
0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

§3.4 �½ª�4�

3.4.1 0
0
.�½ª

½n 1 (0
0
. L’Hospital{K) � f(x)Ú g(x)3 x0 NC��, g′(x) 6= 0,

�÷v

lim
x→x0

f(x) = lim
x→x0

g(x) = 0.

XJ lim
x→x0

f ′(x)
g′(x)

= l,@ok lim
x→x0

f(x)
g(x)

= l,ùp l �±´��k�¢ê,��

±´∞.

y² du lim
x→x0

f(x) = lim
x→x0

g(x) = 0, �� x → x0 �, f(x)
g(x)
�4�

�¼ê f Ú g 3 x0 ��Ã', Ïd·�Ø�b� f(x0) = g(x0) = 0, ù�,

¼ê f Ú g 3 x0 ÑëY.

� x´«m (x0 − δ, x0 + δ)¥�?¿�:£x 6= x0¤,3± xÚ x0 �
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

à:�4«mþ, f Ú g ÷v Cauchy¥�½n���^�,u´�30u x

Ú x0 �m��: ξ,¦�

f(x)

g(x)
=
f(x)− f(x0)

g(x)− g(x0)
=
f ′(ξ)

g′(ξ)
.

Ï� |ξ − x0| < |x− x0|,¤±� x→ x0 �, ξ → x0. d½n�b�,=��

lim
x→x0

f(x)

g(x)
= lim

ξ→x0

f ′(ξ)

g′(ξ)
= l.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

à:�4«mþ, f Ú g ÷v Cauchy¥�½n���^�,u´�30u x

Ú x0 �m��: ξ,¦�

f(x)

g(x)
=
f(x)− f(x0)

g(x)− g(x0)
=
f ′(ξ)

g′(ξ)
.

Ï� |ξ − x0| < |x− x0|,¤±� x→ x0 �, ξ → x0. d½n�b�,=��

lim
x→x0

f(x)

g(x)
= lim

ξ→x0

f ′(ξ)

g′(ξ)
= l.

51: ½n¥�4�L§�U�üÿ4�£=x → x0 ± 0¤, d�(ØÓ

�¤á, ,��¡éu4�L§ x → +∞, x → −∞ ½ x → ∞ �� 0
0
.

�½ª,�kaq� L’Hospital{K.

± x → ∞ ��~, XJ lim
x→∞

f(x) = lim
x→∞

g(x) = 0, lim
x→∞

f ′(x)
g′(x)

= l, K

lim
x→∞

f(x)
g(x)

= l.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

y²�L§¥��� y = 1
x
,K x→∞�, y → 0,�

lim
x→∞

f(x)

g(x)
= lim

y→0

f
(

1
y

)
g
(

1
y

) = lim
y→0

1
y2
f ′

(
1
y

)
1
y2
g′
(

1
y

) = lim
x→∞

f ′(x)

g′(x)
= l.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

y²�L§¥��� y = 1
x
,K x→∞�, y → 0,�

lim
x→∞

f(x)

g(x)
= lim

y→0

f
(

1
y

)
g
(

1
y

) = lim
y→0

1
y2
f ′

(
1
y

)
1
y2
g′
(

1
y

) = lim
x→∞

f ′(x)

g′(x)
= l.

52: 3¦^ L’Hospital {K�, XJ f ′(x)
g′(x)

�´ 0
0
.�½ª, =Ø�

lim
x→x0

f(x) = lim
x→x0

g(x) = 0, � lim
x→x0

f ′(x) = lim
x→x0

g′(x) = 0, K�±U

Y�Ä���ê, XJ lim
ξ→x0

f ′′(ξ)
g′′(ξ)

= l, K lim
ξ→x0

f(ξ)
g(ξ)

= l. Ø+¦^Ag, cJ^

��´cö7L´ 0
0
.�½ª,�´�ö�4��½�3,üö"�Ø�.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

y²�L§¥��� y = 1
x
,K x→∞�, y → 0,�

lim
x→∞

f(x)

g(x)
= lim

y→0

f
(

1
y

)
g
(

1
y

) = lim
y→0

1
y2
f ′

(
1
y

)
1
y2
g′
(

1
y

) = lim
x→∞

f ′(x)

g′(x)
= l.

