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11.7.4 �Å|�³¼ê

½Â 1 � ~F = (P,Q,R)´½Â3�m«� V ⊂ R3þ��þ|. XJ

�3 V þ���êþ| ϕ,¦�

~F (p) = gradϕ(p), ∀ p ∈ V, (11.1)

K¡ ~F ´��k³|, ϕ¡� ~F ���³¼ê.

þ¡�ªf�±^n��§L«

∂ϕ
∂x

= P, ∂ϕ
∂y

= Q, ∂ϕ
∂z

= R. (11.2)

½Â 2 � ~F = (P,Q,R)´½Â3�m«� V ⊂ R3þ��þ|. XJ

é V ¥?Ûk�4´ LÑk �
L

~F · d~r = 0,

=,÷ V ¥?¿4´��þ�",K¡ ~F ´ V þ���Å|.
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½n 1 �þ|��Å|�¿�^�´§�k³|.

y² ��þ| ~F ´k³|, ϕ ´§���³¼ê, =, ~F = gradϕ. �

ë��m¥ü: A(x0, y0, z0)Ú B(x, y, z)�­� Lkëê�§L«

x = x(t), y = y(t), z = z(t), t ∈ [α, β],

� (x(α), y(α), z(α)) = A, (x(β), y(β), z(β)) = B �,�
L

gradϕ · d~r =

�
L

ϕ′xdx + ϕ′ydy + ϕ′zdz

=

� β

α

(
ϕ′xx

′(t) + ϕ′yy
′(t) + ϕ′zz

′(t)
)
dt

=

� β

α

dϕ(x(t), y(t), z(t))

= ϕ(B)− ϕ(A).

ù`²k³|´�Å|.

2/14

‖J I‖ J I �£ �¶ '4 òÑ



�Å| ­¡üëÏ Ã
|

��, � ~F = (P,Q,R) ´«� V þ���Å|, K÷­�È©�´»

Ã', ¤±�½ V ¥���½: A(x0, y0, z0) Ú��Ä: B(x, y, z), K�

Å| ~F ÷ë� AÚ B �­�È©½Â
 V ¥��¼ê (êþ|)

ϕ(x, y, z) =

� (x,y,z)

(x0,y0,z0)

~F · d~r =

� (x,y,z)

(x0,y0,z0)

Pdx +Qdy +Rdz.

ù�¼ê�FÝÒ´�þ| ~F . ù��¿©|^�Å|�­�È©�´»Ã

'ù�Ä�5�=�.� ∆x¿©�,¦�: (x + ∆x, y, z)E,3 V S,¤

±|^È©éÈ©­���\5��

ϕ(x + ∆x, y, z)− ϕ(x, y, z) =

� (x+∆x,y,z)

(x,y,z)

Pdx +Qdy +Rdz

3ë� (x, y, z)Ú (x + ∆x, y, z)���þ,w,k dy = 0, dz = 0Ïd

1

∆x
(ϕ(x + ∆x, y, z)− ϕ(x, y, z)) =

1

∆x

� x+∆x

x

Pdx.

dd��
∂ϕ

∂x
= P (x, y, z).
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Ón�y
∂ϕ

∂y
= Q(x, y, z),

∂ϕ

∂z
= R(x, y, z),

=

gradϕ = (P,Q,R) = ~F .

½ö�¤�©�/ª

dϕ(x, y, z) = P (x, y, z)dx +Q(x, y, z)dy +R(x, y, z)dz.

½ny²�..

5¿,k³|�³¼êØ´���,ü�³¼ê�m�����~ê.

dþ!��~f��, 1w�FÝ|´Ã^|, Ïd1w��Å|´Ã

^|.

¯K Ã^|´Ä�½´�Å|?
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~ 1 �	�þ| ~F =
−y~i + x~j

x2 + y2
.

