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1�Ù ¯��VÇ

�Æ8�µ

1) Ýº�Å¯��VgÚ�'$�.

2) 
)VÇ�ØÓ½Â§Ýº�;V.�Ä�O�.

3) Ýº^�VÇ�Vg§Ùö$^�VÇúªÚBayesúª.

4) Ýº¯�Õá�VgÚk'$�.

§1.1 VÇØuÐ{¤

VÇØåu17V, y3ú@´1654cPascal�FermatÒÙÆ¥�êÆ¯K¤Ð

m�?Ø, 3?Ø¥JÑ
�
Ä�Vg, �;.�~f´XÛ©Ù��¯K. ü�Ù

ä��ÙeZÛ,XkIsÛÒ�XI.ddJÑÏ"�Vg. ��A�êÆ�[Huygens,

Bernouli, J, De Moivre �ïÄ
ù�¯K, Bernouli éªÇ�VÇ�Cù�¯¢��


nØþ��ã. 1812cLaplace 35©ÛVÇØ6¥�@Qã
VÇØ�A�Ä�½n,

�Ñ
�;VÇ�²(½Â. 1814c35VÇ�óÆ&?6�Ö¥,P1
��k��Ú

O�¯,�âÔí!*��!y�Ú�{I�ÚO]�,�ÑA����I?Úå?Ñ)

�'~�22:21, =I?'~�51.16%, ½I?�å?�'��104.76:100, �´ÚO1745-

1784c��40cniI?�Ñ)Ç�, ���'~�25:24 (104.17:100), N�ïÄ�uy

ni<k¢ïI?�§S. 1900cHilbert31�3.êÆ[�¬þJÑ
23�k¶�

¯K, ÌN´é#VêÆuÐ���&?. 'uïáVÇØ�únNX´¦¤J�

18�¯K“/Ïún5ïÄ@
3Ù¥êÆå��^�Ôn�Æ; Äk´VÇÚå

Æ”. ��Poincare, Borel�ÑéVÇØúnNX�ïá�Ñ
ãå, 1933c�é��ê

Æ[Kolmogorov(1903-1987)�ªJÑ
VÇØ�únNX.VÇØld��×��uÐ,

3dÄ:þ, ênÚO���
×��uÐ.

§1.2 VÇØ�A�Ä�Vg

§1.2.1 �ÅÁ�Ú�Å¯�

�Åy�: g,.¥��*y�, �<�*ÿ§�, ¤�(JØUýk(½, ==

´õ«�U(J��.
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Þ~`²�Åy�.

�ÅÁ�: �Åy��¢yÚé§,�A��*ÿ.

�ÅÁ�¥�¦Á��(J��2�§zgÁ�½*ÿ��Ù¥���(J§3Á

�Ú*ÿ�cØUý�´=�(Ju)"d	§�¦3�Ó�^�eUEÁ�"

X*ÿrM1�4g��¡�þ�gê;*ÿ,/�§ÝCz;,>{oÅü �m

S=��>{gê.

½Â 1.2.1. Ä�¯�: �ÅÁ�¥�z�ü�(J, §gX©f¥��f, 3zÆ�A

¥ØU2©, ¤±k“Ä�”üi.

XrM1�3g�k8«�U(J:���!���!���!���!���!��

�!���!���. ù8«�U(J�z��Ñ´Ä�¯�.

½Â 1.2.2. �Å¯�: {¡¯�, 3�ÅÁ�¥·�¤'%��UÑy��«(J, §

d��½eZ�Ä�¯�|¤.

�Å¯�~^��=©i1A,B, C, D�L«. XJ^�óL�,K�^s)Ò)å

5.

½Â 1.2.3. ���m: �ÅÁ�¥¤kÄ�¯�¤�¤�8Ü, Ï~^Ω½SL«.

~ 1.2.1. ��q�f, *	Ñy�:ê. K Ω = {1, 2, 3, 4, 5, 6}.

~ 1.2.2. �	,�/«�cü�þ, K Ω = {x|0 ≤ x < T}, ùp T L«,�~ê, L«

ü�þØ¬�L T .

½Â 1.2.4. 7,¯�(Ω): 3Á�¥�½¬u)�¯�;

Ø�U¯�(φ): 3Á�¥Ø�Uu)�¯�.

§1.2.2 ¯��$�

�±y²,r���m¥�Ä�¯���m¥�:�éA,K¯��8Ü�éA,Ï

d¯�$��8Ü$��±ïá��éA'X.

2



1. f¯�A ⊂ B: ¯�Au)%¹¯�B�½u), K¯�A¡�¯�B�f¯�, P

�A ⊂ B. eA ⊂ B, �B ⊂ A, K¡¯�A�¯�B��, P�A = B.

2. ¯��Ú(A ∪ B) : ¯�AÚ¯�B¥��k��u)�ù�¯�¡�¯�AÚ¯

�B�Ú, P�A ∪B.

3. ¯��È(A ∩ B) : ¯�AÚ¯�BÓ�u)ù�¯�¡�¯�AÚ¯�B�È, P

�A ∩B.

XJA ∩B = φ, K¡AÚBØ�N, =¯�AÚBØUÓ�u).

4. éá¯�Ac(½Ā): AØu)ù�¯�¡�¯�A�éá¯�(½{¯�) .
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5. ¯�AÚ¯�B��A−B: ¯�Au)¯�BØu)ù�¯�¡�¯�AÚ¯�B�

�, P�A−B, ½�d�, ABc.

De Morganéó{K:

A ∪B = Ā ∩ B̄,

A ∩B = Ā ∪ B̄,

þ¡úª�±í2�n�¯�:

n⋃
i=1

Ai =
n⋂

i=1

Āi

n⋂
i=1

Ai =
n⋃

i=1

Āi

§1.2.3 VÇ�½Â95�

1. VÇ�½Â

�o�VÇ?�*/ù,VÇ´�Å¯�u)�U5���êiL�,Ù�30Ú1�

m, �é{`, VÇ´¯��¼ê. XÛ¦Ñ¯�A�VÇ(P�P (A))?

(1) �;V.: kü�^�,

1�, (k�5) Á�(J�kk��(P�n) ,

1�, (��U5) z�Ä�¯�u)��U5�Ó.

�O�¯�A�VÇ, �A¥�¹m�Ä�¯�, K½Â¯�A�VÇ�

P (A) =
m

n

PÒ: ��Bå�§±#(B)P¯�B¥Ä�¯���ê§Ïd§

P (A) =
#(A)
#(Ω)

4



(2) VÇ�ÚO½Â

�;V.�ü�^�  ØU÷v, d�XÛ½ÂVÇ? ~^��«�{´r¹

k¯�A��ÅÁ�ÕáE�ng(BernouliÁ�) , �¯�Au)
nAg, ¡'�nA
n �

¯�Au)�ªÇ, �n�5���, ªÇ¬3,��pNCÅÄ, �ÅÄ�5��, ù�

�pÒ½Â�¯�A�VÇ.

5¿: ��oØU��limn→∞
nA
n = p? Ï�nA

n Ø´n�¼ê.

A�~f: =©i1�¦^�ªÇ´��½�; 4��d&Y81o�5aÍ�

�<6,4��d^ªÇ»
£'AÚD�0�méä�è; 1872c=I<Shix, W rπ�

�707 , 1944.5-1945.3êÆ[{�Ö@�π��ê �êié0�9AT´��U�,�Ø

éShix�(Juyêi7��, �éShix�(Jk~¦, #O�uyc527 ´�(�,

�¡Øé
. O�ÅÑy�, {I<4.XcO�
π�c100� �ê, uy��êiÑ

y�ªÇ�Ó.

(3) Ì*VÇ

'uVÇ�ÚO½Â, ·��U¬��, XJÁ�ØU3�Ó�^�eÕáEé

õg�TNo�? �k<�~!Ø««¯�ÑyÅ¬���, X,<k80%��U5�

¤,¯. X,<k80%��U5�¤,¯.,�<K@�=k50%��U5. =·�~~

¬<��êi��Oùa¯�u)��U5, %8¥¿Ør§�ªÇ!�. ù«VÇ

¡�Ì*VÇ, ùaVÇk���)¹Ä:. 37KÚ+n��¡k�þ�A^, ù�

Æ�¡�Bayes Æ�, C5���5�õ�@�. �´�c^ªÇ5½ÂVÇ�ªÇ�

E´ênÚO�Ì6. �:´ªÇ�@�VÇ´�*�3§Ø�UÏ<É.

(4) VÇ�únz½Â

éVÇ$�5½�
{ü�Ä�{K,

(i) �A ´�Å¯�, K0 ≤ P (A) ≤ 1,

(ii) �Ω�7,¯�, KP (Ω) = 1,

(iii) e¯�AÚBØ�N, KP (A ∪B) = P (A) + P (B),

�
é�êÃ¡�¯�EU¤á,·��rþ¡úª¥�ü�¯�í2��êÃ¡�ü

üØ�N�¯�S�

P (
∞⋃
i=1

Ai) =
∞∑
i=1

P (Ai)

2. �;VÇO��A�~f

O��;VÇ, Ì�^�ü�|Ü��£.
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ESÀü�, Eü�Ú|Üúªk'�£.

~ 1.2.3. ���kr�<, ØO2�29FÑ)�(=b½�c�365U) , ¯��kü<Ó

�U)F�VÇ´õ�?

�:: (1) �¯K¥����m´�o? (2) Eü�, (3) kO�{¯�

~ 1.2.4. Ý¥k32�ù¥, 4�x¥, l¥?¹2¥, ¦ü¥¥��k��x¥�VÇ.

�:: (1) ���m�±�Ä�¤k�U�|Ü, ��±�Ä�¤k�U�Àü�,

k
¯K¥�U�ÄÙ¥��, äN¯KäN©Û,

(2)�K�±��O��Å¯��VÇ,��±kO�éA�{¯��VÇ,,��

�¤I¯��VÇ.

§1.2.4 ^�VÇ

1. ^�VÇ�½Â

��ù, ^�VÇÒ´3��
�½�&Ee¤����Å¯��VÇ. Xü�

ó�AÚB)�Ó�¬ý�>ÀÅ, û|¥T¬ýk�Ú��g¬Ç, 'X0.5%, XJ\

l,�å»��Tû|�ù1>ÀÅ´A�)��, K\ï��>ÀÅ�g¬ÇØ2

´0.5%, AT'0.5%��, ù�VÇÒ´^�VÇ, =\3��
ù1>ÀÅ´A�)

��N\^�e�VÇÒ´^�VÇ.

�x¥A^��¹<êk�Ç�´^�VÇ.

½Â 1.2.5. �¯�AÚB´�ÅÁ�Ω ¥�ü�¯�, P (B) > 0 , ¡

P (A|B) =
P (AB)
P (B)

�¯�Bu)^�e¯�Au)�^�VÇ.

5 1.2.1. P (A)ÚP (A|B) ´ØÓ�ü�VÇ. Xã, �Ý/A�¡È�1, KP(A)L«A�

¡È, P (A|B)L«3B¥, A¤Ó�'~, =ABù¬¡È3B¥¤Ó�'~.

6



��±lVÇ�ÚO½Â,=^ªÇ5CqVÇù��Ý5n)^�VÇ.�3ng

ÕáÁ�¥, ¯�Au)
nAg, ¯�Bu)
nBg, ¯�ABu)
nABg, ¯�Bu)

e¯�Au)�ªÇ�
nAB

nB
≈ P (AB)

P (B)

5 1.2.2. ¯¢þ, ·�¤�Ä�VÇÑ´3�½^�eO��, Ï��ÅÁ�Ò´3�

½�^�e?1�, ¤±���m´�éó�. XJr3�½^�e�¯�Á�w¤

Ã^��, K3Ö¿^�e?1�¯�Á��(J��ó�éu�k(J��, =�

��mUC
. ¤±¤��Å¯��VÇ��´Ø�Ó�.

~ 1.2.5. k10��¬, Sk3�g¬, l¥���/Ä�(Ø�£)u�, ¯1�g��g

¬�1�g2��g¬�VÇ.

): ���mΩ´l10��¬¥kS�Ñ2��¬�ØÓ�{, ù´��ü�¯K, ´

�#Ω = 10×9 = 90,PA ={1�g�Ñ�´g¬}, B ={1�g�Ñ�´g¬}, #(AB) =

6, #A = 3, �

P (B|A) =
P (AB)
P (A)

=
6/90
3/10

= 2/9

5¿, P (B|A) = 2/9 6= P (A) = 3/10.

~ 1.2.6. knÜ�Ó�k¡Ú�ºlf, 1�Ük¡ü¡Ñxk�, 1�Ük¡�¡x

�,�¡x(,1nÜk¡ü¡Ñx(. y3B[rk¡�3l¥~�,,�4\?��

Ü, r§�3Sþ, �\w�k¡þ¡�ãY��, ,�B[�\�Ùe¡�ãY�þ

¡����B[I, Ø��´�\I. �¯ù��ÙÆ´Ä´ú²�?
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ù´Í¶êÆ[,&EØ�Mïö��A. Weaver�O�,¦Q350c�5�Æ{I

<6þ0�Lù�~f. ��[���, ék¿g.

~ 1.2.7. �ü��f,*ÿÑy�:ê,©O±xÚyL«1�Ú1���f�Ñ�:ê,

PA = {(x, y) : x + y ≥ 9} , B = {(x, y) : x > y} , ¦P (A|B) ÚP (B|A).

N´�ÑP (A|B) = 2/15 , P (B|A) = 1/3, ù`²ùü�^�VÇØ´�£¯.

2. ¦{½n

dP (A|B) = P (AB)
P (B) ⇒ P (AB) = P (A|B)P (B)

d8B{N´í2�n�¯�Ó�u)�VÇkXeúª:

P (A1A2 · · ·An) = P (A1)P (A2|A1) · · ·P (An|A1 · · ·An−1)

þ¡úª�m>wqæ�, Ù¢3¢S¥éN´�Ñ. 3vk�Ñn�¯��m�

p'X�, ù´O�n�¯�Ó�u)����úª.

~ 1.2.8. ,<#
,�A>{Òè�����êi, Ï�¿ÃÒ, ¯¦ng�SÃÏ

>{�VÇ.

): -Ai={1ig�Ï>{}, i = 1, 2, 3 , K

P (3gSÃÏ>{) = P (A1 ∪A2 ∪A3)

= 1− P (Ā1Ā2Ā3)

= 1− 9
10

8
9

7
8

= 0.3

§1.2.5 �VÇúªÚBayesúª

1. �VÇúª

½Â 1.2.6. �B1, B2, · · ·Bn ´���mΩ ¥�üüØ�N��|¯�, =BiBj = φ, i 6=

j, �÷v
⋃n

i=1 Bi = Ω, K¡B1, B2, · · ·Bn ´���mΩ ���©�(q¡���¯�

+,=©�partition).
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�VÇúª:�{B1, B2, · · ·Bn}´���mΩ���©�, A�Ω¥���¯�, K

P (A) =
n∑

i=1

P (A|Bi)P (Bi)

8�: k�ØN´��O�¯�A�VÇ, �´3z�BiþA�^�VÇN´¦Ñ.

5¿: A^¥���´�y{B1, B2, · · ·Bn}�¤���m���©�.

~ 1.2.9. �,��¬���"Ü�´dn[þi�ûøÀ�. ®�k��´A �Jø

�, B�ûÚC ©OJø25% . ®��ûA ÚB �g¬ÇÑ´2%, C �g¬Ç�4%, l

T��¬¥?����¬, ¯T�¬�ù�"Ü�´g¬�VÇ.

): PBi ={����¬´Bi �)��}, i = 1, 2, 3, ´�B1, B2, B3 �¤���m���

©�, �P (B1) = 0.5, P (B2) = P (B3) = 0.25, P (A|B1) = P (A|B2) = 0.02, P (A|B3) = 0.04,

d�VÇúªêþ��

P (A) = 0.02× 0.5 + 0.02× 0.25 + 0.04× 0.25 = 0.025

~ 1.2.10. �^[�3�E�r�
, ß��kn«�U��:

A: §®£[,

B: E3�/��Þ,

C: ®r��NC�ä�¥�
.

l��S5��Oþãn«�U5©O�1/4, 1/2, 1/4. ���¯��£�é�, X

J�E3�/��Þ, �¯Ué���U5�90%, XJ�®r��NC�ä�¥�
,

K�¯Ué���U5�50% . ¯�¯Ué���VÇ.

): �±©Û�Ñ��n«���¤���m���©�, �¯U3ØÓ�¹eé��

�VÇ´^�VÇ, XJ�®£[, �¯Ué���VÇ�0. d�VÇúª�±�Ñ�

¯Ué���VÇ�23/40 = 57.5%.

2. Bayesúª
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�{B1, B2, · · ·Bn}´���m���©�, A�Ω¥���¯�, P (Bi) > 0, i = 1, 2,

· · · , n, P (A) > 0, K

P (Bi|A) =
P (A|Bi)P (Bi)∑n

j=1 P (A|Bj)P (Bj)

�o�¹e^Bayesúª? dúª�, ©1Ò´¯�A�VÇ, ©fÚ�ª�>�

^�VÇ¥�^��Ð�L5. ¤±·���3ÏJ'Xp��7L^Bayesúª.

~ 1.2.11. �«�ä,Jw�ÁJ, ²�KÁ�kXeP¹: kJw¾<�5�VÇ

�95%, ÃJw¾<Ò5�VÇ�95%. y^ù«ÁJ3,�«?1JwÊ�, �T�«

Jwu¾Ç�0.5%, ¯,<�A��5�T<�Jw�VÇ.

): �A ={�A��5}, C ={��äö�Jw}, dK¿,

P (A|C) = 0.95, P (Ā|C̄) = 0.95, P (C) = 0.005,

y3���´P (C|A) . ù´;.�ÏJ'Xp�, �U^Bayesúª.

P (C|A) =
P (A|C)P (C)

P (A|C)P (C) + P (A|C̄)P (C̄)

=
0.95× 0.005

0.95× 0.005 + 0.05× 0.995
= 0.087 = 8.7%

ù`²^TÁJ?1Ê�, O(5�k8.7%. O�L², XJüg�A��5��

Jw�VÇ��
64%.

§1.2.6 ¯��Õá5

�
O�ü�¯�Ó�u)�VÇ, �±$^¦{½n, P (AB) = P (A|B)P (B). �

o�¹eP (AB) = P (A)P (B)? =ABÓ�u)�VÇ�uü�¯�üÕu)VÇ�¦

È? �d·�kXe�½Â:

½Â 1.2.7. �A,B´�ÅÁ�¥�ü�¯�,e÷vP (AB) = P (A)P (B) ,K¡¯�AÚB�

pÕá.

'uÕá�Vg, AT´l¢SÑu, XJU
�ä¯�B�u)�Äé¯�A�

u)�ÄØ�)K�, K¯�A,B=�Õá. Xr��M1�üg, *ÿ��¡Ñy�
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�¹, A ={1�gÑy�¡}, B ={1�gÑy�¡}, AB ={ügÑÑy�¡}, ���

mΩk4�Ä�¯�, #(AB) = 1,#(A) = 2,#(B) = 2, �

P (AB) = 1/4, P (A)P (B) = 1/2 · 1/2 = 1/4

=¯�A,B�pÕá. ¯¢þ, ·�N´�ä1�g´ÄÑy�¡�1�g´ÄÑ

y�¡vk?ÛK�, =Õá�. �Ã L«¯�Au)ÚØu)��, B̃ L«¯�Bu)

ÚØu)��. dÕá5�½Â�±í�P (ÃB̃) = P (Ã)P (B̃), (ù���4��ª) . Õ

á5�½Â�±í2�n�¯�.

½Â 1.2.8. �A1, A2, · · ·An´�ÅÁ�¥�n�¯�, ±Ãi L«Ai½Āi��. e÷v

P (Ã1Ã2 · · · Ãn) = P (Ã1)P (Ã2) · · ·P (Ãn),

K¡¯��A1, A2, · · ·An �pÕá.

(þ¡k2n��ª)

5¿: þ¡�ª�duéA1, A2, · · ·An¥�?¿k�¯�Ai1 , Ai2 , · · · , Aik , k = 2, · · ·n,

k

P (Ai1Ai2 · · ·Aik) = P (Ai1)P (Ai2) · · ·P (Aik)

5¿: ÕáÚØ�N´ØÓ�ü�Vg.

~ 1.2.12. A,B, C n<Õá/»È�è, z<U»È�è�VÇ©O�1/3, 1/4, 1/5. ¯

�èU�»È�VÇkõ�?

): �D={�è�»È}, A,BÚC ©OL«A,BÚCn<U»È�èùn�¯�, dÕ

á5,

P (D) = P (A ∪B ∪ C) = 1− P (ĀB̄C̄)

= 1− P (Ā)P (B̄)P (C̄) = 1− 2
3

3
4

4
5

= 0.6

~ 1.2.13. 3����5ïÄ¥, ·��ÄXeü«>´:

Ù¥1-4L«4�U>ì,§�´ÄmÏ´�pÕá�,�U>ì�Ï�VÇ�p, (0 <

p < 1), ¦ü«>´lL�R�Ï´�VÇ.
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): �ã�Gé�¿é, m>�¿é�Gé, PAi ={1i�U>ì�Ï}, K�ãLR�Ï

´�L��A1A2 ∪ A3A4,mãLR�Ï´�L��(A1 ∪ A3) ∩ (A2 ∪ A4), duP (A1A2) =

P (A1)P (A2) = p2 = P (A3A4), �

P (A1A2 ∪A3A4) = p2 + p2 − p4 = p2(2− p2)

Ón,

P ((A1 ∪A3) ∩ (A2 ∪A4)) = (2p− p2)2 = p2(2− p)2,

du2− p2 < (2− p)2, �¿é�Gé�>´'Gé�¿é�>´���5p�:.

~ 1.2.14. n�<Õá�Ó�8I�Â,1i�<·¥8I�VÇ�pi, i = 1, 2, · · · , n,¦�

�k�<·¥8I�VÇ.

): -Ai ={1i�<·¥8I}, D ={��k�<·¥8I}, K

D =
n⋃

i=1

Ai,

P (D) = 1− P (D̄) = 1− P (Ā1Ā2 · · · Ān)

= 1− (1− p1)(1− p2) · · · (1− pn)

≈ 1− exp{−Σpi}

þ¡��Ò3pi���¤á. ~Xpi = 0.04, n = 100 �, P (D) ≈ 1 − exp{−4} =

0.98168

12



1�Ù �ÅCþ9Ù©Ù

�Æ8�:

1) Ýº�ÅCþ�Vg"ÝºlÑ.�ÅCþ�VÇ¼ê, ëY.�ÅCþ�VÇ�

Ý, 9?¿��ÅCþ�©Ù¼ê�Vg.

2) Ýº��©Ù!Poisson©Ù§±9�A�VÇO�.

3) Ýº��©Ù§�ê©ÙÚþ!©Ù§¬?1�A�VÇO�.

4) Ýºõ��ÅCþ�Vg"
)n��ÅCþ�éÜ©Ù¼ê�VgÚ5�.

5)Ýº��lÑ.ÚëY.�ÅCþ�>�©Ù�éÜ©Ù�m�'X§¬^ù
'

Xª¦>�©Ù.

§2.1 �ÅCþ�Vg

�ÅCþ´Ù��Å¬½�Cþ"

~ 2.1.1. ±XL«��g�f���:ê, X´���ÅCþ. §�±�{1, 2, 3, 4, 5, 6}¥

����§��.�@��§���
�fâ��.

~ 2.1.2. �Üø �¥ø7�´���ÅCþ. §����mø±�â��.

~ 2.1.3. 3�1�¬¥�Å/ÄÑ100��¬, Ù¥¤¹�¢¬ê´���ÅCþ. §

����u�
¤kÄÑ��¬�â��.

3,	�~f¥, �ÅÁ��(J�,Ø´��ê, �E�^ê5£ã.

~ 2.1.4. ��qM1Ñy�¡½�¡.

~ 2.1.5. �¬�©��¬½¢¬.
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þ¡ü~¥�(Jþ�^����0,1��ÅCþ5£ã, Ù¥�±1�L�¡½�

¬, ±0�L�¡½¢¬.

¯¢þ, é?¿��¯�A, ½Â

IA(ω) =

{
1 ω ∈ A ,

0 �� ,

K¯�Ad�ÅCþIAL«Ñ5. IA¡�¯�A�«5¼ê.

�ÅCþ´r�ÅÁ��(J§�Ò´���m§��|¢êéXå5. ù��?

n{z
�5�VÇ(�. ~X,Å�N�¬¯é�JY��Ý´|±(1)�´�é(0).

XJ�Å�¯50<§Uì�;V.§¤k�U�(Jk250�.�´XJ·�^XP1��

ê5L«7¤ö�<ê§KX����ÅCþ. §������3{0, 1, · · · , 50}. ¤±�

ÅCþ�Ú?k|u·�é¤ïÄ�¯K?1O(, {ö�£ã. qdu�ÅCþ�¢

�, �ÅCþ�m�$�ÒC�N´
.

éu�ÅCþ�ïÄ§́ VÇØ�¥%SN. Ï�éu���ÅÁ�§·�'%�

Ï~´�¤ïÄ�¯Kk'�,�þ½,
þ. ù
þÒ´�ÅCþ.

½Â 2.1.1. -Ω������m. -X´½Â3Ωþ���¢¼ê,K¡X���(��)�

ÅCþ.

~���ÅCþ�±©�ü�a. ��k��½�ê����ÅCþ¡�lÑ.

�ÅCþ¶�ëY����Ý�3��ÅCþ¡�ëY.�ÅCþ. �,, �3Q�l

Ñ.��ëY.��ÅCþ. �§�3¢S¥¿Ø~�, �Ø´·�ùpïÄ�é�.

§2.2 lÑ.�ÅCþ

½Â 2.2.1. �X���ÅCþ. XJX��k��½�ê��§K¡X���(��)l

Ñ.�ÅCþ.

du���ÅCþ��´dÁ�(Jû½�§Ï´±�½�VÇ��.ù�VÇ

©Ù¡�lÑ.�ÅCþ�VÇ¼ê.

½Â 2.2.2. �X��lÑ.�ÅCþ§Ù�Ü�U��{a1, a2, ...}. K

pi = P (X = ai), i = 1, 2, ... (2.2.1)
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¡�X�VÇ¼ê.

VÇ¼ê{pi, i = 1, 2, ..}7L÷ve�^�µ

pi ≥ 0, i = 1, 2, ....∑
i

pi = 1.

VÇ¼ê(2.2.1) �Ñ
�ÜVÇ1´XÛ3X�¤k�U��m©��. §�±�

L�/ª�Ñµ

�U� a1 a2 ... ai ...

VÇ p1 p2 ... pi ...
(2.2.2)

k��r(2.2.2)¡��ÅCþX�©ÙL.

�Ω�����m. X�½ÂuÙþ���lÑ.�ÅCþ§Ù���x1, x2, ..... -A

�{x1, x2, ...}�?¿��f8. ¯�{X��uA¥}�VÇ��âVÇ��\55O�µ

P (A) =
∑
x∈A

P (X = x).

ù���
lÑ.�ÅCþX�VÇ¼ê§·�ÒU�Ñ'uX�?ÛVÇ¯K�£�.

e¡·��Ñ~��lÑ.©Ù. 3£ãlÑVÇ�.�, BernoulliÁ�´�@�

ïÄ�A^9Ù2��VÇ�..

