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1òŸ ØáÜV«

◆∆8�µ

1) ›∫ë≈Øá�Vg⁄É'$é.

2) ⌦)V«�ÿ”Ω¬ß›∫;V.�ƒ�Oé.

3) ›∫^áV«�VgßŸˆ$^⌧V«˙™⁄Bayes˙™.

4) ›∫Øá’·�Vg⁄k'$é.

§1.1 V«ÿu–{§

V«ÿÂ�u17≠V, y3˙@¥1654cPascalÜFermat“Ÿ∆•�Í∆ØK§–

m�?ÿ, 3?ÿ•J—⌦ò⌦ƒ�Vg, Å;.�~f¥X€©Ÿ��ØK. ¸áŸ

‰É�ŸeZ€,XkIs€“éXI.ddJ—œ"�Vg. É�AáÍ∆å[Huygens,

Bernouli, J, De Moivre �Ôƒ⌦˘áØK, Bernouli È™«ÜV«⇢C˘òØ¢âÉ⌦

nÿ˛�⇠„. 1812cLaplace 35©€V«ÿ6•Å@Q„⌦V«ÿ�Aáƒ�Ωn,

â—⌦;V«�≤(Ω¬. 1814c35V«�Û∆&?6ò÷•,P1⌦òák��⁄

O⇡Ø,ä‚‘Ì!*⇢⇤!y�⁄⌧{I�⁄O]�,⇢—A⇥òó�I?⁄Â?—)

�'~è22:21, =I?'~è51.16%, ΩI?ÜÂ?�'äè104.76:100, å¥⁄O1745-

1784c✓✓40cniI?�—)«û, ⇢�'~è25:24 (104.17:100), N⌃Ôƒ�uy

ni<k¢ÔI?�ßS. 1900cHilbert31◆3≠.Í∆[å¨˛J—⌦23ák∂�

ØK, ÃN¥È#≠VÍ∆u–êï�&?. 'uÔ·V«ÿ�˙nNX¥¶§J�

18áØK“/œ˙n5Ôƒ@⌦3Ÿ•Í∆Â≠áä^�‘nâ∆; ƒk¥V«⁄Â

∆”. ë�Poincare, Borel�—ÈV«ÿ˙nNX�Ô·â—⌦„Â, 1933cÄÈ�åÍ

∆[Kolmogorov(1903-1987)™J—⌦V«ÿ�˙nNX.V«ÿld⇢◊Ñ�u–,

3dƒ:˛, Ín⁄Oè⇢⌦◊Ñ�u–.

§1.2 V«ÿ�Aáƒ�Vg

§1.2.1 ë≈¡�⁄ë≈Øá

ë≈yñ: g,.•�ê*yñ, �<Ç*ˇßû, §⇢(JÿU˝k(Ω, �==

¥ı´åU(JÉò.

1



fi~`≤ë≈yñ.

ë≈¡�: ë≈yñ�¢y⁄Èß,áA��*ˇ.

ë≈¡�•á¶¡��(Jñ�2áßzg¡�Ω*ˇ⇢Ÿ•�òá(Jß3¡

�⁄*ˇÉcÿU˝�¥=á(Ju)"d ßá¶3É”�^áeU≠E¡�"

X*ˇrM1�4g�°ï˛�gÍ;*ˇ,/�ß›Cz;,>{o≈¸†ûm

S=⇢�>{gÍ.

Ω¬ 1.2.1. ƒ�Øá: ë≈¡�•�zá¸ò(J, ßgX©f•�⌃f, 3z∆áA

•ÿU2©, §±k“ƒ�”¸i.

XrM1�3g�k8´åU(J:!á!á!á!áá!á

á!áá!ááá. ˘8´åU(J�zòá—¥ƒ�Øá.

Ω¬ 1.2.2. ë≈Øá: {°Øá, 3ë≈¡�•∑Ç§'%�åU—y�à´(J, ß

dòáΩeZáƒ�Øá|§.

ë≈Øá~^å�=©i1A,B, C, D�L´. XJ^äÛLà,Ká^s)“)Â

5.

Ω¬ 1.2.3. ⇠�òm: ë≈¡�•§kƒ�Øá§�§�8‹, œ~^⌦ΩSL´.

~ 1.2.1. ïòq�f, * —y�:Í. K ⌦ = {1, 2, 3, 4, 5, 6}.

~ 1.2.2. � ,ò/´�c¸Ö˛, K ⌦ = {x|0  x < T}, ˘p T L´,á~Í, L´

¸Ö˛ÿ¨áL T .

Ω¬ 1.2.4. 7,Øá(⌦): 3¡�•òΩ¨u)�Øá;

ÿåUØá(�): 3¡�•ÿåUu)�Øá.

§1.2.2 Øá�$é

å±y≤,r⇠�òm•�ƒ�ØáÜòm•�:ÉÈA,KØáÜ8‹ÉÈA,œ

dØá$éÜ8‹$éå±Ô·òòÈA'X.
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1. fØáA ⇢ B: ØáAu)%πØáBòΩu), KØáA°èØáB�fØá, P

èA ⇢ B. eA ⇢ B, ÖB ⇢ A, K°ØáAÜØáBÉ�, PèA = B.

2. Øá�⁄(A [ B) : ØáA⁄ØáB•ñ�kòáu)�˘òØá°èØáA⁄Ø

áB�⁄, PèA [B.

3. Øá�»(A \ B) : ØáA⁄ØáB”ûu)˘òØá°èØáA⁄ØáB�», P

èA \B.

XJA \B = �, K°A⁄BÿÉN, =ØáA⁄BÿU”ûu).

4. È·ØáAc(ΩĀ): Aÿu)˘òØá°èØáA�È·Øá(Ω{Øá) .
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5. ØáA⁄ØáB�↵A�B: ØáAu)�ØáBÿu)˘òØá°èØáA⁄ØáB�

↵, PèA�B, Ω�d�, ABc.

De MorganÈÛ{K:

A [B = Ā \ B̄,

A \B = Ā [ B̄,

˛°˙™å±Ì2náØá:

n
[

i=1

Ai =
n
\

i=1

Āi

n
\

i=1

Ai =
n
[

i=1

Āi

§1.2.3 V«�Ω¬95ü

1. V«�Ω¬

üo⌫V«?Ü*/˘,V«¥ë≈Øáu)åU5å⇥�ÍiL�,Ÿä30⁄1É

m, ÜÈ{`, V«¥Øá�ºÍ. X€¶—ØáA�V«(PèP (A))?

(1) ;V.: k¸á^á,

1ò, (kÅ5) ¡�(JêkkÅá(Pèn) ,

1◆, (�åU5) záƒ�Øáu)�åU5É”.

èOéØáA�V«, ⌫A•ùπmáƒ�Øá, KΩ¬ØáA�V«è

P (A) =
m

n

P“: èêBÂÑß±#(B)PØáB•ƒ�Øá�áÍßœdß

P (A) =
#(A)
#(⌦)
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(2) V«�⁄OΩ¬

;V.�¸á^á  ÿU˜v, dûX€Ω¬V«? ~^�ò´ê{¥rπ

kØáA�ë≈¡�’·≠Eâng(Bernouli¡�) , ⌫ØáAu)⌦nAg, °'än
A

n è

ØáAu)�™«, �n�5�åû, ™«¨3,áäpNC≈ƒ, Ö≈ƒ�5�⇥, ˘á

äp“Ω¬èØáA�V«.

5ø: èüoÿU�èlimn!1
n

A

n = p? œèn
A

n ÿ¥n�ºÍ.

Aá~f: =©i1⇢¶^�™«¥É�≠Ω�; 4⇣�d&Y81o�5aÕ�

⇥<6,4⇣�d^™«ª⌦£'A⁄D⇣0ÉmÈ‰óË; 1872c=I<Shix, W r⇡é

707†, 1944.5-1945.3Í∆[{Ç÷@è⇡�⇥Í†�ÍiÈ09AT¥�åU�,⇥ÿ

ÈShix�(JuyÍi7�, ⇡ÈShix�(Jk~¶, ≠#Oéuyc527†¥(�,

�°ÿÈ⌦. Oé≈—y�, {I<4.XcOé⌦⇡�c100⇡†⇥Í, uyàáÍi—

y�™«É”.

(3) Ã*V«

'uV«�⁄OΩ¬, ∑ÇåU¨é, XJ¡�ÿU3É”�^áe’·≠EÈ

ıgûTNoç? Ñk<Ç~!ÿ´´Øá—y≈¨�å⇥, X,<k80%�åU5ç

§,Ø. X,<k80%�åU5ç§,Ø.,ò<K@è=k50%�åU5. =∑Ç~~

¨<òáÍi�✏O˘aØáu)�åU5, �%8•øÿrßÜ™«!⇥. ˘´V«

°èÃ*V«, ˘aV«kÉ��)πƒ:. 37K⁄+n�ê°kå˛�A^, ˘ò

∆�°èBayes ∆�, C5⇢�5�ı�@å. ⇥¥�c^™«5Ω¬V«�™«�

E¥Ín⁄O�Ã6. �:¥™«�@èV«¥ê*�3ßÿåUœ<�….

(4) V«�˙nzΩ¬

ÈV«$é5Ωò⌦{¸�ƒ�{K,

(i) ⌫A ¥ë≈Øá, K0  P (A)  1,

(ii) ⌫⌦è7,Øá, KP (⌦) = 1,

(iii) eØáA⁄BÿÉN, KP (A [B) = P (A) + P (B),

è⌦ÈåÍ√°áØáEU§·,∑Çár˛°˙™•�¸áØáÌ2åÍ√°á¸

¸ÿÉN�ØáS✏

P (
1
[

i=1

Ai) =
1
X

i=1

P (Ai)

2. ;V«Oé�Aá~f

Oé;V«, Ãá^¸✏|‹��£.
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ES¿¸✏, ≠E¸✏⁄|‹˙™k'�£.

~ 1.2.3. òáÅkrá<, ÿO2�29F—)�(=bΩòcè365U) , Øñ�k¸<”

òU)F�V«¥ı�?

á:: (1) �ØK•�⇠�òm¥üo? (2) ≠E¸✏, (3) kOé{Øá

~ 1.2.4. ›•k32ê˘•, 4êx•, l•?π2•, ¶¸••ñ�kòáx•�V«.

á:: (1) ⇠�òmå±�ƒè§kåU�|‹, èå±�ƒè§kåU�¿¸✏,

k⌦ØK•êU�ƒŸ•Éò, ‰NØK‰N©€,

(2)�Kå±Ü⇢Oéë≈Øá�V«,èå±kOéÈA�{Øá�V«,,�⇢

§IØá�V«.

§1.2.4 ^áV«

1. ^áV«�Ω¬

òÑ˘, ^áV«“¥3�⌫⌦òΩ�&Ee§⇢�ë≈Øá�V«. X¸á

ÛÇA⁄B)⌫”ò¨˝�>¿≈, ˚|•T¨˝ká⁄ò�g¨«, 'X0.5%, XJ\

l,áÂª�⌫T˚|�˘1>¿≈¥AÇ)⌫�, K\Ô�>¿≈�g¨«ÿ2

¥0.5%, �AT'0.5%á⇥, ˘áV«“¥^áV«, =\3�⌫⌦˘1>¿≈¥AÇ)

⌫�N\^áe�V«“¥^áV«.

⇥x•A^��π<Ík�«è¥^áV«.

Ω¬ 1.2.5. ⌫ØáA⁄B¥ë≈¡�⌦ •�¸áØá, P (B) > 0 , °

P (A|B) =
P (AB)
P (B)

èØáBu)^áeØáAu)�^áV«.

5 1.2.1. P (A)⁄P (A|B) ¥ÿ”�¸áV«. X„, ⌫›/A�°»è1, KP(A)L´A�

°», �P (A|B)L´3B•, A§”�'~, =AB˘¨°»3B•§”�'~.
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èå±lV«�⁄OΩ¬,=^™«5CqV«˘ò�›5n)^áV«.⌫3ng

’·¡�•, ØáAu)⌦nAg, ØáBu)⌦nBg, ØáABu)⌦nABg, ØáBu)

eØáAu)�™«è
nAB

nB
⇡

P (AB)
P (B)

5 1.2.2. Ø¢˛, ∑Ç§�ƒ�V«—¥3òΩ^áeOé�, œèë≈¡�“¥3ò

Ω�^áe?1�, §±⇠�òm¥ÉÈ�Û�. XJr3òΩ^áe�Øá¡�w§

√^á�, K3÷ø^áe?1�Øá¡��(JòÑ�ÛÉÈu⌃k(Já�, =⇠

�òmUC⌦. §±§⇢ë≈Øá�V«òÑ¥ÿÉ”�.

~ 1.2.5. k10á⌫¨, Sk3ág¨, l•òáá/ƒ✓(ÿò£)u�, Ø1òg✓g

¨�1◆g2✓g¨�V«.

): ⇠�òm⌦¥l10á⌫¨•kS✓—2á⌫¨�ÿ”ê{, ˘¥òá¸✏ØK, ¥

�#⌦ = 10⇥9 = 90,PA ={1òg✓—�¥g¨}, B ={1◆g✓—�¥g¨}, #(AB) =

6, #A = 3, ⇡

P (B|A) =
P (AB)
P (A)

=
6/90
3/10

= 2/9

5ø, P (B|A) = 2/9 6= P (A) = 3/10.

~ 1.2.6. kn‹É”�k°⁄ò∫lf, 1ò‹k°¸°—xk⌫, 1◆‹k°ò°x

⌫,ò°x(,1n‹k°¸°—x(. y3B[rk°ò3l•~ô,,�4\?✓ò

‹, rßò3S˛, ⌫\wk°˛°�„Yè⌫, ,�B[Ü\ãŸe°�„YÜ˛

°ò⇠ûéB[I, ÿò⇠¥è\I. ûØ˘⇠�Ÿ∆¥ƒ¥˙≤�?
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˘¥Õ∂Í∆[,&Eÿ�MÔˆÉòA. Weaver⌫O�,¶Q350c�5â∆{I

<6̨ 0↵L˘á~f. ûå[éòé, Èkøg.

~ 1.2.7. ï¸á�f,*ˇ—y�:Í,©O±x⁄yL´1ò⁄1◆à�fï—�:Í,

PA = {(x, y) : x + y � 9} , B = {(x, y) : x > y} , ¶P (A|B) ⁄P (B|A).

N¥é—P (A|B) = 2/15 , P (B|A) = 1/3, ˘`≤˘¸á^áV«ÿ¥ò£Ø.

2. ¶{Ωn

dP (A|B) = P (AB)
P (B) ) P (AB) = P (A|B)P (B)

d8B{N¥Ì2ènáØá”ûu)�V«kXe˙™:

P (A1A2 · · ·An) = P (A1)P (A2|A1) · · ·P (An|A1 · · ·An�1)

˛°˙™�m>wqÊÜ, Ÿ¢3¢S•ÈN¥é—. 3vkâ—náØáÉmÉ

p'Xû, ˘¥OénáØá”ûu)�òá≠á˙™.

~ 1.2.8. ,<#⌦,åA>{“Ë�Å�òáÍi, œ�ëø√“, Ø¶ngÉS√œ

>{�V«.

): -Ai={1igãœ>{}, i = 1, 2, 3 , K

P (3gS√œ>{) = P (A1 [A2 [A3)

= 1� P (Ā1Ā2Ā3)

= 1�
9
10

8
9

7
8

= 0.3

§1.2.5 ⌧V«˙™⁄Bayes˙™

1. ⌧V«˙™

Ω¬ 1.2.6. ⌫B1, B2, · · ·Bn ¥⇠�òm⌦ •�¸¸ÿÉN�ò|Øá, =BiBj = �, i 6=

j, Ö˜v
Sn

i=1 Bi = ⌦, K°B1, B2, · · ·Bn ¥⇠�òm⌦ �òá©�(q°è⌘⌫Øá

+,=©èpartition).
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⌧V«˙™:⌫{B1, B2, · · ·Bn}¥⇠�òm⌦�òá©�, Aè⌦•�òáØá, K

P (A) =
n
X

i=1

P (A|Bi)P (Bi)

8�: kûÿN¥Ü⇢OéØáA�V«, ⇥¥3záBi˛A�^áV«N¥¶—.

5ø: A^•Å≠á�¥�y{B1, B2, · · ·Bn}�§⇠�òm�òá©�.

~ 1.2.9. ⌫,Ç⌫¨�òá"‹á¥dn[˛iÇ˚¯¿�. Æ�kòå¥A ÇJ¯

�, BÇ˚⁄C ©OJ¯25% . Æ�Ç˚A ⁄B �g¨«—¥2%, C �g¨«è4%, l

TÇ⌫¨•?✓òá⌫¨, ØT⌫¨�˘á"‹á¥g¨�V«.

): PBi ={✓�⌫¨¥Bi Ç)⌫�}, i = 1, 2, 3, ¥ÑB1, B2, B3 �§⇠�òm�òá

©�, ÖP (B1) = 0.5, P (B2) = P (B3) = 0.25, P (A|B1) = P (A|B2) = 0.02, P (A|B3) = 0.04,

d⌧V«˙™Í˛⇢

P (A) = 0.02⇥ 0.5 + 0.02⇥ 0.25 + 0.04⇥ 0.25 = 0.025

~ 1.2.10. ò^[⌃3çE�rî⌦, flé⌃kn´åU�ï:

A: ßÆ£[,

B: E3⌃/ì�fi,

C: ÆrîNC�‰�•�⌦.

l⌃�S5å✏O˛„n´åU5©Oè1/4, 1/2, 1/4. òá⇥Ø⇢�£�È⌃, X

J⌃E3⌃/ì�fi, ⇥ØUÈ�åU5è90%, XJ⌃ÆrîNC�‰�•�⌦,

K⇥ØUÈ�åU5è50% . Ø⇥ØUÈ⌃�V«.

