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�!£6©¤� I(u) =
cosu∫
sinu

ex
2−xu dx, ¦ I ′(u).

)

I ′(u) = −ecos
2 u−u cosu sinu− esin

2 u−u sinu cosu−
∫ cosu

sinu

xex
2−xu dx.

�!£12©¶z�K4©¤�~v =

(
y

z
− 1

y
,
x

z
+
x

y2
, 1− xy

z2

)
(y > 0, z > 0).

£1¤y² ~v ´k³|¶£2¤¦Ù�N³¼ê¶£3¤O�
(1,2,3)∫
(1,1,1)

~v · ~τ ds

) ���y ∇× ~v = 0; �³¼ê� ϕ(x, y, z), )�§

∂ϕ

∂x
=
y

z
− 1

y
,
∂ϕ

∂y
=
x

z
+
x

y2
,
∂ϕ

∂z
= 1− xy

z2

�

ϕ(x, y, z) =
xy

z
− x

y
+ z + C (C ´?¿~ê).

(1,2,3)∫
(1,1,1)

~v · ~τ ds = ϕ(1, 2, 3)− ϕ(1, 1, 1) =
13

6
.

n!£20©§z�K10©¤

£1¤O�­�È©
∫
L

e
√
x2+y2 ds, Ù¥L ��± x2 + y2 = 4, �� y = x 9 x ¶31

���¥¤�ã/>..

) ò L ©¤nã, Ù¥�lã- x = 2 cos θ, y = 2 sin θ
(

0 6 θ 6
�
4

)
, 3 x ¶

þ: ds = dx, 3�� y = x þ: ds =
√

1 + y′2 dx =
√

2 dx, 3lãþ: ds = 2 dθ, Ï

d ∫
L

e
√
x2+y2 ds =

∫ 2

0

ex dx+

∫ �/4
0

2e2 dθ +

∫ √2
0

e
√
2x
√

2 dx

= e2 − 1 + e2
�
2

+ e2 − 1 = e2(2 +�/2)− 2

£2¤� u(x, y) 3�� D : x2 + y2 6�þk��ëY �ê, �

∂2u

∂x2
+
∂2u

∂y2
= sin(x2 + y2),
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~n �>.�± ∂D �ü 	{�, O�­�È©
∮
∂D

∂u

∂~n
ds.

) Ï� ∂D �ü 	{��

~n =
1√
�

(x~i+ y~j)

ddíÑ ∂D _�����ü ��þ�

τ =
1√
�

(−y~i+ x~j)

dτ ds = ~r′ ds = dx~i+ dy~j íÑ

dx = − 1√
�
y ds, dy =

1√
�
x ds

=⇒
∮
∂D

∂u

∂~n
ds =

1√
�

∮
∂D

(
∂u

∂x
x+

∂u

∂y
y

)
ds

=

∮
∂D

(
−∂u
∂y

dx+
∂u

∂x
dy

)
=

∫∫
D

(
∂2u

∂x2
+
∂2u

∂x2

)
dx dy

=

∫∫
D

sin(x2 + y2) dx dy

ùp^�
Greenúª. - x = r cos θ, y = r sin θ (0 6 θ 6 2�), Òk∮
∂D

∂u

∂~n
ds =

∫∫
D

sin(x2 + y2) dx dy =

∫ 2�

0

dθ

∫ √�
0

(sin r2)r dr = 2�.

o!£12©¤O�È©

I =

∫∫
S

2(1 + x) dy dz + yz dx dy,

Ù¥S ´­� y =
√
x, (0 6 x 6 1) 7 x ¶^=)¤�^=¡, {�� x ¶��Y�

�ð�.

) é S \��.: D : x = 1, y2 + z2 6 1, ���� x ¶��. P V ´ S Ú D

�¤�NÈ, u´|^Gaussúª∫∫
S+D

2(1 + x) dy dz + yz dx dy =

∫∫∫
V

(2 + y) dx dy dz

= 2µ(V ) +

∫∫∫
V

y dx dy dz
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ùp µ(V )L« V �NÈ.5¿� V 'u Oxz²¡´é¡�,Ïd
∫∫∫
V

y dx dy dz = 0,

�3 D þ, x = 1, dx dy = 0, ¤±

I = 2ν(V )−
∫∫

D

2(1 + x) dy dz + yz dx dy

= 2µ(V )−
∫∫

y2+z261

2 dy dz = 2µ(V )− 4�.

e¡Ò�O� V �NÈ, =^=¡�¤�^=N�NÈ.

µ(V ) =

∫ 1

0

�y2 dx =

∫ 1

0

�x dx =
1

2
�.

���

I = −3�.

Ê!£10©¤P ~v = (y2 + z2)~i+ (z2 + x2)~j + (x2 + y2)~k,O�­�È©

I =

∮
L

(y2 + z2) dx+ (z2 + x2) dy + (x2 + y2) dz,

Ù¥ L ´¥¡ x2 + y2 + z2 = 4x �Î¡ x2 + y2 = 2x ���£z > 0¤, l z ¶��

�w� L ÷^����.

