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11.2.2 êþ|3­¡þ�È©�O�

­¡�á�þ �­¡ S ´�3 R3 ¥���þ!��á, Ù�þ©Ù (¡

�Ý)�ëY¼ê ρ(x, y, z). ¦d�á��þ.

Ün��{´kò�á S ©�¤k��¿©���á¡:

S1, S2, · · · , Sn,

z�¡þ��þ�ÝCq���~ê ρ(ξi, ηi, ζi), ùp (ξi, ηi, ζi) ��¡ Si

þ��:,¤±�¡��þCq� ρ(ξi, ηi, ζi)∆Si,Ù¥ ∆Si ´�¡ Si �¡

È.ò¤kù��Cq��\Ò´�áo��þ�Cq�:
n∑
i=1

ρ(ξi, ηi, ζi)∆Si.

�©��©�[�,ù�Úª�4��ATÒ´�á��þ.
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½Â 1 � S ´�Ük.�1w­¡, f(x, y, z) ´½Â3 S þ�¼ê.

^?¿©{r S ©¤ n¬k¡È�­¡ S1, S2, · · · , Sn,ù
�­¡¬�¡
ÈP� ∆Si. 3z¬�­¡ Si þ?��: Pi(ξi, ηi, ζi),XJe�4�

lim
λ→0

n∑
i=1

f(ξi, ηi, ζi)∆Si,

´��k�ê,
�� Pi(ξi, ηi, ζi)�ÀJÃ',Ù¥ λ´¤k�¬­¡��

��»,K¡¼ê f(x, y, z)3­¡ S þ��È,4��Ò´§�È©�,P

¤ ∫∫
S

f(x, y, z)dS,

Ù¥ dS ¡�­¡�¡È��.

w,, ~�¼ê f = c 3k¡È σ(S) �­¡ S þ´�È�, �∫∫
S

c dS = cσ(S).
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½n 1 XJ f 3­¡ S þ�È,@o f 3 S þk..

½n 2 e f Ú gÑ3­¡ S þ�È, c1, c2´~ê,K c1f + c2g�3 S þ

�È,� ∫
S

(c1f + c2g) dS = c1

∫
S

f ds + c2

∫
S

g dS.

½n 3 � f Ú g Ñ3­¡ S þ�È.

(1)e f > 0,K

∫
S

f dS > 0; (2)e f > g,K

∫
S

f dS >
∫
S

g dS.

½n 4 � S1Ú S2´ü¡����¦¡È�­¡, S ´d S1� S2©�


¤�­¡. XJ f 3 S1 Ú S2 þÑ�È,@o f �3 S þ�È,¿�∫
S

f dS =

∫
S1

f dS +

∫
S2

f dS.
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½Â 2 8Ü E ⊂ R3 ¡���"ÿ8,e�31wN�

ϕ : [0, 1]× [0, 1]→ R3

¦� ϕ��CX E,
� E 3 ϕe���´ [0, 1]× [0, 1]¥�"ÿ8.

½n 5 � S ´�¬�¦¡È�­¡, f ´ S þk.¼ê, XJ f 3 S þ

�mä:�N´����"ÿ8,K f 3 S þ�È.

½n 6 (È©²þ�½n) � S ´�¬�¦¡È�­¡. e f ´ S þëY

¼ê,K�3 P0 ∈ S ¦�∫
S

f dS = f(P0)σ(S).

ùp σ(S)´ S �¡È.
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�1w­¡ S �äkëê�§L«

~r = ~r(u, v) = x(u, v)~i + y(u, v)~j + z(u, v)~k, (u, v) ∈ D,

�, Ù¥ D ´²¡ O′uv þ�k.4«�. �¼ê f(x, y, z) 3�¹ S ��

�«�SëY (k�{¡¼ê3 S þëY), K§3 S þ�­¡È©´�½

�3�,
�k∫∫
S

f(x, y, z)dS =

∫∫
D

f(x(u, v), y(u, v), z(u, v))|~r′u × ~r
′
v|dudv (11.1)

=

∫∫
D

f(x(u, v), y(u, v), z(u, v))
√
EG− F 2 dudv.

