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� )µA���§�µ

(
dy

dx
)2 − 3

dy

dx
− 4 = 0

��ü�ÄgÈ©µ

x+ y = c1, y − 4x = c2 .

�C�ξ = x+ y, η = y − 4x, �§z�:

uξη = 0 =⇒ u = f(ξ) + g(η) = f(x+ y) + g(y − 4x)

.............................................................................................................(5©)

�\½)^���µ

f(x) + g(−4x) = sin 3x, f ′(x) + g′(−4x) = 2x

)�µ f(x) =
1

5
(sin 3x+ 4x2 + 4c), g(−4x) = 1

5
(4 sin 3x− 4x2 − 4c)

=µ f(x) =
1

5
(sin 3x+ 4x2 + 4c), g(x) =

1

5
(−4 sin 3

4
x− 1

4
x2 − 4c)

¤±§�½)¯K)�µ

u =
1

5
(sin 3(x+ y) + 4(x+ y)2 + 4c) +

1

5
(−4 sin 3

4
(y − 4x)− 1

4
(y − 4x)2 − 4c)

=
1

5
sin(3x+ 3y) +

4

5
sin(3x− 3

4
y) +

3

4
y2 + 2xy .

.............................................................................................................(10©)

� )µ1) 3 f(x, y) = 0�§�§�µ

∂u

∂x
− y∂u

∂y
= 0 .

ÙA���§�µ
dx

1
=
dy

−y
=⇒ yex = c

�CþO�µ ξ = exy, η = y, �§z�
∂u

∂η
= 0 . )�Ï)µ

u = F(exy)

.............................................................................................................(6©)

2)3 f(x, y) = xy�§E¦^C�µξ = exy, η = y

−η∂u
∂η

= (ln ξ − ln η)η =⇒ ∂u

∂η
= ln η − ln ξ

)�µ

u = η ln η − η − η ln ξ + ϕ(ξ) = ϕ(exy)− y − xy



.............................................................................................................(10©)

ù�u(0, y) = ϕ(y)− y = y, =ϕ(y) = 2y ����

u(x, y) = 2exy − y − xy .

.............................................................................................................(12©)

n )µ��?Ø½�âStrum-Liouville½n§�k�λ > 0,��-λ = ω2,�\�§�

�

y(x) = A cosωx+B sinωx

.............................................................................................................(6©)

dy(0) = 0, �ÑA = 0, Ïdy(x) = B sinωx . 2d,�>.^�y′(20) = Bω cos 20ω = 0,

�Ñcos 20ω = 0, =

20ω = nπ +
π

2
=⇒ ωn =

nπ + π
2

20
, n = 0, 1, 2....

�k�µλn =

(
nπ + π

2

20

)2

, �k¼êµyn(x) = sin
nπ + π

2

20
x

.............................................................................................................(12©)

o )µ|^©lCþ§-u = T (t)X(x), �\�§��

X ′′(x)

X(x)
− 3

4
=

1

4

T ′′(t)

T (t)
= −λ

¿|^>.^�§���k�¯KµX ′′ + (λ− 3
4)X = 0, (0 < x < 5)

X(0) = 0, X(5) = 0.

¿�AkT (t)��§:T ′′(t) + 4λT = 0 . )�k�¯K)��µ

λn =
(nπ

5

)2
+

3

4
, Xn(x) = sin

nπ

5
x, n = 1, 2, ...

.............................................................................................................(7©)

�A/

Tn(t) = Cn cos

(√
4n2π2

25
+ 3

)
t+Dn sin

(√
4n2π2

25
+ 3

)
t

|^U\�n§�

u =
+∞∑
n=1

[
Cn cos

(√
4n2π2

25
+ 3

)
t+Dn sin

(√
4n2π2

25
+ 3

)
t

]
sin

nπ

5
x



��|^Ð�^�µ

u(0, x) =

+∞∑
n=1

Cn sin
nπ

5
x = ϕ(x) =⇒ Cn =

2

5

∫ 5

0
ϕ(ξ) sin

nπ

5
ξ dξ

±9ut(0, x) = 0�ÑDn = 0 . ��¦�

u =

+∞∑
n=1

(
2

5

∫ 5

0
ϕ(ξ) sin

nπ

5
ξ dξ

)
cos

(√
4n2π2

25
+ 3

)
t · sin nπ

5
x

.............................................................................................................(14©)

Ê)

)µ (1)duz��Ã��¿�½)^���rk'§�/ÏÎ�I�§z�µ

ut = a2
[
1

r

∂

∂r
(r
∂u

∂r
)

]
�©lCþ, -u = T (t)H(r), ��

T ′

a2T
=
H ′′ +

1

r
H ′

H
= −λ

(Ü>.^�§�"�Bessel�§Ik�¯Kµr2H ′′ + rH ′ + λr2H = 0

H(0) k., H(R) = 0

Ú�§

T ′ + λa2T = 0 .

