
½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

§1.3 ¼ê4�

1.3.1 N�

½Â 1 � X,Y ´ü���8Ü.XJUì,«5Æ f ,éz� x ∈ X,k
��� y ∈ Y ��éA,@oÒ¡ f ´l X � Y ���N�,P¤

f : X → Y.

� x éA�ù� y, ¡�3N��e x ��, P� f(x). x ¤3�8Ü

X ¡�N��½Â�, ¤k�¤¤�8¡�N� f ��8, §´ Y ��

�f8.

'X,éu n ∈ N (g,ê8),½Â

f(n) = 2n + 1.

K f ´��l N� N�N�.
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eéu X ¥?¿ØÓ���, §����ØÓ, = x1 6= x2 %¹

f(x1) 6= f(x2),K¡ù�N�´ü�. e Y ¥z���Ñ´���,= Y Ò

´�8,K¡ù�N�´÷�. Q´ü�q´÷��N�¡�V�,½¡��

�éA.�N� f : X → Y ´V��,éz� y ∈ Y,k��k�� x ∈ X
¦� y = f(x). Uìù��ª�����l Y � X N�, ù�N�¡� f

�_N�, P� f−1, d� x = f−1(y). � X Ú Y �m�3V��, ·�¡

§�´é��,P� X ∼ Y.

ekN� f : X → Y ÚN� g : Y → Z, K·��±�E��l X

� Z �N�, §ò x ∈ X N¤ g(f(x)). ù�N�¡� g � f �EÜN�,

P� g ◦ f,=,

g ◦ f : X → Z ¦� g ◦ f(x) = g(f(x)).
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x

y = f(x)

z = g ◦ f(x)
X

Y

Z

f g

g ◦ f

þ¡�ã´ù«EÜ(��ã«. k�EÜ$��ëY¢�eZg, ·�A

5¿ù«$�´÷v(ÜÇ�,=e¡��ª

h ◦ (g ◦ f) = (h ◦ g) ◦ f

´¤á�,ÏdÙ¥�)l�±Ø�,�^ h ◦ g ◦ f 5L«=�.
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1.3.2 ¼ê

¼êÒ´þ�þ�m�êÆ'Xª. êÆÚÙ¦�Æ¥ý�Ü©'XÑ

É�¼ê'X�|�. ~X,gdáNeá�m t�eáål h�m�'X

´

h =
1

2
gt2

£Ù¥, g ´å\�Ý¤; �þ´ m �$Ä�:�ÄU´ÏL§�$Ä�

Ý v Uìúª

E =
1

2
mv2

�Ñ�;
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½Â3¢ê8Ü R�f8þ����¢ê�¼ê,Ùî��½ÂXe:

½Â 2 � D ´ R ���f8, eUì,«éA'X f , éu D ¥�z

��ê x, k��(½� y ∈ R ��éA, ò y P¤ f(x), @o, Ò¡

f ´ D þ���¢�¼ê. 8Ü D ¡� f �½Â�, P� D(f), ê

f(x) ¡� f ��. f �����8Ü�� f ���, Ï~P¤ R(f), =

R(f) = {y | y = f(x), x ∈ D(f)}. S.þ, ¡þã� x �gCþ, y �Ï

Cþ.

��¼ê,��±w¤´��ò D ⊂ RN\ RS���N�:

f : D −→ R, ½ f : x 7−→ y = f(x)
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�5¿ÏCþ´dgCþ��(½�, =¼êäkü�5, �ØÓ�ê

���±´�Ó�.

x

y

z

a

b

c

x

1

2

D(f) R(f)

� A ⊂ D(f) �, ¡8Ü f(A) := {f(x) |x ∈ A} � A 3¼ê f e

��.� B ⊂ R�,¡8Ü f−1(B) := {x ∈ D(f) | f(x) ∈ B}� B 3 f e

���. R2 ¥�:8 {(x, f(x)) |x ∈ D(f)}¡�¼ê f �ã�.

6/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~�¼ê: ¼ê���´���½�ê,Ùã���ãY²��.

��¼ê: f(x) = [x],Ùã����F/G.

x

y

1 2 3 4-1-2-3 O

1
2
3

-1
-2
-3

Dirichlet¼ê: D(x) =

1, x ∈ Q;

0, x ∈ R \ Q.
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k.¼ê: ¼ê���´ R¥��k.8.

üN¼ê: ¼ê�½Â����ÓS£½ö�S¤,=½Â�¥?¿ü

�ê x1, x2 ���gS,þ�§�éA���¥�ü�ê y1 = f(x1), y2 =

f(x2)���gS�Ó£½ö��¤,kü«�/:

üN4O¼ê,é?¿� x1, x2 ∈ D(f), XJ x1 < x2, kf(x1) 6 f(x2);

üN4~¼ê,é?¿� x1, x2 ∈ D(f), XJ x1 < x2, kf(x1) > f(x2);

eþ¡�Ø�Ò�î�Ø�Ò,K¡ f(x)�î�üN4O£~¤¼ê.

�¼ê: eéz�� y ∈ R(f), Ñk��(½� x ∈ D(f) ¦�

f(x) = y, =, l¼êã�þw, Ò´?Û�^²1u x ¶���, �¼ê�

ã��õk���:. d�, g,/�Ñ��d R(f) � D(f) �N�. ù�

N�¡� f ��¼ê£½_N�¤, P� f−1, §�½Â�� R(f), ���

D(f). w,, ��=� f ´ D(f) � R(f) ���éA�, f âk�¼ê, 

��¼ê´���.
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~ 1 y²¼ê y = x
1+x

(0 < x < +∞)´���,¿¦Ù�¼ê.
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~ 1 y²¼ê y = x
1+x

(0 < x < +∞)´���,¿¦Ù�¼ê.

y² T¼ê�½Â�´ (0,+∞), ��´ (0, 1). éuü��ê x1, x2

k
x1

1 + x1

=
x2

1 + x2

=⇒
1

1 + x1

=
1

1 + x2

=⇒ x1 = x2,

¤±T¼ê´���,Ïk�¼ê.
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~ 1 y²¼ê y = x
1+x

(0 < x < +∞)´���,¿¦Ù�¼ê.

y² T¼ê�½Â�´ (0,+∞), ��´ (0, 1). éuü��ê x1, x2

k
x1

1 + x1

=
x2

1 + x2

=⇒
1

1 + x1

=
1

1 + x2

=⇒ x1 = x2,

¤±T¼ê´���,Ïk�¼ê.

l y = x
1+x
�� x = y

1−y,¤±T¼ê��¼ê´ y = x
1−x, (0 < x < 1).

O 1

1

x

y

y = x
1+x

y = x

y = x
1−x
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~ê¼ê!�¼ê!�ê¼ê!éê¼ê!n�¼ê��n�¼ê,´�

Ä��¼ê. ¡§��Ä�Ð�¼ê. dÄ�Ð�¼ê²Lk�g\!~!

¦!ØÚEÜ$��Ñ�¼ê¡�Ð�¼ê.

k���¼ê��5|Ü¡�õ�ª:

f(x) = anx
n + · · · + a1x + a0,

Ù¥ a0, a1, · · · , an ¡�õ�ª�Xê.

ü�õ�ª¼ê f(x)!g(x)�û f(x)
g(x)
¡�kn¼ê,§�½Â��,Ò

´Ø�) g(x) = 0�¢��¤k¢ê.

