Q = f(x)dx+ o(dx),

= f(x)dx ¥ºÍ Q(x) �á©. ∑ÇèÚ f(x)dx °è✓N˛ Q �á⇤.

1◆⁄, Ú§⇢�á⇤3´m [a, b] ˛“√Å\\”)»©, Kd Newton–Leibniz ˙

™⇢

b

a

f(x)dx =

b

a

Q0
(x)dx = Q(x)

����
b

a

= Q(b)�Q(a)

= Q(b) = Q.

=˛ Q å±L´è»©

Q =

b

a

f(x)dx.

á⇤{�'Ö3u(Ωá⇤. œè˛ Q ¥ñ¶�, ‹©˛ Q(x) ¥ô��, §±, ò

Ñ�Û, ¶— Q(x) �á©, = �Q �Ç5Ãá‹©, ¥òáÉ�(J�Ø.

e°˘�Aá~f, ±9^á⇤{⇢—�(J, 3Í∆˛—U⌦ÓÇ/Ω¬⁄y≤;

˘p�?n, å¿èò´“[˝Ìn”, √ö`≤⌦◆—˘⌦(J�ƒ�∞ . 3‘n∆

•, á⇤{K¥òá�è2ç¶^�ê{, œè§`�á⇤, = �Q �(Cq, ÿ¥l

Í∆˛, �¥l‘n˛w¥k(Ωø¬�.
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5.3.1 ≤°≠Ç�l�

3Ü�ãIXeß⌫òá≠Ç„
_

AB �êßè

y = f(x)(a 6 x 6 b).

_

AB �›�Í∆Ω¬è: 3
_

AB ˛?✓©: (X„5.13).

A = M0, M1, · · · , Mn�1, Mn = B,

^gÎ(˘⌦©:, ⇢—
_

AB �ò^S⇢ÚÇ. e� max
16i6n

Mi�1Mi ! 0 û, ÚÇ��›

�4Å�3, “°
_

AB ¥å¶��, øÖ˘ò4Å“Ω¬è
_

AB ��›.

U⌦y≤, � f(x) ÎYåáû (= f 0 �3ÖÎY, dû, ∑Ç~`
_

AB ¥1w�),
_

AB òΩ¥å¶��, øÖŸ�›åL´è

s =
b

a

p
1 + [f 0(x)]2dx,

˘°è (Ü�ãIXe�) l�˙™.

-

6

x

y

q q q q
A

M1

Mi

Mi+1

B

„ 5.11

-

6

x

y

.
....................................

....................................

.....................................

......................................

.......................................

........................................
.........................................

..........................................
...........................................

............................................

q
........................................................................................................................................................................

.....................................................................................................

. ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... . ......... .....M
N

x x+dx

L

O

„ 5.12

∑Çy3^á⇤{◆—˘ò˙™: ⌫ dx > 0, 3
_

AB ˛?✓¸: M ⁄ M 0
, ŸÓã

I©Oè x Ü x+ dx. K˘¸:�Âlè

p
(dx)2 + [f(x+ dx)� f(x)]2 =

p
(dx)2 + [f 0(x)dx+ o(dx)]2.

∑Çdd⇢l��á⇤ (=l��á©)

ds =
p
1 + [f 0(x)]2dx.

Ú ds 3´m [a, b] ˛»©, =⇢˛„l�˙™.

du dy = f 0
(x)dx, ⇡l��á©èåLàè

ds =
p
(dx)2 + (dy)2.
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l��á© ds k≤w�A€ø¬. X„5.12 §´, 3±ÉÇ ML è✓>�n�/

(°èá©n�/) LMN•, MN = dx, LN = dy. ⇡

ML =

p
MN2 + LN2 =

p
(dx)2 + (dy)2,

= ML = ds. œd, A€˛w, l��á©“¥á©n�/�✓>�.

NıØK•, ≠Çl�êßdÎÍêßΩ4ãIêßâ—, ∑Çy3â—ÉA�l

�Oé˙™:

⌫≠Çl
_

AB �ÎÍêßè
8
<

:
x = x(t)

y = y(t)
(↵ 6 t 6 �),

Ÿ•ºÍ x(t) ⁄ y(t) 3´m [↵, �] ˛kÎY�á˚, Ö x0(t), y0(t) ÿ”ûè". ∑ÇÑ

bΩ,�ÎÍ tl ↵C � û,l
_

AB ˛�:Kl AC B,K� dt > 0û,k ds > 0.

u¥l��á©y3§è

ds =
p
[x0(t)]2 + [y0(t)]2dt,

l�⇢ÎÍêße�l�˙™

s =
�

↵

p
[x0(t)]2 + [y0(t)]2dt.

e≠Çl
_

AB d4ãIêß

r = r(✓) (↵ 6 ✓ 6 �)

â—, Ÿ• r(✓) 3 [↵, �] ˛kÎY�á˚. ⌫ ✓ l ↵ C � û, ≠Ç˛�:l A C

B. ∑Çå¿^ ✓ äèÎÍ, Ú
_

AB �êßL´èÎÍêß
8
<

:
x = r(✓) cos ✓

y = r(✓) sin ✓
(↵ 6 ✓ 6 �),

K¥� [x0(✓)]2 + [y0(✓)]2 = r2(✓) + r02(✓), ⇡kl�˙™

s =
�

↵

q
r2(✓) + r02(✓)d✓.

äèòá~f, ∑Ç5¶˝↵
8
<

:
x = a cos t

y = b sin t
(0 6 t 6 2⇧)

�l�, Ÿ• a > b > 0.
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¢S˛, dÈ°5, êI�ƒ˝↵ÉAu 0 6 t 6 ⇧
2 l„��›, dd¥�˝↵�l

�è

s = 4

⇧
2

0

p
a2 sin2 t+ b2 cos2 tdt = 4a

⇧
2

0

p
1� e2 cos2 tdt,

Ÿ• e è˝↵�l%«. UY¢1Ü⇤, - u = cos t, K˛„»©zèò´˝↵.»

©£˝↵»©�∂cè5�ud§

s = 4a
1

0

p
1� e2u2p
1� u2

du,

5.3.2 ≤°„/�°»

∑ÇÆ?ÿL≤°≠Çå§„/�°»�Ω¬, øÖ3Ü�ãIXe (⌃K˛) U

⌦¶—„/�°». ˘pÚ^á⇤{◆—4ãIe�òa„/�°»Oé˙™.

⌫≠Çd4ãIêß

� ↵

r=r(✓)

„ 5.13

r = r(✓) (↵ 6 ✓ 6 �)

â—, Ÿ• r(✓) 3´m [↵, �] ˛ÎY, ∑Çá(Ω

˘^≠ÇÜ◆Ç ✓ = ↵ 9 ✓ = � §å§�≠>˜

/�°» (X„5.13).

3´m [↵, �] S?✓òá�›è d✓ �´m [✓, ✓ + d✓]. 3˘á⇥´m˛, ^↵l

r = r(✓) ìO≠Çl, ⇢°»á⇤ („5.13 •“K‹©�°»)

dS =
1

2
r2(✓)d✓.

œd, §¶�°»¥

S =

�

↵

1

2
r2(✓)d✓ =

1

2

�

↵

r2(✓)d✓.

∑Ç^BJ9, d˛°�˙™å±◆—,⌦dÎÍêßâ—�4≠Ç§å§�„/

�°».

⌫≤°„/d4≠Ç 8
<

:
x = '(t),

y =  (t)
(a 6 t 6 b)

å§, Ÿ• '(t) Ü  (t) ‰kÎY�á˚, Ö '(a) = '(b),  (a) =  (b). œè

r2 = x2 + y2, ✓ = arctan
y

x
,
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dE‹ºÍ�á˚{K, ⇢—

✓0
t
=

d✓

dt
=

xy0
t
� x0

t
y

x2 + y2
.

⇡ 1
2r

2
d✓ = 1

2(xy
0
t
� x0

t
y)dt. e4� ✓ (U_û⇥êï) l ↵ C �, ÈAuÎÍ t l a C

 b, Kd„/�°»è

S =
1

2

b

a

('(t) 0
(t)� '0

(t) (t)) dt.

~X, ∑Ç¥¶—˝↵

8
<

:
x = a cos t

y = b sin t
(0 6 t 6 2⇧) �°»è

1

2

2⇧

0
(a cos t · b cos t+ a sin t · b sin t)dt =⇧ab.

5.3.3 ^=N�N»

'uòm·N�N», ∑ÇÚ3ı⇤á»©•â—Í∆Ω¬, ˘pK⌘⌧ùÇA€

Ü*, ø^á⇤{◆—Aa·N�N».

⌫òm•,á·Ndò≠°ÜRÜu x

a bx x+dx

„ 5.14

∂�¸≤° x = a 9 x = b å§ (X„5.14).

eL?øò: x(a 6 x 6 b) ÖRÜu x ∂

�≤°�·N§⇢��°°» S(x) èÆ�

�ÎYºÍ, y3á(ΩT·N�N» V .

∑Ç?✓´m [a, b]˛òá�›è dx�

⇥´m [x, x+dx], ˘ò⇥´m˛�·NåCq/wä˛!e.�°»—¥ S(x), �pè

dx �⇥�ŒN. u¥⇢—N»�á⇤è dV = S(x)dx. Ú dV l a  b »©, Kk

V =

b

a

S(x)dx.

ä‚˛„⌃Kå¶—,⌦^=N�N». ±e˛b⌫ºÍ y = f(x) 3´m [a, b] ˛

ÎYø˜v f(x) > 0 . ∑ÇÚ�ƒd y = f(x), ÜÇ x = a, x = b 9 x ∂å§�≠>F

/, ©O7 x ∂^=ò±⁄ y ∂^=ò±�^=N�N».

1
� 7 x ∂^=ò±§⇢�^=N�N».
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È´m [a, b] ˛?ò: x, äRÜu x ∂�≤°, �^=N§⇢�°�°», �uå

ªè y = f(x) �↵�°», =S(x) =⇧y2 =⇧f2
(x). œd, d˛°�™f�, ^=N�

N»è

V =⇧
b

a

f2
(x)dx.

2
� 7 y ∂^=ò±§⇢�^=N�N».

y3∑Ç�ƒ˛„�≠>F/ (Ÿ• a > 0) 7 y ∂^=ò±§⇢^=N�N». 5

ø, ˘pç�E,¥d y = f(x), ÜÇ x = a, x = b 9 x ∂å§�≠>F/, �ß7 y ∂

^=ò±û◊L�òm´ç�N».

3´m [a, b] ˛?✓ò�›è dx �´m [x, x + dx], ÉA (u˘ò⇥´m) �⇥≠

>F/7 y ∂^=ò±§⇢�^=N�N», åCq/wäpè f(x), �.åª©Oè

x+ dx 9 x �¸↵Œ�N»↵, =¥

f(x)[⇧(x+ dx)2 �⇧x2] = 2⇧xf(x)dx+⇧f(x)(dx)2.

—� dx �p�√°⇥ ⇧f(x)(dx)2, ⇢N»�á⇤è 2⇧xf(x)dx, ⇡§¶�N»è

V = 2⇧
b

a

xf(x)dx.

5.3.4 ^=N�˝°»

òm≠°�°», èÚ3ı⇤á»©•?ÿ. ˘p∑ÇùÇA€Ü*, ◆—e°òa

^=N�˝°».

⌫ºÍ y = f(x) 3´m [a, b] ˛kÎY�á˚, øÖ f(x) > 0 ( x 2 [a, b]). Úd≠

Ç„7 x ∂^=ò±, á(Ω§⌫)�^=N�˝°» F .

3´m [a, b] ˛?✓�›è dx �⇥

x x+dx

�F

„ 5.15

´m [x, x + dx], �ƒÉAuT´m˛�

l„ MM 0 7 x ∂^=ò±§⇢�^=

N�˝°» �F (Î�„5.17). MM 0 å^

ÉÇ„ ML (�›è ds) CqìO, œd

�F åd ML 7 x ∂^=§⇢�↵⌘�

˝°»5CqìO(„5.15). Ÿ�, §`�

↵⌘˝°»è

⇧·(˛.åª + e.åª) · ✓p

=⇧[y + (y + dy)] · ds = 2⇧yds+⇧dy · ds.
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—� dx �p�√°⇥ ⇧dy · ds, ⇢˝°»á⇤

dS = 2⇧yds = 2⇧y
q
1 + y02 dx.

u¥§¶�˝°»è

S = 2⇧
b

a

y
q
1 + y02 dx

= 2⇧
b

a

f(x)
p
1 + (f 0(x))2dx.

e≠Ç„dÎÍêß 8
<

:
x = x(t)

y = y(t)
(↵ 6 t 6 �)

â—, Ÿ• x(t) ⁄ y(t) 3 [↵, �] ˛kÎY�á˚, K˝°»˙™è

S = 2⇧
�

↵

y(t)
q
x02(t) + y02(t) dt.

e≠Ç„d4ãIêß

r = r(✓) (↵ 6 ✓ 6 �)

â—, å¿ ✓ äèÎÍ, K

S = 2⇧
�

↵

r(✓) sin ✓
q
r2(✓) + r02(✓) d✓.

5.3.5 CÂäı⁄⁄Â

òÑ�Û, (ΩCÂÈ‘N§ä�ı, IA^�÷1◆˛0↵�≠Ç»©. ⇥Èu

e°ò´�è{¸�ú/, å±^á⇤{?n.

⌫‘N3(C)Â F = F (x) �ä^e˜ x ∂äÜÇ$ƒ (Â�êïÜ‘N�$ƒê

ïòó), e‘Nl a :$ƒ b :, á(ΩCÂÈ‘N§ä�ı W (bΩ F (x) ¥ x �

ÎYºÍ).

3´m [a, b] ˛?✓òá�›è dx �⇥´m [x, x + dx]. 3˘á⇥´m˛, d

CÂ�ÎY5, CÂ§ä�ıåCq/wäÂ F (x) §ä�ı,u¥⇢ı�á⇤

dW = F (x)dx. Ú dW l a  b »©, ⇢—CÂ F (x) §ä�ıè

W =

b

a

F (x) dx.

~ 5.3.1 åªè R m �å•/Y≥S5˜⌦Y, ¶Ú⌧‹�YƒZIä�ı (Y

�ó›è 1 t/m
3
).
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) X„5.16, 3L•%�R°˛ä

OxyãIX, ±R°⁄å•§��å↵�

È°∂è y ∂, Y≤ÉÇè x ∂. å↵�ê

ßè x2 + (y � R)
2
= R2

(0 6 y 6 R). §

¶�ı=¥Ú≥S�Y⌧‹J,ñ≥˜p

›§I�ı. ¶Y†l y(0 < y 6 R) ¸

y� dy §I�ıCq/è ⇧gx2dy · (R� y),

Ÿ•g è≠Â\Ñ›, x2 = 2Ry � y2. =ı

�á⇤

dW =⇧(2Ry � y2)(R� y)dy.

x

y

R

dy

„ 5.16

⇡§I�ıè

W =

R

0
⇧g(2Ry � y2)(R� y) dy =

⇧
4
gR4

(N·m).

'u⁄Â�OéXe:d⇡k⁄ÂΩ∆å�, Âlè r �¸áü:Ém�⁄Âè

F = k
m1m2

r2
,

Ÿ• m1,m2 ©O¥¸áü:�ü˛, k è⁄Â~˛. XJá(Ωòá‘NÈòáü:�

⁄Â, Ωˆ¸á‘NÉm�⁄Â, òÑ�Û, IáA^ı≠»©. ⇥3,⌦{¸úπe,

å±^á⇤{5)˚.

~ 5.3.2 ⌫kòä˛![ï, ü˛è m, �›è 2l. 3ï (§3ÜÇ) �Ú�Ç˛

kò¸†ü˛�ü: Q, Âlï�•%è a (˘p a > l). ¶ïÈü: Q �⁄Â F .

) ±ï�•%è⌃:, ï§3�ÜÇè x ∂, ø¶ü: Q 3 x ∂êï˛.

È´m [�l, l] •?ò�›è dx �⇥´m [x, x + dx]. Ú˘⇥„Cq/¿èòü:,

Ÿü˛è m

2l · dx, �Üü: Q �Âlè a� x. d⇡k⁄ÂΩ∆, ˘ò⇥„È Q �⁄Â

è k m

2l(a�x)2dx, =

dF = k · m

2l(a� x)2
dx,

u¥ïÈü: Q �⁄Âè

F =
km

2l

l

�l

1

(a� x)2
dx =

km

a2 � l2
.
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SK 5.3

1. ¶e✏≠Çl�l�.

(1) �‘Ç y = x2 l x = �a  x = a Ém�l;

(2) (/Ç

8
<

:
x = a cos3 t,

y = a sin3 t
(0 6 t < 2⇧), a > 0 ¥~Í;

(3) Archimedes ⁄Ç r = a✓ (0 6 ✓ 6 2⇧).

2. Oée°�≠Ç§å§�≤°„/�°».

(1) V›Ç r2 = a2 cos 2✓ (✓ 2 [�⇧4 ,
⇧
4 ) [ (

3⇧
4 , 5⇧4 ], a è~Í);

(2)

8
<

:
x = t� sin t,

y = 1� cos t
(0 6 t 6 2⇧) 9 x ∂;

(3) y = e
x, y = e

�x 9 x = 1.

3. Oée✏^=N�N»:

(1) y = sin x (0 6 x <⇧) Ü x ∂å§�„/©O7 x ∂9 y ∂^=ò±;

(2) y = e
x
2
(0 6 x 6 1) Ü x ∂å§�„/7 y ∂^=ò±;

(3)

8
<

:
x = t� sin t

y = 1� cos t
(0 6 t 6 2⇧) Ü x ∂å§�„/7 x ∂^=ò±.

4. ¶y: ± R èåª, pè h �•"�N»è ⇧h2
�
R� h

3

�
.

5. ¶e✏≠Ç„^=ò±�§⇢·N�˝°».

(1) x2 + y2 = r2 7 x ∂, Ÿ•~Í r > 0;

(2)
x
2

a2
+

y
2

b2
= 1 7 y ∂, ˘p a > b > 0;

(3) y = a cosh x (0 6 x 6 a) 7 x ∂;

(4) r = a(1 + cos ✓) 74∂, a > 0.

6. åªè r �•ú\Y•, ÜY°ÉÉ (•�ó›è 1). yÚ•lY•M—, Iäı

�ı?

7. ¸^�è l, ü˛è m �˛![\†u”òÜÇ˛, ¸\C‡Âlè l, ¶¸\Ém

�⁄Â.
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§5.4 2¬»©

Riemann ø¬e�»©k¸áÅõ, ò¥»©´mkÅ (ƒK“ÿU⇥y�©�:

�5�ıû, ©��∞›™u"), ◆¥⇢»ºÍk.. XJá‚ª˘¸áÅõ, 7L/

œÅƒ��4Åê{, �ƒ Riemann »© ('u»©Å) �¸a4Å. dd⁄—¸a§

¢�/2¬»©0, � Riemann »©kûKÉA/°è~¬»©.

5.4.1 √°´m˛�»©

ƒk�ƒ»©´m¥√°�úπ. ⌫ºÍ f(x)3´m [a,+1)˛kΩ¬,XJ f(x)

3?€òákÅ´m [a,A] ˛å», �Ö� A ! 1 û, »© A

a
f(x)dx = '(A) äè A

�ºÍk4Å, K∑ÇÚ˘4ÅäΩ¬èºÍ f(x) 3 (√°) ´m [a,+1) ˛�√°»

©, Pä
+1
a

f(x)dx, =Ω¬

+1

a

f(x) dx = lim
A!+1

A

a

f(x) dx = lim
A!1

'(A).

˘ûè°√°»© +1
a

f(x) dx �3 (Ω¬Ò). e˛„�4Åÿ�3, K°d√°»©

ÿ�3 (Ωu—).

aq/, ∑ÇΩ¬ºÍ f(x) 3´m (�1, a] ˛�√°»©è
a

�1
f(x)dx = lim

c!�1

a

c

f(x)dx.

�ºÍ f(x) 3´m (�1,+1) ˛�√°»©Ω¬è
+1

�1
f(x) dx =

a

�1
f(x) dx+

+1

a

f(x) dx

= lim
c!�1

a

c

f(x) dx+ lim
b!+1

b

a

f(x) dx,

Ÿ• a è?ò¢Í (œ~✓ a = 0). ÜÈ{`, �˛°�™m>¸á√°»©—¬Òû,

∑Ç‚° +1
�1 f(x)dx ¬Ò (Ÿä“Ω¬è¸ˆ�⁄).

c b
x

y

„ 5.17

lA€˛w, √°´m˛�»©“¥òámù�≠>F/�°».
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3y�„, ⌥O√°»© +1
a

f(x)dx ¥ƒ¬Ò, ƒkIÈ¶— A

a
f(x)dx; 2Ôƒ

§⇢(J3 A ! +1 û¥ƒk4Å (U˘ò⌃K, e⌥O⌦»©¬Ò, œ~è”û¶

—⌦√°»©�ä.) è⌦â˘ò:, ∑Ç�,A^ Newton—Leibniz ˙™: e¶⇢⌦

f(x) 3 [a,+1) ˛�òá⌃ºÍ F (x), KØK“zè⌦¶ lim
A!+1

F (A); �˘4Å�3

û, Ÿä“^ F (+1) L´, ∑Ç�(Jå±L„è

+1

a

f(x) dx = F (x)

����
+1

a

= F (+1)� F (a).

È a

�1 f(x)dx 9 +1
�1 f(x)dx å”⇠/?n.

~X, ÈuºÍ f(x) = 1
x↵ , ÿ� ↵ = 1 �úπ, k

A

1

dx

x↵
=

1

1� ↵
(A1�↵ � 1)

w,, e ↵ > 1, K� A ! 1 û4Å�3, =

1

1

dx

x↵
=

1

↵� 1
.

�� ↵ < 1 û, 4Åÿ�3. Èu ↵ = 1 û, ºÍ f(x) = 1
x
�⌃ºÍ¥ÈÍºÍ log x,

w,ß3√°✏:u—.

,�, =¶⇢»ºÍ¥–�ºÍ, »© A

a
f(x)dx �OéòÑÉ�(J, kû$ñ√

{^w™Là™5L´. œdè⌦⌥O +1
a

f(x)dx ¥ƒ¬Ò, ˛„â{kòΩ�€Å

5. ∑ÇÚ3�Yëß•0↵Ÿ¶ò⌦k��⌥O{K, ±⌥O√°´m�»©¥ƒ¬

Ò.˘⌦ê{ê¥ä‚⇢»ºÍg⌧�5ü, �ÿ7kOé A

a
f(x)dx.

,�, -<Ø€�¥, 3~¬»© A

a
f(x)dx √{ (w™) Oé�úπe, 2¬»©

+1
a

f(x)dx %≤~UOé—5. ~X£Poisson»©§, A

0 e
�x

2
dx ÿåUL´è A �–

�ºÍ, ⇥%U¶—
+1

0
e
�x

2
dx =

p
⇧
2

.

∑ÇÚ3�Yëß•,l◆ëòm5wñ Poisson »©,øâ—‰N�Oé.

5.4.2 ◊»©

Èu3kÅ´m˛√.�ºÍ, ∑Ç�â{¥Ú◆óºÍ√.�: (°è◊:) �

C↵��, ¶⇢ºÍ3ê{�´m˛k.. »©�, 24���‹©��›™u", XJ

4Å�3, “Ω¬è√.ºÍ�2¬»©, Ω°è◊»©.

ÿî⌫´m [a, b] �m‡: b ¥ f(x) �çòòá◊:, =ºÍ f(x) 3´m [a, b)

˛kΩ¬, 3: b �ÜC↵√., œdºÍ f(x) 3 [a, b] ˛ÿå».
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XJ�� b :NC?øòá⇥´m (b � ", b), Ÿ• "¥?ø�Í, � f(x) 3

ê{‹©´m [a, b � "] ˛å» (l� b�"

a
f(x)dx kø¬), �Ö� " ! 0

+ û, »©
b�"

a
f(x)dx äèC˛ÅºÍk4Å, K° f(x) 3´m [a, b] ˛�◊»©�3 (Ω¬Ò),

øÚ˘4ÅäΩ¬è◊»©�ä, Pè b

a
f(x)dx, =Ω¬

b

a

f(x) dx = lim
"!0+

b�"

a

f(x) dx.

e˛„4Åÿ�3, K° f(x) 3 [a, b] ˛�◊»©ÿ�3 (Ωu—).

aq/, XJ´m�Ü‡: a ¥ºÍ f(x) �çòòá◊:, KΩ¬ f(x) 3 [a, b]

˛�◊»©è
b

a

f(x) dx = lim
"!0+

b

a+"

f(x) dx,

êám‡4ÅS�»©©™�3.

XJ´m (a, b) �¸á‡:—¥ f(x) �◊:, KÈ?ø c 2 (a, b), �¸á◊»©
c

a
f(x)dx Ü b

c
f(x)dx —¬Òû, “°◊»© b

a
f(x)dx ¬Ò, Ÿäè˘¸á◊»©É

⁄, =Ω¬
b

a

f(x) dx = lim
"!0+

c

a+"

f(x) dx+ lim
⌘!0+

b�⌘

c

f(x) dx,

w,, �◊»© b

a
f(x)dx ¬Òû, Ÿäw,Ü c �¿✓√'.

XJ◊:⌫)3´m�S‹, ÿî⌫ c 2 (a, b) ¥ f(x) �òá◊:, Kä‚»©å

\5�ƒ�⌃K, ©O�ƒºÍ f(x) 3¸áf´m (a, c) ⁄ (c, b) ˛�»©Ω◊»©.

�¸á»©—�3û, KºÍ3⌃5�´m (a, b) ˛2¬å».

XJºÍ f(x) 3´m (a, b) ˛kÍá◊:, ä‚»©�å\5, å±Ú´m (a, b)

3◊:?©m. � f(x) 3zò⇥„˛�»©Ω◊»©—�3, KßÇ�⁄“¥ºÍ3✓

á´m˛�◊»©.

Ü√°´m˛�2¬»©aq, 3y�„, è⌦⌥Oòá◊»©¥ƒ¬Ò, ∑ÇêU

UÏΩ¬?1. ÿî⌫ b ¥ f(x) çò�◊:. e¶⇢⌦ f(x) 3˘´m˛�òá⌃ºÍ

F (x), K◊»©¥ƒ¬Ò✓˚u4Å lim
x!b�

F (x) ¥ƒ�3. ä‚ Newton—Leibniz ˙™

k�
b

a

f(x)dx = F (b� 0)� F (a);

e lim
x!b�

F (x) ÿ�3, K§`�◊»©u—.

~X, ◊»© 1
0

1
x↵dx ⇢»ºÍ�⌃ºÍ©O¥ F (x) =

1
1�↵

x1�↵ � ↵ 6= 1, ⁄

F (x) = log x, � ↵ = 1. œdÈN¥⌥‰»©3 ↵ < 1 û¬Ò, 3 ↵ > 1 ûu—.