52: 3¦^ L’Hospital {K�, XJ f ′(x)
g′(x)

�´ 0
0
.�½ª, =Ø�

lim
x→x0

f(x) = lim
x→x0

g(x) = 0, � lim
x→x0

f ′(x) = lim
x→x0

g′(x) = 0, K�±U

Y�Ä���ê, XJ lim
ξ→x0

f ′′(ξ)
g′′(ξ)

= l, K lim
ξ→x0

f(ξ)
g(ξ)

= l. Ø+¦^Ag, cJ^

��´cö7L´ 0
0
.�½ª,�´�ö�4��½�3,üö"�Ø�.

53: 3¦^ L’Hospital {K�c, �Ðk^�dÃ¡�O���{ò©

f½©1�¤{ü�¼ê.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 1 ¦ lim
x→0

e2x−1
ln(1+x)

.

4/21

‖J I‖ J I �£ �¶ '4 òÑ



0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 1 ¦ lim
x→0

e2x−1
ln(1+x)

.

) ù´�� 0
0
.�½ª,d L’Hospital{K�

lim
x→0

e2x − 1

ln(1 + x)
= lim

x→0

e2x − 1

x
= lim

x→0
2e2x = 2
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 1 ¦ lim
x→0

e2x−1
ln(1+x)

.

) ù´�� 0
0
.�½ª,d L’Hospital{K�

lim
x→0

e2x − 1

ln(1 + x)
= lim

x→0

e2x − 1

x
= lim

x→0
2e2x = 2

~ 2 ¦ lim
x→0

ex+e−x−2
sin2 x

.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 1 ¦ lim
x→0

e2x−1
ln(1+x)

.

) ù´�� 0
0
.�½ª,d L’Hospital{K�

lim
x→0

e2x − 1

ln(1 + x)
= lim

x→0

e2x − 1

x
= lim

x→0
2e2x = 2

~ 2 ¦ lim
x→0

ex+e−x−2
sin2 x

.

) ù´�� 0
0
.�½ª. �©f©1�g¦���'ª

(ex + e−x − 2)′

(sin2 x)′
=
ex − e−x

sin 2x

E,´�� 0
0
.�½ª,ÏdI�2g¦^ L’Hospital{K,=

lim
x→0

ex + e−x − 2

sin2 x
= lim

x→0

ex − e−x

sin 2x
= lim

x→0

ex + e−x

2 cos 2x
= 1.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

3.4.2 ∞
∞ .�½ª

½n 2 (∞∞ . L’Hospital{K) � f(x)Ú g(x)3 x0NC��, g′(x) 6= 0,

� lim
x→x0

g(x) = ∞. XJ lim
x→x0

f ′(x)
g′(x)

= l, Kk lim
x→x0

f(x)
g(x)

= l, ùp l �±´�

�k�¢ê,��±´∞.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

3.4.2 ∞
∞ .�½ª

½n 2 (∞∞ . L’Hospital{K) � f(x)Ú g(x)3 x0NC��, g′(x) 6= 0,

� lim
x→x0

g(x) = ∞. XJ lim
x→x0

f ′(x)
g′(x)

= l, Kk lim
x→x0

f(x)
g(x)

= l, ùp l �±´�

�k�¢ê,��±´∞.

y² �é l �¢ê��¹y², l = +∞ ½ l = −∞ ��¹aq. d

lim
x→x+0

f ′(x)
g′(x)

= l,�,é?¿ ε > 0,�3 δ1 > 0,� x ∈ (x0, x0 + δ1)�,k

l− ε <
f ′(x)

g′(x)
< l + ε.

d Cauchy¥�½n,éu (x, c) ⊂ (x0, x0 + δ1),�3 ξ ∈ (x, c)¦�

f(x)− f(c)
g(x)− g(c)

=
f ′(ξ)

g′(ξ)
.