): å±©€⇢—⌃�n´�ï�§⇠�òm�òá©�, ⇥ØU3ÿ”úπeÈ⌃

�V«¥^áV«, XJ⌃Æ£[, ⇥ØUÈ⌃�V«è0. d⌧V«˙™å±é—⇥

ØUÈ⌃�V«è23/40 = 57.5%.

2. Bayes˙™
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⌫{B1, B2, · · ·Bn}¥⇠�òm�òá©�, Aè⌦•�òáØá, P (Bi) > 0, i = 1, 2,

· · · , n, P (A) > 0, K

P (Bi|A) =
P (A|Bi)P (Bi)

Pn
j=1 P (A|Bj)P (Bj)

üoúπe^Bayes˙™? d˙™�, ©1“¥ØáA�V«, �©f⁄�™Ü>�

^áV«•�^á–áL5. §±∑Ç�⌫3œJ'XpÜû7L^Bayes˙™.

~ 1.2.11. ò´⌃‰,Jw�¡J, ≤⇠K¡�kXePπ: kJwæ<◆5�V«

è95%, √Jwæ<“5�V«è95%. y^˘´¡J3,�´?1Jw ⌃, ⌫T�´

Jwuæ«è0.5%, Ø,<áAè◆5ûT<áJw�V«.

): ⌫A ={áAè◆5}, C ={⇢⌃‰ˆáJw}, dKø,

P (A|C) = 0.95, P (Ā|C̄) = 0.95, P (C) = 0.005,

y3áé�¥P (C|A) . ˘¥;.�œJ'XpÜ, êU^Bayes˙™.

P (C|A) =
P (A|C)P (C)

P (A|C)P (C) + P (A|C̄)P (C̄)

=
0.95⇥ 0.005

0.95⇥ 0.005 + 0.05⇥ 0.995
= 0.087 = 8.7%

˘`≤^T¡J?1 ⌃, O(5êk8.7%. OéL≤, XJ¸gáAè◆5ûá

Jw�V«à⌦64%.

§1.2.6 Øá�’·5

è⌦Oé¸áØá”ûu)�V«, å±$^¶{Ωn, P (AB) = P (A|B)P (B). ü

oúπeP (AB) = P (A)P (B)? =AB”ûu)�V«�u¸áØá¸’u)V«�¶

»? èd∑ÇkXe�Ω¬:

Ω¬ 1.2.7. ⌫A,B¥ë≈¡�•�¸áØá,e˜vP (AB) = P (A)P (B) ,K°ØáA⁄BÉ

p’·.

'u’·�Vg, AT¥l¢S—u, XJU⌦⌥‰ØáB�u)ÜƒÈØáA�

u)Üƒÿ⌫)Kè, KØáA,B=è’·. XròáM1ï¸g, *ˇá°—y�
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úπ, A ={1òg—y°}, B ={1◆g—y°}, AB ={¸g——y°}, ⇠�ò

m⌦k4áƒ�Øá, #(AB) = 1,#(A) = 2,#(B) = 2, ⇡

P (AB) = 1/4, P (A)P (B) = 1/2 · 1/2 = 1/4

=ØáA,BÉp’·. Ø¢˛, ∑ÇN¥⌥‰1òg¥ƒ—y°Ü1◆g¥ƒ—

y°vk?€Kè, =’·�. ⌫Ã L´ØáAu)⁄ÿu)Éò, B̃ L´ØáBu)

⁄ÿu)Éò. d’·5�Ω¬å±Ì�P (ÃB̃) = P (Ã)P (B̃), (˘�ò�4á�™) . ’

·5�Ω¬å±Ì2náØá.

Ω¬ 1.2.8. ⌫A1, A2, · · ·An¥ë≈¡�•�náØá, ±Ãi L´AiΩĀiÉò. e˜v

P (Ã1Ã2 · · · Ãn) = P (Ã1)P (Ã2) · · ·P (Ãn),

K°Øá✏A1, A2, · · ·An Ép’·.

(˛°k2ná�™)

5ø: ˛°�™�duÈA1, A2, · · ·An•�?økáØáAi1 , Ai2 , · · · , Ai
k

, k = 2, · · ·n,

k

P (Ai1Ai2 · · ·Ai
k

) = P (Ai1)P (Ai2) · · ·P (Ai
k

)

5ø: ’·⁄ÿÉN¥ÿ”�¸áVg.

~ 1.2.12. A,B, C n<’·/ª»óË, z<Uª»óË�V«©Oè1/3, 1/4, 1/5. Ø

óËU⇢ª»�V«kıå?

): ⌫D={óË⇢ª»}, A,B⁄C ©OL´A,B⁄Cn<Uª»óË˘náØá, d’

·5,

P (D) = P (A [B [ C) = 1� P (ĀB̄C̄)

= 1� P (Ā)P (B̄)P (C̄) = 1�
2
3

3
4

4
5

= 0.6

~ 1.2.13. 3⇤áåÇ5Ôƒ•, ∑Ç�ƒXe¸´>¥:

Ÿ•1-4L´4áU>Ï,ßÇ¥ƒmœ¥Ép’·�,⌫U>Ï◆œ�V«èp, (0 <

p < 1), ¶¸´>¥lLRèœ¥�V«.
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): Ü„èGÈ�øÈ, m>èøÈ�GÈ, PAi ={1iáU>Ï◆œ}, KÜ„LRèœ

¥�LàèA1A2 [ A3A4,m„LRèœ¥�Làè(A1 [ A3) \ (A2 [ A4), duP (A1A2) =

P (A1)P (A2) = p2 = P (A3A4), ⇡

P (A1A2 [A3A4) = p2 + p2
� p4 = p2(2� p2)

”n,

P ((A1 [A3) \ (A2 [A4)) = (2p� p2)2 = p2(2� p)2,

du2� p2 < (2� p)2, ⇡øÈ�GÈ�>¥'GÈ�øÈ�>¥�åÇ5pò:.

~ 1.2.14. ná<’·ï”ò8I◆¬,1iá<∑•8I�V«èpi, i = 1, 2, · · · , n,¶ñ

�kò<∑•8I�V«.

): -Ai ={1iá<∑•8I}, D ={ñ�kò<∑•8I}, K

D =
n
[

i=1

Ai,

P (D) = 1� P (D̄) = 1� P (Ā1Ā2 · · · Ān)

= 1� (1� p1)(1� p2) · · · (1� pn)

⇡ 1� exp{�⌃pi}

˛°��“3pi�⇥û§·. ~Xpi = 0.04, n = 100 û, P (D) ⇡ 1 � exp{�4} =

0.98168
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1◆Ÿ ë≈C˛9Ÿ©Ÿ

◆∆8�:

1) ›∫ë≈C˛�Vg"›∫l—.ë≈C˛�V«ºÍ, ÎY.ë≈C˛�V«ó

›, 9?ø�ë≈C˛�©ŸºÍ�Vg.

2) ›∫◆ë©Ÿ!Poisson©Ÿß±9ÉA�V«Oé.

3) ›∫�©ŸßçÍ©Ÿ⁄˛!©Ÿß̈ ?1ÉA�V«Oé.

4) ›∫ıëë≈C˛�Vg"⌦)nëë≈C˛�È‹©ŸºÍ�Vg⁄5ü.

5)›∫◆ël—.⁄ÎY.ë≈C˛�>�©ŸÜÈ‹©ŸÉm�'Xß̈ ^˘⌦'

X™¶>�©Ÿ.

§2.1 ë≈C˛�Vg

ë≈C˛¥Ÿäë≈¨�Ω�C˛"

~ 2.1.1. ±XL´ïòg�f⇢�:Í, X¥òáë≈C˛. ßå±✓{1, 2, 3, 4, 5, 6}•

�òáäß⇥.✓@áäßá�ï⌦�f‚�⌫.

~ 2.1.2. ò‹¯ �•¯7⇤¥òáë≈C˛. ß�äá�m¯±�‚�⌫.

~ 2.1.3. 3ò1⌫¨•ë≈/ƒ—100á⌫¨, Ÿ•§π�¢¨Í¥òáë≈C˛. ß

�äá�u⌃⌦§kƒ—�⌫¨�‚�⌫.

3, �~f•, ë≈¡��(Jè,ÿ¥òáÍ, ⇥Eå^Í5£„.

~ 2.1.4. ïòqM1—y°Ωá°.

~ 2.1.5. ⌫¨⇢©è¨Ω¢¨.
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˛°¸~•�(J˛å^òá✓ä0,1�ë≈C˛5£„, Ÿ•å±1ìL°Ω

¨, ±0ìLá°Ω¢¨.

Ø¢˛, È?øòáØáA, Ω¬

IA(!) =

(

1 ! 2 A ,

0 áÉ ,

KØáAdë≈C˛IAL´—5. IA°èØáA�´5ºÍ.

ë≈C˛¥rë≈¡��(Jßè“¥⇠�òmßÜò|¢ÍÈXÂ5. ˘⇠�?

n{z⌦⌃5�V«(�. ~X,≈�N⌃¨ØÈòJY��›¥|±(1)Ñ¥áÈ(0).

XJë≈ñØ50<ßUÏ;V.ß§kåU�(Jk250á.⇥¥XJ∑Ç^XP1�á

Í5L´7§ˆ�<ÍßKXèòáë≈C˛. ß�✓äâåê3{0, 1, · · · , 50}. §±ë

≈C˛�⁄?k|u∑ÇÈ§Ôƒ�ØK?1O(, {ˆ�£„. qduë≈C˛✓¢

ä, ë≈C˛Ém�$é“C⇢N¥⌦.

Èuë≈C˛�Ôƒß¥V«ÿ�•%SN. œèÈuòáë≈¡�ß∑Ç'%�

œ~¥Ü§Ôƒ�ØKk'�,á˛Ω,⌦˛. �˘⌦˛“¥ë≈C˛.

Ω¬ 2.1.1. -⌦èòá⇠�òm. -X¥Ω¬3⌦˛�òá¢ºÍ,K°Xèòá(òë)ë

≈C˛.

~Ñ�ë≈C˛å±©è¸åa. ê✓kÅáΩåÍáä�ë≈C˛°èl—.

ë≈C˛∂✓ÎY�äÖó›�3�ë≈C˛°èÎY.ë≈C˛. �,, �3Qöl

—.èöÎY.�ë≈C˛. ⇥ßÇ3¢S•øÿ~Ñ, èÿ¥∑Ç˘pÔƒ�Èñ.

§2.2 l—.ë≈C˛

Ω¬ 2.2.1. ⌫Xèòë≈C˛. XJXê✓kÅáΩåÍáäßK°Xèòá(òë)l

—.ë≈C˛.

duòáë≈C˛�ä¥d¡�(J˚Ω�ßœ�¥±òΩ�V«✓ä.˘áV«

©Ÿ°èl—.ë≈C˛�V«ºÍ.

Ω¬ 2.2.2. ⌫Xèòl—.ë≈C˛ßŸ⌧‹åUäè{a1, a2, ...}. K

pi = P (X = ai), i = 1, 2, ... (2.2.1)
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°èX�V«ºÍ.

V«ºÍ{pi, i = 1, 2, ..}7L˜ve✏^áµ

pi � 0, i = 1, 2, ....
X

i

pi = 1.

V«ºÍ(2.2.1) ç—⌦⌧‹V«1¥X€3X�§kåUäÉm©��. ßå±✏

L�/™â—µ

åUä a1 a2 ... ai ...

V« p1 p2 ... pi ...
(2.2.2)

kûèr(2.2.2)°èë≈C˛X�©ŸL.

⌫⌦èò⇠�òm. XèΩ¬uŸ˛�òál—.ë≈C˛ßŸ✓äèx1, x2, ..... -A

è{x1, x2, ...}�?øòáf8. Øá{X✓äuA•}�V«åä‚V«�å\55Oéµ

P (A) =
X

x2A

P (X = x).

˘⇠�⌫⌦l—.ë≈C˛X�V«ºÍß∑Ç“Uâ—'uX�?€V«ØK�£â.

e°∑Çâ—~Ñ�l—.©Ÿ. 3£„l—V«⌧.û, Bernoulli¡�¥Å@⇢

ÔƒÖA^9Ÿ2ç�V«⌧..

Ω¬ 2.2.3. ⌫òáë≈¡�êk¸áåU(JA⁄Ā, K°d¡�èòBernoulli¡�.

Ω¬ 2.2.4. ⌫ÚòáåU(JèA⁄Ā�Bernoulli¡�’·/≠Eng, ¶⇢ØáAzg

—y�V«É”, K°d¡�èn≠Bernoulli¡�.

e°�0-1©Ÿ⁄◆ë©Ÿ—¥±Bernoulli¡�èƒ:�.

§2.2.1 0-1©Ÿ

⌫ë≈C˛Xê✓0,1¸äßP (X = 1) = pßP (X = 0) = 1 � pßK°X—l0-1©Ÿ

ΩBernoulli©Ÿ. 0-1©Ÿ¥Èı;V«⌧.�ƒ:.
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§2.2.2 ◆ë©Ÿ

⌫,ØáA3òg¡�•u)�V«èp. yr¡�’·/≠Eng. ±XPA3˘ng¡

�•u)�gÍßKX✓ä0, 1, ..., nßÖk

P (X = k) =
✓

n

k

◆

pk(1� p)n�k, k = 0, 1, · · · , n. (2.2.3)

°X—l◆ë©ŸßPèX ⇠ B(n, p).

l

n
X

i=1

✓

n

k

◆

pk(1� p)n�k = (p + 1� p)n = 1,

∑Ç�⌫(2.2.3) (¢¥òáV«ºÍ.

è⌦� ˘á©Ÿ¥X€⌫)�ß�ƒØá{X = i}. á¶˘áØáu)ß7L3

˘ng¡��⌃©Pπ

AAĀA...ĀAĀ

•ßkiáA, n� iáĀ, záAkV«p�záĀ kV«1� p. qduzg¡�’·ß§±

zg—yAÜƒÜŸßg¡��(J’·. œddV«¶{Ωn⇢—zá˘⇠�⌃©(

JS✏u)�V«èpi(1� p)n�i. ⇥¥iáA⁄n� iáĀ�¸✏oÍ¥
�

n
k

�

ß§±kiáA�

V«¥µ
✓

n

i

◆

pi(1� p)n�i, i = 0, 1, · · · , n.

òáC˛—l◆ë©Ÿk¸á^áµò¥àg¡��^á¥≠Ω�ß˘⇥y⌦Ø

áA�V«p3àg¡�•⇥±ÿC∂◆¥àg¡��’·5. y¢)π•kNıyñ

ÿ”ß›/˜v˘⌦^á.~XÛÇzU)⌫�⌫¨. b⌫zF)⌫ná⌫¨. e⌃·�

ü˛ß≈Ï⌫⌫ßÛ<ˆäY≤�3ò„ûmS⇥±≠ΩßÖzá⌫¨¥ƒ‹ÇÜŸß

⌫¨‹ÇÜƒø√wÕ5'ÈßKzF�¢¨Í—l◆ë©Ÿ.

§2.2.3 Poisson©Ÿ

⌫ë≈C˛X�V«©Ÿè

P (X = k) =
�k

k!
e��, k = 0, 1, 2, · · · , � > 0, (2.2.4)

K°X—lÎÍè��Poisson©ŸßøPX ⇠ P (�).

du e� k?Í–m™

e� = 1 + � +
�2

2!
+ ... +

�k

k!
+ ...
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§±
1
X

k=0

P (X = k) = 1.

;⇡⁄ÇX'⇣Õ�5⁄O∆◆ÿ6â—⌦Poisson©Ÿ�XeÌ◆.

bΩN»èV�óNùπkòáåÍ8N�á)‘.2bΩá)‘vk+ÿ��U,

ßÇU⌦3óN�?€‹©—yßÖ3N»É��‹©—y�≈¨É”.y3∑Ç✓N

»èD�á˛óN3wá∫e* ßØ3˘á˛óN•Úuyxáá)‘�V«¥üo∫

∑ÇbΩV✏✏åuD. dubΩ⌦˘⌦á)‘¥±òó�V«3óN•?—Ÿßœ

d?€òáá)‘3D•—y�V«—¥D/V . 2dubΩ⌦á)‘vk+ÿ��Uß

§±òáá)‘3D•�—yßÿ¨Kè,òáá)‘3D•�—yÜƒ. œdá)‘

•kxá3D•—y�V«“¥
✓

N

x

◆✓

D

V

◆x ✓

1�
D

V

◆N�x

. (2.2.5)

3˘p∑ÇÑbΩá)‘¥XdÉ⇥, P@�ØKå±⇤—ÿ�ƒ, =Náá)‘§”

‚�‹©ÈuN»D5`¥áÿv⌫.

3(2.2.5)•-V⁄N™ïu√°, Öá)‘�ó›N/V = d⇥±~Í. Ú(2.2.5)™U

�§Xe/™µ

N(N � 1)(N � 2)...(N � x + 1)
x!Nx

✓

ND

V

◆x ✓

1�
ND

NV

◆N�x

=

�

1� 1
N

� �

1� 2
N ...

� �

1� x�1
N

�

(Dd)x
�

1� Dd
N

�N�x

x!
.

�NC§√ÅûŸ4Åè

e�Dd(Dd)x/x! (2.2.6)

-Dd = �ßK(2.2.6)⁄(2.2.4)�/™É”.˘òÌ◆LßÑy≤⌦�¥x�≤˛Íßœè§

� �ò‹©N»D¶±✓á�ó›d“â—⌦3D•§˝O�≤˛Í8.

�NÈåßpÈ⇥ÖNp™uòá4ÅûßPoisson©Ÿ¥◆ë©Ÿ�òáÈ–�Cq.

�3Nô�ûßPoisson©Ÿçw⇢k^. ∑Çke°�Ωn.