½Â 2.2.3. ����ÅÁ��kü��U(JAÚĀ, K¡dÁ���BernoulliÁ�.

½Â 2.2.4. �ò���U(J�AÚĀ�BernoulliÁ�Õá/Eng, ¦�¯�Azg

Ñy�VÇ�Ó, K¡dÁ��nBernoulliÁ�.

e¡�0-1©ÙÚ��©ÙÑ´±BernoulliÁ��Ä:�.

§2.2.1 0-1©Ù

��ÅCþX��0,1ü�§P (X = 1) = p§P (X = 0) = 1 − p§K¡XÑl0-1©Ù

½Bernoulli©Ù. 0-1©Ù´éõ�;VÇ�.�Ä:.
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§2.2.2 ��©Ù

�,¯�A3�gÁ�¥u)�VÇ�p. yrÁ�Õá/Eng. ±XPA3ùngÁ

�¥u)�gê§KX��0, 1, ..., n§�k

P (X = k) =
(

n

k

)
pk(1− p)n−k, k = 0, 1, · · · , n. (2.2.3)

¡XÑl��©Ù§P�X ∼ B(n, p).

l
n∑

i=1

(
n

k

)
pk(1− p)n−k = (p + 1− p)n = 1,

·���(2.2.3) (¢´��VÇ¼ê.

�
�	ù�©Ù´XÛ�)�§�Ä¯�{X = i}. �¦ù�¯�u)§7L3

ùngÁ���©P¹

AAĀA...ĀAĀ

¥§ki�A, n− i�Ā, z�AkVÇpz�Ā kVÇ1− p. qduzgÁ�Õá§¤±

zgÑyA�Ä�Ù§gÁ��(JÕá. ÏddVÇ¦{½n�Ñz�ù���©(

JS�u)�VÇ�pi(1− p)n−i. �´i�AÚn− i�Ā�ü�oê´
(
n
k

)
§¤±ki�A�

VÇ´µ (
n

i

)
pi(1− p)n−i, i = 0, 1, · · · , n.

��CþÑl��©Ùkü�^�µ�´�gÁ��^�´½�§ù�y
¯

�A�VÇp3�gÁ�¥�±ØC¶�´�gÁ��Õá5. y¢)¹¥kNõy�

ØÓ§Ý/÷vù
^�.~Xó�zU)���¬. b�zF)�n��¬. e�á�

�þ§Åì��§ó<ö�Y²�3�ã�mS�±½§�z��¬´ÄÜ��Ù§

�¬Ü��Ä¿ÃwÍ5'é§KzF�¢¬êÑl��©Ù.

§2.2.3 Poisson©Ù

��ÅCþX�VÇ©Ù�

P (X = k) =
λk

k!
e−λ, k = 0, 1, 2, · · · , λ > 0, (2.2.4)

K¡XÑlëê�λ�Poisson©Ù§¿PX ∼ P (λ).

du eλ k?êÐmª

eλ = 1 + λ +
λ2

2!
+ ... +

λk

k!
+ ...
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¤±
∞∑

k=0

P (X = k) = 1.

;�Ú�X'�Í�5ÚOÆ�Ø6�Ñ
Poisson©Ù�Xeí�.

b½NÈ�V��N�¹k���ê8N��)Ô.2b½�)Ôvk+Ø��U,

§�U
3�N�?ÛÜ©Ñy§�3NÈ���Ü©Ñy�Å¬�Ó.y3·��N

È�D��þ�N3w�ºe*	§̄ 3ù�þ�N¥òuyx��)Ô�VÇ´�oº

·�b½V���uD. dub½
ù
�)Ô´±���VÇ3�N¥�?ÑÙ§Ï

d?Û���)Ô3D¥Ñy�VÇÑ´D/V . 2dub½
�)Ôvk+Ø��U§

¤±���)Ô3D¥�Ñy§Ø¬K�,���)Ô3D¥�Ñy�Ä. Ïd�)Ô

¥kx�3D¥Ñy�VÇÒ´(
N

x

)(
D

V

)x(
1− D

V

)N−x

. (2.2.5)

3ùp·��b½�)Ô´Xd��, P@�¯K�±�ÑØ�Ä, =N��)Ô¤Ó

â�Ü©éuNÈD5`´�Øv�.

3(2.2.5)¥-VÚNª�uÃ¡, ��)Ô��ÝN/V = d�±~ê. ò(2.2.5)ªU

�¤Xe/ªµ

N(N − 1)(N − 2)...(N − x + 1)
x!Nx

(
ND

V

)x(
1− ND

NV

)N−x

=

(
1− 1

N

) (
1− 2

N ...
) (

1− x−1
N

)
(Dd)x

(
1− Dd

N

)N−x

x!
.

�NC¤Ã��Ù4��

e−Dd(Dd)x/x! (2.2.6)

-Dd = λ§K(2.2.6)Ú(2.2.4)�/ª�Ó.ù�í�L§�y²
λ´x�²þê§Ï�¤

�	��Ü©NÈD¦±����ÝdÒ�Ñ
3D¥¤ýO�²þê8.

�Né�§pé��Npªu��4��§Poisson©Ù´��©Ù���éÐ�Cq.

3N���§Poisson©Ù�w�k^. ·�ke¡�½n.

½n 2.2.1. 3nBernoulliÁ�¥, ±pn�L¯�A3Á�¥Ñy�VÇ, §�Á�o

ênk'. XJnpn → λ, K�n →∞�,(
n

k

)
pk

n(1− pn)n−k → λk

k!
e−λ. (2.2.7)
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~ 2.2.1. y3I�100�ÎÜ5����.l½|þï�T��k¢¬Ç0.01. �Ä�k

¢¬�3, ·�O�ï100+a���¦�l¥�±]Ñ100�ÎÜ5����.·��¦

3ù100 + a���¥��k100�ÎÜ5�����VÇØ�u0.95. ¯a���õ�?

): -

A = {3100 + a���¥��k100�ÎÜ5����}.

b½���´ÄÜ�´Õá�. ±XP3 100+a���¥�¢¬ê. KXÑl n = 100+a

Ú p = 0.01 ���©Ù, �

P (A) =
a∑

i=1

(
100 + a

i

)
(0.01)i(0.99)100+a−i.

þª¥�VÇéJO�.du 100+a�� 0.01��,� (100+a)(0.01) = 1+0.01a ≈ 1,

·�±λ = 1�Poisson©Ù5CqþãVÇ. Ï

P (A) =
a∑

i=1

e−1/i!.

�a = 0, 1, 2, 3�, þªm>©O� 0.368, 0.736, 0.920 Ú 0.981. �� a = 3 ®

.

§2.2.4 lÑ�þ!©Ù

��ÅCþX��a1, a2, ..., an, �k

P (X = ak) =
1
n

, k = 1, ..., n. (2.2.8)

K¡XÑllÑ�þ!©Ù.

�±wÑ, lÑ�þ!©Ù�´�;V.�Ä�.

§2.3 ëY.�ÅCþ

lÑ�ÅCþ��k��½�êÃ���§ëY.�ÅCþ�Ø�ê��.ùÒ

û½
ØU^£ãlÑ.�ÅCþ��{5�yëY.�ÅCþ.

�Ä��~f. b½Úl�Ã¤Oqf3�½� �?1�X���Â. -X´·

¥:�Lq%R��Y² l�§�X��[−5cm, 5cm]. X´��ëY�ÅCþ.

�
O�Xá3,«m�VÇ§ò[−5, 5]©���1f���«m. éuz��«m§

±á3ù��«m���êØ±��oê��á3ù�«m�����éªê. �o

��ê�100. ·���eLµ
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«m ��ê �éªê

[−5,−4] 1 0.01

[−4,−3] 1 0.01

[−3,−2] 6 0.06

[−2,−1] 13 0.13

[−1, 0] 24 0.24

[0, 1] 27 0.27

[1, 2] 16 0.16

[2, 3] 7 0.07

[3, 4] 3 0.03

[4, 5] 2 0.02

þL�±^eã5L«µ

ã 2.3.1 �� :©Ùã

 

X
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0.
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−5 −4 −3 −2 −1 0 1 2 3 4 5

·�5¿z�Ý/�.�u1§p�TÝ/�«m¤éA��éªê§¤±¡È�

�éªê. �ÜÝ/�¡È´1. éu[−5, 5]�?�f«m§·��±�âþã�O��

á3Tf«m�VÇ. ~X��O0 < X ≤ 2�VÇ§��r«m¥�ü�Ý/¡È\

å5§(J��0.43. 2�X`��O−0.25 < X ≤ 1.5¥�VÇ§·�A�O�T«m
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þ�¡È§(J��µ

0.06 + 0.27 + 0.08 = 0.41.

XJ1�1�100�f��3qfþ§·�Òò¼�,��²�©Ù. §�1��

²�©Ùõ�´ØÓ�§¦+§��	L�U�q. XJr*	���éªêw��,

�“ý”VÇ��O§K·�b½k��¼ê§§ò�Ñ?Û«m¥�°(VÇ. ù
V

Çd�e�¡È�Ñ. dd·���Xe½Âµ

½Â 2.3.1. X¡�ëY.�ÅCþ§XJ�3��¼êf§��X�VÇ�Ý¼ê§§

÷ve¡�^�µ

1. é¤k�−∞ < x < +∞, kf(x) ≥ 0;

2.
´ +∞
−∞ f(x)dx = 1;

3. éu?¿�−∞ < a ≤ b < +∞, kP (a ≤ X ≤ b) =
´ b
a f(x)dx.

5 2.3.1. éu?¿�−∞ < x < +∞, kP (X = x) =
´ x
x f(u)du = 0.

5 2.3.2. XJf��,k�«m[a, b]��, -

f̃(x) =

{
f(x) x ∈ [a, b],

0 Ù§.

Kf̃´½Â3(−∞,+∞)þ��Ý¼ê, �f(x)Úf̃(x)�Ñ�Ó�VÇ©Ù.

5 2.3.3. b�ko���ü ��þëY/©Ù3a ≤ x ≤ bþ. @of(x)L«3:x�

�þ�Ý�
´ d
c f(x)dxL«3«m[c, d]þ��Ü�þ.

duëY�ÅCþ�VÇ´^È©�Ñ�,·��±��?n�Ý�È©Ø´�

Ý��.

½Â 2.3.2. �X��ëY.�ÅCþ. K

F (x) =
ˆ x

−∞
f(u)du, −∞ < x < +∞ (2.3.1)

¡�X�(\È)©Ù¼ê.
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5 2.3.4. F (x)L«�´�ÅCþ�ê��u½�ux�VÇ, =

F (x) = P (X ≤ x) −∞ < x < +∞. (2.3.2)

dª(2.3.2)½Â�F�X�(\È)©Ù¼ê���½Â.§·^u?¿��ÅCþ. �X�

�lÑ.�ÅCþ, §±VÇ{p1, ..., pn, ..}��{a1, ..., an, ...}. K

F (x) =
∑
ai≤x

pi.

©Ù¼êFäke�5�:

(1) F´�~�¼ê;

(2) limx→−∞ F (x) = 0;

(3) limx→+∞ F (x) = 1.

éuëY�ÅCþ, XJF (x)3:x��ê�3, K

f(x) = F ′(x).

ëY�ÅCþ�©Ù¼ê�ã�Xeã¤«.

e¡·�0�~��ëY.©Ù. §��)��©Ù, �ê©ÙÚþ!©Ù.

§2.3.1 ��©Ù

XJ���ÅCþXäkVÇ�Ý¼ê

f(x) =
1√
2πσ

exp
{
−(x− µ)2

2σ2

}
, −∞ < x < +∞, (2.3.3)

Ù¥−∞ < µ < +∞, σ2 > 0§K¡X�����ÅCþ§P�X ∼ N(µ, σ2). ±(2.3.3)�

�Ý�©Ù¡�ëê�µÚσ2���©Ù.

äkëêµ = 0, σ = 1���©Ù¡�IO��©Ù.^Φ(x)Úφ(x)L«IO��©

ÙN(0, 1)�©Ù¼êÚ�Ý¼ê.

lã(2.3.3)�±wÑ, ��©Ù��Ý¼ê´±x = µ�é¡¶�é¡¼ê. µ¡�

 �ëê. �Ý¼ê3x = µ?�����§3(−∞, µ)Ú(µ,+∞)Sî�üN. Ó�·�

w�, σ���û½
�Ý¼ê�Í�§Ý. Ï~¡σ���©Ù�/Gëê.

±F (x)P��©ÙN(µ, σ2)�VÇ©Ù¼ê§KðkF (x) = Φ(x−µ
σ ). ¤±?���

©Ù�VÇ©Ù¼êÑ�ÏLIO��©Ù�©Ù¼êO�Ñ5.
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ã 2.3.2 (\È)©Ù¼ê

 

F(x)

1.0

0 x

~ 2.3.1. ¦êk¦�éu��©Ù�CþkP (µ− kσ < x < µ + kσ) = 0.95.

): -F���©ÙN(µ, σ2)�©Ù¼ê, Kk

P (µ− kσ < x < µ + kσ) = F (µ + kσ)− F (µ− kσ) = Φ(k)− Φ(−k) = 0.95. (2.3.4)

l'Xª Φ(−k) = 1 − Φ(k), ·�� 2Φ(k) − 1 = 0.95. ¤±Φ(k) = 0.975. ���©ÙL,

�k = 1.96.

§2.3.2 �ê©Ù

e�ÅCþXäkVÇ�Ý¼ê

f(x) =

{
λe−λx x > 0,

0 x ≤ 0,
(2.3.5)

Ù¥λ > 0�~ê, K¡XÑlëê�λ��ê©Ù.

�ê©Ù�©Ù¼ê�

F (x) =

{
1− e−λx x > 0,

0 x ≤ 0.
(2.3.6)
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ã 2.3.3 ��©Ù��Ý¼ê

−5 0 5

0.
0

0.
1

0.
2

0.
3

0.
4

x

f(
x)

mu=−2,sigma=2

mu=1,sigma=1

mu=4,sigma=1.5

lã(2.3.5)�±wÑ, ëêλ��, �Ý¼êeü��¯.

�ê©Ù²~^u���«”Æ·”�©Ù�Cq. -XL«,���Æ·. ·�Ú

?X���Ç¼êXe:

h(x) = lim
∆x→0

P (x ≤ X ≤ x + ∆x|X > x)
∆x

.

��ÇL«
��3��xÿU�~ó�,3��x±�,ü �mSu)���VÇ.K

XJ

h(x) ≡ λ (~ê), 0 < x < +∞,

XÑl�ê©Ù. =�ê©Ù£ã
ÃPz��Æ·©Ù.

�ê©Ù����A:´“ÃPÁ5”. =eXÑl�ê©Ù§Ké?¿�s, t >

0k

P (X > s + t | X > s) = P (X > t). (2.3.7)

=Æ·´ÃPz�. �±y², �ê©Ù´��äk5�(2.3.7)�ëY.©Ù.
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ã 2.3.4 �ê©Ù��Ý¼ê

0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

x

f(
x)

lambda=0.5

lambda=1

lambda=3

§2.3.3 þ!©Ù

�a < b§XJ©ÙF (x)äk�Ý¼ê

f(x) =

{
1

b−a a ≤ x ≤ b ,

0 Ù§,
(2.3.8)

K¡T©Ù�«m[a, b]þ�þ!©Ù,P�U [a, b]. Xd½Â�f(x)w,´��VÇ�Ý

¼ê. N´�ÑÙ�A�©Ù¼ê�

F (x) =


0, x ≤ a,

x−a
b−a , a < x ≤ b,

1, x > b.

3O��Ïo�Ê\�)�Ø��±^þ!©Ù5£ã.

§2.4 õ�©Ù

3¢SA^¥§²~I�é¤�Ä�¯K^õ�Cþ5£ã. ·�rõ��ÅCþ

�3�å|¤�þ§¡�õ��ÅCþ½ö�Å�þ.
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~ 2.4.1. l�GÀ�ý¥Äý�, �±^�ý�sÚÚêi5`²ÙA�.

~ 2.4.2. �Ä���q�Á�. 3q¡þ�½�����IX.K·¥� ��dÙ�

I(X, Y )5�y. X,YÑ´�ÅCþ.

½Â 2.4.1. �X = (X1, . . . , Xn). XJz�XiÑ´���ÅCþ§i = 1, · · · , n§K

¡X�n��ÅCþ½ö�Å�þ.

·��±Uìé~^���ÅCþ�©ar~^��Å�þ©�lÑ.ÚëY.

�.

½Â 2.4.2. XJz��XiÑ´��lÑ.�ÅCþ§i = 1, ..., n§K¡X = (X1, . . . , Xn)�

�n�lÑ�ÅCþ. �Xi�¤k�U���{ai1, ai2, · · · }, i = 1, . . . , n, K¡

p(j1, · · · , jn) = P (X1 = a1j1 , . . . , Xn = anjn), j1, ..., jn = 1, 2, ... (2.4.1)

�n��ÅCþX�VÇ¼ê.

N´y²VÇ¼êäke�5�:

(1) p(j1, . . . , jn) ≥ 0, ji = 1, 2, · · · , i = 1, 2, . . . , n;

(2)
∑

j1,··· ,jn

p(j1, . . . , jn) = 1.

·�äN5w�e��lÑ©Ù. ���lÑ.�ÅCþ(X, Y )�¤k�U��

�{(xi, yj) : i = 1, ..., n, j = 1, 2, ...,m}. ·�²~±�éL�/ª5L«��lÑ.�

ÅCþ�VÇ©Ù. P

pij = P (X = xi, Y = yj), i = 1, ..., n, j = 1, ...,m.

K(X, Y )�VÇ¼ê�±eLL«:

25



HH
HHH

HHH
Y

X
x1 x2 · · · xn 1Ú

y1 p11 p21 · · · pn1 p·1

y2 p12 p22 · · · pn2 p·2
...

...
...

...
...

...

ym p1m p2m
... pnm p·m

�Ú p1· p2· · · · pn· 1

~ 2.4.3. l���¹Ê�ç¥, 8�x¥ÚÔ�ù¥�-fpÄ�o�¥. -X´Ä�

x¥�ê8, Y´Ä�ù¥�ê8. K���ÅCþ(X, Y )�VÇ¼ê�

p(x, y) =

(
6
x

)(
7
y

)(
5

4−x−y

)(
18
4

) , 0 ≤ x + y ≤ 4. (2.4.2)

±�éLL«, =�

HH
HHH

HHH
Y

X
0 1 2 3 4 1Ú

0 1
612

1
51

5
102

5
153

1
204

11
102

1 7
306

7
51

35
204

7
153

77
204

2 7
102

7
34

7
68

7
17

3 35
612

7
102

77
612

4 7
612

7
612

�Ú 99
612

22
51

11
34

4
51

1
204 1

aqu��ëY.�ÅCþ, ëY.�Å�þ��´d�Ý¼ê5�x�.

½Â 2.4.3. ¡X = (X1, . . . , Xn)�n�ëY.�ÅCþ§XJ�3Rnþ��K¼êf(x1,

. . ., xn)§¦�é?¿�−∞ < a1 ≤ b1 < +∞, ...,−∞ < an ≤ bn < +∞, k

P (a1 ≤ X1 ≤ b1, ..., an ≤ Xn ≤ bn) =
ˆ bn

an

...

ˆ b1

a1

f(x1, . . . , xn)dx1 · · · dxn, (2.4.3)

K¡f�X�VÇ�Ý¼ê.

én��ÅCþ·��k©Ù¼ê�Vg.
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½Â 2.4.4. �X = (X1, . . . , Xn)�n��ÅCþ. é?¿�(x1, . . . , xn) ∈ Rn§¡

F (x1, . . . , xn) = P (X1 ≤ x1, . . . , Xn ≤ xn) (2.4.4)

�n��ÅCþX�(éÜ)©Ù¼ê.

�±�y©Ù¼êF (x1, . . . , xn)äkeã5�:

(1) F (x1, · · · , xn)éz�C�üN�ü;

(2) é?¿�1 ≤ j ≤ nk§ lim
xj→−∞

F (x1, · · · , xn) = 0;

(3) lim
x1→∞,··· ,xn→∞

F (x1, · · · , xn) = 1.

én�ëY.�ÅCþ, l�Ý�½Â·�k,

F (x1, . . . , xn) =
ˆ xn

−∞
...

ˆ x1

−∞
f(x1, ..., xn)dx1...dxn.

ép�lÑ.�ÅCþ, ��·�Ø¦^©Ù¼ê.

~ 2.4.4. �Ä���ÅCþX = (X1, X2)§ÙVÇ�Ý¼ê�

f(x1, x2) =

{
1/[(b− a)(d− c)] � a ≤ x1 ≤ b, c ≤ x2 ≤ d,

0 Ù§.

¡dVÇ�Ý�[a, b]× [c, d]þ�þ!©Ù.

~ 2.4.5. �(X, Y )�VÇ�Ý¼êk/ª

f(x, y) =
1

2πσ1σ2

√
1− ρ2

exp

{
− 1

2(1− ρ2)

[
(x− a)2

σ2
1

− 2ρ
(x− a)(y − b)

σ1σ2
+

(y − b)2

σ2
2

]}

Ù¥−∞ < a, b < ∞, 0 < σ1, σ2 < ∞, −1 ≤ ρ ≤ 1. ¡(X, Y )Ñlëê�a, b, σ1, σ2, ρ���

��©Ù§P�N(a, b, σ2
1, σ

2
2, ρ).
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§2.5 >�©Ù

�(X1, ..., Xn)�n��ÅCþ§ÙVÇ©ÙF®�. -Xi1 , ..., Xim�X1, ..., Xn�?�

f8§KXi1 , ..., Xim�©Ù¡�X1, ..., Xn½F���m�>�©Ù.

·�k�ÄlÑ.�Å�þ. ���lÑ�ÅCþ(X, Y )�¤k�U���{(xi, yj) :

i, j = 1, 2, · · · }§K(X, Y )�éÜ©ÙÆ�

P (X = xi, Y = yj) = pij i = 1, ..., n, j = 1, 2, ...,m.

±�éL�/ªL«Ò´

HHH
HHH

HH
Y

X
x1 x2 · · · xn 1Ú

y1 p11 p21 · · · pn1 p·1

y2 p12 p22 · · · pn2 p·2
...

...
...

...
...

...

ym p1m p2m
... pnm p·m

�Ú p1· p2· · · · pn· 1

lþã�éL·��±O��ÅCþXÚY�©Ù. �½,�xi. Ï�Y3¦�X =

xi�@
��:þ7���y1, ..., ym¥��, �k

pX(xi) = P (X = xi) =
m∑
j

P (X = xi, Y = yj) =
m∑
j

pij = pi·, i = 1, 2, · · ·n. (2.5.1)

¤±þã�éL�1Ú¤L«��´X�©Ù. Ï�ù�©Ù´lXÚY�éÜ©Ùí

�Ñ5�, ·�¡(2.5.1)�X�>�©Ù.

aq�±��Y�>�©ÙÆ

pY (yj) = P (Y = yj) =
n∑
i

pij = p·j , j = 1, 2, · · ·m.

§´þã�éL��Ú. ¤±l�éL¥, ·�Ø=��ü��ÅCþ�éÜ©Ù, Ó

�ÏLòz1Úz��\, ��ü�Cþ�>�©Ù.

aq/, �én (n > 2)���ÅCþ½Â>�©Ù. �X1, ..., Xn�n��ÅCþ§Ù

VÇ©ÙF®�. -Xi1 , ..., Xim�X1, ..., Xn�?�f8§KXi1 , ..., Xim�VÇ¼ê�

pi1...im(ji1 , ..., jim) = P (Xi1 = ai1ji1
, ..., Xim = aimjim

) =
∑

p(j1, ..., jn).
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Ù¥Ú´éØXi1 , ..., Xim�	�¤kCþ5¦Ú.

y�ÄëY.�Å�þ�>�©Ù. k�Ä����/. �(X, Y )kVÇ�Ý¼

êf(x, y). K

P (x1 ≤ X ≤ x2) = P (x1 ≤ X ≤ x2,−∞ < Y < +∞)

=
ˆ +∞

−∞

ˆ x2

x1

f(u, v)dudv

=
ˆ x2

x1

fX(u)du, (2.5.2)

Ù¥

fX(u) =
ˆ +∞

−∞
f(u, v)dv. (2.5.3)

l(2.5.2)·��±wÑ, X�>��Ý¼ê=�(2.5.3). aq/, Y�>��Ý¼ê�

fY (u) =
ˆ +∞

−∞
f(u, v)du. (2.5.4)

�n > 2�, -f(x1, ..., xn)�n�ëY.�ÅCþ(X1, ..., Xn)�VÇ�Ý¼ê. �(i1,

· · · , im) �(1, 2, ..., n)���f8. KÓþ�y, Xi1 , ..., Xim�VÇ�Ý¼ê�

f(xi1 , ..., xim) =
ˆ

...

ˆ
f(x1, ..., xn)dx1...dxn.

Ù¥È©´éØXi1 , ..., Xim�	�¤kCþ5¦È.

~ 2.5.1. �(X1, X2)ÑlN(a, b, σ2
1, σ

2
2, ρ).K�y²X1�>�©Ù�N(a, σ2

1)§X2�>�

©Ù�N(b, σ2
2).

~2.5.1`²
�,n��ÅCþX = (X1, ..., Xn)�©Ù�±��û½Ù¤k�>�

©Ù§�>�©ÙØv±û½X�éÜ©Ù.

§2.6 ^�©ÙÚ�ÅCþ�Õá5

§2.6.1 ^�©Ù

���ÅCþ(½�þ)�^�VÇ©Ù§Ò´3�½(½®�),«^�(,«&E)e

T�ÅCþ(�þ)�VÇ©Ù"
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1. lÑ.�ÅCþ�^�©Ù

�(X, Y )���lÑ.�ÅCþ§Ù�Ü��U���{(xi, yj) : i, j = 1, 2, · · · }"P

ÙéÜ©ÙÆ�

pij = P (X = xi, Y = yj), i, j = 1, 2, · · ·

eé�½�¯�{Y = yj}§ÙVÇP (Y = yj) > 0§K¡

P (X = xi|Y = yj) =
P (X = xi, Y = yj)

P (Y = yj)
=

pij

p·j
, i = 1, 2, · · ·

�3�½Y = yj�^�eX�^�©ÙÆ(VÇ¼ê)"aq�§eP (X = xi) > 0§K¡

P (Y = yj |X = xi) =
P (X = xi, Y = yj)

P (X = xi)
=

pij

pi·
, j = 1, 2, · · ·

�3�½^�X = xieY�^�©ÙÆ"

~ 2.6.1. ����Å�þ(X1, X2)�éÜ©ÙÆXe¤«µ

H
HHHH

HHH
X1

X2 −1 0 5 1Úpi·

1 0.17 0.05 0.21 0.43

3 0.04 0.28 0.25 0.57

�Úp·j 0.21 0.33 0.46 1.00

Á¦�X2 = 0�§X1�^�©ÙÆ"

): déÜ©ÙÆk�Ñü�>�©ÙÆpi·�p·j¿W\L¥§dd?�Ú�Ñ^�©Ù

Æ�µ

P{X1 = 1|X2 = 0} =
0.05
0.33

=
5
33

 P{X1 = 3|X2 = 0} =
0.28
0.33

=
28
33

.