(11.2)

AO,XJ1w­¡ S d���I�§ z = z(x, y), (x, y) ∈ D �Ñ,Kk∫∫
S

f(x, y, z) dS =

∫∫
D

f(x, y, z(x, y))
√

1 + z′2x + z′2y dxdy.
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~ 1 � S ´1�%��¥¡ x2 + y2 + z2 = R2 (x > 0, y > 0, z > 0),

O�­¡È©
∫∫
S
(x2 + y2)dS.

) ò¥¡ S L«�ëê�§

x = R sin θ cosϕ, y = R sin θ sinϕ, z = R cos θ,

K θ, ϕ�Cz��´²¡ O′θϕþ�Ý/ D′

0 6 θ 6
π

2
, 0 6 ϕ 6

π

2
,


¥¡�¡È���

dS = R2 sin θdθdϕ,

¤± ∫∫
S

(x2 + y2)dS =

∫∫
D′
R2 sin2 θ ·R2 sin θdθdϕ

= R4

∫ π
2

0

dϕ

∫ π
2

0

sin3 θdθ =
1

3
πR4.
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){2 ù�È©��±lé¡5�¡�Ä, Ï�3 S þ, x2, y2, z2 �

È©´���,¤±∫∫
S

(x2 + y2)dS = 2

∫∫
S

x2dS

=
2

3

∫∫
S

(x2 + y2 + z2)dS

=
2R4

3

∫ π
2

0

dϕ

∫ π
2

0

sin θdθ

=
1

3
πR4.
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~ 2 � S´I¡ z2 = k2(x2 +y2) (z > 0)�Î¡ x2 +y2 = 2ax (a > 0)

¤���­¡,O�­¡È©
∫∫

S

(y2z2 + z2x2 + x2y2)dS.

) ¤�­¡ S �¡È��´

dS =
√

1 + z′2x + z′2y dxdy =
√

1 + k2dxdy.

¿� S 3²¡ Oxy þ�ÝK«� D ´�

x2 + y2 6 2ax,

u´��∫∫
S

(y2z2 + z2x2 + x2y2)dS

=
√

1 + k2

∫∫
D

(
k2(x2 + y2)2 + x2y2

)
dxdy

= 2
√

1 + k2

∫ π
2

0

dϕ

∫ 2a cosϕ

0

r5(k2 + cos2ϕ sin2ϕ)dr

=
π

24
a6(80k2 + 7)

√
1 + k2.

x

y

z

O
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~ 3 � S ´Î¡ x2 + y2 = a2 �²¡ z = 0Ú z = h (h > 0)¤�e

��¬Î¡. O�­¡È©
∫∫

S

(x4 + y4) dS.

) |^Î¡ëê�§. S �ëê�§�

~r = (a cosϕ, a sinϕ, z), (0 6 ϕ 6 2π, 0 6 z 6 h).

Ï�

~r′ϕ = (−a sinϕ, a cosϕ, 0),

~r′z = (0, 0, 1),

¤±

E = a2, F = 0, G = 1.

Ï�ù�Î¡'u x, y é¡,¤±∫∫
S

x4 dS =

∫∫
S

y4 dS.
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Ïdk ∫∫
S

(x4 + y4) dS = 2

∫∫
S

y4 dS

= 2

∫∫
06ϕ62π
06z6h

a4 sin4ϕ · a dϕdz

= 8a5

∫ π
2

0

sin4ϕdϕ ·
∫ h

0

dz

= 8a5 ·
(

3!!

4!!

π

2

)
· h

=
3

2
πha5.

10/10

‖J I‖ J I �£ �¶ '4 òÑ


	数量场在曲面上的积分的计算