Ωn 2.2.1. 3n≠Bernoulli¡�•, ±pnìLØáA3¡�•—y�V«, ßÜ¡�o

Ínk'. XJnpn ! �, K�n !1û,
✓

n

k

◆

pk
n(1� pn)n�k

!

�k

k!
e��. (2.2.7)

17



~ 2.2.1. y3Iá100áŒ‹5Ç�⇤á.lΩ|˛Ô�T⇤ák¢¨«0.01. �ƒk

¢¨�3, ∑ÇO⌫Ô100+aá⇤á¶⇢l•å±]—100áŒ‹5Ç�⇤á.∑Çá¶

3˘100 + aá⇤á•ñ�k100áŒ‹5Ç�⇤á�V«ÿ⇥u0.95. Øañ�áıå?

): -

A = {3100 + aá⇤á•ñ�k100áŒ‹5Ç�⇤á}.

bΩà⇤á¥ƒ‹Ç¥’·�. ±XP3 100+aá⇤á•�¢¨Í. KX—l n = 100+a

⁄ p = 0.01 �◆ë©Ÿ, Ö

P (A) =
a
X

i=1

✓

100 + a

i

◆

(0.01)i(0.99)100+a�i.

˛™•�V«ÈJOé.du 100+a�å� 0.01�⇥,Ö (100+a)(0.01) = 1+0.01a ⇡ 1,

∑Ç±� = 1�Poisson©Ÿ5Cq˛„V«. œ�

P (A) =
a
X

i=1

e�1/i!.

�a = 0, 1, 2, 3û, ˛™m>©Oè 0.368, 0.736, 0.920 ⁄ 0.981. ⇡✓ a = 3 Æ⌦⌦.

§2.2.4 l—�˛!©Ÿ

⌫ë≈C˛X✓äa1, a2, ..., an, Ök

P (X = ak) =
1
n

, k = 1, ..., n. (2.2.8)

K°X—ll—�˛!©Ÿ.

å±w—, l—�˛!©Ÿ¥;V.�ƒñ.

§2.3 ÎY.ë≈C˛

l—ë≈C˛ê✓kÅáΩåÍ√Åáäß�ÎY.ë≈C˛✓ÿåÍáä.˘“

˚Ω⌦ÿU^£„l—.ë≈C˛�ç{5èyÎY.ë≈C˛.

�ƒòá~f. bΩ⁄l◆√§Oqf3�Ω�†ò?1òX✏�◆¬. -X¥∑

•:ÜLq%RÇ�Y≤†läß⌫X✓ä[�5cm, 5cm]. X¥òáÎYë≈C˛.

è⌦OéX·3,´m�V«ßÚ[�5, 5]©è�è1fí�⇥´m. Èuzá⇥´mß

±·3˘á⇥´m�⌃öÍÿ±⌃öoÍ⇢·3˘á´m�⌃ö�ÉÈ™Í. ⌫o

⌃öÍè100. ∑Ç⇢eLµ
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´m ⌃öÍ ÉÈ™Í

[�5,�4] 1 0.01

[�4,�3] 1 0.01

[�3,�2] 6 0.06

[�2,�1] 13 0.13

[�1, 0] 24 0.24

[0, 1] 27 0.27

[1, 2] 16 0.16

[2, 3] 7 0.07

[3, 4] 3 0.03

[4, 5] 2 0.02

˛Lå±^e„5L´µ

„ 2.3.1 ⌃ö†:©Ÿ„

 

X

D
en
si
ty

−4 −2 0 2 4

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

−5 −4 −3 −2 −1 0 1 2 3 4 5

∑Ç5øzá›/�.�u1ßpèT›/�´m§ÈA�ÉÈ™Íß§±°»è

ÉÈ™Í. ⌧‹›/�°»¥1. Èu[�5, 5]�?òf´mß∑Çå±ä‚˛„✏O⌃ö

·3Tf´m�V«. ~Xá✏O0 < X  2�V«ßêár´m•�¸á›/°»\

Â5ß(J⇢0.43. 2ûX`á✏O�0.25 < X  1.5•�V«ß∑ÇA�OéT´m

19



˛�°»ß(J⇢µ

0.06 + 0.27 + 0.08 = 0.41.

XJ1◆1�100àf⌃◆3qf˛ß∑Ç“Úº⇢,òá≤�©Ÿ. ßÜ1òá

≤�©Ÿıå¥ÿ”�ß¶+ßÇ� LåUÉq. XJr* �ÉÈ™Íwäè,

ò“˝”V«�✏OßK∑ÇbΩkòáºÍßßÚâ—?€´m•�∞(V«. ˘⌦V

«d≠Çe�°»â—. dd∑Ç⇢XeΩ¬µ

Ω¬ 2.3.1. X°èÎY.ë≈C˛ßXJ�3òáºÍfß⌫âX�V«ó›ºÍßß

˜ve°�^áµ

1. È§k��1 < x < +1, kf(x) � 0;

2.
´ +1
�1 f(x)dx = 1;

3. Èu?ø��1 < a  b < +1, kP (a  X  b) =
´ b
a f(x)dx.

5 2.3.1. Èu?ø��1 < x < +1, kP (X = x) =
´ x
x f(u)du = 0.

5 2.3.2. XJfê✓,kÅ´m[a, b]�ä, -

f̃(x) =

(

f(x) x 2 [a, b],

0 Ÿß.

Kf̃¥Ω¬3(�1,+1)˛�ó›ºÍ, Öf(x)⁄f̃(x)â—É”�V«©Ÿ.

5 2.3.3. b⌫ko�òá¸†�ü˛ÎY/©Ÿ3a  x  b˛. @of(x)L´3:x�

ü˛ó›Ö
´ d
c f(x)dxL´3´m[c, d]˛�⌧‹ü˛.

duÎYë≈C˛�V«¥^»©â—�,∑Çå±Ü⇢?nó›�»©�ÿ¥ó

›�⌧.

Ω¬ 2.3.2. ⌫XèòÎY.ë≈C˛. K

F (x) =
ˆ x

�1
f(u)du, �1 < x < +1 (2.3.1)

°èX�(\»)©ŸºÍ.
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5 2.3.4. F (x)L´�¥ë≈C˛�Íä⇥uΩ�ux�V«, =

F (x) = P (X  x) �1 < x < +1. (2.3.2)

d™(2.3.2)Ω¬�FèX�(\»)©ŸºÍ�òÑΩ¬.ß∑^u?ø�ë≈C˛. ⌫Xè

òl—.ë≈C˛, ß±V«{p1, ..., pn, ..}✓ä{a1, ..., an, ...}. K

F (x) =
X

a
i

x

pi.

©ŸºÍF‰ke✏5ü:

(1) F¥ö~�ºÍ;

(2) limx!�1 F (x) = 0;

(3) limx!+1 F (x) = 1.

ÈuÎYë≈C˛, XJF (x)3:x�◆Í�3, K

f(x) = F 0(x).

ÎYë≈C˛�©ŸºÍ�„ñXe„§´.

e°∑Ç0↵~Ñ�ÎY.©Ÿ. ßÇù)�©Ÿ, çÍ©Ÿ⁄˛!©Ÿ.

§2.3.1 �©Ÿ

XJòáë≈C˛X‰kV«ó›ºÍ

f(x) =
1

p

2⇡�
exp

⇢

�

(x� µ)2

2�2

�

, �1 < x < +1, (2.3.3)

Ÿ•�1 < µ < +1, �2 > 0ßK°Xèò�ë≈C˛ßPèX ⇠ N(µ,�2). ±(2.3.3)è

ó›�©Ÿ°èÎÍèµ⁄�2��©Ÿ.

‰kÎÍµ = 0, � = 1��©Ÿ°èIO�©Ÿ.^�(x)⁄�(x)L´IO�©

ŸN(0, 1)�©ŸºÍ⁄ó›ºÍ.

l„(2.3.3)å±w—, �©Ÿ�ó›ºÍ¥±x = µèÈ°∂�È°ºÍ. µ°è

†òÎÍ. ó›ºÍ3x = µ?àÅåäß3(�1, µ)⁄(µ,+1)SÓÇ¸N. ”û∑Ç

w, ��å⇥˚Ω⌦ó›ºÍ�ÕÄß›. œ~°�è�©Ÿ�/GÎÍ.

±F (x)P�©ŸN(µ,�2)�V«©ŸºÍßKkF (x) = �(x�µ
� ). §±?ò�

©Ÿ�V«©ŸºÍ—åœLIO�©Ÿ�©ŸºÍOé—5.
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„ 2.3.2 (\»)©ŸºÍ

 

F(x)

1.0

0 x

~ 2.3.1. ¶Ík¶⇢Èu�©Ÿ�C˛kP (µ� k� < x < µ + k�) = 0.95.

): -Fè�©ŸN(µ,�2)�©ŸºÍ, Kk

P (µ� k� < x < µ + k�) = F (µ + k�)� F (µ� k�) = �(k)� �(�k) = 0.95. (2.3.4)

l'X™ �(�k) = 1 � �(k), ∑Ç⇢ 2�(k) � 1 = 0.95. §±�(k) = 0.975. ⌃�©ŸL,

⇢k = 1.96.

§2.3.2 çÍ©Ÿ

eë≈C˛X‰kV«ó›ºÍ

f(x) =

(

�e��x x > 0,

0 x  0,
(2.3.5)

Ÿ•� > 0è~Í, K°X—lÎÍè��çÍ©Ÿ.

çÍ©Ÿ�©ŸºÍè

F (x) =

(

1� e��x x > 0,

0 x  0.
(2.3.6)
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„ 2.3.3 �©Ÿ�ó›ºÍ

−5 0 5

0.
0

0.
1

0.
2

0.
3

0.
4

x

f(x
) mu=−2,sigma=2

mu=1,sigma=1

mu=4,sigma=1.5

l„(2.3.5)å±w—, ÎÍ�ïå, ó›ºÍe¸⇢ïØ.

çÍ©Ÿ≤~^uäèà´”∆∑”�©Ÿ�Cq. -XL´,⇤á�∆∑. ∑Ç⁄

?X�î�«ºÍXe:

h(x) = lim
�x!0

P (x  X  x + �x|X > x)
�x

.

î�«L´⌦⇤á3ûèxˇU~Ûä,3ûèx±�,¸†ûmSu)î��V«.K

XJ

h(x) ⌘ � (~Í), 0 < x < +1,

X—lçÍ©Ÿ. =çÍ©Ÿ£„⌦√Pzû�∆∑©Ÿ.

çÍ©Ÿ�Å≠á�A:¥“√P¡5”. =eX—lçÍ©ŸßKÈ?ø�s, t >

0k

P (X > s + t | X > s) = P (X > t). (2.3.7)

=∆∑¥√Pz�. å±y≤, çÍ©Ÿ¥çò‰k5ü(2.3.7)�ÎY.©Ÿ.
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„ 2.3.4 çÍ©Ÿ�ó›ºÍ

0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

x

f(x
)

lambda=0.5

lambda=1

lambda=3

§2.3.3 ˛!©Ÿ

⌫a < bßXJ©ŸF (x)‰kó›ºÍ

f(x) =

(

1
b�a a  x  b ,

0 Ÿß,
(2.3.8)

K°T©Ÿè´m[a, b]˛�˛!©Ÿ,PäU [a, b]. XdΩ¬�f(x)w,¥òáV«ó›

ºÍ. N¥é—ŸÉA�©ŸºÍè

F (x) =

8

>

>

<

>

>

:

0, x  a,
x�a
b�a , a < x  b,

1, x > b.

3Oéûœo⇣ \�⌫)�ÿ↵å±^˛!©Ÿ5£„.

§2.4 ıë©Ÿ

3¢SA^•ß≤~IáÈ§�ƒ�ØK^ıáC˛5£„. ∑Çrıáë≈C˛

ò3òÂ|§ï˛ß°èıëë≈C˛Ωˆë≈ï˛.
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~ 2.4.1. lòG¿é˝•ƒ˝û, å±^í˝�s⁄⁄Íi5`≤ŸA�.

~ 2.4.2. �ƒòáãq�¡�. 3q°˛✓ΩòáÜ�ãIX.K∑•�†òådŸã

I(X, Y )5èy. X,Y—¥ë≈C˛.

Ω¬ 2.4.1. ⌫X = (X1, . . . , Xn). XJzáXi—¥òáë≈C˛ßi = 1, · · · , nßK

°Xènëë≈C˛Ωˆë≈ï˛.

∑Çå±UÏÈ~^òëë≈C˛�©ar~^�ë≈ï˛©èl—.⁄ÎY.

�.

Ω¬ 2.4.2. XJzòáXi—¥òál—.ë≈C˛ßi = 1, ..., nßK°X = (X1, . . . , Xn)è

ònël—ë≈C˛. ⌫Xi�§kåU✓äè{ai1, ai2, · · · }, i = 1, . . . , n, K°

p(j1, · · · , jn) = P (X1 = a1j1 , . . . , Xn = anj
n

), j1, ..., jn = 1, 2, ... (2.4.1)

ènëë≈C˛X�V«ºÍ.

N¥y≤V«ºÍ‰ke✏5ü:

(1) p(j1, . . . , jn) � 0, ji = 1, 2, · · · , i = 1, 2, . . . , n;

(2)
P

j1,··· ,j
n

p(j1, . . . , jn) = 1.

∑Ç‰N5wòe◆ël—©Ÿ. ⌫◆ël—.ë≈C˛(X, Y )�§kåU✓ä

è{(xi, yj) : i = 1, ..., n, j = 1, 2, ...,m}. ∑Ç≤~±✏ÈL�/™5L´◆ël—.ë

≈C˛�V«©Ÿ. P

pij = P (X = xi, Y = yj), i = 1, ..., n, j = 1, ...,m.

K(X, Y )�V«ºÍå±eLL´:
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HHHHHHHHY

X
x1 x2 · · · xn 1⁄

y1 p11 p21 · · · pn1 p·1

y2 p12 p22 · · · pn2 p·2
...

...
...

...
...

...

ym p1m p2m
... pnm p·m

✏⁄ p1· p2· · · · pn· 1

~ 2.4.3. lòáùπ áÁ•, 8áx•⁄‘á˘•�-fpƒ✓oá•. -X¥ƒ

x•�Í8, Y¥ƒ˘•�Í8. K◆ëë≈C˛(X, Y )�V«ºÍè

p(x, y) =

�6
x

��7
y

�� 5
4�x�y

�

�18
4

� , 0  x + y  4. (2.4.2)

±✏ÈLL´, =è

HHHHHHHHY

X
0 1 2 3 4 1⁄

0 1
612

1
51

5
102

5
153

1
204

11
102

1 7
306

7
51

35
204

7
153

77
204

2 7
102

7
34

7
68

7
17

3 35
612

7
102

77
612

4 7
612

7
612

✏⁄ 99
612

22
51

11
34

4
51

1
204 1

aquòëÎY.ë≈C˛, ÎY.ë≈ï˛�è¥dó›ºÍ5èx�.

Ω¬ 2.4.3. °X = (X1, . . . , Xn)ènëÎY.ë≈C˛ßXJ�3Rn˛�öKºÍf(x1,

. . ., xn)ß¶⇢È?ø��1 < a1  b1 < +1, ...,�1 < an  bn < +1, k

P (a1  X1  b1, ..., an  Xn  bn) =
ˆ b

n

a
n

...

ˆ b1

a1

f(x1, . . . , xn)dx1 · · · dxn, (2.4.3)

K°fèX�V«ó›ºÍ.

Ènëë≈C˛∑Çèk©ŸºÍ�Vg.
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Ω¬ 2.4.4. ⌫X = (X1, . . . , Xn)ènëë≈C˛. È?ø�(x1, . . . , xn) 2 Rnß°

F (x1, . . . , xn) = P (X1  x1, . . . , Xn  xn) (2.4.4)

ènëë≈C˛X�(È‹)©ŸºÍ.

å±�y©ŸºÍF (x1, . . . , xn)‰ke„5ü:

(1) F (x1, · · · , xn)ÈzáC⇤¸Nö¸;

(2) È?ø�1  j  nkß lim
x

j

!�1
F (x1, · · · , xn) = 0;

(3) lim
x1!1,··· ,x

n

!1
F (x1, · · · , xn) = 1.

ÈnëÎY.ë≈C˛, ló›�Ω¬∑Çk,

F (x1, . . . , xn) =
ˆ x

n

�1
...

ˆ x1

�1
f(x1, ..., xn)dx1...dxn.

Èpël—.ë≈C˛, òÑ∑Çÿ¶^©ŸºÍ.

~ 2.4.4. �ƒ◆ëë≈C˛X = (X1, X2)ßŸV«ó›ºÍè

f(x1, x2) =

(

1/[(b� a)(d� c)] � a  x1  b, c  x2  d,

0 Ÿß.

°dV«ó›è[a, b]⇥ [c, d]˛�˛!©Ÿ.

~ 2.4.5. ⌫(X, Y )�V«ó›ºÍk/™

f(x, y) =
1

2⇡�1�2

p

1� ⇢2
exp

⇢

�

1
2(1� ⇢2)



(x� a)2

�2
1

� 2⇢
(x� a)(y � b)

�1�2
+

(y � b)2

�2
2

��

Ÿ•�1 < a, b < 1, 0 < �1,�2 < 1, �1  ⇢  1. °(X, Y )—lÎÍèa, b, �1,�2, ⇢�◆⇤

�©ŸßPèN(a, b, �2
1,�

2
2, ⇢).
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§2.5 >�©Ÿ

⌫(X1, ..., Xn)ènëë≈C˛ßŸV«©ŸFÆ�. -Xi1 , ..., Xi
m

èX1, ..., Xn�?ò

f8ßKXi1 , ..., Xi
m

�©Ÿ°èX1, ..., XnΩF�òámë>�©Ÿ.