) Ï�

rot ~F =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

−y
x2+y2

x
x2+y2 0

∣∣∣∣∣∣∣∣ = ~0,

� ~F ´Ã^|. ,��¡� Oxy ²¡þ±�:�%�ü �±�4´ L,

���_����,Kk�

L

−y
x2 + y2

dx +
x

x2 + y2
dy

=

� 2π

0

− sinϕ

cos2ϕ + sin2ϕ
(− sinϕ)dϕ +

cosϕ

cos2ϕ + sin2ϕ
cosϕdϕ

= 2π 6= 0,

¤±Ø´�Å|. d~`²
3��^�e,Ã^|Ø�½´�Å|.

5/14

‖J I‖ J I �£ �¶ '4 òÑ



�Å| ­¡üëÏ Ã
|

½Â 3 � V ´�m«�,eéu V ¥�?¿�^{ü4­� L,Ñ�

3± L�>.,����¹3 V ¥��½�­¡,K¡ V ´­¡üëÏ�.

�¡�¤�«� �%¥N

6/14

‖J I‖ J I �£ �¶ '4 òÑ



�Å| ­¡üëÏ Ã
|

½n 2 3­¡üëÏ�«� V þ,1w�þ| ~F ´k³|�¿©7�^

�´§´Ã^|.

y² 3±c�~f¥®²y²
k³|´Ã^|. y3��y²Ã^

|´k³|, =, �Å|. � ~F ´ V þ�1wÃ^|, =, rot ~F = 0. 2� L

´|¥?¿��µ4­�,K�3 V ¥k�­¡ S,¦� L´ S �>.. �

â Stokesúª,k �
L

~F · d~r =

�
S

rot ~F · ~ndS = 0.

ùÒ`² ~F ÷|¥?¿µ4­��È©�", Ï
È©�´»Ã', =, ~F

´�Å|.
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~ 2 y²�þ| ~F = (x2 − yz)~i + (y2 − zx)~j + (z2 − xy)~k´k³|,

¿¦Ñ§���³¼ê.

y² ��O�,�

rot ~F =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

x2 − yz y2 − zx z2 − xy

∣∣∣∣∣∣∣∣ = 0,

=, ~F 3���mþ´Ã^|,���m´­¡üëÏ�,¤±�âþ¡½n

�, ~F ´k³|. §���³¼ê´

ϕ(x, y, z) =

� (x,y,z)

(0,0,0)

(x2 − yz)dx + (y2 − zx)dy + (z2 − xy)dz

=

� x

0

x2dx +

� y

0

y2dy +

� z

0

(z2 − xy)dz

=
1

3
(x3 + y3 + z3)− xyz.
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~ 3 ¦>|rÝ ~E = q
r3~r �³¼ê.

) ´� ~E 3Ø�:�	�«�þ´Ã^|,ù��«�´­¡üëÏ

�,Ïd, ~E ´k³|,§���³¼ê´

ϕ(M) =

� M

M0

~E · d~r =

� M

M0

q

r3
~r · d~r

=

� M

M0

q

r3
·

1

2
d(~r · ~r) =

� M

M0

q

r3
·

1

2
d(r2)

=

� M

M0

q

r3
rdr =

� M

M0

q

r2
dr

=

� M

M0

(−
q

r
)′ dr

= −(
q

r
−
q

r0

).

¼ê −q
r
�´ ~E ���³¼ê, V = q

r
¡� ~E �> . Ïd ~E = − gradV.

ù`²>|��> ~��¯���.
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11.7.5 Ã
|��þ³

½Â 4 � ~F ´�m«� V þ�� C1 �þ|. XJ�3 V þ,��

�þ| ~α¦� ~F = rot ~α,K¡ ~α´ ~F ����þ³.

w,�þ³Ø´���, e ~α ´ ~F ��þ³, K ~α + ~c �´, ùp ~c ´

~�þ.

b� ~F ´��k�þ³�|, ~α = (P,Q,R)´§����þ³,K

~F = rot ~α =
(
∂R
∂y
− ∂Q

∂z
, ∂P
∂z
− ∂R

∂x
, ∂Q
∂x
− ∂P

∂y

)
.

u´

div ~F =
(
∂2R
∂x∂y
− ∂2Q

∂x∂z

)
+
(
∂2P
∂y∂z
− ∂2R

∂y∂x

)
+
(
∂2Q
∂z∂x
− ∂2P

∂z∂y

)
= 0.

