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1.1�.�È©�½Â � L ´ R3 ¥�^�¦���, å:Úª:©

O� AÚ B. f ´½Â3 Lþ���¼ê. l A� B 3 Lþ�g�:

A = A0, A1, · · · , An = B, §�ò� L ©¤ n �ã, /¤ L ���

©� T,P1 i��ã Li =

)

Ai−1Ai �l�� ∆si (i = 1, 2, · · · , n),¿P

λ = max
16i6n

∆si,¡�©� T �°Ý.3 Li þ?��: Pi = (ξi, ηi, ζi),

A

A

A

A

A

AA
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�Úª

S(f, T ) =

n∑
i=1

f(Pi)∆si. (1)

XJ�3��ê I, ¦�é?¿ ε > 0, �3 δ > 0, �� λ < δ, ØØ

Pi ∈ Li XÛÀJÑk
|S(f, T )− I| < ε,

K¡ f 3� Lþ�È,ê I ¡� f 3 Lþ�1�.�È©,P��
L

f(x, y, z) ds ½

�
L

f ds

2.1�.�È©�O�µ� Γ ´«� D ∈ R3 ¥��^1w�§f ´

½Â3 D þ���ëY¼ê§XJ ΓkëêL« ~r = ~r(t), t ∈ [α, β],@

o �

Γ

f ds =

� β

α

f ◦ ~r(t)‖~r′(t)‖ dt.
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3.1�.�È©�½Â � ~F = (P,Q,R)´�m«� D ¥���þ|.

L´ D ¥�^�¦��k��,å:� Aª:� B.3 Lþ�gl A

� B ���^S�: {~ri : i = 0, 1, · · · , n}¦� ~r0 = A, ~rn = B.-

∆~ri = ~ri − ~ri−1, i = 1, 2, · · · , n, ‖T‖ = max
16i6n

|∆~ri|.

XJéulã
)

ri−1ri þ?��: ξi,4�

lim
‖T‖→0

n∑
i=1

~F (ξi) · ∆~ri

����½�ê,KòdêP� �
L

~F · d~r (2)

¡��þ| ~F ÷k�� L�1�.�È©.

e L ´k�µ4�, Kþ¡�È©�¡��þ| ~F ÷�´ L ��þ,

~^
�
L
~F · d~r L«.
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4.1�.�È©�O�µ� Γ ´«� D ∈ R3 ¥��^k�1w�§

F : D → R3 ´½Â3 D þ�ëYN�§XJ Γ këêL« ~r = ~r(t),

t ∈ [α, β],¿�ëê�O\éA Γ�½�§@o�

Γ

F (p) · d~r =

� β

α

F ◦ ~r(t) · ~r′(t) dt.

5. Greenúªµ� Ω ∈ R2 ´dk�^©ã1w���¤�4«�"XJ

¼ê P (x, y)Ú Q(x, y)3 ΩþëY¿këY� �ê§@ok�

∂Ω

P dx +Qdy =

�

Ω

(
∂Q

∂x
−
∂P

∂y

)
dxdy,

Ù¥ ∂Ω´ Ω�>.§��UmÃX"
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6.¡�¡Èµ��K¡ Σkëê�þ�§ ~r = ~r(u, v), (u, v) ∈ ∆,·

�¡

σ(Σ) =

�

∆

‖~ru × ~rv‖ dudv

�¡ Σ�¡È§¿P

dσ = ‖~ru × ~rv‖ dudv

¡�¡�¡È��"

e¡kwªL«µz = f(x, y), (x, y) ∈ D,K¡ÈO�úª�

σ(Σ) =

�

D

√
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2

dxdy.
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7.1�.¡È©�½Â � S ´�Ük.�1w¡, f(x, y, z) ´½Â

3 S þ�¼ê. ^?¿©{r S ©¤ n¬k¡È�¡ S1, S2, · · · , Sn,
ù
�¡¬�¡ÈP�∆Si. 3z¬�¡ Siþ?��: Pi(ξi, ηi, ζi),

XJe�4�

lim
λ→0

n∑
i=1

f(ξi, ηi, ζi)∆Si,

´��k�ê, �� Pi(ξi, ηi, ζi) �ÀJÃ', Ù¥ λ ´¤k�¬¡

����», K¡¼ê f(x, y, z) 3¡ S þ��È, 4��Ò´§�È

©�,P¤ �
S

f(x, y, z)dS,
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8.1�.¡È©�O�µ��K¡ Σ këê�þ�§ ~r = ~r(u, v),

(u, v) ∈ ∆,¼ê f 3 ΣþëY§K f ÷ Σ�1�.¡È©��

Σ

f dσ =

�

∆

f ◦ ~r ‖~ru × ~rv‖ dudv.

e¡kwªL«µz = ϕ(x, y), (x, y) ∈ D,K f ÷ Σ�1�.¡È

©�
�

Σ

f dσ =

�

D

f(x, y, ϕ(x, y))

√
1 +

(
∂f

∂x

)2

+

(
∂f

∂y

)2

dxdy.