2. ëY.�ÅCþ�^�©Ù

�(X, Y )kVÇ�Ýf(x, y)§·��Ä3�½y ≤ Y ≤ y + ε�^�eX�^�©Ù¼

ê(�P{y ≤ Y ≤ y + ε} > 0)

P (X ≤ x|y ≤ Y ≤ y + ε) =
P (X ≤ x, y ≤ Y ≤ y + ε)

P (y ≤ Y ≤ y + ε)
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=
ˆ x

−∞

ˆ y+ε

y
f(u, v)dvdu

/ ˆ y+ε

y
fY (y)dy

=
ˆ x

−∞

´ y+ε
y f(u, v)dv´ y+ε
y fY (y)dy

du

éþªüà'ux¦�¿-ε → 0, �¦�X3�½^�Y = ye�^�VÇ�Ý�

fX|Y (x|y) =
f(x, y)
fY (y)

, fY (y) > 0.

P�

X|y ∼ fX|Y (x|y).

aq/kY3�½X = x�^�e�^�VÇ�Ý:

fY |X(y|x) =
f(x, y)
fX(x)

, fX(x) > 0.

P�

Y |x ∼ fY |X(y|x).

~ 2.6.2. �(X, Y )Ñl����©ÙN(a, b, σ2
1, σ

2
2, ρ)§Á¦X|Y = y�^�VÇ�Ý"

):

fX|Y (x|y) =
f(x, y)
fY (y)

=
1

√
2πσ1

√
1− ρ2

exp{− [x− (a + ρσ1σ
−1
2 (y − b))]2

2σ2
1(1− ρ2)

}

=X|Y = y ∼ N(a + ρσ1σ
−1
2 (y − b), σ2

1(1 − ρ2))"ÓnkµY |X = x ∼ N(b + ρσ−1
1 σ2(x −

a), σ2
2(1− ρ2))"

~ 2.6.3. �X, YÑlü �þ�þ!©Ù§Á¦fX|Y (x|y)ÚfY |X(y|x)"

): dK��(X, Y )�éÜVÇ�Ý�

f(x, y) =

{
1
π , x2 + y2 ≤ 1

0, Ù§

´�

fX(x) =

{
2
π

√
1− x2, −1 ≤ x ≤ 1

0, Ù§
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¤±

fX|Y (x|y) =


1

2
√

1−y2
, −

√
1− y2 ≤ x ≤

√
1− y2

0, Ù§

�I�rx, yp�§Ò�±��fY |X(y|x)"

3. ����/

ÃØlÑ.�´ëY.^�©Ù§þã(X, Y )¥�XÚY��í2�p�"~X:

�(X1, X2, · · · , Xn) ∼ f(x1, x2, . . . , xn)§�(X1, · · · , Xk) ∼ g(x1, . . . , xk)§K�½Â3(X1,

· · · , Xk) = (x1, . . . , xk)�^�e§(Xk+1, · · · , Xn)�^��Ý�µ

h(xk+1, . . . , xn|x1, . . . , xk) =
f(x1, . . . , xn)
g(x1, . . . , xk)

, Ù¥ g(x1, . . . , xk) > 0.

5: eP(X1, · · · , Xk) = X§(Xk+1, · · · , Xn) = Y§(x1, . . . , xk) = x§(xk+1, . . . , xn) = y§

Kþª��L«�:

h(y|x) =
f(x,y)
g(x)

, g(x) > 0

§2.6.2 �ÅCþ�Õá5

e^�©Ù�uÃ^�©Ù§½ö`^�©Ù�“^�”Ã'§~X§�fX|Y (x|y) =

g(x)§K�íÑg(x) = f1(x)§l��µ

f(x, y) = f1(x)f2(y), (x, y) ∈ R2

d�·�¡X�Y´(�p)Õá�"����½ÂXeµ

½Â 2.6.1. ¡lÑ.�ÅCþX1, · · · , Xn�pÕá§e§��éÜ©ÙÆ�u�g�>

�©ÙÆ�¦È§=

P (X1 = x1, . . . , Xn = xn) = P (X1 = x1) · · ·P (Xn = xn),

Ù¥(x1, . . . , xn) �(X1, X2, · · · , Xn) ���¥�?¿�:.

½Â 2.6.2. ¡ëY.�ÅCþX1, · · · , Xn�pÕá§e§��éÜ�Ý�u�g�>�

�Ý�¦È§=

f(x1, . . . , xn) = f1(x1) · · · fn(xn), ∀ (x1, . . . , xn) ∈ Rn
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5: ���/, ke¡��½Â:

½Â 2.6.3. �X1, · · · , Xn�n��ÅCþ§XJ§��éÜ©Ù¼ê�u�g>�©Ù

¼ê�¦È§=

F (x1, · · · , xn) = F1(x1) · · ·Fn(xn), ∀ (x1, x2, . . . , xn) ∈ Rn

K¡�ÅCþX1, · · · , Xn�pÕá.

3lÑ.ÚëY.ü«�¹e, �±y²�½Â©O�½Â2.6.1Ú½Â2.6.2�d.

~ 2.6.4. XJ�ÅCþX1, · · · , Xn�pÕá§KN´y²Ù¥?Û�Ü©�ÅCþ��

pÕá. ,��5`, =d,�Ü©Õá%Ã{íÑX1, · · · , Xn�pÕá. X�e~:

~ 2.6.5. eξ, η�pÕá,ÑÑl-1Ú1ùü:þ���U©Ù§ζ = ξη"Kζ, ξ, ηüüÕ

á�Ø�pÕá"

~ 2.6.6. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ)§KX�Y�pÕá�¿�^�´ρ = 0"

~ 2.6.7. �(X, Y )ÑlÝ/D = [a, b]× [c, d]þ�þ!©Ù§KX�Y�pÕá"

~ 2.6.8. �(X, Y )Ñlü �þ�þ!©Ù§KX�YØÕá"

~ 2.6.9. �kn�¯�µA1, A2, · · · , An§éuz�¯�Ai§½ÂµXi = IAi (Ai�«5¼

ê), i = 1, 2, · · · , n§K�y²µA1 ,A2, · · · , An Õá⇐⇒ X1, X2, · · · , Xn Õá"

§2.7 �ÅCþ�¼ê�VÇ©Ù

�{ü��/§´d���ÅCþX�VÇ©Ù�¦Ù��½¼êY = g(X)�©

Ù"�~��§́ d(X1, X2, · · · , Xn)�©Ù�¦Y = g(X1, X2, · · · , Xn)�©Ù"���/§

d(X1, X2, · · · , Xn)�©Ù�¦(Y1, Y2, · · · , Ym)�©Ù§Ù¥Yi = gi(X1, X2, · · · , Xn), i =

1, 2, · · · ,m"
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ù�Ü©SN§�ênÚO¥¦ÚOþ�©Ùk���éX"

1. lÑ.�ÅCþ��/

�X�©ÙÆ�

P (X = xi) = pi, i = 1, 2, · · ·

g : R → R§-Y = g(X)§KY�©ÙÆ�

P (Y = yj) = P (g(X) = yj) =
∑

xi:g(xi)=yj

P (X = xi) =
∑

i:g(xi)=yj

pi

~ 2.7.1. �X�VÇ¼ê�

X -1 0 1 2

P 1/4 1/2 1/8 1/8

Á¦Y = X2, Z = X3 + 1�©ÙÆ"

): N´¦�Y�©ÙÆ�:

Y 0 1 4

P 1/2 3/8 1/8

Z�©ÙÆ

Z 0 1 2 9

P 1/4 1/2 1/8 1/8

þã(Ø�±í2�õ��ÅCþ��/:

��Å�þX�©ÙÆ�P (X = x)§KX�¼êY = g(X)�©ÙÆ�

P (Y = y) = P (g(X) = y) =
∑

x:g(x)=y

P (X = x)

AO�ξ, η´�pÕá��K���ÅCþ§�k©ÙÆ{ak}�{bk}. @oξ + ηk©ÙÆ

P (ξ + η = n) =
n∑

k=0

akbn−k

¡dúª�lÑòÈúª
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~ 2.7.2. �X ∼ B(n, p)§Y ∼ B(m, p)�XÚY�pÕá§KX +Y ∼ B(n+m, p)"ù«5

�¡�2)5"�í2�õ�Úµ�Xi ∼ B(ni, p), (i = 1, 2, · · · ,m)§�X1, X2, · · · , XmÕ

á§Kk:
m∑

i=1
Xi ∼ B(

m∑
i=1

ni, p)"AO§eX1, X2, · · · , Xn�ÕáÓ©Ù§�Xi ∼ B(1, p), i =

1, · · · , n. Kk:
n∑

i=1
Xi ∼ B(n, p)"d(Ø�«
��©Ù�0− 1©Ù�m���'X"

~ 2.7.3. �X ∼ P (λ)§Y ∼ P (µ)§�XÚYÕá§KkX + Y ∼ P (λ + µ)"=Poisson©

Ù½äk2)5§��í2"

2. ëY.�ÅCþ��/

½n 2.7.1. [�ÝC�úª]��ÅCþXkVÇ�Ý¼ê f(x), x ∈ (a, b)(a, b�±�∞),

y = g(x)3x ∈ (a, b)þ´î�üN�ëY¼ê§�3����¼êx = h(y), y ∈ (α, β)¿

�h′(y)�3�ëY§@oY = g(X)�´ëY.�ÅCþ�kVÇ�Ý¼ê

p(y) = f(h(y))|h′(y)|, y ∈ (α, β).

~ 2.7.4. ��ÅCþX ∼ U(−π
2 , π

2 ), ¦Y = tgX�VÇ�Ý¼ê"

d�ÝC�úª�Y�VÇ�Ý¼ê�

f(y) =
1
π

arctg′(y) =
1

π(1 + y2)
, −∞ < y < ∞

d©Ù¡�Cauchy©Ù"�K·���±^����{¦)§=k¦Ñ©Ù¼ê§,�

é©Ù¼ê¦�ê��"

F (y) = P (Y ≤ y) = P (tg(X) ≤ y)

= P (X ≤ arctg(y)) =
ˆ arctg(y)

−π
2

1
π

dy =
1
π

arctg(y) +
1
2
.

¤±Y�VÇ�Ý�

f(y) = F ′(y) =
1

π(1 + y2)
.

ù«�{�äk��5"
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5: �gØ´3�«mþüN´ÅãüN�§�ÝC�úª�e¡�/ª:

��ÅCþξ��Ý¼ê�pξ(x), a < x < b. XJ�±r(a, b)©���
(k��½��

�)pØU�f«m�Ú(a, b) =
⋃

j Ij , ¦�¼êu = g(t), t ∈ (a, b)3z�f«mþk

����¼êhj(u), ¿�h
′
j(u)�3ëY, Kη = g(ξ)´ëY.�ÅCþ, Ù�Ý¼ê�:

pη(x) =
∑

j

pξ(hj(x))|h′
j(x)| . (2.7.1)

~ 2.7.5. �X ∼ N(0, 1)§¦Y = X2�VÇ�Ý"

): du¼êy = x23(−∞, 0)Ú[0,∞)þî�üN§Ïddþã½n�Y�VÇ�Ý�

f(y) = φ(−√y)| − √y′|I{y>0} + φ(
√

y)|√y′|I{y>0}

=
1√
2π

y−
1
2 e−

y
2 I{y>0}

½n 2.7.2. �(ξ1, ξ2)´2�ëY.�Å�þ,äkéÜ�Ý¼êp(x1, x2),�ζj = fj(ξ1, ξ2), j =

1, 2. e(ξ1, ξ2)�(ζ1, ζ2)��éA, _N�ξj = hj(ζ1, ζ2), j = 1, 2.b½z�hj(y1, y2)Ñk�

�ëY �ê. K(ζ1, ζ2)½�ëY.�Å�þ, �ÙéÜVÇ�Ý�

q(y1, y2) =

{
p (h1(y1, y2), hn(y1, y2)) |J |, (y1, y2) ∈ D,

0, (y1, y2) 6∈ D,
(2.7.2)

Ù¥D´�Å�þ(ζ1, ζ2)�¤k�U��8Ü, J´C��Jaccobi1�ª§=

J =

∣∣∣∣∣ ∂h1
∂y1

∂h1
∂y2

∂h2
∂y1

∂h2
∂y2

∣∣∣∣∣
3õ��ÅCþ|Ü§���/k

½n 2.7.3. XJ(ξ1, · · · , ξn)´n�ëY.�Å�þ, äkéÜ�Ý¼êp(x1, · · · , xn). b

��3n�n�¼ê

yj = fj(x1, · · · , xn), j = 1, · · · , n,

¦�

ζj = fj(ξ1, · · · , ξn), j = 1, · · · , n,
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e(ξ1, · · · , ξn)�(ζ1, · · · , ζn)�m��éA, _N��ξj = hj(ζ1, · · · , ζn), j = 1, · · · , n. Ù¥

z�hj(y1, · · · , yn)Ñk��ëY �ê, @o�Å�þ(ζ1, · · · , ζn)´ëY.�, �äké

Ü�Ý¼ê

q(y1, · · · , yn) =

{
p (h1(y1, · · · , yn), · · · , hn(y1, · · · , yn)) |J |, (y1, · · · , yn) ∈ D,

0, (y1, · · · , yn) 6∈ D,
(2.7.3)

Ù¥D´�Å�þ(ζ1, · · · , ζn)�¤k�U��8Ü, J´C��Jaccobi1�ª§=

J =

∣∣∣∣∣∣∣∣
∂h1
∂y1

· · · ∂h1
∂yn

...
...

...
∂hn
∂y1

· · · ∂hn
∂yn

∣∣∣∣∣∣∣∣
~ 2.7.6. 3���I²¡þ�ÅÀ��:, ©O±�ÅCþξ�ηL«Ùî�IÚp�

I, �±@�ξ�η�pÕá. XJξ�ηÑÑl��©ÙN(0, 1), Á¦Ù4�I(ρ, θ)�©

Ù.

): ´� {
x = r cos t

y = r sin t

´(0,∞)× [0, 2π)�R2(�:Ø	)�m���C�, C��Jaccobi1�ª

J =

∣∣∣∣∣ ∂x
∂r

∂x
∂t

∂y
∂r

∂y
∂t

∣∣∣∣∣ =
∣∣∣∣∣ cos t −r sin t

sin t r cos t

∣∣∣∣∣ = r.

du(ξ, η)�éÜ�Ý�

p(x, y) =
1
2π

exp
{
−x2 + y2

2

}
,

¤±d(2.7.3)ª��, (ρ, θ)�éÜ�Ý�

q(r, t) =
1
2π

r exp
{
−r2

2

}
= q1(r)q2(t), r > 0, t ∈ [0, 2π). (2.7.4)

Ù¥q1(r) = r exp
{
− r2

2

}
, r > 0; q2(t) = 1

2π , t ∈ [0, 2π).

ù�(JL²: θ�ρ�pÕá,Ù¥θÑl[0, 2π)þ�þ!©Ù;ρKÑlWeibull©

Ù(ëêλ = 1/2, α = 2).

3O�ü��ÅCþ�Ú�§·��²~^�Xe½n
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½n 2.7.4. �X, Y�éÜVÇ�Ý�f(x, y)§KX + Y�VÇ�Ýp(z)�

p(z) =
ˆ ∞

−∞
f(x, z − x)dx =

ˆ ∞

−∞
f(z − y, y)dy

y�: k¦X + Y�©Ù¼êF (z). ·�k

F (z) = P (X + Y ≤ z) =
ˆ ˆ

x+y≤z
f(x, y)dxdy =

ˆ ∞

−∞
dx

ˆ z−x

−∞
f(x, y)dy

=
ˆ ∞

−∞
du

ˆ z

−∞
f(x, t− x)dt =

ˆ z

−∞

{ˆ ∞

−∞
f(x, t− x)dx

}
dt.

ùÒ`²,X + Y�©Ù¼êF (z)´Ù¥�s)l¥�¼ê3«m(−∞, z)þ�È©,¤

±X + Y´ëY.�ÅCþ,Ù�Ý¼êX½n¤ã"

y�: -X = Z1, X + Y = Z2, |^üNN���ÝC�úª(2.7.2)�¦�(Z1, Z2)�é

ÜVÇ�Ý¼ê�g(z1, z2) = f(z1, z2 − z1). 2ég(z1, z2)'uz13RþÈ©, B¦�Z2 =

X + Y ��Ý� ˆ ∞

−∞
g(z1, z2)dz1 =

ˆ ∞

−∞
f(z1, z2 − z1)dz1,

��¤y.

AO§�X�YÕá�§©OPXÚY�VÇ�Ý�f1(x)Úf2(y)§KX + Y�VÇ�

Ý�

p(z) =
ˆ ∞

−∞
f1(x)f2(z − x)dx =

ˆ ∞

−∞
f1(z − y)f2(y)dy , f1 ∗ f2(z) = f2 ∗ f1(z)

¡dúª�òÈúª"

~ 2.7.7. �XÑlÏ"�2��ê©Ù§Y ∼ U(0, 1)§�XÚY�pÕá"¦X − Y�V

Ç�ÝÚP (X ≤ Y )"

)�: dK��−Y ∼ U(−1, 0)§¿PXÚ−Y��Ý©O�f1Úf2§ldòÈúªk

fX−Y (z) =
ˆ ∞

−∞
f1(x)f2(z − x)dx

=


e−

z
2 (1− e−

1
2 ), z ≥ 0

1− e−
z+1
2 , −1 < z < 0

0, z ≤ −1
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¤±P (X ≤ Y ) = P (X − Y ≤ 0) = 2e−
1
2 − 1"

)�: du

P (X − Y ≤ z) =
ˆ

P (X ≤ z + y|Y = y)f(y)dy

=


´ 1
0 P (X ≤ z + y)dy z ≥ 0´ 1
−z P (X ≤ z + y)dy −1 < z < 0

0 z ≤ −1

=


1− 2e−z/2(1− e−1/2), z ≥ 0

z + 2e−(z+1)/2 − 1, −1 < z < 0

0, z ≤ −1

2é©Ù¼ê¦�ê=�¤¦.

�
ëY.�ÅCþ§�k2)55�"

~ 2.7.8. �X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)�X�Y�pÕá§K:

X + Y ∼ N(µ1 + µ2, σ
2
1 + σ2

2).

���/, �Xi ∼ N(µi, σ
2
i ), i = 1, · · · , n, X1, · · · , Xn�pÕá. a1, · · · , an, b�?¿n+1�

¢ê,Ù¥a1, · · · , anØ��". -X =
n∑

i=1
aiXi +b,Kk: X ∼ N(µ, σ2),Ù¥µ =

n∑
i=1

aiµi +

b, σ2 =
n∑

i=1
a2

i σ
2
i .

k�·��¬-�O��ÅCþ�û�VÇ�Ý. ·�k

½n 2.7.5. XJ(ξ, η)´��ëY.�Å�þ,§��éÜ�Ý�f(x, y),K§��ûξ/η´

ëY.�ÅCþ, äk�Ý¼ê

p ξ
η
(x) =

ˆ ∞

−∞
|t|f(xt, t)dt, ∀ x ∈ R.

 p η
ξ
(x) =

ˆ ∞

−∞
|u|f(u, xu)du, ∀ x ∈ R.

(2.7.5)

~ 2.7.9. ��ÅCþξ�η�pÕá,ÓÑlëêλ = 1��ê©Ù, Á¦ξ/η��Ý¼ê.

): ·�|^(2.7.5)ª¦p ξ
η
(x).du(ξ, η) �éÜ�Ý�

p(u, v) = e−u−v, u > 0, v > 0,
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¤±�(2.7.5)ª¥��È¼ê|t|p(xt, t) 6= 0, ��=�, t > 0Úxt > 0, l�k

p ξ
η
(x) =

{ ´∞
0 t e−xt−tdt = 1

(1+x)2
x > 0;

0 x ≤ 0.

´�p η
ξ
(x)Óþ"

~ 2.7.10. �X1 ∼ N(0, 1)§X2 ∼ χ2
n§�X1�X2Õá"·Y = X1√

X2/n
§KµY ∼ tn(gdÝ

�n�t©Ù)"

~ 2.7.11. �X1 ∼ χ2
m§X2 ∼ χ2

n§�X1�X2Õá§KY = X1/m
X2/n ∼ Fm,n(gdÝ�m,n�F©

Ù)"

~ 2.7.12. 4��Ú4���©Ù

éun��ÅCþξ1, ..., ξn,·��±�	§�����Ú���:

η1 = max{ξ1, ..., ξn},

η2 = min{ξ1, ..., ξn}.

Xd½Â�η1�η2�´�ÅCþ.

�ξ1, ..., ξn�pÕá�, ·�ØJ|^§��©Ù¼êF1(x), ..., Fn(x)¦Ñη1�η2 �

©Ù¼êFη1(x)ÚFη2(x).

¯¢þ,

Fη1(x) = P (η1 ≤ x) = P (max{ξ1, · · · , ξn} ≤ x) = P

(
n⋂

k=1

(ξk ≤ x)

)

=
n∏

k=1

P (ξk ≤ x) =
n∏

k=1

Fk(x); (2.7.6)

|^'Xª

(η2 > x) = (ξ1 > x, ... , ξn > x) =
n⋂

k=1

(ξk > x)

��

Fη2(x) = P (η2 ≤ x) = 1− P (η2 > x) = 1− P

(
n⋂

k=1

(ξk > x)

)

= 1−
n∏

k=1

P (ξk > x) = 1−
n∏

k=1

(1− Fk(x)). (2.7.7)
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1nÙ �ÅCþ�êiA�

�Æ8�:

1) n)�ÅCþ�êÆÏ"!���Vg, ¿¬$^§��Ä�5�O�äN©Ù�

Ï"!��.

2) Ýº��©Ù!Poisson©Ù!þ!©Ù!�ê©Ù!��©Ù�êÆÏ"Ú��.

3) ¬�â�ÅCþ�VÇ©ÙO�Ù¼ê�êÆÏ".

4) n)���!�'Xê�Vg, Ýº§��5�, ¿¬|^ù
5�?1O�, 
)

Ý�Vg.

5) n)�ê½n�¥%4�½n"

3cÙ¥, ·�?Ø
�ÅCþ�VÇ©Ù, ù«©Ù´�ÅCþ�VÇØ5��

����x. �ÅCþ�êiA�´,
d�ÅCþ�©Ù¤û½�~ê, §�x


�ÅCþ½ö`�x
Ù©Ù�,��¡�5�,ù
5�  ´¢SA^¥<�'�

'%�. ~X, ·�3
),�1�ó<�²LG¹�, ·�Äk'%��ù¬´Ù²

þÂ\, ù¬�·���oN�<�, Â\�©ÙG¹, �Ø�½´���, ùÒ´

�xoN²þ��êiA�. ,�a��êiA�, ´^5ïþ�ÅCþ���©Ñ

§Ý. �<·�þ�~f`², XJ·��Äü�1�ó<�²LG¹, ¦��²þÂ

\�N�C,�´��1�Â\©��²þ,=�õê<�Â\Ñ3²þ�þeØ�?,

©Ñ§ÝÒ�; ,��1�K��, ÙÂ\�l²þ�éõ, ©Ñ§ÝÒ�, ùüö�¢

S¿Â�,éØ�Ó. ²þ�Ú©ÑÝ´�x�ÅCþ5��üa���êiA�.

Ø
ùüö�	, éuõ�Cþó, �k�a�x�©þ�m'X�êiA�, ��

~^�´���Ú�'Xê, ù
·�ò3e¡�Ù!�[?Ø. êiA�,���

¿Â3u,�·�Ø���ÅCþ�(�VÇ©Ù,�´�ÙÙêiA���/e,·�

�±�âù
êiA�íäT�ÅCþ���VÇ5�. 'X,�ó�)��1��,

·��
)ù1����þXÛ. ·�Ø��ù1��Æ·�(�VÇ©Ù, �´XJ

·���ù1���²þÆ·, ��ù1��Æ·�©Ñ§Ý, @·�Ò�±��íä

Ñù1����þG¹.
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§3.1 êÆÏ"(þ�)9¥ ê

§3.1.1 êÆÏ"

êÆÏ"�¡þ�, ´�ÅCþ����Ä��êiA�. ·�kwXe���~

f

~ 3.1.1. �`¯ü<ÙE�Ó, �ÑÙ7100�, �½k�nÛö��, ���Ü200�.

y3`�2Û¯�1Û��¹e¥�, ¯Ù�TXÛ©?

): XJUYÙe�Ø¥�, K`k3/4�VÇ��, ¯��VÇ�1/4. ¤±, 3`

�2Û¯�1Û�ù��¹e, `UÏ"“��”�ê8, A�(½�

200× 3
4

+ 0× 1
4

= 150(�),

¯U“Ï"”���ê8, K�

200× 1
4

+ 0× 3
4

= 50(�).

XJÚ?���ÅCþX, X�u3þãÛ¡(`�2�¯1�)�e, UYÙe�`

��ª¤�, KXkü��U��: 200 Ú0, ÙVÇ©O�3/4Ú1/4. `�Ï"¤�,

=X�“Ï"”�, =�u

X��U��ÙVÇ�È�\\

ùÒ´“êÆÏ"”ù�¶¡�d5. ,��¶¡“þ�” /�´Ã, �é~^. e¡·�

Ò�ÑêÆÏ"(þ�)�½Â:

é���lÑ.©Ù, ·�k

½Â 3.1.1. �X��lÑ.�ÅCþ, Ù©ÙÆ�

P (X = xi) = pi, i = 1, 2, · · ·

XJ
∞∑
i=1

|xi|pi < +∞, K¡
∞∑
i=1

xipi

��ÅCþX�êÆÏ"(þ�), ^ÎÒEXL«. e
∞∑
i=1

|xi|pi = +∞, K¡X�êÆÏ

"(þ�)Ø�3.
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éëY.�ÅCþ, ÙêÆÏ"�½ÂXe

½Â 3.1.2. XJëY.�ÅCþXäk�Ý¼êf(x), K�
ˆ ∞

−∞
|x|f(x)dx < ∞

�, ·�òÈ© ˆ ∞

−∞
xf(x)dx

��¡�X�êÆÏ", P�EX. XJ
ˆ ∞

−∞
|x|f(x)dx = ∞,

K¡X�êÆÏ"Ø�3.

e¡¦)A«~�©Ù�êÆÏ".

1. ��©ÙX ∼ B(n, p):

EX =
n∑

k=0

k.
n!

k!(n− k)!
pk(1− p)n−k

= np.

n−1∑
i=0

(n− 1)!
i!(n− 1− i)!

pi(1− p)n−1−i

= np

2. Poisson ©ÙX ∼ P (λ):

EX = λ

3. ��©ÙX ∼ N(µ, σ2):

EX =
ˆ +∞

−∞

x√
2πσ

e−
(x−µ)2

2σ2 dx

=
ˆ +∞

−∞
(σy + µ).

1√
2π

e−y2/2dy

= µ

4. þ!©ÙX ∼ U [a, b]:

EX =
a + b

2

5. �ê©ÙX ∼ Exp(λ):

EX = 1/λ
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§3.1.2 êÆÏ"�5�

1. eZ��ÅCþ�5|Ü�Ï", �u�CþÏ"��5|Ü. b�c1, c2, . . . , cn

�~ê, Kk

E(c1X1 + c2X2 + · · ·+ cnXn) = c1EX1 + c2EX2 + · · ·+ cnEXn,

ùpb½�Cþ�Ï"Ñ�3.

~ 3.1.2. b��ÅCþX ∼ B(n, p), ¦EX.

): -Ii ∼ B(1, p), i = 1, 2, . . . , n, KX =
∑n

i=1 Ii �EIi = p. ¤±§EX =
∑n

i=1 EIi = np.

