
½Â �mëY $�5� Ð�¼ê

1 2 Ù ¼ê�ëY5

§2.1 ëY¼ê�Ä�Vg

2.1.1 ëY�½Â

�*þù, ¼êëY, Ò´�¼ê�ã�´�^/vkäm0�/ëY0

�­�.Äk*	±eA�~f. 1��~f´ÎÒ¼ê:

sgn x =


1, x > 0

0, x = 0

−1, x < 0

x

y

◦

◦

•

−1

1

lã/þw,§3 x = 0?´äm�. 
3/mä:0x = 0?�wÍA:´,

� x→ 0�,¼êvk4�£Ï��m4�©O� −1Ú 1,üöØ��¤.
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½Â �mëY $�5� Ð�¼ê

1��~f´Xe¼ê:

f(x) =

1, x 6= 0

0, x = 0
x

y

1

w,,§3 x = 0?´äm�,�Ï´¼ê�,3 x = 0± 1�4�,�

4���¼ê��3ù�:�¼ê�£f(0) = 0¤Ø�Î.

XJUCù�¼ê3 x = 0 �½Â, ¦�¼ê3 x = 0 ���u¼

ê3 x = 0 �4��, @o§3 x = 0 ?ÒëY
. UC��¼ê´

f(x) = 1, x ∈ (−∞,+∞).
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½Â �mëY $�5� Ð�¼ê

�â*	, ¼ê3�: x0 ?XJëY, ATä�ü���: Ù�´¼ê

3ù�: x0 ?ATk4�,Ù�´4��AT�u¼ê3ù�:��.

½Â 1 � y = f(x)3 x0���S£�¹ x0���m«m¤k½Â,XJ

lim
x→x0

f(x) = f(x0)

Ò¡ y = f(x)3 x0 ?ëY, x0 ´ f(x)�ëY:,ÄK¡ f(x)3: x0 ?

ØëY, ½ x0 ´ f(x) �mä:. XJ f(x) 3«m I ¥�?�:ëY, K

¡ f(x)3«m I þëY,�¡ f(x)´ I þ�ëY¼ê.

�âþã½Â,¼ê f(x)3: x0 ?�ëY5,�ûu f 3ù:NC�

�Ú3ù:��,ù�¯¢L²£3�:�¤ëY5,´�«/ÛÜ5�0.

XJ^/ε − δ0�óQã, Ò´: ¡¼ê3½Â�S��: x0 ëY, X

Jéu?¿�½��ê ε, o�3�� δ > 0, ¦�� |x − x0| < δ �, k

|f(x)− f(x0)| < ε.
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½Â �mëY $�5� Ð�¼ê

l±c�~f��, sinx, ax, lnx, xn �Ñ´ëY¼ê.

¯K 1 ¼ê f(x) =

sinx
x
, x 6= 0

1, x = 0
3 x = 0´ÄëY?
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l±c�~f��, sinx, ax, lnx, xn �Ñ´ëY¼ê.

¯K 1 ¼ê f(x) =

sinx
x
, x 6= 0

1, x = 0
3 x = 0´ÄëY?

¯K 2 ¼ê f(x) =

x sin 1
x
, x 6= 0

0, x = 0
3 x = 0´ÄëY?
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l±c�~f��, sinx, ax, lnx, xn �Ñ´ëY¼ê.

¯K 1 ¼ê f(x) =

sinx
x
, x 6= 0

1, x = 0
3 x = 0´ÄëY?

¯K 2 ¼ê f(x) =

x sin 1
x
, x 6= 0

0, x = 0
3 x = 0´ÄëY?

¯K 3 ¼ê D(x) =

1, x´knê

0, x´Ãnê
kvkëY:?
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l±c�~f��, sinx, ax, lnx, xn �Ñ´ëY¼ê.

¯K 1 ¼ê f(x) =

sinx
x
, x 6= 0

1, x = 0
3 x = 0´ÄëY?