∑Çk�ƒl—.ë≈ï˛. ⌫◆ël—ë≈C˛(X, Y )�§kåU✓äè{(xi, yj) :

i, j = 1, 2, · · · }ßK(X, Y )�È‹©Ÿ∆è

P (X = xi, Y = yj) = pij i = 1, ..., n, j = 1, 2, ...,m.

±✏ÈL�/™L´“¥

HHHHHHHHY

X
x1 x2 · · · xn 1⁄

y1 p11 p21 · · · pn1 p·1

y2 p12 p22 · · · pn2 p·2
...

...
...

...
...

...

ym p1m p2m
... pnm p·m

✏⁄ p1· p2· · · · pn· 1

l˛„✏ÈL∑Çå±Oéë≈C˛X⁄Y�©Ÿ. �Ω,áxi. œèY3¶⇢X =

xi�@⌦⇠�:˛7✓äèy1, ..., ym•Éò, ⇡k

pX(xi) = P (X = xi) =
m
X

j

P (X = xi, Y = yj) =
m
X

j

pij = pi·, i = 1, 2, · · ·n. (2.5.1)

§±˛„✏ÈL�1⁄§L´�¥X�©Ÿ. œè˘á©Ÿ¥lX⁄Y�È‹©ŸÌ

◆—5�, ∑Ç°(2.5.1)èX�>�©Ÿ.

aqå±⇢Y�>�©Ÿ∆

pY (yj) = P (Y = yj) =
n
X

i

pij = p·j , j = 1, 2, · · ·m.

ß¥˛„✏ÈL�✏⁄. §±l✏ÈL•, ∑Çÿ=⇢¸áë≈C˛�È‹©Ÿ, ”

ûœLÚz1⁄z✏É\, ⇢¸áC˛�>�©Ÿ.

aq/, åÈn (n > 2)ë�ë≈C˛Ω¬>�©Ÿ. ⌫X1, ..., Xnènëë≈C˛ßŸ

V«©ŸFÆ�. -Xi1 , ..., Xi
m

èX1, ..., Xn�?òf8ßKXi1 , ..., Xi
m

�V«ºÍè

pi1...i
m

(ji1 , ..., ji
m

) = P (Xi1 = ai1j
i1

, ..., Xi
m

= ai
m

j
i

m

) =
X

p(j1, ..., jn).
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Ÿ•⁄¥ÈÿXi1 , ..., Xi
m

É �§kC˛5¶⁄.

y�ƒÎY.ë≈ï˛�>�©Ÿ. k�ƒ◆ë�ú/. ⌫(X, Y )kV«ó›º

Íf(x, y). K

P (x1  X  x2) = P (x1  X  x2,�1 < Y < +1)

=
ˆ +1

�1

ˆ x2

x1

f(u, v)dudv

=
ˆ x2

x1

fX(u)du, (2.5.2)

Ÿ•

fX(u) =
ˆ +1

�1
f(u, v)dv. (2.5.3)

l(2.5.2)∑Çå±w—, X�>�ó›ºÍ=è(2.5.3). aq/, Y�>�ó›ºÍè

fY (u) =
ˆ +1

�1
f(u, v)du. (2.5.4)

�n > 2û, -f(x1, ..., xn)ènëÎY.ë≈C˛(X1, ..., Xn)�V«ó›ºÍ. ⌫(i1,

· · · , im) è(1, 2, ..., n)�òáf8. K”˛åy, Xi1 , ..., Xi
m

�V«ó›ºÍè

f(xi1 , ..., xi
m

) =
ˆ

...

ˆ
f(x1, ..., xn)dx1...dxn.

Ÿ•»©¥ÈÿXi1 , ..., Xi
m

É �§kC˛5¶».

~ 2.5.1. ⌫(X1, X2)—lN(a, b, �2
1,�

2
2, ⇢).Kåy≤X1�>�©ŸèN(a,�2

1)ßX2�>�

©ŸèN(b, �2
2).

~2.5.1`≤⌦è,nëë≈C˛X = (X1, ..., Xn)�©Ÿå±çò˚ΩŸ§k�>�

©Ÿß⇥>�©Ÿÿv±˚ΩX�È‹©Ÿ.

§2.6 ^á©Ÿ⁄ë≈C˛�’·5

§2.6.1 ^á©Ÿ

òáë≈C˛(Ωï˛)�^áV«©Ÿß“¥3âΩ(ΩÆ�),´^á(,´&E)e

Të≈C˛(ï˛)�V«©Ÿ"
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1. l—.ë≈C˛�^á©Ÿ

⌫(X, Y )è◆ël—.ë≈C˛ßŸ⌧‹�åU✓äè{(xi, yj) : i, j = 1, 2, · · · }"P

ŸÈ‹©Ÿ∆è

pij = P (X = xi, Y = yj), i, j = 1, 2, · · ·

eÈâΩ�Øá{Y = yj}ßŸV«P (Y = yj) > 0ßK°

P (X = xi|Y = yj) =
P (X = xi, Y = yj)

P (Y = yj)
=

pij

p·j
, i = 1, 2, · · ·

è3âΩY = yj�^áeX�^á©Ÿ∆(V«ºÍ)"aq�ßeP (X = xi) > 0ßK°

P (Y = yj |X = xi) =
P (X = xi, Y = yj)

P (X = xi)
=

pij

pi·
, j = 1, 2, · · ·

è3âΩ^áX = xieY�^á©Ÿ∆"

~ 2.6.1. ⌫◆ëë≈ï˛(X1, X2)�È‹©Ÿ∆Xe§´µ

HHHHHHHHX1

X2
�1 0 5 1⁄pi·

1 0.17 0.05 0.21 0.43

3 0.04 0.28 0.25 0.57

✏⁄p·j 0.21 0.33 0.46 1.00

¡¶�X2 = 0ûßX1�^á©Ÿ∆"

): dÈ‹©Ÿ∆ké—¸á>�©Ÿ∆pi·Üp·jøW\L•ßdd?ò⁄é—^á©Ÿ

∆èµ

P{X1 = 1|X2 = 0} =
0.05
0.33

=
5
33

� P{X1 = 3|X2 = 0} =
0.28
0.33

=
28
33

.

2. ÎY.ë≈C˛�^á©Ÿ

⌫(X, Y )kV«ó›f(x, y)ß∑Ç�ƒ3âΩy  Y  y + ✏�^áeX�^á©Ÿº

Í(⌫P{y  Y  y + ✏} > 0)

P (X  x|y  Y  y + ✏) =
P (X  x, y  Y  y + ✏)

P (y  Y  y + ✏)
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=
ˆ x

�1

ˆ y+✏

y
f(u, v)dvdu

.

ˆ y+✏

y
fY (y)dy

=
ˆ x

�1

´ y+✏
y f(u, v)dv´ y+✏
y fY (y)dy

du

È˛™¸‡'ux¶◆ø-✏ ! 0, å¶⇢X3âΩ^áY = ye�^áV«ó›è

fX|Y (x|y) =
f(x, y)
fY (y)

, fY (y) > 0.

Pè

X|y ⇠ fX|Y (x|y).

aq/kY3âΩX = x�^áe�^áV«ó›:

fY |X(y|x) =
f(x, y)
fX(x)

, fX(x) > 0.

Pè

Y |x ⇠ fY |X(y|x).

~ 2.6.2. ⌫(X, Y )—l◆⇤�©ŸN(a, b, �2
1,�

2
2, ⇢)ß¡¶X|Y = y�^áV«ó›"

):

fX|Y (x|y) =
f(x, y)
fY (y)

=
1

p

2⇡�1

p

1� ⇢2
exp{�

[x� (a + ⇢�1�
�1
2 (y � b))]2

2�2
1(1� ⇢2)

}

=X|Y = y ⇠ N(a + ⇢�1�
�1
2 (y � b),�2

1(1 � ⇢2))"”nkµY |X = x ⇠ N(b + ⇢��1
1 �2(x �

a),�2
2(1� ⇢2))"

~ 2.6.3. ⌫X, Y—l¸†↵˛�˛!©Ÿß¡¶fX|Y (x|y)⁄fY |X(y|x)"

): dK⌫�(X, Y )�È‹V«ó›è

f(x, y) =

(

1
⇡ , x2 + y2

 1

0, Ÿß

¥�

fX(x) =

(

2
⇡

p

1� x2, �1  x  1

0, Ÿß
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§±

fX|Y (x|y) =

8

<

:

1

2
p

1�y2
, �

p

1� y2
 x 

p

1� y2

0, Ÿß

êIárx, ypÜß“å±⇢fY |X(y|x)"

3. çòÑú/

√ÿl—.Ñ¥ÎY.^á©Ÿß˛„(X, Y )•�X⁄Y�åÌ2pë"~X:

⌫(X1, X2, · · · , Xn) ⇠ f(x1, x2, . . . , xn)ßÖ(X1, · · · , Xk) ⇠ g(x1, . . . , xk)ßKåΩ¬3(X1,

· · · , Xk) = (x1, . . . , xk)�^áeß(Xk+1, · · · , Xn)�^áó›èµ

h(xk+1, . . . , xn|x1, . . . , xk) =
f(x1, . . . , xn)
g(x1, . . . , xk)

, Ÿ• g(x1, . . . , xk) > 0.

5: eP(X1, · · · , Xk) = Xß(Xk+1, · · · , Xn) = Yß(x1, . . . , xk) = xß(xk+1, . . . , xn) = yß

K˛™ÑåL´è:

h(y|x) =
f(x,y)
g(x)

, g(x) > 0

§2.6.2 ë≈C˛�’·5

e^á©Ÿ�u√^á©ŸßΩˆ`^á©ŸÜ“^á”√'ß~Xß⌫fX|Y (x|y) =

g(x)ßKåÌ—g(x) = f1(x)ßl�⇢µ

f(x, y) = f1(x)f2(y), (x, y) 2 R2

dû∑Ç°XÜY¥(Ép)’·�"çòÑ�Ω¬Xeµ

Ω¬ 2.6.1. °l—.ë≈C˛X1, · · · , XnÉp’·ßeßÇ�È‹©Ÿ∆�uàg�>

�©Ÿ∆�¶»ß=

P (X1 = x1, . . . , Xn = xn) = P (X1 = x1) · · ·P (Xn = xn),

Ÿ•(x1, . . . , xn) è(X1, X2, · · · , Xn) �äç•�?øò:.

Ω¬ 2.6.2. °ÎY.ë≈C˛X1, · · · , XnÉp’·ßeßÇ�È‹ó›�uàg�>�

ó›�¶»ß=

f(x1, . . . , xn) = f1(x1) · · · fn(xn), 8 (x1, . . . , xn) 2 Rn
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5: çòÑ/, ke°��Ω¬:

Ω¬ 2.6.3. ⌫X1, · · · , Xnènáë≈C˛ßXJßÇ�È‹©ŸºÍ�uàg>�©Ÿ

ºÍ�¶»ß=

F (x1, · · · , xn) = F1(x1) · · ·Fn(xn), 8 (x1, x2, . . . , xn) 2 Rn

K°ë≈C˛X1, · · · , XnÉp’·.

3l—.⁄ÎY.¸´úπe, å±y≤�Ω¬©OÜΩ¬2.6.1⁄Ω¬2.6.2�d.

~ 2.6.4. XJë≈C˛X1, · · · , XnÉp’·ßKN¥y≤Ÿ•?€ò‹©ë≈C˛èÉ

p’·. ,�òÑ5`, =d,ò‹©’·%√{Ì—X1, · · · , XnÉp’·. XÑe~:

~ 2.6.5. e⇠, ⌘Ép’·,——l-1⁄1˘¸:˛��åU©Ÿß�⇣ = ⇠⌘"K⇣, ⇠, ⌘¸¸’

·⇥ÿÉp’·"

~ 2.6.6. ⌫(X, Y ) ⇠ N(a, b, �2
1,�

2
2, ⇢)ßKXÜYÉp’·�øá^á¥⇢ = 0"

~ 2.6.7. ⌫(X, Y )—l›/D = [a, b]⇥ [c, d]˛�˛!©ŸßKXÜYÉp’·"

~ 2.6.8. ⌫(X, Y )—l¸†↵˛�˛!©ŸßKXÜYÿ’·"

~ 2.6.9. ⌫knáØáµA1, A2, · · · , AnßÈuzáØáAißΩ¬µXi = IA
i

(Ai�´5º

Í), i = 1, 2, · · · , nßKåy≤µA1 ,A2, · · · , An ’·() X1, X2, · · · , Xn ’·"

§2.7 ë≈C˛�ºÍ�V«©Ÿ

Å{¸�ú/ß¥dòëë≈C˛X�V«©Ÿ�¶ŸòâΩºÍY = g(X)�©

Ÿ"�~Ñ�ß¥d(X1, X2, · · · , Xn)�©Ÿ�¶Y = g(X1, X2, · · · , Xn)�©Ÿ"çòÑ/ß

d(X1, X2, · · · , Xn)�©Ÿ�¶(Y1, Y2, · · · , Ym)�©ŸßŸ•Yi = gi(X1, X2, · · · , Xn), i =

1, 2, · · · ,m"
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˘ò‹©SNßÜÍn⁄O•¶⁄O˛�©ŸkóÉ�ÈX"

1. l—.ë≈C˛�ú/

⌫X�©Ÿ∆è

P (X = xi) = pi, i = 1, 2, · · ·

g : R ! Rß-Y = g(X)ßKY�©Ÿ∆è

P (Y = yj) = P (g(X) = yj) =
X

x
i

:g(x
i

)=y
j

P (X = xi) =
X

i:g(x
i

)=y
j

pi

~ 2.7.1. ⌫X�V«ºÍè

X -1 0 1 2

P 1/4 1/2 1/8 1/8

¡¶Y = X2, Z = X3 + 1�©Ÿ∆"

): N¥¶⇢Y�©Ÿ∆è:

Y 0 1 4

P 1/2 3/8 1/8

Z�©Ÿ∆

Z 0 1 2 9

P 1/4 1/2 1/8 1/8

˛„(ÿå±Ì2ıëë≈C˛�ú/:

⌫ë≈ï˛X�©Ÿ∆èP (X = x)ßKX�ºÍY = g(X)�©Ÿ∆è

P (Y = y) = P (g(X) = y) =
X

x:g(x)=y

P (X = x)

AO�⇠, ⌘¥Ép’·�öK✓äë≈C˛ßàk©Ÿ∆{ak}Ü{bk}. @o⇠ + ⌘k©Ÿ∆

P (⇠ + ⌘ = n) =
n
X

k=0

akbn�k

°d˙™èl—Ú»˙™
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~ 2.7.2. ⌫X ⇠ B(n, p)ßY ⇠ B(m, p)ÖX⁄YÉp’·ßKX +Y ⇠ B(n+m, p)"̆ ´5

ü°è2)5"åÌ2ñıë⁄µ⌫Xi ⇠ B(ni, p), (i = 1, 2, · · · ,m)ßÖX1, X2, · · · , Xm’

·ßKk:
m
P

i=1
Xi ⇠ B(

m
P

i=1
ni, p)"AOßeX1, X2, · · · , Xnè’·”©ŸßÖXi ⇠ B(1, p), i =

1, · · · , n. Kk:
n
P

i=1
Xi ⇠ B(n, p)"d(ÿ⇡´⌦◆ë©ŸÜ0� 1©ŸÉm�óÉ'X"

~ 2.7.3. ⌫X ⇠ P (�)ßY ⇠ P (µ)ßÖX⁄Y’·ßKkX + Y ⇠ P (� + µ)"=Poisson©

ŸΩ‰k2)5ßÖåÌ2"

2. ÎY.ë≈C˛�ú/

Ωn 2.7.1. [ó›CÜ˙™]⌫ë≈C˛XkV«ó›ºÍ f(x), x 2 (a, b)(a, bå±è1),

�y = g(x)3x 2 (a, b)˛¥ÓÇ¸N�ÎYºÍß�3çò�áºÍx = h(y), y 2 (↵, �)ø

Öh0(y)�3ÖÎYß@oY = g(X)è¥ÎY.ë≈C˛ÖkV«ó›ºÍ

p(y) = f(h(y))|h0(y)|, y 2 (↵, �).

~ 2.7.4. ⌫ë≈C˛X ⇠ U(�⇡
2 , ⇡

2 ), ¶Y = tgX�V«ó›ºÍ"

dó›CÜ˙™�Y�V«ó›ºÍè

f(y) =
1
⇡

arctg0(y) =
1

⇡(1 + y2)
, �1 < y < 1

d©Ÿ°èCauchy©Ÿ"�K∑Çèå±^òÑ�ê{¶)ß=k¶—©ŸºÍß,�

È©ŸºÍ¶◆Í⇢"

F (y) = P (Y  y) = P (tg(X)  y)

= P (X  arctg(y)) =
ˆ arctg(y)

�⇡

2

1
⇡

dy =
1
⇡

arctg(y) +
1
2
.

§±Y�V«ó›è

f(y) = F 0(y) =
1

⇡(1 + y2)
.

