
Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

11.3.3 ��úª

�1�.�È©�´»Ã', ��å:Úª:k'�, ÷�´�È

©7�". Ïd,�
t�È©´Ä�´»Ã',Ò�?ØÛ�÷�´�È©

�".

kwÝ/�´��/. Xã� D =

[a, b] × [c, d]. L = ∂D, L ����_��

��. � F = (P (x, y), Q(x, y)) ´���þ

|,� P,Q ∈ C1(D).Kk
O

x

y

L

L

L

L
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a b

c

d

D

∮
L

Pdx +Qdy =

∫
L1

+

∫
L2

+

∫
L3

+

∫
L4
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∫
L1

+

∫
L3

=

∫ b

a

P (x, c)dx−
∫ b

a

P (x, d)dx =

∫ b

a

(
P (x, c)− P (x, d)

)
dx

= −
∫ b

a

(∫ d

c

∂P (x, y)

∂y
dy

)
dx = −

∫∫
D

∂P (x, y)

∂y
dxdy

∫
L2

+

∫
L4

=

∫ d

c

Q(b, y)dy −
∫ d

c

Q(a, y)dy =

∫ d

c

(
Q(b, y)−Q(a, y)

)
dy

=

∫ d

c

(∫ b

a

∂Q(x, y)

∂x
dx

)
dy =

∫∫
D

∂Q(x, y)

∂x
dxdy

∴
∮
L

Pdx +Qdy =

∫∫
D

(
∂Q(x, y)

∂x
−
∂P (x, y)

∂y

)
dxdy.

dªL²�þ| F = (P,Q)÷�´ L��þ�u ∂Q
∂x
− ∂P

∂y
3 D þ�

�È©.
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Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

½n 1 (Green úª) � D ´dk�^Åã1w�µ4� L �¤�²

¡4«�. F = (P (x, y), Q(x, y))´ D þ1w�þ|. Kk∮
L

Pdx +Qdy =

∫∫
D

(
∂Q

∂x
−
∂P

∂y

)
dxdy, (11.1)

Ù¥ L = ∂D ���ù�(½: 3 Lþ1r�, D 3�ý.

`a«� D := {(x, y) | a 6 x 6 b, ϕ(x) 6 y 6 ψ(x)}

¯a«� D := {(x, y) | c 6 y 6 d, ϕ(y) 6 x 6 ψ(y)}

O
x

y

L

L

L

L

1
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4

a b

D

`a«�

O
x

y

L

L

L

L
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c
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D
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� D ´��`a«�.·�k∮
∂D

Pdx =

(∫
L1

+

∫
L2

+

∫
L3

+

∫
L4

)
Pdx =

(∫
L1

+

∫
L3

)
Pdx

=

∫ b

a

P (x, ϕ(x))dx−
∫ b

a

P (x, ψ(x))dx

=

∫ b

a

(
P (x, ϕ(x))− P (x, ψ(x))

)
dx

= −
∫ b

a

(∫ ψ(x)

ϕ(x)

∂P

∂y
dy

)
dx = −

∫∫
D

∂P

∂y
dxdy

=� D ´��`a«��,k∮
∂D

Pdx = −
∫∫

D

∂P

∂y
dxdy. (11.2)
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Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

y3� D ´dk��`a«�©�¤�«�,=,

D = D1 +D2 + · · · +Dn,

Ù¥z� Di Ñ´`a«�.du3�

�ü�`a«��ú�>þ, �È

©U������È©
�g. Ïd

3ù��>þ�È©����p-�.

¤±

D

D

D

D

1

2

3

4

O
x

y

∂D = ∂D1 + ∂D2 + · · · + ∂Dn.

dÈ©��\5Ú (11.2),��∮
∂D

Pdx =

n∑
j=1

∫
∂Dj

Pdx = −
n∑
j=1

∫∫
Dj

∂P

∂y
dxdy = −

∫∫
D

∂P

∂y
dxdy.

ù`² (11.2)édk��`a«�©�¤�«��´¤á�.
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aq/,� D ´dk��¯a«�©�¤�«��,k∮
∂D

Qdy =

∫∫
D

∂Q

∂x
dxdy. (11.3)

u´�«� D Q�©�k��`a«�, q�©�k��¯a«

��,Òk ∮
∂D

Pdx +Qdy =

∫∫
D

(
∂Q

∂x
−
∂P

∂y

)
dxdy.

