
Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

§5.4 �~È©

Riemann¿Âe�È©kü���,Ù�´È©«mk� (ÄKÒØU�

y�©�:�5�õ�, ©��°Ýªu"), Ù�´�È¼êk.. �È©

�AÛ¿Â´¡È, k�Ø÷vùü�����±�Ä¡È. XJ�â»ù

ü���,7L/Ï�Ä��4��{,�Ä RiemannÈ©�üa4�.dd

ÚÑüa¤¢�/2ÂÈ©0, RiemannÈ©k�K�A/¡�~ÂÈ©.
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x

y y

O
xx b

y = f(x)

a x

y = f(x)
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

5.4.1 Ã¡«mþ�È©

½Â 1 �¼ê f(x) 3«m [a,+∞) þk½Â, XJ f(x) 3?Û��k

�«m [a,A]þ�È,�� A→∞�,È©
∫ A
a
f(x)dx = ϕ(A)�� A

�¼êk4�,K·�òù4��½Â�¼ê f(x)3 (Ã¡)«m [a,+∞)

þ�Ã¡È©,P�
∫ +∞
a

f(x)dx,=½Â∫ +∞

a

f(x) dx = lim
A→+∞

∫ A

a

f(x) dx = lim
A→∞

ϕ(A).

ù��¡Ã¡È©
∫ +∞
a

f(x) dx�3 (½Âñ). eþã�4�Ø�3,K¡

dÃ¡È©Ø�3 (½uÑ).

aq/,·�½Â¼ê f(x)3«m (−∞, a]þ�Ã¡È©�∫ a

−∞
f(x)dx = lim

c→−∞

∫ a

c

f(x)dx.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

¼ê f(x)3«m (−∞,+∞)þ�Ã¡È©½Â�∫ +∞

−∞
f(x) dx =

∫ a

−∞
f(x) dx +

∫ +∞

a

f(x) dx

= lim
c→−∞

∫ a

c

f(x) dx + lim
b→+∞

∫ b

a

f(x) dx,

Ù¥ a �?�¢ê (Ï~� a = 0). �é{`, �þ¡�ªm>ü�Ã¡È

©ÑÂñ�,·�â¡
∫ +∞
−∞ f(x)dxÂñ (Ù�Ò½Â�üö�Ú).

O
x

y
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 1 �OÃ¡È©
∫ +∞

1

1

xp
dx�ñÑ5,Ù¥ p�~ê.

) � p 6= 1�,é?¿ b > 1k∫ b

1

1

xp
dx =

1

1− p
(
b1−p − 1

)
.

Ïd

∫ +∞

1

1

xp
dx� p > 1�,Âñ� 1

p−1,� p < 1�uÑ� +∞.

� p = 1�,k ∫ b

1

1

xp
dx = ln b.

d�
∫ +∞

1

1

xp
dx�uÑ� +∞.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 2 �OÃ¡È©
∫ +∞

a

e−x dx�ñÑ5.

) é?¿ b > ak∫ b

a

e−x dx = −e−x
∣∣∣b
a
= e−a − e−b→ e−a (b→ +∞).

Ïdù�Ã¡È©Âñ� e−a.

¯K Ã¡È©
∫ +∞

1

e−x
2

dx´ÄÂñ?

) |^
∫ A
1
e−x

2
dx <

∫ A
1
e−x dx < e−1,��TÈ©Âñ.

3y�ã, �OÃ¡È©
∫ +∞

a

f(x)dx ´ÄÂñ, ��·�ÄkIé¦

ÑÈ©
∫ A

a

f(x)dx; 2ïÄ¤�(J3 A → +∞ �´Äk4� (Uù��

K, e�O
È©Âñ, Ï~�Ó�¦Ñ
Ã¡È©��.) �
��ù�:,

·��,A^ Newton–Leibnizúª: e¦�
 f(x)3 [a,+∞)þ����¼

ê F (x),K¯KÒz�
¦ lim
A→+∞

F (A);�ù4��3�,Ù�Ò^ F (+∞)
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

L«,·��(J�±Lã�

½n 1 e¼ê f(x)3 [a,+∞)þÃ¡È©Âñ,�k�¼ê F (x),Kk∫ +∞

a

f(x)dx = F (+∞)− F (a).