5/21

‖J I‖ J I �£ �¶ '4 òÑ



0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

Ïd,

l− ε <
f(x)− f(c)
g(x)− g(c)

< l + ε.

du lim
x→x0

g(x) =∞,éu�½� c,�3 δ > 0,¦�� x ∈ (x0, x0 + δ)�,

k
∣∣∣g(c)g(x)

∣∣∣ < ε,
∣∣∣f(c)g(x)

∣∣∣ < ε.u´,� x ∈ (x0, x0 + δ)�,k

f(x)

g(x)
=
f(x)− f(c)
g(x)− g(c)

−
f(x)− f(c)
g(x)− g(c)

·
g(c)

g(x)
+
f(c)

g(x)

< l + ε + (|l| + ε)ε + ε;

f(x)

g(x)
> l− ε− (|l| + ε)ε− ε.

Ïd, ∣∣∣∣f(x)g(x)
− l

∣∣∣∣ < (2 + |l| + ε)ε.

ddy²
 lim
x→x+0

f(x)
g(x)

= l.Ón,k lim
x→x−0

f(x)
g(x)

= l.y..
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

y²� d Daboux½n,3 x0 ���m�� I1 = (x0, x0 + δ)S, g′(x)

ØCÒ, Ïd g(x) 3d��Sî�üN. � xn ´ I1 Sî�4~ªu x0 �

ê�,�â Cauchy¥�½n,�3 ξn ∈ (xn+1, xn)¦�

f(xn+1)− f(xn)
g(xn+1)− g(xn)

=
f ′(ξn)

g′(ξn)
.

Ï� {g(xn} î�üNªu∞, � {ξn} �� {xn} l x0 màªu x0, �â

Stolz½n,k

lim
n→∞

f(xn)

g(xn)
= lim

n→∞

f(xn+1)− f(xn)
g(xn+1)− g(xn)

= lim
n→∞

f ′(ξn)

g′(ξn)
= l.

5¿�ê� {xn}�?¿5,��

lim
x→x+0

f(x)

g(x)
= l.

5 0
0
. L’Hospital{K��±^aq/�{y².
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

L’Hospital{K� Stolz½n�'�

(0
0
. L’Hospital{K)� f(x)Ú g(x)3«m (x0,+∞)þ��, g′(x) 6= 0,

�� x→ +∞� f(x)Ú g(x)Ñªu 0,

XJ lim
x→+∞

f ′(x)

g′(x)
= A, @ok lim

x→+∞

f(x)

g(x)
= A,

ùp A�±´��k�¢ê,��±´ +∞½ −∞.

(0
0
. Stolz½n)� {an}, {bn}´ü�ªu"�ê�,� {bn}î�üN4

O.

XJ lim
n→∞

an+1 − an
bn+1 − bn

= A, @ok lim
n→∞

an

bn
= A,

Ù¥ A�±´¢ê,��±´ +∞½ −∞.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

(∞∞. L’Hospital{K)� f(x)Ú g(x)3«m (x0,+∞)þ��, g′(x) 6= 0,

� lim
x→+∞

g(x) =∞.

XJ lim
x→+∞

f ′(x)

g′(x)
= A, @ok lim

x→+∞

f(x)

g(x)
= A,

ùp A�±´��k�¢ê,��±´ +∞½ −∞.

(∞∞ . Stolz ½n) � {an}, {bn} ´ü�ê�, � {bn} î�üN4Oªu
+∞.

XJ lim
n→∞

an+1 − an
bn+1 − bn

= A, @ok lim
n→∞

an

bn
= A,

Ù¥ A�±´¢ê,��±´ +∞½ −∞.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 3 � f(x)3 [a,+∞)þ��,� lim
x→+∞

e−x
2
f ′(x) = 0.¦y:

lim
x→+∞

xe−x
2

f(x) = 0.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 3 � f(x)3 [a,+∞)þ��,� lim
x→+∞

e−x
2
f ′(x) = 0.¦y:

lim
x→+∞

xe−x
2

f(x) = 0.

y² �â L’Hospital{K,k

lim
x→+∞

f(x)e−x
2

= lim
x→+∞

f(x)

ex2
= lim

x→+∞

f ′(x)

2xex2

= lim
x→+∞

1

2x
· f ′(x)e−x2 = 0.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 3 � f(x)3 [a,+∞)þ��,� lim
x→+∞

e−x
2
f ′(x) = 0.¦y:

lim
x→+∞

xe−x
2

f(x) = 0.

y² �â L’Hospital{K,k

lim
x→+∞

f(x)e−x
2

= lim
x→+∞

f(x)

ex2
= lim

x→+∞

f ′(x)

2xex2

= lim
x→+∞

1

2x
· f ′(x)e−x2 = 0.