2. eZ�Õá�ÅCþ�È�Ï", �u�Cþ�Ï"�È, =

E(X1X2 · · ·Xn) = EX1EX2 · · ·EXn,

ùpb½�Cþ�pÕá�Ï"Ñ�3.

3. (�ÅCþ¼ê�Ï") ��ÅCþX �lÑ., k©ÙP (X = ai) = pi, i =

1, 2, . . ., ½ö�ëY., kVÇ�Ý¼êf(x). K

Eg(X) =

{ ∑
i g(ai)pi,

∑
i |g(ai)|pi < ∞;´ +∞

−∞ g(x)f(x)dx,
´ +∞
−∞ |g(x)|f(x)dx < ∞.

~ 3.1.3. b�c�~ê, KEcX = cEX.

~ 3.1.4. ��ÅCþX ∼ N(0, 1), ¦Y = X2 + 1�êÆÏ".

): dX ∼ N(0, 1), ·�k

EX2 =
ˆ +∞

−∞
x2.

1√
2π

e−
x2

2 dx

= 1.

¤±, EY = EX2 + 1 = 2.
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~ 3.1.5. �Å|1�ð�þk20 ¦�, lmÅ|��k10��Õ�±e�, e,��

Õvk<e�KT�ÕØÊ�. �¦�3z��Õe���U5��, ±XL«Ê��

gê, ¦EX.

): �

Yi =

{
1, 1 i ��Õk<e�

0, 1 i ��ÕÃ<e�
i = 1, · · · , 20.

Kw,X =
20∑
i=1

Yi, ¤±

EX =
20∑
i=1

EYi =
20∑
i=1

P (1 i ��Õk<e�)

=
20∑
i=1

[1− 0.920] = 8.784.

§3.1.3 ^�Ï"

·���^�©Ù�´��VÇ©Ù, ÏdaqêÆÏ"�½Â, ·��±�Ñ^

�Ï"�½Â.3�½
�ÅCþX��x�^��e, Y�^�Ï",·�P�E(Y |X =

x), ��{P�E(Y |x).

½Â 3.1.3. �XÚY��ÅCþ,e(X, Y )�lÑ.,�3�½X = x�e, Y k©ÙP (Y =

ai|X = x) = pi, i = 1, 2, . . ., ½ö(X, Y )�ëY., �3�½X = x�e, Y�^��Ý¼

ê�f(y|x). K

E(Y |X = x) =

{ ´ +∞
−∞ yf(y|x)dy, (X, Y ) �ëY.;∑

i aipi, (X, Y ) �lÑ..

Ï"¤äk�5�^�Ï"Ó�÷v.

~ 3.1.6. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ), ÁO�E(Y |X = x).

): duY |X = x ∼ N(b+ ρσ2
σ1

(x−a), (1− ρ2)σ2
2),¤±d����©Ù�5��E(Y |X =

x) = b + ρσ2
σ1

(x− a).

[5]: ^�Ï"E(Y |X = x)´x�¼ê, �·�òx��X�, E(Y |X) Ò´���ÅCþ.
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·�kXe�úª¤á:

½n 3.1.1. �X, Y�ü��ÅCþ. Kk

EX = E{E[X|Y ]} [�Ï"úª]

y: ·�=3ëY.�ÅCþ��/ey²d½n. �Y�p.d.f�p(y), X|Y = y�p.d.f�q(x|y).

K

EX =
¨ ∞

−∞
q(x|y)p(y)dxdy

=
ˆ ˆ ∞

−∞
q(x|y)dxp(y)dy =

ˆ ∞

−∞
E[X|Y = y]p(y)dy

= E{E[X|Y ]}

[í2]: �g(X) ��È�ÅCþ�, kEg(X) = E{E[g(X)|Y ]}.

dd��¦)Ï"�1�«�{: k¦)h(x) = E(Y |X = x), 2¦)Eh(X), =�

¦�EY .

~ 3.1.7. ��M�'3k3���/Op, Ù¥1���Ï�gd. Ñù�r3���B

�±£�/¡; 12��Ï�,��/�, r5���ò�£�/O; 13��Ï����

/�, r7����£�/O. e�MzgÀJ3����U5o�Ó, ¦¦�¼�gd

�r�²þ�m.

): �ù��MI�rX��âU��/¡,¿�Y�L¦zgé3���ÀJ�¹, Y�

±1/3�VÇ��1, 2, 3. K

EX = E[E(X|Y )] =
3∑

i=1

E(X|Y = i)P (Y = i)

5¿�E(X|Y = 1) = 3, E(X|Y = 2) = 5 + EX, E(X|Y = 3) = 7 + EX, ¤±

EX =
1
3
[3 + 5 + EX + 7 + EX]

=��EX = 15.

~ 3.1.8. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ), ÁO�EXY .
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): k��

E(XY |X = x) = xE(Y |X = x) = x(b + ρ
σ2

σ1
(x− a));

¤±

EXY = E(bX + ρ
σ2

σ1
X2 − ρ

σ2

σ1
aX)

= ab + ρ
σ2

σ1
(a2 + σ2

1)− ρ
σ2

σ1
a2

= ab + ρσ1σ2.

§3.1.4 ¥ ê

·�®²��,�ÅCþX�êÆÏ"Ò´§�²þ�,Ïdl�½¿Âþ,êÆÏ

"�x
�ÅCþ¤����“¥% �”. �´, ·���±^O�êiA�5�x�

ÅCþ�“¥% �”. ¥ êÒ´ù��«êiA�.

½Â 3.1.4. ¡µ�ëY.�ÅCþX�¥ ê, XJ

P (X ≤ µ) =
1
2
, P (X ≥ µ) =

1
2
.

l½Âþ�±wÑ, mù�:rX �©ÙlVÇþ�©ü�: 3m�>Ó��, mm

>�Ó��, lVÇþ`, m ù�:�ÐØu¥
, ùÒ´“¥ ê” �¶�d5. 3¢

^þ, ¥ ê^�éõ, AOkØ��¬ÚO]�, ~<¥ ê5�z,«þ��L5

ê�, k�§'êÆÏ"�`²¯K, ~X, ,�«S<�Â\�¥ êw�·�: k�

�<�Â\$ud�,,��pud�.·��*þaú�ù��éT�«�Â\�¹,

�(éäk�L5,ÚÏ"��'§���`:´É�OAO�½AO����K�é

�, Ï"KØ,, Þ~ó, eT�«¥k��Â\3z��±þ, KT�«�þ��

Uép, ý�õê<¿ØLü, ù�þ�¿Øék�L5, ¥ êKØ,, §A�ØÉ

�þù«A���K�.

lnØþ`, ¥ ê�þ��'����`:, =§o�3, þ�KØ´é?Û

�ÅCþÑ�3. �K¥ êkù
`:,�3VÇÚO¥,ÃØnØÚA^þ,êÆÏ

"��5Ñ�L¥ ê, Ù�Ïk�eü��¡:

1. þ�kéõ`û�5�, ù
5��¦�3êÆ?nþé�B. ~X, E(X1 + X2) =

EX1 + EX2, X1 + X2 �¥ ê�X1, X2�g�¥ ê�m, Ø�3{ü�éX,

ù¦¥ ê3êÆþ�?néE,�Ø�B;
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2. ¥ ê���k�,
":µ¥ ê�±Ø��,�éulÑ.�ÅCþØ´½Â.

~ 3.1.9. ��ÅCþX ∼ B(1, 1
2), ¦X�¥ ê.

): duX�©Ù¼ê�

F (x) =


0, x ≤ 0
1
2 , 0 < x < 1

1, x ≥ 1

d¥ ê�½Â�«m(0,1)S�z��êÑ´X�¥ ê,¤±d~`²¥ ê�

±Ø��.

§3.2 ��!IO�ÚÝ

§3.2.1 ��ÚIO�

y3·�=��Ùm©�ÿJ��,�aêiA�,=�x�ÅCþ3Ù¥% �

NCÑÙ§Ý�êiA�, Ù¥���´��. 3¢SA^¥, ��Ø=´&EÝþ

�IO�´ºxÝþ�IO.

½Â 3.2.1. �X ��ÅCþ, ©Ù�F , K¡

V ar(X) = E(X − EX)2 = σ2

�X (½©ÙF )���, Ù²��
√

V ar(X) = σ (���) ¡�X (½©ÙF )�IO�.

w,k

V ar(X) = EX2 − (EX)2.

é�ÅCþ���, ·��±��

½n 3.2.1. �c�~ê. Kk

1. 0 ≤ V ar(X) = EX2 − (EX)2, ÏdV ar(X) ≤ EX2.

2. V ar(cX) = c2V ar(X)
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3. V ar(X) = 0��=�P (X = c) = 0, Ù¥c = EX.

4. é?Û~êck, V ar(X) ≤ E(X − c)2, Ù¥�Ò¤á��=�c = EX.

5. XJ�ÅCþXÚY�pÕá, a, b�~ê. KV ar(aX + bY ) = a2V ar(X) + b2V ar(Y ).

~�©Ù���µ

1. ��©ÙX ∼ B(n, p):

V arX = np(1− p)

2. Poisson ©ÙX ∼ P (λ):

V arX = λ

3. þ!©ÙX ∼ U [a, b]:

V arX =
(b− a)2

12

4. �ê©ÙX ∼ Exp(λ):

V arX = 1/λ2

5. ��©ÙX ∼ N(µ, σ2):

V arX = σ2

dd����©ÙN(µ, σ2) ¥,�ëêσ2 �)º: §Ò´©Ù���, ��©Ù��d

Ùþ�µÚ��σ2û½,��~¡�“þ��µ���σ2���©Ù”.��σ2��,KX

���±���VÇ8¥3Ùþ�µNC.

½Â 3.2.2. ·�¡

X∗ =
X − EX√

V ar(X)

�X�IOz�ÅCþ. ´�EX∗ = 0, V ar(X∗) = 1.

·�Ú\IOz�ÅCþ´�
�ØduOþü �ØÓ��ÅCþ�5�K

�. ~X, ·��	<��p, @o�,�±±��ü , ��X1, ��±±f��ü

 , ��X2. u´Òk��X2 = 100X1. @où��5, X2�X1 �©ÙÒk¤ØÓ.

ù�,´��ØÜn�y�. �´ÏLIOz, Ò�±�Øüö�m��O, Ï�·�

kX∗
2 = X∗

1 . éu��©Ù, ·�²LIOzY = (X − µ)/σ, Ò�±�Ñþ��0��

�1���©Ù, =IO��©Ù.
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§3.2.2 Ý

e¡·�Ú\Ý�Vg§¿ò��·�c¡¤`�Ï"!��ïáéX.

½Â 3.2.3. �X��ÅCþ, c �~ê, r���ê, KE[(X − c)r] ¡�X 'uc :�r �

Ý.

'���kü��¹:

1. c = 0. ù�αk = EXr ¡�X �r ��:Ý.

2. c = EX. ù�µk = E[(X − EX)r] ¡�X �r �¥%Ý.

N´wÑ, ���:ÝÒ´Ï", ��¥%ÝÒ´X���V ar(X).

§3.3 ���Ú�'Xê

y3·�5�Äõ��Å�þ�êiA�, ±����¹�~, �(X, Y ) ����

ÅCþ, X, Y��Ñ´���ÅCþ, @o§��A�þ���, ·�Ñ3þü!¥?

ØL
, ·��k,��êiA�´�N©þ�m'X�@«þ, Ù¥���, ´�

!�?Ø����Ú�'Xê.

§3.3.1 ���

½Â 3.3.1. ·�¡

Cov(X, Y ) = E(X − EX)(Y − EY )

�X�Y����, Ù¥Cov´=©ücCovariance� �.

d����½Â, ·�á��±�����äkXe5�:

1. Cov(X, Y ) = Cov(Y, X), Cov(X, X) = V ar(X)

2. Cov(X, Y ) = EXY − EXEY , w,eX!Y �pÕá, KCov(X, Y ) = 0

3. Cov(X1 + X2, Y ) = Cov(X1, Y ) + Cov(X2, Y )

4. é?Û¢êa1, a2, b1, b2, k

Cov(a1X1 + a2X2, b1Y1 + b2Y2) =
2∑

i=1

2∑
j=1

aibjCov(Xi, Yj)
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§3.3.2 �'Xê

½Â 3.3.2. ��ÅCþX, Y��ÅCþ, ¡

ρX,Y =
Cov(X, Y )√

V arX ·
√

V arY
,

�X�Y��'Xê. �ρX,Y = 0�, K¡X�YØ�'.

d½ÂN´wÑ, e-X∗ = (X − EX)/
√

V arXÚY ∗ = (Y − EY )/
√

V arY ©O

�XÚY�A�IOz�ÅCþ, KρX,Y = Cov(X∗, Y ∗). Ïd, /ªþ�±r�'X

êÀ�“IOºÝe����”, lù��Ýþ`, �'Xê�±�Ð��Nü��ÅC

þm�'X, ØÉ§��g¤^Ýþü �K�.

~ 3.3.1. �(X, Y ) ∼ N(a, b, σ2
1, σ

2
2, ρ), KρX,Y = ρ.

�'XêkXe�5�:

1. eXÚY�pÕá, KρX,Y = 0

2. |ρX,Y | ≤ 1, �Ò¤á��=�X, Y�m�3î���5'X, =

ρX,Y = 1, K�3 a > 0, b ∈ R ¦� X = aY + b (��')

ρX,Y = −1, K�3 a < 0, b ∈ R ¦� X = aY + b (K�')

[5]: ρX,Y �~¡�XÚY�5�'Xê, �U�xXÚYm��5��§Ý, |ρX,Y |��

C1, ÒL«X, Y m��5�'§Ý�p; |ρX,Y | = 0�, �´L«XÚYmØ�3�5�

', ��±�3��5�¼ê'X.

~ 3.3.2. �X ∼ U(−1
2 , 1

2), Y = cosX, K

Cov(X, Y ) = EXY =
ˆ 1/2

−1/2
xcosxdx = 0

¤±X, YØ�'. �´X, Y�m�3X��5�¼ê'X.

e¡·�5?ØØ�'�Õá5�m�'X.
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½n 3.3.1. é�ÅCþX, Y , XJX�Y�pÕá, @o§��½Ø�';�´XJ§�

Ø�'%�7�pÕá.

~ 3.3.3. Áy²e(X, Y )Ñlü �S�þ!©Ù, KX, YØ�'�ØÕá.

): d(X, Y )Ñlü �S�þ!©Ù, K(X, Y ) �éÜ�Ý¼ê

f(x, y) =

{
1
π , x2 + y2 ≤ 1;

0, Ù¦.

dd, ��XÚY�>��Ý¼ê�

fX(x) = fY (x) =
2
π

√
1− x2, −1 ≤ x ≤ 1.

Ïd, EX = EY = 0, q

EXY =
ˆ 1

−1
x.

ˆ √
1−x2

−
√

1−x2

y.
1
π

dydx = 0.

¤±, Cov(X, Y ) = 0,lρX,Y = 0,=XÚYØ�'.�df(x, y) 6= fX(x).fY (y),�XÚYw

,ØÕá.

~ 3.3.4. ��ÅCþXÚY�©ÙÆ©O�

X ∼

(
−1 0 1
1
4

1
2

1
4

)
, Y ∼

(
0 1
1
2

1
2

)

¿�P (X · Y = 0) = 1. KX�YØÕá, �Ø�'.

[5]: �3���/e,Ø�'�Õá�d. ·�Þ�����~f5`²,Ø��(X, Y ) ∼

N(a, b, σ2
1, σ

2
2, ρ), KXÚYÕá�duρ = ρX,Y = 0, l�duXÚYØ�'.

§3.4 Ù¦�
êiA���'¼ê

• ²þýé�E|X − EX|
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L 3.3.1 ~�©ÙL

©Ù¶¡ ëê VÇ�Ý Ï" �� A�¼ê

òz©Ù c
(

c
1

)
c 0 eict

�:©Ù
p

(0 < p < 1)

(
0 1

q p

)
p pq q + peit

��©Ù

B(n, p)

n ≥ 1

0 < p < 1

(
n
k

)
pkqn−k

k = 0, · · · , n
np npq (q + peit)n

AÛ©Ù
p

(0 < p < 1)
qk−1p, k = 1, 2, · · · 1

p
q
p2

peit

1−qeit

ndk©Ù

r, p

r ∈ N
0 < p < 1

(
k−1
r−1

)
prqk−r,

k = r, r + 1, · · ·
r
p

rq
p2 ( peit

1−qeit )r

Åt©ÙP (λ) λ(λ > 0)
λk

k! e
−λ,

k = 0, 1, · · ·
λ λ eλ(eit−1)

�AÛ©Ù M,N, n ∈ N (M
k )(N−M

n−k )
(N

n)
nM
N

nM
N

(N−M)
N

N−n
N−1

þ!©Ù

U(a, b)
a, b(a < b) 1

b−aIa<x<b
a+b
2

(b−a)2

12
eitb−eita

it(b−a)

��©Ù

N(a, σ2)
a, σ2 1

σ
√

2π
e−

(x−a)2

2σ2 a σ2 eiat− 1
2 σ2t2

�ê©Ù λ(λ > 0) λe−λxIx>0
1
λ

1
λ2 (1− it

λ )−1

χ2©Ù n(n ≥ 1) 1
2n/2Γ(n/2)

xn/2−1e−x/2

x > 0

n 2n (1− 2it)−n/2

• Ý1¼êEetX , Ù¥t ∈ R.

• A�¼êEeitX , Ù¥t ∈ R, i �Jê.

½Â 3.4.1. XJlÑ.�ÅCþX�©ÙÆ�P (X = ai) = pi, i ∈ N, @o

EeitX =
∞∑
i=1

eitaipi.

XJëY.�ÅCþX��Ý¼ê�f(x), @o

EeitX =
ˆ ∞

−∞
eitxf(x)dx.
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§3.5 �ê½ÆÚ¥%4�½n

4�½n´VÇØ��SN,�´ênÚOÆ�Ä���. ¥%4�½n,´VÇ

Ø¥?Ø�ÅCþÚ�©Ù±��©Ù�4���|½n,ù|½n´ênÚOÆÚØ

�©Û�nØÄ:, �Ñ
�þ�ÅCþCqÑl��©Ù�^�.

§3.5.1 �ê½Æ

½Â 3.5.1. XJé?Ûε > 0, Ñk

lim
n→∞

P (|ξn − ξ| ≥ ε) = 0,

@o·�Ò¡�ÅCþS�{ξn, n ∈ N}�VÇÂñ��ÅCþξ, P�ξn
p→ ξ.

½n 3.5.1. �{Xn}´��ÕáÓ©Ù(i.i.d.)��ÅCþS�§äkú��êÆÏ"µÚ

��σ2. K

X =
1
n

n∑
k=1

Xk
p→ µ,

={Xn}Ñl(f)�ê½Æ"

[5]: ¢Sþ§·��I�þ��3=k�ê½Æ¤á§þã½n¥\þ
���3�

^�§�´�
y²��B"

��þã½n���A~§·�k

~ 3.5.1. XJ±ζnL«nBernoulliÁ�¥�¤õgê, Kk

ζn

n

p→ p.

XJ^fn = ζn/nL«¤õÑy�ªÇ,Kþ~`²fn
p→ p,=ªÇ(�VÇ)Âñ�V

Ç.

�y²½n3.5.1,·�I�Xe�ChebyshevØ�ª:

Ún 3.5.1 (ChebyshevØ�ª). ��ÅCþX����3§K

P (|X − EX| ≥ ε) ≤ Var (X)
ε2

, ∀ ε > 0.
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·��±^ChebyshevØ�ª5�OX�EX� �,�´ChebyshevØ�ª����

nØóä'���O�¢S�{�T��
, Ù�53u§�A^ÊH5,�´ØU

F"éÊÏ�·Ké�
�O�¹�
���(J.X-X����þ!��f¤��

�:ê,Kµ = EX = 7/2, σ2 = Var(X) = 35/12. X�µ��� ��2.5 ≈ 3σ/2. |X−µ|�

uù� ��VÇ�0,,|^ChebyshevØ�ª==ä½ù�VÇ�u0.47. ù�ÒI

�é�°(��O.

½n3.5.1�y². |^ChebyshevØ�ª§¿5¿�EX = µ, VarX = σ2/n,·�k,

P (|X − µ| ≥ ε) ≤ σ2/(nε2) → 0, n →∞, ∀ε > 0.

½n�y.

§3.5.2 ¥%4�½n

¥%4�½n´VÇØ¥?Ø�ÅCþS��©ÙÂñu��©Ù��a½n. §

´VÇØ¥����a½n,k2��¢SA^�µ.3g,.�)�¥, �
�Åy

��U¬É�NõØ(½Ï��K�,XJù
*d�mvk�o��'X,�X�vk

AOâÑ�K�,@o,ù
K��\È�Aò¬¦y�Cq/Ñl��©Ù.¥%4�

½nÒ´lêÆþy²
ù�y�.

½n 3.5.2. �{Xn}�i.i.d��ÅCþS�§äkú��êÆÏ"µ Ú��σ2. KX1 +

· · ·+ Xn�IOz/ª
1√
nσ

(X1 + · · ·+ Xn − nµ)÷v¥%4�½n. =é?¿x ∈ R§k

lim
n→∞

Fn(x) = Φ(x),

Ù¥Fn(x)� 1√
nσ

(X1 + · · · + Xn − nµ)�©Ù¼ê, Φ(x)�IO��©ÙN(0, 1)�©Ù

¼ê. P�

1√
nσ

(X1 + · · ·+ Xn − nµ) d→ N(0, 1).

½n3.5.2�-<¯¯�?Ò´?ÛÕáÓ©Ù��ÅCþS�,ØØ§�©Ù´�

o,���3k����,@o§��IOzÜ©ÚÑìCuIO��©Ù.ù�`²


��©Ù�ÊH5.

d½n3.5.2,·�éN´��XeíØ
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½n 3.5.3. �X1, · · · , Xn�pÕá�äk�Ó�©Ù

P (X1 = 1) = 1− P (X1 = 0) = p, 0 < p < 1.

Kk
X1 + · · ·+ Xn − np√

np(1− p)
d→ N(0, 1).

=

lim
n→∞

P
(X1 + · · ·+ Xn − np√

np(1− p)
≤ x

)
= Φ(x), ∀ x ∈ R.

½n3.5.2¡��#6-.Ê.d½n,´{¤þ�@�¥%4�½n.Ï�½n3.5.2¥

�ÅCþX1, · · · , Xn�ÚX1 + · · · + Xn ∼ B(n, p), ·�|^��©ÙCq/�O��©

Ù.

�t1 < t2´ü���ê,K�n����,d½n3.5.2,Cq/k

P (t1 ≤ X1 + · · ·+ Xn ≤ t2) ≈ Φ(y2)− Φ(y1),

Ù¥

yi = (ti − np)/
√

np(1− p), i = 1, 2.

�Jp°Ý,·��ry1, y2?��

y1 = (t1 − 1/2− np)/
√

np(1− p), y2 = (t2 + 1/2− 1/2− np)/
√

np(1− p).

~ 3.5.2. ���)ë\100�K�=�IOz�Á(z�Kþ�ko��À�Y�ÀJ

K§k�=k���Y´�(�)§z�K¦Ñ�Å/ÀJ���Y§b�µ©IO�µ

Àé��©§À�½ØÀØ�©"Á�ÑT�)�ª�©�u�u25�VÇ.

): PXiL«1iK��©, i = 1, 2 · · · , 100.KX1, · · · , Xn´��ÕáÓ©Ù��ÅCþ

äk�Ó�©Ù

1− P (X1 = 0) = P (X1 = 1) = 0.25.

|^¥%4�½n,k

P (X1 + · · ·+ X100 ≥ 25) = P
(X1 + · · ·+ X100 − 100 ∗ 0.25√

100 ∗ 0.25 ∗ 0.75
≥ 0
)

= 1− Φ(0) = 1/2.
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~ 3.5.3. zUk1000�À�I�¦�»�lz\x�âë�,ùü�¢½�mkü^¿

��c´, §��»�Ó�mÑÓ���¿�äkÓ����.�ù1000�<¦�@�

^c´�»�´�pÕá�q´?¿�,u´z�»��¦�ê8�À�VÇ�1/2

�1000 Bernoulli Á�¥¤õ�gê.XJ��»���s < n�� , @o��kõ

us�À�5¦�ÒNBØe
,-ù�¯�u)�VÇ�f(s).|^¥%4�½n,k

f(s) ≈ 1− Φ
(2s− 1000√

1000

)
.

�¦s¦�f(s) < 0.01,=3100g¥k99g´kv
�� �. �LN´¦Ñs = 537.ù

�,ü�»�¤k�� ê�1074,Ù¥�k74�� ,��du¿��5���´é

��.
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1oÙ ênÚO�Ä�Vg9Ä�©Ù

�Æ8�:

1) ¦Æ)é�o�ênÚO9ÙuÐ¤k��ÐÚ�
)"

2) ¦Æ)ÝºênÚO�eZÄ�Vg§XoN!��!{ü��!ÚO�.�"

3) ¦Æ)ÝºÚOþχ2!t!F!��oN��þ�Ú�����©Ù9Ù{ü5�.

§4.1 Úó

§4.1.1 �o�ênÚOÆ

��§�coÙ0�
VÇØ�Ä�SN,�ênÚOÆïá
��êÆÄ:.l

�Ùå, ·�=\��§�1�Ü©—ênÚOÆ. e¡·�Äk`²�o´ênÚO

Æ.

ÚOÆ�?Ö´ïÄN�k�/Â8!�nÚ©Û�k�Å5K��êâ,lé

¤�Ä�¯K�Ñ�½(Ø��{ÚnØ. §´��¢^5ér�Æ�, 3<a¹Ä�

��+�kX2��A^. ïÄÚOÆ�{�nØÄ:¯K�@�Ü©�¤“ênÚO

Æ”�SN. ��/�±@�

ênÚO´êÆ���©|,§´ïÄXÛk�/Â8Úk�/¦^�k�Å5K

��êâ���Æ�.

e¡ÏL~féd\±`².

1. k�/Â8êâ

Â8êâ��{k: �¡*	(½Ê�)!Ä�N�ÚSüÁ���ª.

~ 4.1.1. <�Ê�ÚÄ�N�. ·I32000c?1
1Êg<�Ê�. XJÊ��ê

â´O(ÃØ�, Ã�Å5�ó, ØI^ênÚO�{. du<�Ê�, N��8éõ,

·Ik13·<�, Ê�ó�þ4�,Ôök��ó�<
"y. Ïd�´�¡N�, �

êâ¿Ø��, à~�Oy)�ô�!¦�<���¹�ku). �éÊ�êâØ��,

I[ÚOÛ3<�Ê��Ó���Ñ;�<
é�I<�?1Ä�N�, �âÄ�N

��(J, é<�Ê��êi?1·��?�. Ä�N�3Ê�Ø���´�«Ö¿�

{.
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XÛSüÄ�N�, ù´k�Â8êâ��¯K, ù�¤ênÚOÆ����

©|—5Ä�N��{6.

~ 4.1.2. �	,/«10000àr�²LG¹. l¥]À100r�Ä�N�. eT/«©¤

²�Úì«üÜ©, ²�/«�L, ÓT/«àr�70%, ì«�30%àr�¡. ·��

Ä��Y5½3Ä��100r¥, l²�/«Ä70r, ì«Ä30r, 3�g��S^�Å

z�{Ä�.