e¼ê f(x)3 [−∞, a]þÃ¡È©Âñ,�k�¼ê F (x),Kk∫ a

−∞
f(x)dx = F (a)− F (−∞).

e¼ê f(x)3 (−∞,+∞)þÃ¡È©Âñ,�k�¼ê F (x),Kk∫ +∞

−∞
f(x)dx = F (+∞)− F (−∞).
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 3 O�Ã¡È©
∫ +∞

−∞

1

1 + x2
dx.

) ¼ê 1
1+x2
����¼ê´ arctanx,Ïd∫ +∞

−∞

1

1 + x2
dx = arctan(+∞)− arctan(−∞) =

π

2
− (−

π

2
) = π.

~ 4 O�Ã¡È©
∫ +∞

1

lnx

x2
dx.

) ¼ê lnx
x2
����¼ê´ F (x) = − lnx+1

x
,Ïd∫ +∞

1

lnx

x2
dx = F (+∞)− F (1) = 1.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

½Â 2 (Cauchy Ì�) � f(x)3 (−∞,+∞)þk½Â,3?¿k�«m

þ�È.e4�

lim
A→+∞

∫ A

−A
f(x) dx

Âñ,K¡Ã¡È©
∫ +∞

−∞
f(x) dx3 CauchyÌ�¿ÂeÂñ,{¡ Cauchy

Ì�È©Âñ,þ¡�4�Ò´TÃ¡È©� CauchyÌ�,P�

V.P.

∫ +∞

−∞
f(x) dx.

eþ¡�4�Ø�3,K¡ CauchyÌ�È©uÑ.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 5 �ÄVÇØ¥�ü�Ã¡È©�ñÑ5:

(1)

∫ +∞

−∞

x

1 + x2
dx; (2)

∫ +∞

−∞

|x|
1 + x2

dx.

) ¼ê x
1+x2
����¼ê´ F (x) = 1

2
ln(1 + x2), Ïdùü�Ã¡È

©Ñ´uÑ�. �´Ï�∫ A

−A

x

1 + x2
dx = F (A)− F (−A) = 0,∫ A

−A

|x|
1 + x2

dx = 2

∫ A

0

x

1 + x2
dx = 2(F (A)− F (0) = ln(1 +A2)

¤±1��Ã¡È©� CauchyÌ�È©Âñ� 0,1��Ã¡È©� Cauchy

Ì�È©uÑ� +∞.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

5.4.2 aÈ©

éu3k�«mþÃ.�¼ê, ·���{´ò��¼êÃ.�: (¡

�×:) �C���, ¦�¼ê3�{�«mþk.. È©�, 24���Ü

©��Ýªu",XJ4��3,Ò½ÂT4��Ã.¼ê�2ÂÈ©,½¡

�×È©.

½Â 3 � f(x) 3 (a, b] þk½Â, � lim
x→a+

f(x) = ∞. �é?¿ ε ∈

(0, b− a), f(x)3 [a + ε, b]þ�È.e4�

lim
ε→0+

∫ b

a+ε

f(x) dx

Âñ, K¡Ã.¼ê�È©½¡×È©
∫ b

a

f(x) dx Âñ, þ¡�4�Ò´

aÈ©��.eþ¡�4�Ø�3,K¡ù�aÈ©uÑ.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

� b´ f(x)3 [a, b]þ���a:�,eé?¿ ε ∈ (0, b− a), f(x)3
[a, b− ε]þ�È,�4�

lim
ε→0+

∫ b−ε

a

f(x) dx

Âñ, ¡×È©
∫ b

a

f(x) dx Âñ, þ¡�4�Ò´aÈ©��. eþ¡�4

�Ø�3,K¡ù�aÈ©uÑ.

