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1.1 n�Ä��§0�§¿ÂÚ�Ñ�µ

1)Ù�n��Ä��§/ªµ

(1)u�Ä�§ :
∂2u

∂t2
= a2∂

2u

∂x2
+ f(t, x)

(2)��9D��§ :
∂u

∂t
= a2∂

2u

∂x2
+ f(t, x)

(3).Ê.d�§(| �§) : ∆3u = f(x, y, z).

Ù¥∆3 =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
, ∆3q¡�3�Laplace�f

n��Ä��§©Oáu�n�Ä��§aµ

(1)ÅÄ�§a :
∂2u

∂t2
= a2∆u+ f(t, ~x)

(2)9D��§a :
∂u

∂t
= a2∆u+ f(t, ~x)

(3)| �§a : ∆u = f(t, ~x)

Ù¥~x = (x1, x2, ..., xn), ∆u =
∂2u

∂x2
1

+
∂2u

∂x2
2

+ ...+
∂2u

∂x2
n

,AO:

n��/µ∆3u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
,���/µ∆2u =

∂2u

∂x2
+
∂2u

∂y2
.
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�Ò´`µu�Ä�§´ÅÄ�§a��Ä:
�§§��9D��§´9D��§a��Ä:
�§§n�.Ê.d�§´| �§a¥��Ä
:�§"

2) Ôn�µn) 3�!¥§�
éùn��§�\rn)§
Ö¥�Ñ
n��§�Ôn�µÚ�
�ÑL§"·�±eò?
1�
8B§Äk·�k�[©Û�eu�Ä�§�ïáL§µ

·�b½k����Ý�~êρ�u§Ù²ï ��x¶§uÉ
,«6Ä�§²ï �NC�Ä§u(t, x)´3��t��I�x�:
�éu²ï �� £(·�b½ £��R�ux¶��)§¿b
½��mCzk��R�ux¶��Ý�g(t, x)�É½å(Xvk
É½åg(t, x) = 0)§·��u�����[x, x+dx]5©ÛÉå§¿?
�Úïáu(t, x)��§§Xãµ

��Éåkµ-füà�ÜåÚ�Ý�g(t, x)�É½å§u�Ü
å~T = (T1, T2),Ù¥T1, T2©O�~T3x¶Úu¶�©þ§3 ~x0���Ú ~u0�
�©Oïá�§§

x̃0 : T1(t, x+ ∆x)− T1(t, x) = 0 =⇒ ∂T1

∂x
= 0

ũ0 : Ü	åF = ma = T2(t, x+ ∆x)− T2(t, x) +G(t, x, dx) (1.1.1)

Ù¥���þ�m = ρdx,\�Ýa =
d2u

dt2
,É½åG(t, x, dx) = g(t, x)dx,



T2(t, x+ ∆x)− T2(t, x) =
∂T2

∂x
dx+ o(∆x)

±þêâ�\�§¿ü>Ø±dx = ∆x

ρ
∂2u

∂t2
=
∂T2

∂x
+ g(t, x) +

o(∆x)

∆x
(1.1.2)
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duÜå÷u�����§¤±

∂u

∂x
=
T2

T1
=⇒ T2 = T1

∂u

∂x
,

dT2�L«ª�\þª(1.1.2)§¿-∆x −→ 0��u(t, x)÷v�§µ

ρ
∂2u

∂t2
= T1

∂2u

∂x2
+ g(t, x)

·�?�Úb½u´���Ä§ù�T1 ≈ T ,q3-fØ/C
�n�b½e§ÜåT�~ê"¤±��k

∂2u

∂t2
= a2∂

2u

∂x2
+ f(t, x),

(
a2 =

T

ρ
, f(t, x) =

g(t, x)

ρ

)

9D��§£�±eÔnL§µÔNdu§Ý©ÙØþ!§Ú
å9þ6Ä±9§ÝCz"�â9D�½ÆÚUþÅð½Æ§�
ïá9þu�X��Cz÷v�9D��§µX��9D��§µ

∂u

∂t
= a2uxx + f(t, x)

Ù¥a2 =
k

cρ
, f(t, x) =

g(t, x)

cρ
c�'9N§k�9D�Xê§ρ��

þ�Ý"

?�Ú§�á¥��Ñ
>Ö�·>|> ÷v�§§=|
 �§µ

∆3u = −ρ
ε
.

Ù¥ρ�¤ïÄ«��>Ö�Ý§ε�0>~ê"

1.2 Ï)ÚA)�Vg±9½)¯K

��5`§ �©�§3Ø\Ù§���^�ek)�Uké
õ§ùÒ�)
Ï)ÚA)�«©µ

Ï)ÚA): Ï)µ�¹��/ª�)"A)�,�)½äk
,«5��)"±e§·�^äN~f5n)Ï)ÚA)

~1.2.1 :¦±e�§�Ï)µ

∂2u

∂x∂y
= 0, Ù¥u = u(x, y)

):��§z�µ
∂

∂x

(
∂u

∂y

)
= 0,
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þª`²
∂u

∂y
´�xÃ'�þ§ù�µ

∂u

∂y
= h(y) =⇒ u =

∫
h(y)dy + f(x)

Pg(y) =
∫
h(y)dy¿�n�µ

u = f(x) + g(y)

Ù¥f(x), g(y)�?¿��¼ê"

~1.2.2¦∆2u = 0/Xu = eax+by�), a, b�±´Eê"

)µ�KÒ´¦)�§

∂2u

∂x2
+
∂2u

∂y2
= 0

/Xu = eax+by/ª�),¢Sþ|^EÜ¦���

∂2u

∂x2
= a2eax+by,

∂2u

∂y2
= b2eax+by

�\�§��µ

(a2 + b2)eax+by = 0 =⇒ a2 + b2 = 0 =⇒ b = ±ai

u´��A)µ
u1 = eax+iay, u2 = eax−iay

XJ|^�§��55�§�u∗1 = 1
2(u1 + u2),u

∗
2 = 1

2i(u1 − u2)��
�¢/ª�):

u∗1(x, y) = eaxcosay, u∗2(x, y) = eax sin ay

~1.2.3 ¦∆2u = 0�u = u(r)/ª�)"(r =
√
x2 + y2 )

)µ�KÒ´¦)�§

∂2u

∂x2
+
∂2u

∂y2
= 0

/Xu = u(r)/ª�)"Ï�u = u(r),¤±|^EÜ¦�¿�E¦

^^�r =
√
x2 + y2��µ

∂u

∂x
=
du

dr

∂r

∂x
=
du

dr

x

r
,
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∂2u

∂x2
=
d 2u

dr2

∂r

∂x

x

r
+
du

dr

d

dx

(x
r

)
=
d 2u

dr2
(
x

r
)2 +

du

dr
(
1

r
− x2

r3
)

∂2u

∂y2
=
d 2u

dr2

∂r

∂y

y

r
+
du

dr

d

dy

(y
r

)
=
d 2u

dr2
(
y

r
)2 +

du

dr
(
1

r
− y2

r3
)

du∆2u =
∂2u

∂x2
+
∂2u

∂y2
, Ïdr±þüª�\§¿|^r2 = x2 + y2§

·���u = u(r)÷v�~�©�§µ

d 2u

dr2
+

1

r

du

dr
= 0

u´)�u = u(r)/ª�)µ

u = A+B ln r. (A,B�?¿~ê)

,	§àg�§Ú�àg�§´�0B�Ö�Vg,·�^±
e~K5n)ù�Vgµ

~1.2.4�Ñu�Ä�§§��9D��§Ún�| �§�êÆ
L�ª§¿`²ùn��§�àg�§Ú�àg�§Ôn¿Âþ
«O"

)µ
u�Ä�§´µ utt = a2uxx + f(t, x) (t > 0)

��9D��§´µ ut = a2uxx + f(t, x) (t > 0)

| �§´µ ∆3u = f(x, y, z)

±þn��§m>�¼êf = 0�ÒéA§��àg�§§�
�f 6= 0�ÒéA§���àg�§"u�Ä�§�àg�§£
�gdu�Ä§=u3�ÄL§¥vkN\	å�^3u�þ§
�àgu�Ä�§K�L$ÄL§¥uþkÉ½å"XJ39
D�L§¥§SÜvk9Ò^àg9D��§£�§SÜk9
ÒéA�àg9D��§"aq/§XJ¤ïÄ�m«�Ã>
Ö©Ù§@o·>|�> ÷vàg| �§§XJ¤ïÄ�m
«�k>Ö©Ù§@o�â>Ö�Ý§Ò�±�Ñ�A��àg
| �§"

2) �©�§½)¯Kµ

 �©�§½)¯Kµ{ó�§ �©�§½)¯KÒ´ �
©�§N\
�½^�µX>�^�§Ð�^��½)^�/¤
�¯K"

½)¯K�naÄ�¯Kµ=Ð�¯K,>�¯K§·Ü¯K"
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(1)Ð�¯K�~f(Ã.gdu�ÄÐ�¯K)
∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0,−∞ < x < +∞)

u(0, x) = ϕ(x), ut(0, x) = ψ(x).

(2)>�¯K�~f(n�Laplace�§¥�1�>�¯K)∆3u = 0, (r < a, r =
√
x2 + y2 + z2)

u |r=a= ϕ(x, y, z)

(3)·Ü¯K�~f(üà�½�k.u�Ä·Ü¯K)
∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0, 0 < x < l)

u(t, 0) = 0, u(t, l) = 0,

u(0, x) = ϕ(x), ut(0, x) = ψ(x).

·�uy§��½)¯K�k±eü���µ�½�§Ú�
A�½)^�"
'X§3±þ1(1)�gdu�ÄÐ�¯K¥§�½�§�

∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0,−∞ < x < +∞)

½)^��Ð�^�§�kü�µ

1. u(0, x) = u |t=0= ϕ(x), d^�n)�t = 0��Ð© £

2. ut(0, x) =
∂u

∂t
|t=0= ψ(x), d^�n)�t = 0��Ð©�Ý

3±þ1(2)�n�Laplace�§�¥�1�>�¯K¥§�½
�§�

∆3u = 0, (r < a, r =
√
x2 + y2 + z2)

L«>|> 3¥�SÜ©Ù÷vLaplace�§. u |r=a= ϕ(x, y, z)L
«3�»�a��¥¡þ¼ê��½�ϕ(x, y, z),ù¢SþÒ´3
¥¡þ�>.^�"

>.^��k±e[©: 1�§1�Ú1na>.^�,na
>.^��<ÚL�ª�µ

αu+ β
∂u

∂~n
= ϕ(x, y, z)
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1.3α 6= 0, β = 0�ÿ§±þ�1�a>.^�,'X§3þ¡
u�Ä·Ü¯K¥§u(t, 0) = 0´3x = 0:N\1�a>.^�.

2.3α = 0, β 6= 0�ÿ§±þ�1�a>.^�,3þ¡u�Ä
·Ü¯K¥§X3l:^�U�ux(t, l) = 0Ò´3x = l:N\
1
�a>.^�"

3.3α 6= 0, β 6= 0�ÿ§±þ�1na>.^�

51.2.1µ±þ
∂u

∂~n
´�¼ê3��~n����ê§X��~n = (α, β, γ),Ù

¥α2 + β2 + γ2 = 1,Kk∂u
∂~n = α∂u∂x + β ∂u∂y + γ ∂u∂z .

9D��§�na>.^�k²w�Ôn¿Âµ

1)�>.�§Ý®�¼êϕ(t, x, y, z),ù�u(t, x, y, z) |∂v= ϕ(t, x, y, z)
�1�a>.^�(∂vL«>.)"AO§XJ®�>.�§Ý�0§
K�1�aàg>.^�"

2)�>.þ÷	{�k96�Ýq(t, x, y, z)�ÿ§Kd9Æ½
Æ§kL�ª

∂u

∂~n
|∂v= −

q(t, x, y, z)

k
|∂v

Ù¥k�9D�Xê"AOq(t, x, y, z) = 0�§̀ ²>.ý9§ù�

3>.þ
∂u

∂~n
|∂v= 0§éA1�aàg>.^�"

3)�ÔNÏL>.�	.gd9��§3>.þ¤á[
hu+ k

∂u

∂~n

]
|∂v= hθ

Ù¥h�ü�Ô��m�9��Xê§θ = θ(x, y, z)�	.§Ý"

~1.2.5��l��9[\f§\�ý¡ý9§SÜÃ9§\��
àý9§\�,�à�	.§Ý�±"Ý�0�gd9��§\
f�Ð©§Ý®�§�Ñk.\f�§Ý©Ù�÷v�½)¯K.

):ù���l�9\f�[\f§\�ý¡ý9§�X�mC
z�§Ý©Ù�±^��9D��§5£�§�\f��à:é
A�I�x = 0,Ïd§½)¯KéA��½�§�µ

∂u

∂t
= a2∂

2u

∂x2
, (0 < x < l)

,	du�à:ý9§Ïd�à:x = 0÷v1�aà>.^�µ

∂u

∂~n
|x=0= −

∂u

∂x
|x=0= 0
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,�àx = l�	.§Ý�±"Ý�0�gd9��§Ïd3x = l

)u÷vàg�1na>.^�"=(
∂u

∂x
+ γu) |x=l= 0, Ù¥γ = k

h , k

�\�9D�Xê,h�\�9��Xê"Ð©§Ý®�§Ø��Ð
©§Ý�ϕ(x), =ku |t=0= ϕ(x). �â±þØã·�Òïá
u÷
v�½)¯Kµ

∂u

∂t
= a2∂

2u

∂x2
(t > 0, 0 < x < l)

∂u

∂x
|x=0= 0, (

∂u

∂x
+ γu) |x=l= 0

u |t=0= ϕ(x).

Ù¥γ =
k

h
, k�\�9D�Xê, h�\�9��Xê"

~1.2.6����lüàx = 0Úx = l�½�u§^Ãr§�¥:
î�Ãmålh,,��Ã4Ùgd�Ä§�Ñdu�Ä�½)¯
K"
)µ�âK8^�§u� £u(t, x)÷v±e^�:

1)du´�Ã4ugd�Ä§¤±$ÄéAgdu�Ä�§µ

utt = a2uxx, (0 < x < l)

2)u�üàx = 0Úx = l�½§¤±u(t, 0) = u(t, l) = 0.

3)3(x, u)�IX¥§ü�à:�I©O�µA(0, 0), B(0, 1), u

�¥:î�Ãmålh�§éA:�I�C = (
l

2
, h), ÏL)n�

/ABC ,´¦�u�:3t = 0� £,=Ð© £

ϕ(x) =


2h

l
x, �0 ≤ x ≤ l

2
,

2h

l
(l − x), �

l

2
< x ≤ l.

u�Ð©�Ý�0§Ïdut(0, x) = 0

nþ§u�Ä÷v��½)¯K´µ

utt = a2uxx, (0 < x < l)

u(t, 0) = u(t, l) = 0,

u(0, x) =


2h

l
x, �0 ≤ x ≤ l

2
,

2h

l
(l − x), �

l

2
< x ≤ l.

ut(0, x) = 0.
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1.3���5 �©�§�A��¦Ï)�{

·���§éu���5~�©�§

dy

dx
= P (x)y +Q(x)

§k��)úªµ

y(x) = e
∫
P (x)dx

(∫
e−

∫
P (x)dxQ(x) dx+m

)
3�!¥§·�ò?�Ú�Ä���5 �©�§�¦)¯

K§·�±eò�â�§þ�gCþê8ÅÚ�Äµ

¹kü�gCþ����5 �©�§�µ

a(x, y)
∂u

∂x
+ b(x, y)

∂u

∂y
+ c(x, y)u = f(x, y) (1.3.1)

ù��§¹kü«���êµ=
∂u

∂x
Ú
∂u

∂y
"XJUÏL·���

IC�¦�ù��� �©�§�¹ké��gCþ� �ê§
=ÏLgCþO�ξ = ϕ(x, y), η = ψ(x, y),¦�#�§¥�¹k

∂u

∂ξ

Ú
∂u

∂η
�Ù¥��§@o�§/ªÒz{
"·�Ø��C���

§¥
∂u

∂ξ
��vk
§@o�§Òz�±e{ü/ª

∂u

∂η
+ c′(ξ, η)u = F (ξ, η) (1.3.2)

ù��§(1.3.2)�,´� �©�§§�%´���5~�©
�§�/ª§·�´�±|^®�����5~�©�§���
)úª5¦)(È©L§¥rξ�¤~ê5?n)§±e·�Ò�Ñ
ÏéCþO�ξ = ϕ(x, y), η = ψ(x, y)��{Ú(Øµ
�kCþO�µξ = ϕ(x, y), η = ψ(x, y),ù�

∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂η

∂η

∂x
=
∂u

∂ξ

∂ϕ

∂x
+
∂u

∂η

∂ψ

∂x

∂u

∂y
=
∂u

∂ξ

∂ξ

∂y
+
∂u

∂η

∂η

∂y
=
∂u

∂ξ

∂ϕ

∂y
+
∂u

∂η

∂ψ

∂y

±þüª�\���5 �©�§(1.3.1),��µ

(a
∂ϕ

∂x
+ b

∂ϕ

∂y
)
∂u

∂ξ
+ (a

∂ψ

∂x
+ b

∂ψ

∂y
)
∂u

∂η
+ cu = f (1.3.3)
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þª(1.3.3)¥§�¦
∂u

∂ξ
�Xê�0§K�¦�§

a(x, y)
∂ϕ

∂x
+ b(x, y)

∂ϕ

∂y
= 0 (1.3.4)

¤á"¤±§��é�±þ�§(1.3.4)�,��)ϕ(x, y), ¿?¿�

Úϕ(x, y)Ø�'�¼êψ(x,y),�A�C�Òé�
"�¯K5
§N�é

���)ϕ(x, y)Qº

½n1.3.1�ϕ(x, y) = c(~ê)´±e~�©�§

dx

a(x, y)
=

dy

b(x, y)
,

�Ûª)§Kξ = ϕ(x, y)´���5 �©�§(1.3.4)�)"

y²µÑ£ëw�á§�����y¤

51.3.1 :~�©�§�Ûª)�¡�ÄgÈ©§́ �©�§)��«L«/ª§

'Xéu~�©�§
dy

dx
= −1,§�)�y = −x+ c,���L«¤Ûª):x+ y = c.

½ö`�§kÄgÈ©x+ y = c.

nþ§·�Ò�Ñ
¦)¹kü�gCþ��� �©�§�Ú½µ�

1.Äk�ÑA���§ :
dx

a(x, y)
=

dy

b(x, y)
(1.3.5)

2. ¦ÑA���§ÄgÈ©/ª�) : ϕ(x, y) = c, c�~ê

3. �gCþO� : ξ = ϕ(x, y), η = ψ(x, y)

Ù¥ψ(x,y)´?¿��¼ê£��ϕ(x, y)Úψ(x, y)ü�¼ê*dÕá§=¼êØ
�'=�¤

4. |^#gCþξ, η �Ox, yz{��§"

��§éA#gCþξ, η����5 �©�§Ø2¹kéugCþξ� �ê
�, �¹kégCþη� �ê�, ®C¤
���5~�©�§�/ª"Ò�±/Ï

���5~�©�§úª5¦)
"

~1.3.1 ¦�§

∂u

∂t
+ a

∂u

∂x
= 0, (t > 0, −∞ < x < +∞, a�~ê)

�Ï)"

)µ�§�A���§�
dt

1
=
dx

a
,
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È©��ÄgÈ©

x− at = c

�CþO�

ξ = x− at, ¿� η = x

K
∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂η

∂η

∂x
=
∂u

∂ξ
+
∂u

∂η
,
∂u

∂t
= −a∂u

∂ξ

�\�§�§�§z{�

∂u

∂η
= 0⇒ u = f(ξ)

�Ò´

u = f(x− at), f�?¿�g��¼ê

51.3.2 :ù�~f¥/Xu = f(x− at)�)¡�1Å),l/ªþw§3x− at = c1ù

���þ(c1´,��½�~ê), ¼ê�u´~ê§Ò�3ù����þ�Zå���
p�ÅL§Ïd¡ù��)�1Å)"±e´1Å)�`{�n�ãµ

~1.3.2 ¦�§

x
∂u

∂x
− y∂u

∂y
= 0

Ï)

)µ�§�A���§�
dx

x
=
dy

−y
,

ü>È©��lnx+ ln y = c1, ù���A���§�ÄgÈ©

xy = c, (c = ec1)
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�CþO�

ξ = xy, η = x

dEÜ¦�µ
∂u

∂x
= y

∂u

∂ξ
+
∂u

∂η
,
∂u

∂y
= x

∂u

∂ξ

±þ�\��§z{�µ
∂u

∂η
= 0⇒ u = f(ξ)

�Ò´

u = f(xy)

±þ�Ñ
¦)¹kü�gCþ����5 �©�§�A��{§e¡·�ò

?�Ú�Ñ¹n�gCþ����5 �©�§�A��{µ

a(x, y, z)
∂u

∂x
+ b(x, y, z)

∂u

∂y
+ c(x, y, z)

∂u

∂z
+ d(x, y, z)u = f(x, y, z) (1.3.6)

aq/§̂ A��z{½¦)¹k3�gCþ����5 �©�§(1.3.6)�Ú
½´µ

1.�ÑA���§ :
dx

a(x, y, z)
=

dy

b(x, y, z)
=

dz

c(x, y, z)

2. l±þA��§�¦Ñ 2�*dÕá�ÄgÈ© :

ϕ(x, y, z) = c1, ψ(x, y, z) = c2,

3. �gCþO� :ξ = ϕ(x, y, z),

η = ψ(x, y, z)

2�τ = θ(x,y, z)£Ù¥θ(x, y, z)�?�§���ϕ(x, y, z), ψ(x, y, z)¼êØ�
'=�¤

4. |^#gCþξ, η, τ �Ox, y, zz{��§, K#����5 �©�

§Ø2¹kéugCþξ, η� �ê�, �¹kégCþτ ��� �ê�, ¤±�

���5 �©�§C¤
���5~�©�§�/ª§Ò�±/Ï���5~�©

�§úª5¦)
"

~1.3.3 ¦±e�§Ï)µ

√
x
∂u

∂x
+
√
y
∂u

∂y
+ z

∂u

∂z
= 0
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)µA��§�µ
dx√
x

=
dy
√
y

=
dz

z

þª�du±eüª¤á

dx√
x

=
dy
√
y
,

dy
√
y

=
dz

z

)�ü�ÕáÄgÈ©µ

√
x−√y = c1, 2

√
y − ln z = c2

�C�

ξ =
√
x−√y, η = 2

√
y − ln z, ¿�τ = z

��§z�
∂u

∂τ
= 0⇒ u = g(ξ, η)

)�

u = g(
√
x−√y, 2

√
y − ln z)

?�Ú, éu¹kn�gCþ����5 �©�§µ

n∑
j=1

bj(x1, x2, ..., xn)
∂u

∂xj
= f(x1, x2, ...xn)

aq���Ñ�A�A��){��Ú½�µ

1.�ÑA���§ :
dx1

b1
=
dx2

b2
= ... =

dxn
bn

2. l±þA��§¦Ñ n-1�*dÕá�ÄgÈ© :

ϕk(x1, x2..., xn) = hk, k = 1, 2, ..., n− 1

3. �gCþO� :ξj = ϕj(x1, x2, ...xn), (j = 1, 2, ..., n− 1)

ξn = ϕn(x1, x2, ...xn)

(Ù¥ϕn(x1, x2, ...xn)´?���ϕk(x1, x2, ...xn) (k = 1, 2, ...n− 1)Õá�?¿
¼ê)

4. |^#gCþξj(j = 1, 2, ..., n) �Ox1, x2, ..., xnz{��§"

��§#����5 �©�§Ø2¹kéugCþξ1, ξ2, ..., ξn−1 � �ê�,

�¹kégCþξn ��� �ê�,¤±����5 �©�§C¤
���5~

�©�§�/ª§Ò�±/Ï���5~�©�§úª5¦)
"
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~1.3.4 ¦)Ð�¯K
∂u

∂t
= x

∂u

∂x
+ y

∂u

∂y
+ u+ xy, (t > 0, −∞ < x < +∞, a�~ê).

u |t=0= ϕ(x, y)

)µ�§�A���§�

dt

1
= −dx

x
= −dy

y
,

)�ü�Õá�ÄgÈ©µ

xet = c1, ye
t = c2

�CþO�

ξ = xet, η = yet,¿� τ = t

�§z{�
∂u

∂τ
= u(ξ, η, τ) + ξηe−2τ

éþª|^���5~�©�§�úª(È©�rτw¤Cþ§rξ, η��~ê"

u = eτ
[∫

ξηe−2τ . e−τdτ + g(ξ, η)

]
= −1

3
ξηe−2τ + g(ξ, η)eτ = −1

3
xy + g(xet, yet)et

�\Ð©^�µ

u |t=0= −
1

3
xy + g(x, y) = ϕ(x, y) =⇒ g(x, y) =

1

3
xy + ϕ(x, y)

����½)¯K

u = −1

3
xy + g(xet, yet)et = −1

3
xy + et

(
1

3
xye2t + ϕ(xet, xet)

)
.
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1.4 gdu�Ä�§�Ï)±9�K��úª

gdu�Ä�§´µ

utt = a2uxx (t > 0)

·�´ÄU¦Ñ§�Ï)ºIO�{´|^e�!����5�§�A�

��{§�·���±æ^±e�{µrù����5�§z����5

�§|§,�^þ�!����5��{¦)µ

Äk§gdu�Ä

utt = a2uxx, (t > 0)

�U�/ªC�µ (
∂

∂t
+ a

∂

∂x

)(
∂

∂t
− a ∂

∂x

)
u = 0.

-
(
∂

∂t
− a ∂

∂x

)
u = v,þªC�µ

(
∂

∂t
+ a

∂

∂x

)
v = 0, Ïdgdu�Ä�§�±

�du±e���5 �©�§|µ
∂v

∂t
+ a

∂v

∂x
= 0, (1.4.1.a)

∂u

∂t
− a∂u

∂x
= v (1.4.1.b)

ª(1.4.1.a)Ú(1.4.1.b)�A���§©O�µ
dt

1
=
dx

a
=⇒ x− at = c1

dt

1
=
dx

−a
=⇒ x+ at = c2

Ïd��CþO�

ξ = x− at, η = x+ at

�§|(1.4)z�
∂v

∂η
= 0,

−2a
∂u

∂ξ
= v

=⇒ ∂2u

∂ξ ∂η
= 0 =⇒ u = f(ξ) + g(η) = f(x− at) + g(x+ at)

u´·�k±e(Øµgdu�Ä�§ utt = a2uxx (t > 0)�Ï)�¶

u = f(x− at) + g(x + at)

k
gdu�Ä�§�Ï)úª§·�Ò�±¦)±eÐ�¯Kµ
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~1.4.1.¦)Ã���u�gd�ÄÐ�¯K
∂2u

∂t2
= a2∂

2u

∂x2
(t > 0, −∞ < x < +∞)

u |t=0= ϕ(x),
∂u

∂t
|t=0= ψ(x)

): �½�§�gdu�Ä�§§ÙÏ)�µ

u = f(x− at) + g(x+ at), f, g ∈ C2(R)

�\Ð�^���µ

u |t=0= f(x) + g(x) = ϕ(x), (1)

∂u

∂t
|t=0 = −af ′(x) + ag′(x) = ψ(x). (2)

é±þ�(2)È©��µ

−f(x) + g(x) =
1

a

∫ x

0

ψ(ξ)dξ + c, (3)

dª(1), (3))�

f(x) =
1

2
[ϕ(x)− 1

a

∫ x

0

ψ(ξ)dξ − c],

g(x) =
1

2
[ϕ(x) +

1

a

∫ x

0

ψ(ξ)dξ + c].

l)�gdu�ÄÐ�¯K�)�L«ª(=�K��úª)µ

u =
1

2
[ϕ(x− at) + ϕ(x+ at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ.

~1.4.2.¦)Ð�¯Kµ
∂2u

∂t2
= 4

∂2u

∂x2
(t > 0, −∞ < x < +∞)

u |t=0= x2,
∂u

∂t
|t=0= 2x

)µd¯K´Ã��gdu�ÄéA�àgÐ�¯K§�±^�K��

úª5¦)§éA�K��úª¥ëþa = 2, ϕ(x) = x2, ψ(x) = 2x, |^

�K��úª§=µ

u(t, x) =
1

2
[ϕ(x− at) + ϕ(x+ at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ



17

=
1

2
[(x− 2t)2 + (x+ 2t)2] +

1

4

∫ x+2t

x−2t

2ξdξ

u´¦�dÐ�¯K�)µ

u(t, x) = x2 + 4t2 + 2xt

~1.4.3¦)Ð�¯Kµutt = uxx + cosx(t > 0,−∞ < x < +∞),

u(0, x) = 0, ut(0, x) = 4x.

)KJ«:ù´��u�Ä�§��àgÐ�¯K§·��±k¦Ñ�½�§��A)§kr�

½�§àgz§2|^�K��úª¦Ñàg¯K�)§��¦ÑdÐ�¯K�)"

)µ�½�§w,kA)µu1 = cosx, �C�u = v + u1 = v + cosx,

ù�v ÷vàg�§Ð�¯Kµvtt = vxx, (t > 0,−∞ < x < +∞),

v(0, x) = − cosx, vt(0, x) = 4x.

|^�K��úªµ

v =
1

2
(− cos(x+ t)− cos(x− t)) +

1

2

∫ x+t

x−t
4ξdξ = − cosx cos t+ 4xt

��·��Ñ�Ð�¯K)µ

u = v + u1 = cosx− cosx cos t+ 4xt

~1.4.4 éuu�Ä�§Ð�¯Kµ
∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0, −∞ < x < +∞)

u |t=0= ϕ(x),
∂u

∂t
|t=0= ψ(x)

1)¦yµXJϕ(x), ψ(x)Ñ´Û¼ê§KÐ�¯K�)u(t, x)'ux�Û
¼ê,=u(t, x) = −u(t,−x)

2)¦yµXJϕ(x), ψ(x)Ñ´ó¼ê§KÐ�¯K�)u(t, x)'ux�ó
¼ê"=u(t, x) = u(t,−x)

y²:�â�K��úª,u�ÄÐ�¯K�)�µ

u(t, x) =
1

2
[ϕ(x− at) + ϕ(x+ at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ (1)
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Ï

u(t,−x) =
1

2
[ϕ(−x− at) + ϕ(−x+ at)] +

1

2a

∫ −x+at

−x−at
ψ(ξ)dξ (2)

�¼êϕ, ψ�Û¼ê�§

ϕ(−x− at) = −ϕ(x+ at), ϕ(−x+ at) = −ϕ(x− at) (3)

,	k ∫ −x+at

−x−at
ψ(ξ)dξ =

∫ −x+at

−x−at
(−ψ(−ξ)) dξ

-−ξ = η,þªC�µ∫ −x+at

−x−at
(−ψ(−ξ)) dξ =

∫ x−at

x+at

ψ(η)dη = −
∫ x+at

x−at
ψ(ξ)dξ,

Ïd ∫ −x+at

−x−at
ψ(ξ)dξ = −

∫ x+at

x−at
ψ(ξ)dξ. (4)

r(3), (4)�\(2), ¿Ú(1)ª'�§Ò��Ñu(t,−x) = −u(t, x), ù�(

Ø1)Ò��
y²§aq�y²(Ø2).

e¡?�Ú?Ø�
û)5¯Kµ

~1.4.5��i(Gousat)¯K
∂2u

∂t2
= a2∂

2u

∂x2
,

u |x−at=0= ϕ(x), u |x+at=0= ψ(x),

ϕ(0) = ψ(0)

)µ�§�Ï)�µ

u = f(x− at) + g(x+ at),

�\½)^���µ

u |x−at=0= f(0) + g(2x) = ϕ(x),

u |x+at=0= f(2x) + g(0) = ψ(x),

�O�µξ = 2x,K)�µ

f(ξ) = ψ(
ξ

2
)− g(0), g(ξ) = ϕ(

ξ

2
)− f(0)
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AO�ξ = 0����µ

f(0) + g(0) = ϕ(0)

nþ§�k

u = f(x− at) + g(x+ at) = ϕ(
x+ at

2
) + ψ(

x− at
2

)− ϕ(0)

���þ��K��úªµ

�Ä±e�Ã.u�gd�Ä
∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0, x > 0) (1.4.2.a)

u(t, 0) = 0, (1.4.2.b)

u |t=0= ϕ(x),
∂u

∂t
|t=0= ψ(x) (1.4.2.c)

©Û:duϕ(x), ψ(x)==3x > 0k½Â§¤±ØU��¦^�K��
úª§7L�rÐ��½Â�òÿ����§duu(t, 0) = 0, ùÎÜÛ¼

ê5�§¤±·��±}ÁÛòÿ§̄ ¢þ§XJ·�rϕ(x)Úψ(x)©Oò
ÿ¤½Â3���Û¼êΦ(x)ÚΨ(x),Kd�K��úªµ

u(t, x) =
1

2
[Φ(x− at) + Φ(x+ at)] +

1

2a

∫ x+at

x−at
Ψ(ξ)dξ. (1.4.3)

,	§����y3x = 0:u(t, x)÷v>.^�§=µ

u(t, x) |x=0=
1

2
[Φ(−at) + Φ(at)] +

1

2a

∫ at

−at
Ψ(ξ)dξ = 0.

Ïd§·�rÐ�òÿ�|^�K��úª¦Ñ�)u(t, x)��3x ≥ 0Ò
´d�Ã.u�gd�Ä½)¯K(1.4.2)�).

äNÚ½Xe:,kÖ¿½Âϕ(0) = 0 = ψ(0),2�

Φ(x) =

ϕ(x), x ≥ 0

−ϕ(−x), x < 0 .
Ψ(x) =

ψ(x), x ≥ 0

−ψ(−x), x < 0 .

2d�K��úªµ

u(t, x) =
1

2
[Φ(x− at) + Φ(x+ at)] +

1

2a

∫ x+at

x−at
Ψ(ξ)dξ.

=


1

2
[ϕ(x+ at) + ϕ(x− at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ, t ≤ x

a
,

1

2
[ϕ(x+ at)− ϕ(at− x)] +

1

2a

∫ x+at

at−x
ψ(ξ)dξ, t >

x

a
.

(1.4.3)
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5 1.4.1 e±þ�Ã.ugd�Ä½)¯K(1.4.2)¥3x = 0�>.^�U

�µux(t,0) = 0,ùéAuó¼ê5�§@o�A�òÿU�óòÿ"

~1.4.6¦)n�ÅÄ�§Ð�¯Kµ
∂2u

∂t2
= a2∆3u, (t > 0, r =

√
x2 + y2 + z2 > 0)

u |t=0= ϕ(r),
∂u

∂t
|t=0= ψ(r).

)µdÐ�^��¥é¡5§��u = u(t, r),ù�

∂2u

∂x2
=
∂2u

∂r2
(
x

r
)2 +

∂u

∂r
(
1

r
− x2

r3
)

∂2u

∂y2
=
∂2u

∂r2
(
y

r
)2 +

∂u

∂r
(
1

r
− y2

r3
)

∂2u

∂z2
=
∂2u

∂r2
(
z

r
)2 +

∂u

∂r
(
1

r
− z2

r3
)

du∆3u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
,�½�§z�µ

∂2u

∂t2
= a2

(
∂2u

∂r2
+

2

r

∂u

∂r

)
�
z{d�§§���¼êO�u = h(r)V (t, r), h(r)�½, K

utt = hVtt, ur = hrV + hVr, urr = hrrV + 2hrVr + hVrr

�\��µ

hVtt = a2

[
hrrV + 2hrVr + hVrr +

2

r
(hrV + hVr)

]
·��¦3dV (t, r)��§¥VÚVr ���Xê��0§=k

Vr�Xê : 2hr +
2

r
h = 0, V�Xê : hrr +

2

r
hr = 0 .

��h(r) =
1

r
, ù�§u =

V

r
(½V = ru), �Akµ

V |t=0= rϕ(r),
∂V

∂t
|t=0= rψ(r), V |r=0= ru |r=0= 0 .

u´V (t, r)÷v±e½)¯K
∂2V

∂t2
= a2∂

2V

∂r2
, (t > 0, r > 0)

V |r=0= 0,

V |t=0= rϕ(r),
∂V

∂t
|t=0= rψ(r) .
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dud½)¯KÎÜ±þ��Ã.u�gd�Ä½)¯K�.£5¿r > 0),

�^��æ^Ûòÿ§d®íÑ�úª(1.4.3)��

V (t, r) =


1

2
[(r + at)ϕ(r + at) + (r − at)ϕ(r − at)]+

1

2a

∫ r+at

r−at
ξψ(ξ) dξ, t ≤ r

a
1

2
[(r + at)ϕ(r + at)− (at− r)ϕ(at− r)]+

1

2a

∫ r+at

at−r
ξ ψ(ξ)dξ . t >

r

a

��dC�'Xu =
V

r
,)��½)¯K�)µ

u(t, r) =


1

2r
[(r + at)ϕ(r + at) + (r − at)ϕ(r − at)]+

1

2ar

∫ r+at

r−at
ξψ(ξ) dξ, t ≤ r

a
1

2r
[(r + at)ϕ(r + at)− (at− r)ϕ(at− r)]+

1

2ar

∫ r+at

at−r
ξ ψ(ξ)dξ . t >

r

a
.

~1.4.7¦)�Ã.u�Ä¯Kµ
utt = 4uxx, (t > 0, x > 0)

u(t, 0) = 0,

u(0, x) = 2x, ut(0, x) = 1− cosx.

)KJ«µdu3x = 0?�>.^�ÎÜÛ¼ê5�§Ïdé���þÐ�^�?1Ûò

ÿ§|^¦)u�ÄÐ���K��úª)û"

)µéÐ�¼ê�Ûòÿ§=�Ð�

Φ(x) = 2x (−∞ < x < +∞) , Ψ(x) =

 1− cosx, (x > 0)

cosx− 1 (x < 0)

ù��Äòÿ��½)¯KµUtt = 4Uxx (t > 0, −∞ < x < +∞)

U(0, x) = Φ(x), Ut(0, x) = Ψ(x)

duΦ(x),Ψ(x)´Û¼ê§ù�)U(t, x)Ò´'ux�Û¼ê§g,÷
vU(t, 0) = 0,Ð�3x > 0��÷v�¯K½)^�§Ïd§¦ÑU(t, x)�§
rx��3x > 0Ò´¤¦)½)¯K�)u(t, x),�â�K��úª,

U(t, x) =
1

2
[Φ(x− 2t) + Φ(x+ 2t)] +

1

2× 2

∫ x+2t

x−2t

Ψ(ξ)dξ (1)

�A/§x > 0�§u(t, x) = U(t, x),=½)¯K)�

u(t, x) =
1

2
[Φ(x− 2t) + Φ(x+ 2t)] +

1

2× 2

∫ x+2t

x−2t

Ψ(ξ)dξ (2)
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Ù¥x ≥ 2t�∫ x+2t

x−2t
Ψ(ξ)dξ =

∫ x+2t

x−2t
(1− cos ξ)dξ = 4t− 2 sin 2t cosx, (x ≥ 2t, x > 0)

x < 2t�§∫ x+2t

x−2t
Ψ(ξ)dξ =

∫ 0

x−2t
(cos ξ − 1)dξ +

∫ x+2t

0

(1− cos ξ)dξ = 2x− 2 sinx cos 2t, (x < 2t, x < 0)



Φ(x− 2t) + Φ(x+ 2t) = 2(x− 2t) + 2(x+ 2t) = 4x

±þ�3�(Ø�\(2)ª¿z{�§Ò��½)¯K�)

u(t, x) =


2x+ t− 1

2
cosx sin 2t, (t, x > 0x ≥ 2t)

5

2
x− 1

2
sinx cos 2t. (t, x > 0, x < 2t)

~1.4.8®��Ã.u�Ä¯Kµ
utt = 4uxx (t > 0, x > 0)

ux(t, 0) = 0,

u(0, x) = x3, ut(0, x) = cos x

)KJ«µdu3x = 0?�>.^�ux = 0ÎÜó¼ê5�§Ïdé���þÐ�^�?

1óòÿ§|^¦)u�ÄÐ���K��úª)û"

)µ�éÐ��óòÿ§=�Ð�

Φ(x) =

x3, (x ≥ 0)

−x3 (x < 0)
Ψ(x) = cos x, (−∞ < x < +∞) .

�Äòÿ��½)¯KµUtt = 4Uxx (t > 0, −∞ < x < +∞)

U(0, x) = Φ(x), Ut(0, x) = Ψ(x)

�â�K��úª,

U(t, x) =
1

2
[Φ(x− 2t) + Φ(x+ 2t)] +

1

2× 2

∫ x+2t

x−2t

Ψ(ξ)dξ
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�A/§x > 0�§u(t, x) = U(t, x),ù�)Ñd½)¯K�)µ

u(t, x) =

x
3 + 12xt2 +

1

2
cosx sin 2t, (t, x > 0x ≥ 2t)

8t3 + 6x2t+
1

2
cosx sin 2t. (t, x > 0, x < 2t)

1.5ü�gCþ����5 �©�§�©aÚIO.

¹kü�gCþ����5 �©�§´µ

a11
∂2u

∂x2
+ 2a12

∂2u

∂x∂y
+ a22

∂2u

∂y2
+ b1

∂u

∂x
+ b2

∂u

∂y
+ cu = 0 (1.5.1)

Ù¥§a11, a12, a22ØÓ��0.¼êai,j, bj (i, j = 1, 2)±9c�gCþ�x, y.

�CþO�ξ = ϕ(x, y), η = ψ(x, y), ²LO�§d�§C�±e/ªµ

A11
∂2u

∂ξ2
+ 2A12

∂2u

∂ξ∂η
+ A22

∂2u

∂η2
+B1

∂u

∂ξ
+B2

∂u

∂η
+ Cu = 0

Ù¥

A11 = a11

(
∂ϕ

∂x

)2

+ 2a12
∂ϕ

∂x

∂ϕ

∂y
+ a22

(
∂ϕ

∂y

)2

,

A12 = a11
∂ϕ

∂x

∂ψ

∂x
+ a12

(
∂ϕ

∂x

∂ψ

∂y
+
∂ϕ

∂y

∂ψ

∂x

)
+ a22

∂ϕ

∂y

∂ψ

∂y
,

A22 = a11

(
∂ψ

∂x

)2

+ 2a12
∂ψ

∂x

∂ψ

∂y
+ a22

(
∂ψ

∂y

)2

.

Ù§Xê��^ϕ, ψ½§���êL«Ñ"XJ±ξ, η�gCþ�#�§¥
����ê�XêA11, A12, A22k��½öü�C�0§ù��§Òz{
"
Äk*	�¦A11 = 0��§Ú¦A22 = 0��§/ª´���§=�±e
�§/ªµ

a11

(
∂z

∂x

)2

+ 2a12
∂z

∂x

∂z

∂y
+ a22

(
∂z

∂y

)2

= 0 (1.5.2)

¤±§XJ·�U¦Ñ±þ�§(1.5.2)���)z = z(x, y),ÒU¦A11, A22

¥�,�C�0§XJU¦Ñ�§(1.5.2)�ü�Õá)§KA11ÚA22Ó�C

�0, �N�¦ (1.5.2)�)z = z(x, y) Qº�d§·��Äz(x, y) ���
�C : z(x, y) = h, (½¡C�A��),3C þ,ü>��©��µ

dz = dh = 0, =⇒ ∂z

∂x
dx+

∂z

∂y
dy = 0 =⇒ ∂z

∂x
= −∂z

∂y

dy

dx
(1.5.3)
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þª (1.5.3)�(Ø�\�§ (1.5.2) :

a11

(
−∂z
∂y

dy

dx

)2

+ 2a12(−
∂z

∂y

dy

dx
)
∂z

∂y
+ a22

(
∂z

∂y

)2

= 0

d�§ü>�K
(
∂z

∂y

)2

�úÏª,�n�~�©�§µ

a11(dy)2 − 2a12dxdy + a22(dx)2 = 0. (1.5.4)

d�§(1.5.4)�¡����5 �©�§(1.5.1)�A��§§d±þí�
L§kµ

½n1.5.1Xϕ(x, y) = h´A��§(1.5.4)�Ûª)(½ÄgÈ©)§Kz = ϕ(x, y)´
 �©�§(1.5.2)�)"

A��§(1.5.4)/ª�U��

a11(
dy

dx
)2 − 2a12

dy

dx
+ a22 = 0. (1.5.5)

ÏdA��§�±w¤´±
dy

dx
�C�����g�ê�§§Ù�Oª

∆ = a2
12 − a11a22

�â∆�ØÓ��§�±é���5 �©�§(1.5.1)?1Xe©aµ

(1) ∆ > 0,ù����5 ��§(1.5.1)©a�V.§�A�A��
§©)¤ü���~�©�§§Ø��a11 6= 0,d�§k

dy

dx
=
a12 +

√
∆

a11
Ú
dy

dx
=
a12 −

√
∆

a11

éAüx¢A��µ

ϕ(x, y) = h1, ψ(x, y) = h2

�gCþO�

ξ = ϕ(x, y), η = ψ(x, y)

��5 �©�§(1.5.1)±ξ, ηgCþ�§A11 = A22 = 0,=�§IO.µ

∂2u

∂ξ∂η
+ C1uξ + C2uη + C3u = 0

Ù¥C1, C2 ±9C3´ξ, η�¼ê"

(2) ∆ = 0,ù��§©a��Ô.§A��§éA�������~�

©�§§Ø��a11 6= 0,d�§k

dy

dx
=
a12

a11
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éA��A��xµ

ϕ(x, y) = h

�gCþO�

ξ = ϕ(x, y), η = ψ(x, y)

Ù¥ψ(x, y)�À�¼êϕ(x, y)�pÕá�?¿¼ê"|^#gCþξ, η�O
����5 �©�§�gCþx, y,KA11 = 0. ,	d

ϕ(x, y) = h −→ ∂ϕ

∂x
dx+

∂ϕ

∂y
dy = 0 Ú

dy

dx
=
a12

a11

íÑ

a11
∂ϕ

∂x
+ a12

∂ϕ

∂y
= 0

(Ü^�

∆ = a2
12 − a11a22 = 0 =⇒ a2

12 = a11a22,

A12U��µ

A12 =
1

a11

(
a11

∂ϕ

∂x
+ a12

∂ϕ

∂y

)(
a11

∂ψ

∂x
+ a12

∂ψ

∂y

)
= 0

ù�A11 = 0, A12 = 0,=IO.�±e/ªµ

∂2u

∂η2
+D1uξ +D2uη +D3u = 0

Ù¥D1, D2 ±9D3´ξ, η�¼ê"

(3) ∆ < 0,ù��§©a�ý�.§�A�A��§Eê�©)¤ü�

��~�©�§§Ø��a11 6= 0,�A����§�µ

dy

dx
=
a12 + i

√
−∆

a11
Ú
dy

dx
=
a12 − i

√
−∆

a11

éAüx¤��/ª�Ûª)µ

ϕ(x, y) + iψ(x, y) = h1, ϕ(x, y)− iψ(x, y) = h2

�gCþO�

ξ = ϕ(x, y), η = ψ(x, y)

K����5 �©�§±ξ, η �#gCþ7,z�±e/ª§=ý�.
�IO.µ

∂2u

∂ξ2
+
∂2u

∂η2
+ E1uξ + E2uη + E3u = 0

Ù¥E1, E2 ±9E3´ξ, η�¼ê"
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~1.5.1 |^���5�A��{¦gdu�Ä�§

utt = a2uxx, (t > 0, −∞ < x < +∞)

�Ï)"

)µÄk�ÑA���§�µ

(dx)2 = a2(dt)2,

u´��ü�ÄgÈ©µ

x− at = c1, x+ at = c2,

dùü�ÄgÈ©,·���gCþC�µ

ξ = x− at, η = x+ at

�§z�µ
∂2u

∂ξ∂η
= 0

u´��Ï)µ

u = f(ξ) + g(η) = f(x− at) + g(x+ at).

~1.5.2¦�§

x2∂
2u

∂x2
− 2xy

∂2u

∂x∂y
+ y2∂

2u

∂y2
+ x

∂u

∂x
+ y

∂u

∂y
= 0

�Ï)"

)µ∆ = (xy)2 − x2y2 = 0, �§��Ô.§A���§�µ

x2(dy)2 + 2xydxdy + y2(dx)2 = (xdy + ydx)2 = 0,

=µ

xdy + ydx = 0 =⇒��ÄgÈ©xy = c

�gCþC�µ

ξ = xy, η = y

K²LEÜ¦���

∂u

∂x
= y

∂u

∂ξ
,

∂u

∂y
= x

∂u

∂ξ
+
∂u

∂η
,

∂2u

∂x2
= y2

∂2u

∂ξ2
,
∂2u

∂y2
= x2

∂2u

∂ξ2
+ 2x

∂2u

∂ξ∂η
+
∂2u

∂η2
,

∂2u

∂x∂y
= xy

∂2u

∂ξ2
+ y

∂2u

∂ξ∂η
+
∂u

∂ξ
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�\��§z�µ

η
∂2u

∂η2
+
∂u

∂η
= 0 .

d�§kü�Ä�)µu = 1Úu = ln η,u´��d�§�Ï)µ

u = ϕ(ξ) ln η + ψ(ξ) = ϕ(xy) ln y + ψ(xy)

~1.5.3 ¦Ap���§

yuxx + uyy = 0, (y 6= 0)

�IO/"

)µ∆ = 02 − y = −y,A��§�µ

y(dy)2 + (dx)2 = 0

�y < 0,ù�∆ > 0,�§�V.§A��§©)�µ

(dx+
√
−ydy)(dx−

√
−ydy) = 0,

)�üxA��µ

x− 2

3
(−y)

3
2 = c1, x+

2

3
(−y)

3
2 = c2

�CþO�µ

ξ = x− 2

3
(−y)

3
2 , η = x+

2

3
(−y)

3
2

���§IO.µ

uξη +
1

6(ξ − η)
(uη−uξ) = 0

�y > 0,ù�∆ < 0,�§�ý�.§A��§©)�µ

(dx+ i
√
ydy)(dx− i√ydy) = 0,

)�üxA��µ

x+ i
2

3
(y)

3
2 = c1, x− i

2

3
(y)

3
2 = c2

�CþO�µ

ξ = x, η =
2

3
(y)

3
2

�\��§��IO.µ

uξξ + uηη +
1

3η
uη = 0
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~1.5.4¦�§
uxx + 2uxy − 3uyy = 0

�Ï)§¿¦÷vu(x, 0) = 3x2, uy(x, 0) = 0�A)u.

):�§�A���§�µ

dy2 − 2dxdy − 3dx2 = 0

)�üxA��µ

x+ y = c1, y − 3x = c2

�CþO�

ξ = x+ y, η = y − 3x,

KÏLEÜ¦�O���

uxx = uξξ − 6uξη + 9uηη, uxy = uξξ − 2uξη − 3uηη, uyy = uξξ + 2uξη + uηη.

�\��§�µ
∂2u

∂ξ∂η
= 0⇒ u = f(ξ) + g(η)

�Ò´�§Ï)

u = f(x+ y) + g(y − 3x)

2d½)^�µ

u(x, 0) = f(x) + g(−3x) = 3x2,

uy(x, 0) = f ′(x) + g′(−3x) = 0⇒ f(x)− 1

3
g(−3x) = c (c�?¿~ê)

)�3½)^�eµ

f(ξ) =
3

4
ξ2 +

3

4
c, g(η) =

1

4
η2 − 3

4
c.

ù�¦�÷v½)^�)

u =
3

4
(x+ y)2 +

3

4
c+

1

4
(y − 3x)2 − 3

4
c = 3x2 + y2

1.6U\�n§àgz�n

L´���5�©�fL«�µ

L =
n∑

k,l=1

ak,l
∂2

∂xk∂xl
+

m∑
l=1

bl
∂

∂xl
+ c .

ù�§¹kn�gCþ����5�©�§�±L«�µ

Lu(~x) = f(~x), ~x = (x1, x2, ..., xn) (1.6.1)
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~X:

1.�n = 2, x1 = t, x2 = x, ¿�a11 = 1, a22 = −a2,L¥Ù§Xê��

�0,ù�§L = ∂2

∂t2 − a
2 ∂2

∂x2 ,�§äNz�µ

utt = a2uxx + f(t, x) (u�Ä�§)

2.�n = 2, x1 = t, x2 = x, ¿�a22 = −a2, b1 = 1,L¥Ù§Xê���0,

ù�§L = ∂
∂t − a

2 ∂2

∂x2 ,�§äNz�µ

ut = a2uxx + f(t, x) (��9D��§)

3.�n = 3, x1 = x, x2 = y, x3 = z, ¿�a11 = a22 = a33 = 1, f = 0,¿�L¥

Ù§Xê���0,ù�§L =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
�§äNz�µ

∆3u = 0. (Laplace�§)

���y§���5�©�fk±e�55�µ=�½Â�S?¿ü�

¼êu1, u2 k

L[λ1u1 + λ2u2] = λ1L[u1] + λ2L[u2].

�5�©�f�?�Úí2��5È©�f§XFourierC�µ

F [f(x)] =

∫ +∞

−∞
f(x)e−iλxdx .

w,�fFäk�55�µF [λ1f1 + λ2f2] = λ1F [f1] + λ2F [f2].

�. U\�n:

(1)U\�n� �ui÷v�5�§:

Lui = fi, (i = 1, 2, 3...n)

@o,§���5|Üu =
n∑
i=1

ciui÷v�§:

Lu =
n∑
i=1

ci fi, (i = 1, 2, 3...n)

(2)U\�n��ui÷v�5�§X�:

Lui = fi, (i = 1, 2, 3...)