¯K 2 ¼ê f(x) =

x sin 1
x
, x 6= 0

0, x = 0
3 x = 0´ÄëY?

¯K 3 ¼ê D(x) =

1, x´knê

0, x´Ãnê
kvkëY:?

¯K 4 ¼ê f(x) =

x2, x´knê

0, x´Ãnê
kvkëY:?
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l±c�~f��, sinx, ax, lnx, xn �Ñ´ëY¼ê.

¯K 1 ¼ê f(x) =

sinx
x
, x 6= 0

1, x = 0
3 x = 0´ÄëY?

¯K 2 ¼ê f(x) =

x sin 1
x
, x 6= 0

0, x = 0
3 x = 0´ÄëY?

¯K 3 ¼ê D(x) =

1, x´knê

0, x´Ãnê
kvkëY:?

¯K 4 ¼ê f(x) =

x2, x´knê

0, x´Ãnê
kvkëY:?

¯K 5 UØU�E���3 0Ú 1ëY�¼ê?
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½Â �mëY $�5� Ð�¼ê

2.1.2 �(m)ëY�mä

½Â 2 � f(x)3 x0 �����Sk½Â.XJ f(x0 + 0) = f(x0)Ò

¡ f(x)3 x0 mëY;XJ f(x0 − 0) = f(x0),Ò¡ f(x)3 x0 �ëY.

~Xe¡�¼ê3 x = 0mëY.

f(x) =

1, x > 0

0, x < 0
x

y

1

f(x)3 x0 ëY�¿©7�^�´ f(x)3 x0 �ëYÓ��mëY.

f(x) 3���¹à:�«mþëY, ´� f(x) 3«mSÜz�:Ñë

Y,¿�3à:þk�A�üýëY5.
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½Â �mëY $�5� Ð�¼ê

¼ê3�: x0 u)mä¬ke�n«�ª:

1◦ (��mä:) ¼ê3�: x0 �m4�Ñ�3���£¤±3ù�:

k4�¤,�Ø�u f(x0),=,

f(x0 + 0) = f(x0 − 0) 6= f(x0).

~X:

f(x) =

1, x 6= 0

0, x = 0
x

y

1
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½Â �mëY $�5� Ð�¼ê

2◦ (a�:) ¼ê3�: x0 �m4�Ñ�3,�´Ø��,=

f(x0 + 0) 6= f(x0 − 0).

¡ |f(x0 + 0)− f(x0 − 0)|�a�Ý.~X:

sgn x =


1, x > 0

0, x = 0

−1, x < 0

x

y

◦

◦

•

−1

1
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½Â �mëY $�5� Ð�¼ê

3◦ (1�amä:) ¼ê3�: x0 �m4���k��Ø�3. ~X:

f(x) =

sin( 1
x
), x 6= 0

0, x = 0

x

y

w, f(x) 3½Â«m�à:Ò�kü«mä�¹: ��mä£3Tà

: f(x) ��Aüý4��3��¼ê�Ø�¤Ú1�amä:£3Tà:

f(x)��Aüý4�Ø�3¤.
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2.1.3 ëY¼ê�$�

5� 1 (ÛÜk.5) XJ¼ê f(x)3 x0 ëY,K f(x)3 x0 NCk..

5� 2 (�Ò5) XJ¼ê f(x)3 x0 ëY� f(x0) > 0,K f(x)3 x0 N

C��.

5� 3 (ëY¼ê�oK$�) � f(x) Ú g(x) Ñ3 x0 ëY, K¼ê

f(x)± g(x), f(x)g(x), f(x)
g(x)
3 x0?�ëY£�,,éu����¼ê,7L

b½ g(x0) 6= 0¤.