2�â L’Hospital{K,�

lim
x→+∞

xf(x)

ex2
= lim

x→+∞

f(x) + xf ′(x)

2xex2

= lim
x→+∞

(
1

2x
· f(x)e−x2 +

1

2
f ′(x)e−x

2

)
= 0.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 4 � f(x)3 (a,+∞)þ��,� lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

¦y: lim
x→+∞

f(x) = l.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 4 � f(x)3 (a,+∞)þ��,� lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

¦y: lim
x→+∞

f(x) = l.

y² lim
x→+∞

f(x) = lim
x→+∞

f(x) lnx
lnx

= lim
x→+∞

f ′(x) lnx+f(x) 1x
1
x

= lim
x→+∞

(f(x) + xf ′(x) lnx) = l.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 4 � f(x)3 (a,+∞)þ��,� lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

¦y: lim
x→+∞

f(x) = l.

y² lim
x→+∞

f(x) = lim
x→+∞

f(x) lnx
lnx

= lim
x→+∞

f ′(x) lnx+f(x) 1x
1
x

= lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

~ 5 � α > 0,¦ lim
x→+∞

lnx
xα

.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 4 � f(x)3 (a,+∞)þ��,� lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

¦y: lim
x→+∞

f(x) = l.

y² lim
x→+∞

f(x) = lim
x→+∞

f(x) lnx
lnx

= lim
x→+∞

f ′(x) lnx+f(x) 1x
1
x

= lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

~ 5 � α > 0,¦ lim
x→+∞

lnx
xα

.

) ù´�� ∞
∞ .�½ª,¤±

lim
x→+∞

lnx

xα
= lim

x→+∞

1

αxα−1 · x
= lim

x→+∞

1

αxα
= 0.

XJ^ 1
x
�O x,K lim

x→0+
xα lnx = 0.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 4 � f(x)3 (a,+∞)þ��,� lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

¦y: lim
x→+∞

f(x) = l.

y² lim
x→+∞

f(x) = lim
x→+∞

f(x) lnx
lnx

= lim
x→+∞

f ′(x) lnx+f(x) 1x
1
x

= lim
x→+∞

(f(x) + xf ′(x) lnx) = l.

~ 5 � α > 0,¦ lim
x→+∞

lnx
xα

.

) ù´�� ∞
∞ .�½ª,¤±

lim
x→+∞

lnx

xα
= lim

x→+∞

1

αxα−1 · x
= lim

x→+∞

1

αxα
= 0.

XJ^ 1
x
�O x,K lim

x→0+
xα lnx = 0.

ù�~f`²ÃØ α´õ���ê,� x→ +∞�,�¼ê xα o´'

éê¼ê�p��Ã¡�þ.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 6 � µ > 0, a > 1,¦ lim
x→+∞

xµ

ax
.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 6 � µ > 0, a > 1,¦ lim
x→+∞

xµ

ax
.

) 5¿�,�� µ− k > 0,� x→ +∞�,�K�©fÜ© kg�¼

êE´Ã¡�þ, ©1Ü©�?¿��¼êÑ´Ã¡�þ. Ïd���ê

n > µ. K� x > 1�k

0 <
xµ

ax
<
xn

ax
.

�ë¦^ ng L’Hospital{KÒk

lim
x→+∞

xn

ax
= lim

x→+∞

nxn−1

ax ln a
= · · ·

= lim
x→+∞

n!

ax(ln a)n
= 0.

¤±

lim
x→+∞

xµ

ax
= 0.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 6 � µ > 0, a > 1,¦ lim
x→+∞

xµ

ax
.

