
2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

§2.2 k.4«mþëY¼ê�5�

2.2.1 ":½n�0�½n

½n 1 (":½n) � f(x) ∈ C[a, b],�¼ê3ü�à:�� f(a)Ú f(b)

ÉÒ,= f(a)f(b) < 0,K7k�: ξ ∈ (a, b),¦ f(ξ) = 0.
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Ò5,�3 δ > 0,¦� f 3«m [a, a + δ]þ

�K,3 [b− δ, b]��,Ïd,8Ü

E = {x ∈ [a, b] | f 3 [a, x]þ�K}
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K�â¼ê�ëY5k

f(ξ) 6 0, a + δ 6 ξ 6 b− δ.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

b� f(ξ) < 0, K2d�Ò5�3 δ1 ∈ (0, δ), ¦� f 3 (ξ, ξ + δ1) þ�K,

l f 3 [a, ξ + δ1) þ�K, =, ξ + δ1 ∈ E. �ù� ξ � E �þ(.gñ.

b�Ø¤á,¤± f(ξ) = 0.y..
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5: ��±^�©«m{5y².
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5: ��±^�©«m{5y².

� f(a+b
2
) = 0 �, y²(å. e f(a+b

2
) < 0, K- a1 = a+b

2
, b1 = b. e

f(a+b
2
) > 0, K- a1 = a, b1 = a+b

2
. Ø+=«�¹Ñk f(a1) < 0 < f(b1),

b1 − a1 =
b−a
2
.
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UYÓ��L§,�«mS� [an, bn].©ªk f(an) < 0 < f(bn),±9

bn − an = b−a
2n
.dd�� {an}Ú {bn}k�Ó�4� ξ,÷v f(ξ) = 0.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 2 (0�½n) � f(x) ∈ C[a, b], � f(a) 6= f(b), K f(x)3 [a, b]U

��0u f(a)Ú f(b)�m�?¿�.
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½n 2 (0�½n) � f(x) ∈ C[a, b], � f(a) 6= f(b), K f(x)3 [a, b]U

��0u f(a)Ú f(b)�m�?¿�.

y² Ø�� f(a) < f(b), � r ´0u f(a) Ú f(b) �m���ê:

f(a) < r < f(b),�Ä9Ï¼ê g(x) = f(x)− r,K g(x)�´ [a, b]þëY

¼ê,�

g(a) = f(a)− r < 0, g(b) = f(b)− r > 0

�÷v":½n�^�,Ïk ξ ∈ (a, b)¦ g(ξ) = 0,= f(ξ) = r.y..
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5: �â":½n, 3��«mþ�ëY¼ê��3«mSkü:��

´ÉÒ�, Ò�½k":. �,, 30�½n¥, ¼ê�½U��0u?¿

ü:�m��. 0�½n��±w¤´ÏLò"�½n÷ y ¶�þ²£�

y = r ?��¹.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 1 y²¼ê f(x) = 2x − 4x3«m
(
0, 1

2

)
Sk":.
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~ 1 y²¼ê f(x) = 2x − 4x3«m
(
0, 1

2

)
Sk":.

y² w,, f(x)3
[
0, 1

2

]
þëY.� f(0) = 1 > 0, f(1

2
) =
√
2− 2 < 0,

¤± f(x) = 2x − 4x3«m
(
0, 1

2

)
Sk":.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 2 y²?ÛÛgõ�ª��k��¢�.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 2 y²?ÛÛgõ�ª��k��¢�.

y² � P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0´��Ûgõ�ª,

= n ´Ûê, an 6= 0. Ø�� an > 0. K P (x) ∼ anx
n,£x → ∞¤. Ï�

n ´Ûê, ¤±� x → ±∞ �, P (x) → ±∞. ��3ü�ê A < B, ¦�

f(A) < 0 < f(B),d":½n� P (x)�½k":.

éuógõ�ª(JÒØ´ù�
,~X P (x) = x2 + 1,Òvk¢�.
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éuógõ�ª(JÒØ´ù�
,~X P (x) = x2 + 1,Òvk¢�.