5� 4 (ëY¼ê�EÜ) � u = g(x)3«m I þk½Â,¼ê y = f(u)

3«m J þk½Â,� g(I) ⊆ J . e u = g(x)3 x0 ∈ I ëY, y = f(u)3

u0 = g(x0)?ëY£= f(u)3 u0 ëY, u0 = g(x0)¤,KEÜ¼ê f(g(x))

�3 x0 ëY.
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½Â �mëY $�5� Ð�¼ê

y² éu?¿�½��ê ε, Ï� f 3 u0 ëY, K�3���ê

η > 0,¦�� |u− u0| < η �,k

|f(u)− f(u0)| < ε
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½Â �mëY $�5� Ð�¼ê

y² éu?¿�½��ê ε, Ï� f 3 u0 ëY, K�3���ê

η > 0,¦�� |u− u0| < η �,k

|f(u)− f(u0)| < ε

éuþã η > 0,qÏ� g 3 x0 ëY,¤±�3 δ > 0,¦�� |x− x0| < δ

�,k

|g(x)− g(x0)| = |u− u0| < η
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½Â �mëY $�5� Ð�¼ê

y² éu?¿�½��ê ε, Ï� f 3 u0 ëY, K�3���ê

η > 0,¦�� |u− u0| < η �,k

|f(u)− f(u0)| < ε

éuþã η > 0,qÏ� g 3 x0 ëY,¤±�3 δ > 0,¦�� |x− x0| < δ

�,k

|g(x)− g(x0)| = |u− u0| < η

u´,� |x− x0| < δ �,lþ¡ü�Ø�ª��

|f(g(x))− f(g(x0))| = |f(u)− f(u0)| < ε

=¼ê f(g(x))3 x0 ëY.y..
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½Â �mëY $�5� Ð�¼ê

y² éu?¿�½��ê ε, Ï� f 3 u0 ëY, K�3���ê

η > 0,¦�� |u− u0| < η �,k

|f(u)− f(u0)| < ε

éuþã η > 0,qÏ� g 3 x0 ëY,¤±�3 δ > 0,¦�� |x− x0| < δ

�,k

|g(x)− g(x0)| = |u− u0| < η

u´,� |x− x0| < δ �,lþ¡ü�Ø�ª��

|f(g(x))− f(g(x0))| = |f(u)− f(u0)| < ε

=¼ê f(g(x))3 x0 ëY.y..

d5���±L«�e¡/ª

lim
x→x0

f(g(x)) = f( lim
x→x0

g(x)) = f(g(x0))

=3ëY�^�e,�òEÜ¼ê�4�$�£�S�¼ê5$�.
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½n 1 � y = f(x)´½Â3«m I = [a, b]þ���ëY¼ê,K f 3 I

þk�¼ê�¿©7�^�´ f 3 I þî�4O£~¤. �ù�^�¤á

�, f ��¼ê f−1 3Ù�A�½Â�S�´î�4O£~¤�ëY¼ê.
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½Â �mëY $�5� Ð�¼ê

½n 1 � y = f(x)´½Â3«m I = [a, b]þ���ëY¼ê,K f 3 I

þk�¼ê�¿©7�^�´ f 3 I þî�4O£~¤. �ù�^�¤á

�, f ��¼ê f−1 3Ù�A�½Â�S�´î�4O£~¤�ëY¼ê.

y² Ø�� y = f(x) 3 I = [a, b] þî�üN4O. ¤±k�¼

ê f−1. ±�ò`² f ���, �Ò´�¼ê f−1 �½Â��´��«m

J = [f(a), f(b)].
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½n 1 � y = f(x)´½Â3«m I = [a, b]þ���ëY¼ê,K f 3 I

þk�¼ê�¿©7�^�´ f 3 I þî�4O£~¤. �ù�^�¤á

�, f ��¼ê f−1 3Ù�A�½Â�S�´î�4O£~¤�ëY¼ê.

y² Ø�� y = f(x) 3 I = [a, b] þî�üN4O. ¤±k�¼

ê f−1. ±�ò`² f ���, �Ò´�¼ê f−1 �½Â��´��«m

J = [f(a), f(b)].