òÑúπe, ∑Çáä‚⇢»ºÍg⌧�A:⌥‰◊»©�¬Ò5, ˘Ú¥∑Ç8

��òá;Ä{K, 3dÿL.
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5P ^Bç—, îe°˘⇠�»©

1

0

sin x

x
dx Ü

1

0
x↵ ln x dx (↵ ¥~Í, ↵ > 0),

⇢»ºÍ3 x = 0 ?è,vkΩ¬, ⇥œèºÍ sinx

x
Ü x↵ ln x 3 (0, 1] ˛ÎY, Ö�

x ! 0
+ û—k4Å (l�k.). œd, √ÿN⇠Ω¬˘¸áºÍ3 x = 0 ?�ä, —ÿ

KèßÇ3 [0, 1] ˛� Riemann å»5±9»©ä. œ~, ∑ÇÈ˘⇠�»©ÿäAO

�⇡≤, øÖS.˛%@⇢»ºÍ3 x = 0 ?�ä, Ω¬èºÍ3˘ò:?�m4Åä,

±¶⇢⇢»ºÍ3✓á´m [0, 1] ˛ÎY.

,òê°, √ÿ¥√°´m˛Ω√.�ºÍ�2¬»©, —¥~¬»©�ò´4Å

/�, œd, 34Å�?nÉe, ~¬»©�ƒ�5ü⁄Oéê{⇢±⇥3.e°∑ÇA

O?ÿ2¬»©�Ü⇤⁄©‹»©¸´ê{, ±B3Oé2¬»©ûÜ⇢A^.

5.4.3 2¬»©�Ü⇤⁄©‹»©

∑Çƒk?ÿ2¬»©•�Ü⇤{. ⌫ºÍ f(x) 3´m [a, b) ˛ÎY, ˘p b å±

¥ +1; � x = '(t) ¥3´m [↵, �) ˛ÓÇ¸N4O�åáºÍ, '0
(t) ÎYÖÿ✓"

ä, ˘p � å±¥ +1, øÖ '(↵) = a 9 '(�) = b (˘An)è lim
t!�

'(t) = b).

dáºÍΩn, 3´m [a, b) ˛k ' �ÓÇ4OÖÎY�áºÍ t = '�1
(x), øÖ

lim
x!b

'�1
(x) = �.

y3⌫ x0 Ü t0 = '�1
(x0) ¥´m (a, b) Ü (↵, �) •?øòÈpÉÈA�Í, Kd

~¬»©�Ü⇤˙™, ⇢

x0

a

f(x) dx =

t0

↵

f('(t))'0
(t) dt,

w,, � t0 ! � ûk x0 ! b, áÉΩ,. œd, e b

a
f(x)dx ¬Ò, K� t0 ! � û, (5)

™m‡�»©7k4Å, =
�

↵
f('(t))'0

(t)dt ¬Ò, øÖ

b

a

f(x) dx =

�

↵

f('(t))'0
(t) dt.

aq/, e˛™m‡�»©¬Ò, KÜ>�»©è¬Ò, Ö¸ˆÉ�.

±˛�?ÿ”⇠∑^u (C˛ìÜ) ºÍ ' èÓÇ4¸Ö ↵ > � �ú/ (˘p

a = '(↵), b = '(�)).

È (a, b] ˛�(2¬)»©, C˛ìÜê{åÜ˛°aq/?1.

2¬»©�C˛ìÜ{K, Ÿø¬¥: �™•ò>�»©¬Ò, K,ò>�»©è

¬Ò, Ö¸ˆÉ�. ˘ò{Kå^uOé (Æ�¬Ò�) 2¬»©, èå^uy≤2¬»

©¬Ò.
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Ü⇤{å±Ú2¬»©=zè~¬»© (3dúπe, 2¬»©�¬Ò5Bò8⌦

,), èå±Úò´/™�2¬»©=zè,ò´/™�2¬»©.

~X, Èu√°´m˛�2¬»© 1
a

f(x)dx, (a > 0) ?1Ü⇤

x =
1

y
, K dx = �dy

y2
.

œd
1

a

f(x) dx =

1/a

0

1

y2
f

✓
1

y

◆
dy

˛™�ò‡¬Ò“øõX,ò‡è¬Ò.

y3=ï2¬»©�©‹»©. ⌫ºÍ u = u(x) Ü v = v(x) 3 [a, b) ˛ÎYåá,

˘p b å±¥ +1. KÈ?ø c (a < c < b), 3´m [a, c] ˛d~¬»©�©‹»©˙™,

k
c

a

u dv = u(x)v(x)

����
c

a

�
c

a

v du.

4 c ! b, K∑Çw, ˛™•náë•ek¸ák4Å, K1náèk4Å, øÖk

b

a

u dv = u(x)v(x)

����
b

a

�
b

a

v du,

˘p u(x)v(x)
���
b

a

= lim
x!b

u(x)v(x)� u(a)v(a).

˘“¥2¬»©�©‹»©˙™, ßQå^5Oé (Æ�¬Ò�) 2¬»©, èU^

5y≤2¬»©¬Ò.

Èu´m (a, b] ˛�2¬»©, aq/åÔ·©‹»©{K.

~ 5.4.1 ⌫ ↵ ¥?ò¢Í, ¶y

I =

+1

0

1

(1 + x2)(1 + x↵)
dx

¬Ò, ø¶Ÿä.

) - x = tan y, ˘p y 2
⇥
0, ⇧2

�
, KdÜ⇤{K⇢

I =

⇧
2

0

1

1 + tan↵ y
dy,

˘¥òá~¬»© (⇢»ºÍ3
⇥
0, ⇧2

�
˛ÎY, Ö3 y ! (

⇧
2 )

� ûk4Å), l�ØK•

�2¬»©¬Ò.
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è⌦¶— I �ä. Ú»©´m©è [0, 1] 9 [1,+1), øäìÜ x =
1
t
, ⇢—

I = �
1

+1

t↵

(1 + t2)(1 + t↵)
dt�

0

1

t↵

(1 + t2)(1 + t↵)
dt

=

+1

0

t↵

(1 + t2)(1 + t↵)
dt = �I +

+1

0

1

1 + t2
dt

= �I +
⇧
2
,

⇡ I =
⇧
4 .

~ 5.4.2 y≤: ◊»©

I =

⇧
2

0
ln sin x dx

¬Ò, ø¶Ÿä.

) ©‹»©, ∑Ç⇢—

I = x ln sin x
���
⇧
2

0
�

⇧
2

0

x

tan x
dx = �

⇧
2

0

x

tan x
dx.

(5ø, ^ L’Hospital {Kå� lim
x!0+0

x ln sin x = 0.) m>�»©¥òá~¬»©, œ�

y≤⌦◊»© I �¬Ò5.

è⌦Oé I, - x = 2t, K

I = 2

⇧
4

0
ln sin 2t dt =

⇧
2

ln 2 + 2

⇧
4

0
ln sin t dt+ 2

⇧
4

0
ln cos t dt.

3˛™Å�òá (~¬) »©•äìÜ t = ⇧
2 � y, K⇢ (Ñ§5.1, ~5.1.10 �ìÜ)

I =
⇧
2

ln 2 + 2

⇧
4

0
ln sin t dt+ 2

⇧
2

⇧
4

ln sin y dy

=
⇧
2

ln 2 + 2I,

⇡ I = �⇧2 ln 2.
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SK 5.4

1. ⌥‰e✏2¬»©¥ƒ¬Ò, ø¶—¬Ò�2¬»©�ä.

(1)

+1

0
xe�x

2
dx; (2)

+1

0
x sin x dx;

(3)

+1

2

ln x

x
dx; (4)

+1

1

arctan x

x
dx;

(5)

+1

0
e
�x

sin x dx; (6)

+1

�1

1

x2 + 2x+ 2
dx;

(7)

1

0
ln x dx; (8)

1

�1

1p
1� x2

dx;

(9)

1

0

x ln x

(1� x2)3/2
dx; (10)

1

0
ln

1

1� x2
dx;

(11)

+1

0
xne�x

dx (n è✓Í); (12)

1

0
(ln x)n dx (n è✓Í).

2. 2¬»© +1
�1 f(x) dx �Ö‹ÃäΩ¬è

P.V.
+1

�1
f(x) dx = lim

b!+1

b

�b

f(x) dx.

w,, e2¬»© +1
�1 f(x) dx ¬Ò, KŸÃäè¬Ò, ⇥áL5ÿòΩ§·. Ôƒ

e✏2¬»©Ãä�¬Ò5.

(1) P.V.
+1

�1

x

1 + x2
dx; (2) P.V.

+1

�1

|x|
1 + x2

dx.

3. eºÍ f(x)3 (a,+1)˛ÎY,øÖ± aè◊:,K2¬»© +1
a

f(x) dxΩ¬è

b

a

f(x) dx+

+1

b

f(x) dx,

˘¥�!˘�¸a2¬»©�|‹, Ÿ• b > a ¥?òá¢Í. �˛°¸á2¬»

©—¬Òû, ∑Ç° +1
a

f(x) dx ¬Ò; ƒK°èu—.

(1) y≤
+1

1

1

x
p
x� 1

dx ¬Ò, ø¶Ÿä;

(2) y≤, È?ø¢Í ↵,
+1

0

1

x↵
dx u—.

4. ⌫ a < c < b, : c ¥ºÍ f(x) 3´m [a, b] Sçò�◊:, K◊»© b

a
f(x) dx Ω

¬è¸á◊»© c

a
f(x) dx Ü b

c
f(x) dx �⁄.

(1) ¶
4

�1

1

x2 + x� 2
dx;
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(2) ¶
1

�1
x�

1
3 dx.

1 5 Ÿn‹SK

1. ⌫ m,n è✓Í, y≤

(1)

2⇧

0
sinmx · cosnx dx = 0;

(2)

2⇧

0
sinmx · sinnx dx =

2⇧

0
cosmx · cosnx dx =

8
<

:
⇧, X m = n

0, X m 6= n
.

(�K�(ÿ, 3±�á˘�Lpì?Ínÿ•‰kƒ��≠á5.)

2. ⌫ m,n è✓Í, P

B(m,n) =
1

0
xm(1� x)n dx.

y≤: (1) B(m,n) = B(n,m); (2) B(m,n) = m!n!
(m+n+1)! .

B(m,n) ¥Õ∂� Beta ºÍ ({° B–ºÍ) �A~. òÑ� B(m,n), È m > �1

9 n > �1—kø¬,∑ÇÚ3±�?ÿ.SK5.1•16.(2)K,â—⌦ m > 0, n > 0

û, B(m,n) �òá˛.✏O.

3. Oée✏»©:

(a)
2
1
2

�
1 + x� 1

x

�
e
x+ 1

x dx;

(b)
n⇧
0 x| sin x| dx (n è✓Í);

(c) ⌫ f(x) = x+2⇧
x

(1 + e
sin t � e

� sin t
) dt+ 1

1+x

1
0 f(t) dt, ¶ 1

0 f(x) dx.

4. y≤ 1
2n+2 <

⇧
4

0 tan
n x dx < 1

2n (n = 1, 2, · · · ).

5. ⌫ºÍ f 3 [a, b] ˛å», Ö b

a
f(x) dx > 0, y≤: 7kòá´m [↵, �] ⇢ [a, b], ¶

⇢È?ø x 2 [↵, �], k f(x) > 0. ('�SK5.1•18K.)

(J´: b⌫(ÿÿÈ, KÈ [a, b] �?òy© a = x0 < x1 < · · · < xn�1 < xn = b,

3´m [xi�1, xi] ˛—�3 ⇠i, ¶ f(⇠i) 6 0. dd⌫)òáö�»©⁄, Lfi4

Å, ⌫)gÒ.)

6. (1) ⌫ f ¥??ÎY�ÛºÍ, K f 7kòá⌃ºÍè€ºÍ;

(2) ⌫ f ¥??ÎY�€ºÍ, K f �?òá⌃ºÍ—¥ÛºÍ. (¡'�SK3.1,

115K.)

7. fi~`≤, �3òáÎY�±œºÍ f , ¶⇢ f �⌃ºÍ—ÿ¥±œºÍ. (¡'�

SK3.1, 116K.) (J´: ¿òáÎY�±œºÍ f , ¶ßU⇥y F (x) = x

0 f(t) dt
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ÿ¥±œºÍ. 5ø, ÿ7�ƒ F (x) �w™L´.)

8. ⌫ a0
n+1 +

a1
n
+ · · ·+ an = 0. y≤: ıë™ a0xn + a1xn�1

+ · · ·+ an 3 (0, 1) Sñ�

kòá":. (�K¥1 3 Ÿ÷øSK�13K, ˘pá¶^»©�√{5ÿy. å

wSK5.1 •,áSK.)

9. ⌫ºÍ f 3 [0,⇧] ˛ÎY, Ök ⇧
0 f(x) sin x dx =

⇧
0 f(x) cosx dx = 0. ¡y3

(0,⇧) S�3¸: x1 ⁄ x2, ¶⇢ f(x1) = f(x2) = 0.

(J´:¥� f 3 (0,⇧) Sñ�kòá": x1. e˘¥çò�":, K f 3 (0, x1)

Ü (x1,⇧) S…“. u¥ ⇧
0 f(x) sin(x� x1)dx 6= 0, ˘Ú⌫)gÒ.)

10. ⌫ f(x) ??ÎY, f(0) = 0, Ö f 0
(0) �3. P F (x) = 1

0 f(xy) dy. y≤ F (x) ??

å◆, ø¶— F 0
(x).

11. (1) ⌫ f(x) =

8
<

:
e
�x

2
, |x| 6 1

1, |x| > 1.
P F (x) = x

0 f(t)dt. ¡Ôƒ F (x) 3=⌦:å◆.

(J´: ÜSK5.1 •1 16 Kÿ”, �K√{¶— F (x) �w™L´.)

(2) ⌫ f(x) = x

0 cos
1
t
dt, ¶y f 0

+(0) = 0.

12. ⌫ºÍ f ??ÎY.y≤

lim
h!0

1

h

b

a

[f(x+ h)� f(x)] dx = f(b)� f(a).

(J2: �KN¥âÜ.)

13. ⌫ºÍ f(x) 3 [a, b] ˛ÎYåá.y≤

lim
�!1

b

a

f(x) sin�x dx = 0.

(J´: ©‹»©.)

14. y≤: limx!+1
1
x

x

0 | sin t| dt = 2
⇧ .

15. y≤: lim
n!1

⇧
2

0
sin

n x dx = 0. (J´: Ü⇢^»©•äΩn, ⇢—§`�»©è
⇧
2 sin

n ⇠n (Ÿ• 0 < ⇠n < ⇧
2 ), ⇥˘ÿU◆—(J, œÿU¸ÿ {⇠n} •kòáf✏

™u ⇧
2 . é—˘ò(JåÊ^Xe�ê{. È?øÍ " < 1, ✓òáÎÍ � (Ü "

k'), ÚØK•�»©�§¸‹©: ò‹©^´m�›õõ; ,ò‹©d n ! 1
5õõ, ±¶⇢¸ˆ�⁄⇥u ". ∑Çk

⇧
2

0
sin

n x dx =

⇧
2
��

0
sin

n x dx+

⇧
2

⇧
2
��

sin
n x dx

< 2

h
sin

⇣⇧
2

� �
⌘in

+ � = 2 cos
n � + �.
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y3✓ � = "

2 , œ 0 < cos
"

2 < 1, Ö cos
"

2 Ü n √', ⇡ n ø©åû, å¶˛™1ò

ë⇥u "

2 .

)â�K�,òê{¥A^ §5.1 •~9. Î�1 1 Ÿn‹SK•1 1 K•� (1).)

16. ⌫ f(x) ¥ [a, b] ˛�ÎYºÍ, Ö f(x) > 0 (È x 2 [a, b]). P f(x) 3˘´m˛�

Ååäè M , K

lim
n!1

✓
b

a

fn
(x) dx

◆ 1
n

= M.

17. (1) ⌫ f(x) ¥ [1,+1) ˛�4O!öKºÍ, KÈ?ø✓Í n, k

0 6
nX

k=1

f(k)�
n

1
f(x) dx 6 f(n);

(2) ⌫ f(x) ¥ [1,+1) ˛�4~!öKºÍ, KÈ?ø✓Í n, k

0 6
nX

k=1

f(k)�
n

1
f(x) dx 6 f(1).

d , 4Å

lim
n!1

 
nX

k=1

f(k)�
n

1
f(x) dx

!
= ↵

�3, Ö 0 6 ↵ 6 f(1).

(J´: Èu (1), A^SK 5.1•1 5 Kå�,

f(k) 6
k+1

k

f(x) dx 6 f(k + 1),

È k = 1, 2, · · · , n� 1 ¶⁄, å⇢—(J. aq/åy≤ (2) •�ÿ�™.

èy≤ (2) •`�4Å�3, åy≤

g(n) =
nX

k=1

f(k)�
n

1
f(x) dx, n = 1, 2, · · ·

¥¸N4~�ºÍ; �˛°Æç— g(n) ± 0 èe..)

,⌦ (ÿ¥Ü⇢?n�) l—�˛——Í✏�⁄, å±œL (¥u?n�) ÎY�

˛—— »©ä—✏O, �Kâ—⌦Å{¸�˘⇠�(J (˘3�°�√°?Ínÿ

•ÑÚJ9). ~X, ∑Çy3¥uâ—
nP

k=1

p
k 9 n! �É�∞(�˛!e..∑ÇA

OJ9, È n > 1, k

lnn 6
nX

k=1

1

k
6 lnn+ 1,

l�
nP

k=1

1
k
™u√°å, øÖÜ lnn ”�. d ,

� = lim
n!1

 
nX

k=1

1

k
� lnn

!



214 1 5 Ÿ ¸C˛ºÍ�»©∆

�3, ˘°è Euler ~Í.

18. (Cauchy »©ÿ�™) ⌫ f(x) Ü g(x) 3 [a, b] ˛ÎY, y≤
✓

b

a

f(x)g(x) dx

◆2

6
b

a

f2
(x) dx

b

a

g2(x) dx,

�“§·�ø©7á^á¥: f ⁄ g •kòáè", Ω f(x) = �g(x) (È

x 2 [a, b]), ˘p � ¥òá~Í.

(J´: �Kk–A´y{. ^È»©˛Å¶◆å⇢—òáy≤, ÎÑSK5.1•1

28 K�J´. ÅIO�ê{Xe: √î⌫ b

a
g2(x) dx 6= 0, ƒK¥�ºÍ g è",

(ÿw,§· (SK5.1 1 4(2) K). �ƒ'u t �◆gnë™ b

a
(f(x) + tg(x))2 dx,

˘o¥öK�.)

19. ⌫ f(x) 3 [0, 1] ˛kÎY�◆Í, KÈ?ø a 2 [0, 1], k

|f(a)| 6
1

0
|f(x)| dx+

1

0
|f 0

(x)| dx.

20. y≤ 0.944 < 1
0

sinx

x
dx < 0.947. (J´: ÎwSK5.1•1 24 K�J´.)

21. ⌫ f(x) 3´m [0, 1] ˛ÎYåá, Ö |f 0
(x)| 6 M . y≤: È?ø✓Í n,

�����

1

0
f(x) dx� 1

n

nX

k=1

f

✓
k

n

◆����� 6
M

2n
.

22. ⌫ f : R ! (0,+1) ¥òáåáºÍ, ÖÈ?ø¢Í x, y ˜v

|f 0
(x)� f 0

(y)| 6 |x� y|.

¶y: È?ø¢Í x, k

(f 0
(x))2 < 2f(x).
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3›∫⌦á©⁄»©�ƒ�SN�,å±�ƒòá¢S✓µ�ØK–¶)á©ê

ß.lÍ∆˛w,§¢á©êß“¥ÈXXòágC˛ x Ü (ô�) ºÍ y 9Ÿá˚

y0, y00, · · · , y(n) �'X™ (êß)

F (x, y, y0, y00, · · · , y(n)) = 0

˘pê?ÿ¸ágC˛�êß,œdè°Éè~á©êß. êß•§πô�ºÍá˚�

Åp�Í n, °è˘áêß��. eêß'u y, y0, · · · , y(n) ˛¥òg�, K°Ÿè (n

�) Ç5á©êß.

òáºÍ y = y(x) °èá©êß�), XJßU˜vTêß. œd�âΩêß�,

Åƒ��Øú�,¥¶—êß�), =¶ô�ºÍ y = y(x).

á©êß3Í∆⁄Ÿ¶g,â∆!ÛßE‚,Dñ≤L+n+ç•à¸Xö~ƒ�

⁄≠á��⁄. 3g,Lß•, k'�C˛9ŸCz«Ém, UÏõ�TLß�ò⌦ƒ�

�â∆⌃n (Ω∆), ¥*dÉÈX�. Ú˘´ÈX^Í∆ê™Là—5,   “⌫)ò

á (ΩAá) á©êß.

~X, ä‚ Newton ƒ�Ω∆, ü:�ü˛ m ¶±$ƒ�\Ñ›�uü:§…� 

Â. XJ¿ΩãI, ⌫ü:3ûè t ûÂl (Ω†ò) è x(t), §…� Âè F (x(t)), K

x(t) ˜v Newton êß

F (x(t)) = mẍ(t)

œ~, 3Â∆•^ ẋ, ẍ �L´Èûm t �◆Í.

Å{¸�~f¥gd·N�$ƒ, ß˜v

ẍ(t) = �g (g ¥≠Â\Ñ›)

±9ü:˜ x ∂⇢⌃5Â.ï⌃:�$ƒ, dûü:�†òºÍ x(t) ˜v

mẍ(t) = �kx(t) (k ¥⌃5XÍ)

˛„èy‘nØK�êß�⌧ÿU⌘⌧˚Ωü:�$ƒ. XJ∑ÇçΩ3,òûè

('X t0 = 0) ü:�–©†ò x(0) ⁄–©Ñ› ẋ(0), K$ƒ“⌘⌧(Ω⌦. =ü:lâ

Ω�†ò, ±âΩ�Ñ›—u, ���$ƒ“⌘⌧dêß§˚Ω.

^Í∆�äÛ`, “¥: ÿöAOá¶, òÑ5`á©êß)�áÍÿçò. ~X,

Å{¸�ò�êß

y0 = f(x)
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ß�)òΩ¥e✏/™

y = f(x)dx = F (x) + C,

Ÿ• F (x) ¥ f(x) ?òá(Ω�⌃ºÍ, C ¥?ø~Í. =È?ø�~Í, F (x) + C —

¥êß�). ⇡°˘⇠/™�)èêß�“œ)”. XJØká¶§¶�)3òáAΩ�

: x0 ˜v y(x0) = ↵, KŒ‹á¶�)¥çò�

y(x) =
x

x0

f(x)dx+ ↵

°èêß�òá“A)”.

ÈuòÑ/™�ò�á©êß

F (x, y, y0) = 0

XJvk?€á¶, ß�)òÑèπkòá?ø~Í C, œ~L´è€™£ÎÑ§1.3
•“ºÍ�Ÿ¶Làê™”.§

�(x, y, C) = 0

XJUl• y = y(x, C) , K°Éè)�wL´.

ÈuòÑ/™� n �á©êß

F (x, y, y0, y00, · · · , y(n)) = 0

ß�)œ~ùπ n á’·�£=*dÿU‹ø�§?ø~Í C1, C2, · · · , Cn, ß�)√

ÿ¥€L´ �(x, y, C1, · · · , Cn) = 0 Ñ¥wL´ y = y(x, C1, · · · , Cn), °èêß�œ)

Ω°èêß�œ»©, ~Í C1, C2, · · · , Cn °è »©~Í. �e✏–©^á

y(x0) = y0, y0(x0) = y00, · · · , y(n�1)
(x0) = y(n�1)

0 .

òÑ5`˚Ω⌦êß�òáA).

~XÈugd·N�$ƒêß, ≤L¸g»©, ß�œ)è

x(t) = �1

2
gt2 + C1t+ C2

Ÿ• C1, C2 ¥?ø~Í. XJâΩ3ûè t = 0 û�–©†ò⁄–©Ñ› x(0) =

↵, ẋ(0) = �, KŒ‹á¶�A)¥çò(Ω�

x(t) = �1

2
gt2 + �t+ ↵.

l˛°Aá{¸~fw—, ¶)á©êß�Lß“¥òá»©�Lß. §±�á©

êß�œ)U⌦^–�ºÍ9–�ºÍ�ÿΩ»©5L´, K°êßèå»á©êß,

�◆—˘´)�ê{°è–�»©{.
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,�, U^–�»©{¶)�êßØ¢˛¥ö~��, Èÿ�êß�¶)Lßè¥

õ©E,⁄(J�. ¶+Xd, ˘òƒ�ê{3á©êß•EÈ≠á. ∑ÇÚ{á0↵

ò⌦^–�»©{¶)�ò�Ωp�êß�){. �Èu(~)á©êß�òÑnÿ, Ú

3�Yëß•0↵.

§6.1 ò�á©êß

6.1.1 ©lC˛{

�ƒ/X

dy

dx
= f(x, y) (1)

�ò�êß. =B¥˘⇠{¸�êß, ¶)è¥òá(J�Øú. �êß‰k,´Aœ

a.û, K¥u^–�»©{)˚.

XJ f(x, y) = g(x)h(y), ˘p g, h©O¥ x⁄ y �ÎYºÍ, Ö h(y)ÿè". K

êß

dy

dx
= f(x, y) = g(x)h(y). (2)

3 h(y) 6= 0 ûåzè

dy

h(y)
= g(x)dx. (3)

� y äè x �ºÍ¥êß (2) �)û, ä‚ò�á©/™�ÿC5, 3 (3) ™¸>©O

¶'u y ⁄ x �ÿΩ»©, ⇢

dy

h(y)
= g(x) dx, = H(y) = G(x) + C, (4)

Ÿ• H(y), G(x) ©O¥ 1
h(y) , g(x) �òá⌃ºÍ, C ¥?ø~Í (˛™Ü>èAù

πòá?ø~Í, ⇥˘åÜ g(x) dx •�?ø~Í‹øè C). œdêß (2) �œ)

d (4) â—. œè H 0
(y) =

1
h(y) 6= 0, §±�3áºÍ, êß (2) �œ)å±kw™L

´ y = H�1
(G(x) + C). XJ�ƒ–äØK y0 = y(x0), ì\œ)ø(Ω~Í C, ⇢

C = H(y0)�G(x0). è“¥˜v–äØK�A)�€L´Xe

H(y)�H(y0) = G(x)�G(x0)

5ø, È h(y) �?ò":: h(a) = 0, ~äºÍ y = a w,¥êß (2) �). ˘⌦)

  3©lC˛ (= (2) zè (3)) ûøî, ÖkûÿUùπ3œ»© (4) •, ⇡AÚ˘⇠

�)÷˛. ˘áØ¢è`≤œ)ô7¥⌧‹), Ωˆ`œ)É åUÑk“~ )”.
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∑Çw, êß (2) •, åÚŸ• x �ºÍÜ dx òu�™ò>, �Ú y �ºÍÜ

dy òu�™�,ò>, l�¸>åàg¶ÿΩ»©. ˘⇠�êß°èå©lC˛�ê

ß, ˘ò){è°è©lC˛{.