~ 3 �¼ê f(x) ∈ C[a, b] � a 6 f(x) 6 b. K f(x) 3 [a, b] kØÄ

:,=�3 ξ ∈ [a, b]¦� f(ξ) = ξ.
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:,=�3 ξ ∈ [a, b]¦� f(ξ) = ξ.

y² �Ä¼ê g(x) = f(x)− x.K f(b) 6 0 6 f(a).�â":½n�

�y.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 3 e f(x) ∈ C[a, b],K§3��«mþk.. =�3��~êM ,¦

�� a 6 x 6 b�,k |f(x)| 6M .
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 3 e f(x) ∈ C[a, b],K§3��«mþk.. =�3��~êM ,¦

�� a 6 x 6 b�,k |f(x)| 6M .

y² (�y) b� f(x) 3 [a, b] þÃ., Kéu?¿g,ê n, �3

xn ∈ [a, b]¦�

|f(xn)| > n.
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xn ∈ [a, b]¦�

|f(xn)| > n.

Ï� {xn} ´k.ê�, ¤±�â Bolzano-Weierestrass ½n��3Âñf�.

�

xnk → x (k→∞)

´��Âñf�. w,, x ∈ [a, b].d f �ëY5,� f(xnk)→ f(x).�´�

â xn �ÀJ,k

|f(xnk)| > nk → +∞, (k→∞).

ù´gñ�. Ïd, f(x)3 [a, b]þk.. y..
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 4 (��½n) e f(x) ∈ C[a, b], K f(x)3 [a, b] þU�����Ú

���.=�3 x∗ ∈ [a, b]Ú x∗ ∈ [a, b],¦�é¤k� x ∈ [a, b],k

f(x∗) 6 f(x) 6 f(x∗)

7/18

‖J I‖ J I �£ �¶ '4 òÑ



2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 4 (��½n) e f(x) ∈ C[a, b], K f(x)3 [a, b] þU�����Ú

���.=�3 x∗ ∈ [a, b]Ú x∗ ∈ [a, b],¦�é¤k� x ∈ [a, b],k

f(x∗) 6 f(x) 6 f(x∗)

y² Ï� f(x) 3 [a, b] þëY, ¤±3 [a, b] þk.. � M =

sup{f(x) |x ∈ [a, b]}.
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���.=�3 x∗ ∈ [a, b]Ú x∗ ∈ [a, b],¦�é¤k� x ∈ [a, b],k

f(x∗) 6 f(x) 6 f(x∗)

y² Ï� f(x) 3 [a, b] þëY, ¤±3 [a, b] þk.. � M =

sup{f(x) |x ∈ [a, b]}.é?¿g,ê n�3 xn ∈ [a, b]¦�

M −
1

n
< f(xn) 6M.

ù`² {f(xn)}Âñ�M.�â Bolzano-Weierestrass½n��3 {xn}�Âñ
f� xnk → x∗ ∈ [a, b]. u´

M = lim
k→∞

f(xnk) = f(x∗).

ùÒy²
 f 3 [a, b]þ��þ(. M . Ón�y f 3 [a, b]þ��e(..

ù�½n`²ëY¼êò4«mN�4«m.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

2.2.2 ��ëY5

¼ê f(x)3«m I þëY�, éu I ¥z�: x0, f 3 x0 ëY,Ïd,

?¿ ε > 0,�3 δ > 0¦��� |x− x0| < δ, x ∈ I,Òk

|f(x)− f(x0)| < ε.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

2.2.2 ��ëY5

¼ê f(x)3«m I þëY�, éu I ¥z�: x0, f 3 x0 ëY,Ïd,

?¿ ε > 0,�3 δ > 0¦��� |x− x0| < δ, x ∈ I,Òk

|f(x)− f(x0)| < ε.

��5`Ù¥� δ Ø=�6u ε,��6u x0.

*	��~f

f(x) =
1

x
, x ∈ (0, 1)

w,§´«m (0, 1)þ�ëY¼ê,=

3z�: x ∈ (0, 1)ÑëY.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

éu x0 =
1
n
,�¦

|f(x)− f(x0)| =
∣∣∣∣1x − 1

x0

∣∣∣∣ = ∣∣∣∣1x − n
∣∣∣∣ < ε

7L

−
ε

n(n + ε)
< x−

1

n
<

ε

n(n− ε)
Ïd,éu x0 =

1
n
,�

δ =
ε

n(n + ε)
∼

ε

n2

K� |x− x0| < δ,�k |f(x)− f(x0)| < ε.