)�k�¯K��µ�k� : λn = ω2
n, �k¼êJ0(ωnr),ωn´J0(ωR) = 0�1n��

� .�A/:Tn(t) = e−a
2ω2
nt.�

u(t, r) =

+∞∑
n=1

Cne
−a2ω2

ntJ0(ωnr)

.............................................................................................................(7©)

2dÐ�^�µ

u |t=0=
+∞∑
n=1

CnJ0(ωnr) = R2 − r2

�âBessel ¼êXê(½úª

Cn =

∫ R

0
r(R2 − r2)J0(ωnr)dr

N2
01n

=
1

N2
01n

1

ω2
n

∫ ωnR

0
t

(
R2 − t2

ω2
n

)
J0(t)dt



=
1

N2
01nω

2
n

[
(R2 − t2

ω2
n

)tJ1(t)|ωnR0
+

2

ω2
n

∫ ωnR

0
t2J1(t)dt

]
=

2

R2J2
1 (ωnR)ω

2
n

.
2

ω2
n

. ω2
nR

2J2(ωnR) =
4J2(ωnR)

ω2
nJ

2
1 (ωnR)

=
8

ω3
nRJ1(ωnR)

¤±��)

u =

+∞∑
n=1

8

ω3
nRJ1(ωnR)

e−a
2ω2

ntJ0(ωnr)

.............................................................................................................(12©)

2)�u1 = 1�§�C�V = u− u1, KV�½)¯KÓ�/(1), Ïdù�

u = u1 + V = 1+
+∞∑
n=1

8

ω3
nRJ1(ωnR)

e−a
2ω2

ntJ0(ωnr)

.............................................................................................................(14©)

8)

)µ(1) du´¥S¯K, Ïd

u(r, θ) =
+∞∑
n=0

Anr
nPn(cos θ).

.............................................................................................................(4©)



u |r=2=

+∞∑
n=0

An2
nPn(cos θ) = 1 + cos2 θ =⇒

+∞∑
n=0

An2
nPn(x) = 1 + x2 .

'���µA0P0(x) + 4A2P2(x) = 1 + x2 =⇒ A0 + 4A2 × 1
2(3x

2 − 1) = 1 + x2 '�Xê§

´�: A0 =
4
3 , A2 =

1
6 .ù�

u(r, θ) =
4

3
+

1

6
r2P2(cos θ),

(
½u(r, θ) =

4

3
+ r2

(
1

4
cos2 θ − 1

12

))
.

.............................................................................................................(8©)

(2)Ó�

u(r, θ) =

+∞∑
n=0

Anr
nPn(cos θ).



u |r=2=
+∞∑
n=0

An2
nPn(cos θ) = f(θ) =

4, 0 ≤ θ ≤ α,

0, α < θ ≤ π.
.



Ïd

A0 =
1

2

∫ π

0
f(θ)P0(cos θ) sin θdθ =

4

2

∫ α

0
P0(cos θ) sin θdθ = 2

∫ α

0
sin θdθ = 2(1− cosα).

n ≥ 1 �,

An2
n =

2n+ 1

2

∫ π

0
f(θ)Pn(cos θ) sin θdθ =

2n+ 1

2

∫ α

0
4Pn(cos θ) sin θdθ

= 2

∫ 1

cosα
(2n+ 1)Pn(x) dx = 2

∫ 1

cosα

(
P ′n+1(x)− P ′n−1(x)

)
dx

= 2 (Pn−1(cosα)− Pn+1(cosα)) ,

=

An =
Pn−1(cosα)− Pn+1(cosα)

2n−1
, n ≥ 1

Ïd

u(r, θ) = 2(1− cosα) +
+∞∑
n=1

[
Pn−1(cosα)−Pn+1(cosα)

2n−1

]
rnPn(cos θ).