� f(x) ´��¼ê, ¡ f+(x) := max{f(x), 0} � f(x) ��Ü, ¡

f−(x) := −min{f(x), 0}� f(x)�KÜ.w,k

f(x) = f+(x)− f−(x), |f(x)| = f+(x) + f−(x).
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¼ê�L«

wª¼ê �Ä�Ð�¼ê@�^²w��êªf: y = f(x)L��¼

ê. ~X, y = sinx, y = x + lnx,�.

Ûª¼ê Cþ x Ú y ��6'XÏL�����§ F (x, y) = 0 �

Ñ.~X,

y + 2y − x− sinx = 0

û½
��¼ê y = f(x),·��ØÑù�¼ê�²(L�ª, �±�·�

�±y²ù´��î�üN4O¼ê,½Â�Ú��Ñ´ (−∞,+∞).
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y + 2y − x− sinx = 13 x ∈ [−5, 5]��ã�Xe:

x

y
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��/,÷v���§ F (x, y) = 0�: (x, y)¤¤�ã��±�E,.

y

xO
a

b

x2

a2
+ y2

b2
= 1

y

xO
a

a

−a

−a

x2/3 + y2/3 = a2/3
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ëê�§ Cþ xÚ y Ñ´1n�Cþ t�¼ê,=,x = ϕ(t),

y = ψ(t),
(a 6 t 6 b).

'Xc¡�ý��ëê�§�x = a cos(t),

y = b sin(t),
(0 6 t 6 2π).

(/��ëê�§�x =
(
a cos(t)

)3
,

y =
(
a sin(t)

)3
,

(0 6 t 6 2π).
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~ 2 �»� a��3 x¶þEÄ�, �±þ��½:3²¡þ¤£±

Ñ�;,¡�{�,Ùëê�§�x = a(θ − sin θ)

y = a(1− cos θ)
(0 6 θ < +∞).
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~ 3 Ä�7�Ù�»�Ó�½��±	EÄ�, Ä�þ��½:3²

¡þ¤£±Ñ�;,¡�%9�,Ùëê�§�x = a(2 cos θ − cos 2θ)

y = a(2 sin θ − sin 2θ)
(0 6 θ 6 2π).

§�ã�´eã¥�J�.
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4�I�§ 3���IX¥,�l�:��: (x, y)��þ� x¶�

�Y�� θ,�:� (x, y)�ål� r,K x = r cos θ, y = r sin θ,�Ñ r �

θ �'X, �±�� x, y ���'X. (r, θ) ¡�: (x, y) �4�I, d4�

IL«��§¡�4�I�§. 4�I�§�±Ly� r � θ �m�wª!

Ûª!ëê�§�/ª.

x

y

CÄ��Ú�: r = θ,

θ ∈ (0, 6π)

x

y

éêÚ�: r = e0.1θ,

θ ∈ (0, 20)

18/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 4 ¦Ñ¤k½Â��¢¶�¼ê¦�éu?¿¢ê x, y k

f(2f(x) + f(y)) = 2x + f(y). (1)
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~ 4 ¦Ñ¤k½Â��¢¶�¼ê¦�éu?¿¢ê x, y k

f(2f(x) + f(y)) = 2x + f(y). (1)

) � f(x)´ù����¼ê. 3 (1)¥- x = y �

f(3f(x)) = f(x) + 2x. (2)
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~ 4 ¦Ñ¤k½Â��¢¶�¼ê¦�éu?¿¢ê x, y k

f(2f(x) + f(y)) = 2x + f(y). (1)

) � f(x)´ù����¼ê. 3 (1)¥- x = y �

f(3f(x)) = f(x) + 2x. (2)

ò (2)¥� x�� 3f(x),¿|^ (2)��

f(3f(3f(x))) = f(3f(x)) + 6f(x) = f(x) + 2x + 6f(x)

= 7f(x) + 2x.

Ïd f(3f(3f(0))) = 7f(0).d (2)� f(3f(0)) = f(0),ùíÑ f(3f(3f(0))) =

f(0).u´ 7f(0) = f(0),= f(0) = 0.
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~ 4 ¦Ñ¤k½Â��¢¶�¼ê¦�éu?¿¢ê x, y k

f(2f(x) + f(y)) = 2x + f(y). (1)

) � f(x)´ù����¼ê. 3 (1)¥- x = y �

f(3f(x)) = f(x) + 2x. (2)

ò (2)¥� x�� 3f(x),¿|^ (2)��

f(3f(3f(x))) = f(3f(x)) + 6f(x) = f(x) + 2x + 6f(x)

= 7f(x) + 2x.

Ïd f(3f(3f(0))) = 7f(0).d (2)� f(3f(0)) = f(0),ùíÑ f(3f(3f(0))) =

f(0).u´ 7f(0) = f(0),= f(0) = 0.

3 (1)¥- x = 0,� f(f(y)) = f(y).Ïdò (1)¥� x�� f(y)�

f(3f(y)) = 3f(y).

dd¿(Ü (2)=� f(x) = x.
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1.3.3 ¼ê3Ã¡�?�4�

½Â 3 (3 +∞ �4�) �¼ê y = f(x) 3 [a,+∞) k½Â. XJk

��¢ê l äke�5�: éu?¿�½��ê ε, o�3���ê

M = M(ε) > a,¦� x > M �k

|f(x)− l| < ε,

K¡� xª��Ã¡��, f(x)± l�4�.P¤

lim
x→+∞

f(x) = l, ½ f(x)→ l (x→ +∞).
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¼ê3 +∞�4��AÛ¿Â

O x

y

M

l

l− ε

l + ε
y = f(x)

éu?¿± y = l�¥%���G«�,Ñ�3M > 0,¦�� x > M

�,¼ê y = f(x)�ã�Ñ3d�G«�¥.
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½Â 4 (3∞ �4�) � a > 0, ¼ê y = f(x) 3 (−∞,−a] ∪ [a,+∞)

k½Â. XJk��¢ê l äke�5�: éu?¿�½��ê ε, o�3

���êM = M(ε) > a,¦� |x| > M �k

|f(x)− l| < ε,

K¡� xª�Ã¡��, f(x)± l�4�.P¤

lim
x→∞

f(x) = l, ½ f(x)→ l (x→∞).

´�k

lim
x→∞

f(x) = l⇐⇒ lim
x→+∞

f(x) = lÓ� lim
x→−∞

f(x) = l
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~ 5 � k ´��ê,y²: lim
x→+∞

1
xk

= 0.
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~ 5 � k ´��ê,y²: lim
x→+∞

1
xk

= 0.

y² é?¿��ê ε,��é�¤F"�M ,��)Ø�ª∣∣∣∣ 1xk − 0

∣∣∣∣ < ε.

lù�Ø�ª)� |x| > ε1/k. ¤±���M = ε1/k,� x > M �,ÒU�

yþ�¤á,=, lim
x→+∞

1
xk

= 0.
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~ 5 � k ´��ê,y²: lim
x→+∞

1
xk

= 0.

y² é?¿��ê ε,��é�¤F"�M ,��)Ø�ª∣∣∣∣ 1xk − 0

∣∣∣∣ < ε.

lù�Ø�ª)� |x| > ε1/k. ¤±���M = ε1/k,� x > M �,ÒU�

yþ�¤á,=, lim
x→+∞

1
xk

= 0.

~ 6 y²: lim
x→−∞

ex = 0.

