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1�Ù!êÆÔn�§

0.1 na�§�í�

�!u�Ä�§£��ÅÄ�§¤"

n�zb�µ

(1) n�uµ[!R^���Ýρ(x)§23x¶þ§?uxu²¡S§$Ä��R�ux¶§u =

u(t, x)�G�¼ê¶

(2) u?u; G�§Üåé�§Üå÷v��½Æ£~Xµ����5.�¦Ù?u; G�§

KÜå5
uÃ�Ä���ÝCz±9u�Ä�)�N\§�ö�'cö�±�ÑØO¤¶

(3) u���þe�Ä§|u| � 1, ux � 1¶

(4) ¤É	å�~�§Üå�ç���§å�Ý�g(t, x)"

��ãl�[x, x+4x]�Éå©)§Ùç���Üå

= T1(t, x+4x)ux(t, x+4x)− T1(t, x)ux(t, x) +

∫ x+4x

x

g(t, s)ds.

Ù¥T1(t, s)�t��Üå3s:�©þ§Ï�u�3ç���k$Ä§T��sÃ'§�T1(t)"ç�

��Üå

= T1(t)ux(t, x+4x)− T1(t)ux(t, x) +

∫ x+4x

x

g(t, s)ds.

|^Úî-4ÙZ[úª§ç���Üå�∫ x+4x

x

T1(t)uxx(t, s) + g(t, s)ds.

dÚî1�½ÆF = ma§þª�u ∫ x+4x

x

ρ(s)utt(t, s)ds.

d¤�l��?¿5§·���

utt =
T1(t)

ρ
uxx +

g

ρ
.

��T1(t) Cquu���ÜåT"��Cqúª

utt =
T

ρ
uxx +

g

ρ
.

�a = a(x) =
√
T/ρ, f(t, x) = g/ρ§·���

utt = a2uxx + f.
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��5`§·�o´¬b½ρ�~ê§Ï
a�~ê"

�!9D��§"

n�zb�µ

(1) 0���Ó5�þ!©Ù£'9c§�Ýρ§9D�Xêk¤¶

(2) dQ = −k(x, y, z) · ∂u
∂~n
dSdt§Ù¥ ∂u

∂~n
= (ux, uy, uz) · ~n§u�§Ý¶

(3) SÜ9
§��g(t, x, y, z)£�)9þ�Ý¤"

����N(x, x+4x)× (y, y +4y)× (z, z +4z)±9�mã[t, t+4t]§kO�l�N��>
��¡{x} × (y, y +4y)× (z, z +4z) 6\�N�9þ§{��(1, 0, 0)§Ï
�>��¡6\�N

�9þ�

Q� =

∫ t+4t

t

∫ y+4y

y

∫ z+4z

z

−kux(s, x, v, w)dvdwds.

2O�l�N�m>��¡{x+4x}× (y, y+4y)× (z, z+4z)6\�N�9þ§{��(−1, 0, 0)§

Ï
m>��¡6\�N�9þ�

Qm =

∫ t+4t

t

∫ y+4y

y

∫ z+4z

z

kux(s, x+4x, v, w)dvdwds.

l
�mü�¡ÜO6\9þ�

Q� +Qm =

∫ t+4t

t

∫ y+4y

y

∫ z+4z

z

kux(s, x+4x, v, w)− kux(s, x, v, w)dvdwds

=

∫ t+4t

t

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

kuxx(s, u, v, w)dudvdwds.

Ón

Qc +Q� =

∫ t+4t

t

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

kuyy(s, u, v, w)dudvdwds.

Qþ +Qe =

∫ t+4t

t

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

kuzz(s, u, v, w)dudvdwds.

oO�NS9þCz∫ t+4t

t

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

k(uxx + uyy + uzz)(s, u, v, w) + g(s, u, v, w)dudvdwds.

d9åÆ½Æ¤I9þ§=þª�u∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

cρ(u(t+4t, u, v, w)− u(t, u, v, w))dudvdw

=

∫ t+4t

t

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

cρut(s, u, v, w)dudvdwds.
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Q,·�¤��N´?¿�§·�k

ut =
k

cρ
(uxx + uyy + uzz) +

g

cρ
.

