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1. (40©) �M(n)�n× n¢Ý
�N, §þ¡��f�ê½Â�

‖A‖ := sup
06=x∈Rn

|Ax|
|x|

, A ∈M(n).

(a) l½ÂÑuy²Ω :=
{
A ∈M(n) : A�_

}
´D��m

(
M(n), ‖·‖

)
�

mf8"

(b) �I�M(n)¥�ü Ý
, y²: ±I�%!�»�1�m¥

B1(I) := {A ∈M(n) : ‖A− I‖ < 1}

�¹uΩ.

(c) ¦sup
{
r > 0 :±I�%!±r�»�m¥Br(I) ⊂ Ω

}
, �`²nd"

(d) �½A ∈M(n),¦N�ϕ : Ω→M(n), ϕ(P ) = P−1AP 3I?�©dϕI�

w«L�ª"
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2. (40©) �D ⊂ R2´k¡È(Jordan�ÿ)�8Ü, f : D → R´Dþ�iù
�È¼ê"

(a) �D�¡È(JordanÿÝ)σ(D)�""^½Ây²

∫
D

fdσ = 0"

(b) �E := {P ∈ D : f(P ) 6= 0}�¡È�""y²
∫
D

fdσ = 0"

(c) �f3Dþð��K§�

∫
D

fdσ = 0"y²: éu?¿δ > 0,

Eδ := {P ∈ D : f(P ) ≥ δ}

�¡È´""

(d) �f3Dþð�u"�

∫
D

fdσ = 0"y²σ(D) = 0"
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3. (20©) �ϕ1, ϕ2, ϕ3 : R3 → R�C1¼ê, §�3R3þ??÷v

∂(ϕ1, ϕ2)

∂(x1, x2)
6= 0,

∂(ϕ1, ϕ2, ϕ3)

∂(x1, x2, x3)
= 0.

ùp(x1, x2, x3)´x ∈ R3¥����I"

(a) y²R3�g��N�Φ(x1, x2, x3) =
(
ϕ1(x1, x2, x3), ϕ2(x1, x2, x3), x3

)
��©??�_"

(b) y²: ?�P ∈ R3§�3P�m��U§¦�ϕ3|U´'uϕ1|U , ϕ2|U
�C1¼ê"
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1. z�¯10©"

(a)�y²���pp.148-149 �½n17.2�1�Ü©"

(b)d‖I‖ = 1(4©)�(a)�y²L§=�(6©)"

(c)��Y´1"¯¢þ§kd(b)�þ(.Ø�u1(4©), 
Ø�_


diag(0, 1, 1, · · · , 1)

ÚI�ålTÐ�u1§¤±þ(.Ø�u1(6©)"

(d) k`²N�ψ1 : Ω→ Ω, ψ(P ) = P−13I?��©�−IdM(n)"¯¢þ§

duéu?¿P ∈ Ω, I = P−1 · P = ψ1(P ) · P , ü>¦�©�: éu?

¿P ∈ Ω�?¿H ∈M(n),

0 = dψP (H) · P + P−1 ·H, i.e. dψP (H) = −P−1HP−1.

òþª3P = I?��=�"(3©)

dþ¡¯¢�: �H → 0�§¤á(I +H)−1 = I −H + o(‖H‖)(2©)"

�k���{�y²þã�O: �‖H‖ < 1�§

(I +H)−1 = I −H + (I +H)−1H2 = I −H + o(‖H‖).

d����5©"

�e5�XeO�: �H → 0�§

ϕ(I +H)− ϕ(I) = (I +H)−1A(I +H)− A

=
(
I −H + o(‖H‖)

)
A(I +H)− A

= AH −HA+ o(‖H‖).

u´·���dϕI(H) = [A, H] := AH −HA(5©)"

2. z�¯10©"(a)�y²���p.206�5�18.18"

(b) *	�g = fχD´²¡R2þ�k.;|8iù�È¼ê§¿�E =

{P ∈ R2 : g(P ) 6= 0}�¡È�u"§�Iy²
∫
g dσ = 0. �M > 0�|g|�
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��þ."duE�¡È�u"§K§�	¡È�u"(2©)"?�ε > 0,