~ 6.1.1 ¶)êß
dy

dx
= �x

y
.

) Úêß©lC˛�, k

ydy = �xdx.

¸‡¶ (ÿΩ) »©, ⇢êß�œ)

x2 + y2 = C (C è?ø~Í),

˘3 Oxy ãIX•, L´±⌃:è↵%�”%↵x.

~ 6.1.2 ¶)êß

(1 + x2)ydy +
p
1� y2dx = 0.

) � 1� y2 6= 0 û, ©lC˛�, êßåU�§è

� ydyp
1� y2

=
dx

1 + x2
.

¸>»©, ⇢êß�œ)è

p
1� y2 = arctan x+ C (C è?ø~Í).

q y = ±1 —¥⌃êß�), ⇡A÷˛. œd˘áêß�⌧‹)¥

p
1� y2 � arctan x = C 9 y = ±1.

6.1.2 ‡gêß

k⌦êß�⌧ÿUÜ⇢©lC˛, ⇥ä∑��ìÜ�, å^©lC˛{¶). §¢

�‡gá©êß“¥˘⇠�òaêß.

òáºÍ f(x, y) °è n g‡gºÍ, XJÈ,áâåS� x, y Ü t k

f(tx, ty) = tnf(x, y).

ò�á©êß

P (x, y)dx+Q(x, y)dy = 0
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°è‡g�, XJºÍ P ⁄ Q ¥”g�‡gºÍ. y3 P (x,y)
Q(x,y) ¥ 0 g‡gºÍ, œdß

å�è '
�
y

x

�
�/™. u¥˛„�‡gá©êßåzè/™

dy

dx
= '

⇣y
x

⌘
. (5)

è⌦)êß (5). ∑Ç⁄\#�ô�ºÍ

u =
y

x
,

K y = ux, l�
dy

dx
= u+ x

du

dx
.

u¥êß (5) C§

x
du

dx
= '(u)� u. (6)

êß (6) å©lC˛, §è
du

'(u)� u
=

dx

x
.

¸>»©, ⇢
du

'(u)� u
= ln |x|+ C,

Ÿ• C ¥?ø~Í. ¶—˛™Ü>�ÿΩ»©�, 2^ y

x
ìÜŸ•� u, =⇢êß (5)

�œ). 5ø, e '(u) � u kòá¢": u0, K y = u0x “¥øî�òáA), A�÷

˛.

~ 6.1.3 ¶)êß
dy

dx
=

x+ y

x� y
.

) ˘¥òá‡gêß, 3Ÿ•- y = ux, ø©lC˛, ⇢—

1� u

1 + u2
du =

dx

x
,

»©⇢

arctan u� 1

2
ln(1 + u2) = ln |x|+ C1,

Ÿ• C1 ¥?ø~Í. Úu =
y

x
ì\˛™, ⇢—⌃êß�œ)è

p
x2 + y2 = Ce

arctan y
x , Ÿ• C = e

�C1 .

eÊ^4ãI, K˛„œ)å�§

r = Ce
✓,

˘L´≤°˛òx±⌃:è•%�ÈÍ⁄Ç.
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~ 6.1.4 ¶)êß

xdy = (y +
p
x2 + y2)dx.

) k�ƒ x > 0 �ú/, dû⌃êßåzè

dy

dx
=

y

x
+

r
1 +

⇣y
x

⌘2
,

˘¥òá‡gêß. äìÜ y = ux, ⇢

x
du

dx
=

p
1 + u2, =

dup
1 + u2

=
dx

x
.

»©�⇢

ln(u+

p
1 + u2) = ln x+ C1,

Ÿ• C1 ¥?ø~Í. ± u =
y

x
ì\˛™, å⇢

y +
p
x2 + y2 = Cx2, Ÿ• C = eC1 > 0.

ddå)—

y =
1

2

✓
Cx2 � 1

C

◆
.

� x < 0 û, å¶⇢Ü˛°É”�(J. ⇡⌃êß�)è y =
1
2

�
Cx2 � 1

C

�
, Ÿ• C > 0

¥~Í.

6.1.3 ò�Ç5êß

XJò�á©êß•�ô�ºÍ y 9Ÿ◆ºÍ y0 —¥òg�, K°êßèò�Ç

5êß, ßåzèIO/™

dy

dx
+ P (x)y = Q(x). (7)

em‡� Q(x) è", Kêß°è (ò�) Ç5‡gêß; ƒK, êß°è (ò�) Ç5

ö‡gêß. 5ø, ˘p“‡g”�π¬Üc°`L�⌘⌧ÿ”.

Ç5‡gêß

dy

dx
+ P (x)y = 0 (8)

�¶)¥É�N¥�, œè˘¥òáå©lC˛êß: � y 6= 0 û, ∑Çk

dy

y
= �P (x)dx,

⇢—

ln |y| = � P (x)dx+ C1,
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dd⇢

y = Ce� P (x)dx, Ÿ• C = ±eC1 ( 6= 0).

w, y = 0 ¥êß (8) �), 3˛°�œ)•4 C = 0 “⇢⌦˘á), ⇡Ç5‡gê

ß (8) �œ)£è¥⌧‹)§è

y = Ce� P (x)dx
(C è?ø~Í). (9)

y35)ö‡gêß (7), duÿUÜ⇢^©lC˛{, ˘pÊ^e°�ç{: ⌫

P (x)dx è P (x) �?òá(Ω�⌃ºÍ, 3 (7) ¸>”¶˛ e P (x)dx
, K§⇢�(Jå

C/è
d

⇣
ye P (x)dx

⌘

dx
= Q(x)e P (x)dx.

¸>»©=⇢

ye P (x)dx
= Q(x)e P (x)dx

dx+ C,

=êß (7) �œ)è (Ÿ• C è?ø~Í)

y = e� P (x) dx


Q(x)e P (x) dx

dx+ C

�
, (10)

êß (7) �,ò´¶)ê{è: äìÜ

y = C(x)e� P (x)dx, (11)

Ÿ• C(x) ñΩ.ì\êß (7), â—⌦ C(x) ˜v�êß,

dC(x)

dx
= Q(x)e P (x)dx.

¸>Ü⇢»©⇢

C(x) = Q(x)e P (x)dx
dx+ C.

˘(‹ (11) è◆—⌦êß (7) �œ) (10).

'� (9) Ü (11) å±w, )ö‡gêß (7) §ä�ìÜ, å¿è3ÉA�‡gê

ß�œ)•, Ú?ø~Í C C¥è x �ºÍ C(x), œd, ˘òê{è°è~ÍC¥{,

˘¥á©êß•ö~≠á�òáê{. d , lœ)˙™ (10) •Ñåw: Ç5ö‡g

êß�œ), {¸/`, ¥ÉA�‡gêß�œ) Ce� P (x)dx ÜÇ5ö‡gêß�òá

A) e� P (x)dx Q(x)e P (x)dx
dx É⁄. ˘áØú, ∑Ç±�ÑÚJ9.

k⌦ò�êß, øÿ¥Ç5êß, ⇥å±œL∑��ìÜzèÇ5êß, ?�Ÿ)¥

u¶⇢. ˘p, ∑ÇêJòa˘⇠�êß, “¥§¢�Bernoulli£◆„|§êß:

dy

dx
+ P (x)y = Q(x)yn, n èÿ�u 0, 1 �¢Í. (12)
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)êß (12) åÊ^e°�ê{: k± yn ÿêß�¸>, ⇢

y�n
dy

dx
+ P (x)y1�n

= Q(x),

2äìÜ u = y1�n
, KêßzèÇ5êß

du

dx
+ (1� n)P (x)u = (1� n)Q(x).

dd“¥¶—êß (12) �œ).

~ 6.1.5 ¶)êß
dy

dx
� 1

x
y = �1.

) ˘¥òá (ò�) Ç5ö‡gêß, å±^c„�ê{¶), èåÜ⇢A^œ)

˙™ (17) (✓ P (x) = � 1
x
, Q(x) = �1), ∑Çk

y = e
dx
x


C + �e�

dx
x dx

�
= eln |x|


C � e� ln |x|

dx

�

= |x|

C � dx

|x|

�
.

˛™m‡3 x > 0 û¥

x


C � dx

x

�
= x[C � ln |x|];

3 x < 0 û¥

�x


C � dx

�x

�
= x[�C � ln |x|].

du C ¥?ø~Í, ⇡êß�)å⁄òL„è

y = x[�C � ln |x|].

~ 6.1.6 ¶)êß

(2y2 + y � x)dy � ydx = 0.

) � y 6= 0û, êßåC/è

dy

dx
=

y

2y2 + y � x
,

⇥˘ÿ¥Ç5êß. eÚêßC/è

dx

dy
= 2y + 1� x

y
, =

dx

dy
+

1

y
x = 1 + 2y,
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B¥± y ègC˛, x èô�ºÍ�Ç5êß; Ÿœ)è

x = e
� dy

y


(1 + 2y)e

dy
y dy + C

�

=
1

|y| [ (1 + 2y)|y|dy + C]

=
1

y


1

2
y2 +

2

3
y3 + C

�

=
1

2
y +

2

3
y2 +

C

y
, Ÿ• C è?ø~Í.

~ 6.1.7 ¶)êß
dy

dx
= xy + x3y3.

) ˘¥Bernoulliêß, äìÜ u = y�2
, ÚßzèÇ5êß

du

dx
+ 2ux = �2x3,

Ÿœ)¥¶—è u = 1� x2 + Ce�x
2
, ⇡⌃êß�œ)¥

1

y2
= 1� x2 + Ce�x

2
,

ÑkòáA) y = 0.

6.1.4 å¸�á©êß

òÑ�◆�á©êß�/™¥

F (x, y, y0, y00) = 0.

˘pá˘¸´Aœa.�◆�êß, œLìÜ, ßÇU⌦zèò�êß.

1
� ÿwπô�ºÍ�◆�êß e◆�êß•ÿwπ y, K˘´êßå�§

f(x, y0, y00) = 0. (13)

⁄\#�ºÍ p = y0, K y00 = dp
dx . ˘û (13) zè⌦ò�êß

f

✓
x, p,

dp

dx

◆
= 0. (14)

XJU¶— (14) �œ) �(x, p, C) = 0, KÚp = y0 ì\˘áœ)•, ˘⌫),òáò�

êß �(x, y0, C) = 0. ¶—⌦˘áò�êß�), è“¶—⌦ (13) �). ˘òê{, ¥Ú

òá◆�êß, zè¸áò�êß≈⁄5)˚.

2
� ÿwπgC˛�êß e◆�êß•ÿwπ x, Kêßå�è

g(y, y0, y00) = 0. (15)
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∑ÇE- p = y0, ⇥y3I^È y �◆Í5L´ y00:

y00 =
dp

dx
=

dp

dy

dy

dx
= p

dp

dy
.

u¥ (15) å�è

g

✓
y, p, p

dp

dy

◆
= 0. (16)

˘¥òá'uô�ºÍ p = p(y) �ò�êß, ¶—êß (16) �œ) p = p(y, C) �, q

ÚØKzè⌦,òáò�êß y0 = p(y, C) �¶)ØK.

~ 6.1.8 ¶)◆�êß

xy00 + y0 = 4x (x 6= 0).

) ˘¥ÿwπô�ºÍ�êß. - p = y0, Kêßzè

xp0 + p = 4x. (17)

˘¥ò�Ç5ö‡gêß, å±^¶)ò�ö‡gêß�ê{¶). ⇥ç{¸/, ¥Ú

(17) C/è
d(xp)

dx
= 4x.

u¥ xp = 2x2 + C1, =
dy

dx
= 2x+

C1

x
.

»©�, ⇢êß�œ)è

y = x2 + C1 ln |x|+ C2,

Ÿ• C1, C2 ¥ (’·�) ~Í. 5ø, ∑Çc°JL, ◆�êß�œ)•, ùπX¸

á (’·) ~Í.˘á~fè`≤,¶)á©êßå±Ê✓ç\(π�ê™,êáU⌦rœ

),Ωä‚Kø§Iá�)¶—5“à8�.

~ 6.1.9 ¶êß

y00 � e
2y

= 0

˜v–©^á y(0) = 0, y0(0) = 1 �A).

) ˘¥ÿwπ x �◆�êß. - p = y0, K y00 = pdp
dy . ì\êß�, ⇢

p
dp

dy
� e

2y
= 0.

©lC˛, ø»©, ⇢—
1

2
p2 =

1

2
e
2y

+ C1.
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d y(0) = 0, p(0) = y0(0) = 1, ⇢ C1 = 0. ⇡ p = p(y) = e
y
, §±2)êß

dy

dx
= p(y) = e

y.

©lC˛, ø»©, ⇢—

�e
�y

= x+ C.

d y(0) = 0, ⇢ C = �1, ⇡§¶A)è 1� e
�y

= x.
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SK 6.1

1. ¶)e✏å©lC˛�á©êß:

(1) (1 + x2) dy = y dx; (2) y0 = e
x�y

;

(3) xy0 + y = y2; (4) yy0 =
1� 2x

y
.

2. ¶)e✏á©êß:

(1) y0 =
y2

x2
� 2; (2) y0 =

y

x
+

x

y
;

(3)
dx

x2 � xy + y2
=

dy

2y2 � xy
; (4) (x2 + 3y2) dx� 2xy dy = 0.

3. y≤: /X
dy

dx
= f

✓
a1x+ b1y + c1
a2x+ b2y + c2

◆

�êß, åœLìÜzè‡gêß. (J´: eêß|
8
<

:
a1x+ b1y + c1 = 0

a2x+ b2y + c2 = 0

kö") x0, y0 (= x0, y0 ÿ⌧è"), Kå- u = x� x0, v = y � y0; Ÿßú/ç¥

u?n.)

¶)e°�êß:

(1)
dy
dx =

x+y+3
x�y+1 ; (2)

dy
dx =

2x+4y+3
x+2y+1 .

4. ¶e✏Ç5êß⁄◆„|êß�).

(1) (1 + x2)y0 � 2xy = (1 + x2)2; (2) y0 +
1� 2x

x
= 1;

(3) y0 =
y

x+ y3
; (4) y0 +

y

x
= y2 ln x;

(5) y0 = y tan x+ y2 cos x; (6) y � y0 cos x = y2(1� sin x) cosx.

5. ¶e✏êß˜v–©^á�A).

(1) y0 = y

x
ln

y

x
, y(1) = 1;

(2) y0 + y

x
=

sinx

x
, y(⇧) = 1.

6. ¶)e✏á©êß:

(1) y0 + x =

p
x2 + y; (2) y0 = cos(x� y);

(3) y0 � e
x�y

+ e
x
= 0; (4) y0 sin y + x cos y + x = 0.

7. ¡^~ÍC¥{◆—◆„|êß�œ).
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8. ò^≠ÇL: (2, 3), Ÿ3ãI∂m�?øÉÇ„⇢É:≤©, ¶˘≠Ç.

9. ⌫ºÍ f(x) ??ÎY, Ö f(x) = x

0f(t) dt (È x 2 R), ¶ f(x).

10. Æ�Y�PCÑ«ÜY�y�˛§' ('~~Íè k). ⌫m©ûY�˛è a. Ø

t ûèY�˛ x(t) èı�?

11. òŒ±Ñ› v �u 10 ˙p/⇥û3∑Y˛$ƒ, ß�uƒ≈3mvÍÂ�'K,

≤L 20 ¶�, Œ�Ñ›¸$è v1 = 6 ˙p/⇥û. ⌫YÈŒ$ƒ�{Â⁄Œ

Ñ›§', ¡¶:

(1) uƒ≈ é 2 ©®�Œ�Ñ›;

(2) uƒ≈ é 1 ©®�Œ§r�¥ß.

12. ¶)e✏◆�êß�).

(1) xy00 = y0; (2) y00 =
y0

x
+ x;

(3) y00 = y0 + x; (4) y00 + (y0)2 = 2e
�y.

13. ¶e✏◆�êß˜v–©^á�A).

(1) y00 = y
0

x
+

x
2

y0 , y(1) = 1, y0(1) = 0;

(2) y3y00 = �1, y(1) = 1, y0(1) = 0.
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§6.2 ◆�Ç5á©êß

ƒk� òáü˛èm�ü:3⌃5Âä^e��ƒØK.⌫ü:�≤Ô†òè

⌃:,ü:Úx∂$ƒ.XJûètü:�†ò¥x(t), duß§…�⌃5ÂF1Ü†£§

',êïçï≤Ô†ò,§±F1 = �x(t),Ÿ•b > 0¥⌃5XÍ.dNewton1◆Ω∆,$ƒ

˜vêßm
d
2x

dt2
= �x(t), Ωˆ-!0 =

p


m
ÚêßU�è

d
2x

dt2
+ !2

0x = 0,

°ègd{�ƒêß.

ÿ⌃5Â ,XJü:Ñ…{Â F2 ä^,{Âå⇥Ü$ƒÑ›§',êïÜ$ƒ

êïÉá,= F2 = �⌫ dx
dt ,Ÿ• ⌫ ¥{ZXÍ. ✓ � =

⌫

2m , Kü:�$ƒêßè

d
2x

dt2
+ 2�

dx

dt
+ !2

0x = 0.

XJ3⌃5Â!{ÂÉ ,ü:Ñ…òá±œ ÂF3 = a cos!t£°è¸ƒÂ,Ÿ

•a, !¥~Í§�ä^,K$ƒêßè

d
2x

dt2
+ 2�

dx

dt
+ !2

0x = a cos!t.

Í∆˛,°'uô�ºÍy(x)�êß

y(n) + a1(x)y
(n�1)

+ a2(x)y
(n�2)

+ · · ·+ an�1(x)y
0
+ an(x)y = f(x) (1)

èn�Ç5á©êß,� f = 0 û°è n �‡gÇ5á©êß.XJêß•�XÍ

a(x), a2(x), · · · , an(x) —¥~äºÍ,êß(1)q°èn�~XÍá©êß.

3¢SØK•Å~Ñ�Ç5á©êß¥◆��, ß�òÑ/™¥

y00 + p(x)y0 + q(x)y = f(x), (2)

ÉA�‡gêß¥

y00 + p(x)y0 + q(x)y = 0, (3)

Ÿ• p(x), q(x) 9 f(x) —¥âΩ�ºÍ. 3c¸!•∑ÇÆ≤w˘¸áêß�)

òÑÿ¥éò�, Ÿœ)•òÑùπ¸á’·�~Í. ⇥¥XJ∑Çá¶) y(x) ˜

v–©^á y(x0) = ↵, y0(x0) = �, @o˘⇠�)“¥éò�.±e∑ÇobΩºÍ

p(x), q(x), f(x) 3,´m I = (a, b) Ω3✓áÍ∂˛¥ÎY�.

Ωn 6.1 (–äØK)��3çò5) eºÍ p(x), q(x), f(x) 3´m I ˛ÎY,

x0 2 I, KÈ?€–ä ↵, �, e✏–äØK
8
<

:
y00 + p(x)y0 + q(x)y = f(x)

y(x0) = ↵, y0(x0) = �
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3 x0 �⇡çS�3éò�) y(x). AO, ˜v–ä y(x0) = 0, y0(x0) = 0 �)òΩ

è" y(x) = 0

˘p—�Ωn�y≤,ßá—⌦�÷âå.

6.2.1 ◆�Ç5êß)�(�

Èu‡gêß (3) ÈN¥�ye°�(ÿ.

Ωn 6.2 e y1(x), y2(x) ¥êß (3) �), Ÿ• c1, c2 ¥?ø~Í, K y1(x) Ü

y2(x) �Ç5|‹

y(x) = c1y1(x) + c2y2(x)

è¥êß (3) �).

Ωn6.2L≤,‡gêß�)8,‰kÇ5(�,˘è¥Ç5êß°¢�d5.Èuö‡

gêß(2),N¥�yXeΩn

Ωn 6.3 e y1(x), y2(x)¥ö‡gêß(2) �¸á),Ky1(x) � y2(x)¥‡gê

ß(3) �). ÜÈ{`, XJ y(x) ¥‡gêß(3) �), y0(x) ¥ö‡gêß(2) �),

Kỹ(x) = y0(x) + y(x) E¥ö‡gêß(2) �).

l±˛¸áΩnå±uy,XJ∑ÇU¶—¶—‡gêß(3)�œ),±9ö‡gê

ß(2)�òá)£°ÉèA)§,“å±⇢ö‡gêß(2)�œ). è⌦œ¶‡gÇ5ê

ß�), ∑Ç⁄\ºÍ|Ç5√'!Ç5É'±9 Wronski 1✏™�Vg.

Ω¬ 6.4 ⌫ '1(x),'2(x) ¥´m I ˛�ºÍ. XJ�3ÿ⌧è"�~Í c1, c2, ¶

⇢Èu´m I S�òÉ x, k

c1'1(x) + c2'2(x) = 0,

@o°˘¸áºÍ3´m I ˛¥Ç5É'�, ƒK“°ßÇ3´m I ˛¥Ç5√'�.

Ω¬ 6.5 ⌫ '1(x),'2(x) ¥´m I ˛�¸áå◆ºÍ. °

W (x) =

�����
'1(x) '2(x)

'0
1(x) '0

2(x)

�����

è '1(x),'2(x) � Wronski£Kdƒ§1✏™.

N¥�y,XJºÍ| '1(x),'2(x) Ç5É', =�3ÿ⌧è"�~Í c1, c2 ˜v

c1'1(x) + c2'2(x) = 0, ¶◆⇢ c1'0
1(x) + c2'0

2(x) = 0, è“¥¸áÇ5êßÈ·kö"

), œdXÍ1✏™, =ßÇ� Wronski 1✏™�u0,⇥áÉøÿ§·£ÑSK§.

,�,�¸áºÍ¥‡gêß(3)�)û, (ÿ“ÿ”⌦, =
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Ωn 6.6 ⌫ºÍ y1(x), y2(x) ¥‡gêß (3) �¸á), KßÇ3´m I ˛Ç5

É'�ø©7á^á¥˘¸á)� Wronski 1✏™3´m I ˛è".

y≤ 7á5: X˛°��y(J, � y1(x), y2(x) Ç5É'û, Ç5êß|

c1y1(x) + c2y2(x) = 0, c1y0(x) + c2y02(x) = 0 kö"), §±XÍ1✏™, = y1(x), y2(x)

� Wronski 1✏™�u".

ø©5: 3 I S?✓ò: x0 , ä‚^ák

W (x0) =

�����
y1(x0) y2(x0)

y01(x0) y02(x0)

����� = 0.

dd��3ÿ⌧è"�~Í c1, c2 ˜v

c1y1(x0) + c2y2(x0) = 0,

c1y
0
1(x0) + c2y

0
2(x0) = 0.

⌫ y(x) = c1y1(x) + c2y2(x). ä‚Ωn6.2 � y(x) ¥‡gêß (3) �), Ö˜v–©^á

y(x0) = 0, y0(x0) = 0.

œdòΩ¥"), = c1y1(x) + c2y2(x) ⌘ 0. ⇤

3“ø©5” �y≤•,ê^⌦Wronski 1✏™3ò:è". Ø¢˛, êáºÍ

y1(x), y2(x) ¥êß (3) �), @ol y1(x), y2(x) � W (x) 3´mS,ò:è", Ì—

Ç5É'. 2ä‚Ωn�7á5,Ì— W (x) 3T´mSè". è“¥äèêß�)

y1(x), y2(x) , ßÇ� Wronski 1✏™ò:è" , K??è". ç?ò⁄�(ÿ¥

Ωn 6.7 ‡gêß (3) ¸á) y1(x) Ü y2(x) � Wronski 1✏™åL´èe✏

Liouville£4ë⇣§̇ ™

W (x) = W (x0)e
� x

x0
p(t) dt,

Ÿ• x0 ¥´m I Sò:.

y≤ œè y1(x) Ü y2(x) ¥êß (3) �), §±k

y001(x) = �p(x)y01(x)� q(x)y1(x)

y002(x) = �p(x)y02(x)� q(x)y2(x).

dd⇢

dW (x)

dx
= y1(x)y

00
2(x)� y001(x)y2(x)

= �p(x)
�
y1(x)y

0
2(x)� y01(x)y2(x)

�

= �p(x)W (x).
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¸‡¶± e

x
x0

p(t) dt å⇢
d

dx

⇣
W (x)e

x
x0

p(t) dt
⌘
= 0.

˘`≤

W (x)e
x
x0

p(t) dt
= C

¥~Í. - x = x0 ⇢ W (x0) = C. ⇤

(‹˛°¸áΩnN¥Ì—Xe(ÿ.

Ωn 6.8 eºÍ y1(x) Ü y2(x) ¥‡gêß (3) �òÈÇ5√'), KßÇ�

Wronski 1✏™??ÿè".

e°�Ωnâ—⌦◆�‡gÇ5á©êßœ)�/™.

Ωn 6.9 ⌫ºÍ y1(x) Ü y2(x) ¥‡gêß (3) �òÈÇ5√'), KTêß�

?€òá)å±L´è

y(x) = c1y1(x) + c2y2(x),

Ÿ• c1, c2 è~Í.

y≤ 3 y1(x) Ü y2(x) �Ω¬çS?✓ò: x0. d˘¸áºÍ�Ç5√'5, �

W (x0) =

�����
y1(x0) y2(x0)

y01(x0) y02(x0)

����� 6= 0.

⌫ y(x) ¥êß (3) �?òö"), K±W (x0) •⇤ÉèXÍ�e✏Ç5êß|

c1y1(x0) + c2y2(x0) = y(x0),

c1y
0
1(x0) + c2y

0
2(x0) = y0(x0).

�3çò�ò|ö") c1, c2. - ỹ(x) = c1y1(x) + c2y2(x) , K ỹ(x) è¥êß (3) �

), Ö ỹ(x0) = y(x0), ỹ0(x0) = y0(x0). ä‚–äØK)�çò5å� ỹ(x) ⌘ y(x), =

y(x) = c1y1(x) + c2y2(x). ⇤

êß (3) �òÈÇ5√')°èòáƒ�)|.

Ωn 6.10 ‡gêß (3) �ƒ�)|òΩ�3.

y≤ ✓¸|Í ↵1, �1 ⁄ ↵2, �2 ¶⇢

�����
↵1 ↵2

�1 �2

����� 6= 0, Ke°¸á–äØK

8
<

:
y00 + p(x)y0 + q(x)y = 0,

y(x0) = ↵1, y0(x0) = �1,
8
<

:
y00 + p(x)y0 + q(x)y = 0,

y(x0) = ↵2, y0(x0) = �2
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˛�3çò, �Ö©O§⇢�) y1(x), y2(x) 3 x0 ?� Wronski 1✏™ W (x0) =�����
↵1 ↵2

�1 �2

����� 6= 0, œ� y1(x), y2(x) Ç5√'. = y1(x) ⁄ y2(x) �§⌦ (3) �òáƒ�)

|. ⇤

5Pµ̂ Ç5ìÍ�äÛ5˘,⌫V¥‡gêß(3)⌧N)�8‹,Ωn(6.2)L≤ V ¥

òáÇ5òm,ƒ�)|¥V �ò|ƒ. Èn�‡gÇ5á©êßèk”⇠�(ÿ.