.....................................................................................................................(14©)

Ô )µPδ(x−2)+3e−x
2
= ϕ(x),¿-û(t, λ) =

∫ +∞

−∞
u(t, x)e−iλx dx ,2�FourierC��µ

ût = −λ2û+ 20iλû+ û,

û |t=0= ϕ̂(λ)

)�µ

û = ϕ̂(λ)e(−λ
2+20iλ+1)t .

.............................................................................................................(5©)

Ïd

u(t, x) =
1

2π

∫ +∞

−∞
ϕ̂(λ)e(−λ

2+20iλ+1)teiλxdλ = et × 1

2π

∫ +∞

−∞
ϕ̂(λ)e−λ

2teiλ(x+20t)dλ

Ph(x) =
1

2π

∫ +∞

−∞
ϕ̂(λ)e−λ

2teiλxdx, Kdþª�:u(t, x) = eth(x+ 20t), 

h(x) = F−1[ϕ̂(λ)e−λ
2t] = ϕ(x) ∗ 1

2
√
πt

exp{−x
2

4t
} = 1

2
√
πt

∫ +∞

−∞
ϕ(ξ) exp{−(x− ξ)2

4t
}dξ



δ(x− 2) ∗ 1

2
√
πt

exp(−x
2

4t
) =

1

2
√
πt

exp(−(x− 2)2

4t
)

e−x
2 ∗ 1

2
√
πt

exp{−x
2

4t
} = 1√

1 + 4t
e−

1
1+4t

x2



ù�

u(t,x) = eth(x+ 20t) =
et

2
√
πt

exp(−(x− 2+ 20t)2

4t
) +

3et√
1+ 4t

e−
1

1+4t
(x+20t)2

.............................................................................................................(12©)

l) ) 1)PM0 = (ξ, η, ζ),|^º�{§3M0 = (ξ, η, ζ)�+ε:>Ö§3M1 = (−ξ, η, ζ)�−ε:
>Ö,3M2 = (ξ,−η, ζ)�−ε:>Ö, M3 = (−ξ,−η, ζ)�+ε:>Ö. �)�>|�³¼ê

U\=���¼êµ

G =
1

4πr(M,M0)
− 1

4πr(M,M1)
− 1

4πr(M,M2)
+

1

4πr(M,M3)

Ù¥

r(M,M0) =
√

(x− ξ)2 + (y − η)2 + (z − ζ)2, r(M,M1) =
√

(x+ ξ)2 + (y − η)2 + (z − ζ)2

r(M,M2) =
√

(x− ξ)2 + (y + η)2 + (z − ζ)2, r(M,M3) =
√

(x+ ξ)2 + (y + η)2 + (z − ζ)2

.............................................................................................................(7©)

2) éu«�3y = 0�>., Ù	{�� ~n0 = (0,−1, 0), K
∂G

∂ ~n0
|η=0= −

∂G

∂η
|η=0

∂G

∂η
|η=0 =

1

4π

(
y − η

[(x− ξ)2 + (y − η)2 + (z − ζ)2]
3
2

+
y + η

[(x− ξ)2 + (y + η)2 + (z − ζ)2]
3
2

)
|
η=0

+
1

4π

(
− y − η
[(x+ ξ)2 + (y − η)2 + (z − ζ)2]

3
2

− y + η

[(x+ ξ)2 + (y + η)2 + (z − ζ)2]
3
2

)
|
η=0

=
1

2π

(
y

[(x− ξ)2 + y2 + (z − ζ)2]
3
2

− y

[(x+ ξ)2 + y2 + (z − ζ)2]
3
2

)
Ón

∂G

∂ξ
|ξ=0 =

1

2π

(
x

[x2 + (y − η)2 + (z − ζ)2]
3
2

− x

[x2 + (y + η)2 + (z − ζ)2]
3
2

)
.

��

u(x, y, z) =

∫
ξ=0
(η>0)

g(η, ζ)
∂G

∂ξ
dS0 +

∫
η=0
(ξ>0)

ϕ(ξ, ζ)
∂G

∂η
dS0

=
1

2π

∫ +∞

−∞
dζ

∫ +∞

0

(
y

[(x− ξ)2 + y2 + (z − ζ)2]
3
2

− y

[(x+ ξ)2 + y2 + (z − ζ)2]
3
2

)
ϕ(ξ, ζ) dξ

+
1

2π

∫ +∞

−∞
dζ

∫ +∞

0

(
x

[x2 + (y − η)2 + (z − ζ)2]
3
2

− x

[x2 + (y + η)2 + (z − ζ)2]
3
2

)
g(η, ζ)dη

.............................................................................................................(14©)


