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1.1 Statistics
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EX ARG jpg, i LATEIERN E K 5%,

B 1.1.4. AT £
WXy, Xo, o, X AR B BRI AR, AT ZRAA
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‘S—SQL&waM—n_1§K&—X)

EARFANBI B EF AT ZRHHA AR E

AR, N TR, Gt BAUR REA I (E o8 SR 2 R B I FR L AR
6 (BCEMED . AR RRZ RIS, BT, FEATTZ, #
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5 1.1.5. H A A2 /5 /R it &
WX PR dE AR, B AR KT A { X0y, X, X} Cie
Xy s X < < X)) WXy, Xy, X AR 2T E

EIR. RIS R, 2 JE RIS E) o A 14 5 S5 A A m] LRI 1)
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X 1.1.9. 2R %TER
KX = (X1, Xo, -+, X)) Rk B ERGHELR, PR ERSH%EF QS
A, ORSHCEA T EHK, IRAP ={P):0c OV A S GTHEA,

it

di]. USR] UEE -G, HhPie—1 s, of—
NSRRI, Pyt — M ATIR, 02T IS

5l 1.1.10. EAHS A EERGHTARERD AR —FELRGBESH, —
AHMEE X RAKESHH, 0 X ~ N(po0?), %R EHBERES
A

f(alp,o®) = V@%;;gexp (__cvé;éo2)

EXDFk—B A BEAEESD T XGMESHFOES, XAHH
MMYME p Ao £ o ARAERAR . EAPFEFHEANART (Bp LK
HESMA) TABEREHEAEAL R E T

1.2 Convergence of Random Variables

R as thh 7 BRI ORI K T LRSS S A S e B, AT
A0 BRI E B E AR, AR E 7RIS B ST B CR]
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Convergence in Probability: X, i X,

Ve >0: lim P(|X, — X|>¢€) =0.

n—oo

Almost Sure Convergence: X, <= X,

P(lim anx) ~ 1.

n—0o0

Convergence in r-th Mean: X, = X,

lim E|X, — X|"=0, r>0.

n—oo

EIE 1.2.2. #4804
W X, 2PN X AgM g AAE—MTRESSE D, %3 PIX €

D, =0, % g(X,) =28 g(x),

I XANEERW, HER g X AL RN 0, A
9(X,,) BEUSIE g(X).

TEIE 1.2.3. Slutsky < 32
W X, 5 X, BY, Do, b c R—AEKR, W (o) X, +Y, 5
X+cb). XYoL X (c) Xo/Y D X/e, FTHRA ¢ RT#HH,

FiR. NSRS 5 ANEENVRRRM. R R SRR E .
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R he T 69 B FE A SR

1. For any fixzed x € R, nkF,(z) ~ B(n, F(z)) and

Vi (Fy(x) = F(x) 2 N (0, F(2)(1 = F(x)))

2. Glivenko-Cantelli Theorem (Laws of Large Numbers):

sup | F(x) — F(2)] == 0

z€eR

3. Dvoretzky-Kiefer- Wolfowitz (DKW ) Inequality: for any e >0
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P (supl£,(0) — Flo)| > ¢) < 27

x€R
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2.1 Exponential Family

EX 2.1.1. FH%
FERSESTE{P): 00}, B X R—PENEE, f(r;0) £ X 89
PSS, e REERH 0, FdH h(z)n0), BO), #F

c\&rn—l

folz) = h{z)er" OT@-BO

A LAK &SN APy - 0 € O} 1 1EBIE-
b BO)RABES, TR, FHHTUEH

B(9) = log/ e OT@)=B0) gy
Q

FIR. f(2;0)5 fo(x) R ES, 524 REIFE—4 KL

MR 2.1.2. 45R0ke LFE,
G={x: f(x,0) >0} ={x: h(x) >0}

55801 X,
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B 2.1.3. 395K %
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ARSI R AR E, AR
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f(z;0) =
FEX 2.1.5. & 8 R
BT R E BT AE A
fo(w) = h(w)e T =BO)
LFHAN(0) =0, NARLA TERGBRIEHIR. AaRSHK T E XA
E={0:f(z,0) >0} ={0:eP? < 0}
MR 2.1.6. ARSAKTRELHLE, HHHEBO)LHE LMD HHK,

EX 2.1.7. 8 &K X8 H4E %

KPR, neERABRMY X%, wREEET()WHBFOET (1) =
(T (z),...,Th(2)) 8 3 Ak, BP{1,Ti(2),..., T(x)&HELX} > 0, N
ARk A 16 FR B F

RAGHARHARY LR BE =n, nHHERO%EH,

EAFET AR, Mz R AR A G & Ak, —NF LAl &84
EEPITF A, FIEESHIAR{N (1, %) : p € R}o
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MR 2.1.9. T(z)t9 4853
M, (t) = B[ T@)] = Blrt)=B)

EIB 2.1.10. If the distribution of X belongs to a canonical exponential family
and 1 is an interior point of £, then for any integrable function g(z), the

following function satisfies:

= [+ [ @) el T@phiz) ds

has the following asymptotic properties:

0"G(n .
M~ e anw% j/ u/‘ mt () -+ Toe (2)[g(2) exp{n” T'(x) }h(z)] dv
where my + -+ m, =m

AR, RWAFNEX A EHA 2, Aragl 73] S TR S
K HITE R R RAERA T RMGEMCGE R I ik <= A 2. AH 2 ISl

(EXLE

LAREIE I R & it EE (Properties of sufficient statistics in
exponential families)

2.0 4 il ek B R AR B A R B 1) R BT (Derivatives of moment

generating functions and cumulant generating functions)

2.2 The Maximum Entropy Duality*

XA T e RO EL
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KR T IREOR BN

2.3 Location and Scale Families
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2 Af] — LERF IR AT ) X, .S

3.1 Preliminary:\?, t and F distributions

BET R R R B TR 5 TR R, AE A A B A AE T

EX 3.1.1. FFHHH
BRI\, Doy Iy R Z R AR EESHMNE S, RAMMEEQ =
YL ZERA B AN FF A, TEQ ~ x*(n).

X~ 2,7 A A 8 B M

1 n/2—1,—z/2
PRENCYOIR e , x>0

gn(l’) =
0 <0

XHFHERRECA o (1) = (1 — 24t) /2,
MR 3.1.2. FHZPRGRFPNLATEZHHNAEQ) =n, Var(Q) = 2n.
MR 3.1.3. KQ, ~ x2,,i = 1,2,....k, BQAMELIks, HAYL Qi ~
X1211+n2+---+nk °
ENX 3.1.4. th

KZ ~ N(0,1), Q ~ x%(n), BZ5QEks, RAMMNEET =

z A = A n et ] ~ o
mnwamam Gt T, T ~ t(n)
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£ AT R L PR EON

MR 3.1.5. FF T'~ty, r<n BH&HZELE E(T) (3 n>10) A

wir (e (g

r AEE,

Bry={ TE)rG) 7
0, r A

MR 3.1.6. n > 28, E(T)=0. n>306, T 8&F£H Var(T) = 25,

2
MR 3.1.7. ¥ n— oo B, t,(z) BEATFAREESHSH N(0,1).
EX 3.1.8. F4Ah
BX ~ 2, Y ~ X3, BXBYHMERS, RAMAERF = /2R
8w EA(mn)BF2H, iWEF ~ F(m,n).

For AT i R 8O
r m;r") m\m/2,.m/2—1 1 m .\—(m+n)/2 0
T(Z)I (2 (Z) Z ( + Zx> ;T >
fm,n(x) = e
0 <0

R 3.1.9. £ Z~F,,, Wil~F,,
MR 3.1.10. #F Z ~F,, £ r>0 8,

FF n>2r

~—
=
—~

EIS
SN—

'1
—~
ISIERINIE
SN—

r1’\"|3
—| +

tFon>2, B(Z)=-".

SFn>4, ZWHEA

2n?(m +n — 2)
m(n — 2)%(n —4)
MR 3.1.11. £ T ~t,, WT>~F,

Var(Z) =

MR 3.1.12. ¥ F 0<a<1, F,,(1-a)=+=
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3.2 Normal population case

MR R T DL MBOh A )l m g IR A 1 — 25T, e AU
Horp AT

51T 3.2.1. % X = (X1,.... X)7, w=(p1,...,pn)", LY AERLERE,
R X ~ N,(, ), W:

1. X & Np(p,X) FARBEMERSE o WEAMEES o' X HAES
i

2. BB E o' X B9 A N(ap,a’Sa).

3 WmFa A mx1lwzE, BE mxni4%E, A a+ BX 95K A
Np(a+ Bu, BXBT),

4. BX A2 XTAX ¥ 3% B18% BYA = 0.
EIE 3.2.2. % X1, X, ..., X, KA N(a,0%) 9IRZB AL, N:
1. BARHE X RAK N(a,0?/n).
2. (n—1)S?/a> IRIANBEEHN n—18FTHH.
S WmREARAEESM, X o S M,

4. Th=+vn(X —a)/S RIABEEH n—18t HH,

3.3 Asymptotic results for non-normal case

A A MR AR B I, 73 = B 14w S RN R0 A6, 9
fi, ForAis
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EIE 3.3.1. (CLT) 3% X1, Xy,..., X, Ak 8 BRGRIBSAHLR, B(X,) =
w, Var(X;) =o0% % n — oofif

P
n

Zn:M%N(O,l)

EIE 3.3.2. THARALAWNIEL LY R, H AT £GIRERT X
hHETEXNH,

KX, X, o, Xy ARBERGBRIRSHHER, B(X,) =pu, Var(X;) =
0% HAMFTEN 2= LS (X, —X)2, 4:

=<l

P
S2 5 g2

Vn(Sy =) = N(0, s — o) where py = E(X, — p)*

#E3£ 3.3.3. & X1, Xo, .., Xy, i d FRAKNE B BEA f(z,\) = Ae M uo(x) 8y
F{H S Exp(N), IRA:
2AnX = QAZXi ~ Xon
=1
#EIL 3.3.4. %Xy, Xy, -, Xppiviid ~ N(py,02), Y1,Ys, -+ Yyii.d ~ N(pg,0?),
BX; By Bk, ARA:

T \/ﬁ ~ tm_1 (3.1)
S1
@g—y)—ﬂh—uﬂ mn
T = ~Y — .
Se m+n vtn—2 (32)

AF(n+m—2)82 =31 (X = X))+ 30, (Y - V)%

?Eie 3.3.5. ‘i)‘nCXl,X% cee 7XmZZd ~ N(/Ll,O'%), Yl,}/g, cee ,Ynlld ~ N(,LL27O-%),
BX, BY,MEfhs, ARA:
_ S5 o

F T, Y mel,nfl

- Q2 2
Sy of



Lec 4 Sampling distributions of

order statistics

RSN Gt R A tE s, AEUEY] .

4.1 Order statistics

EX 4.1.1. X/ %F=
B{X AL daE 2, FRAEER K DHIA{X0), X, X}
Gie. X1y < Xgp <+ < Xy) MXqy, Xy, -+, Xy A RF LI E

EIE 4.1.2. X, Xo, -, X, RERBEROHEL, X1),Xao), , XnAH
REGTE, f(o)RERGBEETRLHH, Flo)RERGDHHE, MoK
JP Gt B IR S F R R A

IX 0 Xy X (@122, @) = 0l f (21) f(22) -+ - f@n) 2y <an<<any  (41)

fx () = F(z) 1 = F(z)]"" f(x)

i —1)!(n—1)!
T A KBRS DA

n!
Pxoxa o) = oG =i = i =)

(F @) F () =F (@) 1=F )" f(2)f(y)

15
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Bl 4.1.3. H O DK Gt 5
EX), Xo, -, X, AR AU, DK, Xay, Xy, X REKF %
HE, AR2XG 8 pdf
n!
(i —1)(n— Z)l
G hsiE % B, X #pdf5 Beta(i,n — i+ 1)% pdffa B .

fx (@) = 2L =) (4.2)

B 4.1.4. — A H IR FHITE
ig;le XQ; e ,Xn/’“%% E] B(Lp)ﬁ(]}fﬂé$, X(D, X(2)7 e 7X(n)7‘%;t‘;k}%é}i
i+, A2 X pdfh

n!

fX(i)(x) (Z— 1) (n_z)'pi(l _p)

n—i

FeHEFTE, X ®pdf5 Beta(i,n — i+ 1)8pdffaF .

Aig. RIS 500 A0 IRT Gt B ) pd i — AR, #R
Al LAE1E & Beta(i,n — i + 1) Fpdf.

5 4.1.5. ¥ AWM Z
BX1, Xo, - X AR BEROHER, Xo), Xa), - XmAL KA
1‘]’2, {”3 *%ﬁ#&f‘R X X(l)é@pdfﬁ

fr(r) =n(n = D[F@)]"2f(r)

4.2 Properties of sample quantiles

EN 4.2.1. HEA»ia%
BXW SR HRAE (), FFT0<p<1, E(p)HAXMprisd, %

&(p) = F ' (p) = inf{z: F(z) > p}
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SEIC. WER XA KB (2) RES, IAF (2)fpa b3 (p) sttt F (),
PR R E Ge FH(2)ME—)

WIER X3 A0 R (2) RANELL W), A FHIp/r i 3E (p) sk & F = (z) 1)
THA, B AR B E () < p < F(xo), BE(p) = 200

MR 4.2.2. HO5H K

FURMNU(0,1),X = F71(U), ARAXE5H ZFHAF ()

AR T —ANCrF (o) ERX=XM% %k BRUO,1DOEMEZU, &
BERX = F(U),

MR 4.2.3. F45-R 40 A 69 oAz 4

BXMAF(z), Y = a+bX, FAY 5T HHAF (y) = Fx(52),
Y&pm 1z Ay (p) = a+ béx(p)o
EX 4.2.4. HXMiH

W AX), Xo, o, X} RAKF PRI HER, HAH p Mg &, R
Bonp REA¥ERMZ, B np AEREA Xy, ENA Xy, ZTE
[np] & np #9EHIH) &L T

&n = F, ' (p) = inf{z : F,(x) > p}
A F, RAEQGERSHHE. BARMT, F.(v) =130 {X; <z}

EIR. HRWIRE, F(o)REAT/NTET o LG, &, AT
HiBBX —REAR LI 2.

L EE,, B RE(p), FOIERE (p) f HIZEACE, R E R EH
W — /o

5 4.2.5. H# APl
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tbde —31401,5,7,2,3, ARAF,(1) = £, F.(2) = £, F,(3) = £, F,(5) =
L F(T) =2, PO A P A5 = 3

BlFRBRAMNG, £E2REMNIFROEERIILT, 2LHFLE
A ERATE,

MR 4.2.6. RF%itE5otedt
WX, X, X Rk ABROHELR, X1, Xao, -\ XpmRERF %
&, ARAK AR

~

gn(p) = épn - X([np}) = anl(p> (43)

~

A5k X(i) = Fﬁl(%) = gino
IR 4.2.7. AR #r st R
ingl,XQ,"' ,Xn/'“%% Q Aé’ﬁ‘é’]*‘f"j&’ X(1)7X(2)7"' 7X(n)7‘%;l\—"k}%é}i
HE, LA
Em = E(p)

L ﬁz}:\é@p@\{iﬁgpn{épéﬁ*‘&ﬁfriﬁh\jﬁ, Ap

- d p(1 —p)
\/ﬁ@pn £(p)) = N(O, fz(f(p)))

5l 4.2.8. ¥ 5) 5 69 KE A 42 209 Hr kMR
KX, Xy, X, REABUWO, DR, S2p=i/n, &

2
gnp = X([np})

P IR A G T R

fp(x) = P({&up = 2}) = IX gy (T) = e 1)7!1(!71 - [np])!x[np]—l<1_x>n—[np}

L I z=p .
T ARF Hpt Az 3E(p) = pWI B B B3 f, = i AR
0 z#p
I S 8 &+
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B 2, 5 &(p) Ba P SMR LR, A
Vi€ (p) = €)= V(X — ) = N(0,p(1 — p))

‘L-‘EH}] $%1E§iﬁénp - fp = Op(dn)o %fg

~

P(p < Fn(gp +d,)) = P(fp <&+ dy)

Py = F(fp +dy)s )ﬂ\unFn(gp +d,) = Z?:l Hx; < §p + dn} ~ Bin(n,pn);
FH A OB R e B

P(épgép"‘dn) :P(pSFn(£p+dn))
np —npn _ _ nF, (& +dy) — npn)
npn(l _pn) B npn<1 _pn)
_d) 1— Q)(— \/ﬁan/(fp) )
pn(l _pn)
o YF(E),
pn(l _pn)

Horb O bt IR A5 70 A IR A PR BOX 2 K Dy, P E e,

D—Dn= F(fp) - F(&p + dn) = dnf(f;)

Hrhe € (&, & +dn)
RANF BRI T BN, BN _ onst, TS, =

Pn(1—pn)

WD) g, 0,pn = 0,8 = &

VnF' (&) °
T H B TR STt shy T, AT LS
. . Jad
P, < & + dy) = PVl — &)—2l_ < 1y 4 )
p(1—p)



Lec 5 Sufficient and Complete Statis-

tics

AT I RS RO, SRR IR . SRS 5L
(KR SR AR I S ARG, 945 B A B

Giit BIMPERT U A% —RRXTHE RO ML, 4%k,
CEMESER, B SO T AR A SRR A R
BB # -

5.1 Sufficient Statistics

T RRRAFEES, —A B AR AR & Ay R 3 — MR8 78 70 1l
BARE-ER TR, AU TR R SR E NS R, 2
N T Bl S b R AR R T

RKEDTGHERER
Fig. s RN

WMART(X)RZHOM 787 Geit &, AR A XX O RAE AT S 1 HERTX
WS ET(X)#ET, A2ARTEBNIRK.

Bl WA A BT(X)i L, SAxBy MLl (x) = T(y) KPP FEA
I, ERMERX = xib2EX =y, KTOMHERTH R .

T R A AT BT RAR SR, (B T LA eS8 SO I B 2 )

20
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KAIEE LIRS E SO A, ATRERIEMTEE .

EMX 5.1.1. £p4%ites

WX, Xo, -, Xp R R BEARF(2;0)089BR, T(X)RX, Xy, -+, X, 89
FH, R TAERN, SRT(X)MEH/T, HRXEEM45H TR T,
MART(X) 08 75 it 5.

1.€.

Py(Xy < xy,+, Xy < 2| T(X) = 1) = ()
P(t)H5OL X
Bl 5.1.2. Z AL LY Bt E
BX, X, X, RERAB(Lp)WHA, T=>" X, MATApHL
oIt =
IEB . IR ERE R R
fo(@) = Cop™ (1 —p)" ™"
WAX1, Xo, -+, X, HIBR A MER 2 iR AN
folan, @z, ) = O G2 --- Chrp™Ti(1 — )=
HTT =", X, ~B(1,p), FrUATIINERE %N
fot) = Cpp*(1 = p)"™*

EJlae
Pp(Xlz.Th'" ,Xn:In,T:t>

Pp<X1:33'1,"' ,Xn:xn|T:t):

PP<T = t)
_fp(xlaﬂb,"' d—x—1——x, )
o(®)
0;60107352 . Cz—xl_..._rnﬂ
a ct = (1)

T (t) Splek, FrbATRZpfse it & O
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Bl 5.1.3. ARSI AN Gt E

BXD, Xy, X AR APONMHEAR, T=" X, FATRNYZS
it E,
IEBA . THAR AT B R R O

e AN

x!

faz) =

WMAX, X, -, X, HIHR A W25 T s 0

e~ nA )\Z x5

f/\(mlax%'” ,.Tn) = m

e ™M\ (n\)!
furlt) = A

PX: e XTL: n,T:t
PP<X1:x17"' 7Xn:$n|T:t): p( ! L1, ! r )

BT = 1)
_fp(xl,l‘z,"' Jgdt—x—1—--- _l'nq)
R 70
t!
Tl Y
Ty (t) Sp Tk, FTUATRpIITE s Giit . -

T 5.1.4. RFH M
BX, X, XAk B BRE (2 0) 804, T(X)RX), Xo, -+, X, 8
Fd, A AT(X) R0 AN it E % ALY AR HHA(x), g(t, 0)1% 43

s ZRMAERRKXHKRSBEEFALS, RERET 0RT, KEHT
#9304 R R B A A AR K BP T
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Bl 5.1.5. #HHH ISR E
i)‘rin, Xo, -+ ,an%% EJ El’p()\>é/37h€‘2t\
R HOMEE RN

falw) = e
BRI RS BMEE LA
oz, @g, - @) = Nle A ZT
BT =57 X;, g(t, \) = \te M Bp =T ik

5l 5.1.6. HA R HO LRIt E

BX, Xoy o X, "R BU(a, b)) A, SdkFe, KD %
it

MR BEAEE BB

1 n
b_aIIHaSMnﬂ@me)
=1

pa,b<x) ==

BT = (x(1y, T(py) BP =T FI BT
EI. ARG, AonitELN g, TNEEERTS, £
PlFOUT M g(t,0)0 B KR RARG(ty, -+ ,tn, 01, ,0,)BF 7T

Bl 5.1.7. B/RALSHH LS R E

Let X1, Xy, , X, are i.i.d. from f(z;0) = h(x)c(9)eQOT@

then fo(x) = [, h(x:)c(0)eQOT@) = h(x)c(9)eROXT@)  then by
the factorisation [ T(x) = > T (x;) is sufficient for 0.
E., LHAM TR E, RNMAEEZKEY T(2)Br T,
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EX 5.1.8. ALt E
BT(X) R0 K hit 8, 4o Rat FAEEON SR BT(X), HLE

B it o843 T (X) = (T(X)), WHRT(X) R FN%it g,

EIL., AKX ZEATLT AR, BIHET = o(T)|pisbijectivest T VAFF

BlOW D ARt B0 RS, FESRA L4, MAS %I EE—.
AL O R Rt ERE—,

EIE 5.1.9. DR %I EH T
WX ABERENE, {px;:0),0 € O Hh—kit X Ltpdfe R BEET
HwE, TR v,ye X

p(x;0) = Coyp(y;0) <= T(x) =T(y)

MAEEE 0 FEZTIUA Cpy € R o ZERAMERA TR FIAKE 0L
Ko AT =AM NHRITE,
X2 for some Cy B A AL, B4 hiE sl A8y 2 .