ù`²k�þ³�|7´Ã
|.

¯K Ã
|´Ä�½k�þ³?
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~ 4 � ~r = (x, y, z), r = |~r|. K�þ| ~E = ~r
r3 3§�½Â�þ´Ã


|,�§vk�þ³.

y² 3c¡�~f¥®²�y
 ~E ´Ã
|. y3`²§vk�þ

³. e§k�þ³ ~α, K ~E = rot ~α. � S ´¥%3�:�ü ¥¡, {��

	. S+´þ�ü ¥¡,{��þ, L+´Ù>., S−´e�ü ¥¡,K L−

´Ù>.. L+ Ú L− ´Ó���±,�����.�â Stokesúª,k�
L+

~α · d~r =

�
S+

rot ~α · d~S =

�
S+

~E · d~S,�
L−
~α · d~r =

�
S−

rot ~α · d~S =

�
S−

~E · d~S

üª�\��

0 =

�
S

~E · d~S.

�{üO���þªmà�È©� 4π.ù�gñ`² ~E vk�þ³.
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½Â 5 R3 ¥«� V ¡��müëÏ�, e V ¥?¿µ4­¡�SÜ

E3 V ¥.

½n 3 � V ´�müëÏ«�. K V þ�þ| ~F ´Ã
|��=�§

k�þ³.

y² ·��3 V ´à«���/y². � ~F = (P,Q,R) ´ V þ

Ã
|, K div ~F = 0. ±e5¦ ~F ����þ³. =, �¦�þ�¼ê

~α = (α1, α2, α3)¦�

∂α3

∂y
− ∂α2

∂z
= P (x, y, z), (11.3)

∂α1

∂z
− ∂α3

∂x
= Q(x, y, z), (11.4)

∂α2

∂x
− ∂α1

∂y
= R(x, y, z), (11.5)

�
¦Ñ�|) (α1, α2, α3),Ø�- α3 = 0,l1���§ (11.3)¥)Ñ

α2 = −
� z

z0

P (x, y, z)dz + f(x, y),
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Ù¥ f(x, y)´é z È©��È©~ê. l1���§ (11.4)¥�

α1 =

� z

z0

Q(x, y, z)dz.

r α1, α2 �L�ª�\1n��§ (11.5) ,¿|^ div ~F = 0�

R(x, y, z) = −
� z

z0

(
∂P
∂x

+ ∂Q
∂y

)
dz + ∂f

∂x

=

� z

z0

∂R
∂z
dz + ∂f

∂x
= R(x, y, z)−R(x, y, z0) + ∂f

∂x
.

ddí�

f(x, y) =

� x

x0

R(x, y, z0)dx

¤± ~F ����þ³´

~α =

(� z

z0

Q(x, y, z)dz

)
~i +

(
−
� z

z0

P (x, y, z)dz +

� x

x0

R(x, y, z0)dx

)
~j.
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~ 5 y²�þ| ~F = (xy + 1, z,−yz) ´Ã
|, ¿¦Ñ ~F ����

þ³.

) Ï� div ~F = ∂(xy+1)
∂x

+ ∂z
∂y

+ ∂(−yz)
∂z

= y + 0− y = 0,¤± ~F 3 R3¥

´Ã
|,Ï
k�þ³. �âc½n¥���úª,-

α1 =

� z

0

zdz =
1

2
z2,

α2 = −
� z

0

(xy + 1)dz +

� z

0

0dx = −(xy + 1)z,

α3 = 0,

K ~α = (α1, α2, α3) = (1
2
z2,−xyz − z, 0)´ ~F ����þ³.
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