@o,?êu =
+∞∑
i=1

ciui÷v�§:

Lu =
+∞∑
i=1

ci fi, (i = 1, 2, 3......)
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£Ù¥?êu =
+∞∑
i=1

ciui Âñ§¿�÷v�fL¥Ñy� �ê�¦ÚPÒ�

�gS¤I��^�¤

(3)U\�nn µ�u(M,M0)÷v�5�§(½�5½)^�):

Lu = f(M,M0)

Ù¥ML«gCþ|, M0L«ëê|.qÈ©U(M) =

∫
v

u(M,M0)dM0Â

ñ§@oU(M)÷vµ

LU(M) =

∫
v

f(M,M0)dM0

U\�n��y²: Lu = L

(
n∑
i=1

ciui

)

=
n∑
i=1

ciLui =
n∑
i=1

ci fi, (i = 1, 2, 3...., n)

|^U\�n1�±�Ñ±e(Øµ

íØ1.6.1éu�5 �©�§

Lu(~x) = f(~x), ~x = (x1, x2, ..., xn)

Ù�àg�§Ï)�uàg�§Ï)\�àg�§���A)"

y²:�u1´�àgA)§V´àg�§Ï)§=

Lu1(~x) = f(~x), LV (~x) = 0

dU\�n1, u = u1 + V´��àg�§�).(3¦^U\�n1�§rVw
¤u2,rf w¤f1,r0w¤f2)

�u´�àg�§�?¿��)§Pv1 = u− u1,K

Lv1 = L(u− u1) = Lu− Lu1 = f − f = 0

¤±§v1´àg�§�)"ùÒy²·��(Ø"

~1.6.1¦))|�X(Dirichlet )¯K:
∂2u

∂x2
+
∂2u

∂y2
= 1,

u |x2+y2=1= x2 .
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)µ´�u1 = 1
4(x2 + y2)´�½�§�A)§�C�u = V + u1,KV÷v

àg)|�X>�¯K 
∂2V

∂x2
+
∂2V

∂y2
= 0,

V |x2+y2=1= x2 − 1

4

dàg)|�X>�¯K·�ò31�Ùò�ÑIO){"

� àgz�n(Àþ�n).

·�k`²u�Ä�§�àgz�nµ

½n1.6.1éuu�XÉ½u�Ä¯K
∂2u

∂t2
= a2∂

2u

∂x2
+ f(t, x), (t > 0,−∞ < x < +∞) (1.6.2.a)

u |t=0= 0,
∂u

∂t
|t=0= 0. (1.6.2.b)

KÙ)

u(t, x) =

∫ t

0

w(t, x, τ)dτ, (1.6.3)

w(t, x, τ)÷vàgz�§µ
∂2w

∂t2
= a2∂

2w

∂x2
, (t > τ,−∞ < x < +∞) (1.6.4.a)

w |t=τ= 0,
∂w

∂t
|t=τ= f(τ, x). (1.6.4.b)

y²:u |t=0=

∫ 0

0

w(t, x, τ)dτ = 0, 

∂u

∂t
= w(t, x, τ) |τ=t +

∫ t

0

∂w(t, x, τ)

∂t
dτ =

∫ t

0

∂w(t, x, τ)

∂t
dτ,

Ïd
∂u

∂t
|t=0=

∫ 0

0

∂w(t, x, τ)

∂t
dτ = 0 .?�Ú

∂2u

∂t2
=
∂w(t, x, τ)

∂t
|τ=t +

∫ t

0

∂2w(t, x, τ)

∂t2
dτ = f(t, x) + a2

∫ t

0

∂2w

∂x2
dτ

= f(t, x) + a2 ∂
2

∂x2

∫ t

0

w(t, x, τ)dτ = a2∂
2u

∂x2
+ f(t, x)

ùÒy²
(Ø"
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d±þ½n§��¦Ñ¯K(1.6.4)�)w(t, x, τ),�A�uÒ¦Ñ
"�
d�gCþ²£C�µt1 = t− τ ,¯K(1.6.4)C�

∂2w

∂t12 = a2∂
2w

∂x2
, (t1 > 0,−∞ < x < +∞) (1.6.5.a)

w |t1=0= 0,
∂w

∂t1
|t1=0= f(τ, x). (1.6.5b)

d�K��úªµ

w(t1, x, τ) =
1

2a

∫ x+at1

x−at1
f(τ, ξ)dξ =

1

2a

∫ x+a(t−τ)

x−a(t−τ)

f(τ, ξ)dξ

u´

u =
1

2a

∫ t

0

dτ

∫ x+a(t−τ)

x−a(t−τ)

f(τ, ξ)dξ

±þ)û
u�XÉ½�Ä¯K§e¡?�Ú¦)u�Ä�àg�§

Ð�¯K:utt = a2uxx + f(t, x), (t > 0,−∞ < x < +∞) (1.6.6.a)

u(0, x) = ϕ(x), ut(0, x) = ψ(x) (1.6.6.b)

�d|^U\�n��

u = u1 + u2

Ù¥u1÷v�¯KéA�àg¯Kµu1tt = a2u1xx, (t > 0,−∞ < x < +∞)

u1(0, x) = ϕ(x), u1t(0, x) = ψ(x)
(1.6.7)

u2÷v�A��àg�Ð��0�XÉ½�Ä¯Kµu2tt = a2u2xx + f(t, x), (t > 0,−∞ < x < +∞)

u2(0, x) = 0, u2t(0, x) = 0 .
(1.6.8)

àg¯K(1.6.7)�)u1�d�K��úª)Ñ,=

u1 =
1

2
[ϕ(x− at) + ϕ(x+ at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ



33

¯K(1.6.8)�)u2±þ®²^àgz�n¦Ñ§=µ

u2 =
1

2a

∫ t

0

dτ

∫ x+a(t−τ)

x−a(t−τ)

f(τ, ξ)dξ

nþ§Ò�Ñ¦)d½)¯K�)u(t, x)�úªµ

u(t, x) = u1(t, x) + u2(t, x)

=
1

2
[ϕ(x− at) + ϕ(x+ at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ

+
1

2a

∫ t

0

dτ

∫ x+a(t−τ)

x−a(t−τ)

f(τ, ξ)dξ

~ 1.6.2 ¦)Ð�¯Kutt = 4uxx + x+ 3t, (t > 0,−∞ < x < +∞)

u(0, x) = x2, ut(0, x) = sinx

�du�~¥ëþäN��:

a = 2, f(t, x) = x+ 3t, ϕ(x) = x2, ψ(x) = sinx.

Ïd§��¦^±þ�����)úª��µ

u(t, x) =
1

2

[
(x− 2t)2 + (x+ 2t)

]2
+

1

4

∫ x+2t

x−2t
sin ξdξ +

1

4

∫ t

0

dτ

∫ x+2(t−τ)

x−2(t−τ)
(ξ + 3τ)dξ

z{��µ

u(t, x) = x2 + 4t2 +
1

2
sinx sin 2t+

1

2
xt2 +

1

2
t3

àgz�n�Ôn)ºµ

·�?���]m�m��[τ, τ +dτ ],då�Õá�^�n§XÉ½�Ä

Úå� £u(t, x)�±w¤c��U�]m	å�^ÀþÚå� £H(t, x, τ, dτ)
�U\"¿b½d]�uþ	åð½�G(τ, x),¿Pdd]m	å�^�

)��Ý�vτ ,dÄþ½n§��µ

mvτ = G(τ, x)dτ =⇒ vτ =
G(τ, x)

m
dτ = f(τ, x)dτ

qdud]m	å3t = τâm©�^§¤±Úå�Õá £3t = τ�ÿ
�0ù�§d]m	å�^ÀþÚå� £H(t, x, τ, dτ)÷v�§

∂2H

∂t2
= a2∂

2H

∂x2
, (t > τ,−∞ < x < +∞)

H |t=τ= 0,
∂H

∂t
|t=τ= f(τ, x) dτ.

(1.6.9)



34

'�¯K(1.6.4)Ú(1.6.9), w,kµH(t, x, τ, dτ) = w(t, x, τ) dτ,, r]
m	å�^ÀþÚå� £H(t, x, τ, dτ)�U\,¿-∆τ → 0·�k

u(t,x) = lim
n→+∞

n∑
k=1

H(t, x, τk, dτ) = lim
n→+∞

n∑
k=1

w(t, x, τ) dτ =

∫ t

0

w(t,x, τ)dτ .

���5uÐ�§Ð�¯K�àgz�n(Øµ

éu�àgÐ�¯Kµ
∂mu

∂tm
= Lu+ f(t, ~x) (t > 0, ~x ∈ Rn)

u |t=0=
∂u

∂t
|t=0= ... =

∂m−1u

∂tm−1
|t=0= 0

Ù)

u(t, x) =

∫ t

0

w(t, x, τ )dτ

w(t, x, τ )÷vàgz�§µ

∂mw

∂tm
= Lw (t > τ > 0, ~x ∈ Rn)

w |t=τ=
∂w

∂t
|t=τ= ... =

∂m−2w

∂tm−2
|t=τ= 0

∂m−1w

∂tm−1
|t=τ= f(τ, x)

ÏLU\�nÚàgz�n�ÆS§�ÐÚÝº¦)�àg¯K�g´:

duNõ�5�§��àg¯KØN´��)û§��A�àgz¯

K�N´)û§¤±r�àg�§z�àg�§5¦)§ù´¦)�àg

�§����g´§²L�!�ÆS§·��±Æ�¦)�àg¯K�

ü�~^g´µ

(1)�âU\�n§�àg�§�Ï)u�uàg�§Ï)v\þ�àg
�§�A)u1"¤±�±ÏL*	�{üÃã�Ñ�àg�§A)§,�

ÒUr�àg�§àgz§ù��{�A){

(2)|^àgz�n(=Àþ�n)§ù��nØ=·^u�ÙÑy��à

g�5uÐ�§�Ð�¯K§ò5�Uí2^u)û�àg·Ü¯K"

Ù§�
àgz�nA^�~f:

1) éu±e���5�àg½)¯Kµ
∂u

∂t
+ a

∂u

∂x
+ u = f(t, x), (t > 0,−∞ < x < +∞, a 6= 0�~ê)

u |t=0= 0.
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u(t, x) =

∫ t

0

w(t, x, τ)dτ,

w(t, x, τ)÷v
∂w

∂t
+ a

∂w

∂x
+ w = 0, (t > τ,−∞ < x < +∞, a 6= 0�~ê)

u |t=τ= f(τ, x).

2) éu?¿Ð��àg���9D��§Ð�¯K:
∂u

∂t
= a2∂

2u

∂x2
+ f(t, x), (t > 0,−∞ < x < +∞, a > 0�~ê)

u |t=0= ϕ(x).

k|^U\�n§r±þ¯K©)¤u = u1 + u2, Ù¥u1÷v�A�àg

�§(�Ð�?¿):
∂u1

∂t
= a2∂

2u1

∂x2
, (t > 0,−∞ < x < +∞, a > 0�~ê)

u1 |t=0= ϕ(x).

u2÷v�àg�§§�Ð��0µ
∂u2

∂t
= a2∂

2u2

∂x2
+ f(t, x), (t > 0,−∞ < x < +∞, a > 0�~ê)

u2 |t=0= 0.

·�ò31oÙ¥|^FourierC�¦)Ñu1÷v�àg9D�¯K§u2�

^àgz�n¦),=

u2(t, x) =

∫ t

0

w(t, x, τ)dτ,

Ù¥w(t, x, τ)÷v
∂w

∂t
= a2∂

2w

∂x2
, (t > τ,−∞ < x < +∞, a > 0�~ê)

w |t=τ= f(τ, x).

|^t1 = t − τ���§±þw�½)¯KÒz�
®)û�àg½)¯K/

ª"
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1�ÙSK�

11K(p45.10) k���,°,p©O�a, b, c���/7áø§øSÃgd>Ö

©Ù§.¡�oý�/§ºX��7á��oý9ý�§Ù> ®��ϕ(x, y)

(1)¦d7áø> ÷v�½)¯K"

(2)erøU�Ã��(−∞ < y < +∞, ), üý9.¡�/§ºX> �~
êu0,�ÑøS> ©Ù÷v�½)¯K

)µ1)3�mïá���IX§¿Ø�b�7áø.¡3XOY¡S§d

uøSÃgd>Ö©Ù§¤±>|©Ù÷vàgLaplace�§¶

∆3u = 0, (0 < x < a, 0 < y < b, 0 < z < c, )

du.¡�oý�/§Ïd

u |x=0= u |x=a= u |y=0= u |y=b= 0, u |z=0= 0

ºX> �u |z=c= ϕ(x, y).nþ§> u÷v>�¯Kµ
∆3u = 0, (0 < x < a, 0 < y < b, 0 < z < c, )

u |x=0= u |x=a= u |y=0= u |y=b= 0

u |z=0= 0, u |z=c= ϕ(x, y).

2)erøU�Ã��(−∞ < y < +∞, ), Kù�∂u
∂y = 0, Ïd�§�å

�µ
∂2u

∂x2
+
∂2u

∂z2
= 0

�^�§ºX> N��µu |z=c= u0,Ku÷v½)¯Kµ
∂2u

∂x2
+
∂2u

∂z2
= 0, (0 < x < a, 0 < z < c, )

u |x=0= u |x=a= 0

u |z=0= 0, u |z=c= b.

12K ¦)½)¯K: 
∂2u

∂x∂y
=

1

2
x2y,

u(x, 0) = x2, u(0, y) = y2.
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)µ��È©����½�§A)µu1 =
1

12
x3y2

,-u = v + u1,Kv÷

véA�àg�§µ
∂2v

∂x∂y
= 0

àg�§Ï)�v = f(x) + g(y),ù�

u = v + u1 = f(x) + g(y) +
1

12
x3y2.

2d½)^�u(x, 0) = f(x) + g(0) = x2, u(0, y) = f(0) + g(y) = y2,��

f(x) = x2 − g(0), g(y) = y2 − f(0), f(0) + g(0) = 0,

��·���d½)¯K�)µ

u(x, y) = f(x) + g(y) +
1

12
x3y2

= x2 + y2 +
1

12
x3y2

13K (p45 4. (1)) ¦�§

∂2u

∂x∂y
+

2

y

∂u

∂x
= 2x

�Ï)"

)KJ«µù´����5 �©�§§�·�5¿�r∂u
∂x�¤��#�Cþ§ù�d�§

�±ü�����5�©�§,l¦ÑÏ)"

): -H =
∂u

∂x
,��§z�µ

∂H

∂y
+

2

y
H = 2x,

|^���5~�©�§¦)úª(È©L§¥rx�¤~ê),)�µ

H = e−
∫

2
ydy

(∫
e
∫

2
ydy 2x dy + f(x)

)
=

2xy

3
+
f(x)

y2
,

2È©����§Ï)µ

u =
x2y

3
+
f(x)

y2
+ g(y), Ù¥f(x), g(y)��g��¼ê"

14K ( p45 12 (2))¦Ï)µ

yux − xuy = x2 − y2
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)µ�C�µu = V − xy �§C�µ

yVx − xVy = 0

�ÑA���§µ
dx

y
=

dy

−x
=⇒ xdx+ ydy = 0.

)�ÄgÈ©

x2 + y2 = c

�gCþC�µξ = x2 + y2, η = y,�§z�µ

∂V

∂η
= 0 =⇒ V = f(ξ) = f(x2 + y2) .

¤±�§Ï)�

u = f(x2 + y2)− xy, f ∈ C1(R)

P45 12 (1) ¦±e���5�§Ï)µ

(y + z)ux + (z + x)uy + (x+ y)uz = 0

)µd���5�§�A���§´µ

dx

y + z
=

dy

z + x
=

dz

x+ y
(1)

dþª|^Ü©'½n��:

dx− dy
y − x

=
dy − dz
z − y

�A����ÄgÈ©µ
x− y
y − z

= C1 (2)

aq/§d(1)ª��±��:

dx+ dy + dz

2(x+ y + z)
=
dx− dy
y − x

È©��,	��Õá�ÄgÈ©

(x− y)2(x+ y + z) = c2 (3)

Ïd�§��)�

u = f

(
x− y
y − z

, (x− y)2(x+ y + z)

)
, f ∈ C1(R)
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15K ( p45 12 (3))¦Ï)µ

(x− y)uxy − ux + uy = 0

)µ�C�u = V
x−y ,K

ux = Vx(x− y)−1 − V (x− y)−2, uy = Vy(x− y)−1 + V (x− y)−2,

uxy = Vxy(x− y)−1 + Vx(x− y)−2 − Vy(x− y)−2 − 2V (x− y)−3

�\��§��µ

Vxy = 0 =⇒ V = f(x) + g(y)

ù�

u =
f(x) + g(y)

x− y
.

16K ¦)Ð�¯Kµ
∂u

∂t
+ a

∂u

∂x
= f(t, x), (t > 0,−∞ < x < +∞, a 6= 0�~ê)

u |t=0= ϕ(x).

){1µdU\�n:u = u1 + u2,Ù¥u1÷v
∂u1

∂t
+ a

∂u1

∂x
= 0, (t > 0,−∞ < x < +∞, a 6= 0�~ê)

u1 |t=0= ϕ(x).

u2÷v¶
∂u2

∂t
+ a

∂u2

∂x
= f(t, x), (t > 0,−∞ < x < +∞, a 6= 0�~ê)

u2 |t=0= 0.

�¦)u1,�gCþO�µ

ξ = x− at, η = t

u1÷v�§z�µ
∂u1

∂η
= 0

)�

u1 = f(ξ) = f(x− at)
2|^Ð�^�u1 |t=0= f(x) = ϕ(x),�

u1 = ϕ(x− at)
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�¦)u2,·�k¦^àgz�n(Àþ�n),�W (t, x, τ)÷vµ
∂W

∂t
+ a

∂W

∂x
= 0, (t > τ,−∞ < x < +∞, a 6= 0�~ê)

W |t=τ= f(τ, x).

K

u2 =

∫ t

0

W (t, x, τ)dτ

�gCþO�t1 = t− τ ,KW÷vàg¯Kµ
∂W

∂t1
+ a

∂W

∂x
= 0, (t1 > 0,−∞ < x < +∞, a 6= 0�~ê)

W |t1=0= f(τ, x).

aqu¦)u1�L§§£rf(τ, x)w¤u1¯K¥�Ð�^��ϕ(x)¤§¦�W
�µ

W (t, x, τ) = f(τ, x− at1) = f(τ, x− a(t− τ)),

nÜ±þ)�d½)¯K)µ

u(t, x) = ϕ(x− at) +

∫ t

0

f(τ, x− a(t− τ))dτ.

){2�gCþO�µ

ξ = x− at, η = t

�½�§z�
∂u

∂η
= f(η, ξ + aη)

þªü>È©��µ

u =

∫ η

0

f(τ, ξ + aτ)dτ + g(ξ) =

∫ t

0

f(τ, x− at+ aτ)dτ + g(x− at).

q

u |t=0=

∫ t

0

f(τ, x− at+ aτ)dτ + g(x) = g(x) = ϕ(x)

¤±

u =

∫ η

0

f(τ, ξ + aτ)dτ + g(ξ) = ϕ(x− at) +

∫ t

0

f(τ, x− at+ aτ)dτ .

17K é±e�� �©�§©a¿z��A�IO.

1. λ1λ2uxx − (λ1 + λ2)uxy + uyy = 0, (λ1 6= λ2)
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2. x2uxx − 2xyuxy + y2uyy + xux = 0,

3. y2uxx + x2uyy = 0. (xy 6= 0)

)µ1) �§1�A��§�µ

λ1λ2(dy)2 + (λ1 + λ2)dxdy + (dx)2 = 0

��üx¢�A��µ

x+ λ1y = c1, x+ λ2y = c2

ù��§¤á©a´V."�CþO�µ

ξ = x+ λ1y, η = x+ λ2y

²LEÜ¦�µ

uxx = uξξ + 2uξη + uηη,

uxy = λ1uξξ + (λ1 + λ2)uξη + λ2uηη,

uyy = λ2
1uξξ + 2λ1λ2uξη + λ2

2uηη.

�\���§1�IO.µ
∂2u

∂ξ∂η
= 0.

2)�§2�A��§�µ

x2dy2 + 2xydxdy + y2dx2 = 0

=

(ydx+ xdy)2 = 0

È©���A��xµ

xy = c

ù��§´�Ô.�§"�CþO�µ

ξ = xy, η = y

ù�|^EÜ¦�O�·�kµ

ux = yuξ, uy = xuξ + uη uxx = y2uξξ

uxy = uξ + y(xuξξ + uξη), uyy = x(xuξξ + uξη) + xuξη + uηη

�\��§¿rxyO��ξ, yO��η,z{�·����§2�IO.µ

η2uηη − ξuξ = 0 =⇒ uηη −
ξ

η2
uξ = 0.
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3) �§3�A��§�µ

y2(dy)2 + x2(dx)2 = 0

dA��§���é�ÝÛªÏ),¤±d�§´ý�.�§, �ÝÛªÏ

)äN�µ

y2 + ix2 = c1, y
2 − ix2 = c2

�¤���Ý¼ê�¢ÜÚJÜ�CþO�§=�

ξ = y2, η = x2

aq/§²LEÜ¦�O�¿z{�IO.µ

uξξ + uηη +
1

2ξ
uξ +

1

2η
uη = 0.

18K ¦)u�Ä�àg�§Ð�¯K:utt = a2uxx + 2xt, (t > 0,−∞ < x < +∞)

u(0, x) = x2, ut(0, x) = sin 2x

){1µ�½�§kw,)u1 = 1
3xt

3,�C�u = V + u1 = V + 1
3xt

3,ù

� Vtt = a2Vxx, (t > 0,−∞ < x < +∞)

V (0, x) = x2, Vt(0, x) = sin 2x

|^�K��úª

V =
1

2
[(x− at)2 + (x+ at)2]+

1

2a

∫ x+at

x−at
sin 2ξ dξ = x2 + a2t2 +

1

2a
sin 2x sin 2at

�A/§�½)¯K�)µ

u(t, x) = x2 + a2t2 +
1

2a
sin 2x sin 2at+

1

3
xt3

){2µ|^U\�nÚàgz�n¤�Ñ�u�ÄÐ�¯Kúª�µ

u(t, x) =
1

2
[ϕ(x− at) + ϕ(x+ at)] +

1

2a

∫ x+at

x−at
ψ(ξ)dξ

+
1

2a

∫ t

0

dτ

∫ x+a(t−τ)

x−a(t−τ)

f(τ, ξ)dξ
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3�¯K¥§ϕ(x) = x2, ψ(x) = sin 2x, f(t, x) = 2xt,K

u(t, x) =
1

2
[(x− at)2 + (x+ at)2]+

1

2a

∫ x+at

x−at
sin 2ξ dξ + +

1

2a

∫ t

0

dτ

∫ x+a(t−τ)

x−a(t−τ)
2ξτ dξ

O��n��µ

u(t, x) = x2 + a2t2 +
1

2a
sin 2x sin 2at+

1

3
xt3

19K ¦)±e��~Xê�5~�©�§µ

1. y′′ + ω2y = 0, (ω > 0, y′ =
dy

dx
)

2. y′′ − ω2y = 0,

3. y′′ − 2y′ + 2y = 0.

)µ 1)�§�A��§�µ

λ2 + ω2 = 0 =⇒ λ = ±ωi

¤±�§Ï)µ

y = A cosωx+B sinωx

2)�§�A��§�µ

λ2 − ω2 = 0 =⇒ λ = ±ω

¤±�§Ï)µ

y = Aeωx +Be−ωx

3)

λ2 − 2λ+ 2 = 0 =⇒ λ = 1± i
¤±�§Ï)µ

y = Aex cosx+Bex sinx

Nµ

���5~Xê�©�§�:

y′′ + py′ + qy = 0, p, q�~ê

ÙA��§�µ

λ2 + pλ+ q = 0

1)XJA��§kü�ØÓ¢�λ1, λ2,K�§kÏ)µ

y = Aeλ1x +Beλ2x
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2)XJA��§k��¢�λ0,K�§kÏ)µ

y = Aeλ0x +Bxeλ0x

3)XJA��§k�é�ÝE�λ1,2 = α± iβ,K�§kÏ)µ

y = Aeαx cos βx+Beαx sin βx

î.�§:

x2d
2y

dx2
+ px

dy

dx
+ qy = 0

�U±eÚ½z���~Xê�§µ

-t = lnx,K

dy

dx
=
dy

dt

dt

dx
=

1

x

dy

dt
,
d2y

dx2
= − 1

x2

dy

dt
+

1

x2

d2y

dt2
.

�\î.�§µ

x2

(
− 1

x2

dy

dt
+

1

x2

d2y

dt2

)
+ px

(
1

x

dy

dt

)
+ qy = 0

u´z�~Xê�§µ

d2y

dt2
+ (p− 1)

dy

dt
+ qy = 0, Ù¥t = lnx
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1�Ùµ©lCþ{µ

��ÙVãÚÆS�¦µ

�Ù0�
©lCþ{ù�¦)êÆÔn�§���{"ÄkÏL

^©lCþ{¦)gdu�Ä�§Ú�ÎN�§Ý©Ù¯K�;.~f

ü«
©lCþ{�·^¯KÚÄ�Ú½",�é©lCþ¥Ñy��k

�¯K?1
��5�?Ø§=Sturm− Liouville½n"��qé�àg
·Ü¯Kàgz�Ñ
��5��{§l¦�àgz¯KU^©lCþ

�{)û"

ÏL�ÙÆS§·��Un)©lCþ{�·^¯KÚÄ�Ú½§U^

©lCþ{¦),
;.«�þ�½)¯K"UÙö)û�
Ä��k�

¯K"n)Sturm-Liouville ½né���k�¯K9Ùû)5¯K���¿

Â"Un)�k¼êX���5Ú��5��5�§¬|^�k¼êX

�2ÂFourierÐm"Ýºr�àg·Ü¯K±9>�¯Kàgz��{,

�ª(Ü©lCþ¦)"

ÆcAÝº�ý��£J:µ

1)¦)��àg~Xê�©�§µ��~Xê�©�§

y′′ + py′ + qy = 0 (1)

Ù¥p, q�~ê"§�A��§µ

λ2 + pλ+ q = 0 (2)

�âA��§(2))�ØÓ�¹§��~Xê�©�§(1)kØÓ�),äN

�µ

1.A��kü�ØÓ¢�λ1, λ2 KÏ)

y(x) = C1e
λ1x + C2e

λ2x

2.A��k��¢�λ0§K

y(x) = C1e
λ0x + C2xe

λ0x

3.A��k�é�ÝE�λ1,2 = α± iβ,KÏ)µ

y(x) = C1e
αx cos βx+ C2e

αx sin βx
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2)î.�§±9){µ

x2d
2y

dx2
+ px

dy

dx
+ qy = 0

Ù¥p, q�~ê"�C�µt = lnx,�§z��)��àg~Xê�©�§µ

d2y

dt2
+ (p− 1)

dy

dt
+ qy = 0.

3){uÚ�u?ê�Ðmµ

(1){u?ê:

f(x) =
A0

2
+

+∞∑
n=1

An cos
nπx

l
, x ∈ [0, l]

Ù¥Xê

An =
2

l

∫ l

0

f(x) cos
nπx

l
dx, (n = 0, 1, 2...)

(2)�u?ê:

f(x) =
+∞∑
n=1

An sin
nπx

l
, x ∈ [0, l]

Ù¥Xê

An =
2

l

∫ l

0

f(x) sin
nπx

l
dx, (n = 1, 2, 3...)

2.1©lCþ{ü�;.~f

�!k1¯Kµ�k�¯K:

�k�¯K´�¹këê��©�§3N\
>.^�½±Ï5^�

�^�����¯K§��k�¯Kk�")�¤éA�ëê¡��k�§

�A��")¡��k¼ê"±e´�
�k�¯K�~fÚ){µ
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~2.1.1¦)�k�¯K y′′ + λy = 0, (0 < x < l)

y(0) = 0, y(l) = 0

)KJ«: Uì~�©�§nØ§éu?¿λ,�½�§Ñ´k)§�´N\
>.^��λÒ

É���§UÎÜ>.^���")éA�λÒ´�k�§�A��")Ò´�k¼ê"

): éλ©�¹?Øµ

1)λ < 0,Pλ = −ω2§ù��½�§�)´µy = Aeωx +Be−ωx,�\

>.^�y(0) = 0,�ÑA+B = 0. 2�\>.^�y(l) = 0,KAeωl +Be−ωl = 0,

u´¦ÑA = B = 0. Ïdλ < 0�Ã�k�"

2)λ = 0�§�½�§�z�µy′′ = 0 =⇒ y = Ax+B, 2�\>.^

���A = B = 0,��λ = 0Ø´�k�"

3)λ > 0,-λ = ω2,ù��½�§�)´µy = Acosωx+Bsinωx,�\

>.^�y(0) = 0,�Ñ:A = 0,u´y = Bsinωx. 2�\>.^�y(l) = 0,�

ÑBsinωl = 0, BØU2�0§Ïd�ksinωl = 0. )�:

ωl = nπ ⇒ ωn =
nπ

l
,

ù���µ

�k�: λn = ωn
2 =

(nπ
l

)2

, (n = 1, 2, ...)

�k¼ê : yn(x) = Bnsin
nπx

l
.
(
½yn(x) = sin

nπx

l

)
~2.1.2¦)�k�¯K y′′ + λy = 0, (0 < x < l)

y′(0) = 0, y′(l) = 0 .

): éλ©�¹?Øµ 1)λ < 0,Pλ = −ω2§ù�µy = Aeωx +Be−ωx,

�\>.^�y′(0) = 0,�Ñ

ωA− ωB = 0 =⇒ A−B = 0.

2�\>.^�y′(l) = 0,K

Aeωl −Bωe−ωl = 0,

u´¦ÑA = B = 0. Ïdλ < 0�Ã�k�"

2)λ = 0�§�½�§�z�µy′′ = 0 =⇒ y = Ax+B, 2�\>.^

�y′(0) = 0��A = 0,Ïd y = B§3,��à:x = l,·�uy y = B 6= 0
÷vy′(l) = 0,��λ = 0´�k�"



48

3)λ > 0,-λ = ω2,ù��½�§�)´µy = Acosωx+Bsinωx,�\

>.^�y′(0) = 0,�Ñ:B = 0,u´y = A cosωx. 2�\>.^�y′(l) = 0,�

ÑAsinωl = 0, AØU2�0§Ïd�ksinωl = 0. )�:

ωl = nπ ⇒ ωn =
nπ

l
,

nþ§·���µ

�k�: λ0 = 0, λn = ωn
2 =

(nπ
l

)2

, (n = 1, 2, ...)

�k¼ê : y0(x) = An yn(x) = An cos
nπx

l
.
(
½y0(x) = 1, yn(x) = cos

nπx

l

)
©lCþ{;.~f�:

~2.1.3 ¦)u�Ä�·Ü¯K
∂2u

∂t2
= a2∂

2u

∂x2
, (0 < x < l, t > 0) (2.1.1a)

u(t, 0) = u(t, l) = 0, (2.1.1b)

u(0, x) = ϕ(x), ut(0, x) = ψ(x) . (2.1.1.c)

)µ·�©±eoÚ¦)d½)¯Kµ

1. �©lCþ: -u(t, x) = T (t)X(x),�\d·Ü¯K��½�§kµ

T ′′(t)X(x) = a2T (t)X ′′(x)

=
T ′′(t)

a2T
=
X ′′(x)

X

þª�>´t�¼ê,m>´x�¼ê§¤±�mü>�k�u~ê§�d~
ê�−λ,ù�

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ

��X(x)ÚT (t)©OéA�~�©�§µ

X ′′(x) + λX(x) = 0, T ′′(t) + λa2T (t) = 0

2. )�k�¯Kµru = T (t)X(x)�\>.^���µ
T (t)X(0) = 0, T (t)X(l) = 0
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ü>��¼êT (t)��µ X(0) = 0, X(l) = 0. ù�(ÜX(x)�~�©�
§���k�¯KµX ′′ + λX = 0, (0 < x < l)

X(0) = 0, X(l) = 0.

¦)d�k�¯K§��µ

�k�λn = ω2
n =

(nπ
l

)2

, �k¼êXn(x) = Bn sin
nπx

l

rλn =
(nπ
l

)2
�\T (t)÷v��§§�A/��µ

Tn(t) = Cn cos
nπat

l
+Dn sin

nπat

l

¤±·�Ò���X�÷v�½�§(2.1.1.a)Ú>.^�(2.1.1.b)�©lC
þ/ª�)µ

un(t, x) = Tn(t)Xn(x) =

(
Cn cos

nπat

l
+Dn sin

nπat

l

)
sin

nπx

l
, (n = 1, 2, 3...)

3. U\µ�âU\�n§�d½)¯K)µ

u(t, x) =
+∞∑
n=1

un(t, x) =
+∞∑
n=1

(
Cn cos

nπat

l
+Dn sin

nπat

l

)
sin

nπx

l

4.(½L|�XêCn, Dn:

u(0, x) =
+∞∑
n=0

Cn sin
nπx

l
= ϕ(x) ⇒ Cn =

2

l

∫ l

0

ϕ(ξ) sin
nπξ

l
dξ

±9

ut(0, x) =
+∞∑
n=0

Dn

(nπa
l

)
sin

nπx

l
= ψ(x)

K

Dn

(nπa
l

)
=

2

l

∫ l

0

ψ(x) sin
nπx

l
dx =⇒ Dn =

2

nπa

∫ l

0

ψ(x) sin
nπx

l
dx

�n�Ò��d·Ü¯K�)µ

u(t, x) =
+∞∑
n=1

(
2

l

∫ l

0

ϕ(ξ) sin
nπξ

l
dξ. cos

nπat

l
+

2

nπa

∫ l

0

ψ(ξ) sin
nπξ

l
dξ . sin

nπat

l

)
sin

nπx

l
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lþ~�±wÑ§�)¿¦)�k�¯K´©lCþ{�'�Ú½§±

e·�?�Ú�ÑÙ§�
�k�¯Kµ

~2.1.4¦)�k�¯K  y′′ + λy = 0

y′(0) = 0, y(l) = 0

): éλ©�¹?Øµ

1)λ < 0,Pλ = −ω2§ù��½�§�)´µy = Aeωx +Be−ωx,�\

>.^�y′(0) = 0,�ÑA = B,2�\>.^�y(l) = 0,�ÑAeωl +Be−ωl = 0,

u´¦ÑA = B = 0. Ïdλ < 0�Ã�k�"

2)aqu±þ?Ø§��λ = 0Ø´�k�"

3)λ > 0,-λ = ω2,ù��½�§�)´µy = Acosωx+Bsinωx,�\

>.^�y′(0) = 0,�Ñ:B = 0,u´y = Acosωx.��|^>.^�y(l) = 0,�

ÑAcosωl = 0, AØU2�0§Ïd�kcosωl = 0. )�:

ωl = nπ +
π

2
⇒ ωn =

nπ + π
2

l
,

ù���µ

�k�: λn = ωn
2 =

(
2nπ + π

2l

)2

, (n = 0, 1, 2...)

�k¼ê : yn(x) = cos
(2n+ 1)πx

2l
.

~2.1.5¦)±e�k�¯K��k�,�k¼ê"(r2R′)′ + λr2R = 0, (0 < r < a)

|R(0)| < +∞, R(a) = 0.

)µ�CÏCþO�Y = rR, (½R =
Y

r
) ,K�½�§z�

Y ′′ + λY = 0.

du|R(0)| < +∞,KY (0) = lim
r→0

rR(r) = 0,Y (a) = aR(a) = 0§ù�Y (r)÷

v�k�¯Kµ Y
′′(r) + λY = 0, (0 < r < a)

Y (0) = 0, Y (a) = 0.



51

¦)d�k�¯K§)�

λn =
(nπ
a

)2

, Yn(r) = sin
nπ

a
r

=��¯K��k�Ú�k¼êµ

λn =
(nπ
a

)2

, Rn(r) =
1

r
sin

nπ

a
r

~2.1.6¦)±e�k�¯K��k�,�k¼ê"X
′′(x) + 2X ′(x) + λX = 0

X(0) = X(1) = 0

)µ�½�©�§�A��§�µ

k2 + 2k + λ = 0

P∆ =
√

1− λ,K?Øk

1)∆ > 0, �½�§Ï)�µy = Ae(−1+
√

∆)x +Be(−1−
√

∆)x�\>.^

�§��A = B = 0,=∆ > 0�Ã�k�"

2)aq/, ∆ = 0vk�k�"

3) ∆ < 0,=λ > 1�µ

X(x) = Ae−x cos
√
−∆x+Be−x sin

√
−∆x

�\>.^�X(0) = 0,�ÑA = 0,2d>.^�

X(1) = Be−1 sin
√
−∆ = 0⇒ sin

√
−∆ = 0

)�µ √
−∆ = nπ ⇒

√
λ− 1 = nπ (n = 1, 2....)

��k

�k�:λn = 1 + (nπ)2, �k¼ê:Xn(x) = e−x sinnπ x

52.1.1:ò53ÆLSturm− Liouville½n�§��ëìSturm− Liouville½
n�(Ø5¦)��~�©�§�k�¯K,òk�U{zÚ½

A«~���k�¯K9�'(Ø:

1.�k�¯K

 y
′′ + λy = 0

y(0) = 0, y(l) = 0.
)�→

�k�: λn =
(
nπ
l

)2
, (n = 1, 2...)

�k¼ê: yn(x) = sin
nπx
l
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2.�k�¯K

 y
′′ + λy = 0

y′(0) = 0, y′(l) = 0.
)�→

�k�: λn =
(
nπ
l

)2
, (n = 0, 1, 2...)

�k¼ê: yn(x) = cos
nπx
l

3.�k�¯K

 y
′′ + λy = 0

y(0) = 0, y′(l) = 0.
)�→

�k�: λn =
(

(2n+1)π
2l

)2

, (n = 0, 1, 2...)

�k¼ê: yn(x) = sin
(2n+1)πx

2l

4.�k�¯K

 y
′′ + λy = 0

y′(0) = 0, y(l) = 0.
)�→

�k�: λn =
(

(2n+1)π
2l

)2

, (n = 0, 1, 2...)

�k¼ê: yn(x) = cos
(2n+1)πx

2l

5.�k�¯K

 y
′′ + λy = 0

y(θ) = y(θ + 2l).
)�→

�k�: λn =
(
nπ
l

)2
, (n = 0, 1, 2...)

�k¼ê: yn(θ) = Ancos
nπθ
l + Bnsin

nπθ
l

~2.1.7^©lCþ{¦)·Ü¯K
utt = a2uxx, (0 < x < l, t > 0)
u(t, 0) = ux(t, l) = 0,

u(0, x) = 0, ut(0, x) = x.

)µ�©lCþ§-u(t, x) = T (t)X(x),�\d·Ü¯K��½�§kµ

T ′′(t)X(x) = a2T (t)X ′′(x)

=
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)

þª�>´t�¼ê,m>´x�¼ê§¤±�mü>�k�u~ê§�d~
ê�−λ,ù���X(x)ÚT (t)©OéA�~�©�§µ

X ′′(x) + λX(x) = 0, T ′′(t) + λa2T (t) = 0

ru = T (t)X(x)�\>.^���µ
T (t)X(0) = 0, T (t)X ′(l) = 0

ü>��¼êT (t)��µ
X(0) = 0, X ′(l) = 0

ù�(ÜX(x)�~�©�§���k�¯KµX ′′ + λX = 0,

X(0) = 0, X ′(l) = 0.
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¦)d�k�¯K§��µ

�k�λn = ω2
n =

(
(2n+ 1)π

2l

)2

,�k¼êXn(x) = Bn sin
(2n+ 1)πx

2l

r®¦Ñ�λn�\T (t)÷v��§§�A/��µ

Tn(t) = Cn cos
(2n+ 1)πat

2l
+Dn sin

(2n+ 1)πat

2l

¤±·�Ò���X�©lCþ/ª�)µun(t, x) = Tn(t)Xn(x)(n = 0, 1, 2...),
�âU\�n§�

u(t, x) =
+∞∑
n=0

(
Cn cos

(2n+ 1)πat

2l
+Dn sin

(2n+ 1)πat

2l

)
sin

(2n+ 1)πx

2l

��dÐ�^�(½L|�XêCn, Dn:

u(0, x) =
+∞∑
n=0

Cn sin
(2n+ 1)πx

2l
= 0 ⇒ Cn = 0

±9

ut(0, x) =
+∞∑
n=0

Dn

(
(2n+ 1)πa

2l

)
sin

(2n+ 1)πx

2l
= x

d�u?êXê(½úªµ

Dn

(
(2n+ 1)πa

2l

)
=

2

l

∫ l

0

x sin
(2n+ 1)πx

2l
dx

l(½Ñµ

Dn =
16l2(−1)n

(2n+ 1)3π3a

�n�Ò��d·Ü¯K�)µ

u(t, x) =
16l2

aπ3

+∞∑
n=0

(−1)n

(2n+ 1)3
sin

(2n+ 1)πat

2l
sin

(2n+ 1)πx

2l

·�±eò?Ø^©lCþ{¦�ÎN�§Ý>�¯K§�d§·�

k�Ñ±eü�O�5�~Kµ

~2.1.8¦)±Ï^��k�¯K y′′ + λy = 0, (−∞ < θ < +∞)

y(θ) = y(θ + 2π)
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): éλ©�¹?Øµ

1)λ < 0, Pλ = −ω2§ù��½�§�)´µy = Aeωθ +Be−ωθ, �\

±Ï^�¦ÑA = B = 0. Ïdλ < 0�Ã�k�"

2)λ = 0�§�éA�k¼ê y0(θ) = B0 6= 0.

3)λ > 0,-λ = ω2,ù��½�§�)´µy(θ) = Acosωθ +Bsinωθ,d

±Ï¼êy(θ)����±Ï�
2π

ω
,Ïd�÷v±Ï�2π�^�§��

2π = n

(
2π

ω

)
=⇒ ωn = n, (n = 1, 2, 3...)

nþ��d�k�¯K�)µ

�k�: λ0 = 0, λn = ωn
2 = n2, (n = 1, 2...)

�k¼ê : y0(θ) = B0 6= 0, yn(θ) = Ancosnθ +Bnsinnθ, (n = 1, 2...)

~2.1.9¦)±eî.�§

r2R′′(r) + rR′(r)− n2R(r) = 0, (n = 0, 1, 2, 3...)

)µ�C�

t = ln r ½r = et

±þî.�§C�µ

d2R

dt2
− n2R(t) = 0, =⇒

R = A0 +B0t, �n = 0,

R = Ane
nt +Bne

−nt, �n ≥ 1.

Ïd�§)�µ

R(r) =

A0 +B0 ln r, �n = 0,

Anr
n +Bnr

−n �n > 0 .

©lCþ{;.~f��: Ã���ÎN�§Ý>�¯K:

��Ã����Î(x2 + y2 < a2, −∞ < z < +∞),SÜÃ9§>.

Î¡§Ý�F (x, y),KÎS�§Ý©Ù�÷v±e½)¯K:∆2u = 0, (x2 + y2 < a2) (2.1.2.a)

u |x2+y2=a2= F (x, y). (2.1.2.b)
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d¯K^4�I�du∆2u =
1

r

∂

∂r
(r
∂u

∂r
) +

1

r2

∂2u

∂θ2
= 0, (2.1.3.a)

u |r=a= F (a cos θ, asinθ)
∆
= f(θ). (2.1.3.b)

�
)ûd¯K§·�k¦^©lCþ¦Ñ34�Ie∆2u = 0���
)µÄk§�©lCþ§�u = R(r)Θ(θ),�\∆2u = 0�4�I�§µ

1

r

∂

∂r
(r
∂u

∂r
) +

1

r2

∂2u

∂θ2
= 0. (2.1.4)

©lCþ¿ü>Ø±R(r)Θ(θ)��µ

1

r
(rR′)′

R
+

1

r2

Θ′′

Θ
= 0

-
Θ′′

Θ
= −λ,�A/���©�§µ

Θ′′ + λΘ = 0, r2R′′ + rR′ − λR(r) = 0

du34�Ie¤á^�µ

u(r, θ) = u(r, θ + 2π) (2.1.5)

��

R(r)Θ(θ) = R(r)Θ(θ + 2π),

ü>��R(r)kΘ(θ) = Θ(θ + 2π).(ÜΘ(θ)��©�§���k�¯K:Θ′′(θ) + λΘ(θ) = 0,

Θ(θ) = Θ(θ + 2π)

¦)d�k�¯K,��:

�k�µ λ0 = 0, λn = n2, (n = 1, 2, 3...)

�k¼êµΘ0(θ) = 1, Θn(θ) = Cn cosnθ +Dn sinnθ

r¦Ñ��k��\R(r)÷vî.��§§)Ñµ

R0(r) = A0 +B0 ln r, Rn(r) = Anr
n +Bnr

−n (n = 1, 2, 3...)

ù�Ò����©lCþ/ª):

u0(r, θ) = R0(r)Θ0(θ) = A0 +B0 ln r,
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un(r, θ) = Rn(r)Θn(θ) = (Anr
n +Bnr

−n)(Cn cosnθ +Dn sinnθ). (n > 0)

�âU\�n§rù�X�©lCþ/ª)U\§��^4�IL«�

�§∆2u = 0�÷v±Ï5^�u(r, θ) = u(r, θ + 2π)���)µ

u(r, θ) = A0 +B0 ln r +
+∞∑
n=1

(Anr
n +Bnr

−n)(Cn cosnθ +Dn sinnθ) (2.1.6)

±þ�,·�¦Ñ
�§∆2u = 0�÷v±Ï5^�u(r, θ) = u(r, θ + 2π)^
4�IL«����)§�3äN¦^�ÿ�5¿±e¯�µ

1. du·��)�÷v±Ï5^�u(r, θ) = u(r, θ + 2π), ¤±d¦)

úªØU��¦^u÷/«�£du÷/«��ÝCzØv2π), éuÝ/

«��Ø·^4�I�«��Ø¨¦^dúª"

2.du·�%@´�k.)§3±en«·^«�úªk±eäN/
ªµ

(1)3��r < a§dur−nÚln r3r = 0Ø÷vk.5^�"¤±r−n�
Úln r�����§Ïd3�S¦)úª{z�

u(r, θ) = A0 +
+∞∑
n=1

rn(Cn cosnθ +Dn sinnθ) (2.1.7)

(2)3�	«�r > a§du lim
r→+∞

rn = +∞Ú lim
r→+∞

ln r = +∞,ÏdrnÚln r

a.��lúª¥��, äN3�	«�r > a·^úª�µ

u(r, θ) = A0 +
+∞∑
n=1

r−n(Cn cosnθ +Dn sinnθ) (2.1.8)

(3)3�/�a < r < b, úª¥¤ka.�Ñk.§¤±�/���ú
ªE,�µ

u(r, θ) = A0 +B0 ln r +
+∞∑
n=1

(Anr
n +Bnr

−n)(Cn cosnθ +Dn sinnθ) . (2.1.9)

k
±þù
?ØÚ�A(Ø§·�Ò�±�ª)ûÃ���ÎN

�§Ý>�¯Kµ

~ 2.1.10¦)Ã���ÎN�§Ý>�¯K∆2u = 0, (r < a) (2.1.10.a)

u |r=a= f(θ). (2.1.10.b)
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)µ�½�§���)�µ

u(r, θ) = A0 +B0 ln r +
+∞∑
n=1

(Anr
n +Bnr

−n)(Cn cosnθ +Dn sinnθ) .

3�S§�A�k.)��±e/ªµ

u(r, θ) =
C0

2
+

+∞∑
n=1

(r
a

)n
(Cn cosnθ +Dn sinnθ) (1)

þª(1)�\�Îý¡�>.^�(2.1.10.b)kµ

u |r=a=
C0

2
+

+∞∑
n=1

(Cn cosnθ +Dn sinnθ) = f(θ)

�âFourier?êXê(½úªµ

Cn =
1

π

∫ 2π

0

f(ϕ) cosnϕdϕ, (n = 0, 1, 2...)

Dn =
1

π

∫ 2π

0

f(ϕ) sinnϕdϕ (n = 1, 2, 3..)

±þXê�\(1)�Ò���ÎNSÜ§Ý©Ù�µ

u(r, θ) =
1

2π

∫ 2π

0

f(ϕ) dϕ+
1

π

+∞∑
n=1

(r
a

)n ∫ 2π

0

f(ϕ)[cosn(ϕ− θ)] dϕ

3,
AÏ�¹e§�^'�Xê(½FourierXêµ

~2.1.11 ¦)�S)¼¯Kµ∆2u = 0, (r < a)

u |r=a= sin 2θ cos θ

): �½�§���)�µ

u(r, θ) = A0 +B0 ln r +
+∞∑
n=1

(Anr
n +Bnr

−n)(Cn cosnθ +Dn sinnθ) .

3�S§�A�k.)�L«�±e/ªµ

u =
C0

2
+

+∞∑
n=1

rn(Cn cosnθ +Dn sinnθ)
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2|^>.^�

u |r=a=
C0

2
+

+∞∑
n=1

an(Cn cosnθ +Dn sinnθ)= sin 2θ cos θ =
1

2
(sin 3θ + sin θ)

'�Xê��µ

D1 =
1

2a
, D3 =

1

2a3
,Ù{�Fá�XêÑ�0

¤±����d>�¯K�)µ

u(r, θ) =
1

2a
r sin θ +

1

2a3
r3 sin 3θ

Ø
ü�;.~K	§©lCþ{��±¦)Ù§Nõ¯K§'Xµ

~2.1.12XüàÚý¡Ñý9§�Ý�2l�þ!\�§Ý©Ù¯K�µ

ut = a2uxx (0 < x < 2l)

ux(t, 0) = ux(t, 2l) = 0,

u(0, x) =


1

2A
(|x− l| < A < l, )

0, Ù{x.

¦u(t, x)¿`²4�� lim
t→∞

u(t, x)�Ôn¿Â

)µ�©lCþu = T (t)X(x),�\�½�§¿(Ü>.^����k

�¯Kµ X
′′ + λX(x) = 0, (0 < x < l)

X ′(0) = X ′(2l) = 0.

Ú~�©�§µ

T ′(t) + λa2T = 0.

¦)�k�¯K��:

�k�µλ0 = 0, λn = (
nπ

2l
)2, (n = 1, 2, 3...)

�k¼êµX0(x) = 1, Xn(x) = cos
nπ

2l
x

�A/§

T0(t) = A0, Tn(t) = Cne
−(nπa2l )2 t
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dU\�n§��

u(t, x) =
C0

2
+

+∞∑
n=1

Cne
−(nπa2l )2 t cos

nπ

2l
x

q

u(0, x) =
C0

2
+

+∞∑
n=1

Cn cos
nπ

2l
x = ϕ(x), ϕ(x) =


1

2A
(|x− l| < A < l, )

0, Ù{x.

d{u?êXê�(½úª§½Ñ

C0 =
2

2l

∫ 2l

0

ϕ(x) dx =
2

2l

∫ l+A

l−A

1

2A
=

1

l

Cn =
2

2l

∫ 2l

0

ϕ(x) cos
nπ

2l
x dx =

2

2l

∫ l+A

l−A

1

2A
cos

nπ

2l
xdx

=
2

nπA
cos

nπ

2
sin

nπA

2l
=


0, n = 2k + 1,

(−1)k

kπA
sin

kπA

l
, n = 2k.

���n�µ

u(t, x) =
1

2l
+

+∞∑
k=1

(−1)k

kπA
sin

kπA

l
e−(nπa2l )2 t cos

kπ

l
x

4t→∞Ò��
lim
t→∞

u(t, x) =
1

2l

ù�4�`²du\f´ý9�§SÜÃ9©Ù§¤±��mªuÃ¡

�§\f�?§Ýªuþ!"

~2.1.13¦)÷/«�S�)¼¯Kµ
∆2u = 0 (r < d, 0 < θ < α),

u(r, 0) = u(r, α) = 0

u(d, θ) = f(θ)

)µ¦^4�I§�½�§z�µ

1

r

∂

∂r
(r
∂u

∂r
) +

1

r2

∂2u

∂θ2
= 0, (r < d, 0 < θ < α)



60

�©lCþ§-u(r, θ) = R(r)Θ(θ),�\�§��µ

1

r
(rR′)′

R
+

1

r2

Θ′′

Θ
= 0

-
Θ′′

Θ
= −λ,�\þª���©�§µ

Θ′′ + λΘ = 0, r2R′′ + rR′ − λR(r) = 0

2|^àg>.^�µu(r, 0) = u(r, α) = 0,�ÑΘ(0) = Θ(α) = 0,u´é

AkΘ��k�¯KΘ′′ + λΘ = 0 (0 < θ < α),

Θ(0) = Θ(α) = 0

¦)d�k�¯K��

�k�µλn =
(nπ
α

)2

, �k¼êµΘn(θ) = sin
nπθ

α

�A/,rλn =
(
nπ
α

)2
,�\R(r)�î.�§§)�

Rn(r) = Anr
nπ
α +Bnr

−nπα (n = 1, 2, 3...)

du3�S:r = 0?r−
nπ
αÃ.§¤±�Bn = 0. dU\�n§���÷v

�½�§Úàg>.^���)µ

u(r, θ) =
+∞∑
n=1

Anr
nπ
α sin

nπθ

α

2�â^�

u(d, θ) =
+∞∑
n=1

And
nπ
α sin

nπθ

α
= f(θ)

(½ÑFourierXêµ

An =
2

αd
nπ
α

∫ α

0

f(θ)sin
nπθ

α
dθ

¤±��d½)¯K)µ

u(r, θ) =
+∞∑
n=1

[
2

α

∫ α

0

f(θ)sin
nπθ

α
dθ

](r
d

)nπ
α

sin
nπθ

α
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2.2�k�¯K���5�.µStrum− Liouville½n

�!cSµ©lCþ¦){���Ú½©Ûµ

1.Ï¦©lCþ/ª�)µ rCþ©|§Xu = u(t, x), ©lCþ/

ª�)��u = T (t)X(x).qXu = u(t, x, y, z), ©lCþ/ª�)Q��

�u = T (t)X(x)Y (y)Z(z),��k��u = T (t)V (x, y, z).