1EBH. T is sufficient: Start with
T(X)={t:t="T(x) for some z € X'} = range of T.

For each t € T(X), consider the preimage A; = {z : T'(x) = t} and select an
arbitrary representative x; from each A;. Then, for any y € X we have
y € Arq) and zpy) € Arpq). By the definition of A, this implies that
T(y) = T(xp(y)). From the assumption of the theorem,

P(;0) = Cyapi,, P(@1); 0) = h(y)g0(T (y))

which yields sufficiency of T" by the NFFC.
If T(x) = T(y), such that p(x;0)/p(y;0) = C,, does not depend on 0,
then T is sufficient.
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T is minimal: Consider another sufficient statistic 7”. By the NFFC

p(:60) = Go(T'(2)) ().

Hence, T'(x) = T'(y) by the assumption of the theorem. So, T"(z) =
T'(y) implies T'(x) = T'(y) for any sufficient statistic 7" and any z,y. As a
result, T is a minimal sufficient statistic.

If T'(z) is sufficient, and p(x; 0)/p(y; 0) = C,, not depending on # implies
T(x) =T(y), then T is minimal sufficient. ]

ARG IR BN E R, 3K B4 H AT A 58 B i B DA ) PR

f5l 5.1.10. % Y,,Ys,...,Y, RMRI B 54y Poisson(d) MME =, K+
>0 25K, 2R V., Y,,....Y, 9 DNESGITE.
Ak, Poisson 5 BEER = R

¥ie=?

) yi:071727"'

BREBFE R E LA

oQUie—0  PXiivie—mO

H ;! Hi:1yi!

RIXGHET =37 Yie BMNTAFKREMERELHRETE RN :
eTe—nG

RETIE 2, WwRGELEGTE T EFNTEHEN 2,y € X FEELHK
0, HANA:

PYi=yi,.... Yo =yn;0) =

p(z;0) = Coyp(y; 0) = T(x) =T(y)
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W T REDESGITE, REKMNBIET =" Y, REHLEINF
o

FERANER Yy = (Y1, y2, - Yn) 7 2 = (21,20,...,2,), FREBMER
2B A A
02?:1%6—”0

P(Yi:yl,...,Yn:yn;e)— Hn y“
=1 J*

Fn
02?:122'67710
P(lezb_”?Yn:Zn;e) :W

R T(y) =T(z), B 3 vi=2 2, WA:

szﬂ:lyie*n9 n
PMi=y,. - Yo=ynit) et I, 2
PY1=2,...,Y, = 2,30) o= TP g

0 ]
i=1 Zi

b Oy, REHT 0. RZ, %

P(Yi :yla'-->Yn:yn;‘9)
PYi=2z,...,Y, = z,0)
H Cy, RRFT 0, W Y yi=>" 2z, B T(y)=T(2).
Ht, RFEE 2, KMTUHAZ T =" YV, & Y,Y,,...,Y, @9

NI

= C’y,z

= Cy,z

Bl 5.1.11. FHHEAGHD ARGt E

do RAERXIRAHFRAE R AE DA, RAT(X) = (Ty(X),..., Th(X)2
O N
Bl 5.1.12. Gamman Fo W A5 %t 2

X1, Xo, ., X AR B Gamma(o, )84 A, Ko > 0F8 > 025
o BMEBRBEX, X, ..., X, WD EPG%ITE.

Gamman i B9 BREBLFE F B R A -

foap(@1, 20, ..o ) =
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fa,ﬁ(:Ela X2y 7$n> — H?:l l‘?_leiﬁzzﬂzl " = C
fa,,B(yla Yo, ... 7yn) H?:l y?ileiﬁ 21 vi oy

AT = (U, X 1L Xa), ROy = 1A Ha, fa 4 &R FRT () =
T(y), FTAT = (X0, X, [T, Xo) RS o it

5.2 Ancillary Statistics™

X ER % T AT TURRR 5 22 N B IEA R I, (XS TR it &
HIPE B A — 2 I FE Bl
EX 5.2.1. Ancillary Statistics

A statistic S is called ancillary if the distribution of S does not depend
on the parameter 6.
EC.  Ancillary statistics are useful in the sense that they provide infor-

mation about the parameter 0 without affecting the distribution of the sample.

51 5.2.2. Cauchy distribution

Consider a sample X1, Xo,..., X, Tl Cauchy(0) whose pdf is given by

1
M) = v o

then( Xy, - -+ X(ny) is minimal sufficient for 6 and R = X,y — X1y is ancil-

lary.
5 5.2.3. Let X,,..., X, be iid uniform observations on the interval (0,0 +
1), —o0 < 0 < co. Letting X1y = mingz; and X, = maz;x;, we will see that
the range statistic R = X,y — X1y 1 an( ancillary statistic. Recall the cdf of

0 z <46

a uniform random variable : F(z|0) =< v —0 <z <h+1-

1 r>0+1

\
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Now recall that in the passage Random Sample, we have discussed the joint
pdf of two ordered variables : THEN, the joint pdf of Xy and X(;),1 <@ <
J<n,—oo<u<v<0o0is:

_ nlfx (u) fx () [Fx ()] [Fx (v) = Fx (u)P7 7L — Fx (v)]"™
Pxio () G- DIG—1—i)(n—j)

. Thus, we can write

n(n—1)(xq) — x(n))"_Q Ty —1<0<a

9(@), T(m)) =
0 otherwise

. Make the transformation

R=X@m —Xq)

X +Xm)
2

M=

, and we have

2M—R
Xy =5+

M+R
Xy = 25

[Jl=1
\
. Then we have the joint pdf of the range statistic and median statistic and
the marginal pdf of R:
nin—1)r"2 0<r<1,2 <y < 2042
h(r,m|f) =

0 otherwise

20—r+2

h(r|0) = ﬁﬂj n(n — Dr"2dm = n(n — 1)r"2(1 —r) ~ beta(n — 1,2)
=2

Still we can see that the pdf is constant as a function of 6. Thus, R
1s ancillary. Here we can see that R, as an ancillary statistic, also gives

vital information about 6 because the statistic (R, M) is a minimal sufficient

statistic.
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WMEREZELT A —NF %2, CRET XA THIFEGECEAF
BBALFIZE, AP aEHME p 09— 8, BRPEARMNIE THK
IRE, HAMARRZRAB —EA0MH, HARETRKTHERGYA,

5.3 Complete Statistics

EX 5.3.1. £4 %1%
it 2 T(X) HARA X LA E, wRENTFHA TR g P H A
% 0e0o,
Ey[g(T(X))] = 0= Pp(g9(T(X)) =0) =1
, B g(T(X)) LR A E,

] 5.3.2. XK R L%t E
KX, Xy, X, AFA U0,0) 98K, £F 60 >0 25K, N

T=Xun £ 0WHEEr%kitE,
IEY. [EEG, X () BIRER R EON

fola) = 22" 10 < 2 < 6)

RATERAEE TR g, F8: Eolg(Xo)] = 0 B X 2 U(0,0) th
BB, 3 BRI BN

Fx<n)(x) = P(Xp) <) = P(max(X;, Xy,...,X,) <2)= <%>n7 0<z<6

B Eolg(Xo)) = 0 4 FHFH 6 Bz, ARATE:
0 n—1
/0 g(x)nxen der =0

B u = 2, A1,

1
/ g(ud)nu" " du =0
0
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XA A 0 #O8%, Fuli, T+ o =1, &A17:

1
/ g(u)nu™tdu =0
0

BT w42 [0,1] ERARER, ME—RTRErER g(u) =0 JLTAAHN
o B, g(X@y) =0 JLTAMEAZE, B X, R7E&FSTE,
P, FEARRKE X 2 U(0,0) M55 E. O

T 5.3.3. &M%
R AS G BEE, B T(X) ARE&LAN, M T(X) MR
N,

EIE 5.3.4. HBH AN T EK
I R A HEFHA, M2 BRERT RO E—NFE, BLARGR DA
SR ET(2) = (Ti(X), -, Th(X)) AT &,

EIB 5.3.5. If T is a boundedly complete sufficient statistic for the family of

distributions Py, then any ancillary statistic V' is independent of T .

#iL 5.3.6. For a statistic T, If a non-constant function of T, say R(T), is

ancillary, then T cannot be complete.

Bl 5.3.7. %Xy, -, X, K UO—1/2,0+1/2) 8T @8 4T = (X1), X)) 2

W T thit %
@%R:XW—Xm%fAﬁ%%ﬁ%,H%%mﬁﬁﬁ%H%Tx
&G, BATH Y RAE—,



Lec 6 Point Estimation

B LI A 7 A R LS TR T 2 G -5

6.1 Estimation principle
—LEELRI E XA

EX 6.1.1. fFit
EX = (X1, Xy, , X)) R ABERFR2)HAMNEE, 0§ € © C RY,
A AAEE—ANGITE G, (X) = §(Xq, -+, X)) BT AL A g(0) 8 — A4 3t

Fig. iR AR, FOVERBEARIIN R, EE g
B A — AT, AR TR BRI, BATR E ik
RAGTEATTT AP . FATUA— MR TELF I, 240, (X) EHEIT0.

EX 6.1.2. LiptEitE

%0, (X) 208 4Et, 4o R3FTFV0, Bpl0,(X)] =0, MG, (X)R0% KA
it

A AR, BPlim, e 0,(X) = 0

B6.1.3. X1, X, -+, Xn & N(p,02), 64X Apbh Rl tsit 8, S2R20
T At % .

31
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Ewdk

EX 6.1.4. HHAEHE

%0,(X) 20894, 4o B3 TFVO, Varg(0,(X)) %1, WG, (X)204)
HBEET=Z

LT A, g, hA0 &, R Varg(g) < Varg(h), MARgHhZH

Bl 6.1.5. KEERPHX ~ P()), EBEHEX) = A\, Var(X) = A,
H0,(X) = XA0y(X) = X059 F £

Var(0,(X)) = Var(X) = X\, Var(6s(X)) = Var(X) = %
B 360, X) 2 A 7K

EX 6.1.6. ALt E
R0,(X) R0 T, 4 B3 TVO, 0,(X) 5 0, WA, (X)Z08 484
it &,
FRAR A1 T £ 480,(X) 23 0
EN 6.1.7. #rt EAH
d

%0,(X) RO, 4o R3EFV0, B (0,(X)-0) >
i IESEITE,

N(0,1), WA, (X)R0%

6.2 Method of Moments

EX 6.2.1. 4463t
T Rg(0) = Glag, - ,ap; o, -+, j1s), i€ R EFEFo S H B EL,
AR 2 A ARG (0) B9 #EAE T A

gn(X) = Glapl, - ank;my2, -+ mys)

HEPa,l, - ank;m,2, -, m,sHEKIE
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5 6.2.2. X XIRA Mazwelly> 7, EBEEZFE HHEH
z? —22/(26)
flw;0) = zze
XWR EHEHE(X) =0
9(0) = Glon) = 1/ay, MAG(X)=1/XR1/08%E4

TIE 6.2.3. sE1EITHIAA M
Bn(X) = Glant, -+ Qi Mpa, -+, Mys) 2g(0) 8 FEAE T, dmRg(0) £
EHEA, AAG,(X)Zg(0) 89 ARt

EIE 6.2.4. 5T HE EA K
B9 (X) = Glany, - Qui; Minz, -+, M) Zg(0) 89 FEAE T+, dm R g(0) 2
— Wi seey, AR 2ZG,(X)Rg(0)8# 3k E 5

B 6.2.5. 34 Tt 4E 46
WXy, Xa, o, Xy AU (D)
AR KEE, ZMNEEF| b — st ZBr4E, o) = B(X) = 2 1, =

Var(X) = (b—a)*

12

13
a =) — /32
a1+ /3u2

Fa, B9 FEREITAX — V352, X + V352
AL, WABAT 2 EZHFRL

6.3 Maximum Likelihood Estimation

SRAAARAACAIR pR i 1
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Ewdk

ENX 6.3.1. MR HHK
BX = (X1, Xo, -, Xp) K BEARS(2, ) 9NN EE, SX =204
AN 2E R R, IR

Ln(0) = L(0; ) = f(x,0)

ARZ AR H
SR L, SAVAH — AR B, HATT A % & AR KM
Rt EA

~

0 (1) = arg max L, (0)

5] 6.3.2. KAEHE, BIELlatE. A K
EX AN EBART IR, BARGBEE A A

X[ o |1 2 3
Plo/2]6]30/2]1-30

H b B A Ax = (0,3,1,1,0,2,2,2,3, 2R K K44 B0y, (x)Fo
R KRG B0, (2) HAF T P Ao By 2P B
Kkt 8
$EAETT: W — M 4ER R R XE(X) = 3 — 50, £130() = 9 = ¥EX) = 3=
iF0N(x) = 222 = 0.28
MK BARAETT: AR BEA L(0; 2) = (0/2)2(0)%(30/2)4(1 — 30)?

Bt $4F

log L(0; x) =x11og(0/2) 4+ x21og(0) 4+ x31og(360/2) + x4 log(1l — 30)
=(x1 + 22 + x3)log(0) + x41log(1 — 30) + Cu\ vy 2524
30K F1F

1+ X9+ X3 —3%4 0
0 1-30
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13
0,(z) = % ~ 0.26
35U T AmHE
H64E 7t
N 3—X 3—F(X) 3-EX
B0 (x)) = 5 = 2 BR3P
AR KA SR AE
ZP _n— t)n —1
3n 3n
_ tiq1 _ ap\t not —t
= ;cnu 30)"(30)" ' ——
_ n—t—l?)oi
Z (1= 30)4(30) -
=0
18 e 2
#64E 7t
D(0u(X)) = B(X?) — (E(X))? = (100 — 256%) € [0, 1]
D(Om(X)) = 3= DX) _3n= DY) [0.58,0.6]
5 5%0)
AR KA SR AE
2 2\ _ - t1 _ ap\t nt/ V=19
E((0L(X)) )—;Cn(l 360)"(30) (—3n )
n—t— ln 13
= Z 1 (1 - 30)(30)
n
n— 1 n—1
Z (=0 B = =) G (1= 0)(30)"
t=0

B 9(3n9 +1—30)
N 3n

35
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36
B .
D(0,(X)) = B((0,(X))%) — (E(0L(X)))*
_0@Bno+1-30) 0
a 3n
_apn2
_0=30 [0,0.0028]
n

R AR B P A L

EIT. PITABLI T M KMAR R R A AR SR, WA T i H AR K
R F AR H A BT X, TaFALSHAARMREE—TAL,

5 6.3.3. %Xy, Xo, -+, X, 1 U(0,0), KOWKIAAET

fiE. URRECN

L(0;z) = gln](@ > max ;)
A i :

0 n—1
A nx n
E(0L(X)) = BE(X() = -
(0L(X)) = E(X(m) ]ﬁ gl =0

RN TR WY, AT EAR

U

S T U X PR (SRR R, BR324 R 19
SALHIHR BRI, I BRAIL 1 — I BEBIE B T S 5000
Hg (0) K BAR fis - I TR A
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5 6.3.4. F55 5 A a9 K AR AE
EXy, Xy Xy X Eap(N)
flz; \) = Ae ™I (2 > 0)

BAVRILME T X1y, Xy, -+ > Xy, KMrg(N) = 1/ K AR

R OANERRE, Bt =x0,i=1,2,-,n, Wt <ty <---<t,

p<t17t27"' T7 / / n'f tlv t27 ) f(trv)\)dT+1dn
_tr<tT+1< <tp<oo
n!

:(n_mf@nMﬂbﬂf~faﬁmu—Fuﬁmp4

n!
:(n—T "exp(— Zt+n—r

ET:2;m+0wwm,WU%@ﬁﬁ
n!
(n—r)!

L(A;tthJ”' 7t7’) - >\T T

SR TR S RS

T T
ST Yt (=)t

. 1 S ti+(n—r),
AN)=— = =1
9N =1 .

]

EI. PSS T AN G XA BT RG I, RMNECHHRE
Mz (BPREHREIR, 128KK) B9FAT, TTAART U B A 4kh
fEit, FRmReGFe LI TESE, KKEE,HFIATR ML E A,
MK B RAVEE — TR MR T R RN KRGS ST,
Rig LI RMAR B E, K58, £FHRAER, BELXMAGETZ.
BAVE T AR L0875 ik K — AR A5 B A a9 M KR+ =
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6.4 EM Algorithm*

EM&ER —MsAEE, AT SRR MRS 4.

In many problems, MLE based on observed data X would be greatly
simplified if we had additionally observed another piece of data Y. Y is
called the hidden or latent data.

Let ¢(0) = log f(x|@) be the observed log-likelihood and also define the
complete data log-likelihood:

le(0) = log f(z,y|0) = log f(y|x,0) f (x]0) = log f(y|x, 0)+log f(x[0) = log [ (y|x, 0)+(0)

Suppose our current guess of 6 is §) and that we would like to improve

this guess. Consider

fylz,69)
fylz,0)

Now take the expectation of both sides with respect to y ~ f(y|z,0®),

we have:
0(0) = (0“) = Ey[0e(0)] = Ey[l(0)] + D(f (ylz, 09| f (y|=,0))
Since D(f(ylz,0D)|f(y|z,0)) > 0, we have the following inequality:
0(0) = £(09) = B,[(0)] — E,[£(0")] = Q6,0 — Q(6"), 6

where
Q(97 9/) = Ef(y|:r;,9/) [1Og f(l’, y|9)]
is the expectation of the complete data log-likelihood.

We choose A+ as the solution of the following optimization problem:
0+ — argmax,Q(0,60Y)

The process of EM algorithm is as follows:
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e Init: t = 0,60 = 0 or random value.

e E step: Q(0,0") = Efp 90y [log f(x,y]0)]
e M step: 001 = argmax,Q(6,6®)

The E-step and M-step repeat until convergence.

The EM algorithm is an attractive option if the ) function is easily
computed and optimized. The relationship between log f(x,8), Q(6,0®), 6,
and %Y are depicted in the following figure:

Fig. AEWZHET, ETWNESE X PMLEHE R LU R i  4h 0
M Z)—E - BE Y M. XA Y BN RS S 7E 20 .

TE ST BN SR R 3

AL ECHE BIR B B HUE L 0(0) = log f(x]6)

T 56 A E50E FR 6 BBUAR BR 25 E SURE.(0) = log f(x, y|0)

RAERE RIS, 58 2B R EUAIR T LR 20 AN 70 -

le(0) = log f(x,y|0) = log f(y|x,0) f(x|0) = log f(y|x,0)+log f(x]0) = log f(y|x, 0)+L(0)
EREHSH B LTS HLT N 00, FBEBEEXAMET. HED
f(y|z,60)

f(ylz,0)
HIZ L] (E-step) XEXILEKT y~ f(y|z,0D) HIHHE:

£(9> - g(@(t)) = Ec(e) - £c<9(t)) + log

0(0) — €(0V) = E,[£e(0)] — E,[te(6")] + D(f (ylz, 69| £ (yl, 0))
e D(f(yle, 69)| f(ylz,60)) > 0, FtA:
0(0) = €(0Y) > E,[0(0)] — B [(6")] = Q(8,6) — Q(6",6")

X E
Q(0,0") := Eyyju0n[log f(x,10)]
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BRAKEE (M-step) EF 00D FER LN ] R
0+ — argmax,Q(0, ")

EMEARiEIE EMEZEE DU PR TEA, B2k

o WIUHtk: t=0,00 =0 SKHEHLE.

o B 15 Q(0,01) = By 0m)llog f(x,y]0)]

o MP: KAk Q(0,0Y), FEFISHALGIT 04+,

M IATZE ) TEMBEER R D B, R Q MEUE S it EAL,
AEMBER — MRS L

EMSIRMIGFAE R, &GS, MEBAMEE <18, PRILEM&A
TS -

5] 6.4.1. Ezample: Mixture of Normals
Suppose:

X1, Xa, o Xy MmN (00, m=1,0 <7 < 1
j=1

Find the MLE (fi;,0673),j =1,...,m.