è,Ωn6.10â—⌦‡gêß(3)ƒ�)|��35,⇥øvkâ—¶)ƒ�)|�

œ^ê{. òá~^�ê{¥µXJÆ�êß(3) �òáö")y1(x) , Kå^ Liouville

˙™5¶,òáÜ y1(x) Ç5√'�) y2(x). l�⇢êß(3)�ƒ�)|.

⌫Æ�òáö") y1(x), œè

W (x) = y1(x)y
0
2(x)� y01(x)y2(x) = W (x0)e

� x
x0

p(t) dt,

ÿî⌫ W (x0) = 1. l˛™⇢

y1(x)y02(x)� y01(x)y2(x)

y21(x)
=

1

y21(x)
e
� x

x0
p(t) dt,

=,

d

dx

✓
y2(x)

y1(x)

◆
=

1

y21(x)
e
� x

x0
p(t) dt.

»©å⇢

y2(x) = y1(x)
1

y21(x)
e
� x

x0
p(t) dt

dx.

w,, y2(x) Ü y1(x) � Wronski 1✏™ÿ�u", œd¸ˆ�§êß(3) �ƒ�)|.

~ 6.2.1 ¶êß xy00 � y0 = 0 �œ).

) ¥� y1 = 1 ¥Têß�òáA). êßåLè y00 � 1
x
y0 = 0. P p(x) = � 1

x
.

x

x0

p(t)dt = � ln
x

x0
.

œd y2(x) =
1
2cx

2. §± x2 ¥òáÜ 1 Ç5√'�A). §¶œ)è y(x) = c1 + c2x2.

6.2.2 ~ÍC¥{

˛!∑Ç?ÿ⌦‡gêß(3))�(�,3dƒ:˛∑ÇÚ&?ö‡gêß (2))�

(�ØK. ä‚Ωn6.3⁄Ωn6.9,XJ y0(x) ¥ö‡gêß (2) �òáA), y1(x), y2(x)

¥ÉA‡gêß (3) �ƒ�)|, @oö‡gêß (2) �œ)¥

y(x) = c1y1(x) + c2y2(x) + y0(x).

œd,3Æ�‡gêß(3)œ)�cJe, ØK�'Ö¥á¶—ö‡gêß(2)�òáA).

¶A)�ê{“¥e„~ÍC¥{.
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⌫ y1(x), y2(x) ¥‡gêß (3) �ƒ�)|. b⌫ö‡gêß (2) èk/X

y0(x) = c1(x)y1(x) + c2(x)y2(x)

�A), ⇥¥Ÿ• c1(x) ⁄ c2(x)ÿ2¥~Í, �¥ñΩºÍ. È˛™¶◆⇢

y00(x) = c1(x)y
0
1(x) + c2(x)y

0
2(x) + c01(x)y1(x) + c02(x)y2(x).

è⌦;ù±�—y c1(x) ⁄ c2(x) �p�◆Í, -

c01(x)y1(x) + c02(x)y2(x) = 0. (4)

œ� y00(x) = c1(x)y01(x) + c2(x)y02(x). UY¶◆, ⇢

y000(x) = c1(x)y
00
1(x) + c2(x)y

00
2(x) + c01(x)y

0
1(x) + c02(x)y

0
2(x).

Ú y0(x), y00(x) ⁄ y000(x) �Là™ì\ö‡gêß (2) ⇢

c1(x)
�
y001 + p(x)y01 + q(x)y1

�
+ c2(x)

�
y002 + p(x)y02 + q(x)y2

�

+ c01(x)y
0
1 + c02(x)y

0
2 = f(x).

du y1, y2 ¥‡gêß (3) �), l˛™å⇢

c01(x)y
0
1(x) + c02(x)y

0
2(x) = f(x). (5)

œè y1(x), y2(x) � Wronski 1✏™ W (x) 6= 0, È· (4) ⁄ (5) å)⇢

c01(x) = �y2(x)f(x)

W (x)
, c02(x) =

y1(x)f(x)

W (x)
.

»©�å⇢

c1(x) = �
x

x0

y2(t)f(t)

W (t)
dt, c2(x) =

x

x0

y1(t)f(t)

W (t)
dt.

u¥∑Ç⇢ö‡gêß (2) �òáA)

y0(x) =
x

x0

y1(t)y2(x)� y2(t)y1(x)

W (t)
f(t) dt. (6)

˘p∑Ç�8�¥¶—òáA), œdœLV\^á, ⇣�»©~Í, êá¶—ò|ö≤

Ö�ñΩºÍ c1(x), c2(x) =å.

6.2.3 ◆�~XÍ‡gÇ5á©êß

l˛!?ÿå±w—, êá⇢‡gêß�ƒ�)|, œL~ÍC¥{“å⇢ö

‡gêß�A), ?�⇢‡g⁄ö‡gêß�œ). çò¢3�ØK¥X€Oé‡g

êß�ƒ�)|ØK. è,˛!â—⌦ò´ê{, ⇥cJ¥7LØkÆ�òá), ‚U�
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E,òá)¶¸ˆ�§ƒ�)|. èd, ∑Ç⇥È◆�~XÍ‡gÇ5á©êß, ?ÿ

X€¶ƒ�)|�ØK. ˘´êßå�§

y00 + py0 + qy = 0, (7)

Ÿ• p, q ¥¢~Í. b⌫êß (7) k/X y(x) = e
�x

(� ¥ñΩ~Í) �), Kk

�2e�x + �pe�x + qe�x = 0.

œ�

�2 + p�+ q = 0. (8)

d™°èêß (7) �A�êß. œd, êá � ¥A�êß�òáä, “ÈA◆�~XÍ

Ç5êß (7) òá) y(x) = e�x. ä‚A�êß¶äØK�A5, ©±en´ú/?ÿ:

1
� eA�êß (8) k¸áÿ”�¢ä �1,�2, K y1(x) = e

�1x, y2(x) = e
�2x ¥êß

(7) �), ßÇ�Wronski 1✏™ W (x) = (�2 � �1)e(�2��1)x 6= 0, œd¥ƒ�)|. u¥

(7) �œ)è

y(x) = c1e
�1x + c2e

�2x (c1, c2¥~Í).

2
� eA�êß (8) kòÈEä �1 = ↵ + i�, �2 = ↵ � i�, K e

�1x, e
�2x E,¥),

êÿL¥òÈEºÍ). è⌦⇢¢ºÍ�), d Euler ˙™k

e
�1x = (cos �x+ i sin �x)e↵x, e

�2x = (cos �x� i sin �x)e↵x

ä‚êß)˜vÇ55å�

e
↵x

cos �x =
e
�1x + e

�2x

2
, e

↵x
sin �x =

e
�1x � e

�2x

2i

¥ (7) �¸á¢ºÍ)�ÖÇ5√', œd�§êß (7) ¢ºÍ�ƒ�)|. u¥ (7)

�œ)è

y(x) = (c1 cos �x+ c2 sin �x)e
↵x

(c1, c2¥~Í).

3
� eA�êß (8) kòá¢≠ä �, K y1(x) = e

�x ¥êß (7) �). dû � = �p

2 ,

q = p
2

4 . N¥�y y2(x) = xe�x è¥ (7) �), ßÜ e
�x Ç5√'. u¥ (7) �œ)è

y(x) = c1e
�x

+ c2xe
�x

(c1, c2¥~Í).

~ 6.2.2 ¶)êß y00 � 3y0 + 2y = 0.

) A�êß¥ �2 � 3� + 2 = 0. ßk¸á¢ä �1 = 2, �2 = 1. œd§¶œ)è

y(x) = c1e2x + c2ex (c1, c2¥~Í).

~ 6.2.3 ¶)êß y00 + y0 + y = 0.
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) A�êß¥ �2 + �+ 1 = 0. ßkòÈEä �1 = �1
2 +

p
3
2 i, �2 = �1

2 �
p
3
2 i. œd

§¶êß�œ)è y(x) = e
� 1

2
x

⇣
c1 cos

p
3
2 x+ c2 sin

p
3
2 x
⌘
.

œL±˛©€, ∑Çuy¶)◆�~XÍ‡gÇ5á©êß (7) �ØK=zèŸA

�êß (8) ¶äØK. e°∑ÇÚ|^á©éf⁄A�êß�œ™©)2gÌ◆—êß

(7) �œ), ⇥¥�ü˛Ü˛„ê{¥ò⇠�.

⁄?á©éfP“ D =
d
dx , ßä^3ºÍ˛=èÈºÍ�¶◆ Dy =

dy
dx , �,,

D2y =
d2

y

dx2 , · · · , Dky =
dk

y

dxk , ˘⇠êß (7) “U�è

(D2
+ pD + q)y = 0

�ÈA�A�êß©)§Xe/™£˘pÿî⌫ �1 6= �2§

�2 + p�+ q = (�� �1)(�� �2).

KêßèkXe©)/™

(D2
+ pD + q)y = (D � �1)(D � �2)y = 0,

˘p5øÈ?€~Í � k D�y = �Dy, ”û5ø

e
��x

(D � �)y = D(e
��xy).

P ỹ = (D � �2)y, K

(D � �1)ỹ = 0,

e
��1x(D � �1)ỹ = D(e

��1xỹ) = 0.

»©⇢

ỹ = ce�1x,

œd

e
��2xỹ = e

��2x(D � �2)y = D(e
��2xy) = ce(�1��2)x.

»©⇢

e
��2xy = c

e
(�1��2)x

�1 � �2
+ c0,

˘⇠“⇢◆�~XÍ‡gÇ5á©êß (7) �œ)

y = c1e
�1x + c2e

�2x (c1, c2¥~Í).

5ø, ˘pÈA�êß‰k¸ápè�›�Eäû, ˛„(Jè¥§·�, êÿLœ

)�/™è¥E�. á⇢¢�œ),êIä‚)�Ç55, ≤∑�Ç5|‹=å.
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�A�êßk≠äû, P�1 = �2 = �, ˘¥êßè (D � �)2y = 0

0 = e
��x

(D � �)2y = e
��x

(D � �){(D � �)y}

= D{e��x
(D � �)y} = D{D(e

��xy)}

= D2
(e

��xy),

¸g»©�“⇢ e
��xy = c1x+ c2, §±⌃êß�œ)è

y = e
��x

(c1x+ c2)

5P 'u◆�~XÍ‡gÇ5á©êß�¶)ê{ÿJÌ2¶) n �~XÍ

‡gÇ5á©êß

y(n) + a1y
(n�1)

+ · · ·+ an�1y
0
+ any = 0

êárÈA�A�êß

�n + a1�
n�1

+ · · ·+ an�1�+ an = 0

U¢ä!EÍä!≠ä?1©a, øUÏ◆�ú/”⇠?n=å. ÷ˆÿîœLSK, ¶

)ò⌦pu◆��êßŸˆ›∫ê{.

Èue✏/™�ö‡gêß

y00 + py0 + qy = f(x)

å±kÈ‡gêß y00 + py0 + qy = 0 U§0↵ê{¶—œ), 2UÏ§6.2.2 •0↵�ê
{¶—ö‡g�A), ?�“⇢ö‡gú/�œ).

6.2.4 �ƒêß�)*

äè�Ÿ�(Â, ∑Ç?ÿ�ƒêß�¶)ØK.

1
� {�ƒêß

d
2x

dt2
+ !2

0x = 0,

Ÿ•!0 =
p



m
L´{�ƒ��k™«,  L´⌃5XÍ, m L´ü:�ü˛.

{�ƒêß�A�êßè�2 + !2
0 = 0,)è� = ±i!0. œdêß¢ºÍ�ƒ�)

|è cos!0t, sin!0t, œ)è

x(t) = c1 cos!0t+ c2 sin!0t.

-

A =

q
c21 + c22, cos' =

c1p
c21 + c22

, sin' = � c2p
c21 + c22
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K�ƒêß�)å±L´§e✏/™

x(t) = A cos(!0t+ ')

˘p A, ' ©OL´�Ã⁄É†, ßÇ¥d�ƒ�–ä§˚Ω�£X c1, c2 ¥d–ä

˚Ωò⇠§.�ƒ�±œ T =
2⇧
!0

, ßÜ�ƒ��Ã√'.

2
� {Z�ƒêß

d
2x

dt2
+ 2�

dx

dt
+ !2

0x = 0,

˘p � =
⌫

2m Ü{ZXÍ ⌫ §'. ˛„êß�A�êß¥ �2 + 2��+ !2
0 = 0.

1. 0 < � < !0, dûA�êß�ä¥òÈ�›EÍ� = �� ± i!,Ÿ•! =

p
!2
0 � �2,l

�{Z�ƒêß�œ)¥

x(t) = e
��t

(c1 cos!t+ c2 sin!t).

Ü{�ƒú/aq, ˛„œ)å±L´§

x(t) = A(t) cos(!t+ ')

Ÿ•�Ã A(t) = Ae��t UçÍP~. �ƒ™«è ! =

p
!2
0 � �2.

2. � = !0, ˘´ú/°è“⇠.{Z”. dûA�êßk≠ä� = �� < 0,ÈA{Z�ƒ

êß�œ)¥

x(t) = e
��t

(c1 + c2t);

3. � > !0, ˘´ú/°è“L{Z”. dûA�êß�ä�1, �2¥É…�K¢Í,{Z�

ƒêß�œ)¥

x(t) = c1e
�1t + c2e

�2t.

°è“P~)”.

3
� …Ω�ƒêß �ƒ±e�è{¸�…Ω�ƒêß

d
2x

dt2
+ !2

0x = a cos!t

˘p F (t) = a cos!t °è“…ΩÂ”, ! è…ΩÂ�™«. ˛„êß¥òá◆�~XÍö

‡gÇ5êß, d 1
� �, ÈA�‡gêß�ƒ�)|è cos!0t, sin!0t. ä‚§6.2.2 “~

ÍC¥{”â—�˙™, å±Oé—…Ω�ƒêß�òáA), ?�⇢Têß�œ).

,�, ¶A)�ê{å±‰NØK‰NÈñ. ˘p∑Çßm §6.2.2 ß™zÑ°Oé
Ü⇢â—…Ω�ƒ�A).5ø…ΩÂ�™«è !, œd…Ω�ƒAT¥±�k™«

!0 �{�ƒÜ±…ΩÂ™« ! ��ƒ�U\, =œ)A‰ke✏/™

x(t) = c1 cos!0t+ c2 sin!0t+ C cos!t+D sin!t,
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˘p C, D ñΩ. ˘⇠…Ω�ƒêß�A)ATè

x0(t) = C cos!t+D sin!t.

ì\êß⇢

�!2C + !2
0C = a, �!2D + !2

0D = 0,

)⇢

C =
a

!2
0 � !2

, D = 0

œd…Ω�ƒêß�œ)è

x(t) = c1 cos!0t+ c2 sin!0t+
a

!2
0 � !2

cos!t.

XJ�ƒ–ä: x(0) = x0(0) = 0, KÈA�)è

x(t) =
a

!2
0 � !2

(cos!t� cos!0t).

5ø�…ΩÂ�™«™u�ƒ��k™« ! ! !0 û

x(t) ! x̃(t) =
at

2!0
sin!0t

˘û“⌫)⌦��, ��û��ÃëûmÇ5O�.



6.2 ◆�Ç5á©êß 239

SK 6.2

1. 3e✏êß•, Æ�êß�òáA) y1, ¡¶ßÇ�œ).

(1) y00 + 2
x
y0 + y = 0, y1 =

sinx

x
;

(2) y00 sin2 x = 2y, y1 = cotx;

(3) (1� x2)y00 � 2xy0 + 2y = 0, y1 = x.

2. k^* {¶e✏‡gêß�òáö"A), ,�¶êß�œ).

(1) x2y00 � 2xy0 + 2y = 0, x 6= 0;

(2) xy00 � (1 + x)y0 + y = 0, x 6= 0.

3. Æ�êß (1 + x2)y00 + 2xy0 � 6x2 � 2 = 0 �òáA) y1 = x2, ¡¶Têß˜v–

©^á y(�1) = 0, y0(�1) = 0 �A).

4. ¶e✏~XÍ‡gêß�œ).

(1) y00 � 2y0 � y = 0;

(2) y00 + 2y0 + 2y = 0;

(3) y00 + y0 � 6y = 0.

5. ¶e✏~XÍö‡gêß�òáA).

(1) y00 + y = 2 sin
x

2 ;

(2) y00 � 6y0 + 9y = (x+ 1)e
2x.

6. �yºÍ|1, x, x2, · · · , xn 3¢∂˛Ç5√'ßºÍ| 1, cos2 x, sin2 x 3¢∂˛Ç

5É'.

7. y≤3´m I ˛?€Ç5É'�¸áºÍ y1(x), y2(x)ßßÇ� Wronski 1✏™ò

Ωè""

8. y≤e✏ºÍ3´m (0, 2) ˛¥Ç5√'�ß⇥¥ßÇ� Wronski 1✏™%è"

y1(x) =

8
<

:
(x� 1)

2, 0 6 x 6 1,

0, 1 < x 6 2

y2(x) =

8
<

:
0, 0 6 x 6 1,

(x� 1)
2, 1 < x 6 2

9. ¶e✏êß�œ).

(1) x000 + 3x00 + 3x0 + x = 0;

(2) x000 � 2x00 + x0 � 2x = 0;

(3) x(4) � 8x00 + 18x = 0;

(4) x(4) + 2x00 + x = 0.
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Èuòá√°gå◆�ºÍ, 3ŸTaylor –m•, XJ{ë™u0, KºÍå±w§

¥√°ıáÿ”gò�òºÍU\�(J. œdg,⌫)¸áØK. ò¥UƒrºÍ–

m§√°ıáŸ¶ºÍ£Xÿ”±œ�n�ºÍ§�U\. ◆¥œL√°ıáºÍ�U

\Uƒ�E—ÿ¥∑Ç~Ñ�–�ºÍ�ºÍ, X∑ÇœL»©�E—˝↵ºÍò

⇠. 3£â˘⌦ØKÉc, ∑Ç7Lt≤x/√°ıáºÍU\0�(Éπ¬. èd, ∑

Çƒká⌦)√°ıá¢ÍÉ\�π¬.

§7.1 Íë?Í

7.1.1 ƒ�VgÜ5ü

§¢√°?Í, “¥√°ıáÍ an, n = 1, 2, 3, · · · ùgÉ\�òá/™˛�¶⁄
1X

n=1

an = a1 + a2 + · · ·+ an + · · · ,

Ÿ• an ⌫?Í�œë. ˘p∑Ç^¶⁄“
1P
n=1
L´¶⁄¥l1òëòÜ¶√°ë, �

nP
k=1
KL´¶⁄¥l1òëòÜ¶1 n ë, ø° Sn =

nP
k=1

ak = a1 + · · ·+ an è?Í�

c n ë‹©⁄ Ω{°è‹©⁄ . ƒkwwAá~f

1 + q + q2 + · · ·+ qn + · · · ,

a+ (a+ d) + (a+ 2d) + (a+ 3d) + · · · ,

1� 1 + 1� 1 + · · ·+ (�1)
n�1

+ · · · ,

1òá?Í°èA€?ÍΩ�'?Í, ÿJuy, ß�c n ë‹©⁄¥

Sn =
1� qn

1� q
, |q| 6= 1

œdëXëÍ�\�ı, o�™≥¥ (1� q)�1
(� |q| < 1), Ω 1 (� |q| > 1). 1◆á?

Í°èé‚?Í (�↵?Í), ß�c n ë‹©⁄¥

Sn = na+
n(n� 1)

2
d

œd�ëÍ�\�ıû, ™≥¥√°. Èu1ná?Í,

Sn =

8
<

:
0, n = 2k

1, n = 2k + 1.
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œd√{⌥‰Å™�¶⁄¥ı�.

èd, ∑Ç7L≤(√°ë¶⁄�(Éø¬. àd8�òá‹n�êY¥lkÅ

Lfi√°, =ƒk�ƒc n ë‹©⁄, ,�* ëXë�\�ı�4Å.

Ω¬ 7.1 Èu?Í
1P
n=1

an, XJŸc n ë‹©⁄ Sn §�§�Í✏ {Sn} ¬Òu

S, = lim
n!1

Sn = S, K°?Í¬Ò, S °è?Í�⁄, øP

1X

n=1

an = S.

XJ {Sn} vk4Å, K°T?Íèu—�.

ddåÑ?ÿ√°?Í�Ò—5“¥?ÿß�‹©⁄�§�Í✏ {Sn} �Ò—5.

áÉ, XJkòáÍ✏ (ÿîEPè {Sn}), KßÈAòá± an = Sn � Sn�1 (n >

1), a1 = S1 èœë�?Í, ?Í�c n ë�‹©⁄“¥ Sn.

ä‚˛„?Í¬Ò5�Ω¬±9ÜÍ✏�'X, 'u?Í�Ôƒq⇥¥ı{�. ,

�, ÈıÍ✏�4ÅU,/±√°?Í5L´. ~Xòáõ?õ�¢Í ↵ “å±L´

èòá√°?Í

↵ = a0 +
a1
10

+
a2
102

+
a3
103

+ · · ·+ an
10n

+ · · ·

Ÿ•, a0 ¥ß�✓Í‹©, an (n > 1) ¥òá0u 0 ⁄ 9 Ém�✓Í. XJ� an •êk

kÅëÿè", Ωˆ an ˜v,´ÃÇ5, =�3òág,Í k, ¶⇢ an+k = an (n > 1),

K˛„Là™òΩå±�§©Í/™. ˘⇠�Í“¥knÍ, =¥kÅ�Ω√ÅÃÇ⇥

Í. �Èu√ÅÿÃÇ⇥Í“¥√nÍ, ŸLàê™¥òá√°?Í.

,òê°, øÿ¥zòá?Í, —å±⇢Ÿc n ë‹©⁄�w™Là™, œd?

ÿ?Í�Ò—5, Ñ⇢l?Íg⌧�5ü\√.

Ωn 7.2 (Cauchy¬ÒOK) ?Í
1P
n=1

an ¬Ò�ø©7á^á¥: È?â�Í

", �3✓Í N , ¶� n > N û, ÿ�™

|an+1 + an+2 + · · ·+ an+p| < "

È?€✓Í p §·.

Ωn 7.3 e?Í
1P
n=1

an ¬Ò, K lim an = 0.

TΩn`≤, áé√°ıëÉ\¥¬Ò�, Î\¶⁄�ëAT�5�⇥ (™u

0). §±œëÿ™u 0 �?Íä�vk7á�ƒ¬Ò5, ~X
1P
n=1

n sin
1
n
u—, œè

limn sin
1
n
= 1 6= 0. ⇥¥, œë™u 0 øÿU⇥y?ÍòΩ¬Ò, Ñkòá™u 0 �Ø

⁄˙�ØK. ~X lim ln
n+1
n

= 0, ⇥?Í
1P
n=1

ln
n+1
n
•, ‹©⁄ Sn = ln(n+ 1) ! 1, §

±¥u—�.
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Ωn 7.4 e
1P
n=1

an ⁄
1P
n=1

bn —¬Ò, K
1P
n=1

↵an, (↵ ¥òá~Í) ⁄
1P
n=1

(an± bn)

è¬Ò, øk

1X

n=1

↵an = ↵
1X

n=1

an,
1X

n=1

(an ± bn) =
1X

n=1

an ±
1X

n=1

bn.

Ωn 7.5 3?Í
1P
n=1

an •, UC?€kÅë�äÿKè?Í�Ò—5.

±˛Ωn�y≤å±Ü⇢ä‚Ω¬⇢, Ÿ•Ωn7.5 å±A^Ωn7.2 ⇢. û÷

ˆg1⌘§.

7.1.2 ë?Í�¬Ò59Ÿ⌥O{

è⌦?ò⁄�\⌦)?Í�Ò—5, ∑Çƒk¿Jòa�è{¸�?Í, =�œë

an > 0 û, °?Íèë?Í. Èuë?Í�òáÜ⇢* “¥ß�‹©⁄ {Sn} ¥
¸NO\�: Sn+1 = Sn + an+1 > Sn, ⇡dÍ✏4Å�¬Ò5üå⇢

Ωn 7.6 ⌫
1P
n=1

an ¥ë?Í, {Sn} Pèß�‹©⁄.

1
� ë?Í¬Ò�ø©7á^á¥ß�‹©⁄¥k.Í✏.

2
� ë?ÍXJ¬Ò, ¬Òä¥ {Sn} �˛(..

3
� ë?ÍXJu—, òΩu—√°.

4
� Èu¬Ò�ë?Í, ?øNÜ¶⁄^S�⇢�#?Íè¬Ò, øÖ⁄ÿC.

1oá(ÿ¥Iáy≤�. ⌫
1P
n=1

a0n ¥?Í
1P
n=1

an ≤LNÜ¶⁄^S§⇢�?

Í. ß�‹©⁄Pè

S0
n = a01 + a02 + · · ·+ a0n

5ø a0n ÿ¥#�ë, �¥⌃5?Í•¶⁄�ë, ≤L≠¸�?u1 n á†ò�ë, §

±òΩ�3 m, ¶⇢ a01, a02, · · · , a0n 3⌃?Í�c m ë—y, §± S0
n 6 Sm. du⌃

?Í¬Ò, œd‹©⁄k., è“¥#?Í�‹©⁄èk., §±¬Ò, �Ö¬Òäÿ¨

áL⌃5?Í�¬Òä.

áÉ, ∑Çå±r
1P
n=1

an w§¥
1P
n=1

a0n ≤LNÜ^S§⇢�?Í. ˘⇠∑Ç“

⇢—˛„(ÿ.

5ø,\{⇥Ü^S3kÅ¶⁄û, ¥g,�. Èu√°¶⁄ØKA>&. è,(ÿ

4
� `≤ë?Í¥å±ëøNÜ^S�, ⇥�°∑ÇÚw, ˘´5üÈu,⌦òÑ?

Íøÿ§·.

~ 7.1.1 y≤
1P
n=0

1
n! ¬Ò.
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y≤ ˘¥òáë?Í, §±êLy≤ß�‹©⁄k.. Ø¢˛, ∑Çk

Sn = 1 + 1 +
1

2!
+ · · ·+ 1

n!
6 2 +

1

1 · 2 +
1

2 · 3 + · · ·+ 1

n(n� 1)

= 2 +

✓
1� 1

2

◆
+

✓
1

2
� 1

3

◆
+ · · ·+

✓
1

n� 1
� 1

n

◆

= 3� 1

n
< 3.

