
Fourier È© Âñ½n

§12.4 Fourier È©Ú Fourier C�

12.4.1 Fourier È©

£� Fourier?ê:

� f(x)3 [−π, π]þ�È½ýé�È,K f(x)� Fourier?ê�

a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
,

Ù¥

an =
1

π

∫ π

−π
f(x) cosnxdx, bn =

1

π

∫ π

−π
f(x) sinnxdx.

éu f(x)� Fourier?ê,k DirichletÂñ5½n. ��/,

f(x) ∼
a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
.
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Fourier È© Âñ½n

� f(x)´ (−∞,+∞)þýé�È¼ê�,XJ��Ä f(x)3 [−π, π]
ù�ã��, 2^ Fourier ?ê��{5?Ø, ÒØÜ·
. �
�N/ïÄ

f(x)3 (−∞,+∞)þ�5�. �ì Fourier?ê��{,-

a(λ) =
1

π

∫ +∞

−∞
f(t) cosλt dt, b(λ) =

1

π

∫ +∞

−∞
f(t) sinλt dt, (1)

¡� f(x)� FourierÈ©�Xê,
È©∫ +∞

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ

¡� f(x)� FourierÈ©,P�

f(x) ∼
∫ +∞

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ. (2)

¯K 1 þªmà¥� FourierÈ©Û�Âñ? Âñ�´ÄÂñ� f(x)?
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Fourier È© Âñ½n

Ún 1 e f(x)´ (−∞,+∞)þýé�È¼ê,K

a(λ) =
1

π

∫ +∞

−∞
f(x) cosλx dx, b(λ) =

1

π

∫ +∞

−∞
f(x) sinλx dx,

3 (−∞,+∞)þ��ëY,�� λ→ +∞�, a(λ), b(λ)Ñªu".

y² Ï� f(x)´ (−∞,+∞)þýé�È¼ê,¤±é?¿ ε > 0,�

3 A > 0¦� ∫ +∞

A

|f(x)| dx +

∫ −A
−∞
|f(x)| dx <

πε

4
.

P

M =

∫ +∞

−∞
|f(x)| dx.

Ï� cosx3 (−∞,+∞)þ��ëY,¤±�3 δ1 > 0¦�� |x1−x2| < δ1

�,k | cosx1 − cosx2| < πε
2M
,Ï
� δ = δ1

A
.K� |λ1 − λ2| < δ �,k

| cosλ1x− cosλ2x| <
πε

2M
, (|x| 6 A).
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Fourier È© Âñ½n

u´

|a(λ1)− a(λ2)| 6
1

π

∫ +∞

−∞
|f(x)| | cosλ1x− cosλ2x| dx

=
1

π

∫ +∞

A

|f(x)| | cosλ1x− cosλ2x| dx

+
1

π

∫ −A
−∞
|f(x)| | cosλ1x− cosλ2x| dx

+
1

π

∫ A

−A
|f(x)| | cosλ1x− cosλ2x| dx

6
2

π

∫ +∞

A

|f(x) dx +
2

π

∫ −A
−∞
|f(x)| dx +

1

π

∫ A

−A
|f(x)|

πε

2M
dx

6
ε

2
+
ε

2
= ε.

ùÒy²
 a(λ)3 (−∞,+∞)þ��ëY.Ón,�y b(λ)�3 (−∞,+∞)

þ��ëY.

�â Riemann-LebesgueÚn��,� λ→ +∞�, a(λ), b(λ)Ñªu".

4/14

‖J I‖ J I �£ �¶ '4 òÑ



Fourier È© Âñ½n

Ún 2 e f(x)´ (−∞,+∞)þýé�È¼ê,K∫ u

0

(∫ +∞

−∞
f(t) cosλ(t− x)dt

)
dλ =

∫ +∞

−∞

(∫ u

0

f(t) cosλ(t− x)dλ
)
dt.