1◦ ky f−1 �´î�4O�. ?� y1 < y2, Ù¥ y1 = f(x1), y2 =

f(x2). u´ x1 = f−1(y1), x2 = f−1(y2). XJ x2 6 x1,Kd f(x)�üN5,

Òk y2 = f(x2) 6 y1 = f(x1). dgñ`² x1 < x2, � f−1(y) �î�üN

4O.
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½n 1 � y = f(x)´½Â3«m I = [a, b]þ���ëY¼ê,K f 3 I

þk�¼ê�¿©7�^�´ f 3 I þî�4O£~¤. �ù�^�¤á

�, f ��¼ê f−1 3Ù�A�½Â�S�´î�4O£~¤�ëY¼ê.

y² Ø�� y = f(x) 3 I = [a, b] þî�üN4O. ¤±k�¼

ê f−1. ±�ò`² f ���, �Ò´�¼ê f−1 �½Â��´��«m

J = [f(a), f(b)].

1◦ ky f−1 �´î�4O�. ?� y1 < y2, Ù¥ y1 = f(x1), y2 =

f(x2). u´ x1 = f−1(y1), x2 = f−1(y2). XJ x2 6 x1,Kd f(x)�üN5,

Òk y2 = f(x2) 6 y1 = f(x1). dgñ`² x1 < x2, � f−1(y) �î�üN

4O.

2◦ y35y² x = f−1(y) 3 J þ�ëY5. ?� J ¥�: y0 ∈
(f(a), f(b)). Kk x0 ∈ (a, b),¦ y0 = f(x0). é?��÷v (x0−ε, x0+ε) ⊂
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½Â �mëY $�5� Ð�¼ê

I ��ê ε. d f(x)�üN5��k

y1 = f(x0 − ε) < y0 = f(x0) < f(x0 + ε) = y2.

� δ = min(y0 − y1, y2 − y0). K� |y − y0| < δ �,Òk

y1 < y < y2.

d f−1(y)�üN5��,� |y − y0| < δ �,7k

f−1(y) > f−1(y1) = x0 − ε = f−1(y0)− ε

9

f−1(y) < f−1(y2) = x0 + ε = f−1(y0) + ε.

=� |y − y0| < δ �,

|f−1(y)− f−1(y0)| < ε.

� f−1(y)3 y0 ëY,d y0 �?¿5 f−1(y)3 (f(a), f(b))ëY.

�u f−1(y)3à:�üýëY5K^þã�{aq�y. y..
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½Â �mëY $�5� Ð�¼ê

�¼êëY�,��y²:

�y{, EØ�� f(x) î�4O, Ï
 f−1(y) �î�4O. e f−1(y)

3,: y0 ∈ J ØëY, K�3Âñu y0 �:� yn ∈ J ¦� f−1(yn) Ø

Âñu f−1(y0). � xn = f−1(yn), x0 = f−1(y0), K xn ØÂñu x0. du

{f(xn)}Âñu y0 = f(x0),� {xn}Âñ��UÂñu x0.Ï
 {xn}ØÂ
ñ. �, �3 {xn} �ü�Âñf� {x′n}, {x′′n} ©OÂñ�ØÓ�ê x′ Ú

x′′. du f ëY, �� lim f(x′n) = f(x′), lim f(x′′n) = f(x′′). � {f(x′n)} Ú
{f(x′′n)}Ñ´ {yn}�f�,Ï
 f(x′) = f(x′′) = y0.�â f �î�4O5,

�� x′ = x′′ = x0.ù�c¡ x′ 6= x′′gñ! u´ f−1(y)3 J ¥z:ÑëY.
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½Â �mëY $�5� Ð�¼ê

~ 1 � f(x)´½Â3 Rþ�ëY¼ê,�÷v Cauchy�§

f(x + y) = f(x) + f(y), (2.1)

Ù¥ x, y ´?¿¢ê. ¦ f(x).
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½Â �mëY $�5� Ð�¼ê

~ 1 � f(x)´½Â3 Rþ�ëY¼ê,�÷v Cauchy�§

f(x + y) = f(x) + f(y), (2.1)

Ù¥ x, y ´?¿¢ê. ¦ f(x).

