
¥�½n Ún Taylor úª

§9.5 õCþ¼ê� Taylor úª�4�

9.5.1 ��¼ê�©¥�½n

½n 1 (��¼ê�©¥�½n) � f(x, y) 3«� D ¥��. eë�

P0 = (x0, y0) Ú P1 = (x0 + h, y0 + k) ���ã L �¹3 D ¥, K�3

θ ∈ (0, 1),¦�

f(P1)− f(P0) = f ′x(P (θ))h + f ′y(P (θ))k,

Ù¥ P (θ) = (x0 + θh, y0 + θk).

y² ò f(x, y)��3 Lþ´����¼ê:

ϕ(t) = f(x0 + th, y0 + tk), t ∈ [0, 1].

Ï� f(x, y)Ú t�¼ê x0 + th9 y0 + tk Ñ��,¤± ϕ(t)3 [0, 1]��.

�â��¼ê��©¥�½n,�3 θ ∈ (0, 1)¦� ϕ(1)− ϕ(0) = ϕ′(θ).d
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¥�½n Ún Taylor úª

��¼ê� �ê�óª{K,k

ϕ′(t) = f ′x(x0 + th, y0 + tk)h + f ′y(x0 + th, y0 + tk)k

u´¤y¤á.

íØ 1 � f(x, y)3«� D ¥��.e ∂f
∂x

(x, y) = 0, ∂f
∂y
(x, y) = 03 D þ

¤á,=,3 D þ df = 0,K f 3 D þ´~ê.

y² � (x0, y0) ∈ D.Ï�«�´ëÏ�,¤±é?¿ (x, y) ∈ D,
�3�¹3 D ¥�ò� L ë�

(x0, y0) Ú (x, y). �ù^ò��º:

�g� P0 = (x0, y0), P1, · · · , Pn =

(x, y). du f �ü� �ê3 D þ

�",�â¥�½n,k

f(Pj) = f(Pj−1), j = 1, 2, · · · , n.

P

P
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2/13

‖J I‖ J I �£ �¶ '4 òÑ



¥�½n Ún Taylor úª

dd=� f(Pn) = f(P0),=,

f(x, y) = f(x0, y0).

ù`² f 3 D þ´~ê. y..

� D ⊂ Rn ´��m8. eé?¿ü: a, b ∈ D,ë� a, b���ãÑ

�¹u D ¥,K¡ D ´ Rn ¥���à«�.

ò�©¥�½ní2�p��m,�±QãXe:

� D ⊂ Rn ´à«�, f : D → R3 D ¥��,Ké D ¥?¿ü: a, b,

3ë� a, b���ãþ�3�: ξ = a + θ(b− a) (0 < θ < 1),¦�

f(b)− f(a) = Jf(ξ)(b− a).

5¿, a, bÑn)���þ.
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5 1: e D Ø´à�,K�©¥�½n��Ø¤á.

~ 1 � D = R2 \ {(0, 0)}.

f(x, y) =
x

x2 + y2
.

K f(x, y)3 D þ��.�ü::

a =

(
−1
0

)
, b =

(
1

0

)
,

K f(b)− f(a) = 2.

Jf(x, y) =

(
y2 − x2

(x2 + y2)2
,
−2xy

(x2 + y2)2

)
,

Jf(x, y)(b− a) =
2(y2 − x2)

(x2 + y2)2
.

3 a, b�ë�þ y = 0,Ï
 Jf(x, y)(b− a) = − 2
x2
.ù`²

f(b)− f(a) 6= Jf(x, y)(b− a).
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5 2: 3�©¥�½n¥, f : D → R�ØU��í2� f : D → Rm.

~ 2 � f(t) =
(
t2

t3

)
, t ∈ R.K f : R→ R2,�3 Rþ��.