23/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 5 � k ´��ê,y²: lim
x→+∞

1
xk

= 0.

y² é?¿��ê ε,��é�¤F"�M ,��)Ø�ª∣∣∣∣ 1xk − 0

∣∣∣∣ < ε.

lù�Ø�ª)� |x| > ε1/k. ¤±���M = ε1/k,� x > M �,ÒU�

yþ�¤á,=, lim
x→+∞

1
xk

= 0.

~ 6 y²: lim
x→−∞

ex = 0.

y² ?����ê ε < 1,�¦ 0 < |ex − 0| = ex < ε,�� x < ln ε.

��M = − ln ε,K� x < −M = ln ε�k ex < ε,=´¤�y²�(Ø.
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~ 7 y² lim
x→−∞

arctanx = −π
2
, lim

x→+∞
arctanx = π

2
.
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~ 7 y² lim
x→−∞

arctanx = −π
2
, lim

x→+∞
arctanx = π

2
.

y² ?��ê ε < π
2
,�¦

−
π

2
− ε < arctanx < −

π

2
+ ε

24/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 7 y² lim
x→−∞

arctanx = −π
2
, lim

x→+∞
arctanx = π

2
.

y² ?��ê ε < π
2
,�¦

−
π

2
− ε < arctanx < −

π

2
+ ε

�I x < tan
(
−π

2
+ ε
)
,
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~ 7 y² lim
x→−∞

arctanx = −π
2
, lim

x→+∞
arctanx = π

2
.

y² ?��ê ε < π
2
,�¦

−
π

2
− ε < arctanx < −

π

2
+ ε

�I x < tan
(
−π

2
+ ε
)
,¤±�M = tan

(
π
2
− ε
)
> 0,
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~ 7 y² lim
x→−∞

arctanx = −π
2
, lim

x→+∞
arctanx = π

2
.

y² ?��ê ε < π
2
,�¦

−
π

2
− ε < arctanx < −

π

2
+ ε

�I x < tan
(
−π

2
+ ε
)
,¤±�M = tan

(
π
2
− ε
)
> 0,� x < −M �§Òk
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~ 7 y² lim
x→−∞

arctanx = −π
2
, lim

x→+∞
arctanx = π

2
.

y² ?��ê ε < π
2
,�¦

−
π

2
− ε < arctanx < −

π

2
+ ε

�I x < tan
(
−π

2
+ ε
)
,¤±�M = tan

(
π
2
− ε
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> 0,� x < −M �§Òk∣∣∣arctanx +

π

2

∣∣∣ < ε
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Ón�y
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

1.3.4 ¼ê3�:?�4�

½Â 5 � f(x) 3 x0 NCk½Â£3 x0 Ø�¦k½Â¤. XJé?¿�

½��ê ε, �3 δ > 0, � 0 < |x − x0| < δ �k |f(x) − l| < ε. K¡ l

�� xª� x0 � f(x)�4�,P¤

lim
x→x0

f(x) = l, ½ f(x)→ l (x→ x0).

l¼ê f(x)�ã��±wÑ, f(x)3 xªu x0�± l�4��AÛ¿

ÂXã¤«.
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~ 8 y² lim
x→1

x2−1
x2−x = 2.
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~ 8 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
x2−x 3 x = 1?vk½Â,� x 6= 1�,·���O∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1

x

∣∣∣∣ .
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~ 8 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
x2−x 3 x = 1?vk½Â,� x 6= 1�,·���O∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1

x

∣∣∣∣ .
du¤`�4�=� 1NC� xk',��±k�� x���,
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~ 8 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
x2−x 3 x = 1?vk½Â,� x 6= 1�,·���O∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1

x

∣∣∣∣ .
du¤`�4�=� 1NC� xk',��±k�� x���,~X�
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~ 8 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
x2−x 3 x = 1?vk½Â,� x 6= 1�,·���O∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1

x

∣∣∣∣ .
du¤`�4�=� 1NC� xk',��±k�� x���,~X�

|x− 1| < 1
2
,= 1

2
< x < 3

2
.
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~ 8 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
x2−x 3 x = 1?vk½Â,� x 6= 1�,·���O∣∣∣∣x2 − 1

x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1

x

∣∣∣∣ .
du¤`�4�=� 1NC� xk',��±k�� x���,~X�

|x− 1| < 1
2
,= 1

2
< x < 3

2
.3ù���S,þ¡��O�
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~ 8 y² lim
x→1

x2−1
x2−x = 2.

y² x2−1
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x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1

x

∣∣∣∣ .
du¤`�4�=� 1NC� xk',��±k�� x���,~X�

|x− 1| < 1
2
,= 1

2
< x < 3

2
.3ù���S,þ¡��O�∣∣∣∣x− 1

x

∣∣∣∣ < 2|x− 1|.
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x

∣∣∣∣ .
du¤`�4�=� 1NC� xk',��±k�� x���,~X�

|x− 1| < 1
2
,= 1

2
< x < 3

2
.3ù���S,þ¡��O�∣∣∣∣x− 1

x

∣∣∣∣ < 2|x− 1|.

¤±,éu?¿�½��ê ε,� δ = min
(
ε
2
, 1

2

)
,K� 0 < |x− 1| < δ �,k
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(
ε
2
, 1

2

)
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x2 − x
− 2

∣∣∣∣ = ∣∣∣∣x− 1
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∣∣∣∣ < 2|x− 1| < 2δ 6 ε,

ùÒy²
 lim
x→1

x2−1
x2−x = 2.
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~ 9 ¦ lim
x→0

x sin 1
x
.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 9 ¦ lim
x→0

x sin 1
x
.

) 5¿,¼ê3 x = 0?vk½Â.� x 6= 0�,ok∣∣∣∣x sin
1

x

∣∣∣∣ 6 |x|.
Ïd,é?¿��ê ε,� δ = ε,K� 0 < |x| < δ �,Òk∣∣∣∣x sin

1

x
− 0

∣∣∣∣ < ε.

¤±

lim
x→0

x sin
1

x
= 0.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

x sin 1
x
3«m x ∈ [−0.5, 0.5]þ�ã�

x

y
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½Â 6 � f(x) 3 x0 ��ýNCk½Â. XJk��~ê l ÷veã5

�: éu?¿��ê ε, o�3�ê δ, ¦�� −δ < x − x0 < 0 �, k

|f(x)− l| < ε,K¡ l´ f(x)3 x0 ��4�,P¤

lim
x→x−0

f(x) = l, ½ f(x)→ l (x→ x−0 )

e¼ê f(x) 3 x0 �mýNCk½Â, aq/�±½Â f(x) 3 x0

�m4�, ��3'u�4�½Â¥�Ø�ª −δ < x − x0 < 0 �¤

0 < x − x0 < δ =�. S.þ, P¼ê f(x) 3 x0 ��m4�©OP�

f(x0 − 0)Ú f(x0 + 0).

½n 1 ¼ê f(x)3 x0 k4��¿©7�^�´ f(x)3 x0 ��m4�

Ñ�3���.

ù�{ü�¯¢�±^5�ä¼ê f(x)3 x0 vk4�.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 10 y² lim
x→0

ax = 1,ùp a > 0.

30/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 10 y² lim
x→0

ax = 1,ùp a > 0.

y² � a = 1 �, (Øw,¤á. �±e� a 6= 1. ky lim
x→0+

ax = 1.

�d©ü«�/:

� a > 1,d� ax > 1. éu?¿��ê ε,�¦

|ax − 1| < ε, = 1 < ax < 1 + ε,

��

x ln a < ln(1 + ε) ½ x <
ln(1 + ε)

ln a

=�. ¤±��� δ = ln(1+ε)
ln a

, K� 0 < x < δ �þãØ�ª¤á, =

lim
x→0+

ax = 1.