5¿3O�È©��*	¡´Ääké¡5ÚÛó5§±{zO�L

§"
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9.1�.¡È©�½Â � S ´n��m�þ| ~F ¥�Ü½�1w

¡, ~n´ S þ�ü {�.ò S ©�¤k��¿©��k¡È��¡¡

S1, · · · , Sn.3z�¡¡ Si þ��:Mi,�Úª
n∑
i=1

~F (Mi) · ~n(Mi)∆Si,

Ù¥ ∆Si� Si�¡È.XJ�©��°Ý (�¡¡�»¥���ö)ª

u"�,ØØMi 3 Si ¥XÛÀ,þ¡�ÚªÑk�½�4� A,@où

�4� AÒ¡��þ| ~F 3k�¡ S þ�1�.¡È©,P��
S

~F · d~S =

�
S

~F · ~ndS, (3)

Ù¥ d~S = ~ndS ¡�k�¡È��.
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10.1�.¡È©�O�µ�«� D ∈ R3, F = (P,Q,R) ´ D � R3 �

N�§q� Σ ⊂ D ´�Ük¡È�½��¡¡"e ~n´��¡��

�ü {�þ§K F ÷ Σ�1�.¡È©��

Σ

F · ~n dσ =

�

Σ

P dydz +Qdzdx +Rdxdy.

e¡ Σ��þëê�§� ~r = ~r(u, v), (u, v) ∈ ∆,¿� ~r ¢y
l ∆

� Σ�m���éA§K¡�ü {�þ�

~n = ±
~ru × ~rv
‖~ru × ~rv‖

.

Ï�dσ = ‖~ru × ~rv‖ dudv,¤±�

Σ

F · ~n dσ = ±
�

∆

(F ◦ ~r) · (~ru × ~rv)dudv.

5¿,� ~n� z ¶���¤b����Ò§ÄK�KÒ"
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11. Gaussúªµ� Ω´ R3¥k.4«�§∂Ω´Ù>.§§´��k�µ4

¡,{���	ý"XJ P,Q,RÑ3 Ωþ��§@ok�

∂Ω

P dydz +Qdzdx +Rdxdy =

�

Ω

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dV.

12. Stokesúªµ� Σ´dk�¬��ëY����K¡¡©�¤�½

�¡"XJ P,Q,R´½Â3 Σþ�ëY��¼ê§@ok

�

∂Σ

P dx +Qdy +Rdz =

�

Σ

∣∣∣∣∣∣∣∣
dydz dzdx dxdy
∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣ =

�

Σ

F · ~n dσ,

Ù¥ F =
(
∂R
∂y
− ∂Q

∂z
, ∂P
∂z
− ∂R

∂x
, ∂Q
∂x
− ∂P

∂y

)
, ~n´ Σ�ü {�"
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~ 1 O�È© A =

�
L

xdy − ydx
4x2 + y2

,Ù¥ L´±: (1, 0)�¥%§R�

�»��± (R 6= 1),�_�������"

)µ- P (x, y) = −y
4x2+y2, Q(x, y) = x

4x2+y2.·�k

∂Q

∂x
=
∂P

∂y
=

y2 − 4x2

(4x2 + y2)2
, (x, y) 6= (0, 0).
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e R < 1,K LØ���:§d Greenúª§��
L

xdy − ydx
4x2 + y2

= 0.

e R > 1,K L���:§3 LÚ LSÜ��ý�

L1 =

x = 1
2
ε cos θ,

y = ε sin θ,
0 6 θ 6 2�

¤�¤�«� D SA^ Greenúª§���
L

xdy − ydx
4x2 + y2

=

�
L1

xdy − ydx
4x2 + y2

.

éþªm>�È©�C� x = 1
2
ε cos θ, y = ε sin θ,k

�
L1

xdy − ydx
4x2 + y2

=

� 2�

0

(
1

2
cos2 θ +

1

2
sin2 θ

)
dθ =�.

u´¤¦�È©���.
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~ 2 O�¡È© �

S

(xy + yz + zx) dσ,

S ��I¡ z =
√
x2 + y2 �¡ x2 + y2 = 2ax¤�e�Ü©"

)µéu�I¡ z =
√
x2 + y2,k

∂z

∂x
=

x√
x2 + y2

,
∂z

∂y
=

y√
x2 + y2

,

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

=
√

2.