Let yy, ...y, be the latent member index, then

flayl) = HZ Gl i GV
Y i 27TJ P 202 (vi =J)
] j

=1 j=1

Thus,

log f(z,y|0) = ZZlog(m\/—eXP{ %})I(%:j)

=1 j=1

and

n m 2
Ti — My .
Epyjo o log f(,y10)] = 3 > log WJ\/—eXp{ %D Eyyfeo0) I (yi = J)]

=1 j5=1
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Denote ® © (O
7Tg N(xZ7ILLJ 7( j ))

we have the expression of Q(0, G(t)).'

FO(y; =) =

n

ZZf(t yi = j)log(m;N (3 1, 07) Zf 7)10g(N (24; p1j, 07 ) )+ const

=1 j5=1 =1 j=1

Set % =0, we have:

LD S fO(y = g)a
! Yo fOy =)

(o2 = 2@ — t+1 D2FO(y; = j)
! Z¢:1 f Wy = j)

S _ i f D (y; = j)
’ Do i Oy = J)

Using EM algorithm, fit a mizture of two normal distributions to the

waiting time of Faithful data in R.
FEiL. AT T e TR b ok EMA R R A A AR, K
fRRAIES DA R KMARET, R T4 A2 =& e etk

=~
i
o]
ﬁ
prd
o

]

CRRZ B AHE X, Xo, ..., X, RA—ANESm

Xi%izm:ﬂj]\f,uj, J ij—l 0<m <1

B AR E EA R 0 SRR KA (3,69, =1,...,ma
2 BINBAZE: R UBAEGRRE vy RRENLME
Sy FIRA B
3. SEHARR B T A IR R R AR B

log f(z,y|0) = Zzlog(%\/l—exp{ %})I(yizj)

=1 j=1 J
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4. (E-step): 5% AT 544571 T 69 50 2 3 MM AR B 4K

)2
E f(ylz,00) [lng T yw ZZIOg (7'('] \/_exp{ %}) Ef(y|a:,9(t>)[l(yi = ])]

=1 j=1 J

5. (M-step): B KL EL—HFRGIMEFHMAR KL, 5

M(t+1) _ >y s = g)wi
’ Z:L 1f(t)(yi:j)
(t+1)y2 _ Z?:l(xi Hl ) f(t (yi = j)
Zi:1 f (yz =7J)
e _ i [P =)
! Dot it SOy = 4)

6.5 Properties of MLEs*

MLERIPER A+ 70 REF, FAMKK G IMLER B A, 5801,
ik, WS TE, PR Sl Rk

EIB 6.5.1. Invariance Principle of MLEs
ROROYMLE, %gH—A2 X0ty R, A8 2qg(0)~g(0)4 MLE,

1EBA. Define a new parameter ¢ = ¢(#), and suppose 0 = h(¢) is the inverse
function of ¢(0) (if it exists). Then

The likelihood function in terms of ¢ is L(h(¢); X).
Since 6 is the MLE of 6, we have

L(0;X) > L(#; X) forall§c®.
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Substituting 0 = h(¢), we get
L(h(g(6)); X) > L(h(¢); X) for all ¢ € g(©).
Since h(g(f)) = 0, this simplifies to
L(6; X) > L(h(¢); X) for all ¢ € g(O).

Therefore, ¢ = ¢(6) maximizes the likelihood function L(k(¢); X), which

means

~

L(h(¢); X) = L(h(¢); X) for all ¢ € g(O).
Thus, ¢ = g(é) is the MLE of ¢ = g(#). This proves the invariance
principle of MLEs.

EIE 6.5.2. Emistence and uniqueness
Let X,, = (X1, ..., X,) be a simple sample from a population with density
f(x,0), 0 € © open C R If further ,(0) = %2?21 In f(x;,0) is strictly

concave and €,(6) — —oo as § — 0O (the boundary of ©), then the MLE

A

O(x,,) exists and is unique.

AL, IR IR, Kk R b E %, a4 b s e ey i
migfE (2R RAAAT LY, B FARAE—EGELZMFA, A
VAT 3 3T AT )

1 BAMERTER: XX, =(X1,..., X,) BA—AEARF IR H
PRAMA A, IANERGEREBHRE f(z,0), £F 0 25K, BIALEAE
FH 6 CRe

2. MR BRK: (,(0) =137 Inf(x;,0) 5% 0 93 HMA S
RAyF 348

3. AU BRI HAR B 0, (0) RFAEWEY, X ERE M TAE
FTAANTE A HAL 0, A= 0y, ARMERE a € (0,1), #RA:

(b + (1 — a)by) > aly,(61) + (1 — a)l,(62)



¥/N%  POINT ESTIMATION A4

FEAS WA AR T 3 R R B HORH S A B R KR

4. ARATH: SH 0 AR TAREMGARF (00) B, MHHMASH
0,00 O TFAAET .

5 mKMAAET (MLE) W9 B4 —r: AFE&EH, 252
RIET RRMAET O(z,) BELE—, XERELLZHOHEAT, 4
KB — A — AR O(x,), EAFATRMARBEK (,(0) A5 F KE.

EIE 6.5.3. 18 k69 KPR AE 189 B Aa M Fovfp — 1
E X, Xo, X, RRAFKBAGHELR, (e BEHEA

f(z;0) = h(z) exp(@'T(x) — A(0)), forz € X

4 R

DA®0) 1
90 —EEZN&)

i=1
HONBAE—M, A LZREPHOE MLERLE—,
FIT. BIANREAMLARE, EARLRERNRREE, £iX DL E—/ M)
FARAEH

5] 6.5.4. FHE A MLE

EX1, Xo, o, X, X Exp()), KNG MLE

R, — MR HERT
LR RN

L(X\;x) = gAY i
T EALLIA B HH

(Aiz) =nln A=Az

=1



A
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RS
HNz) n O
o a =" 0
it 1S
o n
3=
D i1 Ti
L]
. fi e
BT BN
flazh) = Ae™™
O—In(\) 1<
o  n Zl —Xi
1S
“ n
PR p—
Zi:l Ty
Il

M. EZAPTLELHRKSZHMAKLBMAZHGETT, HXELE%
TREQ T HABA, o RAETET AR ELAEAN@OPT.

P& R HMLERIAR & VEAT#TE AR 2

I 6.5.5. MLE consistency
Let X = (X4,...,X,) be a random sample from a population with den-
sity f(x,0), 0 € © open C R Assume that

1. 6 is identifiable, i.e., for any 0" # 0, there exists x such that f(x,0") #
f(x,0);
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2. the support of f(-,0) does not depend on 0, and f(x,0) is differentiable

with respect to 6 in O; and

3. the true value 6y is an interior point of parameter space ©.
Then the likelihood has a mazimizer 6 and 6 2 0.

EIE 6.5.6. MLE asymptotic normality
In the setting above, assume that conditions (1)-(3) in the MLE consis-

tency theorem hold. In addition, assume that

1. f(x,0) is three times differentiable with respect to 0 and we can inter-

change integration with respect to x; and

2. THae) < M(x) and E[M(X,)] < oo,

Then
Vi (6, = 60) 5 N (0,17(60)
in distribution. Denote by €,(0) =>""_ log f(z;,0).
B TR TE 24k, A ARG T, B e (R

EX 6.5.7. Likelihood

Maximum Likelihood (ML): Given a statistical model M parame-
terized by 6, the mazximum likelihood estimator Orrr i defined as

Ong = arg;rlaXHf(xi;Q),

where f(x;;0) is the probability density function (or mass function) of the
model given the observed data x1, o, ..., x,.

Profile Likelihood: For a parameter 6 of interest, the profile likelihood
function L,(0) is defined as

Lp(e) = max ,C(@, 0nuisance)7

enuis ance
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where L0, Opuisance) 15 the likelihood function, and O,yisance represents the nui-
sance parameters.

Partial Likelithood: In the context of censored or truncated data, the
partial likelihood function is used. For an event time t; and a censoring
indicator 6;, the partial likelihood function is defined as

- f(ti;0)
i 2z, f(15:0)

where f(t;;0) is the probability density function of the event time.

Lp(e) =

Induced Likelithood: In certain situations, an induced likelihood is
considered, especially when the likelihood function is not directly available.
It’s defined as

Ling(0) = supPy(X = ),
Mo

where My represents the family of probability distributions under consider-
ation and Pe(X = z) is the probability of observing the data x given the

parameter 6.

6.6 Minimal contrast estimation and
estimating equations®
LA TACRAVR BRI BIHL, B RALRAS T 52 bR b & — AN e /N4
5 [y

ENX 6.6.1. Minimal Contrast Estimator
Contrast function:

p: X x0O =R

and define D(6y,0) = Eq,p(X,0)
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Let X; S Do, - Furthermore, let p be a real function such that
D(0o,0) > D(6o,60)V0 # 0o

then, .
0 = arg m;aux% ; p(x;,0)

is the minimal contrast estimator (MCE) of 0.

R—d A amE, FIRMH — BT RSB A CE R TT
R AARE -

Usually, Q,(X,0) = 23" | p(X;,0) — D(,0) as n — oo. It is natural
to consider 6(X) minimizing D(6y, 6).
AR FHEARTHRE Q.(X,0) MEERALE n BRGNS E—
fH D(6o,0). XAHILEME D(0o,0) HREEATHE 0 5HAE 0) Z B HIZ 5
A BBl R/ME D(0o, 0) RAKBUGTHE 0 o i 6, RS EA T © KINE
m, FHH D(6o,0) RGH B REL.

Now suppose the true 6 is an interior point of ©, and 6 — D(6y,0) is

smooth. Then we expect
VgD(90,9)|9:90 =0

where V denotes the gradient Vy = (8%1, cee %)l.
EIE. W D(6,0) 7£ 0 = 6 KeMIBEEINE, ZaRedt 7 — AT
KA

VoD(00,0)],_, =0

FRIE Vo ZomX S SH I 4L

Arguing heuristically again we are led to estimates 0 that solve

vHQn(Xa é) =0
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which is a special form of the following estimating equations.
FIR. BT RS, SR T MBS AR G
VoQn(X,0) = 0 KIRBEHHE 0.

Estimation equation: More generally, suppose we are given a function

U: X xR RE W= (3q,...,%9)7 and define
S(6o,6) = Eyp, U(X, 6)

Suppose S(6y,0) = 0 has 0 = 6, as its unique solution for all §, € O©.
Then we say 0 solving

U(X,0) =0

is an estimating equation estimate.

Fig. B, € XTI RERIE, B E R v X x
R? — R, €L S(0y,0) = Ep,V(X,0), FEBE S(0y,0) =0 HIME—FRFE 0o
B2, PRHIBIEM U(X,0) = 0 RIRBIEIHE 0, AN

il 6.6.2. & =ik
Let (X;,Y;) be i.i.d. from

Yi=9(Xi,B) + e = XiTﬂ + €, if linear model

By letting

n

p(X.B) = [V — g(X;, B))?

i=1

be a contrast function, we have

D(ﬁ()’ 5) = Eﬁop(Xa 6) = nEﬁo[Y - g<X7B>]2
=nE{g(X, o) — g(X, B)}* + no?
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which is indeed minimized at 5 = [(y. Hence, the minimum contrast

estimator s
B =arg mﬁin Z[K —g(X;,8)]*  (least-squares regression)

It satisfies the system of equations

> (- o) 25— o
i=1 J

under some mild regularity conditions. One can easily check that ;(5) =

(Y; — 9(Xi, 8)) M satisfies

= E{9(X, Bo) — 9(Xi, 50)}%5&))
B=Bo J

Thus, it is also an estimator based on the estimating equations.
EWW. WwRLAEE, Tl AN A AR D ZROGBEFEST Lk ey
ST, AR RF M EAE, A b E LR RS T S ARAE  AE)
R IR R

IR HRHE: SRR Y, = g(X,0) +a, SRARZEME, &
FH Y, = XTB+ o HAFR LA

Eﬁo¢j(ﬁ) =0

n

p(X.B) = [V — g(X;, B))?

i=1
ST B AT E T HOUE g(X;, 8) 5 RIRAAA Y; 210 89 £ 5 89 F7
Fao
2. Mg Bt B & MBI EE D(Bo, B) -

D(fo, B) = Egop(X, )
ARt

D(Bo, B) = nEg[Y — g(X, B)) = nE{g(X, fo) — 9(X, §)}" + no”
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EANANRETES = Lo st b b F a2 R Do
3w E: i ERP b B AR, RN gD
it E A .
B = argmin z;[Yi - 9(X;, B)°

XEFRERR DRI EETE,
4. BRMTAEZRG: ZRETEBLAT HALR %
}/;_g(Xzaﬁ) —:Oa j:17"'7d7
;( ) aB;

E—RWENESHT, INTHEREARL,
5. BiERARPE: =X AE AAER

v _ox. g 29X )
j = i 5 -
valf) = 9(Xs, ) 0B,
B A b -
E 89(X;,
Wi(B) = E{g(X;, B) — g(Xi’ﬁo)}% —0
B=Po .

HIE T A ZARALS = fobt ey RdptE, BH ERHPAEF TR,
SUBI ey T de AT ) L 3 P ORI A I AL, FHEM T ARt AR
A R

5 6.6.3. L,-regression
Consider
p(XY,B) =Y - X"5|.
Then,
D(fo, B) = B, |[Y — X" 3| = E|X"(B — fo) + €.
For any a, define
f(a) = Ele +al.
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Then,
f'(a) = Esgn(e +a)=P(e+a>0)— Ple+a<0)=2P(e+a>0)—1.

If med(e) = 0, then f'(0) = 0. In other words, f(a) is minimized at a = 0,
or D(Bo, B) is minimized at B = By! Thus, if med(e) = 0, then

n

N 1
— in — Y, — XTF
f=argmin 3 |Y, - X5

=1

18 @ minimum contrast estimator.

5 6.6.4. M ARMAA T
Let L(0) = f(x,0) be the likelihood function, Oy is the true parameter.
Then, let D(6y,0) = —Ey,log f(X|0) and to say that D(6y,0) is mini-
mized uniquely when Py = Py, is equivalent to
f(X10)
f(X160)
unless 0 = 0y. Here D(0y,0y) is called the entropy of X. In the case of
X1, X, di.d.

D(6,0)—D(6,60) = —(Eg, log f(X|0)—Ey, log (X)) = —Ep, log

pX,0) = 3 log (X, 0)

satisfies the condition of being a contrast function, and the MLFE is a mini-
mum contrast estimate.

Define the mutual entropy or Kullback-Leibler information divergence

between f(X|0y) and f(X|0) by

f(X19)
f(X160)

Then mazimizing likelihood is equivalent to minimizing Kullback-Leibler di-

K(f(X6o), f(X1]0)) = —E, log

vergence, i.e., mazximizing the likelihood of data is equal to minimizing the

difference between the estimate and the real data distribution.

>0
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E. RET AT M, X ZH L3692 Kullback-Leibler# &, XA —A
B k= AmA DA Z 18] £ #%%ﬁ,ki%ﬁkwﬁ%ﬁ%ﬁi A3
BN G A Z B8 £ F, XA ZFA), AT FARZEL LE 5,
B SR KA RAE 3 A — AN A A ot

) A 69 A AL 1 3 4w 6 5L VA S B 22 AR

1. X3 D(0,0): kst D0, 0) A X HESEHK O T,
STHEMAR B RGP EAE L ELE LK 0, TOMEEZE, 7

D(00,0) = — Ey, log f(X]0).

o b BHMHA: 5 0= 0, 1, WBHK D(6y,0) KB R,
LA, SFHH 040, A

Dlt0:6)~ (60, o) = ~ (B, og (X16) Eu lo F(X|60) = ~En,log 5 3 0

> 0.
EBLA D(6y,0) £ 0 =0y KFFFE—R A
3. BIA B HEK p(X,0): EFEA Xy, X, RIR S HGHEILT,

Tz S dH p(X,0) H

p(X,0) = ——E:bng@@

0 R P T SR A BE, BRATAE R 0 £ 0y, A D(60,0) > D (6o, 00)-

4. MLE & 3t efEat6giem]: ARE 2 L, wmRaFbfd p(X,0)
ith R AR, R K AR AR ST AL A R AT A

5. BA43 B R Kullback-Leiblerfs &#E ML & X f(X|0) #= f(X|0)
Z 18] 69 BAZ 8 R Kullback- Leiblers & &R

K (f(X|0), F(X[0)) = — Eg, log J{g'{fj).

B AV 5 TR ARAE T a9 Fh AL, BP s AE 31 fo B R 3B A Z 1]
025 (BEnA 28 £ FM B 692 Kullback-Leibleri &), 1&£/31&+ 248
AENT,



Lec 7 Optimal Unbiased Estima-

tion

7.1 Minimum variance unbiased estimator

EN 7.1.1. Minimum Variance Unbiased Estimator
EX = (X1, Xo, -, X)) REAQEBRSHHF,, 0 c O —AMHER, —
/1\9(9)16‘3 A1+ =g(0) i =2

Varg(g,(X)) < Varg(g;(X))

SEHTHO € O, g (X)RAEEg(0)8 FtatsitF. W ARG,(X)Zg(0)8
R T ERARETE (MVUE) .

EIE 7.1.2. Rao-Blackwell Theorem
RT(X)REEDHH%EF,, 0 € OFOH A%t E. o F§(X)Rg(0)89—
Mt &, A AT Lk

1. E(g(X)|T) = h(T)_—N %t =
2. R g(X) R LR, MA(T)ELZFARE

3. Varg(g(X)) > Varg(h(T))0 € © F5m 2% BAXE§((X)) = h(T(X))a.s.Pyrk

Lo

o4
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EL., EAREBAT, wREMNH AL BET, TAALNEL, %
HERAE, XeeFH NI BET, LT E 2],

mE, ¥ — AR AESRIT R LS T BRI E 6 R A R4 B
Fayai%, st A T UMVUE, SA1HERE T TF3HAEX—2 2,

B 7.1.3. %X = (X1, , X)) RART £S5 ED(Lp): 0 < p< 1FHIFH
A, ROREIIX Rpt— ARl i, T(X) = S, XiRpt £ 4t
B, A — AR X, £ R At

fiE. X gpi)— M Emflith: E(X)) =EX =p
T(X)=>", Xigpl R n gt & (2%4p.1.2
FE3E B R T A 1 B

h(t) = E(X;|T =1t)

P(X,=1,T=t)

P(T =1)
()Pt -ttt
(@ =pt  n

H(T(X)) = 225 = X A— A7 N E S it

7.2 Lehmann-Scheffe theorem and Unbiased

estimators of zero

EIB 7.2.1. Lehmann-Scheffe theorem
Z T(X) RYyHFH{F;),0 € O 9—ARL2RD%TE, §.(1) £
g(0) 89— AT tE e A4 §,(T) Zg(0)—8 UMVUE(a.s.)o
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EiL., EINREPARMNREA —ANZEAN AT ET(X) m— ML T
A F AR BT K3, RAZINZ LA RITEL NG AEFTHEUMVUE,
PABHIF, EFEAG, A ITIRE Y,

B 7.2.2. %Xy, Xo, -+, X, AT U0,0), KO#MVUE,

BB mT T(X) =X 20 Meersraite (3%p.1.05p32, &
ITRr BAZ 1& gn(T) =T = X, WBIE, 153, B1ENTMTtg,, AT
BUEIE, 7 ﬁ'ajztle(X(n))
B, BATTEEE X, 5070 R R 2 B oR 4L
ny I AT R -

X
Py (@) = 1= (L= F@))" =1- (1= 5)"
RIE, Xy BV RECN:

n—1
ool =2 (1-2)
IR, BATHE Xy BHEH:

E(Xu) = /00 x% (1 - %)n_l dx

PATEL AR E B u = £ BATRHE, 153
n
n +1
B, 6,(T) = 2 X, & 0 KiLmftiits, HFHBEN X, 25%27R

8t s, AR Lehmann-Scheffé &, "HX(n = 0 MW/J\ﬁ¢%1ﬁ1ﬁl+
(UMVUE),

E(X@w) =10

=
=ER

]

B 7.2.3. X1, X, -, X X Poi(N), K (1)gi(N) = M2)ga(N) = N, r >
0K B KR#(3)gs(\) = P\(X1 = 2)89 UMVUE, %% K&,
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. T =" XiRA\NIARDTHRITE.
1. B(X) =\, XL, HL-SEEER (T) = T/nZ2AHUMVUE,
2. T ~ Poi(n)),2ho(T)Ng2(A) = NHITMmALTH, WA E\[he(T)] =

A, B
o0 efn/\(n/\)t . o nt\t - o nt=T
t=0 t=0 t=r
BRI
ho(t) =0 as t=0,1,---,r—1
tint="
hg(t):m as t:T,"‘
GZel

T(T—1)- (T —r+1)

HL-SEHEL, hao(T)HNge(\)FIUMVUE

ho(T) =

-

3. gs(\) = PA(Xy = 2) = 5 2o(X) = Iix,—nHENp(X)] =
PA(X = z) = gs(\), HIp(X)Zgs(\)B—DTMflith. EERT ~
Poi(nX), Hgs(\) B LA

ha(t) =E(e(X)|T =1t)
P(X,=z,T=t)

P(T = 1)
 PXy=z,) 0, Xi=t—1x)
P(T =1)
~ (n—1)"7t
Conti(t — )l
~()ara- ez

HR-BEBLH, W(T)2gs(NR Lt &, il 2T RE, HL-SE
H, hy(T)7Egs(A\)FIUMVUE.
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EW LW THER, 5 §.(X) 2 g(0) BaMmfibiitE, W g,(X) +
aU(X) W52 g(0) KLmflivhE, Hih o BMEEFE, UX) ZEMZERTL
i vt & AT Ao T 22

Varg[§a(X) +aU (X)] = Varg[§,(X)] +a*Varg[U(X)] + 2aCovg (U (X), §u (X))
EXTFHLL 0, Covy(U(X), gn(X)) # 0, WAFLE—A a 15
Varg[g,(X) + aU(X)] < Varg[g,(X)]

Kltk, §,(X) AR UMVUE (Gi— /M7 Z it &) . xR,
SRR 7 Z 282 UMVU 802 775 R OCEE

EIB 7.2.4. Unbiased estimators of zero

KX ARA B FER, §(X) & G={§: Eg*X) < oo, V0 €O} F
H—AMETE, R U ATHARGAGETZ0ES. N (X)) AL B2
g(0) 49 UMVUE & Z %542

Ey(g(X)U)=0,YU € U,¥0 € ©

(ZF&: BA Ey(U)=0,YU €U, PTvk Eo(g(X)U) = covy(g,U), X
FNT 9(X) BEANU cU X E4.)