� 0 < a < 1�,��5¿�d� ln a < 0,E��� lim
x→0+

ax = 1.

25¿�§a−x = (1/a)x,ÒUy² lim
x→0−

ax = 1.
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~ 11 � x0 > 0,Kk lim
x→x0

lnx = lnx0.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 11 � x0 > 0,Kk lim
x→x0

lnx = lnx0.

y² éu?¿�ê ε,� δ = x0(e
ε − 1),K� x0 < x < x0 + δ �,k

x/x0 < eε,Ï

| lnx− lnx0| = ln
x

x0

< ln eε = ε.

ù`² lim
x→x+0

lnx = lnx0.

Ón�y² lim
x→x−0

lnx = lnx0.u´k lim
x→x0

lnx = lnx0.
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~ 12 ¦ lim
x→0

sinx.

x

y

y = x

y = sinx
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

Ún 1 � 0 < x < π
2
,K sinx < x < tanx.

y² Xã¤«, ü �þ�: A �

����» OD �ò���u: B,

DC R�u OA,du

4AOD ¡È < ÷/AOD ¡È < 4AOB ¡È,

�Ò´
1

2
sinx <

1

2
x <

1

2
tanx.

ùÒ´�y²�(J. O A

B

C

D

x

si
n
x ta
n
x
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y35¦ lim
x→0

sinx.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

y35¦ lim
x→0

sinx.

Ï�é?¿�ê ε,�3�ê δ = min{ε, π
2
},� 0 < |x| < δ �,k

| sinx| < |x| < δ 6 ε,

¤± lim
x→0

sinx = 0.
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y35¦ lim
x→0

sinx.

Ï�é?¿�ê ε,�3�ê δ = min{ε, π
2
},� 0 < |x| < δ �,k

| sinx| < |x| < δ 6 ε,

¤± lim
x→0

sinx = 0.

~ 13 ¦y lim
x→x0

sinx = sinx0.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

y35¦ lim
x→0

sinx.

Ï�é?¿�ê ε,�3�ê δ = min{ε, π
2
},� 0 < |x| < δ �,k

| sinx| < |x| < δ 6 ε,

¤± lim
x→0

sinx = 0.

~ 13 ¦y lim
x→x0

sinx = sinx0.

y² Ï�

| sinx− sinx0| =
∣∣∣∣2 sin x− x0

2
cos

x + x0

2

∣∣∣∣ 6 2

∣∣∣∣sin x− x0

2

∣∣∣∣ 6 |x− x0|,

¤±é?¿�ê ε,�3�ê δ = ε,� 0 < |x− x0| < δ �,k

| sinx− sinx0| < ε.

ùÒy²
 lim
x→x0

sinx = sinx0.
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1.3.5 ¼ê4��5��$�

½n 2 e� x→ x0 �,¼ê f(x)k4� l,K

1◦4�´���.

2◦ f(x)3 x0�C�´k.�. =�3�êMÚ δ,¦�� 0 < |x−x0| < δ

�, |f(x)| 6M .

3◦e a < l < b, K3 x0 �C�, k a < f(x) < b, =�3���ê δ, ¦

�éu÷v 0 < |x− x0| < δ �¤k x,k a < f(x) < b.

y² 1◦ ekü�4� a Ú b, Ø�� a 6= b. Kéu ε = |b−a|
2
, �3

δ > 0,� 0 < |x− x0| < δ �,k |f(x)− a| < ε, |f(x)− b| < ε.u´

|b− a| 6 |f(x)− a| + |f(x)− b| < 2ε = |b− a|,

ù´gñ! Ïd4�´���. 2◦ Ú 3◦ �aqy².

35/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 3 �� x→ x0 �,¼ê f(x)Ú g(x)©O± lÚ l′ �4�,K

1◦e3 x0 �NC,k f(x) > g(x),K l > l′.

2◦e l > l′, K3 x0 �NC, 7k f(x) > g(x), =�3 δ > 0, ¦�

0 < |x− x0| < δ �,k f(x) > g(x).

3◦�� 1◦ Ú 2◦ �íØ, XJ3 x0 �NC, k f(x) > 0, K l > 0¶XJ

l > 0,K3 x0 �NC,k f(x) > 0.

y² 2◦ éu ε = l−l′
2
,�3 δ > 0,¦�� 0 < |x− x0| < δ �,k

|f(x)− l| < ε, |g(x)− l′| < ε.

Ïd

f(x) > l− ε = l′ + ε > g(x).

1◦ Ú 3◦ Ñ´ 2◦ �íØ.
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½n 4 �� x→ x0 �,¼ê f(x)Ú g(x)©O± lÚ l′ �4�,K

1◦ f(x)± g(x)3 x0 ?k4�,�4�� l± l′,=

lim
x→x0

(f(x)± g(x)) = lim
x→x0

f(x0)± lim
x→x0

g(x0).

2◦¼ê f(x)g(x)3 x0 k4�,�4�´ ll′,=

lim
x→x0

f(x)g(x) = lim
x→x0

f(x) · lim
x→x0

g(x).

AO, lim
x→x0

cf(x) = c lim
x→x0

f(x),Ù¥ c´~ê.

3◦éu l′ 6= 0,¼ê f(x)
g(x)
�4��3,��u l

l′
. =

lim
x→x0

f(x)

g(x)
=

lim
x→x0

f(x)

lim
x→x0

g(x)
.
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~ 14 ¦ lim
x→∞

x2+2x+3
x2+3x+1

.
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~ 14 ¦ lim
x→∞

x2+2x+3
x2+3x+1

.

)

lim
x→∞

x2 + 2x + 3

x2 + 3x + 1
= lim

x→∞

1 + 2
x
+ 3

x2

1 + 3
x
+ 1

x2

= 1.
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~ 14 ¦ lim
x→∞

x2+2x+3
x2+3x+1

.

)

lim
x→∞

x2 + 2x + 3

x2 + 3x + 1
= lim

x→∞

1 + 2
x
+ 3

x2

1 + 3
x
+ 1

x2

= 1.

~ 15 � P (x) = anx
n + an−1x

n−1 + · · · + a1x + a0, Kéu?¿�:

x0,k

lim
x→x0

P (x) = P (x0).
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 14 ¦ lim
x→∞

x2+2x+3
x2+3x+1

.

)

lim
x→∞

x2 + 2x + 3

x2 + 3x + 1
= lim

x→∞

1 + 2
x
+ 3

x2

1 + 3
x
+ 1

x2

= 1.

~ 15 � P (x) = anx
n + an−1x

n−1 + · · · + a1x + a0, Kéu?¿�:

x0,k

lim
x→x0

P (x) = P (x0).

y² |^ lim
x→x0

x = x0,� lim
x→x0

xk = xk0 ,2|^4��\{,Ò��(

J.
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~ 16 ¦ lim
x→−1

(
1
x+1
− 3

x3+1

)
.
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~ 16 ¦ lim
x→−1

(
1
x+1
− 3

x3+1

)
.