2.(½�k�¯Kµr©lCþ/ª)�\½)¯K��½�§§�)
�|¼êéA��©�§"2(Ü¤��>.^�½±Ï5^��)éA

��k�¯K"

3.�)�X�©lCþ/ª)µ¦)�k�¯K§���k�Ú�k¼
ê"¿r�k��\�{�|�©�§¦Ñ�A¼ê§Ò���X�©l

Cþ/ª)§Xun(t, x) = Tn(t)Xn(x), n = 1, 2....

4.U\¿�ª¦Ñ½)¯K�)µ�âU\�n§©lCþCþ/ª)
U\�E,÷v�½�§±9àg>.^�£½±Ï5^�¤§¤±�é©

lCþ/ª)U\����),X�u(t, x) =
+∞∑
n=1

un(t, x). 2�âÙ§½)

^�(Xu�Ä·Ü¯K�Ð�^�)(½��)¥�?¿~ê,l�ª)

û½)¯K"

d±þ©Û��§3©lCþ¥��k�¯K´Ø%5¯K§�!±e

ò?Ø¦)�k�¯K�5Æ(�§�u2�)§±9)�U\���5§?

ØN�(½Fp�Xê���5¯K"±e?Økl��5����5�

©�§�©lCþÐm?Øµ

1.Sturm− Liouville.�§

éu�����àg�5 �©�§:

Ltu+ C(t)Lxu = 0 (a ≤ x ≤ b) (2.2.1)

Ù¥Lt, Lx´���5 �©�f§äN�

Lt = a0(t)
∂2

∂t2
+ a1(t)

∂

∂t
+ a2(t), Lx = b0(x)

∂2

∂x2
+ b1(x)

∂

∂x
+ b2(x)

Ù¥b0(x) 6= 0. �©lCþu = T (t)X(x),�\(2.2.1)�,X(x)�)��©
�§kXe/ª:

LxX(x) + λX(x) = 0 (2.2.2)

±e�
Qã�B§·�rX(x)U��y(x),ù�, (2.2.2)äNL«�µ

b0(x)y′′(x) + b1(x)y′(x) + b2(x)y(x) + λy(x) = 0 (2.2.2)
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þªü>Ó¦±�½��ρ(x),�§C�

ρ(x)b0(x)y′′(x) + ρ(x)b1(x)y′(x) + b2(x)ρ(x)y(x) + λρ(x)y(x) = 0,

�¦±þ�§cü��¤���ê/ª§�¦��ρ(x)÷vµ

ρ(x)b1(x) = (ρ(x)b0(x))′ ⇒ ρ(x) =
1

b0(x)
exp{

∫
b1(x)

b0(x)
dx}

�§Òz¤Sturm− LivilleIO/ª(½¡��Sturm− Liville.�§)µ

[k(x)y′(x)]′ − q(x)y(x) + λρ(x)y(x) = 0, (a < x < b) (2.2.3)

Ù¥k(x) = ρ(x)b0(x), q(x) = −b2(x)ρ(x),ρ(x)���

2.Sturm− Liouville.�§N\�>.^�/¤�k�¯K:"

b½Sturm− Liouville�§Xê÷vµ
(1) k(x) ∈ C1[a, b], ρ(x) ∈ C[a, b],3(a, b)þ, k(x), ρ(x) > 0,

�q(x) ≥ 0.

(2)q(x)3(a, b)þëY,�3à:?�õ´�?4:,Xq(x) =
1

x− a
.

K3±þéXê�b½e§Sturm− Liouville�§��â±e�¹N
\±eÊ«~^�>.^���:

(1) k(a) > 0(½k(b) > 0),�q(x)3a:(½b:)ëY�ÿ§éy(x)��Ñ
±e/ª�1�§�§na>.^�/¤�k�¯K:

α1y
′(a)− β1y(a) = 0, (α1, β1 ≥ 0)

α2y
′(b) + β2y(b) = 0. (α2, β2 ≥ 0)

(2)�k(a) = k(b) > 0,��±N\±Ï5^�µ

y(a) = y(b), y′(a) = y′(b)

(3)�k(x)3,�à:�0§Xk(a) = 0,Ky(x)3:a�±N\g,>.
^�,=

|y(a)| < +∞

N\�>.^��§Ò/¤
�k�¯K§±e�
n)�k�¯K�

�'(Ø§·�k)º±eVgµ

1) ¼ê�SÈµ3)ÛAÛ¥§�þ~a = (a1, a2, a3)Ú~b = (b1, b2, b3)SÈ½Â

�µ

~a .~b = a1b1 + a2b2 + a3b3.



63

�±�ySÈk±en�Ä�5�µ

(1)�½5µ~a .~a ≥ 0, (2)��5µ~a .~b = ~b .~a, (3)�5µ(k1 ~a1+k2 ~a2) .~b = k1( ~a1 .~b)+k2( ~a2 .~b)

±þSÈ�Vg�í2�ü�¼êf(x)Úg(x)���SÈµ

[f(x), g(x)]½Â�=

∫ b

a
f(x)g(x)ρ(x)dx

Ù¥��ρ(x)3Sturm− Liouville.�§(2.2.3)®�Ñ"��y$�[f(x), g(x)]÷

vSÈ�n�Ä�5�§¤±�±n)�¼êf(x)Úg(x)�SÈ"

2)¼ê���²�µ3)ÛAÛ¥§�þ~a = (a1, a2, a3),K

~a ��Ý²� = ~a .~a = a1
2 + a2

2 + a3
2.

ù�Vg�í2�¼êf(x)��²�µ

||f(x)||2 = [f(x), f(x)] =

∫ b

a

f 2(x)ρ(x)dx

3)¼ê���5µ3)ÛAÛ¥§�þ~aÚ�þ~bSÈ�0, K¡�þ~aÚ�þ~bR

�§R�ù�Vgí2Ò´��"ÏdX¼êf(x)Úg(x)�SÈ[f(x), g(x)] = 0§

K¡f(x)Úg(x)��§= ∫ b

a
f(x)g(x)ρ(x)dx = 0

k
ù
�')º§·���Ò��Ñ±e(Øµ

3.Sturm− Liouville�§�k�¯K��'(Øµ

Sturm− Liouville�§�±þQã�Ê«>.^���§/¤�A�
�k�¯K§K�k�Ú�k¼êk±e(Øµ

(1)�ê5:�3�êÃ¡õ��k�λ1 < λ2 < ... < λn < ...,� lim
n→+∞

λn = +∞;

Ø
N\±Ï5^�	§z��k��k����k¼ê��éA"

(2)�K5: λn ≥ 0,k�k�λ = 0�¿©7�^�´µq(x) = 0,�3a, bü
àÑØ�1�§na>.^�§ù��k¼ê´�"~ê"

(3)��5µ�λm 6= λn,K�A��k¼êym(x), yn(x)3[a, b]þ���
�§=kµ ∫ b

a

ρ(x)ym(x)yn(x)dx = 0 . (2.2.4)

(4)��5:�k¼êX{yn(x)}+∞
n=1´���§=∀f(x) ∈ L2

ρ[a, b], f(x)�
3�k¼êX{yn(x)}+∞

n=1eÐm�2ÂFourier?ê§=

f(x) =
+∞∑
n=1

cnyn(x) . (2.2.5)
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Ù¥ÐmXê�

cn =
1

||yn(x)||2

∫ b

a

ρ(x)f(x)yn(x) dx (n = 1, 2, ...)



||yn(x)||2 =

∫ b

a

ρ(x)y2
n(x)dx

±þ�Ñ
Sturm− Liouville�§�k�¯K��'(Ø§��ê5
Ú��y²®²�Ñ�á��§e¡·�é�K5Ú��5?1Øyµ·�

ÄkéSturm− Liouville�§U���f/ª (¿#ry(x)P£X(x))§2

�±>.^�/¤±e��k�¯Kµ
LX(x) = λX(x),

(
L = − 1

ρ(x)

(
k(x)

d

dx

)
+
q(x)

ρ(x)
,

)
N\X(x)�A�Ê«>.^���

1)�K5y²µ ±e,·�=éa, bü�à:N\�§�½na>.^��

�¹?1y²µduLX(x) = λX(x), ¤±

λ[X(x), X(x)] = [LX(x), X(x)] = [− 1

ρ(x)

(
k(x)X ′(x)

)′
+
q(x)

ρ(x)
X(x), X(x)]

=

∫ b

a

(
− 1

ρ(x)

(
k(x)X ′(x)

)′
+
q(x)

ρ(x)
X(x)

)
X(x)ρ(x) dx =

∫ b

a

(
−
(
k(x)X ′(x)

)′
X(x) + q(x)X2(x)

)
dx

= −k(x)X ′(x)X(x) |ba +

∫ b

a
k(x)

(
X ′(x)

)2
dx+

∫ b

a
q(x)X2(x) dx (2.2.6)

du·�b½a, bü�à:N\^��µ

α1X
′(a)− β1X(a) = 0, (α1, β1 ≥ 0), α2X

′(b) + β2X(b) = 0. (α2, β2 ≥ 0)

|^d^��Ñµ

X ′(a) =
β1
α1
X(a), X ′(b) = −β2

α2
X(b)

d^��\(2.2.6)ª§�ÑÙ1���K§2db½^�k(x) > 0, q(x) ≥ 0 ,Ó

��Ñ1�§n���K"ly²
λ ≥ 0 .

2)��5�y²µ��yL´�g�Ý�fµ=?�¼êf(x), g(x) ∈ L2
ρ[a, b],

K[Lf(x), g(x)] = [f(x), Lg(x)]. ù�§�ü�ØÓ��k�λn, λm,¿�Xn(x), Xm(x)´

éA��k¼ê§=LXn = λnXn, LXm = λmXm,d�f�g�Ý5§kµ

0 = [LXn, Xm]− [Xn, LXm] = [λnXn, Xm]− [Xn, λmXm]

= λn[Xn, Xm]− λm[Xn, Xm] = (λn − λm)[Xn, Xm]

duλn 6= λm, ¤±�k[Xn, Xm] = 0,ùÒy²
��5"
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3)2ÂFourierXê�¦ÑL§µ±þ§·��Ñ
|^����k¼êX{yn(x)}+∞
n=1 §

f(x)�2ÂFourierÐm�L«�

f(x) =
+∞∑
n=1

cnyn(x). (2.2.7)

±e·��Ñ(½2ÂFourierXêck��{µ ¯¢þ§éu?¿�½��
êk, 3(2.2.7)ªü>éyk(x)�SÈ§¿|^��5n 6= k �§[yn(x), yk(x)] = 0 ,

K

[f(x), yk(x)] =
+∞∑
n=1

[cnyn(x), yk(x)] =
+∞∑
n=1

cn[yn(x), yk(x)] = ck[yk(x), yk(x)]

= ck||yk(x)||2 =⇒ ck =
[f(x), yk(x)]

||yk(x)||2
=

1

||yk(x)||2

∫ b

a

ρ(x)f(x)yk(x) dx

Ù¥||yk(x)||2 =

∫ b

a

ρ(x)y2k(x)dx

~2.2.1�Ñ±eSturm− Liville.�§�k(x), q(x)±9��ρ(x)

(1)y′′ + λy = 0,

(2) [ rR′(r)]′ + λ
1

r
R(r) = 0,

(3) (rR′(r))′ + (λr − 1

r
)R(r) = 0.

�:(1) k(x) = 1, q(x) = 0,��ρ(x) = 1

(2) k(r) = r, q(r) = 0,��ρ(r) =
1

r

(3) k(r) = r, q(r) =
1

r
,��ρ(r) = r.

~2.2.2 |^Sturm− Liville½n��'(Ø§y²�u?êÐm½nÚ
{u?êÐm½n"=y²µ

(1)∀f(x) ∈ L2[0, l], x ∈ [0, l], f(x)�Ðm�{u?ê§=

f(x) =
A0

2
+

+∞∑
n=1

An cos
nπx

l
,

ÙXêAn =
2

l

∫ l

0

f(x) cos
nπx

l
dx (n = 0, 1, 2, 3...).
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(2) ∀f(x) ∈ L2[0, l], x ∈ [0, l], f(x)�Ðm��u?ê§=

f(x) =
+∞∑
n=1

Bn sin
nπx

l
, (∀f(x) ∈ L2[0, l], x ∈ [0, l])

XêBn =
2

l

∫ l

0

f(x) sin
nπx

l
(n = 1, 2, 3...)

y²µ1)�E�k�¯Kµy
′′ + λy = 0, (0 < x < l)

y′(0) = y′(l) = 0

)d�k�¯K§¦�

�k�µλ0 = 0, λn =
(nπ
l

)2

, (n = 1, 2, 3...)

�k¼êµy0(x) = 1, yn(x) = cos
nπ

l
x, (n = 1, 2, 3...)

UìSturm− Liville½n���5nØ§�k¼êX{yn(x)}+∞
n=0�¤��

����X§∀f(x) ∈ L2[0, l], f(x)3d��Xek2ÂFourierÐmª

f(x) = C0y0(x) +
+∞∑
n=1

Cnyn(x) .



C0 =

∫ l

0
f(x)y0(x) dx

||y0(x)||2
, Cn =

∫ l

0
f(x)yn(x)dx

||yn(x)||2
.

Ù¥��²��||y(x)||2 =

∫ l

0

y2(x)dx.,äNry0(x) = 1, yn(x) = cos nπx
l �

\��µ

||y0(x)||2 =

∫ l

0

12dx = l, ||yn(x)||2 =

∫ l

0

cos2 nπx

l
dx =

∫ l

0

1 + cos 2nπx
l

2
dx =

l

2
.

�A/

C0 =
1

l

∫ l

0

f(x) dx, Cn =
2

l

∫ l

0

f(x) cos
nπx

l
dx

�A�f(x)ÐmªC�µ

f(x) = C0 +
+∞∑
n=1

Cn cos
nπx

l
.
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��PC0 =
A0

2
, Cn = An,·�Ò��
�y²�(Ø(1)"

2)aq/§ÏL�E�k�¯Kµy
′′ + λy = 0, (0 < x < 1)

y(0) = y(l) = 0

¦Ñ�k¼êX�§2r¼êf(x)3�k¼êXeÐmÒéAf(x)��u
?êÐmª"

~2.2.3 re�n����5~�©�§�¤Sturm− LivilleIO.§¿
�Ñ��ρ

y′′ − 2ay′ + λy = 0 (1)

r2R′′ + rR′ + λR(r) = 0 (2)

r2R′′ + rR′ + (λr2 − 1)R(r) = 0 (3)

)KJ«: éuXe/ª�¹këêλ����5�©�§

b0(x)X ′′(x) + b1(x)X ′(x) + b2(x)X(x) + λX(x) = 0, Ù¥λ�ëê (4)

r§z�Sturm-LivilleIO.���Ú½´µ�§ü>Ó¦±�½��ρ(x)µ

ρ(x)b0(x)X ′′(x) + ρ(x)b1(x)X ′(x) + b2(x)ρ(x)X(x) + λρ(x)X(x) = 0, (5)

�¦�§(5)cü��¤���ê/ª§�¦��ρ(x)÷vµ

ρ(x)b1(x) = (ρ(x)b0(x))
′ ⇒ ρ(x) =

1

b0(x)
exp{

∫
b1(x)

b0(x)
dx}

ù�¦Ñ��ρ(x)�§r(5)ª�cü�Ü¤�����ê�§�§Ò¤�±e/ª§=Sturm-

LivilleIO/ª:

[k(x)X ′(x)]′ − q(x)X(x) + λρ(x)X(x) = 0,

Ù¥k(x) = ρ(x)b0(x).

)µÄkr�§(1)�¤Sturm− LivilleIO.,�dü>Ó¦±ρ(x),K

−2aρ(x) = ρ′(x)⇒ ρ(x) = ce−2ax,

Ø��c = 1, =���ρ(x) = e−2ax
,ù�(1)ü>¦±ρ(x)C�µ

e−2axy′′ − 2ae−2axy′ + λe−2axy = 0.

þªcü�Ü¿¤���ê/ª§=�Sturm− LivilleIO.µ(
e−2axy′

)′
+ λe−2axy = 0.
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2r�§(2)�¤IO.:k¦�½��ρ(r),K

rρ(r) = (r2ρ(r))′ ⇒ ρ(r) = c
1

r
,

Ø��c = 1,=���ρ(r) =
1

r
. ù�,�§(2)ü>Ó¦±ρ(r)�§�§�¤
Sturm− LivilleI

O.µ

[rR′(r)]′ + λ
1

r
R(r) = 0,

��r�§(3)�¤IO.,Äkr�§U�¤/X(4)ª���/ªµ

R′′ +
1

r
R′ + (λ− 1

r2
)R(r) = 0 .

K��ρ(r)÷vµ

1

r
ρ(r) = ρ′(r)⇒ ρ(r) = cr,

Ø��c = 1,=���ρ(r) = r,ù�,�§(3)ü>Ó¦±ρ(r)�§�§�¤
Sturm− LivilleI
O.µ

(rR′(r))′ + (λr − 1

r
)R(r) = 0.

~2.2.4¦±e�k�¯K��k�,�k¼ê±9�k¼ê��²�, ¿�

r¼êf(r)3�k¼êXe�2ÂFourierÐm"r
2R′′ + rR′ + λR(r) = 0, (1 < r < e)

R(1) = R(e) = 0

)µ�½�§´î.�§§¤±�C�t = ln r,�½�§C�µ

d2R

dt2
+ λR(t) = 0,

�A��k�¯KC�µ
d2R

dt2
+ λR(t) = 0, (0 < t < 1)

R(0) = R(1) = 0

du3à:?k1�a>.^�§K�âSturm− Liville½n��½µλ > 0,P

λ = ω2,Ïdkµ

R = A cosωt+B sinωt

dR(0) = 0, kA = 0, 2dR(1) = 0§��µB sinω = 0, ÏB ØU2�0§
u´�ksinω = 0 =⇒ ω = nπ,ù�

λn = (nπ)2, (n = 1, 2.......) Rn(t) = sinnπt.
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�Ò´

λn = (nπ)2, Rn(r) = sin(nπlnr).

�âc¡~f§�§��Sturm− LivilleIO.�µ

[rR′(r)]′ + λ
1

r
R(r) = 0,

¤±�§éA���ρ(r) =
1

r
,ù�d�k¼ê��²�O�úª, �k¼

ê��²��:

||Rn(r)||2 =

∫ e

1

(sinnπ ln r)2 1

r
dr

=

∫ e

1

(sinnπ ln r)2d(ln r) =

∫ 1

0

(sinnπt)2dt =
1

2

Ïd¼êf(r)3�k¼êXRn(r)e�2ÂFourierÐm�

f(r) =
+∞∑
n=1

cnRn(r) =
+∞∑
n=1

cn sin(nπ ln r),

Ù¥

cn =

∫ e
1
f(r)Rn(r)ρ(r)dr

||Rn(r)||2
= 2

∫ e

1

f(r)(sinnπ ln r)
1

r
dr .

~2.2.5¦)·Ü¯K
∂u

∂t
= a2∂

2u

∂x2
(0 < x < l)

∂u

∂x
|x=0= 0,

(
∂u

∂x
+ γu

)
|x=l= 0,

u |t=0= ϕ(x),

(1)

)µ�©lCþu = T (t)X(x),�\�½�§¿(Ü>.^����k

�¯Kµ X
′′ + λX(x) = 0, (0 < x < l)

X ′(0) = 0, X ′(l) + γX(l) = 0.
(2)

Ú~�©�§µ

T ′(t) + λa2T (t) = 0.

±þ�k�¯K(2)¥§du3x = là:k1na>.^�§�âSturm− Liville½
n��½µλ > 0,u´�λ = ω2 > 0,)�

X(x) = A cosωx+B sinωx,
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�\x = 0à�>.^���µ

X ′(0) = Bω = 0 =⇒ B = 0

u´X(x) = A cosωx,2�\x = l�>.^���µ

X ′(l) + γX(l) = −Aω sinωl + Aγ cosωl = 0,

u´)�

tanωl =
γ

ω
. (3)

�
(½d���ê�§(3)�ω,�eã

ã¥�s =
γ

ω
Ú�xs = tanωl�:�î�IÒ´�¦��ω,�1n�

���ωn,K

�k�µλn = ωn
2, (n = 1, 2, 3...) �k¼êµXn(x) = cosωnx .

�A/§

Tn(t) = Cne
−a2ω2

n t

dU\�n§��

u(t, x) =
+∞∑
n=1

Cne
−a2ω2

n t cosωnx (4)

q

u(0, x) =
+∞∑
n=1

Cn cosωnx = ϕ(x),

Ù¥Cn�dS-L½n¥�2ÂFourierXê(½úª�Ñ§=

Cn =
1

||xn(x)||2

∫ l

0

ϕ(x) cosωnx dx (5)
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Ù¥

||Xn(x)||2 =

∫ l

0

cos2 ωnx dx =
1

2

∫ l

0

(1 + cos 2ωnx) dx =
1

2
(l +

1

2ωn
sin 2ωnx|l0)

=
1

2
(l +

1

2ωn
sin 2ωnl) =

1

2
(l +

1

2ωn

2 tanωnl

1 + tan2 ωnl
) =

1

2

(
l +

γ

ωn2 + γ2

)
.

���n�µ

u(t, x) =
+∞∑
n=1

[
1

2

(
l +

γ

ωn2 + γ2

)]−1 ∫ l

0

ϕ(ξ) cosωnξ dξ e
−a2ω2

n t cosωnx .

~2.2.6¦)Ý/«�½)¯K:

∂2u

∂x2
+
∂2u

∂y2
= 0, (0 < x < a, 0 < y < b)

u |x=0= 0, u |x=a= f(y),
∂u

∂y
|y=0= 0,

∂u

∂y
|y=b= 0 .

):|^©lCþ{,�u = X(x)Y (y),�\�§©lCþ�:

X ′′

X
+
Y ′′

Y
= 0 =⇒ X ′′

X
= −Y

′′

Y
= λ

�Ò´

X ′′(x)− λX(x) = 0, Y ′′(y) + λY (y) = 0

(Ü3y = 0Úy = b�àg>.^�§���k�¯KµY
′′(y) + λY (y) = 0, (0 < y < b)

Y ′(0) = Y ′(b) = 0.

)�:

�k� : λ0 = 0, λn = (
nπ

b
)2, �k¼ê : Y0(y) = 1, Yn(y) = cos

nπ

b
y.

�A/

X0(x) = C0 +D0x, Xn(x) = Cn cosh
nπ

b
x+Dn sinh

nπ

b
x

dU\�n,��

u(x, y) = C0 +D0x+
+∞∑
n=1

(
Cn cosh

nπ

b
x+Dn sinh

nπ

b
x
)

cos
nπ

b
y
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|^,�|>.^�,

u |x=0= C0 +
+∞∑
n=1

Cn cos
nπ

b
y = 0 =⇒ Cn = 0, (n = 0, 1, 2...)

u |x=a= D0a+
+∞∑
n=1

Dn sinh
nπa

b
cos

nπ

b
y = f(y)

�Ñ

D0 =
1

ab

∫ b

0

f(y)dy, Dn =
2

b sinh nπa
b

∫ b

0

f(y) cos
nπ

b
y dy, n = 1, 2, 3...

u(x, y) =
x

ab

∫ b

0

f(y)dy +
+∞∑
n=1

2

b sinh nπa
b

∫ b

0

f(η) cos
nπ

b
η dη sinh

nπ

b
x cos

nπ

b
y

~2.2.7|^©lCþ{¦)
ut = x2uxx + 3xux − 2u, (t > 0, 1 < x < e)

u(t, 1) = u(t, e) = 0

u(0, x) =
1

x
[sin(π lnx)− sin(2π lnx)]

)KJ«: �K��½�§´CXê�§§©lCþ�éAuî.�§§�z�~Xê�§§

ù´)û�·Ü¯K�'�"

)µ|^©lCþ{§-u = T (t)X(x),

TtX = x2TXxx + 3xTXx − 2TX

Tt
T

=
x2Xxx + 3xXx − 2X

X
= −λ

u´��T (t)ÚX(x)÷v��©�§

T ′(t) + λT = 0, x2X ′′(x) + 3xX ′(x) + (λ− 2)X = 0

r©lCþ/ª)�\>.^��µT (t)X(1) = T (t)X(e) = 0,duT (t)Ø
ð�0§K7kX(1) = X(e) = 0,(ÜX(t)��§���k�¯Kµx

2X ′′(x) + 3xX ′(x) + (λ− 2)X = 0,

X(1) = X(e) = 0 .
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d�k�¯K��½�§´î.�§§��gCþC�µs = lnx ,ù�·

���~Xê���©�§�k�¯KµX
′′(s) + 2X ′(s) + (λ− 2)X = 0, (0 < s < 1)

X(0) = X(1) = 0.

¦)d�k�¯K��µ

λn = 3 + (nπ)2, Xn(s) = Bne
−s sinnπs

�A/r�k�λn�\T (t)÷v��§)�µ

Tn(t) = e−(3+(nπ)2)t,

2gCþ���x,=kXn(x) =
1

x
sinnπ lnxµu´·����X�÷v�

½�§Ú>.^��©lCþ/ª)

un(t, x) = Tn(t)Xn(x) = e−(3+(nπ)2)t(
1

x
sinnπ lnx)

dU\�n§�

u(t, x) =
+∞∑
n=1

Bne
−(3+(nπ)2)t(

1

x
sinnπ lnx)

|^

u(0, x) =
+∞∑
n=1

Bn(
1

x
sinnπ lnx) =

1

x
[sin(π lnx)− sin(2π lnx)]

��'���Fá�Xêµ

B1 = 1, B2 = −1, Ù{Bn = 0

ù���¦�d·Ü¯K�)µ

u = e−(3+π2)t 1

x
sin(π lnx)− e−(3+4π2)t 1

x
sin(2π lnx)

~2.2.8¦)±ep��§�k�¯Kµy
(4) + λy = 0, (0 < x < l)

y(0) = y(l) = y′′(0) = y′′(l) = 0.

)KJ«:ù´4��§�k�¯K§ØU^Sturm-Liouville½n¦)(Sturm-Liouville½n

?Ø�´2��§�k�¯K)§Ïd�é�k�©�¹?Ø¦)"
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)µ�½�§�A��§´

k4 + λ = 0

e¡éλØÓ��?1?Øµ

1) λ > 0,-λ = ω4, (ω > 0),ù�A���üé�ÝE�µ

k1,2 = ω

(√
2

2
±
√

2

2
i

)
, k3,4 = ω

(
−
√

2

2
±
√

2

2
i

)
,

�A��½�§)�µ

y(x) = C1e
√
2

2
ωx cos

√
2

2
ωx+ C2e

√
2

2
ωx sin

√
2

2
ωx+ C3e

−
√
2

2
ωx cos

√
2

2
ωx+ C4e

−
√
2

2
ωx sin

√
2

2
ωx

�\>.^�)�:

C1 = C2 = C3 = C4 = 0.

ù�λ > 0�Ã�A��k�"

2)ÏLaq/?Ø§λ = 0�Ø´�k�"

3)��?Øλ < 0��¹µ-λ = −ω4,ù�A��§4�A���µ

k1,2 = ±ω, k3,4 = ±iω

ù�

y(x) = C1e
ωx + C2e

−ωx + C3 cosωx+ C4 sinωx

�\>.^�y(0) = y(l) = y′′(0) = y′′(l) = 0,��µ

C1 + C2 + C3 = 0, C1 + C2 − C3 = 0

C1e
ωl + C2e

−ωl + C3 cosωl + C4 sinωl = 0,

C1e
ωl + C2e

−ωl − C3 cosωl − C4 sinωl = 0,

)�

C1 = C2 = C3 = 0, C4 sinωl = 0.

¤±�Ï¦�")§�kC4 6= 0,Ïd

C4 sinωl = 0 ⇒ sinωl = 0 ⇒ ωl = nπ ⇒ ω =
nπ

l

u´��d�k�¯K��k�Ú�k¼êµ

λn = −
(nπ
l

)4

, yn(x) = sin
nπx

l
(n = 1, 2, 3...)

~2.2.9¦��9D��§ut = a2∆2u¤k÷v lim
t→+∞

u = 0�©lCþ)
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)µduu = u(t, x, y),¤±©lCþ)��u = T (t)X(x)Y (y),�\�

§��

TtXY = a2(TXxxY + TXYyy)

Tt
a2T

=
Xxx

X
+
Yyy
Y

�
Xxx

X
= −λ, Yyy

Y
= −µ

K
Tt
a2T

= −(λ+ µ)

)�

T (t) = e−a
2(λ+µ)t

�¦ lim
t→+∞

u = 0§�I lim
t→+∞

T (t) = 0, w,��÷v:λ+ µ > 0, e¡©A

«�¹?Øµ

1)λ > 0, µ > 0,ù�÷v^�λ+ µ > 0,Pλ = ω2, µ = γ2,�\X(x), Y (y)
÷v�§)�µ

X(x) = A1 cosωx+B1 sinωx, Y (y) = C1 cos γy +D1 sin γy

u(t, x) = e−a
2(ω2+γ2)t

.

 cosωx

sinωx

 .

 cos γy

sin γy


£Ù¥

 cosωx

sinωx

L«cosωxÚsinωx��5|Ü"¤aq/§ÎÜ�¦�

)�k±eA«�¹:

2)λ > 0, µ < 0,λ+ µ > 0,Pλ = ω2, µ = −γ2,

u(t, x) = e−a
2(ω2−γ2)t

.

 cosωx

sinωx

 .

 eγy

e−γy

 (Ù¥ω > γ > 0)

3)λ < 0, µ > 0,λ+ µ > 0,Pλ = −ω2, µ = γ2,

u(t, x) = e−a
2(γ2−ω2)t

.

 eωx

e−ωx

 .

 cos γy

sin γy

 (Ù¥γ > ω > 0)

4)λ > 0, µ = 0,Pλ = ω2,

u(t, x) = e−a
2ω2t

.

{
cosωx

sinωx

}
.

{
1

y

}
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5)λ = 0, µ > 0,Pµ = γ2,

u(t, x) = e−a
2γ2t

.

 1

x

 .

 cosωy

sinωy



2.3�àg¯K

�§�àg§>.^��àg�·Ü¯K

�Ä±e�àg�§·Ü¯K�.µ
Ltu+ Lxu = f(t, x), (t > 0, x1 < x < x2) (2.3.1.a)

α1ux(t, x1)− β1u(t, x2) = 0, α2ux(t, x2) + β2u(t, x2) = 0, (2.3.1.b)

u(0, x) = ϕ(x), ut(0, x) = ψ(x). (2.3.1.c)

Ù¥Lt, Lx´'ut, x���~Xê���5 �©�f,,	αi, βj ≥ 0, (i, j = 1, 2).

du�§´�àg�§��ØU��^©lCþ¦)§±e±u�Ä�à

g�§·Ü¯K�~§̀ ²;.�){µ

�	±eu�Ä�àg�§·Ü¯Kµ
utt = a2uxx + f(t, x), (t > 0, 0 < x < l) (2.3.2.a)

u(t, 0) = u(t, l) = 0, (2.3.2.b)

u(0, x) = ϕ(x), ut(0, x) = ψ(x) (2.3.2.c)

~^±en«�{5)û·Ü¯K:

1.A){µX�^*	½Ù§{ü�{k¦Ñu÷v��àg�§���A
)3u1§dA)Ø��÷v�àg��½�§§�Ó��÷vàg>.

^�"ù��C�µu = V + u1,KV¤÷v#�·Ü¯K��½�§Ú>
.^�Ñ´àg�§Ò�±��^©lCþ¦)
"

X3±þu�Ä�àg·Ü¯K¥�f(t, x) = Ax, ϕ(x) = 0, ψ(x) = 0, l = 1§
K¯KäN�µ


utt = a2uxx + Ax, (t > 0, 0 < x < 1) (2.3.3.a)

u(t, 0) = u(t, 1) = 0, (2.3.3.b)

u(0, x) = 0, ut(0, x) = 0. (2.3.3.c)
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w,§̄ K(2.3)��½�§k)u0 = −Ax3

6a2 ,�ù�)Ø÷vàg�>.^

�§�·���½u1 Ó�÷v�½�§Ú>.^�,�

u1 = u0 + bx+ c = −Ax
3

6a2
+ bx+ c

du�¦

u1 |x=0= 0 =⇒ c = 0, u1 |x=1= −
A

6a2
+ b = 0 =⇒ b =

A

6a2

u´

u1 =
A

6a2
(x− x3)

�C�µu = V + u1,KV÷vàgz�§µ
Vtt = a2Vxx, (t > 0, 0 < x < 1)

V (t, 0) = V (t, 1) = 0,

V (0, x) = −u1(x) =
A

6a2
(x3 − x), Vt(0, x) = 0

ù�V�·Ü¯KÒ���¦^©lCþ¦)
"

2. |^U\�n(Üàgz�nµ

±þ�u�Ä�àg·Ü¯K
utt = a2uxx + f(t, x), (t > 0, 0 < x < l)

u(t, 0) = u(t, l) = 0,

u(0, x) = ϕ(x), ut(0, x) = ψ(x)

u�©)�µ u = u1 + u2,Ù¥u1÷v
u1tt = a2u1xx (t > 0, 0 < x < l)

u1(t, 0) = u1(t, l) = 0,

u1(0, x) = ϕ(x), u1t(0, x) = ψ(x)

u2÷v 
u2tt = a2u2xx + f(t, x), (t > 0, 0 < x < l)

u2(t, 0) = u2(t, l) = 0,

u2(0, x) = 0, u2t(0, x) = 0

Ù¥, u1·�®²3�Ù1�!^©lCþ¦Ñ
§u2�^àgz�n)

û§=�áu2�àgz¯Kµ
Wtt = a2Wxx, (t > τ, 0 < x < l)

W (t, 0) = W (t, l) = 0,

W |t=τ= 0, ∂W
∂t |t=τ= f(τ, x)
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2��m²£t1 = t− τ , Ò���^©lCþ¦ÑW§2|^±eÈ©
úª¦Ñu2 :

u2(t, x) =

∫ t

0

W (t, x, τ) dτ

3.�k¼êÐm{(Fourier�{):

éu�àg·Ü¯K§�±|^éA�àg�§±9®��àg>.

^�|¤��àg¯K"^©lCþ{¦)dàg¯K¬�)�����

¼êX"�àg�§�)Ò�3ù������¼êXÐm§,�2�â

�§Ú½)^�½ÑÐmXê¦¯K��)û"

ù«�{Äu±eg´µdu�àg¯K
utt = a2uxx + f(t, x), (t > 0, 0 < x < l)

u(t, 0) = u(t, l) = 0,

u(0, x) = ϕ(x), ut(0, x) = ψ(x) .

éA�àg�§Úàg>.^��¤±e¯KµVtt = a2Vxx, (t > 0, 0 < x < l)

V (t, 0) = V (t, l) = 0 .

�V = T (t)X(x), �\ù�V÷v�¯K¿¦)�A��k�¯K§·�
���k�Ú����¼êXµ

λn = (
nπ

l
)2, Xn(x) = sin

nπ

l
x, 1, 2, 3...

r�àg¯K�)u(t, x)w¤½Â30 < x < l�x�¼ê(rtkw¤ëê),

ù�d��5§u(t, x)�±3��XXn(x) = sin nπ
l xeÐm§=��

u(t, x) =
+∞∑
n=1

Tn(t) sin
nπ

l
x.

�A/§�àg�ÚÐ���Ðmµ

f(t, x) =
+∞∑
n=1

fn(t) sin
nπ

l
x, fn(t) =

2

l

∫ l

0

f(t, x) sin
nπ

l
x dx

ϕ(x) =
+∞∑
n=1

ϕn sin
nπ

l
x, ϕn =

2

l

∫ l

0

ϕ(x) sin
nπ

l
x dx

ψ(x) =
+∞∑
n=1

ψn sin
nπ

l
x, ψn =

2

l

∫ l

0

ψ(x) sin
nπ

l
x dx
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±e�X�Ðmª�\�àg¯K(2.3.2),��µ

+∞∑
n=1

T ′′n (t) sin
nπ

l
x−a2

+∞∑
n=1

Tn(t)
(

sin
nπ

l
x
)′′

=
+∞∑
n=1

(
T ′′n (t) +

(nπa
l

)2
Tn(t)

)
sin

nπ

l
x =

+∞∑
n=1

fn(t) sin
nπ

l
x.

Ú
+∞∑
n=1

Tn(0) sin
nπ

l
x =

+∞∑
n=1

ϕn sin
nπ

l
x,

+∞∑
n=1

T ′n(0) sin
nπ

l
x =

+∞∑
n=1

ψn sin
nπ

l
x

'�sin nπ
l x�Xê§��(½Tn(t)�~��§Ð�¯KµT

′′
n (t) +

(nπa
l

)2

Tn(t) = fn(t)

Tn(0) = ϕn, T
′
n(0) = ψn.

�^LaplaceC�¦)Tn(t):PTn(t)�LaplaceC���Gn(p), =L[Tn(t)] = Gn(p).

?�Ú:

L[T ′′n (t)] = p2Gn(p)− pϕn − ψn
¿��Gn(p)��ê�§

p2Gn(p)− pϕn − ψn +
(nπa

l

)2
Gn(p) = Fn(p)

)�µ

Gn(p) =
pϕn + ψn + Fn(p)

p2 +
(
nπa
l

)2

��C�µ

L−1

[
ϕn p

p2 +
(
nπa
l

)2
]

= ϕn cos
nπa

l
t, L−1

[
ψn

p2 +
(
nπa
l

)2
]

=
lψn
nπa

sin
nπa

l
t,

L−1

[
Fn(p)

p2 +
(
nπa
l

)2
]

= L−1[Fn(p)] ∗ L−1
[

1

p2 +
(
nπa
l

)2
]

= fn(t) ∗
l

nπa
sin

nπa

l
t =

l

nπa

∫ t

0

sin
nπa

l
(t− τ)fn(τ)dτ.

Ïd

Tn(t) = L−1[Gn(p)] = ϕn cos
nπa

l
t+ ψn

l

nπa
sin

nπa

l
t+

l

nπa

∫ t

0

sin
nπa

l
(t− τ)fn(τ)dτ.

ù�§���Ñ

u(t, x) =
+∞∑
n=1

[
ϕn cos

nπa

l
t+ ψn

l

nπa
sin

nπa

l
t+

l

nπa

∫ t

0

sin
nπa

l
(t− τ)fn(τ)dτ

]
sin

nπ

l
x



80

~2.3.1¦)½)¯K
ut = a2uxx + Ae−αx(t > 0, 0 < x < l)

u(t, 0) = u(t, l) = 0

u(0, x) = T0

){1µ ¦^A){§*	��½�§kA)u0 = − A
a2α2e

−αx,�ù�

)Ø÷vàg>.^�§Ï��u1 = − A
a2α2e

−αx + bx+ c�÷v�½�
§,Ù¥b, c�â>.^��½"ru1�\>.^���µ

u1 |x=0= −
A

a2α2
+ c = 0 =⇒ c =

A

a2α2

u1 |x=l= −
A

a2α2
e−αl + bl + c = 0 =⇒ b =

1

l

(
A

a2α2
e−αl − A

a2α2

)
Ïd

u1 =
A

a2α2

(
−e−αx +

1

l
(e−αl − 1)x+ 1

)
�C�

u = v + u1

Kv(t, x)÷vàgz·Ü¯Kµ
vt = a2vxx(t > 0, 0 < x < l)

v(t, 0) = v(t, l) = 0

v(0, x) = T0 −
A

a2α2

(
−e−αx +

1

l
(e−αl − 1)x+ 1

)
^©lCþ{-v(t, x) = T (t)X(x)��k�¯KµX

′′(x) + λX = 0

X(0) = X(l) = 0

Ú�©�§µ

T ′(t) + λa2T = 0.

)�k�¯K���k�Ú�k¼êµ

λn = (
nπ

l
)2, Xn(x) = sin

nπx

l

�A/

Tn(t) = e−(nπl )2t
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|^U\�n§�

v(t, x) =
+∞∑
n=1

Cne
−(nπl )2t sin

nπx

l

d

V (0, x) =
+∞∑
n=1

Cn sin
nπx

l

= T0 −
A

a2α2

(
−e−αx +

1

l
(e−αl − 1)x+ 1

)
d�uFá�?êXê(½úªµ

Cn =
2

l

∫ l

0

[T0 −
A

a2α2
(−e−αx +

1

l
(e−αl − 1)x+ 1)] sin

nπx

l
dx

= 2T0
1− (−1)n

nπ
− 2A

a2nπ

(1− (−1)ne−αl)

α2 + (nπl )2

l

u = u1 + v(t, x) =
A

a2α2

(
−e−αx +

1

l
(e−αl − 1)x+ 1

)
+

+∞∑
n=1

[2T0
(1− (−1)n)

nπ
− 2A

a2nπ

(1− (−1)ne−αl)

α2 + (nπl )2
]e−(nπl )2t sin

nπx

l

){2µFourier �{(�k¼êÐm{)µ�H(t, x) �÷v§éA�à
g¯K±9àg>.^�,=H(t, x)÷vµHt = a2Hxx(t > 0, 0 < x < l)

H(t, 0) = H(t, l) = 0

aq/§�©lCþ-H(t, x) = T (t)X(x), aq/, dX(x)÷v��k�
¯K�Ñ�k�Ú�k¼êX�µ

λn = (
nπ

l
)2, Xn(x) = sin

nπx

l

�u(t, x)Ud¼êX�FourierÐm�µ

u(t, x) =
+∞∑
n=1

Tn(t) sin
nπx

l



82

rd½)¯K¥Ù§¼ê�Ud¼êXÐm�µ

e−αx =
+∞∑
n=1

(
2nπ

l2
(1− (−1)ne−αl)

α2 + (nπl )2

)
sin

nπx

l

Tn(t)÷v~�©�§Ð�¯Kµ
T ′n(t) +

(nπa
l

)2

Tn(t) = A
2nπ

l2
(1− (−1)ne−αl)

α2 + (nπl )2

Tn(0) = 2T0
1− (−1)n

nπ

|^LaplaceC�½ö��¦)�)Ñ

Tn(t) =
2A

nπa2

(1− (−1)ne−αl)

α2 + (nπl )2

(
1− e−(nπal )2t

)
+ 2T0

1− (−1)n

nπ
e−(nπal )2t

ù��·Ü¯K)�

u(t, x) =
+∞∑
n=1

[
2A

nπa2
(1− (−1)ne−αl)

α2 + (nπ
l

)2

(
1− e−(

nπa
l

)2t
)

+ 2T0
1− (−1)n

nπ
e−(

nπa
l

)2t

]
sin

nπx

l

5µ �~�A){Ú�k¼êÐm{)�/ªÑk�O§�¢S´��

�"(�´A){¥k�Ü©¼êvk�¤Ðm/ª)

~2.3.2©O¦^A){§àgz�n§�k¼êÐm{n«ØÓ�{¦)±

e�àg½)¯Kµ
∂2u

∂t2
= 4

∂2u

∂x2
+ sin 2x sinωt, (0 < x < π, t > 0)

u |x=0= 0, u |x=π= 0.

u |t=0= 0, ut |t=0= 0.

Ù¥ω > 0�ω 6= 4.

){1µA){ �â*	�K�½�§9àg>.^�§��Ó�÷v
d½)¯K¥�½�§Ú>.^��A)´

u1 = k sin 2x sinωt, k��½Xê

duu1w,÷v>.^�, Ïd��ru1�\�½�§=�½Ñk,¢Sþ

ru1�\�½�§��µ

−kω2sin2x sinωt = −16ksin2x sinωt+ sin2x sinωt
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þªü>��sin2x sinωt,�n�½Ñk =
1

16− ω2
=

u1 =
1

16− ω2
sin 2x sinωt,

�C�u = v + u1,Kv÷vàg·Ü¯Kµ
∂2v

∂t2
= 4

∂2v

∂x2
, (0 < x < π, t > 0)

v |x=0= 0, v |x=π= 0.

v |t=0= 0, vt |t=0= −
ω

16− ω2
sin 2x .

e¡·�Ò�±^©lCþ{5¦)v,�d-v= T (t)X(x),�\�½�§¿

(Ü>.^����k�¯KµX
′′ + λX = 0, (0 < x < π)

X(0) = X(π) = 0,

ÚT (t)÷v�~�©�§

T ′′(t) + 4λT = 0

¦)�k�¯K§���k�Ú�k¼ê©O�µ

λn = n2 (n = 1, 2, 3...), xn(x) = sinnx

�A/kµ

Tn(t) = Cn cos 2nt+Dn sin 2nt

u´���X�©lCþ/ª)µ

vn(t, x) = Tn(t)Xn(x), (n = 1, 2, 3...)

dU\�n��

v(t, x) =
+∞∑
n=1

(Cn cos 2nt+Dn sin 2nt) sinnx

2dÐ�^�µ

v(0, x) =
+∞∑
n=1

Cn sinnx = 0⇒ Cn = 0

Ï

vt(0, x) =
+∞∑
n=1

2nDn sinnx = − ω

16− ω2
sin 2x
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��'�Xê�

D2 = − ω

4(16− ω2)
, Ù{Dn = 0(n 6= 2)

nþ§��

u(t, x) = u1 + v =
1

16− ω2

(
sinωt− ω

4
sin 4t

)
sin 2x

){2µàgz�n{:5¿�d·Ü¯KéA�´"Ð�^�§¤±�

±��¦^àgz�n¦)§=

u =

∫ t

0

w(t, x, τ)dτ

w(t, x, τ)÷vàgz½)¯Kµ
∂2w

∂t2
= 4

∂2w

∂x2
(t > τ, 0 < x < π)

w |x=0= 0, w |x=π= 0.

w |t=τ= 0, wt |t=τ= sin 2x sinωτ

�gCþC�t1 = t− τ ,¿Pv(t1, x, τ) = w(t, x, τ) = w(t1 + τ, x, τ),Kv(t1, x, τ)
÷v 

∂2v

∂t12 = 4
∂2v

∂x2
, (t1 > 0, 0 < x < π)

v |x=0= 0, v |x=π= 0.

v |t1=0= 0, vt1 |t1=0= sin 2x sinωτ

¦^aqu){1�©lCþL§§��µ

v(t1, x, τ) =
sinωτ

4
sin 4t1 sin 2x

=

w(t, x, τ) = v(t− τ, x, τ) =
sinωτ

4
sin 4(t− τ) sin 2x

ù�

u(t, x) =

∫ t

0

w(t, x, τ)dτ =

∫ t

0

sinωτ

4
sin 4(t− τ) sin 2xdτ

=
sin 2x

8

∫ t

0

[cos(ωτ − 4(t− τ))− cos(ωτ + 4(t− τ))]dτ
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=
sin 2x

8
(

sin(ωτ − 4(t− τ))

ω + 4
− sin(ωτ + 4(t− τ))

ω − 4
)|t

0

þª�n���

u(t, x) =
1

16− ω2

(
sinωt− ω

4
sin 4t

)
sin 2x

ùÚ){1(A){)�Ñ(J���"

){3µ�k¼êÐm{ )KÚ½Xeµ�âd·Ü¯K��½�§é
A�àg�§±9>.^�§·��Äàg¯Kµ

∂2W

∂t2
= 4

∂2W

∂x2
, (t > 0, 0 < x < π)

W |x=0= 0,W |x=π= 0.

,�^©lCþ{¦)ù�àg¯K�)��A�k�Ú�k¼êX, N

´¦�µ

�k�:λn = n2,�k¼ê:Xn(x) = sinnx

ù�·�Ò�r·��¦)��àg·Ü¯K)3d�k¼êXXn(x)e
Ðm(rtw¤ëê),=�

u(t, x) =
+∞∑
n=1

Tn(t) sinnx

�\�½�§��µ

+∞∑
n=1

T ′′n (t) sinnx = −4
+∞∑
n=1

n2Tn(t) sinnx+ sin 2x sinωt

'�sinnx�Xê��µ

T ′′n (t) + 4n2Tn(t) = 0(n 6= 2), T ′′2 (t) + 16T2(t) = sinωt

2�\Ð�^�,=u(0, x) = 0, ut(0, x) = 0,�A/�ÑTn�Ð�µ

Tn(0) = 0, T ′n(0) = 0. (n = 1, 2, 3...)

�n±þ(J��(½Tn(t)�¯KµT
′′
n (t) + 4n2Tn(t) = 0

Tn(0) = 0, T ′n(0) = 0
(n 6= 2)

Ú T
′′
2 (t) + 16T2(t) = sinωt

T2(0) = 0, T ′2(0) = 0



86

w,n 6= 2�§Tn(t) = 0,¦^LaplaceC�(½Ù§¦)�{),N´¦�

T2(t) =
1

16− ω2

(
sinωt− ω

4
sin 4t

)
ù�·�^�k¼êÐm{�¦�
d½)¯K�)µ

u(t, x) =
1

16− ω2

(
sinωt− ω

4
sin 4t

)
sin 2x

���àg·Ü¯K

���àg�§·Ü¯K´�Ø=�½�§k�U�àg§�>.

^��k�U�àg"Ï~r>.^�kàgz2?1?n"·�^±e

�.5`²µ
Ltu+ Lxu = f(t, x), (t > 0, a < x < b) (2.3.4.a)(
α1u− β1

∂u

∂x

)
|x=a= g1(t),

(
α2u+ β2

∂u

∂x

)
|x=b= g2(t), (2.3.4.b)

u |t=0= ϕ(x),
∂u

∂t
|t=0= ψ(x). (2.3.4.c)

?nùa¯K~^�{´kr>.^�àgz§2¦^±þJÑ�?

n�àg�§�>.^�´àg�·Ü¯K��{��)û"�
r>.

^�àgz§�±�÷v>.^�(2.3.4.b)�)�

v(t, x) = A(t)x+B(t)

|^x = aÚx = b�ü�à:�>.^��Ñ'uA(t)ÚB(t)��5�§
|§l½ÑA(t)ÚB(t).e'uA(t)ÚB(t)��5�§|Ã),Kv(t, x)�
��:v(t, x) = A(t)x2 +B(t). ¦Ñv(t, x)�§�C�

u = W (t, x) + v(t, x)

ù�W (t, x)÷v�Ò´àg>.^��·Ü¯K
"

~2.3.3¦)�à�½§�à±Ï�Äu�gd�Ä¯Kµ
∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0, 0 < x < l) (2.3.5.a)

u(t, 0) = 0, u(t, l) = sinωt, (ω 6= nπa

l
) (2.3.5.b)

u(0, x) = ϕ(x), ut(0, x) = ψ(x) . (2.3.5.c)

){1µ�k÷v>.^��)µv(t, x) = A(t)x+B(t),K

v(t, 0) = B(t) = 0, v(t, l) = A(t)l = sinωt =⇒ A(t) =
sinωt

l
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��

v(t, x) =
sinωt

l
x

�C�¶

u(t, x) = W (t, x) +
sinωt

l
x

KW (t, x)÷v
àg>.�½)¯Kµ
∂2W

∂t2
= a2∂

2W

∂x2
+
ω2

l
x sinωt, (t > 0, 0 < x < l)

W (t, 0) = 0, W (t, l) = 0,

W (0, x) = ϕ(x), Wt(0, x) = ψ(x)− ω

l
x . .

W (t, x)Ò�±^�!m©�Ñ�¦)àg>.^�e��àg�§·Ü
¯K�¦){5¦)
"

){2:5¿��àg>.�÷vµ(sinωt)′′ = −ω2 sinωt,·��

v(t, x) = X(x) sinωt

·���¦v(t, x)Ó�÷v�½�§(2.3.5.a)Ú>.^�(2.3.5.b)"ù�§k
rv(t, x)�\�½�§¿ü>��sinωt��µ

X ′′(x) +
ω2

a2
X(x) = 0 =⇒ X(x) = C cos

ωx

a
+D sin

ωx

a
v(t, x)2�\>.^�k(2.3.5.b)µ

X(0) sinωt = 0, X(l) sinωt = sinωt,

=

X(0) = 0, X(l) = 1 .

u´½Ñ

X(x) =
sin ωx

a

sin ωl
a

ù�§-

u(t, x) = v(t, x) +W (t, x) =
sin ωx

a

sin ωl
a

sinωt+W (t, x)

KW (t, x)÷v±e��àgz�·Ü¯Kµ

∂2W

∂t2
= a2∂

2W

∂x2
, (t > 0, 0 < x < l) (2.3.6.a)

W (t, 0) = 0, W (t, l) = 0 (2.3.6.b)

W (0, x) = ϕ(x), Wt(0, x) = ψ(x)− ω
sin ωx

a

sin ωl
a

. (2.3.6.c)
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d·Ü¯K(2.3.6)¥�W (t, x)Ò�±��^©lCþ¦)
"

�àg>�¯K

?n�àg>�¯K��~^�{´µk*	½�½Ñ�àg�§�

A)u1,2�C�u = v + u1,�§Òàgz
"

~ 2.3.4¦)�/«��½)¯K:
∂2u

∂x2
+
∂2u

∂y2
= 12(x2 − y2), (a2 < x2 + y2 < b2) (2.3.7.a)

u |x2+y2=a2= 1,
∂u

∂~n
|x2+y2=b2= 0 . (2.3.7.b)

Ù¥~n�>.x2 + y2 = b2�	{�"

)µ�½�§´�àg�§§*	�§/ª����§kA)µ

u1(x, y) = ax4 + by4 .

