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�!(�K 10 ©) �®��§ φ
(
x+ z

y
+ z

x

)
= 0 (½
Û¼ê z = f(x, y). ¦

x ∂z
∂x

+ y ∂z
∂y
.

) �KÌ��	éEÜ¼ê¦�ÚÛ¼ê¦�§duK8®²`²�§

F (x, y, z) = φ
(
x+ z

y
+ z

x

)
= 0 (½
Û¼ê z = f(x, y). Ïd§

F ′z = φ′
(
x+

z

y
+
z

x

)(
1

y
+

1

x

)
6= 0,

¤± φ′ 6= 0. �P w = x+ z
y

+ z
x
. � z = f(x, y), K©Oé x, y ¦�, �

φ′(w) ·
(

1 +
z′x
y

+
z′xx− z
x2

)
= 0,

φ′(w) ·
(
z′yy − z
y2

+
z′y
x

)
= 0.

Ïd,

1 +
z′x
y

+
z′xx− z
x2

= 0,
z′yy − z
y2

+
z′y
x

= 0.

Ï


x
∂z

∂x
+ y

∂z

∂y
= z − x2y

x+ y
.

�!(�K 10 ©) ¦­¡ z =
√
x2 + y2 �¹3�Î x2 + y2 = 2x S�Ü©¡È"

) Äká�Ù¤¦­¡�½Â�"P D = {(x, y) |x2 + y2 6 2x}. §´���
»�1 ��§¡È� σ(D) = π.

éu­¡ z =
√
x2 + y2 k z′x = x√

x2+y2
, z′x = y√

x2+y2
.

u´§|^¦­¡z = f(x, y), (x, y) ∈ D ¡È�úª

σ(S) =

∫∫
D

√
1 + (f ′x)

2 + (f ′y)
2 dxdy
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@o¤¦­¡¡È�

S =

∫∫
D

√
1 + (z′x)

2 + (z′y)
2 dxdy

=

∫∫
D

√
1 +

x2

x2 + y2
+

y2

x2 + y2
dxdy

=

∫∫
D

√
2 dxdy

=
√

2 · σ(D) =
√

2π.

n!(�K 10 ©) ¦È© I =

∫∫∫
V

√
1− x2

a2
− y2

b2
− z2

c2
dV§Ù¥ V �ý¥ x2

a2
+

y2

b2
+ z2

c2
= 1 SÜ"

) Äk�C� x = au, y = bv, z = cw r¯Kz{§Ø�#
 Jacobiµ
∂(x,y,z)
∂(u,v,w)

= abc.

ù�È©Ò{z¤

I =

∫∫∫
V

√
1− x2

a2
− y2

b2
− z2

c2
dV

=

∫∫∫
B

√
1− u2 − v2 − w2

∂(x, y, z)

∂(u, v, w)
dudvdw

= abc

∫∫∫
B

√
1− u2 − v2 − w2dudvdw

ùp B = {(u, v, w) |u2 + v2 + w2 6 1}.
2�¥�IC� u = r sin θ cosϕ, v = r sin θ sinϕ, w = r cos θ, r ∈ (0, 1),

θ ∈ (0, π), ϕ ∈ (0, 2π). Kk∫∫∫
B

√
1− u2 − v2 − w2dudvdw =

∫∫∫
06r61
06θ6π
06ϕ62π

√
1− r2 · r2 sin θdrdθdϕ

=

∫ 1

0

√
1− r2 · r2 dr

∫ π

0

sin θ dθ

∫ 2π

0

dϕ

= 4π

∫ 1

0

√
1− r2 · r2 dr

= 4π · π
16

=
π2

4
.
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� I = π2

4
abc. �,§\��±òþãü�C�Ü¿¤�Ú"ùp�9��üCþÈ

©
∫ 1

0

√
1− r2 · r2 dr, �±^��{§- r = sin t∫ 1

0

√
1− r2 · r2 dr =

∫ π
2

0

cos2 t sin2 t dt

=
1

4

∫ π
2

0

sin2 2t dt =
1

8

∫ π

0

sin2 u du

=
1

8

∫ π

0

1− cos 2u

2
du =

1

16
π

o!(�K 10 ©) � ~v =
y2 + z2

r3
i− xy

r3
j− xz

r3
k ´½Â3 R3\{0} þ��þ|§Ù¥

r =
√
x2 + y2 + z2.

(1) y²µ~v �^Ý ∇× ~v = 0; (2) ¦�þ| ~v �³¼ê"

)

(1) Ò´�y§�±����©þ�µ∇× ~v �1��©þ�u

− ∂

∂y

xz

r3
+

∂

∂z

xy

r3

=
3xz

r4
y

r
− 3xy

r4
z

r
= 0;

1��©þ�u
∂

∂z

y2 + z2

r3
+

∂

∂x

xz

r3

=
2z

r3
− 3(y2 + z2)

r4
z

r
+
z

r3
− 3xz

r4
x

r

=
1

r5
(3zr2 − 3zr2) = 0;

1n�©þ�u

− ∂

∂x

xy

r3
− ∂

∂y

y2 + z2

r3

= − y

r3
+

3xy

r4
x

r
− 2y

r3
+

3(y2 + z2)

r4
y

r

=
1

r5
(−3yr2 + 3yx2 + 3y(y2 + z2)) = 0.