3�~¥k�Â8êâ´ÏLÜn/�OÄ��Y5¢y�. 3ÏLÁ�Â8ê

â��/XÛ��k�Â8êâ, �we~:

~ 4.1.3. ,zó�¬��Ç�§Ý!ØåÚ����k'. �Jp�Ç, ÏLÁ�Ïé

�Z)�^�. Á�Ï�ÚY²Xe

PPPPPPPPPPP
Ï�

�¬
1 2 3 4

§Ý 800 1000 1200 1400

Øå 10 20 30 40

�� A B C D

3�Ï�, z�Ï�4�Y²��� 43 = 64 gÁ�. �ùoõÁ�<å!Ôå!ãåÑØ

�U. Ïd, XÛÏL¦�U��Á�¼�¦�Uõ�&E? 'Xæ^��LSüÁ�

Ò´�«k���{.

XÛSüÁ��YÚ©ÛÁ�(J,ù�¤ênÚO�,�©|—5Á���OÚ

©Û6. 3�~¥k�Â8êâ´ÏL�ÆSüÁ���{5¢y�.

3k�Â8êâ¥���¯K´: êâ7Läk�Å5.

2. k��¦^êâ

¼�êâ�, I�^k���{, �8¥ÚJ�êâ¥�k'&E, ±é¤ïÄ�

¯K�Ñ�½�(Ø, 3ÚOþ¡�“íä”.

�
k��¦^êâ?1ÚOíä, I�éêâïá��ÚO�., ¿�½,
O

K�µ�ØÓÚOíä�{�`�.
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~ 4.1.4. ��O��ÔN�þa,r§3U²þ¡5g¼�êâ x1, x2, · · · , x5, §�Ñ

É��Å5Ï��K�(U²�°Ý�N
K����). �Oa���ke�n«ØÓ

�{: (1) ^5�ê��â²þ� x̄ = 1
5(x1 + · · ·+x5)��Oa; (2) ò x1, x2, · · · , x5 U�

�ü�� x(1) ≤ x(2) ≤ · · · ≤ x(5) , �¥m��� x(3) ��Oa; (3) ^ W = 1
2(x(1) + x(5))

��Oa.\�U@� x̄ `u x(3),  x(3) `u W.ù´Ø´é�? ��o´ù�? 3�

o^�eâé? ¯¢þ, éù
¯K�ïÄ�´ênÚOÆ�?Ö.

�£�ù
¯K·�I�éêâïá��ÚO�.Ú�½µ�ØÓÚOíä�{

�OK. �~¥3·��b½e, �@�êâÑl���..

e¡·�Þ��~f`²æ^Ü·�ÚO�{�´k�¦^êâ�����¡.

~ 4.1.5. ,à~k100ràr, �N�d~à¬´Äø«. ø«�IO´zrcþÂ\

�L1��. ²N�d~90ràrcÂ\5000�, 10ràrcÂ\10��, ¯d~à¬´

Äø«?

(1) ^�â²þ�O�T~àrcþÂ\Xe:

x̄ = (90× 0.5 + 10× 10)/100 = 1.45(�)

Ud�{�Ñ(Ø:T~à¬®ø«. �90%�àrcþÂ\�k5000�,¯¢þ¿�ø

«.

(2) ^��¥ êO�T~àrcþÂ\: =ò100r�cÂ\P� x1, x2, · · · ,

x100,òÙU��ü�� x(1) ≤ x(2) ≤ · · · ≤ x(100) . ��¥ ê½Â�ü3�¥mür�

²þ�, =

(x(50) + x(51))/2 = 0.5(�)

Ud�{�Ñ(Ø: T~à¬ÿ�ø«. ù�¢S�¹�Î.

3. ênÚO�{�8B5�

ênÚO´êÆ���©|, �´§�ín�{´Ø���. ÚO�{���´8

Bª�,êÆK´üÌª�. ÚO�{�8B5�,u§3�(Ø�,´�â¤*	

���þ�“�O”�¹, “8B”å5¤�. Ø´l�
b�!·K½®�¯¢ÑuU

�½�Ü6ín�Ñ5�(ù�ö¡�üÌín) . Þ�~f`²: ÚOÆ[ÏL�þ�
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*	]�uy, áë�,«�áXÚ�;¾k'. ¦�Ñù�(Ø��â´: l*	�

��þ~f, w�áëö¥�d«;¾�'~�puØáëö. ¦Ø�U^Ü6ín�

�{y²ù�:. Á<ÚOÆ�AÛÆ?1'�Ò�±�Ù/wÑ�ö�{��O¤

3. 3AÛÆ¥�y²“��n�/ü.���”, �Il��ù�cJÑu, $^AÛ

ún, �ÚÚ/íÑù�(Ø(ù��{áuüÌín) . ��S.uÚO�{�<,

Ò�U�Ñù���{: �éõ��/GØ����n�/, ¢Sÿþ§�.��w«

OXÛ, �â¤�êâ, ww�Ä�Ñ.����(Ø, ùáu8Bín��{.

¯¤±�, 8Bín´�kºx�. ¯¢þ8Bín�Ø(½5�Ñy, ´�«Ü

6�7,. <�Ø�U�Ñ�©�½�(Ø, Ï�8Bín¤�â�êâäk�Å5.

,, Ø(½5�ín´�1�, ¤±ín�Ø(½5§Ý´�±O��. ÚOÆ��

^��Ò´Jø8BínÚO�Ø(½5§Ý��{. Ø(½5´^VÇO��. ±�

¬��·�¦ëê�«m�O, Ø��Ñ«m�O�L�ª, ��Ñù��O«m�

¹��ëê���§Ý���.

§4.1.2 ênÚOÆ�A^

<a3�ÆïÄ!)�Ú+n���¡�¹Ä, �ÑlØmêâ]��Â8!�n

Ú©Û�ó�. ÏdÚOÆ�A^+��9Ù2�.

1. I[1�Å'Ú�«�UÅ��ó�, I�²~Â8�«k'�êâ]�, ±


)�¹¿�Ñ�A�ûü. ùp¡�ÚOó�, �,k�þ�£ã5ÚO�¤°, �Ú

Oíä��{�ék^¿��©7�. ~X3�ä,��Ï²L$1´ÄL9, ±Bæ

�÷*N�����ûü�,é��²L$1«êâÚ]�?1½þ©Û´7Ø��

�. ùÒlØmÚOíä�{.

^ênÚO�{?1�¬N�,ù«ó�~áuI[�UÜ��ó���. “Ä�N

�”´~^��{. ÚOÆ��{3û½N�5�Ú�½k��Ä��Y´ék^, Ú

Oíä�{3éN��5�]�?1�(©Û��k��¿Â.~X²L°%�OÚ|

���¬Ä�N�, Ù�Jk����$��L�¡N��Y². 3<�Æ¥, (½�

�Ü·�<�uÐÄ��.I�Ýº�þ�*	]�,��¦^�)ÚO�{3S�

�
�Æ�{. 2X,�¬�xÄ7I�^�°�Æ,ïá°��.!éÆ·êâ�©Û

Ñ�^�NõÚO�{.

2. 3óà�)�¥·�~~�|^Á��OÚ��©Û��{Ïé�Z)�^�.

~X�Jpà�¥�ü ¡È�þ,k�
Ï�éù��IkK�:«f�¬«!��þ
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Ú�Yþ�; ó�)�¥K�,��¬�þ�I�Ï�k�á��/!��!§ÝÚØ

å�Ï�; �
é��|�Ð�)�^�Ò�?1Á�. XÛ�Æ�SüÁ�Ú©ÛÁ

�(J, ÒI�^�ÚO�{. Á��O�Ä�g�Ú��©Û�{Ò´R.A. Fisher�

3 1923–1926 cÏm, 3?1XmÁ�¥uÐå5�, ù��{�52�A^uó�)

�¥.

ênÚO�{A^uó�)��,����¡´�¬�þ��!Ä�N�Úó

��¬Æ·���5¯K. y�ó�)�k1þ�Úép��Ý�A:, I�3ëY)

�L§¥?1óS��. ¤1��¬3�G¦^c�?1�Â, ù«�Â��ØU?1

�¡u�,�U´Ä��Â,I��âÚOÆ��n�½Ü·�Ä��Y.�.��½

E,�¬(X��) �¹¤Zþ����. du���ê8é�, ���Æ·Ñl�½�

VÇ©Ù,����(½�¬)�Æ·�Ù(�Ú���Æ·©Ùk',�
�O��(½

�¬) ���5, uÐ
�X��ÚO�{. ÚO�þ+nÒ´dþãJ��ù
�{

�¤�.

3. ênÚO�{3²LÚ7K+��k2��A^, 3²LÆ¥½þ©Û�ª³

'Ù¦�¬�ÆÜ��@��\. y3k����“Oþ²LÆ”�Æ�, ÙSNÌ�Ò

´òÚO�{(9Ù¦êÆ�{) ^u©Û««²L¯K�êþ�¡. ~X@320V

�!n�c��mS��ÚO©Û�{Ò^u½|ýÿ,8c37K�+��2��¦

^�mS��{.

4. ÚO�{3)Ô!�ÆÚ¢DÆ¥k2��A^. �«�¬���XÛ, �ÏL

[%Sü�Á�¿¦^�(�ÚO©Û�{, âU'���/�Ñ(Ø. ©Û,«;¾

�u)´Ä�A½Ï�k'(��;.�~f´áë��¡J�'X),ù
¯K~~´

l*	Ú©Û�þ]��Ä:þ��é«, 2Jp�nØþ�ïÄ. ù�¡�A^�k

61¾êâ�ÚO©Û!¢DÄÏêâ�ÚO©Û�.

5. ênÚO�{3í�ý�!Y©!/�!/��+�k2�A^. 3ùa+�¥,

<�é¯Ô5Æ5�@£Ø¿©, ¦^ÚO�{kÏu¼��
d35Æ5�@£, ^

±��<��1Ä.

6. ênÚO�{3�ÆïÄ¥�äk��^. g,�ÆïÄ���?Ö´�«

g,.�5Æ5, �ÆÁ�´�Ãã, �ÅÏ�éÁ�(J�K�Ã¤Ø3. ��

Ð�ÚO�{kÏuJ�*	Ú¢�êâ¥���5�&E,ÏkÏuJÑ��(�

nØ½b`. k
�½�nØÚb`�, ÚO�{�±��ïÄó�öXÛ?�ÚSü

Á�½*	, ±¦¤�êâ�kÏu�½½n½b`´Ä�(. ênÚOÆ�Jø
n

62



Øþk���{��þ*	½Á�êâ�nØ�ÎÜ§ÝXÛ.��Í¶�~f´¢D

Æ¥�Mendal½Æ. ù��â*	]�JÑ�½Æ, ²{
î��ÚOu�. dd��

ênÚO�{´�ÆïÄ¥��7Ø���Ãã.

,��¡, A^þ�I�q´ÚO�{uÐ�Äå. ~Xy�ÚOÆ�CÄ<!=

IÍ¶ÆöR.A. FisherÚK. Pearson320VÐÏl¯ÚOÆ�ïÄ, Ò´Ñu)ÔÆ!

¢DÆÚà��Æ�¡�I¦.

§4.1.3 ÚOÆuÐ{¤

ênÚOÆ´���c��Æ�, §Ì��uÐ´l20VÐm©. �V�©�ü

��ã. c��ã��þ�1�g.�Ô(å���.3ù�@ÏuÐ�ã¥,åÌ�

�^�´±R.A. FisherÚK. Pearson�Ä�=IÆ�,AO´Fisher,3�Æ��uÐ¥å


ÕA��^. Ù¦�
Í¶�Æö, XW.S. Gosset (Student)!J. Neyman!E.S. Pearson

(K. Pearson��f)!A. Wald±9·I�N�è�Ç�Ñ�Ñ
��5��z. ¦��

ó�C½
NõÚO©|�Ä:, JÑ
�X�äk�A^d��ÚO�{, Ú�X

��Ä�VgÚ�nØ¯K. k�«¿�@�a;ÚOÆ[H. Cramer3 1946 cuL

�Í�5Mathematical Methods of Statistics6I�
ù�Æ���¤Ù�/Ú.

Â8ÚP¹««êâ�¹Ä, 3<a{¤5®È. �m·I��o¤, �±w�

þ¡kéõ'ua÷!<�9/�öY�g,/³�P¹. 3Ü�I[, Statistics (ÚO

Æ) �cÑuState (I[) , ¿�I[Â8�I�á�. 19V¥�±�, �)�£Ú

O!<�ÚO!²LÚO!��ÚO!�¬ÚO�õ�¡SN�“�¬ÚOÆ”�c3Ü

�m©Ñy, �d�A��¬N��k
��uÐ. <�ÁãÏL�¬N�, |8!�

n!©Ûêâ, ±�«�¬y�Ú¯K, ¿JÑ)ûäN¯K��{. ù«�¹òY


Nõc, ïÄ�{áu£ãÚOÆ��Æ. ù´Ï�, vk�½�êÆóäAO´VÇ

Ø�uÐ,Ã{ïáy�¿Âe�ênÚOÆ.�Ï�ù�¡�I¦�v��@o½�,

v±�¤��r��íÄå. ��ÊV"Ú��VÐ�¹âå
���Cz. k<

@���VÐK. Pearson'uχ2ÚOþ4�©Ù�Ø©�±��ênÚO�)���

I�; �k<@�, ��1922cFisher'uÚOÆ�êÆÄ:@�Í¶Ø©�uL, ên

ÚOâ�ª�).

nþ¤ã, ·��Ä�±��XeoÑ�(Ø: Â8Ú�nD�¦^*	ÚÁ�ê

â�ó�d5®È, ùa¹ÄéuênÚOÆ��), ��´��Þ. �ÊV, AO

´�ÊV��ÏuÐ�Ý\¯,�k
��Cz. �ÊV����VÐù��ã,
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Ñy
�X���ó�. ÃØXÛ, �´���V��c�, ù��Æ®�Õ

4
��. ��Vco�ck
×��¡�uÐ, ���Vo�c��, ®/¤

���¤Ù�êÆ©|.

lÔ��y3�±`´1��ã. 3ù��Ï¥, NõÔcm©/¤�ênÚO©

|, 3Ô���p��uÐ, nØþ��Ý�'±c��\r
. Ó��Ñy
���

5�uÐ,XWald�ÚO�ûnØÚBayesÆ��,å. 3ênÚO�A^�¡,��<

<���. ùØ=´Ô�óà�)�Ú�ÆEâ×�uÐ¤JÑ��¦, �´du>f

O�Åù�kåóä�ÑyÚ��uÐíÄ
ênÚOÆ�?Ú.ÔcduO�óä�

Øþ,NõI��þO��ÚO�{éJ�±¦^. Ô�k
p�O�ÅBC�éN´,

ùÒ��í2
ÚO�{�A^. 8c, ÚO�{E3%ÇuÐ¥. 3�
ÚOÆu�

�I[¥, AO3{I, ù�¡�<âê±��O, ¿3�õê�Æ¥ïá
ÚOX. C

n�c5ênÚOÆ3·I�uÐ�´-<Ê8�.

§4.2 ênÚO�eZÄ�Vg

§4.2.1 oNÚ��

ÏLe¡�~f`²oN!�NÚ���Vg.

~ 4.2.1. b½�1�¬k10000�, Ù¥k�¬�k¢¬, ��O¢¬Ç, ·�  l¥

Ä��Ü©, X100�?1u�. d�ù110000��¬¡�oN, Ù¥�z��¬¡�

�N, l¥Ä��100��¬¡���. ��¥�N�ê8¡������, �¡��

�Nþ. Ä����1�¡�Ä�.

l�~·��éoNÚ���Xe�*�½Â:

oN´�·�¤ïÄ�¯Kk'�¤k�N|¤,��´oN¥Ä���Ü©�

N.

eoN¥�N�ê8�k��, K¡�k�oN, ÄK¡�Ã�oN.

3ÚOïÄ¥,<�¤'%�Ø´oNS�N���,´'%�Nþ���(½A

�) êþ�I, XF1��Æ·, "��º�. 3~4.2.1¥e�¬��¬^0L«, e�¬

�¢¬^1L«, ·�'%��N��´0�´1. Ïd·q�¼�oN�Xe½Â:

oN�±w¤k¤k�Nþ�,«êþ�I�¤�8Ü, Ïd§´ê�8Ü.
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duz��N�Ñy´�Å�, ¤±�A��Nþ�êþ�I�Ñy��k�Å

5. l�±rd«êþ�Iw¤�ÅCþ, �ÅCþ�©ÙÒ´Têþ�I3oN

¥�©Ù. ±~4.2.15`², b½10000��¬¥¢¬ê�100�, Ù{���¬, ¢¬Ç

�0.01. ·�½Â�ÅCþXXe:

X =

{
1 ¢¬

0 �¬,

ÙVÇ©Ù�0–1©Ù,�kP (X = 1) = 0.01. Ïd,A½�Nþ�êþ�I´�ÅC

þX�*	�. ù��5, oN�±^���ÅCþX 9Ù©Ù5£ã, ¼�Xe½Â:

½Â 4.2.1. ��ÚO¯K¤ïÄ�é���N¡�oN.3ênÚOÆ¥oN�±^�

��ÅCþ9ÙVÇ©Ù5£ã.

duoN�A�dÙ©Ù5�x, ÏdÚOÆþ~roNÚoN©ÙÀ�ÓÂ�.

duù���, ~^�ÅCþ�ÎÒ½©Ù�ÎÒ5L«oN. 'XïÄ,1F1�Æ

·�, <�'%�êþ�I´Æ·X, @odoNÒ�±^�ÅCþX5L«, ½^Ù

©Ù¼êF 5L«. eFk�Ý, P�f, KdoN��^�Ý¼êf5L«. k���

âoN©Ù�a.5¡�oN�¶¡, X��oN!��©ÙoN!0–1©ÙoN. e

oN©Ù¼êP�F, �k��lToN¥Ä���pÕáÓ©Ù(i.i.d.)����n��

�X1, · · · , Xn,K~P�

X1, · · · , Xn i.i.d. ∼ F (4.2.1)

eFk�Ýf,�P�

X1, · · · , Xn i.i.d. ∼ f (4.2.2)

e¤�Ä�oN^�ÅCþXL«Ù©Ù¼ê�F,K��X1, · · · , Xn�À��ÅCþX�

*	�, ½�P�

X1, · · · , Xn i.i.d. ∼ X (4.2.3)

(4.2.1)!(4.2.1)Ú(4.2.3)L«�Ó�¿g.

��Nþ�êþ�IØ����, ·�^�Å�þ5L«oN. ~XïÄ,/«�

Æ)�u�G¹�,<�'%�´Ù�pXÚNYùü�êþ�I,d�oNÒ�±^

���Å�þ(X, Y )½ÙéÜ©ÙF (x, y)L«.
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§4.2.2 ���ü5Ú{ü�Å��

1!���ü5

�·�loN¥�äNÄ��, zgÄ��(JÑ´
äN�ê, X~5.2.3��q

¯K¥, 3���X = (X1, X2, X3),Ù¥0 ≤ Xi ≤ 10��ê, i = 1, 2, 3,§´êi�þ. �

e´3�Ó^�e, 2�nu, du««Ø�����ÅÏ��K�, ¥q��êØ�

UÚþ�g����,äk�Å5. XJÃ¡g�e�,zg�nu,Ñy�(J�À�

�Å�þ(X1, X2, X3)�*	�.

���ü5´`,��Q�w¤äN�ê,q�±w¤�ÅCþ(½�Å�þ). 3

�¤Ä��§§´äN�ê¶3¢�Ä�c§§�w¤�ÅCþ. Ï�3¢�äNÄ�

�cÃ{ý�Ä��(J,�Uý�§�U�����,��r§w¤���ÅCþ§Ï

dâkVÇ©Ù�ó"�«Oå�, 8�^���=©i1L«�ÅCþ½�Å�þ,

^��i1L«äN�*	�.

énØó�ö, �À��´�ÅCþù�:, éA^ó�ö�Kò��w¤ä

N�êi, �EØ��À��´�ÅCþ(½�Å�þ) ù��µ. ÄK, ��Ò´�æ

,ÏÃÙÎÃ5Æ�ó�êi, Ã{?1?ÛÚO?n. ��Q,´�ÅCþ(½�Å

�þ), Òk©Ùó, ù�â�3ÚOíä¯K.

2!{ü�Å��

Ä�´�loN¥U�½�ªÄ����1�.Ä��8�´ÏL�����éo

N©Ù¥�,
��Ï��Ñíä, �
¦Ä����UéÐ��NoN�&E, 7L

�ÄÄ��{. �~^��«Ä��{��“{ü�ÅÄ�”, §�¦÷ve�ü^:

(1) �L5. oN¥�z��NÑkÓ�Å¬�Ä\��, ù¿�X��¥z��

N�¤�	�oNäk�Ó©Ù. Ïd, ?���¥��NÑäk�L5.

(2) Õá5. ��¥z��N��o�¿ØK�Ù§�N��o�. ù¿�X, ��

¥��NX1, X2, · · · , Xn ´�pÕá��ÅCþ.

d{ü�ÅÄ�¼����(X1, · · · , Xn)¡�{ü�Å��. ^êÆ�óòù�½

ÂQãXe:

½Â 4.2.2. �k�oNF, X1, · · · , Xn�lF¥Ä��Nþ�n���, e

(i) X1, · · · , Xn�pÕá,
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(ii) X1, · · · , Xn�Ó©Ù, =Ók©ÙF,

K¡(X1, · · · , Xn)�{ü�Å��, k�{¡{ü��½�Å��.

�oN�F, (X1, · · · , Xn)�ldoN¥Ä��{ü��, KX1, · · · , Xn�éÜ©Ù

�:

F (x1) · F (x2) · · · ·F (xn) =
n∏

i=1

F (xi)

eFk�Ýf,KÙéÜ�Ý�

f(x1) · f(x2) · · · · f(xn) =
n∏

i=1

f(xi)

e��´õ��,~Xl��+<¥Ä�n�<,z�ÿÑÙ�pÚN. ^�Å�

þ(X, Y ) ½Ù©ÙF (x, y)PoN, (X1, Y1), · · · , (Xn, Yn)Ò´lù�oN¥Ä���|�

��m, ÙéÜ©Ù�

F (x1, y1) · F (x2, y2) · · · ·F (xn, yn) =
n∏

i=1

F (xi, yi)

eF (x, y)k�Ýf(x, y),KÙéÜ�Ý�

f(x1, y1) · f(x2, y2) · · · · f(xn, yn) =
n∏

i=1

f(xi, yi)

w,§k�£Ä�¼����´{ü��. �oN¥�Nê��½¤Ä��3oN

¥¤Ó'~���, Ã�£Ä�¼�����±Cq@�´{ü��.

§4.2.3 ÚO�.

¤¢��¯K�ÚO�., Ò´�ïÄT¯K�¤Ä�����©Ù, �~¡�V

Ç�.½êÆ�..

du�.��ûu���©Ù,�~r©Ù�¶¡���.�¶¡.Xe�~4.2.2¥

��©Ù���§�¡Ù����."Ïdr�.Ú��;�éXå5´7��. ÚO

©Û��â´��, lÚOþ`, �k5½
���©Ù, ¯Kâ�ý�²(
.

e~w�·�´N�d��äN¯KïáÚO�.�.

~ 4.2.2. ��O�Ô��þa,^�eU²ò§E¡ng,(JP�X1, · · · , Xn,¦�

�X1, · · · , Xn�éÜ©Ù.
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): �½ÑX1, · · · , Xn�©Ù,Òvkc¡~f@«{ü��{,I��
b½: (1)b½

�g¡´Õá?1�,=,g¡(JØÉÙ§g¡(J�K�.ù�X1, · · · , XnÒ

�±@�´�pÕá��ÅCþ. (2) b½�g¡´3“�Ó^�”e?1�, �n)

�zg^Ó�U²,zg¡dÓ�<ö�,�±��¸(X§Ý!�Ý�)Ñ�Ó.3ù

�b½e,�@�X1, · · · , Xn´Ó©Ù�. 3þãü�b½e, X1, · · · , Xn´n�ÕáÓ©

Ù��ÅCþ, =�{ü�Å��.

�(½X1, · · · , Xn�éÜ©Ù, 3±þb½�e¦ÑX1�©Ù=�. 3d�Ä¡

Ø��A5: ù«Ø���d�þ�!*dÕáå�^��ÅØ�S\¤, z��

å��^Ñé�. dVÇØ¥�¥%4�½n��ù«Ø�CqÑl��©Ù. 2b½

U²vkXÚØ�,K�?�Úb½dØ��þ��0���©Ù.�±rX1 (§�À�

Ôa\þ¡þØ��Ú)�VÇ©Ù�N(a, σ2).Ïd{ü�Å��X1, · · · , Xn�éÜ©

Ù�

f(x1, · · · , xn) = (
√

2πσ)−n exp{− 1
2σ2

n∑
i=1

(xi − a)2} (4.2.4)

�~¥¦��©Ù,Ú\ü«b½: (i)�Ñ��X1, · · · , Xn i.i.d.�b½, (ii)��b½,

ù�:�â¯K�5�!VÇØ�4�nØÚ± ²�.

3k
ïÄÚO�.�, éõ5�Ø���¯K, �±8\�Ó��.e. ~X�

9�ÿþØ��¯K, ��~4.2.2¥Qã�b½Ø�Ñl��©Ù�nd¤á, KÑ�

±^���.(4.2.4). ��rù��.¥�ÚO¯KïÄ�Ù
, Ò�±)ûNõØÓ

;�Ü�¥�ù��a¯K.

,��¡§Ó��.e�±JÑéõØÓ�ÚO¯K. X~4.2.2�N(a, σ2)�.¥,

k
��X1, · · · , Xn,¿5½©Ù(4.2.4)�Òk
��ÚO�.. 3ù��.e�JÑ�


ÚO¯K, X3~4.2.2¥, ·��¯K´�OÔa. �
�	U²�°Ý·��±J

Ñ�Oσ2�¯K, �,·���±éaÚσ2JÑb�u�Ú«m�O¯K��.

§4.2.4 ÚOíä

loN¥Ä��½������íäoN�VÇ©Ù��{¡�ÚOíä.

ênÚO´XÃu��, XúuoN, Ù?Ö´^���íäoN. ���©Ù�

�®��´Ø�3?ÛÚOíä¯K.

����©Ù/ª®�, �¹k��ëê�, k'Ùëê�íä, ¡�ëêÚOí

ä.
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3,�
¯K¥, �¹Ò�E,�
. ùa¯K¥��©Ù�/ª����, k'

Ù©Ù�ÚOíä¯K¡��ëêÚOíä¯K.

ëêÚOíäk««ØÓ�/ª: Ì�këê�OÚb�u�¯K. X~4.2.2¥�

�©Ù(½=oN©Ù) N(a, σ2) ¥, �aÚσ2���, loN¥Ä����n ���X1,

· · · , Xn, éaÚσ2����Ñ�O,½éäó“a ≤ 1”�Ñ�É½áýù�b��(Ø.

�ëê¯K¥,ÚOíä�Ì�?Ö´ÏL��éoN©Ù�/ª�Ñíä.

du����Å5, ÚOíä�(ØØ�U100%��(, �·��±�Ñïþíä

�(§Ý��I. X3~4.2.2¥, e^X̄ = 1
n

n∑
i=1

Xi�Oa,�±�ÑX̄�a � ��uc�

VÇ, =P (|X̄ − a| > c), ��^X̄íäa��(5�Ün�I.