�\�§ü>'�Xê�: a = 1, b = −1,Ï

u1 = x4 − y4 = (r cos θ)4 − (r sin θ)4 = r4(cos2 θ + sin2 θ)(cos2 θ − sin2 θ) = r4 cos 2θ

Ù¥(r, θ)�4�I"-u = V + u1 = V + r4 cos 2θ,@oV÷v±eàg�

§�>�¯Kµ
∆2V = 0, (a < r < b) (2.3.8.a)

V |r=a= 1− a4 cos 2θ,
∂V

∂r
|r=b=

(
∂u

∂r
− ∂u1

∂r

)
|r=b= −4b3 cos 2θ . (2.3.8.b)

·�®²��µ4�Ie�àgLaplace�§(2.3.8.a)���)�µ

V (r, θ) = A0 +B0 ln r +
+∞∑
n=1

(Anr
n +Bnr

−n)(Cn cosnθ +Dn sinnθ).

|^���ü�>.�^���µ

V |r=a= A0 +B0 ln a+
+∞∑
n=1

(Ana
n +Bna

−n)(Cn cosnθ +Dn sinnθ) = 1− a4 cos 2θ,

∂V

∂r
|r=b=

(
B0

1

r
+

+∞∑
n=1

(nAnr
n−1 − nBnr

−(n+1))(Cn cosnθ +Dn sinnθ)

)
|
r=b

= B0
1

b
+

+∞∑
n=1

(nAnb
n−1 − nBnb

−(n+1))(Cn cosnθ +Dn sinnθ) = −4b3 cos 2θ .
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'�±þüªcosnθ, sinnθ±9~ê��Xê��µ

A0 +B0 ln a = 1, C2(A2a
2 +B2a

−2) = −a4

B0
1

b
= 0, C2(2A2b− 2B2b

−3) = −4b3

Ù{�An, Bnþ�0. *	�±þ�ê�§¥C2���gd��þ§Ø�

�C2 = 1,,��U)�:

B0 = 0, A0 = 1, A2 = −a
6 + 2b6

a4 + b4
, B2 =

2a4b6 − a6b4

a4 + b4
.

Ïd��µ

V = 1 +

(
−a

6 + 2b6

a4 + b4
r2 +

2a4b6 − a6b4

a4 + b4
r−2

)
cos 2θ

�����½)¯K�)µ

u(r, θ) = 1 +

(
r4 − a6 + 2b6

a4 + b4
r2 +

2a4b6 − a6b4

a4 + b4
r−2

)
cos 2θ .

~2.3.5 ¦)½)¯K
utt = a2uxx(t > 0, 0 < x < 1)

ux(t, 0) = 1, u(t, 1) = 0

u(0, x) = 0, ut(0, x) = 0

)KJ«: �K´>.^��àg�·Ü¯K§¤±Äk�r>.^�àgz§2¦)Ñd·Ü

¯K"

)µ�k÷v>.^��)v(t, x) = A(t)x+B(t),�\>.^���

vx(t, 0) = A(t) = 1, v(t, 1) = A(t) +B(t) = 0⇒ B(t) = −A(t) = −1.

ù�v(t, x) = x− 1,Ïd§�C�µ

u = W + (x− 1),

KW÷vàg>.�·Ü¯Kµ
Wtt = a2Wxx, (t > 0, 0 < x < 1)

Wx(t, 0) = 0, W (t, 1) = 0,

W (0, x) = 1− x,Wt(0, x) = 0 .
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W÷v�´àg�§Úàg>.^��·Ü¯K§Ïd^©lCþ{,�W = T (t)X(x),

(Ü>.^����k�¯KµX ′′ + λX = 0

X ′(0) = X(1) = 0,

Ú�©�§

T ′′(t) + λa2T = 0

¦)�k�¯K��k�λn = (nπ + π
2
)2 (n = 0, 1, 2...),�k¼ê:Xn(x) = cos(nπ + π

2
)x,

�A/

Tn(t) = Cn cos(nπ +
π

2
)at+Dn sin(nπ +

π

2
)at

dU\�n,��

W (t, x) =
+∞∑
n=0

(Cn cos
2n+ 1

2
πat+Dn sin

2n+ 1

2
πat) cos

2n+ 1

2
πx

Wt(0, x) =
+∞∑
n=1

2n+ 1

2
πaDn cos

2n+ 1

2
πx = 0,

)�Dn = 0,2d

W (0, x) =
+∞∑
n=0

Cn cos
2n+ 1

2
πx = 1− x

dFá�Xê(½úª

Cn = 2

∫ 1

0

(1− x) cos
2n+ 1

2
πx dx =

8

(2n+ 1)2π2

¤±

W (t, x) =
+∞∑
n=0

8

(2n+ 1)2π2
cos

2n+ 1

2
πat cos

2n+ 1

2
πx

ù�§�ª)��½)¯K�)µ

u(t, x) = x− 1 +
+∞∑
n=0

8

(2n+ 1)2π2
cos

2n+ 1

2
πat cos

2n+ 1

2
πx

~2.3.6¦)±e�àgPossion�§>�¯K:∆2u = a+ b(x2 − y2) (a, b�~ê, r < R)

u(R, θ) = C

)KJ«: ù´���SLaplace�§��àg>�¯K§ÄkAT¦ÑA)¦�§àgz§

,�¦^�SàgLaplace�§¦)�4�Iúª¦)"
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):du∆2u =
∂2u

∂x2
+
∂2u

∂y2
, ¤±�±*	Ñ�§kw,A):

u1 =
a

4
(x2 + y2) +

b

12
(x4 − y4) =

a

4
r2 +

b

12
r4 cos 2θ

�C�:

u = V + u1 = V +
a

4
r2 +

b

12
r4 cos 2θ

Kk: ∆2V = 0, (a, b�~ê, r < R)

V (R, θ) = C − a

4
R2 − b

12
R4 cos 2θ

dàgLaplace�§3�S)���úª,��

V =
A0

2
+
∞∑
n=1

(
r

R
)n(An cosnθ +Bn sinnθ)

�â>.^�k:

V |r=R=
A0

2
+
∞∑
n=1

(An cosnθ +Bn sinnθ) = C − a

4
R2 − b

12
R4 cos 2θ

dª'�Xê��:

A0 = 2C − a

2
R2, A2 = − b

12
R4,Ù{�An, BnÑ�0

ù�

V (r, θ) = C − a

4
R2 − b

12
R2r2 cos 2θ

����:

u = V + u1 = C +
a

4
(r2 −R2) +

b

12
r2(r2 −R2) cos 2θ .

~2.3.7 ¦VNÚ�§½)¯K:

∆2 u =

(
∂2

∂x2
+

∂2

∂y2

)2

u = 0, (0 < x < l) (2.3.9.a)

∂2u

∂y2
|x=0= 0,

∂2u

∂y2
|x=l= 0, (2.3.9.b)

∂2u

∂y2
Øð� 0. (2.3.9.c)

�¤k©lCþ/ª�)"
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)µ�u = X(x)Y (y),�\�½�§��µ

X(4)

X
+ 2

X ′′Y ′′

XY
+
Y (4)

Y
= 0. (2.3.10)

�
X ′′

X
= −λ, =X ′′ = −λX =⇒ X(4) = λ2X

d(J�\�§(2.3.10)§Kkµ

Y (4) − 2λY ′′ + λ2Y = 0 . (2.3.11)

ru = X(x)Y (y)�\�>.^�(2.3.9.b)µ

∂2u

∂y2
|x=0= X(0)Y ′′(y) = 0,

∂2u

∂y2
|x=l= X(l)Y ′′(y) = 0,

∂2u

∂y2
Øð�0 =⇒ X(x)Y ′′(y)Øð�0 =⇒ Y ′′(y)Øð�0

ù�Òk

X(0) = 0, X(l) = 0.

�A/(ÜX(x)��§/¤�k�¯KµX ′′ + λX = 0, (0 < x < l)

X(0) = 0, X(l) = 0.

)�

�k�λn =
(nπ
l

)2

, �k¼êXn(x) = sin
nπx

l

3λ = λn =
(
nπ
l

)2
�§Y (y)��©�§(2.3.11)�A��§�µ

k4 − 2
(nπ
l

)2

k2 +
(nπ
l

)4

= 0,

kü���

k1,2 =
nπ

l
, k3,4 = −nπ

l
,

Ïd)�µ

Yn(y) = (An +Bny) cosh
nπ

l
y + (Cn +Dny) sinh

nπ

l
y .

u´¯K�¤k©lCþ�)�µ{
sin

nπx

l

[
(An +Bny) cosh

nπ

l
y + (Cn +Dny) sinh

nπ

l
y
]}+∞

n=1
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1nÙµAÏ¼êµ

��ÙVãÚÆS�¦µ

n�Laplace�§(½Helmholtz�§�)3Î�Ie©lCþ�§�)

CXê�~�©�§µBessel�§§3¥�I¶é¡�/e�)Legendre�
§"éùü�~�©�§©O¦^2Â�?ê¦){Ú�?ê¦){?1

¦)§�A�Bessel�§�)Ò´Bessel¼ê§Legendre�§�k.)Ò
´Legendre¼ê"���Ñ
ùü�AÏ¼ê�[5�¿éü��§�
�k�¯K?1
�¡�Øã" ��|^ù
(J)û
�Bessel�§
ÚLegendre�§�'��X�½)¯K",	�én�Laplace�§3�
¶é¡�/e©lCþ§?Ø
�)���Legendre�§±9�k�¯K"
,	�éBessel�§�û)¯Kµ¥Bessel�§¯K§JCþ�Bessel�
§¯K�?1?Ø"

ÏL�Ù�ÆS§�UÙ�Bessel�§ÚLegendre�§�)�Ä��
µ§UÝº¦)ùü��§�{§ÙöÝºBessel¼êÚLegendre¼ê�
5�§AO´�k�¯K��'(Ø"�ªU|^ù
AÏ¼ê¦)�A

�½)¯K"

3.1 Helmholtz�§3n«���IXe�©lCþ±
9Bessel�§§Legendre�§��)�µ

�Än�ÅÄ�§½n�9D��§§=

utt = a2∆3u, ½ ut = a2∆3u

�©lCþ�ÿ§þ�-u(t, x, y, z) = T (t)v(x, y, z),�\�§¿�ü>Ø

±Tv��:

T ′′

a2T
=

∆3v

v
½

T ′

a2T
=

∆3v

v

©l��~�©�§

T
′′ + a2k2T = 0, ½T ′ + a2k2T = 0

v(x, y, z)þ÷vHelmholtz �§µ

∆3v + k2v = 0 (3.1.1)

±e§·�éHelmholtz �§UY©lCþ§ò3±en«���I
Xe?Øµ
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1. Helmholtz �§3���IXe©lCþ

du3���IXe

∆3 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

�V (x, y, z) = X(x)Y (y)Z(z)�\Helmholtz�§(3.1.1)¿ü>Ø±XY Z�
�µ

X ′′

X
+
Y ′′

Y
+
Z ′′

Z
+ k2 = 0 .

3±þ�§¥-

X ′′

X
= −λ, Y

′′

Y
= −µ, Z ′′

Z
= −ν .

u´��~�©�§µ

X ′′ + λX = 0, Y ′′ + µY = 0, Z ′′ + νZ = 0 .

Úëê'Xªµ

λ+ µ+ ν = k2

§��±�A�àg>.^�§©O�¤�{ü�S-L.�§��k�¯K§

¦Ñ�A��k�§�k¼ê§�¦�p�FourierÐm/ª�)"du�
Ùòõg����¼ê�2ÂFourierÐm§·�k�Ñ±e½nµ

½n3.1.1 �{Xn(x), n = 1, 2....}�«m[0, a]þ��ρ(x)������X§{Ym(y),
m = 1, 2....}�«m[0, b]þ��σ(y)������X§K��¼êXXn(x)Ym(y)´
[0, a]× [0, b]þ\�ρ(x) . σ(y)�����X,?�

f(x, y) ∈ L2
ρσ [[0, a]× [0, b]] = {f(x, y)|

∫ a

0

∫ b

0

|f(x, y)|2ρ(x)σ(y) dydx < +∞, }

kµ

f(x, y) =
+∞∑
nm=1

CnmXn(x)Ym(y) (3.1.2)

Ù¥Xê

Cnm =

∫ a
0

∫ b
0 f(x, y)Xn(x)Ym(y)ρ(x)σ(y)dydx

||Xn(x)||2||Ym(y)||2

k�§Y���X´�éuz��½�nó�, =��X�Ynm(y),ù

�±þ��¼ê�2ÂFourierÐm½n?��±e/ªµ

½n 3.1.1′ �{Xn(x), n = 1, 2....}�«m[0, a]þ��ρ(x)������X§é
uz��½�n, {Ynm(y), m = 1, 2....}�«m[0, b]þ��σ(y)�����
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�X§K��¼êXXn(x)Ynm(y)´[0, a]× [0, b]þ\�ρ(x) . σ(y) ���
��X,?�

f(x, y) ∈ L2
ρσ [[0, a]× [0, b]] = {f(x, y)|

∫ a

0

∫ b

0

|f(x, y)|2ρ(x)σ(y) dydx < +∞, }

kµ

f(x, y) =
+∞∑
n=1

+∞∑
m=1

CnmXn(x)Ynm(y) (3.1.2)′

Ù¥Xê

Cnm =

∫ a
0

∫ b
0 f(x, y)Xn(x)Ynm(y)ρ(x)σ(y)dydx

||Xn(x)||2||Ynm(y)||2

~3.1.1 ¦��NSð§Ý©Ùµ

∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0, (0 < x < a, 0 < y < b, 0 < z < c, ) (3.1.3.a)

u |x=0=
∂u

∂x
|x=a=

∂u

∂y
|y=0= u |y=b= 0, (3.1.3.b)

u |z=0= 0, u |z=c= ϕ(x, y) . (3.1.3.c)

)µ�u = X(x)Y (y)Z(y),�\�§¿(Üàg>.^���µX
′′ + λX = 0,

X(0) = X ′(a) = 0,

Y
′′ + µY = 0,

Y ′(0) = Y (b) = 0.

±9~�©�§µ

Z ′′ − (λ+ µ)Z = 0

±þü��k�¯K�)�µ

λn =

[
(2n+ 1)π

2a

]2

, Xn(x) = sin
(2n+ 1)π

2a
x, n = 0, 1, 2...,

µm =

[
(2m+ 1)π

2b

]2

, Ym(y) = cos
(2m+ 1)π

2b
y, m = 0, 1, 2...,

�A/

Znm(z) = Cnm cosh ωnmz +Dnmsinhωnmz, ωnm =
√
λn + µm
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dU\�n§��

u(x, y, z) =
+∞∑
nm=0

(Cnm cosh ωnmz +Dnmsinhωnmz) sin
(2n+ 1)π

2a
x cos

(2m+ 1)π

2b
y .

2�\'uz�>.^�µ

u |z=0=
+∞∑
nm=0

Cnmsin
(2n+ 1)π

2a
x cos

(2m+ 1)π

2b
y = 0 =⇒ Cnm = 0 .

2d

u |z=c=
+∞∑
n,m=0

Dnmsinhωnmc sin
(2n+ 1)π

2a
x cos

(2m+ 1)π

2b
y = ϕ(x, y)

d��¼ê�FourierÐm½n3.1.1(½Ñ

Dnmsinhωnmc =

∫ a
0

∫ b
0 ϕ(x, y) sin (2n+1)π

2a x cos (2m+1)π
2b y dy dx

||Xn(x)||2||Ym(y)||2

Ù¥

||Xn(x)||2 =

∫ a

0

sin2 (2n+ 1)π

2a
x dx =

a

2
, ||Yn(y)||2 =

∫ b

0

cos2 (2m+ 1)π

2b
y dy =

b

2
.

ù�Dnmz�:

Dnm =
4

absinhωnmc

∫ a

0

∫ b

0

ϕ(x, y) sin
(2n+ 1)π

2a
x cos

(2m+ 1)π

2b
y dy dx

2. Helmholtz �§3Î�IXe©lCþ

)µ3Î�IeHelmholtz �§�µ

∆3u+ k2u =
1

r

∂

∂r
(r
∂u

∂r
) +

1

r2

∂2u

∂θ2
+
∂2u

∂z2
+ k2u = 0, (3.1.4)

�©lCþ,-u(r, θ, z) = R(r)Θ(θ)Z(z),�\�§ü>Ø±RΘZ k:

1

r
(rR′)′

R
+

1

r2

Θ′′

Θ
+
Z ′′

Z
+ k2 = 0, (3.1.5)

dud�§¹θ�Ü©Ú¹kz�Ü©©O´
Θ′′

Θ
Ú
Z ′′

Z
,��rùü�ÕáÜ

©�¤Õá~ê§��-

Z ′′

Z
= −µ, Θ′′

Θ
= −σ . (3.1.6)
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þª�\ª(3.1.5)�ÑR(r)÷vµ

1

r
(rR′)′

R
− 1

r2
σ − µ+ k2 = 0.

-λ = k2 − µ, ,¿Pσ = ν2 �\þª¿�n��µ

1

r
(rR′)′

R
− ν2

r2
+ λ = 0⇒ (rR′)′ +

(
λr − ν2

r

)
R = 0 (3.1.7)

r¤�©lCþ�§(3.1.6)Ú(3.1.7)�n�§��Z(z),Θ(θ), R(r)÷v�
�©�§µ

Z ′′ + µZ = 0, Θ′′ + σΘ = 0,

Ú

(rR′)′ +

(
λr − ν2

r

)
R = 0, (3.1.8)

ù�'uR(r)��§(3.1.8)´���CXê�©�§§²C�x =
√
λr,¿

Py(x) = R( x√
λ
), d�§C�µ

x2y′′ + xy′ + (x2 − ν2)y = 0 (3.1.9)

d�§¡�ν�Bessel�§,ùò´�Ù:?Ø�AÏ¼ê�§��"

3. Helmholtz �§3¥�IXe©lCþ

3¥�IXe,Helmholtz �§L«�

1

r2

∂

∂r
(r2∂u

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂u

∂θ
) +

1

r2 sin2 θ

∂2u

∂ϕ2
+ k2u = 0 . (3.1.10)

�©lCþu = R(r)Θ(θ)Φ(ϕ),�\d�§��µ

1

r2

d

dr
(r2dR

dr
)ΘΦ +

1

r2 sin θ

d

dθ
(sin θ

dΘ

dθ
)RΦ+

1

r2 sin2 θ

d2Φ

dϕ2
RΘ + k2RΘΦ = 0.

þªü>Ø±RΘΦ,��µ

1

r2

(
r2R′

)′
R

+
1

r2

[
1

sin θ

(sin θΘ′)′

Θ
+

1

sin2 θ

Φ′′

Φ

]
+ k2 = 0. (3.1.11)

�
��©lCþ��§§Äk-�¹ϕ�ÕáÜ©�~ê§=

Φ′′

Φ
= −µ, µ�~ê
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�\(3.1.11)ª��µ

1

r2

(
r2R′

)′
R

+
1

r2

[
1

sin θ

(sin θΘ′)′

Θ
+
−µ

sin2 θ

]
+ k2 = 0. (3.1.12)

aq/§3dª¥r¹θ�ÕáÜ©-¤~ê§=

1

sin θ

(sin θΘ′)′

Θ
+
−µ

sin2 θ
= −λ,

��Ò�lÑR(r)÷v��©�§:

1

r2

(
r2R′

)′
R

− λ

r2
+ k2 = 0.

�n±þ(JÒ��Φ(ϕ), R(r),Θ(θ),÷v�~�©�§�µ

Φ′′ + µΦ = 0,

1

sin θ
(sin θΘ′)′ + (λ− µ

sin2 θ
)Θ = 0. (3.1.13)

1

r2

(
r2R′

)′
+ (k2 − λ

r2
)R = 0. (3.1.14)

3k 6= 0�§(3.1.14)¡�¥Bessel�§§�±=��Bessel�§"3k = 0�
�î.�§"

(3.1.13)´�CXê����5�©�§§²LCþO�x = cos θ,¿�

Py(x) = Θ(arccos x), µ = m2,�§(3.1.13)C�

[(1− x2)y′]′ + (λ− m2

1− x2
)y = 0 (3.1.15)

d�§¡�m���Legendre�§§AO��Legendre�§3m = 0�ÿ
Ò´Legendre�§:

[(1− x2)y′]′ + λy = 0.
(
½ (1− x2)y′′ − 2xy′ + λy = 0

)
(3.1.16)

3�Ù¥§·�ò`²:��Legendre�§�)�dLegendre�§)C
���§Ïd·�k¦ÑLegendre�§)Ò�±
"

~3.1.2¦y�§

(rR′)′ +

(
λr − ν2

r

)
R = 0, (1)
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²gCþO�C�x =
√
λrC�Bessel�§µ

x2y′′ + xy′ + (x2 − ν2)y = 0 . (2)

y²µR(r)�§(1)�U��µ

r2R′′ + rR′ +
(
λr2 − ν2

)
R = 0 (3)

2Py(x) = R( x√
λ
),K

dR

dr
=
dy

dx

dx

dr
=
√
λ
dy

dx
,

d2R

dr2
=
√
λ
d2y

dx2

dx

dr
= λ

d2y

dx2

�\(3)��µ

r2λ
d2y

dx2
+ r
√
λ
dy

dx
+
(
λr2 − ν2

)
y(x) = 0 =⇒ x2y′′ + xy′ + (x2 − ν2)y = 0 .

u´y²
·��(Ø"

~3.1.33¥�Ie(r, θ, ϕ)e,XJ�§�)u�gCþØ�6ϕ,=u = u(r, θ),

K¡d)�¶é¡/ª)"y�Ä�§

∆3u = 0

¶é¡)©lCþu = R(r)Θ(θ), ¦�\�§�R(r),Θ(θ) ÷v�~�©
�§"

)µ3¥�IXe,∆3u = 0L«�

1

r2

∂

∂r
(r2∂u

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂u

∂θ
) +

1

r2 sin2 θ

∂2u

∂ϕ2
= 0. (1)

�¶é¡)u = u(r, θ)b�e,K�§(1){z�µ

1

r2

∂

∂r
(r2∂u

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂u

∂θ
) = 0. (2)

�©lCþu = R(r)Θ(θ)�\(2)��

1

r2

d

dr
(r2dR

dr
)Θ +

1

r2 sin θ

d

dθ
(sin θ

dΘ

dθ
)R = 0.

þªü>Ø±RΘ,��µ

1

r2

(
r2R′

)′
R

+
1

r2

1

sin θ

(sin θΘ′)′

Θ
= 0. (3)

aq/§3dª¥r¹θ�ÕáÜ©-¤~ê§=

1

sin θ

(sin θΘ′)′

Θ
= −λ,
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ù�2(Ü(3)ª§Ò�lÑR(r)÷v��©�§:

1

r2

(
r2R′

)′
R

− λ

r2
= 0.

�n±þ(JÒ��R(r),Θ(θ)÷v�~�©�§�µ(
r2R′

)′ − λR = 0, (î.�§)

Ú
1

sin θ
(sin θΘ′)′ + λΘ = 0.

5 3.1.1 �!¥�����IX�¹Âµ

����IX´�3d�IXe�ëê�3�:?��p�R�µ

1)XéuÎ�IXµ

x = r cos θ, y = r sin θ, z = z

@o�m:��þL«�µ

~r = (r cos θ, y = r sin θ, z)

n«ëê�µr�§θ�Úz�éA����©O�µ

~n1 =
∂~r

∂r
= (cos θ, sin θ, 0), ~n2 =

∂~r

∂θ
= (−r sin θ, r cos θ, 0), ~n3 =

∂~r

∂z
= (0, 0, 1)

w,

~n1 . ~n2 = cos θ(−r sin θ) + sin θ(r cos θ) = 0, ~n1 . ~n3 = ~n2 . ~n3 = 0.

Ïdëê�3�:?��p�R�§ù�Î�IX�����IX"

2)Xéu¥�IXµ

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

@o�m:��þL«�µ

~r = (r sin θ cosϕ, y = r sin θ sinϕ, r cos θ)

n«ëê�µr�§θ�Úϕ�éA����©O�µ

~n1 =
∂~r

∂r
= (sin θ cosϕ, sin θ sinϕ, cos θ),

~n2 =
∂~r

∂θ
= (r cos θ cosϕ, r cos θ sinϕ, −r sin θ),
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~n3 =
∂~r

∂ϕ
= (−r sin θ sinϕ, r sin θ cosϕ, 0).

Ó��±�y

~n1 . ~n2 = 0, ~n1 . ~n3 = 0 ~n2 . ~n3 = 0.

Ïdëê�3�:?��p�R�§¤±¥�IX�����IX"

3.2 Bessel�§ÚLegendre�§�?ê)

�. Bessel�§2Â�?ê¦)

Bessel�§µ

x2y′′ + xy′ + (x2 − ν2)y = 0, (ν ≥ 0) (3.2.1)

��§k2Â�?ê)µ

y(x) = xρ
+∞∑
n=0

an x
n =

+∞∑
n=0

an x
n+ρ (3.2.2)

Ù¥ρÚXêan�½§du

xy′ = x

(
+∞∑
n=0

anx
n+ρ

)′
= x

+∞∑
n=0

an(xn+ρ)′ = x
+∞∑
n=0

an (n+ ρ)xn+ρ−1 =
+∞∑
n=0

an (n+ ρ)xn+ρ

x2y′′ = x2

(
+∞∑
n=0

anx
n+ρ

)′′
= x2

+∞∑
n=0

an(n+ ρ)(n+ ρ− 1)xn+ρ−2 =
+∞∑
n=0

an(n+ ρ)(n+ ρ− 1)xn+ρ



x2 y = x2
+∞∑
n=0

an x
n+ρ =

+∞∑
n=0

an x
n+ρ+2 =

+∞∑
k=2

ak−2 x
k+ρ =

+∞∑
n=2

an−2 x
n+ρ

±þ�ª�\Bessel�§(3.2.1),��µ

+∞∑
n=0

an(n+ ρ)(n+ ρ− 1)xn+ρ +
+∞∑
n=0

an (n+ ρ)xn+ρ +
+∞∑
n=2

an−2 x
n+ρ − ν2

+∞∑
n=0

an x
n+ρ = 0. (3.2.3)

'�d�§ü>xn+ρ�Xêkµ

n = 0 : a0(ρ
2 − ν2) = 0 −→��a0 6= 0, ρ2 − ν2 = 0 =⇒ ρ = ±ν

n = 1 : a1
[
(1 + ρ)2 − ν2

]
= 0 −→�a1 = 0=�.

n ≥ 2 : an
[
(n+ ρ)2 − ν2

]
+ an−2 = 0 −→ an n(n± 2ν) + an−2 = 0. (3.2.4)

(1)k�ρ = ν, (3.2.4)�U��wª4íµ

an = − an−2

n(n+ 2ν)
, n ≥ 2 (3.2.5)
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du®²�a1 = 0,d4íúª§��ÛêeI�Xê��0,=a2k+1 = 0, (k = 0, 1, 2...),

,	

a2k = − a2k−2
2k(2k + 2ν)

=
−1

22k(k + ν)
a2(k−1) =

(−1)k

22kk(k + ν)(k − 1)(k − 1 + ν)...1(ν + 1)
a0, (3.2.6)

|^Γ¼ê4í5�µ

Γ(x+ 1) = xΓ(x), (Ù¥Γ(x) =

∫ +∞

0

tx−1e−t dt )

4íª(3.2.6)Ò�U��

a2k =
(−1)kΓ(ν + 1)

22kk!Γ(k + ν + 1)
a0

·�2Ø��Ä�Xêa0 = 1
2νΓ(ν+1) ,ù�a2k =

(−1)k

22k+νk!Γ(k + ν + 1)
, Ïd§í

���Bessel�§���2Â�?ê)µ

y1(x) =

+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(x
2

)2k+ν
(3.2.7)

�±y²3x > 0�§y1(x)?êÂñ, ·�rd)P�Jν(x), ù�)¡�1

�aν�Bessel¼ê"duBessel�§´���5�©�§§¤±��Ïé
�§�,���5Ã')âU¦ÑÙÏ)"

(2)ρ = −ν,�2νØ��ê�§n− 2ν 6= 0,aqu(3.2.5)�4íúª§=

an = − an−2

n(n− 2ν)
, n ≥ 2

�)Ñ

J−ν(x) =
+∞∑
k=0

(−1)k

k!Γ(k − ν + 1)

(x
2

)2k−ν
(3.2.8)

e¡·�`²ù�Jν(x)ÚJ−ν(x)�5Ã'"¢Sþ·�lL«ª(3.2.7)�Ñµ

lim
x→0

Jν(x) =k�� =


0, �ν > 0

1

Γ(1)
= 1, �ν = 0

��âJ−ν(x)�L«ª(3.2.8),w,k

lim
x→0

J−ν(x) =∞

ù�x→ 0�§Jν(x)ÚJ−ν(x)ì?5�²wØÓ"ù`²Jν(x)ÚJ−ν(x)32νØ

��ê�^�e�5Ã'"

éu2ν��ê�§©�¹?Øµ�2ν = 2m+ 1,·���-a2m+1 = 0,ó

eIa2mE,�^4íúª�Ñ§ù�E,kJν(x)ÚJ−ν(x)�5Ã'�(Ø"



103

�2ν = 2m,=ν = m�§�y²J−m(x)ÚJm(x)�5�'§�J−m(x) = (−1)mJm(x)(�

[y²�ë��á)"

Ïdν 6= m�§Jν(x)ÚJ−ν(x)�5Ã', �ν = m =�ê�§J−m(x)ÚJm(x)�

5�'"�
Ïéé?Ûν ≥ 0Ñ�1�aBessel ¼êJν(x)�5Ã'�)§

±e½Â1�aBessel¼êNν(x)µ

�ν 6= m (m´�K�ê)�§

Nν(x)
d
=

cos νπ

sin νπ
Jν(x)− 1

sin νπ
J−ν(x)

�ν = m(m´�K�ê)�§

Nm(x)
d
= lim

ν→m
Nν(x)

w,3ν 6= m�ÿ,Nν(x)ÚJν(x)�5Ã'",	�y²µ

lim
x→0

Nm(x) = −∞

ù�ν = m�§Nν(x)ÚJν(x)��5Ã'"ÏdNν(x)ÚJν(x)é?Ûν ≥ 0Ñ
�5Ã'"nþ§Bessel�§Ï)L«�µ

y(x) = CJν(x) +DNν(x) (3.2.9)

~3.2.1¦e��§Ï)¿�Ñ÷v|y(0)| < +∞�)

(1)x2y′′ + xy′ + x2y = 0

(2)x2y′′ + xy′ + (x2 − 3)y = 0

)µ1)�§(1)´"��m��§(éAëêν2 = 0),Ïd�§Ï)�µ

y = CJ0(x) +DN0(x),

=Ï)y(x)´"��1�aÚ1�a"��l�¼ê�5|Ü"��â�
l�¼ê5���'(Ø§1�a�l�¼êN0(x)3x→ 0�ªuÃ¡§
ÏdØÎÜ|y(0)| < +∞�^�§ù��§÷vy(0) < +∞�)´

y = CJ0(x)

2)�§(2)�´�l��§,éA�ëêν2 = 3,=ν =
√

3,aqu1(1)¯
�?Ø,�§Ï)�µ

y = CJ√3(x) +DN√3(x),

�§÷v|y(0)| < +∞�)´

y = CJ√3(x)
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�. Legendre�§��?ê)ÚLegendreõ�ª

Legendre�§�µ

[(1− x2)y′]′ + λy = 0. ⇔ (1− x2)y′′ − 2xy′ + λy = 0. (3.2.10)

3|x| < 1�§��

y(x) =
+∞∑
n=0

anx
n, an ��½Xê

ù�:

(1− x2)y′′ =
+∞∑
n=2

n(n− 1)anx
n−2 −

+∞∑
n=2

n(n− 1)anx
n =

+∞∑
n=0

(n+ 1)(n+ 2)an+2x
n −

+∞∑
n=0

n(n− 1)anx
n

−2xy′ = −
+∞∑
n=0

2nanx
n, λy =

+∞∑
n=0

λanx
n

±þ�\�§(3.2.10)��µ

+∞∑
n=0

{(n+ 1)(n+ 2)an+2 − [n(n+ 1)− λ] an}xn = 0 .

�λ ≥ 0,Pλ = l(l + 1) (l ≥ 0),,�'�xn�Xê§��Xê4íúªµ

an+2 =
n(n+ 1)− l(l + 1)

(n+ 1)(n+ 2)
an =

(n− l)(n+ l + 1)

(n+ 1)(n+ 2)
an (3.2.11)

·��±^±þ�4íúª§�ÑLegendre�§�ü|�5Ã'), �{

Xeµ

1. �a0 6= 0, a1 = 0, ù�§�â±þ4íúª§¤kÛêeI�an�
�0,=a2k+1 = 0, k = 0, 1, 2....,�ka2kâk�UØ�0,ù�)·�P�y1(x),

¡�óg,�)" (äNL�ª�ëw�á)

2. �a0 = 0, a1 6= 0, ù�§�â±þ4íúª§¤kóêeI�an�
�0§=a2k = 0, k = 0, 1, 2....,�ka2k+1âk�UØ�0§ù�)·�P�y2(x),

¡�Ûg,�)

w,y1(x)Úy2(x)�5Ã'§ù��§Ï)µ

y(x) = c1y1(x) + c2y2(x).

�,±þéÑ
Legendre�§�)§�·�ò53Legendre�k�¯K§I

��´½Â3[−1, 1]�k.)§Ïd�k?�Ú�?Øµ
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�lØ��ê�§�âan �4íúª(3.2.11),d�"�a0½�"�a1 Ñ

u, Ñ�±��Ã¡õ��"�a2k ½Ã¡õ��"�a2k+1, �A�óg,

�)y1(x)½Ûg,�)y2(x)Ñ´Ã¡?ê"�±y²§y1(x)Úy2(x)Âñ
�»Ñ�1§=3−1 < x < 1�§�?êy1(x)Úy2(x)ÑÂñ§�y1(x)Úy2(x)
3x = ±1ÑuÑ§d�Legendre�§vk3x = ±1k.�)"

�l�,��ên�,�â4íúª(3.2.11)��

an+2 =
(n− n)(n+ n+ 1)

(n+ 1)(n+ 2)
an = 0 =⇒ an+2 = an+4 = ... = an+2k = 0, (k = 1, 2, ....)

�A/§y1(x)½y2(x)Òòz¤
ngõ�ª"XJ�an =
(2n)!

2n(n!)2
,ëì4í

úª(3.2.11),���Uìü�ü����õ�ª)µ

Pn(x)
d
=

[n2 ]∑
k=0

(−1)k(2n− 2k)!

2nk!(n− k)!(n− 2k)!
xn−2k.

Pn(x)Ò´Legendreõ�ª§w,§3x = ±1k.",	�|)�
dPn(x)ÏLLiouvilleúª)¤§P�Qn(x),�x −→ ±1�§Qn(x) −→∞,

ÏdQn(x)3x = ±1´Ã.)"nþ§�λ = n(n+ 1) �§Legendre�§
Ï)µ

y(x) = CPn(x) +DQn(x).

n. Bessel�§2Â�?ê¦)ÚLegendre�§��?ê¦)�nØ�
â

���5~�©�§�)ÛnØµ

Äk3Eê�S�ÄIO/ª����5~�©�§µ

w′′(z) + p(z)w′(z) + q(z)w(z) = 0, (3.2.12)

Ù¥p(z), q(z)�®�¼ê"|^EC¼ê��{ïÄ§k±e(Øµ

1.�P (z), q(z)3|z − z0| < RS)Û§K3��|z − z0| < R�§?Û
)�L«¤�?ê§=��

w(z) =
+∞∑
n=0

an(z − z0)
n .

2. �z0´�§��KÛ:§=z0´p(z)½q(z)�Û:§�´(z − z0)p(z)Ú
(z − z0)

2q(z)3|z − z0| < RS)Û§K3�%+�0 < |z − z0| < R,�§

k�|)�L«�2Â�?ê)§/ª�µ

w(z) = (z − z0)
ρ

+∞∑
n=0

an(z − z0)
n
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±þ�(Ø¥§Xr�§(3.2.12)ECþzU�x, z0U�x0,)Û�^��

AU�Ã¡g��§K±þ(Ø3¢êCþx�ÿaq¤á"

~3.2.2Á`²µLegendre�§(3.2.10)3−1 < x < 1�§)��¤�?ê
/ª"

`²µ3−1 < x < 1�§Legendre�§(3.2.10)�U��IO/ªµ

y′′ − 2x

1− x2
y′ +

λ

1− x2
y = 0

d�§é'��~�©�§IO/ª(3.2.12)��µLegendre�§¥

p(x) = − 2x

1− x2
, q(x) =

λ

1− x2
.

¤±p(x), q(x)3−1 < x < 1�Ã¡g��"�â±þ~�©�§�)�n
Ø, −1 < x < 1�,�§)��¤�?ê/ªµ

y(x) =
+∞∑
n=0

anx
n .

~3.2.3Á`²µBessel�§(3.2.1)k2Â�?ê)"

`²µduBessel�§(3.2.1)�U��IO/ªµ

y′′ +
1

x
y′ + (1− ν2

x2
)y = 0, (ν ≥ 0) (3.2.13)

d�§é'��~�©�§IO/ª(3.2.12)��µBessel�§¥

p(x) =
1

x
, q(x) = 1− ν2

x2
.

p(x)Úq(x)�,3x = 0ØëY§�w,xp(x)Úx2q(x)3−∞ < x < +∞�
�§Ïdx = 0��KÛ:"ù��â±þ~�©�§)�nØ§3�%+
�0 < |x| < +∞, Bessel�§Òk2Â�?ê)µ

y(x) = xρ
+∞∑
n=0

an x
n =

+∞∑
n=0

an x
n+ρ .

3.3 Legendre ¼ê

Legendre¼ê�«L«
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1. �©L«µ

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n, (3.3.1)

2. ��ªÐmL«µ

Pn(x) =

[n2 ]∑
k=0

(−1)k(2n− 2k)!

2nk!(n− k)!(n− 2k)!
xn−2k, n = 0, 1, 2, ... (3.3.2)

3. È©L«µ

1) Pn(x) =
1

2n2πi

∮
c

(z2 − 1)n

(z − x)n+1
dz , (3.3.3)

Ù¥c´�7Xx�?¿4´"

2) Pn(x) =
1

π

∫ π

0

(x+
√

1− x2i cos θ)n dθ, (3.3.4)

4.1¼êL«µ

(1− 2xt+ t2)−
1
2 =

+∞∑
n=0

Pn(x)tn, |t| < 1 . (3.3.5)

±þ�«L«�5µ

Legendre¼êPn(x)���ªÐmL«(3.3.2)´·�3þ�!®²�Ñ�§

±þ·�`²�©L«(3.3.1)�duù�L«µ¢Sþ§d�©L«(Rodigeus

úª)Ñu:

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n,

d��ª½nµ

(x2 − 1)n =

n∑
k=0

Ckn(−1)kx2n−2k =

n∑
k=0

(−1)kn!

k!(n− k)!
x2n−2k,

Å�¦�§=�y²µ

1

2nn!

dn

dxn
(x2 − 1)n =

1

2n

n∑
k=0

(
(−1)k

k!(n− k)!
x2n−2k

)(n)

=
1

2n

∑
2n−2k<n

(
(−1)k

k!(n− k)!
x2n−2k

)(n)

+
1

2n

∑
2n−2k≥n

(
(−1)k

k!(n− k)!
x2n−2k

)(n)
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= 0 +
1

2n

∑
2k≤n

(
(−1)k

k!(n− k)!
x2n−2k

)(n)

=
1

2n

[n
2
]∑

k=0

(
(−1)k

k!(n− k)!
x2n−2k

)(n)

=
1

2n

[n
2
]∑

k=0

(−1)k

k!(n− k)!
(2n− 2k)(2n− 2k − 1)......(2n− 2k − n+ 1)x2n−2k−n

=
1

2n

[n
2
]∑

k=0

(−1)k(2n− 2k)!

k!(n− k)!(n− 2k)!
xn−2k = Pn(x)

ùÒy²
legendre¼ê��©L«Ú��ªÐmL«��d5"

e¡�©L«(3.3.1)ÚÈ©L«(3.3.3), (3.3.4)��d5µdEC¼ê��

ÜÈ©úªµ

Pn(x) =
1

2n2πi

∮
c

(z2 − 1)n

(z − x)n+1
dz

Ù¥c´�7Xx�?¿4´"�|x| < 1�§�c�±x, �»�
√

1− x2��§ù
��cþ:�L«�µ

z = (x+
√

1− x2 cos θ) + i
√

1− x2 sin θ, (0 < θ ≤ 2π)

�A/

z − x =
√

1− x2 (cos θ + i sin θ) , dz =
√

1− x2 (− sin θ + i cos θ) dθ,

z2 − 1 =
(
x− 1 +

√
1− x2 cos θ + i

√
1− x2 sin θ

)(
x+ 1 +

√
1− x2 cos θ + i

√
1− x2 sin θ

)
=
√

1− x2
(
−
√

1− x+
√

1 + x cos θ + i
√

1 + x sin θ
)(√

1 + x+
√

1− x cos θ + i
√

1− x sin θ
)

ù���µ
z2 − 1

z − x
= 2x+ 2i

√
1− x2 sin θ,

dz

z − x
= i dθ

¤±

Pn(x) =
1

2n2πi

∮
c

(z2 − 1)n

(z − x)n+1
dz =

1

2n2πi

∮
c

(z2 − 1)n

(z − x)n
dz

z − x

=
1

2n2πi

∫ 2π

0

(
2x+ 2i

√
1− x2 sin θ

)n dz

z − x
=

1

2n2πi

∫ 2π

0
2n i

(
x+ i

√
1− x2 sin θ

)n
dθ

=
1

2π

∫ 2π

0

(
x+ i

√
1− x2 sin θ

)n
dθ =

1

π

∫ π

0

(
x+ i

√
1− x2 cos θ

)n
dθ

ù�Òy²
�©L«ÚÈ©L«��d5"

��y²1¼êL«(3.3.5)��(5: ¢Sþ§rt��ECþ§(3.3.5)�

>���t��?êµ

(1− 2xt+ t2)−
1
2 =

+∞∑
n=0

cn(x)tn, (|x| < 1)
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du�Ðm¼ê�Û:t1,2 = x±
√

1− x2iÑ3ü �|z| = 1þ§¤±3|t| < 1S

�?êÂñ"d�?êXê�È©L«§k

cn(x) =
1

2πi

∮
c

(1− 2xt+ t2)
− 1

2

tn+1
dt

�CþO�µ

(1− 2xt+ t2)
1
2 = 1− tz

Kü>²�¿�n��µ

t = 2
z − x
z2 − 1

=⇒ 1

tn+1
=

(z2 − 1)n+1

2n+1(z − x)n+1
,

dt = 2
z2 − 1− 2z(z − x)

(z2 − 1)2
dz = 2

z2 − 1− z(z2 − 1)t

(z2 − 1)2
dz = 2

1− tz
z2 − 1

dz

�\

cn(x) =
1

2n2πi

∮
c′

(z2 − 1)n

(z − x)n+1
dz

=cn(x)Ò´ Legendre¼ê�EÈ©L«(3.3.3)§�Ò´cn(x) = Pn(x). ù�Ò�

y
1¼êL«��(5"

Legendre¼ê�5�

|^Legendre¼ê��«L«ª±9Legendre�k�¯K�(Ø�±
��Legendre¼ê��X�5�§Ì�kµ

1.Ûó5µPn(−x) = (−1)nPn(x)

2.gê5�µPn(x)´ngõ�ª"

3.AÏ:�¼ê�:

Pn(0) =


0, n = 2m+ 1 ≥ 1,

(−1)m(2m− 1)!!

2m!!
, n = 2m ≥ 2,

1, n = 0

(3.3.6)

±9

Pn(1) = 1, Pn(−1) = (−1)n,

4.4íúª: |^1¼ê�5����Legendre¼ê�Nõ4íúª:

(n+ 1)Pn+1(x)− (2n+ 1)xPn(x) + nPn−1(x) = 0, (3.3.7.a)

nPn(x)− xP ′n(x) + P ′n−1(x) = 0, (3.3.7.b)

nPn−1(x)− P ′n(x) + xP ′n−1(x) = 0, (3.3.7.c)
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P ′n+1(x)− P ′n−1(x) = (2n+ 1)Pn(x) (3.3.7.d)

5.��²�:

||Pn(x)||2 =

∫ 1

−1

P 2
n(x)dx =

2

2n+ 1

6.��5: ∫ 1

−1

Pn(x)Pm(x)dx = 0, n 6= m

7.2ÂFourierÐm:�f(x), x ∈ [−1, 1],

f(x) =
+∞∑
n=0

CnPn(x)

Ù¥

Cn =
2n+ 1

2

∫ 1

−1

f(x)Pn(x) dx

5�1�`²µ�n�óê�§Pn(x)�´óg,�)§¤±õ�ª�z��

Ñ´x�óêg�§=z��Ñ´ó¼ê§¤±Pn(x)´ó¼ê"Ó�§�n�

Ûê�§Pn(x)Ûó¼ê"

5�2�`²µdLegendre¼ê��©L«(Û�p�dúª), ½��ªL

«§w,Pn(x)´ngõ�ª"

5�3�y²µV4�¼ê�1¼êL�ªµ

(1− 2xt+ t2)−
1
2 =

+∞∑
n=0

Pn(x)tn, (|t| < 1) (3.3.8)

�x = 0�,þªC�µ

(1 + t2)−
1
2 =

+∞∑
n=0

Pn(0)tn

·���rþª�>Ð¤t��?ê§,�'�Óg��Xê§Ò�±�

�Pn(0),¢Sþ,d�VÐmªµ

(1 + x)α = 1 +

+∞∑
n=1

α(α− 1)...(α− n+ 1)

n!
xn

4α = −1
2
, x = t2 ��µ

(1 + t2)−
1
2 =

+∞∑
n=1

(−1
2)(−1

2 − 1)...(−1
2 − (n− 1))

n!
t2n = 1 +

+∞∑
k=1

(−1)k(2k − 1)!!

2k!!
t2k
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ù�'���Pn(0)���µ
P2k+1(0) = 0, (k = 0, 1, 2...)

P2k(0) =
(−1)k(2k − 1)!!

2k!!
, (k = 1, 2...)

aq/§|^1¼ê�±y²µ

Pn(1) = 1, Pn(−1) = (−1)n .

5�4�y²µ|^V4�¼ê�1¼ê�±y²4íúª§'X±ey

²4íª(3.3.7.b),�d31¼êL«(3.3.8)ü>ét¦���µ

(x− t)(1− 2xt+ t2)−
3
2 =

+∞∑
n=0

nPn(x)tn−1 (3.3.9)

,	1¼êL«(3.3.8)ü>éx¦���

t(1− 2xt+ t2)−
3
2 =

+∞∑
n=0

P ′n(x)tn (3.3.10)

ò(3.3.9)ª¦±t,ò(3.3.10)ª¦±x− t,��ü��ª�à����§¤±

t

+∞∑
n=0

nPn(x)tn−1 = (x− t)
+∞∑
n=0

P ′n(x)tn (3.3.11)

Ï�P0(x) = 1,=kP ′0(x) = 0,¤±þª�±U��µ

+∞∑
n=1

nPn(x)tn =
+∞∑
n=1

xP ′n(x)tn −
+∞∑
n=1

P ′n(x)tn+1 =
+∞∑
n=1

[
xP ′n(x)− P ′n−1(x)

]
tn

'�þªü>Xê§Ò��µ

nPn(x) = xP ′n(x)− P ′n−1(x)

ù�4íª(3.3.7.b)Ò��
y²"aq/�|^1¼êy²Ù§A�4í

úª

,	§��5§��²�±92ÂFourierÐm5�ò3±e?Ø�Legendre�

§�k�¯K���`²"

~3.3.1�ÑPn(x)�co�§=�ÑP0(x), P1(x), P2(x), P3(x)

)µ�âPn(x)��©L«,��µ

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n,

P0(x) = (x2 − 1)0 = 1, P1(x) =
1

2
(x2 − 1)′ = x,
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P2(x) =
1

222!

[
(x2 − 1)2

]′′
=

1

8
(x4 − 2x2 + 1)′′ =

1

2
(3x2 − 1),

P3(x) =
1

233!

d3

dx3

[
(x2 − 1)3

]
=

1

48

(
x6 − 3x4 + 3x2 − 1

)′′′
=

1

2
(5x3 − 3x) .

~3.3.2 �m ≥ 1, n ≥ 1,¦yµ∫ 1

0

xmPn(x) dx =
m

m+ n+ 1

∫ 1

0

xm−1Pn−1(x) dx

y²µ�â4íúª(3.3.7b)±9Pn(1) = 1,k¶

n

∫ 1

0

xmPn(x) =

∫ 1

0

xm [xP ′n(x)− P ′n−1(x)] dx

=
[
xm+1Pn(x)− xmPn−1(x)

] |10 − ∫ 1

0

(m+ 1)xmPn(x) dx+

∫ 1

0

mxm−1Pn−1(x) dx

= −(m+ 1)

∫ 1

0

xmPn(x)dx+m

∫ 1

0

xm−1Pn−1(x) dx,

£���µ

(m+ n+ 1)

∫ 1

0

xmPn(x) dx = m

∫ 1

0

xm−1Pn−1(x) dx

= ∫ 1

0

xmPn(x) dx =
m

m+ n+ 1

∫ 1

0

xm−1Pn−1(x) dx

~3.3.3O�È©

∫ 1

0

Pn(x)dx

)µ�â4íúª(3.3.7.d),∫ 1

0

Pn(x)dx =
1

2n+ 1

∫ 1

0

[P ′n+1(x)− P ′n−1(x)] dx =
1

2n+ 1
[Pn+1(x)− Pn−1(x)] |10

=
1

2n+ 1
[Pn+1(1)− Pn−1(1)− (Pn+1(0)− Pn−1(0))] =

1

2n+ 1
(Pn−1(0)− Pn+1(0))

=


0 n = 2k

1

4k + 3
(P2k(0)− P2k+2(0)), n = 2k + 1

Ù¥

P2k(0)− P2k+2(0) =
(−1)k(2k − 1)!!

2k!!
− (−1)k+1(2k + 1)!!

2(k + 2)!!
= (4k + 3)

(−1)k(2k − 1)!!

(2k + 2)!!
,
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Ïd����

∫ 1

0

Pn(x)dx =


0, n = 2k

(−1)k(2k − 1)!!

(2k + 2)!!
, n = 2k + 1 .

Legendre�§�k�¯K:[(1− x2)y′]′ + λy = 0, (−1 < x < 1)

|y(±1)| < +∞.
(3.3.12)

|^V4��§k.)�?Ø(J��µ

�k�: λn = n(n+ 1), (n = 0, 1, 2...),�k¼ê: yn(x) = Pn(x).

Ù¥

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n,

'u�k�Ú�k¼ê�k±e5�µ

��5µduV4��§�k�¯K��§3S-LIO.eéAk(x) = 1− x2,
q(x) = 0,��ρ(x) = 1,k(x) |x=±1= 0,UìSturm− Liouville½n§�
3x = ±1ùü�à:N\g,>.^�"=|y(±1)| < +∞. ù�Legendre�
§�k�¯K(3.3.12)ÎÜSturm− Liouville½n��k�¯K�."Ï
dáuØÓ�k���k¼ê����§=∫ 1

−1

Pn(x)Pm(x)dx = 0, n 6= m

�k¼ê��²�µLegendre¼ê1¼êL«�µ

(1− 2xt+ t2)−
1
2 =

+∞∑
n=0

Pn(x)tn. |t| < 1 (1)

þªü>²�§��µ

(1− 2xt+ t2)−1 =
+∞∑
n=0

+∞∑
m=0

Pn(x)Pm(x)tn+m, |t| < 1 (2)

�ªü>l−1�1È©��µ∫ 1

−1

dx

1− 2xt+ t2
=

+∞∑
n=0

+∞∑
m=0

(∫ 1

−1

Pn(x)Pm(x)dx

)
tn+m. |t| < 1 (3)
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�âlegendre�¼ê��5§

∫ 1

−1

Pn(x)Pm(x)dx =


0, �m 6= n∫ 1

−1

P 2
n(x)dx,�m = n

(4)

d(JA^u(3)ª§K��∫ 1

−1

dx

1− 2xt+ t2
=

+∞∑
n=0

(∫ 1

−1

P 2
n(x)dx

)
t2n. |t| < 1 (5)

þª�>�È©�µ∫ 1

−1

dx

1− 2xt+ t2
= − 1

2t
ln(1− 2xt+ t2)|1−1

=
1

t
[ln(1 + t)− ln(1− t)] =

+∞∑
n=0

2

2n+ 1
t2n (6)

'�±þ(5), (6)üª�t2n�Xê§Òy²
µ

||Pn(x)||2 =

∫ 1

−1

P 2
n(x) dx =

2

2n+ 1

2ÂFourierÐm: dulegendreõ�ªX´Legendre�k�¯K)Ñ
�����X(��ρ(x) = 1),¤±�½Â3[−1, 1]�¼êf(x),�3Legendreõ
�ªX{Pn(x), n = 0, 1, 2...}e�2ÂFourierÐm

f(x) =
+∞∑
n=0

CnPn(x)

Ù¥

Cn =
1

||Pn(x)||2

∫ 1

−1

f(x)Pn(x) dx =
2n+ 1

2

∫ 1

−1

f(x)Pn(x) dx

~3.3.4ò¼êf(x) = x2UìLegendreõ�ªÐm"

)µduPn(x)´ngõ�ª§f(x)´2g�§ÏdÐmª¥vkn > 2�Pn(x),

,	f(x)´ó¼ê§¤±Ðmª¥vkP1(x),Ïd��

x2 = C0P0(x) + C2P2(x)

dLegendre¼ê��©L«

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n,
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�Ñ

P0(x) = 1, P2(x) =
1

2
(3x2 − 1)

ù�

x2 = C0 +
C2

2
(3x2 − 1)

'�Xê��µ

x2 :
3

2
C2 = 1, x0 : C0 −

1

2
C2 = 0.

)�µC0 =
1

3
, C2 =

2

3
,Ïd§��kµ

x2 =
1

3
P0(x) +

2

3
P2(x)

~3.3.5ò¼ê

f(x) =


0 − 1 ≤ x < α,

1

2
, x = α,

1, α < x ≤ 1 .