5 7.2.5. R X, Xy, -+, X, k8 B(l,p) , RELIGAETEILHE LY
1R A% p 89 UMVUE.

. BRHWAEFEAYE X 27 ZEARATMAATE, Frbl HFiEm X
FraELmMbitE, 5 X BT ZR0.

MAESEFLMMGTTE [ =1(X), ERHEEARRN0, B

0=E,() = Z I(x)pZici ®i(1 — py X Yp e (0,1)
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0= JHETTREMIARE R (1 - p)" 133
0= I(x)0%=1% ¥ >0
z;=0,1;i=1,....n
XA TR 6 K253

0= > <§2%>- x)f==1 " h > 0

=1

Hotiia5 B (X - 1(X)) sZE—DNHEE, bl E,(X - (X)) =0, iE

ke, O

BERR.  URARAEMCAL AL B AR AR, BRI AR T L-SE L2
Jo o ARZE T (0 R AR R R T — ANl F A R T8 S A5 AT AR AR 4 1%
TR — ARG o 2zl T SRR E TR TG R, HAR R T
TR T ZE e TR

FATHSLIEA — M HER U] T I Al TH 38 Bl AT LA IR 7890 4
hEzd. Btz sk, AT AE—A ik @mi%ﬁﬁﬁiﬂﬁ&lﬂﬁ%
AHZE EHAEDL T, SRR T IXAN KA

A0 A2 WA THT 58 4 78 70 BT, ELX AN 7T o6 $eg (T) 2 6 R

[, ARG ELRUMVUE, Xt L-SEB KN Z.

7.3 UMVUE

BAFF—E PR U SRUMVUE, PLERRAEUMVUER) BHE M,

733k 7.3.1. UMVUE

TEAP AT E+ AT +5HBEHER (KHHZ2E) K —
MNEARESGTE, BTRTUR—ANLtE, KRG AR-BE LKL
138 2,
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REAP G E+HB+ AR (R EHKE) RI—AZ2EH
%t g, REBR—ANXTROGHE, KF-RE LIRS,

5 7.3.2. — A A UMVUE (%4it&HH )
Bk X = (X1, Xo,..., X,) RKAFELEKR {B(1,p);0<p <1} 694
A, LT =" XREEASGRGAITZE, K548 p A p® 8YUMVUE,

%% p WUMVUE
=F (Z Xi> =np
=1

BAK T 6942 :
HTTHREXT p REAKRIK, PTARE 2R LUFE p 89 UMVUE:

E(9(T)) =

£% p? WUMVUE &M K T? 69492 .

X:E'X2 —I—ZE ;) =np+n(n—1)p*
i#]
fig i p?
, _ E(T?)-E(T) _E(I*-T)
p= nin—1)  nn—1)
B, p? B9UMVUEA

T>—-T 1 T
- LI e
n(n —1) n—l( )

EIL. AHEMXREOE, ALt fick, @3T8 2, 54
1 AR SRR, 4E R 8 ey ik Ik R FCR AR, BRTFE UMVUE,
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5 7.3.3. Z AR UMVUE (54802 %)
BXD, Xo, -, Xy NUb(1,p), EANET = S X, RpH RS A G

=, 1K Lehmann-Scheffé€ K g(p) = p(1 — p)89 UMVUE.

. LX) = =1, %= A Elp(X)] = P(X; = 1, X5 = 0) = p(1 - p),
Kt (X)Eg(p) = p(1 — p)I—AN Tt FEEEIT ~ b(n,p), Hglp) =
p(1 — p) St Tl

ht) = B(pX)|T = 1) = 25 e 2 - ;EZ = ?)

HR-BEHH, h(T)2g(p) B Lfmitith&. iR, HL-SE Ak,
h(T)#Zp(1 — p)FJUMVUE, O

EIC. ARMXE L, FETUATY —ABEGH X iE, LR &4
Rk, XELE A SGIMLERUMVUEY 5 %

L REESREGRITE: T=3" X APHANIE &% E.

2. M Ands R A B B AS TR R o (X) Mk B — AN Tl b it

\=4

¥ o

3. B A Rao-BlackwellZ 32.: F#it LT =X #AXTEZELS
Yt BTH EAR A7 Bh(T).

4. B B Lehmann-Scheffé€ 3 : BABHPANT)RAD ZERITE 09 H
%, HAh(T) R UMVUEL.

HX T EMNEIRER-BEREERT 288K+ 0 2%

5] 7.3.4. Gamma ¢ UMVUE

i.4.d

KX N (o, N), HEPalse, KNG UMVUE.
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fiR. AN EEGITE, HESHEARBREEE
p(x;A) = (F)(\Z;)n 11 zi~ exp {—A;x} - Hx;>0,i=1,--- ,n}

B -\ EEAIETNE, BEERTomeE, T =" X,
HNRTTEH/GITE.

BERUMVUE, ZH0EA LRGSR, AgitEmius, Ran e
G E A

ERTSHAZLEN T, EEXTSHNEECELIEN, HREBR
RizGiit 2 H IR

E)\(%) = /OOO %p(t; A)dt

_ A / " =)=ty
I'(na) Jo

M (na—1)

 T'(na)

A

na—1

RHEEHE R TSR LS E, A — TR EUMVUER

no —1 _na—l

A= = —
> i Xi nX

7.4 Cramer-Rao Lower Bound

I8 7.4.1. Cramer-Rao Lower Bound

KX, Xy, X, READK {Fy,0 c O 9—AHLR, T(X)£0
W—ANrmamitE, §(T) £ g0) O— ANt E, mRFBLAT F4F
(FRzZ A W) )
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it RARIAAT, HTEEREET, X5 EOTRA GO g
¥ 1(0) & Fisher 13 &%, EATR#BAA Cramer-Rao T 7o

EX 7.4.2. Fisher Information
HF—AwAs 0 AT BESH, EBMEZTRHHA f(;0),
Fisher 17 & 1(0) & X A HMARZH G —NFHO T £, BERAXIT

0
1(0) = Var (%log f(X; 6’))
KA FMH:

H@zE(%bM@ﬂOj

0) RABMAZ K, E RRHLIA,
EIT.  Fisherf3 B2AK, ATHFFXTHAK 0 W2 68S, BRARAT
AR M ARRAE T IZ S K. RZ, Fisherfs &M, R THEFETHAH
8912 &AR Y 4Bt g A M AR

HF, log f(X

\\)\v }\Eﬂv
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MR 7.4.3. Fisherfz &M K, A THBEFTXT 50 956485
& L(0; X) = log f(X;0) AR5, W Fisherfz & 7T A mk.:
82
I1(0)=—-FE [ﬁ log f(X; 9)}

LRAESZTEHIALT
1(0) = —E [velog f(X;0)]
XA XA T AT AR B A U F R0 B R R H Fisherfz &

5] 7.4.4. EZ A P 8 Fisherlz &
Bk X REBEEDH N(u,0%) EER, Ld u YA, 0> R4
BT £ o STEAAKR B A

n

log f(X; ) = —g log(2ma?) — % > (X —p)?

i=1

xR — B 5
0 1
a—ulogf(X;u) = ;Z(Xi—u)

o KW F8c:

82
o = log f(X; ) = —
B, Fisheris 85 :

-] -2
EIE 7.4.5. AENEHT, HEW LB ETELE] Cramer-Rao T F8I %
Db RFAR, HARMAESRAERGR LG, (X)RAD AT

EWL. WRAAGBEHTEZLETCRTR, MAZINEHELRELS %
2, BHFASRLMALSHIEH %,
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EI 7.4.6. XX = (X1, ,X,) RAEERIA f(r,0)8 LARF Gy
MEsH. R g(0)8E—1Eitg(0)H 3K, AR LiEMETAG0)4 MLE,
HIFAH2HEE LA

GO/ I6)
%) = X))

5 7.4.7. Poir 49 C-RF R
S K Pishfs BI(N), BAEDHHHA

T,—A
flan =2
xZ!
XX HCE R RK B
d*logp oz
ox: N2
K2
x 1 1
I() = —Ex(—y3) = aBX =5
C-RFRHA
(g(6)? A
nl(0) n

EI., BARASABETEZRBIANTRGAE, ezt 2 UMVUE,



Lec 8 Interval Estimation

8.1 Confidence Interval

EX 8.1.1. K&

XA fEt AN REK Ly, ..., 2,) #2 Uz, ..., 2,) AR, CAURHT
BARHAE, KRR E—ANARENE [L(z),U(z)], EFXTEATILEE 0 F
Aoz, REA#HL Lz) < U)o SNERI—ABZHHA X =2 i, KA
[L(z),U(x)] BT Lz) <0 < U(x)o XA R ]2 A T U0 48 5+
A0 9,

AL [L(X),U(X)], &% X RFMnEA, FHXAETE. ©
AT Hd 0 TEPTELR AT, FEAA— % OBE,

BEMEABRNE LX), UX)) &aRAF5H 0 OBFE, T Pl c
[L(X), U(X)]).

X o4& it ek & B IR M e KA %, TARBE AR 67 kT A .
—ANFEREEEARBGIE TR EUX) - LX)

Bl 8.1.2. 5 3t 48 X 18] 4531 &

BAREMNA —ADNEEP A LR, LHEA u, FEEA o0 (084),
BAMMIZ EARF I AN R, HAEN ne AMNBRAETERGME 1 8
— AR T E,

66
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— /RIS R PIT R

X - X+ zajp—e

v Vi
b, X =230 XGRHEANM, 2,0 RAFEES) AP, RIFFHRME
Z Ay o B9 AL EL

(FR LX), X7 AR d A AR ], b2 —A
XA A&t =, 127 f8 72 FIBF 31 5] R0 69 B R A2 R s 548, K AA T2
R iX — ALK ], )

MTEARNBGIHE, BEENR:

I (/L € |}_< Za/2 4< Za/2 :|>
n
fa}g

% XA At A, A AR X 1A 49 2

=
Tk

W

E |:(X+Za/2%> — (X— Za/2%):| = 2204/2%
EX 8.1.3. EFRX
WX =(Xi,... X,) REAEK {f(x]0).0 €0} —AMHFA, LI
EH Xo & La(X) #2 Up(X) REHE, 43 Lo(z) < Un(z), HTFHA
reX B/, WA, WmBXTFHAH 00,

Py(Lo(X) <0 < Uu(X)) > 1—a

W [L(X),Up(X)] —A5% 0 85—/ 100(1 — )% #9EAZKIE (CD.,
sEFARBER, WwESTFHAE 0O, ¥ n— oo i,

Py(Ln(X) <0 < Up(X)) = 1—a

W X8 (L (), Un(z)) ZEZ O 69— 100(1— )% &9 KAF ARG (#F8) &
12 X 1],

BEREKF: 1-a

BAZFH: infy Py(L,(X) <0 < U, (X))

E L.
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L AEERFRERA (L (2), Un(z) 3FFFEARTL R4 A,

2, KIALT AR EME R : (—o0, Uy(X)] 8 [Ln(X),00)e

B LA EAZREIR (confidence region)

68

3. BRXTUAY BB ZHEFN: A EREWH (confidence band) ; =2

4. BR¥, BMA DR R A LA TR K FEEME, 12

X FF Y X 8] 38 A A 1,

5. —ABAE 0 WERRAMXRZ 0+sdx F,, £¥ F, 543, sd

R 0 WATRRIEE. 15 sd x F, #R AR 2357 (margin of error)

CLR—ASFALK ], & FALE E AN 69 it B R AR X 1A 69 35

8.2 The exact CI

WXy 1 LA X[

RN 8.2.1. W RMAVEF ¢(X,0) 897 5 AS 0t MALH AR

g AR E,

Bk 8.2.2. BE R a9 —AbHyE
st TFARsE g(X,0), KE a<bBfF

Pyla<g(X,0)<b)>1—a
FrREEEA
Cx)={0:a<g(z,0) <b} ={0: Ly(x,a) <O <Up,(z,b)}

N C(X) 5% 0 89— 1—a BRERE,
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] 8.2.3. 5% A by B 12 X I
pa;0) =071 2>0

AR IR FEAME A X, Xy, - Xy, KFHFS 0 9EMERLT
&
g, FAHEA R Ag =D

13—, WFEor it B niflivh A FR A Bl

TR EE, RaGUHENT =30 X, BT IRE A2
WA, SE MR INERS] T ~ T'(n,1/6) , FEAHMNEE Y
ik T RES RN HgETE, 52

2T/0 ~ T'(n,1/2) = x*(2n)
EEE TGS B E TR, P2 Ed A E.

2. B, WEEH

PR ML, PP RATA R 2E — . XEHENGAE
BRBM XA, BTFREOZESE MR, FrelXmEpgaoy o
RFRANE, MERFES 0 /£ b, PrARGZE iR/ T84
e, Bt S d.

W d AU AR A A R, R

Pg {% < Xa(2n)} =1—«

3. B, S HKA T
F LA R RS, 3
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DR LHb e SR PR B0 A5 T R A

2T

o= 2

5 8.2.4. E&H M EARNMEF T 269 B3 K 1A 69 441E

1. o4, Kpu
FAVRFAR R HE R EE AR =
= X - K
o/vn
LHATRY R, Z AMBRMAREES S A, RMNKIAFELS Y
b EA (—2aj2, Za2) RARHBERTFHET 1 —a, Bk

T

v OZa/2 OZa/2
AFMEE—A (HFt) (1 —a)ERF K
2. ok%m, Kpu
BAVEAFR S 2 )
o X —pvn
S

W IHFT ~ t, A ARSE, B

o St-1a/2) & | St-10/2)
[X —jﬁfﬂX+—jﬁfﬂ
RHEH—A (Fi) (1— o) BRE XN
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3. plsm, Ko Rih=:

14 — n 0_2 Xn
% 2 2
nS a nsS e
€1 PO'Q(_QM <c1) = 5,00 P 02“ > ) ==
BRI
nS; nS.
oo
4. pksm, Ko HRihE:
X - X)?
TI Zz—l( . ) NX72171
g
Z‘?\
2 2
d11PU2(% <d1) :%7d21P¢72(% >dg>:g
BlEXA:

8.3 Other methods*

AR TR, WU PR, ESE R
51 8.3.1. Wilson Interval

The Wilson interval is a method for constructing a confidence interval
for a proportion in a binomial distribution. Unlike the traditional Wald inter-
val, which can perform poorly for small sample sizes or proportions near 0 or
1, the Wilson interval is more reliable and provides better coverage properties.

The Wilson interval is derived by inverting a hypothesis test and can be

represented as follows:

Cly

P+ m\/nﬁ(l—ﬁ)—i—%
= no4
1+ %= n + K2
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where:
e p is the sample proportion.
e n is the sample size.

e k is the critical value from the standard normal distribution correspond-

ing to the desired confidence level.

51 8.3.2. Wald Interval

The Wald interval is a method for constructing a confidence interval for
a proportion in a binomial distribution. It is one of the simplest methods
and is based on the normal approzimation to the binomial distribution. The

Wald interval is given by:

LS

C[SZﬁﬂ:lf —

where:

P s the sample proportion.

e §=1—p is the complement of the sample proportion.
e n is the sample size.

K s the critical value from the standard normal distribution correspond-

ing to the desired confidence level.

However, the Wald interval can perform poorly for small sample sizes or
when the proportion is near 0 or 1. This is because the normal approximation

to the binomial distribution may not be accurate in these cases.

5] 8.3.3. Agresti-Coull Interval
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The Agresti-Coull interval is a method for constructing a confidence in-
terval for a proportion in a binomial distribution. It is an improvement over
the Wald interval and is known to perform better, especially for small sample
sizes or proportions near 0 or 1. The Agresti-Coull interval adds a correction
factor to the Wald interval, making it more reliable.

The Agresti-Coull interval is given by:

Clac =ptk @
n

where:
o p= % 1s the adjusted sample proportion.

e §=1—1p is the complement of the adjusted sample proportion.

X=X+ %2 18 the adjusted number of successes.

2

e N =n+ K" is the adjusted sample size.

Kk 1s the critical value from the standard normal distribution correspond-

ing to the desired confidence level.

5] 8.3.4. Agresti-Coull Interval

The Agresti-Coull interval is a method for constructing a confidence in-
terval for a proportion in a binomial distribution. It is an improvement over
the Wald interval and is known to perform better, especially for small sample
sizes or proportions near 0 or 1. The Agresti-Coull interval adds a correction
factor to the Wald interval, making it more reliable.

The Agresti-Coull interval is given by:

Clic = p £ ry | 2
n

where:
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X
B

D is the adjusted sample proportion.

e §=1—1p is the complement of the adjusted sample proportion.

X=X+ %2 15 the adjusted number of successes.

2

e 1 =n+ K" is the adjusted sample size.

K 1s the critical value from the standard normal distribution correspond-

ing to the desired confidence level.

f5] 8.3.5. Ezact Interval
Ezact interval: Clop = [Lep(x), Ucp(x)], where Lep(x) and Ucp(z) are,

respectively, the solutions in p to the equations:

P (X >2)=a/2

P,(X <z)=a/2

The ezxact interval is a method for constructing a confidence interval
for a proportion in a binomial distribution that does not rely on approrima-
tions. Instead, it uses the exact distribution of the binomial variable. The
exact interval is often based on the Clopper-Pearson method, which provides

conservative confidence intervals by inverting the binomial test.

5] 8.3.6. Bootstrap Confidence Interval

Introduction:

Bootstrap confidence intervals are a non-parametric approach to estimate
the confidence intervals of a parameter. This method was introduced by Brad
Efron in 1979 and has become a powerful tool in statistical inference. The
bootstrap method involves resampling the original data with replacement to

create multiple bootstrap samples. From these samples, we can calculate the
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bootstrap estimates and use their distribution to approximate the confidence
interval of the parameter of interest.

Explanation:

The idea behind the bootstrap confidence interval is illustrated as follows:

Resampling: From the initial sample, generate multiple bootstrap sam-
ples by sampling with replacement.

Estimation: Calculate the parameter estimate (e.g., mean, median) for
each bootstrap sample to obtain a distribution of the bootstrap estimates.

Approximation: Use the empirical distribution of the bootstrap estimates
to approximate the unknown distribution of the parameter estimate from the
original sample.

Confidence Interval: Determine the confidence interval from the distri-
bution of bootstrap estimates.

For a percentile bootstrap confidence interval, we take the 2.5th and
97.5th percentiles of the bootstrap estimates to form the lower and upper
bounds of a 95% confidence interval.

Steps for Basic Bootstrap Confidence Interval:

Original Sample: Consider an initial sample X = (X1, Xo,..., X,,) and
compute the estimator 0.

Bootstrap Samples: Generate M bootstrap samples (X7, X5,..., X5)
from the original sample by resampling with replacement.

Bootstrap Estimates: Calculate the estimator éj for each bootstrap sam-
plei=1,2,..., M.

Percentile Interval: Find the 2.5th percentile 092 and 97.5th per-
centile 0©97)* of the bootstrap estimates.