�a =
√
k/cρ, f = g/cρ§9D��§�

ut =
k

cρ
(uxx + uyy + uzz) +

g

cρ
= a2∆3u+ f.

n!Ñt�§£·>|�|³�§¤"

n�zb�µ

(1) 0���Ó5�þ!©Ù£0>~ê��ε¤¶

(2) >Ö�Ý§��ρ(x, y, z)"

� ~E �>|§K�>³k'X∇3ϕ = − ~E"í��6pd½ÆµÏLµ4­¡�>Ïþ=µ4

­¡SÜ1ÖØ±0>~ê"?¿µ4­¡S§k∫
∇3 · ~EdV

pdúª
=

∫
~E · ~ndS =

∫
ρ

ε
dV.

l
dµ4­¡À��?¿5§

−∆3ϕ = ∇3 · ~E =
ρ

ε
⇔ ∆3ϕ = −ρ

ε
.

·���±^í�9�§��{í�Ñt�§"����N(x, x+4x)× (y, y +4y)× (z, z +

4z)§� ~E = (E1, E2, E3)"O��N��>��¡{x} × (y, y +4y)× (z, z +4z)�>|Ïþ�

Φ� =

∫ y+4y

y

∫ z+4z

z

E1(x, v, w)dvdw.

2O�l�N�m>��¡{x+4x} × (y, y +4y)× (z, z +4z)�>|Ïþ

Φm =

∫ y+4y

y

∫ z+4z

z

E1(x+4x, v, w)dvdw.

l
�mü�¡�Ñ�N�Ïþ�

Φm − Φ� =

∫ y+4y

y

∫ z+4z

z

E1(x+4x, v, w)− E1(x, v, w)dvdw

=

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

(E1)x(u, v, w)dudvdw.

Ón

Φ� − Φc =

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

(E2)y(u, v, w)dudvdw.

Φþ − Φe =

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

(E3)z(u, v, w)dudvdw.
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oOlm�N�>Ïþ�∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

((E1)x + (E2)y + (E3)z) (u, v, w)dudvdw

=

∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

∇3 · ~E(u, v, w)dudvdw.

dpd½Æ§þª�u ∫ x+4x

x

∫ y+4y

y

∫ z+4z

z

ρ

ε
dudvdw

Q,·�¤��N´?¿�§·�k

∇3 · ~E =
ρ

ε

�\'Xª∇3ϕ = − ~E"��
∆3ϕ = −∇3 · ~E = −ρ

ε
.

Ød�	§Ñt�§��±£ã,
²ï�§'X?u9²ï��§"

0.2 ½)^�

��5`§=ù´��{ü� �©�§§Ù)ÑkÃê�§
�Ï~�¹X?¿¼ê"~

Xµ¦ut = 0�Ï)§Ù¥u = u(t, x)§�Y�

u = f(x)

f�?¿¼ê"�
4)��§·�7L\��^�§¡�½)^�"Üå5¡�½)¯K{
�½�§µ£ã��Ôn5Æ�êÆÔn�§

½)^�µ¦�§k��)��«^�

(1) �½�§µÅÄ�§§9�§§Ñt�§§Ù¦�§(KDV�§§ÀÂÅ�§�)¶

(2) ½)^�µ

(a) Ð©^�:XÚ�Ð©G�¶

(b) >.^�:XÚ�>.G�§©�Dirichlet^�(Ia)§Neumann^�(II a)§·Ü>.^

�(Robin^�,III a)§g,>.^�§±Ï>.^��"