œd, ?Í¥¬Ò�. �°Úy≤Ÿ¬Ò�ä¥ e.

y3∑Ç°⇠�¥ÈuòáâΩ�ë?Í, X€⌥Oß¥ƒ¬Ò, èd∑Çk

Ωn 7.7 ('�⌥O{) ⌫
1P
n=1

an ⁄
1P
n=1

bn ¥¸áë?Í, XJl,ëm©k

an 6 bn, @o

1
� e

1P
n=1

bn ¬Ò, K
1P
n=1

an ¬Ò;

2
� e

1P
n=1

an u—, K
1P
n=1

bn u—.

y≤ œèUCkÅë�äÿUC?Í�Ò—5, ⇡å±bΩ an 6 bn È§k� n

—§·. u¥
nX

k=1

ak 6
nX

k=1

bk.

˘L≤�
1P
n=1

bn ¬Òû, Ÿ‹©⁄
nP

k=1
bk k., œ�

nP
k=1

ak èk., §±
1P
n=1

an ¬

Ò; XJ
1P
n=1

an u—, KŸ‹©⁄
nP

k=1
ak √., œ�

nP
k=1

bk √., §±
1P
n=1

bn u—. ⇤

~ 7.1.2 y≤N⁄?Í
1P
n=1

1
n
u—.

y≤ � x > 0 û, k

x > ln(1 + x),

⇡È?ø� n, k
1

n
> ln

✓
1 +

1

n

◆
,

œè
1P
n=1

ln
�
1 +

1
n

�
u—, §±d'�⌥O{å�N⁄?Íu—.

~ 7.1.3
1P
n=1

1
np °è p ?Í, ?ÿß�Ò—5.

) � p 6 1û, œè
1

np
> 1

n
,

⇡3dúπe, p ?Íu—.
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� p > 1û, ∑ p = 1 + ↵ (↵ > 0). dá©•äΩnå⇢

1

(n� 1)↵
� 1

n↵
=

↵

(n� ✓)↵+1
>

↵

np
,

Ÿ• 0 < ✓ < 1, du
1X

n=2

✓
1

(n� 1)↵
� 1

n↵

◆
= 1,

⇡d'�⌥O{å�, � p > 1 û, p ?Í¬Ò.

~ 7.1.4 y≤
1P
n=2

1
lnn
u—.

y≤ � n > 2 û, ok

lnn < n,

⇡
1

lnn
>

1

n
,

§±⌃?Íu—.

'�⌥O{Ãá¥'�œë�å⇥, ç(É/`¥'�l,ëm©É��œë�å

⇥. 5ø¬Ò�?Í�œë7L™u", œë™u"�Ñ›˚Ω⌦ßÇÉm�å⇥.

œd, ∑Çå±�ƒ'�⌥O{�4Å/™.

Ìÿ 7.8 ('�⌥O{�4Å/™) ⌫
1P
n=1

an ⁄
1P
n=1

bn ¥ë?Í, lim
n!1

an
bn

= A.

K

1
� e 0 < A < +1, K

1P
n=1

an Ü
1P
n=1

bn ”Ò—;

2
� e A = 0, K�

1P
n=1

bn ¬Òû,
1P
n=1

an è¬Ò;

3
� e A = +1, K�

1P
n=1

bn u—û,
1P
n=1

an èu—.

˘áÌÿ�π¬¥: Èu¸á√°⇥˛ an, bn (n ! 1), XJ an ⁄ bn ™u 0 �Ñ

›¥ò⇠�, KÈA�?Í”Ò—; XJòá',òá™u 0 �Ñ›áØ, K˙�—¬

Ò⌦, Ø�è“¬Ò; ΩˆØ�u—, ˙�çAu—.

y≤ Èu1ò´úπ, ✓ " = A

2 , K�3 N , ¶� n > N ûk
����
an
bn

� A

���� <
A

2
,

=k
A

2
bn < an <

3A

2
bn.

§±©OÈ¸áÿ�™|^'�⌥O{, ““⇢(J.
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”⇠, � lim
n!1

an
bn

= A = 0 û, �3 N , ¶� n > N ûk

0 6 an
bn

< 1,

=k

an < bn,

�� lim
n!1

an
bn

= A = +1 û, �3 N , ¶� n > N ûk

an
bn

> 1,

=k

an > bn,

√ÿ=´úπ, Ü⇢A^'�⌥O{=å⌘§y≤.

'�ΩnJ´∑Ç, å±œLÜòá∑ÇŸ��?Í (~XA€?Í
1P
n=1

qn) ?1'

�, ?ÿ?Í�Ò—5.

~ 7.1.5 ¶y
1P
n=1

n+3p
(n2+1)(n3+2)

¬Ò.

y≤ d
n+ 3p

(n2 + 1)(n3 + 2)
⇠ 1

n3/2

9
1X

n=1

1

n3/2

�¬Ò5, å�⌃?Í¬Ò.

~ 7.1.6 ¶y
1P
n=1

sin
1
n
u—.

y≤ d

sin
1

n
⇠ 1

n

9N⁄?Í�u—, å�⌃?Íu—.

Ωn 7.9 (Cauchy ⌥O{) ⌫
1P
n=1

an ¥ë?Í.

1
� el,ëÂk n

p
an 6 q < 1, K?Í¬Ò;

2
� ek√°ıá n, ¶ n

p
an > 1, K?Íu—;

3
� e lim

n!1
n
p
an = q, K� q < 1 û, ?Í¬Ò; � q > 1 û, ?Íu—; � q = 1

û, Ñ√{⌥‰?Í¬ÒÑ¥u—.
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y≤ ÿî⌫È§k� n —k n
p
an 6 q < 1, è“¥k an 6 qn. ⇡d

1P
n=1

qn �¬

Ò59'�⌥O{, å�
1P
n=1

an ¬Ò.

XJk√°ıá n ¶ n
p
an > 1, ⇡ {an} ÿ±"è4Å, §±

1P
n=1

an u—.

Èu4Å/™, êá5øòΩ�3òáÍ ", ¶⇢Èuø©å� n, k n
p
an <

q + " < 1 Ωˆ n
p
an > q � " > 1. ÷ˆåg1⌘§y≤.

A€?Í��òë⁄còë�'�uòá�Ω�Í (˙'), A€?Í�Ò—5d˙

'�å⇥§(Ω. ÈuòÑë?Í�Û, è,vk˘⇠�5ü, ⇥¥èå±ä‚?Í

�c�ëÉ', ?ÿÒ—5.

Ωn 7.10 (D’Alembert ⌥O{) ⌫
1P
n=1

an ¥ë?Í.

1
� el,ëÂk an+1

an
6 q < 1, K?Í¬Ò;

2
� el,ëÂk an+1

an
> 1, K?Íu—;

3
� ec�ëÉ'‰k4Å

lim
n!1

an+1

an
= q,

K� q < 1 û, ?Í¬Ò; �� q > 1 û, ?Íu—; � q = 1 û, ÑÿU⌥‰.

y≤ ÿî⌫È§k� n —k an+1

an
6 q < 1, ⇡k

a2
a1

6 q,
a3
a2

6 q, · · · , an
an�1

6 q,

r˘⌦ÿ�™¸‡É¶, “⇢

an 6 a1
q
qn.

dua1
q
¥òá~Í, �

1P
n=1

qn ¬Ò, §±
1P
n=1

an ¬Ò.

XJ an+1

an
> 1, K an+1 > an, = a1 6 a2 6 · · · 6 an 6 · · · , dû?Í�œë an ÿ

¨™u", œd?Íu—. ⇤

~ 7.1.7 ¶y
1P
n=1

1
2n

�
1 +

1
n

�n2

u—.

y≤ lim
n!1

n

q
1
2n

�
1 +

1
n

�n2

=
e
2 > 1. ⇡?Íu—.

~ 7.1.8 ?ÿ
1P
n=1

n!
�
x

n

�n
(x > 0) �Ò—5.

) œè

lim
n!1

an+1

an
= lim

n!1

(n+ 1)!

⇣
x

n+1

⌘n+1

n!
�
x

n

�n = lim
n!1

x�
1 +

1
n

�n =
x

e
,
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⇡� x > e û?Íu—, � 0 6 x < e û?Í¬Ò. � x = e �ú/3XSK, û÷ˆg

∑©€.

?Í¥√°ıáÍÉ\, Ωˆw§¥kÅ⁄�4Å/™, �»©è¥ò´kÅ⁄�

4Å/™, ê¥Å™�(Jÿ¥/√°¶⁄0, �¥/ÎY¶⁄0. ⇥¥¸ˆÉm¥kå

'5�. 3d∑Çk?ÿò´ÈX.

Ωn 7.11 (Cauchy »©⌥O{) XJ f(x) 3 [1,+1) ˛kΩ¬�öKÖ¸N~

�ºÍ, @o?Í
1P
n=1

f(n) Ü»© +1
1 f(x) dx ”Ò—.

y≤ d f(x) �¸N5å�, � k 6 x 6 k + 1 ûk

f(k + 1) 6 f(x) 6 f(k),

u¥

f(k + 1) 6
k+1

k

f(x)dx 6 f(k).

Ú˛„ÿ�™È k = 1, 2, · · · , n É\, “⇢�, È?€ n 2 N k
n+1X

k=2

f(k) 6
n+1

1
f(x)dx 6

nX

k=1

f(k).

e +1
1 f(x)dx ¬Ò, Kd˛™Üåå�

n+1P
k=2

f(k) k., œ�
1P
n=1

f(n) ¬Ò. e

+1
1 f(x)dx u—, Kd˛™måå�

nP
k=1

f(k) √., ⇡
1P
n=1

f(n) u—. ⇤

~ 7.1.9 y≤?Í
1P
n=2

1
n
ln

↵ n � ↵ > 1 û¬Ò, � ↵ 6 1 ûu—.

y≤ ?ÍÜ»© +1
2

dx
x ln↵

x
”Ò—. �

+1

2

dx

x ln↵ x
=

8
<

:

(ln 2)1�↵

↵�1 , ↵ > 1,

+1, ↵ 6 1.

⇡⌃?Í� ↵ > 1 û¬Ò, �� ↵ 6 1 ûu—.

√ÿ¥ Cauchy ⌥O{, Ñ¥ D’Alembert ⌥O{, —¥⁄A€?Í?1'�. ∑Ç

g,¨Ø±e¸áØK:

1
� ˘¸á⌥O{=òáçr∫

2
� 3¬Ò?Í�;.~f•,

1X

n=0

qn, 0 < q < 1;

1X

n=1

1

n↵
, ↵ > 1;

1X

n=1

1

n(lnn)�
, � > 1,

ßÇ�œë™u 0 �Ñ›òá'òá˙. œd, UƒÜŸ¶¸á¬ÒÑ›�˙�?Í?

1'�, ø⌫)#�⌥O{∫
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1òáØKÚ31n˛•ç[?ÿ, ˘p=â—Xe(ÿ: Ö¥ D’Alembert ⌥O{

U⌥O�, Cauchy ⌥O{òΩèU⌥O, ⇥áÉÿ, (‰N~fÑSK7.1 •13K).

'u1◆áØK, k�ƒ¸áë?Í
1P
n=0

an Ü
1P
n=0

bn àgœë�c�ëÉ', X

J˜v
an+1

an
6 bn+1

bn
,

K�ˆ¬Ò“øõXcˆè¬Ò (ÑSK7.1 •114K). y3ròáë?Í
1P
n=0

an Ü
1P
n=1

1
n↵ , ↵ > 0 ?1˛„'�, XJ

an+1

an
6

1
(n+1)↵

1
n↵

=

✓
n

n+ 1

◆↵

,

K

n

✓
an
an+1

� 1

◆
>
�
1 +

1
n

�↵ � 1

1
n

,

� n ! 1 û, 4Åä¥ ↵, §±ke°�(ÿ.

Ωn 7.12 (Raabe ⌥O{) XJ

lim
n!1

n

✓
an
an+1

� 1

◆
= ↵,

@o� ↵ > 1 û, ë?Í
1P
n=0

an ¬Ò. � 0 < ↵ < 1 û, ?Íu—.

û÷ˆgy.

~ 7.1.10 ⌫ ↵, �, �, x —¥Í. ?Í

F (↵, �, �, x) = 1 +

1X

n=1

↵(↵ + 1) · · · (↵ + n� 1)�(� + 1) · · · (� + n� 1)

n!�(� + 1) · · · (� + n� 1)
xn

°èáA€?Í. ∑Ç5?ÿ˘á?Í�Ò—5. œè

lim
n!1

an+1

an
= lim

n!1

(↵ + n)(� + n)

(1 + n)(� + n)
x = x

§±dD’Alembert ⌥O{, � x < 1 û¬Ò, � x > 1ûu—. � x = 1 û√{⌥O. ⇥

¥� x = 1 û,

lim
n!1

n

✓
an
an+1

� 1

◆
= lim

n!1

n2
(1 + � � � � ↵) + (� � ↵�)n

(↵ + n)(� + n)
= 1 + � � � � ↵,

§±� � > ↵ + � û¬Ò, � � < ↵ + � ûu—.

XJÚ?Í⁄¬Ò⇢ç˙�?Í
1P
n=2

1
n(lnn)� , � > 1 ?1'�, Ñå±⇢§¢

Gauss ⌥O{, ˘p“ÿ2?ÿ⌦.
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7.1.3 òÑ?Í�¬Ò59Ÿ⌥O{

(1) ⇥Ü?Í

§¢⇥Ü?Í“¥?Í�ëK⇥Ü, å±L´§
1P
n=1

(�1)
n�1an, Ÿ• an > 0. œ

è⇥Ü?Í�c 2n ë‹©⁄˜v

S2n = (a1 � a2) + (a3 � a4) + · · ·+ (a2n�1 � a2n)

§±, � {an} ¸N~�™u 0 û, S2n+2 � S2n = a2n+1 � a2n+2 > 0, �Ö

S2n = a1 � (a2 � a3)� (a4 � a5)� · · ·� (a2n�2 � a2n�1)� a2n 6 a1,

=, S2n ¸NO\k˛.. §±¬ÒµS2n ! S. ÈuëÍ¥€Íë�‹©⁄˜v

S2n+1 = S2n + a2n+1,

w,S2n+1 ! S. §±� {an} ¸N~�™u 0 û, ⇥Ü?Í¥¬Ò�. ?ò⁄✏Ouy

|S � Sn| = |an+1 � an+2 + · · · |

= an+1 � (an+2 � an+3)� · · · < an+1

˘“â—⌦‹©⁄Ü?Í�⁄Ém�ÿ↵. oÉ, ke°(ÿ:

Ωn 7.13 (Leibniz ⌥O{) ⌫ {an} ¸N™u", K⇥Ü?Í
1P
n=1

(�1)
n�1an ¬

Ò, Öc n ë‹©⁄ Sn Ü?Í�⁄ S �ÿ↵ÿáL an+1.

¬Ò⇥Ü?Í�;.~f¥µ
1P
n=1

(�1)
n�1 1

n
Üu—�ë?Í

1P
n=1

1
n
É'�, å±

N¨⇥ÜëÉm�Ép-û�(J. ⇤�, ∑ÇÑÚ�⌫ß�⁄¥ ln 2.

(2) ˝È¬Ò⁄^á¬Ò

ÈuòÑ?Í
1P
n=1

an 5` (=Èœë�KvkAOá¶), XJ
1P
n=1

|an| ¬Ò, K

°
1P
n=1

an ˝È¬Ò.

Ωn 7.14 e
1P
n=1

an ˝È¬Ò, K?Í�⌧òΩ¬Ò.

y≤ w,k

|an+1 + an+2 + · · ·+ an+p| 6 |an+1|+ |an+2|+ · · ·+ |an+p|,

⇡d?Í�Cauchy ¬ÒOK“åy⇢(J. ⇤

XJ
1P
n=1

an ¬Ò, ⇥
1P
n=1

|an| u—, @o°?Í
1P
n=1

an è^á¬Ò. ~X,
P (�1)n

n

⁄
1P
n=2

(�1)n

lnn
—¬Ò, ⇥œë✓˝Èä�, (J¥u—�, §±¥^á¬Ò�.
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Ωn 7.15 e
1P
n=1

an ˝È¬Ò, K?øUC¶⁄^S�§⇢�#?ÍE¬Ò, ø

ÖŸ⁄ÿC.

y≤ ⌫

a+
n
=

|an|+ an
2

, a�
n
=

|an|� an
2

,

=

a+
n
=

8
<

:
an, an > 0,

0, an < 0;

a�
n
=

8
<

:
0, an > 0,

�an, an 6 0.

œdd a±
n
�§�?Í

1P
n=1

a±
n
—¥ë?Í, �Ö˜v

|an| = a+
n
+ a�

n
> a±

n
,

an = a+
n
� a�

n
,

ä‚'�⌥O{å�
1P
n=1

a±
n
—¬Ò, �Ö

1X

n=1

an =

1X

n=1

a+
n
�

1X

n=1

a�
n
,

1X

n=1

|an| =
1X

n=1

a+
n
+

1X

n=1

a�
n
.

�?Í
1P
n=1

an �¶⁄^SUC�,

1P
n=1

a±
n
�¶⁄^SäÉA�UC. ��ˆ¥ë?Í,

UC^S�¬Ò5⁄¬Ò�äÿC. œdcˆ�¬Ò5⁄¬Òäèÿ¨C. ⇤

Ìÿ 7.16 ?Í
1P
n=1

an ˝È¬Ò�ø©7á^á¥
1P
n=1

a+
n
⁄

1P
n=1

a�
n
—¬Ò. ⇥

XJ?Í¥^á¬Ò�, K¸á?Í
1P
n=1

a+
n
⁄

1P
n=1

a�
n
—u— +1.

y≤ 1òá(ÿ¥w,�. Èu1◆á(ÿ, œè
1P
n=1

|an| u—, ⇡
1P
n=1

a+
n
⁄

1P
n=1

a�
n
ÿU—¬Ò, ⇥¥e✏�™

1X

n=1

an =

1X

n=1

a+
n
�

1X

n=1

a�
n

•ná?ÍÿåUk¸á¬Ò. §±
1P
n=1

a±
n
êU—u—. ⇤

Ωn 7.17 (Riemann ≠¸Ωn) ⌫?Í
1P
n=1

an ^á¬Ò, K∑�UC¶⁄�^S

å±¶#?Í¬ÒuâΩ�?ø¢Í, èå¶#?Íu— +1 Ω �1.
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y≤ ⌫ A ¥?ø (kÅ) ¢Í, ÿî⌫ A > 0. ⌫
1P
n=1

pn ¥?Í�öKë�§�

?Í, ßu— +1,
1P
n=1

qn ¥?Í�Kë�§�?Í, ßu— �1. ∑Ç˘⇠(Ω≠

¸: kòò

p1 + p2 + · · ·+ pm1

¶⇢d⁄fáL A, 2òò

q1 + q2 + · · ·+ qn1

Üñ✓á‹©⁄f⇥u A. ,�2⇢Xòò

pm1+1 + · · ·+ pm2

¶✓á‹©⁄qfáL A, ⇢X2òò

qn1+1 + · · ·+ qn2

Üñ✓á‹©⁄qf⇥u A, XdUYe�. ˛„zò⁄—¥å1�, œè
1P
n=1

pn ⁄
1P
n=1

qn —¥u—�, O\eZë pn o¨¶⁄™f–åu A. O\eZëK� qn o¨¶

⁄™f–⇥u A.

qœè an ! 0, §± pn ! 0, qn ! 0, �≠¸��?Í�‹©⁄Ü A �↵�˝Èä

©™⇥uÍ✏ {pn} �,òë, Ω⇥uÍ✏ {qn} �,òë, ⇡˘⇠⇢�≠¸?Í¬Ò

u A.

è⌦¶≠¸��?Íu—� +1, ∑Ç˘⇠S¸: kòò

p1 + p2 + · · ·+ pm1

¶Ÿ⁄åu 1, ⇢Xòòë q1, ,�⇢3�°òò

pm1+1 + · · ·+ pm2

¶✓á‹©⁄åu 2, ⇢Xòòë q2, UYe�, 1 n gòòë⁄òáKë�, ✓á‹

©⁄åu n� qn. u¥≠¸��?Íu— +1. aq/, èå≠¸�?Íu— �1.

(3) òÑ?Í¬Ò�⌥O{

ÈuòáòÑ?Í
1P
n=1

an 5`, ÅòÑ�⌥O{�,¥ Cauchy ¬ÒOK. ⇥=¥

òáòÑOK. �|^ë?Í�⌥O{, êU⌥O?Í¥ƒ˝È¬Ò"

è⌦º⇢çÜ⇢�⌥O{, ∑Çk0↵¸á⁄n. T⁄n¢S˛¥©‹»©{�l

—/™, ⇢°è Abel ©‹¶⁄{.
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⁄n 7.18 (Abel ©‹¶⁄˙™) ⌫ {an} ⁄ {bn} ¥¸á¢Í✏. Kk

nX

k=1

akbk = Anbn +

n�1X

k=1

Ak(bk � bk+1),

Ÿ• Ak = a1 + a2 + · · ·+ ak.

y≤ �Ω A0 = 0, Kk
nX

k=1

akbk =

nX

k=1

(Ak � Ak�1)bk =

nX

k=1

Akbk �
nX

k=1

Ak�1bk

=

nX

k=1

Akbk �
n�1X

k=1

Akbk+1 = Anbn +

n�1X

k=1

Ak(bk � bk+1).

|^˘á˙™å±y≤Xe Abel ⁄n.

⁄n 7.19 (Abel ⁄n) ⌫ b1 > b2 > · · · > bn Ωˆ b1 6 b2 6 · · · 6 bn, P

Ak = a1 + a2 + · · ·+ ak. XJ |Ak| 6 M, k = 1, 2, · · · , n, @ok
�����

nX

k=1

akbk

����� 6 M(|b1|+ 2|bn|).

y≤ d©‹¶⁄˙™
�����

nX

k=1

akbk

����� =

�����

n�1X

k=1

Ak(bk � bk+1) + Anbn

�����

6
n�1X

k=1

|Ak||bk � bk+1|+ |An||bn|

6 M

 
n�1X

k=1

|bk � bk+1|+ |bn|
!

= M(|b1 � bn|+ |bn|)

6 M(|b1|+ 2|bn|).

y3∑Çå±y≤⇥ÈòÑ?Í�èÜ⇢�¸á⌥O{.Ÿƒ�gé¥Ú?Í�œ

ë©)§¸á‹©ßä‚¸á‹©�5ü⌥O?Í�¬Ò5"

Ωn 7.20 (Dirichlet ⌥O{) e {bn} ¥¸N4~™u"�Í✏, Ö?Í
1P
n=1

an

�‹©⁄k.µ|An| = |
nP

k=1
ak| 6 M , K

1P
k=1

anbn ¬Ò.

y≤ œè |Ak| 6 M, §±Èu m > n+ 1, k
�����

mX

k=n+1

ak

����� = |Am � An| 6 2M.



7.1 Íë?Í 253

œè {bn} ™u", §±Èu?øÍ ", �3g,Í N ¶⇢� n > N û, k |bn| 6 "

6M .

du {bn} ¥¸N4~�, l Abel ⁄n�, ÿ�™
�����

n+pX

k=n+1

akbk

����� 6 2M(|bn+1|+ 2|bn+p|) 6 2M

✓
"

6M
+

2"

6M

◆
= "

È n > N 9òÉg,Í p §·. ä‚ Cauchy OK,

1P
k=1

anbn ¬Ò. ⇤

Ωn 7.21 (Abel ⌥O{) e {bn} ¥¸Nk.�Í✏, Ö?Í
1P
n=1

an ¬Ò, K?

Í
1P
n=1

anbn ¬Ò.

y≤ œè {bn} ¥¸Nk.�Í✏, §±¬Ò, ⌫¬Òu b. ÿî⌫ {bn} ¸N4~,

K {bn � b} 4~™u". œè
1P
n=1

an ¬Ò, §± Ak = a1 + · · ·+ ak k.. ä‚ Dirichlet

⌥O{�
1P
n=1

an(bn � b) ¬Ò. � anbn = an(bn � b) + ban, §±
1P
n=1

anbn è¬Ò. ⇤

A^˛„¸á⌥O{�'Öß¥X€r?Í�œë©)§¸á‹©ßò‹©¸N4

~™u"ß,ò‹©‹©⁄k.∂Ωò‹©¸Nk.ß,ò‹©�§�?Í¬Ò.

~ 7.1.11 � e✏/™�?Í
1X

n=1

an
n↵

, ↵ > 0,

œè 1
n↵ ¸N~™u", §±XJ

1P
n=1

an ¥‹©⁄k.�?Í, @o?Í¬Ò.

~ 7.1.12 ?ÿ?Í
1P
n=1

cosnx
n
�Ò—5.

) � x = 2k⇧ û, T?Í“¥N⁄?Í, ⇡u—. e x 6= 2k⇧, P

An = cosx+ cos 2x+ · · ·+ cosnx =
sin
�
n+

1
2

�
x� sin

x

2

2 sin
x

2

.

u¥ An k.

|An| <
1��sin x

2

�� .

� 1
n
! 0, ⇡?Í¬Ò. aqå?ÿ?Í

1P
n=1

sinnx

n
�¬Ò5.

~ 7.1.13 ¶y
1P
n=1

cosn
n
^á¬Ò.

y≤ ˛°�~få�
1P
n=1

cosn
n
¬Ò, XJß˝È¬Ò, Kd cos

2 n 6 | cosn| Ì—

1X

n=1

cos
2 n

n
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è¬Ò. ⇥¥
1X

n=1

cos
2 n

n
=

1

2

1X

n=1

1

n
+

1

2

1X

n=1

cos 2n

n
.

˛™m‡1òá?Íu—,1◆á?Í¬Ò,⇡Ü‡?ÍÿU¬Ò,dgÒ`≤
1P
n=1

| cosn|
n

u—.

~ 7.1.14 Èu⇥Ü?Í
1P
n=1

(�1)
n+1bn, å±rßw§¥

1P
n=1

anbn �/™, Ÿ•

an = (�1)
n+1

, w,, |An| = |a1 + · · ·+ an| 6 1, §±, � bn ¸N~Ö bn ! 0 û, ?Í¬

Ò. ˘“¥Leibniz ⌥O{⇢�(J.

7.1.4 ?Í�¶»

å[�⌫, ä‚¶{©�∆, Èu¸ákÅ⁄É¶

(a1 + a2 + · · ·+ an)(b1 + b2 + · · · bm)

Ÿ(J¥r§kåU�¶» aibj , i = 1, · · · , n, j = 1, · · · ,m É\. y3�ƒ¸á

¬Ò�√°?Í
1P
n=1

an ⁄
1P
n=1

bn Ém�¶»ØK. ∑ÇÚ§kåU�¶» aibj , i =

1, · · · , j = 1, · · · , ✏§e✏/™

a1b1, a1b2, a1b3, · · · ,

a2b1, a2b2, a2b3, · · · ,

a3b1, a3b2, a3b3, · · · ,
...