) � x → −1 �, �ª)Ò¥�z��Ñvk4�. ¤±ØU��|

^4��5�O�. �´, � x 6= −1�, �±ò)ÒS�©ª?1Ï©Úz

{�
x− 2

x2 − x + 1
,

d�,©f©13 x→ −1�,Ñk4�,Ïd

lim
x→−1

(
1

x + 1
−

3

x3 + 1

)
= lim

x→−1

x− 2

x2 − x + 1

=
lim
x→−1

(x− 2)

lim
x→−1

(x2 − x + 1)
= −1.
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½n 5 ¼ê f(x) 3 x → x0 �k4� l �¿©7�^�´: éu?¿�

�± x0 �4��ê� {an} (an 6= x0),Ñk lim
n→∞

f(an) = l.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 5 ¼ê f(x) 3 x → x0 �k4� l �¿©7�^�´: éu?¿�

�± x0 �4��ê� {an} (an 6= x0),Ñk lim
n→∞

f(an) = l.

y² /7�50 � {an} (an 6= x0)´��± x0 �4��ê�. Ï�

lim
x→x0

f(x) = l,�éu?¿�½��ê ε,�½�3 δ > 0,� 0 < |x−x0| < δ

�, k |f(x) − l| < ε. qdu lim
n→∞

an = x0, ¤±éu®²k� δ > 0, �3

��g,ê N ,¦�� n > N �,k 0 < |an − x0| < δ,¤±� n > N �,

|f(an)− l| < ε. =´

lim
n→∞

f(an) = l.
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½n 5 ¼ê f(x) 3 x → x0 �k4� l �¿©7�^�´: éu?¿�

�± x0 �4��ê� {an} (an 6= x0),Ñk lim
n→∞

f(an) = l.

y² /7�50 � {an} (an 6= x0)´��± x0 �4��ê�. Ï�

lim
x→x0

f(x) = l,�éu?¿�½��ê ε,�½�3 δ > 0,� 0 < |x−x0| < δ

�, k |f(x) − l| < ε. qdu lim
n→∞

an = x0, ¤±éu®²k� δ > 0, �3

��g,ê N ,¦�� n > N �,k 0 < |an − x0| < δ,¤±� n > N �,

|f(an)− l| < ε. =´

lim
n→∞

f(an) = l.

“¿©5” (�y) b�� x→ x0 �, f(x)Ø± l�4�.@o�½k�

� ε0 > 0,¦éu?Û���ê δ,ÑUé��� xδ,=¦ 0 < |xδ−x0| < δ,

Ek |f(xδ)− l| > ε0.
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Ïd,� δn = 1
n
,éAz��ù�� δn,Ñ�é� an,¦

0 < |an − x0| < δn =
1

n
,

�

|f(an)− l| > ε0

� n → ∞ �, þ¡1��Ø�ªL² {an}± x0 �4�,1��Ø�ª

L², {f(an)}, (an 6= x0) Ø± l �4�. ù�^��gñ, ¤±b�Ø¤á,

=k lim
x→x0

f(x) = l.y..

½n 5`²,� x→ x0 �, f(x)�ª�5�XJ3ü�ªu x0 �:�

þØ��,K f(x)�½vk4�.
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~ 17 y²: � x→ 0� sin 1
x
vk4�.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 17 y²: � x→ 0� sin 1
x
vk4�.

y² � an = 1
2nπ
, bn = 1

2nπ+π/2
(n = 1, 2, · · · ). w,k lim an =

lim bn = 0. �´, lim f(an) = 0, lim f(bn) = 1,¤± lim
x→0

f(x)Ø�3.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 17 y²: � x→ 0� sin 1
x
vk4�.

y² � an = 1
2nπ
, bn = 1

2nπ+π/2
(n = 1, 2, · · · ). w,k lim an =

lim bn = 0. �´, lim f(an) = 0, lim f(bn) = 1,¤± lim
x→0

f(x)Ø�3.

½n 5�±[z�Xe(Ø.

½n 6 1◦¼ê f(x)3 x → x−0 �k4� l �¿©7�^�´: éu?¿

��± x0 �4��üN4Oê� {an} (an 6= x0),Ñk lim
n→∞

f(an) = l;

2◦¼ê f(x) 3 x → x+
0 �k4� l �¿©7�^�´: éu?¿��±

x0 �4��üN4~ê� {an} (an 6= x0),Ñk lim
n→∞

f(an) = l.
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½n 7 � lim
x→x0

f(x) = l, lim
t→t0

g(t) = x0,�� t 6= t0 �, g(t) 6= x0. K

lim
t→t0

f(g(t)) = l = lim
x→x0

f(x).
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 7 � lim
x→x0

f(x) = l, lim
t→t0

g(t) = x0,�� t 6= t0 �, g(t) 6= x0. K

lim
t→t0

f(g(t)) = l = lim
x→x0

f(x).

y² ?����ê ε, �â lim
x→x0

f(x) = l �, �½�3���ê δ, ¦

�� 0 < |x− x0| < δ �,k

|f(x)− l| < ε.

qÏ� lim
t→t0

g(t) = x0, ¤±éu�ê δ, �½�3�� τ > 0, ¦��

0 < |t− t0| < τ �,k 0 < |g(t)− x0| < δ. ¤±,� 0 < |t− t0| < τ �k

|f(g(t))− l| < ε.

=

lim
t→t0

f(g(t)) = l.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 7w�·�,3¦4��L§¥�±¦ /̂Cþ��0,lk�U

{z¦4��L§.

~ 18 � a > 0,y²: lim
x→x0

ax = ax0.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 7w�·�,3¦4��L§¥�±¦ /̂Cþ��0,lk�U

{z¦4��L§.

~ 18 � a > 0,y²: lim
x→x0

ax = ax0.

y² P y = x− x0,K� x→ x0 �k y → 0,�

lim
x→x0

(ax − ax0) = ax0 lim
x→x0

(ax−x0 − 1)

= ax0 lim
y→0

(ay − 1) = 0.
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~ 19 � lim
x→x0

f(x) = A > 0, lim
x→x0

g(x) = B, Ù¥ A,B Ñ´¢ê. K

k

lim
x→x0

f(x)g(x) = AB.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 19 � lim
x→x0

f(x) = A > 0, lim
x→x0

g(x) = B, Ù¥ A,B Ñ´¢ê. K

k

lim
x→x0

f(x)g(x) = AB.

y² - y = g(x) ln f(x). d^���� x → x0 �, k y → B lnA.

u´

lim
x→x0

f(x)g(x) = lim
x→x0

eg(x) ln f(x)

= lim
y→B lnA

ey

= eB lnA

= AB.
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1.3.6 ¼ê4��3��O{

½n 8 (ü>Y½n) �3 x0 �NC, k h(x) 6 f(x) 6 g(x), ��

x→ x0 �,¼ê h(x)Ú g(x)Ñ± l�4�,@o, f(x)�± l�4�.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

1.3.6 ¼ê4��3��O{

½n 8 (ü>Y½n) �3 x0 �NC, k h(x) 6 f(x) 6 g(x), ��

x→ x0 �,¼ê h(x)Ú g(x)Ñ± l�4�,@o, f(x)�± l�4�.

y² y{�ê��ü>Y½naq. Ï� h(x)Ú g(x)Ñ± l�4�,

¤±é?¿�ê ε�3 δ > 0¦�� 0 < |x− x0| < δ �,k

l− ε < h(x) < l + ε, l− ε < g(x) < l + ε,

Ï� f(x)3 h(x)Ú g(x)�m,þ¡�Ø�ª%¹

l− ε < f(x) < l + ε,

= |f(x)− l| < ε.u´ lim
x→x0

f(x) = l.