I a �Ñ
G�¼ê3>.���§�±Ú�mk'¶

II a �Ñ
G�¼ê3>.{�(R�u>.§�l«�)�ê���§�±Ú�mk'¶

'uG�¼êu 3>.{�~n �ê ∂u
∂~n

= ∇u · ~n = (ux, uy, uz) · ~n§

��: ±ux§�ûu~n À�¶

��: (ux, uy) · (n1, n2) = n1ux + n2uy;

n�: (ux, uy, nz) · (n1, n2, n3) = n1ux + n2uy + n3uz"

III a þãü��5|Ü¶
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g,>.^� g,÷v�>.^�§~XG�¼ê��7Lk.�¶

±Ï>.^� G�¼ê��±Ï5u)Cz§  Ñy3Î�IXÚ¥�IX¥"

3ù�!¥§·���ÄÐ©^�ÚI§II§IIIa>.^�"

�kÐ©^���Ð©¯K¶�k>.^���>.¯K¶QkÐ©^�qk>.^��¡�

·Ü¯K"

u�Ä�§§9�§ÚÑt�§�½)^�"

(1) u�Ä�§µutt = a2uxx + f.

(a) Ð©^�£Ð©¯K¤µ{
utt = a2uxx + f, t > 0,−∞ < x <∞
u |t=0 (x) = g1(x), ut |t=0 (x) = g2(x)

(b) >.^�£·Ü¯K¤µ
utt = a2uxx + f, 0 < x < l, t > 0

u(t, 0) = A(t), ux(t, l) = B(t)⇐= (>.^�)

u |t=0 (x) = g1(x), ut |t=0 (x) = g2(x)⇐= (Ð©^�)

~fµ~�>.^�

(I) Dirichlet>.^�µà:$ÄG�µu(t, 0) = A(t)¶AO/§à:�½3":µ

u(t, 0) = 0¶

(II) Neumann>.^�µà:ç���gd$Ä§Éç���åF (t)µKdÉå©)§

Tux |x=0 +F (t) = 0§=ux(t, 0) = −F (t)
T
¶AO/§F (t) = 0�§ux(t, 0) = 0¶

(III) ·Ü>.^�µà:�
��ç����§�5Xê�kµdÉå©)§Tux |x=0

−ku = 0§=ux(t, 0)− k
T
u(t, 0) = 0"

~f1. ����l�n�u23x¶þ§Üå�T§�à�½x = 0?§,�àx = là:�
�

�ç����§�5Xê�k"Ð© ��g1(x)§Ð©�Ýg2(x)"�Ñ½)¯K"

). 
utt = a2uxx, 0 < x < l, t > 0

u(t, 0) = 0, ux(t, 0) + k
T
u(t, 0) = 0⇐= (>.^�)

u |t=0 (x) = g1(x), ut |t=0 (x) = g2(x)⇐= (Ð©^�)

(2) ��[\9�§µ·�@��xR��.¡þ�§Ý´���§9
�´���§Ï
uyy =

uzz = 0§�±39D��§¥ÃÀy�z"=µut = a2uxx + f. £��aq¤

(a) Ð©^�£Ð©¯K¤µ{
ut = a2uxx + f, t > 0,−∞ < x < +∞
u(0, x) = g(x)
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(b) 9�§>.^�£·Ü¯K¤µ
ut = a2uxx + f, 0 < x < l, t > 0

u(t, 0) = A(t), ux(t, l) = B(t)⇐= (>.^�)

u |t=0 (t, x) = g(x)⇐= (Ð©^�)

~fµ~�>.^�£P4�:§9þÑ´lp§ $§6§ù�ÒØ¬t��KÒ


!¤

(I) Dirichlet^�µu(t, 0) = g(t)§AO/§ð§µu(t, 0) = T¶

(II) Neumann^�µ

(α) ý9µux(t, 0) = 0¶

(β) �àk9þq(t) 6\µ dQ
dSdt

= −kux |x=0 (t, x)§=µux |x=0= − q(t)
k
¶

(γ) màk9þq(t) 6\µ dQ
dSdt

= kux |x=l (t, x)§=µux |x=l=
q(t)
k
"