y² �Iy²mà�2ÂÈ©Âñ��à�È©. Ï�∣∣∣∣∫ A

−A

(∫ u

0

f(t) cosλ(t− x)dλ
)
dt−

∫ u

0

(∫ +∞

−∞
f(t) cosλ(t− x)dt

)
dλ

∣∣∣∣
=

∣∣∣∣∫ u

0

(∫ A

−A
f(t) cosλ(t− x)dt

)
dλ−

∫ u

0

(∫ +∞

−∞
f(t) cosλ(t− x)dt

)
dλ

∣∣∣∣
=

∣∣∣∣∫ u

0

(∫ +∞

A

+

∫ −A
−∞

f(t) cosλ(t− x)dt
)
dλ

∣∣∣∣
6
∫ u

0

(∫ +∞

A

+

∫ −A
−∞
|f(t)|dt

)
dλ = u

(∫ +∞

A

+

∫ −A
−∞
|f(t)|dt

)
→ 0 (A→ +∞),

¤±Ún�y.
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Fourier È© Âñ½n

½n 1 e f(x) ´ (−∞,+∞) þýé�È¼ê, a(λ), b(λ) ´ f(x) �

FourierÈ©�Xê,P

S(u, x) =

∫ u

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ,

K

S(u, x) =
1

π

∫ +∞

0

(
f(x + t) + f(x− t)

)sinut
t

dt. (3)

y² ò (1)�\ S(u, x)¥,¿dÚn 2,�

S(u, x) =
1

π

∫ u

0

(∫ +∞

−∞
f(t)

(
cosλt cosλx + sinλt sinλx

)
dt

)
dλ

=
1

π

∫ u

0

(∫ +∞

−∞
f(t) cosλ(t− x)dt

)
dλ

=
1

π

∫ +∞

−∞

(∫ u

0

f(t) cosλ(t− x)dλ
)
dt.
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Fourier È© Âñ½n

Ïd

S(u, x) =
1

π

∫ +∞

−∞
f(t)

sinu(t− x)
t− x

dt

=
1

π

∫ +∞

−∞
f(x + t)

sinut

t
dt

=
1

π

∫ +∞

0

f(x + t)
sinut

t
dt +

1

π

∫ 0

−∞
f(x + t)

sinut

t
dt

=
1

π

∫ +∞

0

f(x + t)
sinut

t
dt +

1

π

∫ +∞

0

f(x− t)
sinut

t
dt

=
1

π

∫ +∞

0

(
f(x + t) + f(x− t)

)sinut
t

dt.

5 d½nò Fourier È©�Ü©È©=z�Ø�¹ a(λ), b(λ) �L«.

ù��u Fourier?ê�?Ø¥ò Fourier?ê�Ü©ÚL«�È©.
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Fourier È© Âñ½n

½n 2 (Fourier È©ÛÜz½n) e f(x) ´ (−∞,+∞) þýé�È¼

ê, K f(x) � Fourier È©3,: x ´ÄÂñ, ±9Âñ��o�, =� f

3 xNC�¼ê�k'.

y² � δ > 0. ò (3)mà¥�Ü©È©�L�ª©¤üã:

S(u, x) =
1

π

∫ δ

0

(
f(x + t) + f(x− t)

)sinut
t

dt

+
1

π

∫ +∞

δ

(
f(x + t) + f(x− t)

)sinut
t

dt

= I1 + I2.

Ï� f(x) 3 (−∞,+∞) þýé�È, ¤± ϕ(t) = f(x+t)+f(x−t)
t

3 [δ,+∞)

þýéÂñ. �â Riemann-LebesgueÚn,k lim
u→+∞

∫ +∞
δ

ϕ(t) sinut dt = 0.Ï

d lim
u→+∞

I2 = 0.ùÒ`² lim
u→+∞

S(u, x)´ÄÂñ=� I1k'. 
 I1=� f

3 xNC��k'. y.
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Fourier È© Âñ½n

½n 3 (Dini ½n) � f(x) ´ (−∞,+∞) þýé�È¼ê, s ´?¿¢

ê. é�½� x,P

ϕ(t) = f(x + t) + f(x− t)− 2s.

e�3 δ > 0 ¦� ϕ(t)
t
3 [0, δ] þ�È�ýé�È, K f � Fourier È©3

x?Âñu s.

y² Ï�
∫ +∞
0

sinut
t
dt = π

2
,=, 2

π

∫ +∞
0

sinut
t
dt = 1,¤±d (3),�

S(u, x)− s =
1

π

∫ +∞

0

(
f(x + t) + f(x− t)− 2s

)sinut
t

dt

=
1

π

∫ δ

0

ϕ(t)

t
sinut dt−

2s

π

∫ +∞

δ

sinut

t
dt

+
1

π

∫ +∞

δ

(
f(x + t) + f(x− t)

)sinut
t

dt

= I1 + I2 + I3.
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Fourier È© Âñ½n

3½n 2¥®²`² lim
u→+∞

I3 = 0.

e�3 δ > 0 ¦� ϕ(t)
t
3 [0, δ] þ�È�ýé�È, K�â Riemann-

LebesgueÚn,k lim
u→+∞

I1 = 0.

