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Of Light and Matter
o
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Fraunhofer Lines: discrete dark lines in the
Tree Masaren e Towte - spectrum due to absorption of cold particles in
the atomsphere of the Sun.
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v of light-atom interaction Overview of light-atom interaction

Fnd G saiv:
v-D=p

@ Electrons move on a discrete set of orbits with
quantized energies.

@ Absorption/Emission of electromagnetic radiation
quantized.

@ Angular momentum quantized: muvr = nh

@ Electrons move on a discrete set of orbits with
quantized energies.

@ Absorption/Emission of electromagnetic radiation
quantized.

@ Angular momentum quantized: muvr = nh

Particle-Wave Duality Particle-Wave Duality

Epnoton =V Epnoton =V

Photoelectric effect
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Photoelectric effect

de Broglie wavelength
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T omw

Bohr-de Broglie electron matterwave orbits
shells 1-5
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Particle-Wave Duality Laser Spectroscopy
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Photoelectric effect

N=5 4 3 2 1
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b de Broglie wavelength .
7 A= _h Measurement of energetic absorption/emission of matter using laser.
mu
Cast new light on light-matter interaction

Bohr-de Broglie electron matterwave orbits

shells 1-5
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Laser Spectroscopy Interaction Between Light and Atom
Radiation pressure force Dipole force
/ A
— ~—~ .r/*""', -
z RN —
. . o . Atom recoils in a random Atom feels a gradient force, in the
Measurement of energetic absorption/emission of matter using laser. L S : . .
o . direction due to spontaneous  direction of high(low) fields given
@ Gain information about structure of atoms and molecules emission, gaining the red(blue) detuning.
@ Better understanding of light-matter interaction momentum of the incident conservative
@ Line broadening etc.: need colder atoms photon on average.
non-conservative
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Interaction between Laser and a Two-Level Atom
Complete Hamiltonian describing interaction between EM-field and a Approximations:
two-level atom @ External motion decoupled from the internal dynamics
p ; e The internal dynamics adiabatically follows slow external motion
i = 2m + Egla)g] + Eele) (e + Z hiwaag e o Internal degrees of freedom in quasi-steady state
d-e “ e @ Electric-dipole approximation
' A —tKa TtHiwa 5 5 . 5 «
= Z (leXal + lg)el) x {icaaac +h.e} @ Single-mode approximation for EM-field: laser
“ @ Markovian process: 7 <€ 0t < T,
We want to see effects of laser on atomic motion 7: correlation time in the reservoir
@ Complete equations of motion too complicated &t typical time for spontaneous decay

T,: total time of evolution

@ External motion separable from internal degrees of freedom?
Internal dynamics 1"1 18ns (*Na)
External dynamics w ~ 12ps (¥*Na, Mgser ~ 800nm)

nurn.’

w3d? B2
et Wrecoil = 5,
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Lindblad master equation for a damped two-level atom
ihp = [H' p]+L(p)

HEY = s Equations of motion for the density matrix
H' = huwgle)(e| + ?—2— {eM e g)le| + h.c.} B

Q
r R Ly A
Llp) = i5(20-poy —0ro-p—poo-) Pee = —ig (€717 pge — c.c.) ~ Tpee
. Q i 1w
o- = |gie oy = le){g| Pog = i% (e7%e™*pge — c.0.) + Dpee

r Q
. : d- E(r [‘)ﬁ(, = (.is’.,dn ) Pre — (thn(,m.r (Pm B pq,’,)
@ E,=0, E, =y, Q=-20 L 2

@ Trace over EM-field modes other than that of the laser
@ Rotating-wave approximation (RWA): neglecting counter
rotating terms

Transform to the rotating frame p,. = fg.c™" to get rid of time
dependence

Q |5]
<1, —
wo +w Wo +w




Equations of motion in the rotating frame

I-acrr =—i- (E_laﬁyt' - C’-C') - Fpe‘f‘

0 ;
Pag = éE (e_"q',ﬁge — r,-.r:.) + Cpee
: v AV Y
Pge = (—m - E) Pge— 2;2—(?"*‘ (Pee — Pyqg)

We are interested in steady state solution
What defines steady state?
ﬁ;ir:a.dy — 'r:j.:irmiy — {jgsaa.dy =0

Perturbative process

~steady __ ~steady ~steady ~steady
pgr o (] = pgr‘ — {.‘Jgg 'pﬁr- }
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Heisenberg equations of motion

dp i

5B ol
& = Pl
where

RO 2
H = haole)(e] + o {40 lg)(e] + he.} + 2

As [f(r),p] = ihV f(r), we have

(l h - L 2
{TI: = =5 {[VRR) e g) el + hc.}
[ Cold Avom Physes (USTC) | SR e

Semi-classical solution

J Ve (r)
L o0

Radiation pressure force (RPF) and dipole force (DF)

F(r) =

B teady
_ E’.'f)j:adut-mﬂ(r)

+ chj’;(rJ} + c.c.

F=Fppr +Fpp

R’ 02
Frpr = *TEWV(JJ
hd va?
Fpr=——F-—

@ RPF in same direction as velocity of photon (v x —V¢)

@ DF is a gradient force. Atoms strong field seeking for red
detuning & < 0; weak field seeking for blue detuning 6 > 0

Spring 2022 16/53

Doppler Cooling

Doppler cooling Doppler effect

W 2
Ve

Proposed in 1975 by D.J. Wineland and H.G. Dehmelt,
T.W. Hinsch and A.L. Schawlow

Spring 2022 17/53

Steady state solution

~steady __
.ch -

~steady __
Pee -

We may now incorporate kinetic energy % into the Hamiltonian
@ Density matrix elements now dependent on position
(momentum) operators: p;(r) (pi;(P))
@ Derive atomic center of mass motion by quantizing position
(momentum), then apply the steady-state solutions for
expectation values of the external dynamics

| Cold Atom Physics (USTC) | Spring 2022 13/53
Quantity we wish to evaluate
/d
i
\ dt
Approximations:
@ External motion decoupled from internal dynamics
@ Internal dynamics given by steady-state solution
(lg)(el) ~ perety
@ Atom size much smaller than laser wavelength
e Atom de Broglie wavelength small Ajg.er = Astom
o Spread of atomic wavefunction in time I'"! small
DL (5] < Maser = Wty > T
| Cold Atom Physics (USTC) | Spring 2022 15/53
Doppler Cooling
Doppler effect
e W 2
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Doppler Cooling
Doppler cooling Doppler effect
,,,,, S
A
|- win ™
ED> o m D - <gm -
e =
Proposed in 1975 by D.J. Wineland and H.G. Dehmelt,
T.W. Hinsch and A.L. Schawlow i
Typical Scaling (**Na)
Before: 500K, v ~ 700m/s
After:  200uK, v ~ 0.5m/s
| Cold Atom Physics (USTC) ] Spring 2022 17/53



In the presence of a running wave

E(r,t) = éEcos(wt — k - 1) = éF cos(wt — k - vt)

So that now the effective detuning seen by the atom is

Doppler cooling

§f=d6-k-v

For a 1-d configuration along z

F=-—m

For red-detuned light § < 0

=
x 10

e Fpp = 0 for running waves

@ Fppr dependent on the
velocity of atom and photon

@ Counter propagating
red-detuned fields can create
effective friction

Spring 2022 18/53

@ Force opposite to atom
velocity for red-detuned light

@ The friction coefficient
maximum at § = —I'/2
(Q~T)

@ Atom absorbs a low energy
photon, emits a high energy
photon. Energy dissipated
through spontaneous
emission.

Spring 2022 20/53

Combining spatially varying magnetic field and Doppler cooling lasers

to cool and trap atoms simultaneously.

\ Energy

bzl

Magnetic field created
by anti-Helmholtz coils

@ Detuning now a function of position as well

@ Atoms at z < 0 are closer to resonance of the o+ beam,
therefore are pushed back to the origin

Optical Molasses

F=—av

Spring 2022 22/83

1997 Nobel prize in physics

S Chu  C.C-Tannoudji W. Phillips

@ Sub-Doppler temperature

~ 104K

@ Sisyphus cooling

Spring 2022 24/53

Single running wave field

T(d—k-v)2+

Two counter propagating fields

hkT 0?
(o—k v) (

for small k- v

This is the theoretical basis for the Doppler cooling. Note k(k - v)
aligns with the direction of velocity.

Doppler limit of laser cooling
@ Lower temperature, smaller detuning required

@ Force on the order of spontaneous recoil effects when the
temperature is within the absorption bandwidth T’

More quantitatively

Diffusive energy change

Cooling energy change ‘”‘—’ =F.-v=—m?

At Doppler limit, § = 73 i
1 (weak field ||m|t)

More sophisticated theory gives

Tp ~ 240uK for #'Na

With quadrupole magnetic field B(r) = B(ax + yy — 222)
b =0Fk-vFfSz

The total frictional force on the atom (for small k - v and Zeeman

()k(k v+ fz)

@ Limitations on total atom density in the trap: atom losses due
to spin-flip and excited state collisions

@ Lowest temperature in principle set by the Doppler limit

@ Need repumping laser for realistic atoms

[ ol fion Phscs (0570 ]
[ Beond Donple Gooling |
Sisyphus Cooling

Theoretically for the laser setup of Doppler cooling
@ Lowest achievable temperature given by the Doppler limit

e The Doppler limit occurs at § = —5

Experimentally, lower temperature at a different detuning was

So, what is missing?
@ Two counter propagating fields add up to something not running
wave like (inhomogeneous).

@ Realistic atoms have more complicated level structures.

Let us examine an idealized case.



Polarization gradient (Lin-Z-Lin configuration)

Consider two counter progapating linearly polarized fields

E, = TQC"""”"") + c.c.
2 E — E| + E2

E )
s = — (cos 0, — sinfe,) e Rstet) 4 oo g ; )
E, 5 (cos e, — sinflé,) ¢ + e - ?Eﬂ_“”’ [(:os (I.'z + g) §E~+ . (Az _ g) aRE ] téi

They can be rewritten as

E, = fE (B 4 e_) ettt | e L < 0
o P L
E; = \[ (¢ e, +e E—) ekt e,
where we have deflned o* polarization axis € (¢_) o = s - 0
€= (€r + i€y) E
&= Q (éx — ié,) @ Spatially varying polarization
2 @ Spin-dependent lattice potentials
Spring 2022 27 /53

Spring 2022 26/53

i . . . . . More specifically, consider relevant level schemes of an alkali atom
Sisyphus cooling (Lin-_L-Lin configuration)

32 12 172

V2E 5 a2
E= TP’“‘” (coskzé_ —isinkze,) + e.c
1 213 135 13 23 1
[ —_— =12
-2 12
Optical
pumping

2

P .
H= ﬂ - 5‘6’1:5/2“6’13;2\ = 0]€i1/2>(611/2|

gy
$AE

Light shifted
enurgy levels

1
s cos kz (|f’73/2)<971/2\ + ﬁk—’qp)(ﬁm\) + h.c.
@ Degenerate ground state associated with potentials with -
different polarization _ ,jﬁmz
@ Atoms hop to the other ground state near maxima of potential %

via optical pumping

1
sinkz (|fuj2>(g|,f:2| + ﬁ\ﬁl,ﬁz)(muﬂ) + h.c.

Need to simplify!

Spring 2022 28/53 m Spring 2022 29/53
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Simplifications Understanding the master equation
@ Define collective raising/lowering operator {A, A s .
&/ ) &P ) { } p=—i[Hepp. pl + 75 Z (QJqp] 3 dyp — [JJ{IJQ)
A = {coskzé_ —isinkzé,}-d* Py
V20 The effective Hamiltonian

H[‘uup(‘mg _Z_A + h.c.

2
p o ox i
. ) ) ) Hepp = — + hdsATA
@ Write down the equations of motion for the density matrix I om

@ Adiabatic elimination of states other than {|g_;), |g;_)} The jump operator

The Lindblad master equation Jo=(&-d7)A
r ;
p=—illupol+— > (210 — Tldop — pI}d,) i o . I
g==+,0
3 £ N > q=0
With the satuaration parameter . ‘.‘ \"\J"‘ ) )’J
(2 DI AN A -
=—21 LY R
&+ ()" &)
[ Coid Atom Physics {USTS) ] Spring 2022 30/853 [ Coid Atom Physics {USTS) ] Spring 2022 a1/s3
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Polarization gradient potential Spatially dependent decay
U = hisATA
- 2 4 2o
=hdsq | 1— 3 o8 kz |g%)(g%| +[1— 3 5in kz |g7%)(gﬁ| .

pumping
Rate equations from master equation

i
4193

2 ; 2.,
= —gl".w cos® A-:ply%‘y% + §Fs sin® kz,oy_%‘y i

dt -4 o e |
dpy 19} d-{)!!%'ﬂ%
dt B dt @ Typical potential depth U ~ hds, as typically s < 1, atoms in

the potentail should have very low temperature

@ For red-detuned laser & < 0

@ Loss rate from |g1) state maximum near the maximum of the
polarization gradiént potential

@ Rate equation symmetric r.w.t. \_q%) and [g_ 1}

Spring 2022 22/53

@ We have neglected spontaneous recoil processes in the master
equation, assuming temperature much larger than the recoil
energy W2 640nK (A ~ 800nm)

@ Realistic Slsyphus cooling limit for *Na: T, ~ 24K

Spring 2022 33 /53



Subrecoil Cooling

Motivation
@ Temperature in previous cooling schemes limited by spontaneous
recoil energy
@ To go beyond this limit means to avoid spontaneous emission

@ Drive atoms to a “dark state”
@ Velocity selective coherent population trapping
e Raman sideband cooling

Jo=1=J.=1

J, @ Existence of a dark
state in A configuration

@ Treat kinetic energy as
perturbation, consider
Ly internal coupling first

Spring 2022 34/53

Eigenvectors of H,,,

[¥i) x ax (|g-1,p: — RE} — |g41,p. + BK)) + Blen, p2)

V2
[Wo) = 5 (Ig-1,p2 = fik) + g1, ps + Fik))

The eigenvalues Ey = 0,E, = —d + /02 + 2||? give the dressed
potentials that the atoms will adiabatically follow given that their
velocity is small. In general however, as ¥, ;) are not momentum
eigenstates, there exist couplings between the adiabatic potentials

hkp.
m

2

P-
Uy |—|¥
L 2mi )X

Atoms with zero momentum along z (p. = 0) in |¥g) state are not
coupled to other states!

Spring 2022 36/53

Raman cooling

S. Chu group, (1992) T ~ 100nK

@ Two counter propagating
laser beams with different
frequencies

@ Narrow linewidth of the

Raman process addresses 8
atoms with a narrow window -!_—_ — |2>
of velocity / Vi s

@ Pulses with different negative detunings
@ Optically pump atoms back

@ Reverse the pulses

@ Optically pump atoms back

@ Engineer a velocity dependent excitation probability around
v =10, as in VSCPT

Spring 2022 38/53

1-d harmonic trap, transition probability between side-bands {|n;)}
P oc |(njle™|n))?

Expanding the exponent to first order

e 1+ ik =1+ik

h o
2mf) (a i )

. . Q (5 ip
with the ladder operator a = /25! (& + ).
Therefore
s . - =
<”_,l"f':T "”i> ~ 6:),.1:) o s (\/ﬂ'itg'ud»l.uj + V1L + ](‘)H,*I.HJ)

(sl ) 2 2 82, 4+ 0 (1id 0, + (4 1), o)

where the Lamb-Dicke parameter 1 = i\f%:g =/ el

Counter propagating fields with orthogonal circular polarization
1 ~ ilkztwt)
E, = §E- (qe Bt h.(,'.)

B =
2

E (e_e'®=% 4 h.c)

Different legs of Raman process with different momentum kick.
Hamiltonian for internal states in the basis
{|H—1;}J; - ﬁl’)‘ ‘ﬂl:pz + ﬁl‘)* |{"ﬂ*p3>}

0 0 %2
Hu=| 0 0o a2
/2 w2 -

@ With the spontaneous emission from the
pumped into the dark state |[Vy(p. = 0))

@ The final momentum distribution of the atoms have two narrow
peaks at fik (assuming 1-d case)

eg) states, atoms are

@ Due to the necessity of spontaneous emission, typically
I {6,0Q).

Side-band cooling

S. Chu group, (2000) T ~ 290nK
@ Cooling for strongly trapped

atoms

@ Lamb-Dicke regime: trapping
frequency much larger than
the atom recoil frequency

¥ \
[AEA+AE 5

1

1 A l A pi (o/-,
U_X m<< m=l m=2 m=3

@ |Initial state |[F' = 3,mp = 3,1)
@ Apply magnetic field so that |3, 3,/ is degenerate with |3,2,1 — 1) and

13,1, v —2)
@ Optical pumping with strong ¢ and a weak 7 pulse to drive atoms into
3,3, v —2)

@ System in the Lamb-Dicke regime, so that direct coupling matrix element
between different motional sidebands are vanishingly small

Evaporative Cooling

Motivation

@ Doppler/Sisyphus cooling in MOT are limited by heating due to
spontaneous emission

@ MOT also exerts density limits due to trap losses etc.

@ Subrecoil coolings have not reached the phase space densities
required for a condensate

Evaporative cooling
@ Remove atoms with highest energies from the trap

@ Temperature lowered as atoms rethermalized via elastic collison



Experimental results

Evaporative cooling in a magnetic trap

Rice 1 Before 200 0.07 200 7
After 0.1 1.4 0.4
MIT  22Na  Before 1000 0.1 200 2
@ Need traps with conservative forces: magnetic trap, optical Alter i 159 2
dipole trap JILA  ®¥Rb  Before 4 0.04 90 0.3
@ Lifetime of gas much longer than collision rate Atrer 0.02 3 0.17
o Ineffective for identical fermions
| Cold Avom Physics (USTC) | Spring 2022 /s | Cold Avom Physics (USTC) | Spring 2022 a1/s53

Sympathetic Cooling Magnetic Trap

Energy of an atomic level with quantization axis defined by the
NIST (Jin), K, “°K+5Rb direction of the magnetic field B
LENS (Inguscio), 1°K+3"Rb
Rice (Hulet), Paris (Salomon), ®Li+"Li
MIT (Ketterle), 5Li+?*Na

Duke (Thomas), Innsbruck (Grimm), optical dipole trap ° Q.uasistatic EM field cannot have local maxima in a region
without charges/currents

E=gupgmpB

Tiibingen (Zimmermann), 6Li+"Rb % ik " 5 4 Szl el 7
. .. . 6) L 401¢ 1 87 @ Atoms with gmy > 0 can be trapped in the local minimum of a
Midnih (Fiansch, Disckmatin); "L+ Kb magnetic field (weak field seeking)

®© © © © © © © o

Many more to come... . .
y @ Tight confinement

@ Spin dependent

rapping Atoms

Magnetic quadruple trap Solution II: Time-orbiting trap (Boulder group)
. o Add a fast rotating bias field By = By [coswiX + sinwty|
B = By (X + yy — 222) Time averaged total field becomes
[B| = Bs:\/;l +y? + 422 R _
By = e [ dt\/|B + Byias|? for pBy/B; < 1

Problem: non-adiabatic spin-flip at trap center (Majorana transition) T Jo

: A 2 2
Solution I: Optical plug (MIT group) ~ B, + &(‘!:2 +of) + 2_‘%22
Shine blue-detuned light at the center; repulsive barrier 4B, ' B

1

1 j 1 2
1+z2)2=1+x— - forx 1
Optical Plug (USE (I+=) + 3%~ g¥ fora < )

g

Potential (uK)

-

Solution Ill: Higher order magnetic traps with finite field at the orign

A modern view of the magnetic trap
loffe-Pritchard trap

. R _.
2 « ih— — _ " x72 []. W
B = Byz + B, K.‘ﬂ = %) 7 — pzﬁ} + Bsyp [cos 2¢p — sin 2@6] i ot [ 2m e H'"temal('r)} ¥

s o % i o : Local gauge transformation: A(7) = U () Hinternat (1)U (7°)

By creates minimum at origin along z; B» creates local minimum in

the traverse direction ) 1 ) }
inY — [_—(mv — AP+ A(Tﬂ b,

2m

with A = —ihUTVU and and ¢ = Ut

@ Synthetic gauge field ™ »

v § al
o Berry phase - % = 1 JP
@ Majorana transition \\il y el | La




[ T o | L T |
Optical Dipole Trap

Cons:
@ Need large detuning to avoid spontaneous emission and heating
Recall the dipole force o Weak effective trap potential ~ 5/
hd V2 @ Need very tight confinement for BEC production

4 52 + (I})‘2 + 2 First all-optical BEC created in 2001 by Chapman'’s group at GIT

2

DF = —
Red-detuned & < 0: strong field seeking
Blue-detuned § > 0: weak field seeking —
In terms of synthetic gauge field Pros: (’>_<

@ Conservative potential, good for evaporative cooling

@ Trapping multiple spin components
@ Easier to implement than magnetic field traps

[ ol fion Prsics (0510 ] sz s ISR swneazz s/
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Summary Next Lecture

Overall schematics

Based on the understanding of interactions between laser and atoms,
we have covered the basics of cooling and trapping of neutral atoms.
From now on, we will focus on the properties of the cooled atoms
and their applications.

Zeeman
slower

\I, oven 3

- 0\1‘:::1‘.‘”.- Next lecture: Atom interferometry and precision measurement
o @ General principles of atom interferometry
@ Ramsey interferometer

@ Atom clock

@ Other applications of atom interferometer

University of Manchester

[ Cold Atom Physics (USTC) ] Spring 2022 52/853 [ Cold Atom Physics (USTC) ] Spring 2022 53/853
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Quantum Degenerate Gases Contents
Lecture 3: Precision Measurement with Cold Atoms ® History of atom interferometry
@ General principles of atom interferometry
@ Precision measurements with cold atoms
.
H A @ Atomic clocks
University of Science and Technology of China @ Next lecture
Spring 2022
@ FRBELL% S
Spring 2022 1/38 m Spring 2022 2/38
[ Hetoduction o A nteferomety |

. Elements of atom interferomet
Introduction to Atom Interferometry om e Y
@ Preparation of initial state

Double-slit interference Matter-wave duality @ Coherent splitting of the wavefunction
@ Free propagation, during which different phases may accumulate

\\\ E along different arms via interaction with the environment
5 'ﬁﬁ : @ .Coheren’F rec?ombination .of difFerent routes to convert phase
e/ “} fj : information into population difference
\, I : @ Detection
Mach-Zehnder interferometer
@ Inteferometers based on matter-wave started with electrons 40
(1953) and neutrons (1974) ’
@ Atom interferometers with alkali atoms since the 90s’ N,l—E%::g
Advantages of interferometer with atoms
various species, stronger interaction with light, higher precision, ]
better portability, lower cost etc. 1

[ Cold Atom Physics (USTC) | Soring 2022 SUETRNCo o Phsics (USTC) | Soring 2022 /3



Understanding typical atom interferometer with two-level atoms

2 W

/2 ) /2

o Two-level atoms with ground state |g} and excited state |e)

@ Initialize the atoms by optical pumping the population to an
internal state

o 7 and w/2 pulses as mirrors and beamsplitters

@ Atoms pick up phase shifts while propagating along different
paths (via interaction with environment)

@ Measure oscillation in the population of internal states as output

[ Cold Atom Physics (usTC) ] Spring 2022 5/38
Precision Measurement with Atom Interferometer
Measurement of gravitational acceleration/gradient
@ Different paths subject to different gravitational potential
@ Gratitational gradient can also be measured using two or more
atom interferometers
TABLE TI1. List of geophysical sources of change in g (Allis er
al., 2000; Peters er al., 2001; Sasagawa er al., 2003)
Gravitation source Magnitude
2x107 g
L5 m away Ix10* g
Loaded truck 30 m away 2x10°g
Elevation vanation of 1 cm 3x10%g
Ground water fluctuation of 1 m Sx107%g
10° kg of oil displacing salt at 1 km 5x1077 g
A.D. Cronin, J. Schmiedmayer, D.E. Pritchard, Rev. Mod. Phys. 81, 1051 (2009)
Spring 2022 7/38

Measurement of gravitational constant

Upper
Gravimeter

0z

a single massive object

3G /G ~ 1078

Table ‘L. Uncertainty limits.