˘´ê{ç‰kòÑ5"
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5: �gÿ¥3⌧´m˛¸N�¥≈„¸Nûßó›CÜ˙™èe°�/™:

⌫ë≈C˛⇠�ó›ºÍèp⇠(x), a < x < b. XJå±r(a, b)©�èò⌦(kÅáΩå✏

á)pÿ≠U�f´m�⁄(a, b) =
S

j Ij , ¶⇢ºÍu = g(t), t 2 (a, b)3záf´m˛k

çò�áºÍhj(u), øÖh
0
j(u)�3ÎY, K⌘ = g(⇠)¥ÎY.ë≈C˛, Ÿó›ºÍè:

p⌘(x) =
X

j

p⇠(hj(x))|h
0
j(x)| . (2.7.1)

~ 2.7.5. ⌫X ⇠ N(0, 1)ß¶Y = X2�V«ó›"

): duºÍy = x23(�1, 0)⁄[0,1)˛ÓÇ¸Nßœdd˛„Ωn�Y�V«ó›è

f(y) = �(�
p

y)|�
p

y0|I{y>0} + �(
p

y)|
p

y0|I{y>0}

=
1
p

2⇡
y�

1
2 e�

y

2 I{y>0}

Ωn 2.7.2. ⌫(⇠1, ⇠2)¥2ëÎY.ë≈ï˛,‰kÈ‹ó›ºÍp(x1, x2),⌫⇣j = fj(⇠1, ⇠2), j =

1, 2. e(⇠1, ⇠2)Ü(⇣1, ⇣2)òòÈA, _N◆⇠j = hj(⇣1, ⇣2), j = 1, 2.bΩzáhj(y1, y2)—kò

�ÎY†◆Í. K(⇣1, ⇣2)ΩèÎY.ë≈ï˛, ÖŸÈ‹V«ó›è

q(y1, y2) =

(

p (h1(y1, y2), hn(y1, y2)) |J |, (y1, y2) 2 D,

0, (y1, y2) 62 D,
(2.7.2)

Ÿ•D¥ë≈ï˛(⇣1, ⇣2)�§kåUä�8‹, J¥CÜ�Jaccobi1✏™ß=

J =

�

�

�

�

�

@h1
@y1

@h1
@y2

@h2
@y1

@h2
@y2

�

�

�

�

�

3ı⇤ë≈C˛|‹ßçòÑ/k

Ωn 2.7.3. XJ(⇠1, · · · , ⇠n)¥nëÎY.ë≈ï˛, ‰kÈ‹ó›ºÍp(x1, · · · , xn). b

⌫�3nán⇤ºÍ

yj = fj(x1, · · · , xn), j = 1, · · · , n,

¶⇢

⇣j = fj(⇠1, · · · , ⇠n), j = 1, · · · , n,
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e(⇠1, · · · , ⇠n)Ü(⇣1, · · · , ⇣n)ÉmòòÈA, _N◆è⇠j = hj(⇣1, · · · , ⇣n), j = 1, · · · , n. Ÿ•

záhj(y1, · · · , yn)—kò�ÎY†◆Í, @oë≈ï˛(⇣1, · · · , ⇣n)¥ÎY.�, Ö‰kÈ

‹ó›ºÍ

q(y1, · · · , yn) =

(

p (h1(y1, · · · , yn), · · · , hn(y1, · · · , yn)) |J |, (y1, · · · , yn) 2 D,

0, (y1, · · · , yn) 62 D,
(2.7.3)

Ÿ•D¥ë≈ï˛(⇣1, · · · , ⇣n)�§kåUä�8‹, J¥CÜ�Jaccobi1✏™ß=

J =

�

�

�

�

�

�

�

�

@h1
@y1

· · ·

@h1
@y

n

...
...

...
@h

n

@y1
· · ·

@h
n

@y
n

�

�

�

�

�

�

�

�

~ 2.7.6. 3Ü�ãI≤°˛ë≈¿✓ò:, ©O±ë≈C˛⇠Ü⌘L´ŸÓãI⁄pã

I, å±@è⇠Ü⌘Ép’·. XJ⇠Ü⌘——l�©ŸN(0, 1), ¡¶Ÿ4ãI(⇢, ✓)�©

Ÿ.

): ¥�
(

x = r cos t

y = r sin t

¥(0,1)⇥ [0, 2⇡)ÜR2(⌃:ÿ )Ém�òòCÜ, CÜ�Jaccobi1✏™

J =

�

�

�

�

�

@x
@r

@x
@t

@y
@r

@y
@t

�

�

�

�

�

=

�

�

�

�

�

cos t �r sin t

sin t r cos t

�

�

�

�

�

= r.

du(⇠, ⌘)�È‹ó›è

p(x, y) =
1
2⇡

exp
⇢

�

x2 + y2

2

�

,

§±d(2.7.3)™⇢�, (⇢, ✓)�È‹ó›è

q(r, t) =
1
2⇡

r exp
⇢

�

r2

2

�

= q1(r)q2(t), r > 0, t 2 [0, 2⇡). (2.7.4)

Ÿ•q1(r) = r exp
n

�

r2

2

o

, r > 0; q2(t) = 1
2⇡ , t 2 [0, 2⇡).

˘ò(JL≤: ✓Ü⇢Ép’·,Ÿ•✓—l[0, 2⇡)˛�˛!©Ÿ;�⇢K—lWeibull©

Ÿ(ÎÍ� = 1/2,↵ = 2).

3Oé¸áë≈C˛É⁄ûß∑ÇÑ≤~^XeΩn
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Ωn 2.7.4. ⌫X, Y�È‹V«ó›èf(x, y)ßKX + Y�V«ó›p(z)è

p(z) =
ˆ 1

�1
f(x, z � x)dx =

ˆ 1

�1
f(z � y, y)dy

yò: k¶X + Y�©ŸºÍF (z). ∑Çk

F (z) = P (X + Y  z) =
ˆ ˆ

x+yz
f(x, y)dxdy =

ˆ 1

�1
dx

ˆ z�x

�1
f(x, y)dy

=
ˆ 1

�1
du

ˆ z

�1
f(x, t� x)dt =

ˆ z

�1

⇢ˆ 1

�1
f(x, t� x)dx

�

dt.

˘“`≤,X + Y�©ŸºÍF (z)¥Ÿ•�s)l•�ºÍ3´m(�1, z)˛�»©,§

±X + Y¥ÎY.ë≈C˛,Ÿó›ºÍXΩn§„"

y◆: -X = Z1, X + Y = Z2, |^¸NN◆�ó›CÜ˙™(2.7.2)å¶⇢(Z1, Z2)�È

‹V«ó›ºÍèg(z1, z2) = f(z1, z2 � z1). 2Èg(z1, z2)'uz13R˛»©, B¶⇢Z2 =

X + Y �ó›è ˆ 1

�1
g(z1, z2)dz1 =

ˆ 1

�1
f(z1, z2 � z1)dz1,

⇡⇢§y.

AOß�XÜY’·ûß©OPX⁄Y�V«ó›èf1(x)⁄f2(y)ßKX + Y�V«ó

›è

p(z) =
ˆ 1

�1
f1(x)f2(z � x)dx =

ˆ 1

�1
f1(z � y)f2(y)dy , f1 ⇤ f2(z) = f2 ⇤ f1(z)

°d˙™èÚ»˙™"

~ 2.7.7. ⌫X—lœ"è2�çÍ©ŸßY ⇠ U(0, 1)ßÖX⁄YÉp’·"¶X � Y�V

«ó›⁄P (X  Y )"

)ò: dK⌫��Y ⇠ U(�1, 0)ßøPX⁄�Y�ó›©Oèf1⁄f2ßl�dÚ»˙™k

fX�Y (z) =
ˆ 1

�1
f1(x)f2(z � x)dx

=

8

>

>

<

>

>

:

e�
z

2 (1� e�
1
2 ), z � 0

1� e�
z+1
2 , �1 < z < 0

0, z  �1
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§±P (X  Y ) = P (X � Y  0) = 2e�
1
2
� 1"

)◆: du

P (X � Y  z) =
ˆ

P (X  z + y|Y = y)f(y)dy

=

8

>

>

<

>

>

:

´ 1
0 P (X  z + y)dy z � 0´ 1
�z P (X  z + y)dy �1 < z < 0

0 z  �1

=

8

>

>

<

>

>

:

1� 2e�z/2(1� e�1/2), z � 0

z + 2e�(z+1)/2
� 1, �1 < z < 0

0, z  �1

2È©ŸºÍ¶◆Í=⇢§¶.

ò⌦ÎY.ë≈C˛ßèk2)55ü"

~ 2.7.8. ⌫X ⇠ N(µ1,�2
1), Y ⇠ N(µ2,�2

2)ÖXÜYÉp’·ßK:

X + Y ⇠ N(µ1 + µ2,�
2
1 + �2

2).

çòÑ/, ⌫Xi ⇠ N(µi,�2
i ), i = 1, · · · , n, X1, · · · , XnÉp’·. a1, · · · , an, bè?øn+1á

¢Í,Ÿ•a1, · · · , anÿ⌧è". -X =
n
P

i=1
aiXi +b,Kk: X ⇠ N(µ,�2),Ÿ•µ =

n
P

i=1
aiµi +

b, �2 =
n
P

i=1
a2

i �
2
i .

kû∑ÇÑ¨-Oéë≈C˛É˚�V«ó›. ∑Çk

Ωn 2.7.5. XJ(⇠, ⌘)¥◆ëÎY.ë≈ï˛,ßÇ�È‹ó›èf(x, y),KßÇ�˚⇠/⌘¥

ÎY.ë≈C˛, ‰kó›ºÍ

p
⇠

⌘

(x) =
ˆ 1

�1
|t|f(xt, t)dt, 8 x 2 R.

� p ⌘

⇠

(x) =
ˆ 1

�1
|u|f(u, xu)du, 8 x 2 R.

(2.7.5)

~ 2.7.9. ⌫ë≈C˛⇠Ü⌘Ép’·,”—lÎÍ� = 1�çÍ©Ÿ, ¡¶⇠/⌘�ó›ºÍ.

): ∑Ç|^(2.7.5)™¶p
⇠

⌘

(x).du(⇠, ⌘) �È‹ó›è

p(u, v) = e�u�v, u > 0, v > 0,
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§±ñ(2.7.5)™•�⇢»ºÍ|t|p(xt, t) 6= 0, �Ö=�, t > 0⁄xt > 0, l��k

p
⇠

⌘

(x) =

( ´1
0 t e�xt�tdt = 1

(1+x)2 x > 0;

0 x  0.

¥Ñp ⌘

⇠

(x)”˛"

~ 2.7.10. ⌫X1 ⇠ N(0, 1)ßX2 ⇠ �2
nßÖX1ÜX2’·"∑Y = X1

p

X2/n
ßKµY ⇠ tn(gd›

èn�t©Ÿ)"

~ 2.7.11. ⌫X1 ⇠ �2
mßX2 ⇠ �2

nßÖX1ÜX2’·ßKY = X1/m
X2/n ⇠ Fm,n(gd›èm,n�F©

Ÿ)"

~ 2.7.12. 4⇥ä⁄4åä�©Ÿ

Èunáë≈C˛⇠1, ..., ⇠n,∑Çå±� ßÇ�Ååä⁄Å⇥ä:

⌘1 = max{⇠1, ..., ⇠n},

⌘2 = min{⇠1, ..., ⇠n}.

XdΩ¬�⌘1Ü⌘2è¥ë≈C˛.

�⇠1, ..., ⇠nÉp’·û, ∑ÇÿJ|^ßÇ�©ŸºÍF1(x), ..., Fn(x)¶—⌘1Ü⌘2 �

©ŸºÍF⌘1(x)⁄F⌘2(x).

Ø¢˛,

F⌘1(x) = P (⌘1  x) = P (max{⇠1, · · · , ⇠n}  x) = P

 

n
\

k=1

(⇠k  x)

!

=
n
Y

k=1

P (⇠k  x) =
n
Y

k=1

Fk(x); (2.7.6)

�|^'X™

(⌘2 > x) = (⇠1 > x, ... , ⇠n > x) =
n
\

k=1

(⇠k > x)

å⇢

F⌘2(x) = P (⌘2  x) = 1� P (⌘2 > x) = 1� P

 

n
\

k=1

(⇠k > x)

!

= 1�
n
Y

k=1

P (⇠k > x) = 1�
n
Y

k=1

(1� Fk(x)). (2.7.7)
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1nŸ ë≈C˛�ÍiA�

◆∆8�:

1) n)ë≈C˛�Í∆œ"!ê↵�Vg, ø¨$^ßÇ�ƒ�5üOé‰N©Ÿ�

œ"!ê↵.

2) ›∫◆ë©Ÿ!Poisson©Ÿ!̨ !©Ÿ!çÍ©Ÿ!�©Ÿ�Í∆œ"⁄ê↵.

3) ¨ä‚ë≈C˛�V«©ŸOéŸºÍ�Í∆œ".

4) n)�ê↵!É'XÍ�Vg, ›∫ßÇ�5ü, ø¨|^˘⌦5ü?1Oé, ⌦)

›�Vg.

5) n)åÍΩnÜ•%4ÅΩn"

3cŸ•, ∑Ç?ÿ⌦ë≈C˛�V«©Ÿ, ˘´©Ÿ¥ë≈C˛�V«ÿ5üÅ

⌘✓�èx. �ë≈C˛�ÍiA�¥,⌦dë≈C˛�©Ÿ§˚Ω�~Í, ßèx⌦

ë≈C˛Ωˆ`èx⌦Ÿ©Ÿ�,òê°�5ü,˘⌦5ü  ¥¢SA^•<Ç'�

'%�. ~X, ∑Ç3⌦),ò1íÛ<�≤LGπû, ∑Çƒk'%�ô˘¨¥Ÿ≤

˛¬\, ˘¨â∑ÇòáoN�<ñ, �¬\�©ŸGπ, ⇣ÿòΩ¥Å≠á�, ˘“¥

èxoN≤˛ä�ÍiA�. ,òa≠á�ÍiA�, ¥^5Ô˛ë≈C˛✓ä�©—

ß›. Ñ<∑Ç˛á~f`≤, XJ∑Ç�ƒ¸á1íÛ<�≤LGπ, ¶Ç�≤˛¬

\åNÉC,⇥¥òá1í¬\©��≤˛,=åıÍ<�¬\—3≤˛ä˛eÿ✏?,

©—ß›“⇥; ,òá1íKÉá, Ÿ¬\✏l≤˛äÈı, ©—ß›“å, ˘¸ˆ�¢

Sø¬�,ÈÿÉ”. ≤˛ä⁄©—›¥èxë≈C˛5ü�¸aÅ≠á�ÍiA�.

ÿ⌦˘¸ˆÉ , ÈuıëC˛�Û, Ñkòaèxà©˛Ém'X�ÍiA�, �è

~^�¥�ê↵⁄É'XÍ, ˘⌦∑ÇÚ3e°�Ÿ!ç[?ÿ. ÍiA�,òá≠á

ø¬3u,�∑Çÿ�⌫ë≈C˛�(ÉV«©Ÿ,⇥¥òŸŸÍiA��ú/e,∑Ç

å±ä‚˘⌦ÍiA�Ì‰Të≈C˛åó�V«5ü. 'X,áÛÇ)⌫ò1�,

∑Çé⌦)˘1��ü˛X€. ∑Çÿ�⌫˘1�∆∑�(ÉV«©Ÿ, ⇥¥XJ

∑Ç�⌫˘1��≤˛∆∑, �⌫˘1�∆∑�©—ß›, @∑Ç“å±åóÌ‰

—˘1��ü˛Gπ.
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§3.1 Í∆œ"(˛ä)9•†Í

§3.1.1 Í∆œ"

Í∆œ"è°˛ä, ¥ë≈C˛�òáÅƒ��ÍiA�. ∑ÇkwXe�òá~

f

~ 3.1.1. ò`Ø¸<ŸEÉ”, à—Ÿ7100⇤, �Ωkën€ˆèë, ✓⇢⌧‹200⇤.

y3`ë2€Øë1€�úπe•é, ØŸ�TX€©?

): XJUYŸe��ÿ•é, K`k3/4�V«✓ë, �Øë�V«è1/4. §±, 3`

ë2€Øë1€�˘áúπe, `Uœ"“⇢”�Í8, A�(Ωè

200⇥
3
4

+ 0⇥
1
4

= 150(⇤),

�ØU“œ"”⇢�Í8, Kè

200⇥
1
4

+ 0⇥
3
4

= 50(⇤).

XJ⁄?òáë≈C˛X, X�u3˛„€°(`ä2ëØ1ë)Ée, UYŸe�`

�Å™§⇢, KXk¸áåU�ä: 200 ⁄0, ŸV«©Oè3/4⁄1/4. �`�œ"§⇢,

=X�“œ"”ä, =�u

X�åUäÜŸV«É»�\\

˘“¥“Í∆œ"”˘á∂°�d5. ,òá∂°“˛ä” /ñ¥√, èÈ~^. e°∑Ç

“â—Í∆œ"(˛ä)�Ω¬:

ÈòÑ�l—.©Ÿ, ∑Çk

Ω¬ 3.1.1. ⌫Xèòl—.ë≈C˛, Ÿ©Ÿ∆è

P (X = xi) = pi, i = 1, 2, · · ·

XJ
1
P

i=1
|xi|pi < +1, K°

1
X

i=1

xipi

èë≈C˛X�Í∆œ"(˛ä), ^Œ“EXL´. e
1
P

i=1
|xi|pi = +1, K°X�Í∆œ

"(˛ä)ÿ�3.
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ÈÎY.ë≈C˛, ŸÍ∆œ"�Ω¬Xe

Ω¬ 3.1.2. XJÎY.ë≈C˛X‰kó›ºÍf(x), K�
ˆ 1

�1
|x|f(x)dx < 1

û, ∑ÇÚ»© ˆ 1

�1
xf(x)dx

�ä°èX�Í∆œ", PäEX. XJ
ˆ 1

�1
|x|f(x)dx = 1,

K°X�Í∆œ"ÿ�3.

e°¶)A´~Ñ©Ÿ�Í∆œ".

1. ◆ë©ŸX ⇠ B(n, p):

EX =
n
X

k=0

k.
n!

k!(n� k)!
pk(1� p)n�k

= np.
n�1
X

i=0

(n� 1)!
i!(n� 1� i)!

pi(1� p)n�1�i

= np

2. Poisson ©ŸX ⇠ P (�):

EX = �

3. �©ŸX ⇠ N(µ,�2):

EX =
ˆ +1

�1

x
p

2⇡�
e�

(x�µ)2

2�

2 dx

=
ˆ +1

�1
(�y + µ).