éu I2 ¥�È©,�C� v = ut,�∫ +∞

δ

sinut

t
dt =

∫ +∞

uδ

sin v

v
dv.

Ï�
∫ +∞
0

sin v
v
dv Âñ,¤±

lim
u→+∞

∫ +∞

uδ

sin v

v
dv = 0.

Ï
 lim
u→+∞

I2 = 0.u´

lim
u→+∞

S(u, x) = s.

ùL« f � FourierÈ©3 x?Âñu s.y.
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Fourier È© Âñ½n

½n 4 � f(x) 3 (−∞,+∞) þýé�È. e f 3 x ?k2Â���ê

Úm�ê,K f(x)� FourierÈ©3 xÂñu f(x+0)+f(x−0)
2

,=,

f(x + 0) + f(x− 0)

2
=

∫ +∞

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ. (4)

y² - s = f(x+0)+f(x−0)
2

, ϕ(t) = f(x+ t) + f(x− t)− 2s.e f 3 x

?k2Â���êÚm�ê,KN´�y f(x)3 xNC÷v Lipschitz^�.

l
 ϕ(t)
t
3 [0, δ] þ�È�ýé�È. �â Dini ½n, f(x) � Fourier È©3

xÂñu s,=, (4)¤á. y.

íØ 1 � f(x) 3 (−∞,+∞) þýé�È. e f 3 x ?��, K f(x) �

FourierÈ©3 xÂñu f(x),=,

f(x) =

∫ +∞

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ. (5)
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Fourier È© Âñ½n

½n 4�^��±��
?U,��

½n 5 � f(x) 3?¿k�«mþ�È�ýé�È, ��3M > 0 ¦�

� |x| > M �, f(x)´üN�,� lim
x→∞

f(x) = 0.e f 3 x?k2Â��

�êÚm�ê,K f(x)�È©L«3 xÂñu 1
2
(f(x + 0) + f(x− 0)),=,

f(x + 0) + f(x− 0)

2
=

∫ +∞

0

(
a(λ) cosλx + b(λ) sinλx

)
dλ, (6)

Ù¥

a(λ) =
1

π

∫ +∞

−∞
f(ξ) cosλξ dξ, b(λ) =

1

π

∫ +∞

−∞
f(ξ) sinλξ dξ.
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Fourier È© Âñ½n

~ 1 � f(x) =

1, |x| 6 1,

0, |x| > 1.
Ád f � FourierÈ©�Ñ

∫ +∞

0

sinu cosux

u
du =


π
2
, |x| < 1,

π
4
, |x| = 1,

0, |x| > 1.

) Ï� f(x)´ó¼ê,¤± b(u) = 0,

a(u) =
2

π

∫ +∞

0

f(x) cosut dt =
2

π

∫ 1

0

cosut dt =
2

π
·
sinu

u
.

u´�â½n 5,k

f(x + 0) + f(x− 0)

2
=

∫ +∞

0

2

π
·
sinu

u
cosux du.

dd��Ñ(Ø.
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Fourier È© Âñ½n

~ 2 � f(x) =

1− |x|, |x| 6 1,

0, |x| > 1.
Á¦ f � FourierÈ©.

) f(x)´ó¼ê,÷v½n 5�^�. b(λ) = 0.

a(λ) =
2

π

∫ +∞

0

f(t) cosλt dt =
2

π

∫ 1

0

(1− t) cosλt dt

=
2

π

[
(1− t)

sinλt

λ

∣∣∣t=1

t=0
+

∫ +∞

0

sinλt

λ
dt

]
=

2

πλ
·
− cosλt

λ

∣∣∣t=1

t=0
=

2(1− cosλ)

πλ2
.

u´ f � FourierÈ©´∫ +∞

0

2(1− cosλ)

πλ2
cosλx dλ = f(x).

Ïd,k ∫ +∞

0

sin2 t

t2
cos 2xt dt =

π
2
(1− x), 0 6 x 6 1,

0, x > 1.
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