S 3 xy ²¡þ�ÝK«�� Dxy : (x− a)2 + y2 6 a2.u´�

S

(xy + yz + zx) dσ =
√

2

�

Dxy

(
xy + (x + y)

√
x2 + y2

)
dxdy.
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34�Ie Dxy �L�{
(r, θ) | r 6 2a cos θ,−

�
2
6 θ 6

�
2

}
.

u´k

¤¦È© =
√

2

� �
2

−�2

(sin θ cos θ + sin θ + cos θ) dθ

� 2a cos θ

0

r3 dr

= 4
√

2a4

� �
2

−�2

(sin θ cos θ + sin θ + cos θ) cos4 θ dθ

= 8
√

2

� �
2

0

cos5 θ dθ =
64

15

√
2a4.
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~ 3 O�1�.¡È©
�

S

e
√
y

√
x2 + z2

dzdx, Ù¥ S ´d¡ y =

x2 + z2 �²¡ y = 1, y = 2¤�¤�áNL¡�	ý"

)µ1�.¡È©�O��'�´¡�½�9§3�A�I²¡

þ�ÝK�ÎÒ"�K¥ S dnÜ©|¤§¡ S1 �Ký§¡ S2 ��

ý§¡ S3q�Ký"3O�¥A�5¿¡� xz²¡�ÝK«�9Ù�

A¡È���ÎÒ"¡ S1 �Ký§ÙÝK«�� D1 : x2 + z2 6 1,A^
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4�I���

S1

e
√
y

√
x2 + z2

dzdx = −
�

D1

e
√
x2 + z2

dzdx

= −e
� 2�

0

dθ

� 1

0

1

r
r dr = −2e�.

¡ S2 ��ý§ÙÝK«�� D2 : x2 + z2 6 2,A^4�I��
�

S2

e
√
y

√
x2 + z2

dzdx = e
√

2

� 2�

0

dθ

� √2

0

1

r
r dr = 2

√
2e
√

2�.
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¡ S3 �Ký§ÙÝK«�� D3 : 1 6 x2 + z2 6 2,A^4�I���

S3

e
√
y

√
x2 + z2

dzdx = −
�

D3

e
√
x2+z2

√
x2 + z2

dzdx

= −
� 2�

0

dθ

� √2

1

er

r
r dr

= −2(e
√

2 − e)�.

u´§k

�

S

e
√
y

√
x2 + z2

dzdx =

�
S1

+

�

S2

+

�

S3

 e
√
y

√
x2 + z2

dzdx

= 2(
√

2− 1)e
√

2�.
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~ 4 O�È©�

S

yzdydz + (x2 + z2)ydzdx + xydxdy,

Ù¥ S �¡ 4− y = x2 + z2 þ y > 0�@Ü©��ý"

)µ�
BuA^ Gaussúª§Öþ¡ S1 : y = 0, x2 + z2 6 4, S1 �

���Ký"ù� S ∪ S1 �¤�����	�µ4¡§�§�¤�«�
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� V.3 S1 þdu y = 0, dy = 0,�A�¡È©�""Ïd

�

S

yzdydz + (x2 + z2)ydzdx + xydxdy

=

�

S∪S1

yzdydz + (x2 + z2)ydzdx + xydxdy

=

�

V

(x2 + z2) dV =

� 4

0

dy

�

x2+z264−y

(x2 + z2) dxdz

=

� 4

0

dy

� 2�

0

dθ

� √4−y

0

r2 rdr

=
�
2

� 4

0

(4− y)2dy =
32

3
�.
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~ 5 O��È©�

L

(y + 1)dx + (z + 2)dy + (x + 3)dz,

Ù¥ L´�± x2 + y2 + z2 = R2, x + y + z = 0,el x¶��w�§L´

÷_����$1"

)µ�K��^��ëê�§O�È©���¡§�´|^ Stokesú

ªr�È©=z¤¡È©5O�Ò�BNõ"
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� L UÙ��¤�¤�¡´�»� R ��� S§{�� ~n =

( 1√
3
, 1√

3
, 1√

3
).Ï� (P,Q,R) = (y + 1, z + 2, x + 3),¤±(
∂R

∂y
−
∂Q

∂z
,
∂P

∂z
−
∂R

∂x
,
∂Q

∂x
−
∂P

∂y

)
= (−1,−1,−1).

d Stokesúª§k �

L

(y + 1)dx + (z + 2)dy + (x + 3)dz

=

�

S

(−1,−1,−1) · ~n dσ

= −
3
√

3

�

S

dσ

= −
√

3�R2.
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~ 6 � V ´ R3 ¥d1wµ4¡ Σ ¤�¤�«�§f(x, y, z) 3 V

�4�þk��ëY �ê§�÷v Laplace�§

∆f =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
= 0.

� f 3 Σþð�""¦y f 3 V þ�ð�""

y²µP

P (x, y, z) = f
∂f

∂x
, Q(x, y, z) = f

∂f

∂y
,

R(x, y, z) = f
∂f

∂z
.

K P,Q,R3 V �4�þk��ëY �ê§¿3 Σþð�""Ïd�

Σ

P dydz +Qdzdx +Rdxdy = 0.
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�â Gaussúª§k�

Σ

P dydz +Qdzdx +Rdxdy

=

�

V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdydz

=

�

V

((∂f
∂x

)2

+
(∂f
∂y

)2

+
(∂f
∂z

)2

+ f∆f

)
dxdydz

Ï�â^����

V

((∂f
∂x

)2

+
(∂f
∂y

)2

+
(∂f
∂z

)2
)
dxdydz = 0.

dd�� f ��� �ê3 V þ�"§Ï f 3 V þ�~ê"du f 3

V �4�þëY�3>.þ�"§¤± f 3 V þð�""
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