1
p

2⇡
e�y2/2dy

= µ

4. ˛!©ŸX ⇠ U [a, b]:

EX =
a + b

2

5. çÍ©ŸX ⇠ Exp(�):

EX = 1/�
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§3.1.2 Í∆œ"�5ü

1. eZáë≈C˛Ç5|‹�œ", �uàC˛œ"�Ç5|‹. b⌫c1, c2, . . . , cn

è~Í, Kk

E(c1X1 + c2X2 + · · · + cnXn) = c1EX1 + c2EX2 + · · · + cnEXn,

˘pbΩàC˛�œ"—�3.

~ 3.1.2. b⌫ë≈C˛X ⇠ B(n, p), ¶EX.

): -Ii ⇠ B(1, p), i = 1, 2, . . . , n, KX =
Pn

i=1 Ii ÖEIi = p. §±ßEX =
Pn

i=1 EIi = np.

2. eZá’·ë≈C˛É»�œ", �uàC˛�œ"É», =

E(X1X2 · · ·Xn) = EX1EX2 · · ·EXn,

˘pbΩàC˛Ép’·Öœ"—�3.

3. (ë≈C˛ºÍ�œ") ⌫ë≈C˛X èl—., k©ŸP (X = ai) = pi, i =

1, 2, . . ., ΩˆèÎY., kV«ó›ºÍf(x). K

Eg(X) =

(

P

i g(ai)pi,
P

i |g(ai)|pi < 1;´ +1
�1 g(x)f(x)dx,

´ +1
�1 |g(x)|f(x)dx < 1.

~ 3.1.3. b⌫cè~Í, KEcX = cEX.

~ 3.1.4. ⌫ë≈C˛X ⇠ N(0, 1), ¶Y = X2 + 1�Í∆œ".

): dX ⇠ N(0, 1), ∑Çk

EX2 =
ˆ +1

�1
x2.

1
p

2⇡
e�

x

2

2 dx

= 1.

§±, EY = EX2 + 1 = 2.
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~ 3.1.5. ú≈|1êê˛k20†¶ê, lm≈|��k10áê’å±eê, e,áê

’vk<eêKTê’ÿ ê. ⌫¶ê3záê’eê�åU5É�, ±XL´ ê�

gÍ, ¶EX.

): ⌫

Yi =

(

1, 1 i áê’k<eê

0, 1 i áê’√<eê
i = 1, · · · , 20.

Kw,X =
20
P

i=1
Yi, §±

EX =
20
X

i=1

EYi =
20
X

i=1

P (1 i áê’k<eê)

=
20
X

i=1

[1� 0.920] = 8.784.

§3.1.3 ^áœ"

∑Ç�⌫^á©Ÿè¥òáV«©Ÿ, œdaqÍ∆œ"�Ω¬, ∑Çå±â—^

áœ"�Ω¬.3âΩ⌦ë≈C˛X✓äx�^áÉe, Y�^áœ",∑ÇPèE(Y |X =

x), èå{PèE(Y |x).

Ω¬ 3.1.3. ⌫X⁄Yèë≈C˛,e(X, Y )èl—.,Ö3âΩX = xÉe, Y k©ŸP (Y =

ai|X = x) = pi, i = 1, 2, . . ., Ωˆ(X, Y )èÎY., Ö3âΩX = xÉe, Y�^áó›º

Íèf(y|x). K

E(Y |X = x) =

( ´ +1
�1 yf(y|x)dy, (X, Y ) èÎY.;
P

i aipi, (X, Y ) èl—..

œ"§‰k�5ü^áœ"”⇠˜v.

~ 3.1.6. ⌫(X, Y ) ⇠ N(a, b, �2
1,�

2
2, ⇢), ¡OéE(Y |X = x).

): duY |X = x ⇠ N(b+ ⇢�2
�1

(x�a), (1� ⇢2)�2
2),§±d◆ë�©Ÿ�5ü�E(Y |X =

x) = b + ⇢�2
�1

(x� a).

[5]: ^áœ"E(Y |X = x)¥x�ºÍ, �∑ÇÚxÜèXû, E(Y |X) “¥òáë≈C˛.
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∑ÇkXe�˙™§·:

Ωn 3.1.1. ⌫X, Yè¸áë≈C˛. Kk

EX = E{E[X|Y ]} [⌧œ"˙™]

y: ∑Ç=3ÎY.ë≈C˛�ú/ey≤dΩn. ⌫Y�p.d.fèp(y), X|Y = y�p.d.fèq(x|y).

K

EX =
¨ 1

�1
q(x|y)p(y)dxdy

=
ˆ ˆ 1

�1
q(x|y)dxp(y)dy =

ˆ 1

�1
E[X|Y = y]p(y)dy

= E{E[X|Y ]}

[Ì2]: �g(X) èå»ë≈C˛û, kEg(X) = E{E[g(X)|Y ]}.

dd⇢¶)œ"�1◆´ê{: k¶)h(x) = E(Y |X = x), 2¶)Eh(X), =å

¶⇢EY .

~ 3.1.7. òáM⇢'3k3áÄ�/Op, Ÿ•1òáÄœïgd. —˘Är3á⇥ûB

å±£/°; 12áÄœï,òá/⌫, r5á⇥ûÚà£/O; 13áÄœïç��

/⌫, r7á⇥ûè£/O. eáMzg¿J3áÄ�åU5oÉ”, ¶¶èº⇢gd

��r�≤˛ûm.

): ⌫˘ááMIárX⇥û‚Uà/°,ø⌫YìL¶zgÈ3áÄ�¿Júπ, Yà

±1/3�V«✓ä1, 2, 3. K

EX = E[E(X|Y )] =
3
X

i=1

E(X|Y = i)P (Y = i)

5øE(X|Y = 1) = 3, E(X|Y = 2) = 5 + EX, E(X|Y = 3) = 7 + EX, §±

EX =
1
3
[3 + 5 + EX + 7 + EX]

=⇢EX = 15.

~ 3.1.8. ⌫(X, Y ) ⇠ N(a, b, �2
1,�

2
2, ⇢), ¡OéEXY .
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): ké⇢

E(XY |X = x) = xE(Y |X = x) = x(b + ⇢
�2

�1
(x� a));

§±

EXY = E(bX + ⇢
�2

�1
X2

� ⇢
�2

�1
aX)

= ab + ⇢
�2

�1
(a2 + �2

1)� ⇢
�2

�1
a2

= ab + ⇢�1�2.

§3.1.4 •†Í

∑ÇÆ≤�⌫,ë≈C˛X�Í∆œ"“¥ß�≤˛ä,œdlòΩø¬˛,Í∆œ

"èx⌦ë≈C˛§✓Éä�“•%†ò”. ⇥¥, ∑Çèå±^O�ÍiA�5èxë

≈C˛�“•%†ò”. •†Í“¥˘⇠ò´ÍiA�.

Ω¬ 3.1.4. °µèÎY.ë≈C˛X�•†Í, XJ

P (X  µ) =
1
2
, P (X � µ) =

1
2
.

lΩ¬˛å±w—, m˘á:rX �©ŸlV«˛ò©¸å: 3mÜ>”òå, mm

>è”òå, lV«˛`, m ˘á:–ÿu•⌦, ˘“¥“•†Í” ⇢∂�d5. 3¢

^˛, •†Í^⇢Èı, AOkÿ��¨⁄O]�, ~<•†Í5èz,´˛�ìL5

Íä, kûß'Í∆œ"ç`≤ØK, ~X, ,�´S<�¬\�•†Íwä∑Ç: kò

å<�¬\$udä,,òåpudä.∑ÇÜ*˛a˙˘áäÈT�´�¬\úπ,

�(È‰kìL5,⁄œ"äÉ'ß�òá`:¥…áOAOåΩAO⇥�ä�KèÈ

⇥, �œ"Kÿ,, fi~�Û, eT�´•kòá¬\3z⇡⇤±˛, KT�´�˛äå

UÈp, �˝åıÍ<øÿL¸, ˘á˛äøÿÈkìL5, •†ÍKÿ,, ßA⇥ÿ…

�˛˘´Aåä�Kè.

lnÿ˛`, •†ÍÜ˛äÉ'ÑÜòá`:, =ßo�3, �˛äKÿ¥È?€

ë≈C˛—�3. èK•†Ík˘⌦`:,⇥3V«⁄O•,√ÿnÿ⁄A^˛,Í∆œ

"�≠á5—áL•†Í, Ÿ⌃œkòe¸áê°:

1. ˛äkÈı`˚�5ü, ˘⌦5üû¶⇢3Í∆?n˛ÈêB. ~X, E(X1 + X2) =

EX1 + EX2, �X1 + X2 �•†ÍÜX1, X2àg�•†ÍÉm, ÿ�3{¸�ÈX,

˘¶•†Í3Í∆˛�?nÈE,ÖÿêB;
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2. •†Í�⌧�k�,⌦":µ•†Íå±ÿçò,ÖÈul—.ë≈C˛ÿ¥Ω¬.

~ 3.1.9. ⌫ë≈C˛X ⇠ B(1, 1
2), ¶X�•†Í.

): duX�©ŸºÍè

F (x) =

8

>

>

<

>

>

:

0, x  0
1
2 , 0 < x < 1

1, x � 1

d•†Í�Ω¬�´m(0,1)S�zòáÍ—¥X�•†Í,§±d~`≤•†Íå

±ÿçò.

§3.2 ê↵!IO↵⁄›

§3.2.1 ê↵⁄IO↵

y3∑Ç=�Ÿm©ûˇJ�,òaÍiA�,=èxë≈C˛3Ÿ•%†ò

NC—Ÿß›�ÍiA�, Ÿ•Å≠á�¥ê↵. 3¢SA^•, ê↵ÿ=¥&E›˛

�IOè¥∫x›˛�IO.

Ω¬ 3.2.1. ⌫X èë≈C˛, ©ŸèF , K°

V ar(X) = E(X � EX)2 = �2

èX (Ω©ŸF )�ê↵, Ÿ≤êä
p

V ar(X) = � (✓ä) °èX (Ω©ŸF )�IO↵.

w,k

V ar(X) = EX2
� (EX)2.

Èë≈C˛�ê↵, ∑Çå±⇢

Ωn 3.2.1. ⌫cè~Í. Kk

1. 0  V ar(X) = EX2
� (EX)2, œdV ar(X)  EX2.

2. V ar(cX) = c2V ar(X)
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3. V ar(X) = 0�Ö=�P (X = c) = 0, Ÿ•c = EX.

4. È?€~Íck, V ar(X)  E(X � c)2, Ÿ•�“§·�Ö=�c = EX.

5. XJë≈C˛X⁄YÉp’·, a, bè~Í. KV ar(aX + bY ) = a2V ar(X) + b2V ar(Y ).

~Ñ©Ÿ�ê↵µ

1. ◆ë©ŸX ⇠ B(n, p):

V arX = np(1� p)

2. Poisson ©ŸX ⇠ P (�):

V arX = �

3. ˛!©ŸX ⇠ U [a, b]:

V arX =
(b� a)2

12

4. çÍ©ŸX ⇠ Exp(�):

V arX = 1/�2

5. �©ŸX ⇠ N(µ,�2):

V arX = �2

dd⇢�©ŸN(µ,�2) •,òÎÍ�2 �)∫: ß“¥©Ÿ�ê↵, �©Ÿ⌘⌧d

Ÿ˛äµ⁄ê↵�2˚Ω,⇡è~°è“˛äèµê↵è�2��©Ÿ”.ê↵�2�⇥,KX

�✓ä±çå�V«8•3Ÿ˛äµNC.

Ω¬ 3.2.2. ∑Ç°

X⇤ =
X � EX
p

V ar(X)

èX�IOzë≈C˛. ¥ÑEX⇤ = 0, V ar(X⇤) = 1.

∑Ç⁄\IOzë≈C˛¥è⌦ûÿduO˛¸†�ÿ”�âë≈C˛ë5�K

è. ~X, ∑Ç� <�⌧p, @o�,å±±íè¸†, ⇢X1, èå±±fíè¸

†, ⇢X2. u¥“k⇢X2 = 100X1. @o˘⇠ò5, X2ÜX1 �©Ÿ“k§ÿ”.

˘�,¥òáÿ‹n�yñ. ⇥¥œLIOz, “å±ûÿ¸ˆÉm�↵O, œè∑Ç

kX⇤
2 = X⇤

1 . Èu�©Ÿ, ∑Ç≤LIOzY = (X � µ)/�, “å±⇢—˛äè0ê↵

è1��©Ÿ, =IO�©Ÿ.
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§3.2.2 ›

e°∑Ç⁄\›�VgßøÚÉÜ∑Çc°§`�œ"!ê↵Ô·ÈX.

Ω¬ 3.2.3. ⌫Xèë≈C˛, c è~Í, rè✓Í, KE[(X � c)r] °èX 'uc :�r �

›.

'�≠á�k¸áúπ:

1. c = 0. ˘û↵k = EXr °èX �r �⌃:›.

2. c = EX. ˘ûµk = E[(X � EX)r] °èX �r �•%›.

N¥w—, ò�⌃:›“¥œ", ◆�•%›“¥X�ê↵V ar(X).

§3.3 �ê↵⁄É'XÍ

y3∑Ç5�ƒıëë≈ï˛�ÍiA�, ±◆ë�úπè~, ⌫(X, Y ) è◆ëë

≈C˛, X, Y�⌧—¥òëë≈C˛, @oßÇÉA�˛äê↵, ∑Ç—3˛¸!•?

ÿL⌦, ∑Ççk,��ÍiA�¥áN©˛Ém'X�@´˛, Ÿ•Å≠á�, ¥�

!á?ÿ��ê↵⁄É'XÍ.

§3.3.1 �ê↵

Ω¬ 3.3.1. ∑Ç°

Cov(X, Y ) = E(X � EX)(Y � EY )

èXÜY��ê↵, Ÿ•Cov¥=©¸cCovariance�†�.

d�ê↵�Ω¬, ∑Ç·èå±⇢�ê↵‰kXe5ü:

1. Cov(X, Y ) = Cov(Y, X), Cov(X, X) = V ar(X)

2. Cov(X, Y ) = EXY � EXEY , w,eX!Y Ép’·, KCov(X, Y ) = 0

3. Cov(X1 + X2, Y ) = Cov(X1, Y ) + Cov(X2, Y )

4. È?€¢Ía1, a2, b1, b2, k

Cov(a1X1 + a2X2, b1Y1 + b2Y2) =
2
X

i=1

2
X

j=1

aibjCov(Xi, Yj)
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§3.3.2 É'XÍ

Ω¬ 3.3.2. ⌫ë≈C˛X, Yèë≈C˛, °

⇢X,Y =
Cov(X, Y )

p

V arX ·

p

V arY
,

èXÜY�É'XÍ. �⇢X,Y = 0û, K°XÜYÿÉ'.

dΩ¬N¥w—, e-X⇤ = (X � EX)/
p

V arX⁄Y ⇤ = (Y � EY )/
p

V arY ©O

èX⁄YÉA�IOzë≈C˛, K⇢X,Y = Cov(X⇤, Y ⇤). œd, /™˛å±rÉ'X

Í¿è“IO∫›e��ê↵”, l˘á�›˛`, É'XÍå±ç–�áN¸áë≈C

˛m�'X, �ÿ…ßÇàg§^›˛¸†�Kè.

~ 3.3.1. ⌫(X, Y ) ⇠ N(a, b, �2
1,�

2
2, ⇢), K⇢X,Y = ⇢.

É'XÍkXe�5ü:

1. eX⁄YÉp’·, K⇢X,Y = 0

2. |⇢X,Y |  1, �“§·�Ö=�X, YÉm�3ÓÇ�Ç5'X, =

⇢X,Y = 1, K�3 a > 0, b 2 R ¶⇢ X = aY + b (É')

⇢X,Y = �1, K�3 a < 0, b 2 R ¶⇢ X = aY + b (KÉ')

[5]: ⇢X,Y è~°äX⁄YÇ5É'XÍ, êUèxX⁄Ym�Ç5Éùß›, |⇢X,Y |�⇢

C1, “L´X, Y m�Ç5É'ß›�p; |⇢X,Y | = 0û, ê¥L´X⁄Ymÿ�3Ç5É

', ⇥å±�3öÇ5�ºÍ'X.

~ 3.3.2. ⌫X ⇠ U(�1
2 , 1

2), �Y = cosX, K

Cov(X, Y ) = EXY =
ˆ 1/2

�1/2
xcosxdx = 0

§±X, YÿÉ'. ⇥¥X, YÉm�3XöÇ5�ºÍ'X.

e°∑Ç5?ÿÿÉ'Ü’·5Ém�'X.
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Ωn 3.3.1. Èë≈C˛X, Y , XJXÜYÉp’·, @oßÇòΩÿÉ';⇥¥XJßÇ

ÿÉ'%ô7Ép’·.

~ 3.3.3. ¡y≤e(X, Y )—l¸†↵S�˛!©Ÿ, KX, YÿÉ'⇥ÿ’·.

): d(X, Y )—l¸†↵S�˛!©Ÿ, K(X, Y ) �È‹ó›ºÍ

f(x, y) =

(

1
⇡ , x2 + y2

 1;

0, Ÿ¶.

dd, å⇢X⁄Y�>�ó›ºÍè

fX(x) = fY (x) =
2
⇡

p

1� x2, �1  x  1.

œd, EX = EY = 0, q

EXY =
ˆ 1

�1
x.

ˆ p
1�x2

�
p

1�x2
y.

1
⇡

dydx = 0.

§±, Cov(X, Y ) = 0,l�⇢X,Y = 0,=X⁄YÿÉ'.⇥df(x, y) 6= fX(x).fY (y),�X⁄Yw

,ÿ’·.

~ 3.3.4. ⌫ë≈C˛X⁄Y�©Ÿ∆©Oè

X ⇠

 

�1 0 1
1
4

1
2

1
4

!