@ Measure gravitational gradient caused by

Systematic BGIG
Initial atom velocity 1.88 x 10°*
Initial atom position 1.85 x 107
Pb magnetic field gradients 1.00 x 107
Rotations 0.98 x 1073
Source positioning 0.82 x 1073
Source mass density 0.36 x 10°°
Source mass dimensions 0.34 x 107
i Gravimeter Separation 0.19 x 1073
awer R = _3
Gravimeler Source mass density inhomogeneity 0.16 x 10 .
”?i‘ Total 3.15 x 10
Kasevich group, Stanford (2007)
[ o hsom Physs (U5TC) ] Sving 2022 s/
Measurement of gravitational constant
e 6G/G ~ 150 p.p.m (12 p.p.m @ 2018 HUST)
or-
08 Lﬁ‘
0% N b e
"4 \
as T
<5 0b o5
3108
Tine group, Florence (2014)
[ Cold Ao Physies (USTC) | sevgz 10/3

@ Initializing the atoms:

Y2 (le) — ie™|g))

)

Application of I pulse (beamsplitter): %2 (|g) —i
Free propagation for %, with |} picking up a phase 5:
% (5"“% lg) — -ie‘i“’%c"“f[e))

Application of 7 pulse (mirror): %2 (e“%

V2

)

)
3

ko g
g el

e) —ie

Applicatoin of § pulse (beamsplitter):

—£(1+€®)|g)+ 5 (1— ) e)

Population in [g): 3 (1 + cos )

Population in [e): 3 (1 — cos @)

Note a convenient relation
e~ imolv = cogahl — ising (n - a)

a lLaser pulse ‘

@ Point-like masses in free fall

Measurement of gravitational pull

%'I.r;))

Free propagation for another ’, with |g) picking up a phase %:

Spring 2022

b |e. p; + hky)

hk,

G20 B, + hlky + b))

AD = *(f‘fl — k’g)gTz

@ Create different physical paths with lasers

@ Deduce g from interference measurement of phase

Chu group, Berkeley (2010)
Spring 2022

Measurement of gravitational constant

@ 5G/G ~ 150 p.p.m (12 p.p.m @ 2018 HUST)

Tino group, Florence (2014)

Spring 2022
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Atom interferometer with degenerate gases (Bloch oscillation): BEC

a)
¥
b)

M. Fatteri, et al., Phys. Rev. Lett. 100, 080405 (2008)

Spring 2022
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Atom interferometer with degenerate gases: Fermi gas

@) signal ®) -7
N — 73
2ms 24ms 28 ms 12ms 16ms 4ms s4ms Afms sams s6ms ! R 21 GHZI

Momentum (q,)

Time (ms)

G. Roati, et al., Phys. Rev. Lett. 92, 230402 (2004)

[ Cold Ao Physics (USTC) |
L R |
Other (possible) measurements

@ Einstein's equivalence principle
@ Test general relativity

1/r? Newton's law

Quantum gravity effects

Fins structure constant

Gravitational wave

Historical milestones for atom clock
@ 1949 Ramsey's separated oscillatory field technique
@ 1955 First cesium atomic clock
@ 1960 Hydrogen maser
@ 1967 Redefinition of a second in terms of cesium
@ 1975 Proposals for laser cooling of atoms and ions
@ 1978 Laser cooling of trapped ions
@ 1980s GPS satellite navigation introduced
@ 1985 Laser cooling of atoms
°
°
]
]
]

1993 First cesium-fountain clock

1999 First optical-frequency measurement with femto-sec combs

2001 Concept of an optical clock demonstrated
2006 *7Sr lattice clock

2009 Single-ion clock via quantum logic spectroscopy

Spring 2022

Atomic Magnetometer (Detecting Zeeman shift via Rabi oscillations)

) F=1
(09 — P2
H / i ] F=0
-1 E ,"j i
LI ! § ' || 369 nm
T
) : ,"i i | —
(@ \ ) Oy, . F=1
- I d : g
b NS ] 12ecz | S
[0 } F=0

e Sensitivity: 4.6pt/v/Hz

Wunderlich, University Ulm

e TS
[ AwmicCock |
Atomic Clock

Importance of a punctual clock

Spring 2022

@ Time is our most precisely measurable quantitiy

@ Many Sl units dependent on definition of 'unit time’
length (m), voltage (volt), current (ampere), etc.

@ Test of fundamental theory (general relativity)

Spring 2022

@ Applications in navigation with military potentials, e.g. GPS,
sychronization etc.

14/38

How accurate are the atom clocks?
@ Rubidium clock 1072
@ Cesium clock 10~
@ Fountain clocks 10716
@ Atomic clocks in space 10717
@ Lattice clocks 1016
@ Single ion clocks 10717

2
3
g
H
2
3

@ Current record:
lattice clock with *7Sr
8. x 107 (Wisconsin, 2022)

Definition (1969)

atom

Ramsey's separated oscillating fields method

Understanding atom clock using two-level atoms

@ Two-level atoms with ground state |g) and excited state |e)
@ Initialize the atoms by optical pumping the population to an

internal state

@ Rotate the state for a time ¢ at the beginning and the end of the

free propagation
@ Atoms pick up phase shifts during free propagation

@ Detect oscillation in the population of the internal states

Spring 2022

Spring 2022

16/38

e Initializing the atoms: |g)
@ Apply rotation for a time ¢

0 £
(g )

@ Free propagation for a duration 7:

Spring 2022

Spring 2022

[46(t + 7) = exp (*ih;ﬁ) [eo(t))

w 0
m=n(2 9)

@ The other rotation

iHt
[th(t 4 27)) = exp (fi—

ERETR Cl o Prysics (USTC) |

5 ) )

Spring 2022

13/38

15/38

Off by one second in three hundred billion years (~ x3 x 10'! years)

The second is the duration of 9 192 631 770 periods of the radiation corresponding to
the transition between the two hyperfine levels of the ground state of the cesium 133

17/38

19/38



@ Calculate Typical data
MatrixFora [Matzixbxp|-i -D; T ] t]. [z“"[" “""'"“] : MatzixExp|-i a; T ] ¢]. (: )]
E L gkt (13 et o b (g sty Linewidth ~ 450 Hz
o Blival pospulabien fo el Atomic line Q = 20 million
P = —% sin (Qt) (1 +e7'™)
-2
sin® (Q
= 51112( l[1 + cos (wT)]
o Final population in |g}:
sin( Vv, =9192 631 770 Hz
Pg=1—R;=1—¥[l+cos(wT}] 1
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Fountain clock

Proposed by J. Zacharias in 1953, realized by M. Kasevich and S. Chu in 1989 Fountain clock

ountains in operation a . A ; , Penn St,
f 8 fountains i ti t SYRTE, PTB, NIST, USNO, P St
Ju"' Lo IEN, NPL, ON, with accuracy near 1 10-'5 . More than 10 under
— t construction.
? ~ C-field coil
::Jl‘ltrlgmve .
Probe foctopm sk
o u Detector : i
Laser \\L;‘-ﬁ — o
® L
_— ;
Spring 2022 22/38 m Spring 2022 23/38
)
Uncertainty Optical lattice clock (see e.g. Thesis of Martin M. Boyd)
' PE l vy —1
po LT, 1 20h oo (2) |
7QV 7 \N = Nespy N2 microwave field: 1y ~ 10°, v ~ 1, @ ~ 107
Among other things opitcal field: vy ~ 10™, §v ~ 1073, Q ~ 10'7
@ T is the interrogation time @ Confine atems in a deep optical lattice: d < A/2
o N is the total humber of atoms longer interrogation time, fewer/no collisions
e () = 14/dv is the atomic quality factor free from Doppler effect in the Lamb-Dicke limit
g is the cesium hyperfine splitting n = ky/hj2muw, < 1
dv is width of the Ramsey fringe @ Still benefit from the large N factor of atom ensemble
@ oy is the uncorrelated r.m.s. fluctuation of the atom Difficulties

Hence to reduce the error further, we need

. . L ) @ Deep lattice means large energy shift (a.c. Stark shift) from
@ Longer interrogation time (as in single ion, space clock etc.)

optical dipole force

e Larger atom number (atomic ensemble, BEC?) o Escited stats has Enite et
o Larger 1 (optical frequencies?) Xm_ ed state as:' tite e_' _'me ) ) ‘
@ Lower temperature, fewer collisions (isolated atoms, as in an @ Optical frequenaes very difficult to register with typical
optical lattice) electronics
o hion Prvses (0510 Sz e TSI Sz 25/
[ AmicClck ]
Meet #7Sr (alkaline-earth like atoms in general) Elsdle tansitsn
(5P VRa  (ss5dyD,, 5s5p 1P,
(r="7.9ns) (r =16ns) Ee5 3P
= = 3
) First cooling 5s5p 3P, 280P T
(5565)’S, A~ 480 am s
- »H-
' = A~ 490 nm 12 7=32MHz Second cooling
(5s5p)'R \ Tp=760uK ;
(r=5.22ns) ) s J Agr=689nm
(5s4d)°D, , , ye/2r=T.6kHz
(r=2945)  ——— TD= 180nK
R <Tym 58213, T = 450nK
‘P (5s5p)
PR (r=214us) Clock transition
filr =) 18,(F=9/2) & 3Py(F=9/2)

Ao~ 698nm, 27~ 7.6mHz

PN TE T Co: o phics (UsTC) ] swinga2  21/m
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The a.c. Stark shift of state |i) in the presence of an electric field E
Suppression of Doppler effect in a deep lattice

1 ;
§"stn . Free space: 0 = 7’5”“-|E|2
_§| Fy : v=v.+k v/(2r) +vg o _
24 ]\ = Vg the uncertainties (photon The a.c. polarizability «; can be written as
£ b recoil) Ty
Z Lo I In a deep harmonic potential: T 3
29 1217900 k) v = v.+ Anf}/(27) o)
i L Q/(27): the trappir}g frequer\cy iy 2
. An = 0,41, ---: difference in
the motional sideband =
Condition for well-resolved sidebands At a magic wavelength = =
e Lamb-Dicke parameter A ~ 813nm, the a.c. Stark shifts g
h= l\/I <1 of 15, and P, are exactly the _fé .
2V ama same for 7Sr @ sl L =
° FctJ.'c'Eh*d < hQ ™ smll,mu:;x;\"u\Jiﬁglh :L:ﬁ:;) e
| Cold Avom Physics (USTC) ] Spring 2022 /38 | Cold Avom Physics (USTC) ] Spring 2022 29/38
) )
Frequency comb: gearing between optical and microwave frequencies Extracting, fy via:frequency dotz‘lziw
to be measured ;
kv o Femto second pulse E(#)e™! e ..
spanning the complete } | l ‘
frequency spectrum = == w.: .
@ Pulse recurring frequency: Mgt lo_ ) gt P |4
B3

comb spacing

beat
b) Frequency Domain ° Carrier-envelope phase: frequency rn@

comb shift

Irw

| @ Optical frequency can be @ Laser frequency fixed and

. {Feedback! e
expressed in terms of two Hfazawrocy) stabilized by feedback from
1L microwave frequencies and an : b v i | S = ol the clock transition of the
Shleth . = = Oscillator
integer NN o] atom
Stable laser Atem(s)
Vn = NJrep + fo - I — @ The optical frequency is

readout via fs frequency comb

Optical comb
gz o ISR swng 31/

| Cold Atom Physics (UsTC) |
v "'F_‘""' T T T  Niiver "4 NIST X :
- (50m = = =>[ Servo | Atomic clock and gravity
Maser 950 MHz *pp i
Reference 1 2 I ToPZT

| From JILA ]

¥ Stretcher
1320 nm |[-TAMT—(\") :
Diode Laser‘ S 4

Circulator Delay Line

920%

e
[ Counter]+- <) T Gold Tip

s
= AN
Lo [ULE Cavity

JILA

Self-Ref’
Comb

@ Comb phase locked to clock laser (beat)

@ Repetition rate compared to JILA signal

@ The above allows the comparison of the clock transition
frequency with the high accuracy microwave standards

@ Resolving time dilation over Imm on Earth

NIST group (2022)
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[ AmicClck ] [ AmicClck ]
Key requirements for atom clock Coherent population mapping via motional side-band
@ Selection of an atom with a narrow-width transition that is ! - & - = IR -
immune to perturbations 43 :zcl = - = == = = =
@ Minimizing Doppler shift (confinement, cooling) Speciroe, RSB (Al') RSB (Be’)
@ Reliable initial state preparation L:) e B : R
o Efficient state detection S L S L S L S L
Conventionally, choose an atom species that satisfy all requirements @ Initializaiton to the ground state »
@ Interrogation of the spectroscopy transition (B)

Alternatively, choose two atoms species that share these requirements

(af Dsl0)m -+ 8] 1)sl00m) | L

Quantum logic spectroscopy @ Coherent transfer of the state of spectroscopy ion to the transfer mode via
a red-side-band 7 pulse (C)

[ Lysl e (@|0)m + B[1)n)

@ Coherent transfer of the transfer mode state into the state of the logic ion
via a red-side-band 7 pulse (D)

‘ -1—)5 (Ol L) L+ ?‘i‘ T)ﬁ) |U>m
[ Co Asom Physcs (USTC) | gz o RSN spigz2 w3

Fractional accuracy 9.4 x 107" with Al™-Be™ single ion clock (2019)
Al spectroscopy ion with narrow line-width

Be™, logic ion providing sympathetic cooling, state initialization and
detection




Implementation with trapped Al and Be™ ions

+3/2 i

mg=+1/2 +3/2 +5/2

@ Initial state prepation/cooling for Al™ ion through Be™ ion

@ Clock manipulation

e Mapping the final internal state of Al* ion to that of Be™ ion

@ Detection of the Be™ ion population
| Cold Avom Physics (USTC) ] Spring 2022 /38
[ Nl

Next Lecture

We have covered some applications of cold atoms, including atom
interferometer and atom clocks. These do not have very stringent
temperature requirement of the atoms. Typical laser cooling is
sufficient. Of course, we may cool the gas further given the various
cooling techniques that we have discussed before. When the
temperature is low enough, the atoms enter the interesting regime of
quantum degeneracy. And the various intriguing properties of the
quantum degenerate gases will be the main focus for the rest of this
course. Next, we will start with the introduction of Bose-Einstein
condensate.

Spring 2022 38/38

Contents
Bose distribution

Density of state

Critical temperature

Condensate fraction and density profiles
Long-range order and order parameter

Superfluidity and condensate

Next lecture
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Grand thermodynamic potential
1
Q= _B InZ
1
8 Z In [1 = F,’_ﬁ(‘"—#)}

The occupation of the ath eigenenergy level is

o0 1

No=— 5" =7 —75 =
Ben  ePlea—i) — 1

The chemical potential j is dictated by number conservation

1
N — SR <
N Z eMea—pn) — 1

(a3

[ Cod Atom Physics (USTC) | Soring 2022 ven

Cross-Checking Atom Clocks

ULE cavity

535 nm .
gy

Silicon
cavity

-

o TTAIFF7Sr-1"1Yh with an accuracy ~ 8 x 10718
Nature 591, 564 (2021)

Spring 2022 a7/38

Quantum Degenerate Gases
Lecture 4: Ideal Bose-Einstein Condensate

Wei Yi
University of Science and Technology of China

Spring 2022

@ FRATLLXE

Spring 2022 1/34

Bose Distribution

Consider a system with eigenenergy levels {e,}, each with occupation
number {n,}. The grand canonical partition function is:

Z = Z exp |- Z”u (€ — 1)

{na}
where 3 = 1/kgT, u is the chemical potential. For bosons,

Z = Z Z e Hexp [—Bnq (€a — 1t)]

n1=0na=0 a
~T{S oot -]
o n=0

1
MR

Spring 2022 3/34

Appearance of condensate
@ For non-negative occupation number n, > 0, we must have
H % {Ca}miu = €min
@ The maximum number of particles in the excited state

) 1

acexcited

@ If Ny > Ny, the extra atoms must occupy the ground state,
which has no upper-bound on occupation number

e BEC!

Neglecting the zero-point energy (shifting the zero-energy reference),
we have

w 1

N = No+ AZ—-‘ efea —

[ Cod Atom Physics (USTC) | Soring 2022 573



[ DeiofSine]
Density of state

In principle, one should carry out the discrete summations.
Practically, we replace sums with integrals. Accurate for excited

states here.
Z — f deg(€)

where g(¢e)de is the number of states between ¢ and € + de.
The density of state g(¢) is defined as

dG(e)
de

gle) =

where G/(¢) is the total number of states up to ¢.
Note that this is just variable transformation. One may also work
with the density of states in momentum space, etc.

Spring 2022 6/34
[ DeivorSu ]
For d-dimensional homogeneous case,
Ld t p.d—1
WJC,[L: dk,
where Oy = % P|ug ine= !% and L= hz::“,
(ECL}L“’ m d/2 o
g () <7 de
Therefore
gale) oc 21
Special cases: )
2-d case: gale) = éLr;?
. Lnl/2 _1/s
1-d case: gi(e) = ﬁf 1/2
Spring 2022 /34
it Terpenature |
Critical Temperature
Total particle number
. . — 1
N=No+ ) —

v

At the temperature T, where the gas starts to condense

) 1
N= Z ;;:!’.fep —1

v

= g(e)
= / ;:3-‘3(5 — ldf
J0O

where 3. = 1/kgT,, and the density of state in general:
g(€e) = Ce™?
a=d/2

o =d

d-dimensional homogeneous case:
d-dimensional harmonic potential:

Spring 2022 10/34

In a 3-d harmonic potential
kpT, & 0.94k(wywyws) N3
For a 3-d homogeneous gas

K2 2/3
beTLr 33102,

m

where the number density n = N/V.
As ((a) only converges for @ >> 1, in low dimensions, gases may not
condense:
@ homogenous case: no condensate for d < 2
@ harmonic potential: no condensate for d < 1
From another perspective, n\35 a2 2.612, with thermal de Broglie

2mh? |
mkpT’

wavelength A p = low temperature, high density.

Spring 2022 12/34

Calculating density of states
3-D homogenous cas
Number of states in the shell between &k and & + dk

L—SA‘erkzclk
(2'1T)3
Plug in e = Z& and de = 2kdk
Therefore Ehade s
gle) = Vﬁﬁzﬁzs(
Spring 3022 T/
(T

Density of states in a 3-d harmonic potential
Energy spectrum (zero point energy neglected)

Epynoms = R{mwy + naws + naws)

Total number of states upto L, n, ns

1 E rE—E E—Ey—E»
G(E) R e f (iEJ ] !fEQ f (.IE;;
TBwitinws Jo 0 0

ES
= s
Therefore dG(E) o
E)=- =
9E) =G5 = o
In a d-dimensional harmonic trap: g(F) = Edn!]
(d—1)! H B
=1
[ Cold Atom Physics (usTC) | SerimeAn -
[ CitelTensts |
Hence

o0 (‘v a—1
= o€
N= de—
0 gPet — 1

0o er—1
= C, (k3T0)" [

J0

(i:r:Jr
= C (kpT)" D(a)¢(a)

where = = [.¢

where D(a) = [P 2% le™ ((a) = Zn_"‘. And we have used

0
n=1

1 ; ;
=2 A ﬁ,—z.z- . E,—.jx Moo
et —1
Therefore
“.\rl,’rz

kpT, = S —

[Cal (@) (@)]7*

[ Cold Atom Physics (USTC) | SPnEAnss L

Condensate Fraction and Density Profile

Below 7, we may take y = (), and the particle number in the excited
state is

XD Frx—l
N, =0C, / dé—r—
0 el —1

=C, (kgT)* T(a)¢(a)

-~ (%)
T,

Therefore the condensate fraction is

v ()]

How do we differentiate the condensed part from the thermal part?
| Cold Atom Physics (USTC) |
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Density profiles Velocity distribution

@ Condensate in 3-d harmonic trap @ Condensate in 3-d harmonic trap
1 il L9 L2 1 R |
do(r) = ——————=¢€ *ie e 4 ; = F{¢ =—— ¢ g g
o) w3/ (ayagay )/ 90(P) = F {¢o(r)} 7\':‘/4(6’1(32(‘3)]/2( h c
5 N 2 y; -t L; N ,;% }; ;E_’
ng(r) = Nl|og(r)|* = ————e “ie “2¢ " — ATl . | S Nt S
o(r) [0 (r)] 50,620, no(p) = Nldo(p)|* = Tr“‘f?(:l('z(';;c ie e
b2 .
With af = - With ¢; = /mhw;.
@ Thermal gas in 3-d harmonic trap (n oc [ @*pe ?H(rP)) Anisotropic given anisotropic trap
i 2 g @ Thermal gas in 3-d harmonic trap (n o [ d*re#H®P))
N P
mh(T) = —mm e fe f2e F g2
w23 R Ry nth(p) = e ImhpT
Sh P2 2kaT .
With R? = o (temperature dependent) Isotropic
R; kT 2mkgT — -
T[T AN o TAT, TEL NS s 1 for T~ T
a; hew; mhw;
o hion Py w510 e CNNRTVET . g2z 13/

Time of flight imaging

BEC @ JILA, June ‘95

@ @ Release gas from the trap, let it expand freely for a long time
(Rubidium)

@ Final distribution reflects the initial velocity distribution

”Iillal(r) x ”U(V)

Initial condensate wavefunction

1 - .3120 _..L«'fT _.;_QE.
Go(r) = 57— z¢ Mie e 3
bo(r) w3/ (ayaz03)1/2
With its Fourier transform
1 g .
/ = . — p 2675 2024 23
BEC @ MIT, Sept. ‘95 do(p) = F {¢o(r)} eege)2c ¢ e
(Sodium) ) i
[ Cod Atom Physics (USTC) | Spring 2022 16/34 [ Cod Atom Physics (USTC) | Spring 2022 17/34
Evolve the wavefunction in momentum space
) H Long-Range Order and Order Parameter
6o(p,t) = e IF {go(r)} . ) ‘
Define single-body density matrix
Transform back to coordinate space and calculate the density
distribution p(r,r') = (U (r)¥(r')},
2 '2 ’2 . . .. . .
n(r, t) = |do(r, t)[? e B o (i g a2 whfere .Llﬁ(r) (\I’(I‘)).IS the creation (ann|b||at|on) field operator
satisfying the bosonic commutation relation
with widths a;(t) = | /a? + 155 .
i v "4 U(r), ¥i(x")] = 6(r — ' U(r), w(r')] = [vl(r), ¥ =0
After long time of flight [ (r) ( )] ( ) [¥(r), ()] [ (r) ( ﬂ
" kit As U(r) = 3", ae ™, for ideal, homogeneous Bose gas
a;(l) ==
ma; . P )
. ' o i p(I‘. I"') - Z <(1L&k’> piker—ik'r
Anisotropy and uncertainty principle e
ai(t)  a; — Zﬂkr_,ik-(r—r’)
a;(t) k
Spring 2022 18/34 | Cold Atom Physics (USTC) | Spring 2022 19/34
For this ideal, homogeneous condensate, the condensation criterion is For a general BEC, we write the field operator
th i tion of th t d d o
e macroscopic occupation of the zero momentum mode (groun W(r) = E'_\ bilr)a,
state) —
Ng . L
Nk = v Ok, + ”L#n And the single body density matrix becomes
Thus, i i plr,r') = Z @5 (1) (r") <(7-1,-f7"-5>
o) = {4 3 et
kA0 = 271-5697(1')1551‘(["‘)
In the thermodynamic limit, Ny/V — constant, Ny,/V — 0, hence t
p(r,r') = 52 in such a limit. And we may write
Alternatively, due to interference between different components, e e )
j d’r'p(r, )i (r') = nig} (x)
. Ny
. 'f . e . . -
|,}r‘,‘|f;m plr,r) — v n; can be identified as the eigenvalues of the single body matrix
element. Therefore the condensate exists if at least one of the
This is called Off Diagonal Long Range Order (ODLRO), in contrast eigenvalues of the single body density matrix is comparable to the

to Diagonal Long Range Order (DLLRO) as in solids. total particle number N.
| Cold Atom Physics (USTC) | Spring 2022 20/34 | Cold Atom Physics (USTC) | Spring 2022 21/34



Recall the expansion

where a! (a,) is the creation (annihilation) operator of the i-th mode
and satisfies the bosonic commutation relations

[:, &1] = 6y

As we have discussed, for a general BEC (finite system or with
interaction)

[a:, ;) = [a],a] = 0

U(r) = po(r)io + Y 0ilr)i
i£0
We may then identify the condensate order parameter as
p(r) = ¢o(r) {ao) .

where ¢(r) can also be identified as the condensate wavefunction.

