
O�?ê O�È© �?ê) Wallis úª Stirling úª

§7.4 ?ê�A^

7.4.1 ^�?êO�AÏ?ê��

~ 1 O� A =

∞∑
n=1

1

(2n− 1)2
, B =

∞∑
n=1

1

n2
, C =

∞∑
n=1

(−1)n−1

n2
��.

) k¦ y = arcsinx 3":�p��ê�. Ï� y′ = 1√
1−x2

, =,

y′
√

1− x2 = 1.2¦�,�

y′′
√

1− x2 − y′ ·
x

√
1− x2

= 0.

�,

(1− x2)y′′ − xy′ = 0.

2|^¦p��ê� Leibnizúª,��4íúª:

(1− x2)y(n+2) − (2n + 1)xy(n+1) − n2y(n) = 0. (1)
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O�?ê O�È© �?ê) Wallis úª Stirling úª

ò x = 0�\,�

y(n+2)(0)− n2y(n)(0) = 0. (2)

l y(0) = 0, y′(0) = 1,²4íúª�

y(2n)(0) = 0, y(2n+1)(0) = ((2n− 1)!!)2.

ù�Ò�� arcsinx��?êÐm

arcsinx = x +

∞∑
n=1

(2n− 1)!!

(2n + 1)(2n)!!
· x2n+1, (x ∈ [−1, 1]). (3)

3þª¥- x = sin t,�

t = sin t +

∞∑
n=1

(2n− 1)!!

(2n + 1)(2n)!!
sin2n+1 t, (−

π

2
6 t 6

π

2
).

þªüàé t3 [0, π
2
]È©,¿émàÅ�È©,�

π2

8
= 1 +

∞∑
n=1

(2n− 1)!!

(2n + 1)(2n)!!

∫ π/2

0

sin2n+1 t dt
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O�?ê O�È© �?ê) Wallis úª Stirling úª

|^®��È© ∫ π/2

0

sin2n+1 t dt =
(2n)!!

(2n + 1)!!
,

=�

A =

∞∑
n=1

1

(2n− 1)2
=
π2

8
.

Ï�

B = A +

∞∑
n=1

1

(2n)2
= A +

1

4
B,

¤±

B =

∞∑
n=1

1

n2
=

4

3
A =

π2

6
.

Ï� B + C = 2A,¤± C = π2

12
.

5 d�{´d Euleruy�(uLu 1743c).
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7.4.2 ^�?êO�È©��

~ 2 O�È© A =

∫ 1

0

ln(1 + x)

x
dx.

) �â�?êÐmª:

ln(1 + x) =

∞∑
n=0

(−1)n
xn+1

n + 1
, (x ∈ (−1, 1])

éu x ∈ (0, 1]k

ln(1 + x)

x
=

∞∑
n=0

(−1)n
xn

n + 1
.

�â�?ê�Å�È©5�,k

A =

∫ 1

0

ln(1 + x)

x
dx =

∞∑
n=0

(−1)n
∫ 1

0

xn

n + 1
dx =

∞∑
n=0

(−1)n

(n + 1)2
=
π2

12
.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

7.4.3 �©�§�?ê)

���àg�5�©�§

y′′ + p(x)y′ + q(x)y = 0

�Xê p(x) Ú q(x) 3 x0 ���S�±Ðm¤�?ê, K�±b��§3

x0 ���k�?ê)

y =

∞∑
n=0

an(x− x0)
n.

�½Ð©^� y(x0) = y0, y
′(x0) = y1, òþª�\�§, |^�½Xê{�

±¦Ñ a0, a1, · · · , l�Ñ�§���A) y1(x). �½,�|Ð©^�

y(x0) = ȳ0, y
′(x0) = ȳ1, §� (y0, y1) �5Ã', K�±�Ñ� y1(x) �5Ã

'�A) y2(x),l�Ñ�§�Ï):

y(x) = c1y1(x) + c2y2(x).
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O�?ê O�È© �?ê) Wallis úª Stirling úª

~ 3 ¦ Airy�§

y′′ − xy = 0

��?ê).

) � y =
∑∞

n=0 anx
n ´ Airy�§��?ê),K

y′ =

∞∑
n=1

nanx
n−1, y′′ =

∞∑
n=2

n(n− 1)anx
n−2.

�\�§,�
∞∑
n=2

n(n− 1)anx
n−2 −

∞∑
n=0

anx
n+1 = 0.

=,

2a2 +

∞∑
n=1

(
(n + 2)(n + 1)an+2 − an−1

)
xn = 0.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

Ïd,k

a2 = 0, an+2 =
an−1

(n + 1)(n + 2)
, (n > 1).

- a0 = 1, a1 = 0,� a3k+1 = a3k+2 = 0,

a3k =
1

2 · 3 · 5 · 6 · · · (3k − 1) · 3k
=

1 · 4 · 7 · · · (3k − 2)

(3k)!
.

Ïd,��A)´

y1(x) = 1 +

∞∑
k=1

1 · 4 · 7 · · · (3k − 2)

(3k)!
x3k.

- a0 = 0, a1 = 1,� a3k = a3k+2 = 0,

a3k+1 =
2 · 5 · 8 · · · (3k − 1)

(3k + 1)!
,

Ïd,,��A)´

y2(x) = x +

∞∑
k=1

2 · 5 · 8 · · · (3k − 1)

(3k + 1)!
x3k+1.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

7.4.4 Stirling úª

y3,·��?Ø��ék��¯K.�[��,�·�'�Ã¡�þ�

��,k��N¬µ

lnn, nα (α > 0), an (a > 1), n!, nn

ù
þ� n→ +∞�,uÑ� +∞��Ý��'��¯.