46/70

‖J I‖ J I �£ �¶ '4 òÑ



½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 9 � f(x)3 (a, b)¥üNk.,K f(a + 0)Ú f(b− 0)þ�3.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 9 � f(x)3 (a, b)¥üNk.,K f(a + 0)Ú f(b− 0)þ�3.

y² ·�5y f(b − 0) �3. Ø�� f(x) �üNO. du f(x) 3

(a, b)kþ.,�kþ(. M . e¡Ò5y² f(b− 0) = M .

?� ε > 0, du M − ε Ø´ f(x) �þ., �7�3 x0 ∈ (a, b) ¦

f(x0) > M − ε. � δ = b−x0,d f �üNO5��,� b− δ = x0 < x < b

�,Òk

M − ε < f(x) 6M.

Ïd f(b− 0) = M .
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 9 � f(x)3 (a, b)¥üNk.,K f(a + 0)Ú f(b− 0)þ�3.

y² ·�5y f(b − 0) �3. Ø�� f(x) �üNO. du f(x) 3

(a, b)kþ.,�kþ(. M . e¡Ò5y² f(b− 0) = M .

?� ε > 0, du M − ε Ø´ f(x) �þ., �7�3 x0 ∈ (a, b) ¦

f(x0) > M − ε. � δ = b−x0,d f �üNO5��,� b− δ = x0 < x < b

�,Òk

M − ε < f(x) 6M.

Ïd f(b− 0) = M .

íØ 1 � f(x)3 (a, b)¥üNk.,K f(x)3(a, b)¥z�: x0 Ñk�

m4�.

y² � x0 ∈ (a, b),��©O3 (a, x0)Ú (x0, b)¥A^½n 9=�.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 10 (Cauchy�OOK) ¼ê f(x)3 x0 k4��¿©7�^�´: ?

� ε > 0,�3 δ > 0,� 0 < |x′ − x0|, |x′′ − x0| < δ �,k

|f(x′)− f(x′′)| < ε.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 10 (Cauchy�OOK) ¼ê f(x)3 x0 k4��¿©7�^�´: ?

� ε > 0,�3 δ > 0,� 0 < |x′ − x0|, |x′′ − x0| < δ �,k

|f(x′)− f(x′′)| < ε.

y² “⇒” � lim
x→x0

f(x) = l. Kéu?¿ ε > 0, U4��½Â�3

δ > 0,� 0 < |x− x0| < δ �,

|f(x)− l| <
ε

2
.

�� 0 < |x′ − x0|, |x′′ − x0| < δ �

|f(x′)− f(x′′)| 6 |f(x′)− l| + |l− f(x′′)| <
ε

2
+
ε

2
= ε.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 10 (Cauchy�OOK) ¼ê f(x)3 x0 k4��¿©7�^�´: ?

� ε > 0,�3 δ > 0,� 0 < |x′ − x0|, |x′′ − x0| < δ �,k

|f(x′)− f(x′′)| < ε.

y² “⇒” � lim
x→x0

f(x) = l. Kéu?¿ ε > 0, U4��½Â�3

δ > 0,� 0 < |x− x0| < δ �,

|f(x)− l| <
ε

2
.

�� 0 < |x′ − x0|, |x′′ − x0| < δ �

|f(x′)− f(x′′)| 6 |f(x′)− l| + |l− f(x′′)| <
ε

2
+
ε

2
= ε.

“⇐” éu?¿��± x0 �4��ê� {an} (an 6= x0), �3g,ê

N ,¦��m,n > N �,k

0 < |am − x0|, |an − x0| < δ,
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Ïd�Òk

|f(am)− f(an)| < ε.

¤±ê� {f(an)}÷vê�� CauchyÂñOK,�Âñ.

� {bn} (bn 6= x0)´,��Âñu x0 �ê�,Kê�

a1, b1, a2, b2, · · · , an, bn, · · ·

�Âñu x0.Ïd

f(a1), f(b1), f(a2), f(b2), · · · , f(an), f(bn), · · ·

Âñ. �, {f(an)} � {f(bn)} ��f�ÒÂñu�Ó�ê. d½n 5, =�

f(x)3 x0 k4�.
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1.3.7 ü��4�

½n 11 lim
x→0

sinx

x
= 1.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

1.3.7 ü��4�

½n 11 lim
x→0

sinx

x
= 1.

y² Äk�Äm4�.� 0 < x < π
2
,du sinx > 0,dÚn1´�

cosx <
sinx

x
< 1.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

1.3.7 ü��4�

½n 11 lim
x→0

sinx

x
= 1.

y² Äk�Äm4�.� 0 < x < π
2
,du sinx > 0,dÚn1´�

cosx <
sinx

x
< 1.

Ïd

0 < 1−
sinx

x
< 1− cosx = 2

(
sin
x

2

)2
< 2 sin

x

2
< x.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

1.3.7 ü��4�

½n 11 lim
x→0

sinx

x
= 1.

y² Äk�Äm4�.� 0 < x < π
2
,du sinx > 0,dÚn1´�

cosx <
sinx

x
< 1.

Ïd

0 < 1−
sinx

x
< 1− cosx = 2

(
sin
x

2

)2
< 2 sin

x

2
< x.

dü>Y��{��

lim
x→0+

sinx

x
= 1.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

� x→ 0−�,- y = −x,K y → 0+,Kk

lim
x→0−

sinx

x
= lim

y→0+

sin(−y)
−y

= lim
y→0+

sin y

y
= 1.

¤±½n�y.
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½n 12 lim
x→∞

(
1 +

1

x

)x
= e.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 12 lim
x→∞

(
1 +

1

x

)x
= e.

y² Äké?¿� x > 1,k [x] 6 x < [x] + 1,±9(
1 +

1

[x] + 1

)[x]

<

(
1 +

1

x

)x
<

(
1 +

1

[x]

)[x]+1

.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½n 12 lim
x→∞

(
1 +

1

x

)x
= e.

y² Äké?¿� x > 1,k [x] 6 x < [x] + 1,±9(
1 +

1

[x] + 1

)[x]

<

(
1 +

1

x

)x
<

(
1 +

1

[x]

)[x]+1

.

Ï�

lim
x→+∞

(
1 +

1

[x] + 1

)[x]

= lim
x→+∞

(
1 +

1

[x] + 1

)[x]+1(
1 +

1

[x] + 1

)−1
= e,

lim
x→+∞

(
1 +

1

[x]

)[x]+1

= lim
x→+∞

(
1 +

1

[x] + 1

)[x]+1(
1 +

1

[x]

)
= e.

¤±�âü>Y�{K,k lim
x→+∞

(
1 + 1

x

)x
= e.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

� x→ −∞�,- y = −x,K y → +∞,|^þ¡(J,Òk

lim
x→−∞

(
1 +

1

x

)x
= lim

y→+∞

(
1−

1

y

)−y
= lim

y→+∞

(
1 +

1

y − 1

)y
= lim

y→+∞

(
1 +

1

y − 1

)y−1(
1 +

1

y − 1

)
= e.

ùÒy²


lim
x→+∞

(
1 +

1

x

)x
= lim

x→−∞

(
1 +

1

x

)x
= e,

lÒk
½n�(J.y..
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

� x→ −∞�,- y = −x,K y → +∞,|^þ¡(J,Òk

lim
x→−∞

(
1 +

1

x

)x
= lim

y→+∞

(
1−

1

y

)−y
= lim

y→+∞

(
1 +

1

y − 1

)y
= lim

y→+∞

(
1 +

1

y − 1

)y−1(
1 +

1

y − 1

)
= e.