){� P S ´¥¡þ± L �>�@¬­¡. d L �����, S �����e

ý, S �ü {�þ�

~n = −1

2
[(x− 2)~i+ y~j + z~k].

|^Stokesúª, k

I =

∮
L

(y2 + z2) dx+ (z2 + x2) dy + (x2 + y2) dz

=

∫∫
S

∇× ~v · ~n dS = −1

2

∫∫
S

∣∣∣∣∣∣∣∣
x− 2 y z

∂
∂x

∂
∂y

∂
∂z

y2 + z2 z2 + x2 x2 + y2

∣∣∣∣∣∣∣∣ dS

= −
∫∫

S

[(x− 2)(y − z) + y(z − x) + z(x− y)] dS = −2

∫∫
S

(z − y) dS

du S 'u Oxz ²¡é¡, ¤±
∫∫
S

y dS = 0, Ïd

I = −2

∫∫
S

z dS
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5¿�3���IX¥, S ��§�

z =
√

4− (x− 2)2 − y2 (x, y) ∈ D, D : x2 + y2 = 2x,

¤±

dS =

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dx dy

=
2√

4− (x− 2)2 − y2
dx dy =

2

z
dx dy

¤±

I = −2

∫∫
S

z dS = −
∫∫

D

z · 2

z
dx dy = −4µ(D) = −4�.

){� -

x = r cos θ, y = r sin θ
(
−�

2
6 θ 6

�
2

)
,

£��±^ x = 1 + cos t, y = sin t, z =
√

2 + 2 cos t, ùpÒ2?Ø
.¤

d�§ x2 + y2 = 2x �

r = r(θ) = 2 cos θ.

d�§ x2 + y2 + z2 = 4x �

z = 2 cos θ.

¤±­��ëê�§�µ

L : x = 2 cos2 θ, y = 2 sin θ cos θ, z = 2 cos θ
(
−�

2
6 θ 6

�
2

)
.

=⇒ dx = −4 sin θ cos θ dθ, dy = 2(cos2 θ − sin2 θ) dθ, dz = −2 sin θ dθ

�\È©, ¿¿©|^È©«m�é¡5, ¦�¤kÛ¼ê�È©þ�", Ïdk∮
L

(y2 + z2) dx = −
∫ �/2
−�/2

(−4 sin3 θ cos2 θ − 16 cos3 θ sin θ) dθ = 0∮
L

(z2 + x2) dy = −
∫ �/2
−�/2

2(4 cos2 θ + 4 cos4 θ)(cos2 θ − sin2 θ) dθ

= −
∫ �/2
−�/2

8(− cos2 θ + cos4 θ + 2 cos6 θ) dθ∮
L

(x2 + y2) dz = −
∫ �/2
−�/2

(−8 sin θ cos4 θ − 8 sin3 θ cos2 θ) dθ = 0
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Ïd, ��O�þª¥1��È©=�. |^

cos2 θ =
1 + cos 2θ

2
=

1

2
+

cos 2θ

2
,

cos4 θ =
1

4

(
1 + 2 cos 2θ +

1 + cos 4θ

2

)
=

(
3

8
+ 2 cos 2θ +

cos 4θ

2

)
,

cos6 θ =
1

8

(
1 + 3 cos 2θ + 3

1 + cos 4θ

2
+ cos3 2θ

)
=

1

8

(
5

2
+ 3 cos 2θ + 3

cos 4θ

2
+ cos3 2θ

)
¿�Äcos 2θ, cos 4θ 3

[
−�

2
,�
2

]
þ�±Ï5, k∮

L

(z2 + x2) dy = −
∫ �/2
−�/2

8(− cos2 θ + cos4 θ + 2 cos6 θ) dθ = −4�.

ùp^�
∫ �/2
−�/2

cos3 2θ dθ =
1

2

∫ �
−�

cos2 t d sin t =
1

2

∫ �
−�

(1− sin2 t) d sin t = 0

��k I = −4�.

8!£16©:11�K6©, 12 �K10©¤

£1¤ò f(x) =
�
2
− x x ∈ [0,�] Ðm¤{u?ê¶

£2¤¦ê�?ê
∞∑
n=1

1

(2n− 1)2
,
∞∑
n=1

1

n2
,
∞∑
n=1

1

n4
�Ú.

) ò¼ê f(x) óòÿ� [−�,�] þ, K

a0 =
2

�

∫ �
0

(�
2
− x
)

dx = 0

an =
2

�

∫ �
0

(�
2
− x
)

cosnx dx =
2

n�

∫ �
0

sinnx dx

=
2

n2�
(1− (−1)n).

¤±
∞∑
n=1

4

�(2n− 1)2
cos(2n− 1)x =

�
2
− x, 0 6 x 6�

- x = 0 �
∞∑
n=1

1

(2n− 1)2
=
�2

8
.
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d
∞∑
n=1

1

n2
=
∞∑
n=1

1

(2n)2
+
∞∑
n=1

1

(2n− 1)2

=⇒
∞∑
n=1

1

n2
=
�2

6
.

dParseval �ª�

∞∑
n=1

16

�2(2n− 1)4
=

2

�

∫ �
0

(�
2
− x
)2

dx =
�2

6
.