(III) ·Ü>.^�µ>.�0��>§96��÷vh×§Ý�µ

(α) �à�§Ý�T (t) �0��>µh(u|x=0 − T ) = kux |x=0 (t, x)§=µ(u −
k
h
ux) |x=0= T¶

(β) mà�§Ý�T (t)�0��>µh(u|x=l − T ) = −kux |x=l (t, x)§=µ(u +
k
h
ux) |x=l= T"

~f2. ����l�dn�0�|¤�[\(üà:©O�0, l)§k = c = ρ = 1§ý¡ý9§S

ÜÃ9
§Ð©§Ý�x"üà©O�§Ý0,1�0��>§9��Xê�2"�Ñ½)¯K"

). 
ut = uxx, 0 < x < l, t > 0

u(0, x) = x

u(t, 0)− 1
2
ux(t, 0) = 0, u(t, l) + 1

2
ux(t, l) = 1

(3) ��9�§>.¯Kµ·��Ñ
����/§��Ñ�Øõ"~fµ~�>.^�£P4

�:§9þÑ´lp§ $§6§ù�ÒØ¬t��KÒ
!¤·�^VL««�§SL«V�

>."

(I) Dirichlet^�µu(t, x, y, z) = g(t, x, y, z)¶

(II) Neumann^�µ

(α) ý9µ ∂u
∂~n
|S = 0¶

(β) k9þq(t, x, y, z) 6Ñµ−k ∂u
∂~n
|S = q§=µ ∂u

∂~n
|S = − q

k
¶

(γ) k9þq(t, x, y, z) 6\µk ∂u
∂~n
|S = q§=µ ∂u

∂~n
|S = q

k
"

(III) ·Ü>.^�µ>.�0��>§96��÷vh×§Ý�µ

(α) >.�§Ý�θ(t, x, y, z) �0��>µh(u− θ) = −k ∂u
∂~n
|S§=µ(u+ k

h
∂u
∂~n

)|S = θ"

£I�5¿�´§¿Ø´¤k>.Ñ����>.^�§�±ØÓ"¤
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~f3. k�¬[0, 1] × [0, 1]���/7á¡§SÜÃ9
§kÐ©§Ýxy§þe¡ý9§

x = 0ý9§x = 1ð§= 1§y = 1�§Ý�0�0��>§9��Xê=9D�Xê= 1§y = 0

k96�Ýq(t)6Ñ§�Ñ½)¯K"

). 
ut = uxx + uyy, 0 < x, y < 1, t > 0

u(0, x, y) = xy

ux(t, 0, y) = 0, u(t, l, y) = 1

uy(t, x, 0) = q(t), u(t, x, 1) + uy(t, x, 1) = 0

(4) Ñt�§vkÐ©^��k>.^�£>.¯K¤µ∆3u = f.{
∆3u = f, (x, y, z) ∈ Ω

u |∂Ω= A(x, y, z)⇐= (>.^�)

5P. 3þã½)¯K¥§XJf = 0§K¡�§àg§XJ>.^�¥Ø¹u, ux��0§K¡>.

^�àg§��·�o´F"�§Ú>.^�Ñ´àg§àgz�L§I�U\�nÚÀþ�n§

���e�!"

~f4. ���ÎN§ºàð§T0§.àý9§ý¡�§Ý�T�0��>§SÜÃ9
§Ð©§

Ýψ(x, y, z)§�Ñ½)¯K"

). £�AO5¿�KÒ§P496o´lp§�$§§ù�ÒØ¬t�
"¤
ut = a2∆u, x2 + y2 < R2, 0 < z < H, t > 0

uz |z=0= 0, u |z=H= T0

u(0, x, y, z) = ψ(x, y, z)