ÚOíä�)e�n�¡SN: (1) JÑ««�ÚOíä��{. (2) O�k'ÚO

íä�{5U�êþ�I, Xcã~f¥^X̄ �ON(a, σ2)¥�a,^P (|X̄ − a| > c)L«

íä5U�êþ�I. (3)3�½�^�Ú`û5OKeÏé�`�ÚOíä�{,½y

²,«ÚOíä�{´�`�.

§4.3 ÚOþ

§4.3.1 ÚOþ�½Â

ênÚO�?Ö´ÏL���íäoN. ��g�´�
,ÏÃÙ�êi, �é

ù
êi?1\ó�n, O�Ñ�
k^�þ, ùÒXÓ�
�Ù, ·�Äk�r�s

\ó�¤ã,,�|^ã��Ù.�±ù�n): ù«d���Ñ5�þ,r��¥�¤

�)û�¯Kk'�&E8¥å5
. ·�rù«þ¡�ÚOþ, Ù½ÂXe:

½Â 4.3.1. d���Ñ�þ´ÚOþ, ½�,ÚOþ´���¼ê.

éù�½Â·��XeA:`²:

(1) ÚOþ����k',ØU���ëêk'. ~XX ∼ N(a, σ2), X1, · · · , Xn´l

oNX¥Ä��i.i.d.��,K
n∑

i=1
XiÚ

n∑
i=1

X2
iÑ´ÚOþ,�aÚσ2����ëê�,

n∑
i=1

(Xi−

a)Ú
n∑

i=1
X2

i /σ2ÑØ´ÚOþ.

(2) du��äkü5,=��Q�±w¤äN�ê,q�±w¤�ÅCþ;ÚO

þ´���¼ê, ÏdÚOþ�äkü5. �Ï�ÚOþ�À��ÅCþ(½�Å�

þ), ÏdâkVÇ©Ù�ó, ù´·�|^ÚOþ?1ÚOíä��â.

69



(3) 3�o¯K¥À^�oÚOþ,�w¯K�5�. ��`5,¤JÑ�ÚOþA

´�Ð�8¥
��¥�¤?Ø¯Kk'�&E, ùØ´N´���.

§4.3.2 eZ~^�ÚOþ

1. ��þ�: �X1, · · · , Xn´l,oNX¥Ä����,K¡

X̄ =
1
n

n∑
i=1

Xi.

���þ�. §©O�N
oNþ��&E.

2. ����: �X1, · · · , Xn´l,oNX¥Ä����,K¡

S2 =
1

n− 1

n∑
i=1

(Xi − X̄)2

�����,§©O�NoN���&E.S¡���IO�,§�N
oNIO��&

E.

3. ��Ý: �X1, · · · , Xn�loNF¥Ä����, K¡

ak =
1
n

n∑
i=1

Xk
i , k = 1, 2, · · ·

���k��:Ý, AOk = 1�, a1 = X̄=��þ�. ¡

mk =
1
n

n∑
i=1

(Xi − X̄)k, k = 2, 3, · · ·

���k�¥%Ý.

4. gSÚOþ9Ùk'ÚOþ: �X1, · · · , Xn�loNF¥Ä����, rÙU�

�ü��X(1) ≤ X(2) ≤ · · · ≤ X(n),K¡(X(1), X(2), · · · , X(n))�gSÚOþ, (X(1), · · · , X(n))�

?�Ü©�¡�gSÚOþ.

|^gSÚOþ�±½Âe�ÚOþ:

(1) ��¥ ê:

m 1
2

=

 X(n+1
2

) �n�Ûê
1
2 [X(n

2
) + X(n

2
+1)] �n�óê

(4.3.1)

��¥ ê�NoN¥ ê�&E. �oN©Ù'u,:é¡�, é¡¥%Q´oN¥

 êq´oNþ�, �d�m1/2��NoNþ��&E.

(2) 4�: X(1)ÚX(n)¡����4��Ú4��.4�ÚOþ3'u/³¯KÚá

�Á��ÚO©Û¥´~^�ÚOþ.
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§4.4 n�©Ù—χ2, t, F©Ù9��oN��þ�Ú�����©Ù

U¦ÑÄ�©Ù�(��äk{üL�ª��/¿Øõ,��Ñ�J.¤3�´,3

oN©Ù����/, Nõ�ÚOþ�Ä�©Ù�±¦�,ù
õ�e¡?Ø�n«

©Ùk��'X. ùn�©Ù3�¡AÙ¥k�A^.

§4.4.1 χ2©Ù

½Â 4.4.1. �X1, X2, · · · , Xn i.i.d. ∼ N(0, 1),-X =
n∑

i=1
X2

i ,K¡X´gdÝ�n�χ2Cþ,

Ù©Ù¡�gdÝ�n�χ2©Ù, P�X ∼ χ2
n.

��ÅCþX´gdÝ�n�χ2�ÅCþ, KÙVÇ�Ý¼ê�

gn(x) =


1

2
n
2 Γ(n

2
)
x

n
2
−1e−

x
2 , x > 0,

0, x ≤ 0.
(4.4.1)

5 4.4.1. ePΓ(α, λ)L«/Gëê�α!�Ýëê�λ�Gamma©Ù, Ù�Ý¼êXe

p(x;α, λ) =

{
λα

Γ(α)x
α−1e−λx, x > 0,

0, x ≤ 0.

KgdÝ�n�χ2©Ù�Gamma©Ù�'X�: X =
n∑

i=1
X2

i ∼ Γ(n/2, 1/2).·���±|

^ù�'X�Ñχ2©Ù�½Â: “e�ÅCþX�VÇ�Ý¼ê�Γ(n/2, 1/2), K¡X�

ÑlgdÝ�n�χ2©Ù”.

χ2
n��Ý¼êgn(x)/GXã4.4.1 .

χ2
n�Ý¼ê�| 8(=¦�Ý¼ê���gCþ�8Ü)�(0,+∞),dã4.4.1��

�gdÝn��, χ2
n ��Ý��ªué¡, n��, ��Øé¡. �n = 1, 2��´

üNeüªu0. �n ≥ 3��kü¸,l0m©küNþ,,3�½ ���¸�,,�

üeüª�u0.

eX ∼ χ2
n,PP (X > c) = α, Kc = χ2

n(α)¡�χ2
n©Ù�þýα© ê,Xã4.4.2¤«.

�αÚn�½���L¦Ñχ2
n(α)��, Xχ2

10(0.01) = 23.209, χ2
5(0.05) = 12.592�.

χ2Cþäke�5�:
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5 10 15 20 25 30 35 40

0.
05

0.
1

0.
15

0.
2

gn((x))

x

n == 1

n == 4

n == 10
n == 20

ã 4.4.1 χ2
n��Ý¼êgn(x)/Gã

αα

χχn
2(αα) x

gn((x))

ã 4.4.2 χ2
n�þýα© ê

(1) ��ÅCþX ∼ χ2
nKkE(X) = n, V ar(X) = 2n.

(2) �Z1 ∼ χ2
n1

, Z2 ∼ χ2
n2

,�Z1ÚZ2Õá, KZ1 + Z2 ∼ χ2
n1+n2

.

·�lX2©Ù�½ÂÑu�Ñ��{üy²: d½ÂZ1 = X2
1 + · · ·+ X2

n1
, d?

X1, X2, · · · , Xn1 i.i.d. ∼ N(0, 1),

ÓnZ2 = X2
n1+1 + · · ·+ X2

n1+n2
, d?

Xn1+1, Xn1+2, · · · , Xn1+n2 i.i.d. ∼ N(0, 1),

2dZ1ÚZ2�Õá5��

X1, X2, · · · , Xn1 , Xn1+1, · · · , Xn1+n2 i.i.d. ∼ N(0, 1).
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Ïd

Z1 + Z2 = X2
1 + · · ·+ X2

n1
+ X2

n1+1 + · · ·+ X2
n1+n2

.

U½Â=kZ1 + Z2 ∼ χ2
n1+n2

.

§4.4.2 t©Ù

½Â 4.4.2. ��ÅCþX ∼ N(0, 1), Y ∼ χ2
n, �XÚYÕá, K¡

T =
X√
Y/n

�gdÝ�n�tCþ, Ù©Ù¡�kgdÝn�t©Ù,P�T ∼ tn.

��ÅCþT ∼ tn,KÙ�Ý¼ê�

tn(x) =
Γ(n+1

2 )
Γ(n

2 )
√

nπ

(
1 +

x2

n

)−n+1
2

, −∞ < x < ∞ (4.4.2)

−4 −3 −2 −1 0 1 2 3 4

0.
1

0.
2

0.
3

0.
4

x

tn((x))

N((0,,  1))((t∞∞((x))))
t10((x))
t5((x))

t1((x))

ã 4.4.3 tn��Ý¼êtn(x)/Gã

tn��Ý¼ê�IO��©ÙN(0, 1)�Ýé�q,§�Ñ´'u�:é¡,ü¸ó¼

ê,3x = 0?��4�.�tn�¸�$uN(0, 1)�¸�, tn��Ý¼ê�ÜÑ�'N(0, 1)�

üý�Üo�
. Xã4.4.3¤«. N´y²: lim
n→∞

tn(x) = ϕ(x),d?ϕ(x)´N(0, 1)Cþ�

�Ý¼ê.

eT ∼ tn,PP (|T | > c) = α,Kc = tn(α/2)�gdÝ�n�t©Ù�Výα© ê(X

ã4.4.4¤«). ��½α�, tn(α), tn(α/2)��ÏL�L¦Ñ.~Xt12(0.05) = 1.782, t9(0.025) =

2.262�.
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x

tn((x))

αα 2αα 2

tn(αα 2)−− tn(αα 2)

ã 4.4.4 tn�Výα© ê

t©Ù´=IÚOÆ[W.S. Gosset31908c±)¶StudentuL�Ø©¥JÑ�,�

�<¡�“Æ)¼(Student)©Ù” ½“t©Ù”.

tCþäke��5�:

(1)e�ÅCþT ∼ tn,K�n ≥ 2�, E(T ) = 0. �n ≥ 3�, V ar(T ) = n
n−2 .

(2)�n →∞�, tCþ�4�©Ù�N(0, 1).

§4.4.3 F©Ù

½Â 4.4.3. ��ÅCþX ∼ χ2
m, Y ∼ χ2

n,�XÚYÕá,K¡

F =
X/m

Y/n

�gdÝ©O´mÚn�FCþ, Ù©Ù¡�gdÝ©O´mÚn�F©Ù,P�F ∼ Fm,n.

e�ÅCþZ ∼ Fm,n, KÙ�Ý¼ê�

fm,n(x) =


Γ(m+n

2
)

Γ(n
2
)Γ(m

2
)m

m
2 n

n
2 x

m
2
−1(n + mx)−

m+n
2 , x > 0,

0, Ù§.
(4.4.3)

gdÝ�m,n�F©Ù��Ý¼êXã4.4.5 . 5¿F©Ù�gdÝmÚn´k^S

�, �m 6= n�eògdÝmÚn�^S6��e, ���´ü�ØÓ�F©Ù. ã4.4.5¥

�Ñ
A�ØÓgdÝ��Ý¼ê��. dã4.4.5 ��é�½m = 10, n�ØÓ�

�fm,n(x)�/G, ·�w��´ ��, n�� ��î.

eF ∼ Fm,n,PP (F > c) = α, Kc = Fm,n(α)¡�F©Ù�þýα© ê(�ã4.4.6).

�m, nÚα�½�, �±ÏL�L¦ÑFm,n(α)��, ~XF4,10(0.05) = 3.48, F10,15(0.01) =

3.80�. ù3«m�OÚb�u�¯K¥~~^�.
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0 1 2 3 4

0.
2

0.
4

0.
6

0.
8

1

x

Fm,n((x))
F10,∞∞((x))

F10,50((x))

F10,10((x))

F10,4((x))

ã 4.4.5 Fm,n��Ý¼êfm,n(x)/Gã

x

Fm,n((x))

αα

Fm,n((αα))

ã 4.4.6 Fm,n�þýα© ê

FCþäke��5�:

(1) eZ ∼ Fm,n,K1
/
Z ∼ Fn,m.

(2) eT ∼ tn,KT 2 ∼ F1,n

(3) Fm,n(1− α) = 1
/
Fn,m(α)

±þ5�¥(1)Ú(2)´w,�, (3)�y²ØJ,3�Öö��öS. cÙ5�(3)3¦

«m�OÚb�u�¯K�¬~~^�. Ï��α����ê,Xα = 0.05½α = 0.01,

m, n�½�,l®k�F©ÙLþ�Ø�Fm,n(1− 0.05)ÚFm,n(1− 0.01)��, �§���

�|^5�(3)¦�, Ï�Fn,m(0.05)ÚFn,m(0.01) ´�±ÏL�F©ÙL¦��.

75



§4.4.4 ��oN��þ�Ú�����©Ù

��B?Ø��oN��þ�Ú�����©Ù,·�k�Ñ���ÅCþ��5

¼ê�©Ù.

1. ��Cþ�5¼ê�©Ù

��ÅCþX1, · · · , Xn i.i.d. ∼ N(a, σ2), c1, c2, · · · , cn �~ê, Kk

T =
n∑

k=1

ckXk ∼ N

(
a

n∑
k=1

ck, σ
2

n∑
k=1

c2
k

)

AO,�c1 = · · · = cn = 1/n,=T = 1
n

n∑
i=1

Xi = X̄�,k

X̄ ∼ N(a, σ2
/
n).

2. ��Cþ��þ�Ú�����©Ù

eã½n�Ñ
��Cþ��þ�Ú�����©ÙÚ§��Õá5.

½n 4.4.1. �X1, X2, · · · , Xn i.i.d. ∼ N(a, σ2), X̄ = 1
n

n∑
i=1

XiÚS2 = 1
n−1

n∑
i=1

(Xi − X̄)2©O

���þ�Ú����,Kk

(1) X̄ ∼ N(a, 1
nσ2);

(2) (n− 1)S2/σ2 ∼ χ2
n−1;

(3) X̄ÚS2Õá.

½n�y²�Ñ·���¦, ��¦P4ù�(Ø.

§4.4.5 A��íØ

e¡A�íØ3��oN«m�OÚb�u�¯K¥kX�A^.

íØ 4.4.1. �X1, X2, · · · , Xn�pÕá�Ó©Ù(i.i.d.) ∼ N(a, σ2), K

T =
√

n(X̄ − a)
S

∼ tn−1.
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y: d55.4.3��X̄ ∼ N(a, σ2/n),òÙIOz�
√

n(X̄−a)/σ ∼ N(0, 1).q(n−1)S2/σ2 ∼

χ2
n−1, =S2/σ2 ∼ χ2

n−1/(n− 1), �X̄ÚS2Õá, U½Âk

T =
√

n(X̄ − a)/σ√
S2/σ2

=
√

n(X̄ − a)
S

∼ tn−1.

íØ 4.4.2. �X1, X2, · · · , Xm i.i.d. ∼ N(a1, σ
2
1), Y1, Y2, · · · , Yn i.i.d. ∼ N(a2, σ

2
2),�b

½σ2
1 = σ2

2 = σ2, ��X1, X2, · · · , Xm �Y1, Y2, · · · , YnÕá, K

T =
(X̄ − Ȳ )− (a1 − a2)

Sw
·
√

mn

n + m
∼ tn+m−2,

d?(n + m− 2)S2
w = (m− 1)S2

1 + (n− 1)S2
2 , Ù¥

S2
1 =

1
m− 1

m∑
i=1

(Xi − X̄)2, S2
2 =

1
n− 1

n∑
j=1

(Yj − Ȳ )2.

y: d55.4.3��X̄ ∼ N(a, σ2/m), Ȳ ∼ N(a2, σ
2/n),�kX̄− Ȳ ∼ N

(
a1−a2, ( 1

m + 1
n)σ2

)
=

N
(
a1 − a2,

n+m
mn σ2

)
. òÙIOz�

X̄ − Ȳ − (a1 − a2)
σ

√
mn

m + n
∼ N(0, 1). (4.4.4)

q(m− 1)S2
1/σ2 ∼ χ2

m−1, (n− 1)S2
2/σ2 ∼ χ2

n−1, 2|^χ2©Ù�5���

(m− 1)S2
1 + (n− 1)S2

2

σ2
∼ χ2

n+m−2. (4.4.5)

2d(4.4.4)Ú(4.4.5)¥(X̄, Ȳ ) �(S2
1 , S2

2)�pÕá, d½Â��

T =
(X̄ − Ȳ )− (a1 − a2)

σ

√
mn

n + m

/√
(m− 1)S2

1 + (n− 1)S2
2

σ2(n + m− 2)

=
(X̄ − Ȳ )− (a1 − a2)

Sw

√
nm

n + m
∼ tn+m−2.

íØ 4.4.3. �X1, X2, · · · , Xm i.i.d. ∼ N(a1, σ
2
1), Y1, Y2, · · · , Yn i.i.d. ∼ N(a2, σ

2
2), �Ü�

�X1, X2, · · · , XmÚY1, Y2, · · · , Yn�pÕá, K

F =
S2

1

S2
2

· σ2
2

σ2
1

∼ Fm−1,n−1,

d?S2
1ÚS2

2½ÂXíØ4.4.2¤ã.
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y: d55.4.3��(m − 1)S2
X/σ2

1 ∼ χ2
m−1, (n − 1)S2

Y /σ2
2 ∼ χ2

n−1, ��öÕá, dF©Ù�

½Â��

F =

(m−1)S2
X

σ2
1

/
(m− 1)

(n−1)S2
Y

σ2
2

/
(n− 1)

=
S2

X

S2
Y

· σ2
2

σ2
1

∼ Fm−1,n−1.

y..
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1ÊÙ ëê�O

�Æ8�:

1) 4Æ)n)Ý�OÚ4�q,�O�{.

2) n)�&«m½Â.

3) Ýº~��oN©Ùeëê�:�OÚ�&«m�O�.

�k��oN, ±f(x; θ1, · · · , θk)PÙVÇ�Ý¼ê(eoN©Ù´ëY5�), ½Ù

VÇ¼ê(eoN©Ù�lÑ.�). �Qã�B·�Ú�¡f(x; θ1, · · · , θk)�oN�V

Ç¼ê. ëê�O¯K´|^loNÄ����&E5�OoN�,
ëê½öëê

�,
¼ê. ��b½oN©Ù/ª®�§���==´��½A�ëê. |^lo

Nf(x; θ1, · · · , θk)¥Ä���|��X1, · · · , Xn�éëêθ1, · · · , θk�����Ñ�O½�

O§��,�®�¼êg(θ1, · · · , θk).

§5.1 :�O

�oNX�©Ù¼ê/ª®�, �§���½õ�ëê���, ~Xëêθ��, �

â��X1, · · · , Xn5�Oëêθ, Ò´��E·��ÚOþθ̂ = θ̂(X1, · · · , Xn). �k
�

�X1, · · · , Xn���,Ò�\θ̂ = θ̂(X1, · · · , Xn)¥�Ñ���,^5��θ��O�.�ù�

A½8��E�ÚOþθ̂��θ��Oþ. duëêθ´ê¶þ���:, ^θ̂�Oθ,�

u^��:��O,��:, ¤±ù���O��:�O.

¦:�O��{kõ«, e¡0�ü«:�O�{:

§5.1.1 Ý�O�{

Ý�{J��19V�Karl Pearson. Ý�{´Äu�«{ü�“O�”g�ïáå

5��«�O�{. ÙÄ�g�´^��Ý�OoNÝ. d�êÆ§XJ��ëêÚo

N�,�(
)Ýk'X§·�ég,�5�E��ëê��O"

£Á�e±c'uÝ�P{µ

��k�Ý: ak =
1
n

n∑
i=1

Xk
i mk =

1
n

n∑
i=1

(Xi − X̄)k
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oNk�Ý: αk = EXk µk = E(X − EX)2

Ïd3k�Ý�3��¹e§�â�êÆk

ak
p−→ αk, mk

p−→ µk

l·��±¦^ak,mk©O�Oαk, µk"0�Xe: b�oNX�¹k���ëêθ1, · · · , θk,

d�§| 
α1 = f1(θ1, · · · , θk)

...

αk = fk(θ1, · · · , θk)

�)�� 
θ1 = g1(α1, · · · , αk)

...

θk = gk(α1, · · · , αk)

òÙ¥�oNÝ^�A���Ý�O§K·��±��ëêθ1, · · · , θk����O:
θ̂1 = g1(a1, · · · , ak)

...

θ̂k = gk(a1, · · · , ak)

e��Oëêθ1, · · · , θk�,¼êg(θ1, · · · , θk), K^g(θ̂1, · · · , θ̂k)��O§.

ùp·�^�Ñ´�:Ýαk§�,��±¦^¥%Ýµk§½öü�Ñ¦^"3ù«

�¹e§�I�r�A�oNÝ�¤��Ý"·�¡ù«�O�{�Ý�O{§���

�Oþ¡�Ý�Oþ"Ý�O�{A^��K´µU^$�Ý?n�ÒØ^p�Ý"

Ý�O{�`:´{ü´1,¿ØI�¯k��oN´�o©Ù.":´§�oNa

.®��§vk¿©|^©ÙJø�&E. ��|Üe, Ý�OþØäk��5.

~ 5.1.1. Ý��qM1,�
)�¡Ñy�VÇ,yÕáE�Ý�ng,^X1, · · · , XnL

«Ý�(J. w,d�oNX�©Ù�B(1, p), p�a,��þ. X1, · · · , Xn���, K

¦ëêp�Ý�Oþ"

): duEX = p§��þ�X̄Âñ�oNþ�EX, Ïdp���Ý�Oþ�p̂ = X̄.

~ 5.1.2. ��	,«�Á¤1©Ù�¹,¦^��©ÙN(a, σ2)5��oNX�©Ù.y

3l¥�ÅN�n�<, =���X1, · · · , Xn. Á¦ëêa, σ2�Ý�Oþ"
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): du

EX = a, V ar(X) = σ2

¤±a, σ2���Ý�Oþ�

â = X̄, σ̂2 = m2 =
1
n

n∑
i=1

(Xi − X̄)2

·���ES2 = σ2§Ïd§σ2�,��Ý�Oþ�σ̂2 = S2.

§5.1.2 4�q,�O�{

4�q,�{�8c��A^�2��:�O�{. ù«�{´ÄuXe�w{:

½Â 5.1.1. �oNX kVÇ¼êf(x; θ) = f(x; θ1, · · · , θk)§ùpëêθ = (θ1, · · · ,

θk) ∈ Θ§��½x�rf(x; θ)w¤�θ�¼ê§¡�q,¼ê, ~P�L(x; θ)½L(θ).

��½ëêθ�§f(x; θ)�±w¤´����*	�x��U5§ù�§�rëêθw

¤CÄ�§�Ò��“3ØÓ�θ�eU*	�x��U5��, =L(x; θ)”¶du·�®

²*	�
x§¤±·��Ï¦3=��θ��e§¦�U*	�x��U5L(x; θ)��"

ù�θ��=¡�θ 4�q,�O�(wþ��k�U�)"·�kw��~f:

~ 5.1.3. l~³p�ÅÓM500^~, �ÐPÒ�#�\~³¥, �¿©·Ü�2Ó

M1000^~, (JuyÙ¥k72^�kPÒ. Á¯~³¥�Ukõ�^~.

): kò¯K��z. �³¥kN^~, Ù¥r^�ÐPÒ. �ÅÓMs^, uyx^kP

Ò. ^þã&E5�ON .

^XL«ÓM�s^~¥�PÒ~�ê8, K

P (X = x) =
Cs−x

N−rC
x
r

Cs
N

.

8cuy3ÓM�s^~¥kPÒ�~x^,�Ï¦N�Û��,¦�*	�ù�¯�{X =

x}��U5��. =x´�½�, N´Cz�, Pp(x;N) = P (X = x). Ï�

g(N) :=
p(x;N)

p(x;N − 1)
=

(N − s)(N − r)
N(N − r − s + x)

=
N2 −N(s + r) + rs

N2 −N(r + s) + Nx
,
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�rs > Nx�, g(N) > 1; rs < Nx�, g(N) < 1. ¤±P (X = x)3N = rs
xNC����, 5

¿�N �U���ê, �N���U��O=4�q,�O�

N̂ =
⌈rs

x

⌉
.

Ù¥d eL«e��, =�uT�����ê. òK8¥�êi�\,

N̂ =
⌈

500× 1000
72

⌉
= 6944.

=~³¥�o�~ê�6694^.

y�Ñ4�q,�O���5½Â:

½Â 5.1.2. �X = (X1, · · · , Xn)�läkVÇ¼êf�oN¥Ä����§θ���ëê

½öëê�þ. x = (x1, · · · , xn)����*	�"e3�½x�, �θ̂ = θ̂(x)÷veª

L(θ̂) = max
θ∈Θ

L(x; θ)

K¡θ̂�ëêθ�4�q,�O�,θ̂(X)¡�ëêθ�4�q,�Oþ"e��ëê�θ�

¼êg(θ)§Kg(θ)�4�q,�Oþ�g(θ̂)"

¦4�q,�O���u¦q,¼ê����"3{ü����¹e,

L(x; θ) =
n∏

i=1

f(xi; θ)

rq,¼ê�éêl(θ) = log L(θ)¡�éêq,¼ê(ù´du3�
�¹e§?né

êq,¼ê��B)

�q,¼êéCþθüN�, ·��±N´��Ù���:. ���q,¼ê��

üN¼ê�éCþθ��©�§·��±¦Ù7:: -

dl(θ)
dθ

= 0 (½ö
dL(θ)

dθ
= 0)

�θ�õ��, 'Xθ = (θ1, · · · , θk)�-

∂l(θ)
∂θi

= 0 (½ö
∂L(θ)
∂θi

= 0) i = 1, · · · , k

,��äd7:´Ä´���:"
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~ 5.1.4. �X1, · · · , Xn�loNX ∼ N(a, σ2)¥Ä����§¦ëêa, σ2�4�q,�

Oþ"

): ´�éêq,¼ê�

l(a, σ2) = c− 1
2σ2

n∑
i=1

(xi − a)2 − n

2
log(σ2)

Ù¥c´�ëêÃ'�~ê. - {
∂l(a,σ2)

∂a = 0
∂l(a,σ2)

∂σ2 = 0

��  a = x̄ = 1
n

∑n
i=1 xi

σ2 = 1
n

n∑
i=1

(xi − a)2

N´�yd7:´������:§Ïd��a, σ2�4�q,�Oþ: â = X̄

σ̂2 = 1
n

n∑
i=1

(Xi − X̄)2.

k�¼êf¿Øéθ1, · · · , θk��, $�f���ØëY, ù�¦�Òv{^, 7L£

��©½Â.

~ 5.1.5. �oNXÑl[a, b]þ�þ!©Ù, a < b, ¦ëêa, b�4�q,�O.

): ´�q,¼ê�

L(a, b) =
1

(b− a)n

n∏
j=1

I(a ≤ xj ≤ b) =
1

(b− a)n
I(a ≤ x(1) ≤ x(n) ≤ b).

u´é?Û÷v^�a ≤ xj ≤ b�a, bÑk

L(a, b) =
1

(b− a)n
≤ 1

(x(n) − x(1))n
,

=q,¼êL(a, b)3a = x(1), b = x(n)������. u´a, b�4�q,�Oþ�â =

X(1), b̂ = X(n).
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~ 5.1.6. �X1, · · · , Xn�läkXe/ª�Ý�oN¥Ä����:

f(x; a, b) =

{
1
b exp{−x−a

b } , x > a

0 , x ≤ a

¦ëêa, b�4�q,�Oþ.