ùÒy²


lim
x→+∞

(
1 +

1

x

)x
= lim

x→−∞

(
1 +

1

x

)x
= e,

lÒk
½n�(J.y..

��±ò½n 12¥�4�,�¤e¡~���d/ª

lim
x→0

(1 + x)
1
x = e.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 20 y² lim
x→0

cosx = 1±9 lim
x→0

tanx

x
= 1.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 20 y² lim
x→0

cosx = 1±9 lim
x→0

tanx

x
= 1.

y² � 0 < x < π
2
�,Ï�

0 < 1− cosx < x

¤± lim
x→0+

cosx = 1. � cosx´ó¼ê,�k lim
x→0−

cosx = 1,¤±

lim
x→0

cosx = 1.

�âù�(J,k

lim
x→0

tanx

x
= lim

x→0

sinx

x
lim
x→0

1

cosx
= 1.
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~ 21 ¦ lim
x→0

1− cosx

x2
.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 21 ¦ lim
x→0

1− cosx

x2
.

)

lim
x→0

1− cosx

x2
= lim

x→0

2 sin2 x
2

x2

=
1

2
lim
x→0

(
sin x

2
x
2

)2

=
1

2
lim
y→0

(
sin y

y

)2

=
1

2
.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 22 ¦ lim
x→0

ln(1 + x)

x
.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 22 ¦ lim
x→0

ln(1 + x)

x
.

) - y = (1 + x)1/x,K� x→ 0�, y → e.�âEÜ¼ê�4�,k

lim
x→0

ln(1 + x)

x
= lim

x→0
ln(1 + x)1/x

= lim
y→e

ln y

= ln e

= 1.
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~ 23 ¦ lim
x→∞

(
x + 1

x− 1

)x
.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 23 ¦ lim
x→∞

(
x + 1

x− 1

)x
.

) - y = 2
x−1,K x = 1 + 2

y
.� x→ +∞�, y → 0+.Ïd,

lim
x→+∞

(
x + 1

x− 1

)x
= lim

x→+∞

(
1 +

2

x− 1

)x
= lim

y→0+
(1 + y)1+2/y

= lim
y→0+

(1 + y)
(
(1 + y)1/y

)2
= e2.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

1.3.8 Ã¡�þ�Ã¡�þ

Ã¡�þ9Ù'�

½Â 7 3��4�L§¥ªu"�þ¡�(3ù�4�L§¥�)Ã¡�

þ. 3��4�L§¥o´k.�þ¡�(3ù�4�L§¥�)k.þ.

5¿, 1. Ã¡�þ´CþØ´ê. 2. ù�Cþ�4��". 3. Ã¡�þ

�´k.þ. ~X,

1
n2 Ú

(
1 + 1

n

)n − e� n→ +∞�Ñ´Ã¡�þ.

sinxÚ cosx− 1� x→ 0�Ñ´Ã¡�þ.

(−1)n � n→ +∞�´k.þ.

S.þ,^ o(1)L«Ã¡�þ. ^ O(1)L«k.þ.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

5� 1 k��Ã¡�þ��êÚ9Ù¦ÈE´Ã¡�þ,=,

o(1) + o(1) = o(1), o(1) · o(1) = o(1).

5� 2 Ã¡�þ�k.þ�Ú´k.þ,Ã¡�þ�k.þ�¦È´Ã¡

�þ,=,

o(1) + O(1) = O(1), o(1) · O(1) = o(1).
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

5� 1 k��Ã¡�þ��êÚ9Ù¦ÈE´Ã¡�þ,=,

o(1) + o(1) = o(1), o(1) · o(1) = o(1).

5� 2 Ã¡�þ�k.þ�Ú´k.þ,Ã¡�þ�k.þ�¦È´Ã¡

�þ,=,

o(1) + O(1) = O(1), o(1) · O(1) = o(1).

y² ·�5y²1��ªf. � f(x) � x → +∞ �´Ã¡�þ, =

lim
x→+∞

f(x) = 0. 2� g(x) � x → +∞ ´k.þ, =, �3 x0 9 M > 0

¦�� x > x0 � |g(x)| < M. d lim
x→+∞

f(x) = 0 �, é?¿ ε > 0 �3

A > x0 ¦�� x > A�,k

|f(x)| <
ε

M
,

Ïd� x > A�k |f(x)g(x)| 6 ε
M
·M = ε.u´ f(x)g(x)´Ã¡�þ.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½Â 8 (Ã¡�þ�'�) �3Ó��4�L§¥ (± x→ x0 �~)C

þ α(x)Ú β(x)Ñ´Ã¡�þ,¿� β(x) 6= 0.

(1)XJ lim
x→x0

α(x)
β(x)

= A 6= 0��k�ê,K¡� x→ x0�, α(x)Ú β(x)

´Ó�Ã¡�þ. AO� A = 1�,¡ α(x)Ú β(x)´�dÃ¡�þ,P�

α(x) ∼ β(x) (x→ x0).
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½Â 8 (Ã¡�þ�'�) �3Ó��4�L§¥ (± x→ x0 �~)C

þ α(x)Ú β(x)Ñ´Ã¡�þ,¿� β(x) 6= 0.

(1)XJ lim
x→x0

α(x)
β(x)

= A 6= 0��k�ê,K¡� x→ x0�, α(x)Ú β(x)

´Ó�Ã¡�þ. AO� A = 1�,¡ α(x)Ú β(x)´�dÃ¡�þ,P�

α(x) ∼ β(x) (x→ x0).

(2)XJ lim
x→x0

α(x)
β(x)

= 0,K¡� x→ x0�, α(x)´' β(x)�p��Ã¡

�þ,ù¿�X α(x)ªu"��Ý' β(x)ªu"��Ý�¯,d�P�

α(x) = o(β(x)) (x→ x0).

PÒ α(x) = o(1) (x→ x0)ÒL« lim
x→x0

α(x) = 0,= α(x)´Ã¡�þ.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½Â 8 (Ã¡�þ�'�) �3Ó��4�L§¥ (± x→ x0 �~)C

þ α(x)Ú β(x)Ñ´Ã¡�þ,¿� β(x) 6= 0.

(1)XJ lim
x→x0

α(x)
β(x)

= A 6= 0��k�ê,K¡� x→ x0�, α(x)Ú β(x)

´Ó�Ã¡�þ. AO� A = 1�,¡ α(x)Ú β(x)´�dÃ¡�þ,P�

α(x) ∼ β(x) (x→ x0).

(2)XJ lim
x→x0

α(x)
β(x)

= 0,K¡� x→ x0�, α(x)´' β(x)�p��Ã¡

�þ,ù¿�X α(x)ªu"��Ý' β(x)ªu"��Ý�¯,d�P�

α(x) = o(β(x)) (x→ x0).

PÒ α(x) = o(1) (x→ x0)ÒL« lim
x→x0

α(x) = 0,= α(x)´Ã¡�þ.

(3)XJ�3���êM,¦�3 x0 �NC,k
∣∣∣α(x)β(x)

∣∣∣ 6M,KP�

α(x) = O(β(x)) (x→ x0).