=⇒
∞∑
n=1

1

(2n− 1)4
=
�4

96
,

�â
∞∑
n=1

1

n4
=
∞∑
n=1

1

(2n)4
+
∞∑
n=1

1

(2n− 1)4

=⇒
∞∑
n=1

1

n4
=
�4

90
.

Ô!£16©§11 �K4©, 12,3�K6©¤

£1¤¦¦È© ϕ(α) =
+∞∫
0

xα

1 + x2
dx Âñ�ëê����.

£2¤Âñ�, |^Euler È©O� ϕ(α).

£3¤y²¹ëCþ2ÂÈ© ϕ(α) 3«m [−α0, α0] þ��Âñ (0 < α0 < 1).

)£1¤: Ï�∫ +∞

0

xα

1 + x2
dx =

∫ 1

0

xα

1 + x2
dx+

∫ +∞

1

xα

1 + x2
dx

Ù¥ ∫ 1

0

xα

1 + x2
dx

¥
xα

1 + x2
∼ xα (x→ 9+), ¤±é α > −1 Âñ¶


∫ +∞

1

xα

1 + x2
dx

¥
xα

1 + x2
∼ xα−2 (x→ +∞), ¤±é α < 1 Âñ.
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nÜü�È©, �ª��È©3−1 < α < 1 þÂñ.

)£2¤: - x2 = u, dx =
1

2
u−1/2 du

ϕ(α) =
1

2

∫ +∞

0

u(α−1)/2

1 + u
du =

1

2

∫ +∞

0

u(α+1)/2−1

1 + u
du

- q =
α + 1

2
, P + q = 1, )� p =

1− α
2
�

ϕ(α) =
1

2

∫ +∞

0

u(α+1)/2−1

1 + u
du =

1

2
B

(
1 + α

2
,
1− α

2

)
=

1

2

Γ
(
1+α
2

)
Γ
(
1−α
2

)
Γ(1)

=
1

2
Γ

(
1 + α

2

)
Γ

(
1− α

2

)
=

1

2
Γ

(
1 + α

2

)
Γ

(
1− 1 + α

2

)
=

1

2

�

sin�
(

1 + α

2

) =
1

2

�

cos
�α

2

y£3¤: 3 [−α0, α0] þ (0 < α0 < 1)

� 0 < x < 1 �:
xα

1 + x2
6

1

xα0
(x→ 0), ¤±

1∫
0

xα

1 + x2
dx ��Âñ.

� x > 1 �:
xα

1 + x2
6

1

x2−α0
(x→ +∞), ¤±

+∞∫
0

xα

1 + x2
dx ��Âñ.

l!£8©¤� P (X, y), Q(x, y) äk��ëY �ê, �é?�: (x0, y0) ��%, ?

¿ r > 0 ��»��� L : x = x0 + r cos θ, y = y0 + r sin θ (0 6 θ 6�),ðk∫
L

P (x, y) dx+Q(x, y) dx = 0,

y² P (x, y) = 0,
∂Q

∂x
(x, y) = 0.

y² 5¿� L Ø´µ4­�, O\��ã L0 : x0 − r 6 x 6 x+ r, y = y0, ¿P

L Ú L0 �¤���«�� D, K|^Greenúªk∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dx dy =

∮
L+L0

P (x, y) dx+Q(x, y) dy =

∫
L0

P (x, y) dx+Q(x, y) dy

é�ª�>¦^È©¥�úª, K�3 (ξ, η) ∈ D, ¦�∫∫
D

(
∂Q

∂x
− ∂P

∂y

)
dx dy =

(
∂Q

∂x
− ∂P

∂y

)
(ξ, η)

�r2

2
.
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5¿�3 L0 þ dy = 0, ¤±∫
L0

P (x, y) dx+Q(x, y) dy =

∫ x0+r

x0−r
P (x, y0) dx = 2rP (τ, y0),

ùp2g¦^È©¥�úª, Ù¥ x0 − r 6 τ 6 x0 + r. Ïd(
∂Q

∂x
− ∂P

∂y

)
(ξ, η)

�r
2

= 2P (τ, y0).

�âëY5¿- r → 0, K τ → x0, (ξ, η) → (x0, y0), ¤±Äk� P (x0, y0) = 0, d

(x0, y0) �?¿5�

P (x, y) ≡ 0 é?¿� (x, y) ¤á

Ïd (
∂Q

∂x
− ∂P

∂y

)
(ξ, η) = 0,

ÏL4� r → 0 � (
∂Q

∂x
− ∂P

∂y

)
(x0, y0) =

∂Q

∂x
(x0, y0) = 0,

Ónd(x0, y0) �?¿5=�
∂Q

∂x
(x, y) = 0.
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