): ´�q,¼ê�

L(a, b) =
n∏

i=1

f(xi; a, b) =
1
bn

exp{−1
b

n∑
i=1

(xi − a)}I(x(1) > a)

3�½b�§w,q,¼ê�a�üNO¼ê§ÏdL(a)�7:�â = x(1)"2-
∂L(a,b)

∂b = 0§

��b = 1
n

n∑
i=1

(xi − x(1))§N´�yd)´���:"l��a, b�4�q,�Oþ: â = X(1)

b̂ = 1
n

n∑
i=1

(Xi −X(1)).

~ 5.1.7. �X1, · · · , Xn�lXe©Ù¥Ä��{ü��§¦θ�4�q,�O.

f(x) =
1

x!(2− x)!
[θx(1− θ)2−x + θ2−x(1− θ)x], x = 0, 1, 2; θ ∈ (0,

1
2
)

): dK��f(x)�lÑ.§Ù©ÙÆ�

X 0 1 2

P 1
2 [(1− θ)2 + θ2] 2θ(1− θ) 1

2 [(1− θ)2 + θ2]

e��ld©ÙÑu§KØU��θ�4�q,�O�wªL�"�d§·�#ëê

z§Pη = 2θ(1− θ). KdK��η < 1/2"K

X 0 1 2

P 1
2(1− η) η 1

2(1− η)

2Pni = #{X1, · · · , Xn¥�ui��ê}, i = 0, 1, 2, K��q,¼ê�

L(η) = (
1
2
(1− η))n0ηn1(

1
2
(1− η))n2 = (

1
2
(1− η))n−n1ηn1

¦)¿5¿η�þ.=��η�4�q,�O�

η̂ = max{n1

n
,
1
2
}

2dθ = 1−
√

1−2η
2 ��θ�4�q,�O�

θ̂ =
1−

√
1− 2η̂

2
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§5.1.3 :�O�`ûOK

·�w�éÓ��ëê§kõ�ØÓ��Oþ§Ïd§µÀØÓ�Oþ�`�5´

I��Ä�"

1. Ã 5

�ĝ(X1, · · · , Xn)���ëê¼êg(θ)����Oþ§e

Eĝ(X1, · · · , Xn) = g(θ)

K¡ĝ(X1, · · · , Xn)�g(θ)�Ã �Oþ"Ã 5´é���Oþ��Ä���¦, Ù¢

S¿ÂÒ´ÃXÚØ�. Ïd3kõ��Oþ�øÀJ�§·�`k�ÄÃ �Oþ"

éõ�ÿ·�����Oþ´k ,~X��oN���σ2�4�q,�Oþσ̂2 =
1
n

n∑
i=1

(Xi − X̄)2´k �, Eσ̂2 = n−1
n σ2. e± n

n−1¦±σ̂2, ¤����OþÒ´Ã �. ù

«�{¡�?�.

e,�ëê�3õ�Ã �O�,XÛ5ÀJ¦^=��Oþº<�q3Ã 5�

Ä:þO\
é����¦.

2. k�5

�ĝ1(X1, · · · , Xn)Úĝ2(X1, · · · , Xn)���ëê¼êg(θ)�ü�ØÓ�Ã �Oþ§e

é?¿�θ ∈ Θ,k

V ar(ĝ1(X1, · · · , Xn)) ≤ V ar(ĝ2(X1, · · · , Xn))

���é,�θ0 ∈ Θ¦�î�Ø�ª¤á"K¡ĝ1�ĝ2k�"

3. �Ü5

�oN©Ù�6uëêθ1, · · · , θk, g(θ1, · · · , θk)´��ëê¼ê"�X1, · · · , Xn�g

ToN¥Ä����§T (X1, · · · , Xn)�g(θ1, · · · , θk)����Oþ§XJé?¿�ε >

0Úθ1, · · · , θk����U�Ñk

lim
n→∞

Pθ1,··· ,θk
(|T (X1, · · · , Xn)− g(θ1, · · · , θk)| ≥ ε) = 0

·�K¡T (X1, · · · , Xn)�g(θ1, · · · , θk)���(f)�Ü�Oþ"

�Ü5´é���Oþ��Ä���¦§XJ���Oþvk�Ü5§@oÃØ�

���õ�§·��ØUr��ëê�O�?¿ý½�°Ý"ù«�Oþw,´Ø��

�"
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Ý�Oþ´÷v�Ü5�§4�q,�Oþ3é���^�e�´÷v�Ü5�"

4. ìC��5

�Oþ´��X1, · · · , Xn�¼ê§Ù(��©Ù��Ø´N´��"�´§Nõ/

ªéE,�ÚOþ(�7´Ú)§�né��§Ù©ÙÑìCu��©Ù§ù�5�¡�Ú

Oþ�“ìC��5”"

Ã 5Úk�5Ñ´é�½�����nó�§ù«5�¡��Oþ�“���5

�”§�Ü5ÚìC��5Ñ´�Ä3����ªuÃ¡��5�§ù«5�¡�“�

��5�”"

~ 5.1.8. �loN
X 0 1 2 3

P θ/2 θ 3θ/2 1− 3θ

Ä����{ü��X1, · · · , X10�*	��(0, 3, 1, 1, 0, 2, 0, 0, 3, 0)§

(1) ¦θ�Ý�Oþθ̂MÚ4�q,�Oþθ̂L§¿¦Ñ�O�"

(2) þã�Oþ´Ä�Ã �ºeØ´§��?�.

(3) '�?���ü��Oþ§�Ñ@��k�.

dk�5�½Â§·�g,¬¯3���U�Ã �Op§UÄé�äk����

�Ã �OþºXJ�3ù���Oþ§·�¡Ù�����Ã �Oþ, �[/�±

ë���"

§5.2 «m�O

éu����þ,<�3ÿþÚO��,~Ø±��Cq��÷v,�I��OØ�,

9�¦��Cq��°(§Ý(½=¤¦ý�¤3���).aq�,éu���ëêθ,Ø


¦Ñ§�:�Oθ̂	, ·��F"�OÑ����, ¿F"��ù����¹ëêθý

���&§Ý. ù����Ï~±«m/ª�Ñ, Ó���Ñd«m�¹ý���&§

Ý. ù«/ª��O¡�«m�O.

'X��<�c#318-25�m;�|Ñ3400-600��m�. «m�O�Ð?´r�

U�Ø�^28�/ªL«Ñ5
. 'X\�O�s¤|Ñ´500, ·��&õ�¬k

Ø�, �´Ø�kõ�? ül\JÑ�500ù�êi��ØÑ�o&E, e\�Ñ�O|
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Ñ´400-600�m, K<��&\3�Ñù�O�, ®r�UÑy�Ø��Ä�
, õ�

�<�±���&?a. Ïd«m�O�´~^��«�O�ª.

y3�61��««m�OnØ´J. Neyman3þV30c�ïáå5�. ¦�n

Ø�Ä�Vgé{ü, �L��B, ·�6�b½oN©Ù��¹����ëêθ, ��

�O�Ò´θ��. XJoN©Ù¥�¹eZ �ëêθ1, · · · , θk,��O�´g(θ1, · · · , θk),

KÄ�VgÚ�{¿ÃØÓ. ù3�¡�~fp�±wÑ.

§5.2.1 �&«m

Neymanïáå5�«m�O���&«m,i¡þ�¿g´: éT«mU�¹��

ëêθ��&�Û«§Ý.b�X1, · · · , Xn´lToN¥Ä����,¤¢θ�«m�O,Ò

´�Ï¦÷v^�θ(X1, · · · , Xn) < θ̄(X1, · · · , Xn)�ü�ÚOþθÚθ̄�à:�«m[θ, θ̄].

��k���X1, · · · , Xn���,Òrθ�O3«m[θ(X1, · · · , Xn), θ̄(X1, · · · , Xn)]�S. Ø

Jn),ùpkü��¦

• θ ±é�VÇ��¹3«m[θ, θ̄]S, �Ò´`

Pθ(θ ≤ θ ≤ θ̄) = 1− α

¦�U�, =�¦�O¦þ��.

• �O�°Ý�¦�Up§'X�¦«m[θ, θ̄]�¦�U�á, ½ö,«UNyù��

¦�Ù¦OK"

'X�O��<�c#, X[30,35], ·�g,F"ù�<�c#ké�rº3ù�«m

�S, ¿�F"ù�«mØU��. XJ�O´[10,90], �,��
,�´°Ý��, ^?

Ø�.

�ùü��¦´�pgñ�§Ïd«m�O��K´3®k���]��e§é

Ñ�Ð��O�{±¦þJp��5Ú°Ý"Neyman JÑ
2��É�OKµk�y

��5§3dcJe¦�UJp°Ý"�d§Ú\Xe½Â:

½Â 5.2.1. �oN©ÙF (x, θ)¹k��½õ����ëêθ§θ ∈ Θ§é�½��α, (0 <

α < 1)§ed��X1, · · · , Xn(½�ü�ÚOþθ̄ = θ̄(X1, · · · , Xn) Úθ = θ(X1, · · · , Xn)§

÷v

Pθ(θ ≤ θ ≤ θ̄) = 1− α ∀ θ ∈ Θ

¡1− α��&Xê½�&Y²§¡[θ, θ̄]�θ��&Y²�1− α��&«m"
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«m�OÒ´3�½��&Y²�e§�Ïék`û°Ý�«m"

��§·�ÄkÏ¦ëêθ����O(õê´ÄuÙ¿©ÚOþ�E�)§,�Ä

ud�Oþ�Eëêθ��&«m§0�Xe:

1. Í¶Cþ{ ���ëê�g(θ)§

1. é�����ëêg(θ)k'�ÚOþT§��´Ù��ûÐ�:�O(õê´ÏL4

�q,�O�E)¶

2. �{éÑT�g(θ)�,�¼êS(T, g(θ))�©Ù§Ù©ÙF��ëêθÃ'(S=�Í¶

Cþ);

3. é?Û~êa < b§Ø�ªa ≤ S(T, g(θ)) ≤ b�UL«¤�d�/ªA ≤ g(θ) ≤ B§Ù

¥A,B��T, a, bk'�ëêÃ'¶

4. �©ÙF�þα/2© êωα/2Úþ(1 − α/2)© êω1−α/2§kF (ωα/2) − F (ω1−α/2) =

1− α. Ïd

P (ω1−α/2 ≤ S(T, g(θ)) ≤ ωα/2) = 1− α

d3·�Ò�±��¤¦��&«m.

~ 5.2.1. �X1, · · · , Xn�l��oNN(µ, σ2)¥Ä����§¦ëêµ, σ2�1 − α�&«

m"

)µduµ, σ2��OX̄, S2÷v

T1 =
√

n(X̄ − µ)/S ∼ tn−1

T2 = (n− 1)S2/σ2 ∼ χ2
n−1

¤±T1, T2Ò´·�¤�Ï¦�Í¶Cþ§l´�ëêµ, σ2�1− α�&«m©O�[
X̄ − 1√

n
Stn−1(α/2), X̄ +

1√
n

Stn−1(α/2)
]

,

[
(n− 1)S2

χ2
n−1(α/2)

,
(n− 1)S2

χ2
n−1(1− α/2)

]
.
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~ 5.2.2. �X1, · · · , Xn�l��oNN(µ1, σ
2
1)¥Ä����§Y1, · · · , Ym�l��oNN(µ2, σ

2
2)¥

Ä����§ü|���pÕá"¦ëêµ1 − µ2, σ
2
1/σ2

2�1− α�&«m"

)µ�{��aquc¡�~f§d?Ñ.

2. ���{

���{Ò´|^¥%4�½n§±ïáÍ¶Cþ"ÏL±e~f`²:

~ 5.2.3. ,¯�A3zg¢�¥u)�VÇÑ´p§�ngÕá�¢�§±YnPAu)�

gê"¦p�1− α�&«m"

)µ�n'��§-q = 1− p,Kd¥%4�½n�§Cqk(Yn − np)/
√

npq ∼ N(0, 1)§l

(Yn − np)/
√

npq�±��Í¶Cþ"d

P (−uα/2 ≤ (Yn − np)/
√

npq ≤ uα/2) ≈ 1− α (∗)

�±�dL«¤

P (A ≤ p ≤ B) ≈ 1− α

Ù¥A,B��§

(Yn − np)/
√

npq = uα/2

�), =

A,B =
n

n + u2
α/2

p̂ +
u2

α/2

2n
± uα/2

√
p̂(1− p̂)

n
+

u2
α/2

4n2


A�KÒ§B��Ò§p̂ = Yn/n"

du(*)ª�´Cq¤á§�«m�O��´Cq¤á§�n���â��Ø�"�

[�`²ë���p203"·���±kb½��´“®�”�§��2òÙ�O§��X

eWald �&«mµ

p̂± uα/2

√
p̂(1− p̂)/n.

§5.2.2 �&.

3¢S¥§k�·��éëêθ��à�.�a,�"'XJ���$¹þ,k³Ô

���p¹þ��. ùÒI�Ï¦ëêθ�a,���&.�.
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½Â 5.2.2. �oN©ÙF (x, θ)¹k�����ëêθ§θ ∈ Θ§é�½��α, (0 < α < a)§

ed��X1, · · · , Xn(½�ü�ÚOþθ̄ = θ̄(X1, · · · , Xn) Úθ = θ(X1, · · · , Xn)§

1.e

Pθ(θ ≤ θ̄) = 1− α ∀ θ ∈ Θ

K¡θ̄�θ����&Xê�1− α��&þ."

2.e

Pθ(θ ≥ θ) = 1− α ∀ θ ∈ Θ

K¡θ�θ����&Y²�1− α��&e."

(−∞, θ̄] Ú[θ,+∞)Ñ¡�´ü>��&«m"

Ï¦�&þ!e.��{ÚÏ¦�&«m��{��aq"

§5.2.3 (½����

3±«m�Ý�°ÝOKe, �&«m�ÄÒ�Ð§��oQº��������

K§·�®²���õ�ÿþ�±���°(�íä"k�ÿ§é°Ý´k�¦�§$

�u´3ÿþ�cÒJÑd�¦§Ïd�A�����Ò�¯k(½e5"·�±Xe

�~f`²XÛ(½����§����{aq"

~ 5.2.4. b�,«¤©�¹þÑl��©ÙN(µ, σ2)§σ2®�"�¦²þ¹þµ�(1−α)�

&«m��ÝØU�uω"Á(½ÿþ����"

): duσ2®�§·�®²���±�âX̄ ∼ N(µ, σ2/n)5�Eµ�95%�&«m"Ïd

´�«m�Ý�2uα/2
σ√
n
. ld

2uα/2
σ√
n
≤ ω

��

n ≥
(

2uα/2σ

ω

)2

.

'X�σ = 0.1, ω = 0.05, α = 0.05, �±��n ≥
(

2×1.96×0.1
0.05

)2 = 61.4656. =����¦�

�I�ÿþ62g"
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18Ù b�u�

�Æ8�:

1) n)b�u���
Ä�Vg: "b�!éáb�!üa�Ø!áý�!wÍ5Y

²!õ�.

2) Æ¬ò¢S¯K=z¤b�u�¯K5?n.

3) ���Úü����oNþ�Ú���b�u�.

4) 0-1 ©Ùëê�b�u�.

5) [Ü`Ýu�!�éL�Õá5Úà�5u�.

§6.1 Ä�VgÚ¯K�J{

§6.1.1 "b�, éáb�, üa�Ø, áý�, wÍ5Y², õ�

3ëê�O¯K¥,~~3Ä�cké��oN��
b½. ~Xb½oNX Ñl

��©Ù, b½,���oN������®����. 3ênÚO¥, 'uoN©Ù

�VÇ5��b½¡�(ÚO) b�. Ä�c¤�Ñ�b�´Ä�¢SÎÜ,�±^��

¤Jø�&E5u�,u���{�L§¡�(ÚO) u�. b�u�¯KÒ´ïÄXÛ

�âÄ��¼����5u�Ä�c¤�Ñ�b�. Äk, d��~fÚÑ�
Ä�V

g.

~ 6.1.1. ,Ø��3gÄ6Y�þ-CØ�. 3�~)��¹e, z´Ø��Nþ(ü

 : Î,) X Ñl��©ÙN(500, 102) (d± �²���). ²L�ã�m��, k<

ú�z´Ø��²þNþ~��490,u´Ä�
9´�¬,¡�§��²þ��x̄ = 492

Î,. Á¯däó´Ä�(? =¯²þz´Ø��NþE´500Î,�´C¤490Î,?

b½IO�10 Î,ØC.

3ù�¯K¥,�²L�ã�m�-CØ�NþX �²þ��µ,KdK¿��X ∼

N(µ, 102). Px1, · · · , x9 ��gù���oNX ��|��*ÿ�, Kx̄ = 1
9

∑9
i=1 xi =

492. ·�I�3“Ø�²þNþ�500 Î,”�“Ø�²þNþ�490 Î,”�m��ä,
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=3“µ = 500”Ú“µ = 490”�m��ä. ênÚO¥, r§�w¤ü�b�. S.þ, ¡

cö��b�½"b�, P�H0; �ö¡��Jb�½éáb�, P�H1 ½Ha. ¤¢u

�

H0 : µ = 500 ↔ H1 : µ = 490.

Ò´��â���äÄ¾´“H0¤á”�´“H1¤á”. äó“H0¤á”¡��ÉH0;äó“H1¤

á”¡�áýH0.

e¡?ØXÛu�þãb�, =�½���É½öáý"b��OK. �loN¥

Ä�����X1, · · · , Xn, ·��±^4�q,�OT = X̄ (¡��u�ÚOþ) 5�

Oµ. duT�O��Cµ (cÙ´���þ���),��T �ýé����ÿk|uH1

Ø|uH0, d�ATáýH0. ·��±¯k�½��~êτ , ¡���.�, �T ��

��uT�.��áýH0, =��÷v

W = {X̄ < τ}

¥�áýH0, ¡W �áý�. =�����á3áý�¥, ÒáýH0, ÄKØUáý�.

��áý�ÒéAu��u��{. y3�¯K´τ AT�õ�? ù�9�üa�Ø.

PPPPPPPPPPP
ûü

¯¢
H0 ¤á H1 ¤á

�ÉH0 Ø�� 1II a�Ø

áýH0 1I a�Ø Ø��

¡“¢SþH0 ¤á�´§�áý”ù��Ø�1I a�Ø(ïý) , “¢SþH0 Ø¤á

�´§��É”ù��a�Ø�1II a�Ø(��).du·���{´Äu*ÿêâ,

*ÿêâ´�k�ÅØ��, �J�3�Ñûü��ÿ��, ·�U��´�����

VÇ. ��n��u�AT¦ùüa�Ø�VÇÑ�, �´3¢S¯K¥Ø�U¦ùü

a�Ø��/�: �4�1I a�Ø�VÇ�, AT4τ �, �4�1II a�Ø�VÇ

�, Kτ ØU��. )ûù�gñ����{´3��Ia�Ø�Ä:þ, ¦þ��1II

a�Ø (3e��!¥·�?ØXÛ�½b��¬J�,ATòÉ�oé���"b�,

��1Ia�Ø�î5��,Ïd7L¦þ;��1Ia�Ø).äN/,À½����

~êα,�τ ¦��1Ia�Ø�VÇ,=T �uτ �VÇ�uα. ¡α�wÍ5Y². n�

�¹e, τ ��TÐ÷vPH0(T < τ) = α. ����1I a�Ø�u), Ï~òα ��0.1,
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0.05, 0.01 ����ê, äN��À¢SI�½, k�ÿ�¦α é�, 'X3�9�ê

���ÄÏIP�ÄÏ'é©Û¥, ü� :u��α ��´10−7 ù��þ?.

y3ò¯K��z. �kb�u�¯K

H0 : θ ∈ Θ0 ↔ H1 : θ ∈ Θ1. (6.1.1)

Ù¥H0 �"b�½�b� H1 �éáb�½�Jb�. �E��·��u�ÚOþ

T = T (X1, · · · , Xn), Ù¥X1, · · · , Xn �loN¥Ä������. �âéáb��/G

�E��u��áý� W = {T (X1, · · · , Xn) ∈ A},Ù¥A���8Ü,Ï~´��«m.

'Xáý����{T (X1, · · · , Xn) > τ},K¡τ ��.�.XJ"b�¤á�áý
"b

�, K¡�
1I a�Ø, XJéáb�¤á��É"b�, K¡�
1II a�Ø. Xé

?¿�θ ∈ Θ0, �1I a�Ø�VÇPθ(T (X1, · · · , Xn) ∈ A) �u½�u,���~êα),

K¡α �wÍ5Y². w,wÍ5Y²Ø´���, ¯¢þ, XJα ´��wÍ5Y²,

K?¿�uα �êÑ´wÍ5Y². ¢S¥Ï~æ^wÍ5Y²���@��. ��u

� éAu��áý�, ¡β(θ) = Pθ (H0 �áý) �u��õ�¼ê. XJu��wÍ5

Y²�α,K�θ ∈ Θ0 �, β(θ) ≤ α. �θ ∈ Θ1 �,·�F"õ�����Ð(ù��1II

a�Ø�VÇ1− β(θ) Ò��), ¤±õ��±��µd��u�`��OK.

§6.1.2 b�u�¯K�J{

3k�ÿI�gC�äXÛJb�u�¯K.3ïáb�u�¯K�kü��K"

�K�: òÉ�o�é���"b�. X·IUì±c�i{�Ý, úSÅ'8�

v¦��, éõ�¹e��<gCy²Ã�(k�íä) , ùév¦�éØ|, lN´

���Y. y3�i{�ÝKob½v¦�´Ã��, �i{Ü�y²Ùk�(Ã�í

ä), ù����/k|u�oú¬�|Ã, XJ�òý��v¦�-�±{, Ki{Ü

�7Lk¿©�yâ, ù���±k��oú¬��Ã, éi{Ü��¦�Cp
. q

'X��)�Ñ�«#�, 3þ½c�ÏL ¬��¬i+Û�u�. w,¦^�¬�

¾<´ATÉ�o�é�, ù�AT�½��k|u¾<�·K��"b�, ù�·K

Ò´“#�Ø'S¤J�JÐ”,±¦þ;�¾<^Ã�$�kB�^�#�.�,,éá

b�Ò´“#�'S¤J�JÐ’. òu��wÍ5Y²α �½���, ±�y"b�Ø

��´í�. 3¢S¯K¥, XJ�â,�Ün�u��{uy"b��í�, Kk¿

©�nd@�"b�Ø¤áéáb�¤á,ù´Ï���"b�¤á�Øâ�VÇ

Ø¬�Lα; ,��¡, XJuy"b���áý, ¿ØL²k¿©nd�É"b�, 
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´Ï�"b���o��î�±�u��áý.

�K�: XJ\F"“y²”,�·K,Ò���(Ø½öÙ¥�Ü©��"b�(a

qu�y{). ù«J{  ´3ü�b�·K¥Ø��Ù=�AÉ�o, d��±/

^i{�Ýp�“XÌÜ, XÞy”, =e�^ÚO�{�<“y²” ��·K, Kò@�

·K��éáb�. 5¿ùp�y²Ø´êÆþ�î�y², ´#N����«ÚO

íä�{. ^ÚO�{y²��·KØ´��N´�¯�, ¤±XJvkv
rº, <

�AT;�^ÚO�{�y²��·K.

þãü�K´Ú��: ��ØAT4É�oé��y²��·K.

§6.1.3 u�ÚOþ�À�9b�u��Ú½

ÏL)�~6.1.15`²b�u��Ú½.

~ 6.1.2. (~6.1.1Y) UÄ3wÍ5Y²0.05 e@�Ø��²þNþ(¢~��490 Î

,?

): ÄuÚOþX̄, ·�æ^“IOz”L�u�ÚOþ(~þ�2Ø±IO�)

T1 =
√

n(X̄ − 500)
10

±¦TÚOþÑlIO��©Ù, u��áý�E�/X{T1 < τ1}, ·����1I a

�Ø�VÇ�uα, =

P (T1 < τ1|θ = 500) = α.

duθ = 500 �T1 ÑlIO��©Ù, ´�þ¡'uτ1 ��§�)�τ1 = −uα, Ù¥uc

�uIO��©Ù�þc © ê, =u��áý��

{T1 < −uα}.

y3�wÍ5Y²�0.05, K�.�u0.05 ≈ 1.645. ,��¡, ��þ�x̄ = 492, ��

þn = 9, �u�ÚOþT1 �*ÿ��u−2.4, �u�.�1.645, =��á3áý�¥,

l�±3wÍ5Y²0.05 eáý"b�, @�Ø��²þNþ(¢~��490 Î,.

e¡�ÞA«~��b�u�¯K:

(1) H0 : θ = θ0 ↔ H1 : θ = θ1;

(2) H0 : θ = θ0 ↔ H1 : θ 6= θ0;
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(3) H0 : θ = θ0 ↔ H1 : θ > θ0½öH0 : θ ≤ θ0 ↔ H1 : θ > θ0

(4) H0 : θ = θ0 ↔ H1 : θ < θ0½öH0 : θ ≥ θ0 ↔ H1 : θ < θ0

¡(1) �{üb�, (2)�Výb�Ï�éáb�´Vý�, (3) Ú(4) �üýb�Ï

�éáb�´üý�. ùprNéáb���Ï´u��{(éAu��áý�) ��

éáb�k'.

e¡·��Ñu�þãb����Ú½, §�Ä�g�´: ��Ð�:�OAT´

��`ûu���Ì��â, �½wÍ5Y²�α.

11 Ú: ¦Ñ��ëêθ ����`�:�Oθ̂ = θ̂(X1, · · · , Xn), X4�q,�O.

12 Ú: ±θ̂ �Ä:, Ïé��u�ÚOþ

T = t(X1, · · · , Xn)

�¦��θ = θ0 �, T �©Ù®�(XN(0, 1), tn, Fm,n) , lN´ÏL�L½O��

�ù�©Ù�© ê, ^±��u���.�.

13Ú:±u�ÚOþT �Ä:,�âéáb�H1 �¢S¿Â,Ïé·�/G�áý�,

§´'uT ���½ü�Ø�ª), Ù¥�¹��½ü��.�.

14 Ú: �"b�¤á�, �1I a�Ø�VÇ�u½�u�½�wÍ5Y²α, ù�Ñ

��'u�.���§,)Ñ�.�,§(�)�uT �© ê,ù�=(½
u��

áý�.

15 Ú: XJ�Ñ��*ÿ�, K��Ñu�ÚOþ���*ÿ�, Xá3áý�¥K

�áý"b�, ÄKØU.

§6.2 �ëêu�

�!0��Ä��b�u�¯K:���Úü����oN�k'þ�Ú���u

�, {ü����u�(0-1 ©Ùëê�b�u�).

§6.2.1 �����oNþ�Ú���u�

y¢¥²~-�ÃXda�¯K: b�^u,^å�Ü�c¹�¦�Ý�10 f�,

yk²�ûl)��[¾	
�1ù��c¹, �
u�T1u��¬´ÄÜ�, �±
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l¥Ä���Ü©?1ÿþu�, Ï~c¹��ÝÑl����©Ù, ùa¯Káu�

����oN�b�u�¯K.