Spring 2022 22/34

The Fock state description is not appropriate for the previous
definition of the order parameter as (N|ag|N) = 0. We are actually
using the coherent state description of the BEC in the previous
definition

o) = e zlof? Z \/T

Easy to show that (alig|e) = a and {a|N|a) = |a|?. Therefore the
order parameter

p(r) = ago(r) = v/ Noe“o(r)

where @ is the global phase of the condensate.

Spring 2022 2434

Superfluidity and Condensate

Superfluidity is a state of matter in which viscosity of a fluid
vanishes.

“He below the lambda point

Frictionless flow, quantized vortices

Density of superfluid component approaches unity
Different from condensate fraction, as we will show later

Spring 2022 26/34

Consider an obstacle (impurity) moving with velocity v in a fluid of
total mass m. Friction is caused by excitation of collective modes in
the fluid, which can be characterized by its momentum p and
dispersion relation €,. Consider the energy of the fluid:

Rest frame of fluid (time-dependent potential)
Initially: £ = Ej. Finally: £ = Ej + ¢,.

Rest frame of obstacle (static potential)

Initially: £ = Ey + —?m' . Finally: E=Ey+¢,—p-v+ %mwz.

As e, > 0, p-v >0, for a reduction of condensate energy (viscosity)
veosd > 2

where p = |p|.

Landau criterion: if v < v,, no excitations possible

€
= (%)
P/ min

In the Hartree limit the N-body wavefunction
,f'\.’ {1‘1 H@O rl)

Fock state description of BEC
N
N) frf it fv({r; al (r;)|vac)
| = {ri} fi({ri} 1:[1 |

— \/1\7 (af)) ! |vac),

where we have used the expansion for the field operator

U(r) = ZQ@ r)a; = ¢gp(r)ag + Zc) r)a;

120

Note the total particle number is fixed in this description.
Spring 2022 23 /34

Global phase ¢

@ Experimentally, trapped gases have fixed particle number,
therefore not in a coherent state. The global phase of a
condensate cannot be observed/measured.

@ Theoretically, the global phase can take on arbitrary value for
the coherent state. This is the so-called U(1) gauge symmetry.

@ Spontaneous symmetry breaking

@ The lowest-energy excitations above the BEC are therefore
gapless (Goldstone modes)

Spring 2022 25/34

Galilean transformation
@ Reference frame K: {E, P, M}

PZ
TaM

@ Reference frame K’ moving relative to K with velocity v

(P — Mv)?

E =
2M

1
=E—P‘V+§.Mv2

@ The last equation generally holds

Spring 2022 27 /34

In the Landau criteria, there can be no excitations in the fluid for
velocities below ., i.e. superfluid.
Example |: Phonon excitation (sound wave) ¢, = vp

]
Example II: Ideal Bose gas ¢, = p*/2m

ve =10 at p=20
Example lll: Roton excitation €, = A + (p — py)?/2m

A e (pe — 110)2

Ve = —

Pe 2mp,
where p. = 1/2mA + pi.
o Atom Physies (USTC) ] swrezz 29



Two-fluid model (finite-T case)
@ Superfluid component and normal component (thermal
excitations) interpenetrating (for v < v,)

@ Fixed total energy. Particle exchange between two components
Consider normal components moving with velocity v relative to the
condensate. They consist of excitations of momentum 7k in the rest
frame of the condensate, with dispersion given by €. The energy
required to create the excitation is (in the normal component frame)

AE,=¢,—hk-v

The total momentum of the fluid in the frame of the condensate is
§ 1
= Z hk'ﬁ,«a[a.@k—“) |
Kk

Note:
(a) in the condensate frame only excitations contribute
(b) excitations equilibrate in the frame of normal component

Spring 2022 30/34

We have
3K2 k2 Eﬁ(fkﬂ:]
o = VZ m 3 (e — 1)
1 352 L2 ,Bex—p)
= _/JAA,,.A? e
(2m)3 m 3 (efler—m) —1)2
1 PR [ Of (e — p)
=— [ 4nk*dk ——F5 |-
(Qﬁ)ﬂj Im { dey,
where f(z) = .

The simplest scenario, €, = h?k?/2m, i.e. ideal Bose gas

i, /,',q Ank? [0 (ex — 1)
" T 2 3 ok

o [ -

= ) / d kfy.d(q-ﬂ!) 3

For ideal Bose gas, 1, = 1., hence ngp = ng, i.e. superfluid density

is eﬂual to the condensate density. Contradiction?

Spring 2022 32/34

Next Lecture

We now know that interaction can greatly affect the overall property
of the condensate. To understand the excitation spectrum, dynamical
property, etc. of the BEC, we need to take interaction into
consideration. At low temperatures, the major contribution to the
interaction is two-body collision. To understand how one should
incorporate two-body collisions into the model Hamiltonian for the
BEC, we will first study the two-body scattering process in the next
lecture.

Contents

@ Interaction potential between neutral atoms
Two-body scattering: partial-wave approach
Formal scattering
Example: Box potential
Zero-range pseudo-potentials
Effective Hamiltonian for interacting Bose gas

Next lecture

Spring 2022 2/36

For small velocities,

1
- Z hke.d(q hk-v—p) _71
»—Z{EM =

(ep—p)

_Z'ﬁ—z d(:;', y _

ePlen—u)
+ hk(3hk - v)i(eﬂ(u—ul )2 }

k(k v)

e (p) = n,Vmv (n, is the normal component density)
o k(k-v) = E2v.ex + kivyey + E2v.e,
@ Symmetry in ¢ (homogeneous in |k|)

Spring 2022

Understanding our calculations

@ Ideal BEC is not superfluid. (l.andau criterion)
@ We are actually considering the situation where the actual

31/34

dispersion relation is very close to that of the free-particle. This

is approximately the case at high temperature or for weakly

interacting Bose gas, where e, = h%k*/2m. Therefore ngr ~ nq.

@ For BEC with strong interaction, €, # /i

22 /2m, the superfluid
fraction can be much larger than the condensate fraction i.e.

strong interaction depletes the condensate. (Quantum depletion

of BEC)

@ For *He, at zero temperature, 119 = 0.172¢, With ngp = 740r.

Spring 2022

Quantum Degenerate Gases

Lecture 5: Inter-atomic Interactions
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Interaction Potential between Neutral Atoms

@ Neutral atoms interact via electromagnetic field. Need to go

1/36

beyond ideal gas description to understand effects of interaction

@ Many properties of cold atomic gases depend on interaction
e Condensate fraction
o Density profile
e Dynamical properties
e Superfluidity relies on interaction

@ In dilute cold gases, three-body (or more) interactions is unlikely

@ Two-body interaction is the leading order contribution

@ In dilute cold atomic gases, interaction dominated by low energy,

long wavelength scattering processes
@ Detailed structure of the potential at short range becomes
irrelevant

Spring 2022

3/36



@ At short range, potential governed by Coloumb repulsion and
Pauli exclusion of eletron clouds overlap

@ At long range, mainly van der Waals interaction ~ C/r®
@ Interaction in general depends on internal states (scattering

channels)
100 7
E/emt \ Repulsive +A/r2
50
ot
e 12 &
50 | Vi) = ‘_T.) N i
vor=u((2)- ()]
4100 + '." Attractive -BIrf
30 40 50 80 70 80
r/A
T — Sz g

We project the wavefunction onto the basis of spherical harmonics

W= A Ru(r)Y™(0, ),

Lom

where m drops out of the coefficient due to the spherical symmetry of
the scattering potential. Further aligning the z-axis with the direction
of the incoming particle, and noting Y," = P,{cos @), we have

W =" ARy(r)Pcos )
=0

Plug into the Schrodinger’s equation, note

szld( d)+ L 2 s‘int?i +71 iz
T r2or or r2sin@ag \ 0 r2sin? 8
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We consider the low energy scattering with short range potential:

@ For r < R., where R, is the effective range of the interaction,
k% term not important

{l1-+1) 2m,V (r)

2
i = f F=—
B+Ri-— M- N
e For R, < r < % Vi(r)~0
i+1
R"+ B"” ( + )R,g—[]
r2
with solution:
Ry = air + ,!7+1

Note ¢; contains information of details of short range interaction

[ Cod tom Phsics (USTO) | swing 2022 a/%

In the case of kr > 1, the spherical bessel functions become

. sin(kr — £
jhr) ~ ST Z5)
cos(kr — l—”)
m(kr) = 7‘71{1'
Therefore,
(20 + D! sin(kr — &) eokt cos(hr — 17
Ry~ Cy =
Kt kr (20 -1 kr
_ sin(kr — 5 + ;)
kr '

where the phase shift

Cy EAHL low energy
tand; = — 5

o (20— DI+ DI

Two-body Scattering

Two-body Schrodinger's equation

2 -2 92
Wt =~ ot * gy | VOV =209

2my c)rl, 9mz o3,

We may separate the center of mass motion from the relative motion
and define the center of mass coordinate R = %ﬁ and the
relative coordinate r = r; — ry. Then

R¥ 1 B IR h? o n 9

) (ml ot my ()ri) T 2(my 4 ma) OR?
where we have defined the reduced mass % = # + -, so that the
relative motion can be described by a single-body Schrodinger’s
equation

2m, dr?’

L ,
?hﬁ = —TV o+ I/ I'}\I!

[ Cod tom Phsics (USTO) | swing 2022 /%

For the derivative of the Legendre polynomial, we have used the

relation
/]P t)dt = 1_“:233’( )
L, RS i

1 .
sinf 90 ( )9) Bleeat]
) -
~ sinf o0 [7 e 00 0s
1 9 2p W0+1) [
sinf 00 [(—&sm B)i — cos?
= —I(l+ 1)P(cosf)

Finally, we have the equation for the radial function

2 ; Hl+1 2m,
R () + 2 Riy(r) + {A-Z JWED 2y, )] Ruu(r) = 0

Therefore,

Picost)

H(t}di‘]

cos

[ Cod tom Phsics (USTO) | swing 2022 7/

2 ;
R+ iRj + [k" - WLZH] Ri=0
r

With solution R; = (]u" L “qi(kr) — (:gwjf;;mm(kr).
In the limit of kr < 1, the spherical Bessel functions

il [T
s QT i sin kr
alkr) = (=13 (m-r) .

' d \' coskr
ni(kr) = (-1 oy (—) o

rdr r

can be simplified according to

&\ Egin br (1) d \)" g2+l ) 21
rdr r rdr ) (20+ 1)1 (20 + D’

Such that solutions for r ~ % and R, € r < % are matched.

[ Cod tom Phsics (USTO) | swing 2022 5/38

which consists of an incoming plane wave and an outgoing spherical
wave, with total energy given by F' = hk?/2m. For spherically
symmetric scatterer, f(k) = f(#), with cosf = k - 2.

Matching wave functions at the far field

F0) = 211'k Z(_Q,’ +1) (ffm’ — 1) Fy(cos®)
=0

A =d'(2+1)e.

Hence, the phase shift is closely related to the scattering amplitude
f(8) and contains information of the scattering potential at short
range.



From the previous calculations, we see that for short range
interactions at low energy, the phase shift for different partial waves
scales as

o) o K2+

In reality, cold neutral atoms interact via van der Waals force at long
range r~% In general, for long range interactions r—",

n—3

for [ < & o k2
2
n—3 .
for > ——, 0 oc k"2
2
We now focus on the s-wave case, [ = (.
[ Cold Atom Physics (USTC) | Spring 2022 12/36

The total cross section, defined as

o= /a’.82|f(9)\2 = 27r/ sin 8d6| £ (0
’ Jo
A .
=5 (21 4 1) sin® &,
i=0

where we have used

1
/ Rn (I)PH, (.T)d.l? =
=1

miun

—
2n+1
For low energy s-wave scattering, o ~ 4wa”.

@ Scattering length a depends on details of the short range potential

@ Typically it is determined by fitting experimental and theoretical
results

@ Alternatively, details of the atomic potential are determined from
spectroscopic measurements, which are then used to calculate the
scattering properties by numerically solving the Schrédinger's
equation.

Spring 2022 14/36

Example: Box Potential

We consider an example to show how the scattering length is
determined from the interaction potential.
Define box potential with effective range R > 0

. Vo 7<R
v (T) _ Vg T
0 r>R
We need to solve the Schrodinger’'s equation

h_,
~LVR 4 VY = BV,
m

where E = *k?/2m, > 0.

[ ol Atom Phsics (UsTC) | swng2z 16/

Consider the boundary conditions:
o Atr =0, uj(k,r) =0, hence A= —B
e Forr — og,

i 248y __
sinkr e®0 —1 .

e o

ok 2ikr

Hence, C'/D = —eZifo,
e Continuity condition at + = R (setting D = 1)

2iAsink R = Cet*? 4 g7#E

/ji(kl(:'thﬁ + le‘ ruhi?) — _kezmwzm _ k(_,fu:r?

Finally, we have

ktan k12
d = —kR + arctan (71)
}‘"1
And the scattering length a, = — rlmtlm 0o/ k.
| Cold Atom Physics (USTC) | Spring 2022 18/36

For s-wave scattering and at low energy, the scattering amplitude
simplifies to

I . 4 1
G — S _,Zmo_l —
£(6) Q.i.t;(F ) kcot &y — ik
1 . ;
= ﬁ(cos 28y +isin28g — 1)
)
o (1=0)
Since dg ~ k for s-wave, we may define scattering length
0
o= — Jltin% f, so that at very low energy, f(#) = —a and
0 B
1 .
Ry(kr) ~ T sin(kr + dg)
sin kr - coskr .
= cos0g + sin g
Ii”." o
~1-2
p
| Cold Atom Physics {USTC) | Spring 2022 13/38

What about identical particles?

@ Need to (anti-)symmetrize the wavefunction for bosons
(fermions)

@ In the relative coordinate, exchanging particles amounts to the
transformation r — —r, which means r — v, # — 7 — ¢ and
Tt

@ The properly (anti-)symmetrized wavefunction is

_ ikz —ikz _ pikr
U =™ e 4 [f(0) + flm — 6)] —

@ As the potential is spherically symmetric, we have for bosons
o= QTr] " sin0do)2f(0)*
(1]

~ 8ra’ (l=0)

@ For identical fermions, the scattering length and the cross
section vanishes on the s-wave level

[ Cold Atom Phsics (U5TC) | swng2z 15/

With Schrodinger's equation, (%, ) satisfies the equation

[
—
—_
—
|
o
—_
S

d- [ 2m,V .
[rh'? oz 7?';7 i kz] Hir] =0

Solution for [ = 0

uy (k,r) = Aet'" + Be=™ " for r< R
ug (k,r) = Ce™ + De™™  for r>R

where by = \/k? — 2m,.V,y/h?.

[ ol Atom Phsics (UsTC) | swng2z 17/

Understanding scattering length

e For V> 0, as > 0 always
e For Vy = +00, a5 =R
e For 14, < 0,

tan

b il e By
.-\{ . h..

as = R(1 — =
Therefore the scattering length may change sign.

@ In fact, for Vj, < 0, a, diverges for v = (n + %)rr. This happens
each time the potential becomes deep enough to support a
bound state. Shape resonance.

[ Cold Atom Physics (USTC) | swinga2 193



In fact, consider zero energy s-wave scattering, we have for r > R
d*u
dr?

Therefore

u(r)ocr— A
where A is a constant.
As U — 1 — % in the r — oc limit, we may identify A = a. Therefore
the scattering length a is the intercept of u(r), the outside radial
wavefunction.

o
T >
: [ ]
¥ [Het a<0
u a0 ]

m swng2z 20/

Formal Scattering Theory

@ Low energy scattering processes can be described by the
scattering length
@ We wish to replace the complicated short range physics with an
effective interaction that has the correct low energy scattering
properties
We start by writing the Hamiltonian

9
H=f 4V, =t
2m,

We define the eigenkets for the kinetic part and the full Hamiltonian

Holp) = Elg)
Hly) = E¢)
Therefore, |1/} — |} as V' — 0.
o Mo Phsis 0570 Swogm /%
[ T

Projecting the Lippmann-Schwinger equation to the coordinate basis,

(el = tele) + [ @ (x X ) (e|V1o)

E — Hy+1d
We define
h? 1
Gx,x)=— X
ok ) 2m,. <X E—Hy+id
1 EH\"X*X,‘
T 4w |x—x|

where £ = h*k?/2m,, and we may identify G/(x,x’) as the Green's
function of the Helmholtz equation

(V2 + )G (x, x') = d(x — x')

Spring 2022 2436

Therefore, we have

2m, SR - L
¥) = (o) = T2 [ P VIw)

4r|x — x'|

@ X is the vector directed towards the point of observation
e For finite range potential, (x'|V[¢} is only non-vanishing in
limited regions close to the scatterer
@ Observation is made typically far away from the scatterer
Therefore, we may take the limit |x| > |x/|, so that

We have defined r = |x|, and T = x/|x]|.

[ Cold Atom Physics (USTC) | swinga2 283

q = thy/TE (i0/k2) =~ £k + i8"
[ Colhom phsics-(usTS) |

The sign change due to increased attractive interaction is due to the
development of a bound state.

@ For a large and positive, the radial wavefunction at £ = 07 for
r > Ris flat

@ For £ =07, r > R, the wavefunction is e=*". This is also flat
given Kk = ()

e For r < R, the radial wavefunction (F = 0" scattering state)
and the F/ = 0~ bound-state wavefunction are essentially the
same

@ Therefore, we may apply continuity condition at © = R between
the outside scattering wavefunction and the inside bound state
wavefunction

Ke KT ( 1 )
e | m r—a/|._g
G = s H Ty [ i
For R< a, k= = and the binding energy Ej = . = Tmoal
Spring 2022 21 /36

Similar in spirit to the previous ansatz wavefunction, we have the
formal solution

1) = ) + vig)

1
E— H[) + i
This is the Lippmann-Schwinger equation, where the infinitesimal
imaginary part of the energy is to make the sum convergent and to
ensure only outgoing (instead of incoming) spherical waves are
present.

For later applications, we may define the T-matrix T'|¢) = V), so
that 1
Tlo) = V]g) + V=—-Tlo
) = VIe) +V g T19)
As |p) is arbitrary, we have
T=V+V 17?1
B E—Hy+id
| Cold Atom Physics (USTC) | Spring 2022 2/38
[ o Sctiming Theo |
h? 1 ,
— (x| =——|x
2m, E—Hy+id

R [ . 1
= — _[3 1‘3 /i S — T
2my ./( £ p<x‘p><p E — (p*/2m,) +m’p><p|x>
: E Cip-(x—x’),"h

N th 3
_‘Jm, (27h)* E — (p?/2m,) +id

27 elalx— —x'| cos #
= g dg do d( (UbH
(zﬂ E /U d j/ [ — @ +id

o0 "fdfj' (_,t.f\x x'| _ (_:—:q,x X I)
872i|x7x’\ q* —k? —id
1 Fik|x ac’|

A |x— x|

We have defined p = iiq. And the poles of the integrand in line 5 is
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Hence, we make the approximations

P | il e

e:Hx x| oy Eahle ik'-x
1 1

x—x| r’

@

where we have defined k' = kr.
Finally, we have for large distances 7,

1 2m, f

i B2

; eak‘r

="+ —f(K, k)
p-

{x|y) ~ (xk) —

/dd r —ik' x< ’|Vr|l>

And we may identify the scattering amplitude

1 2m, . 2m,

1 Ly N el
F, k) = 4w h? KV} = T Anh?

"T(K,k; E)




[ Fomal Sctteing Theay |
Using
h? 20+ 1 -
T,k E) = (K|TIk) = - — 5~ =T Rk - k),
m.k
:
we have

F(K ) = £(8) = 32+ 1) (k) Pu(cos ),

]

. It follows the wave function at far field

with fi(k) =
il Z]m+ua@%mfm

!

— g ilkr—Im)

2ikr

(w[v) = ™ + (8 )

Jikr

+ Z(?l + 1)H(c059)ﬁ(!’»“)6,

—i(kr—Iim)
_221+1 “’"9 {[l+2n!.f, ]—-(—}
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Zero-range pseudo-potentials
Huang-Yang pseudo-potential (revised version)

- 20+ 1)1 B? 5(r) tandy p D \2H1
Vi(r) = — 1ot me L2141 (0_,) “a

For the s-wave case (Fermi-Huang pseudo-potential)

B 2 A
Vir) = i ad(r) (O_Ei . -:')

My

From Schradinger's equation

. BR . etkr
[*%Vz + Vip = - W with b = e + f(& }
2m, M, r

we have f(k) =

—a—% where —V21 = dmd(r) is used.
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In momentum space, E = h?k?/2m, = h?k"? /2m,. (on-shell scattering), and

rZ;!.l-‘E -1
T(k'.k; E) =U(K ,k E UK, k") (E— — - id) T(k".k;E) =
e 2,

T E) =g+2% — 7K' KE

T g kz hffu pory ) =
1 1 y [ 1
=y ———— Tk kE)=g= Y —————
VL E s N T L

1 1

el Tk k; B) =

V2 E—

k' k"

vz -"'ff*'i [T(k’kE(l——Z n_%x 4-1) g}—(l:
1

Tk . KE) =T(E)= +————7——
7 " E;fjﬁnzzﬁ,

Note for s-wave scattering, T(k', k; E) == T(F).
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Effective contact interaction

Vir,r')=gd(r — 1)

@ It can lead to divergence due to the incorrect short range/high
energy behavior of the contact potential

@ Short distance behavior is different, but we are mostly interested
in systems where particles are far apartb

o We get the same asymptotic s-wave scattering properties as
with real interaction after renormalization

@ The pseudopotential approximation works well for most
ultra-cold quantum gases

[ Cod Atom Physics (USTC) | seinga2 3%

Therefore recovering previous results (conservation of probability)
Sy(k) = 1+ 26k fi(k) = ¥

Q28
k) = ..
k) 2ik

Shallow bound states as poles of S;(k) (I = 0 case)

FJ'L.‘\'J" fJ—zk:‘r

(wl) = So(k) =

7

Translates to

; 1 k=0 1
—olk) = = —
fiolk) kot &g — 1k —1/a — ik
H - S - i N h?
A pole exists at k = ix with k = 1/a, i.e., By = —a?
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Contact potential (s-wave case)

V(r) = go(r)

@ Hermitian and convenient for many-body systems

@ A constant g in momentum space

@ Unphysical at short range (or large k), can lead to divergence
Renormalization (regularization): Lippmann-Schwinger equation in
operator form

1
P
E — Hy+1id
1 1

1
='TA R, V4 g L/ Fe
VYV a6 TV E R n EoH i

T=V+V

[ Cod tom Phsics (USTO) | swng2z 31/

Therefore,

T(E)=

1 1 1 1 1 1
s Ty —y Lk (# + i)

1 1 thimy ©
§+ Ezh i2 V + T
Compared with

drh? 1

T(B) = 2m, L+ I

we need the following renormalization condition

h“f]\z
e

[ Cod tom Phsics (USTO) | swng2z 33/

Hamiltonian for Interacting Bose Gas

For N identical Bosons with short range s-wave interaction

H= §:[“ +1u}14m§:a-—g

<]

where V' is the potential energy (external trapping potentia), and Uy
is related to a through renormalization.
In second quantized form

- - - h? J
H—pN = /djrqlT(r) {f'—vi’ +Vi(r) —p+ %

2m

o V() (r )] U(r)

For cases where only low-energy, long-wavelength physics are
involved, Uy = 4wh%a/m.