e a, bÑ´ f(x)3 [a, b]þ�a:,� (a, b)Ãa:,¿��3 c ∈ (a, b)

¦�ü�aÈ© ∫ c

a

f(x) dx,

∫ b

c

f(x) dx

ÑÂñ,K¡
∫ b
a
f(x) dxÂñ,¿�∫ b

a

f(x) dx =

∫ c

a

f(x) dx +

∫ b

c

f(x) dx.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

½n 2 e f(x)3 (a, b)þk�¼ê F (x),�3 (a, b)þ�È (Riemann�

È½2Â�È),Kk ∫ b

a

f(x) dx = F (b)− F (a).

� b�a:�, F (b)A�� F (b−),� a�a:� F (a)A�� F (a+).

~ 6 � a > 0,KaÈ©
∫ a

0

dx

xp
� p < 1�Âñ,� p > 1�uÑ.

y² ∫ a

ε

dx

xp
=

 1
1−p(a

1−p − ε1−p), p 6= 1;

ln a− ln ε, p = 1

→

+∞, p > 1;

1
1−pa

1−p, p < 1
(ε→ 0+)
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 7 O�È©
∫ 1

0

lnx dx.

) ¼ê lnx 3«m [0, 1] þk���a: 0, �3 (0, 1] þk�¼ê

F (x) = x lnx− x,Ïd,

∫ 1

0

lnx dx = F (1)− F (0+) = −1.

~ 8 ?ØÈ©
∫ 1

−1

1
√
1− x2

dx�ñÑ5.

) ¼ê 1√
1−x2
3«m [−1, 1] þka: 1 Ú −1, �3 (−1, 1) þk�

¼ê F (x) = arcsinx,Ï�,∫ 1

0

1
√
1− x2

dx = F (1)− F (0) =
π

2
− 0 =

π

2
.∫ 0

−1

1
√
1− x2

dx = F (0)− F (−1) = 0− (−
π

2
) =

π

2
,

¤±aÈ©
∫ 1

−1

1
√
1− x2

dxÂñ,�Ù�� π.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

5.4.3 2ÂÈ©���Ú©ÜÈ©

½n 3 (��) � f(x)3 [a, b)þëY (b�±´ +∞), x = ϕ(t)3 [α, β)

(β �±´ +∞)þî�4OëY��,� ϕ(α) = a, ϕ(β) = b.KÈ©∫ b

a

f(x) dx �

∫ β

α

f(ϕ(t))ϕ′(t) dt

k�Ó�ñÑ5,�§�Âñ�,����.

5 �¦ ϕ(t)3 [α, β)þî�4O´��y t→ β �du x→ b.

��{�±ò2ÂÈ©=z�~ÂÈ© (3d�¹e, 2ÂÈ©�Âñ

5B�8
,), ��±ò�«/ª�2ÂÈ©=z�,�«/ª�2ÂÈ

©.

14/21

‖J I‖ J I �£ �¶ '4 òÑ



Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

½n 4 (©ÜÈ©) � u = u(x) Ú v = v(x) 3 [a, b) þëY�� (b �±

´ +∞). e∫ b

a

u(x)v′(x) dx, u(x)v(x)
∣∣∣b
a
9

∫ b

a

v(x)u′(x) dx

ùn�¥kü��3k�,K,����3k�,�∫ b

a

u(x)v′(x) dx = u(x)v(x)
∣∣∣b
a
−
∫ b

a

v(x)u′(x) dx.

2ÂÈ©�©ÜÈ©úª/ªþ�~ÂÈ©�©ÜÈ©úª��,Q�

^5O� (®�Âñ�)2ÂÈ©,�U^5y²2ÂÈ©Âñ.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 9 � α´?��¢ê,¦y

I =

∫ +∞

0

1

(1 + x2)(1 + xα)
dx

Âñ,¿¦Ù�.