(2) Ò´)�§§�Ò´�¦��¼ê φ , ¦� ∇φ = ~v, '�1n�©þ
∂φ

∂z
= −xz

r3
��

φ(x, y, z) =
x

r
+ f(x, y).
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ùp f(x, y) ´È©~ê"�\�1��©þ
∂φ

∂y
= −xy

r3
��

∂f

∂y
= 0. ��|^

∂φ

∂x
=
y2 + z2

r3
=

∂

∂x

x

r

��
∂f

∂x
= 0, ¤±

φ =
x

r
+ c.

�,§XJ\ßÑ5
��±§�´I��y�

Ê!(�K 15 ©) ��þ| ~v = −xi + xyj +
√
x2 + y2 + z2 − 1

4
k§­¡ S = {x2 +

y2 + z2 = 1}, §���´	{�"¦�þ| ∇× ~v 3½�­¡ S þ�È©∫∫
S

∇× ~v · d~S.

) ù�Kkü«�{"

�{1µ��O���

∇× ~v =
y√
r2 − 1

4

i− x√
r2 − 1

4

j + yk. (......2©)

ü ¥¡�ü 	{�| ~n = xi + yj + zk§¤±

∇× ~v · ~n = yz.

ò­¡ S ©�üÜ©µS+ : z =
√

1− x2 − y2, S−1 : z = −
√

1− x2 − y2, ¦�k
�Ó�¡È� dS =

1√
1− x2 − y2

dxdy. ¤±

∫∫
S

∇× ~v · d~S =

∫∫
S

yzdS

=

∫∫
S+

yzdS +

∫∫
S−
yzdS

=

∫∫
x2+y2<1

y
√

1− x2 − y2 1√
1− x2 − y2

dxdy−∫∫
x2+y2<1

y
√

1− y2 − z2 1√
1− x2 − y2

dxdy

= 0

4



�{2µP ~F = 2√
3
yi − 2√

3
xj + yk. K3 S þ ∇ × ~v = ~F . Ï� ~F 3 B =

{x2 + y2 + y2 6 1} þ1w. �, d Gauss úª, k∫∫
S

∇× ~v · d~S =

∫∫
S

~F · d~S =

∫∫∫
B

div~F dσ = 0.

8!(�K 15 ©) O�Ã¡È© I =

∫ +∞

1

t2et(2−t) dt.

) aqù��K8§Ò´��{z¤/IO0/ª§¤¢IO/ªÒ´U


^ Γ ¼êL«§¿|^ Γ ¼ê�AÏ���(J"

I =

∫ +∞

1

t2e−(t−1)
2+1 dt

=

∫ +∞

0

(u+ 1)2e−u
2+1 du (�C� t = u+ 1)

= e

[∫ +∞

0

u2e−u
2

du+ 2

∫ +∞

0

ue−u
2

du+

∫ +∞

0

e−u
2

du

]
= e

[
1

2

∫ +∞

0

√
we−w dw +

∫ +∞

0

e−w dw +
1

2

∫ +∞

0

w−
1
2 e−w dw

]
= e

[
1

2
Γ

(
3

2

)
+ Γ(1) +

1

2
Γ

(
1

2

)]
= e

(
1

4

√
π + 1 +

1

2

√
π

)
= e

(
3

4

√
π + 1

)

Ô!(�K 15 ©) � f(x) = cosh(x− 1), 0 6 x 6 1. ¦T¼ê�{u?ê, ¿y²:

∞∑
n=1

1

n2π2 + 1
=

1

e2 − 1
.

) ò f(x) óòÿ� [−1, 1] ¦�¤�ó¼ê, 2± 2 �±Ïòÿ� (−∞,∞)

¦�¤���ê¶þ�ó¼ê, d� f(x) 3 (−∞,∞) þëY. �´3äNO�

FourierXê�§¿ØI�òþã(J�L«�Ñ5§Ï�O�Xê�È©��9�

[0, 1] «m"5¿�KØ2´IO� [−π, π], 
´ [−1, 1].

du´óòÿ§¤± bn = 0, 3O� an �,|^üg©ÜÈ©=�"

a0 = 2

∫ 1

0

f(x)dx = 2

∫ 1

0

cosh(x− 1)dx = 2 sinh(x− 1)
∣∣1
0

= 2 sinh 1.
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an = 2

∫ 1

0

f(x) cosnπx dx = 2

∫ 1

0

cosh(x− 1) cosnπx dx

= 2

[
cosh(x− 1)

nπ
sinnπx

∣∣∣1
0
− 1

nπ

∫ 1

0

sinh(x− 1) sinnπx dx

]
= − 2

nπ

∫ 1

0

sinh(x− 1) sinnπx dx

= − 2

nπ

[
−sinh(x− 1) cosnπx

nπ

∣∣∣1
0

+
1

nπ

∫ 1

0

cosh(x− 1) cosnπx dx

]
=

2 sinh 1

n2π2
− 1

n2π2
an.