...
...

duzò1, zò✏—¥√°ıë, œd\{ke✏~^�¸´ê{: ò´ê{¥lÜ

˛�m©Uê¨É\

a1b1 + (a1b2 + a2b2 + a2b1) + (a1b3 + a2b3 + a3b3 + a3b2 + a3b1) + · · ·

,ò´ê{¥lÜ˛�m©, U✓È�ÇÉ\

a1b1 + (a1b2 + a2b1) + (a1b3 + a2b2 + a3b1) + · · · ,

5øzá✓È�Ç˛�ëÍ£=zá)“p�ëÍ§¥kÅ�, eI�⁄¥É��, œ

då±�—œë

cn = a1bn + a2bn�1 + a3bn�2 + · · ·+ anb1 =
nX

i=1

aibn+1�i,

ø⇢òá#�√°?Í
1P
n=1

cn, °Éè?Í
1P
n=1

an ⁄
1P
n=1

bn � Cauchy ¶». �!Ú

≠:�ƒCauchy ¶»�Ò—5ØK. ∑Çg,F"3
1P
n=1

an ⁄
1P
n=1

bn —¬Ò£PßÇ
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©O¬Òu A ⁄ B §�úπe, ßÇ� Cauchy¶»
1P
n=1

cn è¬ÒøÖ¬ÒußÇ�¶

» AB. ,�, e°�á~`≤˘´F"øÿUg,§·.

~ 7.1.15 � e✏¬Ò?Í

1X

n=1

(�1)
n�1 1p

n
,

ŸgCÜgCâCauchy ¶»�(J¥

cn = (�1)
n�1

X

i+j=n+1

1p
ij

œd

|cn| =
X

i+j=n+1

1p
ij

>
X

i+j=n+1

2

i+ j
=

2n

n+ 1
> 1

§±Cauchy ¶»
1P
n=1

cn ¥u—�.

˛„~f¥òá^á¬Ò�?Í. XJ\r^á, @o

Ωn 7.22 (Mertens) ⌫
1P
n=1

an ⁄
1P
n=1

bn —¬Ò, ø©O¬Òu A ⁄ B. eŸ•

ñ�kòá¥˝È¬Ò�, KßÇ� Cauchy ¶»¬Ò, Ö

1X

n=1

cn = AB

y≤ ÿî⌫
1P
n=1

an ˝È¬Ò. ©OP An =

nP
n=1

an, Bn =

nP
n=1

bn, Cn =

nP
n=1

cn è

ná?Í�‹©⁄. K Cauchy ¶»�‹©⁄å±L´Xe:

Cn =

nX

k=1

ck =

nX

k=1

kX

i=1

aibk+1�i =

nX

i=1

nX

k=i

aibk+1�i

=

nX

i=1

n+1�iX

l=1

aibl =
nX

i=1

ai

n+1�iX

l=1

bl =
nX

i=1

aiBn+1�i

= a1Bn + a2Bn�1 + · · ·+ anB1

e B = 0, = Bn ! 0(n ! 1), KÈu?øòáÍ ", òΩ�3òág,Í N1,

¶⇢� n > N1 û, k |Bn| < ", Ö {Bn} k. |Bn| 6 M1, n = 1, 2, · · · .

d
1P
n=1

an ˝È¬Òå�, �3 N2, ¶⇢� n > N2 û, |aN2+1| + · · · + |an| < " , Ö
1P
n=1

|an| 6 M2 .
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✓ N = N1 +N2 � 1, K� n > N û, k n�N2 + 1 > N1, n > N2, §±

|Cn| = |a1Bn + a2Bn�1 + · · ·+ anB1|

6 (|a1||Bn|+ · · ·+ |aN2||Bn�N2+1|) +M1(|aN2+1|+ · · ·+ |an|)

6 M2"+M1" = (M1 +M2)"

§± Cn ! 0(n ! 1).

e B 6= 0, K �n = Bn � B ! 0(n ! 1), dû

Cn = AnB + (a1�n + a2�n�1 + · · ·+ an�1),

ä‚˛„y≤,˛™m>1◆ë� n ! 1 û4Åè", §± Cn ! AB ⇤

Ωn 7.23 (Abel) ⌫
1P
n=1

an = A ⁄
1P
n=1

bn = B ¥¸á¬Ò?Í. XJßÇ�

Cauchy ¶»
1P
n=1

cn = C ¬Ò, @o C = AB.

y≤ œè

Cn = a1Bn + a2Bn�1 + · · ·+ anB1,

§±
C1 + C2 + · · ·+ Cn

n
=

AnB1 + An�1B2 + · · ·+ A1Bn

n
ä‚1òŸ~1.2.19 ⁄~ 1.2.20 =å�⇢

1X

n=1

cn = C = AB

⇤

5P ˘pê?ÿ⌦¸á?Í� Cauchy ¶»�Ò—5ØK. Ø¢˛ Cauchy â—

⌦,òá�r�Ωn, =XJ
1P
n=1

an ⁄
1P
n=1

bn —¥˝È¬Ò, ø©O¬Òu A ⁄ B, @

or aibj , i, j = 1, 2, · · · , U?€ê™É\§⇢��?Í£Pè
1P
k=1

aikbjk §—¥˝È

¬Ò�, Ö¬Òu AB. y≤�g¥¥: ƒk� ?Íàë˝Èä�‹©⁄

nX

k=1

|aikbjk | 6
 

NX

n=1

|an|
! 

NX

n=1

|bn|
!

6
 1X

n=1

|an|
! 1X

n=1

|bn|
!

˘p N ¥eI i1, i2, · · · , in ⁄ j1, j2, · · · , jn •Ååä, œdk.. ˘⇠“y≤⌦?Í�

˝È¬Ò5. 2|^ Riemann ≠¸Ωn7.17, È˝È¬Ò?Í?øN✓¶⁄^SÿUC

¬Òä. œdUê¨É\�ê™≠¸, “k

1X

k=1

aikbjk = lim
N!1

 
NX

n=1

an

! 
NX

n=1

bn

!
= AB.

÷ˆåg1⌘§y≤⌧Lß.
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7.1.5 √°¶»*

äè�!�(Â, ∑Ç?ÿòák�ØK, =√°ıáÍÉ¶�Ò—5.

Ω¬ 7.24 ⌫k√°ıáÍ p1, p2, · · · , pn, · · · , °
1Y

n=1

pn = p1p2 · · · pn · · ·

è√°¶». XJß�c n ë�§�‹©¶»

Pn =

nY

k=1

pk = p1p2 · · · pn, n = 1, 2, · · ·

�§�Í✏ {Pn} � n ! 1 û, kkÅö"�4Å P , @o°√°¶»¬Ò, ƒK°è

u—.

du∑Çá¶4Åä P 6= 0 , §±ÿî⌫√°¶»�œë pn 6= 0, n = 1, 2, · · · . ä
‚Ω¬, å±Ü⇢⇢√°¶»¬Ò�7á^á

Ωn 7.25 √°¶»
1Q
n=1

pn ¬Ò�7á^á¥ lim
n!1

pn = 1.

˘¥œè

pn =
Pn

Pn�1
! P

P
= 1 (n ! 1).

œd, Èø©å� n k pn > 0, Ωˆ`œëèKä�ëêkkÅë, §±ÿîb⌫§k

ë—¥�, øP

pn = 1 + an, �1 < an < +1, (n = 1, 2, · · · ),

˘⇠, √°¶»“L´è
1Q
n=1

(1 + an), Ÿ¬Ò�7á^áè an ! 0(n ! 1) .

Ωn 7.26 √°¶»
1Q
n=1

(1 + an) ¬Ò�ø©7á^á¥?Í

1X

n=1

ln(1 + an)

¬Ò. 3¬Ò�úπe, eP S è?Í�⁄, @o
1Y

n=1

(1 + an) =
S

e .

˘¥œèÈ√°¶»�‹©¶»⁄?Í�‹©⁄˜v

lnPn =

nX

k=1

ln(1 + ak) = Sn
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SK 7.1

1. y≤e✏�™:

(1)

1X

n=1

1

(2n� 1)(2n+ 1)
=

1

2
; (2)

1X

n=1

(
p
n+ 2� 2

p
n+ 1 +

p
n) = 1�

p
2;

(3)

1X

n=1

ln
n(2n+ 1)

(n+ 1)(2n� 1)
= ln 2; (4)

1X

n=1

2n+ 1

n2(n+ 1)2
= 1.

2. Ôƒe✏?Í�Ò—5:

(1)

1X

n=1

n
p
0.001; (2)

1X

n=2

1

n
p
n� 1

;

(3)

1X

n=1

1p
(2n� 1)(2n+ 1)

; (4)

1X

n=1

sinn;

(5)

1X

n=1

2
n
sin
⇧
3n

; (6)

1X

n=1

1

n n
p
n
;

(7)

1X

n=1

1�
2 +

1
n

�n ; (8)

1X

n=1

n�
n+

1
n

�n ;

(9)

1X

n=1

arctan
⇧
4n

; (10)

1X

n=1

1 000
n

n!
;

(11)

1X

n=1

(n!)2

(2n)!
; (12)

1X

n=1

3 + (�1)
n

2n
;

(13)

1X

n=1

lnn
4
p
n5

; (14)

1X

n=3

1

n lnn(ln lnn)k
;

(15)

1X

n=1

✓
cos

1

n

◆n
3

; (16)

1X

n=2

✓
an

n+ 1

◆n

(a > 0).

3. ⌫ an =

8
<

:

1
2(n+1)/2 , n è€Í,

1
2n/2 , n èÛÍ.

¡Ôƒ?Í
1P
n=1

an �Ò—5.

4. ⌫
1P
n=1

an¬Ò,y≤
1P
n=1

(an+an+1)è¬Ò. ¡fi~`≤_∑Kÿ§·;⇥e an > 0,

K_∑K§·.

5. y≤Ω£âe°�ÿ‰:

(1) e lim
n!1

nan = a 6= 0, K?Í
1P
n=1

an u—;

(2) e?Í
1P
n=1

an ¬Ò, ¥ƒk lim
n!1

nan = 0?
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(3) e lim
n!1

nan = a, Ö?Í
1P
n=1

n(an � an+1) ¬Ò, y≤
1P
n=1

an ¬Ò.

6. ⌫ë?Í
1P
n=1

an ¬Ò, y≤
1P
n=1

a2
n
è¬Ò. ¡ØáÉ¥ƒ§·?

7. ⌫ {an}, {bn} ¥¸áöKÍ✏˜v an+1 < an + bn, �Ö
1P
n=1

bn ¬Ò. ¶y lim
n!1

an

�3.

8. y≤: e?Í
1P
n=1

a2
n
⁄

1P
n=1

b2
n
¬Ò, K?Í

1P
n=1

|anbn|,
1P
n=1

(an + bn)2, ±9
1P
n=1

|an|
n

è¬Ò.

9. ¶e✏4Å (Ÿ• p > 1):

(1) lim
n!1

h
1

(n+1)p +
1

(n+2)p + · · ·+ 1
(2n)p

i
;

(2) lim
n!1

⇣
1

pn+1 +
1

pn+2 + · · ·+ 1
p2n

⌘
.

10. ⌫ëÍ✏ {an} ¸N~�, Ö
1P
n=1

(�1)
nan u—, ¡Ø

1P
n=1

⇣
1

an+1

⌘n
¥ƒ¬Ò? ø

`≤nd.

11. ⌫ an > 0, an > an+1 (n = 1, 2, · · · ), Ö lim
n!1

an = 0, y≤?Í

1X

n=1

(�1)
n�1a1 + a2 + · · ·+ an

n

¥¬Ò�.

12. ⌫
1P
n=1

an ⁄
1P
n=1

bn ˝È¬Ò. ¶y
1P
n=1

(an + bn) ˝È¬Ò.

13. Ôƒe✏?Í�^á¬Ò5Ü˝È¬Ò5:

(1)

1X

n=1

(�1)
n

✓
2n+ 100

3n+ 1

◆n

; (2)

1X

n=1

(�1)
n(n�1)

2

2n
;

(3)

1X

n=1

(�1)
n

p
n

n+ 100
; (4)

1X

n=1

(�1)
n�1

sin
1

n
;

(5)

1X

n=1

(�1)
n�1 lnn

n
; (6)

1X

n=1

(�1)
n�1

np
;

(7)

1X

n=1

(�1)
n
(e

1
n � 1); (8)

1X

n=1

(�1)
n


1

n
� ln

✓
1 +

1

n

◆�
;

(9)

1X

n=1

(�1)
n

⇣
1� cos

p

n

⌘
; (10)

1X

n=1

(�1)
n

✓
1� cos

1

n

◆p

.
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14. XJ?Í
1P
n=1

an ^á¬Ò, K
S
+
n

S
�
n
� n ! 1 ûk4ÅÖ lim

n!1
S
+
n

S
�
n
= 1 ˘p, S±

n
¥

ë?Í
1P
n=1

a±
n
�‹©⁄, a+

n
, a�

n
�Ω¬d §7.1.3 â—.

15. y≤XJë?Í
1P
n=1

bn ¬Ò, øÖl,ëÉ�k

����
an+1

an

���� <
bn+1

bn
,

K?Í
1P
n=1

an ˝È¬Ò.

16. Ôƒe✏?Í�Ò—5:

(1)

1X

n=1

sinnx

n
; (2)

1X

n=2

cos
n⇧
4

lnn
;

(3)

1X

n=1

sinnp
n

✓
1 +

1

n

◆n

; (4)

1X

n=1

(�1)
n
n� 1

n+ 1
· 1

100
p
n
.
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§7.2 ºÍë?Í

7.2.1 ¬Ò5

⌫ u1(x), u2(x), · · · , un(x), · · · ¥Ω¬3öòÍ8 E ˛�ò✏ºÍ. ekÅáº

ÍÉ\, K(JÑ¥Ω¬3”òáΩ¬ç•�ºÍ, y3�ƒ√°ıáºÍÉ\�ØK.

1X

n=1

un(x) = u1(x) + u2(x) + · · ·+ un(x) + · · ·

°è E ˛�ºÍë?Í. È x0 2 E,
1P
n=1

un(x0) “¥òáÍë?Í. XJ¬Ò, K° x0

è¬Ò:; XJu—, K° x0 èu—:. ÿî⌫ºÍë?Í�¬Ò:8⌧Nè´m I,

ø°ºÍë?Í3 I ˛¬Ò£kûè°≈:¬Ò§. dû

x 2 I, x �! S(x) =
1X

n=1

un(x)

Ω¬⌦ I ˛�òáºÍ, °èºÍë?Í�⁄ºÍ.

Ωˆ`, XJ�3òáºÍ S(x), ¶⇢ºÍë?Í
1P
n=1

un(x) �c n ë�‹©⁄

Sn(x) = u1(x) + u2(x) + · · ·+ un(x)

§�§�ºÍ✏ {Sn(x)} È´m I •zò: x 2 I, —¬Ò S(x), K°ºÍë?Í
1P
n=1

un(x) 3´m I ˛(≈:)¬ÒuºÍ S(x), øP S(x) =
1P
n=1

un(x), x 2 I.

lΩ¬•w—, ºÍë?Í�¬ÒØK, “¥‹©⁄§�§�ºÍ✏�¬ÒØK. 8

�, XJ∑Ç’·/?ÿºÍ✏ {fn(x)} �¬ÒØK, ŸΩ¬Ü'u {Sn(x)} �Ω¬ò
⇠.

~ 7.2.1 ?ÿ
1P
n=0

xn �¬Ò5.

) ?Í
1P
n=0

xn �œë3 (�1,+1) ˛—kΩ¬ (Èu�Ω� x, “¥òáA€?

Í), ⇥ê3 (�1, 1) ˛¬Òøk

1X

n=0

xn =
1

1� x
.

�� |x| > 1 û, ?Íu—.

3kÅ¶⁄•, ºÍ�ÎY5, å◆!å»�)€5ü—⇢⇥±. Èu√Å¶⁄,

⁄ºÍ¥ƒèUU´˘⌦5ü, =ÈuºÍë?Í
1P
n=1

un(x),

1
� XJ?Í�œë un(x) ÎY, ⁄ºÍ S(x) ¥ƒèÎY∫
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2
� XJ?Í�œë un(x) å◆, ⁄ºÍ S(x) ¥ƒèå◆∫XJå◆, ¥ƒk

S0
(x) =

 1X

n=1

un(x)

!0

=

1X

n=1

u0n(x)?

3
� XJ?Í�œë un(x) å», ⁄ºÍ S(x) ¥ƒèå»∫XJå», ¥ƒk

b

a

S(x)dx =

b

a

 1X

n=1

un(x)

!
dx =

1X

n=1

b

a

un(x)dx?

ûwe°~f.

~ 7.2.2 � ?Í x+ x(x� 1) + x2(x� 1) + · · · xn�1
(x� 1) + · · · . ß�c n ë

‹©⁄è Sn = x+ x2 � x+ x3 � x2 + · · ·+ xn � xn�1
= xn, §±

S(x) = lim
n!1

Sn(x) =

8
<

:
0, 0 6 x < 1;

1, x = 1.

3¬Ò´ç [0, 1] •, ⁄ºÍkm‰:, ¶+¶⁄�zòë3 [0, 1] •—ÎY.

~ 7.2.3 ⌫ {r1, r2, r3, · · · } ¥ [0, 1] ˛knÍ�⌧N, 3 [0, 1] ˛Ω¬

Sn(x) =

8
<

:
1, x = r1, r2, · · · rn,

0, x = Ÿ¶ä

w,

lim
n!1

Sn(x) = S(x) =

8
<

:
1, x = knÍ,

0, x = √nÍ

Èuzòá Sn(x), ß3 [0, 1] ˛êkkÅám‰:, œd3 [0, 1] ˛å», ⇥ S(x) %ÿ

¥å»�.

~ 7.2.4 ⌫

Sn(x) = 2n2xe�n
2
x
2
, n = 1, 2, · · · ; x 2 [0, 1]

w, S(x) = lim
n!1

Sn(x) = 0. œ� 1
0 S(x)dx = 0, ⇥

lim
x!1

1

0
Sn(x)dx = lim

x!1
(1� e

�n
2
) = 1

~ 7.2.5

Sn(x) =
sinnxp

n
�! 0

⇥¥ S0
n(x) =

p
n cosnx 9 0.

l˘⌦~få±w—˛„ØKøö¥≤Ö�. è⌦)˚3üo^áe˛„ØKå±

⇢)˚, ∑ÇIá⁄?ò´°Éèòó¬Ò�Vg.
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7.2.2 òó¬Ò5

ºÍ✏⁄ºÍë?Í3¬Òç˛�¬Ò5, �ü˛¥“:�”�¬Ò. 3àá¬Ò:

kÿ”�¬ÒÑ›. �¬ÒÑ›k,´✓N�òó5û, °Ÿèòó¬Ò, O(/`“k

e°�Ω¬.

Ω¬ 7.27 ⌫ºÍ✏ {fn(x)} 3´m I ˛¬Òu f(x), XJÈ?øÍ ", —�

3 N > 0 ¶⇢� n > N û, È§k x 2 I —k

|f(x)� fn(x)| < ",

@o°ºÍ✏ {fn(x)} 3 I ˛òó¬Òu f(x)£Ωòó™u f(x)§.

�ºÍ✏¥ºÍë?Í
1P
n=1

un(x) �‹©⁄ fn(x) = Sn(x) =
nP

k=1
uk(x) û, ˛°�

Ω¬è“â—⌦ºÍë?Í�òó¬Ò5�Ω¬.

w, {fn(x)} òó¬Òu f(x) �du {f(x) � fn(x)} òó™u". œd∑Çk�

d�∑K

Ωn 7.28 ºÍ✏ {fn(x)} 3 I ˛òó¬Òu f(x) �ø©7á^á¥

lim
n!1

�n = 0, Ÿ•, �n = sup
x2I

|fn(x)� f(x)|.

d∑K�y≤3â÷ˆ⌘§.

~ 7.2.6 ?ÿºÍ✏ fn(x) =
1

x+n
3 [0, 1] ˛�òó¬Ò5.

) ?â " > 0, ✓ N > 1
"
, � n > N û,

-

6

x

y

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

„ 7.1

|fn(x)� 0| = 1

x+ n
6 1

n
< "

È§k x 2 [0, 1] —§·. §±TºÍ✏3 [0, 1] ˛òó

¬Òu 0. èå±l

�n = sup

x2[0,1]
|fn(x)� 0| = 1

n
! 0

⇢˘á(ÿ.

~ 7.2.7 � ~7.2.2 •�?Í, Ÿ‹©⁄è Sn(x) = xn, x 2 [0, 1]; w, Sn(x)

3 [0, 1] ˛≈:¬Òu

S(x) =

8
<

:
0, 0 6 x < 1;

1, x = 1.
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œè

�n = sup

x2[0,1]
|Sn(x)� S(x)| = 1

§± {Sn(x)} ÿòó¬Òu S(x). (Ñ„7.1), è“¥?Íÿ¥òó¬Ò�.

Ωn 7.29 (Cauchy ¬ÒOK) ºÍ✏ {fn(x)} 3 I ˛òó¬Ò�ø©7á^á

¥: È?â�Í ", �3 N > 0, ¶⇢� n > N û, È?€✓Í p ⁄ x 2 I —k

|fn+p(x)� fn(x)| < ".

ÈuºÍë?Í
1P
n=1

un(x) 3 I ˛òó¬Ò�ø©7á^á¥µÈ?â�Í ", �3

N > 0, ¶⇢� n > N û, È?€✓Í p ⁄ x 2 I —k
�����

n+pX

k=n+1

un(x)

����� = |un+1(x) + · · · un+p(x)| < "

y≤ 7á5¥w,�. e°y≤ø©5. d^á�Èzá x 2 I, Í✏ {fn(x)} —
¥òáƒ�✏, œ��3òáÍ f(x) ¶⇢ fn(x) ! f(x) (n ! 1). u¥ f(x) ¥Ω¬3

I ˛�òáºÍ, Ö {fn} 3 E ˛≈:¬Òu f. œèÈ?ø " > 0, �3 N > 0 ¶⇢�

n > N û

|fn+p(x)� fn(x)| < "

ÈòÉg,Í p 9òÉ x 2 I §·. - p ! 1, l˛™⇢

|f(x)� fn(x)| 6 "

ÈòÉ x 2 I §·. u¥ {fn(x)} 3 I ˛òó¬Òu f(x). ⇤

Ìÿ 7.30 ºÍë?Í
1P
n=1

un(x) 3 I ˛òó¬Ò�7á^á¥?Í�œë�§

�ºÍ✏ {un(x)} 3 I ˛òó™u", = lim
n!1

sup
x2I

|un(x)| = 0.

X”?Í¬Ò�7á^áò⇠, �ºÍë?Í�œë3´m˛ÿòó™u"û, T

?ÍòΩÿ¥òó¬Ò�.

~ 7.2.8 ?ÿ
1P
n=1

ne�nx 3 (0,+1) ˛�òó¬Ò5.

) œè ne�nx > 0, ÖÈ x > 0, k

ne�nx
= o

✓
1

n2

◆

§±?Í¥¬Ò�. ⇥¥

sup

x2(0,+1)
|un(x)| > |un(

1

n
)| = ne�1

§±?Í3´m (0,+1) ˛ÿòó¬Ò.
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Ωn 7.31 (Weierstrass) eë?Í
1P
n=1

an ¬Ò∂q3 I ˛k

|un(x)| 6 an,

KºÍë?Í
1P
n=1

un(x) 3 E ˛òó¬Ò.

TΩn�y≤êáA^?Í� Cauchy¬ÒOK=å⌘§. ˘p,°ë?Í
1P
n=1

an

è
1P
n=1

un(x) 3 I ˛�õõ?Í. Weierstrass Ωn�^á'�r, ˜v˘á^á�ºÍ

ë?Íÿ⇥¬Ò�Ö˝È¬Ò, ⇥¥, ß%¥⌥Oòó¬Ò�òá{'¢^�⌥O{.

d Weierstrass Ωn, ÿJw—
1P
n=1

ne�nx è,3 (0,+1) ˛ÿ¥òó¬Ò�,⇥3

(0,+1) �€‹´m [�,+1), � > 0 ˛˜v |ne�nx| 6 ne�n�
, §±¥òó¬Ò�.

~ 7.2.9 e ↵ > 1, K?Í
1P
n=1

cosnx
n↵ 3 (�1,+1) ˛òó¬Ò.

y≤ œè
���
cosnx

n↵

��� 6 1

n↵
,

�?Í
1P
n=1

1
n↵ 3 ↵ > 1 û¬Ò, §±⌃?Íòó¬Ò.

eÈΩ¬ç•zá�Ω� x ºÍ✏ {un(x)} äèÍ✏¥k.�, K°dºÍ✏≈:

k.. e�3òáÍ M ¶⇢ |un(x)| < M È§k n 9Ω¬ç•�§k x §·, K°

dºÍ✏òók.. ïÏÍë?Í• Dirichlet ⁄ Abel �⌥O{, ∑Çk

Ωn 7.32 (Dirichlet ⌥O{) ⌫?Í
1P
n=1

un(x)vn(x) 3 E ˛kΩ¬, eÈzá�

Ω� x 2 E, {vn(x)} ¥¸N~Í✏, Ö3 E ˛òó™u 0, �Ö
1P
n=1

un(x) �‹©⁄3

E ˛òók., K
1P
n=1

un(x)vn(x) 3 E ˛òó¬Ò.

Ωn 7.33 (Abel ⌥O{) ⌫?Í
1P
n=1

un(x)vn(x) 3 E ˛kΩ¬, eÈzá�Ω

� x 2 E, {vn(x)} ¥¸NÍ✏, Ö3 E ˛òók., �Ö
1P
n=1

un(x) 3 E ˛òó¬Ò,

K
1P
n=1

un(x)vn(x) 3 E ˛òó¬Ò.

÷ˆå±gC⌘§ Dirichlet ⌥O{⁄ Abel ⌥O{�y≤, ⇥¥A5øzò⁄�ò

ó5Ny3€?.

~ 7.2.10 ⌫ an ¸N~™u 0, È?€˜v ⇧ > � > 0 � �. K
1P
n=1

an cosnx 3

[�, 2⇧� �] ˛òó¬Ò.
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y≤ œè

Ak(x) = cos x+ cos 2x+ · · ·+ cos kx =
sin
�
k +

1
2

�
x� sin

x

2

2 sin
x

2

,

§±

|Ak(x)| 6
1��sin x

2

�� 6
1

sin
�

2

.

˘`≤ {An(x)} 3§â´m˛òók.. q {an} w,¸N~òó™u 0. §±⌃?Í

3Ω¬�´m˛¥òó¬Ò�.

~ 7.2.11 ⌫
1P
n=1

an ¬Ò, ¶y:

1P
n=1

an
nx 3 [0,+1) ˛òó¬Ò.

y≤ œè
1P
n=1

an òó¬Ò£ßÜ x ä�Œ√'X§, � { 1
nx} È�Ω� x > 0 ¸

N4~, �Ö | 1
nx | 6 1 òók.. §±⌃?Í3 [0,+1) ˛òó¬Ò.