UìLegendreõ�ªÐm"

)µUìLegendreõ�ª�2ÂFourierÐmµ

f(x) =
+∞∑
n=0

CnPn(x)

Ù¥

Cn =
2n+ 1

2

∫ 1

−1

f(x)Pn(x) dx

Ïd

C0 =
1

2

∫ 1

−1

f(x)P0(x) dx =
1

2

∫ 1

α

P0(x)dx =
1

2
(1− α)

n ≥ 1�§

Cn =
2n+ 1

2

∫ 1

−1

f(x)Pn(x) dx =
2n+ 1

2

∫ 1

α

Pn(x) dx

=
1

2

∫ 1

α

[P ′n+1(x)− P ′n−1(x)] dx =
1

2
[Pn−1(α)− Pn+1(α)] .
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Ïd

f(x) =
1

2
(1− α) +

+∞∑
n=1

1

2
[Pn−1(α)− Pn+1(α)]Pn(x)

n�.Ê.d�§3¶é¡�/e�¦)

3¥�I(r, θ, ϕ)e(0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π),XJ��Ä�ϕÃ'�)§
=u = u(r, θ),ù��)u(r, θ)Ò´¶é¡)"d�n�.Ê.d�§

∆3u =
1

r2

∂

∂r
(r2∂u

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂u

∂θ
) = 0

3¶é¡�/e�©lCþu = R(r)Θ(θ)�\��

1

r2

d

dr
(r2dR

dr
)Θ +

1

r2 sin θ

d

dθ
(sin θ

dΘ

dθ
)R = 0.

þªü>Ø±RΘ,��µ

1

r2

(
r2R′

)′
R

+
1

r2

1

sin θ

(sin θΘ′)′

Θ
= 0. (3.3.13)

��R(r),Θ(θ)÷v�~�©�§�µ(
r2R′

)′ − λR = 0, (î.�§) (3.3.14)

Ú

1

sin θ
(sin θΘ′)′ + λΘ = 0 . (3.3.15)

'uΘ(θ)��§(3.3.15)´S-LIO.�§Ù¥k(θ) = sin θ3θ = 0Úθ = πù
ü�à:���0,ù��âStrum− Liouville½n,�N\Θ(0)k.§Θ(π)k
.�g,>.^�"ù�Ò/¤�k�¯Kµ

1

sin θ
(sin θΘ′)′ + λΘ = 0, (0 < θ < π)

|Θ(0)| < +∞, Θ(π) < +∞
(3.3.16)

�gCþC�µx = cos θ,¿Py(x) = Θ(arccos x),d�k�¯KC�Legendre�

§�k�¯K[(1− x2)y′]′ + λy = 0, (−1 < x < 1)

|y(±1)| < +∞.
(3.3.17)
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�âLegendre�§�k�¯K(Øµ

�k�: λn = n(n+ 1), (n = 0, 1, 2...),�k¼ê: yn(x) = Pn(x).

=Θ(θ)��k�¯K)�µ

�k�: λn = n(n+ 1), (n = 0, 1, 2...),�k¼ê: Θn(θ) = Pn(cos θ).

2rλn = n(n+ 1)�£R(r)�î.�§(3.3.14),)�µ

Rn(r) = Cnr
n +Dnr

−(n+1)

��r©lCþ�)U\��µ3¥�Ie§�§∆3u = 0�¶é¡�/e
��)u = u(r, θ)´µ

u(r, θ) =
+∞∑
n=0

[Cnr
n +Dnr

−(n+1)]Pn(cos θ) (3.3.18)

~3.3.6¦)±e½)¯Kµ∆3u = 0, (r < a)

u |r=a= 1 + cos2 θ

):�â½)^�/ª,�b½u = u(r, θ),�â∆3u = 03u = u(r, θ)�
/e¥�IL«���)úª��µ

u(r, θ) =
+∞∑
n=0

(Anr
n +Bnr

−(n+1))Pn(cos θ). (1)

du´¥S¯K§��yr = 0�)�k.5,þª¥r−(n+1)(n = 0, 1, 2...)�
����,=Bn = 0(n = 0, 1, 2...),ù�

u(r, θ) =
+∞∑
n=0

Anr
nPn(cos θ), (2)

2|^>.^�µu |r=a= 1 + cos2 θ,=k

u |r=a=
+∞∑
n=0

Ana
nPn(cos θ) = 1 + cos2 θ,

-x = cos θ,KþªC�:

+∞∑
n=0

Ana
nPn(x) = 1 + x2, (3)
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þªü>'���µ

A0P0(x) + A2a
2P2(x) = 1 + x2. (4)

�âLegendre�¼ê�©L«ªµ

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n, (n = 0, 1, 2...)

´�µP0(x) = 1, P2(x) =
1

2
(3x2 − 1),�\�µ

u = A0 + A2
a2

2
(3x2 − 1) = 1 + x2.

'�xÓ�g�Xê�(½A0, A2��§µ

x2 : A2
3a2

2
= 1, ~ê� :A0 − A2

a2

2
= 1

)�µ

A0 =
4

3
, A2 =

2

3a2

����d½)¯K�)µ

u(r, θ) =
4

3
+

2

3a2
r2P2(cos θ)

~3.3.7¦)±e½)¯Kµ
∆3u = 0, (r < a)

u |r=a= −
q√

b2 + a2 − 2ab cos θ
, (0 < b < a)

): ∆3u = 03u = u(r, θ)�/e¥�IL«���)úªµ

u(r, θ) =
+∞∑
n=0

(Anr
n +Bnr

−(n+1))Pn(cos θ). (1)

du´¥S¯K§K

u(r, θ) =
+∞∑
n=0

An

(r
a

)n
Pn(cos θ), (2)

�\>.^�§=kµ

u(r, θ) |r=a=
+∞∑
n=0

An Pn(cos θ) = − q√
b2 + a2 − 2ab cos θ

. (3)
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Pt = b
a , x = cos θ,KUìLegendre�1¼êL«kµ

q√
b2 + a2 − 2ab cos θ

=
q

a
(1− 2xt+ t2)−

1
2 =

q

a

+∞∑
n=0

Pn(x)tn =
q

a

+∞∑
n=0

Pn(cos θ)

(
b

a

)n
dª�\(3)ª�m>��µ

+∞∑
n=0

An Pn(cos θ) = −q
a

+∞∑
n=0

Pn(cos θ)

(
b

a

)n
. (4)

'�þª(4)ü>��µ

An = −q
a

(
b

a

)n
=d½)¯K�)�µ

u(r, θ) = −q
a

+∞∑
n=0

(
br

a2

)n
Pn(cos θ) = −q

a

(
1− 2

b

a2
r cos θ +

b2

a4
r2

)− 1
2

~3.3.8¦)±e½)¯Kµ
∆3u = 0, (r > a)

u |r=a= E0a cos θ − c,

u |r=+∞= 0

):�â½)^�/ª,�b½u = u(r, θ),�â∆3u = 03u = u(r, θ)�
/e¥�IL«���)úª�µ

u(r, θ) =
+∞∑
n=0

(Anr
n +Bnr

−(n+1))Pn(cos θ). (1)

du´¥	¯K§��yr = +∞�)�k.5,þª¥rn(n = 1, 2...)��
���,=An = 0(Ù¥n ≥ 1),ù�

u(r, θ) = A0 +
+∞∑
n=0

Bnr
−(n+1)Pn(cos θ), (2)

�r = +∞�^�µ

u |r=+∞= A0 = 0 =⇒ u(r, θ) =
+∞∑
n=0

Bnr
−(n+1)Pn(cos θ). (3)
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2|^r = a�>.^�§��

u(a, θ) =
+∞∑
n=0

Bna
−(n+1)Pn(cos θ) = E0a cos θ − c = E0aP1(cos θ)− cP0(cos θ). (4)

'�XêPn(cos θ)�Xê

P0(cos θ) : B0a
−1 = −c =⇒ B0 = −ac,

P1(cos θ) : B1a
−2 = E0a =⇒ B1 = E0a

3,

Ù{�Bn��0,¤±

u = −acr−1 + E0a
3r−2 cos θ

~3.3.9¦u(r, θ)¦Ù÷v:
∆3u = 0, (r < a, 0 ≤ θ < π/2)

u |θ=π
2
= 0,

u |r=a= u0

Ù¥r =
√
x2 + y2 + z2, θ´�»~r = (x, y, z)�z¶���Y�"

)µ½)^��ϕÃ'§Ïd��u = u(r, θ),3¥�Ie§u = u(r, θ)�§∆3u = 0
�L«�µ

1

r2

∂

∂r
(r2∂u

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂u

∂θ
) = 0. (1)

�©lCþ§-u = R(r)Θ(θ),�\þª©lCþ�©O��R(r)ÚΘ(θ)÷
v�§µ (

r2R′
)′ − λR = 0, (2)

1

sin θ
(sin θΘ′)′ + λΘ = 0. (3)

duθ = 0´Θ(θ)¤÷v�§(3)��KÛ:,�âSturm− Liouville½n§
3θ = 0 :�N\g,>.^�§=|Θ(0)| < +∞,,d^�u |θ=π

2
= 0 �

�:Θ(π2 ) = 0.ù
(J�n�Ò��Θ(θ)÷v��k�¯Kµ
1

sin θ
(sin θΘ′)′ + λΘ = 0,

Θ(0) < +∞, Θ(
π

2
) = 0.

(4)

±9R(r)÷v�î.�§µ(
r2R′

)′ − λR = 0,
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dLegendre�§�k�¯Kk'(Øµ��=�λ = k(k + 1) (k = 0, 1, 2...)�§Θ(θ)
3θ = 0�)k.,=

Θk(θ) = Pk(cos θ).

Θ(θ)3θ =
π

2
�^��¦

Θk(
π

2
) = Pk(0) = 0

ù�k�U�Ûê,=k = 2n+ 1, (n = 0, 1, 2...)¤±§Θ(θ)÷v��k�
¯K(4)��k�Ú�k¼ê©O�µ

λn = (2n+ 1)(2n+ 2), Θn(θ) = P2n+1(cos θ)

�A/§λn = (2n+ 1)(2n+ 2)�\R(r)÷v�§��µ

Rn(r) = Anr
2n+1 +Bnr

−(2n+2)
(5)

du
1

r
3r = 0Ã.§¤±/Xr−(2n+2)�����§=Bn = 0. ù�Ò��

�X�©lCþ�k.)

un(r, θ) = Rn(r)Θn(θ) = r2n+1P2n+1(cos θ).

dU\�n§d½)¯Kk.)�µ

u(r, θ) =
+∞∑
n=0

An

(r
a

)2n+1

P2n+1(cos θ)

2d�¥¡þ��½^���µ

u |r=a=
+∞∑
n=0

AnP2n+1(cos θ) = u0

Ù¥XêAnd2ÂFourierÐmúª(½µ

An =
u0

∫ π
2

0
P2n+1(cos θ) sin θdθ

||P2n+1(cos θ)||2
(6)

Ù¥

||P2n+1(cos θ)||2 =

∫ π
2

0

P 2
2n+1(cos θ) sin θdθ

=

∫ 1

0

P 2
2n+1(x)dx =

1

2

∫ 1

−1

P 2
2n+1(x)dx =

1

2
.

2

2(2n+ 1) + 1
=

1

4n+ 3

,	 ∫ π
2

0

P2n+1(cos θ) sin θdθ =

∫ 1

0

P2n+1(x)dx =
(−1)n(2n− 1)!!

(2n+ 2)!!



122

u´½Ñª(6)¥�

An = u0
(−1)n(2n− 1)!!(4n+ 3)

(2n+ 2)!!

��)�d½)¯K�)

u(r, θ) = u0

+∞∑
n=0

(
(−1)n(2n− 1)!!(4n+ 3)

(2n+ 2)!!

)(r
a

)2n+1

P2n+1(cos θ)

~3.3.10re�¼êUìLegendre¼êXÐm:

f(x) = |x|

)µ�f(x) = |x|�§�§3Legendre¼êX�Ðmª�µ

|x| =
+∞∑
n=0

CnPn(x) (1)

du(½Xê�úª§K

C0 =
1

2

∫ 1

−1

|x|P0(x)dx =
1

2

∫ 1

−1

|x|dx =
1

2

n > 1�§k

Cn =
2n+ 1

2

∫ 1

−1

|x|Pn(x)dx (2)

�n�Ûê�§Pn(x)´Û¼ê§K|x|Pn(x)´Û¼ê"¤±�â±þCn�
L�ªk(Øµ

Cn = 0, (n�Ûê)

�n�óê�§Pn(x)´ó¼ê§K|x|Pn(x)´ó¼ê§2dCn�L«ª(2)�
�µ

Cn = (2n+ 1)

∫ 1

0

xPn(x)dx, n�óê

=

C2k = (4k + 1)

∫ 1

0

xP2k(x)dx (3)

|^4íúªµP ′n+1(x)− P ′n−1(x) = (2n+ 1)Pn(x)§��µ

(4k + 1)P2k(x) = P ′2k+1(x)− P ′2k−1(x),

�\d4íúª,kµ

C2k =

∫ 1

0

x (P ′2k+1(x)− P ′2k−1(x)) dx =

∫ 1

0

x d (P2k+1(x)− P2k−1(x))
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= x (P2k+1(x)− P2k−1(x)) |1
0

+

∫ 1

0

(P2k−1(x)− P2k+1(x)) dx

5¿�Pn(1) = 1, P2m+1(0) = 0,þª{z�µ

C2k =

∫ 1

0

(P2k−1(x)− P2k+1(x)) dx =
(−1)k−1(2k − 3)!!

(2k)!!
− (−1)k(2k − 1)!!

(2k + 2)!!

=
(−1)k−1(4k + 1)(2k − 3)!!

(2k + 2)!!
.

nþ§����Ðmªµ

|x| = 1

2
P0(x) +

+∞∑
k=1

(−1)k−1(4k + 1)(2k − 3)!!

(2k + 2)!!
P2k(x)

~3.3.11O�È©µ ∫ 1

−1

xPn(x)Pm(x)dx

)KJ«:�|^V4�¼ê���5Ú��²�§¦dÈ©O�E,Ý

��~�§l¦¯K�÷)û

):·�©±eü«�/?Øµ

1)|m− n| > 1�,·�`²ù��È©�0,Ø���5§·�=3m− n > 1�
y²·��(ØµduxPn(x)´n+ 1gõ�ª§��3V4�¼êXeÐ
m�±e/ª:

xPn(x) =
n+1∑
k=1

akPk(x)

dV4�¼ê��5§�k ≤ (n+ 1)�§∫ 1

−1

Pk(x)Pm(x)dx = 0, (m > n+ 1)

∫ 1

−1

xPn(x)Pm(x)dx =

∫ 1

−1

(
n+1∑
k=1

akPk(x)

)
Pm(x)dx

=
n+1∑
k=1

ak

∫ 1

−1

Pk(x)Pm(x)dx = 0

2)�|m− n| = 1�,Äk�Ä�/m = n+ 1,ù��È©C�µ∫ 1

−1

xPn(x)Pn+1(x)dx
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dÛ�p�dúªµ

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n,

�ÑxPn(x)��pg�Xê§=xn+1g�Xê´:

1

2nn!
(2n)(2n− 1)....(n+ 1),

Pn+1(x)�xn+1g�Xê´:

1

2n+1(n+ 1)!
(2n+ 2)(2n+ 1)2n....(n+ 2) =

1

2nn!
(2n+ 1)2n....(n+ 2)

'�¿��xPn(x)�ÐmL«�µ

xPn(x) =
n+ 1

2n+ 1
Pn+1(x) +

n∑
k=1

ckPk(x)

d��5§k ≤ n�§
∫ 1

−1 Pk(x)Pn+1(x)dx = 0,K

n∑
k=1

ckPk(x)Pn+1(x)dx =
n∑
k=1

ck

∫ 1

−1

Pk(x)Pn+1(x)dx = 0

ù�nþ,¿|^(Ø||Pn+1(x)||2 =
2

2n+ 3
§)�∫ 1

−1

xPn(x)Pn+1(x)dx =

∫ 1

−1

n+ 1

2n+ 1
(Pn+1(x))2dx

=
n+ 1

2n+ 1
||Pn+1(x)||2 =

2(n+ 1)

(2n+ 1)(2n+ 3)

daq�?Ø§m = n− 1�§·���µ∫ 1

−1

xPm(x)Pn(x)dx =
2n

4n2 − 1

u´����µ

∫ 1

−1

xPn(x)Pm(x)dx =


0, �|m− n| > 1,

2(n+ 1)

(2n+ 1)(2n+ 3)
, �m = n+ 1

2n

4n2 − 1
, �m = n− 1 .

��Legendre�§Ú��Legendre¼ê:
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��Legendre�§�

[(1− x2)y′]′ + (λ− m2

1− x2
)y = 0 (3.3.19)

�m = 0�ÿ§Ò´Legendre�§

[(1− x2)y′]′ + λy = 0 (3.3.20)

±e·�`²��Legendre�§�)�±dLegendre�§)C���µ
½n3.3.1�v(x)´Legendre�§(3.3.20)�)§K

y = (1− x2)
m
2
dm

dxm
v(x)

÷v��Legendre�§(3.2.19),Ù¥m��K�ê

y²µduv(x)´Legendre�§�)§Ïd

[(1− x2)v′(x)]′ + λv(x) = 0 =⇒ (1− x2)v′′(x)− 2xv′(x) + λv(x) = 0 . (3.3.21)

|^¦È¼ê�p�¦��4ÙZ]úª§þªü>éx¦m��ê��µ

(1− x2)v(m+2) − 2x(m+ 1)v(m+1) + [λ−m(m+ 1)] v(m) = 0

dªü>Ó¦±(1− x2)
m
2 ,�§C�µ

(1− x2)1+m
2 v(m+2) − 2x(m+ 1)(1− x2)

m
2 v(m+1) + [λ−m(m+ 1)] (1− x2)

m
2 v(m) = 0

d�§=�µ[
(1− x2)

(
(1− x2)

m
2 v(m)

)′]′
+ (λ− m2

1− x2
)
(

(1− x2)
m
2 v(m)

)
= 0

P

Pm
n (x)

d
= (1− x2)

m
2
dm

dxm
Pn(x)

Pm
n (x)Ò´1�am���V4�¼ê§§´m���V4��§3x = ±1�
k.)"aq/§�½Â1�am���V4�¼êµ

Qm
n (x)

d
= (1− x2)

m
2
dm

dxm
Qn(x)

Ïdm���V4��§Ï)�µ

y(x) = CPm
n (x) +DQm

n (x)

m���V4��§��k�¯K�µ[(1− x2)y′]′ + (λ− m2

1− x2
)y = 0,

y(±1)k.
(3.3.22)
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d±þ?Ø§m���V4��§��k�¯K�

�k�µλn = n(n+ 1), �k¼êµPm
n (x)

�±���yµ

∫ 1

−1

Pm
n (x)Pm

l (x) dx =


0 �n 6= l

2

2n+ 1

(n+m)!

(n−m)!
,�n = l

Ïd§�m�½�§Pm
n (x), n = m,m+ 1, ....�¤��¼êX§�k

||Pm
n (x)||2 =

2

2n+ 1

(n+m)!

(n−m)!

3m���V4�¼êXe�2ÂFourierÐm

�½Â3[−1, 1]�¼êf(x),�3m���V4�¼êX{Pm
n (x), n = m,m+ 1...}

e�2ÂFourierÐm

f(x) =
+∞∑
n=0

CnP
m
n (x)

Ù¥

Cn =
1

||Pm
n (x)||2

∫ 1

−1

f(x)Pm
n (x) dx

~3.3.12O���Legendre¼êPm
n (cos θ), n = 0, 1, 2.m ≤ n

):d��Legendre¼êÚ��Legendre¼ê�'Xªµ

Pm
n (x) =

(
1− x2

)m
2
dm

dxm
Pn(x), m ≤ n, Pn(x) =

1

2nn!

dn

dxn
(x2 − 1)n

O���µ

P 0
0 (x) = P0(x) = 1, P 0

1 (x) = P1(x) = x, P 1
1 (x) = (1− x2)

1
2P ′1(x) = (1− x2)

1
2 .

P 0
2 (x) = P2(x) =

1

2
(3x2 − 1), P 1

2 (x) = (1− x2)
1
2P ′2(x) = 3x(1− x2)

1
2 ,

P 2
2 (x) = (1− x2)P ′′2 (x) = 3(1− x2) .

rx = cos θ�\§Ïdkµ

P 0
0 (cos θ) = 1, P 0

1 (cos θ) = cos θ, P 1
1 (cos θ) = (1− cos2 θ)

1
2 = sin θ.

P 0
2 (cos θ) =

1

2
(3 cos2 θ − 1) =

1

4
(1 + 3 cos 2θ),
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P 1
2 (cos θ) = 3 cos θ(1− cos2 θ)

1
2 =

3

2
sin 2θ

P 2
2 (cos θ) = 3(1− cos2 θ) =

3

2
(1− cos 2θ)

���/e�Laplace�§>�¯K9¥¼ê

∆3u = 03¥�IeL«�µ

1

r2

∂

∂r
(r2∂u

∂r
) +

1

r2

[
1

sin θ

∂

∂θ
(sin θ

∂u

∂θ
) +

1

sin2 θ

∂2u

∂ϕ2

]
= 0 . (3.3.23)

dªü>�
1

r2
,¿UìXe�ª©lCþµ

u(r, θ, ϕ) = R(r)Y (θ, ϕ)

�\�§��¿ü>Ø±RY ,��µ

∂

∂r

(
r2∂R

∂r

)
R

+

[
1

sin θ

∂

∂θ
(sin θ

∂Y

∂θ
) +

1

sin2 θ

∂2Y

∂ϕ2

]
Y

= 0

©l���~�©�§µ

(r2R′)′ = λR, (î.�§) (3.3.24)

Ú¥¼ê�§

∆θϕY =

[
1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂ϕ2

]
Y = −λY (3.3.25)

Ù¥∆θϕ¡�¥¡þ�Laplace�f"2�±±Ï5^�µ

Y (θ, ϕ+ 2π) = Y (θ, ϕ)

Úk.5^�

|Y (0, ϕ)| < +∞, |Y (π, ϕ)| < +∞

ù��¤
 �©�§�k�¯Kµ

[
1

sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂ϕ2

]
Y = −λY, (0 < θ < π),

Y (θ, ϕ+ 2π) = Y (θ, ϕ),

|Y (0, ϕ)| < +∞, |Y (π, ϕ)| < +∞

(3.3.26)
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d �©�§�k�¯K�±^©lCþ¦)§=-Y (θ, ϕ) = Θ(θ)Φ(ϕ),�

\�½�§¿(Ü>.^���µΦ′′ + µΦ = 0,

Φ(ϕ+ 2π) = Φ(ϕ)
(3.3.27)

Ú 
1

sin θ
(sin θΘ′)′ + (λ− µ

sin2 θ
)Θ = 0.

Θ(0), Θ(π)k.
(3.3.28)

'uΦ��k�¯K(3.3.27)�)�µ

�k�:µm = m2, �k¼êµΦm(ϕ) = Cm cosmϕ+Dm sinmϕ

rµ = m2�\�k�¯K(3.3.28),¿|^��V4��§�k�¯K��

'(Ø§��µ

�k�:λn = n(n+ 1), �k¼êµΘmn(θ) = Pm
n (cos θ), n = m,m+ 1, ...

u´��Y (θ, ϕ)½Â3ü ¥¡þ�)xµ

Ynm(θ, ϕ) = Pm
n (cos θ) (Cm cosmϕ+Dm sinmϕ)

e¡P

Y (1)
nm(θ, ϕ) = Pm

n (cos θ) cosmϕ, (m = 0, 1, 2.., n)

Y (2)
nm(θ, ϕ) = Pm

n (cos θ) sinmϕ, (m = 1, 2.., n)

/XY
(i)
nm(θ, ϕ), i = 1, 2�¼ê¡�¥¼ê"Õá�ng¥¼ê�k2n + 1�,

¥¼êX
{
Y

(i)
nm, i = 1, 2

}
�¤����X"Ù¥��²�µ

N 2
n0 =

∫ 2π

0

dϕ

∫ π

0

(
Y

(1)
n0 (θ, ϕ)

)2

sinθ dθ =

∫ 2π

0

dϕ

∫ π

0

(P 0
n(cos θ))2sinθ dθ,

=

∫ 2π

0

dϕ

∫ π

0

(Pn(cos θ))2sinθ dθ =
2

2n+ 1

∫ 2π

0

dϕ =
4π

2n+ 1
(3.3.29)

,	

N 2
nm =

∫ 2π

0

dϕ

∫ π

0

Y 2
nm(θ, ϕ) sinθ dθ =

∫ 2π

0

Φ2
m(ϕ)dϕ

∫ π

0

(Pm
n (cos θ))2 sinθ dθ
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Ù¥Φm(ϕ)�cosmϕ½sinmϕ, �ÃØ=«�/Ñkµ

∫ 2π

0

Φ2
m(ϕ) dϕ = π,

∫ π

0

(Pm
n (cos θ))2 sinθ dθ =

∫ 1

−1

(Pm
n (x))2 dx = ||Pm

n (x)||2 =
2

2n+ 1

(n+m)!

(n−m)!

ù�

N 2
nm =

2π

2n+ 1

(n+m)!

(n−m)!
(m ≥ 1) (3.3.30)

?¿½Â3ü ¥¡þ�¼êf(θ, ϕ), (0 ≤ θ ≤ π, 0 ≤ ϕ < 2π), �±

Uì¥¼êX{Ynm(θ, ϕ)}�2ÂFourierÐmµ

f(θ, ϕ) =
+∞∑
n=0

n∑
m=0

(Cnm cosmϕ+Dnm sinmϕ)Pm
n (cos θ)

Ù¥§Xê

Cnm =
1

N 2
nm

∫ 2π

0

∫ π

0

f(θ, ϕ) cosmϕPm
n (cos θ) sin θ dθdϕ,

Dnm =
1

N 2
nm

∫ 2π

0

∫ π

0

f(θ, ϕ) sinmϕPm
n (cos θ) sin θ dθdϕ,

Ù¥�N 2
nm®dúª(3.3.29)Ú(3.3.30)�Ñ

?�Ú§�¦Ñ∆3u = 0�)���/ªµ

u(r, θ, ϕ) =
+∞∑
n=0

n∑
m=0

(
Anr

n +Bnr
−(n+1)

)
Pm
n (cos θ) (Cnm cosmϕ+Dnm sinmϕ) .

(3.3.31)

~3.3.12¦)±e½)¯Kµ∆3u = 0, (r < a)

∂u

∂r
|r=a= f(θ, ϕ),

Ù¥f(θ, ϕ)÷v

∫ 2π

0

∫ π

0

f(θ, ϕ) sin θ dθdϕ = 0,¿�Ñf(θ, ϕ) = 3 sin2 θ cos2 ϕ− 1�

�)"

): ∆3u = 0)���/ª�µ
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u(r, θ, ϕ) =
+∞∑
n=0

n∑
m=0

(Anr
n +Bnr

−(n+1))Pm
n (cos θ) (Cm cosmϕ+Dm sinmϕ) .

du´¥S¯K§��yr = 0�)�k.5,þª¥r−(n+1)(n = 0, 1, 2...)�
����,=Bn = 0(n = 0, 1, 2...),ù�

u(r, θ, ϕ) =
+∞∑
n=0

n∑
m=0

rn (Cnm cosmϕ+Dnm sinmϕ)Pm
n (cos θ), (1)

2|^>.^�µ
∂u

∂r
|r=a= f(θ, ϕ),=k

+∞∑
n=1

n∑
m=0

nan−1 (Cnm cosmϕ+Dnm sinmϕ)Pm
n (cos θ) = f(θ, ϕ) (2)

ù�d¥¼êXe�2ÂFourierÐm�Xê(½úª,��µ

nan−1Cnm =
1

N 2
nm

∫ 2π

0

∫ π

0

f(θ, ϕ) cosmϕPm
n (cos θ) sin θ dθdϕ, n ≥ 1

nan−1Dnm =
1

N 2
nm

∫ 2π

0

∫ π

0

f(θ, ϕ) sinmϕPm
n (cos θ) sin θ dθdϕ, n ≥ 1

=

Cnm =
1

nan−1N 2
nm

∫ 2π

0

∫ π

0

f(θ, ϕ) cosmϕPm
n (cos θ) sin θ dθdϕ, n ≥ 1

Dnm =
1

nan−1N 2
nm

∫ 2π

0

∫ π

0

f(θ, ϕ) sinmϕPm
n (cos θ) sin θ dθdϕ, n ≥ 1

,	�C00�?¿~ê§>.^�E,¤á"

�f(θ, ϕ) = 3 sin2 θ cos2 ϕ− 1 =
3

4
(1− cos 2θ)(1 + cos 2ϕ)− 1,�-

f(θ, ϕ) = D00 +D20P
0
2 (cos θ) +D22P

2
2 (cos θ) cos 2ϕ

= D00 +D20
1

4
(3 cos 2θ + 1) +D22

3

2
(1− cos 2θ) cos 2ϕ

=
3

4
(1− cos 2θ)(1 + cos 2ϕ)− 1



131

ü>'�Óa�Xê��µ

D00 = 0, D20 = −1, D22 =
1

2

=

f(θ, ϕ) = −P 0
2 (cos θ) +

1

2
P 2

2 (cos θ) cos 2ϕ (3)

rþª(3)�f(θ, ϕ)�\(2)'���µ

2aC20 = −1 =⇒ C20 = − 1

2a
, 2aC22 =

1

2
=⇒ C22 =

1

4a
.

ù�

u(r, θ, ϕ) = C00 −
1

2a
r2P 0

2 (cos θ) +
1

4a
r2P 2

2 (cos θ) cos 2ϕ,

Ù¥C00�?¿~ê"

3.4 Bessel ¼ê

�. Bessel�§±9Bessel)�(Ø£�µ

Bessel�§:

x2y′′ + xy′ + (x2 − ν2)y = 0 (ν ≥ 0) (3.4.1)

Ï)�µ

y = CJν(x) +DNν(x)

Ù¥Jν(x)ÚNν(x)©O´1�aÚ1�aBessel¼ê"1�aBessel´�
§�2Â�?ê)§L�ª�µ

Jν(x) =
+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(x
2

)2k+ν

(3.4.2)

1�aBessel¼ê½Â�µ�ν 6= m(m´�K�ê)�§

Nν(x) =
cos νπ

sin νπ
Jν(x)− 1

sin νπ
J−ν(x)

�ν = m(m´�K�ê)�§

Nm(x) = lim
ν→m

Nν(x)

�. Bessel¼ê�Ä�5�"
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(1)4íúªµ|^Bessel¼ê�?êL«ª�§�±�Ñ�X�Bessel¼
ê�4íúª:

(xνJν(x))′ = xνJν−1(x), (3.4.3.a)(
x−νJν(x)

)′
= −x−νJν+1(x), (3.4.3.b)

2J ′ν(x) = Jν−1(x)− Jν+1(x), (3.4.3.c)

2νx−1Jν(x) = Jν−1(x) + Jν+1(x) . (3.4.3.d)

'X|^4íúª(3.4.3.a)��µ

(xJ1(x))′ = xJ0(x), J ′0(x) = J−1(x) = −J1(x)

?�Ú����n�ü�Bessel¼ê�4íúªµ(
1

x

d

dx

)n
(xνJν) = xν−nJν−n, (3.4.4.a)

(
1

x

d

dx

)n
(x−νJν) = (−1)nx−(ν+n)Jν+n (3.4.4.b)

|^ù
4íúª�O�¹Bessel¼ê��
È©½�¤O�Bessel¼
ê��Ù§$�"

(2)ìC5�µ

lim
x→0

Jν(x) =

1, (ν = 0)

0 (ν ≥ 0)
(3.4.5.a)

lim
x→0

Nν(x) =∞ (3.4.5.b)

w,1�aBessel¼ê3ªu0�ªuk.þ§1�aBessel¼êªu0�
ªuÃ¡§ù`²1�aBessel¼êÚ1�aBessel¼ê3gCþªu0�
ìC5�´k²w«O�"

lim
x→+∞

Jν(x) = lim
x→+∞

Nν(x) = 0. (3.4.6)

ù`²x→ +∞�§1�aBessel¼êÚ1�aBessel¼êìC5�'�
�q�"

(3)":Ú��5µ

Jν(x), J ′ν(x)9Jν(x) + hxJ ′ν(x)ÑkÃ¡�ê��K":"�ù
"
:©Ù3(0,+∞)ù�Ã.��S"ù�(Ø�ò5?ØBessel �§�k
�¯K�§Jø
Øã¼ê":�¡��â"
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(4)�ê�Bessel¼ê�1¼êÚÈ©L«µ3EC¼ê�ÛK?êÜ
©§®y²
�ªµ

exp
{x

2
(ξ − ξ−1)

}
=

+∞∑
n=−∞

Jn(x)ξn, (0 < |ξ| < +∞) (3.4.7)

|^ÛK?ê�Xê�È©L«¿|^��ëê?1��È©§��Jn(x)�
È©L«µ

Jn(x) =
1

2π

∫ π

−π
ei(x sin θ−nθ) dθ . (3.4.8)

(1)4íúª�y²µy²1�aBessel¼ê�4íúªµ

(xνJν)
′ = xνJν−1

y²µ�â1�aBessel¼ê�?êL«µ

Jν(x) =
+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(x
2

)2k+ν
¿|^4íªΓ(x+ 1) = xΓ(x)��µ

(xνJν(x))′ =

(
+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

x2k+2ν

22k+ν

)′

=
+∞∑
k=0

(−1)k (2k + 2ν)

k!(k + ν)Γ(k + ν)

x2k+2ν−1

22k+ν

= xν
+∞∑
k=0

(−1)k

k!Γ(k + (ν − 1) + 1)

(x
2

)2k+(ν−1)
= xνJν−1(x)

u´·�y²
4íúª(3.4.3.a):

(xνJν)
′ = xνJν−1.

A^aq��{§·��±y²4íúª(3.4.3.b)

(x−νJν)
′ = −x−νJν+1.

e¡y²£3.4.3.c)Ú£3.4.3.d)µÏ�é±þ®²y²�ü�4íª£3.4.3.a)Ú

£3.4.3.b)¥��ê¦Ñ¿z{,©O��µ

xJ ′ν + νJν = xJν−1,

xJ ′ν − νJν = −xJν+1,
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r±þüª�\½�~Ò©O��4íúª£3.4.3.c)Ú£3.4.3.d)µ

2J ′ν = Jν−1 − Jν+1,

2νx−1Jν = Jν−1 + Jν+1 .

,	��±| £̂3.4.3.a)Ú(3.4.3.b)ª©OU���f/ªµ(
1

x

d

dx

)
(xνJν) = xν−1Jν−1(

1

x

d

dx

)
(x−νJν) = −x−(ν+1)Jν+1

�E¦^�B����n�ü�Bessel¼ê�4íúªµ(
1

x

d

dx

)n
(xνJν) = xν−nJν−n,(

1

x

d

dx

)n
(x−νJν) = (−1)nx−(ν+n)Jν+n .

(2)ì?5��`²µüaBessel¼ê3x −→ 0�ì?5�£3.4.5)®²3

12!`²L",	|^;���{��µx −→ +∞�§

Jν(x) =

√
2

πx
cos
(
x− νπ

2
− π

4

)
+O(x−

3
2 )

Nν(x) =

√
2

πx
sin
(
x− νπ

2
− π

4

)
+O(x−

3
2 )

d±þùü�ªf§w,k

lim
x→+∞

Jν(x) = lim
x→+∞

Nν(x) = 0.

(3)":5�ÚP~��5�`²µdu�u¼êÚ{u¼ê3−1�1�

m�ÄÃ�õg§¤±lì?úª�±wÑµJν(x)ÚNν(x)kÃ¡õ�":§

¿kP~Ïf
√

2
πx

. ?�Ú§�y²Ù§":5�"

~3.4.1|^Bessel�§�4íúªO�È©µ

(1)I1 =

∫
x3J0(x)dx, (2)I2 = −

∫
x2J−2(x) dx

)µ1)A^�l�¼ê�4íúªµ(xνJν)
′ = xνJν−1,·�k

(xJ1(x))′ = xJ0(x),
(
x2J2(x)

)′
= x2J1(x)

Ïd ∫
x3J0(x)dx =

∫
x2(xJ0(x))dx =

∫
x2d(xJ1(x))
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= x2(xJ1(x))−
∫
xJ1(x)d(x2) = x3J1(x)−

∫
2x2J1(x)dx

= x3J1(x)− 2

∫
d(x2J2(x)) = x3J1(x)− 2x2J2(x) + c

= x3J1(x) + 2x2J0(x)− 4xJ1(x) + c

(���Ú^
úª2νx−1Jν = Jν−1 + Jν+1,¦J2(x) = −J0(x) + 2x−1J1(x) )

2) I2 = −
∫
x2J−2(x) dx = −

∫
x2J2(x) dx = −

∫
x3(x−1J2(x)) dx

=

∫
x3d(x−1J1(x)) = x2J1(x)− 3

∫
xJ1(x) dx = x2J1(x) + 3

∫
xdJ0(x)

= x2J1(x) + 3xJ0(x)− 3

∫
J0(x) dx .

~3.4.2|^Bessely²µ�ê�Bessel¼ê�\{úª

Jn(x+ y) =
+∞∑

k=−∞

Jk(x)Jn−k(y)

y²µd�ê�Bessel¼ê�1¼êL«

+∞∑
n=−∞

Jn(x+ y)ξn = exp

{
x+ y

2
(ξ − ξ−1)

}
= exp

{x
2

(ξ − ξ−1)
}

exp
{y

2
(ξ − ξ−1)

}

=

+∞∑
k=−∞

Jk(x)ξk
+∞∑

m=−∞
Jm(y)ξm =

+∞∑
k=−∞

+∞∑
m=−∞

Jk(x)Jm(y)ξk+m

=
+∞∑

n=−∞

[
+∞∑

k=−∞

Jk(x)Jn−k(y)

]
ξn (-m+ k = n)

þª'�ξnXêÒ��y²�(Ø"

n. Bessel�§��k�¯K

(1)¯K��.µ

Bessel�§��k�¯K´µ
(rR′)′ +

(
λr − ν2

r

)
R = 0, (0 < r < a) (3.4.9.a)

|R(0)| < +∞, αR(a) + βR′(a) = 0. (3.4.9.b)
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d¯K�>.^��ë�±eêÆ)ºµ�âS − L½n§duk(r) = r,

r = 0��§(3.4.9.a)��KÛ:§r = a´~:§Ï3r = 0�V\�k
.5^�§3r = a�V\�§�§na>.^��?Û�«^�"

(2)Bessel�§��k�¯K��k�Ú�k¼êµ

-λ = ω2,¿Px = ωr,K(3.4.9.a)C¤IO�Bessel�§µ

x2y′′ + xy′ + (x2 − ν2)y = 0

KÏ)�µ

y = AJν(x) +BNν(x)

�Ò´�k�¯K��½�§(3.4.9.a)�)�µ

R(r) = AJν(ωr) +BNν(ωr) (3.4.10)

du�¦|R(0)| < +∞§¤±�k�B = 0,ù�R(r) = AJν(ωr),2�\r = a�
>.^����ê�§µ

αJν(ωa) + βωJ ′ν(ωa) = 0 (3.4.11)

�±þ�ê�§(3.4.11)��K¢�l����gü��

(ω0 = 0), ωk1, ωk2...., ωkn...

Ù¥ω0 = 0�)�3"�Bessel�§1�a>.^�eâk�Uk§ωkn´
�d�´�ê�§31ka>.^�e)Ñ�1n���(k = 1, 2, 3),K�

k�¯K��k�Ú�k¼ê�µ

�k� : λn = ω2
kn, �k¼ê :Rn(r) = Jν(ωknr)

(3)Bessel¼êXe�2ÂFourier Ðmµ

UìSturm− Liouville½n§dν�Bessel�§��k�¯K���
�k¼êXJν(ωnr)´�������X(���r),¤±?¿�¼êf(r) ∈ L2

r[0, a],
f(r)�±3d¼êXeÐm�Fourier −Bessel?ê§=

f(r) =
+∞∑

n=0½ 1

CnJν(ωknr) (3.4.12)

Ù¥

Cn =
1

N 2
νkn

∫ a

0

rf(r)Jν(ωknr)dr (3.4.13)

N 2
νkn´��k¼êJν(ωnr)31ka>.^�e���²�(k = 1, 2, 3),=

N 2
νkn = ||Jν(ωknr)||2 =

∫ a

0

rJ2
ν (ωknr)dr (3.4.14)
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�âJν(ωnr)÷vBessel�§�k�¯K§3a:N\naØÓ�>.^�
�§�íÑ||Jν(ωnr)||2�z{(J©O�µ
1�a>.^�e�k¼ê��²�:

N 2
ν1n = ||Jν(ω1nr)||2 =

a2

2
J2
ν+1(ω1na), (3.4.15.a)

1�a>.^�e�k¼ê��²�:

N 2
ν2n = ||Jν(ω2nr)||2 =

1

2

(
a2 − ν2

ω2
2n

)
J2
ν (ω2na), (3.4.15.b)

1na>.^�e�k¼ê��²�:

N 2
ν3n = ||Jν(ω3nr)||2 =

1

2

(
a2 − ν2

ω2
3n

+
a2α2

β2ω2
3n

)
J2
ν (ω3na). (3.4.15.c)

na>.^�e�k¼ê��²��äNO�L§µ

P�k¼êJν(ωnr) = Rn(r), KRn(r)÷vBessel�§§=k:

(rR′n)
′
+

(
ω2
nr −

ν2

r

)
Rn = 0 (ν ≥ 0)

dªü>Ó¦±rR′n,érl0�aÈ©��µ∫ a

0

(
rR′n

)′
rR′n dr +

∫ a

0

(
ω2
nr −

ν2

r

)
rRnR

′
n dr = 0

��µ
1

2

[(
rR′n

)2
+ (ω2

nr
2 − ν2)R2

n(r)
]
|a
0
− ω2

n

∫ a

0
rR2

n(r) dr = 0

duν 6= 0�§Rn(r) |r=0= Jν(ωnr) |r=0= Jν(0) = 0,,	N2
νn = ||Rn(r))||2 =

∫ a
0 rR

2
n(r),

ù�þª=z�µ

a2

2
ω2
n[J ′ν(ωna)]2 +

1

2
(ω2
na

2 − ν2)J2
ν (ωna) = ω2

nN
2
νn . (3.4.16)

31�a>.^�eµJν(ωna) = 0,@oþª{z�µ

N2
ν1n =

a2

2
[J ′ν(ωna)]2 (3.4.17)

2d4íúªµ(
x−νJν(x)

)′
= −x−νJν+1(x)⇔ xJ ′ν(x)− νJν(x) = −xJν+1(x)

Ú^�Jν(ωna) = 0,�Ñ

ωnaJ
′
ν(ωna)− νJν(ωna) = −ωnaJν+1(ωna) =⇒ J ′ν(ωna) = −Jν+1(ωna)
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¤±

N2
ν1n =

a2

2
[Jν+1(ωna)]2

aq/§·���ÑÙ§üa>.^�e��²�L«ª"

~3.4.4¦±e�k�¯K��k�Ú�k¼ê§�Ñ�k¼ê��²�,¿

�Ñrf(x)3�k¼êXeÐm�L«ª"x
2y′′ + xy′ + λx2y = 0, (0 < x < a)

|y(0)| < +∞, y(a) = 0.

):d�k�¯K´"��l��§�k�¯K(éAëêν = 0),d

�m��§�k�¯K�(Ø,ÎÜ|y(0)| < +∞�)äk/ªµ

y(x) = CJ0(ωx), (λ = ω2, ω ≥ 0)

ry(x)�L�ª�\,��à:a�>.^�§�Ñ(½ω��§µ

J0(ωa) = 0

�d�ê�§�1n����ωn,·�Ò���k�Ú�k¼êµ

λn = ω2
n (n = 1, 2.....), yn(x) = J0(ωnx) .

5¿�3mà:x = a�Ñ�´1�a>.^�§�â�m��§�k�¯
K31�a>.^�e��²�úªµ

N 2
0n = ||J0(ωnx)||2 =

1

2
a2J2

1 (ωna)

2�â�m�¼êXe�2ÂFourierÐmúªµ

f(x) =
+∞∑

1

CnJ0(ωnx)

Ù¥

Cn =
1

N 2
0n

∫ a

0

xf(x)J0(ωnx)dx

Ù¥

N 2
0n =

1

2
a2J2

1 (ωna)

~3.4.5�ωn (n = 1, 2...)´J0(x) = 0��N��§òf(x) = 1− x230 ≤ x ≤ 1
Uì{J0(ωnx)}�2ÂFourierÐm
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)µ�

1− x2 =
+∞∑
n=1

CnJ0(ωnx),

Ù¥

Cn =
1

N 2
01n

∫ 1

0

x(1− x2)J0(ωnx)dx =
1

N 2
01nω

2
n

∫ ωn

0

(1− t2

ω2
n

)tJ0(t)dt (-t = ωn x)

=
1

N 2
01nω

2
n

[
(1− t2

ω2
n

)tJ1(t)|ωn0 +
2

ω2
n

∫ ωn

0

t2J1(t) dt

]
=

2

ω2
nJ

2
1 (ωn)

.
2

ω2
n

t2J2(t)|ωn0 =
4J2(ωn)

ω2
nJ

2
1 (ωn)

.

±þN 2
01n´1n��k¼ê�â11a>.^���²�úª(3.4.15.a)�Ñ

�§=

N 2
01n =

1

2
J2

1 (ωn), (¦^úª�äNéAëêµν = 0, a = 1)

qd4í'Xµ

J2(x) =
2

x
J1(x)− J0(x)

±9J0(ωn) = 0�µ

J2(ωn) =
2J1(ωn)

ωn
,

Ï

Cn =
8

ωn3J1(ωn)

¤±

1− x2 =
+∞∑
n=1

(
8

ωn3J1(ωn)

)
J0(ωnx),

~3.4.6¦)½)¯Kµ
∆3u = 0, (r < a, 0 < z < h)

∂u

∂r
|r=a= 0,

u |z=0= 0, u |z=h= f(r).

):æ^Î�I§d½)^�§��u(r, z),�§{z�µ

∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
= 0,
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�©lCþµu(r, z) = R(r)Z(z),�\�§�µ

R′′ +
1

r
R′

R
= −Z

′′

Z
= −λ

¤±

R′′ +
1

r
R′ + λR = 0, Z ′′ − λZ = 0

�\�Îý¡�½)^�¿�Ä�)�k.5§·����k�¯KµR
′′ +

1

r
R′ + λR = 0, (r < a)

|R(0)| < +∞, R′(a) = 0.

ù´"�Bessel�§�k�¯K§�â�'(Ø§�k��µ

λn = ω2
n, ω0 = 0, ωn�J ′0(ωa) = 0�1n���"

�A��k¼ê�µ

R0(r) = J0(0) = 1, Rn(r) = J0(ωnr), n ≥ 1

rλn = ω2
n�\Z(z)��§��µ

Z0(z) = C0 +D0z, Zn(z) = Cn coshωnz +Dn sinhωnz

-

u(r, z) = C0 +D0z +
+∞∑
n=1

(Cn coshωnz +Dnsinhωnz)J0(ωnr) (1)

��d�Îþe.�^�½ÑFourierXêµ

u |z=0= C0 +
+∞∑
n=1

CnJ0(ωnr) = 0⇒ Cn = 0

u |z=h= D0h+
+∞∑
n=1

Dn sinhωnhJ0(ωnr) = f(r) (2)

�â3Bessel¼êXe�2ÂFourierÐmXê(½úª§dþª(2)�

�µ

D0h =
1

N 2
00

∫ a

0

f(r)rdr, Dn sinhωnh =

∫ a

0

f(r)J0(ωnr)rdr

N 2
0n

(3)
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Ù¥N 2
0n´±þ"�Bessel�§�k�¯K�1n��k¼ê��²�,=

N 2
00 = ||J0(0)||2, N 2

0n = ||J0(ωnr)||2

dBessel�§�k�¯K31�a>.^�e�k¼ê��²�úª:

N 2
νn =

1

2

[
a2 − ν2

ω2
n

]
J2
ν (ωna)

r�¯K¥ëêν = 0�\,Ïd

N 2
00 =

a2

2
J2

0 (0) =
a2

2
, N 2

0n =
1

2
a2J2

0 (ωna)

d(J�\(3),��µ

D0 =
2

a2h

∫ a

0

f(r)rdr, Dn =

2

∫ a

0

f(r)J0(ωnr)rdr

a2J2
0 (ωna) sinhωnh

r±þ¦��Xê�\)�L«ª(1)Ò�Ñd½)¯K�)"

~3.4.7¦)½)¯Kµ
∂u

∂t
= a2∆2u, (t > 0, , r =

√
x2 + y2 < r0)

u |r=r0= 0,

u |t=0= ϕ(r cos θ, r sin θ) = Φ(r, θ) .

(1)

):34�Ie§�§z�µ

∂u

∂t
= a2

[
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2

∂2u

∂θ2

]
,

�©lCþµu = T (t)R(r)Θ(θ),�\�§�µ

T ′(t)

T
= a2

R′′ + 1

r
R′

R
+

1

r2

Θ′′

Θ

 ,
3dª¥§-

Θ′′

Θ
= −µ,

R′′ +
1

r
R′

R
+

1

r2

Θ′′

Θ
= −λ .

¤±���X��©�§µ

Θ′′ + µΘ = 0,
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r2R′′ + rR′ +
(
λr2 − µ

)
R = 0,

±9

T ′(t) + λa2T = 0. (2)

2éΘ(θ)N\±Ï5^�Θ(θ) = Θ(θ + 2π),3r = 0N\g,>.^�|R(0)| < +∞,

K��Ik�¯Kµ Θ′′ + µΘ = 0,

Θ(θ) = Θ(θ + 2π)
(3)

±9 r
2R′′ + rR′ +

(
λr2 − µ

)
R = 0, (r < r0)

|R(0)| < +∞, R(r0) = 0.
(4)

)�k�¯K(3)�µ

µm = m2, (m = 0, 1, 2..., ) Θm(ϕ) = Cm cosmθ +Dm sinmθ

rµm = m2�\�k�¯K(4), ù�R(r)÷v�m�Bessel�§��k�
¯K§)�µ

λn = ω2
mn, ωmn�Jm(ωr0) = 0�1n���"

�A��k¼ê�µ

Rmn(r) = Jm(ωmnr), n ≥ 1

rλn = ω2
mn�\T (t)÷v��§§��µ

Tmn(t) = ce−a
2ω2

mnt,

r±þ¦��©lCþ/ª)U\§��

u(t, r, θ) =
+∞∑
m=0

+∞∑
n=1

(Cmn cosmθ +Dmn sinmθ)Jm(ωmnr)e
−a2ω2

mnt

�\>.^�µ

u |t=0=
+∞∑
m=0

+∞∑
n=1

(Cmn cosmθ +Dmn sinmθ)Jm(ωmnr) = Φ(r, θ)

ù´��¼êΦ(r, θ)Uì¼êX{Jm(ωmnr) cosmθ, Jm(ωmnr) sinmθ}��
2ÂFp�?êÐm"Ù¥ÐmXê�µ

Cmn =
δm

πr0
2J2

m+1(ωmnr0)

∫ r0

0

∫ 2π

0

Φ(r, θ) cosmθJm(ωmnr) rdθdr.
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Ù¥

δm =

 1, �m = 0

2, m > 0.

Dmn =
2

πr0
2J2

m+1(ωmnr0)

∫ r0

0

∫ 2π

0

Φ(r, θ) sinmθJm(ωnmr) rdθdr.