[ Cod Atom Physics (USTC) | swinga2 353



|
Next Lecture

Quantum Degenerate Gases

With the basic understanding of the two-body scattering process and Lecture 6: Condensate with Interaction

the effective Hamiltonian, we are in a good position to discuss the
properties of interacting Boson gas.

B
. . . A
@ Mean field theory of the interacting Bose gas
@ Derivation and application of Gross-Pitaevskii equation University of Science and Technology of China
Spring 2022

@ FRALLLXE
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Effective Hamiltonian for Bose gas
Hamiltonian with effective contact interaction
Contents
o Effective Hamiltonian for Bose gas H= Z [ + V(r;) } + LDZ() —r;)
@ Gross-Pitaevskii equation i<
@ Ground state properties: Thomas-Fermi approximation, healing where 1/ is the potential energy (external trapping potential), and
length Uy = 4wh*a,/m is given by the pseudopotential.
o Dynamics of BEC In second quantized form
i i . - 4 R _. U = . .
@ Microscopic theory of BEC Bl = [rl'jl"lﬁ{r) {717\72 FVE) - a4 —U\D*(r)@(r)} W(r)
@ Next lecture . 2m 2
And the creation (annilhilation) operators U () satisfy the bosonic
commutation relations
[‘i’(r’)‘ @T(r)} =4(r' —r)
| Cold Avom Physics (USTC) | Spring 2022 2/58 | Cold Avom Physics (USTC) | Spring 2022 3/58
Gross-Pitaevksii Equation o _
Under Hartree approximation, we may calculate the energy functional
Different mean field approximations at zero temperature of the Hamiltonian
@ Hartree approximation for fixed number state: all bosons are in @ Kinetic energy and potential energy

the same single particle state. The N- body wavefunction is

N
therefore i . —,
‘I"Harrree(rl- Ce :1”;\') = H 6‘5(1“1‘?')- c/ H({r#‘DHartree {z_i II“(I‘,)} 1:[JHartreez
Zj dr;¢"(v;) Ho(r;)d(r;) Hj(]r |p(r;

where [ dr|¢(r)]* = 1.

@ Bogoliubov mean field expansion: P
U = (0) + o =N / dré* (v) Ho(r)o(r)
The condensate can be understood as in a coherent state under ' .
this approximation. Particle number not fixed. where Hy(r) = fh.zz“ + V(r).

These mean field approximations are equivalent in the
thermodynamic limit, and both can lead to the GP equation.
Spring 2022 4/58 | Cold Atom Physics (USTC) | Spring 2022 5/58

@ Interaction energy To simplify the expression, we define the condensate wavefunction
N
] Hfh" HO’* )V 3 8(rm — 1y Hw(n) ¥(r) = N3g(r)  with / dr ()] = N
m<n -
=R / dr|é(r)[* With this, the energy functional becomes
° ThEerefo]re the total energy functional is [(r)] = [d [ (Vo) + V()| e(r)]? + - L ol ()]t
Elor . -1 4
O~ [ | pivom +velewr + Tl |
# . where we may use (N — 1) = N for large N.
NOFE @ We wish to minimize the energy functional with respect to the
/drd) (r)V20(r) = ]dr|Vrﬁ )|? +/ drV - [¢*(r)Ve(r)] functional variations of ¢ and ¢*
@ We must minimize the energy functional while meeting the
= /(.’I‘|V(*} )+ %u’n [0* (£) V()] . number conservation condition [ dr|y(r)|* = N.

h h F | h g h d @ The method of Lagrange multiplier. Introduce the chemical
where the surface integral vanishes and we have use potential i and minimize E — g

V. = ;Vc“ = V,‘ -Vg+ [V
Spring 2022 6/58 | Cold Atom Physics (USTC) | Spring 2022 7/58



P . SR _
Minimizing the energy functional —%— =0, we have

2
7%\7%&-@) + V{r)e(r) + Uglb(r)P(r) = py(r),

where we have used %1- = %{;“(fi(;‘ —r').

@ Time independent Gross-Pitaevskii equation (GPE), which
describes the static properties of a dilute, interacting BEC.

@ GPE has the form of Schrédinger equation, with the potential
given by the external potential and a non-linear mean field term
Ug|t|? exerted by other bosons.

o For a uniform BEC, j1 = Us|yp|* = nly. In fact, for an
interacting gas, the chemical potential is the energy it takes to
add one particle into the ensemble while keeping the entropy
constant, which for a static condensate is just the mean field
energy.

@ Bogoliubov approximation U =~ () = 4, where we have left out
the fluctuation 6¥ of the mean field expansion.

—Li’:”‘*é(r —r').

We arrive at the Time-Dependent Gross-Pitaevskii Equation

(TDGPE)

@ Pseudopotential U(r — ') =

- 2
ih% th(r, 1) = —‘LVQ + V(e t)+ Uy

[y 2 U f
- (e, t)]*| (e, 1)

Consider the stationary case 1(r,t) = 1(r)e ¢, with static external
potential V(r)

I ) + V() + Ul ) = i)

Note we may identify the dynamic phase in the mean field wave
function as the chemical potential.

Spring 2022 10/58

Consider an anisotropic harmonic trap

L 5.l Bl &z
V(r) = imwiurz + 5"”‘““55’2 4 amwfzz

Scale the spatial coordinate according to

2u ;
ri = i i=x,y,z
\,‘ mw? ( V%)

where , /22 is the radius of the cloud in the i-th direction, and the

mwf

external potentail becomes V(r') == ur'?. Hence

N = [(farfijl = W)

Uy

_ 1 (2w /darm—m’?
Waldy; \ 1M Uy

3
87 2 \? . _
=— —, with @ = (wywyw,):
15 (-mdﬂ) Uy Ith &= (watgirs)

Spring 2022 12/58

el

Is the gas too dilute to apply TF approximation?

o Diluteness condition na? < 1 at the trap center (which features
maximum )

12

g O 5

. M 5 155 [ Néag\~
na, = -—@, == — =
Uy 8 a

=
Dilutness condition % £

@ TF approximation condition Qfﬁ > 1

@ Realistic experimental paramters for 5"Rb, N = 107,
w21 % 200Hz, a, = 1004y (ag = 0.534)

1
Nag Nsag

= 738 > 1 ~0.05«1

a

Alternatively, GPE can be derived starting from the second quantized
Hamiltonian and applying the Bogoliubov approximation

4 ™ hZ i
A= / et (r, 1) {—;—?V‘2+V(rft)] U(r, t)
m
I [ .= « i = .
+z / Wi, )W (e, U (r — )T (r, )T (¢, 1) rd*r’
The Heisenberg equation for the field operator gives

ind b, 1) = [\b(r, ), ﬁ]

ot
R 2 - g SR INTr (! T
= —av +Vir,t)+ [ &I (' ) U(r — )W (r', )| U(r,t)
[ Cod Atom Physics (USTC) | Spring 2022 9/58
[ Gound State Propenis |

Ground State Properties

Interaction energy scales with particle number. For sufficiently large
number of particles with repulsive interaction, the kinetic energy can
be negligible, which amounts to the Thomas-Fermi (TF)
approximation

[V(r) —p+ [J’O\L-".'(r)\Q] U(r)=0

Solution )
p=Vi(x) ,
. B u>V
n) =Ep={ w #>V0
0 u < V(r)
The energy to put one particle into the atom cloud jz is the sum of
trapping potential V(r) and the local interaction mean field n(r)Uj.
This, together with the number constraint can lead to the solution of
the chemical potential.
The boundary of the cloud is given by i =V (r).

| Cold Atom Physics {USTC) | Spring 2022 11/58
The chemical potential can be expressed as
152 (N 5 h
92 (Nag\°  _ s = [
== — ) hx, with a=4/—
2 a mi

The average spatial extent of the cloud can be characterized by

@ Spatial extent of the cloud in TF approximation larger than that
of the ground state of the trap in the non-interacting case

(repulsive interaction tends to broaden the density distribution)

@ One needs &= s 1 for the TF approximation to be valid

a

@ TF approximation breaks down near the boundary of the cloud

Spring 2022 13/58

Attracitve interaction
@ The gas becomes unstable when the interaction is large, hence
Thomas Fermi approximation is not valid
@ One can estimate the energy using variational method, \;vith the

1 .
wavefunction ansatz given as Gaussian 1(r) = 3¢ 2%
T2

x5
@ Numerical solution of the GPE reveals a metastable local
minimum for N|a,|/a < 0.57




[ Grund State Propetis |
Healing length
@ Consider a condensate in a box with infinitely hard walls. The
healing length & characterizes the distance over which the
wavefunction approaches its bulk value from the wall.
@ Suppose the potential is +o0 at x = 0, and 0 for = > 0, and the
gas is uniform in other directions. The GPE gives
=L p(a) + Uolo(a) @) = (@)
" 2mda? ¢ PAE] = IR
The chemical potential can be determined from the bulk GPE
= Us|to|?, we have

h? d? . ; ) )
~ B B Y(z) = Uy (|z,-‘i.'0|‘) - |'c;‘.'(.1r)\2) Plx),
with boundary condition *(0) = (), ¢¥»(c0) = t. Solution:
h(x) h tanl : ith
U(x) = 1y te — ],
Mg A V26 s &= 2mnglu 8:.”0(1
Spring 2022 16/58

Separate the wavefunction into the density part and the phase part

Y = /n(r,t)e?"8 . Applying the TDGPE, we have
ov h?
e il A V2 —mv? ) =
m.at +V ('i/ + nl Y \/_+ g™ ) 0
dan
W-ﬁ-v-(uv) =0

The velocity is defined as the gradient of the phase
h h [V —VyY*
Vo P T omi ( 4|2 )

Compare with the hydrodynamic equation for perfect fluids

17 1 v 1

L VX (VxV)=——Vp-V (=) - V¥

at min m
As V x v =0, dp = ndu = nd(nlly), the difference lies in the

additional term LV (2,”\/ﬂ Vi \/_) the so-called quantum pressure
term

o ol o Phsics (usTe) Spring 2022 18/58
[ OymwsiBeC]
Variant form of the TDGPE
14} h? ,
'rn.TV N (VJr nly — . \/_ Vi/n + ﬂm' ) =0
an
N +V () =0

To study excitations, we apply linear response theory and expand the
density around its equilibrium value

n(r,t) = ny(r) + on(r,t)

Plug it into the equations above, treating v and dn as small
quantities, we have

Qi+ 9n) ==V [(ng+ dn)v] =

at
0
d_t‘” ~ =V (ngv)
| Cold Atom Physics (USTC) | Spring 2022 2058
[ OymwsiBeC]
Hence we have
Sji & 6nly — & w Vg — " [V\/n]
‘ 0 2ma/n g 2m. /g
h? 1 v
~ only —
Tt 2m+/ng Q\fn

Il .
= (Un -+ Vg )On
dmng

Plug into the equations of motion
rz 4
mwdn = (nnbﬂq + —) on
4m
Defining |w| = ¢, we have the dispersion relation for the excitation
€e =/ 2noley + €€,

2.3 -, P
where ¢, = hzﬁ. is the free particle energy.

Dynamics of BEC

Time dependent GPE (TDGPE)

d [ s
ihat( t) = [fﬁv + V(r,t)+ Ul r?‘)\}t (r,t)

@ To be consistent with GPE, the stationary condition should be
(r, t) = et/ (r)
@ Formally, one may start from the action

[ rae [ L (20— 20 s
Sfdetffdtclr{? ( e ) 8#) E[t]} ;

TDGPE can then be derived from atf’* =0.

Spring 2022 17 /58

@ Condensate is irrotational V x v =10
@ The quantum pressure term describes a force derived from
spatial variation of the condensate wavefunction
@ Suppose the wavefunction varies over a spatial scale of 7, let's
estimate magnitude of the quantum pressure term and the usual
pressure term in the hydrodynamic equation
iv) _ lV(n.Unj _nly

P
mmn m

57 (Vi) ~

Therefore the quantum pressure term becomes negligible if the
spatial variation of the wavefunction occurs on length scale 7

2m2? n

In this case, the

much larger than healing length £ = ZW( =

dynamics of the condensate can be described by the
hydrodynamic equation.
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And 5
v .-
= = Wi,
M Viéj
where 2
I
2m\/n A

Combining the two equations, we have the equations of motion

=V 4+nl-—

d*n
n—
ot?

=V (Vi) ,

which describes excitations of a Bose gas in an arbitrary potential.
We will now consider the simple case of a uniform gas, with travelling
wave excitations:

ng = constant , dn = AefarTivt
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@ For small g, i.e. long-wavelength limit
€, 72 shy ,

where s = \/ngUy/m is the sound speed for the Bogoliubov
phonons

@ For large ¢, i.e. short-wavelength limit

h2q?

2m

which is a free particle spectrum with a mean field shift.

== nglp +

@ The transition between the two limiting case roughly takes place
at ” " ~ ngly. Hence g, ~ lz”}:i‘“’“ = £71. This implies that
exutatlons with length scales larger than the healing length are
collective excitations while those smaller than £ behave like free

particles.

@ Different from the roton part of the superfluid *He excitation.




[
Excitation for attractive interaction
@ Notice the sound speed s = y/nyUy/m becomes purely
imaginary for attractive interaction. This implies instability.
@ Condensate with attractive interaction stabilizes by balancing
the attractive interaction with kinetic energy.

@ The lowest wavenumber for the ngcitation in an attractive
condensate is determined from % e + 2nyUy = 0. Therefore

1/-1”::!()‘[,0 \/W _ \ff 1

° Excata’uons in an attractive condensate with length scales larger
than the order of the healing length is unstable.

@ Consider a trapped cloud of condensate with radius . The
lowest wavenumber of a mode is ~ 1/R, while the density is on
the order of N/R®. Therefore, the maximum particle number in
the trap before the cloud becomes unstable and collapses is

N, ~ R/|a|.

For a uniform gas the Hamiltonian in momentum space becomes

= § ukuk+ ZV E uk+qr1k, e Ay

kk'.q

where creation (annilhilation) operators satisfy the bosonic
commutation relations.

Suppose the state with & = 0 is the only macroscopically occupied
state, as

) - A‘Ul \'U)

Nay s

we may consider [&U, cﬂ = (), and take them to be complex

doad| No) = (I

numbers. In fact, setting the global phase to be zero, we may take aq
and dj to be /Ny, which is equivalent to taking (U} = ,f%}‘ in the
Bogoliubov approximation.
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The effecitive Hamiltonian
; AU Ln

Iin(»ﬂ

H = + Z €+ Zrz(,U,,)akak + Z (.'.L tal ' oakiox)

k#0 k#0

where ng = Ny/V, ep = I*k*/2m. Note the term ey + 2noly
describes the Hartee-Fock mean field.
We introduce the chemical potential 4 to fix total particle number

H-— ,u;’\nf =H- | No+ Z&Lr}k =
A0
N2U, N2,
vV

k#0 2

where we have taken it = ngU.
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(e = UpQye — Vel

A = Upv_y — U;.(EL

Reverse transformation

i Uy | vy
i 2.
e = | 2 iy £

N e T
@ The coefficients are independent of the direction of k
o For ay (a]) to satisfy the bosonic commutation relation, we
need |ug|? — |vp]* =1
Now we perform the transformation on the effective quadratic
Hamiltonian

ngol

Microscopic Theory of BEC

Hamiltonian in second quantized form

H= jrf*rviﬁ(r) P%W + V() + 220 e) P ()| B(r)

(JYU =

2

@ Two-body interaction kicks atom out of the condensate
(quantum depletion)

@ We now explicitly consider fluctuations around the mean field,

B(r) = o(r) + a¥(r)

@ We will start with uniform gas at zero temperature, in which
case we can take the Fourier transform of the field operator
b = 7 [ Pri(r)e ke

@ We will then discuss situations with general external potential
and at finite temperature, respectively

Keeping terms up to quadratic order in @ and al'c (k # 0), the
interaction can either have two or four ay (af).

@ All operators in the interaction term have zero momentum, i.e.

N2,
k =k =qg=0, we have Lﬁl,:uﬂ

@ Only two operators have zero momentum:
e k=q=0, kK #0, we have -\-j'—‘fi-“- > kro ﬁL,akt
o k' =q=0,k+#0, we have Yoo > ko il ay
e k=—q#0
o k' =q#0, k=0, we have Molo

\U ‘?
W Zk#n i

LK =0, we have

Zk’#l} “kf (!

s k=—q= -k #0, we have "\"2”{;‘"1 Do G-k

e q#0, k=K =0, we have %{4 Y a0 ﬁ;(biq

Assuming N == Nj, the Hamiltonian can be written as

N2U, nolo , .+ .+ 5w
K=- 21/0 i Z [(‘0 + nglUp )ffk”k + 02 “(ﬁ}‘(a‘ xt aka._k)] ;
k£0

The task is to diagonalize the Hamiltonian. Note that after the
expansion and by neglecting higher order terms, the remaining
Hamiltonian is quadratic in the creation/annilhilation operators, and
therefore can be diagonlaized analytically.
The Bogoliubov transformation
@ Introduce a new set of creation/annilhilation operators via
canonical transformation, with the new operators satisfying the
bosonic commutation relations
@ Solve for the transformation cofficients by requiring that the
Hamiltonian be diagonal in the new creation/annilhilation
operators
@ One may then read out ground state energy and excitaiton
spectrum from the diagonalized Hamiltonian

Spring 2022 26/58

\rzr 4
= ZE;‘ (u;‘uk — vpd k) (uk{yk — “ké—k)

k#0
nalp 4 P 1 S
| = Z (u_,",n-L - t',:n-,,k) (”E-”T_k - E,‘Fﬂ‘k)
k20
ngly - P o A
- =5 Z (u;,-ak - -vk(ﬁ,k) (u.ku Kk — trmr{()
k#0
_ £ (Lo |2 e|?) — noUs(wkesl, + v
= {&(Jurl® + vel®) — nolo(viug, + vkug) } 6 éuc

k#0

nolly ¢, 21 | ot
S E { Epupvr + —5 [('u.k)z e wﬂ } nknT_k
+ —Erupvy + motlo [(r‘*)Z + u.'z] Gty
E & B ke k) Qe

k+#0

N? Uy 2 nolly * noUo
— — — Jve]* — —— up — Up Uk
2V E kv v k" g

k20
with & = eg +nolly




Therefore,
1ol . 1wl -
— Epupu + 02 B+ ”02 92 =0
nol 5 ol ;
— Seupvy + —UZ % (ug)? + 02 YW =0
|| = |we|? = 1

Since only the relative sign between wuy;, and vy, is relevant, we may
assume vy to be real. wuy is then given

= \/65 ”(JUtf .
i

Up =
noly

As & —n2U2 > 0, u;, must be real too. It is then straightforward to

solve for u;, and vy.
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The total particle operator
N=No+) alay
140
=No+ 3ol + > (luel® + |vel*)ddae
k#0 k0
- Z UV (("}'Lri'i e (i._k(?ck)
K40
At zero temperature (in the ground state}
2 &
There = = -1
7 Sl = g [ iz (£-1)
kA0
1 (melUu)g /°° fgdti'2 +1—/(2+1)2—1
4m2 h? Jo (B+1)2-1
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Ground state energy ((H))

J\” 2 [,*rn l
2V 2

—
— T
E{.‘ = '_‘(fu + nglUy — €x)

k#0

o Forlarge k, & — /& — ”UI-’(J ~ n2UZ/(2&)

the summation/intergral diverges

s 1)K, therefore;

@ The contact interaction we adopted is constant in momentum
space, which is unphysical at large momenta

@ To fix this, we need to introduce an effective interaction instead
of the bare contact interaction
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Explicitly, the ground state energy is
N2, T -
Ey = oV 2 5 Z (e0 + nolp — €x)
\'202, 1 Z (nUy)? ()]
— Leo +nlp + e 2€p '

. It follows

EZ

where we used ng =~ n

72

217
Egmm[ (mr)]

L
Vi

T.D. Lee and C.N. Yang, Phys. Rev. 105, 1119 (1957)
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Thus we have

. N2U, g 1 )
- _ 2V“ + Z fkala‘k — 52((0 + nolp — €) ,
k#0 k#0

with the excitation spectrum ¢, = \/2noUpeq + €5, and ground state
energy —\g;i'“ —.4 Z(Eg) + nplly — €;). The transformation

2
2 1 ‘Ek
| |
|t | 2 e +

k#£0
1 (&

2
mlf==1Z==1
=5 (FA‘ )

with EA‘ =€y + 'H-(]Uo.

coefficients are given as
@ Ground state is the vacuum state for ay (dL]operators
@ Excitations above this ground state are gapless collective motion
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We find that n.. characterizes the quantum depletion of the
condensate at zero temperature due to interaction. As [, =

2
dwh“as
m

Ty

8 . a1
———(nga’)?
g 5\/7( 0ds)

For nga? < 1, quantum depletion is small and we may replace n
with n in the expression above:

By 5

n S\E

This is the case for most of the experiments. Therefore the quantum
depletion is small so long as the scattering length is much smaller
than the inter-particle separation.
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Recall the renormalization relation

1 1 11

Up U, V E

U, ,IJU i
Up=U,+ —
0 + % ey’

k

where U, = 47rh'3a,,./m. Retaining second-order in U,

UZ 1

Uy = U, =
0 ’*1 %6,
k

We subsequently derive the ground-state energy accurate to the
second order in U,.
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166Er (2016)

*
¥ q
t=om

Question:

0um =

@ Beyond mean field!
@ Few-body or many-body effect?

164Dy (2016)
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Possible explanations

E/N 4

E a
N"'.qzn + Gt

@ Three-body effects: o = 2 (Bulgac 2002; Petrov 2014)
o LHY a = 3/2: (Petrov 2015)

[ Cold Ao Physics (USTC) | Spring 2022 a0/58
Experimental confirmation
. o %
i “ o @ .