Jf(t) =

(
2t

3t2

)
,

f(1)− f(0) =
(
1

1

)
.

w,Ø�3 θ ∈ (0, 1)¦� (
1

1

)
=

(
2θ

3θ2

)
.
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½n 2 �D ⊂ Rn´«�, f : D → R3D¥��.e3D¥k Jf = 0,

K f 3 D þ´��~ê.

y² � D ´à«��, (Ø�d¥�½níÑ.y3y(Øé���

«�¤á.

� x0 ∈ D.��yé?¿ y ∈ Dk f(x0) = f(y).Ï�D´ëÏ�,¤

±�3 D ¥�­� L ë� x0 Ú y. L ´ D ¥��k.48, §� D �>

.�ål δ > 0.u´�3k���m¥

B0, B1, · · · , Bk ⊂ D

¦����¥����,�

x0 ∈ B0, y ∈ Bk.

5¿��¥´à«�,3z��¥þEk Jf = 0,¤± f 3z��¥þ´~

ê. duù
�¥´ë�X�. Ïdk f(y) = f(x0).
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9.5.2 õ�¼ê��Vúª

Ún 1 � k, n´��ê, x1, x2, · · · , xn ´¢ê. @ok

(x1 + · · · + xn)k =
∑

α1+···+αn=k

k!

α1! · · ·αn!
xα1
1 · · ·x

αn
n , (9.1)

Ù¥¦ÚÒL«��H¤kÚ� k ��K�ê α1, · · · , αn.

`²: dÚn´Úî��ªÐmª�í2,le¡�y²�±wÑ,Ún

¥� x1, · · · , xn ��±Ø´¢ê, ��§��±�\Ú�¦, �\{Ú¦{

÷v��ÆÒ�±. 'X^ ∂
∂xi
�O xi ��±. α = (α1, · · · , αn)¡�õ­

�I, P |α| = α1 + · · · + αn, α! = α1! · · ·αn!. éu�þ x = (x1, · · · , xn)
P xα = xα1

1 · · ·xαnn .u´ (9.1)�L«�

(x1 + · · · + xn)k =
∑
|α|=k

k!

α!
xα.
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y² é n^8B{. � n = 1�,ÃIy². � n = 2�, (9.1)Ò´Ú

î��ªÐm. y�éu n− 1�\��Ðmª¤á. Ï


(x1 + · · · + xn)k

=
(
(x1 + · · · + xn−1) + xn

)k
=

k∑
αn=0

k!

αn!(k − αn)!
(x1 + · · · + xn−1)k−αnxαnn

=

k∑
αn=0

k!

αn!(k − αn)!

∑
α1+···+αn−1=k−αn

(k − αn)!
α1! · · ·αn−1!

xα1
1 · · ·x

αn−1
n−1 x

αn
n

=
∑

α1+···+αn=k

k!

α1! · · ·αn!
xα1
1 · · ·x

αn
n .

ùÒ`² (9.1)éu n�\��Ðmª¤á. u´Ún�y.
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� f(x1, · · · , xn) ´ n �¼ê, k�« �ê, ��«·Ü �êÑ

ëY, d� ∂
∂xi
� ∂

∂xj
��\Ú�¦, \{Ú¦{k��Æ. éuõ­�I

α = (α1, · · · , αn)Ú�©�f D = ( ∂
∂x1
, ∂
∂x2
, · · · , ∂

∂xn
),P

Dα =
∂|α|

∂xα1
1 · · · ∂xαnn

, Dαf =
∂|α|f

∂xα1
1 · · · ∂xαnn

.

½n 3 (Taylor úª) � U ⊂ Rn ´��à«�, f : U → R ¿�
f ∈ Cm+1(U).2� a = (a1, · · · , an)Ú a+h = (a1 +h1, · · · , an+hn)´
U ¥ü:. K�3 θ ∈ (0, 1)¦�

f(a + h) =

m∑
k=0

∑
|α|=k

Dαf(a)

α!
hα +Rm, (9.2)

Ù¥

Rm =
∑
|α|=m+1

Dαf(a + θh)

α!
hα. (9.3)
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y² ò f ��� a� a + h�ë�þ,=-

ϕ(t) = f(a + th), t ∈ [0, 1].

