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9.4.2 ëê¡

� ~r : D ⊂ R2 → R3 ´��l��«��n�«����N�. �

Ò´`r D¥�: (u, v)N���m¥���: (x(u, v), y(u, v), z(u, v)).

ù�:éA��þP�

~r(u, v) = x(u, v)~i + y(u, v)~j + z(u, v)~k,

=� (u, v)3 D ¥Cz�,éA�» ~r(u, v)�ª:3 R3 ¥�;,,/¤�

m¥�Ü¡. ¡ ~r = ~r(u, v), (u, v) ∈ D �¡��»ªëê�§. §�

due¡��§|: 
x = x(u, v),

y = y(u, v),

z = z(u, v).

(u, v) ∈ D

¡d�§|�¡��I/ªëê�§. ^�»ªëê�§½�I/ªëê

�§5L«�¡~�{¡�ëê¡.
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XJ�½�� v�,4 u3Ù#N�SCz�,K ~r(u, v)�;,Ò´

¡þ��^�, ¡� u-�. Ó��±½Â v-�. �Ü¡Ò´dù


u-�Ú v-�pî?�¤�.

~X¥¡

x(θ, ϕ) = R sin θ cosϕ,

y(θ, ϕ) = R sin θ sinϕ,

z(θ, ϕ) = R cos θ

Ù¥ 0 6 θ 6 π, 0 6 ϕ 6 2π. � θ �½�¤

��� ϕ �Ò´��,  ϕ �½�¤��

θ �Ò´²�.
x

y

z

ϕ

θ

ϕ-�

θ-�

2/12

‖J I‖ J I �£ �¶ '4 òÑ



ëê¡ 1w¡ �²¡ Û¼ê¡ Û¼ê�

� ~r(u, v)këY� �û

~r′u = ∂~r
∂u

= ∂x
∂u
~i + ∂y

∂u
~j + ∂z

∂u
~k,

~r′v = ∂~r
∂v

= ∂x
∂v
~i + ∂y

∂v
~j + ∂z

∂v
~k.

XJ�¤�©�/ª,K

d~r = dx(u, v)~i + dy(u, v)~j + dz(u, v)~k.

Ï�

dx(u, v) = x′u(u, v)du + x′v(u, v)dv,

dy(u, v) = y′u(u, v)du + y′v(u, v)dv,

dz(u, v) = z′u(u, v)du + z′v(u, v)dv,

¤±

d~r = ~r′udu + ~r′vdv.
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� ~r′u(u, v)Ú ~r′v(u, v)3 D S??÷v

~n(u, v) = ~r′u(u, v)× ~r′v(u, v) 6= ~0,

K¡¡ ~r = ~r(u, v) ((u, v) ∈ D)��Ü1w¡.

éu1w¡, �M0(u0, v0) ´¡þ�:. Äk5¿� ~r′u(u0, v0) Ú

~r′v(u0, v0)©O´LM0 � u-�Ú v-������.

Ùg��^��23¡þ¿LM0 �1w� L,�Ù�§´

x(t) = x(u(t), v(t)), y(t) = y(u(t), v(t)), z(t) = z(u(t), v(t)),

=,

~r(t) = x(u(t), v(t))~i + y(u(t), v(t))~j + z(u(t), v(t))~k,

Ù¥ u(t0) = u0, v(t0) = v0. (ù^��±w¤´ uv ²¡«� D ¥�:

u = u(t), v = v(t) ²C�: x = x(u, v), y = y(u, v), z = z(u, v) N¤��

m�).
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ò ~r(t) 3 t0 é t ¦�, �� L 3M0 ��

�þXe

~r′u(u0, v0)u
′(t0) + ~r′v(u0, v0)v

′(t0),

§´ ~r′u(u0, v0) � ~r′v(u0, v0) ��5|Ü, Ï

d3 ~r′u(u0, v0) � ~r′v(u0, v0) Ü¤�²¡þ.

·�¡ùÜ²¡�¡3M0 ?��²¡,§

�{�þ´ ~n0 = ~r′u(u0, v0)× ~r′v(u0, v0).

M0

x

y

z

O

L

Ï�M0 �?¿5,¤±1w¡þk��ëYCz�{�þ|

~n = ~r′u(u, v)× ~r′v(u, v) = ∂(y,z)
∂(u,v)

~i + ∂(z,x)
∂(u,v)

~j + ∂(x,y)
∂(u,v)

~k.

Ùz��©þÑ´����� Jacobi1�ª.

{�þ ~n��¢Sþ´¡3�:?��²¡þ± ~r′u Ú ~r′v �>�²

1o>/�¡È.§�w¤´3�:NC¡¡È�Cq,�[SNò3/

¡È©0�Ù!p?Ø.
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Ï�

|~r′u × ~r
′
v|

2 = |~r′u|
2|~r′v|

2 − (~r′u · ~r
′
v)

2,

P

E = (~r′u)2 = x′u
2

+ y′u
2

+ z′u
2
,

G = (~r′v)
2 = x′v

2
+ y′v

2
+ z′v

2
,

F = ~r′u · ~r
′
v = x′ux

′
v + y′uy

′
v + z′uz

′
v,

Kk

|~r′u × ~r
′
v| =

√
EG− F 2.