(u+ k
h
ur) |r=R= T

~f5. ���ÎN§ºàð§T0§.àý9§ý¡�§Ý�T�0��>§SÜÃ9
§?u9²

ï§�Ñ½)¯K"

). 
∆u = 0, x2 + y2 < R2, 0 < z < H, t > 0

uz |z=0= 0, u |z=H= T0

(u+ k
h
ur) |r=R= T

0.3 �K��úª

·�k¦u�Ä�§�Ð©¯K"{
utt = a2uxx,−∞ < x < +∞, t > 0

u(0, x) = g1(x), ut(0, x) = g2(x)

�d§·�k�¦�½�§utt = a2uxx�Ï)§�CþO�ξ = x+ at, η = x− at§Kk

ut = uξξt + uηηt = auξ − auη, utt = a2uξξ + a2uηη − 2a2uξη.
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Ón§uxx = uξξ + uηη + 2uξη§�\�½�§�

uξη = 0.

l
u = h1(ξ) + h2(η)"=

u(t, x) = h1(x+ at) + h2(x− at).

�Ð©^�(Ük {
h1(x) + h2(x) = g1(x)

h′1(x)− h′2(x) = g2(x)
a

)� {
h1(x) = 1

2
g1(x) + 1

2a

∫ x
0
g2(s)ds+ C

h2(x) = 1
2
g1(x)− 1

2a

∫ x
0
g2(s)ds− C

�\Ï)§���K��úª

u(t, x) =
g1(x+ at) + g1(x− at)

2
+

1

2a

∫ x+at

x−at
g2(s)ds

éu�àg��ÅÄ�§�Ð©¯K"{
utt = a2uxx + f,−∞ < x < +∞, t > 0

u(0, x) = g1(x), ut(0, x) = g2(x)

)KÚ½Xeµ

(1) ké�½�§vtt = a2vxx + f���A)v(t, x)¶

(2) ^ũ = u− vïá#�Ð©¯Kµ{
ũtt = a2ũxx,−∞ < x < +∞, t > 0

ũ(0, x) = g1(x)− v(0, x), ũt(0, x) = g2(x)− vt(0, x)

(3) ^�K��úª)Ñũ ¿¦Ñu = ũ+ v"

~f6. ¦)±e�àg½)¯Kµ{
utt = uxx + x2e−t,−∞ < x < +∞, t > 0

u(0, x) = x, ut(0, x) = sinx

). �½�§vtt = vxx + x2e−t��A)�

v(t, x) = x2e−t + 2e−t.

-ũ = u− v§�� {
ũtt = ũxx,−∞ < x < +∞, t > 0

ũ(0, x) = x− x2 − 2, ũt(0, x) = sinx+ x2 + 2.
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d�K��úª§�

ũ(t, x) =
x+ t− (x+ t)2 − 2 + x− t− (x− t)2 − 2

2
+

1

2

∫ x+t

x−t
sin s+ s2 + 2ds.

�n�§

ũ(t, x) = −x2 + x− 2− t2 + sinx sin t+ x2t+
t3

3
+ 2t.

l


u(t, x) = ũ(t, x) + v(t, x) = −x2 + x− 2− t2 + sinx sin t+ x2t+
t3

3
+ x2e−t + 2e−t + 2t.

�K��úª�Ù¦A^µ

~f7. ¦)�à�½��uàgÅÄ�§µ
utt = a2uxx, 0 < x < +∞, t > 0

u(0, x) = g1(x), ut(0, x) = g2(x)

u(t, 0) = 0.

). ·��±r�u*����u§�´�¦)3x = 0:��©ª�0§�d·��Û*¿µ{
ũtt = a2ũxx,−∞ < x < +∞, t > 0

ũ(0, x) = g̃1(x), ut(0, x) = g̃2(x)

Ù¥§g̃1(x) = sign(x)g1(|x|)§g̃2(x) = sign(x)g2(|x|). ^�K��úª)T�§§�µ

ũ(t, x) =
g̃1(x+ at) + g̃1(x− at)

2
+

1

2a

∫ x+at

x−at
g̃2(s)ds.