) - x = tan y,ùp y ∈
[
0, π

2

)
,Kd��{K�

I =

∫ π
2

0

1

1 + tanα y
dy,

ù´��~ÂÈ© (�È¼ê3
[
0, π

2

)
þëY, �3 y → π

2
− 0 �k4�),

l¯K¥�2ÂÈ©Âñ. c¡�~f®²O�TÈ©��� π
4
.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 10 O�Ã¡È©
∫ +∞

0

dx

(a2 + x2)3/2
(a 6= 0).

) Ø�� a > 0.��� x = a tan t, 0 6 t 6 π
2
.K dx =

a

cos2 t
dt.

¤±k ∫ +∞

0

dx

(a2 + x2)3/2
=

1

a3

∫ π
2

0

1

(1 + tan2 t)3/2
·
a

cos2 t
dt

=
1

a2

∫ π
2

0

cos t dt

=
1

a2
.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 11 � (a > 0).O�Ã¡È©
∫ +∞

0

e−ax cos bx dx.

) dÈ©�Âñ5±�2?Ø.y¦Ù�.� b 6= 0.∫ +∞

0

e−ax cos bx dx =
sin bx

b
e−ax

∣∣∣+∞
0

+ a

∫ +∞

0

sin bx

b
e−ax dx

=
a

b

∫ +∞

0

e−ax sin bx dx

=
a

b

(
−
cos bx

b
e−ax

∣∣∣+∞
0
−
a

b

∫ +∞

0

e−ax cos bx dx

)
=
a

b2
−
a2

b2

∫ +∞

0

e−ax cos bx dx.

dd=� ∫ +∞

0

e−ax cos bx dx =
a

a2 + b2
.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 12 y²: ×È© I =

∫ π
2

0

ln sinx dxÂñ,¿¦Ù�.

y² ©ÜÈ©,·��Ñ

I = x ln sinx
∣∣∣π2
0
−
∫ π

2

0

x

tanx
dx = −

∫ π
2

0

x

tanx
dx.

m>�È©´��~ÂÈ©,Ï×È© I Âñ.

�
O� I ,- x = 2t,K

I = 2

∫ π
4

0

ln sin 2t dt =
π

2
ln 2 + 2

∫ π
4

0

ln sin t dt + 2

∫ π
4

0

ln cos t dt.

3þª���� (~Â)È©¥��� t = π
2
− y,K�

I =
π

2
ln 2 + 2

∫ π
4

0

ln sin t dt + 2

∫ π
2

π
4

ln sin y dy

=
π

2
ln 2 + 2I,

� I = −π
2
ln 2.
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

~ 13 (Young Ø�ª) �ëY¼ê ϕ(x) 3 [0,+∞) þî�4O, ¿�

ϕ(0) = 0.P ψ(x)� ϕ(x)��¼ê,@o ψ(x)�´3 [0,+∞)þî�4O

�ëY¼ê,¿� ψ(0) = 0.é?¿�ê a, b,kØ�ª

ab 6
∫ a

0

ϕ(x) dx +

∫ b

0

ψ(x) dx,

�Ò¤á��=� b = ϕ(a), (=, a = ψ(b))�¤á.

y² �I�âÈ©�AÛ¿Â=�²xTØ�ª��(5. *	e¡

�ã/:
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Ã¡«mþ�È© aÈ© ��Ú©ÜÈ©

ùü�ã/©OL« b < ϕ(a)Ú b > ϕ(a)ü«�¹,çÚÒKÜ©´

È©
∫ a
0
ϕ(x) dx, ùÚÒKÜ©´È©

∫ b
0
ψ(x) dx. ü�Ü©�¡È�Ú�

uÝ/OEJH�¡È ab.

3È©/ª� YoungØ�ª¥-

ϕ(x) = xp−1 (p > 1), K ψ(x) = yq−1, q =
p

p− 1
,

Ïk

ab <
1

p
ap +

1

q
bq,

(
1

p
+

1

q
= 1

)
.

AO- a = A1/p, b = B1/q,Kk

A1/pB1/q 6
1

p
A +

1

q
B,

�ª�� A = B �¤á.
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