��/, �oNX ∼ N(µ, σ2),−∞ < µ < ∞, σ2 > 0; X1, · · · , Xn ´�goNX ��

���. �wÍ5Y²�α.

(1) ��®��þ��u�

k�ÄVýb�, =�u�

H0 : µ = µ0 ↔ H1 : µ 6= µ0.

duµ �4�q,�O�X̄, �“IOz”��u�ÚOþ

U = u(X1, · · · , Xn) =
√

n
X̄ − µ0

σ

5¿��H0 ¤á�, U ∼ N(0, 1), |U | AT��, ���|U | �*ÿ�u(x1, · · · , xn) ��

�, Ø|u"b�H0 ATáý�. ¤±Àáý�/X

{|U | > τ}.

�¦wÍ5Y²�α, =

PH0(|U | > τ) = α,

)�τ = uα/2. u´u��áý��

{|U | > uα/2}.

=�*ÿ�(x1, · · · , xn) ÷vØ�ª

√
n
|x̄− µ0|

σ
> uα/2

�áýH0.

aq/, u�üýb�

H0 : µ = µ0 ↔ H1 : µ > µ0 ½ö H0 : µ ≤ µ0 ↔ H1 : µ > µ0

E,^ÚOþU , duU ��Ø|uH0, �áý��

{U > uα} .
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u�,��üýb�

H0 : µ = µ0 ↔ H1 : µ < µ0 ½ö H0 : µ ≤ µ0 ↔ H1 : µ < µ0

�áý��

{U < −uα} .

�,·����.���Ä¦u�3µ = µ0 ?��I a�Ø�VÇ�α, lu��áý

��/Gþ���wÑ53"b�eµ ≤ µ0 (½µ ≥ µ0)��1Ia�Ø�VÇð�u½

�uα.

±þn�u�Ú¡�u u�.

~ 6.2.1. �Å/l�1c¹¥Ä�16 q, ÿ�§���Ý(ü : f�) Xe:

2.942371 2.988662 3.106234 3.109316 3.118427 3.132254 3.140042 3.170188

2.902562 3.128003 3.146441 2.978240 3.103600 3.003394 3.044384 2.849916

®�c¹�ÝÑlIO��0.1���©Ù,3wÍ5Y²α = 0.01e, UÄ@�ù1c

¹�²þ�Ý�3 f�? XwÍ5Y²�α = 0.05 Q?

): ù´��®��'uþ�µ �b�u�¯K,

H0 : µ = 3 ↔ H1 : µ 6= 3.

�u�ÚOþ�U =
√

n(X̄ − 3)/0.1, u��áý��|U | > uα/2. d����u�ÚO

þ���u ≈ 2.16, XwÍ5Y²�0.01, K�.��u0.005 ≈ 2.58, �u�ÚOþ��'

�uyØUáý"b�, =ØUí�c¹²þ�Ý�3 f��b�; XJwÍ5Y²

�0.05�,�.��u0.025 = 1.96,d��±áý"b�,@�c¹²þ�ÝØ�u3f�.

ù�~f`²(Ø�U�wÍ5Y²�ÀJk': wÍ5Y²��, "b���o��

Ðl�ØN´�áý.

(2) �����þ��u�

�Äu�

H0 : µ = µ0 ↔ µ 6= µ0,

du����,�±3òX̄ IOz�L§¥^����S2 �OoN��σ2,�u�ÚO

þ

T =
√

n
X̄ − µ0

S
.
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du3H0 e, T ∼ tn−1, u´áý��¤

{|T | > tn−1(α/2)} .

du�¡�t u�.

aq/�±��,	ü�üýb��u�áý�, �uL6.2.1¥.

~ 6.2.2. (~6.2.1Y)�����,K3Y²0.01Ú0.05eUÄ@�c¹²þ�Ý�3f

�?

): ù´�����'uþ�µ �b�u�¯K,

H0 : µ = 3 ↔ H1 : µ 6= 3

�u�ÚOþ�T =
√

n(X̄ − 3)/S, u��áý��|T | > tn−1(α/2). d����u�Ú

Oþ����2.21, �wÍ5Y²0.01 éA�.�t15(0.005) ≈ 2.95 '�, ØUáý"b

�, �wÍ5Y²0.05 éA�.�t15(0.025) ≈ 2.13 '�, �±áý"b�, =3wÍ

5Y²0.01 eØUáýc¹²þ�Ý�3 f��b½, �3wÍ5Y²0.05 e�±@�

c¹²þ�ÝØ�u3 f�, d(Ø���®��/��.

(3) ���u�

�Äb�u�¯K

H0 : σ2 = σ2
0 ↔ H1 : σ2 6= σ2

0.

éþ�®���/, dσ2 �4�q,�O

σ̂2 =
1
n

n∑
i=1

(Xi − µ)2

�±�Eu�ÚOþ

χ2 =
1
σ2

0

n∑
i=1

(Xi − µ)2 =
nσ̂2

σ2
0

.

3H0 e, χ2 ∼ χ2
n, χ2 �²þ��n, 3H1 e, χ2 = σ2

σ2
0

nσ̂2

σ2 �þ��
σ2

σ2
0
n 6= n, Ïd�χ2

��Lu ln �ATáýH0, u´áý��¤

{
χ2 < χ2

n(1− α/2) ½ö χ2 > χ2
n(α/2)

}
.
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éþ�����/, �Eu�ÚOþ

χ2 =
(n− 1)S2

σ2
0

,

Ù¥S2 �����. 3H0 e, χ2 ∼ χ2
n−1, áý��¤{

χ2 < χ2
n−1(1− α/2) ½ö χ2 > χ2

n−1(α/2)
}

.

éuüýb�, �±aq��u��áý�, ëwL6.2.1.

þãu�¡�χ2 u�.

~ 6.2.3. (~6.2.1Y) 3Y²0.1 eUÄ@�c¹�IO��u0.1 f�?

): ù´þ����'u��σ2 �b�u�¯K,

H0 : σ2 ≤ 0.12 ↔ H1 : σ2 > 0.12.

�u�ÚOþ�χ2 = (n−1)S2

0.12 , u��áý��{χ2 > χ2
n−1(α)}. d����u�ÚOþ

��χ2 ≈ 14.32, �wÍ5Y²0.2 éA�.�χ2
15(0.1) ≈ 22.31 '�, ØUáý"b�, =

3wÍ5Y²0.1 e�±@�c¹�IO��u0.1.

L6.2.1 o(
k'�����oN�b�u�.

§6.2.2 ü����oN��/

�
u�,��´ÄUwÍJp���þ, �±�O���ÅÁ�: ÀJü¬^�

���Á�«, rüÁ�«�©¤eZ�¬, ��Á�«���¬��, ,��Á�«

���¬Ø��, ��ÚOÂ¤, �±æ^Xe�u��{5u����þ�O, l

����´Äk�.

�oNX ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2), −∞ < µ1, µ2 < ∞, σ2

1, σ
2
2 > 0; X1, · · · , Xn ´l

oNX ¥Ä������, Y1, · · · , Yn ´loNY ¥Ä������. �5gØÓoN

����pÕá. e¡��Äk'þ��µ1 − µ2 Ú��'σ2
1/σ2

2 �u�. �wÍ5Y²

�α. Þ~`².

~ 6.2.4. `¯ü�à�Á�««���, Ø
`«���	, Ù¦Á�^�Ñ�Ó, r

ü�Á�«©Oþ©¤10 �Ú9 ��«ÚO�þ(ü : Z�) , �êâXe

`« 62 57 65 60 63 58 57 60 60 58
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L 6.2.1 �����oNN(µ, σ2).

u�é� u�ÚOþ ©Ù áý�†

µ (σ2®�) U =
√

n(X̄ − µ0)/σ N(0, 1)


|U | > uα/2

U > uα

U < −uα

µ (σ2 ��) T =
√

n(X̄ − µ0)/S tn−1


|T | > tn−1(α/2)

T > tn−1(α)

T < −tn−1(α)

σ2 (µ ®�) χ2 = 1
σ2
0

∑n
i=1(Xi − µ)2 χ2

n


χ2 > χ2

n(α/2)½öχ2 < χ2
n(1− α/2)

χ2 > χ2
n(α)

χ2 < χ2
n(1− α)

σ2 (µ ��) χ2 = 1
σ2
0

∑n
i=1(Xi − X̄)2 χ2

n−1


χ2 > χ2

n−1(α/2)½öχ2 < χ2
n−1(1− α/2)

χ2 > χ2
n−1(α)

χ2 < χ2
n−1(1− α)

†k'þ��u�: éáb�©O�µ 6= µ0, µ > µ0 Úµ < µ0. k'���u�: éáb�©O

�σ2 6= σ2
0 , σ2 > σ2

0 Úσ2 < σ2
0 .

¯« 50 59 56 57 58 57 56 55 57

b½`¯ü«¥z�¬����þ©OÑlN(µ1, σ
2), N(µ2, σ

2), Ù¥µ1, µ2, σ
2 �

�. Á¯3wÍ5Y²α = 0.1 e��é����þ´Äk�?

): ��é���þk�J�duµ1 > µ2, �òÙ��éáb�, b�u�¯K´

H0 : µ1 ≤ µ2 = 0 ↔ H1 : µ1 > µ2.

�EÄuµ1 − µ2 �4�q,�OX̄ − Ȳ �u�ÚOþ

T =
X̄ − Ȳ

Sw

√
1
m + 1

n

.

�H0 ¤á�, T ∼ tm+n−2, u´áý��

{T > tm+n−2(α))} .

d¤�êâ��u�ÚOþT �*ÿ��

t =
x̄− ȳ

sw

√
1
m + 1

n

= 3.23.
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dα = 0.1 ��.��tm+n−2(α/2) = t17(0.1) ≈ 1.33 < 3.23, ÏdáýH0, =�±3wÍ

5Y²0.1 e@���é����þkwÍ5K�.

~ 6.2.5. 3~6.2.4¥b½
ü���oN���´���, =σ2
1 = σ2

2 = σ2. y3·�

�â��5u�ù���à5�b�, =�u�

H0 :
σ2

1

σ2
2

= 1 ↔ H1 :
σ2

1

σ2
2

6= 1.

): Ï�σ2
1 Úσ2

2 �4�q,�O©O´

σ̂2
1 =

1
m

m∑
i=1

(Xi − X̄)2, σ̂2
2 =

1
n

n∑
i=1

(Yi − Ȳ )2.

3θ = σ2
1/σ2

2 �4�q,�Oθ̂ = σ̂2
1/σ̂2

2 �Ä:þ�±�Eu�ÚOþ

F =
S2

1

S2
2

=
(m− 1)σ̂2

1/m

(n− 1)σ̂2
2/n

.

5¿�F ¥�©fÚ©1©O´X ÚY �����. �"b�¤á�, F ∼ Fm−1,n−1.

u´áý��

{F < Fm−1,n−1(α/2) ½ F > Fm−1,n−1(1− α/2)}.

dêâ��u�ÚOþF �*ÿ�f = 1.19, XJ�wÍ5Y²α = 0.2, @o�.�

�F9,8(0.1) = 2.44, F9,8(0.9) = 1/F8,9(0.1) = 0.41 (XJX ∼ Fm,n, K1/X ∼ Fn,m). ´

�0.41 < 1.19 < 2.44, ÏdØUáýH0, =3wÍ5Y²0.2 e�±@�þ~¥¤���

�à5b½´Ün�.

L6.2.2 o(
ü����oN�Výb�u�.

§6.2.3 ¤éêâ

3þãü����oN�b�u�¥, �¦ü���´Õá�, �´vk�¦��

þ��. k�aêâ��¤éêâ{(X1, Y1), · · · , (Xn, Yn)}, 'X��¾<3^�c�ÿ

���I©O�X ÚY , KX �Y o´�åÑy�, �du§�´Ó��N��I, �

äké���'5ýéØ´Õá�, ù�ü����oNk��«O. ,	, ü��

u�¯K�¦��X1, · · · , Xm ´Ó©Ù�(Y1, · · · , Yn ½,),¤éêâKÃd�¦,

�¦X1 − Y1, · · · , Xn − Yn ´Ó©Ù. 'X¾<�±´5gü�ØÓ5O!«x!c#�

�<. �u�^�c���IkÃwÍ�O, �±�E��#�oNZ = Y − X 9�

�Z1 = X1 − Y1, · · · , Zn = Xn − Yn, �A�b�u�´����! 3¢S¯K¥, XJu

ykü����Ù��þ´���,K�u�Õá5ÚÓ©Ù5,ÄK�U´¤éêâ.
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L 6.2.2 ü����oN�b�u�

u�é� u�ÚOþ ©Ù áý�†

þ�(��®�) U = X̄−Ȳ√
σ2
1

m +
σ2
2

n

N(0, 1)


|U | > u(α/2)

U > u(α)

U < −u(α)

þ�(����)‡ T = X̄−Ȳ

Sw

√
1
m + 1

n

tm+n−2


|T | > tm+n−2(α/2)

T > tm+n−2(α)

T < −tm+n−2(α)

��(þ�®�) F =
∑m

i=1(Xi−µ1)
2/m∑n

i=1(Xi−µ2)2/n Fm,n


F > Fm,n(α/2)½F < 1

Fn,m(α/2)

F > Fm,n(α)

F < 1
Fn,m(α)

��(þ���) F = S2
1

S2
2

Fm−1,n−1


F > Fm−1,n−1(α/2)½F < 1

Fn−1,m−1(α/2)

F > Fm−1,n−1(α)

F < 1
Fn−1,m−1(α)

†k'þ��u�: éáb�©O�µ1 6= µ2, µ1 > µ2 Úµ1 < µ2. k'���u�: éáb�©O

�σ2
1 6= σ2

2 , σ2
1 > σ2

2 Úσ2
1 < σ2

2 .

‡b½����

§6.2.4 0-1 ©Ù¥��ëêp �b�u�

�¬�Â�, I�u�ØÜ�Ç´Ä�u,�½���ê.

�(X1, · · · , Xn) ´�goNX �����, ToNÑl0-1 ©Ù, �1 �VÇ�p. ~

��b�kn«:

(1) H0 : p = p0 ↔ H1 : p 6= p0;

(2) H0 : p = p0 ↔ H1 : p > p0 ½H0 : p ≤ p0 ↔ H1 : p > p0;

(3) H0 : p = p0 ↔ H1 : p < p0 ½H0 : p ≥ p0 ↔ H1 : p < p0.

b½��þn ��, �wÍ5Y²�α. dup �4�q,�O�X̄, �“IOz”L

�u�ÚOþ

T =
√

n
X̄ − p0√
p0(1− p0)

,

Ù¥p0 Úp0(1− p0)/n ©O�X̄ 3"b�p = p0 e�Ï"Ú��, l�H0 ¤á�, d

¥%4�½nCq/kT ∼ N(0, 1). u´þãn«u��áý�©O�

{|T | > uα/2, {T > uα} Ú {T < −uα}
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~ 6.2.6. ,��¬ØÜ�ÇÏ~�0.5. ��F"�����/�UC´Äé�¬��

þu)wÍ�K�. y3�Å/l���/UC���¬¥Ä�
80 ��¬?1u�,

uyk5 �´ØÜ�¬. Á¯, 3wÍ5Y²0.1 e, ��dd�±�Ñ�o(Ø?

): oNX ∼ B(1, p), Ù¥p ��. 3wÍ5Y²α = 0.1 e, �¬�þÃCz�d

up = 0.05, �·��u�

H0 : p = 0.05 ↔ H1 : p 6= 0.05.

dux̄ = 5/80 = 0.0625, Ïdu�ÚOþT �*ÿ�

t =
√

n
x̄− p0√
p0(1− p0)

= 0.513.

dα = 0.10 ��.�u0.05 = 1.645. ´�, |t| < 1.645, ÏdØUáýH0, =3CqwÍ5

Y²0.10 e�±@����/�UCéT��¬��þvku)wÍ�K�.

§6.3 [Ü`Ýu�

c¡�b�u�Ä�þ´3b½oN´���^�e��,�´ù�b���Ø�

½¤á, I�Â8��(X1, · · · , Xn) 5u�§. ��/, u�

H0 : XÑl,«©Ù

�±æ^Karl Pearson JÑ�χ2 [Ü`Ýu�.

§6.3.1 lÑoN�/

(1) nØ©ÙØ¹��ëê��/

�,oNX Ñl��lÑ©Ù, ��â²���oNá3aOa1, · · · , ak �nØª

Ç©O�p1, · · · , pk, ylToNÄ�����þ�n ���, Ùá3aOa1, · · · , ak �*

ÿê©O�n1, · · · , nk. a,��¯K´u�nØªÇ´Ä�(, =e¡b�´Ä�(:

H0 : P (X ∈ a1) = p1, · · · , P (X ∈ ak) = pk.

ùa¯K�J"b�ØJéáb�, �A�u��{¡�[Ü`Ýu�. w,, 3"

b�e, �aO�nØªê©O�np1, · · · , npk, ònØªêÚ*ÿªê�ueL:
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aO a1 a2 · · · ak

nØªê np1 np2 · · · npk

*ÿªê n1 n2 · · · nk

d�ê½Æ�, 3"b�¤á�, ni/n �VÇÂñupi, �nØªênpi �*ÿª

êni �C. u�ÚOþ��

χ2 =
k∑

i=1

(ni − npi)2

npi
.

{ü/, Ò´

χ2 =
∑ (O − E)2

E
,

Ù¥O �*ÿªê, E �Ï"ªê.

ù�ÚOþ¥z��©1�À�k:ùÄ, ·��±ù�oÑ/)º: b�ni Ñ

lPoisson©Ù,Kni �þ�Ú��þ�npi,l(ni−npi)/
√

npi �4�©Ù�IO��

©Ù,Ïdχ2Cq�k�ÑlgdÝ�1�χ2©Ù��ÅCþ�Ú,du
∑k

i=1(ni−npi) =

0, �ùk ��ÅCþ÷v���å, lχ2 �gdÝ�k − 1. ¯¢þ, �±î�/y²,

3�½�^�e, χ2 �4�©ÙÒ´gdÝ�k − 1 �χ2 ©Ù, �Ùy²�Ñ��§�

�¦��.

e¡�Ñ��~f5`²[Ü`Ýu��A^.

~ 6.3.1. k<�E��¹6 �¡��f, ¿(¡´þ!�. y�O��¢�5u�d·

K: ëYÝ�600 g, uyÑy8¡�ªê©O�97, 104, 82, 110, 93, 114. ¯UÄ3w

Í5Y²0.2 e@��f´þ!�?

): T¯K�O�oN´��k6�aO�lÑoN,PÑy8�¡�VÇ©O�p1, · · · , p6,

K"b��±L«�

H0 : pi = 1/6, i = 1, · · · , 6.

3"b�e, nØªêÑ´100, �u�ÚOþχ2 ����

(97− 100)2

100
+

(104− 100)2

100
+

(82− 100)2

100
+

(110− 100)2

100
+

(93− 100)2

100
+

(114− 100)2

100
= 6.94,

�gdÝ�6− 1 = 5�χ2 ©Ù�þ0.05© êχ2
5(0.2) ≈ 7.29'�,ØUáý"b�,=

�3wÍ5Y²0.2 e@��f´þ!�.
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(2) nØ©Ù¹eZ��ëê��/

�nØoNo¹k���ëê�, nØªênpi ����ù
ëêk', d�AT

^·���OX4�q,�O�Où
ëê±��pi ��Op̂i, ���ÚOþP�

χ2 =
k∑

i=1

(ni − np̂i)2

np̂i
.

[Ü`Ýu��JÑöKarl Pearson�Ð@�3"b�e,u�ÚOþ�χ2 �4�©Ù

E�ugdÝ�k − 1 �χ2 ©Ù, R. A. Fisher uygdÝAT�uk − 1 ~��O�Õ

áëê��êr, =k − 1− r.

~ 6.3.2. l,<+¥�ÅÄ�100 �<�É�, ¿ÿ½¦�3,ÄÏ :?�ÄÏ..

b�T :�kü�� ÄÏA Úa, ù100 �ÄÏ.¥AA, Aa Úaa ��ê©O�30,

40, 30, KUÄ30.05 �Y²e@�T+N3d :?��Hardy-Weinberg ²ï�?

): �"b��

H0 : Hardy-Weinberg ²ï�¤á.

�<+¥� ÄÏA �ªÇ�p, KT<+3d :?��Hardy-Weinberg ²ï���

´3<+¥3 �ÄÏ.�ªÇ©O�P (AA) = p2, P (Aa) = 2p(1 − p) ÚP (aa) = (1 − p)2,

="b���d/�¤

H0 : P (AA) = p2, P (Aa) = 2p(1− p), P (aa) = (1− p)2.

3H0 e, 3�ÄÏ.�nØªê�100× p̂2, 100× 2× p̂2(1− p̂)Ú100× (1− p̂)2,Ù¥p̂�

u�O�� ÄÏªÇ0.5, �\χ2 ÚOþL�ª, �ÚOþ���u4. TÚOþ��

�ugdÝ�3 − 1 − 1 = 1 (TÐ��gdëê��O) �χ2 ©Ùþ0.05 © ê3.84, �

�30.05 �Y²e@����Hardy-Weinberg ²ï�.

§6.3.2 �éL�Õá5Úà�5u�

(1) Õá5u�

e¡�Äé~^��éL. �éL´�«Uü�á5�V�©a�L. ~X_J¾

<�±U¤3��(á5A) Ú´Ä�ªk�(á5B) ©a. 8�´wØÓ�����´

ÄØÓ.qX?��U���ª(á5A,©ü�Y²: 1Z���<ó��)Ú��ß¸

u�G¹(á5B,©ü�Y²: �~�É~)5©a. ùü�~f¥ü�á5Ñ�kü�
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Y²,�A��éL¡�“o�L”,��/,XJ1��á5ka�Y²,1��á5kb

�Y², ¡�a × b L(��áp268) . ¢SA^¥, ~����¯K´�	ü�á5´Ä

Õá. ="b�´

H0 :á5A �á5B Õá.

ù´�éL�Õá5u�¯K.

b���þ�n,1(i, j)��ªê�nij . Ppij = P (á5A, B ©O?uY²i, j), ui =

P (á5A kY²i), vi = P (á5B kY²j). K"b�Ò´pij = uivj . òui Úvj w¤ë

ê, Ko�Õáëêka− 1 + b− 1 = a + b− 2 �. §��4�q,�O�

ûi =
ni·
n

, v̂j =
n·j
n

.

�Ð´§��ªÇ(y²ëw�á) . Ù¥ni· =
∑b

j=1 nij , n·j =
∑a

i=1 nij . 3H0 e,1(i, j)

��nØªê�np̂ij = ni·n·j/n, Ïd3H0 e,
∑a

i=1

∑b
j=1(nij − np̂ij) AT��. ��u

�ÚOþ�

χ2 =
a∑

i=1

b∑
j=1

(nij − ni·n·j/n)2

(ni·n·j/n)
.

3"b�eχ2 �4�©Ù´kgdÝ�k − 1 − r = ab − 1 − (a + b − 2) = (a − 1)(b − 1)

�χ2 ©Ù. éuo�L, gdÝ�1.

(2) à�5u�

��éLk'�,�a��u�´à�5u�,=u�,��á5A���Y²

éA�,��á5B �©Ù�Ü�Ó, ù«u��Õá5u�kX���«O. Õá5

¯K¥üá5Ñ´�Å�; à�5¯K¥á5A ´��Å�, ù��9��©Ù¢S

þ´^�©Ù. �,Xd, ¤æ^�u��{�Õá5u�����.

~ 6.3.3. e¡L´`¯ü��_J¾<)��¹. I��âù
êâ�äü���£

��J´Ä��.

`!̄ ü�_J�CÏ��

)� k� ÜO

`� 150(n11) 88(n12) 238(n1·)

¯� 36(n21) 18(n22) 54(n2·)

ÜO 186(n·1) 106(n·2) 292(n)
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): ù´��à�5u�¯K. u�ÚOþχ2 �*ÿ��0.1195, ���ugdÝ�1

�χ2 ©Ù�þ0.05 © ê, ��±�É"b�, =3Y²0.05 e�±@�ü�����

�Ã�O�.

�k,��f�ªê���, XJ#N�{�±Ü¿�f´z��f�ªêv


�, ¢S¯K¥Ø#NÜ¿�f(Ü¿���
¢S¿Â), d��±^Fisher �°(u

�{.

§6.3.3 ëYoN�/

�(X1, · · · , Xn) ´�goNX �����, PX �©Ù¼ê�F (x), I�u��@

«©Ù¥¹kr �oNëêθ1, · · · , θr. ·��3wÍ5Y²α eu�

H0 : F (x) = F0(x; θ1, · · · , θr),

Ù¥F0(x; θ1, · · · , θr) L«I�u��@«©Ù�©Ù¼ê. ~X, �·��u�

H0 : X ∼ N(µ, σ2)

�, r = 2, θ1 = µ, θ2 = σ2.

F0(x;µ, σ2) =
ˆ x

−∞

1√
2πσ2

exp
{
− 1

2σ2
(t− µ)2

}
dt.

þãb��±ÏL·��lÑzoN©Ù, æ^[Ü`Ý{5�u�. Äkr¢ê

¶©¤k �f«m(aj−1, aj ], j = 1, · · · , k, Ù¥a0 �±�−∞, ak �±�∞. ù��E


��lÑoN, Ù��Ò´ùk �«m. P

pj = PH0(aj−1 < X ≤ aj) = F0(aj ; θ1, · · · , θr)− F0(aj−1; θ1, · · · , θr), j = 1, · · · , k.

XJH0 ¤á, KVÇpj AT�êâá3«m(aj−1, aj ] �ªÇfj = nj/n �C, Ù¥nj L

«�A�ªê. �pi ���Ø¹��ëê�, �u�ÚOþ

χ2 =
k∑

j=1

(nj − npj)2

npj
,

ÄK�

χ2 =
k∑

j=1

(nj − np̂j)2

np̂j
,
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Ù¥p̂i ´òpi ¥���ëê�¤·���O����pi ��O. áý���

{
χ2 > χ2

k−r−1(α)
}

.

XJpi ¥Ø¹��ëê, Kr = 0.

¦^χ2 ?1[Ü`Ýu�����¦n ≥ 50, np̂j ≥ 5, j = 1, · · · , k,XJØ÷vù�

^�, �Ðr,
|�·�Ü¿.

~ 6.3.4. l,ëYoN¥Ä�����þ�100���,uy��þ�Ú��IO�©

O�−0.225 Ú1.282, á3ØÓ«m�ªêXeL¤«:

«m (−∞,−1) [−1,−0.5) [−0.5, 0) [0, 0.5) [0.5, 1) [1,∞)

*ÿªê 25 10 18 24 10 13

nØªê 27 14 15 14 13 17

�Ä3wÍ5Y²0.05 e@�ToNÑl��©Ù?

): �nØ��©Ù�þ�Ú��©O�µÚσ2,P1i�«m�(ai−1, ai, i = 1, · · · , 6,K

��á31i��f�nØVê�100P (ai−1 < X ≤ ai),Ù¥X ∼ N(µ, σ2). òµ = −0.225

Úσ = 1.282 �\���O�nØªê, �uþL¥.

H0 :oNÑl��©Ù

dd��u�ÚOþχ2 ����9.34, �gdÝ�5 �χ2 ©Ù�þ0.1 © êχ2
5(0.1) ≈

9.24 '��±áý"b�, =�±3wÍ5Y²0.1 e@�ToNØÑl��©Ù.
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