) 3�§¥- x = y � f(2x) = 2f(x), ^8B{�±y²é?¿g

,ê nk

f(nx) = nf(x). (2.2)

òdª¥� x�¤ x
n
�

f
(x
n

)
=

1

n
f(x). (2.3)

u´é?¿g,êmÚ nk

f
( n
m
x
)
=
n

m
f(x). (2.4)

Ï
é?¿�knê r k

f(rx) = rf(x). (2.5)
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l f(2x) = 2f(x) �� f(0) = 0. 3��§¥- y = −x �� f(−x) =

−f(x).u´þ¡�ªfé?¿Kknê r �¤á. éu?¿¢ê x,�kn

ê� {rn}Âñu x. Ï�

f(rn) = rnf(1),

- n→∞�â f �ëY5�

f(x) = ax,

Ù¥ a = f(1)´~ê.
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l f(2x) = 2f(x) �� f(0) = 0. 3��§¥- y = −x �� f(−x) =

−f(x).u´þ¡�ªfé?¿Kknê r �¤á. éu?¿¢ê x,�kn

ê� {rn}Âñu x. Ï�

f(rn) = rnf(1),

- n→∞�â f �ëY5�

f(x) = ax,

Ù¥ a = f(1)´~ê.

¯K 1 �¼ê f(x) 3 R þ÷v Cauchy �§, ¿� f(x) ´üN¼ê.

¦y: �3~ê c¦� f(x) = ax.
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l f(2x) = 2f(x) �� f(0) = 0. 3��§¥- y = −x �� f(−x) =

−f(x).u´þ¡�ªfé?¿Kknê r �¤á. éu?¿¢ê x,�kn

ê� {rn}Âñu x. Ï�

f(rn) = rnf(1),

- n→∞�â f �ëY5�

f(x) = ax,

Ù¥ a = f(1)´~ê.

¯K 1 �¼ê f(x) 3 R þ÷v Cauchy �§, ¿� f(x) ´üN¼ê.

¦y: �3~ê c¦� f(x) = ax.

¯K 2 �¼ê f(x)3 Rþ÷v Cauchy�§,¿� f(x)3,«mþØ

CÒ.¦y: �3~ê c¦� f(x) = ax.
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2.1.4 Ð�¼ê�ëY5

½n 2 (Ð�¼ê�ëY5) ¤kÐ�¼ê3Ù½Â«mSÑ?ëY.

y² ®y²
 sinx, ax, lnx�ëY5. Ï�

cosx = sin(x +
π

2
), tanx =

sinx

cosx
, cotx =

cosx

sinx

secx =
1

cosx
, cscx =

1

sinx
,

¤±n�¼ê´ëY�, �â�¼êëY5½n��, �n�¼ê�´ëY

�. éu����¼ê xa du

xa = ea lnx,

�âEÜ¼ê½n9�ê¼ê�ëY5�� xa �´ëY�. ���âëY

¼ê�oK$�½n=�,��Ð�¼êÑëY.
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~ 2 (V­¼ê) ¼ê

sinhx =
ex − e−x

2
, coshx =

ex + e−x

2
, tanh =

ex − e−x

ex + e−x

©O¡�V­�u!V­{u!V­��,Ú¡�V­¼ê.

x

y

x

y
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V­¼ê�5�:

sinh(x± y) = sinhx cosh y ± coshx sinh y,

cosh(x± y) = coshx cosh y ± sinhx sinh y,

cosh2 x− sinh2 x = 1,

sinh 2x = 2 sinhx coshx,

cosh 2x = cosh2 x + sinh2 x

sinhx��¼ê: y = ln(x +
√
x2 + 1) (−∞ < x < +∞)

coshx��¼ê: y = ln(x +
√
x2 − 1) (x > 1)

tanhx��¼ê: y =
1

2
ln

1 + x

1− x
(−1 < x < 1)
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