) 5¿�,�� µ− k > 0,� x→ +∞�,�K�©fÜ© kg�¼

êE´Ã¡�þ, ©1Ü©�?¿��¼êÑ´Ã¡�þ. Ïd���ê

n > µ. K� x > 1�k

0 <
xµ

ax
<
xn

ax
.

�ë¦^ ng L’Hospital{KÒk

lim
x→+∞

xn

ax
= lim

x→+∞

nxn−1

ax ln a
= · · ·

= lim
x→+∞

n!

ax(ln a)n
= 0.

¤±

lim
x→+∞

xµ

ax
= 0.

d~`², a > 1�,k ax >> xµ (x→ +∞).
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 7 � f(x)3«m [0, a]þk��ëY�ê, f ′(0) = 1, f ′′(0) 6= 0,�

0 < f(x) < x, x ∈ (0, a).-

xn+1 = f(xn), x1 ∈ (0, a).

(i)¦y {xn}Âñ¿¦4�;

(ii)Á¯ {nxn}´ÄÂñ? eØÂñ,K`²nd. eÂñ,K¦Ù4�.

y² (i)d^�k 0 < x2 = f(x1) < x1,8B/�y�

0 < xn+1 < xn,

u´ {xn}k4�,�� x0.d f �ëY5,9 xn+1 = f(xn)�

x0 = f(x0).

qÏ�� x > 0�, f(x) > x,¤±�k x0 = 0.=,

lim
n→∞

xn = 0.
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0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
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(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
= lim

n→∞

1

1/xn+1 − 1/xn
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(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
= lim

n→∞

1

1/xn+1 − 1/xn

= lim
n→∞

xn+1xn

xn − xn+1
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0
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∞ .�½ª Ù¦/ª�½ª ¯K

(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
= lim

n→∞

1

1/xn+1 − 1/xn

= lim
n→∞

xn+1xn

xn − xn+1

= lim
n→∞

xnf(xn)

xn − f(xn)
= lim

x→0

xf(x)

x− f(x)
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0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
= lim

n→∞

1

1/xn+1 − 1/xn

= lim
n→∞

xn+1xn

xn − xn+1

= lim
n→∞

xnf(xn)

xn − f(xn)
= lim

x→0

xf(x)

x− f(x)

= lim
x→0

f(x) + xf ′(x)

1− f ′(x)
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0
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(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
= lim

n→∞

1

1/xn+1 − 1/xn

= lim
n→∞

xn+1xn

xn − xn+1

= lim
n→∞

xnf(xn)

xn − f(xn)
= lim

x→0

xf(x)

x− f(x)

= lim
x→0

f(x) + xf ′(x)

1− f ′(x)

= lim
x→0

2f ′(x) + xf ′′(x)

−f ′′(x)
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0
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∞ .�½ª Ù¦/ª�½ª ¯K

(ii)d Stolz½nÚ L’Hospital{K,

lim
n→∞

nxn = lim
n→∞

n

1/xn
= lim

n→∞

1

1/xn+1 − 1/xn

= lim
n→∞

xn+1xn

xn − xn+1

= lim
n→∞

xnf(xn)

xn − f(xn)
= lim

x→0

xf(x)

x− f(x)

= lim
x→0

f(x) + xf ′(x)

1− f ′(x)

= lim
x→0

2f ′(x) + xf ′′(x)

−f ′′(x)

= −
2

f ′′(0)
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

3.4.3 Ù¦a.��½ª

Ø
c¡:0�� 0
0
.�½ªÚ ∞

∞ �½ª�	, �ke�A«�½

ª

0 · ∞, ∞−∞, 1∞, 00, ∞0

cü«þN´z¤ 0
0
.½ ∞

∞ .¶�n«�ÏLyé¼ê�éê,2z�Ä

�� 0
0
.½ ∞

∞ .. ÏdþãÊa�½ª,Ñ�±^ L’Hospital{K?n.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

3.4.3 Ù¦a.��½ª

Ø
c¡:0�� 0
0
.�½ªÚ ∞

∞ �½ª�	, �ke�A«�½

ª

0 · ∞, ∞−∞, 1∞, 00, ∞0

cü«þN´z¤ 0
0
.½ ∞

∞ .¶�n«�ÏLyé¼ê�éê,2z�Ä

�� 0
0
.½ ∞

∞ .. ÏdþãÊa�½ª,Ñ�±^ L’Hospital{K?n.