, Y ⇠

 

0 1
1
2

1
2

!

øÖP (X · Y = 0) = 1. KXÜYÿ’·, èÿÉ'.

[5]: ê3�ú/e,ÿÉ'Ü’·�d. ∑Çfi◆ë��~f5`≤,ÿî⌫(X, Y ) ⇠

N(a, b, �2
1,�

2
2, ⇢), KX⁄Y’·�du⇢ = ⇢X,Y = 0, l��duX⁄YÿÉ'.

§3.4 Ÿ¶ò⌦ÍiA�ÜÉ'ºÍ

• ≤˛˝È↵E|X � EX|
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L 3.3.1 ~Ñ©ŸL

©Ÿ∂° ÎÍ V«ó› œ" ê↵ A�ºÍ

Úz©Ÿ c
�

c

1

�

c 0 eict

◆:©Ÿ
p

(0 < p < 1)

 

0 1

q p

!

p pq q + peit

◆ë©Ÿ

B(n, p)

n � 1

0 < p < 1

�

n

k

�

pkqn�k

k = 0, · · · , n
np npq (q + peit)n

A€©Ÿ
p

(0 < p < 1)
qk�1p, k = 1, 2, · · · 1

p

q

p

2
pe

it

1�qe

it

ndk©Ÿ

r, p

r 2 N
0 < p < 1

�

k�1
r�1

�

prqk�r,

k = r, r + 1, · · ·
r

p

rq

p

2 ( pe

it

1�qe

it

)r

≈t©ŸP (�) �(� > 0)
�

k

k! e
��,

k = 0, 1, · · ·
� � e�(eit�1)

áA€©Ÿ M,N, n 2 N (M

k

)(N�M

n�k

)
(N

n

)
nM

N

nM

N

(N�M)
N

N�n

N�1

˛!©Ÿ

U(a, b)
a, b(a < b) 1

b�a

I
a<x<b

a+b

2
(b�a)2

12
e

itb�e

ita

it(b�a)

�©Ÿ

N(a,�2)
a,�2 1

�

p
2⇡

e�
(x�a)2

2�

2 a �2 eiat� 1
2 �

2
t

2

çÍ©Ÿ �(� > 0) �e��xI
x>0

1
�

1
�

2 (1� it

�

)�1

�2©Ÿ n(n � 1) 1
2n/2�(n/2)

xn/2�1e�x/2

x > 0

n 2n (1� 2it)�n/2

• ›1ºÍEetX , Ÿ•t 2 R.

• A�ºÍEeitX , Ÿ•t 2 R, i èJÍ.

Ω¬ 3.4.1. XJl—.ë≈C˛X�©Ÿ∆èP (X = ai) = pi, i 2 N, @o

EeitX =
1
X

i=1

eita
ipi.

XJÎY.ë≈C˛X�ó›ºÍèf(x), @o

EeitX =
ˆ 1

�1
eitxf(x)dx.
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§3.5 åÍΩ∆⁄•%4ÅΩn

4ÅΩn¥V«ÿ�≠áSN,è¥Ín⁄O∆�ƒúÉò. •%4ÅΩn,¥V«

ÿ•?ÿë≈C˛⁄�©Ÿ±�©Ÿè4Å�ò|Ωn,˘|Ωn¥Ín⁄O∆⁄ÿ

↵©€�nÿƒ:, ç—⌦å˛ë≈C˛Cq—l�©Ÿ�^á.

§3.5.1 åÍΩ∆

Ω¬ 3.5.1. XJÈ?€" > 0, —k

lim
n!1

P (|⇠n � ⇠| � ") = 0,

@o∑Ç“°ë≈C˛S✏{⇠n, n 2 N}ùV«¬Òë≈C˛⇠, Pè⇠n
p
! ⇠.

Ωn 3.5.1. ⌫{Xn}¥ò✏’·”©Ÿ(i.i.d.)�ë≈C˛S✏ß‰k˙��Í∆œ"µ⁄

ê↵�2. K

X =
1
n

n
X

k=1

Xk
p
! µ,

={Xn}—l(f)åÍΩ∆"

[5]: ¢S˛ß∑ÇêIá˛ä�3=kåÍΩ∆§·ß˛„Ωn•\˛⌦ê↵�3�

^áßê¥è⌦y≤�êB"

äè˛„Ωn�òáA~ß∑Çk

~ 3.5.1. XJ±⇣nL´n≠Bernoulli¡�•�§ıgÍ, Kk

⇣n

n
p
! p.

XJ^fn = ⇣n/nL´§ı—y�™«,K˛~`≤fn
p
! p,=™«(ùV«)¬ÒV

«.

èy≤Ωn3.5.1,∑ÇIáXe�Chebyshevÿ�™:

⁄n 3.5.1 (Chebyshevÿ�™). ⌫ë≈C˛X�ê↵�3ßK

P (|X � EX| � ") 
Var (X)

"2
, 8 " > 0.
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∑Çå±^Chebyshevÿ�™5✏OXÜEX�†↵,⇥¥Chebyshevÿ�™äèòá

nÿÛ‰'äè✏O�¢Sê{áT�ò⌦, Ÿ≠á53uß�A^ H5,⇥¥ÿU

F"È œ�∑KÈò⌦áOúπâ⌦�è�(J.X-Xèïòá˛!��f§⇢

�:Í,Kµ = EX = 7/2, �2 = Var(X) = 35/12. XÜµ�Åå†↵è2.5 ⇡ 3�/2. |X�µ|å

u˘á†↵�V«è0,,�|^Chebyshevÿ�™==‰Ω˘áV«�u0.47. ˘û“I

áÈç∞(�✏O.

Ωn3.5.1�y≤. |^Chebyshevÿ�™ßø5øEX = µ, VarX = �2/n,∑Çk,

P (|X � µ| � ")  �2/(n"2) ! 0, n !1, 8" > 0.

Ωn⇢y.

§3.5.2 •%4ÅΩn

•%4ÅΩn¥V«ÿ•?ÿë≈C˛S✏�©Ÿ¬Òu�©Ÿ�òaΩn. ß

¥V«ÿ•Å≠á�òaΩn,k2ç�¢SA^✓µ.3g,.Ü)⌫•, ò⌦ë≈y

ñåU¨…Nıÿ(ΩœÉ�Kè,XJ˘⌦*dÉmvküoù�'X,ÖXèvk

AO‚—�Kè,@o,˘⌦Kè�\»�AÚ¨¶yñCq/—l�©Ÿ.•%4Å

Ωn“¥lÍ∆˛y≤⌦˘òyñ.

Ωn 3.5.2. ⌫{Xn}èi.i.d�ë≈C˛S✏ß‰k˙��Í∆œ"µ ⁄ê↵�2. KX1 +

· · · + Xn�IOz/™ 1p
n�

(X1 + · · · + Xn � nµ)˜v•%4ÅΩn. =È?øx 2 Rßk

lim
n!1

Fn(x) = �(x),

Ÿ•Fn(x)è 1p
n�

(X1 + · · · + Xn � nµ)�©ŸºÍ, ��(x)èIO�©ŸN(0, 1)�©Ÿ

ºÍ. Pè

1
p

n�
(X1 + · · · + Xn � nµ) d

! N(0, 1).

Ωn3.5.2�-<ØØÉ?“¥?€’·”©Ÿ�ë≈C˛S✏,ÿÿß�©Ÿ¥ü

o,êá�3kÅ�ê↵,@oßÇ�IOz‹©⁄—ÏCuIO�©Ÿ.˘è`≤⌦

�©Ÿ� H5.

dΩn3.5.2,∑ÇÈN¥⇢XeÌÿ
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Ωn 3.5.3. ⌫X1, · · · , XnÉp’·Ö‰kÉ”�©Ÿ

P (X1 = 1) = 1� P (X1 = 0) = p, 0 < p < 1.

Kk
X1 + · · · + Xn � np

p

np(1� p)
d
! N(0, 1).

=

lim
n!1

P
⇣X1 + · · · + Xn � np

p

np(1� p)
 x

⌘

= �(x), 8 x 2 R.

Ωn3.5.2°èï#6-. .dΩn,¥{§˛Å@�•%4ÅΩn.œèΩn3.5.2•

ë≈C˛X1, · · · , Xn�⁄X1 + · · · + Xn ⇠ B(n, p), ∑Ç|^�©ŸCq/✏O◆ë©

Ÿ.

⌫t1 < t2¥¸á✓Í,K�nÉ�åû,dΩn3.5.2,Cq/k

P (t1  X1 + · · · + Xn  t2) ⇡ �(y2)� �(y1),

Ÿ•

yi = (ti � np)/
p

np(1� p), i = 1, 2.

èJp∞›,∑Çåry1, y2?è

y1 = (t1 � 1/2� np)/
p

np(1� p), y2 = (t2 + 1/2� 1/2� np)/
p

np(1� p).

~ 3.5.2. ⌫ò�)Î\100⌫K�=äIOz�¡(z⌫K˛èkoá⌫¿âY�¿J

KßkÖ=kòáâY¥(�)ßz⌫K¶—ë≈/¿JòáâYßb⌫µ©IOèµ

¿È⇢ò©ß¿ÜΩÿ¿ÿ⇢©"¡â—T�)Å™⇢©åu�u25�V«.

): PXiL´1iK�⇢©, i = 1, 2 · · · , 100.KX1, · · · , Xn¥ò✏’·”©Ÿ�ë≈C˛

‰k�”�©Ÿ

1� P (X1 = 0) = P (X1 = 1) = 0.25.

|^•%4ÅΩn,k

P (X1 + · · · + X100 � 25) = P
⇣X1 + · · · + X100 � 100 ⇤ 0.25

p

100 ⇤ 0.25 ⇤ 0.75
� 0

⌘

= 1� �(0) = 1/2.
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~ 3.5.3. zUk1000á¿êIá¶ãªêlz\x‚Îù,˘¸á¢ΩÉmk¸^ø

⇣�c¥, ßÇ�ªê”ûm—”ûàøÖ‰k”⇠�⌫⌫.⌫˘1000á<¶ã@ò

^c¥�ªê¥Ép’·�Öq¥?ø�,u¥z✏ªê�¶êÍ8å¿èV«è1/2

�1000 ≠Bernoulli ¡�•§ı�gÍ.XJò✏ªê⌫òs < náå†, @oò�kı

usá¿ê5¶ê“NBÿe⌦,-˘áØáu)�V«èf(s).|^•%4ÅΩn,k

f(s) ⇡ 1� �
⇣2s� 1000
p

1000

⌘

.

á¶s¶⇢f(s) < 0.01,=3100g•k99g¥kv⌦�å†�. ⌃LN¥¶—s = 537.˘

⇠,¸✏ªê§k�å†Íè1074,Ÿ•êk74áò†,åÑduø⇣�ë5�õî¥È

⇥�.
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1oŸ Ín⁄O�ƒ�Vg9ƒ⇠©Ÿ

◆∆8�:

1) ¶∆)Èüo⌫Ín⁄O9Ÿu–§kòá–⁄�⌦)"

2) ¶∆)›∫Ín⁄O�eZƒ�VgßXoN!⇠�!{¸⇠�!⁄O⌧.�"

3) ¶∆)›∫⁄O˛�2!t!F!�oN⇠�˛ä⁄⇠�ê↵�©Ÿ9Ÿ{¸5ü.

§4.1 ⁄Û

§4.1.1 üo⌫Ín⁄O∆

�ëß�coŸ0↵⌦V«ÿ�ƒ�SN,èÍn⁄O∆Ô·⌦≠á�Í∆ƒ:.l

�ŸÂ, ∑Ç=\�ëß�1◆‹©—Ín⁄O∆. e°∑Çƒk`≤üo¥Ín⁄O

∆.

⁄O∆�?÷¥ÔƒN⇠k�/¬8!✓n⁄©€ëkë≈5Kè�Í‚,l�È

§�ƒ�ØKä—òΩ(ÿ�ê{⁄nÿ. ß¥òÄ¢^5Èr�∆â, 3<aπƒ�

àá+çkX2ç�A^. Ôƒ⁄O∆ê{�nÿƒ:ØK�@ò‹©�§“Ín⁄O

∆”�SN. òÑ/å±@è

Ín⁄O¥Í∆�òá©|,ß¥ÔƒX€k�/¬8⁄k�/¶^ëkë≈5K

è�Í‚�òÄ∆â.

e°œL~fÈd\±`≤.

1. k�/¬8Í‚

¬8Í‚�ê{k: ⌧°* (Ω ⌃)!ƒ⇠N⌃⁄S¸¡��ê™.

~ 4.1.1. <ù ⌃⁄ƒ⇠N⌃. ∑I32000c?1⌦1 g<ù ⌃. XJ ⌃�Í

‚¥O(√ÿ�, √ë≈5åÛ, ÿI^Ín⁄Oê{. du<ù ⌃, N⌃ë8Èı,

∑Ik13∑<ù,  ⌃Ûä˛4å,�‘ˆkÉ�Ûä<⌦"y. œdè¥⌧°N⌃, ⇥

Í‚øÿåÇ, ‡~áOy)òÙ⌥!¶⌥<ù�úπûku). ⇥È ⌃Í‚ÿåÇ,

I[⁄O€3<ù ⌃�”ûÑ�—;í<⌦È⌧I<ù?1ƒ⇠N⌃, ä‚ƒ⇠N

⌃�(J, È<ù ⌃�Íi?1∑��?. ƒ⇠N⌃3 ⌃ÿåÇû¥ò´÷øç

{.
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X€S¸ƒ⇠N⌃, ˘¥k�¬8Í‚�≠áØK, ˘�§Ín⁄O∆�òá≠á

©|—5ƒ⇠N⌃ê{6.

~ 4.1.2. � ,/´10000‡r�≤LGπ. l•]¿100râƒ⇠N⌃. eT/´©§

≤⌃⁄Ï´¸‹©, ≤⌃/´�L, ”T/´‡r�70%, Ï´�30%‡r�°. ∑Ç�

ƒ⇠êY5Ω3ƒ✓�100r•, l≤⌃/´ƒ70r, Ï´ƒ30r, 3àgâåS^ë≈

zê{ƒ✓.

3�~•k�¬8Í‚¥œL‹n/⌫Oƒ⇠êY5¢y�. 3œL¡�¬8Í

‚�ú/X€âk�¬8Í‚, ûwe~:

~ 4.1.3. ,zÛ⌫¨�⇢«Üß›!ÿÂ⁄⌃��êk'. èJp⇢«, œL¡�œÈ

ÅZ)⌫^á. ¡�œÉ⁄Y≤Xe

PPPPPPPPPPPœÉ

⇠¨
1 2 3 4

ß› 800 1000 1200 1400

ÿÂ 10 20 30 40

�ê A B C D

3áœÉ, záœÉ4áY≤�áâ 43 = 64 g¡�. â˘oı¡�<Â!‘Â!„Â—ÿ

åU. œd, X€œL¶åU��¡�º⇢¶åUı�&E? 'XÊ^⇥LS¸¡�

“¥ò´k��ê{.

X€S¸¡�êY⁄©€¡�(J,˘�§Ín⁄O�,ò©|—5¡��⌫O⁄

©€6. 3�~•k�¬8Í‚¥œLâ∆S¸¡��ê{5¢y�.

3k�¬8Í‚•òá≠áØK¥: Í‚7L‰kë≈5.

2. k��¶^Í‚

º✓Í‚�, Iá^k��ê{, �8•⁄J✓Í‚•�k'&E, ±È§Ôƒ�

ØKä—òΩ�(ÿ, 3⁄O˛°è“Ì‰”.

è⌦k��¶^Í‚?1⁄OÌ‰, IáÈÍ‚Ô·òá⁄O⌧., øâΩ,⌦O

K�µ⌥ÿ”⁄OÌ‰ê{�`✓.
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~ 4.1.4. è✏Oòá‘N�≠˛a,rß3U≤˛°5gº⇢Í‚ x1, x2, · · · , x5, ßÇ—

…ë≈5œÉ�Kè(U≤�∞›áN⌦Kè�å⇥). ✏Oa�å⇥ke✏n´ÿ”

ê{: (1) ^5áÍ�é‚≤˛ä x̄ = 1
5(x1 + · · ·+x5)�✏Oa; (2) Ú x1, x2, · · · , x5 Uå

⇥¸✏è x(1)  x(2)  · · ·  x(5) , ✓•mòáä x(3) �✏Oa; (3) ^ W = 1
2(x(1) + x(5))

�✏Oa.\åU@è x̄ `u x(3), � x(3) `u W.˘¥ÿ¥È�? èüo¥˘⇠? 3ü

o^áe‚È? Ø¢˛, È˘⌦ØK�Ôƒ¥Ín⁄O∆�?÷.

á£â˘⌦ØK∑ÇIáÈÍ‚Ô·òá⁄O⌧.⁄õΩµ⌥ÿ”⁄OÌ‰ê{

�OK. �~•3∑��bΩe, å@èÍ‚—l�⌧..

e°∑Çfiòá~f`≤Ê^‹∑�⁄Oê{è¥k�¶^Í‚�òá≠áê°.

~ 4.1.5. ,‡~k100r‡r, áN⌃d~‡¨¥ƒ¯´. ¯´�IO¥zrc˛¬\

áL1⇡⇤. ≤N⌃d~90r‡rc¬\5000⇤, 10r‡rc¬\10⇡⇤, Ød~‡¨¥

ƒ¯´?

(1) ^é‚≤˛äOéT~‡rc˛¬\Xe:

x̄ = (90⇥ 0.5 + 10⇥ 10)/100 = 1.45(⇡)

Udê{⇢—(ÿ:T~‡¨Æ¯´. ⇥90%�‡rc˛¬\êk5000⇤,Ø¢˛øô¯

´.