éuÓ���ê ε,3: x′0 = 1− 1
n
?,�¦

|f(x)− f(x′0)| =
∣∣∣∣1x − 1

x′0

∣∣∣∣ = ∣∣∣∣1x − n

n− 1

∣∣∣∣ < ε
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

7L

−
ε(n− 1)2

n(n + ε(n− 1))
< x− x′0

= x−
(
1−

1

n

)
<

ε(n− 1)2

n(n− ε(n− 1))
.

Ïd,éu x′0 = 1− 1
n
,�

δ′ =
ε(n− 1)2

n(n + ε(n− 1))
∼ ε

K� |x− x0| < δ′,�k |f(x)− f(x0)| < ε.

w,,éuÓ���ê ε,� x0 ��C 0,é δ ��¦�î,� x0 ��

C 1, δ �ÀJ�°. ¤±éuØÓ�ëY:5`,éA� δ ´Ø���.

Ïd,éu?Û���½��ê ε,XJéu¤k�: x0,�3Ú���

ê δ,¦� |x− x0| < δ �,k |f(x)− f(x0)| < ε,K`ù��ëY5 /́�

�0�.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 1 � y = f(x)3«m I þk½Â,é?�� ε > 0,XJ�3 δ > 0,

¦�?��: x0 ∈ I ,�� |x− x0| < δ,Òk |f(x)− f(x0)| < ε. K¡¼

ê f 3 I þ´��ëY�.

���d�`{´: é?�� ε > 0, �3 δ > 0, �� x1, x2 ∈ I 9
|x1 − x2| < δ,Òk |f(x1)− f(x2)| < ε,K¡ f(x)3«m I þ��ëY.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 1 � y = f(x)3«m I þk½Â,é?�� ε > 0,XJ�3 δ > 0,

¦�?��: x0 ∈ I ,�� |x− x0| < δ,Òk |f(x)− f(x0)| < ε. K¡¼

ê f 3 I þ´��ëY�.

���d�`{´: é?�� ε > 0, �3 δ > 0, �� x1, x2 ∈ I 9
|x1 − x2| < δ,Òk |f(x1)− f(x2)| < ε,K¡ f(x)3«m I þ��ëY.

f(x)3 I þØ��ëY:

�3 ε0 > 0,9ê� xn, yn ∈ I ¦�

|f(xn)− f(yn)| > ε0, |xn − yn| 6
1

n
, n = 1, 2, · · ·
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 4 f(x) = 1
x
3 (0, 1)Ø´��ëY�.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 4 f(x) = 1
x
3 (0, 1)Ø´��ëY�.

ù´Ï�éu ε0 = 1,kê� xn = 1
n
, yn = 1

n+1
¦�

|f(yn)− f(xn)| = 1, |xn − yn| =
1

n(n + 1)
6

1

n
.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 4 f(x) = 1
x
3 (0, 1)Ø´��ëY�.

ù´Ï�éu ε0 = 1,kê� xn = 1
n
, yn = 1

n+1
¦�

|f(yn)− f(xn)| = 1, |xn − yn| =
1

n(n + 1)
6

1

n
.

~ 5 f(x) = sinx3 (−∞,+∞)þ��ëY.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 4 f(x) = 1
x
3 (0, 1)Ø´��ëY�.

ù´Ï�éu ε0 = 1,kê� xn = 1
n
, yn = 1

n+1
¦�

|f(yn)− f(xn)| = 1, |xn − yn| =
1

n(n + 1)
6

1

n
.

~ 5 f(x) = sinx3 (−∞,+∞)þ��ëY.

ù´Ï�

| sinx1 − sinx2| = 2

∣∣∣∣sin x1 − x2

2
cos

x1 + x2

2

∣∣∣∣ 6 |x1 − x2|.