)

iz | f
T of 12 |
*
dala) )

494391 L8 TS

i

B 5 W 15 2 35 3
Ni1oY)

Florence (PRL 2018)

Barcelona (Science 2018)

9K, 1K-HRb, #Na-*"Rb
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N-body bound state in 1959
@ Long-range attraction and hard-core repulsion
Vir) = 877(1.6(?')2‘1" + w(r)
ar
o Energy per particle
E 128 rna’y 3
= —drbn + 4 —(—)
N won + dman 5 .
W .
| I
|
I ‘ﬂ.
A g
vL—/
[ Cold Ao Physics (USTC) | SpingAa HEe
Y A |

Second order Hamiltonian

) = (H — u)®

o)
|

/ ri"r{—c‘iliﬁf—'—vzd\i’ + [V(r) + 2050 * — p] 6% o0
) 2m

X % [w’-’ (aw)z + (g2 (5\%)1 }

Heisenberg equations of motion

v
ih—— = [60, K@
i 5 [ )
AW
il — [§TT ['(3)
ik 5 [ )

Note the fluctuations satisfy the bosonic commutation relation. In
particular, . .
[0 (r), ST (r)] = d(r — 1)
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Possible explanations

. Important for small N

A
EIN E = Eyin + Emr + Epny

n Z Mt e mt2e.mn 8 12 my
S S TR 2 nPlaamyir (R
2 15t I

Fg=g+ et <0 |

R —
n—"v,@n,‘Bzz
1

E
N"'.qzn + Garan® 3
~dgn <0

~gn”>0

@ Three-body effects: o = 2 (Bulgac 2002; Petrov 2014)
o LHY a = 3/2: (Petrov 2015)

@ Should work for a two-component BEC in the mean-field
unstable regime

D. Petrov, Phys. Rev. Lett. 115, 155302 (2015)
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An early study

THE
PHYSICAL REVIEW

A journal of experimental and theoretical physics established by E. L. Nichols in 1893

Seconp Series, Vor. 115, No. 4 AUGUST 15, 1959

Energy Levels of a Bose-Einstein System of Particles with
Attractive Interactions*
Kensox Huaxo
Depariment of Physics and Laboralory for Nucleor Science, Massockwsells Tnstituls of Techmology, Cambridge, Massachusetls
(Received March 17, 1959)

An N-body Bose-Einstein system of particles with long-range attraction and hard-sphere repulsion

of the ideal
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Fluctuations in a Trapped Gas

With an external trap, k is no longer a good quantum number. We
therefore return to the original Bogoliubov expansion in the real space
U(r, t) = (r) + 6U(r, t)

With Hamiltonian

5 8 R Uoot, g .

H—pN = | d’rV'(r) ~2—v + Vir) — p+ 7\1} (r)¥(r)| ¥(r)

m 2

@ The idea is to substitute the field operator with this expansion in
the Hamiltonian and arrange together terms that are first
(second) order in &\

o Zeroth order term should be the mean field Hamiltonian

@ The coefficient of the first order in 6¥ should vanish if the #(r)
satisfies GPE

@ Second order terms give the fluctuations around the mean field
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We then have the coupled equations

P ‘\i\’ o , . .
z'h.ar)— = (—E—V' +V + 20U — ,u.) 50 + Uyy?5 0t
ot 2m
st o) - i
_it2Y (g v 4oty — ) 89t + Up (w260
ot 2m

Apply the transformation

S = Z [u,;(r)dj_e_‘i‘*'m‘ - -z‘f(r]dff"e*””]

i

G! (&) are the creation (annihilation) operators for the ith state in

the expansion.

Spring 2022 4658



Bogoliubov-de Gennes equation (BdG)

B,
{—ﬁv +V(x) + 2n0(0) Uy — pt — F,-] u; () — no(r)Ugu(r) = 0

{—;—.Vz + V() + 2no(r)Up — pu + C;} vi(r) — no(r)Uoui(r) = 0
m

@ Orthogonality of different eigenstates

3 )
/d r (u.,uj - l.,!)J) =0
@ Canonical transformation condition (commutation relation

conserving)

&r (Jwi]* — |vf?) =1

o K@ s diagonalized by the transformation in the sense that
K@ =3 @l a; + constant, where «; is the excitation

spectrum.
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Determinant of the coefficient matrix should be zero
(€0 + nallo — €x)(eq + nolp + ex) = niUZ

We then recover the Bogoliubov dispersion relation

€ = \/ FQ(EU + 2?’1@{}’0)

@ For general trapping potential, it is convenient to expand onto
the eigen-basis of f.jﬁv? +V

@ In that case, one needs to make a cutoff in the expansion at a
high energy eigenstate, and diagonalize the coefficient matrix in
the subspace, often numerically

@ Note that in general there will be off-diagonal matrix elements
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The total particle operator

N=No+ ) ali

k#0
= ."Vg_] + Z 'UA:|2 + Z('Uk‘z +
Kk£0 k40

— g o ((111(3:1_1( + d_krka)

k0

o |?) G e

At finite temperature, on the mean field level, we may assume
o <aLr11k> = (Bt =10
o (alax) = f(ex), where f(x) = 1 is the Bose distribution
function
@ Non-interacting quasi-particles: f(e;) rather than f(ep — 1iqp)
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@ Recall the effective Hamiltonian
NZUy
2V

. npl it I
+ Z(fo — Qr.l.oUg)u.Lak + 02 U Z(”L&‘r_k + axi_y) ,
k0 k#0

H=

@ In addition to the above, HFB takes into account of the
Hartree-Fock mean fields of the excited states, i.e. keeping
terms like 3,4 (i) (e )

e Also, for HFB, one neglects anomalous pairing terms afa' , and
axa

@ This gives

;"\"'SUO

H==p

Yoo+ 2mUalan ~ 50 3 e fler)

kA0 kK40

@ Self-consistent condensate chemical potential
= (eq + 2nlly) — (co +nolp) = (2n — ng)ly
| Cold Atom Physics (USTC) ]
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Simple example of BdG for uniform gas
@ For a uniform condensate, ng is a constant
@ As k is good quantum number, we may perform the expansion in

momentum space, i.e. (1) = e *T and v;(r) = vpe kT
The BdG equation becomes (p1 = nyUy)
thi "
{— + 2noUy — pt — €x | up — nollpur, = 0
2m
ko |
+ 2nogUg — pt 4 €1 | v — ngUguiy, = 0
2m
In matrix form
21,2 =
(hz:,‘, + ol — € —nply ) ('it.k:) —0
W e h2K2 71 =
—nplp 5+ 1ol + €k Uk
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Finite Temperature Theories

@ At finite temperatures, in addition to the quantum depletion,
there will be thermal depletion of the condensate

@ We wish to introduce a simple treatment at finite temperature
based on Bogoliubov mean field description in free space

@ Post-Bogoliubov-transformation effective Hamiltonian

N2,

k=—%v

1
+ Z{:kdltdlk — E Z(FO + :”DLF[] — F,l‘) 1

k#0 k#0

with the excitation spectrum ¢, = +/2ngUyey + ESA

@ It describes quasi-particle excitations with the given dispersion
relation above the ground state.

[ Coid o prvss (0510 Swgam 50/
Therefore
N =No+ D [ul + D (fsf? + [oef?) fler)
k#0 k#0
= €+ T?‘()LTU 1 €y + }"!gJL"ru — €k
=Ny + +
’ ; ( € et —1 26'1\.

@ This description works at low temperature when the
quasi-particle density is low such that their interactions can be
neglected

@ To include these contributions, one can invoke the
Hartree-Fock-Bogoliubov approximation

e Consider the case of excitations with large momenta, so that
e, ~ ep + nply
@ The corresponding number equation

r r 1
N = No + Z eBleotnolin) _ |
k#0 ’
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o Dispersion of the excitations, ey + 2nl, i.e. 2nly as k — 0
@ This is due to the incorrect assumptions at small momenta

@ Need both quasi-particles and Hartree-Fock mean field of excited
states for more consistent finite temperature theory

Popov approximation (HFBP)

- NZU, 5 nol T
Hi= 2[."('_ LA Z(ﬂ, + 2’.’1U|'])(1,11ﬁk - ,102}0 Z(a{aik + ayd_y)
k#0 k#0
U, .
-7 2 J@f(a),
K k' #0

with the chemical potential p = (2n — ng)Up.
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Consider a system with fixed particle number

H ! IN‘ = :"\‘ﬁ[fo — Q‘NOJVexUU \,‘7 'IJ 0
2V v v
n L G n
= Z { €0 + nol; )”k“k + olo (&Luik . (1k(27k)] |
k0

with New = Yioso (kie)-
@ Same quadratic form as the Hamiltonian in the Bogoliubov

theory, except for the zeroth order terms.

@ Low energy dispersion is gapless, similar to the Bogoliubov
phonons.

@ Chemical potential, ground state energy and eventually the
condensate fraction are affected by the Hartree-Fock mean field
of the excited states.

@ The condensate density is solved self-consistently.
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@ Bogoliubov theory: setting (ay i) = 0, (ki) # 0 (for k # 0)

e HFB: setting (e').L&k) # 0, (Axa_x) = 0, and neglecting dya_y,
alal (for k # 0)

o HFBP: setting (] ) # 0, {dxh_i) # 0

@ Requires the coefficient of g and F]:, to vanish: chemical
potential

1=mnoly, Bogoliubov
= 2nlUy —nyly, HFB, HFBP

@ Diagonalize the quadratic effective Hamiltonian, write down
expressions for energy and number density

References:
Rev. Mod. Phys. 76, 509 (2004)
Phys. Rev. A 63, 053601 (2001)
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Quantum Degenerate Gases
Lecture 7: BEC Topics

Wei Yi
University of Science and Technology of China
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Review of condensate velocity
" x TDGPE — 1) x TDGPE" =

v h
ot V- 2mi

(v*Veh — V™) =0

Compare with the continuity equation

an
= T V-(nv)=0

We may define the condensate velocity

h "N — Y V*
2mi [

General recipe
@ Start with the Hamiltonian

H—uN = Z(b” — p)agag + ﬁ Z "-L+q"'1(' ONOn
k kk.q

@ Make the following expansion around the Bogoliubov mean field
ap = {ag) + o

@ Expand the Hamiltonian to 1st order in {dg. )}
@ Apply Wick's theorem for bosons

alda ~ 2(afa)a + (aa)al

atataa ~ 4(a'a)ata + (afahaa + (aa)atal
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Next Lecture

We have discussed the characterization of interacting BEC on the
mean field level. As experimentally available dilute gases mostly
feature weakly interacting BECs, the models given here may be
applied to many experimentally relevant systems. Strongly interacting
bosonic systems may be achieved via resonant scattering processes
like Feshbach resonance, or by strong confinement like an optical
lattice, which we will discuss later. Next, we will examine some
exemplary topics in which the mean field description is valid.
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Contents
@ Superfluid flow and vortices
@ Matter-wave interference
@ Spinor Condensate (also by Prof. Wei Zheng)
@ Next lecture
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Arrange the condensate wavefunction as

W(r) = /n(r)e¥®
The condensate velocity is then the phase gradient

h
V= EV@(I‘)

@ A normal fluid can have either rotational or irrotational flow
@ Classically, rotational flow has lower energy

@ As V x (V) = 0, the superfluid flow is irrotational, unless the
phase (velocity) field has a singularity



@ Following a closed contour, the phase of the wavefunction
changes by integer multiples of 27

= %V\p -dl = 2rl, where [ is an integer

Compare with the Stoke's theorem

/.[va)-dS:%v-dl
J8 .

@ Superfluid can therefore carry angular momentum via these
singularities, i.e. vortices
@ Quantization of circulation

I'es %v-dl: ﬁ‘lrri
: m

@ Near the singularity, or the center of a vortex, the velocity field
diverges, whereas density goes to zero

Spring 2022 5/45

GPE for a Single Vortex

For a single vortex located at the origin, we may write the
wavefunction in cylindrical coordinate

9, 0,2) = flp, 2)e™

Substitute the wavefunction into GPE, we have

R [1d (z’f d* f Ke
S +==|+=
C2m | pdp (.’p d=? 2mp?

== Bf+Vip2)f+Udf>=puf

in evlindri i 2 _10 (,0\, 18 | &
Note in cylindrical coordinate, V° = T (Vap) + 252t oz
e The term 5 = L2

am® = 2 gives the kinetic energy due to rotation
@ f describes the core structure of the vortex

K212

Spring 2022 7/45

To cast the GPE into dimensionless form, define

where [ is the asymptotic wavefunction at large distance. The
dimensionless GPE in the absence of trap becomes

1d dy X
"[T( d1)+ +x’-x =0

One may then solve this equation numerically for the core structure.

Spring 2022 9/45

We have

N D’
Az’ ot

v‘ﬁ%q’!(;;‘, Uizdt) = iﬁ.%iﬁ(:ﬁ’, Y, z,t) +ih ( + r); ()’t )

From the transformation

' _ ’
P [—asin(wt) + y cos(wt)] = wy
9
(('Jiji' = w [~z cos(wt) — ysin(wt)] = —wa’
Therefore
) 2z 0 BN =
mé@ - ih‘ﬁw g (.Hﬁ — o: r’) )
Spring 2022 11/45

@ As a simple example, consider a vortex with purely azimuthal
flow that is rotationally invariant around the z-axis.

@ The wavefunction should be proportional to ¢™¥, where ¢
azimuthal angle.

is the

@ The gradient in polar coordinate

ad 10
V= a—p0p+ ;a—pew

@ Easy to see the velocity is

v=I[—e,
mp
@ Hence for | # 0, the velocity field has a singularity at p = 0, the
circulation is 27(% around the axis

@ For p — oc,

Spring 2022 6/45

Asymptotic behavior in the absence of trapping potential

@ At large distance, the dominant term is the interaction.

Therefore
[ 1
Jo= [_,

@ Close to the axis, p ~ 0, the equation becomes
df
d (),
I dp dp

2,7: ’2 = Uﬂf&

np?

@ We will focus on the case of [ = 1 first, for which at small
distance, f is linear in p, and the crossover occurs at the length
scale on order of the healing length &

Therefore f o p'.

Spring 2022 B/45

GPE in the Rotating Frame

To describe a rotating BEC, it is more convenient to adopt the frame
that is co-rotating. Suppose the rotation is about the z-axis with
frequency w. The transformation to the rotating frame is given as

2 = cos(wt)x + sin(wt)y
!

y = —sin(wt)x + cos(wt)y

@ Jacobian determinant of the transformation is unity, spatial
derivatives are not changed

@ Interaction not affected by change of frame

e Assuming external potential is a function of p = /22 + 42, i.e.
it is not affected either

@ Only need to consider the time derivative term

Spring 2022 10/45

The TDGPE then becomes

§ 5 ,
50 = —‘)LI—"\‘/2 +V + Ul | & + ihw g u'.i 0
ot 2m

dy 7 oz’
[
- 2m

where L, = —ih (;’"*—’ —1

Cay

Y wL, +V + b"g|1.5\?‘] 1P,
!)l ) The GPE is therefore

h? _
|: 2 VZ—va—I—V—t-UD\U@ [l—,”r;
2m

which is consistent with the result that energies in the rotating frame

E'=E-w-L

Spring 2022 12/45



B R e |
The GPE in the rotating frame can be rearranged into the following
form

! — mw x ')? L, g ol - -
{(pr;m) +V - ;;mwzp'r" + Uy L;"V} W=

NoteL=rxpandw: (r'xp)=p - (wxr).
@ A centrifugal term countering the trapping potential
@ For a charged particle moving in a magnetic field

>:n (p B _A)

where A is the vector potential of the magnetic field
B=VxA.

@ We may identify a pseudo vector potential A = “*w x r, so
that rotating cold atoms can be used to simulate physics of
charged particles in a magnetic field

Spring 2022 13/45

Critical rotation frequency
@ For slow rotating frequencies the energy of the condensate is
smaller without vortices, the ground state of the trapped BEC is
close to the non-rotating ground state.
@ Above a certain critical rotating frequency, the vortex state
becomes energetically more favorable, and angular momentum
are carried by both vortices and elementary excitations.

o Critical rotation frequency (estimation)

E, 5 h

R
)= 37 it
Q. I 5 In (().()71 ¢ )

@ As the cloud becomes bigger or the healing length becomes
larger, the critical rotation frequency decreases

@ In practice, the critical frequency at which the vortex appears
can be quite different from the equation above here

Spring 2022 15/45

Vortex lattice

@ Potentially many configurations of vortices. Eventually, the
nature selects the one with the lowest energy

@ For homogeneous systems, vortices form a hexgonal lattice
(Abrikosov lattice)
@ Existence of quantized vortices is direct evidence of superfluidity

Spring 2022 17 /45

Superposition of states

) o 1) + [2)

Probability measurement

Ioc [p]? = [(A1)* + [(212)* + 2Re ((1]2))

Spring 2022 19/45

As a simple example, let us consider a 3-d harmonic trap in the
rotating frame (assuming ideal BEC)

h? 1
|: = QL + E!rm,zl = i

2m

As the eigenfunctions of the 3-d harmonic potential are also
eigenfunctions of L., we have

3
w=FE,m=02n,+14 5)}}w — mh{2

o For < w, the ground state is [n, = 0,1 = 0.m = 0), p = $hw

e For (2 > w, the ground state is [n, = 0,l =1,m = 1),
= gﬁw — h2
@ In the latter case, ¢’ x €'?, therefore the condensate velocity
h h

v=—Vo=—&€,
m mrsint
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For multi-quantized vortices, the energy of the vortex is

G e I\° |, 2 1 5
E, = 2710/ xdx (fl> '0 +=(1—2%)?
m 0 dx 2

@ The constant (' is determined by the detailed structure of the
vortex core

@ A vortex with | > 1 is less stable energetically than a collection
of | =1 vortices

@ One may define the inter-vortex interaction by evaluating this
difference in energy. The effective interaction is repulsive.

| Cold Avom Physics (USTC) ] Spring 2022 16/45
I
Matter Wave Interference
o Superposition principle for waves: :
the net amplitude at a given point /
is the algebraic sum of amplitude of \"" s .
all contributing waves \ SN L
@ An important measurable quantity ﬁ‘ :W)
= g ) ’ & sl I
is intensity, square of the amplitude J’/ N '/; /)
@ Classically, intensity is proportional i
to energy flow
@ Quantum mechanically, it is N
proportional to probability ’

Spring 2022 18/45

@ Double-slit experiment for a single particle; measurement theory
o Interference pattern for large number of single particle event,
i.e. interference on a single particle level
o Interference terms disappear with detectors introduced
o Single particle source must be phase coherent
e The matter wave of the particles should have the same
wavelength (same velocity for identical particles)
@ In a condensate, all atoms are in the same state, we therefore
expect strong interference effects for a double-slit setup
@ Interference of BEC:
e Create two BECs' with/without phase coherence

o Release them from the trap and let them overlap
o Measure the density distribution

Spring 2022 20/45



Result from Ketterle's group

Spring 2022 21/45

Starting from condensates with Gaussian distribution and with global
phases ¢; and ¢

el

e | =9)
. (ma?)** N 7

(r+%)2}

Py = —— eXp |—
: (rra?)‘i/"L : |: 2a?

etv2

Making use of translational symmetry, Fourier transform
Y= —Lexp (f‘"—i) to momentum space and perform the time
(ma?) 2a

evolution there

‘ a2\ a2k? ik?
Uik, t) = (?) exp {—T} exp [—Lﬁf}
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The interference term is then
24/ Ny NoRe [0y (r, )3 (x, 1))
2 2
8 +(r+39)
2a(t)?

i , hit
Re {exp; (q‘)1 — (y — Wr - d)]

—
|
I

- r
2v/ Ny Ny exp [-

X

®

ht
ma2a(t)? = d}

@ Equi-phase lines (at a fixed time) satisfy r - d = constant
@ Positions of maxima/minima depend on the relative phase
@ Distance between adjacent maxima/minima depends on the
coefficient of r - d
Ao 2mma(t)®e® 2wt

fitd ~md
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@ It appears that there are no interference effects for isolated
condensates with fixed particle number

@ However, it does not agree with experimental observation

@ What have we missed?

Interference between coherent condensates

0l 6) = VR, ) + /N 1)

The interference effect is given by the density expectation value

n(r, 1) = [¢(r, 0> = N[>+ Na|tha|* 424/ Ny NaRe (4 (v, £)aba(r, 1))

@ Interference effect is given by the 2/ N NyRe (¢ (v, t)1lo(r, 1))
part

@ In principle, the time evolution of the density distribution can be
solved from the TDGPE.

@ As a simplification, one may neglect two-body interactions and
solve the problem of free expanding condensates

Spring 2022 22/45

Fourier transform back to real space

; 1 .y -
vint) = Grym f &k (k, t)e™*

2
3 a? I i
. Pkexp |- | = +iz—t) [ ki- —5
o< H /( exp (2 F?Qm)( ﬂz+i-'?!t)

=Y,z

Xexp|l—————
P T 2@+ ikt

m

r? i ih f\)
xexp|l-—=|1-—t]| ,
=4 2a(t)? ma?

“ii;. Therefore the time dependent

LD
2a(t)? ma?
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where a(t)® = a® +
wavefunctions are

m

Wi(r, t) o exp(io;) exp

Interference between condensates with fixed particle number
Define number states

o 1 N Na
N0 M) = e (ad) ™ (a2) 10
A ARFA LN

In the single mode approximation, the field operator satisfies
W(r) = ¢y (r)as + ¥a(r)as
Therefore
W(r)| Ny, No) = /Nyt ()| Ny — 1, Na) + v/ Nowha(r)| N1, N3 — 1)

Expectation value of the single-body density operator

(Ny, No|UH ()0 (r)| Ny, Naob = Ny |? + Nafibs|?

Spring 2022 26/45

@ It appears that there are no interference effects for isolated
condensates with fixed particle number

@ However, it does not agree with experimental observation

@ What have we missed?

e Experiment features a single-shot measurement of many
particles, while our previous calculation is only for the
multi-shot averages

o Phase coherence and hence interference may be established
dynamically in the measurement process

@ When a particle is annihilated, we cannot be certain which
condensate it belonged to. Therefore the relative particle
number difference becomes more and more uncertain as more
and more particles are measured

e The uncertainty in the relative particle number implies the
establishment of relative phase, as they are conjugate variables



To formulate what we have learned, define the relative-phase state
with a fixed total particle number

1 ) . N
|, NY = ﬁ [/ d"r-q’b(l')\lﬁ(r)} [0}
1 i | it
= ((ﬁ, 62 a%e““”’z) |0}

The single body wave function of the phase state (free atoms)

L [61(0)652 + gar)em7)

2

We have the following property

Ya(r) =

. 1 .
U, NY = T——AN|0
|ob. N} W/l 10)
1

(A\IJ + f) AN-1)0)

[ipgld, N — 1)
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More specifically
@ Single shot measurement

5
1 3 ) 4 /e
— & =i /2 A 2 AT N/s
E {ﬁ(m( tage )}\\/2 N/2)
@ After two clicks: probability peaking at ¢ = ¢
N/2(Nj2 - 1)((’(‘«"*@2%’\:/2 —2,N/2)

+ et )| N2 N2 — 2)) + Ncos(¢r — ¢2)|[N/2 — 1, N/2 — 1)

o After k clicks peaked at ¢: [ do[cos(o/2 — ¢/2)]F|¢, N — k)
@ The density distribution of a phase state

3 " N 57 5io|2
n(r) = (b, N (e)¥(r)|d, N) = ] ’u"ltr)ef“"" + Lf:g(r)f:"’“’fz‘

where the cross term gives interference pattern
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At the mean field level, a two-component BEC can be described by
the TDGPE

S b hg c 5 i . ;

iy = (*'ﬂvz + Vi + (JJ;LM‘[F & L‘IJQ&'(.UQ‘Z) (1]

P 52 2 r r T ho|2 T f |2 i
'«'h,i,-",‘g = —EV -+ Lg -+ I"J;,‘J" = [/22|U/'2| + L‘g] f'{.&’i‘ W9

where V5 is the energy offset of different hyperfine spins due to
Zeeman shift, and U;; are the collision rates

.32

.- Enﬁ. a;j

435 T 3
myj

where mn;; is the reduced massed.
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The first order variation 4F vanishes (GPE). Neglecting kinetic
energy and requiring the second order variation be positive definite

2B 1/!3r e )2+ UES(& B O
¢ == [ —(dn —(n ———0nyons|
2 n? ! in? 2 Ondng ¢

where

1 s 1 s
£= —-n.f Uy + —:né Uss + nynalis

2 2
Therefore the stability condition gives

Upp >0, U >0, UpylUyp> Lffz or Uy >0

For U171 = 0, Uz > 0, U U < U122 and Uz < 0, collapse!
(Quantum droplet...)
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Note the phase state is a superposition of states with different
relative particle number

o 1 - N Na SNy — N/
|(D. ;\) = _(m. g C’:‘I ‘(al) ((ig) € (N1 _\236’/2‘[))
o M

Ny Na
where Ny = N — N|. Extracting the ((ﬁ,) (a%) part relates the

phase state to the number state,

dé TO'L - 4 [/ i T T T
/ £ (- iM=N9/2| 5, N) o | Ny, Vo)

L

Actually, applying the Stirling relation n! ~ +/2wn (;’T}" for large n,

we have 14
. . aN\"" [ de
|N/2, N/2) =~ (7) f 59 V)
0 i

It is apparent that relative phase and relative particle number are
conjugate variables. Therefore, as the uncertainty in the relative
number increases, the uncertainty in the relative phase decreases.
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Spinor BEC

@ We have considered so far cold atoms of the same species and
with the same internal state.