~3.4.8 ¦yJ 1
2
(x)´Ð�¼ê§¿?�Úy²¤k��ê��m�¼êÑ

´Ð�¼ê"

)KJ«:Ï�Ð�¼êÑk�A��?êL«§¤±��âJ 1
2
(x) �2Â�?êL�ª§

ØyÙ´Ð�¼ê"qduJ 3
2
(x) = J( 1

2
+1)(x)§¤±J 3

2
(x)ÒUdJ 1

2
(x)4íÑ5§Ïd�±�

âJ 1
2
(x)´Ð�¼êØù�¯¢ØyÑJ 3

2
(x)�´Ð�¼ê§,�±daí§?�Ú`²¤k��

ê��m�¼êÑ´Ð�¼ê"

y²µdJν(x)�L�ªµ

Jν(x) =
+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(x
2

)2k+ν

·���µ

J 1
2
(x) =

+∞∑
k=0

(−1)k

k!Γ(k + 1
2 + 1)

(x
2

)2k+ 1
2

=
(x

2

)− 1
2

+∞∑
k=0

(−1)k

k!Γ(k + 1
2 + 1)22k+1

x2k+1 (1)

|^Γ¼ê�4íúªµΓ(x+ 1) = xΓ(x),±9Γ(1
2) =

√
π·���µ

k!Γ(k +
1

2
+ 1)22k+1 = 22k+1k!(k +

1

2
)(k − 1

2
)....

1

2
Γ(

1

2
)

= (2k)!!(2k + 1)!!
√
π = (2k + 1)!

√
π

þª�\J 1
2
(x)L�ª(1)ª§·���µ

J 1
2
(x) =

(x
2

)− 1
2

+∞∑
k=0

(−1)k

(2k + 1)!
√
π
x2k+1

=

√
2

πx

+∞∑
k=0

(−1)k

(2k + 1)!
x2k+1 =

√
2

πx
sinx

ù�Òy²
J 1
2
(x)´Ð�¼ê§e¡·�y²n > 1�ÿ,Jn+ 1

2
(x)�´Ð�

¼ê§̄ ¢þ§|^��n�ü�Bessel¼ê�4íúªµ(
1

x

d

dx

)n
(x−νJν) = (−1)nx−(ν+n)Jν+n
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rdª¥�ν�¤1
2§¿|^®²y²�ªJ 1

2
(x) =

√
2
πx sinx,��µ

Jn+ 1
2
(x) = (−1)n

√
2

π
xn+ 1

2

(
1

x

d

dx

)n(
sinx

x

)
ÏdJn+ 1

2
(x)´Ð�¼ê"aq/§2|^,����n��Bessel¼ê�

4íúª: (
1

x

d

dx

)n
(xνJν) = xν−nJν−n

�±y²J−(n+ 1
2 )(x)´Ð�¼ê"nþÒ���²
���1�a��Bessel¼

ê´Ð�¼ê§��2y²1�a��Bessel¼êÒ��¤y²"̄ ¢þ§ν´
��ê�§1�aBessel¼ê½Â�

Nν(x) =
cos νπ

sin νπ
Jν(x)− 1

sin νπ
J−ν(x),

dª¥rν�¤n+ 1
2 ,Kk

Nn+ 1
2
(x) = (−1)n+1J−(n+ 1

2 )(x)

ù�§d1�a��Bessel¼ê´Ð�¼ê�(Ø·�Òg,y²Ñ1�
a��Bessel¼ê´Ð�¼ê"

JCþ�Bessel�§

JCþ�ν�Bessel�§�:

x2y′′ + xy′ − (x2 + ν2)y = 0 (ν ≥ 0)

�gCþO�ξ = ix,Ò�z�ν�Bessel�§

ξ2d
2y

dξ2
+ ξ

dy

dξ
+ (ξ2 − ν2)y = 0 (ν ≥ 0)

dBessel�§�Ï)�L�ª��ν�JCþ�Bessel�§Ï)´µ

y(x) = CJν(ix) +DNν(ix).

Ï~Ú?ü�¢¼êµ

Iν(x)
d
= e−i

νπ
2 Jν(ix) =

+∞∑
k=0

1

k!Γ(k + ν + 1)

(x
2

)2k+ν

Kν(x)
d
=
π[−Iν(x) + I−ν(x)]

2 sin νπ
(ν 6= n), Kn(x) = lim

ν→n
Kν(x) ( n��ê)

Iν(x), Kν(x)E,´ν�JCþ�Bessel�§�)§©O¡�ν�JCþBessel¼
ê§�ν�JCþ�Bessel�§�Ï)�L«�µ

y(x) = AIν(x) +BKν(x)
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~3.4.9�»�ap�h�þ!�Î§ý¡6\rÝ�q§þe.§Ýþ�0,¦
�ÎNS§Ýu÷v>�¯Kµ

∆3u = 0, r < a, 0 < z < h

k
∂u

∂r
|r=a = q, k�9D�Xê

u |z=0= 0, u |z=h= 0.

)µ�ì½)^�/ª§��u = u(r, z),K�½�§z{�µ

∆3u =
1

r

∂

∂r

(
r
∂u

∂r

)
+
∂2u

∂z2
= 0

�©lCþµu = R(r)Z(z),¿�\z = 0, z = h�>.^�§���k�¯
Kµ Z

′′ + λZ = 0, (0 < z < h)

Z(0) = Z(h) = 0.
(1)

Ú

(rR′)′ − λrR = 0 (2)

dZ(z)÷v��k�¯K(1),)��k�Ú�k¼ê©O�µ

λn =
(nπ
h

)2

, Zn(z) = sin
nπ

h
z, n = 1, 2, ...

ù�R(r)�§�µ

r2R′′ + rR′ − λnr2R = 0, (λn = (
nπ

h
)2) (3)

²L�IC�§x =
√
λnr, y(x) = R( x√

λn
),C¤"�JCþ�Bessel�§:

x2y′′ + xy′ − x2y = 0 (4)

dJCþ�Bessel�§�(Ø§�§Ï)´µ

y(x) = CI0(x) +DK0(x) (5)

du§Ýu�´k.�§K0(x)3x = 0Ã.§¤±)�¹K0(x)�Ü©�
��§=D = 0. ù��§(3)�k.)´

Rn(r) = I0(
nπ

h
r)

dU\�n§��µ

u(r, z) =
+∞∑
n=1

CnI0(
nπ

h
r) sin

nπ

h
z
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�\>.^�µ

∂u

∂r
|r=a =

∑ nπ

h
CnI

′
0(
nπ

h
a) sin

nπ

h
z =

q

k

Ù¥Xê

Cn =
h

nπI ′0(
nπ
h a)

1

|| sin nπ
h z||2

∫ h

0

q

k
sin

nπ

h
zdz

2|^4íúª

I ′0(x) = I1(x)

±9

|| sin nπ
h
z||2 =

∫ h

0

sin2 nπ

h
zdz =

h

2
,

Ú ∫ h

0

q

k
sin

nπ

h
zdz =

qh

knπ
[1− (−1)n]

�\Cn�L�ª§��µ

Cn =


0, n = 2m,

4hq

k(2m+ 1)2π2I1(
2m+1
h πa)

, n = 2m+ 1.

u´����d½)¯K�)µ

u(r, z) =
4hq

kπ2

+∞∑
m=0

(
1

(2m+ 1)2I1(
2m+1
h πa)

)
I0(

2m+ 1π

h
r) sin

2m+ 1π

h
z

~3.4.10 �H(x) = aJν(ix)§x ∈ R�H(x)���¢ê§¦÷v^��E
êa"

)KJ«: aJν(ix)´JCþBessel�§�)§�|^Jν(x)�L�ª§�ÑaJν(ix)�L«ª§

ÀJ·�a�Ò���L�ª¥�Eê¤©§¦Ù¤�¢¼ê§l�ÑJCþBessel�§�¢¼

ê)"

)µ

Jν(x) =
+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(x
2

)2k+ν

Ï

Jν(ix) =
+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(
ix

2

)2k+ν

(1)

du

i2k+ν = (−1)kiν (2)
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(Üª(1), (2),·�kµ

H(x) = aJν(ix) =
+∞∑
k=0

aiν

k!Γ(k + ν + 1)

(x
2

)2k+ν

(3)

dþª§H(x)´¢¼ê�^�´aiν = h =¢ê,Ïd¦Ñ

a =
h

iν
=

h

eν ln i
=

h

eiν
π
2

= he−i
νπ
2 , Ù¥h�¢ê"

Bessel¼ê�k�UÑy3�Î/«�¯K¥§±eÒ´��~fµ

~3.4.11¦)\�p�Ä�½)¯Kµ

∂2u

∂t2
= a2 1

x

∂

∂x

(
x
∂u

∂x

)
, (0 < x < l)

∂u

∂x
|x=l= 0,

u |t=0= ϕ(x),
∂u

∂t
|t=0= 0.

)µ̂ ©lCþ¦)§��u(t, x) = T (t)X(x),�\�§Úàg>.^

�§�\�§¿(Ü>.^����k�¯Kµ§���k�¯Kµ
1

x
(xX ′)

′
+ λX = 0, (0 < x < l)

X(0)k., X ′(l) = 0.
(1)

Ú~�©�§

T ′′ + λa2T = 0. (2)

dX(x)÷v��k�¯K(1),)��k�

λ0 = 0, λn = ω2
n (n ≥ 1), ωn´J ′0(ωl) = −J1(ωl) = 0�1n���

Ú�k¼ê�µ

X0 = J0(0) = 1, Xn(x) = J0(ωnx)

�A)�µ

T0(t) = A0 +B0t, Tn(t) = An cos aωnt+Bn sin aωnt, n ≥ 1

dU\�n§��µ

u(t, x) = A0 +B0t+
+∞∑
n=1

(An cos aωnt+Bn sin aωnt) J0(ωnx),
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�\Ð�^�µ

u |t=0= A0 +
+∞∑
n=1

AnJ0(ωnx) = ϕ(x)

Ú

∂u

∂t
|t=0= B0 +

+∞∑
n=1

aωnBnJ0(ωnx) = 0

2|^Bessel − FourierXê(½úª§)�µ

Bn = 0, n = 0, 1, 2....,

±9

A0 =
2

l2

∫ l

0

xϕ(x)dx, An =
2

l2J2
0 (ωnl)

∫ l

0

xϕ(x)J0(ωnx)dx

¥Bessel�§Ú¥Bessel¼ê

¥Bessel�§�

x2y′′ + 2xy′ + [x2 − l(l + 1)]y = 0,

-

z(x) =
√
x y(x)

¥Bessel�§z�l + 1
2�Bessel�§:

x2z′′ + xz′ +

[
x2 − (l +

1

2
)2

]
z = 0

�âBessel�§)�(Ø

z(x) = CJl+ 1
2
(x) +DNl+ 1

2
(x)

Ïd¥Bessel�§k�A)µ

y(x) =
C√
x
Jl+ 1

2
(x) +

D√
x
Nl+ 1

2
(x),
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1oÙµÈ©C��{µ

��ÙVãµ

È©C��{´¦)êÆÔn�§�q���{§Ù��:Ò´Ï

LÈ©C���{r,
½)¯K|^È©C��C¤�¼ê�½)¯K,

�¼êéA�¯K  �'�¯KN´)û"ù�)Ñ�¼ê�§2Ï

L�C�Ò�Ñ�½)¯K�)"�ÙÌ�ùã
~^�FourierC�(�

)�{uC�), LaplaceC��Ä�Ú½ÚÄ�úª"

ÏL�ÙÆS§·�Äk�²(È©C�{�Ä�g�§¿UÙöÝ

ºFourierC�ÚLaplaceC��Ä���{ÚÚ½"

4.1 FourierC�¦){

(1)FourierC��½Âµ

�C�µF (λ) = F [f(x)] =

∫ +∞

−∞
f(x)e−iλxdx, (4.1.1.a)

�C�µf(x) =
1

2π

∫ +∞

−∞
F (λ)eiλxdλ. (4.1.1.b)

(2)FourierC��Ì�5�µ

1.�55�

F [c1f1(x) + C2f2(x)] = c1F [f1(x)] + c2F [f2(x)]

2.ª£5�µ

F [f(x)eiλ0x] = F (λ− λ0)

y²µ

F [f(x)eiλ0 x] =

∫ +∞

−∞
f(x)eiλ0 xe−iλxdx =

∫ +∞

−∞
f(x)e−i(λ−λ0)x dx = F (λ− λ0)

3.�©'X: ùp:�rN�´�©'Xù���5�§=

F (f ′(x)) = iλF (λ), F (f ′′(x)) = (iλ)2F (λ), ..., F (f (n)(x)) = (iλ)nF (λ).

±þéf (n)(x)�FourierC��§b½f(±∞) = f ′(±∞) = ...f (n−1)(±∞) = 0.
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y²µ

F [f ′(x)] =

∫ +∞

−∞
f ′(x)e−iλxdx =

∫ +∞

−∞
e−iλxdf(x)

= e−iλx f(x) |+∞−∞ −
∫ +∞

−∞
f(x)d(e−iλx)

= iλ

∫ +∞

−∞
f(x)e−iλxdx = iλF (λ)

aq/§�?�Úy²F [f (n)(x)] = (iλ)nF (λ)

ÏL-�©'X.ù��5�·�uy: 3C��c§¼ê�U¹k

éx����ê,�C����¼êÒØ2¹kéλ��ê
§¤±§²FourierC

�C��§�AÜ©��©$�ÒC¤
�ê$�§ÏdC���A�¯

KJÝÒü$
"'X§éu�5¹kü�gCþ� �©�§§²LéÙ

¥��gCþ�FourierC�§ �©�§Ò/ªþC¤~�©�§
(Ï�

�¼ê�ACþØ2¹k�ê
)

4.òÈ5�µ XF [f(x)] = F (λ), F [g(x)] = G(λ),K

F [f(x) ∗ g(x)] = F (λ)G(λ)

Ù¥f(x) ∗ g(x)´f(x)Úg(x)�òÈ$�§=

f(x) ∗ g(x) =

∫ +∞

−∞
f(x− τ)g(τ)dτ

±�§·�Ï~^�ù�úª�_/ª§=µ

F−1[F (λ)G(λ)] = f(x) ∗ g(x)

5.È©5�µ�F [f(x)] = F (λ),
∫ x
−∞ f(ξ)dξ�FourierC��3§K

F

[∫ x

−∞
f(ξ)dξ

]
=

1

iλ
F (λ)

y²µPg(x) =

∫ x

−∞
f(ξ)dξ,¿PF [g(x)] = G(λ),d�©5�

F [g′(x)] = iλG(λ) = F [f(x)] = F (λ) =⇒ G(λ) =
1

iλ
F (λ)

(3) FourierC�¦){�Ä�Ú½

1)éÑFourierC��^�gCþ§�á�¼ê"
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lFourierC�½Â�±wÑ§FourierC��^�gCþ7L´½Â3�

��þ§'XÃ��\9D�¯K´µ
∂u

∂t
= a2∂

2u

∂x2
(t > 0, −∞ < x < +∞)

u |t=0= ϕ(x).

d¯K�x���´���§=−∞ < x < +∞, éx�FourierC�,=-

u(t, λ) = F [u(t, x)] =

∫ +∞

−∞
u(t, x)e−iλxdx

2)é�½)¯K?1FourierC�§¦Ñ�¼ê÷v�½)¯K.

3)¦)�¼ê÷v�½)¯K§¦Ñ�¼ê(Ï�²LC��§�¼ê

÷v��§��AÜ©��©$�ÒC¤
�ê$�§¤±¦)�¼ê�

'¦)�¯Kü$
JÝ)"

4)��C�§�ª¦Ñ�½)¯K�)"

~4.1.1|^FourierC��{¦)9D�àgÐ�¯Kµ
∂u

∂t
= a2∂

2u

∂x2
, (t > 0,−∞ < x < +∞)

u |t=0= ϕ(x)

): �FourierC�§=�

u(t, λ) = F [u(t, x)] =

∫ +∞

−∞
u(t, x)e−iλxdx,

ù�µ

F [
∂2u

∂x2
] = (iλ)2u = −λ2u, F [

∂u

∂t
] =

du

dt
.

¿PF [ϕ(x)] = ϕ(λ),ù�,�Ð�¯K²FourierC���µ
du

dt
= −a2λ2u,

u |t=0= ϕ(λ)

)u�~�©�§��µ

u(t, λ) = C(λ) e−a
2λ2t

|^u |t=0= ϕ(λ),½ÑC(λ) = ϕ(λ),ù�µ

u(t, λ) = ϕ(λ)e−a
2λ2t
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e¡?1Fourier�C�§Äk

F−1[e−a
2λ2t] =

1

2π

∫ +∞

−∞
e−a

2λ2teiλxdλ

=
1

2π

∫ +∞

−∞
e−a

2λ2t cosλxdλ =
1

2a
√
πt

exp(− x2

4a2t
) .

ù�,

u(t, x) = F−1[u(t, λ)] = F−1[ϕ(λ)e−a
2λ2t] = ϕ(x) ∗ 1

2a
√
πt

exp(− x2

4a2t
)

=
1

2a
√
πt

∫ +∞

−∞
ϕ(ξ) exp(−(x− ξ)2

4a2t
)dξ

54.1.1du3�È©ÚEC¼ê¥§®²�Ñ±eÈ©µ∫ +∞

−∞
exp (−ax2) cos bxdx =

√
π

a
exp

(
− b

2

4a

)
, (a > 0)

Ïdþ~¥´��Ú^
d(J§�Ñ

1

2π

∫ +∞

−∞
e−a

2λ2t cosλxdλ =
1

2a
√
πt

exp(− x2

4a2t
) .

~4.1.2|^FourierC��{¦��9D��àgÐ�¯Kµ
∂u

∂t
= a2∂

2u

∂x2
+ f(t, x), (t > 0,−∞ < x < +∞)

u |t=0= ϕ(x)

): éCþx�FourierC�§=�u(t, λ) = F [u(t, x)], ù�µ

F [
∂2u

∂x2
] = −λ2u, F [

∂u

∂t
] =

du

dt
.

¿PF [f(t, x)] = f(t, λ), F [ϕ(x)] = ϕ(λ)ù�,�Ð�¯K²FourierC��
�µ 

du

dt
= −a2λ2 u+ f(t, λ),

u |t=0= ϕ(λ)

|^��~�©�§¦)úª��:

u(t, λ) = e−a
2λ2t

(∫ t

0

ea
2λ2τf(τ, λ)dτ +m(λ)

)
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|^u |t=0= ϕ(λ),½Ñm(λ) = ϕ(λ),ù�µ

u(t, λ) =

(∫ t

0

e−a
2λ2(t−τ)f(τ, λ)dτ

)
+ ϕ(λ)e−a

2λ2t

e¡?1Fourier�C�§d®��Fourier�C�úª,=

F−1[e−a
2λ2t] =

1

2a
√
πt

exp(− x2

4a2t
),

ù�

F−1[ϕ(λ)e−a
2λ2t] = ϕ(x) ∗ 1

2a
√
πt

exp(− x2

4a2t
)

=
1

2a
√
πt

∫ +∞

−∞
ϕ(ξ) exp(−(x− ξ)2

4a2t
)dξ

duFourier�C�´éλ�È©§�tÃ',Kµ

F−1

[(∫ t

0

e−a
2λ2(t−τ)f(τ, λ)dτ

)]
=

∫ t

0

F−1
(
e−a

2λ2(t−τ)f(τ, λ)
)
dτ

=

∫ t

0

dτ

∫ +∞

−∞

f(τ, ξ)

2a
√
π(t− τ)

exp(− (x− ξ)2

4a2(t− τ)
)dξ

��·���µ

u = F−1[u(t, λ)] =
1

2a
√
πt

∫ +∞

−∞
ϕ(ξ) exp(−(x− ξ)2

4a2t
)dξ

+

∫ t

0

dτ

∫ +∞

−∞

f(τ, ξ)

2a
√
π(t− τ)

exp(− (x− ξ)2

4a2(t− τ)
)dξ.

~4.1.3|^FourierC��{¦)gdu�ÄÐ�¯Kµ
∂2u

∂t2
= a2∂

2u

∂x2
, (t > 0,−∞ < x < +∞)

u |t=0= ϕ(x), ut |t=0= ψ(x)

)KJ«µd¯K´gdu�ÄÐ�¯K§31�Ù¥�±^Ï){¦)((JÒ´�K��ú

ª)"���|^L|�C��Ó��±¦)�Ñ�K��úª"

):�FourierC�§=�u(t, λ) = F [u(t, x)],ù�µ

F [
∂2u

∂x2
] = −λ2u, F [

∂2u

∂t2
] =

d2u

dt2
.
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�Ð�¯K²FourierC�µ
d2u

dt2
= −a2λ2u,

u |t=0= ϕ(λ), ut |t=0= ψ(λ)

u÷v�´����~Xê�5�§§́ )�§éA�Ï):

u = A(λ)eiλat +B(λ)e−iλat,

�\Ð�^��Ñ(½A(λ)ÚB(λ)��§|µA(λ) +B(λ) = ϕ(λ)

iλaA(λ)− iλaB(λ) = ψ(λ)

)�

A(λ) =
1

2

[
ϕ(λ) +

1

iλa
ψ(λ)

]
B(λ) =

1

2

[
ϕ(λ)− 1

iλa
ψ(λ)

]
ù�)�

u(t, λ) =
1

2

[
ϕ(λ)eiλat + ϕ(λ)e−iλat

]
+

1

2aiλ

[
ψ(λ)eiλat − ψ(λ)e−iλat

]
F−1[ϕ(λ)eiλat] =

1

2π

∫ +∞

−∞
ϕ(λ)eiλateiλx dλ =

1

2π

∫ +∞

−∞
ϕ(λ)eiλ(x+at) dλ = ϕ(x+ at)

Ón: F−1[ϕ(λ)e−iλat] = ϕ(x− at) .qdFourierC��È©5�µF−1[
1

iλ
ψ(λ)] =

∫ x

−∞
ψ(ξ)dξ.

ù�§?�Úkµ

F−1[
1

iλ
ψ(λ)eiλat] =

∫ x+at

−∞
ψ(ξ)dξ, F−1[

1

iλ
ψ(λ)e−iλat] =

∫ x−at

−∞
ψ(ξ)dξ .

Ïd

F−1
[

1

2aiλ

(
ψ(λ)eiλat − ψ(λ)e−iλat

)]
=

1

2a

∫ x+at

x−at
ψ(ξ)dξ

��§(Üu(t, λ)�L«ªkµ

u(t, x) = L−1[u(t, λ)] =
1

2
[ϕ(x− at) + ϕ(x+ at)]+

1

2a

∫ x+at

x−at
ψ(ξ)dξ.

~4.1.4|^FourierC��{¦)XÉ½�ÄÐ�¯Kµ
∂2u

∂t2
= a2∂

2u

∂x2
+ f(t, x), (t > 0,−∞ < x < +∞)

u |t=0= 0, ut |t=0= 0
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)KJ«d¯K´XÉ½u�Ä¯K§31�Ù¥�±^àgz�n)û"���|^L|�C

��Ó��±)ûd¯K§JÝ¿Ø�§¤±�KJø
��)ûXÉ½u�Ä¯K�Ö¿�{.

):�FourierC�§=�u(t, λ) = F [u(t, x)],ù�µ

F [
∂2u

∂x2
] = −λ2u, F [

∂2u

∂t2
] =

d2u

dt2
.

�Ð�¯K²FourierC�µ
d2u

dt2
= −a2λ2u+ f(t, λ), (t > 0)

u |t=0= 0, ut |t=0= 0

u÷v�´���àg�§§́ )�§éA�àg�§Ï):Aeiλat +Be−iλat,
ù��±|^~êC´{§�

u = C(t, λ)eiλat +D(t, λ)e−iλat,

d�È©�~êC´{úªµC(t, λ)ÚD(t, λ)d±e�§|(½µC
′(t, λ)eiλat +D′(t, λ)e−iλat = 0

C ′(t, λ)(eiλat)′ +D′(t, λ)(e−iλat)′ = f(t, λ)

Ù¥¦�ÎÒ′L«éCþt¦�"ù�)�µ

C ′(t, λ) =
e−iλat

2iλa
f(t, λ), D′(t, λ) = − e

iλat

2iλa
f(t, λ)

þªÈ©�

C(t, λ) =

∫ t

0

e−iλaτ

2iλa
f(τ, λ)dτ +m1(λ)

D(t, λ) = −
∫ t

0

eiλaτ

2iλa
f(τ, λ)dτ +m2(λ)

ù�)�

u(t, λ) = C(t, λ)eiλt +D(t, λ)e−iλt

=

(∫ t

0

e−iλaτ

2iλa
f(τ, λ)dτ +m1(λ)

)
eiλat

−
(∫ t

0

eiλaτ

2iλa
f(τ, λ)dτ +m2(λ)

)
e−iλat

dÐ�^�,=u |t=0= ut |t=0= 0,(½Ñm1(λ) = m2(λ) = 0,ù�(½Ñ�

¼êµ

u(t, λ) =

∫ t

0

(
eiλa(t−τ)

2iλa
− e−iλa(t−τ)

2iλa
)f(τ, λ)dτ (1)
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e¡?1�C�µF−1[f(τ, λ)] = f(t, x),2dFourierC��È©5�µ

F−1[
1

iλ
f(τ, λ)] =

∫ x

−∞
f(τ, ξ)dξ

¤±

F−1[eiλa(t−τ) 1

iλ
f(τ, λ)] =

∫ x+a(t−τ)

−∞
f(τ, ξ)dξ

Ón

F−1[e−iλa(t−τ) 1

iλ
f(τ, λ)] =

∫ x−a(t−τ)

−∞
f(τ, ξ)dξ

d±þüª±9u(t, λ)L«ª(1),����

u(t, x) = F−1[u(t, λ)] =
1

2a

∫ t

0

dτ

∫ x+a(t−τ)

x−a(t−τ)

f(τ, ξ)dξ .

54.1.2±þ~f¥�¼ê�§
d2u

dt2
= −a2λ2u+ f(t, λ), (t > 0)

u |t=0= 0, ut |t=0= 0

´^~êC´{¦)�§�rd¯K����'ut�~�©�§Ð�¯K§

��^LaplaceC�¦)"

~4.1.5∗|^FourierC��{¦)µutt + a2uxxxx = 0, (t > 0,−∞ < x < +∞)

u |t=0= ϕ(x), ut(0, x) = ψ(x)

)µ±x�È©Cþ�FourierC�§�u(t, λ) = F [u(t, x)] =

∫ +∞

−∞
u(t, x)e−iλxdx,

ù�µF [uxxxx] = (iλ)4u = λ4u,¿Pϕ(λ) = F [ϕ(x)], ψ(λ) = F [ψ(x)]. Ï
d±þ½)¯K�FourierC����:

d2u

dt2
+ a2λ4u = 0, (t > 0)

u(0, λ) = ϕ(λ), ut(0, λ) = ψ(λ)

)u(t, λ)��§,��:

u(t, λ) = A(λ) cos aλ2t+B(λ) sin aλ2t
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|^u(t, λ)�Ð�^�§=µ

u(0, λ) = ϕ(λ), ut(0, λ) = ψ(λ),

äN½Ñ

u(t, λ) = ϕ(λ) cos aλ2t+
ψ(λ)

aλ2
sinaλ2t

|^Fourier�C�(Øµ

F−1[cos aλ2t] =
1

2
√

2πat

(
cos

x2

4at
+ sin

x2

4at

)
,

F−1[sin aλ2t] =
1

2
√

2πat

(
cos

x2

4at
− sin

x2

4at

)
±9FourierC��È©5�µ

F [

∫ x

−∞
f(ξ)dξ] =

1

iλ
f(λ)

��µ

u(t, x) = F−1[ϕ(λ)] ∗ F−1[cos aλ2t]− F−1
[
ψ(λ)

a(iλ)2

]
∗ F−1[sin aλ2t],

= ϕ(x)∗ 1

2
√

2πat

(
cos

x2

4at
+ sin

x2

4at

)
− g(x)∗ 1

2
√

2πat

(
cos

x2

4at
− sin

x2

4at

)
,

Ù¥g(x)=
1

a

∫ x

−∞
dη

∫ η

−∞
ψ(τ)dτ.

~4.1.6|^FourierC�¦)µuxx + uyy = 0, (y > 0,−∞ < x < +∞)

u |y=0= ϕ(x).

)KJ«: d¯K��Ò´3þ�²¡½Â�Laplace�§�>�¯K§;.�)û�{´1Ê

Ù�Ñ���¼ê{"�·�5¿�d¯K¥gCþµ−∞ < x < +∞,2(Ü�¯K�äN/

ª,�¯K��±^FourierC�5¦)(±x��È©Cþ)

): ±x��È©Cþ?1FourierC�µ=

u(λ, y) = F [u(x, y)] =

∫ +∞

−∞
u(x, y)e−iλxdx

K

F [uxx] = −λ2u, F [uyy] =
d2u

dy2
,
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2PF [ϕ(x)] = ϕ(λ)§ù��½)¯K²LFourierC�§��µ
d2u

dy2
− λ2u = 0, (y > 0)

u |y=0= ϕ(λ).

d�½�§)�µ

u = c1(λ)e−λy + c2(λ)eλy.

Ù¥c1(λ)Úc2(λ)�½.

duy > 0,��yu(λ, y)�k.5,�λ ≥ 0�§���3e−λy/ª�)§
�λ < 0�§���3eλy/ª�)§¤±µ

u(λ, y) =

c1(λ)e−λy (λ ≥ 0)

c2(λ)eλy, (λ < 0).

2d^�u |y=0= ϕ(λ),½Ñc1(λ) = c2(λ) = ϕ(λ),¤±

u(λ, y) = ϕ(λ)g(λ, y),Ù¥g(λ, y) =

e
−λy, (λ ≥ 0)

eλy, (λ < 0)

e¡?1�C�§kO�F−1[g(λ, y)],dFourier�C�½Â

F−1[g(λ, y)] =
1

2π

∫ +∞

−∞
g(λ, y)eiλxdλ

=
1

2π

(∫ 0

−∞
eλyeiλxdλ+

∫ +∞

0

e−λyeiλxdλ

)
=

1

2π

(
1

y + ix
− 1

−y + ix

)
=
y

π

1

x2 + y2

��§dFourier�C��òÈ5�,·�)�½)¯K�)µ

u(x, y) = F−1[ϕ(λ)] ∗ F−1[g(λ, y)]

= ϕ(x) ∗
(
y

π

1

x2 + y2

)
=
y

π

∫ +∞

−∞

ϕ(ξ)

(x− ξ)2 + y2
dξ

p�FourierC�µ
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Ó�éA�gCþ?1C��FourierC�´p�FourierC�§±n��

~µ

�C� : F (λ, µ, ν) =

+∞∫∫∫
−∞

f(x, y, z)e−i(λx+µy+νz)dxdydz

�C� : f(x, y, z) =
1

(2π)3

+∞∫∫∫
−∞

F (λ, µ, ν)ei(λx+µy+νz)dλdµdν

aq/k�©5�µ

F [
∂f

∂x
] = iλF [f ], F [

∂f

∂y
] = iµF (f), F [

∂f

∂z
] = iνF (f)

?�Ú

F [
∂2f

∂x2
] = (iλ)2F [f ] = −λ2F [f ], F [

∂2f

∂y2
] = −µ2F [f ], F [

∂2f

∂z2
] = −ν2F [f ]

AOµ

F [∆3u] = −
(
λ2 + µ2 + ν2

)
u

~4.1.7|^FourierC��{¦)p�9D�àgÐ�¯Kµ
∂u

∂t
= a2∆3u, (t > 0,−∞ < x, y, z < +∞)

u |t=0= ϕ(x, y, z)

): �FourierC�§=�

u(t, λ, µ, ν) = F [u(t, x, y, z)] =

+∞∫∫∫
−∞

u(t, x, y, z)e−i(λx+µy+νz)dxdydz,

ù�µ

F [
∂u

∂t
] =

du

dt
, F [∆3u] = −(λ2 + µ2 + ν2)u,

¿PF [ϕ(x, y, z)] = ϕ(λ, µ, ν),ù�,�Ð�¯K²FourierC���µ
du

dt
= −a2ρ2u, (ρ2 = λ2 + µ2 + ν2)

u |t=0= ϕ(λ, µ, ν)

)�
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u(t, λ, µ, ν) = ϕ(λ, µ, ν)e−a
2ρ2t

�Fourier�C�:

F−1[e−a
2ρ2t] =

1

(2π)3

+∞∫∫∫
−∞

e−a
2(λ2+µ2+ν2)tei(λx+µy+νz)dλdµdν

=

(
1

2π

∫ +∞

−∞
e−a

2λ2teiλxdλ

)(
1

2π

∫ +∞

−∞
e−a

2µ2teiµydµ

)(
1

2π

∫ +∞

−∞
e−a

2ν2teiνzdν

)
=

(
1

2a
√
πt

)3

exp

(
−x

2 + y2 + z2

4a2t

)
,

u(t, x, y, z) = F−1[u(t, λ, µ, ν)] = F−1[ϕ(λ, µ, ν)] ∗ F−1[e−a
2ρ2t]

= ϕ(x, y, z) ∗
(

1

2a
√
πt

)3

exp

(
−x

2 + y2 + z2

4a2t

)

=

(
1

2a
√
πt

)3
+∞∫∫∫
−∞

ϕ(ξ, η, ζ) exp(−(x− ξ)2 + (y − η)2 + (z − ζ)2

4a2t
)dξdηdζ

~4.1.8|^FourierC�¦)½)¯Kµ
∂u

∂t
= a

∂u

∂x
+ b

∂u

∂y
+ c

∂u

∂z
, (t > 0,−∞ < x, y, z < +∞)

u |t=0= ϕ(x, y, z).

)KJ«: ù´����5 �§�Ð�¯K§�±^1�Ù�A���{5¦)"�l,���

Ýþw§�mCþ(x, y, z) ´��mCþ§ùÎÜFourierC��7�^�"2(Ü�¯K�äN

/ª§·��±ÏLp�FourierC��{5¦)(±x, y, z��È©Cþ)

):±(x, y, z)�È©Cþ�p�FourierC�,=-

u(t, λ, µ, ν) = F [u(t, x, y, z)] =

+∞∫∫∫
−∞

u(t, x, y, z)e−i(λx+µy+νz)dxdydz

dFourierC���©'X��µ

F [
∂u

∂x
] = iλu, F [

∂u

∂y
] = iµu, F [

∂u

∂z
] = iνu,

ù�§²LFourierC�,�½)¯KC��µ
du

dt
= i(λa+ µb+ νc)u

u |t=0= ϕ(λ, µ, ν).
(
Ù¥ϕ(λ, µ, ν) = F [ϕ(x, y, z)]

)
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d±þ�½�§)�µ

u= H(λ, µ, ν)ei(λa+µb+νc)t,
Ù¥H(λ, µ, ν)�½. 2�â^�u |t=0= ϕ(λ, µ, ν),(½ÑH(λ, µ, ν) = ϕ(λ, µ, ν).
=

u = ϕ(λ, µ, ν)ei(λa+µb+νc)t,
e¡?1Fourier�C�¦Ñu(t, x, y, z):

u(t, x, y, z) = F−1[u] =
1

(2π)3

+∞∫∫∫
−∞

u(t, λ, µ, ν)ei(λx+µy+νz)dλdµdν

=
1

(2π)3

+∞∫∫∫
−∞

ϕ(λ, µ, ν)ei(λa+µb+νc)tei(λx+µy+νz)dλdµdν

=
1

(2π)3

+∞∫∫∫
−∞

ϕ(λ, µ, ν)ei(λ(x+at)+µ(y+bt)+ν(z+ct))dλdµdν (1)

duF−1[ϕ(λ, µ, ν)] = ϕ(x, y, z),�Ò´

ϕ(x, y, z) =
1

(2π)3

+∞∫∫∫
−∞

ϕ(λ, µ, ν)ei(λx+µy+νz)dλdµdν (2)

'�±þüª(=ª(1)(2)),����½)¯K�)µ

u(t, x, y, z) = F−1[u] = ϕ(x+ at, y + bt, z + ct)

�{uC�µ

�f(x)´½Â3�Ã.«m[0,+∞)þ�¼ê,K

1. �uC�µ

f s(λ) =

∫ +∞

0

f(x) sinλx dx

�C�µ

f(x) =
2

π

∫ +∞

0

f s(λ) sinλx dλ .

2. {uC�µ

f c(λ) =

∫ +∞

0

f(x) cosλx dx,

�C�µ

f(x) =
2

π

∫ +∞

0

f c(λ) cosλx dλ .
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54.1.1 : �{uC��Fp�C��éXµ

�{uC��±@�´FourierC��û)5C�§±e±{uC��~`²ù�

:µÏ�f(x)½Â���0 ≤ x < +∞, �¦^FourierC�, AT¦f(x)�½Â�*Ð

�−∞ < x < +∞, ,�âUéòÿ��¼ê�FourierC�§XJ´¦^óòÿ§=-

f̂(x) =

 f(x), �x ≥ 0

f(−x), �x ≤ 0

ù�

F [f̂(x)] =

∫ +∞

−∞
f̂(x)e−iλx dx =

∫ +∞

−∞
f̂(x) (cosλx− i sinλx) dx

= 2

∫ +∞

0
f(x) cosλxdx = F (λ)

Pþª¥�
∫ +∞

0
f(x) cosλx dx = f c(λ),Kf c(λ)Ò´f(x)�{uC�§�F (λ) = 2f c(λ).

2¦^Fourier�C�§

f̂(x) =
1

2π

∫ +∞

−∞
F (λ)eiλx dλ =

1

2π

∫ +∞

−∞
F (λ) (cosλx+ i sinλx) dλ

duù�´yF (λ)��A'uλ�ó¼ê§ù�dþª��

f̂(x) =
1

2π

∫ +∞

−∞
F (λ) cosλxdλ =

1

π

∫ +∞

0
(2f c(λ)) cosλxdλ =

2

π

∫ +∞

0
f c(λ) cosλxdλ

�r½Â���3x ≥ 0, Ò���{uC�µ

f(x) =
2

π

∫ +∞

0
f c(λ) cosλxdλ

~4.1.9|^�uC�¦):
∂u

∂t
= a2∂

2u

∂x2
, (t > 0, x > 0)

u(t, 0) = u0, u(0, x) = 0,

u(t,+∞) = ux(t,+∞) = 0 .

):|^�uC�,-

u(t, λ) = Fs[u(t, x)] =

∫ +∞

0

u(t, x) sinλxdx

K

Fs[uxx] =

∫ +∞

0

uxx sinλxdx =

∫ +∞

0

sinλxdux

= (ux sinλx) |+∞0 −
∫ +∞

0

uxd(sinλx) = −λ
∫ +∞

0

cosλxdu



163

= −λu cosλx|+∞0 − λ2

∫ +∞

0

u sinλxdx = λu0 − λ2u

Ï,�¯K²L�uC��,��:
du

dt
= −a2λ2u+ a2λu0

u|t=0 = 0

�¦�:

u =
u0

λ
(1− e−a2λ2t)

����uC�_C�:

u(t, x) = F−1
s [u(t, λ)] =

2u0

π

∫ +∞

0

1

λ
(1− e−a2λ2t) sinλxdλ

=
2u0

π

[∫ +∞

0

sinλx

λ
dλ−

∫ +∞

0

e−a
2λ2t

(∫ x

0

cosλξ

)
dλ

]
=

2u0

π
× π

2
− 2u0

∫ x

0

(
1

π

∫ +∞

0

e−a
2λ2t cosλξdλ

)
dx

= u0 −
u0

a
√
πt

∫ x

0

exp(− ξ2

4a2t
)dξ = u0

[
1− 2√

π

∫ x
2a
√
t

0

e−y
2

dy

]

~4.1.10®�n�ÅÄ�§½)¯Kµ
utt = a2∆3u, (t > 0, r > 0)

u |r=0k.,

u |t=0= 0, ut |t=0= (1 + r2)−2 .

(1)

1)(Ü�K��úª¦)d½)¯K"

2)(Ü¦^�{uC�¦)d½)¯K"

){1)µd¯K/ª§��u = u(t, r),�§C�µ

utt = a2

(
urr +

2

r
ur

)
2-v = ru,KC��Ã.u�Ä½)¯Kµ

vtt = a2vrr, (t > 0, r > 0)

v |r=0= 0,

v |t=0= 0, vt |t=0=
r

(1 + r2)2
.

(2)
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V÷v�¯K´���¯K§�
¦^�K��úª§�ÄÛòÿ��

���¯Kµ
Htt = a2Hxx, (t > 0,−∞ < x < +∞)

H |t=0= 0, Ht |t=0=
x

(1 + x2)2
.

(3)

|^�K��úª

H(t, x) =
1

2a

∫ x+at

x−at

ξ

(1 + ξ2)2
dξ = − 1

4a

1

(1 + ξ2)
|x+at

x−at

=
1

4a

1

(1 + (x− at)2)
− 1

4a

1

(1 + (x+ at)2)
=

xt

[1 + (x− at)2][1 + (x+ at)2]

r)H(t, x)¥���3x > 0(éAur > 0),Ò���Ã.u�Ä½)¯K�

)

v(t, r) =
rt

[1 + (r − at)2)][1 + (r + at)2]

�A/§dn�ÅÄ�§½)¯K�)

u(t, r) =
t

[1 + (r − at)2][1 + (r + at)2]

){2)µ�u = u(t, r),¿-v = ru,�Ñ�Ã.u�Ä½)¯Kµ
vtt = a2vrr, (t > 0, r > 0)

v |r=0= 0,

v |t=0= 0, vt |t=0=
r

(1 + r2)2
.

(4)

±e·�^�uC�¦)v,-

V = Fs[v(t, r)] =

∫ +∞

0
v(t, r) sinλr dr

K

Fs[vrr] =

∫ +∞

0

vrr sinλrdr =

∫ +∞

0

sinλrdvr

= (vr sinλr) |+∞0 −
∫ +∞

0

vrd(sinλr) = −λ
∫ +∞

0

cosλrdv

= −λv cosλr|+∞0 + λ

∫ +∞

0

vd(cosλr) = −λ2

∫ +∞

0

v(t, r) sinλr dr = −λ2V
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,	

Fs[
r

(1 + r2)2
] =

∫ +∞

0

r

(1 + r2)2
sinλrdr = −1

2

∫ +∞

0

sinλrd

(
1

1 + r2

)

= −1

2
sinλr(

1

1 + r2
) |+∞0 +

1

2

∫ +∞

0

1

1 + r2
d(sinλr) =

λ

2

∫ +∞

0

cosλr

1 + r2
dr

=
λ

4
Re

{∫ +∞

−∞

eiλr

1 + r2
dr

}
=
λ

4
Re

{
2πiRes[

eiλz

1 + z2
, i]

}
=
πλ

4
e−λ

Ï,�¯K²L�uC��,��:V tt = −a2λ2V

V |t=0 = 0, V t|t=0 =
πλ

4
e−λ

)�µ

V =
π

4a
e−λ sinλat .

��C�

v = F−1s [V ] =
2

π
× π

4a

∫ +∞

0

e−λ sinλat sinλr dλ =
1

4a

∫ +∞

0

e−λ (cosλ(r − at)− cosλ(r + at)) dλ

= e−λ
[
− cosλ(r − at) + (r − at) sinλ(r − at)

4a(1 + (r − at)2)
− − cosλ(r + at) + (r + at) sinλ(r + at)

4a(1 + (r + at)2)

]|+∞
0

=
1

4a

1

(1 + (r − at)2)
− 1

4a

1

(1 + (r + at)2)
=

rt

[1 + (r − at)2][1 + (r + at)2]

�A/§dn�ÅÄ�§½)¯K�)

u(t, r) =
t

[(1 + (r − at)2][1 + (r + at)2]

4.2 LaplaceC�

Ä��¦ÚÄ�(Ø

Laplace C�½Â�µ

F (p) = L[f(t)] =

∫ +∞

0

f(t)e−ptdt, Ù¥p´ECþ
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Laplace�C�kõ«�{§Ì�k��{§|^r�úª§zÜ©©ª§3

êO���{"ù
�{�äN·^�µÚö�Ú½3EC¼ê��'�

áþÑk�[Øã§ù�ÒØ��[ã"

�{uC�ÚLaplaceC�¤·^�¯K:

LaplaceC�{Ú�§{uC�{ÚFourierC��¦)�§�nÚÄ�Ú

½oNaqµÒ´²C���AÜ©��©$�ÒC¤
�ê$�§�¼ê

�§�JÝü$
§¦)Ñ�¼ê�2²L�C�Ò¦�
�¯K�)"

�LaplaceC�{±9�u½{uC�{ÚFourierC�k�é�ØÓµLaplaceC

�{Ú�§{uC�{�^Cþ´½Â3(0,+∞)½aq�/§�Ò´`LaplaceC

�{Ú�§{uC�{?n�´���¯K"lþ¡·���§FourierC

�?n�´���¯K"(�,§�¢yC���k�äN�'C�¤�·

A�Ù§^�)

LaplaceC�Ú�C��~^úª½5�:

1.Ä�5�:

1.�55�µL[αf(t) + βg(t)] = αL[f(t)] + βL[g(t)]

2.  £½n:L[eλtf(t)] = F (p− λ),

3.�¼ê�©{µL[tnf(t)] = (−1)nF (n)(p),

4.�©5�µL[f ′(t)] = pF (p)− f(+0), L[f ′′(t)] = p2F (p)− pf(+0)− f ′(+0)

L[f (n)(t)] = pnF (p)− pn−1f(+0)− pn−2f ′(+0)− ...− f (n−1)(+0),

5.�¼êÈ©{µL[

∫ t

0

f(ξ) dξ] =
F (p)

p
,

6. òÈ5�:L[f(t) ∗ g(t)] = F (p)G(p), ½L−1[F (p)G(p)] = f(t) ∗ g(t)

7. ò�½n:L[f(t− τ)] = e−pτF (p) . (t ≥ τ)

2.~^(J:

L[1] =
1

p
, L[eat] =

1

p− a
, L[cosωt] =

p

p2 + ω2
, L[sinωt] =

ω

p2 + ω2
.

f(t) = L−1[F (p)] =
n∑
k=1

Res[F (p)ept, pk], (Ù¥p1, p2, ..., pn�F (p)�¤kÛ:, lim
p−→∞

F (p) = 0)

~4.2.1��Ã���\f§\fà:�§Ý�X�mCz¼ê�f(t), \f

�Ð©§Ý�0§|^LaplaceC��{¦)\f§Ý©Ù�½)¯K:
∂u

∂t
= a2∂

2u

∂x2
, (t > 0, x > 0)

u(t, 0) = f(t),

u(0, x) = 0.
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):�LaplaceC�,-

u(p, x) = L[u(t, x)] =

∫ +∞

0

u(t, x)e−ptdt

K

L[
∂u

∂t
] = pu− u(0, x) = pu, L[uxx] =

d2u

dx2

u´�LaplaceC��: pu = a2d
2u

dx2

u |x=0= f(p).

�§�Ï):

u = Ce
√
p

a x +De−
√
p

a x,

Ù¥
√
p´�

√
1 = 1�ü�©|"duu(p,+∞)k.,�ÑC = 0,¤±

u(p, x) = f(p)e−
√
p

a x

�LaplaceC�L:

L−1[e−
√
p

a x] =
x

2a
√
πt3

exp {− x2

4a2t
}

éu(p, x)�Laplace�C�,¿|^LaplaceC��òÈ5�,u´k:

u(t, x) = L−1[f(p)e−
√
p

a x] = f(t) ∗ x

2a
√
πt3

exp {− x2

4a2t
}

=
x

2a
√
π

∫ t

0

f(τ)(t− τ)−
3
2 exp {− x2

4a2(t− τ)
} dτ

~4.2.2¦)½)¯K: 
∂2u

∂t2
= a2

∂2u

∂x2
, (t > 0, x > 0)

∂u

∂x
|x=0= f(t),

u |t=0= 0,
∂u

∂t
|t=0= 0.

):�LaplaceC�,-

u(p, x) = L[u(t, x)] =

∫ +∞

0

u(t, x)e−ptdt



168

K

L[
∂2u

∂t2
] = p2u− pu |t=0 −ut |t=0= p2u, L[uxx] =

d2u

dx2

u´�LaplaceC��: p
2u = a2d

2u

dx2

du

dx
|x=0= f(p).

�§�Ï):

u = Ce
p
ax +De−

p
ax

duu(p,+∞)k.,�ÑC = 0,?�Ú)�µ

u(p, x) = −a
p
f(p)e−

p
ax

^È©5��

L−1

[
−a
p
f(p)

]
= −a

∫ t

0

f(τ)dτ

2¦^ò�½n§���µ

u(t, x) = L−1[u(p, x)] = L−1[−a
p
f(p)e−

p
ax] = −aH(t− x

a
)

∫ t−xa

0

f(τ)dτ

Ù¥H(ξ)�ü ¼ê§=H(ξ) =

1, ξ ≥ 0

0, ξ < 0

~4.2.3^LaplaceC�¦)·Ü¯K:
∂2u

∂t2
= a2

∂2u

∂x2
, (t > 0, 0 < x < l)

u(t, 0) = 0, ux(t, l) = A sinωt, ω 6= 2k − 1

2l
πa, k = 1, 2...,

u(0, x) = ut(0, x) = 0

):�LaplaceC�,-

u(p, x) = L[u(t, x)] =

∫ +∞

0

u(t, x)e−ptdt

K�½)¯K²LLaplaceC���µ
p2u = a2d

2u

dx2

u |x=0= 0,
du

dx
|x=l=

Aω

p2 + ω2
.
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±þ~�©�§Ï)µ

u = C cosh
p

a
x+D sinh

p

a
x,

2(Ü>.^�½Ñ

u(p, x) =
Aaω

p(p2 + ω2) cosh l
a
p

sinh
x

a
p.

|^�üúªµ

u(t, x) =
∑

Res[u(p, x)ept],

±þ
∑
´éu(p, x)ept�¤k�áÛ:�3ê¦Ú"u(p, x)3P²¡þk��

Û:p = 0,�?4:p = ±iωÚp = ±iωk,Ù¥ωk = (2k−1)πa
2l

(k = 1, 2, 3...),,äNO

�kµ

Res[u(p, x)ept, iω] =
Aaωept

p(p+ iω) cosh l
a
p

sinh
x

a
p |p=iω=

sin ωx
a

2iω

Aa

cos ωl
a

eiωt,

Res[u(p, x)ept,−iω] =
Aaωept

p(p− iω) cosh l
a
p

sinh
x

a
p |p=−iω=

sin ωx
a

−2iω

Aa

cos ωl
a

e−iωt,

¤±

Res[u(p, x)ept, iω] +Res[u(p, x)ept,−iω] =
Aa

ω cos ωl
a

sin
ωx

a
sinωt,

,	

Res[u(p, x)ept, iωk] =
Aaωept

p(p2 + ω2)(cosh l
a
p)′

sinh
x

a
p |p=iωk

=
Aaωept

p(p2 + ω2) l
a

sinh l
a
p

sinh
x

a
p |p=iωk=

Aaωeiωkt

iωk(−ω2
k + ω2) l

a
sin(kπ − π

2
)

sin
ωk
a
x,

aq/

Res[u(p, x)ept,−iωk] =
Aaωe−iωkt

−iωk(−ω2
k + ω2) l

a
sin(kπ − π

2
)

sin
ωk
a
x,

d±þüª¿rωk = (2k−1)πa
2l
�\§��

Res[u(p, x)ept, iωk] +Res[u(p, x)ept,−iωk] =
16Aaωl2

π
(−1)k−1

sin (2k−1)πx
2l

sin (2k−1)πat
2l

(2k − 1) [4l2ω2 − a2(2k − 1)2π2]

ù�§����µ

u(t, x) =
Aa

ω cos ωl
a

sin
ωx

a
sinωt+

16Aaωl2

π

+∞∑
k=1

(−1)k−1
sin (2k−1)πx

2l
sin (2k−1)πat

2l

(2k − 1) [4l2ω2 − a2(2k − 1)2π2]

54.2.1þ~��±^1�Ù�©lCþ{��àg>.^�éA��/�

�{5¦)"
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~4.2.4|^Ï){ÚLaplaceC�ü«�{¦)±e½)¯K:
∂2u

∂x∂y
= 1

u(0, y) = y + 1, u(x, 0) = 1

){1:¦^Ï){,¦�§Ï)�

u = f(x) + g(y) + xy,

2�\½)^�:

u(0, y) = f(0) + g(y) = y + 1, u(x, 0) = f(x) + g(0) = 1.