�3²¡�©�π = {I},¦�σ+
π (E) ≤ ε"PMI = supI g, mI = infI g,@

ok

S+
π (g) =

∑
I∩E 6=∅

MI(g)σ(I) +
∑
I∩E=∅

MI(g)σ(I)

≤ Mσ+
π (E) + 0 ≤Mε;

S−π (g) =
∑
I∩E 6=∅

mI(g)σ(I) +
∑
I∩E=∅

mI(g)σ(I)

≥ −Mσ+
π (E) + 0 ≥ −Mε. (6©)

-ε→ 0+�g�þÈ©�eÈ©Ñ´"(2©)"

(c) Ï�f ≥ 0�3Dþ�È©�"§�ì½Â§·���f3R2þ"ò

ÿg := fχD��K�3R2þ�È©�""�½δ > 0, ·�kEδ = {P ∈
R2 : g(P ) ≥ δ}"Ï�g�þÈ©�"§éu?¿ε > 0, �3²¡�©

�π = {I}, ¦�

ε ≥ S+
π (g) =

∑
I∩Eδ 6=∅

MI(g)σ(I) +
∑

I∩Eδ=∅

MI(g)σ(I) (4©)

≥ σ+
π (Eδ) · δ (3©§^�g ≥ 0).

l
��σ+
π (Eδ) ≤

ε

δ
(3©)"

(d) Ï�Dk¡È§@o∂D�¡È�""Ï�D ⊂ D◦ ∪ ∂D, ¤k�Iy

²D◦ = ∅(2©)" (�y{) b�P´D�S:§@o�3±P�%���

/I, §�¹uD◦"Ï�f 3Dþiù�È§|^iù�È�þeÈ©�

��½Â§��f |I½iù�È(2©)"

Claim f |I3I¥këY:"
Proof. Ï�f |Iiù�È§d��p.215�íØ18.24.�f |Iþ�ØëY:
8Ü´Lebesgue"ÿ8"
|^;�8ÜI�Heine-Borel5�±9σ(I) >

0, N´y²IØ´Lebesgue"ÿ8"Q.E.D. (4©)

dClaim±9f |Ið�u"§�3I¥������/J±9ε0 > 0¦�f3Jþ

���ð�uε0"@of3Dþ�È©Ø�uf3Jþ�È©§
�öØ�
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uε0σ(J) > 0. (2©)

3. z�¯10©"

(a) dΦ�1�ª�u
∂(ϕ1, ϕ2, x3)

∂(x1, x2, x3)
=
∂(ϕ1, ϕ2)

∂(x1, x2)
, ??Ø�""

(b) �ÄR3�g��C1N�f = (ϕ1, ϕ2, ϕ3), @odb�^�, df��

??�u2"?�P ∈ R3, d(a)�_N�½n, �3P�m��U , ¦

�V = Φ(U)�R3 �m8§¿�

ϕ|U : U → V, (x1, x2, x3) 7→ (u1, u2, u3) =
(
ϕ1(x1, x2, x3), ϕ2(x1, x2, x3), x3

)
´C1Ó�(4©)"

dud(f ◦ Φ) ��??�u2, �±����pp.175-176 'u�½n�y²

½ö^�©�ØC5y�: 3V þ, f ◦Φ−1 �1n�©þg3 := ϕ3 ◦Φ−1'

uu3 = x3� �êð�"(4©)"��«�{�[!Xe: d®�^�±

9�©�ØC5�

dg3 = dϕ

= c1dϕ1 + c2dϕ2

= c1du1 + c2du2.

Ïd§g3´u1 = ϕ1, u2 = ϕ2�C
1¼ê§l
3Uþ¤á

ϕ3(x1, x2, x3) = g3 ◦ Φ(x1, x2, x3) = g3(u1, u2)

= g3
(
ϕ1(x1, x2, x3), ϕ2(x1, x2, x3)

)
(2©).