�, an = 2 sinh 1
n2π2+1

.

u´¤¦ Fourier ?ê�

cosh(x− 1) = sinh 1 +
∞∑
n=1

2 sinh 1

n2π2 + 1
cosnπx, x ∈ [0, 1].

3þª¥� x = 0 ��£5¿d:Ø´mä:¤

cosh 1 = sinh 1 +
∞∑
n=1

2 sinh 1

n2π2 + 1
.

Ï
,
∞∑
n=1

1

n2π2 + 1
=

1

e2 − 1
.

ùp�9�'uV­¼ê��
{ü5�"¤¢V­¼ê½ÂXe£1�þ0�

L¤

coshx =
ex + e−x

2
, sinhx =

ex − e−x

2

§�÷v

(coshx)′ = sinhx, (sinhx)′ = coshx.

cosh2 x− sinh2 = 1

��aqn�¼ê�úª"V­¼ê¿ØE,§�´�´~^�¼ê§F"�[Ý

º"

l!(�K 15 ©, z�K 5 ©) � F (t) =

∫ +∞

0

sin tx

1 + x2
dx. ¦y: 1) F (t)3 (0,+∞)

þëY.

2) F (t) 3 (0,+∞) þ��.
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3) F (t) 3 (0,+∞) þ�����÷v�§ F ′′(t)− F (t) = −1

t
.

y²

1) )û1�¯´'�{ü�§��|^ Weierstrass �O{Ò�±"P f(x, t) =
sin tx
1+x2

. K |f(x, t)| 6 1
1+x2

. du f(x, t) ´��ëY¼ê, �
∫ +∞
0

1
1+x2

dx Âñ, �â

Weierestrass �O{� F (t) 3 (0,+∞) þëY.

2) �y²È©éëCþ t 3 (0,+∞)��§Äké�È¼ê¦ �, ,��

ä �ê�È©
∫ +∞

0

∂f

∂t
dx 3�o��S��Âñ"w, ∂f

∂t
= x cos tx

1+x2
. ���

ä
∫ +∞

0

∂f

∂t
dx 3 t ∈ (0,+∞) þ��Âñ´k(J�"Ïd§7LOPK8�

y²�´ F (t) 3 (0,+∞) þ��. Ïd§?��: t > 0, �½�3 t0 > 0 ¦�

t > t0 > 0, ù�XJUy²
∫ +∞

0

∂f

∂t
dx 3 [t0,+∞) þÈ©��Âñ, @o¼ê F (t)

3 [t0,+∞)þ��§�,3t ��§�ât �?¿5§Òy� F (t) 3(0,+∞) þ�

�"ù�´·3ù�¥�ErN��:§¦�´ÛÜ¯K§��´�N¯K"��

3�¹?¿�:£ÛÜ¤�«mS£�N¤��Âñ§Ò���¦��(J"£ë

Y5�kaq�/¤"

Ï� x
1+x2

3 x > 1 4~ªu 0, �éu?¿ t0 > 0,
∣∣∣∫ bt0 cos tx dx

∣∣∣ 6 2
t0
. �â

Dirichlet�O{�,

∫ +∞

0

∂f

∂t
(x, t) dx3 [t0,+∞)þ��Âñ. �, F (t)3 (0,+∞)þ

��, �

F ′(t) =

∫ +∞

0

x cos tx

1 + x2
dx (1)

3) 1n�¯K�9����ê§w,ØU��éëCþ¦�§Ïdé (1) ªm

à©ÜÈ©, �

F ′(t) = −1

t

∫ +∞

0

(1− x2) sin tx

(1 + x2)2
dx

= −1

t

∫ +∞

0

sin tx

(1 + x2)2
dx+

2

t

∫ +∞

0

x2 sin tx

(1 + x2)2
dx.

�,

tF ′(t) + F (t) = 2

∫ +∞

0

x2 sin tx

(1 + x2)2
dx. (2)
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þª��L�

tF ′(t)− F (t) = −2

∫ +∞

0

sin tx

(1 + x2)2
dx. (3)

Ï� sin tx
(1+x2)2

'u t ��¼ê� x cos tx
(1+x2)2

, §k��¼ê x
(1+x2)2

. �â Weierestrass �O

{� tF ′(t)− F (t) 3 (0,+∞) þ��, �

(tF ′(t)− F (t))′ = −2

∫ +∞

0

x cos tx

(1 + x2)2
dx.

ù`² F (x) 3 (0,+∞) þk���ê, �

tF ′′(t) = −2

∫ +∞

0

x cos tx

(1 + x2)2
dx.

éþªmà©ÜÈ©, �

tF ′′(t) =
cos tx

1 + x2

∣∣∣∣x=+∞

x=0

−
∫ +∞

0

−t sin tx

1 + x2
dx

= −1 + t

∫ +∞

0

sin tx

1 + x2
dx

= −1 + tF (t).

Ï
 F ′′(t)− F (t) = −1
t
.
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