@ It is possible to prepare ensemble with different isotopes

@ In an optical dipole trap, atoms with different hyperfine states
can be trapped simultaneously

@ In general there will be inter- and intra- species collisions

@ What is the ground state in such systems? Is it dependent on
system parameter? (Quantum phase transition?)

For a uniform gas in the steady state, ¢; = \/ﬁ;exp(fi,u.,—f/h)

1 = Unng + Urang
po = Usyniy + Usang

Stability analysis
@ Study fluctuations in energy functional and require §°E > 0

@ Alternatively, derive eigen energy equations for fluctuations and
require the eigen energies for fluctuations be real

@ Neglecting kinetic energy contribution
Energy functional

g [ B oum . B
E= d’r ‘—‘V'(;')l‘ = ‘V't;’z
2my 21ms

1. . ; 1 e o
+5Ull|‘r‘"1|l + 5152\#"’2\1 + Ulzl'f-‘”l\2|<-‘”2!2}

2+ Vfnl? + Valgol?

Spring 2022

Theory
@ T.-L. Ho et al. (OSU), Existence of spin domains (1996)
e C.K. Law et al. (Rochester), Single mode approximation (1998)
e More ...

Experiment

e C.J. Myatt et al. (JILA), Overlapping condensates in two
magnetic traps (1997)

e D.M. Stamper-Kurn et al. (MIT), Transfer BEC to optical traps
(1998)

@ J. Stenger et al. (MIT), Spin domains in Spinor BEC (1998)
o M.D. Barrett et al. (GIT), All optical Spinor BEC (2001)
@ More ...

45
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FEaeE 1s 2s 4s 7s Spinor condensate

+1 @ For two component condensate, particle number for each species
is conserved
@ For spinor condensate, the simplest of which is composed of
1 = = atoms with three internal states |F' = 1,mp = =£1,0), this is no
longer so
@ Interaction observes rotational symmetry and thus conserves the
1 - - . - total angular momentum of the colliding atoms

@ For two bosonic atoms each with /' = 1 and interacting via

s ® ol 4T s-wave scattering, the total angular momentum must be even (0
ST — - = — = or 2)
0s 05s 2s 3s 5s o We denote the s-wave scattering lengths in the two (0 or 2)
scattering channels as ay and as
J. Stenger et al. Nature 396, 345 (1998)
| Cold Atom Physics {USTC) ] Spring 2022 /45 | Cold Atom Physics {USTC) ] Spring 2022 37/45
[ [
@ The interaction can be written as The TDGPE for different components is then
s T N Ny h? ; ;
Ufr)=6(r) (e + 025, - 8) , ih 3! =73 V2o + Vb + cotitutharin + 208 uig - Sagrpibs |
. m
. dwh? (ag+2a2) s Arh? (a2 —ao)
\tn;herelrg. om 3 R m 3 Notewe have used where repeated indices are to be summed over.
& relation The matrices for the angular momentum S =1 is
9q. . Q. — (Q 2 @2 @2 ]
25 Ba=iSr+ia) — 81— 8 L {010 L 0 —i 0 L fto oo
So that for 0 total angular momentum, (S; - So) = —2; while for Sz = V2 L0 1)5= NG ’ 0 —i]S.= 2 00 0
total angular momentum of 2, (S; - S,) = 1. 010 0 ¢ 0 00 -1

We may then write the Hamiltonian
@ In principle, one may solve the GPE numerically to get the

: 2 . . ;
H— ] &Pr (ivqﬁ SV, + (V4 B )W, ground state configuration, dynamics, etc.
2m o Alternatively, one may assume that the three components have
1 st s & 1 ayey A o ; . .
+rf-‘0‘1’1x‘ﬂlf¢’s..f‘l’u + r(i'z‘Pfﬁl’LfSr_.‘-s 8 aliatis 5|m||ar.spat‘|al wavefunctions and adopt the single mode
2 ’ 2 ) approximation

iy ~ ’73' —ipt/h
where E,, are the Zeeman shifts. Yalr) ~ VN(r)Eoe
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Ground state of spinor condensate under mean field Rotation for polar state

@ For ¢; < (), ground state has spinor configuration (100), i.e. it is

'ferromagnetic’ _ f\fj;,}e_"“ sin 3
@ For ¢y > 0, ground state has spinor configuration (010), i.e. it is E=¢" cos 3
‘anti-ferromagnetic’ or "polar’ j};ﬂm sin 3
@ These are in the absence of magnetic fields Rotation for ferromagnetic state
@ In the absence of magnetic fields, there exists rotational
symmetry in addition to the U/(1) gauge symmetry (global e cos? 3/2
phase) E= =7 | /2 cos B/2sin3/2
@ We may define the rotation operator e sin? 3/2

I;"(au B,7v) = e ifee g —iFyB p—iFey ) _
! @ For local rotations, «, 3, together with the global phase # can

@ The degeneracy of the ground state is characterized by all be spatially varying
, b @ This may lead to interesting properties such as coreless vortices
§'=e"Ule,B,7)¢ for ferromagetic state ¢ < 0
[ Cold o phvses (0510 ——] g s TSN Swgaom /s
L SeirseC] L SeirseC]
Single mode approximation in magnetic field
For anti-ferromagnetic spinor BEC (cy > 0)
3l 2ex
ihéy = Ex&s + ¢ [(p+ + po — p) & + §0€% ] o Analogous to non-rigid pendulum
ih&o = Eoéo + c[(py + p-) &0 + 26,68 @ Three different regions: running phase, separatrix, oscillating

phase

where ¢ = ;N [ dPr|¢|* and p, = |£,|*. Making the transformation )
@ Proposed phase diagram PRA 72, 013602 (2005)
1.0

fi — pie—ﬂﬂwuf—t(tuiu)fﬂf

—il —iEal/] 08
£ = +/poePogiEot/h

with n = (E_ — E,)/2. Also define d = (£, + E_ — 2Eq)/2,
m=py—p_,0=0,+0_—20, we have

T
||#— separatrix

running phase
.

!

Oscillation Period (ms)

0.2 | 10k Qscillating phase \\.1
2¢ ‘ oo l |
o = FIJU\,’ (1 —po)?2 —m?sind O o5m © asm T 0 6 20 36 0 50
] . o) Magnetic Field (uT)
. 25 2¢ . 2¢(1 = po)(1 —2pg) — m? ) )
= =% F(l — 2po) + T i B = cosfl @ Experimental observation PRL 102, 125301 (2009)
2 —po):—m



Phase transition in the mean-field ground state

o At zero magnetic field, the 0z VB .
ground state of an i & ¢ s
anti-ferromagnetic spinor € ol J
condensate has the spinor 005 it
configuration e 5 & % % w

w7y
[\/(1 Fm)/2.0,/(1 — m)/?] o
0a B=212pT
o At very large magnetic field, e ™
due to quadratic Zeeman 1 e ¥ ”
« 02 T
Shlftj the ground state ol a—
configuration becomes mi
[ fid: il'; {1 . ma 1 11;_, m . "
{ - ()
@ Thus there should be a phase b g o 3

transition inbetween
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Quantum Degenerate Gases

Lecture 8: Degenerate Fermi Gas

Wei Yi
University of Science and Technology of China

Spring 2022

@ *PRALLAXE
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Degenerate Fermi Gas

What about ultracold fermions?

@ Laser cooling schemes can be applied to fermionic species

@ Evaporative cooling becomes problematic for single species
fermions due to Pauli blocking

@ Sympathetic cooling, either simultaneously cool atoms of
different species or cool the same isotope with different
hyperfine spins

@ Typical fermionic atoms: °Li, “°K, '"'Yb, ¥7Sr, etc.

o Degenerate Fermi gas: phase space density approaching unity

3
‘ 2rh? \ 2
n(dag)* =n (ml‘BT) =1

@ Alternatively,
g ¥ 2
(672)3h2n3

TrTp=
! 2mkpg
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Ideal Fermi gas at zero temperature with a single internal state

7 4w
! k=N

(2r)7 3

Therefore the Fermi energy (or chemical potential) in the
homogeneous case

(672n)3 B2

_ hzk'ﬁﬂ

= kgT;
2m 2m Bir

For an ideal Fermi gas in a harmonic trap

2 1 € 3 _ o ij
Gle) = 5 (ﬁ) . where @ = (wywyw, )

Gu)=N ->p= l:ﬁs'\")éﬁﬁ

Note the chemical potential is defined as the energy it takes to put
an atom into the gas.

Spring 2022 5/24

Next Lecture

@ We have been dealing with bosons mostly. What about cold
fermions?

@ From another perspective, atoms are composed of neutrons,
protons, electrons, etc.

@ This means we have been dealing with composite bosons all the
time

@ What about bosons composed of fermionic atoms? s it possible
to create condensate of composite bosons from a Fermi sea?

@ We will discuss degenerate Fermi gas and Feshbach resonance in
the next lecture

| Cold Atom Physics (UsTC) | Soring 2022 4545
Contents
@ Degenerate Fermi Gas
@ Feshbach Resonance
@ Next Lecture
Spring 2022 2/24

JILA group data (D.S. Jin et al.)
Thermodynamics from density profile

|
ST o |
16 %. !
v \sa m=7/2 - |
2 g [ M e 1
L 1.0 %‘?m et
0.0 05 10 15

T/T,
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Energy of an ideal Fermi gas at zero temperature
@ Homogeneous Fermi gas
vV rkF o R2k2?
E=-—— 4wk dk
(2m)% Jo e om
V B k5
45 -F
23 2m 5

note k3 = 67*n

3 N
= zerl

@ Fermi gas in a harmonic trap

iz 1 2
E :fD gle)ede = A EWE(IF

note j = (GN)%T:_'

Spring 2022 6/24



@ We applied the Thomas-Fermi approximation to interacting Bose
gases to calculate density distribution in a trap

n(r) = 7 [~ V()]

@ For Fermions in a trap, we may assume that the density profile
varies sufficiently slowly in space so that we may treat each
point r as a homogeneous system. This is called the Local
Density Approximation (LDA). This is valid when cloud size is
much larger than the Fermi wavelength at trap center
(kp(0)R ~ N5 3> 1): kinetic vs. trapping.

Under LDA,
k3 k3 -
)= G2 e} = 2m 7 anbii
1 [2m R :
alr) = 5 { S - v}
[ Cokd Atom Physics (USTC) | SoeA T
N 525

Rice group data (R. G. Hulet et al.)
Mixture of Li and "Li at various temperatures

T=240nK

1T, =025

Spring 2022 9/24

Fate of interacting Fermi gases
e Fermi liquid: polaron, etc.

e Gapless quasiparticles carrying the same quantum numbers

dey,
€p R EF + —L (p—pr)

dp lp=pp
o Residue Fermi surface with discontinuous density

(k) @) rg(k) (b)

1

@ Symmetry-broken phases: BCS state, etc.
@ Non-Fermi liquid: Luttinger liquid, etc.

Spring 2022 11/24

The Schrédinger's equation for wavefunction of the relative motion

R .
— V() + V(E)h(r) =

Ei(r)
In momentum space ¥/(r) = Z fre®T
k>kp
2e, fi + Z Vowfe = Efi
E>kp
Naive assumption: Vi, = —U in the energy range (ep. ep + fiw,)

(2€k - F

Vi = UZ’fM
Z Te= Z (,FR Z Twe

Spring 2022 13/24

[
Range of the cloud
2 2p ;
P=—, i=I,0,2
mw?
_ 2(6N)iho
T

o 1 1 h 1_
R=(R,RyR:)} = (48N)sy| — = (48N)¢a

Recall the range of cloud for bosons under TFA

1
s Na\s
R=15¢ (ﬁ) a
a

For typical experimental parameters, N = 10°, w = 27 x 200Hz,
a=100ag, Bp &~ 1.5 x 107°m, and Rg = 6.5 x 10 %m. Thus the
size of a Fermi gas is in general larger than that of a Bose gas given
the same particle number.

Spring 2022 8/24

Fermi gas with interactions
@ Due to Fermi-Dirac statistics, s-wave scattering for identical
Fermions vanishes
@ The interaction Hamiltonian for a two-component Fermi gas

H=U / AP0l (r) W] (r) W (r) P (r)

Note the absence of 1/2 factor. The interaction energy per
particle is therefore of the order nl/ = 4ziZan

m

@ We have seen before that the kinetic energy per particle is of the
order e

@ The ratio between interaction and kinetic energy

nll 4 k
= —kp
€ ?n e

In a harmonic trap, the ratio ~ NG(L/FL ~ 1072 for typical
parameters.

Spring 2022 10/24

Cooper instability (under attractive interaction)

@ Cooper pointed out in 1956 that the ground state of a normal
metal should be unstable at zero temperature

@ Electrons near the Fermi surface interact with those on the
opposite side of the Fermi sea, and thus develops a bound state

@ More on that in the section of BCS theory

Simple description

@ Study the interaction of two fermions above a Fermi sea (at zero
1)

@ Solve the two-body Schrodinger's equation for eigen-energy

@ Bound state exists if £/ < 2¢p

Spring 2022 12/24

Thus
= Z’;
: 2¢, — F

Convert to integral of energy

U ! Ge—

F
_ AN.’F i ZFF -FE + Qﬁw[
~ 2 " 2,-FE

With Np the density of state at Fermi surface. For NpU < 1
2
NgU

FE = 2¢ep — 2hw,.exp (—

Bound state.

Spring 2022 1424



Feshbach Resonance

@ First investigated by H. Feshbach in 1962 in the context of
nuclear physics (also known as Fano-Feshbach resonance)

@ Nowadays it has found applications mostly in tuning the
two-body interaction strengths between cold atoms

@ The scattering length diverges as the threshold of an 'open’
channel coincides with a bound state energy of a 'closed’ channel

Energy Enargy

Interatomic distance

Spring 2022 15/24

Formal scattering description of Feshbach resonnance

o Consider a two-channel problem, with open channel (triplet
state) P, and closed channel (singlet state) ()

@ Define projection operator P and Q which project the state
vector into the open and closed channel respetively

|0) = PIW) + Q) = [¥p) +¥q)

where P2= P, =0, P+Q =1, PQ =0
@ Apply the projection operator to the left of H|¥) =

i
PH|W) = PH(PP + QQ)|¥) = Hpp|Vp) + Hpo| Vo)
PE|U) = E|p)

(E — Hpp)|¥p) = Hpqg|Tq)

Similarly,
(E = h’QQH‘I’Q) = HQFN’P)
Physcs (USTC) | Spring 2022 17 /24
[ FetteciRessne |

@ Recall the Lippmann-Schwinger equation
T=U+UG,T,
where U = Uy + Uy and Gy = (E — Hy +id)7}
@ Formal solution
T=(1-UGy) U
=Gy Go(l = UGy) U
=Gy [(1-UGy Gnl] u
:0(, (Gt —-U, = Up)"'U
@ Note the matrix identity
A2 [1 + B(A — B)’l]
= [1 + B(A - B)"] (A—B)(A—B)!
=A7'[(A-B)+B](A-B)'=(A-B)"!
o let A=Gy! - Uy, B=U,.

Spring 2022 19/24

@ In momentum space, we have
(K|T|k) = (K'|T1[k) + (K'|(1 — U1Go) ' Us(1 — GoU) 7' |K)

@ Recall definition of T-matrix T'|) = U|W), where |} is
eigenstate of [, and | W) is the eigenstate of Hy + U (scattering
state)

@ Keep terms of first order in U,

(K'|T|k) = (K|T1|k) + (K|(1 — U1 Go) " Us(1 — Gollh) M k)
= <k"T|‘k> =+ (k], th. *‘Ug“{l U].,+> M

with — and + specifying the sign of the infinitesimal identity id,
which implies incoming and outgoing wave respectively.

@ Neglect coupling between open channels and take the low energy
scattering limit, under which the difference in the incoming wave
and the outgoing wave at large distances can be neglected.

[ Cod Atom Physics (USTC) | seingaa 21/

@ In shape resonance, the relative position of the bound state and
the threshold is tuned by varying the shape of the scattering
potential

@ In multi-channel scattering process, this can be done by changing
the relative positions of the scattering potentials. But how?

@ For a two-body scattering process, the interaction potential is
affected by the internal states of the atoms. For instance, a
singlet pair has a deeper potential than a triplet pair at
intermediate range. The scattering channels are thus
characterized by the internal states.

@ Different internal states are affected differently by the magnetic
field due to different Zeeman shifts.

@ The resonance scattering condition can thus be achieved by
tuning the magnetic field.

@ Note that the coupling between the scattering channels is
typically provided by the hyperfine interaction
V=AI-S= A5 +1.58,)+ ALS.

Spring 2022 16/ 24

@ Formal solution
I‘l’ ) (E—Hgo + id) lHQ.U qu)
[E — Hpp — HPQ (E = HQQ =+ 1'{5)_1 HQ[:] ‘q)'p) =0
The effective interaction in the open channel
Hip = Hpg (E — Hyg +i6) ™' Hyp describes the tunneling to
and back from the closed channel, which naturally takes the
form of second-order perturbation.

@ Our goal is to understand the dependence of the effective
scattering length with respect to the energy differences. In
particular, we wish to establish a relation between the effective
scattering length close to resonance with the background
scattering length away from the resonance which can be
measured with ease.

@ It is convenient then to separate the background interaction
term from the Hamiltonian in the open channel
Hpp=Hy+ Uy, U = Hpp

Spring 2022 18/24

@ We have

T = GG — T~ Ty T
;mg—u)ﬁ+«m4—w]v
= [(G5* ~ )G ™ [1+ Ua(G5* ~ U)™) (U + U2)
= (1= ThGe)™ W + (1 — UhGo) U, [1 + (G5 — U)"'U]

=T+ (1 - UiGo) W {1 + GoU [U'G3H Gyt - U)'U] }
=T+ (1= UGy) 'L {1 + GoU [L'PI(GJI - U)G:;U} 71}
=T+ (1= UiGo) e {1+ GoU [1 - GoU ™}

= Tl — WG sl ~ gl

e Note 7 = (1 — U,Gy) 'U; is the T-matrix in the open channel
with the background scattering only; and we have used the

matrix identity by setting A = 1, B = GyU in the last step.
[ Cold Atom Physics (USTC) ] Spring 2022 224
[ et Reonae |
@ We then have
471'.’3‘)‘ 41[& Z H\P,T‘HQP‘QJu)‘Z
m E—-E,

The summation over 7 is in the closed channel.

@ Near resonance, only one bound state in the closed channel is
important, the contribution from the rest can be absorbed into
the background scattering length

47["],2 _ 4?;72 |(\I»'f,‘HQp‘\pU>I2
m O m b E—-E,

@ The energy difference ' — Ej, can be tuned by external

parameters. In particular, if it is sensitive to magnetic field, we

may expand the energy difference to lowest order in magnetic
field

E—FE,=aB- By,
where By is the magnetic field where the bound state energy

exactly matches the threshold of the open channel.
Spring 2022 22/24



@ We then have the important relation characterizing the
scattering length near a Feshbach resonance

AB
a=ap|l+ 5_h N
— b

m__|(¥s|Hop|Ta)l®
4111720:5” o E

@ When higher order contributions of U, are considered, the bound
state energy has an additional shift and a finite width, which is
typically small for cold atoms.

where the resonance width AB =

@ Note that these bound states in the closed channel are typically
high-lying quasi-bound states. To get to the ground state of the
two-body Hamiltonian (molecular ground state), further cooling
is needed.

Spring 2022 23/24

Quantum Degenerate Gases
Lecture 9: Fermi Condensate

a o
9%
University of Science and Technology of China

Spring 2022
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BCS theory

@ Proposed in 1957, Bardeen-Cooper-Schrieffer (BCS) theory was
the first microscopic theory of superconductivity since its
discovery in 1911

@ The superconductivity is described as the condensation of
Cooper pairs

@ BCS theory is one of the most: successful theories of physics,
with which many experimental observations of superconductors
can be explained

@ Also important for the understanding of superconductivity is the
Landau-Ginzburg theory and Bogoliubov theory

@ BCS theory cannot explain high-Tc superconductivity discovered

in 1986
[ Cod Atom Physics (USTC) | Spring 2022 3/38
(T
Cooper instability: formal description
Lipmann-Schwinger equation
T=V+VG,T
=V 4+ VGV +VGE VGV +---
=V 4+ VT
Therefore
1 Vik ki )V ik, k')
(k. k') =~ = £tk
k)~ 50 e —2,
X {[1 = (&) — ()] — ne ne Ly, }

Vo
1+ NeVyIn(&/wp)

Ve A

The pole in the T-matrix (effective interaction potential) suggests
bound state and instability. (cf. G. D. Mahan, Many-particle physics)

Spring 2022 5/38

Next Lecture

@ Cooper instability revisited, BCS theory
@ Application of Feshbach resonance: BCS-BEC crossover
@ Crossover theory, mean field and beyond

Contents
@ BCS theory
@ BCS-BEC crossover theory
@ Beyond mean field
@ Next lecture

Spring 2022 24/24

Cooper instability

@ Cooper pointed out in 1956 that the ground state of a normal
metal should be unstable at zero temperature

@ Electrons near the Fermi surface interact with those on the
opposite side of the Fermi sea, and thus develops a pole
(divergence) in the T-matrix

@ Poles of T-matrix suggests bound state. However, these
electrons cannot really bind together, as they have positive total
energy and are spatially far apart

@ These correlated electron pairs are called Cooper pairs

@ Note the interaction needs to be attractive in nature
(electron-phonon interaction induced in reality)

@ Cooper pairs stabilize the ground state (at zero temperature) by
smoothing out the sharp Fermi distribution at Fermi surface

BCS Hamiltonian (free space)

. 1 A
H—uN = Z (ex — ) (rL_aa.k‘,,—b—i; Z Uk ae qu ,,q‘Taik_la.._.kqla.kf.}.qﬁ
ko kk'.q

Several simplifications
@ Cooper pairs with zero center of mass momentum condense:
take q =10
@ The electron-electron coupling rate Uy is considered to be
negative and arbitrarily small

@ As the electron-electron coupling is mediated by phonons in the
solids, BCS theory assumes constant Uy s for electrons near the
Fermi surface, within the range of approximately the Debye
energy, and zero otherwise

Spring 2022 2/38
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BCS wavefunction

[¥) = H (uk -+ “"’k”'l?(.r(’T—k,\L) [vac)

k

o Normalization condition, |u|* + || = 1

@ Pairing of fermions with zero center of mass momentum
@ Equivalent to coherent state of fermion pairs
N g T
[} = N exp |:‘>_‘ fkf':k.T“T—k_¢:| [vac)
k
- .N_H (l + fk(!.L‘T(Ilk‘l) |vac)
k

@ We can identify the pairing wavefunction fix = vy /ux
@ As with typical variational approaches, need to minimize

(H — pN). Alternatively, diagonalize it.