Adjust for Bias: If necessary, adjust for bias by using the relationship

~

0— 00— 0
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Mathematical Formulation:

Given the bootstrap estimates 61,62 oM

*92 k)Tt Yk )

the percentile confidence
interval is:

I = é(0.025)*’ U= é(0.975)*

For a basic bootstrap confidence interval, we use the fact that the behavior
of 0 — 0 is approximately the same as the behavior ofé — 0*. Thus:

I — 2@ _ é(0.975)*’ U = 2@ . é(0.025)*
EIT. IR EAE IS B — AN

1. EARD A K drm

I, 0=0(X) GoHEmT Skn s, kT &R é
WA, AL EATINGRITEGD T AT REZNFIA, BAA
JRE B 1 B 69 22 30 00 AR o) HOR RBS B AR D TR

2. BARD A LN L Sm

A, HAVBIR T ZF0l T EARG LMD, RAVT @AM 77
R AEASIE A AT P RO X = (X7, X75)e AIRXAFHE AR,
EAVK R AR 69 77 ik HiE 0 = 0(X*), XHEAMATAR 0* REM 0.

3. B 0 85 AL ge

EED 0 =0(X) & 0 EtE, BLENTAR 0° —0(2) 99 H %k
WO — 0 WA, HF 0 —0(z) W h R heth, Bk, KATEE
0 —6(%) W AIBEF K ¢ Fo do

4. FH AN S

RE, HAVKERE X P HAHATLEER, FE2] P < 00 <
d) = 1—ao =T FMNABFRFX, BPITHESH 0 9ER KX RLM

~ ~ ~ ~

A [0(X) —d,0(X) — ]
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8.4 Methods of Evaluating Interval
Estimators™

The shortest interval is a confidence interval that, for a given confidence
level, has the minimum possible length. This method aims to improve the

precision of the estimate by minimizing the interval length.

EX 8.4.1. Uniformly Most Accurate (UMA) Confidence Set
A uniformly most accurate confidence interval is one that provides the
highest confidence level for all possible values of the parameter. It satisfies

the following conditions:

1. Itis a 1 — « confidence interval that attains the confidence coefficient

1—aq, te.,

Py(L*(X)<0<U(X))=1—a forallbeco.

2. For any other 1 — « confidence interval [L(X),U(X)], it satisfies

Po(L(X) <0 <U(X)) < P(L*(X) <0 <U* (X)) forallfe®.



Lec 9 Introduction to Paramet-

ric Tests

9.1 Statistical hypothesis testing

MRER, AHEZWRE, Smhelr T RERE.

] 9.1.1. 1% I 691 F

BAXEMNA — AT, RMNEEAREXNE LGRS, KK
T 100 kAT, £RA 60 KE@AL, KMNBZAALRINLHREERY
¢y, PERH LHMERLEH 0.5,

BAVT VA 24 T 69 R XA 50 9] 4 -

o TIBIX Hy: AR, E@I EGBER 0.5,

o HHFMEIL Hy: MO T[N, E@mALOBMETRA 0.5,

EANTAE R A RE A LT, RIZADPALHOE, IR2A
P 100 X A2 T E &I L6 R#H X ~ B(100,0.5),

@i, &AMTFE P(X > 60) ~ 0.028, EABEERIR ), Hibk
M T B RAB L, INAR T RGO,

FELE, KMNEEINANMAZ A L ERAAR, RIELSTHLZAAN,
BAVEH AR 5 AR BAIE T ABEAT TRTUAFIANEL R E,
XA B HRAG TR

78
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AZAF P &AM HE P(X €[50 — a,50 + a]) > 0.95/3 2] 1F 2]a > 7,
B b HAT T AR 2 BIX A [43, 576
FEW. AR, ZMNEF2RE—NEERKF o, =R PIED
T o, BMAELEBIEZ. F LG FHEKFAR 0.05 F 0.0l 2R L
st A AR, RAFESHAAEE. (EXANFAE, 2T EASHGRKX
KR LRI &0 P e SRR, BREARKER.) SBRXERA
mAt IR, #— Rk (L) F% £k (Ah). F— RO EERIE
BT IEFEGRMIR, B ROEERET T HIRNWERK.

B 9.1.2. R 5 KF
iyﬂ;Xh.” 7Xn ~ N([L,OQ), ;Et_c'jﬂ*%uy O'E)é—(ﬂo ig;HO = o = O’
X — po

Hy : oy # pg Pl A6 T IR A
{(Xh"' , Xn) W ZC}

LTRBAELR, WwRARFHENFOXET LEES, HMIE
2 R AR K

¥ g K -Fi8F A AMFLLAFH, tbdea = 0.01,0.05,---, #HBARF
RABGTARX MR, B F— LR E,

H o E BB () RS AB() = P(35% Hy), AMF H = KRG BEE,

FXAPE AL E, KAV — & 4t A

1. % a=0.1 5:

c=®(1-0.05) = d'(0.95) ~ 1.645

2. % a=0.05 &:

c=®"1(1-0.025) = ®(0.975) ~ 1.96.
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3. % a=0.01 B:

c=®"1(1-0.005) = ®1(0.995) ~ 2.575.

HEAMTAEE, BHIBRFA], ELERAKR, B HH AR,
B A BB R F — R OBEREAR DK, RAN1A 2R H R B0,
B &tk £ K69 4R 435

1. 3 a=0.1, c~1.645:

u fu
:1-@(14-_— @(4.4———.
Alw) 645~ 57) + 645 - 57)
2. % a=0.05, c~1.96:
1 _® _ _ P
Blu) =1-@ (196 — =) + @ (196 — 1)
3. % a=0.01, c~2575:
u u
:1—@(2 ———) @(—z ———)
B(u) 575 — 4—) + 575 — -

Bl p it AT e 0936, TR Y B 43R KG9 B4R, 00 Sk
WA SRR EAL, KLRAN, o RIELRE K, KA
AR 5 % T — AR RAR R

P A BRI LR TR, E2AR, doRATE 0% A1)
HERIRAE, AMNAEDELEME, LHADKHHAKR: b0 R E%
0 R TARTAE, AR S B2 TIIE, AR AT A

TRBBFRAGAEARE LB RN, WELZBOLERFHERIL
MAEN, ARTRZABRFOMEEINTS ZB; AR T TR LER
FHEGRBRA RS, HRHRUENL, TFL T KA BIT AT
B3y,

E@ABET A, AUERRILERAOH X, BE DR
Bk PRt ST R, A% h AR
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9.2 Tests about a Normal mean

EIRATERIE LT & fF 5 B3], A fa i — DS g Ry, Jnt
HXFEIR L B

5 9.2.1. 4k (1)
Bon] A AN RENEHE RS, FHENIREESZA009, HRFL
EAREMRG AR, SHF108, REEERT (B4 ¢):
495, 510, 505.498, 503, 492, 502, 512, 497, 506
BEHEKREZIRAESSA, FZMNEREIER TE? (Rl K-FI0.05)

. UbAbsh HARRT e RE RS AR, 5 R Ul AR R R

et E R BRI FEARIIEFREA T 2, 531X = 502,

XA i) AT e A, RRIE W AR, B, XG0 ~
N(500,0%), Hiu s, oRM. WHy:p= =500, Hy:p# ol
5 E d o

‘ w—u(x) = & —go)ﬁ

Hrfg =500, u~ tye
TR o020 = 2.262, MEERN{u : |u] > 2262}, WiTSH AU =
0.995, HILAERVFIXIEI A, RAOTBZTEB, IHLBIER T, O

EIL. FRh R
EEANFELE, AAERAGGHE A= 0 b XA,
o R RAP R HE, sRIFRITRE, nAHAT,
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3t TSR R H A, RMNEZXLAiT=E

X — g
Z:

s/\/n

Ma — Ho
Z —=
Ha S/\/ﬁ

FRU=Z+2Z,,, B s & AA

B(Na) —p (Z > ta/lnfl ) 5/\/__ (,ua - MO))—i—P (Z < _ta/2,n71 . 8/\/_— (Ma _ NO)

s/v/n s/\/n

RNFALHAT 7

fia — 500 [t — 500

Mm)zr—ya£zﬁﬁ—2%m+¢@ggy7ﬁ_

2.262)

® 1, =495
Power = 0.1189

e 1, =500
Power = 0.0500

o /i, =505
Power = 0.4107

XA T —RERSME (LHALFEOBLAEZEANETE), s
COBEER, BHEK T AS05g0F, KRAMNVA41.07%09BEERIBLRMBIL, AAMNE
TEH TAE,

EER S RIRHME p, BB po MR EAZE, DREFFTEF
PERF a0 XARAEIAFFALT, KAVEA B &HFBRGHIL, T34
FEBEELZERETHALRF TR “BRMAE” £R, TERIHFM

)
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KFegE Lo TEMKFHRARBEIALTLE — LR (BRIELER
R AR, BE = p B, HRIBMEETFEEMKE a.

ZEIRFGR, A HARRIEGIAEP, EHTHEAKE, LitL
B, BRI RALTRMNCEFINGHFEAKE, EFERHBEERTHET
Bl B, #&Inad R B

WM RMBECERFE, FER-FHEEA0690F, KA S8.95%09WEE L
ERRI B EIANE o e RIME RIR-FHETZ AR L9598, KAVH 88.11%4 #E
BT ERIE B XA £ 5

] 9.2.2. sk (2)

A BAVEARZ AT JUF 7t ROGHEK G E 2 0947 2 B bg, 12441
XILRRAAMFGRRASRT HEMERRZESZ T A, RAREANL
AT THERREFELRENFAEAT S, EARTNAE, KMNLHT —A
BAER . BT XAKRET, KAVRFINEAF, HFI106E, HFFETEwE
(Ff2: @)oo HBAHEKRETZRMAESHH, FIMRELZGABEBEZNE R
L IEF TAE? (e deK-FER0.05)

2. X = 502.
XA R R ME, I EZE, &

T — Z?:1(Xi _ X)2

2
~X
9
o2

THEFIT = 15.2, BRE  BHMEARN0.050 5 816.92 > 1520
ERBIXEN, B2 O

5 9.2.3. #Ek) (9

A BAMEIRZATILF AT RGB LG ESWARELE NSy, HAE
#5009, XA RRAEFEF—BAGH, RIlITIE A XA R R, FIR
TIGEEZE Edw b, FEZEMEREIER TAE? GRIRAKFI0.05)
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2. OMX =502, S?2=38.
IXA ] F B AT 2 A 56 i 2 2ME, BRI TAE, 4
X — o

w=u((X) =

Hr o =500, u~ N(0,1)s

HE A = 1.265, AHRBu.27 = 0.8980 < 0.9975, K HLAE 2 X [H]
N, FRATEZ K.

BRI %, &

Doy (Xi — p)?
T= : o2 ~ X%O

EAT = 16.8, BERE 10 BIMEEN0.05/) 5 N18.31 > 16.8K L
ERDBIXIEN, B2 O

9.3 P wvalue

X4 B R R

EX 9.3.1. P&

PIE A fe BAB R A 0 0L, MR B0 it & R ZAGRF Lt I
R, PIEAR), KAVEARA 22 b 4528 RARL.

PG H 7 F R TARE ARG BEAD X, F@7283EX0H
R B HEN R HHATE 0,

Rk 9.3.2. The P-value is the smallest significance level o at which the

null hypothesis can be rejected. Because of this, the P-value is alternatively
referred to as the observed significance level (OSL) for the data.

p value = sup P(Observed T' or more extreme value)
[ASSH
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Decision rule based on p-value: Select a significance level o (as before, the
desired type I error probability). Then reject Hy if P-value < «; do not reject
Hy iof P-value > a.

FiL,  AMIATABLIRE I FREAFE (bd0.05) Kot gy st
BHERARAS Y, REEILTREELTBR. IAeKMNTABLH
HPIE, ARGt Plife B & M KPRk 2 2T L TBRIK

BT, E@ARAABRHREH G T, AMNEELFH
KFARHO.1, REFHEEFREZ258], 60FRELFTRALFAE, wPEA
Bpe R, KMAEFARTETOOR, RFDTET 400 698E H0.028 %
2=0.056, ZAMENTF 0.1, BLEAIELEMBEL,

EEWE, S48 ERALROOKEE, AMNAEMAR, KT60k
LERDTOORGBE 0.5 (ZFELARARAMTH). ARBREEI6OKTLER
SHEGBF AR KR T FT60k, BAPNTETIORGEFEN, BRAMNEBE
A2, XA AR A R AT

W RLERFWERNE, TAETELEHOFT.

5] 9.3.3. AEIKREFR AR FRK, AAFTHIREZGRKT
A, MTUAREF ORI MR, MIFEXRRHRGES, T EZ

1% 23
52
S
AR A AIRAES S, TRERAE 7T EM%F.

=0.795

B, XA PRI R T 2, RO E T A, 4
F =2~ Frg
2
MIF = 0.795, BRI Fooosrs = 0.268, Fogrsrs = 3.50, KILIERYF
XTI, Fdilisz FER.
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ERBATHE T LI RPE, HRASIP(F <0.795) = 0.39, XM
Fe XA, FUILPIEN0.78, KT0.05, KL IRATRZ TR O

AR, Gt RENE SRR E

/NIpEIE RN G R ENE, HEVEELARRE Hy. 28T, /ANMAplE
WA e T KFEAREFM Hy MR R ES BTG 03X R 25 78 5 bR X
ERRRIFAEE . 2T =M, Hd Hy WS S EIME 1 100, 11 H,
Wrs > 1000 WISRESZME 1 101, BAMERFEALE 2 = 101 R
PRl R ikIE L Hy, DOARZEMANR/N. BEREAE n K8, R
DM T E S CI N NP 2 N Y (£ R gy & A S N8

9.4 The Duality between confidence

intervals and tests*

Y T PR S8 A EL(S X A 38 A7 A X R
Recall the definition of 1 — « confidence region S(X):

PyfeS(X)>1-a,V0ecO

Next, consider the testing framework where we test the hypothesis Hy :
0 = 6, for some specified value 6y. Suppose we have a test ¢(x,6y) with level
.

Then the acceptance region

A(bo) = {z : ¢(z,00) = 0}

is a subset of sample space X with probability at least 1 — «.
iR, BAE DX AR B 56 2 a] R 5
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TN 1 —a BEXE S(X), #8280 0 WG 0, &
Py(f € S(X)) > 1 — oo fEREAITRT, FRATGI T Ho: 0 = 0. WIR
BATE —NKTPN o RS ¢z, 00), MHERZIXIK A() = {z : é(x,0) =
0} MIMREDN 1 —a. SFEEEHEEH, W SX)={0hc0: :2c¢c
A(fo)} 72 0 11— o BAEXEL, 4B Py [X € A(Gy)] > 1 — .

51 9.4.1. %X, Xpiid ~ N(u,02) p, okgm, #RBEAEIRG T HF Ho28y
BRAHEANL -t EZXN].
Bk, HAFE S HHENXA:
2 1 V)2
§t=— (X - X)

i=1

Hb X HAERIGME:
|
X = E;Xi
Chn NS RARFFHH, R -1 AdEA, B
(n—1)52
0—2
ATHFE 2 WERRE, KRNEEHMT 2 A KEE, EFLE
EMEHN1— .
Bk, AT VAT E] o2 933k

(n—1)52

Tz < Xi—l,l—a/?) =1l-«

2
~ Xn—1

P (XEL—La/Q <
WA FHEE, KT AFE o2 69 EZ XN

P(Mggggm—_ﬂ:l_a

2 2
Xn—1,1-a/2 Xn—1,a/2

Ht, o289 1—a BEREXEAHA:

(n—1)S? (n—1)5?
X?lfl,lfa/2’ X72171,a/2
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EIT. PHEAIERR, RAEEZMEREHRARBEFRXE, E3tRS
BRI

EIE 9.4.2. Let S(x) = {0y € © : x € A(by)}, the set of Oy being accepted

under sample x and test ¢, then
PQO[X S A(Qo)] >1—«
if and only if S(X) is a level 1 — « confidence region for 6.

1EBH . For some specified 0y, Hy may be accepted, for other specified 6y, Hy

may be rejected.

e Consider the set of §y for which Hy is accepted, that is, S(z). By

definition,
Py, (0 € S(X)) = Py (X € A(6y)) > 1 — «
S(X) is a level 1 — a confidence region for 6.

e Conversely, if S(X) is a level 1 — a confidence region for #, then define

the test

1, if 0 ¢ S(x)

¢($, 90) =
0, if 90 S S(ZL’)

Then ¢(X,0)) is a level a test for Hy.

E0.
Fisher: We do not need an alternative hypothesis; we can simply test a null

hypothesis using a goodness-of-fit test. The outcome is a p-value, providing

a measure of evidence for the null hypothesis.
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Neyman: We must perform a hypothesis test between a null and an al-
ternative. The test is such that it would result in type-1 errors at a fized,
pre-specified rate, o. The outcome is a decision - to reject or not reject
the null hypothesis at the level a. We need an alternative from a decision-
theoretic perspective - we are making a choice between two courses of action
- and because we should report the power of the test 1 — B(Accept Ho|Hy),
we should seek the most powerful tests possible to have the best chance of
rejecting Hy when the alternative is true. To satisfy both these points, the
alternative hypothesis cannot be the vague ‘not Hy’ one.

Fisherk i TA£ B DA K B A B8 R AG 36 BAB %, &£ AR p EAE A 3 BARL
891k . NeymaniZifE & FRL, FEREFIERBRELEMZKF «
IR, (RARANAARET—BED, AALLEL—BEIHTT—
B, X—@\RA XL ERATE, A eEET —k, AT LER
89 B2 A,) Neymanty 7 5094 R R B L R TRIEL BB LG x 2,
B AR B A AR AL, VAR KA & BRIL N A0 4B 28 RAR IR 69



Lec 10 Uniformly Most Power-
ful Tests

10.1 Uniformly Most Powerful Test

EX 10.1.1. &P AT A L EZMKFHaIERE, S THRRFAH,: 0 c
@Ox‘j»l?le 10 € @1, ’JIU%QS € q)a%"/l\"ﬁﬂ%gﬁ*ﬁgﬁ (UMPT), E“]

Bs(0) = B4, (0), Vo1 € Qa, VO € O,
SR, W Fael0,1], RMEFQARKLEL I, FIHARIEDFEAK
Fa:

arg max B,(0) = Egd(X), V6 € 6,
I HLith &

<
max f4(0) <

EIL., BERAERPANH XA BRIBRIBIX Hy: 0 € 0, *H&EFRBL
Hi :0€O. Oy RRBIETHAHK O HEL. O, AEBFBETHAHK O HE
N

ik o(X) EXA ¢: X — P(IBLEH,)
B AN EHE (power function) s kI B(0) #E TARIETR 5
FALT B RO EE . BARRBL, BO) £HAK O TEXAN:
B(0) = P(4e%t H, | 0)

90
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EABIRH H(X) WP, Lb X ALK 6 HIE:
B(0) = Eg[o(X)]

BFMAKF (significance level)  ay RASI 1 RABAR A AR IEL
Hoy oM, Bp s — AR BEF
ay = sup Ey[p(X)] = sup P(1E% H, | 0)
€60 €6,

2 FWAKF AR 2RO, = {9ay, > a}

5 10.1.2. &k Juh £ &AL P

EMBEEERFEZEHMEER GREAR® EH), RE@®MLEHL, X
ANEEFI ), BANBARRE LT IEH, TEKMZ XA Tl E
wAEE R, BB = (0.5,1], BBIENH,: p € P2 2EHKF
#0.99, RIzREn=7.