)�:

g(y) = y + 1− f(0), f(x) = 1− g(0)

ù�

u(x, y) = f(x) + g(y) + xy = y + 2− (f(0) + g(0))

f(0) + g(0) = [f(x) + g(0)] |x=0= 1,Ïd��k

u(x, y) = xy + y + 1

){2: ¦^LaplaceC�,�U(x, p) = L[u(x, y)] =

∫ +∞

0

u(x, y)e−pydy,K

L[uy] = pU − u(x, 0) = pU − 1, L[1] =
1

p
, L[y] =

1

p2

ù�,�½)¯K²LLaplaceC�:
d

dx
(pU − 1) =

1

p

U(0, p) =
1

p2
+

1

p

z{� 
dU

dx
=

1

p2

U(0, p) =
1

p2
+

1

p

)�

U(x, p) =
1

p2
x+

1

p2
+

1

p

�Laplace�C�,¿5¿�L−1[1
p ] = 1, L−1[ 1

p2 ] = y,��)�:

u(t, x) = L−1[U(x, p)] = xy + y + 1
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~4.2.5|^LaplaceC�¦)½)¯Kµ
∂2u

∂t2
= 4

∂2u

∂x2
+ sin 2x sinωt, (0 < x < π, t > 0)

u |x=0= 0, u |x=π= 0.

u |t=0= 0, ut |t=0= 0,

)KJ«:d¯K´��àg·Ü¯K§�±^A){§Àþ�n§�k¼êÐm{�ïá3©l

CþÄ:þ��{5)û(ë�1�Ù���!�~K)§3�~¥·�`²:���laplaceC�)

ûd½)¯K

): ét�laplaceC�§=u(p, x) = L[u(t, x)] =
∫ +∞

0 u(t, x)e−ptdt.,ù�

L[utt] = p2u− pu |t=0 −ut |t=0= p2u, L[uxx] =
d2u

dx2
, L[sinωt] =

ω

p2 + ω2

Kk, 
p2u = 4

d2u

dx2
+ sin 2x

ω

p2 + ω2
, (0 < x < π, t > 0)

u |x=0= 0, u |x=π= 0.

d�§/ª,*	uk/Xu1 = C sin 2x�A)§�\�§½ÑC =
ω

(p2 + 16)(p2 + ω2)
,

2(ÜuéAàg�§Ï)§�Ñ:

u = Ae
px
2 +Be−

px
2 +

ω

(p2 + 16)(p2 + ω2)
sin 2x,

d>.^�: u |x=0= 0, u |x=π= 0.�A = B = 0,ù�

u =
ω

(p2 + 16)(p2 + ω2)
sin 2x

���Laplace�C�§�Ñd½)¯K�)µ

u(t, x) = L−1[u] =
1

16− ω2

(
sinωt− ω

4
sin 4t

)
sin 2x

~4.2.6|^LaplaceC�¦)���u�Ä¯Kµ
∂2u

∂t2
= 4

∂2u

∂x2
, (t > 0, 0 < x < +∞)

u(0, x) = 0, ut(0, x) = c,

u(t, 0) = 0.
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):�LaplaceC�§=u(p, x) = L[u(t, x)],ù�

L[
∂2u

∂t2
] = p2u− pu(0, x)− ut(0, x) = p2u− c

ù�§²LLaplaceC��§�½)¯KC�µ p2u− c = 4
d2u

dx2
, (0 < x < l)

u(p, 0) = 0.

du�(½�§§)�

u = Ae
p
2x +Be−

p
2x +

c

p2
.

dux > 0,��yu�k.5,�kA = 0,2du(p, 0) = 0,½ÑB = − c
p2 ,ù

�

u =
c

p2

(
1− e−

p
2x
)

duL−1[
1

p2
] = t,¿¦^LaplaceCz�ò�½n§����

u = L−1[u] = ct− c(t− x

2
)H(t− x

2
)



173

1ÊÙµÄ�)�{µ

��ÙVãÚÆS�¦µ

�Ù0�
^Ä�)�{5¦)�§½½)¯K§Ä�:Xeµ

1)ÄkÆS
δ¼ê§§´ïÄÄ�)�{�Ä�óä"

2) ,��Ñ
�X��§½½)¯K�Ä�)§AO´^Ä�)�g

´¶5�E��¼ê5)û>�¯K"

3)Øã
dÄ�){¦) �©�§½)¯K�g�Ú�{µ=éÑ�

§½)¯KéA�Ä�)¯K§¦)ÑÄ�)¯K��§|^Ä�)¦)

�½)¯K"

��5`§Ä�)¯K�'�½)¯KN´)û§Ïd·�ÒU3)û

Ä�)¯K�§éÑ�A�O�úªÒU5¦)�¯K�)"

äN5`§�Ù·�Äk�ÝºïÄÄ�)�óäµδ¼ê9Ù$�5

�§,�:Ýº| �§��¼ê�¿Â(��þÒ´| �§>�¯K

�Ä�))§¿U|^��¼ê¦)�A�>�¯K"��U|^Ä�){

¦)ut = Lu.�§Úutt = Lu.�§���Ð�¯K"

5.1 δ¼ê

1)δ¼ê�½ÂÚÔn�µ

δ¼ê�÷v±eü�^�¼êµ

(1) δ(x) =

+∞ �x = 0,

0, �x 6= 0.

(2)

∫ +∞

−∞
δ(x)dx = 1.

ÔnÆ¥��;.~fÒ´^δ¼ê5L«:>Ö��Ý¼êµÏ��
�:>Ö�3�:§¤±3�:x = 0�>Ö�Ý�Ã¡�§3O�:du

vk>Ö©Ù§¤±�Ý�0. é>Ö�ÝÈ©Ò´o�>þ§ê��1.,

	:9��§Ý©Ù±9óÀ�y�Ñ�^δ¼ê5£ã"

2) δ¼ê�Ì�$�5�µ

1.çÀ5: ∫ +∞

−∞
δ(x)ϕ(x)dx = ϕ(0)
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∫ b

a

δ(x− ξ)ϕ(x)dx =

ϕ(ξ), ξ ∈ [a, b],

0, ξ∈[a, b].
∀ϕ(x) ∈ C(R)

2.é¡5µ
δ(x) = δ(−x)

3.òÈ5�µ
δ(x) ∗ ϕ(x) = ϕ(x) ∗ δ(x) = ϕ(x)

4. δ¼ê�FourierC�:

F (δ(x)) =

∫ +∞

−∞
δ(x)e−iλxdx = 1

�C�µ
1

2π

∫ +∞

−∞
eiλx dλ = δ(x)

5. δ¼ê�FourierÐm: �x, ξ ∈ (−l, l)�§

δ(x− ξ) =
a0

2
+

+∞∑
n=1

(an cos
nπx

l
+ bn sin

nπx

l
)

Ù¥

an =
1

l

∫ l

−l
δ(x− ξ) cos

nπx

l
dx =

1

l
cos

nπξ

l
, (n = 0, 1, 2...)

bn =
1

l

∫ l

−l
δ(x− ξ) sin

nπx

l
dx =

1

l
sin

nπξ

l
. (n = 1, 2, 3...)

6. δ¼ê��ê"

�ϕ(x) ∈ C1(R),Kδ′(x)´÷vµ∫ +∞

−∞
δ′(x)ϕ(x) dx = −ϕ′(0)

aq/δ(n)(x)÷vµ∫ +∞

−∞
δ(n)(x)ϕ(x) dx = (−1)nϕ(n)(0), (ϕ(x) ∈ Cn(R))

Ù¥ϕ(x) ∈ Cn(R).
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7.δ¼ê��¼ê"

δ¼ê��¼ê´H(x) + c,=

H ′(x) = δ(x),

Ù¥H(ξ)�ü ¼ê§=H(x) =

1, x ≥ 0

0, x < 0

1)5�1çÀ5�y²µ dux 6= 0�§δ(x) = 0,Ïd∫ +∞

−∞
δ(x)ϕ(x)dx =

∫ +ε

−ε
δ(x)ϕ(x)dx = ϕ(η)

∫ ε

−ε
δ(x)dx = ϕ(η) (−ε < η < ε)

3þª¥-ε −→ 0,Kϕ(η) −→ ϕ(0),ÏdÒy²
µ

∫ +∞

−∞
δ(x)ϕ(x)dx = ϕ(0)

?�Úaq�y²∫ b

a

δ(x− ξ)ϕ(x)dx =

ϕ(ξ), ξ ∈ [a, b],

0, ξ∈[a, b].
∀ϕ(x) ∈ C(R)

2)5�2é¡5�y²µ ∀ϕ(x) ∈ C(R),Kk∫ +∞

−∞
δ(−x)ϕ(x)dx =

∫ +∞

−∞
δ(t)ϕ(−t)dt = ϕ(−t) |t=0= ϕ(0)

ÏdÃØδ(x)�´δ(−x)Ñkµ∫ +∞

−∞
δ(x)ϕ(x)dx =

∫ +∞

−∞
δ(−x)ϕ(x)dx = ϕ(0)

'�dª�ü>Ò���

δ(x) = δ(−x)

3)5�3òÈ5��y²µ ∀ϕ(x) ∈ C(R),

δ(x) ∗ ϕ(x) =

∫ +∞

−∞
δ(x− τ)ϕ(τ)dτ =

∫ +∞

−∞
δ(τ − x)ϕ(τ)dτ = ϕ(x)

4)5�4 FourierC�5��y²µ |^FourierC�½ÂÚçÀ5

F (δ(x)) =

∫ +∞

−∞
δ(x)e−iλxdx = e−iλx |x=0= 1

ù`²δ¼ê²LFourierC���¼ê´1, Ïd~ê1�Fourier�C�Ò

´δ(x),�Ò´µ
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1

2π

∫ +∞

−∞
eiλx dλ = δ(x)

dueiλx = cosλx+ i sinλx,dn�¼ê�Ûó5§qk∫ +∞

−∞
cosλx dλ = 2πδ(x)

5)5�5 FourierÐmª�y²��|^çÀ5N´�Ñ"

6)5�6�ê5��y²:∫ +∞

−∞
δ′(x)ϕ(x) dx =

∫ +∞

−∞
ϕ(x)dδ(x) = ϕ(x)δ(x)|+∞

−∞
−
∫ +∞

−∞
δ(x)dϕ(x)

= −
∫ +∞

−∞
δ(x)ϕ′(x)dx = −ϕ′(0)

aq/�y²δ(n)(x)÷vµ∫ +∞

−∞
δ(n)(x)ϕ(x) dx = (−1)nϕ(n)(0), (ϕ(x) ∈ Cn(R))

7)5�7µδ¼ê��¼ê�Ñµδ(x)�Cþ�È©�E��¼êµ
∫ x

−∞
δ(ξ)dξ,

�âçÀ5µ

∫ x

−∞
δ(ξ)dξ =

1, 0 ∈ (−∞, x]

0, 0 /∈ (−∞, x]
=⇒

∫ x

−∞
δ(ξ)dξ = H(x) =

1, x ≥ 0

0, x < 0

~5.1. 1 |^δ¼ê�5�O�µ

1)

∫ 2l

−2l

δ(x− l) cosx dx, 2)

∫ +∞

−∞
δ(x− π

2
) sinxdx

3) δ(3x− 1) ∗ x2, 4)

∫ 2

−2

sinxδ′(x+
1

3
)dx

)µ1) �âδ¼ê�çÀ5�kµ∫ 2l

−2l

δ(x− l) cosx dx = cosx|x=l = cos l.

2) Ó��âδ¼ê�çÀ5kµ∫ +∞

−∞
δ(x− π

2
) sinx dx = sinx|x=π

2
= sin

π

2
= 1.
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3) Ó�òÈ½ÂÚδ¼ê�çÀ5�kµ

δ(3x− 1) ∗ x2 =

∫ +∞

−∞
δ(3ξ − 1)(x− ξ)2 dξ

=
1

3

∫ +∞

−∞
δ(s)(x− s+ 1

3
)2 ds =

1

3
(x− s+ 1

3
)2 |s=0

=
1

3
(x− 1

3
)2 . (Ù¥s = 3ξ − 1)

4)©ÚÈ©��∫ 2

−2

sinxδ′(x+
1

3
)dx =

∫ 2

−2

sinxdδ(x+
1

3
)

= δ(x+
1

3
) sinx |2−2 −

∫ 2

−2

δ(x+
1

3
) cosxdx

= −cosx |x=− 1
3
= − cos

1

3
.

~5.1.2y²±e�ªµ

1)δ′(−x) = −δ′(x), 2)xδ′(x) = −δ(x)

3)δ(αx) =
1

α
δ(x) (α > 0�~ê)

)KJ«µ duδ¼ê¿Ø´�;¿Âe::éA�¼ê§´�«�Î§¹kδ¼ê��ª

��Ò´�§�éu�¼êk�Ó�$��J§'X∀ϕ(x) ∈ C(R), kµ∫ +∞

−∞
δ(x)ϕ(x)dx =

∫ +∞

−∞
δ(−x)ϕ(x)dx = ϕ(0)⇒ δ(x) = δ(−x)

Ò´`§δ(x)Úδ(−x)3È©$�¥éu�¼êϕ(x)�$��J´�Ó�§¤±§���"±ey

²�´�âù�Ä�:"

y²µ1)dudδ(−x) = −δ′(−x)dx,¤±∀ϕ(x) ∈ C+∞
0 (R),·�k∫ +∞

−∞
δ′(−x)ϕ(x)dx = −

∫ +∞

−∞
ϕ(x)dδ(−x) = −ϕ(x)δ(−x)|+∞−∞ +

∫ +∞

−∞
δ(−x)dϕ(x)

=

∫ +∞

−∞
δ(−x)ϕ′(x)dx = ϕ′(0)

dδ¼ê��ê5�∫ +∞

−∞
−δ′(x)ϕ(x)dx = −(−ϕ′(0)) = ϕ′(0)
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'�±þ(J�µ∫ +∞

−∞
δ′(−x)ϕ(x)dx =

∫ +∞

−∞
−δ′(x)ϕ(x)dx

=k

δ′(−x) = −δ′(x)

2)∫ +∞

−∞
xδ′(x)ϕ(x)dx = −(xϕ(x))′ |x=0= −ϕ(x)− xϕ′(x) |x=0= −ϕ(0)

�âδ¼ê�çÀ5µ∫ +∞

−∞
−δ(x)ϕ(x)dx = −ϕ(x) |x=0= −ϕ(0)

'���µ ∫ +∞

−∞
xδ′(x)ϕ(x)dx =

∫ +∞

−∞
−δ(x)ϕ(x)dx,

Ïdkµ

xδ′(x) = −δ(x).

3) ∀ϕ(x) ∈ C(R),Ï�α > 0,Ïd∫ +∞

−∞
δ(αx)ϕ(x)dx =

1

α

∫ +∞

−∞
δ(t)ϕ(

t

α
)dt

=
1

α
ϕ(
t

α
)|t=0 =

1

α
ϕ(0).

dδ¼ê�çÀ5§���µ∫ +∞

−∞

1

α
δ(x)ϕ(x)dx =

1

α
ϕ(x)|x=0 =

1

α
ϕ(0)

¤±'���µ∫ +∞

−∞
δ(αx)ϕ(x)dx =

∫ +∞

−∞

1

α
δ(x)ϕ(x)dx

¤±k

δ(αx) =
1

α
δ(x)

~5.1.3 ¦e�¼ê�L|�C�:

(1)f1(x) = δ(x), (2)f2(x) = eiax,
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(3)f3(x) = cos ax, (4)f4(x) = x

)µ1)dδ¼ê�çÀ5�µ

F (δ(x)) =

∫ +∞

−∞
δ(x)e−iλxdx = e−iλx |x=0= 1

2)d1(1)¯�(Ø§~ê1�Fourier�C���´δ(x),=

1

2π

∫ +∞

−∞
eiλxdλ = δ(x)⇒

∫ +∞

−∞
eiλxdx = 2πδ(λ)

ù�§�âFourierC��½Âµ

F [eiax] =

∫ +∞

−∞
eiaxe−iλxdx

=

∫ +∞

−∞
ei(a−λ)xdx = 2πδ(a− λ),

2dδ¼êé¡5k:δ(a− λ) = δ(λ− a),¤±

F [eiax] = 2πδ(λ− a)

3)du

cos ax =
1

2

(
eiax + e−iax

)
�âFourierC���55�µ

F [cos ax] =
1

2

(
F [eiax] + F [e−iax]

)
�â1(2)¯(Ø,

F [eiax] = 2πδ(λ− a), F [e−iax] = 2πδ(λ+ a)

¤±

F [cos ax] = π (δ(λ− a) + δ(λ+ a))

4)31(2)¯¥§·�k(Øµ∫ +∞

−∞
eiλxdx = 2πδ(λ)

|^þª¿(Üδ ¼ê�é¡5��µ∫ +∞

−∞
e−iλxdx = 2πδ(−λ) = 2πδ(λ)
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þªü>éλ¦���µ∫ +∞

−∞
−ixe−iλxdx = 2πδ′(λ)

u´��µ ∫ +∞

−∞
xe−iλxdx = 2πiδ′(λ)

=¼êx�FourierC���µ2πiδ′(λ)

~5.1.4¦)½)¯K:
ut = a2uxx, (t > 0, 0 < x < 2l)

ux(t, 0) = ux(t, 2l) = 0,

u(0, x) = δ(x− l).

): �©lCþu = T (t)X(x),�\�½�§¿(Ü>.^����k

�¯Kµ X
′′ + λX(x) = 0, (0 < x < 2l)

X ′(0) = X ′(2l) = 0.

Ú~�©�§µ

T ′(t) + λa2T = 0.

¦)�k�¯K��:

�k�µλ0 = 0, λn = (
nπ

2l
)2, (n = 1, 2, 3...)

�k¼êµX0(x) = 1, Xn(x) = cos
nπ

2l
x

�A/§

T0(t) = A0, Tn(t) = Cne
−(nπa2l )2 t

dU\�n§��

u(t, x) =
C0

2
+

+∞∑
n=1

Cne
−(nπa2l )2 t cos

nπ

2l
x

q

u(0, x) =
C0

2
+

+∞∑
n=1

Cn cos
nπ

2l
x = δ(x− l) .
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d{u?êXê�(½úª§½Ñ

Cn =
2

2l

∫ 2l

0

δ(x− l) cos
nπ

2l
x dx =

1

l
cos

nπ

2
=

0, n = 2k + 1,

(−1)k
1

l
, n = 2k.

���n�µ

u(t, x) =
1

2l
+

+∞∑
k=1

(−1)k
1

l
e−(nπa2l )2 t cos

kπ

l
x

3) p�δ¼êµ

p�δ¼êÚ���/aq½Â§±n��~§n�δ¼ê½Â�µ

δ(x, y, z) = δ(x)δ(y)δ(z)

Ï

(1) δ(x, y, z) =

+∞ �(x, y, z) = (0, 0, 0),

0, �(x, y, z) 6= (0, 0, 0).

(2)

+∞∫∫∫
−∞

δ(x, y, z)dxdydz = 1.

p�δ¼êÚ��δ¼ê�kaq$�5�§'XçÀ5�µ

+∞∫∫∫
−∞

δ(x− ξ, y − η, z − ζ)f(x, y, z)dxdydz = f(ξ, η, ζ).

½ ∫∫∫
R3

δ(M −M0)f(M)dM = f(M0).

?�Ú§éu?¿�m4�V

∫∫∫
V

δ(M −M0)f(M)dM =

f(M0), (M0 ∈ V )

0. (M0 /∈ V )
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~5.1.5�k�IC�ª

x = x(ξ, η),

y = y(ξ, η),
,y²µ

δ(x− x0, y − y0) =
1

|J |
δ(ξ − ξ0, η − η0),

Ù¥J = ∂(x,y)
∂(ξ,η)�ä�'1�ª§(x0, y0)�(ξ0, η0)´�éA�:§AO/§y

²34�I��/e§k

δ(x− x0, y − y0) =
1

r
δ(r − r0, θ − θ0)

y²µ?�ϕ(x, y) ∈ C2(R),�âçÀ5�µ

+∞∫∫
−∞

δ(x− x0, y − y0)ϕ(x, y)dxdy = ϕ(x0, y0) (1)



+∞∫∫
−∞

1

|J |
δ(ξ − ξ0, η − η0)ϕ(x, y)dxdy =

+∞∫∫
−∞

1

|J |
δ(ξ − ξ0, η − η0)ϕ(x(ξ, η), y(ξ, η))|J | dξdη

=

+∞∫∫
−∞

δ(ξ − ξ0, η − η0)ϕ(x(ξ, η), y(ξ, η)) dξdη = ϕ(x(ξ, η), y(ξ, η)) |ξ=ξ0,η=η0

= ϕ(x(ξ0, η0), y(ξ0, η0)) = ϕ(x0, y0), (2)

Ù¥^�¡È��dxdyÚ¡È��dξdη�m�O�'Xµdxdy −→ |J | dξdη,


J =
∂(x, y)

∂(ξ, η)
=

∣∣∣∣∣∣∣
∂x

∂ξ

∂x

∂η
∂y

∂ξ

∂y

∂η
.

∣∣∣∣∣∣∣
'�ª(1)Ú(2),Òy²
µ

δ(x− x0, y − y0) =
1

|J |
δ(ξ − ξ0, η − η0). (3)

34�I�§x = r cos θ, y = r sin θ,ù�

J =
∂(x, y)

∂(r, θ)
=

∣∣∣∣∣∣∣
∂x

∂r

∂x

∂θ
∂y

∂r

∂y

∂θ
.

∣∣∣∣∣∣∣ =

∣∣∣∣∣ cos θ −r sin θ

sin θ r cos θ .

∣∣∣∣∣ = r
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ù�§(Ü(3)ªÒy²
34�Ieµ

δ(x− x0, y − y0) =
1

r
δ(r − r0, θ − θ0).

5.2 Lu = 0.�§Ä�)

Lu = 0.�§�Ä�)�§

�L´gCþ(x1, x2, ..., xn)��5 �©�f§�Ä¦)�àg�§µ

Lu = f(M) M = (x1, x2, ....xn) ∈ Rn (5.2.1)

§�Ä�)�§´

LU = δ(M) M = (x1, x2, ....xn) ∈ Rn (5.2.2)

'X§é�§

∆3u = f(x, y, z), (−∞ < x, y, z < +∞)

ÙÄ�)�§´µ

∆3U = δ(x, y, z), (−∞ < x, y, z < +∞)

½n5.2.1XJU(M)´Ä�)�§(5.2.2)�)§Ku(M) = U(M) ∗ f(M)´
��§(5.2.1)�)"

y²µdu

u(M) = U(M) ∗ f(M) =

∫
Rn
U(M −M0)f(M0)dM0

¤±�\(5.2.1)��>�µ

� = Lu(M) = L (U(M) ∗ f(M) ) = L

(∫
Rn
U(M −M0)f(M0)dM0

)
=

∫
Rn
LU(M −M0)f(M0)dM0 =

∫
Rn
δ(M −M0)f(M0)dM0 = f(M) = m

ù�Òy²
u = U(M) ∗ f(M)÷v��§(5.2.1)

ü��~^�Ä�)(Ø:

(1) ∆3U = δ(x, y, z) (5.2.3a)
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k¥%é¡/ª)µ

U = − 1

4πr
, r =

√
x2 + y2 + z2 (5.2.3b)

r =
√
x2 + y2 + z2.

(2) ∆2U = δ(x, y) (5.2.4.a)

k¥%é¡/ª)µ

U = − 1

2π
ln

1

r
, r =

√
x2 + y2 (5.2.4.b)

ùpr =
√
x2 + y2.

55.2.1 ±þü��~^�Ä�)�Ôn¿Âµ

31�Ù·��Ñ| �§�L«ª�µ

∆3ϕ = −ρ(x, y, z)

ε
, ε �0>~ê

Ù¥ρ(x, y, z)�>Ö�Ý"ù�3�:��>þ�ε�:>Ö3�méA�>

Ö�Ý

ρ(x, y, z) = εδ(x, y, z)

ù�>þ�ε�:>ÖéA�>|>³u(x, y, z)÷v�§

∆3u = −εδ(x, y, z)

ε
= −δ(x, y, z),

d±þn�Laplace�§�Ä�)(Ø§��

u =
1

4πr
, r =

√
x2 + y2 + z2

¤±Òo(Ñ(Øµ

X3�m�:��>þ�ε�:>Ö§éA�·>|>³�:
1

4πr
, r =

√
x2 + y2 + z2

aq/k

²¡�:��>þ�ε�²¡:>Ö(½²¡:>Ö)§éA�>|>³

�:
1

2π
ln

1

r
, r =

√
x2 + y2

55.2.2 O��£: Green 1�úª:

n�µ

∫∫
S

(
u
∂v

∂~n
− v ∂u

∂~n

)
dS =

∫∫∫
V

(u∆3v − v∆3u) dV

��µ

∫
l

(
u
∂v

∂~n
− v ∂u

∂~n

)
dl =

∫∫
D

(u∆2v − v∆2u) dA
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,	3�Ù�QãL§¥k�¬¦^∂�ÎÒ�L>.§'X§V�>.�∂V ,

D�>.�∂D.

¦Ä�)�eZ~Kµ

~5.2.1¦�§y′ + ay = 0�Ä�)"

)µÄ�)�§�µ

U ′ + aU = δ(x)

|^���5~�©�§�¦)úª,��U�µ

U = e−
∫
adx

∫ x

−∞
e
∫ τ
0
adξ δ(τ)dτ = e−

∫
adx

∫ x

−∞
eaτδ(τ)dτ = e−axH(x).

55.2.3 XØ\AO�²§��¦Ä�)Ñ´��¦�Ä�)�§�,

�A)=�§  Ñ´�/ª'�{ü�A)"

~5.2.2 ¦�§∆3u = 0�Ä�)

)µ∆3u = 0�Ä�)�§�µ

∆3U(x, y, z) = δ(x, y, z) (1)

^FourierC�:-

U(λ, µ, ν) = F [U(x, y, z)] =

+∞∫∫∫
−∞

U(x, y, z)e−i(λx+µy+νz)dxdydz

duF (∆3U) = −ρ2U, (ρ2 = λ2 + µ2 + ν2), F [δ(x, y, z)] = 1,KéÄ�)

�§(1)�FourierC���µ

−ρ2U = 1⇒ U = − 1

ρ2
, (Ù¥ρ2 = λ2 + µ2 + ν2)

ù��Fourier�C�µ

U = F−1[U ] =
1

(2π)3

+∞∫∫∫
−∞

− 1

ρ2
ei(λx+µy+νz)dλdµdν

=
1

(2π)3

+∞∫∫∫
−∞

− 1

ρ2
ei(~ρ.~r)dλdµdν
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=
1

(2π)3

+∞∫∫∫
−∞

− 1

ρ2
ei(ρr cos θ)dλdµdν

ùp~ρ = (λ, µ, ν), ~r = (x, y, z), r2 = x2 + y2 + z2, θ�~ρÚ~r�Y�.dé¡

5§Ø��ν¶��»~r��,�¥�IC�µ

λ = ρ sin θ cosϕ, µ = ρ sin θ sinϕ, ν = ρ cos θ

ù�

U(x, y, z) = − 1

(2π)3

∫ +∞

0

∫ π

0

∫ 2π

0

ei(ρr cos θ) sin θdϕdθdρ

= − 1

(2π)2

∫ +∞

0

∫ π

0

ei(ρr cos θ) sin θdθdρ =
1

(2π)2

∫ +∞

0

ei(ρr cos θ)

iρr
|π

0
dρ

= − 1

2π2r

∫ +∞

0

sin ρr

ρ
dρ = − 1

4πr
(r =

√
x2 + y2 + z2)

u´·�^FourierC�∆3u = 0�Ä�)�§(1)�¥%é¡/ª�Ä�
)µ

U = − 1

4πr
(r =

√
x2 + y2 + z2)

~5.2.3 ¦�§∆2u = 0�Ä�)

)µ∆2u = 0�Ä�)�§�µ

∆2U = δ(x, y) (1)

e¡¦)§�¥%é¡/ª)§34�Ie§�U = U(r),du3r > 0�§δ(x, y) = 0,
¤±3r > 0�, U = U(r)÷vµ

1

r

d

dr

(
r
dU

dr

)
= 0, (r > 0)

)�:

U = A+B ln r

±e·�(½XêAÚB,¦�þª�Ñ�3r > 0��)U = A+B ln r 3r ≥ 0�
´Ä�)�§(1)�)"du~êA3r = 0vkÛ5£=∆2A = 0),¤±A?¿§

Ø��A = 0,ù�

U = B ln r (2)

e¡(½B��§¦�U = B ln r÷vÄ�)�§(1).

�d, �ϕ(x, y) ∈ C+∞
0 (R2),=ϕ´3�²¡þk?¿�ëY �ê�

3���¹�:�k.«�	ð�0�¼ê§
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K�âδ¼ê�$�5�

ϕ(0, 0) =

∫∫
R2

δ(x, y)ϕ(x, y)dxdy =

∫∫
R2

∆2Uϕ(x, y)dxdy (3)

du∫∫
R2

∂(Uϕ)

∂x
dxdy =

∫ +∞

−∞

(∫ +∞

−∞

∂(Uϕ)

∂x
dx

)
dy =

∫ +∞

−∞
(Uϕ) |+∞−∞ dy = 0

�Ò´µ∫∫
R2

∂U

∂x
ϕ dxdy +

∫∫
R2

U
∂ϕ

∂x
dxdy = 0 =⇒

∫∫
R2

∂U

∂x
ϕdxdy = −

∫∫
R2

U
∂ϕ

∂x
dxdy

aq/§?�Ú�±�Ñµ∫∫
R2

∂2U

∂x2
ϕdxdy =

∫∫
R2

U
∂2ϕ

∂x2
dxdy,

∫∫
R2

∂2U

∂y2
ϕdxdy =

∫∫
R2

U
∂2ϕ

∂y2
dxdy

ù� ∫∫
R2

∆2Uϕdxdy =

∫∫
R2

U∆2ϕdxdy (4)

dª�\(3),Ò��µ

ϕ(0, 0) =

∫∫
R2

U∆2ϕ(x, y)dxdy . (5)

ϕ(x, y) ∈ C+∞
0 (R2),Ïd����¹�:k.�D§3D	ÚD�>.∂Dþϕ(x, y) = 0,2

PDε ´�:�¥%§�»�ε���SÜ§Ù>.P�Cε ù�§þª(5)�

U��

ϕ(0, 0) =

∫∫
D

U∆2ϕdxdy = lim
ε→0

∫∫
D−Dε

U∆2ϕdxdy = lim
ε→0

∫∫
D−Dε

(U∆2ϕ− ϕ∆2U)dxdy

= lim
ε→0

∫
∂D

(U
∂ϕ

∂~n
− ϕ∂U

∂~n
)dl − lim

ε→0

∫
Cε

(U
∂ϕ

∂~n
− ϕ∂U

∂~n
)dl = lim

ε→0

∫
Cε

(ϕ
∂U

∂~n
− U ∂ϕ

∂~n
)dl

= lim
ε→0

∫
Cε

(ϕ
∂U

∂r
− U ∂ϕ

∂r
)dl = lim

ε→0
2πε(ϕ

∂U

∂r
− U ∂ϕ

∂r
) |(x,y)=(x∗,y∗)∈Cε ( È©¥�½n) , , ,

= lim
ε→0

2πε

(
ϕ(x∗, y∗)B

1

ε
−B ln ε

∂ϕ(x∗, y∗)

∂r

)
= 2πBϕ(0, 0) . (6)
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dþª(6)�Ñ�(Ø

ϕ(0, 0) = 2πBϕ(0, 0) =⇒ B =
1

2π

Ïd��¦�¥%é¡/ª�Ä�)µ

U =
1

2π
ln r = − 1

2π
ln

1

r

~5.2.4|^Laplace�§Ä�)§¦)e�Ä�)�§µ

1)α2Uxx + β2Uyy = δ(x, y), (α, β > 0) 2)∆3∆3U = δ(x, y, z)

)KJ«µ��5`§éu¦)daÄ�)�§§·���¦ÑÙ¥��)Ò�±
"�

K¥��§Ñ�±ÏLC�§z¤�A�®��Laplace�§Ä�)�/ª§¦¯K��)û"

)µ1)�CþO�x = 1
αx, y = 1

β y²LEÜ¦�

Uxx =
1

α2
Uxx, Uyy =

1

β2
Uy y

��§C�µ

Uxx + Uy y = δ(αx, βy)

du

δ(αx, βy) = δ(αx)δ(βy) =
1

αβ
δ(x)δ(y). (α, β > 0)

¤±��§z�µ

Uxx + Uy y =
1

αβ
δ(x, y)

d��Laplace�§Ä�)�(Ø(��!�Ä�(Ø),)�µ

U = − 1

αβ

1

2π
ln

1

r
, Ù¥ r =

√
x2 + y2

�Ò´

U =
1

4παβ
ln[(

x

α
)2 + (

y

β
)2]

2)P∆3U = H,K��§C�µ

∆3H = δ(x, y, z)

dn�Laplace�§Ä�)�(Ø,��

H = − 1

4πr
, r =

√
x2 + y2 + z2
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=

∆3U = − 1

4πr

�U = U(r)�,

∆3U =
d2U

dr2
+

2

r

dU

dr
,

¤±�§U = U(r)/ª�)÷vµ

d2U

dr2
+

2

r

dU

dr
= − 1

4πr
.

¦)d�§��¥%é¡/ª�Ä�)�µ

U = − r

8π

~5.2.5^FourierC��{¦n�Helmhotz�§�Ä�)§=¦)�§

∆3U + k2U = δ(x, y, z)

Ù¥k > 0

)µ�p�FourierC�§-

U(λ, µ, ν) = F [U(x, y, z)] =

+∞∫∫∫
−∞

U(x, y, z)e−i(λx+µy+νz)dxdydz

duF (∆3U) = −ρ2U, ρ2 = (λ2 + µ2 + ν2), F [δ(x, y, z)] = 1,Ké�§�FourierC
���µ

−ρ2U + k2U = 1⇒ U =
1

k2 − ρ2
, (Ù¥ρ2 = λ2 + µ2 + ν2)

ù��Fourier�C�µ

U = F−1[U ] =
1

(2π)3

+∞∫∫∫
−∞

1

k2 − ρ2
ei(λx+µy+νz)dλdµdν

=
1

(2π)3

+∞∫∫∫
−∞

1

k2 − ρ2
ei(~ρ.~r)dλdµdν

=
1

(2π)3

+∞∫∫∫
−∞

1

k2 − ρ2
ei(ρr cos θ)dλdµdν
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ùp~ρ = (λ, µ, ν), ~r = (x, y, z), r2 = x2 + y2 + z2, θ�~ρÚ~r�Y�.dé¡

5§Ø��ν¶��»~r��,�¥�IC�µ

λ = ρ sin θ cosϕ, µ = ρ sin θ sinϕ, ν = ρ cos θ

ù�

U(x, y, z) =
1

(2π)3

∫ +∞

0

∫ π

0

∫ 2π

0

ρ2

k2 − ρ2
ei(ρr cos θ) sin θdϕdθdρ

=
1

(2π)2

∫ +∞

0

∫ π

0

ρ2

k2 − ρ2
ei(ρr cos θ) sin θdθdρ =

1

(2π)2

∫ +∞

0

ρ

ir(ρ2 − k2)
ei(ρr cos θ)|π

0
dρ

= − 1

2π2r

∫ +∞

0

ρ

(ρ2 − k2)
sin ρr dρ = − 1

8π2r

∫ +∞

−∞

(
1

ρ− k
+

1

ρ+ k

)
sin ρr dρ (1)

 ∫ +∞

−∞

1

ρ− k
sin ρr dρ =

∫ +∞

−∞

1

ρ− k
sin(ρ− k + k)r dρ

= cos kr

∫ +∞

−∞

sin(ρ− k)r

ρ− k
dρ+ sin kr

∫ +∞

−∞

cos(ρ− k)r

ρ− k
dρ

= cos kr

∫ +∞

−∞

sin lr

l
dl + sin kr

∫ +∞

−∞

cos lr

l
dl,

= π cos kr + sin kr

∫ +∞

−∞

cos lr

l
dl. (2)

ùp^�È©(Ø

∫ +∞

−∞

sin lr

l
dl = π,Ù¥r > 0.aq/,�±¦�µ∫ +∞

−∞

1

ρ+ k
sin ρr dρ = π cos kr − sin kr

∫ +∞

−∞

cos lr

l
dl. (3)

±þ(Ø(2), (3)�\ª(1),·���n�Helmhotz�§�Ä�)

U(x, y, z) = − 1

4πr
cos kr, r =

√
x2 + y2 + z2

55.2.4 ±þÈ©
∫ +∞

0

ρ sin ρr

ρ2 − k2
dρ��±/Ï3ê½n?1O�"

~5.2.6 ¦��Helmholtz�§∆2u+ cu = 0 (c = k2 > 0)�Ä�)

)µÄ�)�§÷vµ

LU = ∆2U + k2U = δ(x, y) (1)

d�§é¡5§�U = U(r),du3r > 0�§δ(x, y) = 0,¤±ù�kµ
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1

r

d

dr

(
r
dU

dr

)
+ k2U = 0, (r > 0)

=

r2U ′′ + rU ′ + k2r2U = 0 . (r > 0)

d�§´"�Bessel�§§ÙÏ)�:

U = AJ0(kr) +BN0(kr)

du)J0(kr)3r = 0vkÛ5,´àg�§∆2U + k2U = 03�²¡�)§

���A = 0,ù�

U = BN0(kr) (2)

e¡(½B��§¦�U = BN0(kr)÷vÄ�)�§(1).�âN0(x)�Ðm

ª(ë��á92�ª(3.2.19)),�x→ 0�§N0(x) ∼ 2

π
lnx,ÏdU = BN0(kr) ∼ B

2

π
ln(kr).

,	, �ϕ(x, y) ∈ C+∞
0 (R2),=ϕ´3�²¡þk?¿�ëY �ê�

3���¹�:�k.«�	ð�0�¼ê§

K�âδ¼ê�$�5�¿(Ü©ÚÈ©�µ

ϕ(0, 0) =

∫∫
R2

δ(x, y)ϕ(x, y)dA =

∫∫
R2

LUϕ(x, y)dA =

∫∫
R2

ULϕdA . (3)

duϕ(x, y) ∈ C+∞
0 (R2), Ïd����¹�:k.�D§3D	ÚD�>

.∂Dþϕ(x, y) = 0, 2PDε ´�:�¥%§�»�ε���SÜ§Ù>.
P�Cε ù�§þª(3)�U��

ϕ(0, 0) =

∫∫
D

ULϕdxdy = lim
ε→0

∫∫
D−Dε

ULϕdxdy = lim
ε→0

∫∫
D−Dε

(ULϕ− ϕLU)dxdy

= lim
ε→0

∫
∂D

(U
∂ϕ

∂~n
− ϕ∂U

∂~n
)dl − lim

ε→0

∫
Cε

(U
∂ϕ

∂~n
− ϕ∂U

∂~n
)dl = lim

ε→0

∫
Cε

(ϕ
∂U

∂~n
− U ∂ϕ

∂~n
)dl

= lim
ε→0

∫
Cε

(ϕ
∂U

∂r
− U ∂ϕ

∂r
)dl = lim

ε→0
2πε(ϕ

∂U

∂r
− U ∂ϕ

∂r
) |(x,y)=(x∗,y∗)∈Cε ( È©¥�½n) , , ,

= lim
ε→0

2πε

(
ϕ(x∗, y∗)

2

π
B

1

ε
− 2

π
B ln ε

∂ϕ(x∗, y∗)

∂r

)
= 4Bϕ(0, 0) . (4)

'�þª(4)üà�µ

ϕ(0, 0) = 2πBϕ(0, 0) =⇒ B =
1

4
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Ïd��¦���Helmholtz�§¥%é¡/ª�Ä�)µ

U =
1

4
N0(kr)

5.3 >�¯K�Green¼ê{

Ñt�§(½| �§)1�>�¯K��¼ê�½Â±9ïÄ��¼ê¿

Â

n�Ñt�§(½| �§)1�>�¯K´µ∆3u = −f(x, y, z), ((x, y, z) ∈ V )

u |S= ϕ(x, y, z)
(5.3.1)

Ù¥V´���m«�§S´V�>."d>�¯KéA��¼êG(x, y, z, ξ, η, ζ)
÷vµ∆3G = −δ(x− ξ, y − η, z − ζ), ((x, y, z), (ξ, η, ζ) ∈ V )

G |S= 0.
(5.3.2)

±e·�¬y²µXJU¦)Ñ>�¯K(5.3.2)¥���¼êG§Ò�±Ï

L�A�È©úª��n�Ñt�§1�>�¯K(5.3.1)�)"lù�¿Â

þ§��¼ê�±n)��A>�¯K�Ä�)"

aq/§��Ñt�§(½| �§)1�>�¯K´µ∆2u = −f(x, y), ( (x, y) ∈ D)

u |l= ϕ(x, y).
(5.3.3)

Ù¥D´��²¡«�§l´D�>."d>�¯KéA��¼êG(x, y, ξ, η)÷
vµ ∆2G = −δ(x− ξ, y − η), ( (x, y) ∈ D, (ξ, η) ∈ D)

G |l= 0.
(5.3.4)

|^��¼ê¦)�A�>�¯K�úª

Ún5.3.1��¼êäké¡5(�´5)§±n��~§=

G(M1,M2) = G(M2,M1), (Mi = (ξi, ηi, ζi). i = 1, 2, 3) (1)
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y²µn�Poisson�§1�>�¯K���¼êG(M,M0)÷vµ∆3G = −δ(M −M0), (M, M0 ∈ V )

G |S= 0
(2)

Ù¥M = (x, y, z),M0 = (ξ, η, ζ),V´�§¤¤á��m«�§S´V�>."

e¡y²��¼ê�é¡5§=

G(M1,M2) = G(M2,M1).

¢Sþ§G(M,M1)÷vµ∆3G(M,M1) = −δ(M −M1), (M,M1 ∈ V )

G(M,M1) = 0 (M ∈ S)

G(M,M2)÷vµ∆3G(M,M2) = −δ(M −M2), (M,M2 ∈ V )

G(M,M2) = 0 (M ∈ S)

d��1�úª,¿|^^�G(M,M1)|M∈S = G(M,M2)|M∈S = 0��µ∫∫∫
V

[G(M,M1)∆3G(M,M2)−G(M,M2)∆3G(M,M1)]dM

=

∫∫
S

[
G(M,M1)

∂G(M,M2)

∂~n
−G(M,M2)

∂G(M,M1)

∂~n

]
dS = 0. (3)

2r(Ø∆3G(M,M1) = −δ(M −M1),∆2G(M,M2) = −δ(M −M2)�\þª(3)�
�µ ∫∫∫

V

G(M,M1)δ(M −M2)dM =

∫∫∫
V

G(M,M2)δ(M −M1)dM (4)

2�âδ¼ê�çÀ5§=k

G(M2,M1) = G(M1,M2)

ù�·�Òy²���¼ê�é¡5"

?�Ú§·�±e�Ñ|^��¼ê¦Ñt�§1�>�¯K�)�

úªµ

½n5.3.1 �f(M), ϕ(M)Ñ´ëY¼ê§G(M,M0)´>�¯K(5.3.2))

����¼ê§Kn�Ñt�§1�>�¯K(5.3.1)�)�µ
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u(M) =

∫∫∫
V

f(M0)G(M,M0)dM0 −
∫∫
S

ϕ(M0)
∂G

∂ ~n0
(M,M0)dS0, (5.3.5)

Ù¥µM = (x, y, z), M0 = (ξ, η, ζ),S�LV�>.§ ~n0´�AÛNV3>.S�

	{�(^ξ, η, ζL«)"

y²µ

u(M0) =

∫∫∫
V

δ(M −M0)u(M)dM = −
∫∫∫
V

u(M)∆3G(M,M0)dM (1)

2d��1�úª, ·�kµ∫∫∫
V

[u(M)∆3G(M,M0)−G(M,M0)∆3u(M)] dM =

∫∫
S

[
u
∂G

∂~n
−G∂u

∂~n

]
dS (2)

Ù¥~n´�m«�V�>.S�	{�"|^^�

∆3u(M) = −f(M), (M ∈ V ), u |S= ϕ(M), (M ∈ D)

±9^�G |S= 0,�\þª(2)¿�n��µ∫∫∫
V

u(M)∆3G(M,M0)dM = −
∫∫∫
V

G(M,M0)f(M)dM +

∫∫
S

ϕ(M)
∂G

∂~n
dS (3)

'�(1)Ú(3)�(Ø��d��¼êG¦Ñn�Ñt�§1�>�¯K(1)�

úªµ

u(M0) =

∫∫∫
V

G(M,M0)f(M)dM −
∫∫
S

ϕ(M)
∂G

∂~n
dS (5.3.6)

½

u(M) =

∫∫∫
V

G(M,M0)f(M0)dM0 −
∫∫
S

ϕ(M0)
∂G

∂ ~n0
dS0 . (5.3.7)

aq/,l��Ñt�§1�>�¯K���¼ê(=>�¯K(5.3.4)�

))Ñu"¦)��Ñt�§1�>�¯K(5.3.3)�O�úª´µ

u(M0) =

∫∫
D

f(M)G(M,M0)dA−
∫
l

ϕ(M0)
∂G

∂~n
(M,M0)dl. (5.3.8)
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½

u(M) =

∫∫
D

f(M)G(M,M0)dA0 −
∫
l

ϕ(M0)
∂G

∂ ~n0
(M,M0)dl0. (5.3.9)

Ù¥µM = (x, y), M0 = (ξ, η),~n´�²¡«�D3>.l�	{�"

¦��¼ê�;.�{µº�{

^º�{¦A�;.«����¼ê:

±þ��mz > 0�~,ÙPossion�§1�>�¯K���¼ê÷vµ∆3G = −δ(x− ξ, y − η, z − ζ), (z > 0, ζ > 0), (5.3.10.a)

G |z=0= 0. (5.3.10.b)

lÔn�Ý¦)ù���¼ê�g´µù�¯K�Ôn¿Â´µ3þ��m

�M0 = (ξ, η, ζ)�>þ�+ε�:>Ö§¿�±z = 0�>³":§¦þ��m

�³¼ê"d·��Ñ�Ä�)(Ø(ëwª£ 5.2.3.b) )§±þG ��½�

§(5.3.10.a)k)

u0(M) =
1

4πr(M,M0)
, r(M,M0) =

√
(x− ξ)2 + (y − η)2 + (z − ζ)2

�u0(M)¿Ø÷v3z = 0�0�^�"�
¦�Ó�÷v>.^��)§·�

3M0'u>.z = 0�é¡:M1 = (ξ, η,−ζ)J�>þ�−ε�:>Ö§ù�K>
Ö�)>|³¼ê�

u1(M) = − 1

4πr(M,M1)
, r(M,M1) =

√
(x− ξ)2 + (y − η)2 + (z + ζ)2

duM0ÚM1'u>.z = 0é¡§����>Ö>þ����§�>5��§

Ku0 + u13>.z = 0þ�0§�3M1:J���K>Ö3e��m§Ø¬K

�½Â3þ��m�| �§¤á"¤±�

G = u1 + u2

Ò´·�Ïé�þ��m���¼ê"

nÜ±þg´§·��Ñe~£��m���¼ê)

~5.3.1 ¦þ��m(z > 0)�Green¼ê

):þ��m���¼êG÷v>�¯Kµ∆3G = −δ(x− ξ, y − η, z − ζ), (z > 0, ζ > 0), (1.a)

G |z=0= 0. (1.b)

�¦��¼ê§3M0 = (ξ, η, ζ)�>þ�+ε�:>Ö§3M0'u>.z =

0�é¡:M1 = (ξ, η,−ζ)J�>þ�−ε�:>Ö,Xãµ
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ùü�>Ö©OéAk³¼êµ

u0 =
1

4πr(M,M0)
, r(M,M0) =

√
(x− ξ)2 + (y − η)2 + (z − ζ)2

u1 = − 1

4πr(M,M1)
, r(M,M1) =

√
(x− ξ)2 + (y − η)2 + (z + ζ)2

K���¼êG= u1 + u2,=

G =
1

4π

(
1√

(x− ξ)2 + (y − η)2 + (z − ζ)2
− 1√

(x− ξ)2 + (y − η)2 + (z + ζ)2

)
Üu¤¦"

55.3.1 ±þ~f¥^Ôn�n¦���¼ê�G�±��^êÆ�y

�(5§=�yG÷v½)¯K(5.3.10),Äk3>.z = 0þ§

G =

(
1

4π
√

(x− ξ)2 + (y − η)2 + (z − ζ)2
− 1

4π
√

(x− ξ)2 + (y − η)2 + (z + ζ)2

)
|
z=0

= 0

,	G�±U��

G =
1

4πr(M,M0)
− 1

4πr(M,M1)

K

∆3G =
1

4π

[
∆3

(
1

4πr(M,M0)

)
−∆3

(
1

4πr(M,M1)

)]
= −δ(M −M0) + δ(M −M1)

Ï�:M = (x, y, z)3þ��m§:M1 = (ξ, η,−ζ)3e��m§ÏdM −M1 6= 0,

ù�δ(M −M1) = 0. d(J�\þª§·�Ò�y
G÷v�½�§(5.3.10.a)§

=

∆3G = −δ(M −M0) = −δ(x− ξ, y − η, z − ζ)
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�²¡�Green¼ê:

±þ�²¡y > 0�~§Ù��¼ê÷vµ∆2G = −δ(x− ξ, y − η), (y > 0, η > 0)

G |y=0= 0.

^º�{¦��¼êµ3M0 = (ξ, η)�>þ�+ε�²¡:>Ö§3M0'

uþ�²¡>.y = 0�é¡:M1 = (ξ,−η)J�>þ�−ε�²¡:>Ö§ü�
>Ö©OéA³¼êµ

u0 =
1

2π
ln

1

r(M,M0)
, r(M,M0) =

√
(x− ξ)2 + (y − η)2

u1 = − 1

2π
ln

1

r(M,M1)
, r(M,M1) =

√
(x− ξ)2 + (y + η)2

Ïd§���¼ê

G = u0 + u1 =
1

2π
ln

1

r(M,M0)
− 1

2π
ln

1

r(M,M1)
.

=
1

4π
ln

(x− ξ)2 + (y + η)2

(x− ξ)2 + (y − η)2
. (y, η > 0)

Üu¤¦"

¥/«�S�Green¼ê:

±¥�x2 + y2 + z2 < R2�~§Ù��¼ê÷vµ∆3G = −δ(x− ξ, y − η, z − ζ), (r, ρ < R)

G |r=R= 0.

Ù¥r =
√
x2 + y2 + z2, ρ =

√
ξ2 + η2 + ζ2.

e¡^º�{¦d��¼êµ3M0 = (ξ, η, ζ)�>þ�+ε�:>Ö,3M0'

u¥¡�é¡:M1��>þ�−qε�K>Ö§Ù¥q�½"Kùü�>Ö�

)|�³¼ê©O�µ

u0 =
1

4πr(M,M0)
, u1 = − q

4πr(M,M1)
.

�¦u0 + u1¤�¤¦���¼ê§K�¦é¥¡Sþ?¿�:M§kµ

u0 + u1 =
1

4π

[
1

r(M,M0)
− q

r(M,M1)

]
= 0,
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ù�§(½Ñ

q =
r(M,M1)

r(M,M0)
, M ∈ ¥¡S . (1)

e¡lq�L�ª¥��M : duM0ÚM1'u¥¡é¡§¤±

r(O,M0) . r(O,M1) = R2 =⇒ r(O,M0)

r(O,M)
=

r(O,M)

r(O,M1)

Ïdn�/MOM0�n�/M1OM�q(ü�n�/éA>'���Y��

�§Kü�n�/�q),Xã:

Ïd,�â�qn�/éA>¤'~µ

r(M,M1)

r(M,M0)
=

r(O,M)

r(O,M0)
=
R

ρ
. (2)

þª(2)�\(1),Ò½Ñq =
R

ρ
,Ïd¤¦���¼ê�µ

G =
1

4π

(
1

r(M,M0)
− R

ρ

1

r(M,M1)

)
. (1)

�¥�I§P|:M = (r, θ, ϕ)§:M0 = (ρ, θ0, ϕ0), ψ�OM�OM0�Y

�§K

r(M,M0) =
√
r2 + ρ2 − 2rρ cosψ, r(M,M1) =

√
r2 + (

R2

ρ
)2 − 2r

R

ρ

2

cosψ,

cosψ = cos θ cos θ0 + sin θ sin θ0 cos(ϕ− ϕ0)

¤±§��¥S��¼êL«�µ

G =
1

4π

(
1√

r2 + ρ2 − 2rρ cosψ
− R√

r2ρ2 +R4 − 2R2ρr cosψ

)
.
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55.3.2 ±þ¦¥S��¼ê�ÿ§^�
ü�:M0ÚM1'u¥¡é

¡ù�Vg§=O,M0,M1n:ú�: ,	|
−−−→
OM0| |

−−−→
OM1| = R2. �¥�I§P|

:M = (r, θ, ϕ)§:M0 = (ρ, θ0, ϕ0),ψ�OM�OM0�Y�§K

|
−−−→
OM1| =

R2

|
−−−→
OM0|

=
R2

ρ

cosψ =

−−→
OM .

−−−→
OM0

|
−−→
OM ||

−−−→
OM0|

=
(r sin θ cosϕ, r sin θ sinϕ, r cos θ) . (ρ sin θ0 cosϕ0, ρ sin θ0 sinϕ0, ρ cos θ0)

rρ

= cos θ cos θ0 + sin θ sin θ0 cos(ϕ− ϕ0)

�/«�S��¼ê: ±�Sr < R�~§Ù��¼êG÷vµ∆2G = −δ(x− ξ, y − η), (r, ρ < R)

G |r=R= 0.

Ù¥r =
√
x2 + y2, ρ =

√
ξ2 + η2.