ù´ [0, 1]þkm+ 1�ëY�ê���¼ê. �â��¼ê Taylorúª,�

ϕ(1) =

m∑
k=0

ϕ(k)(0)

k!
+

1

(m + 1)!
ϕ(m+1)(θ), θ ∈ (0, 1). (9.4)

w, ϕ(1) = f(a + h), ϕ(0) = f(a).�â¦��óª{K,k

ϕ′(t) = Jf(a + th)h = ∂f
∂x1

(a + th)h1 + · · · + ∂f
∂xn

(a + th)hn

=
(
h1

∂
∂x1

+ · · · + hn ∂
∂xn

)
f(a + th) := ϕ1(a + th).

ù`²é ϕ(t) = f(a + th)¦�,Ò´ò�Î
(
h1

∂
∂x1

+ · · · + hn ∂
∂xn

)
�^�

f(a + th)þ,Ïd

ϕ′′(t) =
(
h1

∂
∂x1

+ · · · + hn ∂
∂xn

)2
f(a + th),

��/,k

ϕ(k)(t) =
(
h1

∂
∂x1

+ · · · + hn ∂
∂xn

)k
f(a + th).
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�âÚn 1,k(
h1

∂
∂x1

+ · · · + hn ∂
∂xn

)k
=

∑
α1+···+αn=k

k!

α1! · · ·αn!
hα1
1 · · ·h

αn
n

∂α1+···+αn

∂xα1
1 · · · ∂xαnn

=
∑
|α|=k

k!

α!
hαDα.

Ïd

ϕ(k)(0) =
∑
|α|=k

k!

α!
Dαf(a)hα.

òd�\ (9.4)=�¤y.

o�, õ�¼ê� Taylor úª�y²Ò´ò¼ê�����þ, ,�|

^��¼ê� Taylor úª, ±9 �ê�Î�\{Ú¦{����5��.

õ�¼ê� Taylorúª�/ª����¼ê�/�úªaq.
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AO­��´ Taylorúª¥�cn�:

f(a + h) = f(a) +
(
∂f
∂x1

(a)h1 + · · · + ∂f
∂xn

(a)hn

)
+

1

2

n∑
i,j=1

∂2f
∂xi∂xj

(a)hihj + · · ·

= f(a) + Jf(a) · h +
1

2
hHf(a)hT + · · ·

Ù¥

Hf(a) =


∂2f
∂x21

(a) · · · ∂2f
∂x1∂xn

(a)

... ...
∂2f

∂xn∂x1
(a) · · · ∂2f

∂x2n
(a)

 (9.5)

´�� n�é¡�
,¡� f 3 a:� Hessian.

3�:Ðm� Taylorúª¡�Maclaurinúª.
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3��¼ê f(x, y)��/, Taylorúª�cn�Ðm´

f(x + h, y + k) = f(x, y) +
(
f ′x(x, y)h + f ′y(x, y)k

)
+

1

2

(
Ah2 + 2Bhk + Ck2

)
+ · · · (9.6)

Ù¥ A = f ′′xx(x, y), B = f ′′xy(x, y), C = f ′′yy(x, y).

~ 3 ò¼ê f(x, y) = ex cos y � MaclaurinúªÐm��g�.

) kò f 3 (0, 0)��±9����� �êÑ�Ñ5.

f(0, 0) = 1, f ′x(0, 0) = 1, f ′y(0, 0) = 0,

f ′′xx(0, 0) = 1, f ′′xy(0, 0) = 0, f ′′yy(0, 0) = −1,

l


ex cos y = 1 + x +
1

2
(x2 − y2) +R2.

Ù¥ R2 ´{�.
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