Spring 2022 7/38

Note the effective Hamiltonian is quadratic. To diagonalize the
Hamiltonian, we may apply the Bogoliubov transformation

gt = Uklk t+ — !Jk(l-T_kl

Expand around the mean fields of the pairing operators

n‘th.TaT—k,i, = <G’I(,T“1k.\l,> + (aLTatm - <0'}T(.T”‘T—k.¢>)

Retain up to first order fluctuation (aLTczf_h — <f'-£,¢“1k,¢>>-
And define the pairing order parameter

U
A=~ Zk, {0k 1)

The effective BCS Hamiltonian becomes

H—uN = Z (ex — 1) a.L_aa.kﬁ
k.o

. Al2

— Z (A”L.T”'T—k.i + A“(J_k‘wk‘f) _ i

K

Spring 2022

We have

2

[A

H—uN = Z EkJnLﬂak‘a + Z (ex — p — Fx) — i
K k

():LJ( = Ukt + 'Hf{uik‘_

The quasi-particle operators satisfy the Fermi-Dirac commutation

where the dispersion for the quasi-particle is gapped,

B = \/|A]? + (ex — 11)*. The coefficients in the Bogoliubov

expansion are

relations .
{”k,o’« !"I*L_U, } = (Sﬂ‘gf(gk.kr

@ Plug these into the effective Hamiltonian

@ Require that the final Hamiltonian be diagonal in the basis of
quasi-particle operators

@ This is equivalent to requiring that the Hamiltonian describe
non-interacting quasi-particles

Spring 2022 9/38

From the definition A = — 4 37, {a_1 yact)

A= 7% <(uiﬂk'¢ = "'ko"li.T) (Mi'(ﬂk.T + '!‘k(‘rL_i)>
k
= 7% ('U.;-Uk <C!k'~"d}|;-w> — uk-ui <ClL.huk¢>)
k
= —A% 2,; [1—2f(E)]
k

And we have the gap equation
L 1 1L=2f(E),)
A Ek: 2F,

@ Summation over states with energy close to the Fermi surface (in range of
Debye energy)

@ In the weak coupling limit of the standard BCS theory, the gap is
exponentially small, the Fermi surface is only slightly perturbed in the BCS
ground state.

Spring 2022 11/38

Energy gap at zero temperature
U] L
1=—

€ p+hw T
= / rk@—%
ep—hw 2 2'\ (E = Ep)'a + |A[3

whiw f A
il [ da 2
Jo 2V 1
Ulaler)

hw
o hw
5 inh "

T=€—¢€p

Therefore

92
A =2hwexp |—————
- ‘[ g(ep)\vd

Spring 2022 13/38

[ = Dt (= 1)
- 2Ey,

o2 = e (=)
K 2F

@ |dentify the ground state as the vacuum state of the
quasi-particles
@ Take the chemical potential to be the Fermi energy

[ Cold vom Physcs (UsTC) Spring 2022
2 —— 0.12 x
& (a) I (b)
T, Mo =203 \ Ji
0.08
1t
0.04
0 == ]
-5 0 i -5 0 5
(e 14/ A (& /A

B/38

10/38

@ Momentum space density distribution is reminiscent of a Fermi

surface at zero temperature

@ At finite temperature, the quasi-particle excitation is centered

around the Fermi surface

[ Cold Atom Physics (usTC) | Spring 2022
L ECSt]
Critical temperature
U] =1 - 2/(E)
1 = haliiils . i
v am |
k T=T.,A=0
v Beliw ¢
e glep)dr |, 2 )
~ Ul —n [ L y z = B(er —
/,} ] 2 =z e 41 v = Belex — 1)

|
=

= M {111 Behw + In (i—E) }
2 s

Therefore

2vg [ 2 }
ksT. ~ hw exp |[——————| ,
2 w O | Ulg(er)

with the ratio

A(T=0) ..
ko, = 3.53

Spring 2022

Wlater) [ ppolio— 2 1o [Tmald 1
R 9 {ln,i-hw [1 (uqr'h““'Jrl] +2'/0 lnx():}:ﬁ”+l
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BCS-BEC Crossover

D.M. Eagles (1969) and A.J. Leggett (1980) pointed out that the
BCS wavefunction has wider applications

[} g = J\"-H(‘h’,k + errITkTrti_u)\vac)
k

@ The wavefunction should be able to describe pairing from weak
to strong interaction limit

@ Need to relax the condition that i = EF, instead, the chemical
potential can be determined self consistently from the number
equation

@ To solve for physical parameters, one needs to solve the gap
equation and the number equation simultaneously

@ Only a theory before the advent of cold atoms etc. as it is very

hard to tune the interaction with solid materials
Spring 2022 15/38

BCS-BEC crossover in ultracold fermions

Spring 3022 17 /38
Single channel model
H—uN = Z_(Ek — li)az_g”-l-:‘a
ok
1 T
+(TU/V) Z ey qrat® gz 9K +a/2,00%% +q/2.

kk.q

@ [/ is the bare interaction rate, which needs to be renormalized in
order to be connected with the experimental parameters

o For most experiments with 6Li and ‘K, the resonance is 'wide’,
i.e. population of the closed channel is negligible, which means
single channel model is sufficient

@ There are 'narrow’ Feshbach resonances that need to be
modeled with two channel Hamiltonian

@ We will focus on the single channel model henceforth

Spring 2022 19/38

Gap equation and number equation (zero temperature)

ok o B
U Ve 2E
1 € — [
== 1—
" V;( Ek)
o B =/I|AP+ (e — p)?

@ In the standard BCS theory, U is only non-vanishing within a
small energy range around Fermi surface. This is no longer the
case for cold atom scattering with psuedo-potential

@ If we take the bare interaction rate to be the pseudo-potential
U= % where a; = apg(1 — B‘——tbg,) the summation in the
gap equation diverges: ultraviolet divergence

@ As in the Bogoliubov theory for Bosons, we need to renormalize
the bare interaction rate

Feshbach resonance and crossover picture

Scattering length a
Energy Energy

\ Bound State

B, Magnetic field

Bound state {

Interatomic distance

s-wave scattering length tunable via magnetic field

p w
=g\ 1= g
T (]

Two channel model

H — uN = Z(Fk - ;;)(;Lau.k‘[, + Z(", +eq/2— QIL)DLI)q

ok q

+ ((j‘/\/]_j) Z (bLU'-—k-*—q/2.L""’k+q/2.T + h-.(’.)
k.q

+(U/V) Z “Lq/znﬂtkm;z.iﬂfk'+q/2-1ﬂ‘k’+q/2-w*~
Kk .q

where a.Im and bL are the creation operators for the open channel
fermions and the closed channel bosons; j is the atom chemical
potential; N =%, a;r{ak +2 zq hqu is the total particle number;
e = h2k?/(2m); V is the quantization volume; o = T, | denotes the
different hyperfine states of the atoms; 7 is the bare detuning.

Effective single channel Hamiltonian

H—puN = Z (e — p) (J,LCT(Lk_(,
ko

2

A
_ Z (/—\'QL.WL:‘J, - /_\*a_k‘lak‘f) _ T
k

With the order parameter

7

A=—

<=

Y (ko)
k

@ Same in form as the effective BCS Hamiltonian

@ It leads to the same form of gap equation as before

- ; BH — N, -
o In addition, from N = —& e);lu' we have the number equation
(zero temperature)
o hion Prvses (0510 Swngaz 2/

Renormalization (review)

@ We start from the formal Lippmann-Schwinger equation
T=U+ U;T
T U EB—Hy+id

@ Project it into k-space, and taking the zero energy scattering
limit (hence also neglecting id)

Uv 1
U,=U--2F —
B V n QEk
@ Therefore we have
1 1 Ixn 1
U [er Vv " 26;‘
[ Cold Atom Physics (USTC) | Spring 2022 2/38
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The renormalized gap equation and number equation

5= v kam; m)
=52 (1-455)

With the physical interaction rate

U Ah? 4mh? " w
I ay = ——a _
3 mo m e B - B

@ These equations need to be solved simultaneously for 1z and A,
as a function of the external magnetic field, or equivalently,
(kpas)™

@ The background scattering length is the scattering length in the
open channel, far away from the resonant point

Spring 2022 23/38

Finite temperature mean field equations
We have already derived the gap equation

—2f(E) BE})
anl
U vz( 2B, )" vzzn”(z)
For the number equation, note N = Zk.n <(1L_gak_,,>, we have
1 —p 5 o H s
= — o B
e s
i — 1 BE;
V;[l EA‘: tar h( 5 )]

Alternatively, one can first calculate the thermodynamic potential

Q= — % Intr [e7#H=#N)] and derive the gap and number equations
from the conditions: 5X%; =0 and N = — 3%
s

Spring 2022 25/38

Experimental parameters
e SLi: (MIT, Innsbruck)

{IF=3mp=3)|F=1mpr=-1}
By = 834G, apg = —1405ay, W = 300G,
5}4@ ~ 98 for n ~ 10¥3em=3

o K: (JILA)
{IF=%mp=-3)|F=3mr=-0)},
By = 202G, apg ~ 17400, W W 7.8,
% ~ 13 for n ~ 10%em

; “’,;F > 1, therefore both are wide resonance.
@ Some literatures use the following parameter to characterize the

type of resonance

_ omag Wi, 3\/_ a*n
"= T B, |16 "EZ

@ For both species

Path integral approach

H= f d: u (
The finite temperature grand canonical partition function Z in the
form of path integrals

i )%(r)ﬂ*/dmm 1 () (@) ()

Z = Tre=BUH-uN) [D ] eSkhe]

where the action is

S [why] = /Ui dr {/ &ryf(x) (i = H) b(z) + H}

Note 3 =1/T, x = (r, 7).

see e. wantum Many-Particle Systems . . Negele an - QOrlan
g Q Many-Particle Sy: by J. W. Negel d H. Orland

BCS-BEC crossover mean field results

5 T 0.01
BEC BCS
— kpa,)? =5
0 4 0.005 \\\ (kra)" =5
/ e (b)
/ 0 ———
1 0 5 10 15 20
/ 2
10 { E&:
5 / Voo N (kpag)t =0
/ Crossover region
F, (©
a o
I 0 1 2 3
20t/ 2
«‘ ‘«
| i} Gra)® =2 |
' w
(a) \ (d)
30 0 = 3
5 0 -5 0 0.5 1 1.5
(krag)™ ki kp
[ Cout o Phsics (usTS) | swiga2 2438

Further discussions of mean field theory

@ Very good approximation in the weak coupling BCS limit

@ In the BEC limit, single channel model fails, as population in the
closed channel becomes important

@ However, on the BEC side, two channel model treats the closed
channel molecules as structureless bosons. Hence, the two
channel model cannot reproduce the experimental measurement
on the scattering properties of the Feshbach molecules

@ In the strongly interacting region, i.e. —1 < (kpa,)™! <1,
single channel and two channel models yield similar results for
wide resonance (gv/n > Er). Therefore, for these wide
resonance, single channel model is sufficient

@ Yet in the strongly interacting region, mean field theories in
general become unreliable, as quantum depletion becomes

important
@ The strongly interacting region is physically the most interesting
region
| Cold Atom Physics {USTC) | Spring 2022 /38

Beyond Mean Field

Approaching BCS-BEC crossover region beyond mean field

@ Self consistent many-body approaches: Saddle point expansion,
self-consistent Green's function approach etc.

@ Numerical simulations: Quantum Monte Carlo etc.

o Exact solution at unitary point (kpa,)™' =0

Hubbard-Stratonovich transformation: introduce an auxiliary boson
field, which makes the action quadratic. Define

&(x) = vy (a)ty ()
Then we have
U fzvl(@w] (@) (@)pr(a) _ o f dogh(@)Ug(x)
Making use of the Gaussian integral

el 428" (@A @)E(=) [det A(x)]

% /D [7I*~ ”] f—f(i.m}' (@) Az ()4 [ deg* (x)n(a)+ [ deg(x)y” (x)

Setting A~'(z) = U, A(x) = n(x), we have

: 1] 5 e i i VG (Y A (3
ol duét (@)U&() _ f.D (A%, A] ﬁi 'iﬂ{-—* ol ()] () A )+ (o)) & (-r)}



The partition function now looks like

Z= /’D[A*.A] el &%

o /'D[E"*~ v]e .f'(n{u-»l(—f§+a, fu) o +f] Aty u»TA‘}

where we identify the Green's function (Nambu)

- O+ L 4u A(z)
£ 1 ) = Or 2m
@=(amt B,

2m

Now we may integrate out the fermion fields 1f, 1), which is again a
Gaussian integral (but over fermion field).

Spring 2022 31/38

The saddle point equation and the number equation can be derived

8 Ses [A ()] —
SA(x) |,,
I 1 OSu
N=- = —=
)’0 L InZ = B I |a,

After some manipulations,
11 1 BE,
“E*BZI‘ 2E, ‘“'( 2 )
1 H ;fE;\-
= v Ek {1 — - tanh (T)}

These are just the finite temperature BCS gap and number equations.
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Some variations

@ Set Ay = 0, modify the number equation using the Gaussian
fluctuations to solve for T.. (Nosiéres, Schmitt-Rink scheme)

e For T' < T,, modify the number equation to solve for order
parameter and other properties. (Broken symmetry scheme)

@ Alternatively, T-matrix formalism

T=U+UxT
x = GolGy

Let Gee = Goly,—g. We have
@ NSR scheme: \ = GpeeGrree (0nly above T.)
@ Symmetric scheme: y = GG
o Asymmetric scheme: ¥ = GeeG

0.0

-0.1

(E-E, )/(NE,)

|~ QMC.Ref.[28]

2 3 5
S/(NK)

H. Hu et al., Phys. Rev. A 77, 0601605(R) (2008)

The final form of the partition function
= / D[A*, A] e~ SelA™A]

And the effective action

—/ J{‘A( ) +;.!+Tr[1nG (]}}

Hence, one must find approximate ways to calculate Tr [In G~ ()],
which is equivalent to the Green's function approach. To proceed, we
may rewrite the Green's function matrix

i . TR B A 0 )
G 1 = G 1 Z == gm UQ ) ( r
o+ ( ; -0, — L —p @) 0

2m

Ser[A, A] =

With the expansion A(x) = Ay + ¢(z)
state solution (saddle point).

, where A is the stationary

Gaussian fluctuations around the saddle point ¢ ()

@ Substitute the Hubbard-Stratonovich field expansion
A(x) = Ap + (x) into the action, and expand to the second
order in {p, "}

beff[ ! So+ 51 [w] + S5 ["2} 4 O(gs)

@ Sy is the saddle point action, first order expansion S; vanishes

@ Fourier transform into momentum space to get

Selel= 3 32 (" (k) o(—k)) M(K) (-,ﬁﬂ))

k

@ Modify the gap or the number equations or both

[} S - | 7
1 o 1 — Theory, noninteracting
1/ thega) 4| — Theory, unitary

P
o 2z
C.AR. 54 de Melo et al., PRL 71, 3202 (1993) a_| &
Q.-J. Chen et al., Phys. Rep. 412, 1 (2005) = i
Q.-J. Chen et al., Low Temp. Phys. 32(4), 406 L
(2006) - ;j:u.zal
UO 05 1 15
TTe
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Next Lecture

Interesting topics

@ Brief overview of ultracold atomic Fermi gases
@ Topics of BCS-BEC crossover
e Collective modes
Gap and pseudogap
Unitary gas
Polarized Fermi gas
Polaron/Itinerant Ferromagnetism

e e @ @



Quantum Degenerate Gases
Lecture 10: Topics in BCS-BEC Crossover

University of Science and Technology of China

Spring, 2022

@ LICE LR ¥ &3
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Brief Overview of Experiments

Degenerate Fermi gas
Y & 2.,2/3
@ Similar scaling of degenerate temperatures: kT, ~ ”’:,—J
@ Phase transition vs. smooth crossover (non-interacting)
@ Condensate of Cooper pairs only occurs due to interaction

@ Effects of Pauli blocking

Spring 2022 3/38

Molecular BEC from a Fermi sea

MIT (6L1) T wile 5
. (40K) » It
- /

o B
)
1.} Now :"M\ T = =z
§leu i |en n\‘ =
: i A / g
[\ ! ,/ J | |
» J " 5 . iy [

Greiner et al. Nature 426, 537 (2003)
Spring 2022 5/38

Other key measurements

@ Bartenstein et al. (Innsbruck), Kinast et al. (Duke), collective
excitations of Fermi superfluid (2004)

@ Chin et al. (Innsbruck), pairing gap measurement via rf
excitation spectra(2004)

o Zwierlein et al. (MIT), observation of quantized vortices in
Fermi condensate (2005)

Fractional loss in [2 >
Eg

R L R E SR RS
RF offset (kHz)
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Contents
@ Brief overview of relevant experiments
@ Topics of BCS-BEC crossover
o Collective modes
Gap and pseudogap
Unitary gas
Polarized Fermi gas
Polaron physics

@ Qutlook

Reference:
S. Giorgini, L. P. Pitaevskii, S. Stringari, Rev. Mod. Phys. 80, 1215 (2008)
T. Kahler, K. Goral, and P. S. Julienne, Rev. Mod. Phys. 78, 1311 (2006)

e ¢ @ @

Spring 2022 2/38

o De Marco et al. (JILA) quantum degeneracy of ""K (1999)

@ Schreck et al. (ENS), Truscott et al. (Rice) quantum
degeneracy of °Li (2001); sympathetic cooling with “Li

@ Courteille et al. (UT and EUT), Inouye et al. (MIT) Feshbach
resonance in bosonic systems (1998)

o For bosons, atom-dimer relaxation rate ~ a (a > 0) E. Nielsen
et al. (1999)

o For fermions, atom-dimer relaxation rate ~ a=3%3 (a > 0),
dimer-dimer relaxation rate ~ a=2%% (a > 0) Petrov et al.
(2004,2005)

e Three body recombination rate increases with increasing |a|

@ Greiner et al. (JILA), Jochim et al.(Innsbruck), Zwierlein et
al.(MIT), molecular BEC from a Fermi sea (2003); Bourdel et
al. (ENS, 2004), Partridge et al. (Rice, 2005)

@ Regal et al. (JILA), Zwierlein et al. (MIT), condensation of
pairs on the fermionic side (2004)

Spring 2022 4/38

06
08 0%

AB (gauss) '

Regal et al. Phys. Rev. Lett. 92, 040403 (2004)

Spring 2022 6/38

@ Schunck et al. (MIT), Patridge et al. (Rice), Fermi condensate
with spin imbalance (2006)

M.W. Zwierlein et al., Science 311, 492
(2006)

Spring 2022 /38



Collective excitations

@ In the BEC limit, molecular BEC. The low energy excitations
should be Bogoliubov phonons

@ In the BCS limit, condensate of Cooper pairs. In addition to the
quasi-particle excitations (pair breaking), there would be long
wavelength Bogoliubov-Anderson excitations (up to frequency
A/1L), which are also gapless Goldstone modes.

@ In the BCS limit, at low temperatures, the collective modes are

characterized by that of a non-interacting Fermi liquid ¢, ~ %

@ In the BEC limit, speed of sound following the Bosonic
Bogoliubov theory

@ Experimental signals: speed of sound and critical velocity in the

crossover region

[ Cold Atom Physics (USTC) ] Spring 2022 9/38
Landau's critical velocity vs. speed of sound throughout crossover
region

.
N
1 "kF.
R. Combescot et al. Phys. Rev. A 74, 042717 (2006)
@ At low frequencies, the excitation is gapless and phonon like,
characterized by a sound speed
@ At high frequencies, the excitation is a gapped pair breaking
process, which gives a critical velocity by Landau’s criteria
@ Landau critical velocity is the smaller of the two
[ Cold Atom Physics (USTC) ] Spring 2022 /38
Gap/Pseudogap measurement: r.f. spectroscopy
9 Tr06| [T ] Te2iG[ T este "~ T e75G
a=+120nm| H aree | | a=-600nm
A \ A X
o 00 A..
i )
w 3 A :|=
Sozt | T i i
Woo -
$ o
@ \ -
L 0.2 | 1 et
P H I
oo} - ot T ISP S e
0 150 300 -i5 0 15 30 -i5 0 15 30 -i5 0 15 30
RF offset (kHz)
C. Chin et al. Science 05, 1128 (2004)
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Unitary gas

@ At resonance, (kpa.)~' =0, the only relevant length scale left is

(1/n)'/3

@ Universality: properties of a degenerate Fermi gas near

resonance are characterized by only a few universal numbers

@ Universal relations

= (1+B8)Er
e=(1-+ ,:’J’}”zv,r:/\/g
T.=aTp

QMC gives 3 = (.58, lattice QMC gives v == 0.157

@ Exact results for short-range interactions, Tan's relations
Reference:
T.-L. Ho PRL 92, 090402 (2004)
S.-N. Tan Ann. Phys. 323, 2952; ibid 323, 2971; ibid 323, 2987 (2008)
E. Braaten et al. PRL 100, 205301 (2008)

Spring 2022
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[ Collctive Exciations |
Speed of sound

v
o

2 3 H
1/kga

J. Joseph et al. PRL 98, 170401 (2007)

@ Mean field result with apne = 0.6a, agrees well with
experimental result

@ Mean field with BCS like state gives significantly higher sound

speed

Spring 2022

Critical velocity

Magnetic Field (Gauss)
890 670 850 830 810 THO 0 750
L1 1 1 I L 1

Critical Velocity U (mm/ s)

T T T T T
05 00 05 10 15
Interaction Parameter |/kra
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D. E. Miller et al., Phys. Rev. Lett. 99, 070402 (2007)

@ Critical velocity peaking at the crossover region

Spring 2022

‘ARPES' with ultracold atoms

Single-particle energy (EJ/E.)

J.T. Stewart et al. Nature 454, 744 (2008)

@ Measurement of dispersion of single particle excitation via
momentum resolved rf spectroscopy

@ Pseudo-gap (pre-formed pairs) above 7.7

[ Cold Atom Physics (usTC) ] Spring 2022
Tan's relations

@ Relates the asymptotic behavior of many-body systems at
short-range to thermodynamic properties

o 1/k" tail in momentum distribution limy .. n(k) = C/k*
o 1/w52 tail in rf-spectroscopy
@ Adiabatic sweep theorem

[dE/d(1/a)]|sy = —h>C/(4wm)

@ Two-body interaction effects dominates at short-range

@ Wide applicability
(zero/finite T', normal /superfluid, uniform /trapped...)