AR BAVRR A 30 B 2L

n(X) =X, Pa(X) = X(n)

(XA B RARH L : BHEAFA RS XA IR, REAk%, H
AR, ELTBRIBFLAAK,)
ATV AT F 45 5e

Bg = Eg[X] =Eg[Xi] = P(X;i=1)=1~-p
Bor = Eg[X(m)] = P(X(my =1) =1-p"
3T B A WA By, > o PR A R A R — A BRI, WA L
kU, MRGAEFTOT, RARERIKR TIE E&@eak ) ZIRRG,
BREZBI AR, ITAphY FRARARKRXNRHHE AR D? X
BEHEEERFBRKFRHFAHT
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HBM T At H 15450

g = (1= p) = 0.5
(0,5,1]

ap, = (1 —p") =0.992 > 0.990
(0,5,1]

G L FMH0.9F AT, o R—okag3ghopty Rk, MARAARTE
Fh, AN LEER, REQAREZFT0, ARLHAMRKFEA, 12234 F L
FATFTMHHT, BRNAEERIEHFRMEARRZER, KB GNERF—
R BB AL B DL X AR T R K 5 Ju B EE

2R R A E—MER R, Hagp(p) A EEEp T A AR K (L
AL R 0 SR ST 2, T A — B B 45 R AL ST URAFILBA R AL), M
HEFBRKFEARINLNER (AR EHFTEKXTR, AETH
MR B 25 R) PEN R AL T IAE RS HEHRERBIZRZERELT .
XA B0 by R KA UMPT,

EIE 10.1.3. Neyman-Pearson Lemma
FIEARRH, : 0 = O3 H, 0 = 6, (R P RERE R EEHFMR,
Hb 50,3t 2 09 AR TR B R IR Z LA f(2,0,), i=0,10

1. BEME: FTHN a e (0,1), BE—AMEREFFHO < ch0 <r <

1, {£1%
H,fm%Vﬂww>c
O(x) = r,  flz:6)/f(z:600) =c
0, fla:61)/f(x:60) <c
FH

EGO [gb(X)] =

2. UMPHBW )54 ZARBL ELERESE, NEAHMH LS
M KFaTF G UMPKA T,
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3. UMPK Bt b 58 Z0R&H3H, 3% KFaT 8 UMPE R,
F Aok LRz L, NILFLLH S = ¢o

Et., AP MEchert T AR A LR IiE Y
B
E90[¢(X)] = P90<A(X) > C) + TP@O(A(X> = C) =

FHIEANX) T F KA (x), A ERAT AT 2|

1—F(c)+r[F(c)— F(c—0)] =«

P

c:mazx{c|F(c) > 1— a}
F(c)— (1 —a)
F(c)— F(c—0)
Lok FE SR IR, T AR R

ror =

53 10.1.4. 3R B UMPTH —#% 5 %
g%N—P%If‘E, ﬁlj H() 10 e @0 Xd'lib H1 10 e @1 él] UMP#&E&Q/J"%&&
B T

1. B0y € 00, UBAERE 0, € O, REFHER ERIX

H61(9:00 Xd»tb Higzgl

2. i if Neyman-Pearson3| 32, &2 H) 3tk H 92 FHBKFAH «
W UMPE S g, -

3. BIE ¢p, 5 0, LK, B ¢y, = do B, ¢ & H) 3Tt H, 49 UMP#:

I,

4. BB ¢ £ Oy LR FMWAKFA o, IRA ¢ A Hy 3tk H) 89 UMP#

5



%+# UNIFORMLY MOST POWERFUL TESTS 94
5 10.1.5. 3% X = (X1, ., X,,) A% 8 N0O,1) (FEL&H]) IR F
DAIBER, FEATRIZAARE A

Hy:0=0 3tk Hy:0=46, (6, >0)
KB ZPI A B FEMEKFEA o 8§ UMPEIE,

fi#. M4 Neyman-Pearson5| ¥, LG TRISALL

_ Nilz) _ exp {150 (2 — 61)?}

fo(z) oxp {—3 Y0, @7
Hep fo(x) A fi(x) Rl Hy M1 H, FHRMEEREERE. FfiE, &5
£

A(z)

A(x) = exp {01 ixl - %0%} = exp {nel(a‘: - %)}
UMPTI) 75 & 45 A -
D={X:AX)>c}={X:vVnX >}
Hv/nX ~ N(0,1)f#
Eo[¢(X)] = P(vnX > c|Hy) = a
WE e B E A

Uq

D:{X:\/EX>C’}:X:X>\/E

BT EAUMP T (145 55 b8 50

]

EIL., A RMTUAA SH(x)H5OMIERAKX, &L H, : 0 # 08 84%,
UMPTA%
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i 10.1.6. BIXAMA MR X = (X1,...,X,), EFEA X, AR
BN UO,0) PARRZR A RA, B 60> 00 RANERIATRIL:

H0:9:90 POz H139:91(91>90>0)
KR EMKFA o 89UMPT,

fiR. YIS A PR HON

AR LE
fla,6) (g—f> 0 < 2w < by

f(x762) oo 90 < Tp) < OO
X HLRE A 13 BIBLAR LU OC Ty B R P, BRLGFRATT AT DA A 4 R A 56

R A
p(z) = I({zm > c})

S8 JE R e i 2 3

Egolp(X)] = P(X () > c|Hy) = @

oo ntnfl c
By, [p(X)] = ©(t) gn I(om(t)dt =1- ym

(@) =I1{rm >0 V1 —a})

10.2 Monotone Likelihood Ratio family

TR BVER B2 H B RO — AN Ge Tt 1 5 R AL
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EX 10.2.1. 3= RAEEA %R (—&pdfsZpmfs) {f(z,0):0¢c O} A FAM
RILH R, MARZEA KRG E T 692 AMAR (MLR) #%, BEAREH
F

1. XULT‘ 91 < 92, %\jﬁ f(x,@l) Fa f(l’,ez) FBEZ:I‘;]Q"’],

2. BlE—N—th%itE T(x), EF0E f(r;0))/f(x;0,) & T(x) 9%
EIE 10.2.2. FEARFA Hy: 0 < 0y 3Ttk Hy - 0 > 6o BIX T(X) &
B OERSRITE, LASGITE T OBEER /R IR R = Rk

(f(t;0):0 € O} AA BB LRMAL, Wit FHEE £, £

;

1, T >ty
Qb(T) = T, T = to
0, T <t

\

AW Hy sb Hy 892 FHAKFAH o UMPT, £F a= Epd(T).

8 UMPT, HH XA

o(T'(x) =< r, T(z)=t

Hob o Foty B Epyd(T) = o

i 10.2.4. & X = (X1, ,X,) B—A%A Poisson 2% P(\) WK,
-ﬁ:“? )\ > Oo ;ﬁ:
H0:>\§)\0 Sd-}:b Hli)\>)\0

WEFHKFA o HUMPEER,
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. poizr A ML o & e BN

efn)\/\T(aj)

x! !

HrhT(X) =300 Xi ~ P(nX\)BVRSRECFE, R RATT AT DABC B A 36 R £
A

fx;A) =

1, T(l’) >ty

p(r) = r,T(z) =ty

0, T(l’) < iy

\

Horpe UNASE U 2
Exlo(T)] = P(T > c|Xo) + rP(T = c|\) = «

c=1inf{c: P(T > c|\) < a}
_a—P(T > c|\)
P(T = c|\o)
RISk UMPT. O




Lec 11 Likelihood Ratio Test

11.1 Likelihood Ratio Test

RIEFEA X = (X1,...,X,) BAMEZEREI (pdf) B2 &K
B (pmb)  f(x,0), HHREW MR :

Hy:0€0, vs H;:0€06,
H =006, & R* fJ74.

o X 0y = {0} M O, ={6}, BMAIIEGIHE2

f(X,61)
f(X,6)

o WIRINIHEEGEBL, BATHTLIEH

[T )

supgee, f (X, 0)

H PG SR T, A R AT XA gt & 5oy A, v, R
RAZ WAL

EM 11.1.1. Likelihood Ratio
ekt (LR) #

L(6n)

An(z) = (An y 1> _ (suppeo, f(2,0)) V (supgee, f(2,0))  supgeo,ue, f(@,0) _ L
L(0r)

SUPgeg, f(z,0) B SUPgeco, f(x,0)

98

Y
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HF L(6,) A= L(Og) & A& % & H 2 W Fa e 1A $C2 )T 89 % K2R
1A,
Rig, —NRERTFH o 69K IAEE (LRT) AT 7 X4 H
1, Au(z)>c
o(r)=qr, Az)=c

0, An(z)<c

HF c,r B supyeo, Eolo(X)] = ao
B3 11.1.2. — SR TRE Hy: 0 € Oy MR AR (LRT):
1. 2 Oy = © VARMAR FEL,
2. i 0 IR RF KA (MLE) 6,0
3. HHE O, T 0 9 ARFKMEET Ogo
4. TR Ay ()o

5. BB —ANE A, BT NSRBI L b, RIF h(A(X)) £ Hy
TH-AHEH XA pF. BH (A (X)) EHF A (X), HTA
AABARB AT M(A(X) kBRI FRAREA o HMALE

I,

il 11.1.3. BREEMA —MHFA X1, Xo,..., X, RAESHH N(u,0?),
Ho? S, EMBLRNE 1 REF T ENFRAL p1o:

Ho:p=po wvs Hi:p#po

M. 00 = {10}0 =R (FJy 1T BB 5250
IR HA

L(u) = ﬁ \/% exp Q%)
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T A I RAMIRAG T 1, RFEAIIE -
1 n
== ; X;
1E ©9 T, ALRKEKRIARE T 1o:

fir = o

- 1 (XZ - [Ln)2
H = eXp o2
o V2mo o

7

17! exp (_(Xi—ﬂo)2>

[

DO
§‘
Q

[\]

KX MR R EARN A, ()
eXp (_ﬁ Z?:l(
exp (_# Z?:I(X

n)?)
0)?)
EREREL h(z) = —2log(z), HIE A, (x) RITEH AR . Db FRAT
A LUEH —21og (A, (X))
Ha FLIE AL 9 B ] B A T

An(z) =

—2log(An(X)) = % (Z(Xz — p0)* — Z(Xz - ﬂn)2> = % (”(ﬂn - M0)2)

AR E T —DEA ARG R

n(ﬂn - /~L0)2 ~ X2<1)
Frih, WEMAKTN o BIRISR ELE SN -

n(fin—po)?
¢(z) = {1’ MBI > X

0, otherwise

Horbxd, & 2 A N, BEMKEA o FTHIRAME. O
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15'] 11.1.4. 1% Xl,Xg,. .. ,Xm 717( Q N(/Ll,O'Q) Fn }/I,YQ, B 7Yn %Q N(M27U2)
B, XF gy —p =0 49LRT,

ﬁ# 1&& Ho %D H1 /\”'J7'7

Ho:po—p1 =0

Hy:pg —pn #0

BB Xy, X, oo, Xon RE N, 0%)s B YL Ya, 0, Y0 RE N(pg, 0%)o
FEARR A AR e HO -

Tl (Xi —M1)2> - 1 ( (Y; —M2)2>
M M - 4 o9 eX T8 5
Ml M2, 0 H /—27r02 ( 902 H mo? p 252

BROxH Hi A5 21 %5 H Bk e 2

m n

m 1 n 1
In L(py, pio, 0%) = ) ln(27r02)—27‘2 Z(Xi—ﬂl)2—§ ln(ZWUZ)—T‘Q Z(Yj—,ug)2
i=1 j=1

RS Ho By gy = poo FATL 0= pn = pros FTEAUR R EAZN -

mﬁmm05=—m;nm@m%—§%(2]&—MV+EXE—Mﬁ

i=1 j=1

N T R EIRREL, AR o B 0? KT, FFHRBIRME A
o IR AR A 72

_ Z?ll Xi+ Z;'l:1 YJ

m-+n

JAIRZ AN Z, H.
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mX—l—nY

m-—+n

NI
Il

o2 MR AR LG i

=i (Z<X Y Z)?)
Wz N S5

E&FEERB o~ B RER s pp Ao
i B oy IRRRAAR A

SIH

_ 1
Y:EZ

B2 N S,
FATIRAE T FLASR L Se i & A

supg, L(p, p1, o)
Sup g, L(M17M2702)

WO HOFARR LA -2:

—2InA=-2(InL(Z,Z,55) —InL(X,Y,S))

4 In L(p, p, 0%) A1 In Ly, po, o) RN
7t Hy T

102
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InL(Z,7,5%) = —m;”m(zwsg) - m;”
f£ Hy b
mL(X,V,52) = 2 (onsz,) - ; i

itk SRR LE -

m-+n

—2InA = -2 (—

GAEECER

—2InA = (m+n) (InSj, —InS%)

HERBEATED T, WEWilksEH, —2In A 78R Hy BOLR TR
MBEHERN 1 RTS . Bk, LSRRG =2

Siy
—2InA = (m+n) (ln (S_%>)
AR EIE RN E BB R T 240, AT Hy: g — i = 0.
O

E., HPRAGEENIFTTHALEMAAIE SO E £ FEHY,
Ethkms, BERBIEXT, Ap—NAadLd, EEBBXTA M, P/~ Aa
HAK, LB AKOKD EHIT

11.2 Asymptotic distribution of LR*

B A, R
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I 11.2.1. Let X4, ..., X,, be a simple random sample from f(x,0), 0 € O,
where © is an open set of R¥. Consider Hy : 0 € ©g versus H, : 0 €
© — Oy, where Oq is an open set of R with d = k — s > 1. Under reqularity
conditions (conditions for MLE to be consistent and asymptotically normal)

and assuming Hy is true, then
L2 _ .2
2log A\p(X) = Xjig = X5, S 1 — 00.

Note: Wilks’s theorem depends critically on the fact that not only is © open
but that ©q is open.

Specification on O:

1. There exists a non-empty subset A in R, d =k —s > 1, and a one-to-
one mapping h = (hy, ..., h) : A — ©q where Oh/0n is full rank of d
at the interior of A, that is,

O = {0 = h(n),n € A}

such that,
{f(x78>70 S @0} = {f(x’h(n))ﬂ? S A}

2. Or, ©g can be equivalently expressed (after some transformation) as
Op={0=(01,...,0,) €O : 0, =0;,1=1,...,5}
and (bho, - - -, 050,051, .- .,0k) is interior of ©.
3. Or the null can be expressed as s constraints in general:
Hp : g(0) = 051
where g : R¥ — R® and the rank of 9g(0)/00 is s.

4. In a word, dim® — dim©y = s > 1.
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E. %Xy, X, RAFELE f(x,0) PRI R L AR, Lo
hcO, ORR W9FE, FEMBELE H: 0Oy 5 H :0c0—0,,
AP Oy AR HFE, Bd=Fk—s>1. BHLENEZH (R RMA
fEit & —H Al L ES G5 T, RIX Hy oz, N

210g An(X) B2, =x2 % n— oo
EE: Wilkse BRM T AR © AFE, mA Q) LRAFEX—F5K,

I BE—ANEZTFE AAEAR P, d=k—s5>1, AR —A——#H
h=(hi,...,hx): A — Oy, H¥ Oh/On £ A B§RAIFZLiHKE, BP

©o = {0 = h(n),n € A}
A
{f(2,0),6 € ©} = {[f(z,h(n)),n € A}O
2. XA, O TUREMHEATH (Bid—%THhE)
Qy=1{0=(0,...,00) €O :0; =0,i=1,...,5}

H (019, ...,050,0541,...,0,) £ O B3R,

3. R, RABXTUAERTA s NAREH:
Hy : g(0) = 051

£ g RF 5 R, H 0g(0)/00 894K s.

4. B2, dimO —dim©y = s > 1.

PABIATLHGEIFT —ik,
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11.3 Wald Test*

Test on a single parameter
For the hypothesis Hy : 0 = 6, since the MLE satisfies \/n(f — 0) —
N(0,1/1(0)), the Wald test rejects Hy when

W = @_—9(3)2 = (0 — 60)i(0)(0 — 6o) > X7

Var(6) ().

Test on multiple parameters
For the hypothesis Hy : 0 = 6y, 0 € R¥, since v/n(6—0) — Ni(0,171(6)),
it follows that the Wald test rejects Hy when

~

Wo(8o) = n(0 — 60)"i(6)(8 — 60) > xi(a).

Test on Hy : g(0) = 051
For the hypothesis Hy : g(0) = 05«1, the Wald test rejects Hy when

n(g(0)"[Vg ()i (0)(Va(0))] ' g(0) > x2(a).

Note that z(é) usually takes —1 9ty

90007 ‘ g_gr and [ (6) would also do if

easily computed.
SETABBE Ho < 6 = 60, TS RBUATHI L /n(0—60) — N(0,1/1(8)),
Wald R 3G7E LRI AE L Ho:
W= % — 00— 00)i(B)(6 — B0) > B0,
EZ 2 Lok
SRS Ho - 0 = 6,0 € R, 1T /n(d — 0) — Ny(0,171(0)), Wald
IR TE DL RS OLIE LS Hy:

~

Wa(80) = (8 — 60)"i(9)(6 — 6o) = xii(a)-
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KT Hy: g(0) = 051 BRI
XPFRBE Hy = g(0) = O5x1» Wald Fa307E L MG HAELE Hy:

n(9(0)"[Vg(0)i™'(0)(Vg(0))"Tg(6) > X3 («).

R i(0) BEE 10| o FFHMBEAES I, 1(0,) Al AE
Fi o

f5 11.3.1. Find the Wald test for the hypothesis Hy : 0 € ©g = {0 : 0, =
907]',.]' = 1, ey S}.

The Hy can be rewritten as
Ho 9(6) = 0 — 6 =0,

where we write the MLE for 6 € © as 0, = (QAS), éq(q,z)), where 0 = (6, ....,6,)

and 02 = (ésH, o ,ék) We define the Wald statistic as
W (05) = n(0D — 6T 111 (0,17 (0D — 65) L \2, under H,,

n

where 1,1(0) is the upper diagonal block of I71(0) written as

L1(0) ILio(0
iy (M@ 120))
L) I»(0)
ii‘iE,. jkill'ﬁili H(] NS @0 = {9 : (9]' = eo’j,j = 1, .. .,8} é’] Wald Pf’l‘i}”‘lo
% Hy TULEFA

Ho: g(0) =00 — 65" =0,

HFEMBE 0 € © wFAMABITRA 0, = 0D, 09), £+ oY =
(Or,...,0,) F2 0 = (0,1,...,00)0 BAVE L Wald %itEH

W (05) = n(BD — 98T [11(6,)]) (60 — 657) 5 \2, & H, T,

n
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P 1,(0) R IV A LR, RATH

I1(0) 112(0)
121(¢9> 122(9)

I740) =

11.4 Score Test*

1. For the simple hypothesis Hy : 8 = 6y, Rao’ s score test or Lagrange
Multipliers test is based on the observation that, letting H be the
Lagrangian:

H=10,(0)— X0 —6),
the first-order conditions are:

o,

%—)\; 6 = 6o,

s0 A/ = Un(6) = N(0,1(6)). Thus, LM, = \TT"(8)\/n 2 2

under Hy.

2. Equivalently, it follows from this that under Hy, as n — oo,
_ L
The test rejects Hy when LM, (6p) > x3 ().

3. For test on Hy : g(f) = Osx1, the statistic employed in the score test is
based on the ML estimate % that is obtained from the solution of the

constrained optimization problem

n
0, = arg Ieré%fﬁn(ﬁ).
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The test statistic, called score statistic, is

LM, = U, (0T T71(0R) U, (6F) & x2,  under H,.

4. Note that I~*(6y) depends on the unknown parameter value 6. We can
evaluate the terms involved in 6, at the constrained MLE, éf to get a

usable statistic. We can approximate I(6y) with either —%V%n(éf) or

16,08V, (0F).

Lo TR 8AR Ho < 0 = 0y, RaolI43 706 56 B A% B H ek 46 3 T
AT MEE: & H kg H R

H = £,(0) = N'(6 — o),

—B At

o,

% - /\) 0= 007
BRI A/ v/n = Uy (60) = N(0,1(60)). Bk, 76 Hy Fy LM, = ATI72(6g)\/n 2
Xiro

2. G, HUAIELE Hy T, 4 n— oo B,
LM, (60) = UL (80)I " (6) U (6) = %20
M LM, (6) > x3(a) I, KRIEL H.

3. KT Hy : g(6) = Ot MUK, ARG HE I SEH B AL T 3L L)
LA AK R R A ) R AR A 07
m
0" = arg gxé%en(e)@

RO R85 S

LM, = U, (0" T (0" U,(0%) L 6 £ Hy FO
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A YERE 17(00) M T RANSHUE 09 BRATAT LALELI AR K ABLER A 11 OF
REVEANHE B 0 9T, DASRAG AT Aiit- i BRATATBAAT — 12, (07)
5 LV, (0870, (0F) SKIEL 1(6,)-

11.5 Confidence Regions*

1. Any of the tests discussed above (LRT, Wald, score) can be inverted

to find confidence regions for the values of [ parametric functions u =

(u1(0),uz(0),...,u(0)).

2. That is, for any vector of potential values for these functions ¢ =
(c1,¢2,...,¢)", one may define g.;(8) = u;(f) — ¢; and a test of some
type above for

Hy:9.0)=u—c=0

The set of all ¢ for which an approximately a-level test does not reject

constitutes an approximately (1 — «) x 100% confidence set for the

vector (uy(6), uy(6), ..., u(0)).
3. When Wald tests are used, the regions will be ellipsoidal:
CR = {c: [c—u(@)]'Var~ (u(0))[c — u(0)] < xi(a)}
1 VL ETRMAEMIEE: (LRT, Wald, 7343056 #Fn] LU F RIS 1
ANBHEI w = (1 (0), us(6), . .., w(6)) WHEIIE SR,

2. B, S0 TIX L8R B KT RSB E ¢ = (c1,00,...,¢) AT LUE X
9ei(0) = wi(0) — ¢; FEHEAT IR LY (RAG 56
Hy:g9.0)=u—c=0

X BEAT A — NI o KRR IRAR) ¢ Ber, HIRT
5 (1 (60), 02(6), ..., w(0)) HI—AIERL (1 — ) x 100% K ELfHE



#-+—#& LIKELIHOOD RATIO TEST 111

3. HAEH Wald A48, X8 X0 M R -

~ ~ ~

CR = {c:[c—u(0)]'Var~ (u(0))lc — u(0)] < xi(a)}



Lec 12 Goodness-of-fit Tests

L PLEEAR IR A — A RE — 4L FEARE R 5 OR B AR 3 A K 5 i
JEABR A HE R HiZ A, W SR BOR B AR H iZ 0 A

.H(]:XNF

— W F REHG: i HPearson 2 K
— R F &L A Al FHKolmogoroviy 4
— PIAMFEARIE L 8 A Smirnovis 56

e Hy: Fi(x) = Fy(x)

12.1 Pearson y? Test
Bk 12.1.1. 1 #RBARIKR Hy AR B3
2. &£ Hy TiHHELEK n 9K KMARET 7.
8. HHIEIE B =npi(n), SHEAKAHEK E > 5.