5: �,·�vk3����¹ey² Greenúª,� “Q�©�k�

�`a«�,q�©�k��¯a«�”ù�^�®²��°
,3¢S¯

K¥�«�Ä�Ñ÷vù�^�.
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Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

íØ 1 � D ´dk�^Åã1w�µ4��¤�«�, F = (P,Q)´

D þ�1w�þ|,�
∂Q

∂x
−
∂P

∂y
= 0,

Kéu D ¥?¿�^1wµ4� L,�� L�SÜ�3 D ¥,Òk∮
L

Pdx +Qdy = 0.

íØ 2 � D ´dk�^Åã1w�µ4��¤�«�,Ù¡È� A,K

A =

∮
∂D

xdy = −
∮
∂D

ydx =
1

2

∮
∂D

xdy − ydx.

Ù¥ ∂D ������. AO, e ∂D �ëê�§� x = x(t), y = y(t),

(α 6 t 6 β),K

A =
1

2

∫ β

α

(
x(t)y′(t)− y(t)x′(t)

)
dt.
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Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

~ 1 e f(x, y) 3üëÏ«� D SkëY��� �ê, K f �FÝ

| grad f = (f ′x, f
′
y)��È©3 D S�´»Ã'.

y² � P = f ′x, Q = f ′y.K

∂Q

∂x
−
∂P

∂y

=
∂f ′y

∂x
−
∂f ′x
∂y

=
∂2f

∂x∂y
−

∂2f

∂y∂x

= 0,

¤±�âíØ 1�,(Ø¤á.
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Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

~ 2 O�È©
∫
L

xdy − ydx
x2 + y2

,Ù¥ L : x2 + y2 = R2,_����.

) Ï�3 (0, 0) þ x2 + y2 = 0, ¤±ØU��^ Green úª. � L �

ëê�§� x = R cosϕ, y = R sinϕ, (0 6 ϕ 6 2π).Kk∫
L

xdy − ydx
x2 + y2

=

∫ 2π

0

(cos2ϕ + sin2ϕ) dt = 2π.

½ö ∫
L

xdy − ydx
x2 + y2

=
1

R2

∫
L

xdy − ydx

=
1

R2

∫∫
D

2dxdy

= 2π.
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~ 3 O�È©
∫
L
xdy−ydx
x2+y2

, L ´Ø²L�:�Åã1wµ4�, ��

�_����.

) ��:3 L �	Ü�, �þ|
(
−y
x2+y2

, x
x2+y2

)
3 L �SÜ´ C2 �,

�
∂ x
x2+y2

∂x
−
∂ −y
x2+y2

∂y
=

y2 − x2

(x2 + y2)2
+

x2 − y2

(x2 + y2)2
= 0,

¤±d Greenúª�,¤¦È©�".

��:3 L�SÜ�,3 L�SÜ����� L1�¹�:. � L1��

��_����,K3d L� −L1 �¤�«� D þ�^ Greenúª,�∫
L−L1

xdy − ydx
x2 + y2

= 0,

¤± ∫
L

xdy − ydx
x2 + y2

=

∫
L1

xdy − ydx
x2 + y2

= 2π.
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~ 4 O�È©
∫
L

(x + y)dx + (y − x)dy, L : x2

a2
+ y2

b2
= 1,_����.

) Ï� P = x+ y, Q = y− x3 R2þëY��, L´1w�,¤±�

±^ Greenúª,∫
L

(x + y)dx + (y − x)dy =

∫∫
x2

a2
+y2

b2
61

(
∂(y − x)
∂x

−
∂(x + y)

∂y

)
dxdy

= −2
∫∫

x2

a2
+y2

b2
61

dxdy

= −2πab.
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~ 5 � L´�± (x− 1)2 + (y− 1)2 = 1���_����. f(x)´�

�����¼ê,�÷v∫
L

−
y

f(x)
dx + xf(y)dy = 2π.

¦ f(x).