�n�

u(t, x) =

{
g1(x+at)+g1(x−at)

2
+ 1

2a

∫ x+at

x−at g2(s)ds x− at ≥ 0
g1(x+at)−g1(at−x)

2
+ 1

2a

(∫ x+at

0
g̃2(s)ds−

∫ at−x
0

g̃2(s)ds
)

x− at < 0

~f8. ¦)�àþegd$Ä��uàgÅÄ�§µ
utt = a2uxx, 0 < x < +∞, t > 0

u(0, x) = g1(x), ut(0, x) = g2(x), 0 ≤ x < +∞
ux(t, 0) = 0.

). ·��±r�u*����u§�¦)3x = 0:�ê��©ª�0§�d·��ó*¿µ{
ũtt = a2ũxx,−∞ < x < +∞, t > 0

ũ(0, x) = g̃1(x), ut(0, x) = g̃2(x)

Ù¥§g̃1(x) = g1(|x|)§g̃2(x) = g2(|x|). ^�K��úª)T�§§�µ

ũ(t, x) =
g̃1(x+ at) + g̃1(x− at)

2
+

1

2

∫ x+at

x−at
g̃2(s)ds.

�n�

u(t, x) =

{
g1(x+at)+g1(x−at)

2
+ 1

2a

∫ x+at

x−at g2(s)ds, x− at ≥ 0
g1(x+at)+g1(at−x)

2
+ 1

2a

(∫ x+at

0
g2(s)ds+

∫ at−x
0

g2(s)ds
)
, x− at < 0.

o(~f7Ú~f8��{§Ò´u(t, a) = 0Ò±x = a¥%é¡§ux(t, a) = 0Ò±x = aé¡"
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0.4 U\�nÚÀþ�n

·�F"½)¯K´Ùg�§U\�nÚÀþ�n�±�Ø�àg�§ù  ´)êÆÔn�

§�1�Ú"

0.4.1 U\�n

éu��E,¯K§·�Áã^U\�nòÙ©)¤A�{ü�¯K£>.^�àg§�§à

g¤"�L��5�©�f§KkU\�n

(1) k�U\Lui = fi, i = 1, 2, · · · , n⇒ L(
∑

i ui) =
∑

i fi¶

(2) �êU\Lui = fi, i = 1, 2, · · · ⇒ L(
∑

i ui) =
∑

i fi¶

(3) È©U\Lui(M ;m) = f(M ;m),m ∈M0 ⇒ L(
∫
M0

u(M ;m)dm) =
∫
M0

f(M ;m)dm"

U\�n���^?Ò´r��E,¯K©)¤eZ{ü¯K£�§àg§>.^�àg¤§~Xµ

éA)��ÒL«·�¦^
U\�n§·��´^~f`²µ

~f9. òe¡u�Ä�§�©)µ
utt = a2uxx + f(t, x), 0 < x < l, t > 0

u(0, x) = g1(x), ut(0, x) = g2(x)

u(t, 0) = ψ1(t), ux(t, l) = ψ2(t).

). T�§���àg§¿�>.^��´�àg"·�k��{ò>.^�àgz§���{´

�

v(t, x) = ψ1(t) + xψ2(t).

-ũ = u− v§K����>.^�àg�½)¯Kµ
ũtt = a2ũxx + f̃(t, x), 0 < x < l, t > 0

ũ(0, x) = g̃1(x), ũt(0, x) = g̃2(x)

ũ(t, 0) = 0, ũx(t, l) = 0

Ù¥f̃ = f − ψ′′1 (t)− xψ′′2 (t), g̃1 = g1 − ψ1(0)− xψ2(0), g̃2 = g2 − ψ′1(0)− xψ′2(0). �ṽ ´½)¯K
ṽtt = a2ṽxx + f̃(t, x), 0 < x < l, t > 0