7.2.3 òó¬Ò?Í�5ü

∑ÇÚw, ¥òó¬Ò�Vg, ¶∑Çå±?ÿºÍë?Í⁄ºÍ�5ü. '

uºÍ✏�4ÅºÍ�5üåaq?1, œdÿ2¸’?ÿ.

Ωn 7.34 XJ?Í
1P
n=1

un(x) 3´m I ˛òó¬Òu S(x), Ö¶⁄ë un(x) 3

´m I ˛ÎY, K S(x) 3 I ˛èÎY.

y≤ È?ø x0 2 I, êáy≤ lim
x!x0

S(x) = S(x0) =å. ä‚ÎY�Ω¬, “á✏

Oÿ�™ |S(x)� S(x0)|. èd, È?ø� " > 0, dòó¬Ò5å�, �3 N , ¶È?€

x 2 I —k

|SN (x)� S(x)| < "/3.

2d SN (x)3 x0 �ÎY5£ß¥kÅáÎYºÍ�⁄§å�,�3 � > 0,� |x�x0| < �

û

|SN (x)� SN (x0)| < "/3.

§±, � |x� x0| < � û,

|S(x)� S(x0)| 6 |S(x)� SN (x)|+ |SN (x)� SN (x0)|

+ |SN (x0)� S(x0)| < ".

= S(x) 3 x0 ÎY. œd S(x) 3 I ˛ÎY. ⇤

5ø, TΩnkòáÈ~^�Ì2, =, ⌫¶⁄ë un(x) 3´m I ˛ÎY, XJ?Í
1P
n=1

un(x) 3 I �?òá4f´m˛òó¬Ò. K?Í
1P
n=1

un(x) 3 I ¬Ò, øÖ⁄ºÍ

3 I ˛èÎY. ÎY¥òá€‹5ü, òó¬Ò¥òá✓N5ü. áy≤/€‹0�ÎY,
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êIá3/€‹0NC�/✓N0̨ �òó¬Ò5=å. �zò:�ÎY, “¥✓N�Î

Y.

òá;.�~fE,¥?Í S(x) =
1P
n=1

ne�nx, x 2 (0,+1). ß3´m (0,+1)

˛ÿ¥òó¬Ò�,⇥3?€4f´m˛òó¬Ò. È?ø� x0 2 (0,+1),�3òá

� ˜v 0 < � < x0, ?Í3 [�,+1) ˛òó¬Ò, §±⁄ºÍ S(x) 3 x0 ?ÎY. du

x0 2 (0,+1) �?ø5, œd⁄ºÍ S(x) 3 (0,+1) ˛ÎY.

Ωn 7.35 ⌫?Í
1P
n=1

un(x) 3´m [a, b] ˛òó¬Òu S(x), œë un(x) 3 [a, b]

˛å», K⁄ºÍ S(x) 3 [a, b] ˛èå», Ö

b

a

S(x)dx =

b

a

 1X

n=1

un(x)

!
dx =

1X

n=1

b

a

un(x)dx.

y≤ ∑Ç�Ãá8�¥è⌦y≤»©⁄√Å¶⁄�⇥Ü5. §±ÿî⌫ {un(x)}
3 [a, b] ˛ÎY, ä‚Ωn7.34 , ⁄ºÍ S(x) èÎY, §±å».

?â " > 0, �3 N > 0, � n > N û, È§k� x 2 [a, b] k

|Sn(x)� S(x)| < ",

⇡� n > N ûk
����

b

a

S(x)dx�
b

a

Sn(x)dx

���� =
����

b

a

(S(x)� Sn(x))dx

����

6
b

a

|S(x)� Sn(x)|dx

< (b� a)".

=

lim
n!1

nX

k=1

b

a

un(x)dx = lim
n!1

b

a

 
nX

k=1

un(x)

!
dx = lim

n!1

b

a

Sn(x)dx =

b

a

S(x)dx

œd, ?Í
1P
n=1

b

a
un(x)dx ¬Ò, �Ö¬Òu b

a
S(x)dx. ⇤

~ 7.2.12 ⌫ f(x) =
1P
n=1

cosnx
n2 , ¶ ⇧

0 f(x)dx.

) d?Í�òó¬Ò5, å�k

⇧

0
f(x)dx =

1X

n=1

1

n2

⇧

0
cosnxdx = 0.
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Ωn 7.36 ⌫?Í�¶⁄ë un(x) 3 I = [a, b] kÎY◆Í, ?Í
1P
n=1

un(x) 3 I

¬Òu S(x),
1P
n=1

u0
n
(x) 3 I òó¬Ò, K⁄ºÍ S(x) 3 I åá, øk

 1X

n=1

un(x)

!0

=

1X

n=1

u0
n
(x).

y≤ ⌫
1P
n=1

u0
n
(x) òó¬Òu g(x), §±dΩn7.35 �

x

a

g(t)dt =
x

a

1X

n=1

u0
n
(t)dt =

1X

n=1

x

a

u0
n
(t)dt

= S(x)� S(a).

§± S0
(x) = g(x), =⁄ºÍåá, Ö¶◆⁄¶⁄$éå⇥Ü. ⇤
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SK 7.2

1. y≤¸á3�”´m I ˛òó¬Ò�?Í�⁄, è3 I ˛òó¬Ò.

2. (Ωe✏ºÍë?Í�¬Òç:

(1)

1X

n=1

ne�nx
; (2)

1X

n=2

xn
2

n
;

(3)

1X

n=1

(�1)
n

2n� 1

✓
1� x

1 + x

◆n

; (4)

1X

n=1

1

xn
sin
⇧
2n

;

(5)

1X

n=1

(x� 3)
n

n� 3n
; (6)

1X

n=1

n!
⇣x
n

⌘n
;

(7)

1X

n=1

cosnx

enx
; (8)

1X

n=1

xn

1� xn
.

3. 3´m [0, 1] ˛, Ω¬

un(x) =

8
<

:

1
n
, x =

1
n
,

0, x 6= 1
n

y≤?Í
1X

n=1

un(x) 3 [0, 1] ˛òó¬Ò, ⇥¥ßvk Weierstrass ⌥O{•�õõ

?Í.

4. Ôƒe✏?Í3âΩ´m˛�òó¬Ò5:

(1)

1X

n=1

sinnx

n2
, �1 < x < +1; (2)

1X

n=1

1

2n (1 + (nx)2)
, �1 < x < +1;

(3)

1X

n=1

(�1)
n�1xn, �1 < x < 1; (4)

1X

n=1

x2e�nx, 0 6 x < +1;

(5)

1X

n=1

(�1)
n

x+ n
, 0 6 x < +1; (6)

1X

n=1

1

nx
, 1 < x < +1;

(7)

1X

n=1

cosnx

n
, 0 < � 6 x 6 2⇧� �; (8)

1X

n=1

x2

(nen)x
, 0 6 x < +1.

5. y≤: e?Í
1X

n=1

an ¬Ò, K?Í
1X

n=1

an
enx
3 0 6 x < +1 •òó¬Ò.

6. y≤ºÍ ⇣(x) =
1X

n=1

1

nx
3 (1,+1) SÎY, ÖkÎY�à�◆Í.
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7. y≤: f(x) =
1X

n=1

sinnx

n4
� |x| < +1 û, ‰kÎY�◆�á˚.

8. ⌫ f(x) =
1X

n=1

xn cos n⇧
x

(1 + 2x)n
, ¶ lim

x!+1
f(x) 9 lim

x!1
f(x).

9. ⌫ f(x) =
1X

n=1

ne�nx
, ¶

ln 3

ln 2
f(x)dx.

10. 48Ω¬ [0, 1) ˛�ÎYåáºÍS✏ {fn} Xe: f1 = 1, 3 (0, 1) ˛k

f 0
n+1(x) = fn(x)fn+1(x), fn+1(0) = 1.

¶y: Èzá x 2 [0, 1) lim
n!1

fn(x) �3, ø¶—Ÿ4ÅºÍ.

11. y≤ Dini Ωnµ

(1) ⌫ {un(x)} ¥Ω¬34´m [a, b] ˛�öKÎYºÍ✏, Ö3d´m˛≈:¬

Ò". eÈ?ø�Ω� x 2 [a, b] Í✏ {un(x)} ¥¸N4~�, K {un(x)} 3
x 2 [a, b] ˛òó¬Ò".

(2) XJºÍë?Í
1P
n=1

un(x) 3´m [a, b] ˛≈:¬Ò S(x), Öœë un(x) 3´

m [a, b] ˛¥ÎYÖöK�, @o⁄ºÍ S(x) 3 [a, b] ÎY�ø©7á^á¥d?

Í3 [a, b] ˛òó¬Ò.
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§7.3 ò?Í⁄ Taylor –™

�!∑ÇÚ?ÿò´{¸�ºÍë?Í/ò?Í0µ
1X

n=0

anx
n
= a0 + a1x+ a2x

2
+ · · ·+ anx

n
+ · · · .

ø° an, n = 0, 1, · · · èò?Í�XÍ. Owß{¸, ∑Ç¨uy, ò?Í⁄�°á?ÿ

�n�?Í¥A^Å2ç�¸a≠áºÍë?Í. ˘èNAy⌦˘⇠òÈ{µ/{¸�

=¥≠á�0. ∑ÇƒkáÔƒß�⁄ºÍ�5üµΩ¬ç!ÎY5!åá5⁄å»5.

7.3.1 ò?Í�¬Ò´ç

⌫ò?Í�¬Ò´çè I. w,, x = 0 ¥òá¬Ò:, = 0 2 I£§±¬Ò´çøö

ò8§. e°�~fâ—¸´4‡úπ.

~ 7.3.1 � e✏¸áò?Í�¬Ò´ç

1 + 2
2x2 + 3

3x3 + · · ·+ nnxn + · · ·

1 + x+
x2

2!
+ · · ·+ xn

n!
+ · · ·

1òá?Íê3 x = 0 ?¬Ò, ˘¥œèÈu?ø x 6= 0, oUÈ˘⇠� N , ¶⇢

|x| > 1
N
, §±� n > N û, §k�ë nnxn �˝Èä—åu 1. �1◆á?ÍÈ?€�

x 2 (�1,+1) —¥˝È¬Ò�.

ÈòÑò?Í
1P
n=0

anxn, XJ3 x0 6= 0 ¬Ò, KÈu?ø˜v |x| < |x0| � x, k

anx
n
= anx

n

0

✓
x

x0

◆n

œè lim
n!1

anxn0 = 0£˘¥œèò?Í3 x0 ¬Ò§, §± |anxn0 | < M£k.§, =

|anxn| 6 M | x
x0
|n, � | x

x0
| < 1,

1P
n=0

| x
x0
|n ¬Ò∂œd

1P
n=0

|anxn| ¬Ò. oÉ, k

Ωn 7.37 eò?Í3 x0 ( 6= 0) ?¬Ò, K3§k |x| < |x0| ?˝È¬Ò. XJò

?Í3 x0 ?u—, K� |x| > |x0| ûu—.

ä‚˛„©€, ¬Òúπkn´åUµ

1
� =3 x = 0 ?¬ÒµI = {0};

2
� 3 I = (�1,+1) ˛??¬Ò;

3
� kÿè"�¬Ò:⁄u—:, §± I ¥òák.:8.

Ωn 7.38 eò?Íkö"�¬Ò:⁄u—:, K�3Í R, ¶�ò?Í3

(�R,R) •˝È¬Ò, �� |x| > R û, ò?Íu—.
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y≤ duku—:, §± I ¥öòk.8, ⇡ I k˛(., Pè R. qdukö"

�¬Ò:, §± R > 0, ä‚c°�©€“⇢�Ωn�(ÿ. ⇤

Ωn 7.38 •� R °èò?Í�¬Òåª , (�R,R) °è¬Ò´m. y3ƒ�òŸ,

ò?Í�¬Ò´ç I XJÿ¥ {0} Ωˆ✓á¢∂, ƒ�˛¥òá±⌃:è•%�´m,

3˘á´mS‹, ò?Íÿ⇥¬Ò, �Ö˝È¬Ò. ê¥´m�‡:Iá‰N�ƒ.

7.3.2 ¬Òåª�Oé

l~ 7.3.1 §fi�¸á?Íå±w—, ò?Í�¬Ò´çÜß�XÍóÉÉ'. �

n ! 1 û, 1òá~f• an = nn ¥òá™u√°ö~Ø�√°å˛, �1◆á~fK

Éá, an =
1
n! ¥™u"Ñ›ö~Ø�√°⇥˛. œd, X€|^ò?ÍXÍJ¯�&E,

Oéß�¬Òåª¥�⇥!§á�ƒ�ØK.

Ωn 7.39 e lim
n!1

|an+1

an
| = L Ω lim

n!1
n
p
|an| = L, K

1P
n=0

anxn �¬Òåªè

R =
1

L
=

8
>>><

>>>:

0, L = +1;

1
L
, L kÅ;

+1, L = 0.

y≤ �ƒ

lim
n!1

����
an+1xn+1

anxn

���� = lim
n!1

����
an+1

an

���� |x| = L|x|.

œèò?Í3¬Ò´mS˝È¬Ò, §±d D’Alembert ⌥O{å�, � L|x| < 1, =

|x| < R =
1
L
û,

1P
n=0

anxn ¬Ò; �� |x|L > 1, = |x| > R ûu—. §±, ?Í�¬Òå

ªè R. 'u1◆´úπ�y≤aq, êá|^ë?Í� Cauchy ⌥O{=å. ⇤

~ 7.3.2 ¶?Í
1P
n=1

n↵xn �¬Òåª R ⁄¬Ò´ç I.

) œè lim
n!1

n
↵

(n+1)↵ = lim
n!1

⇣
n

n+1

⌘↵
= 1, ⇡ R = 1; AO

� ↵ = 0 û,

1P
n=1

xn 3 x = ±1 u—, §± I = (�1, 1)£ÿπ‡:§.

� ↵ = �1 û,

1P
n=1

1
n
xn 3 x = 1 u—, 3 x = �1 ¬Ò, §± I = [�1, 1)£πÜ‡

:, ÿπm‡:§.

� ↵ = �2 û,

1P
n=1

1
n2xn 3 x = ±1 —¬Ò, §± I = [�1, 1]£πÜ!m‡:§.

˘á~f`≤: ò¥3¬Ò´m�‡:á‰N�y; ◆¥Ü~7.3.1•�?ÍÉ',

� n ! 1 û, n↵
(↵ > 0) ¥' nn $��√°å˛. n↵

(↵ < 0) ¥' 1
n! $��√°⇥

˛.
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~ 7.3.3 ¶?Í
1P
n=1

⇣
(2n)!
(n!)2

⌘
x2n �¬Òåª R.

) Ü⇢Èœëan =

⇣
(2n)!
(n!)2

⌘
x2n ^⌥O™⇢

lim
n!1

����
an+1

an

���� = 4|x|2

§±� 4|x|2 < 1 û, ?Í¬Ò∂� 4|x|2 > 1 û, ?Íu—, §± R =
1
2 .

èå±r?Íw§¥ y = x2 �ò?Íø¶—¬Òåª, Å™â— x �¬Òåª.

~ 7.3.4 ¶
1P
n=0

anxn �¬Òåª, Ÿ•

an =

8
<

:
2
k, n = 2k;

k, n = 2k + 1.

) œèò?Í3¬Ò´mS˝È¬Ò, œdå±rò?Í�§¸á?Í�⁄

1X

n=0

anx
n
=

1X

n=0

2
nx2n +

1X

n=0

nx2n+1

£�°Ú◆ÿò?Í3˙��¬Ò´çS�å\5§. |^ D’Alembert ⌥O{å�, È

u?Í
1P
n=0

2
nx2nµ2|x|2 < 1û¬Ò, 2|x|2 > 1ûu—∂Èu?Í

1P
n=0

nx2n+1µ|x|2 < 1û

¬Ò, |x|2 > 1 ûu—. §±, ⌃?Í�¬Òåª¥µR =
1p
2
.

7.3.3 ò?Í�5ü

⌫ò?Í
1P
n=0

anxn 3 (�R,R) •¬Òu S(x), Ÿ• R ¥¬Òåª.

Ωn 7.40 ò?Í3 (�R,R) S?€4f´m [�r, r], 0 < r < R ˛òó¬Ò, œ

�, ⁄ºÍ S(x) 3 (�R,R) SÎY.

y≤ ?â 0 < r < R, K
1P
n=0

|anrn|¬Ò, �� |x| 6 rû

|anxn| 6 |anrn|,

d Weierstrass ⌥O{, ò?Í3 [�r, r] ˛òó¬Ò. È?ø� x0 2 (�R,R), òΩ�3

r ¶⇢ x0 2 [�r, r] ⇢ (�R,R), dò?Í3 [�r, r] ˛�òó5⇢⁄ºÍ S(x) 3 [�r, r]

˛ÎY, œd3 x0 ÎY. ⇤

?ò⁄, XJò?Í3‡:¬Ò, @oke✏(J.

Ωn 7.41 XJ?Í3´m (�R,R) �m£Ü§‡:¬Ò, K⁄ºÍ S(x) 3‡:

?m£Ü§ÎY.
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y≤ ÿî⌫ò?Í3m‡: x = R ¬Ò, êIy≤
1P
n=0

anxn 3 [0, R] òó¬Ò.

œè3 [0, R] ˛,
1X

n=0

anx
n
=

1X

n=0

anR
n

⇣ x
R

⌘n
,

d
1P
n=0

anRn ¬Ò9
�
x

R

�n ¸N~�Ö3 [0, R] ˛òók., ⇡?Í3 [0, R] •òó¬Ò.

,ò‡�y≤aq. ⇤

Ωn 7.42 ò?Í�⁄ºÍ S(x) 3¬Ò´m (�R,R) •å◆, øk

S0
(x) =

1X

n=1

nanx
n�1,

Ö¶◆��ò?Í�¬ÒåªEè R.

y≤ k¶
1P
n=1

nanxn�1 �¬Òåª. ?✓ x0 2 (�R,R), �3 r : |x0| < r < R,

?Í
1P
n=1

|anrn| ¬Ò, œd |anrn| < M k., §±

|nanxn�1
0 | = |anrn|

n

r

���
x0
r

���
n�1

6 M
n

r

���
x0
r

���
n�1

.

œè
P

n

r

��x0
r

��n�1 � |x0| < r û¬Ò, §±ò?Í
1P
n=1

nanxn�1 3 x0 ˝È¬Ò. è“¥

`
1P
n=1

nanxn�1 �¬Òåª R0 > R.

XJ R0 > R, K�3 x0µR0 > x0 > R, ¶⇢
1P
n=1

|nanxn�1
0 | ¬Ò. œè

x0|nanxn�1
0 | = |nanxn0 | > |anxn0 |

§±
P

|anxn0 | ¬Ò, ˘¥ÿåU�, §± R0
= R.

äèò?Í,

1P
n=1

nanxn�1 3 (�R,R) �?ø4f´m˛òó¬Ò, §±Ωn�(ÿ

3?ø4f´m˛§·, §±3 (�R,R) Szò:§·. ⇤

l˛„Ωnå±w—, ò?Í�◆ÍÑ¥k”⇠¬Òåª�ò?Í, §±å±UY

¶◆, =

Ìÿ 7.43 ò?Í�⁄ºÍ S(x) 3 (�R,R) •k?ø�◆Í, �Ö

S(k)
(x) =

1X

n=0

n(n� 1)(n� 2) · · · (n� k + 1)anx
n�k,

Ÿ¬Òåªè¥ R.

'uò?Í�»©∑ÇkXeΩnµ
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Ωn 7.44 ò?Í�⁄ºÍ S(x) 3 (�R,R) Så», Ök

x

0
S(t) dt =

x

0

 1X

n=0

ant
n

!
dt =

1X

n=0

x

0
ant

n
dt =

1X

n=0

an
n+ 1

xn+1, x 2 (�R,R)

øÖ»©�⇢�ò?Í�¬ÒåªEè R.

~ 7.3.5 Æ�ò?Í S(x) =
1P
n=0

x
n

n! 3✓áÍ∂˛¬Ò, K

S0
(x) =

1X

n=1

xn�1

(n� 1)!
= S(x) (�1 < x < +1),

)dá©êß⇢

S(x) = Aex.

du S(0) = 1, ⇡ S(x) = e
x
, =

e
x
=

1X

n=0

xn

n!
(�1 < x < +1).

~ 7.3.6 ¶?Í
1P
n=0

nxn �⁄.

) N¥�⌫Tò?Í�¬Òåªè 1, 3 x = ±1 u—, ⇡¬Ò´mè (�1, 1). P

⁄ºÍè S(x) = x
1P
n=1

nxn�1
, - f(x) =

1P
n=1

nxn�1
, È |x| < 1, ≈ë»©, ⇢

x

0
f(t)dt =

1X

n=1

xn =
x

1� x
.

�™¸‡È x ¶◆, ⇢ f(x) = 1
(1�x)2 , §±⁄ºÍ¥

S(x) =
x

(1� x)2
, |x| < 1.

ddqå¶—ò⌦Íë?Í�⁄. ~X©O- x =
1
2 , x =

1
3 , ⇢

1X

n=1

n

2n
= 2,

1X

n=1

n

3n
=

3

4
.

.

7.3.4 ò?Í�$é

Èu¸áò?Í
1P
n=0

anxn ⁄
1P
n=0

bnxn. XJßÇ�¬Òåª©Oè R1 ⁄ R2, P

R = min{R1, R2}, @o˘¸áò?Í3�”�¬Ò´m (�R,R) •å±É\, Ö

1X

n=0

anx
n ±

1X

n=0

bnx
n
=

1X

n=0

(anx
n ± bnx

n
),
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¸áò?Íå±É¶, Ÿ(JÑ¥òáò?Í. è⌦Ú”gò�XÍ‹ø, ˘p∑

ÇÊ^ Cauchy ¶»�ê{, ˘⇠:

1X

n=0

anx
n

1X

n=0

bnx
n
=

1X

n=0

cnx
n,

Ÿ• cn =

nP
k=0

akbn�k. œèò?Í
1P
n=0

anxn ⁄
1P
n=0

bnxn 3ßÇ�˙�¬Ò´m (�R,R)

•˝È¬Ò, §±É¶�§⇢ò?Í
1P
n=0

cnxn è3 (�R,R) •˝È¬Ò.

ò?ÍçòÑ�/™¥3 x0 –m�ò?Í
1X

n=0

an(x� x0)
n
= a0 + a1(x� x0) + · · ·+ an(x� x0)

n
+ · · ·

É�uc°?ÿ�ò?Í3§Ω¬�Í∂˛â⌦òá≤£. ¬Ò´mè“≤£± x0

è•%�òá´m˛µ (x0 �R, x0 +R) ±9åU�‡: x0 �R (Ω x0 +R) .

5P n˛§„, ÿ⌦ò?Í�¬Ò´ç¥òá´m , Ÿ¶�)€5ü⁄ıë™

ºÍvküo´O. ¶◆å±≈ë¶◆, »©èå±≈ë»©, êÿLò?Í¶◆Ω»©

�, ß�/gÍ0ÿ¨îıë™@⇠¸$ΩJp£ò?Í�/gÍ0¥√°�§.

7.3.5 ºÍ� Taylor –m™

ñd, ∑ÇÔƒ⌦ò?Í�¬Ò´ç±9⁄ºÍ�à´5ü. ⇥3¢SA^•, ≤

~áØ, òáâΩ�ºÍ f(x) 3üoúπe⁄üoâåSå±–m§òáò?Í?

XJ f(x) å±L´§ò?Í, =ßå±L´§ f(x) =
1P
n=0

an(x � x0)n, §±, f(x)

7k?ø�á˚. ¸>¶◆�- x = x0, k an =
f
(n)(x0)
n! . œd, XJ f(x) U⌦L´§ò

?Í, @o˘áò?Í¥çò(Ω�, ß“¥

f(x) =
1X

n=0

f (n)
(x0)

n!
(x� x0)

n.

áÉ, È3: x0 k?ø�á˚�ºÍ f(x), oU�Eò?Í
1X

n=0

f (n)
(x0)

n!
(x� x0)

n,

°ßè f(x) 3: x0 � Taylor ?Í, Pä

f(x) ⇠
1X

n=0

f (n)
(x0)

n!
(x� x0)

n.

AO� x0 = 0û, ?Í
1X

n=0

f (n)
(0)

n!
xn
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è°è f(x) � Maclaurin ?Í. g,áØ, ˘⇠�E�ò?Í¥ƒ¬ÒuºÍ f(x)

g⌧∫XJ¬Ò, 3üoâåS¬Ò∫

d Taylor Ωn�, eºÍ f(x) 3: x0 �,ò⇡çS‰k?ø�á˚, K

f(x) = f(x0) +
f 0
(x0)

1!
(x� x0) +

f 00
(x0)

2!
(x� x0)

2

+ · · ·+ f (n)
(x0)

n!
(x� x0)

n
+Rn(x),

Ÿ•

Rn(x) =
f (n+1)

(⇠)

(n+ 1)!
(x� x0)

n+1,

� ⇠ ¥ x0 Ü x Ém�ò:. ddåÑ

Ωn 7.45 ⌫ºÍ f(x) 3´m (x0 � R, x0 + R) ˛k?ø�á˚, K f(x) 3

(x0 � R, x0 + R) ˛å±–§ Taylor ?Í�ø©7á^á¥È˘´mS�?ø: x, —

k

lim
n!1

Rn(x) = lim
n!1

f (n+1)
(⇠)

(n+ 1)!
(x� x0)

n+1
= 0,

AO, � f(x) �à�á˚3´m (x0 � R, x0 + R) S?€4´m˛òók., K f(x)

3˘´m˛å±–§ Taylor ?Í

à�◆Íòók.=¥�3òáÍ M , ¶⇢ |f (n)
(x)| < M (n = 1, 2, · · · ). u¥,

È?ø x 2 (x0 �R, x0 +R), ✓ r : |x� x0| < r < R, k

|Rn(x)| =
����
f (n+1)

(⇠)

(n+ 1)!
(x� x0)

n+1

���� < M
|x� x0|n+1

(n+ 1)!

6 M
rn+1

(n+ 1)!
.

§±

lim
n!1

|Rn(x)| 6 lim
n!1

rn+1

(n+ 1)!
= 0.

Èu–�ºÍ, Ÿ Taylor –m•�{ë Rn Æ≤31nŸ•✏—, œdêáu��

n ! 1 û, {ë�4Å¥ƒè"=å.