Spring 2022
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Experimental verifications

B
Expt. "Li ENS (1) -0.59(15)
Duke (2) —0.49(4)
Rice (3)
Innsbruck (4)
Expt. “K JILA (5)
Theory BCS mean field -0.41
OMC (6,7.8) -0.58(1)
T-matrix (9) -0.545

8
a 2 +
6 _-'.'.U # ' J. Stewart et al. PRL 104, 235301 (2010)
i . < SR E. D. Kuhnle et al. PRL 105, 070402 (2010)
, Fiate G";S @ 1/k* tail in momentum distribution
2 f.,‘i_ig\‘ ; limg_ oo n(k) = C/k*
o @ Can be extracted from structure factor

0
0 05 10 15 20 25 measurement (Bragg spectroscopy)

||x

Mean field description

@ Similar to the mean field theory of the BCS-BEC crossover, only
need to introduce p4 and ju) separately

@ Due to the existence of meta-stable and unstable states, need to
be careful with the gap equation

@ Minimize the thermodynamic potential while fixing the particle
number of different spins

@ In uniform system, also need to consider the possibility of phase
separation

@ Dispersion has the form Ej., = /(ex — j1)? + |Al? £ h, where
= (pr+p)/2and h=py— gy

@ There might be regions in the momentum space where one
branch of the dispersion becomes negative. Fermions do not pair
in these regions

What to expect

Normal

.~ FFLO

BR2

@ Various exotic phases

@ In trap, phase separation: SF core surrounded by polarized
normal gas

@ Experimentally, at critical population imbalance, gas undergoes
SF-N phase transition at trap center

| Cold Atom Phisics (USTC) | Spring 2022 21/38
Rice Experiment
b 12 | ’. 4
o * e et
N Vacuum R = “
= A &é ool i 4
= Fully polarized s s e i
i . R i 4 ]
E'E 5 - ; L
& ¢ o4 |a. 3
Partially potarized (FFLO) 0z 4
aa L L L L . A d

00 02 v 06 o8 10 o o o4 9

Central lube polarisation Central tubs polarisaticn

@ Evidence of FFLO state (Rice, Nature)
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Polarized Fermi gas
@ Pairing superfluidity in the presence of chemical potential
mismatch
@ Quantum simulation of magnetized superconductor, cold dense
quark matter, neutron stars, etc.

e Dokerscd il Enies

oI

M.W. Zwierlein et al. Science 311, 492

G.B. Partridge et al. Science 311, 503
(2006) (2006)

Typical thermodynamic potential landscape

i T 0.0001

0.0000

0.0001

H. Hu et al. Phys. Rev. A 73, 051603(R) (2006)

Phase separation

T T T T T r =
(] ®

Aa 1 [] g

505 '_"'W\ : of'l 2
g f el t
QD.ES- B=834G ¢ Los 2
5 (1hk.a=0) e o
5 i
£ . o' 2
00 to-==wwy -y v ro 2

1 ]

T T T T T T E

0.0 0.2 04 0.6 0.8 1.0 g

Population Imbalance

Y. Shin et al., PRL 97, 030401 (2006)
.

@ Mean field not sufficient. Critical population imbalance ~ 0.75
at unitarity

@ Influence of trap anisotropy

Polaron physics

e Quasiparticle excitation describing a single impurity moving in its
environment (in a general sense)

Spring 2022 18/38
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Polaron physics

e Quasiparticle excitation describing a single impurity moving in its
environment (in a general sense)

@ Landau (localized electrons) and Pekar (phonon clouds)
(1933-1951)

@ The Frohlich polaron (1950s)

e Electron-phonon interaction in solids

@24 @ .
) 2 e Phonons not affected by a single electron
® G 9g
@@‘e @ e Brillouin-Wigner perturbation theory
@ @ g0 v 4
3 E,=FEy+ +0
@ 5 @ g ¥ 07 S @)

o Large (Frohlich) vs. small polarons (Landau)

Spring 2022 2438
Fate of impurity: limiting cases and those in between
@ Weak-interaction limit: free impurity
@ Strong-interaction limit: impurity-atom dimer
I - b @ & oo S
2 . i g 9
o @ o @0 @ (0 o °
e 00| Vo] o § o
9
° 29 @
2 o L /\® 4 9 LAY

From Phys. Rev. Lett. 102, 230402 (2009)
@ Inbetween: polaronic branch and dimeronic branch
@ Transition occurs between polaronic quasiparticles and
many-body bound states

@ Predicted by diagrammatic QMC calculations
N. Prokof'ev and B. Svistunov, Phys. Rev. B 77, 020408(R) (2008}

[ Cod tom Phsics (USTO) | swng2 263

2]

. Kohstall, et al., Nature 485, 615 (2012) M. Koschorreck, et al, Nature 485, 619 (2012)

Attractive and repulsive polarons in 3D and 2D

°
@ Repulsive polaron: a metastable quasiparticle
@ Molecule-hole continuum

°

Consistent with calculations based on perturbation theory

How to characterize polarons theoretically?

@ Variational approach: Chevy's ansatz
F. Chevy, Phys. Rev. A 74, 063628 (2006)
@ T-matrix approach
R. Combescot, A. Recati, C. Lobo, F. Chevy, Phys. Rev. Lett. 98, 180402 (2007)
M. Punk, W. Zwerger Phys. Rev. Lett. 99, 170404 (2007)
1/N expansion
M. Veillette e al., Phys. Rev. A 78, 033614 (2008)
Fixed-node QMC
C. Lobo, A. Recati, S. Giorgini, S. Stringari, Phys. Rev. Lett. 97, 200403 (2006)
Diagrammatic QMC
N. V. Prokof'ev, B. V. Svistunov, Phys. Rev. B 77, 020408(R) (2008)
Other
R. Schimdt, et al., Rep. Prog. Phys. 81, 024401 (2018)

-]

[ Cod Atom Physics (USTC) | swinga2  %0/3
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In cold atoms

@ Pairing in polarized Fermi gases

M. W. Zwierlein et al. Science 311, 492 (2006) G. B. Partridge et al. Science 311, 503 (2006)

@ Large-polarization limit: polaron physics
@ Interaction tunable through Feshbach resonance

Early experiments on polaron-molecule transition |

atom transfer / a.u

peak position / ¢

a) b) !
L\\ M}\ ;
N . L x 1
0 2 4 B 012346568 51

z Bos| TETE IS eEig g
a 0.00 0.05 0.10 015
impurity concentration x = n, / n.
05 T }
3 E ° rf—spectroscopy measurement
. ¥ @ Weakly interacting quasiparticle
0.0 :
05 N 0.0 @ Polaron-molecule transition
1/kca

@ Consistent with QMC

A. Schirotzek, C.-H. Wu, A. Sommer, M. W. Zwierlein, Phys. Rev. Lett. 102, 230402 (2009)

Detection schemes

@ Reverse rf spectroscopy @ Standard rf spectroscopy

R. Schimdt, M. Knap, D. A. lvanov, J.-5. You, M. Cetina, E. Demler, Rep. Prog. Phys. 81, 024401 (2018)

[ Cod tom Phsics (USTO) | swng2z 293

Chevy's ansatz (polarons in a polarized two-component Fermi gas)

@ Polaron ansatz wave function

o S gt t §
W)q = | Yabq + 2, Vkabg kiqita | [FS)N
q<kp.fk>kp
@ Minimize (W|H|V)q or H|V)q = Ep|V¥)q (truncation)
@ More particle-hole excitations possible
@ Competing state: the molecular state

Mg = oubl yal [FS)y 1+ 3 frwably i o iqokolaqFS)n_,
k>kp kbt =k




Comparison of results (3D)

T T
ok 4
|
oz2f-\ i i
'U. y ll‘
= o4 W e —
uf’ N >l
A A s
o8 % .
_K_/K .:5_ £
.08} . of
T
T
L 1 1
0 1 2 3 4

(k-a)”

o Compare Eyy — Ep with Ep (Ey = —h2/ma? subtracted)
o Crossing at (kray);' = 0.84 vs 0.90 (diagrammatic QMC)
M. Punk, P. T. Dumitrescu, W. Zwerger, Phys. Rev. A 80, 053605 (2009)
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Convergence of results on the single particle-hole level

0.616 — T

106146 T0.6156
a : 0(0.6125
0612 0.6125
% E ~
0.608 £ o 3
¢ 0.6066 , . J
1.20 — . )
51107
g THE +1.191 9
S 01.185
g 1l18F ]
g b _ellT2 | .

@ Converge quickly at the lowest orders of particle-hole excitations

@ Destructive interference between higher-order terms
R. Combescot, 5. Giraud, Phys. Rev. Lett. 101, 050404 (2008)
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Polaron Physics

General features in the spectral function

1
E +i0t — ¢py — X(p, E)

Ay(p, E) = —2Im

@ Attractive and repulsive polaron
@ Broadening and decay channels

@ Molecule-hole continuum

P. Massignan, G. Bruun, Eur. Phys. J. D 65, 83 (2011)

Spring 2022 36/38

Outlook

Variants of the polaron problem
@ Polaron in a Bose-Einstein condensate

@ Polaron in a Fermi superfluid
@ Polaron in spin-orbit coupled Fermi gas

@ Rotating impurities: angulon

A probe to many-body system, a bridge between few and many...

Next Lecture: Optical Lattice
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Comparison of results (2D)

@ Polaron-molecule transition exists in 2D

@ Polaron with single (two) particle-hole pair(s)
M. M. Parish, Phys. Rev. A 83, 051603(R) (2011)
M. M. Parish, J. Levinsen, Phys. Rev. A 87, 033616 (2013)
M. Koschorreck et al., Nature 485, 619 (2012)
Spring 2022 33/38

Polaron Physics
T-matrix approach (polaron single-hole level)
G \(p,w) =w +i0" — g — E(p,w)

Z(p,w) = 20 (p,w) + Z@(p,w) + ...
Ep =Re[E(p =0, Ep)]

/‘\:
,--71—}‘ f 1 T Top T
{2 = | T, L= '+ ' P
1 1 I S S o

@ Equivalent to the variational approach

@ Better extendability, e.g., capable of analyzing losses

R. Combescot, A. Recati, C. Lobo, F. Chevy, Phys. Rev. Lett. 98, 180402 (2007)
G. M. Bruun and P. Massignan, Phys. Rev. Lett. 105, 020403 (2010)
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Polaron Physics
Polaron decay rate, impurity residue and effective mass
@ Pole expansion (for well-defined quasiparticles)
Zp

2 I'e
i E‘D - ‘2;:)11’ + ?’T[

Gi(p,w) =

o Impurity residue

Zp = {1 —Re[d,2(0, Ep)]}
o Effective mass

m

— =Zp{1+Re[8,2(0,Ep)] }

m

@ Polaron decay rate
Fp = *227p|m [):(U Ep)]

Spring 2022 a7/38

Quantum Degenerate Gases
Lecture 11: Cold Atoms in Optical Lattice Potentials

University of Science and Technology of China

Spring, 2022

@ LICE LR ¥ &3
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[ Opsial ek potentie |
Optical Lattice

@ Dipole trap: red-detuned (high-field seeking); blue-detuned
Contents (low-field seeking)

@ Optical lattice potential @ Atoms trapped by standing-wave fields
Wave function in a lattice potential
Bose-Hubbard Model

Fermions in optical lattice potential

Quantum simulation with optical lattices

@ Next lecture

m Spring 2022 2/32 Spring 2022 3/32
[ Optial o potenta |
Optical Lattice Optical Lattice
@ Dipole trap: red-detuned (high-field seeking); blue-detuned @ Dipole trap: red-detuned (high-field seeking); blue-detuned
(low-field seeking) (low-field seeking)
@ Atoms trapped by standing-wave fields @ Atoms trapped by standing-wave fields
|

)= Vpcos?(k-r).

Spring 2022 3/32 m Spring 2022 3/32
[ Eiaen poblem n i potental |
: : - - Fourier transformation for periodic functions
Wave function in a lattice potential .
@ Normal Fourier transform
@ Eigen problem under a periodic potential (one-dimensional for ) i 1 i
simpliciy) f0)= [ rwde 1w = [ s
R 2 ; ;
H=——2=+V{r o If f(r)=flr+ R),
2 a2 T (.’) ( ) ( )
HY = FW f(i’ + R) == ]e”‘"'f’mnf(ﬁ':)dfi'
V(r)=V(r+ R) .
@ Define translation operator Tpf(r) = f(r + R) = =1 for R=mna '”'ie Integer
o As HTp = TpH, we choose ¥(r) to be the mutual eigenstate of =k is discretized as: K = »mz_ﬂ me (0,%1,--+)
H and Ty a
@ Bloch's theorem (periodic boundary condition) @ Fourier transformation for periodic functions
TpW(r) = Cp¥(r) = ¥(r + R) = e*Fu(y . 1 .
et =oghln) R R met R O ="t fx=- / e 7 f(r)dr
@ Assuming system size L, periodic boundary condition. k is then % @ Jeell
discretized.
| Cold Avom Physics (USTC) ] Spring 2022 43 | Cold Avom Physics (USTC) ] Spring 2022 5/32
[ Eiaen poblem n i potental | [ Eiaen poblem n i potental |
Fourier transform the eigen problem Simplification:

. B S R : o
V) = Z KTy i S Gl We write g = nG + k, with k € ( =, a), i.e. first Brillouin zone.

K h:)kz
ior . e+ Y Vagtrng = Exck,
Y(r) = Z e this is not 2m ;
q

. : : where (' is the unit vector of the reciprocal lattice, n is the band
K reciprocal lattice vector

. ; : index.
¢: momentum space vector, discretized based on the system size L Noste:
Fourier transformed Schrédinger’s equation: - g :
& 9 @ The number of coupled equations for each k is equal to the
R 0 i ; number of bands n, which depends on the max(q), or the inverse
_ e iKrys L iqr L g ! g e 5
( Y1y a2 + Z e Vi Z("ff' EZ €qt of the spatial resolution, which can be infinite. (matrix equation)
oY q 3 Y .
202 ? : @ The total number of eigen solutions for each k is then the
fél_’-q"'d‘f‘x = 5 q ¢y + Z Viey-x = Ee, number of bands. (matrix diagonalization)
i K @ The number of independent sets of equations (different &) is
Importantly, coefficients in sectors {¢,q — K.q — 2/, ---} are equal to the number of discrete & in the 1BZ, which is the total
coupled. number of sites V in the system. (L = Na)

[ Cold Atom Phisics (USTC) | Soring 2022 EOECON ol o Physics (USTC) | Soring 2022 1122



In a more familiar form
@ The Bloch function

W (r) = e (r) with . (r)

— 2 (‘i\‘—nG‘eim()r

n

@ Eigen equations for w,(r)

[ (12 nG k) + V0 toalr) = Bt
2m a,l ' ! Uk == m’i Lnk

@ Properties:

Ungrrc)(7) = ik (r)e "

lpﬂ(k+(’;) = Wpy,
Eneray = Enk

This is the translational symmetry of ¥ ,,.(r) in momentum space

[ o o Physes (usT)) ] Spring 2022 /32
[ Fisen problem in ottice potential |
Bose-Hubbard model

Tight-binding in an optical lattice

a Opical lattice

| | | |

\ \

0—a-

o Consider the orthonormal bases: {W,.(r)}, and {w,r(r)}:

z Cﬂkq’ni\ ) ‘i’(f’) = Z(’i‘nRWHR(rJ

nk€1BZ nk

3 ik R A 5 ~ik R
Cnl(, = Z e C?rks CHK‘ = ZG ! Cnf{

Spring 2022 10/32

|l

With interaction: Hubbard Model (Bose case here)
Hiw = [‘Pl( lIJ*( ") %W( ")‘if(r)d-rdr’
In the Wannier basis
Hﬁrd - Z f\'v}?
RiRaRsRy
x 0L CL Cr,Cr,
U -t U 5 i
~ Z (H(Y‘:f('RCYH = |- Z'nR(”‘H — 1)
R “"R
We have assumed short-range interaction and considered only on-site

interactions in the overlap integral.
The Bose-Hubbard Model

= sz('TCmﬁ Z(*T CECrCr

Rp

Ulr—+)

k(1)

wr, (Mwg, (1) drdr’
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Phases of the Bose-Hubbard model

s Fisher et al, PRB (1989)
UA
&5 SF

M

(n=3) fi=3
20 SF

M (n=2) fi=2
- SF

MI (n=1) n=1

@ Large ¢: superfluid
o Large U: Mott-insulator
@ Phase transition inbetween

Spring 2022 14/32

Fourier transform of the Bloch function (Wannier function)

° Bloch function is periodic in momentum space
= Its Fourier components in real space is discrete

@ Wannier function

ki,
n.k § € Wﬂ]?
(L
9 E 7“ R“prik
2T

kelBZ

= Wpo(r — R)

‘LU”H(T') =

- Z Uon(r — R)

kelBZ

w,g(r) is only relevant with r — 2, therefore sufficient to
examine wro(r) = wn(r).

@ Localized wavefunction in the tight-binding model (see later
slides)

Spring 2022 9/32

Tight-binding model in different forms
@ Non-interacting Hamiltonian (single-band for simplicity)

H= [xfﬁ(r){ s +V(r')]¢’(r')dr'

© 2mér?
@ Transform into the Wannier basis, and consider only overlap
integrals between nearest neighbor sites

H=Y CliCn [ w'r—R)[ - Lokl V)|l - R)r
e B . 2m Or?
Z CRCR + Z F(i())(Y[{CHer

Rp
@ Transform into the Bloch basis

H= Z {E({})—Ff(p)ze’k'ﬂ@lé}

kelBZ

= Z Eké::(fjk

kelBZ
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Parameters of Bose-Hubbard model
@ The hopping rate t and the on-site interaction U can be
estimated numerically

L e o o THE
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¢ 4 E

& 0100 ~ <
00075 =i 10

0D0SAE—— i Sty
5 0 15 0

VlE e

New J. Phys. 10, 053038 (2008).
@ Fitting in three-dimensions

t/ By =~ 3_\/:( i/ Er) e ~2y/Vo/Er

U/E, = 3.05(V4/E,.)*®(a,/a)
The recoil energy E,. = h?/2ma?.
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Properties of Mott-insulator and superfluid

Mott-insulator Superfluid

@ Integer filling

e Finite gap, (C1C;) with
exponential decay

e Flat n(q)

@ Not compressible
(@n/op = 0)

@ Any filling

@ Gapless, ODLRO in 3D,
power-law decay in
lower dimensions

@ Peaked n(q)
@ Compressible
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Finite temperature phase diagram
Experimental signal of the superfluid state

—— @ Momentum distribution
- n() = (B0, = 3 Wi(0) Wi (@) (ClyCo)
S i nkn’'k’
Supedfivid |\ " s oa . N
’ ! 4 o Z (C1Crorr deu (@)wnr (@) 64— i —k.004— -1 0
i A MatE nkn'k!

wen uyJ = Z ‘nlg—K)“ n(qf ))‘L“'n(q”zﬂ

e Superfluid to Mott-insulator (quantum phase transition) at zero
where we have used

temperature
@ Superfluid to normal (thermal phase transition) at finite chﬂ’na Z“’”R
temperature e =
@ Crossover between Mott-insulator and normal?
@ Quantum critical region
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Fourier transform of Wannier function Fourier transform of Wannier function
| Y i | . 1 e
wrr(q) = I ./ € i wﬂ(" = TFJ\ [ y Z E ?-':n]\ wrr(q) = I ./ € R wﬂ("‘)d'r' = El?rﬂjr ; & o Z E’kvu],_j‘,('i‘)d;'
kE1BZ kEIBZ
_ —igr ikr iKr _ —igr ikr iKr
= et (K)d = et (K)d
ol KD D0 DU ol KD D0 DU
kElRZ kEIBZ
o 1 e
= —'LL”;,:(IX )oq—k'—k.(l- = —'LL”;,:(IX )oq—k'—k.(l-
a a
Note (1) = wne(r + R), hence its Fourier transform is discrete. Note (1) = wne(r + R), hence its Fourier transform is discrete.
Relation with Bloch function
U.i(g) = 7 / ey (r) e dr = I /f”“” ad Z{f'l" tnr (K)dr
. . o
= i (K)0g— K k0-
Hence w,(g) o W, 4—k)(q). Important for momentum distribution.
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Structure of momentum distribution for a BEC in lattice potential Structure of momentum distribution for a BEC in lattice potential
1
E ~
@ Bimodal structure in each BZ @ Bimodal structure in each BZ S N
/s \
o Modulated by |w,(q)|* @ Modulated by |w,(q)[* # b
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Characterizing SF-Mott transition (Mean-field approach ) . . .
& ( PP ) Mean field recipe for numerical calculation (zero temperature)
i g 7tz &ie; + Z IO — i Z éié, @ Mean field Hamiltonian (single-site)

{i.5) i i . N U ’
=—t{C+CHyY+ F‘n(u. —1) — un + tp?,
@ Decouple sites -

® Mean field C; = (C} + (€ — (C})), retain up to first order in where ) = (C')
fluctuation o Fix U and p.
H;— pi; = —t (<C,T> C + IL“(.‘.) FEH?+ 7” (g — 1) — it @ Truncate the Hilbert space {|n)} at a large n,.
o Diagonalize the Hamiltonian, find £, which should converge for
@ Equivalently, Gutzwiller ansatz large enough n,.
e Minimize F, with respect to ¢. If ¢ > 0: supefluid; if 1 = 0:
H (Zf |n; ) Mott-insulator.
i \n=0 @ Change U and g, rinse and repeat.

D. 5. Rokhsar, B. G. Kotliar, Phys. Rev. B 44, 10328 (1991) K. Sheshadri et al., EPL 22, 257 (1993).
C. Schroll, F. Marquardt, C. Bruder, Phys. Rev. A 70, 053609 (2004)
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In the presence of a harmonic trap
Mean field phase diagram
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@ Lobes of Mott-insulator region with integer filling.

*. Wanihing Sombressiblity. 0 0y @ Slow-varying global harmonic trapping potential
@ Shell structure
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: : : . Temperature measurement
Fermions in a lattice potential perer ) :
o Fitting TOF results in a superfluid state
Fermi-Hubbard Model 7 (T
@ SF phase transition for attractive interaction? | v e
@ Rich phases: d-wave SF, RVB, AF etc. IJ ‘J ‘J
@ Implications on high-T.. superconductors e
Fermi surface in an optical =
lattice (ETH, 2005) ﬁ ?_
Questions \ 0 o/ /Ty
@ How to measure temperature? '1‘:.. %&
@ Cooling? . .
H -l - . .
I 2006 MIT
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Temperature measurement Temperature measurement
o Fitting TOF results in a superfluid state o Fitting TOF results in a superfluid state
@ Measure double occupancy @ Measure double occupancy
@ Noise correlation
§.
ii
i
i
s x(wm) ; .
2006 ETH 2006 Mainz
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Temperature measurement
o ; 3 ing?
o Fitting TOF results in a superfluid state Cooling?
o Measure double occupancy @ General problem: Need lower temperature for interesting physics
) i to emerge
@ Noise correlation "
M @ Hubbard model energy scales: ¢, U, t*/U
e More...
@ Current temperature 1" ~ t
@ Desired temperature T' ~ t*/U
@ At least 2-3 orders of magnitude away
Cooling schemes (remove entropy):
@ Setup a reservoir (T.-L. Ho and Q. Zhou, arXiv:0911.5506)
@ Shaping confinement (J.-S. Bernier et al. PRA 061601(R),
(2009))
@ Reservoir engineering (J. Catani et al. PRL 103, 140401 (2009))
e More...
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Fermi-Hubbard Model Phase diagram and excitations (at half filling)
o Z ngcja +U Z Ny — Z Yoo @ Excitations with energy scale t*/U/
(i.i).o i ia @ Heisenberg model (U = 0)
; 1 1
=—t Z CioCio + U Z(”m - 5)(% - 5) 412
(i.g).o i Hop = Nid Z S; - 8;,

= 7 7 (i)
— i Z(nn + 1) —h }_‘(n?»r —ngy) + % an - %

P 1 io i — l T 5
o Particle-hole symmetry (at half filling with j: = h'= 0) where 5; = 3 3 ag CiaTapCis

ey — (—1)el, o, = (=1)ey

@ Mapping pairing (/' < () with anti-ferromagnetism (U/ > 0)

D lemer) = D (koo

k k
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BCS-BEC crossover in lattice potential ) ) o )
Band insulator to Mott insulator crossover (repulsive interaction)

Pz

-
2
(7]
b c d Llc.l
- L -
I I
/
= LSS AL -.j\hf‘ﬁ _-._" \'—.f‘__-.=
B = 8226 8676 9176 Position Position
BEC BCS

R. Jordens et al., Nature 455, 204 (2008).

J. K. Chin et al., Nature 443, 961 (2006).
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Observation of anti-ferromagnetic correlation Quantum simulation

Quantum simulation with optical lattice
@ Highly controllable geometry
@ Clean environment
@ Tunable parameters

@ Optical lattice-+Feshbach resonance: strongly correlated system
in a dilute gas

i
-

Pt " ¥on

L

Applications
@ Floquet engineering
@ Many-body localization

@ Reservoir engineering (open system)

T~025t, U~T2t T~ 182/U o @ Quantum magnetism

@ Synthetic gauge field and topological order

A. Mazurenko et al., Nature 545, 462 (2017)
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