ṽ(0, x) = 0, ṽt(0, x) = 0

ṽ(t, 0) = 0, ṽx(t, l) = 0

�)"�v̄ ´½)¯K 
v̄tt = a2v̄xx, 0 < x < l, t > 0

v̄(0, x) = g̃1(x), v̄t(0, x) = g̃2(x)

v̄(t, 0) = 0, v̄x(t, l) = 0

�)"Kũ = ṽ + v̄§l
u = ũ + v = v + ṽ + v̄"Ï
=I)ÑṽÚv̄" v̄ �¦{I�^e�Ù�©

lCþ{" ṽ�){�±¦^Àþ�nz�v̄ ��/"

g�. þã~f¥§v�À�´Ä��ºXJ>.^��ux(t, 0) = ψ1(t), u(t, l) = ψ2(t)§TXÛÀ

JvºXJÑy·Ü>.^�Qºéu9�§§·�´Ä�±�Ó��ö�º
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0.4.2 Àþ�n

Àþ�n·^��µ�àgÅÄ�§½9�§£�±p�¤+²�Ð©^�+àg>.^�

£�±vk>.^�¤"í�Àþ�n�6��¦�úª

∂

∂t

∫ t

0

p(t, s)ds = p(t, t) +

∫ t

0

pt(t, s)ds.

u�Ä�§�Àþ�nµXJ½)¯K
wtt = a2wxx, 0 < x < l, t > τ

w(τ, x) = 0, wt(τ, x) = f(τ, x)

w(t, 0) = 0, wx(t, l) = 0

�)�w(t, x; τ)"K½)¯K
utt = a2uxx + f(t, x), 0 < x < l, t > 0

u(0, x) = 0, ut(0, x) = 0

u(t, 0) = 0, ux(t, l) = 0

�)�

u(t, x) =

∫ t

0

w(t, x; τ)dτ.

y². >.^�ÚÐ©^�þãL�ªw,÷v"·�=I`²þãL�ª÷v�½�§"

ut = w(t, x; t) +

∫ t

0

wt(t, x; τ)dτ =

∫ t

0

wt(t, x; τ)dτ.

l


utt = wt(t, x; t) +

∫ t

0

wtt(t, x; τ)dτ = f(t, x) + a2

∫ t

0

wxx(t, x; τ)dτ = a2uxx + f.

9�§�Àþ�nµ XJ½)¯K{
wt = a2∆3w,−∞ < x, y, z < +∞, t > τ

w(τ, x, y, z) = f(τ, x, y, z)

�)�w(t, x, y, z; τ)"K½)¯K{
ut = a2∆3u+ f(t, x, y, z),−∞ < x, y, z < +∞, t > τ

u(0, x, y, z) = 0

�)�

u(t, x, y, z) =

∫ t

0

w(t, x, y, z; τ)dτ.

y². Ð©^�þãL�ªw,÷v"·�=I`²þãL�ª÷v�½�§"

ut = w(t, x, y, z; t) +

∫ t

0

wt(t, x, y, z; τ)dτ = f + a2

∫ t

0

∆w(t, x, y, z; τ)dτ

= f + a2∆u.
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~f10 (~f6). ¦)±e�àg½)¯Kµ{
utt = uxx + x2e−t,−∞ < x < +∞, t > 0

u(0, x) = x, ut(0, x) = sinx

). 5¿�Ð©^��²�§·��

v(t, x) = t sinx+ x.