Ï~¡

~n =
~r′u × ~r

′
v

|~r′u × ~r
′
v|

�¡�ü {�þ.
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k
{�þ, L¡þ�: M(x(u, v), y(u, v), z(u, v)) ��²¡�§

g,Ò¬L«Ñ5. � (X,Y, Z)L«�²¡þÄ:��I,ù�,¡3M

?��²¡�§´
∂(y,z)
∂(u,v)

(X − x(u, v)) + ∂(z,x)
∂(u,v)

(Y − y(u, v)) + ∂(x,y)
∂(u,v)

(Z − z(u, v)) = 0,

AO, éud��¼ê z = f(x, y) ((x, y) ∈ D) ¤L«�¡, §�±

w¤´ëê�§���A~:

~r = ~r(x, y) = (x, y, f(x, y)), (x, y) ∈ D.

ùp, x, y À�ëCþ. e f ′x(x, y)Ú f ′y(x, y)Ñ3 D ëY,K

~r′x = (1, 0, f ′x), ~r′y = (0, 1, f ′y),

~n = ~r′x × ~r
′
y = (−f ′x,−f

′
y, 1),

w, ~n 6= ~0, Ïd§´�Ü1w¡. d	, éu D S?¿ü�ØÓ:

(x1, y1) 6= (x2, y2),ðk (x1, y1, f(x1, y1)) 6= (x2, y2, f(x2, y2)),=wª¡o

´Øg��.
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9.4.3 Ûª�ÚÛª¡

�½��n�¼ê F (x, y, z),K��5`�§ F (x, y, z) = 0(½
�

m�Ü¡, ¡�Û¼êL«�¡ (½��¡), �§ F (x, y, z) = 0 ¡

�¡�ÛL«.

XJ3¡þ�:M0(x0, y0, z0) (= (x0, y0, z0)÷v�§F (x0, y0, z0) =

0)NC F (x, y, z)k��ëY� �û,�

(F ′x(x0, y0, z0), F
′
y(x0, y0, z0), F

′
z(x0, y0, z0)) 6= 0,

£=��k��Ø�"¤@o,�âÛ¼ê�3½n,3M0 NC(½
��

ëY�����Û¼ê,Ï3M0 NC,¡�±kwªL«.

� Γ´¡þLM0(x0, y0, z0)��^1w�,Ùëê�§�

~r = ~r(t) = x(t)~i + y(t)~j + z(t)~k, t ∈ [α, β]
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Ù¥ x0 = x(t0), y0 = y(t0), z0 = z(t0). du Γ3¡þ,�7k

F (x(t), y(t), z(t)) = 0 (t ∈ [α, β]),

�ªüàé t¦�,¿� t = t0,Ò��

F ′x(M0)x
′(t0) + F ′y(M0)y

′(t0) + F ′z(t0)z
′(t0) = 0.

ù�±�¤ ~n(M0) · ~r′(t0) = 0,ùp�þ

~n(M0) =
(
F ′x(M0), F

′
y(M0), F

′
z(M0)

)
.

Ïd�þ ~n(M0)�¡þ?�^LM0 �����þ ~r′(t0)3M0 R�,

¤±�þ ~n(M0) Ò´¡3M0 �{�þ. ± ~n(M0) �{�þ�¿LM0

�²¡,Ò´¡3M0 ��²¡. �²¡��§´

F ′x(M0)(X − x0) + F ′y(M0)(Y − y0) + F ′z(t0)(Z − z0) = 0.

ùp (X,Y, Z)´²¡þ�Ä:.
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Û¼êL«��

�m¥���de�éá�§|L«F (x, y, z) = 0,

G(x, y, z) = 0
(x, y, z) ∈ D ⊂ R3

§��w¤´ü�©Od�§ F (x, y, z) = 0 Ú G(x, y, z) = 0 ¤L«

�üÜ¡���.

� M0(x0, y0, z0) ��þ��:, � F (x, y, z) Ú G(x, y, z) 3:

M0(x0, y0, z0)NCkëY� �û. Ï��3ü�¡ F (x, y, z) = 0Ú

G(x, y, z) = 0þ,¤±�3M0 ���þR�uü²¡�{�þ

~n1(M0) = F ′x(M0)~i + F ′y(M0)~j + F ′z(M0)~k

~n2(M0) = G′x(M0)~i +G′y(M0)~j +G′z(M0)~k
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¤±����þ�±L«¤

~n1 × ~n2 = ∂(F,G)
∂(y,z)

~i + ∂(F,G)
∂(z,x)

~j + ∂(F,G)
∂(x,y)

~k

��ù��þÈØ�".

~ 1 ¦� x2 + y2 + z2 − 4a2 = 0,

x2 + y2 − 2ax = 0

3M0(a, a,
√

2a)?����§Ú{²¡�§.

) �§|L«��´¥¡�Î¡���.�Ñ¥¡3M0 ?�{�

þ�

~n1 = F ′x(M0)~i + F ′y(M0)~j + F ′z(M0)~k = 2a~i + 2a~j + 2
√

2a~k

Î¡3M0 ?�{�þ�

~n2 = 2a~j
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dd,�3M0 ?�����þ�

~n1 × ~n2 = −4
√

2a2~i + 4a2~k = 4a2(−
√

2~i + ~k),

l,¤¦����§´

x− a
−
√

2
=
y − a

0
=
z −
√

2a

1
,

¤¦�{²¡�§´

−
√

2(x− a) + 0(y − a) + (z −
√

2a) = 0,

z{�
√

2x− z = 0.
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