1. çÍºÍ f(x) = e
xµ

� |x| < M û, |f (n)
(x)| = |(ex)(n)| = |ex| 6 e

|x| 6 e
M

(n = 1, 2, · · · ), Ö f (n)
(0) =

1, §±

e
x
=

1X

n=0

xn

n!

qœè M ¥?ø�, §±˛°�–m™È§k¢Í§·. AO✓ x = 1, k

e =

1X

n=0

1

n!
.
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2. n�ºÍºÍ sin x ⁄ cos xµ

œè, È?ø�¢Í x —k
����
d
n

dxn
sin x

���� =
���sin

⇣
x+

n⇧
2

⌘��� 6 1 (n = 1, 2, · · · ),

⇡uºÍ sin x (”⇠Ñk cos x) å3✓áÍ∂˛–§ò?Í.

sin x = x� x3

3!
+

x5

5!
� · · ·+ (�1)

m
x2m+1

(2m+ 1)!
+ · · · . (�1 < x < +1)

cos x = 1� x2

2!
+

x4

4!
� · · ·+ (�1)

m
x2m

(2m)!
+ · · · . (�1 < x < +1)

3. ◆ë™ºÍ f(x) = (1 + x)↵ £↵ è?ø¢Í§µ

^aq˛„ê{èå±⇢◆ë™ (1 + x)↵ � Taylor –m™. è;ù✏O{ë�

(J, å^e„ê{.

œè

f (n)
(0) =

d
n

dxn
(1 + x)↵

����
x=0

= ↵(↵� 1) · · · (↵� n+ 1),

§±◆ë™ (1 + x)↵ � Maclaurin ?Íè

1 + ↵x+
↵(↵� 1)

2!
x2 + · · ·+ ↵(↵� 1) · · · (↵� n+ 1)

n!
xn + · · · .

du

lim

����
↵(↵� 1) · · · (↵� n)

(n+ 1)!

n!

↵(↵� 1) · · · (↵� n+ 1)

���� = lim

����
↵� n

n+ 1

���� = 1,

⇡˘á?Í�¬Òåªè 1. è⌦y≤ß3¬Ò´m (�1, 1) ˛�⁄ºÍ“¥ (1 + x)↵,

⌫

F (x) = 1 +

1X

n=1

↵(↵� 1) · · · (↵� n+ 1)

n!
xn,

≈ë¶◆⇢

F 0
(x) =

1X

n=1

↵(↵� 1) · · · (↵� n+ 1)

(n� 1)!
xn�1,

± 1 + x ¶d�™�¸‡, ø‹øm‡ x �”gòXÍ“⇢'X™

(1 + x)F 0
(x) = ↵F (x),

)dá©êßø5ø F (0) = 1, =é⇢

F (x) = (1 + x)↵.

� ↵ ¥g,Íû (1 + x)↵ �–m™“¥Ÿ��◆ë™Ωn.
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XJ- ↵ = �1, 12 ,�
1
2 , “⇢Aá~Ñ�◆ë™?Í.

1

1 + x
=

1X

n=0

(�1)
nxn (�1 < x < 1);

p
1 + x = 1 +

1

2
x+

1X

n=2

(�1)
n�1 (2n� 3)!!

(2n)!!
xn (�1 6 x 6 1);

1p
1 + x

= 1 +

1X

n=1

(�1)
n
(2n� 1)!!

(2n)!!
xn (�1 < x 6 1).

kûÈ,⌦ºÍ� Taylor –™≈ë¶◆Ω≈ë»©èU⇢,ò⌦ºÍ� Taylor

–™. ~X, eÚ–m™

1

1 + x
=

1X

n=0

(�1)
nxn (�1 < x < 1)

�¸‡l 0  x »©“⇢ÈÍºÍ ln(1 + x) � Taylor –™

ln(1 + x) =
1X

n=0

(�1)
n
xn+1

n+ 1
(�1 < x < 1).

du–™m‡�ò?Í3 x = 1 ¬Ò, §±–™�§·´mè �1 < x 6 1, Ök
1X

n=0

(�1)
n

n+ 1
= ln 2.

”⇠l–m™
1

1 + x2
=

1X

n=0

(�1)
nx2n (�1 < x < 1)

≈ë»©å⇢áÉºÍ� Taylor –™

arctan x =

1X

n=0

(�1)
n
x2n+1

2n+ 1
(�1 6 x 6 1).

✓ x = 1, “⇢Í ⇧
4 �?ÍL´

⇧
4

= 1� 1

3
+

1

5
� · · ·+ (�1)

n
1

2n+ 1
+ · · · .

~ 7.3.7 ÚºÍ 1
(1�x)(2�x) –§ Maclaurin ?Í.

) du
1

(1� x)(2� x)
=

1

1� x
� 1

2� x
.

q

1

1� x
=

1X

n=0

xn, (�1 < x < 1)

1

2� x
=

1

2

1

1� x

2

=
1

2

1X

n=0

⇣x
2

⌘n
. (�2 < x < 2)
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§±, � �1 < x < 1 ûk

1

(1� x)(2� x)
=

1X

n=0

✓
1� 1

2n+1

◆
xn.

~ 7.3.8 3 x = 3 ?, r ln x –§ Taylor ?Í.

) ln x = ln(x� 3 + 3) = ln 3 + ln
�
1 +

x�3
3

�
, §±

ln x = ln 3 +

1X

n=1

(�1)
n�1 1

n

✓
x� 3

3

◆n

= ln 3 +

1X

n=1

(�1)
n�1 (x� 3)

n

n3n
,

–m™3 �1 < x�3
3 6 1, = �3 < x� 3 6 3 •§·.

5P 3 e
x �–m™•, å±^EÍìO x. AOÈu x = i� ¥XJÍû (Ÿ• i

¥JÍ¸†)

e
i�
=

1X

n=0

(i�)n

n!
=

✓
1� �2

2!
+
�4

4!
� · · ·+ (�1)

m
�2m

(2m)!
+ · · ·

◆

+ i

✓
�� �3

3!
+
�5

5!
� · · ·+ (�1)

m
�2m+1

(2m+ 1)!
+ · · ·

◆
.

ÿJuy, ˛™�¢‹⁄J‹¥n�ºÍ sin� ⁄ cos� � Taylor –m™, œdk

e
i�
= cos�+ i sin�

˘“¥Õ∂� Euler ˙™.

ÈuòÑ�EÍ a+ ib, ⌫ r ¥ß�⌧�, � ¥Ã�, KEÍå±L´§

a+ ib = r(cos�+ i sin�) = rei�

5ø e
�i�

= cos�� i sin�, §±∑Ç⇢n�ºÍ�çÍL´

cos x =
e
ix
+ e

�ix

2
, sin x =

e
ix � e

�ix

2i

È'òeV≠ºÍ

cosh x =
e
x
+ e

�x

2
, sinh x =

e
x � e

�x

2

�Ω¬, ÿJuy¸ˆ�aq5.

'˛°�~fçè2ç�¥, XJ∑Çrò?Í�nÿˇ–EXÍ⁄EC˛�ò

?Í, K¥EC˛�)€ºÍ�—u:. ˘⌦SN, ÷ˆ3'u/ECºÍ0�ëß•Ú

¨ç[⌦).
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SK 7.3

1. ¶e✏ò?Í�¬Òåª:

(1)

1X

n=1

(�1)
n+1x

n

n2
; (2)

1X

n=1

(n!)2

(2n)!
xn;

(3)

1X

n=1

2
nx2n; (4)

1X

n=1

xn

an + bn
(a > 0, b > 0);

(5)

1X

n=1

(x� 2)
2n�1

(2n� 1)!
; (6)

1X

n=1

3
n
+ (�2)

n

n
(x+ 1)

n
;

(7)

1X

n=1

✓
1 +

1

2
+ · · ·+ 1

n

◆
xn; (8)

1X

n=1

xn
2

2n
.

2. ⌫ f(x) =
1P
n=0

anxn 3 |x| < R û¬Ò, e
1P
n=0

an
n+1R

n+1 è¬Ò, K

R

0
f(x) dx =

1X

n=0

an
n+ 1

Rn+1.

(5ø: ˘pÿ+
1P
n=0

anxn 3 x = R ¥ƒ¬Ò). A^˘á(Jy≤

1

0

1

1 + x
dx = ln 2 =

1X

n=1

(�1)
n�1 1

n
.

3. ¶e✏ò?Í�¬Ò´ç9Ÿ⁄ºÍ.

(1)

1X

n=0

(�1)
n
x2n+1

2n+ 1
; (2)

1X

n=0

(n+ 1)xn;

(3)

1X

n=1

n(n+ 1)xn�1
; (4)

1X

n=1

xn

n(n+ 1)
;

(5)

1X

n=1

x2n�1

(2n� 1)!!
.

4. ¶e✏?Í�⁄:

(1)

1X

n=2

1

(n2 � 1)2n
; (2)

1X

n=0

(�1)
n
(n2 � n+ 1)

2n
;

(3)

1X

n=0

(�1)
n

3n+ 1
; (4)

1X

n=0

(n+ 1)
2

n!
.

5. ¶e✏ºÍ3çΩ:?� Taylor –m™, øâ—¬Ò´ç.
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(1) x3 � 2x2 + 5x� 7, x = 1; (2) e
x
a , x = a;

(3) ln x, x = 1; (4)
1

x2 + 3x+ 2
, x = �4;

(5) ln(1 + x� 2x2), x = 0; (6) cos x, x =
⇧
4
.

6. ¶e✏ºÍ� Maclaurin –m™, øâ—¬Ò´ç.

(1) sin
2 x; (2) arcsinx;

(3) ln

r
1 + x

1� x
; (4) (1 + x) ln(1 + x);

(5)

x

0
cos x2 dx; (6)

x

0

sin x

x
dx;

(7)

x

0
e
�x

2
dx.

7. êß y + � sin y = x (� 6= �1) 3 x = 0 NC(Ω⌦òá€ºÍ y(x), ¡¶ß�ò?

Í–m™•�coë.
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§7.4 ?Í�A^

?Í3Í∆⁄Ÿ¶∆â�A^âåö~2ç, �!ÚÃá0↵náê°�A^.

7.4.1 ^?Íê{Oé»©

∑Ç�⌫,=¶⇢»ºÍ¥–�ºÍ,ò⌦»©�⌃ºÍ¥√{w™/d–�ºÍL

´�,œ�√{¶^ Newton—Leibniz ˙™. ˘¶⇢»©¨⌫)Èå(J. ⇥¥XJÚ⇢

»ºÍ–m§ò?Í, ä‚ò?Í�nÿ, ∑Çå±≈ë»©, èdâ∑ÇJ¯⌦Oé»

©�ò^åU�Âª.

~ 7.4.1 Oé»©
1

0

ln(1 + x)

x
dx.

) 5ø–m™ ln(1+ x) =
1X

n=0

(�1)
n
xn+1

n+ 1
�¬Òåª¥ 1, ⇥¥3¬Ò´m�m

‡:è¥¬Ò�. œd

1

0

ln(1 + x)

x
dx =

1

0

 1X

n=0

(�1)
n

xn

n+ 1

!
dx

=

1X

n=0

(�1)
n

1

0

xn

n+ 1
dx =

1X

n=0

(�1)
n

(n+ 1)2

Å��(J¥òá¬Ò�Íë?Í(�,è¥òá¢Í).

~ 7.4.2 Oé˝↵»©
1

0

dup
(1� u2)(1� k2u2)

, k2 < 1.

) äCÜ u = sin x, K

1

0

dup
(1� u2)(1� k2u2)

=

⇧
2

0

dxp
(1� k2 sin2 x)

Ú⇢»ºÍUÏ
1p
1� x

= 1 +

1X

n=1

(2n� 1)!!

(2n)!!
xn (�1 < x 6 1)

–m
1p

1� k2 sin2 x
= 1 +

1X

n=1

(2n� 1)!!

(2n)!!
k2n sin2n x

5ø k2 sin2 x < 1, §±˛™È§k� x —§·. |^

⇧
2

0
sin

m x dx =

8
<

:

(m�1)!!
m!! , m è€Í,

(m�1)!!
m!! · ⇧2 , m èÛÍ.
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ø≈ë»©⇢
⇧
2

0

dxp
(1� k2 sin2 x)

=
⇧
2

 
1 +

1X

n=1

✓
(2n� 1)!!

(2n)!!

◆2

k2n
!
.

œd, ˝↵»©�?øCqäå±l˛™•⇢.

7.4.2 CqOé

ºÍ–m§ò?Í�,“øõX3òΩ�âåSºÍCq§èòáıë™,ÿ↵£=

{ë§ë n Oå™u". ~XÈÍºÍ ln(1 + x) � Taylor –™

ln(1 + x) =
1X

n=0

(�1)
n
xn+1

n+ 1
(�1 < x 6 1).

œd3 x = 1 ?�ºÍäè

ln 2 =

1X

n=0

(�1)
n

n+ 1
.

˘¥òá⇥Ü?Í, ä‚ Leibniz ⌥O{£Ωn7.13§, XJáOéCqäø¶ÿ↵⇥

u0.01, êáOé?Í�c 100 ë=å.

�áOé3 x =
1
2 �ä

ln
3

2
=

1X

n=0

(�1)
n

1

2n+1(n+ 1)

ø⇥±”⇠�∞›, êáOéc 4 ë=å.

”n, d e
x, arctan x �–m™, ∑Çk

e =

1X

n=0

1

n!
.

⇧
4

= 1� 1

3
+

1

5
� · · ·+ (�1)

n
1

2n+ 1
+ · · ·

˘⇠“å±Oé— e ⁄ ⇧ �Cqä, ¶+ßÇ—¥√nÍ.

5P 3?1CqOéû, ÿ⇥áJ¶∞›pßÑá3⇥±∞›�”û¶åU~�

Oé˛, Ω(‹¢SØKâ—‰Nê{. ˘⌦;Ä�Oéê{ÔƒÆá—⌦�◆·�â

å, a,��÷ˆå±Î�Oéê{ê°�Î�÷.

^ıë™Cq£Ω°è“%C”§òáºÍÿ⇥3CqOé•, $ñ3ò⌦nÿ⁄A

^Ôƒ•‰k�r�ä^. è,8c∑Ç›∫�=¥ä‚ Taylor �gé, È‰kp�◆

Í, $ñ‰k√°g◆ÍÖU–m§ò?Í�ºÍå±dıë™%C, ⇥ Weierstrass â

—òáØ<�(J, =?€4´m˛ÎYºÍ£øÿá¶k?€�◆Í§å±dıë™

%C. k'SNÚ3�Yëß•0↵.
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7.4.3 á©êß�ò?Í)

⌫3◆�á©êß

y00 + p(x)y0 + q(x)y = 0

•, p(x) ⁄ q(x) 3 x0 �⇡çå±–§ò?Í, Kå±bΩêß3 x0 �⇡çkò?Í)

y =

1X

n=0

an(x� x0)
n.

XJÆ≤â—–©^á y(x0) = y0, y0(x0) = y00, Kw,Ak a0 = y0, a1 = y00. ì\êß

�, Ü‡U x � x0 �”gò‹ø�, àë�XÍ—¥", “å±)— a2, a3, · · · , an, · · · ,
l�⇢êß3 x0 ⇡çS�ò?Í).

~ 7.4.3 ¶ Airy êß

y00 � xy = 0

�ò?Í).

) ⌫

y =

1X

n=0

anx
n.

ì\⌃êß, “⇢

2a2 +
1X

n=1

((n+ 2)(n+ 1)an+2 � an�1) x
n
= 0.

=k

a2 = 0, an+2 =
an�1

(n+ 1)(n+ 2)
, (n > 1)

3˛°�4Ì'X™•, ÿJuy, a3k+2 = 0, ⇥ a0 ⁄ a1 å±¥?ø�, ÿî⌫

a0 = C1 ⁄ a1 = C2, K

a3k =
C1

2 · 3 · 5 · 6 · · · (3k � 1) · 3k =
1 · 4 · 7 · · · (3k � 2)

(3k)!
C1

a3k+1 =
2 · 5 · 8 · · · (3k � 1)

(3k + 1)!
C2

⇡êß�œ)è

y = C1y1 + C2y2.

Ÿ•

y1 = 1 +

1X

k=1

1 · 4 · 7 · · · (3k � 2)

(3k)!
x3k

y2 = x+

1X

k=1

2 · 5 · 8 · · · (3k � 1)

(3k + 1)!
x3k+1
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~ 7.4.4 ⌫ ⌫ > 0, ¶)e✏ Bessel êß

x2y00 + xy0 + (x2 � ⌫2)y = 0,

˘pÿî⌫ ⌫ > 0 ø°Éè Bessel êß��.

) p(x) = 1
x
, q(x) = x

2�⌫
2

x2 . åbΩêß�)è

y = x�
1X

n=0

anx
n, a0 6= 0.

Ÿ• � èñΩ~Í"Oéå⇢

x2y00 =
X

n=01

(n+ �)(n+ �� 1)anx
n+�,

xy0 =
1X

n=0

(n+ �)anx
n+�,

x2y =

1X

n=2

an�2x
n+�,

�⌫2y =

1X

n=0

�⌫2anxn+�.

Ú˛✏à™ì\êß�Ü‡, ⇢

(�2 � ⌫2)a0x
�
+ ((�+ 1)

2 � ⌫2)a1x
�+1

+

1X

n=2

��
(�+ n)2 � ⌫2

�
an + an�2

�
xn+�

= 0.

'� x à��XÍ, ƒk7k � = ±⌫. k⌫ � = ⌫ > 0.˘ûAk a1 = 09

an = � an�2

(⌫ + n)2 � ⌫2
= � an�2

n(n+ 2⌫)
.

u¥k

a2k+1 = a1 = 0, (k = 0, 1, 2, · · · )

9

a2k = � a2k�2

22k(k + ⌫)
= · · · = (�1)

ka0
22kk!(⌫ + 1) · · · (⌫ + k)

.

✓ a0 = 2
�⌫

, K

a2k =
(�1)

k

k!(⌫ + 1) · · · (⌫ + k)

1

22k+⌫
,

“⇢êß�òáA)

y1 = J⌫(x) =
1X

k=0

(�1)
k

k!(⌫ + 1)(⌫ + 2) · · · (⌫ + k)

⇣x
2

⌘2k+⌫

.
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� ⌫ ÿ¥✓Íû, ✓ � = �⌫, aq/å⇢Bessel êß�,òá)

y2 = J�⌫(x) =
1X

k=0

(�1)
k

k!(�⌫ + 1)(�⌫ + 2) · · · (�⌫ + k)

⇣x
2

⌘2k�⌫

.

duêß¥Ç5�, §±� ⌫ ÿ¥✓Íû, êß�œ)“¥

y = C1J⌫(x) + C2J�⌫(x).

Bessel êß�¸á) J⌫(x) ⁄ J�⌫(x) °è1òa Bessel ºÍ. è,ßÇå±L´§ò

?Í, ⇥å±y≤ßÇÿ¥–�ºÍ.

� ⌫ ¥✓Íû, J�⌫(x) √ø¬, XJá¶êß�,òá), “Iá⁄?1◆a

Bessel ºÍ, ˘Æá—�÷�âå, 2gÿä?ò⁄?ÿ.

7.4.4 Stirling ˙™

Å�, ∑Çá?ÿòáÈk��ØK. å[�⌫, �'�√°å˛��û, n↵
(↵ >

0), an (|a| > 1), n!, nn u— +1 �Ñ›òá'òáØ. Stirling ˙™“¥â— n! ⁄

nn Ém�ò´'X. è⌦â—˘á'X, ∑Çky≤e°�⁄n.

⁄n 7.46 (Wallis) P 2n!! Ü (2n� 1)!! ©OL´c n áÛÍ⁄c n á€Í�Î

Y¶», K
⇧
2

= lim
n!1

1

2n+ 1


2n!!

(2n� 1)!!

�2
.

y≤ œè� 0 < x < ⇧
2 û§·

sin
2n+1 x < sin

2n x < sin
2n�1 x,

»©⇢
⇧
2

0
sin

2n+1 xdx <

⇧
2

0
sin

2n xdx <

⇧
2

0
sin

2n�1 xdx,

§±
2n!!

(2n+ 1)!!
<

(2n� 1)!!

2n!!

⇧
2

<
(2n� 2)!!

(2n� 1)!!
,

= 
2n!!

(2n� 1)!!

�2
1

2n+ 1
<
⇧
2

<


2n!!

(2n� 1)!!

�2
1

2n
.

e-

an =


2n!!

(2n� 1)!!

�2
1

2n+ 1
, bn =


2n!!

(2n� 1)!!

�2
1

2n
.

KN¥⇢— {an} ¥4OÍ✏, {bn} ¥4~Í✏, Ö

bn � an =
1

2n(2n+ 1)


2n!!

(2n� 1)!!

�2
<
⇧
2

1

2n
.



288 1 7 Ÿ √°?Í

� n ! 1 û, ˘á↵ä™u", dd⇢ Wallis ˙™.

e°â— Stirling ˙™.

Ωn 7.47 (Stirling)

n! =
p
2n⇧

⇣n
e

⌘n
e

✓n
12n (0 < ✓n < 1).

y≤ 3–m™

ln
1 + x

1� x
= 2x

✓
1 +

1

3
x2 +

1

5
x4 + · · ·+ 1

2m+ 1
x2m + · · ·

◆

•- x =
1

2n+1 , “⇢

ln
n+ 1

n
=

2

2n+ 1


1 +

1

3

1

(2n+ 1)2
+

1

5

1

(2n+ 1)4
+ · · ·

�

Ω�§ ✓
n+

1

2

◆
ln

✓
1 +

1

n

◆
= 1 +

1

3

1

(2n+ 1)2
+

1

5

1

(2n+ 1)4
+ · · ·

˘á?Í�⁄w,åu 1, �⇥uràë©1˛�Í 5, 7, · · · ìÉ± 3 �§⇢�?ÍÉ

⁄

1 +
1

3


1

(2n+ 1)2
+

1

(2n+ 1)4
+ · · ·

�
= 1 +

1

12n(n+ 1)
,

§±kÿ�™

1 <

✓
n+

1

2

◆
ln

✓
1 +

1

n

◆
< 1 +

1

12n(n+ 1)

=

e <

✓
1 +

1

n

◆n+ 1
2

< exp

✓
1 +

1

12n(n+ 1)

◆
.

2� Í✏ {an =
n!en

n
n+1

2
}, k

an
an+1

=

�
1 +

1
n

�n+ 1
2

e
,

⇡⇢

1 <
an
an+1

< exp

✓
1

12n(n+ 1)

◆
.

l˛°Ü>ÿ�™Ì� an ¥4~Í✏, ø± 0 èŸe., §±7�3kÅ4Å a; lm

>ÿ�™Ì�

an exp(�
1

12n
) < an+1 exp(�

1

12(n+ 1)
)

= {an exp(� 1
12n)} ¥4OÍ✏, ÖE± a èŸ4Å. Xd˛°¸á¸NÍ✏��”4Å

a 70u˘¸áÍ✏�œë {an exp(� 1
12n)} Ü an Ém,

{an exp(�
1

12n
)} < a < an.
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e✓ ✓n = 12n ln
an
a
, K 0 < ✓n < 1, øÖÚ

an = a exp

✓
✓n
12n

◆

ì\ an �Là™“⇢

n! = a
p
n
⇣n
e

⌘n
exp

✓
✓n
12n

◆
.

u¥{e�ØK“¥á(Ω~Í a. du

(2n)!!

(2n� 1)!!
=

(2n!!)2

2n!
=

2
2n
(n!)2

2n!
,

⇥

n! =
p
n
⇣n
e

⌘n
an, 2n! =

p
2n

✓
2n

e

◆2n

a2n,

ì\˛™�m>, ⇢
(2n)!!

(2n� 1)!!
=

2
2n
(n!)2

2n!
=

r
n

2

a2
n

a2n
,

- n ! 1, ⇢
⇧
2

=
a2

4

l� a =
p
2⇧. ˘⇠“⇢ Stirling ˙™. ⇤
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SK 7.4

1. ¶e✏»©: (1)

1

0
e
�x

2
x; (2)

1

0

sin x

x
x.

2. ¶êß y00 � xy0 + y = 0 �ò?Í).

3. ¶êß y00 + y sin x = 0, y(0) = 1, y0(0) = 0 �ò?Í)ñ x5 ë.

4. |^ Stirling ˙™¶4Å.

(1) lim
n!1

n2p
n!; (2) lim

n!1

n
n
p
n!
.

5. Ôƒe✏?Í�Ò—5.

(1)

1X

n=3

1

ln(n!)
; (2)

1X

n=1

n!en

nn+p
(p ¥¢Í).

6. y≤: � n ! 1 û, ln(n!) ⇠ lnnn
.

1 7 Ÿn‹SK

1. Oé?Í
1X

n=1

1

n(n+ 1)

✓
1 +

1

2
+ · · ·+ 1

n

◆
�⁄.

2. y≤
1P
n=0

(�1)
n 2n+3
(n+1)(n+2) = 1.

3. ⌫ {an}¥�4OÍ✏. ¶y?Í
1P
n=1

⇣
an+1

an
� 1

⌘
¬Ò�ø©7á^á¥ {an}k

..

4. ⌫ ↵ > 0, {an} ¥4OÍ✏. ¶y?Í
1X

n=1

an+1 � an
an+1a↵n

¬Ò.

5. ⌫ �(x) ¥ (0,+1) ˛�ÓÇOºÍ, {an}, {bn}, {cn} ¥náÍ✏, ˜v

an+1 6 an � bn�(an) + cnan,
1X

n=1

bn = +1,
1X

n=1

cn < +1.

¶y lim
n!1

an = 0.

6. ⌫ {an} ¥Í✏¶⇢
1P
n=1

1
an
¬Ò. ¶y: �3~Í M > 0 ¶⇢

1X

n=1

n

a1 + a2 + · · ·+ an
6 M

1X

n=1

1

an
.

7. ⌫ {an} ¥òáÓÇ¸N4O¢Í✏,ÖÈ?ø✓Í n k an 6 n2
lnn. ¶y?Í

1X

n=1

1

an+1 � an
u—.
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8. XJ?Í
1P
n=1

|an+1 � an| ¬Ò, “°Í✏ {an} ¥kk.C↵�.

(1) y≤‰kk.C↵�Í✏ {an} òΩ¬Ò;

(2) �Eòáu—�√°?Í
1P
n=1

an ¶⇢Ÿœë {an} ¥òá‰kk.C↵�Í✏.

9. ⌫ºÍ✏ {fn(x)}, n = 1, 2, · · · 3´m [0, 1] ˛d�™

f0(x) = 1, fn(x) =
p
xfn�1(x)

Ω¬, y≤� n ! 1 û, ºÍ✏3 [0, 1] ˛òó¬ÒòáÎYºÍ.

10. 48Ω¬ÎYåáºÍS✏ f1, f2, · · · : [0, 1) ! R, Xe: f1 = 1, 3 (0, 1) ˛k

f 0
n+1 = fnfn+1,

Ö fn+1(0) = 1. ¶y: Èzòá x 2 (0, 1), lim
n!1

fn(x) �3, ø¶—Ÿ4ÅºÍ.

11. ⌫ f0(x) ¥´m [0, a] ˛ÎYºÍ, y≤UÏe✏˙™

fn(x) =
x

0
fn�1(u)u

Ω¬�ºÍ✏ {fn(x)} 3´m [0, a] ˛òó¬Òu 0.

12. |^◆ë™?Í, Oé
p
2 o†⇥Í.