�ũ = u− v§Kk {
ũtt = ũxx + x2e−t − t sinx,−∞ < x < +∞, t > 0

ũ(0, x) = 0, ũt(0, x) = 0

)±e½)¯K {
wtt = wxx,−∞ < x < +∞, t > τ

w(τ, x; τ) = 0, wt(τ, x; τ) = x2e−τ − τ sinx

�

w(t, x; τ) =
1

2

∫ x+t−τ

x+τ−t
s2e−τ − τ sin sds = x2(t− τ)e−τ +

1

3
(t− τ)3e−τ − τ sinx sin(t− τ).

dÀþ�n

ũ(t, x) =

∫ t

0

w(t, x; τ)dτ = x2(e−t + t− 1) + 2e−t +
t3

3
− t2 + 2t− 2− t sinx+ sinx sin t.

l


u(t, x) = u(t, x) + v(t, x) = −x2 + x− 2− t2 − sinx sin t+ x2t+
t3

3
+ x2e−t + 2e−t + 2t.

5P. ¿Ø´�½�^Àþ�n�Ø�§��àg�§XJU��é��½�§�÷v�¦£��

´>.^���¦¤�A)´�Ð�"~X
utt = uxx + t sinx, 0 < x < π, t > 0

u(t, 0) = 0, u(t, π) = 0

u(0, x) = 0, ut(0, x) = 0

·��±��½�§�A)v = t sinx§,�-ũ = u− v§��
ũtt = ũxx, 0 < x < π, t > 0

ũ(t, 0) = 0, ũ(t, π) = 0

ũ(0, x) = 0, ũt(0, x) = − sinx

3e�Ù��ãò�[ùã"

3�Ù���§·�{�0�eA��{"A
�{Ì�¦�� �©�§ÚÅÄ�§�Ï

)"·�l~fÑu
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~f11. �u = u(x, y)§¦ux + eyuy = e−y �Ï)"

). A��§�
1

dx
=
ey

dy
.

ù´�~�©�§§)�µx+ e−y = C"-ξ = x+ e−y§η = x§��

ux = uξξx + uηηx = uξ + u+ η

uy = −e−yuξ.

�\��§§��uη = ξ − η"l


u(ξ, η) = u(ξ, 0) +

∫ η

0

uη(ξ, s)ds = u(ξ, 0) +

∫ η

0

ξ − sds

= f(ξ) + ξη − η2

2
.

l


u = f(x+ e−y) + xe−y +
x2

2
.

�{o(µ�u = u(x1, · · · , xk§K
∑
aiuxi

= f �A��§�

a1

dx1

=
a2

dx2

= · · · .

)�§��A�CþO�§Øv�Öþ"���Ú�\��§§z)¿¦)"

���/µ

~f12. �u = u(x, y)§¦uxx + 3uxy + 2uyy = x �Ï)"

). A��§�
1

(dx)2
− 3

dxdy
+

2

(dy)2
= 0.

=

(
1

dx
− 1

dy
)(

1

dx
− 2

dy
) = 0.

1
dx
− 1

dy
= 0 ½ö 1

dx
− 2

dy
= 0"©O)�

x− y = C, 2x− y = C̃.

�ξ = x− y Úη = 2x− y§K

ux = uξ + 2uη, uxx = uξξ + 4uξη + 4uηη, uxy = −uξξ − 3uξη − 2uηη,

uy = −uξ − uη, uyy = uξξ + 2uξη + uηη.

�\��§§��uξη = ξ − η§)�uξ = ξη − η2

2
+ f(ξ)§��

u =
ξ2η

2
− ξη2

2
+ f(ξ) + g(η).

l


u =
3x2y − 2x3 − xy2

2
+ f(x− y) + g(2x− y).
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~f13. �u = u(x, y)§¦uxx + 2uxy + uyy = 0 �Ï)"

). A��§�
1

(dx)2
− 2

dxdy
+

1

(dy)2
= 0.

=

(
1

dx
− 1

dy
)2 = 0.

1
dx
− 1

dy
= 0 )�

x− y = C.

�ξ = x− y Úη = x§K

ux = uξ + uη, uxx = uξξ + 2uξη + uηη, uxy = −uξξ − uξη,

uy = −uξ, uyy = uξξ.

�\��§§��uηη = 0§)�uη = f(ξ)§��

u = ηf(ξ) + g(ξ).

l


u = xf(x− y) + g(x− y).