4. M it

5. FFAMEEGRARERF p 1, RARRZZEBLRBEL.

112
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3% 12.1.2. 5 EH%EH T HHEE
T)‘L g /le&X—T \ﬁﬁl‘l%ri Al,AQ, . ,Ar, %%ﬁgﬁéﬁgﬁiiiﬁfqo .

P(X = A) = pi,i = 1,2,...,r, &8BBEANH, : Ji,P(X = 4) # pio
j\:c}jpli‘aﬂa%ﬁé{]o

RIBEZAHELR, FREEBILGREN, no, ..o o0 Y i =
No *,L%\#%ifiaﬁ’ K,
AR ER, W BEMBIRRL, FLAE—AMEn /% Sp 4L,
FAVT E B F 7 At 2 R AR EAMRIK
AR 24 HAA ; ,
n; — np;
U = Z (nTp) ~ X72~—1

=1
RARD R S BN SR B E MO by, B REAT, TAAMIAHN R 2.
B 3t 4B 2835, 5T VAER A
{’U, > Xzfl,a}
5] 12.1.3. BF: BT RO, ®T 6000k, &A@ H a9 REH4 100,
110, 90, 150, 120, 130, #&IE-FT AL ¥, FHEMHKFIXA0.05
7.

Ho:P(X =1i)=1/6,i=1,2,...,6.H, : 3, P(X =i)#1/6

6
Z —)” g Xoos = 11.07 > 10.8
R B FRATTA REHE 28 [ AR 1% =

53k 12.1.4. R HFEHFHRE (BKEEH)

BERXTARRr£: AL Ay, A, EZHBYOERMBIENH,
P(X = A) =pi,i = 1,2,...,r, &FBIEAH, : 3, P(X = A) # pio
A p = pi(01,04, -, 0 RFMA A Sn B F A K S BEE
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R EZ AR, FRELBINGME N, no, ... 0 Y i =
n. WA ELTL HF K,
s FRAPER, AT AR A S SRR RS, RBERFH %
HEH#ITHRIE, IR A RMS
r A \2
n;, —np;
UZZ( p) Nxzflfm

n/\,
i=1 pi

B 3 4B 48358, 7T LABL Ky

{’LL > Xi—l—m,a}

5] 12.1.5. B4

— A A D TG RE DA R AL Ay, As, Ay, EARE D51 (p—1)2, p, (1—
p)p, (1 — p)pe HAEIMIRT 100046 K, % £ H BEGREK A 200, 300, 250,
250, I XNy A G A, REHEMKFIEHN0.05

fi&.

p = argmaz{p'®°(1 —p)™°} = 0.55
p

" C— np:)?
U= Z (nl npl) ~ Xz—l—m = 0.102 X§’0.05 = 0.103 > 0.102

im1 np;
PRl L FRAT AN e 4 48 i AR %% O

735 12.1.6. 5 sy F ek

H2H W EARX R ERARESHRE, RBIEANH,: X ~ F, &FRIX
AH 0 X o Fo ZFFRTUARL Iy, LT URE = F(f,---,0,)K
MmN K I ARG K I T o

LT R BEA IR, TR R B 5 KB H X A 6y T ik,
S R A ELE, KAV AR5 A B S BRI B X 5 A A X )

Ay = (—o0, 1], Ay = (21, 29), -+, Ar = (T4—1, +00)
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RIG HBAVT At HHA X R G Hn,;, REEAF 7R+ 2diTH

I,

12.2 Test of independence and homogeneity

735k 12.2.1. MR AT
BAAND AT EXAY, XArANAEAN, YA LA, HAE &AL
W XAY REME, BHy: P(X = A;,Y = B;) = P(X = A4)P(Y = B;).
BAVT 2L A F 7 it 2 RAREIAMBEER . &£ME

) TR
ey (r—1)(s—1)

=1 j=1

B b 4B 46,35, 7T VAR A

{U’ > X%rfl)(sfl),a}

B 12.2.2. —RAEF, H1000A%5, £ BHEAGCOON, A JO0OA,
AEERET, BHFHJOONERZR, 200NER EK; SMEFH 200N
ERZR, 200NEREH, BBRBAFERNENRE R, BFHKF
XA 0.05,

fiz.

o —~ (4 —nin/n)’ 2 2

K* == ; ; o X = 258.  Xigo; = 0.004 < 25.8
PRI FRATTHE 26 S AR5, M A B R R B AN AL O

Fik 12.2.3. F—Hik

BAADTEZTEX, ArA£A, KMNEZLRZr/NEFG)HZE
AR, BHy:pyj=-=pj,j=1, ,cEPp; AEANPEEERE LN
B BE, RISy, B A £ T B EE R,
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EAVT g B F 7 Gt 2R AR IAMRIE. &M4

- o (n,-j - ”z‘-”-j/n)2 2
K = Z Z - ~ X(r—1)(s—1)

i=1 j=1 ng/n

12.3 Kolmogorov-Smirnov Test

IR AR T R AR A 56 3% SR A AT I g 43 X)) T IXTR], AHGX AN HER, A
IEFRATTA] LA FH K olmogorov-Smirnov A 5 .
7374 12.3.1. Kolmogorov-Smirnovis 1

WERX LG FAF (v), KMNERZERH): X ~ F(z), $FHRK
AH,: X % F(z)o

HATTT g B Kolmogorov-Smirnoviit = kA I X AMB X . &A14

D,, = max {F,(z;) — F(x;)|}

[1<i<n
EFE,(v)REBSAHEK, F(r;) 2L HHE.
2230 A By F B LA
1 n
Fo(z) = — I(X; <
=3 I <
HAB BT XA

{Dn > D(n’a)}
j\_‘EPD(n,a) = )\a/\/ﬁi%ll{éﬁ'fﬁo
51 12.3.2. —4 %A 1, 2, 3, 4,5, 6,7 8 10, 10, ¥&1XAKFEAE
R G, EMKFIZA0.05.
fi.
D,, = max {|F,(z;) — F(z;)|} = 0.1

1<i<n

D(10,0.05) - 0409 > 01

DL BATIAS REFE 248 SR B 3¢ o O
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5 12.3.3. —43% 4B H: (181100, 122 %H 90599, wmAHTA100). #
I AR T IRM I G A, BEMAKFXHR0.05,

2.
Dy = max {|F (@) = F(x)[} = 0.1
D(100’0.05) - )\095/10 = 0136 > 01
PR BAT AN fE 1 48 SR AR B O

733k 12.3.4. Smirnovie¥: BASE A a9t

BA AN ERXFY, BANEERBH, : Fx(r) = Fy(z), &#FHK
AH, : Fx(x) # Fy(z)o

Ao L@t B R —H, RAVERXFY 0920 T B H A Gy (2) R Gy (2),
AV LAE B Smirnovit & kAR Je IAME R . &A4

Dixyy = max {|Gx(z:) — Gy ()|}

[1<i<n
(do B RFA P, A ALA T Gt & R b3 {E)
AR IR T X K :
{Dixy) > Dy}

12.4 Coursewareflash

AR R AT 7 BHEIX B, DA

12.4.1 Pearson’ s y? Test

Goodness-of-Fit in a Multinomial Model.

Let Xi,..., X, be a simple sample from population

XN a’l a2 o ar
pr p2 - Dr



¥+ % GOODNESS-OF-FIT TESTS 118

where p; > 0, p1 + -+ + p, = 1. Because p, =1 — Z;;i pj, we consider the
parameter § = (py,...,p,_1)7 and we test the following hypothesis

Hy:pj=npoj, 3=1,...,7, ie, Hy:0 =0

for specified 0y = (po1, - - -, Por_1)" .
The likelihood function is

Lp(0) = Lo(p1,---ipr1) = P10y (L= = ppa)™

and the MLE p; = “, where n; = " | 1{X; = a;}.
The Wald test: Let 6 = (P1,...,pr—1)T, then the Wald test rejects
Hy : 0 =6, when

W (6o) = n(0, — 00)"1(00) (0, — 00) > X7, ()

has asymptotic level a under Hy.

The Fisher information /(#) = (I;;) with

RN st 1=
Iij = 00D (X = ak) 1ngk = ' P
PP = Lo i#j
Thus,
G5 o o B o) (B = poy) = [ = ot - [y
W, (6o) = n J J +nzz J i)y J Jjl J
= Poj iy Por s Poj i

The term on the right is called Pearson’ s chi-square (x?) statistic and
is the statistic that is typically used for this multinomial testing problem. It
is easily remembered as

2N~ (O-FE)
X = Z E
The LRT (called G-test)

— npo;|?
nPoy



¥+ % GOODNESS-OF-FIT TESTS 119

) ZOlog( ) > 2, (1—a)

G =2log A, (X —QZnJlog(

npO]

The score test

LM;(00) = U,y (60)I " (60)Un(60) > x7_1 ()
where U,(0) = \%Vﬁn(ﬁ). It follows that the Rao statistic equals Pearson’
s X%

EIE 12.4.1. Goodness-of-Fit to Composite Multinomial Models.
Contingency Tables
We test the hypothesis

Hy:0=0(n)=(pin),. .. 7pr—1(77))T

where n = (ny,...,ns)T with s < r — 1 is the unknown parameter.
LRT If a mazximizing value, 1) = (1y,...,1ns) exists, the log likelihood

ratio is given by

G =2logA(ny,...,n anlog Q ZOlog

then reject Hy when G > x?_;_ ().

Score test

<

= Z > Xi1-s(@)

n
j=1 p]

Notice that the score test statistic is (see Lecture 11)

LM, (8(7)) = Uy (6r) 1 (0r)Un(0r)



¥+ % GOODNESS-OF-FIT TESTS 120

and
Uy = [ nm_&r
! volpe op e b
-1 Lo : T : 1 1
I77(0) = [A,1+—11" 7" = diag(0)—06", where A,y = diag| —, ..., :
r b1 Pr—1

(using fact (A+bc")™t = A" — A7WcTA7 /(1 +cTA7M) )
Wald test the Wald statistic is also equal to Pearson’ s x* test statistic.
WLOG, we find a one-to-one mapping (p1,...,pr—1) to (0},...,0._)

» Yr—1

such that Hy can be equivalently expressed as

Hy:0;=0j=s+1,...,r—1

12.4.2 Test of independence

Suppose that variable A has r levels, and variable B has ¢ levels. We

consider the following hypothesis:

Hy : A and B are independent.

H,: A and B are not independent.

Equivalently,

where {p;;},{u;}, {v;} are pmfs. That is,

Hy : pij = pij(n) = wiv;
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where n = (uy,...,U_1,01,...,0.1) by noting > w; =1,> v; = 1.
Thus the Pearson Chi-square test is applicable with df = r¢ — 1 — (r —

)=(c=1)=(r—=1(c—1).

Hy : A and B are independent

Data :
AB| 1 .-+ ¢ |Total
1 ni Nie ni
r Nr1 Nype Ty
Total | nqy -+ n. n
Test statistic:
(O — E)2 ! < (nij — ni.n.j/n)Q
T e D ————

12.4.3 Test of homogeneity

In the test of homogeneity, we consider two or more populations (P)
and a single categorical variable (B). e.g.,

populations

P\B| 1 .-+ ¢ |sum
1 |pu - pie| 1
r Pr1 o Pre 1

Data



¥+ % GOODNESS-OF-FIT TESTS 122

P\B| 1 .-+ ¢ |sum
1 ni1 Nic| M
r Np1 0 Npe | Ny

and consider the hypothesis:

Hy : The distributions of the r populations are the same., i.e.,

HO:plj:"':ija jzla"'ac

If we treat P as a categorical variable, then the above problem is testing

for independence.

5 12.4.2. Fisher’ s exact test

The tests discussed so far that use the chi-square approrimation, and
perform well when the contingency tables have a reasonable number of obser-
vations in each cell.

When samples are small, we can perform inference using an exact dis-
tribution (or estimates of exact distributions).

Fisher’ s exact test: test association between two characteristics in 2 X 2
contingency table. But in this case both row and column totals are assumed
to be fized - not random.

Steps:

Work out all the 2 x 2 tables that deviate from the expected values more
than your sample.

Use Fisher’ s formula to calculate the probability of each of these 2 x 2
tables.
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Milk first Tea first | Totals
Lady’ s guess: Milk ni1 N1o niy
Lady’ s guess: Tea No1 N99 Noy
Totals Ny Nyo n

% 12.1: Contingency table for Fisher’s exact test

a b | ni4

c d | not

Ny1 | Ny | 1

% 12.2: Another form of contingency table for Fisher’s exact test

41 n42
Pl = LOWE) oy

(1)

Add up the probabilities of the tables as extreme or more extreme than

that observed, and (for a 2-tailed test) double that summed probability.

12.4.4 Kolmogorov-Smirnov Tests

Kolmogorov test
Let X4,..., X, be a simple sample from population X ~ F', we test the

following hypothesis
HO : F(l’) = Fo(x')

where Fy(z) is some known distribution.
Let F}, be the empirical distribution function based on X, ..., X,,. One

form of the Kolmogorov test statistic for Hy is

D,, :=sup |F,(z) — Fy(x)].
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The p-value is
p-value = P(D,, > Dgs|Hy)

Theorem 1. If Xy, X, ..., are i.i.d. with the continuous distribution
function Fy then 1. The null distribution of D,, does not depend on Fy; it
depends only on n. 2. If n — oo the distribution of \/nD,, is asymptotically

Kolmogorov’ s distribution with the c.d.f.

o)

K(z)=1-2> (-D)F e 2>0
k=1

that is
lim P(v/nD, <) = K(z)

n—00
Smirnov test
Let Xy1,..., Xy, be iid with a c.d.f. Fy, and Xoy, ..., Xo,, i.i.d with
a c.d.f. Fy. We are interested in testing the null hypothesis of the form

Hy : Fi(z) = Fy(x) for all =

Let Fyn, () = 25" I(Xy < 2), k = 1,2, be the empirical distribu-

N

tion functions, then consider the following statistics

Drnymy = sup  |Fip, (%) = Fony(2)| = min{D;; ... D, ..}
—oo<r<oo
DZL”Q = Sup <F1n1 (:C> - F2n2 ((If))
—oo<r<oo
D;an = sup (Fan (‘T) - Flm (]3))
—co<T <00

Theorem 2 (Smirnov). Under the null hypothesis Hy, we have

lim P( MD+ Sx)zl—e_%z, x>0

n1,n2—>00 ny +mnyg "2

lim P( "WQD%mgx):K@)

n1,M2—00 ny + No
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where K (z) is the Kolmogorov’ s distribution given by (12.1).
Test for Hy : Fy = F, <+ Hy : Fy # Fy: Reject Hy if Dy, 5y > Ay /2

n1+n2

Test for Hy : F1 < Fy <> Hy : 1 > Fy: Reject Hy if D >\ %,
M= /TTaaf

Test for Hy : Fy > Fy ¢ Hy: Fy < Fy: Reject Hy if Dy, > )\1\/%,
A =+/—Ina/2
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JaS o ATTEE, DU A T S XA T, DU SR i

13.1 Characteristics of Bayesian inference

TR AT E AT, LARSE S o Al B EERT 5 B AT I . ]

CAE B 7

1.

WESRAEIE X UL T e T I 0 S R
(19N FT DI — ARSI A A% E R P(A). SR A0
%,

FANMEEEEMES: LS CGFE B IR, BAIE
P D3 BER S F o FH A A E

P(B[A)P(A)

P(AlB) = P(B|A)P(A) + P(B[A)P(A)

SRREKE D] N TSHEWE o v 0, JATH Mk
(0).

RAHAREMES: SF MR o, JRAVEM DU E B EH 0 1)
fE:
_ [f(=]6)m(6)
m(f]z) = (o)

126
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Hr f(z) = [ f(x]0)m(0)d0. X

JE % oc LR x SE5

5. BT IR TS5 0 BERA A 7(0]2).

di]. HAPEEEEFRAR, RS RITHE. R i AR I E AT
AN EE, EEBATA R RS BEXT 01 Lok R A8 3tk
ALY, R UK EEAT U .

L rbaT HE I8 B 10 P A VR A -

BELWD: LERMZ RIBERRD A ©(0). ML FSE
H R R o A, JEHGRAE R AT IR O R

WEIBRS: 5T RIAR AT f(x), X R EANSH
) © BEATAR Y . IX R RE R B AR A I BUE VA BGEE T ¥

A AR AT S B RIS 00 T PRBF 2L, AT EARE S LR J LA
AR{E B S 56 0 A -

o MHKH: 7(0) o 5o WHRYEL @A LMER, HRSH
MO, MAXFERImREAEHH) (R [{m(0)dd = o0).
o FEHEW: 7(0) >0, [, m(0)d0 = oo, fHfFr(0|x)/EiE M.
~ W TRESY 7(0) =1
— WFRESM: (o) x L

o Jeffreysclii: H 2 Z K% S Fisher s B M1T 51 2P 7 iR A E
tt,
7(0) x y/det I(0)

XA EH S HA T R AN .
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o HABAR(E B SeEe

B 13.1.1. 39 69 £ B3 E oo 69 % v

BAXH —#A T, E@m EBMEHNI A&, IOk, E@E L7k, K
yed

(1) Beta(2,2)

(2) U(0,1)

MARFMHT, BROH.

. (1) Beta(2,2) VLM 2.

(0| X) o« L(X|0)m(0)

L(X|0) = (170) 07(1 —6)® oc 07(1 — 6)*
Jegs o An
(0) = B(; 55001 = ) <01 =)
ERL I J5 58 0 A1«

m(0]|X) o 03(1 — 6)*

FH—4k: (v Sbeta) i A T — A RE, BUEAR A2 JEHt
133 1 Betas) i)
(0| X) = Beta(0;9,5)

(2) g =(0 | X) -
(0] X)x L(X | 0)-7(0)
TR A &I 510 A, B m(0) = 1, MR

L(X |0) = (170) 0"(1—6)>
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BT LR S AT A -
70| X) x 07(1 — 0)®

H—)a, Ja¥maAig—A Beta 7040:
(0| X) = Beta(6;8,4)
[

EIC.  LARS BT A EMNTHERGWIEEL, X HZaTe %
MK R B R T, XA P AZU P KAV L EF Beta(2,2); 5 KAVINH 2
e B AR, KAL) QMBI GERFMBE T R4 21329 £ 5L
2)

2B R THRIEZE, MO THE R T, 7T KAMNF001Z 838
T o BAARI T R R A FHEANNFT B, e 2R LR E®, A21000:K
HS500K B, B EAEitH b R02 —ANEAL0.542)5 BT F o k2 —A
S, A RIRREE e mARAEF F0.5, ZFEEANGING, FETi
PR AP 1000:% R PROBT AL /1 A L= B 49,

SMRKREBL, £Bpf G {H Er, CHRAETREY, TUAFZ@EAT
VIS FEPN

f5 13.1.2. BIXX, Xy, -+, X,y AKREARN(0, 0?)F B E G REMAE R, 089
RIS Hn(0)H (1) EESH; (2) HAPH;, REEBRIH7T(0)X)

. (1)0 M58 /A NIER AT

eI oA BRSEIAATN 0 ~ N (o, 7)o
MIEAE: BATHE X1, Xs, ..., X, KHE N@,02).
LLAR R L

n

Lw;X)zzllxﬁ%EEGMQ(‘ggiiﬁﬁ)
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{5

L(0; X) x exp (—2%‘2 Z(Xz - 9)2)

=1

JEECRAITE
P60 X) o< p(X | 0):p(6) = exp (—% S - e)?) exp (=520 - nol?)