^º�{¦)µ3M0 = (ξ, η)�>þ�+ε�²¡:>Ö§3M0'u�±r =

a�é¡:M1 = R2

ρ2
(ξ, η)J�>þ�−ε�²¡:>Ö,ü�>5���:>Ö

©OéAk³¼êµ

u0 =
1

2π
ln

1

r(M,M0)
, u1 = − 1

2π
ln

1

r(M,M1)
,

3�±Cþ§

u0 + u1 =
1

2π

(
ln

1

r(M,M0)
− ln

1

r(M,M1)

)
=

1

2π
ln
r(M,M1)

r(M,M0)
=

1

2π
ln
R

ρ

ù���G = u0 + u1 − 1
2π ln R

ρ , GÒ3�±Cþ�0
§����¼ê

G =
1

2π
ln

1

r(M,M0)
− 1

2π
ln

1

r(M,M1)
− 1

2π
ln
R

ρ

Üu¤¦"X�4�I§P|:M = (r, θ)§:M0 = (ρ, θ0),K

r(M,M0) =
√
r2 + ρ2 − 2rρ cos(θ − θ0), r(M,M1) =

√
r2 + (

R2

ρ
)2 − 2r

R

ρ

2

cos(θ − θ0) .

|^��¼ê¦)�A�1�>�¯K

~5.3.2|^þ��m(z > 0)���¼ê§¦)| �§�1�>�¯Kµ
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∆3u = 0, (z > 0)

u |z=0= ϕ(x, y).
(1)

)µ|^��¼êG¦)n�Ñt�§1�>�¯K���5úª´µ

u(M0) =

∫∫∫
V

G(M,M0)f(M)dM −
∫∫
S

ϕ(M)
∂G

∂~n
dS (2)

äN��¯K§�m«�V�þ��m§>.S´²¡z = 0,«��	{�~n´z¶

K�¶��(0, 0,−1)§Ïd
∂G

∂~n
= −∂G

∂z
,f(M) = f(x, y, z) = 0, ϕ(M) = ϕ(x, y). ±

þù
êâ�\�ª(2)§Ò��¦>�¯K(1)�)�úªµ

u(ξ, η, ζ) =

∫∫
z=0

ϕ(x, y)
∂G

∂z
dS (3)

·�3c¡�~f¥§®²¦���m(z > 0)���¼ê�µ

G =
1

4π
√

(x− ξ)2 + (y − η)2 + (z − ζ)2
− 1

4π
√

(x− ξ)2 + (y − η)2 + (z + ζ)2

Ïd

∂G

∂z
|
z=0

=
1

4π

(
−(z − ζ)

[(x− ξ)2 + (y − η)2 + (z − ζ)2]
3
2

− −(z + ζ)

[(x− ξ)2 + (y − η)2 + (z + ζ)2]
3
2

)
|
z=0

=
1

2π

ζ

[(x− ξ)2 + (y − η)2 + ζ2]
3
2

. (4)

þª(4)�\(3),¿ÐmdS = dxdy,��

u(ξ, η, ζ) =
1

2π

+∞∫∫
−∞

ζϕ(x, y)

[(x− ξ)2 + (y − η)2 + ζ2]
3
2

dxdy (5)

½öL«��d/ªµ

u(x, y, z) =
1

2π

+∞∫∫
−∞

zϕ(ξ, η)

[(x− ξ)2 + (y − η)2 + z2]
3
2

dξdη (6)

~5.3.3 |^þ�²¡(y > 0)���¼ê§¦)þ�²¡�| �§>�¯

Kµ ∆2u = −f(x, y), (y > 0)

u |y=0= ϕ(x).
(1)
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)µc¡·�®²¦Ñþ�²¡(y > 0)���¼ê�

G =
1

4π
ln

(x− ξ)2 + (y + η)2

(x− ξ)2 + (y − η)2
.

|^��¼êG¦)��Ñt�§1�>�¯K���5úª´µ

u(M0) =

∫∫
D

G(M,M0)f(M)dM −
∫
l

ϕ(M)
∂G

∂~n
dl (3)

3·�¤¦�¯K¥§«�D�þ�²¡§>.l´��y = 0,«��	

{�~n´yK�¶��§f(M) = f(x, y), ϕ(M) = ϕ(x). ±þù
êâ�\�

ª(3)§Ò��|^��¼ê¦>�¯K(1)�)�úªµ

u(ξ, η) =

∫ +∞

0

∫ +∞

−∞
G(x, y, ξ, η)f(x, y) dxdy +

∫
y=0

ϕ(x)
∂G

∂y
dx (4)

Ù¥
∂G

∂y
|
y=0

=
1

2π

(
y + η

(x− ξ)2 + (y + η)2
− y − η

(x− ξ)2 + (y − η)2

)|
y=0

=
1

π

(
η

(x− ξ)2 + η2

)
Ï��>�¯K�)µ

u(ξ, η) =
1

4π

∫ +∞

0

∫ +∞

−∞
f(x, y) ln

(x− ξ)2 + (y + η)2

(x− ξ)2 + (y − η)2
dxdy +

1

π

∫ +∞

−∞

ηϕ(x)

(x− ξ)2 + η2
dx

½

u(x, y) =
1

4π

∫ +∞

0

∫ +∞

−∞
f(ξ, η) ln

(x− ξ)2 + (y + η)2

(x− ξ)2 + (y − η)2
dξdη +

1

π

∫ +∞

−∞

yϕ(ξ)

(x− ξ)2 + y2
dξ

~5.3.4|^¥S���¼ê§¦)>�¯Kµ∆3u = 0, (r =
√
x2 + y2 + z2 < R)

u |r=R= ϕ(x, y, z).

)µ|^��¼êG¦)n�Ñt�§1�>�¯K���5úª´µ

u(M0) =

∫∫∫
V

G(M,M0)f(M)dM −
∫∫
S

ϕ(M)
∂G

∂~n
dS

3�¯K¥§f(M) = f(x, y, z) = 0, S´¥¡r = R,Ïd

u(M0) = −
∫∫
S

∂G

∂~n
ϕ(M)dS
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æ^¥�IM = (r, θ, ϕ),c¡®²¦�d¥S��¼ê�µ

G =
1

4π

(
1√

r2 + ρ2 − 2rρ cosψ
− R√

r2ρ2 +R4 − 2R2ρr cosψ

)
. (1)

Ù¥cosψ = cos θ cos θ0 + sin θ sin θ0 cos(ϕ− ϕ0),3¥¡þ

∂G

∂~n
|S=

∂G

∂r
|S=

1

4π

(
r − ρ cosψ

(r2 + ρ2 − 2rρ cosψ)
3
2

− (ρ2r −R2ρ cosψ)R

(r2ρ2 +R4 − 2R2ρr cosψ)
3
2

)
|r=R

= − R2 − ρ2

4πR(R2 + ρ2 − 2Rρ cosψ)
3
2

�\L�ª(1),��È©/ª)�Ñtúªµ

u(M0) = u(ρ, θ0, ϕ0) =
1

4πR

∫∫
S

R2 − ρ2

(R2 + ρ2 − 2Rρ cosψ)
3
2

Φ(θ, ϕ)dS

Ù¥Φ(θ, ϕ) = ϕ(R sin θ cosϕ,R sin θ sinϕ,R cos θ) .

|^º�{¦)Ù§��
��¼ê�~f

~5.3.5®�o©��²¡«�D = {(x, y) | x > 0, y > 0}, ^º�{¦ÑDS

Ñt�§1�>�¯K���¼ê"

) ^º�{§VS��¼ê÷v�>�¯Kµ∆2G = −δ(x− ξ, y − η), (x > 0, y > 0, ξ > 0, η > 0)

G |L= 0,

Ù¥L�D�>.§=L = {(x, y) | x = 0, y ≥ 0)} ∪ {(x, y) | y = 0, x ≥ 0)}PM0 = (ξ, η),

KM0'ux¶Úy¶�é¡:©O�M1 = (ξ,−η)ÚM2 = (−ξ, η).3M0��>þ

�+ε�²¡:>Ö§�)>|>³�

U0 =
1

2π
ln

1

r(M,M0)
, r(M,M0) =

√
(x− ξ)2 + (y − η)2

3M1ÚM2©OJ�−ε�²¡:>Ö§�)>|�³¼ê©O�

U1 = − 1

2π
ln

1

r(M,M1)
, r(M,M1) =

√
(x− ξ)2 + (y + η)2,

U2 = − 1

2π
ln

1

r(M,M2)
, r(M,M2) =

√
(x+ ξ)2 + (y − η)2.

�²ïM1¤J��K>Öéy¶�K�±9M2J��K>Öéx¶�K�§

3M3 = (−ξ,−η)J�+ε²¡:>Ö§�)>|�³¼ê�µ

U3 =
1

2π
ln

1

r(M,M3)
, r(M,M3) =

√
(x+ ξ)2 + (y + η)2.
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r���¤k>Ö�>|�³¼êU\§·�Ò����¼ê

G = U0 + U1 + U2 + U3 =
1

2π
ln
r(M,M1) r(M,M2)

r(M,M0) r(M,M3)

~5.3.6®��¥«�V = {(x, y, z) | x2 + y2 + z2 < R2, z > 0},¦VSÑt�§1

�>�¯K���¼ê"

)KJ«µ�¥«�kü�>.§��´.¡��§,	Ò´��¥¡�>."Ï

d§|^º�{¦��¼ê�ÿ§3¥S���>Ö�§3§'uü�>.é¡:Ñ

��J[K>Ö5²ï>.�>³§�������J[�>Ö35-�ùü�J[

K>Öé>.>³�K�"

)µVSÑt�§1�>�¯K���¼ê÷v>�¯Kµ∆3G = −δ(x− ξ, y − η, z − ζ), (z > 0, r, ρ < R)

G |s= 0.

Ù¥r =
√
x2 + y2 + z2, ρ =

√
ξ2 + η2 + ζ2,S = {z > 0, r = R}

⋃
{z = 0, r < R}.

¦^¥�I¿º�{¦d��¼êµÄk3�¥SM0 = (ρ, θ0, ϕ0):�+ε:

>Ö§3M0�'u¥¡�é¡:M1 = (R
2

ρ
, θ0, ϕ0)J�−R

ρ
ε�:>Ö§Ó�3

'u�¥.¡�é¡:M2 = (ρ, π − θ0, ϕ0)J�−ε:>Ö§��3M1'u.¡

�é¡::

M3 = (R
2

ρ
, π − θ0, ϕ0)J��>þ�+R

ρ
ε��>Öå�o�²ï�^(d>Ö�

-�3M1ÚM2���J[>Öé>.�K�)"

ù�3M0���:>Ö±93M2,M3,M4J�>Ö¤�)�³¼ê©O�µ

U0 =
1

4πr(M,M0)
, U1 = −R

ρ

1

4πr(M,M1)
,

U2 = − 1

4πr(M,M2)
, U3 =

R

ρ

1

4πr(M,M3)
.
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����¼ê�

G = U1 + U2 + U3 + U4

=
1

4π

[
1

r(M,M0)
− R

ρ

1

r(M,M1)
− 1

r(M,M2)
+
R

ρ

1

r(M,M3)

]
Ù¥

r(M,M0) =
√
r2 + ρ2 − 2rρ cosψ, r(M,M1) =

√
r2 + (

R2

ρ
)2 − 2r

R

ρ

2

cosψ,

r(M,M2) =
√
r2 + ρ2 − 2rρ cosψ′, r(M,M3) =

√
r2 + (

R2

ρ
)2 − 2r

R

ρ

2

cosψ′,

Ù¥cosψ = cos θ cos θ0 + sin θ sin θ0 cos(ϕ− ϕ0), cosψ′Ò´rcosψ¥�θ0�¤π − θ0=
�"

55.3.33�Ù¥r(A,B)�LA,Bü:�mål"3þ~f¥Xæ^���I

X§�A�L«ª��A�?U=�§'XµM0 = (ξ, η, ζ),KM0�¥¡é¡

:ÒL«�µM1 = R2

ρ2
(ξ, η, ζ),ù�

r(M,M1) =

√(
x− R2

ρ2
ξ

)2

+

(
y − R2

ρ2
η

)2

+

(
z − R2

ρ2
ζ

)2

~5.3.7¦�G�mV = {(x, y, z) | 0 < z < h}SPossion�§1�>�¯K���

¼ê"

)KJ«µ�¦^º�{¦)§«��>.z = 0Úz = hXÓü¡ºf§�E��§

/¤Ã¡õ�>�§�A����X�>Ö�)�|�³¼ê�Ã¡U\Ò´¤¦�

�¼ê"

)µ|^º�{¦��¼êµ��¼êG÷v>�¯Kµ∆3G = −δ(x− ξ, y − η, z − ζ), (0 < z < H, 0 < ζ < h)

G |z=0= 0, G |z=h= 0.
(1)
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PVS:M0 = (ξ, η, ζ),§'u>.z = 0�é¡:�M1 = (ξ, η,−ζ),'u>.z = h�

é¡:�M ′
1 = (ξ, η, 2h− ζ)§3M0��>þ�+ε�:>Ö§3M1ÚM ′

1©O

��>þ�−ε�:>Ö, �
²ïM1?K>Öé>.z = h�K�§3M1'

uZ = h�é¡:M2 = (ξ, η, 2h+ ζ)��+ε:>Ö§Ón§3M ′
1'uZ = 0é¡

:M ′
2 = (ξ, η,−2h+ ζ)��+ε:>Ö"±daí§3�I�Rn = (ξ, η, 2nh+ ζ)�

:��+ε:>Ö§R′n = (ξ, η, 2nh− ζ)

�:��−ε:>Ö£Ù¥n = ±1,±2, ...¤"3rnÚr′n?���>Ö�)·>|

�³¼ê©O�µ

Un =
1

4πr(M,Rn)
, r(M,Rn) =

√
(x− ξ)2 + (y − η)2 + (z − 2nh− ζ)2

±9

U ′n = − 1

4πr(M,R′n)
, r(M,Rn) =

√
(x− ξ)2 + (y − η)2 + (z − 2nh+ ζ)2

rù
>|³¼êU\�Ò´¤¦���¼ê§=

G =
+∞∑

n=−∞

Un + U ′n =
1

4π

+∞∑
n=−∞

(
1

r(M,Rn)
− 1

r(M,R′n)

)

¦��¼ê�Ù§�{

�/C�{:

¦,
²¡«�S���¼ê�±æ��/C���{§ù«�{Ä

u�á¥�Ñ�±e½nµ

½n5.3.2�D�z²¡þ��üéÏ«�, z = x+ iy, z0 = ξ + iη ∈ D,XJω = ω(z, z0)´
rDN�ω ²¡�ü �|ω| < 1,¿rz0N�ω = 0��/C�§K

G(x, y, ξ, η) =
1

2π
ln

1

|ω(z)|

´²¡«�Dþ���¼ê§=G�>�¯K(5.3.4)�)"

XJ����«��®���¼ê�«���/C�§Ò�±(Ü±

þ½n¦Ñ��«����¼ê§·�ÏL±eü�~f5`²µ

~5.3.8®�o©��²¡D = {(x, y) | x > 0, y > 0}, �|^þ�²¡���
¼ê¦ÑDSÑt�§1�>�¯K���¼ê

) ·�®²¦�þ�²¡���¼ê�

G∗ =
1

2π
ln
r(M ∗,M∗

1 )

r(M ∗,M∗
0 )
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Ù¥M ∗ = (x∗, y∗), M ∗
0 = (ξ∗, η∗), M ∗

1 = (ξ∗,−η∗) . e�M∗:éAEêz∗,

M0
∗:éAz0

∗,K±þ�²¡���¼êG∗�±U��

G∗ =
1

2π
ln
|z∗ − z0

∗|
|z∗ − z0

∗|

do©��²¡D�þ�²¡k�/C�µ

z∗ = z2
.

Ko©��²¡D���¼ê�

G =
1

2π
ln
|z2 − z0

2|
|z2 − z0

2|

Ù¥z = x+ iy, z0 = ξ + iη .äNÐm�

G =
1

2π
ln
|z − z0||z + z0|
|z − z0||z + z0|

=
1

2π
ln
r(M,M1) r(M,M2)

r(M,M0) r(M,M3)

|z − z0| = r(M,M0) =
√

(x− ξ)2 + (y − η)2,

|z + z0| = r(M,M3) =
√

(x+ ξ)2 + (y + η)2 ,

|z − z0| = r(M,M1) =
√

(x− ξ)2 + (y + η)2,

|z + z0| = r(M,M2) =
√

(x+ ξ)2 + (y − η)2 .

~5.3.9 ®���«�D = {(x, y) | x2 + y2 < R2, y > 0},

1)^º�{¦DSÑt�§1�>�¯K���¼ê"

2)8©���D1 = {(r, θ) | r < R, 0 < θ < π
3
}, |^1�¯(Ø¦D1S��

�¼ê"

)µ 1)DSÑt�§1�>�¯K���¼ê÷v>�¯Kµ∆2G = −δ(x− ξ, y − η), (y > 0, r, ρ < R)

G |l= 0.

Ù¥r =
√
x2 + y2, ρ =

√
ξ2 + η2,l = {y > 0, r = R}

⋃
{y = 0, |x| ≤ R}.

±e^º�{¦d��¼êµÄk3�¥S�:M0 = (ξ, η):�+ε²¡

:>Ö§3M0�'u��é¡:M1 = R2

ρ2
(ξ, η)J�−ε�²¡:>Ö§Ó�3

'u��.>y = 0�é¡:M2 = (ξ,−η)J�−ε²¡:>Ö§��3M3 = R2

ρ2
(ξ,−η)J

�>þ�+ε²¡:>Öå�o�²ï�^(d>Ö�-�3M1ÚM2���

J[>Öé>.�K�)"Xãµ
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M0,M1,M2,M3?��²¡:>Ö�)�>|³¼ê©O�µ

U0 =
1

2π
ln

1

r(M,M0)
, U1 = − 1

2π
ln

1

r(M,M1)

U2 = − 1

2π
ln

1

r(M,M2)
, U3 =

1

2π
ln

1

r(M,M3)

Ù¥M = (x, y),ÎÒr(A,B)L«A,Bü:�mål"du

U1 + U2 + U3 + U4 =
1

2π
ln
r(M,M1)r(M,M2)

r(M,M0)r(M,M3)
(1)

d��é¡:�5�§M3�±Cþ�§

r(M,M1)

r(M,M0)
=
R

ρ
,

r(M,M2)

r(M,M3)
=
ρ

R
, (ρ =

√
ξ2 + η2) (2)

ÏdM ∈ C�ÿ

U1 + U2 + U3 + U4 =
1

2π
ln
r(M,M1) r(M,M2)

r(M,M0) r(M,M3)
=

1

2π
ln

(
R

ρ
× ρ

R

)
= ln 1 = 0 (3)

�âé¡:�¿Â§N´�yU1 + U2 + U3 + U4>.y = 0þ���0. ù

�§¤¦��¼êG�µ

G = U1 + U2 + U3 + U4 =
1

2π

r(M,M1) r(M,M2)

r(M,M0) r(M,M3)
(4)

Ù¥§

r(M,M0) =
√

(x− ξ)2 + (y − η)2,

r(M,M1) =

√(
x− R2

ρ2
ξ

)2

+

(
y − R2

ρ2
η

)2

,

r(M,M2) =
√

(x− ξ)2 + (y + η)2,
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r(M,M3) =

√(
x− R2

ρ2
ξ

)2

+

(
y +

R2

ρ2
η

)2

.

2)^D∗ = {(r∗, θ∗) | r∗ < R∗, 0 < θ∗ < π}L«�»R∗�þ��§d1�¯�(

Ø§D∗SÑt�§1�>�¯K����¼ê�L«�µ

G∗ =
1

2π
ln
r(M∗,M1

∗)r(M∗,M2
∗)

r(M∗,M0
∗)r(M∗,M3

∗)
(5)

Ù¥M∗ = (x∗, y∗),M0
∗ = (ξ∗, η∗),M1

∗ =
R∗2

ρ∗2
(ξ∗, η∗),M2

∗ = (ξ∗,−η∗), ,M3
∗ =

R∗2

ρ∗2
(ξ∗,−η∗),

ρ∗ =
√
ξ∗2 + η∗2,ÎÒr(A,B)�LA,Bü:�mål"w,§þª(5)�L�D∗S

���¼êq�U��±eEC¼ê/ª:

G∗ =
1

2π
ln
|z∗ − z0∗||z∗ − R∗2

ρ∗2
z0
∗|

|z∗ − z0∗||z∗ − R∗2

ρ∗2
z0∗|

(6)

e�R∗ = R3, ù��/C�z∗ = z3r8©����DSÜC����D∗,

¿rDS:z0C�z0
3,|^1�¯¦�������¼ê§��8©���D�

��¼ê�

G =
1

2π
ln
|z3 − z03||z3 − R6

ρ6
z0

3|

|z3 − z03||z3 − R6

ρ6
z03|

(7)

34�Ie§z3éA:(r3, 3θ), z0
3éA:(ρ3, 3θ0),¤±þª�8©�����

�¼êG�z�±e/ªµ

G =
1

2π
ln
r(M,M1)r(M,M2)

r(M,M0)r(M,M3)
(8)

Ù¥§M(r3, 3θ),M0(ρ
3, 3θ0),M1(

R6

ρ3
, 3θ0),M2(ρ

3,−3θ0), ,M3(
R6

ρ3
,−3θ0),

r(M,M0) =
√

(r3 cos 3θ − ρ3 cos 3θ0)2 + (r3 sin 3θ − ρ3 sin 3θ0)2,

r(M,M1) =

√
(r3 cos 3θ − R6

ρ3
cos 3θ0)2 + (r3 sin 3θ − R6

ρ3
sin 3θ0)2,

r(M,M2) =
√

(r3 cos 3θ − ρ3 cos 3θ0)2 + (r3 sin 3θ + ρ3 sin 3θ0)2,

r(M,M3) =

√
(r3 cos 3θ − R6

ρ3
cos 3θ0)2 + (r3 sin 3θ +

R6

ρ3
sin 3θ0)2 .

Fourier�{¦��¼ê:

ù«�{¦��¼ê�Ä��K´µ|^��¼ê�>.^�§ïáÓ

�>.^����k�¯K§|^¦���k¼êX���5§r��¼
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êG3�k¼êXeÐm§2|^O�^�½ÑÐmXê£½2ÂFourierX
ê¤§l½Ñ��¼ê"

~5.3.10¦Ý/«�D : 0 < x < a, 0 < y < bS)¼¯K���¼ê§=¦½)

¯Kµ ∆2G = −δ(x− ξ, y − η), ( (x, y) ∈ D, (ξ, η) ∈ D )

G |x=0= G |x=a= 0 = G |y=0= G |y=b= 0.

)µ�ÄÓ�àg>.^�eLaplace�§� �©�§�k�¯Kµ∆2v + λv = 0, ( (x, y) ∈ D) )

v |x=0= v |x=a= 0, v |y=0= v |y=b= 0.
(1)

^©lCþ{¦)§-v(x, y) = X(x)Y (y),�\v��§��

X ′′Y +XY ′′ + λXY = 0 =⇒ X ′′

X
+
Y ′′

Y
+ λ = 0 .

3(Ü>.^�§���k�¯KµX
′′ + µX = 0, (0 < x < a)

X(0) = X(a) = 0 .
Ú

Y
′′ + νY = 0, (0 < y < b)

Y (0) = X(b) = 0 .

�λ = µ+ ν,´)�±þ'uX(x), Y (y)�k�¯K�)©O�µ

µm =
(mπ
a

)2

, Xm(x) = sin
mπx

a
,

νn =
(nπ
b

)2

, Yn(y) = sin
nπy

b
,

�A/�� �©�§�k�¯K(1)�)�µ

�k�:λmn =
(mπ
a

)2

+
(nπ
b

)2

, �k¼ê: vmn(x, y) = sin
mπx

a
sin

nπy

b

r��¼êG3����Xvmn(x, y)eÐm§=�

G =
+∞∑
m=1

+∞∑
n=1

Cmnvmn(x, y) =
+∞∑
m=1

+∞∑
n=1

Cmn sin
mπx

a
sin

nπy

b
.

�\��§�µ

∆2G =
+∞∑
m=1

+∞∑
n=1

Cmn∆2vmn(x, y) = −
+∞∑
m=1

+∞∑
n=1

Cmnλmnvmn(x, y) = −δ(x− ξ, y − η). (2)
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Ù¥ÐmXêµ

Cmnλmn =

∫ a
0

∫ b
0 δ(x− ξ, y − η) sin mπx

a sin nπy
b dxdy

|| sin mπx
a ||2|| sin

nπy
b ||2

(2)



|| sin mπx
a
||2 =

∫ a

0

sin2 mπx

a
dx =

a

2
, || sin nπy

b
||2 =

∫ b

0

sin2 nπx

b
dy =

b

2
,

,	∫ a

0

∫ b

0

δ(x− ξ, y − η) sin
mπx

a
sin

nπy

b
dxdy = sin

mπξ

a
sin

nπη

b
.

ù
(J�\(2))�µ

Cmn =
4

abλmn
sin

mπξ

a
sin

nπη

b
,

(
λmn =

(mπ
a

)2

+
(nπ
b

)2
)

���n��¤¦���¼ê�µ

G(x, y, ξ, η) =
4ab

π2

+∞∑
m=1

+∞∑
n=1

1

m2b2 + n2a2
sin

mπξ

a
sin

nπη

b
sin

mπx

a
sin

nπy

b

~5.3.11¦)±e�^/«��½)¯Kµ
∆2u = 0, (x > 0, 0 < y < 1)

u |x=0= 0, u |x→+∞k.

u |y=0= ϕ1(x), u |y=1= ϕ2(x) .

(1)

)KJ«µù´���^/«��>�¯K§�±k¦Ñ�A����¼ê§,�/Ï��

¼ê�¦Ñd>�¯K�)"

)µd¯K�^/«�S�Ñt�§1�>�¯K§�A���¼êG÷

vµ 
∆2G = −δ(x− ξ, y − η), (x, ξ > 0, 0 < y, η < 1)

G |x→+∞k.

G |x=0= G |y=0= G |y=1= 0 .

(2)

e¡^Fourier�{¦)��¼êG,�d�Ä�k�¯Kµ
∆2v + λV = 0, (x > 0, 0 < y < 1)

V |x→+∞k.

V |x=0= V |y=0= V |y=1= 0 .

(3)
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�©lCþ§-V = X(x)Y (y),�\��)ü��k�¯Kµx
′′ + µX = 0, ( 0 < x < +∞)

X(0) = 0, X(+∞)k.
Ú

Y
′′ + νY = 0, (0 < y < 1)

Y (0) = Y (1) = 0

Ù¥µ+ ν = λ.±þ�k�¯K©O)�µ

µ = ω2, X(x, ω) = sinωx, ω > 0

νn = (nπ)2, Yn = sinnπy, n = 1, 2, 3, ...

�A/ �©�§�k�¯K(3)k�k�Ú�k¼êX

λnω = ω2 + n2π
2
, vn(x, y, ω) = sinωx sinnπy .

|^U\�n�

G =
+∞∑
n=1

∫ +∞

0

An(ω) sinωxdω sinnπy (4)

�\G��§µ

+∞∑
n=1

∫ +∞

0

An(ω)[ω2 + n2π
2
] sinωxdω sinnπy = δ(x− ξ, y − η) (6)

rþªw¤'usinπy��u?ê,Ïd§�â�u?êXê(½úª§kµ∫ +∞

0

An(ω)[ω2 + n2π
2
] sinωxdω = 2

∫ 1

0

δ(x− ξ, y − η) sinnπydy = 2 sin πη δ(x− ξ)
(7)

þª(7)q�w¤´An(ω)[ω2 + n2π
2
]��uC�§Ïdd�üúªµ

An(ω)[ω2 + n2π
2
] =

2

π

∫ +∞

0

2 sinnπη δ(x− ξ) sinωxdx =
4

π
sinωξ sinnπη

Ïd

An(ω) =
4

π[ω2 + n2π2]
sinωξ sinnπη,

ù�Ò¦Ñ
��¼ê

G(x, y, ξ, η) =
+∞∑
n=1

[∫ +∞

0

4 sinωξ sinωx

π(ω2 + n2π2)
dω

]
sinnπη sinnπy.

��¼ê¦)Ñt�§1�>�¯K���úª�:

u(M) =

∫∫
D

G(M,M0)f(M0)dM0 −
∫
l

ϕ(M0)
∂G

∂ ~n0
dl0
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3�¯K¥f(M) = 0,M = (x, y), D = {(x, y) | x > 0, 0 < y < 1},Ù>.l = l1 + l2 + l3,

l1, l2Úl3©O�«�D�x = 1,y = 0,±9y = 1�>.§�^�µϕ(M) |l1= 0, ϕ(M) |l2= ϕ1(x),

ϕ(M) |l3= ϕ2(x) ,Ïd§�½)¯K)�

u(x, y) =

∫ +∞

0

ϕ1(ξ)
∂G

∂η
|η=0 dξ −

∫ +∞

0

ϕ2(ξ)
∂G

∂η
|η=1 dξ (8)



∂G

∂η
=

+∞∑
n=1

4n

[∫ +∞

0

sinωξ sinωx

ω2 + n2π2 dω

]
cosnπη sinnπy. (9)

¤±��)�

u(x, y) =
+∞∑
n=1

4n

∫ +∞

0

∫ +∞

0

[ϕ1(ξ)− (−1)nϕ2(ξ)] sinωξ sinωx

ω2 + n2π2 dξdω sinnπy .

5.4 Ð�¯K�Ä�){

1)ut = Lu.�§Ð�¯K�Ä�)

ut = Lu.�§�Ð�¯K´µ
∂u

∂t
= Lu+ f(t,M), ( t > 0,M ∈ Rn, n = 1, 2, 3)

u |t=0= ϕ(M).
(5.4.1)

Ù¥§L´'u�mCþM��5 �©�f"

�A�Ä�)¯K´µ
∂U

∂t
= LU, ( t > 0,M ∈ Rn, n = 1, 2, 3)

U |t=0= δ(M).
(5.4.2)

'Xéu�àgn�9D��§Ð�¯Kµut = ∆3u+ f(t, x, y, z), ( t > 0,−∞ < x, y, z < +∞)

u |t=0= ϕ(x, y, z).

�A�Ä�)¯K´µUt = ∆3U, ( t > 0,−∞ < x, y, z < +∞)

U |t=0= δ(x, y, z).



213

XJU¦ÑÄ�)¯K(5.4.2)�)U(t,M)§ÒU|^Ä�)U(t,M),Ï

L�A�úªÒ�¦Ñ�Ð�¯K(5.4.1)�)u(t,M).

e¡�ÑdÄ�)¦)ut = Lu.�§Ð�¯K�úª

|^Àþ�nÚU\�n§¿|^δ¼ê�òÈ5�§�±íÑd(5.4.2)�
�)U(t,M)¦Ñ�Ð�¯K(5.4.1)�)u(t,M)�úªµ

½n5.4.1 �U(t,M)´Ä�)¯K(5.4.2)�)§K

u(t,M) = U(t,M) ∗ ϕ(M) +

∫ t

0

U(t− τ,M) ∗ f(τ,M) dτ

´�Ð�¯K(5.4.1)�)"

y²µdU\�n§�Ð�¯K(5.4.1)�)u = u1 + u2Ù¥u1Úu2©O

÷vµ 
∂u1

∂t
= Lu1, ( t > 0,M ∈ Rn, n = 1, 2, 3)

u1 |t=0= ϕ(M).
(1)


∂u2

∂t
= Lu2 + f(t,M), ( t > 0,M ∈ Rn, n = 1, 2, 3)

u2 |t=0= 0.
(2)

±eÄky²u1 = U(t,M) ∗ ϕ(M),�drdL«ª�\(1)��½�§:

� =
∂u1
∂t

=
∂U(t,M)

∂t
∗ ϕ(M) = LU(t,M) ∗ ϕ(M) = L[U(t,M) ∗ ϕ(M)] = Lu1 =m

,	

u1 |t=0= (U(t,M) |t=0) ∗ ϕ(M) = δ(M) ∗ ϕ(M) = ϕ(M)

ù�Ò�y
u1 = U(t,M) ∗ ϕ(M)÷v½)¯K(1) . 3�âÀþ�n

u2 =

∫ t

0
W (t, x, τ) dτ (3)

Ù¥W (t, x, τ)÷vµ
∂W

∂t
= LW, ( t > τ, M ∈ Rn, n = 1, 2, 3)

W |t=τ= f(τ,M).
(4)

�gCþO�t1 = t− τ ,K
∂W

∂t1
= LW, ( t1 > 0, M ∈ Rn, n = 1, 2, 3)

W |t1=0= f(τ,M).
(5)
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aquu1�Ð�¯K�)§���

W (t1, x, τ) = U(t1,M) ∗ f(τ,M) =⇒W (t, x, τ) = U(t− τ,M) ∗ f(τ,M) .

Ïd

u2 =

∫ t

0
U(t− τ,M) ∗ f(τ,M)dτ

ru1Úu2�L«ª�\§Òy²
½n�(Ø"

~5.4.1|^Ä�)�{¦)��9D��§Ð�¯Kµut = a2uxx + f(t, x), ( t > 0,−∞ < x < +∞)

u |t=0= ϕ(x).
(1)

)KJ«µ�¯Káuut = Lu.�§���Ð�¯K£Ù¥L = a2 ∂2

∂x2
¤§�k¦Ñ�A

�Ä�)�2|^�Aúª¦Ñ��àg��Ð�¯K�)"

)µdÐ�¯K�Ä�)¯K´µUt = a2Uxx, ( t > 0,−∞ < x < +∞)

U |t=0= δ(x).
(2)

Äk|^FourierC�¦ÑÄ�)§�d§-

U = F [U ] =

∫ +∞

−∞
U(t, x)e−iλxdx

�A/§

F [Uxx] = −λ2U, F [δ(x)] = 1

ÏdéÄ�)¯K(2)ü>�FourierC�§��µ
dU

dt
= −a2λ2U

U |t=0= 1.

)�

U = exp{−a2λ2t}
�A��C�,kµ

U = F−1[U ] = F−1[exp−{a2λ2t}] =
1

2a
√
πt

exp{− x2

4a2t
}

�âdÄ�)¦)ut = Lu.Ð�¯K���5úª

u(t,M) = U(t,M) ∗ ϕ(M) +

∫ t

0

U(t− τ,M) ∗ f(τ,M) dτ,
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¦�

u(t, x) = U(t, x) ∗ ϕ(x) +

∫ t

0

U(t− τ, x) ∗ f(τ, x) dτ.

äN�µ

u =

∫ +∞

−∞

1

2a
√
πt
e−

(x−ξ)2

4a2t ϕ(ξ)dξ +

∫ t

0

dτ

∫ +∞

−∞

1

2a
√
π(t− τ)

e
− (x−ξ)2

4a2(t−τ) f(τ, ξ)dξ

~5.4.2|^Ä�)�{¦)���5Ð�Ð�¯Kµ
∂u

∂t
+ a

∂u

∂x
= f(t, x), ( t > 0,−∞ < x < +∞)

u |t=0= ϕ(x).
(1)

)µdÐ�¯K�Ä�)¯K´µ
∂U

∂t
+ a

∂U

∂x
= 0, ( t > 0,−∞ < x < +∞)

U |t=0= δ(x).
(2)

Äk|^FourierC�¦ÑÄ�)§�d§-

U(t, λ) = F [U(t, x)] =

∫ +∞

−∞
U(t, x)e−iλxdx

�A/§

F [
∂U

∂x
] = iλU, F [δ(x)] = 1

ÏdéÄ�)¯K(2)ü>�FourierC�§��µ
dU

dt
+ iλaU = 0,

U |t=0= 1.

)�

U = exp{−iλat}
�A��C�,kµ

U = F−1[U ] = F−1[exp{−iλat}] = δ(x− at)

�âdÄ�)¦)ut = Lu.Ð�¯K���5úª

u(t,M) = U(t,M) ∗ ϕ(M) +

∫ t

0

U(t− τ,M) ∗ f(τ,M) dτ,
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¦��Ð�¯K�)µ

u(t, x) = δ(x− at) ∗ ϕ(x) +

∫ t

0

δ(x− a(t− τ)) ∗ f(τ, x) dτ.

= ϕ(x− at) +

∫ t

0

f(τ, x− a(t− τ)) dτ

~5.4.3¦n�9D��§�Ð�¯KÄ�)§=¦)½)¯Kµ
∂U

∂t
= a2∆3U, (t > 0,−∞ < x, y, z < +∞)

U |t=0= δ(x, y, z)

): �FourierC�§=�

U(t, λ, µ, ν) = F [U(t, x, y, z)] =

+∞∫∫∫
−∞

U(t, x, y, z)e−i(λx+µy+νz)dxdydz,

ù�µ

F [
∂U

∂t
] =

dU

dt
, F [∆3U ] = −(λ2 + µ2 + ν2)U,

,	F [δ(x, y, z)] = 1,ù�,�Ä�)¯K¯K²FourierC���µ
dU

dt
= −a2ρ2U, (ρ2 = λ2 + µ2 + ν2)

U |t=0= 1 .

)�

U(t, λ, µ, ν) = e−a
2ρ2t

�Fourier�C�:

U(t, x, y, z) = F−1[e−a
2ρ2t] =

1

(2π)3

+∞∫∫∫
−∞

e−a
2(λ2+µ2+ν2)tei(λx+µy+νz)dλdµdν

=

(
1

2π

∫ +∞

−∞
e−a

2λ2teiλxdλ

)(
1

2π

∫ +∞

−∞
e−a

2µ2teiµydµ

)(
1

2π

∫ +∞

−∞
e−a

2ν2teiνzdν

)
=

(
1

2a
√
πt

)3

exp

(
−x

2 + y2 + z2

4a2t

)
.
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2)utt = Lu.�§Ð�¯K�Ä�)

utt = Lu.�§�Ð�¯K´µutt = Lu+ f(t,M), ( t > 0,M ∈ Rn, n = 1, 2, 3)

u |t=0= ϕ(M), ut |t=0= ψ(M)
(5.4.3)

Ù¥§L´'u�mCþM��5 �©�f"

�A�Ä�)¯K´µUtt = LU, ( t > 0,M ∈ Rn, n = 1, 2, 3)

U |t=0= 0, Ut |t=0= δ(M)
(5.4.4)

XJU¦ÑÄ�)¯K(5.4.4)�)U(t,M)§ÒU|^Ä�)U(t,M),ÏL

�A�úªÒ�¦Ñ�Ð�¯K(5.4.3)�)u(t,M).

±e�ÑdÄ�)¦)utt = Lu.�§Ð�¯K�úªµ

½n5.4.2�U(t,M)´Ä�)¯K(5.4.4)�)§K

u(t,M) = U(t,M) ∗ ψ(M) +
∂

∂t
[U(t,M) ∗ ϕ(M)] +

∫ t

0

U(t− τ,M) ∗ f(τ,M) dτ

´�Ð�¯K(5.4.3)�)"

y²µ|^U\�n§Ð�¯K(5.4.3)�)���µ

u = u1 + u2 + u3

Ù¥u1, u2, u3©O÷vµu1tt = Lu1, ( t > 0,M ∈ Rn, n = 1, 2, 3)

u1 |t=0= 0, u1t |t=0= ψ(M).
(1)

u2tt = Lu2, ( t > 0,M ∈ Rn, n = 1, 2, 3)

u2 |t=0= ϕ(M), u2t |t=0= 0.
(2)

u3tt = Lu3 + f(t,M), ( t > 0,M ∈ Rn, n = 1, 2, 3)

u3 |t=0= 0, u3t |t=0= 0.
(3)

·�Äky²:

u1(t,M) = U(t,M) ∗ ψ(M) (4)
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¢Sþ

u1tt = (U(t,M) ∗ ψ(M))tt = Utt ∗ ψ(M)

= LU ∗ ψ(M) = L (U(t,M) ∗ ψ(M)) = Lu1

ù�Ò�y
u1(t,M) = U(t,M) ∗ ψ(M) ÷v
Ð�¯K(1)��½�§
Ü©§e¡y²Ð�Ü©�^��÷vµ

(U(t,M) ∗ ψ(M))t=0 = (U(0,M) ∗ ψ(M)) = 0 ∗ ψ(M) = 0

(U(t,M) ∗ ψ(M))t |t=0= (Ut(0,M) |t=0 ∗ψ(M)) = δ(M) ∗ ψ(M) = ψ(M)

Ïd�y
u1 = U(t,M) ∗ ψ(M)÷vÐ�¯K(1).

e¡�
¦)u2,�v =

∫ t

0

u2(τ, x) dτ ,K

u2tt = Lu2 =⇒ vtt = Lv, vt |t=0= u2 |t=0= ϕ(M)

ù�v(t,M)÷vµvtt = Lv, ( t > 0,M ∈ Rn, n = 1, 2, 3)

v |t=0= 0 vt |t=0= ϕ(M).
(5)

aqu¦)u1��{§¦�

v(t,M) = U(t,M) ∗ ϕ(M) (6)

ù�

u2 =
∂v

∂t
=

∂

∂t
[U(t,M) ∗ ϕ(M)] (7)

q|^Àþ�n��µ

u3 =

∫ t

0

W (t,M, τ) dτ

W (t, x, τ)÷vµWtt = LW, ( t > τ,M ∈ Rn, n = 1, 2, 3)

W |t=τ= 0, Wt |t=τ= f(τ,M).
(8)

�t1 = t− τ ,-W (t1,M, τ) = W (t1 + τ,M, τ),KW ÷vµW t1t1 = LW, ( t1 > 0,M ∈ Rn, n = 1, 2, 3)

W |t1=0= 0, W t1 |t1=0= f(τ,M).
(9)
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aqu¦)u1��{§�¦Ñ

W (t1,M, τ) = U(t1,M) ∗ f(τ,M)⇒ W (t, x, τ) = U(t− τ,M) ∗ f(τ,M)

ù�

u3(t,M) =

∫ t

0

U(t− τ,M) ∗ f(τ,M) dτ.

nþ§Ò�ÑdÄ�)¦Ñ�Ð�¯K)�úªµ

u = u1 + u2 + u3

= U(t,M) ∗ ψ(M) +
∂

∂t
(U(t,M) ∗ ϕ(M)) +

∫ t

0

U(t− τ,M) ∗ f(τ,M) dτ

~5.4.4 ¦n�ÅÄ�§�Ä�)§=¦)½)¯Kµ
∂2U

∂t2
= a2∆3U, (t > 0, −∞ < x, y, z < +∞)

U |t=0= 0,
∂U

∂t
|t=0= δ(x, y, z)

(5.4.5)

)µ�FourierC�:-

U(t, λ, µ, ν) = F [U(t, x, y, z)] =

+∞∫∫∫
−∞

U(t, x, y, z)e−i(λx+µy+νz)dxdydz

duF (∆3U) = −ρ2U, (ρ2 = λ2 + µ2 + ν2), F [δ(x, y, z)] = 1,KéÄ�)

¯K(5.4.5)�FourierC���µ
d2U

dt2
= −a2ρ2U, (t > 0)

U |t=0= 0,
∂U

∂t
|t=0= 1 .

(1)

)�µ

U =
sin aρt

aρ
, (Ù¥ρ2 = λ2 + µ2 + ν2)

ù��Fourier�C�µ

U(t, x, y, z) = F−1[U ] =
1

(2π)3

+∞∫∫∫
−∞

sin aρt

aρ
ei(λx+µy+νz)dλdµdν
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=
1

(2π)3

+∞∫∫∫
−∞

sin aρt

aρ
ei(~ρ.~r)dλdµdν

=
1

(2π)3

+∞∫∫∫
−∞

sin aρt

aρ
ei(ρr cos θ)dλdµdν

ùp~ρ = (λ, µ, ν), ~r = (x, y, z), r2 = x2 + y2 + z2, θ�~ρÚ~r�Y�.dé¡

5§Ø��ν¶��»~r��,�¥�IC�µ

λ = ρ sin θ cosϕ, µ = ρ sin θ sinϕ, ν = ρ cos θ

ù�

U(t, x, y, z) =
1

(2π)3

∫ +∞

0

∫ π

0

∫ 2π

0

sin aρt

aρ
ei(ρr cos θ) ρ2 sin θdϕdθdρ

=
1

4π2a

∫ +∞

0

∫ π

0

ρ sin aρt ei(ρr cos θ) sin θdθdρ = − 1

4π2a

∫ +∞

0

sin aρt
ei(ρr cos θ)

ir
|π

0
dρ

=
1

2π2ar

∫ +∞

0

sin aρt sin ρr dρ =
1

4π2ar

∫ +∞

0

[cos ρ(r − at)− cos ρ(r + at)] dρ

=
1

4πar
[δ(r − at) + δ(r + at)] =

δ(r − at)
4πar

. (r =
√
x2 + y2 + z2)

±e�±|^Ä�)�(Ø§¦)n�gdÅÄ�§Ð�¯Kµ
∂2u

∂t2
= a2∆3u, (t > 0, −∞ < x, y, z < +∞)

u |t=0= ϕ(x, y, z), ut |t=0= ψ(x, y, z)
(5.4.6)

ù�, �â|^Ä�)¦)utt = Lu.�§Ð�¯K�(Ø§n�àg
ÅÄ�§Ð�¯K(5.4.6)�)µ

u(t, x, y, z) =
∂

∂t
[U(t, x, y, z) ∗ ϕ(x, y, z)] + U(t, x, y, z) ∗ ψ(x, y, z)

þªÐm�=kµ

u(t, x, y, z) =
1

4πa

+∞∫∫∫
−∞

δ(r − at)
r

ψ(ξ, η, ζ) dξdη dζ

+
1

4πa

∂

∂t

+∞∫∫∫
−∞

δ(r − at)
r

ϕ(ξ, η, ζ) dξdηdζ
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ùpr =
√

(x− ξ)2 + (y − η)2 + (z − ζ)2 .

�
��±þL�ª¥�δ¼ê§P(x, y, z)�¥%,r��»�¥¡�Sr,
¿æ^¥�IO�

ξ = x+ r sin θ cosϕ, η = y + r sin θ sinϕ, ζ = z + r cos θ,

ù�

+∞∫∫∫
−∞

δ(r − at)
r

ϕ(ξ, η, ζ) dξdηdζ =

∫ +∞

0

δ(r − at)
r

∫∫
Sr

ϕ(ξ, η, ζ)dS

 dr

=

1

r

∫∫
Sr

ϕ(ξ, η, ζ)dS

 |r=at =
1

at

∫∫
Sat

ϕ(ξ, η, ζ) dS

ÏdÒ¦�
n�ÅÄ�§�Ð�¯K(5.4.6)�)µ

u(t, x, y, z) =
1

4πa2t

∫∫
Sat

ψ(ξ, η, ζ) dS +
∂

∂t

 1

4πa2t

∫∫
Sat

ϕ(ξ, η, ζ) dS.


(5.4.7)

Ù¥Sat�¥¡ : (ξ − x)2 + (η − y)2 + (ζ − z)2 = (at)2 .du

1

4πa2t

∫∫
Sat

ϕ(ξ, η, ζ) dS =
t

4π(at)2

∫∫
Sat

ϕ(ξ, η, ζ) dS = tMat(ϕ)

Ù¥Mat(ϕ)L«¼ê3±(x, y, z)�¥%§�»�at¥¡þ�²þ�"ù�(5.4.7)U

��µ

u(t, x, y, z) = tMat(ψ) +
∂

∂t
[tMat(ϕ)] (5.4.8)

ü�{ (^n�ÅÄ�§Ð�¯K�)¦$�ÅÄ�§Ð�¯K�))µ

��àgÅÄ�§Ð�¯K�µ
∂2u

∂t2
= a2∆2u, (t > 0, −∞ < x, y < +∞)

u |t=0= ϕ(x, y), ut |t=0= ψ(x, y)
(5.4.9)

d¯K�±w¤n�àgÅÄ�§Ð�¯K(5.4.6)�gCþ��3z = 0²
¡�AÏ�¹(ln��m�Ýw�I�(x, y, 0) ),Ïd�r¦)n�àgÅ
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Ä�§Ð�¯K�¦)úª(5.4.7)��^5¦)��àgÅÄ�§Ð�¯
K(5.4.9). ù�,¯K(5.4.9)�)�L�µ

u(t, x, y) =
1

4πa2t

∫∫
S∗at

ψ(ξ, η) dS +
∂

∂t

 1

4πa2t

∫∫
S∗at

ϕ(ξ, η) dS

 (5.4.10)

Ù¥S∗at´±(x, y, 0)�¥%§�»�at�¥¡"due�¥¡�§©O�µ

ζ =
√

(at)2 − (ξ − x)2 − (η − y)2,

Ú

ζ = −
√

(at)2 − (ξ − x)2 − (η − y)2 .

3þ§e�¥¡Ñk

dS =

√
1 +

(
∂ζ

∂ξ

)2

+

(
∂ζ

∂η

)2

dξdη =
at dξdη√

(at)2 − (ξ − x)2 − (η − y)2

¤±����ÅÄ�§Ð�¯K�)µ

u(t, x, y) =
1

2πa

∫∫
Dat

ψ(ξ, η) dξdη√
(at)2 − (ξ − x)2 − (η − y)2

+
1

2πa

∂

∂t

∫∫
Dat

ϕ(ξ, η) dξdη√
(at)2 − (ξ − x)2 − (η − y)2

(5.4.11)

Ù¥Dat´3XY¡þ±(x, y)�¥%§�»�at���"

�ϕ(x, y) = 0, ψ(x, y) = δ(x, y),KéA��ÅÄ�§Ä�)µ

U(t, x, y) =
1

2πa

∫∫
Dat

δ(ξ, η) dξdη√
(at)2 − (ξ − x)2 − (η − y)2

=


1

2πa

1√
(at)2 − x2 − y2

, (x2 + y2 ≤ a2t2)

0 . (x2 + y2 > a2t2)

aq/§XJlgd��ÅÄ�§Ð�¯KÑu§��±^ü�{�Ñ

��gdÅÄ�§(gdu�Ä)Ð�¯K�),=�K��úª"

~5.4.5¦)±eÐ�¯Kµutt + 2ut = a2uxx − 2u, ( a > 0, t > 0, −∞ < x < +∞)

u |t=0= 0, ut |t=0= ψ(x)
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NFourier�üúªµF−1
[
sin a
√
λ2+b2√

λ2+b2

]
= 1

2J0(b
√
a2 − x2)H(a− |x|), a > 0, b > 0

)KJ«µ �¯K/ªþÚutt = Lu.Ð�¯Kaq§�k�C�z�utt = Lu.Ð�¯K

�IO/ª§|^¦utt = Lu.Ð�¯K�Ä�){5¦)"

)µ�¦�§z�utt = Lu.�§§�C�

u∗ = ueat

�\�§¿z{��µ

u∗tt + (2− 2a)u∗t = a2u∗xx + (2a− a2 − 2)u∗ .

�a = 1ù�§¤��Ð�¯KÒC�±eutt = Lu.Ð�¯K:u
∗
tt = a2u∗xx − u∗, ( t > 0, −∞ < x < +∞)

u∗ |t=0= 0, u∗t |t=0= ψ(x)
(1)

ÙéA�Ä�)U ∗(t, x)÷vµU
∗
tt = a2U ∗xx − U ∗, ( t > 0, −∞ < x < +∞)

U ∗ |t=0= 0, U ∗t |t=0= δ(x),
(2)

±U ∗(t, x)¥�x�È©Cþ�FourierC�§KkµU
∗
tt = −a2λ2U

∗ − U ∗, ( t > 0 )

U
∗ |t=0= 0, U

∗
t |t=0= 1.

)�

U
∗
(t, λ) = A(λ) cos

√
a2λ2 + 1 t+B(λ) sin

√
a2λ2 + 1 t .

�âU
∗
(t, λ)�Ð�^�§½Ñ

A(λ) = 0, B(λ) =
1√

a2λ2 + 1
.

ù�Ò)��¼ê

U
∗
(t, λ) =

1√
a2λ2 + 1

sin
√
a2λ2 + 1 t

|^¤N��C�úª§��C���Ä�)µ

U ∗(t, x) = F−1

[
1√

a2λ2 + 1
sin
√
a2λ2 + 1 t

]
=

1

2a
J0

(
1

a

√
(at)2 − x2

)
H(at− |x|)
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|^Ä�)Ò��Ð�¯K(1)�)µ

u∗(t, x) = U ∗(t, x) ∗ ψ(x) =
1

2a

∫ +∞

−∞
J0

(
1

a

√
(at)2 − ξ2

)
H(at− |ξ|)ψ(x− ξ)dξ

(3)

5¿�þª(3)¥

H(at− |ξ|) =

0, |ξ| > at

1, −at < ξ < at

(3)¥�u∗(t, x)z{�µ

u∗(t, x) =
1

2a

∫ at

−at
J0

(
1

a

√
(at)2 − ξ2

)
ψ(x− ξ)dξ .

ù���¦��Ð�¯K)u(t, x) = u∗e−t,=

u(t, x) =
e−t

2a

∫ at

−at
J0

(
1

a

√
(at)2 − ξ2

)
ψ(x− ξ)dξ .

~5.4.6¦)��ÅÄ�§Ð�¯Kµutt = a2∆2u, (t > 0, −∞ < x, y < +∞)

u |t=0= x2(x+ y), ut |t=0= 0

): ��ÅÄ�§Ð�¯K�)��5úª�µ

u(t, x, y) =
1

2πa

∫∫
Dat

ψ(ξ, η) dξdη√
(at)2 − (ξ − x)2 − (η − y)2

+
1

2πa

∂

∂t

∫∫
Dat

ϕ(ξ, η) dξdη√
(at)2 − (ξ − x)2 − (η − y)2

Ù¥Dat´(x, y)�¥%§at��»���"ϕ(x, y) = x2(x+ y), ψ(x, y) = 0,

ù�

u(t, x, y) =
1

2πa

∂

∂t

∫∫
Dat

ξ2(ξ + η)√
(at)2 − (ξ − x)2 − (η − y)2

dξdη

¦^4�IO�µ

ξ = x+ r cos θ, η = y + r sin θ
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K

u(t, x, y) =
1

2πa

∂

∂t

∫ at

0

∫ 2π

0

(x+ r cos θ)3 + (x+ r cos θ)2(y + r sin θ)√
(at)2 − r2

rdθdr

=
1

2πa

∂

∂t

∫ at

0

∫ 2π

0

(x3 + x2y)r + (3x+ y)r3 cos2 θ√
(at)2 − r2

dθdr

=
∂

∂t

(
(x3 + x2y)t+

1

3
a2t3(3x+ y)

)
= x3 + x2y + a2t2(3x+ y)