) � L¤���±� D.�â Greenúª,k∫
L

−
y

f(x)
dx + xf(y)dy =

∫∫
D

(
f(y) +

1

f(x)

)
dxdy.

Ï� D 'u x, y ´é¡�,¤±∫∫
D

(
f(y) +

1

f(x)

)
dxdy =

∫∫
D

(
f(x) +

1

f(y)

)
dxdy.

Ïd∫
L

−
y

f(x)
dx + xf(y)dy =

1

2

∫∫
D

(
f(x) + f(y) +

1

f(x)
+

1

f(y)

)
dxdy.
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du ∫
L

−
y

f(x)
dx + xf(y)dy = 2π = 2

∫∫
D

dxdy.

Ïk∫∫
D

((√
f(x)−

1√
f(x)

)2
+
(√

f(y)−
1√
f(y)

)2)
dxdy = 0.

ù`²
√
f(x)−

1√
f(x)

= 0,= f(x) = 1.
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Green úª íØ ~1 ~2 ~3 ~4 ~5 ~6 ~7

~ 6 XJ f(x, y)3 B(P0, R)þk��ëY �ê,�÷v Laplace�

§ ∂2f
∂x2

+ ∂2f
∂y2

= 0,@ok

f(P0) =
1

2πr

∫
L

f(x, y)ds,

Ù¥ P0 = (x0, y0), L : (x− x0)
2 + (y − y0)2 = r2, 0 6 r 6 R.

y² - g(r) = 1
2πr

∫
L
f(x, y)ds.Ï�L�ëê�§� x = x0+r cosϕ,

y = y0 + r sinϕ, 0 6 ϕ 6 2π.¤±

g(r) =
1

2π

∫ 2π

0

f(x0 + r cosϕ, y0 + r sinϕ)dϕ.

g′(r) =
1

2π

∫ 2π

0

(
cosϕ

∂f

∂x
+ sinϕ

∂f

∂y

)
dϕ =

1

2πr

∫
L

−
∂f

∂y
dx +

∂f

∂x
dy

=
1

2πr

∫∫
B

(
∂2f

∂x2
+
∂2f

∂y2

)
dxdy = 0,

ù`² g(r)�~ê. ¤± g(r) = g(0) = f(P0).
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~ 7 �¼ê f(x, y)3«�D = {x2 + y2 6 a2} (a > 0)þäk��ë

Y �ê, �÷v f(x, y)
∣∣
x2+y2=a2

= a2, ±9 max
(x,y)∈D

[(
∂f
∂x

)2
+
(
∂f
∂y

)2]
= a2.

y²:

∣∣∣∣∫∫
D

f(x, y) dxdy

∣∣∣∣ 6 4

3
πa4. (1Ê3�I�Æ)êÆ¿mûm)

y² � P (x, y) = −yf(x, y), Q(x, y) = xf(x, y). K P,Q3 D þk

��ëY �ê. P L = ∂D.du f 3 Lþ�~ê a2,d Greenúª,∮
L

Pdx +Qdy = a2

∮
L

−ydx + xdy = a2

∫∫
D

2dxdy = 2πa4.

,��¡,��^ Greenúª,�∮
L

Pdx +Qdy =

∫∫
D

(
∂Q

∂x
−
∂P

∂y

)
dxdy

=

∫∫
D

(
2f(x, y) + x

∂f

∂x
+ y

∂f

∂y

)
dxdy.

�, ∫∫
D

f(x, y) dxdy = πa4 −
1

2

∫∫
D

(
x
∂f

∂x
+ y

∂f

∂y

)
dxdy. (1)
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|^ CauchyØ�ªÚ^�,��∣∣∣∣∫∫
D

(
x
∂f

∂x
+ y

∂f

∂y

)
dxdy

∣∣∣∣ 6 ∫∫
D

√
x2 + y2

√(
∂f

∂x

)2

+

(
∂f

∂y

)2

dxdy

6 a

∫∫
D

√
x2 + y2 dxdy

= a

∫ 2π

0

∫ a

0

r2 dϕdr

=
2

3
πa4.

(Ü (1),�� ∣∣∣∣∫∫
D

f(x, y) dxdy

∣∣∣∣ 6 πa4 +
1

3
πa4 =

4

3
πa4.
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