~ 8 ¦ lim
x→+∞

x
(
π
2
− arctanx

)
.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

3.4.3 Ù¦a.��½ª

Ø
c¡:0�� 0
0
.�½ªÚ ∞

∞ �½ª�	, �ke�A«�½

ª

0 · ∞, ∞−∞, 1∞, 00, ∞0

cü«þN´z¤ 0
0
.½ ∞

∞ .¶�n«�ÏLyé¼ê�éê,2z�Ä

�� 0
0
.½ ∞

∞ .. ÏdþãÊa�½ª,Ñ�±^ L’Hospital{K?n.

~ 8 ¦ lim
x→+∞

x
(
π
2
− arctanx

)
.

) ù´�� 0 · ∞.�½ª,�ò§z� 0
0
.�½ª?n

lim
x→+∞

x
(π
2
− arctanx

)
= lim

x→+∞

π
2
− arctanx

x−1

= lim
x→+∞

1
1+x2

1
x2

= lim
x→+∞

x2

1 + x2
= 1.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 9 ¦ lim
x→1

(
1

lnx
+ 1

1−x

)
.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 9 ¦ lim
x→1

(
1

lnx
+ 1

1−x

)
.

) ù´��∞−∞.�½ª. - y = x− 1,K� x→ 1�k y → 0.

�ª�z� 0
0
.�½ª. 3?nL§¥,�±^Ó��Ã¡�þ?1O�,X

ln(1 + y) ∼ y, y → 0,¤±

lim
x→1

(
1

lnx
+

1

1− x

)
= lim

y→0

y − ln(1 + y)

y ln(1 + y)
= lim

y→0

y − ln(1 + y)

y2

= lim
y→0

1− 1
1+y

2y
=

1

2
.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 9 ¦ lim
x→1

(
1

lnx
+ 1

1−x

)
.

) ù´��∞−∞.�½ª. - y = x− 1,K� x→ 1�k y → 0.

�ª�z� 0
0
.�½ª. 3?nL§¥,�±^Ó��Ã¡�þ?1O�,X

ln(1 + y) ∼ y, y → 0,¤±

lim
x→1

(
1

lnx
+

1

1− x

)
= lim

y→0

y − ln(1 + y)

y ln(1 + y)
= lim

y→0

y − ln(1 + y)

y2

= lim
y→0

1− 1
1+y

2y
=

1

2
.

~ 10 ¦ lim
x→0+

xx.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 9 ¦ lim
x→1

(
1

lnx
+ 1

1−x

)
.

) ù´��∞−∞.�½ª. - y = x− 1,K� x→ 1�k y → 0.

�ª�z� 0
0
.�½ª. 3?nL§¥,�±^Ó��Ã¡�þ?1O�,X

ln(1 + y) ∼ y, y → 0,¤±

lim
x→1

(
1

lnx
+

1

1− x

)
= lim

y→0

y − ln(1 + y)

y ln(1 + y)
= lim

y→0

y − ln(1 + y)

y2

= lim
y→0

1− 1
1+y

2y
=

1

2
.

~ 10 ¦ lim
x→0+

xx.

) ù´ 00 .�½ª,d~ 5±9�ê¼ê�ëY5�

lim
x→0+

xx = lim
x→0+

ex lnx = elimx→0+ x lnx = e0 = 1
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 11 ¦ lim
x→0

(
sinx
x

) 1
x2 .
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 11 ¦ lim
x→0

(
sinx
x

) 1
x2 .

) ù´ 1∞ .�½ª,-

y = y(x) =

(
sinx

x

) 1
x2

,

K

ln y =
ln sinx

x

x2

ù´�� 0
0
.�½ª,¤±

lim
x→0

ln sinx
x

x2
= lim

x→0

cosx
sinx
− 1

x

2x

= lim
x→0

x cosx− sinx

2x3

= lim
x→0

−x sinx

6x2
= −

1

6
.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 12 ¦ lim
x→+∞

x
1√
x .
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 12 ¦ lim
x→+∞

x
1√
x .