¤±,?� ε > 0,� δ = ε,K� |x1 − x2| < δ �Òk

| sinx1 − sinx2| < ε.

12/18

‖J I‖ J I �£ �¶ '4 òÑ



2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

¯K 1 ¼ê f(x) = x2 3 (−∞,+∞)´Ä��ëY?
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

¯K 1 ¼ê f(x) = x2 3 (−∞,+∞)´Ä��ëY?

�:Ø��ëY.� yn = n + 1
n
, xn = n,K

|f(yn)− f(xn)| =
1

n
(2n +

1

n
) > 2,

� |yn − xn| = 1
n
.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

¯K 1 ¼ê f(x) = x2 3 (−∞,+∞)´Ä��ëY?

�:Ø��ëY.� yn = n + 1
n
, xn = n,K

|f(yn)− f(xn)| =
1

n
(2n +

1

n
) > 2,

� |yn − xn| = 1
n
.

¯K 2 ¼ê f(x) =
√
x3 (0,+∞)´Ä��ëY?
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

¯K 1 ¼ê f(x) = x2 3 (−∞,+∞)´Ä��ëY?

�:Ø��ëY.� yn = n + 1
n
, xn = n,K

|f(yn)− f(xn)| =
1

n
(2n +

1

n
) > 2,

� |yn − xn| = 1
n
.

¯K 2 ¼ê f(x) =
√
x3 (0,+∞)´Ä��ëY?

�:��ëY.Ï�éu 0 < x < y k

0 <
√
y −
√
x =
√
y

(
1−

√
x

y

)
6
√
y

(
1−

x

y

)
6
√
y

(
1−

x

y

)1/2

= (y − x)1/2.

¤±é ε > 0,�� δ = ε2.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 5 (��ëY½n) k�4«m [a, b]þ½Â�ëY¼ê f(x),�½3

[a, b]þ��ëY.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½n 5 (��ëY½n) k�4«m [a, b]þ½Â�ëY¼ê f(x),�½3

[a, b]þ��ëY.

y² (�y) e f(x) 3 [a, b] þØ´��ëY�, K�3�½��ê

ε0 ¦�é?¿g,ê n, Ñ�3 xn, yn ∈ [a, b] ÷v |xn − yn| 6 1
n
, �

|f(xn) − f(yn)| > ε0. d Bolzano-Weierestrass ½n, ê� {xn} kf� {xnk}
Âñu x ∈ [a, b].l |xnk− ynk| <

1
nk
�, {ynk}�Âñu x.du f ëY,k

lim
k→∞

(
f(xnk)− f(ynk)

)
= f(x)− f(x) = 0.

ù´� |f(xnk)− f(ynk)| > ε0 gñ�. y..
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 6 e¼ê f(x)3 [a,+∞)ëY,¿� lim
x→+∞

f(x)�3k�,K f(x)

3 [a,+∞)þ��ëY.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

~ 6 e¼ê f(x)3 [a,+∞)ëY,¿� lim
x→+∞

f(x)�3k�,K f(x)

3 [a,+∞)þ��ëY.

y² Ï� lim
x→+∞

f(x),¤±é?¿ ε > 0�3M > max{0, a + 1}¦

�� x, y >M �k

|f(x)− f(y)| < ε.

Ï� f(x) 3 [a,M + 1] ëY, Ï��ëY, u´�3 δ ∈ (0, 1) ¦��

x, y ∈ [a,M+1]� |x−y| < δ�,þ¡�Ø�ª�¤á. Ï�� |x−y| < δ

�, 7k x, y > M ½ö x, y ∈ [a,M + 1], Ïd�� |x − y| < δ þ¡Ø�

ªÒ¤á. y..
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 2 (LipshitzëY) � f(x)´½Â3«m I þ�¼ê. e�3�~ê

L9 α ∈ (0, 1],¦�éu?¿ x, y ∈ I k

|f(x)− f(y)| 6 L|x− y|α,

K¡ f(x) 3 I þ÷v α � Lipshitz ëY^�. AO α = 1 �, Ò¡�

LipshitzëY^�.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 2 (LipshitzëY) � f(x)´½Â3«m I þ�¼ê. e�3�~ê

L9 α ∈ (0, 1],¦�éu?¿ x, y ∈ I k

|f(x)− f(y)| 6 L|x− y|α,

K¡ f(x) 3 I þ÷v α � Lipshitz ëY^�. AO α = 1 �, Ò¡�

LipshitzëY^�.