2
i=1 0

0

L SEP

p(0 ] X) ocexp( ( —QHZX) —2H09+M(2))>

1 n 1Y\ , Yo Xi o
p(0 ] X) ox exp (—5((§+T5)9 — 20 (—02 +T_§>))

HHEIE, W UE X %éﬁE%ﬁﬁ

i{i_l:_A

NG

BB, JE R AN

Xy
9|XNN n 107n 1
—z‘l'T—g —2+%

(2)0 BI5E T4 15 935 43
SR BT IS 0 ~ U(a,b).
SR FIRE, RATH X1 Xo, ..., X, KE N(0,02).
SRR SRR, 24 R R

L(0; X) o exp (—% i(Xl - 9)2)

=1
Jai oA RN HTER, R4 p(d | X) oc p(X | 0)p(6)
BT Sem 4 p(0) R334 Ula,b), B p(0) = ;1-1(a < 0 < b)

p(O ] X) ox exp (—% >0 - e)?) I <6<D)
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Ea<6<b XL, FRAMMREMARIGE. Hit, Fk
WARTE 0 <0 < b ENIEAHT, (ERARITER T [a,0] L

2
p(0 | X) ~ TruncatedNormal ()_(, J—, a, b)
n

/E\:EF' X - %Z?:l Xz‘o
FITEA, e At A 1R A 50 A -

2
0 | X ~ TruncatedNormal ()_(, g ,a, b)

n

733k 13.1.3. N H

WX B R R I— AR B F N, Tk e9nh, BEFE5H
FRAE AP A, AR AFIRKE KRG, ST A RIRMAG A i T o A R— A&
K, mIREEHBFIRAEG 5T Ko

FELE, TR KMNBEBGEARSH, HKEE-NLESH, T
DML ARG B A B e o A 5 KAR B 03X AV S 00 5 A0 A AR 9 E 485 .

BAVL LB T a3t X R

1A RRMB(n,p), ptInH A Beta(a,b)

2 ATRMN (11, 02), 11825557 4 N(po, 02)

SHERIRMN (1, 0%), o282 H HIG (o, )

4 A AR Poisson(N), A& RIEHH A Gammal(a, b)

SRR Exp(N), NGRS HGammal(a,b)

6AFAIRMU(0,0), 089357 A Pareto(a, )

TAERIRAN (1, 02), 1, 0289538570 A N (10, 03) IG(ev, B)

A KA B AR 69T e 69 PR LI R .

13.2 Point Estimationn

RERA RBEE, Pg R R L.
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For a Bayesian, estimation is treated as a decision problem. In a given
situation, we should select an estimator in order to minimize the loss that
we expect to incur (discussed later).

Based on the posterior distribution, a point estimator for 6 can be

)
Onap = arg maxy w(6|x), Maximum A Posteriori

Op(x) = { 05 = E[f]z], Posterior Expectation

Onp = arg max, E[|0 — al|z], Posterior Median, is scalar
\

0 g is usually more reasonable than éM Ap (see example 7.3.2).

The Posterior mean square error for éB(x) is defined by

PMSE(p(z)) = Eoo[(6 — 05(x))?

When 0p(z) = E(0]z), then the PMSE of 05(x) is

PMSE(d5(z)) = Ego[(0 — 05(2))?] = Var(8|z).

Denote by E(f|x) = p.(z) the posterior mean for 6, and V (z) =

Var(f|z) the posterior variance, then

PMSE(0(2)) = Eoa[(0— 1t (2))+ (1r(2) =0 (2))]* = Vi (2)+(tr(2) =6 (2))* > Vi (2).

where the equality holds iff §(x) = u,(z). i.e., the posterior mean esti-
mator 6 g for 6 minimizes the PMSE.
Op is the optimal estimator under PMSE, and thus is recommended to

use in application.

At
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Xt F DU, ATy — MRS L. R4 E TR 0L R, Al
PLGEFE— M, DR MEBATHU 28 2 8k Oaimidie) .
T RS AT, 2800 MRt R L

(

bar = gmaxg 7(Ole), WA A
5(@) = | b5 = E[pls], Rl

Oume = argmax, E[|0 — a||z], JERPAEL0 NirE

\

Op BH Oyap BAE (W 7.3.2).
éB(x) B JE 58 7R 22 2 SN

PMSE(0()) = Egpo[(60 — Op(2))’]
M Og(x) = E(0|z) If, Og(x) 1 PMSE A
PMSE(p(7)) = Ego[(0 — Op(x))?] = Var(6|z).

it E(0)z) = pr(x) N 0 WEEINE, Vi(z) = Var(flz) NERTTZE,
JlES)

PMSE(0(2)) = Ega[(0— 1t () + (1r(2) =0 (2))]* = Vi (2)+(r (2) 6 (2))* > Vi (2).

M HALY §(x) = po (o) B, ERECES. B, 2500 MRRIEMN T
& O 175 PMSE H/).
Op ZAE PMSE FHISmARAGTHE, DR 7E S b A

73k 13.2.1. AT @O AN A BB TFRE, L5 RMNT AR L%
B AR HHL(t: 0)ARL(X 2 0), 7T LR A A

B LR, A ERET ATARNNAE L, BRAAN%
HE AR AREE B
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] 13.2.2. MILAT A BAK p(z | 0) = 0(1 —0)*', 2 =1,2,3,..., R
MHER X, X, BPAKOGRBRYANBANH UO0,1), KERH
Bt BERPEET,

fi&. JUfR oA
p(z|0)=01-0)""" =123, ...
WA MR R ON -

n

p(X1, Xa, ..., X | 0) = [J 01— )%

i=1
BN VSE

p(Xla Xoyoooy Xy | 0) = 9”(1 — Q)Z?:l(xi_l) - 9”(1 _ 8)”X_"

Her, X =157 X, REEABIME. WL, S X, 2 0 B
GiilHt .
BAGHE S X, = T BRSO

LO|T)=60"(1-0)""

Sl AT NI 21934 U(0, 1)

Ja S AL TR
70 X) o L(O | T)m(8) = 60*(1 — 0)"" = x(6 | X) o 67(1 — 6)7"
AVE N, JE% A2 Beta 704 Beta(n + 1,7 —n+1):

6] X ~Beta(n+1,T —n+1)
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SN PREE S LS LRASE

A n+1 n+1
0 =E|0| X]| = =
= E ] X] n+1+(T—n+1) T+2

NG AN 134 R BASR A KR B8 A THMAP:

(n+1)—1 n
n+)+T—-n+1)—-2 T

6)AMAP =
(

Ui R BMERFEA H K, WHEATAR 1)
X —J8 Ui B S IE S T RE 4k 22iE B, /53 J5 I IS AN 1A B/ N RO ) 7 1
PMSE.

_ (n+1)(T—-n+1) C(n+ )T —=n+1)
VarllX) = i D Tt D+ Dt D T—nt1)?) T+ 3T 127

(X B FASKAE SR — N AT 710 K, W TR« H SR Al
TR AEPMSE N diflivh &7 (ERARIARMER 1, BHGT) O

13.3 Intercal Estimation

EX 13.3.1. ZAKONB A AT(0)x), WEZHHE AR 0<a < 15
Yok, HEHERNGITE0,420,, %13

PO, <0 <bylz)>1—a

] AR [él, éQ] A0 T 15 K-F A1 — by Bayes™ 13 X 19]

% i
PO >b0)z)>1—a
) A H 0, 4 089 T 12 F 1%
Eih R
PO <bylz)>1—a

W) A 4 0, 79 089 7T 45 L TR
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5 13.3.2. REARXIRAIER >, LEEHKH
f(x|0) = 07" 2 >0

HFOAH KI5 d, ORBRLH AT(0) = 5,0 >0, IAEXABARF WK
TANHER, BREAT, 20, 1, KOWBEIEHHF20091—a b9 Bayes™
2 X 9]

. JRS A

- - 1 | n
7(0)z) o (H f (xi!9)> m(0) = (H 96_'9”“) 7= 9”6_921':1‘7:"-5 = g le i m
=1 =1

EANTERZE—A Gamma AARIER, Fit:

0|z ~ Gamma (n, le>

=1
J 56 53 A RV EIAEL AN T3 22590 390 A

n n
- Var(lr) = ——
D ey Ti (i )

HT 0|z ~ Gamma(n, Y . x;), A LAMER Gamma 7347 1) 707 Bk
i DUl E X, A2 Bl IR

WERFRATEFR D] 0 H) 1 — o B UIH-HT el {FIXTH], FA]7 2K F] Gamma
SIS /2 K1 1 — o /2 73 EL:

W O, M0y 73 alsE Gamma 734 Gamma(n, Y ;) B /2 Al 1—a/2
A A

E(0|z)

P(HLSHSQU):l—Oé

PR, 0 /1 — o DUHETa] {3 X TH) 9
(01, 0u]

Hrp 6, 6y & Gamma 7346 Gammal(n, > o z;) KIAHR 373
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KT 0|z ~ Gamma(n, >, z;), AILMEH Gamma 7347 F 73 ok AY
i DU R 45 X 1]
W 0y A 0y 53 /& Gamma 730 AF Gamma(n, > i @) 1] o/2 1 1—a/2
L B4
PO,<0<0s)=1—-a

KBk, 6 8 1 —a DUl 5 X6 A
(01, 0u]

Hrr o, M1 0y & Gamma 734 Gamma(n, Y, ;) FIFHRLEL
SRERME R 5, FEAKEIN 10, W X" jai=n-2=10-5=50.
JE¥ AN 0)z ~ Gamma(10, 50).
MR s RS2 4 A Gammal(10, 50) 25 6p.025 £ 0.066,
Bo.075 £IN 0.164.
FTEA, 6 1) 95% DUt Al {5 X TR 254«

[0.066, 0.164]

]

EX 13.3.3. A Bayesian credible interval of size 1 — « is an interval (a,b)
such that
Pla<6<blz)=1-a.

1.€.,

b
/ m(0lx)dd =1 — a.

e Conceptually, probability comes into play in a frequentist confidence
interval before collecting the data. Ex: there is a 95% probability that
we will collect data that produces an interval that contains the true

parameter value. Awkward!
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e Meanwhile, probability comes into play in a Bayesian credible interval
after collecting the data. Ex: based on the data, we now think there is

a 95% probability that the true parameter value is in the interval.

It is clear that in general, we will have (infinitely) many credible intervals
for #. The shortest possible credible interval is called a highest posterior

density (HPD) interval.
EX 13.3.4. The 100 x (1 — )% HPD interval is an interval of form
C={0:7(0|x) > c(a)}

where c(a) is the largest number such that P(0 € Clz) > 1 — a.

HPDM AR & EREERX R, &ELZA #HTEKFGTEXEF,
HPDFAEA R, HeL & T R 896 BE % Ao

EABFBE 5 KT, BRI HHBRSARGE AR, AL HPDE)
R YSAT TS SO DR it o o

13.4 Bayesian Testing
JE R ALK, AR5 o
e Assume now that we wish to test the hypothesis
Hy:0 €06y« H,:0c 06,
where ©oUBO; = © and ©yNO; = (). In theory, this is straightforward.

e Given a sample of data, x, we can calculate the posterior probabilities
ap = P(Hy | ) and oy = P(H; | =), and we can reject the null
hypothesis Hy if a1 > «y.
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e Or we can use the Bayes factor (the support of Hy):

Posterior Odds  ap/a1  apm

BF = = =
() Prior Odds To/T1 Q1T

where my = P(Hp) and m; = P(H;). It tells us about the changes in
our relative beliefs about the two models caused by the data. Jeffreys

recommends to attain Hy when BFy (z) > 3.

KRR BN, MO 2 2 5 DU R B S ] 1, TR R IR TiE
TR B R B

5 13.4.1. tTi0F & 0910
BAITREF G IRAIAE A N 83580 T o BAVH AT MK 43

3215, 5684, 3350, 4092, 2598, 3364, 3518, 2956, 3002, 3695
BRI BERIRAAL(3,0.001), K T35 E el A:

Hy - 2000 < — < 2500

H, - 2500 < — < 3000

Hy : 3000 < — < 3500

Hs : 3500 < — < 4000

D S e B

=1

REAT I FF IR NFEE A, T\ AR BRECR :
L()\|x1, T, ... ,1‘10) = )\106_>\Z£1 i
i ER A Gammal(a, 8), JEIRAN:

Mz, g, ..., 210 ~ Gamma(13, 35474.001)
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1

1
P(Hy) =P (—— <A< —— ) = P(0.0004 < \ < 0.
(Ho) (2500_ <2000> (0.0004 < A < 0.0005)

~ GammaCDF(0.0005, 13, 35474.001) — GammaCDZF(0.0004, 13, 35474.001)

1 1
P(H) =P —— < A< —— ) = P(0.000333 < A < 0.0004
() (3000 SA< 2500) ( SAS )

~ GammaCDZF(0.0004, 13, 35474.001)—GammaCDF(0.000333, 13, 35474.001)

1 1

P(H)=P— <A< -——
() (3500— = 3000

> = P(0.000286 < A < 0.000333)

~ GammaCDF(0.000333, 13, 35474.001)—GammaCDF(0.000286, 13, 35474.001)

1 1
PH) =P —— <)< — ) = P(0.00025 < A < 0.000286
(H3) (4000 =A< 3500) ( = )

~ GammaCDF(0.000286, 13, 35474.001) —GammaCDF(0.00025, 13, 35474.001)

P(Hy) = P <2000 < ; < 2500> —0.238
P(H,) =P <25oo < % < 3000> = 0.257
P(Hy) =P (3000 < % < 3500) =0.180
P(H;) =P <3500 < % <4000 | = 0.108

R E R G I MESE,  FRATAT LA KT i 75 iy T B A A AT REVA AEIX
6] H, : [2500,3000) o, BONXASXIE R E8REEER P(H,) Bk, N 0.257,
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AL TT LUFF I 56053 A5 IR T(13,35474) K5 A HFEE GFdn)
FHAEE . BIBUIRMYAN S 3 A0Y ~ IGamma(13, 35747)

35747
B(Y) = "2 ~ 2056

AR T AR —REAAE L, SBREASAE T2
ARUVEZ X e (BRBEZ 18] MR XA SRS 3K s — AR BEIX ] 7
RIAGIE, o Rls) Ve G, X aea SEH, Hibn g T
PEJAE P 3 o

13.5 Bayesian Prediction

o Let X ~ f(z | @), given a sample x, we want to predict the value of a
random variable Z which has density g(z | 0). It is commonly assumed

that Z and X are independent given 6.

e Bayesian prediction logic: Let (0 | x) be the posterior density for 6,
then g(z | O)7(6 | x) is the joint density for (Z,0) given X = z, thus
p(z | ) can be obtained by integrating out 6.

e Definition: Suppose X has density f(z | §), and 0 has prior 7(6). Given
a sample X = x, the posterior predictive density of a random variable

Z 1is defined as

Pz | z) = / o= | 0)(0 | 2)do.

e Point prediction: use the mean, median or mode of p(z | z) to estimate

zZ.
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e Interval prediction: use the 1 — « credible interval [a, b] based on p(z |

x):
b
P(angb]x):/p(z\w)dz:l—a.

5 13.5.1. —# K& BERR T, BRIZLIRSAH71(0) RADH Beta(262),
FE 20K W B E16K, KGN Fn(0]r) &M E Ep(zlz), Kbz=
11,..., 208948, F%H—A00% M X 8], F %4 h 5 69 AR5

. ZHATI SRS A Z5e, BATEZES
0| X ~ Beta(18,6)

JE S I EE p (2 |) 9

5 1 5\ Beta(18 + z,11 — z)
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Lec 14 Statistical Decision The-

ory

R RS B A, Minimax

14.1 Basic Definitions

A general statistical decision problem has the following components:

Statistical models { f(z]0),0 € ©} for sample X, © is parameter space.

A decision/action space A = {a = d(x)}

A loss function L(a, ) (the negative of utility, nonnegative)

For Bayesian statistical decision, a prior m(6) for 6 is needed

The parameter 0 influences the distribution of the sample X. The deci-
sion maker picks a decision a after observing X. She wants to pick a decision
that minimizes loss L(a, #), for the unknown 6. X is useful because it reveals
some information about 6, at least if f(x|6) does depend on 6.

The problem of statistical decision theory is to find decision functions ¢
which are good in the sense of making loss small.

Loss function

143
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e In estimation, we want to find an a which is close to some function p
of 6, such as for instance u(f) = F[X]. Loss is larger if the difference
between our estimate and the true value is larger. A commonly used

loss in this case is the squared error,
L(a,0) = (a — p(6))”.
e An alternative to squared error loss is absolute error loss,

L(a,0) = |a — p(0)].

e In testing, we want to decide whether some statement Hy : 6 € ©
about the parameter is true. We might evaluate such a decision a €

{0,1} based on the loss
(

1 ifa=1,0€ 0,

L(a,@): § ¢ 1fa:0,9¢@0

0 else.
\

Risk function
An important intermediate object in evaluating a decision function ¢ is
the risk function R. It measures the expected loss for a given true parameter
0,
R(6,0) = Ey[L(6(X),0)].

Note the dependence of R on the parameter - a decision function é might

be good for some values of #, but bad for other values. Examples:

e We observe X € {0,...,k} multinomially distributed with P(X =
x) = f(z). We want to estimate f(0) and loss is squared error loss.

Taking the estimator 6(X) = I(X = 0), we get the risk function

R(5, f) = E[(6(X) — £(0))°] = Var(3(X)) = f(0)(1 — £(0)).
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e We observe X ~ N(u, 1), and want to estimate p. Loss is again squared

error loss. Consider the estimator

S(X)=a+b-X.

We get the risk function
R(0, 1) = E[(5(X)—p)?] = Var(6(X))+Bias(6(X))? = b*Var(X)+(a+bE[X]|-E[X])?* = b*+(a+(t

Choosing a and b involves a trade-off of bias and variance, and this

trade-off depends on p.

B 14.1.1. 7.22

HEBIE RO — KAEAE, AP b stt, BT REB D X ~
b(5,0), SAZIA LA G T HE 0 9B HH Be(1,9). EARAL
A =0, ETIHXHHT LRI

Hy:0<60<0.15 ws H;:0>0.15

BT a; AL Hy, i=0,1,
(1) FHKFH%

0, 6<0.15, 2, 6<0.15,
L(CLQ,Q) = L a1,9 =
1, 6>0.15. 0, 6>0.15.
(2) & &%
0, 6<0.15, 0.15—0, 6<0.15,
L(ao,ﬁ) = L as, =
1, 6>0.15. 0, 6 > 0.15.

gy P =00)f0) _(1=67-90 -0 91— .
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1 1
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L R(ao) AT R(ay), 38 DU XU BNRIAT S o

14.2 Optimality criteria

Admissibility

A decision function ¢ is said to dominate another function ¢’ if
R(0,60) < R(¢',0) for all #, and
R(8,0) < R(&',0) for at least one 6.

e Note that dominance only generates a partial ordering of decision func-
tions. In general, there will be many different admissible decision func-

tions.
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e [t seems natural to only consider decisions functions which are not
dominated. Such decision functions are called admissible, all other

decision functions are inadmissible.

0* is a uniformly optimal decision if
R(6*,0) < R(6,0),Y0,V0 € ©

Such a decision does not exist in general.

e An approach which does not rely on the choice of a prior is minimaxity.

This approach evaluates decision functions based on the worst-case risk,

R(6) = sup R(4,0)

e A minimax decision function, if it exists, solves the problem

0" = arg main R(6) = arg méin sup R(6,0).
0

Bayes optimality
An approach which comes naturally is to trade off risk across different
@ by assigning weights (prior) m(f) to each #. Such an approach evaluates

decision functions based on the integrated risk, called Bayes risk,

R.(9) = /R(é, 0)m(6)do
e A Bayes decision function minimizes the Bayes risk,

oy = arg mgin R, (0).

e Let 7 be a prior distribution, we can define posterior expected loss

R.(3]z) = / L(5(x), 0)m(0|z)do
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where 7(6|x) is the posterior distribution

S (x]0)m(6)

m(0]z) =

and
m(a:):/f(x|9)7r(9)d9

is the normalizing constant.

o [t is easy to see that any Bayes decision function 0} can be obtained

by minimizing R, (d|z) through choice of §(x) for every z, since

R.(6) = / Ro(6(2)|2)m(x)dz.

14.3 Some relationships between these
concepts

Much can be said about the relationship between the concepts of admis-
sibility, Bayes optimality, and minimaxity.

Admissibility and Minimaxity If §* is admissible with constant risk,
then it is a minimax decision function.

Proof: Suppose that ¢’ had smaller minimax risk than §*. Then
R(8',0") < sup R(¢',0) < sup R(6*,6) = R(6*,0),
0 0

where we used constant risk in the last equality. But this contradicts admis-
sibility.

Admissibility of Bayes Decisions If the prior distribution () is
strictly positive and the Bayes decision function 47 has finite risk and risk is

continuous in 6, then it is admissible.
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Sketch of proof: Suppose it is not admissible. Then it is dominated
by ¢'. But then

R, (8) = / R(8',0)7(0) do < / R(5%,0)m(0) d = R..(5%)

since R(&',0) < R(d%,60) for all § with strict inequality for some #. This
contradicts 0 being a Bayes decision function.
Optimal Bayes Risk vs Minimax Risk The optimal Bayes risk
R(m) := infs R, (0) is always smaller than the minimax risk R := inf; sup, R(6,6).
Proof:

R(m) = i%lf R,(0) < sup i%f R, (0) < ir;f sup R (6) < i%f sup R(6,0) = R.
T T 0

If there exists a prior 7* such that infs R.«(d) = sup, infs R(d,7), it is called

the least favorable distribution.
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