AO, α(x) = O(1) (x→ x0)ÒL«3 x0 �NC α(x)´��k.þ.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 24

sinx ∼ x (x→ 0)

tanx ∼ x (x→ 0)

1− cosx ∼
1

2
x2 (x→ 0)

ln(x + 1) ∼ x (x→ 0)

√
x + 1− 1 ∼

1

2
x (x→ 0)
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

5� 3 (�dÃ¡�O�) �� x → x0 �, α(x), α1(x), β(x), β1(x) Ñ´

Ã¡�þ, � α(x) ∼ α1(x), β(x) ∼ β1(x). XJ4� lim
x→x0

α1(x)
β1(x)

�3, K4

� lim
x→x0

α(x)
β(x)
��3,�

lim
x→x0

α(x)

β(x)
= lim

x→x0

α1(x)

β1(x)
.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

5� 3 (�dÃ¡�O�) �� x → x0 �, α(x), α1(x), β(x), β1(x) Ñ´

Ã¡�þ, � α(x) ∼ α1(x), β(x) ∼ β1(x). XJ4� lim
x→x0

α1(x)
β1(x)

�3, K4

� lim
x→x0

α(x)
β(x)
��3,�

lim
x→x0

α(x)

β(x)
= lim

x→x0

α1(x)

β1(x)
.

y² �I5¿�
α(x)

β(x)
=
α(x)

α1(x)
·
α1(x)

β1(x)
·
β1(x)

β(x)

=��¤y².
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 25 ¦ lim
x→0

sinx√
1+x−1
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 25 ¦ lim
x→0

sinx√
1+x−1

) Ï� sinx ∼ x,¤±

lim
x→0

sinx
√
1 + x− 1

= lim
x→0

x
√
1 + x− 1

= lim
x→0

(
√
1 + x + 1) = 2.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 25 ¦ lim
x→0

sinx√
1+x−1

) Ï� sinx ∼ x,¤±

lim
x→0

sinx
√
1 + x− 1

= lim
x→0

x
√
1 + x− 1

= lim
x→0

(
√
1 + x + 1) = 2.

~ 26 ¦ lim
x→0

tanx−sinx
x3

.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 25 ¦ lim
x→0

sinx√
1+x−1

) Ï� sinx ∼ x,¤±

lim
x→0

sinx
√
1 + x− 1

= lim
x→0

x
√
1 + x− 1

= lim
x→0

(
√
1 + x + 1) = 2.

~ 26 ¦ lim
x→0

tanx−sinx
x3

.

)

lim
x→0

tanx− sinx

x3
= lim

x→0

sinx(1− cosx)

x3 cosx

= lim
x→0

x · x2
2

x3
=

1

2
.

I5¿�´�UéÃ¡�þÚÃ¡�þ�Ïf¢1�dO�, ^\!

~Òë��ªfp,ÒØU?¿¢1�dO�,~X3þ¡�~f¥,©fp

� tanxÚ sinxXJ^�dÃ¡�þ x�O�,Ò¬���Ø�(J.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½Â 9 (Ã¡�þ��) � x → x0 �, e α(x) ´� (x − x0)
k Ó��

Ã¡�þ,Ù¥ k ´�~ê,K¡ α(x)´'u x− x0 � k �Ã¡�þ.

sinx, tanx, ln(x + 1), ex − 1Ñ´� x→ 0�'u x���Ã¡�þ.

1− cosx, ex − 1− xÑ´� x→ 0�'u x���Ã¡�þ.

5¿,¿Ø´¤kÃ¡�þÑk�,~X,

x sin
1

x

´� x→ 0��Ã¡�þ,�'u x´vk��.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

Ã¡�þ9Ù'�

½Â 10 � f(x) 3 x0 NC½Â. eé?¿ M > 0 �3 δ > 0, ¦��

0 < |x− x0| < δ �,k |f(x)| > M,K¡� x→ x0 �, f(x)´��Ã¡

�þ,P� lim
x→x0

f(x) =∞.

5 1: ��±½Â3Ù§4�L§ (X x→ +∞)¥�Ã¡�þ.

5 2: Ã¡�ÚÃ¡�þÑ�4�L§k',~X,� x→ 0� 1
x
´Ã¡

�þ, �� x → +∞ � 1
x
´Ã¡�þ. q~X¼ê tanx � x → π

2
�´Ã

¡�þ,�� x→ 0�´Ã¡�þ.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

5� 4 ü�Ã¡�þ�¦ÈE´Ã¡�þ. P�

∞ ·∞ =∞.

5� 5 Ã¡�þ�k.þ�Ú½�E´Ã¡�þ. P�

∞± O(1) =∞.

5� 6 Ã¡�þ��"~ê�¦ÈE´Ã¡�þ. P�

∞ · C =∞, (C´�"~ê).
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

½Â 11 �3Ó�4�L§¥ (± x→ x0 �~),Cþ α(x)Ú β(x)Ñ

´Ã¡�þ.

(1) XJ lim
x→x0

α(x)
β(x)

= A 6= 0 �k�ê, K¡� x → x0 �, α(x) Ú β(x)

´Ó�Ã¡�þ. AO� A = 1�,¡��dÃ¡�þ,d�P�

α(x) ∼ β(x) (x→ x0).

(2)XJ lim
x→x0

α(x)
β(x)

= 0,K¡� x→ x0�, β(x)´' α(x)�p��Ã¡

�þ,d� β(x)ªuÃ¡���Ý' α(x)�¯,�P�

α(x) = o(β(x)) (x→ x0).

(3)XJ�3�~êM ,¦�3 x0 NCk
∣∣∣α(x)β(x)

∣∣∣ 6M,KP�

α(x) = O(β(x)) (x→ x0).
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 27 � α > 0.K� x→ +∞�, xα ´' lnx�p��Ã¡�þ.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

~ 27 � α > 0.K� x→ +∞�, xα ´' lnx�p��Ã¡�þ.

y² é x > 1,�3g,ê k,¦�

2k−1 < x 6 2k.

�k

lnx 6 k ln 2 < k.

u´

0 <
lnx

x
<

2k

2k
=

2k

(1 + 1)k
<

2k
k(k−1)

2

=
4

k − 1
.

du� x→ +∞�, k→ +∞,�dü>Y½n,=k

lim
x→+∞

lnx

x
= 0.

� α > 0,K� x→ +∞�, y = xα→ +∞,�

lim
x→+∞

lnx

xα
= lim

x→+∞

lnxα

αxα
=

1

α
lim

y→+∞

ln y

y
= 0.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ

¤±é?Û α > 0,Ñk

lnx = o(xα) (x→ +∞).

=� x→ +∞�,Ø+ α´õ���ê, lnxÑ´' xα�$?�Ã¡�þ.

¤±§ª�Ã¡���Ý/éú0.
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½Â ∞ ?4� :?4� 4�5� �O{ �4� Ã¡�(�)þ
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~ 28 � α > 0, a > 1,K� x→ +∞�, ax ´' xα �p��Ã¡�
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~ 28 � α > 0, a > 1,K� x→ +∞�, ax ´' xα �p��Ã¡�

þ.

y² - a = 1 + b, b > 0. n = [x/α]− 1,K α(n + 1) 6 x < α(n + 2)

ax/α

x
=

(1 + b)x/α

x
>

1
2
n(n + 1)b2

x
>

1
2
n(n + 1)b2

α(n + 2)
→∞, (x→ +∞)
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�Ã¡�þÚÃ¡�þÑy3Ó��ªf¥��U�)¤¢�“�½

ª”,X:

0
0
L«ü�Ã¡�þ�û.

∞
∞ L«ü�Ã¡�þ�û.

0 · ∞L«��Ã¡�þ���Ã¡�þ�¦È.

∞±∞L«ü�Ã¡�þ�Ú½�.

1∞ Ú∞0 �´�½ª.
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