~X, sinx3 Rþ÷v LipshitzëY^�. xα (0 < α 6 1)3 [0,+∞)

þ÷v α� LipshitzëY^�.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 2 (LipshitzëY) � f(x)´½Â3«m I þ�¼ê. e�3�~ê

L9 α ∈ (0, 1],¦�éu?¿ x, y ∈ I k

|f(x)− f(y)| 6 L|x− y|α,

K¡ f(x) 3 I þ÷v α � Lipshitz ëY^�. AO α = 1 �, Ò¡�

LipshitzëY^�.

~X, sinx3 Rþ÷v LipshitzëY^�. xα (0 < α 6 1)3 [0,+∞)

þ÷v α� LipshitzëY^�.

5� 1 e f(x)3«m I þ÷v α� LipshitzëY^�,K f(x)3 I þ

��ëY.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 3 (Ø N�) � f(x) ´½Â3«m I þ�¼ê. e�3~ê

α ∈ (0, 1),¦�éu?¿ x, y ∈ I k

|f(x)− f(y)| 6 α|x− y|,

K¡ f(x)´½Â3 I þ�Ø N�, α¡�Ø Ïf.

~X,� α ∈ (0, 1)�, sinαx, ln(1 + α2x2)Ñ´¢¶þ�Ø N�.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 3 (Ø N�) � f(x) ´½Â3«m I þ�¼ê. e�3~ê

α ∈ (0, 1),¦�éu?¿ x, y ∈ I k

|f(x)− f(y)| 6 α|x− y|,

K¡ f(x)´½Â3 I þ�Ø N�, α¡�Ø Ïf.

~X,� α ∈ (0, 1)�, sinαx, ln(1 + α2x2)Ñ´¢¶þ�Ø N�.

5� 2 e f(x) ´½Â3 (−∞,+∞) þ�Ø N�, K f(x) k���Ø

Ä:,=�3���¢ê c,¦� f(c) = c.
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

½Â 3 (Ø N�) � f(x) ´½Â3«m I þ�¼ê. e�3~ê

α ∈ (0, 1),¦�éu?¿ x, y ∈ I k

|f(x)− f(y)| 6 α|x− y|,

K¡ f(x)´½Â3 I þ�Ø N�, α¡�Ø Ïf.

~X,� α ∈ (0, 1)�, sinαx, ln(1 + α2x2)Ñ´¢¶þ�Ø N�.

5� 2 e f(x) ´½Â3 (−∞,+∞) þ�Ø N�, K f(x) k���Ø

Ä:,=�3���¢ê c,¦� f(c) = c.

y² � k ∈ (0, 1)´Ø Ïf,Kéu x, y ∈ (−∞,+∞)k

|f(x)− f(y)| 6 k|x− y|.

?�¢ê x0,d

xn+1 = f(xn), n = 0, 1, 2, · · ·
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2.2.1 2.2.2 0�½n ��½n ��ëY½n Lipschitz ëY Ø N�½n

8B/�Eê� {xn}.eydê�Âñ� f(x)�ØÄ:.

Ï�

|xn − xn−1| = |f(xn−1 − f(xn−2)| 6 k|xn−1 − xn−2|, n = 2, 3, · · ·

¤±� d = |x1 − x0|,�âþ¡ù�4íª��

|xn − xn−1| 6 kn−1d.

éu?¿g,ê p,k

|xn+p − xn| 6 |xn+p − xn+p−1| + |xn+p−1 − xn+p−2| + · · · + |xn+1 − xn|

6 kn+p−1d + kn+p−2d + · · · + knd

= kn
1− kp

1− k
d 6

d

1− k
kn.

dd�� {xn} ´ Cauchy ê�. � c = lim
n→∞

xn. d xn+1 = f(xn) 9 f �ë

Y5�� f(c) = c.��5´w,�.
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