) ù´∞0 .�½ª,P y = y(x) = x1/
√
x,K ln y = lnx√

x
. d~ 5��

lim
x→+∞

lnx√
x
= 0,¤±

lim
x→+∞

x1/
√
x = lim

x→+∞
eln y = elimx→+∞ ln y = e0 = 1.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 12 ¦ lim
x→+∞

x
1√
x .

) ù´∞0 .�½ª,P y = y(x) = x1/
√
x,K ln y = lnx√

x
. d~ 5��

lim
x→+∞

lnx√
x
= 0,¤±

lim
x→+∞

x1/
√
x = lim

x→+∞
eln y = elimx→+∞ ln y = e0 = 1.

~ 13 ¦ lim
x→0

(1− cosx)tanx.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 12 ¦ lim
x→+∞

x
1√
x .

) ù´∞0 .�½ª,P y = y(x) = x1/
√
x,K ln y = lnx√

x
. d~ 5��

lim
x→+∞

lnx√
x
= 0,¤±

lim
x→+∞

x1/
√
x = lim

x→+∞
eln y = elimx→+∞ ln y = e0 = 1.

~ 13 ¦ lim
x→0

(1− cosx)tanx.

) ù´ 00 .�½ª

lim
x→0

(1− cosx)tanx = lim
x→0

etanx ln(1−cosx).

lim
x→0

tanx ln(1− cosx) = lim
x→0

x ln(1− cosx) = lim
x→0

ln(1− cosx)
1
x

= lim
x→0

sinx

x−2(cosx− 1)
= 0.
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0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

¤±

lim
x→0

(1− cosx)tanx = 1.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

¤±

lim
x→0

(1− cosx)tanx = 1.

~ 14 ¦ lim
x→+∞

xarctanx−π2 .
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

¤±

lim
x→0

(1− cosx)tanx = 1.

~ 14 ¦ lim
x→+∞

xarctanx−π2 .

) ù´∞0 .�½ª

lim
x→+∞

xarctanx−π2 = lim
x→+∞

e(arctanx−
π
2 ) lnx.

lim
x→+∞

(
arctanx−

π

2

)
lnx = lim

x→+∞

arctanx− π
2

1
x

·
lnx

x

= lim
x→+∞

1
1+x2

− 1
x2

lim
x→+∞

lnx

x
= 0.

�

lim
x→+∞

xarctanx−π2 = 1.
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0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 15 ¦ lim
x→0

(
1
x2
− 1

x tanx

)
.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

~ 15 ¦ lim
x→0

(
1
x2
− 1

x tanx

)
.

) ù´∞−∞.�½ª

lim
x→0

(
1

x2
−

1

x tanx

)
= lim

x→0

tanx− x
x2 tanx

= lim
x→0

tanx− x
x3

= lim
x→0

sinx− x cosx

x3 cosx

= lim
x→0

sinx− x cosx

x3

= lim
x→0

cosx− cosx + x sinx

3x2

=
1

3
.
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0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

1. ´Ä�3��¼ê f(x)¦� f ′(x) = sgnx, x ∈ R.
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0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

1. ´Ä�3��¼ê f(x)¦� f ′(x) = sgnx, x ∈ R.

2. e f(x)3«mþî�4O���,K f ′(x) > 0.
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1. ´Ä�3��¼ê f(x)¦� f ′(x) = sgnx, x ∈ R.

2. e f(x)3«mþî�4O���,K f ′(x) > 0.

3. e f(x)3 [a, b]þ��,K f ′(x)���´��«m.
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0
0
.�½ª ∞

∞ .�½ª Ù¦/ª�½ª ¯K

1. ´Ä�3��¼ê f(x)¦� f ′(x) = sgnx, x ∈ R.

2. e f(x)3«mþî�4O���,K f ′(x) > 0.

3. e f(x)3 [a, b]þ��,K f ′(x)���´��«m.

4. � f(x) 3 (a, b) þ��, x0 ∈ (a, b). e f ′(x) 3 x0 �>��, 3 x0

�m>�K,K f(x)3 x0 ����.
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