Stirlingúª,Ò´�Ñ n!Ú nn�m��«'X.�
�Ñù�'X,·

�ky²e¡�Ún.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

Ún 1 (Wallis) P (2n)!! � (2n − 1)!! ©OL«c n �óêÚc n �Û

ê�ëY¦È,K

π

2
= lim

n→∞

1

2n + 1

[
(2n)!!

(2n− 1)!!

]2

.

y² Ï�� 0 < x < π
2
�k

sin2n+1 x < sin2n x < sin2n−1 x,

È©� ∫ π
2

0

sin2n+1 xdx <

∫ π
2

0

sin2n xdx <

∫ π
2

0

sin2n−1 xdx,

¤±
(2n)!!

(2n + 1)!!
<

(2n− 1)!!

(2n)!!
·
π

2
<

(2n− 2)!!

(2n− 1)!!
.
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dd�� [
(2n)!!

(2n− 1)!!

]2
1

2n + 1
<
π

2
<

[
(2n)!!

(2n− 1)!!

]2
1

2n
.

e-

an =

[
(2n)!!

(2n− 1)!!

]2
1

2n + 1
, bn =

[
(2n)!!

(2n− 1)!!

]2
1

2n
.

K
an+1

an
=

(
2n + 2

2n + 1

)2

·
2n + 1

2n + 3
=

4n2 + 8n + 4

4n2 + 8n + 3
> 1.

bn+1

bn
=

(
2n + 2

2n + 1

)2

·
2n

2n + 2
=

4n2 + 4n

4n2 + 4n + 1
< 1.

Ï {an}´4Oê�, {bn}´4~ê�,�

bn − an =
1

2n(2n + 1)

[
(2n)!!

(2n− 1)!!

]2

<
π

2
·

1

2n
.

� n→∞�,ù���ªu",dd� Wallisúª.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

½n 1 (Stirling)

n! =
√

2nπ
(n
e

)n
e
θn
12n (0 < θn < 1).

y² ò�?êÐmª

ln(1 + x) = x−
x2

2
+
x3

3
−
x4

4
+ · · · (−1 < x < 1)

ln(1− x) = −x−
x2

2
−
x3

3
−
x4

4
+ · · · (−1 < x < 1)

�~,��

ln
1 + x

1− x
= 2x

(
1 +

1

3
x2 +

1

5
x4 + · · · +

1

2m + 1
x2m + · · ·

)
(−1 < x < 1).

- x = 1
2n+1

,Ò��

ln
n + 1

n
=

2

2n + 1

[
1 +

1

3

1

(2n + 1)2
+

1

5

1

(2n + 1)4
+ · · ·

]
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O�?ê O�È© �?ê) Wallis úª Stirling úª

½�¤ (
n +

1

2

)
ln

(
1 +

1

n

)
= 1 +

1

3

1

(2n + 1)2
+

1

5

1

(2n + 1)4
+ · · ·

ù�?ê�Úw,�u 1, �ur��©1þ�ê 5, 7, · · · ��± 3 �¤

��?ê�Ú

1 +
1

3

[
1

(2n + 1)2
+

1

(2n + 1)4
+ · · ·

]
= 1 +

1

12n(n + 1)
,

¤±kØ�ª

1 <

(
n +

1

2

)
ln

(
1 +

1

n

)
< 1 +

1

12n(n + 1)

=

e <

(
1 +

1

n

)n+1
2

< exp

(
1 +

1

12n(n + 1)

)
.

2�	ê� {an = n!en

nn+1
2
},k

an

an+1

=

(
1 + 1

n

)n+1
2

e
,
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O�?ê O�È© �?ê) Wallis úª Stirling úª

��

1 <
an

an+1

< exp

(
1

12n(n + 1)

)
.

lþ¡�>Ø�ªí� an´4~ê�,¿± 0�Ùe.,¤± {an}Âñ,�

Ù4�� a;lm>Ø�ªí�

an exp(−
1

12n
) < an+1 exp(−

1

12(n + 1)
)

= {an exp(− 1
12n

)} ´4Oê�, �E± a �Ù4�. Xdþ¡ü�üNê�

��Ó4� a70uùü�ê��Ï� an exp(− 1
12n

)� an �m,

an exp(−
1

12n
) < a < an.

e� θn = 12n ln an
a
,K 0 < θn < 1,¿�ò

an = a exp

(
θn

12n

)
�\ an �L�ªÒ��

n! = a
√
n
(n
e

)n
exp

(
θn

12n

)
.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

u´{e�¯KÒ´�(½~ê a. du

(2n)!!

(2n− 1)!!
=

(2n!!)2

(2n)!
=

22n(n!)2

(2n)!
,

�

n! =
√
n
(n
e

)n
an, (2n)! =

√
2n

(
2n

e

)2n

a2n,

�\þª�m>,�

(2n)!!

(2n− 1)!!
=

22n(n!)2

(2n)!
=

√
n

2

a2
n

a2n

,

ü>²��|^ Wallisúª,�

π

2
=
a2

4

l a =
√

2π. ù�Ò�� Stirlingúª.
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O�?ê O�È© �?ê) Wallis úª Stirling úª

~ 4 ¦4� lim
n→∞

n
n
√

(2n− 1)!!
.

)

lim
n→∞

n
n
√

(2n− 1)!!
= lim

n→∞

n · ((2n)!!)1/n

((2n)!)1/n

= lim
n→∞

n · (2n · n!)1/n

((2n)!)1/n

= lim
n→∞

n ·

(
2n · (n

e
)n ·
√

2nπ

(2n
e

)2n ·
√

4nπ

)1/n

=
e

2
.
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