(2) ^⇠�•†ÍOéT~‡rc˛¬\: =Ú100r�c¬\Pè x1, x2, · · · ,

x100,ÚŸUå⇥¸✏è x(1)  x(2)  · · ·  x(100) . ⇠�•†ÍΩ¬è¸3Å•m¸r�

≤˛ä, =

(x(50) + x(51))/2 = 0.5(⇡)

Udê{⇢—(ÿ: T~‡¨ˇô¯´. ˘Ü¢SúπÉŒ.

3. Ín⁄Oê{�8B5ü

Ín⁄O¥Í∆�òá©|, ⇥¥ß�Ìnê{¥ÿò⇠�. ⁄Oê{��ü¥8

B™�,�Í∆K¥¸Ã™�. ⁄Oê{�8B5ü,�uß3ä(ÿû,¥ä‚§* 

�å˛�“áO”úπ, “8B”Â5§⇢. �ÿ¥lò⌦b⌫!∑KΩÆ�Ø¢—uU

òΩ�‹6Ìn⇢—5�(˘�ˆ°è¸ÃÌn) . fiò~f`≤: ⁄O∆[œLå˛�
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* ]�uy, ·ÎÜ,´�·X⁄�;æk'. ¶⇢—˘ò(ÿ�ä‚¥: l* 

�å˛~f, w·Îˆ•ád´;æ�'~✏puÿ·Îˆ. ¶ÿåU^‹6Ìn�

ê{y≤˘ò:. ¡<⁄O∆ÜA€∆?1'�“å±òŸ/w—◆ˆê{�↵O§

3. 3A€∆•áy≤“��n�/¸.�É�”, êIl��˘ácJ—u, $^A€

˙n, ò⁄⁄/Ì—˘á(ÿ(˘òê{·u¸ÃÌn) . �òáS.u⁄Oê{�<,

“åUé—˘⇠�ê{: äÈıå⇥/Gÿò���n�/, ¢Sˇ˛ß�.�⌃w´

OX€, ä‚§⇢Í‚, wwåƒä—.�É��(ÿ, ˘·u8BÌn�ê{.

Ø§±�, 8BÌn¥ák∫x�. Ø¢˛8BÌn�ÿ(Ω5�—y, ¥ò´‹

6�7,. <ÇÿåUâ—õ©íΩ�(ÿ, œè8BÌn§ù‚�Í‚‰kë≈5.

,�, ÿ(Ω5�Ìn¥å1�, §±Ìn�ÿ(Ω5ß›¥å±Oé�. ⁄O∆�ä

^Éò“¥J¯8BÌn⁄Oéÿ(Ω5ß›�ê{. ÿ(Ω5¥^V«Oé�. ±�

¨Ñ∑Ç¶ÎÍ�´m✏O, ÿ⇥â—´m✏O�Là™, �Öâ—˘ò✏O´mù

πô�ÎÍ�åÇß›�å⇥.

§4.1.2 Ín⁄O∆�A^

<a3â∆Ôƒ!)⌫⁄+n�àê°�πƒ, å—lÿmÍ‚]��¬8!✓n

⁄©€�Ûä. œd⁄O∆�A^+çè9Ÿ2ç.

1. I[1�≈'⁄à´ÖU≈��Ûä, Iá≤~¬8à´k'�Í‚]�, ±⌦

)úπøâ—ÉA�˚¸. ˘p°�⁄OÛä, �,kå˛�£„5⁄O�§∞, ⇥⁄

OÌ‰�ê{èÈk^øÖõ©7á. ~X3⌥‰,òûœ≤L$1¥ƒL9, ±BÊ

✓˜*NõÑñ�≠å˚¸û,È�û≤L$1´Í‚⁄]�?1Ω˛©€¥7ÿå�

�. ˘“lÿm⁄OÌ‰ê{.

^Ín⁄Oê{?1�¨N⌃,˘´Ûä~·uI[ÖU‹Ä�Ûäâå. “ƒ⇠N

⌃”¥~^�ê{. ⁄O∆�ê{3˚ΩN⌃5⌧⁄õΩk��ƒ⇠êY¥Èk^, ⁄

OÌ‰ê{3ÈN⌃⇢5�]�?1(©€ûèkç◆ø¬.~X≤L∞%⌫O⁄|

Ñ��¨ƒ⇠N⌃, Ÿ�Jkûåà$ñáL⌧°N⌃�Y≤. 3<ù∆•, (Ωò

á‹∑�<ùu–ƒ�⌧.Iá›∫å˛�* ]�,�Öá¶^ù)⁄Oê{3S�

ò⌦â∆ê{. 2X,�¨⇥xƒ7Iá^∞é∆,Ô·∞é⌧.!È∆∑Í‚�©€

—á^Nı⁄Oê{.

2. 3Û‡í)⌫•∑Ç~~á|^¡�⌫O⁄ê↵©€�ê{œÈÅZ)⌫^á.

~XèJp‡í•�¸†°»⌫˛,kò⌦œÉÈ˘áçIkKè:´f�¨´!ñù˛
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⁄⌅Y˛�; Ûí)⌫•Kè,ë⌫¨ü˛çI�œÉk⌃·�⌫/!�ê!ß›⁄ÿ

Â�œÉ; è⌦Èò|�–�)⌫^á“á?1¡�. X€â∆�S¸¡�⁄©€¡

�(J, “Iá^⁄Oê{. ¡�⌫O�ƒ�gé⁄ê↵©€ê{“¥R.A. Fisher�

3 1923–1926 cœm, 3?1Xm¡�•u–Â5�, ˘òê{�52çA^uÛí)

⌫•.

Ín⁄Oê{A^uÛí)⌫�,òá≠áê°¥⌫¨ü˛õõ!ƒ⇠N⌃⁄Û

í⌫¨∆∑�åÇ5ØK. yìÛí)⌫k1˛å⁄ÈpåÇ›�A:, Iá3ÎY)

⌫Lß•?1ÛSõõ. §1�⌫¨3⇥G¶^cá?1�¬, ˘´�¬òÑÿU?1

⌧°u�,�êU¥ƒ⇠�¬,Iáä‚⁄O∆�⌃nõΩ‹∑�ƒ⇠êY.å.⌫⌫Ω

E,⌫¨(X◆⌃) ùπ§Z˛⇡á⇤á. du⇤á�Í8Èå, ⇤á�∆∑—lòΩ�

V«©Ÿ,✓á⌫⌫(Ω⌫¨)�∆∑ÜŸ(�⁄⇤á�∆∑©Ÿk',è⌦✏O⌫⌫(Ω

⌫¨) �åÇ5, u–⌦òX✏�⁄Oê{. ⁄Oü˛+n“¥d˛„J�˘⌦ê{

�§�.

3. Ín⁄Oê{3≤L⁄7K+çèk2ç�A^, 3≤L∆•Ω˛©€�™≥

'Ÿ¶�¨â∆‹Äç@ç�\. y3kòÄ⌫â“O˛≤L∆”�∆â, ŸSNÃá“

¥Ú⁄Oê{(9Ÿ¶Í∆ê{) ^u©€´´≤LØK�Í˛ê°. ~X@320≠V

◆!nõcìûmS✏�⁄O©€ê{“^uΩ|˝ˇ,8c37K�+çè2ç�¶

^ûmS✏ê{.

4. ⁄Oê{3)‘!ö∆⁄¢D∆•k2ç�A^. ò´Ü¨�⇧�X€, áœL

[%S¸�¡�ø¶^(�⁄O©€ê{, ‚U'�åÇ/â—(ÿ. ©€,´;æ

�u)¥ƒÜAΩœÉk'(òá;.�~f¥·ÎÜá°J�'X),˘⌦ØK~~¥

l* ⁄©€å˛]��ƒ:˛⇢È´, 2Jpnÿ˛�Ôƒ. ˘ê°�A^Ñk

61æÍ‚�⁄O©€!¢DƒœÍ‚�⁄O©€�.

5. Ín⁄Oê{3Ìñ˝⌥!Y©!/⌥!/ü�+çk2çA^. 3˘a+ç•,

<ÇÈØ‘5∆5�@£ÿø©, ¶^⁄Oê{kœuº⇢ò⌦d35∆5�@£, ^

±ç◆<Ç�1ƒ.

6. Ín⁄Oê{3â∆Ôƒ•è‰k≠áä^. g,â∆Ôƒ�ä�?÷¥⇡´

g,.�5∆5, â∆¡�¥≠á√„, �ë≈œÉÈ¡�(J�Kè√§ÿ3. òá

–�⁄Oê{kœuJ✓* ⁄¢�Í‚•ëä�5�&E,œ�kœuJ—�(�

nÿΩb`. k⌦òΩ�nÿ⁄b`�, ⁄Oê{å±ç◆ÔƒÛäˆX€?ò⁄S¸

¡�Ω* , ±¶§⇢Í‚çkœu⌥ΩΩnΩb`¥ƒ(. Ín⁄O∆èJ¯⌦n
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ÿ˛k��ê{�✏˛* Ω¡�Í‚Ünÿ�Œ‹ß›X€.òáÕ∂�~f¥¢D

∆•�MendalΩ∆. ˘áä‚* ]�J—�Ω∆, ≤{⌦ÓÇ�⁄Ou�. ddåÑ

Ín⁄Oê{¥â∆Ôƒ•òá7ÿå��√„.

,òê°, A^˛�Iáq¥⁄Oê{u–�ƒÂ. ~Xyì⁄O∆�Cƒ<!=

IÕ∂∆ˆR.A. Fisher⁄K. Pearson320≠V–œlØ⁄O∆�Ôƒ, “¥—u)‘∆!

¢D∆⁄‡íâ∆ê°�I¶.

§4.1.3 ⁄O∆u–{§

Ín⁄O∆¥òÄ�cî�∆â, ßÃá�u–¥l20≠V–m©. åVå©è¸

á�„. cò�„åó˛1◆g≠.å‘(Âûèé.3˘ò@œu–�„•,ÂÃ◆

ä^�¥±R.A. Fisher⁄K. Pearsonèƒ�=I∆�,AO¥Fisher,3�∆â�u–•Â

⌦’A�ä^. Ÿ¶ò⌦Õ∂�∆ˆ, XW.S. Gosset (Student)!J. Neyman!E.S. Pearson

(K. Pearson��f)!A. Wald±9∑I�N⇧Ë◆«�—ä—⌦ä�5��z. ¶Ç�

ÛäCΩ⌦Nı⁄O©|�ƒ:, J—⌦òX✏‰k≠áA^dä�⁄Oê{, ⁄òX

✏�ƒ�Vg⁄≠ánÿØK. kò´øÑ@èa;⁄O∆[H. Cramer3 1946 cuL

�Õä5Mathematical Methods of Statistics6Iì⌦˘Ä∆âà§Ÿ�/⁄.

¬8⁄Pπ´´Í‚�πƒ, 3<a{§5�Æ». Äm∑I◆õo§, å±w

˛°kÈı'ua˜!<ù9/⌥ˆY�g,/≥�Pπ. 3‹êI[, Statistics (⁄O

∆) òc�—uState (I[) , øçI[¬8�Iú·�. 19≠V•ì±�, ù)�£⁄

O!<ù⁄O!≤L⁄O!ãÇ⁄O!�¨⁄O�ıê°SN�“�¨⁄O∆”òc3‹

êm©—y, ÜdÉA��¨N⌃èk⌦�åu–. <Ç¡„œL�¨N⌃, |8!✓

n!©€Í‚, ±⇡´�¨yñ⁄ØK, øJ—)˚‰NØK�ê{. ˘´úπÚY⌦

Nıc, Ôƒê{·u£„⁄O∆�â∆. ˘¥œè, vkòΩ�Í∆Û‰AO¥V«

ÿ�u–,√{Ô·yìø¬e�Ín⁄O∆.èœè˘ê°�I¶Ñvà@oΩÉ,

v±�§ò⇠rå�ÌƒÂ. õ ≠V"⁄◆õ≠V–úπ‚Â⌦�å�Cz. k<

@è◆õ≠V–K. Pearson'u�2⁄O˛4Å©Ÿ�ÿ©å±äèÍn⁄O⇧)�òá

Iì; èk<@è, Ü1922cFisher'u⁄O∆�Í∆ƒ:@üÕ∂ÿ©�uL, Ín

⁄O‚™⇧).

n˛§„, ∑Çåƒå±⇢Xeo—�(ÿ: ¬8⁄✓nDñ¶^* ⁄¡�Í

‚�Ûäd5Æ», ˘aπƒÈuÍn⁄O∆�⌫), åé¥òá�fi. õ ≠V, AO

¥õ ≠V�åœu–Ñ›\Ø,Ök⌦ü�Cz. õ ≠Vô◆õ≠V–˘ò�„,
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—y⌦òX✏�≠áÛä. √ÿX€, ñ¥◆õ≠V◆õcì, ˘Äâ∆Æ≠≠�’

4⌦�ã. ◆õ≠Vcoõck⌦◊Ñ�⌧°�u–, ◆õ≠Voõcìû, Æ/§

èòá§Ÿ�Í∆©|.

l‘�y3å±`¥1◆�„. 3˘áûœ•, Nı‘cm©/§�Ín⁄O©

|, 3‘�⇢p��u–, nÿ˛��›è'±cåå\r⌦. ”ûÑ—y⌦ëä�

5�u–,XWald�⁄O⌥˚nÿ⁄Bayes∆��,Â. 3Ín⁄O�A^ê°,èâ<

<ñ�è. ˘ÿ=¥‘�Û‡í)⌫⁄â∆E‚◊Ñu–§J—�á¶, è¥du>f

Oé≈˘òkÂÛ‰�—y⁄úÑu–Ìƒ⌦Ín⁄O∆�?⁄.‘cduOéÛ‰ã

ÿ˛,NıIáå˛Oé�⁄Oê{ÈJ⇢±¶^. ‘�k⌦pÑOé≈BC⇢ÈN¥,

˘“ååÌ2⌦⁄Oê{�A^. 8c, ⁄Oê{E3%«u–•. 3ò⌦⁄O∆uà

�I[•, AO3{I, ˘ê°�<‚Í±õ⇡O, ø3åıÍå∆•Ô·⌦⁄OX. C

nõc5Ín⁄O∆3∑I�u–è¥-< 8�.

§4.2 Ín⁄O�eZƒ�Vg

§4.2.1 oN⁄⇠�

œLe°�~f`≤oN!áN⁄⇠��Vg.

~ 4.2.1. bΩò1⌫¨k10000á, Ÿ•k¨èk¢¨, è✏O¢¨«, ∑Ç  l•

ƒ✓ò‹©, X100á?1u⌃. dû˘110000á⌫¨°èoN, Ÿ•�zá⌫¨°è

áN, �l•ƒ✓�100á⌫¨°è⇠�. ⇠�•áN�Í8°è⇠��å⇥, è°è⇠

�N˛. �ƒ✓⇠��1è°èƒ⇠.

l�~∑ÇåÈoN⁄⇠�äXeÜ*�Ω¬:

oN¥Ü∑Ç§Ôƒ�ØKk'�§káN|§,�⇠�¥oN•ƒ✓�ò‹©á

N.

eoN•áN�Í8èkÅá, K°èkÅoN, ƒK°è√ÅoN.

3⁄OÔƒ•,<Ç§'%�ÿ¥oNSáN��⌧,�¥'%áN˛�òë(ΩA

ë) Í˛çI, XF1��∆∑, "á�∫Ä. 3~4.2.1•e⌫¨è¨^0L´, e⌫¨

è¢¨^1L´, ∑Ç'%�áN✓ä¥0Ñ¥1. œd∑qåº⇢oN�XeΩ¬:

oNå±w§k§káN˛�,´Í˛çI�§�8‹, œdß¥Í�8‹.
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duzááN�—y¥ë≈�, §±ÉA�áN˛�Í˛çI�—yèëkë≈

5. l�å±rd´Í˛çIw§ë≈C˛, ë≈C˛�©Ÿ“¥TÍ˛çI3oN

•�©Ÿ. ±~4.2.15`≤, bΩ10000ê⌫¨•¢¨Íè100á, Ÿ{�è¨, ¢¨«

è0.01. ∑ÇΩ¬ë≈C˛XXe:

X =

(

1 ¢¨

0 ¨,

ŸV«©Ÿè0–1©Ÿ,ÖkP (X = 1) = 0.01. œd,AΩáN˛�Í˛çI¥ë≈C

˛X�* ä. ˘⇠ò5, oNå±^òáë≈C˛X 9Ÿ©Ÿ5£„, º⇢XeΩ¬:

Ω¬ 4.2.1. òá⁄OØK§Ôƒ�Èñ�⌧N°èoN.3Ín⁄O∆•oNå±^ò

áë≈C˛9ŸV«©Ÿ5£„.

duoN�A�dŸ©Ÿ5èx, œd⁄O∆˛~roN⁄oN©Ÿ¿è”¬ä.

du˘á�⇡, ~^ë≈C˛�Œ“Ω©Ÿ�Œ“5L´oN. 'XÔƒ,1F1�∆

∑û, <Ç'%�Í˛çI¥∆∑X, @odoN“å±^ë≈C˛X5L´, Ω^Ÿ

©ŸºÍF 5L´. eFkó›, Pèf, KdoNèå^ó›ºÍf5L´. kûèä

‚oN©Ÿ�a.5°�oN�∂°, X�oN!◆ë©ŸoN!0–1©ŸoN. e

oN©ŸºÍPèF, �kòálToN•ƒ✓�Ép’·”©Ÿ(i.i.d.)�å⇥èn�⇠

�X1, · · · , Xn,K~Pè

X1, · · · , Xn i.i.d. ⇠ F (4.2.1)

eFkó›f,åPè

X1, · · · , Xn i.i.d. ⇠ f (4.2.2)

e§�ƒ�oN^ë≈C˛XL´Ÿ©ŸºÍèF,K⇠�X1, · · · , Xnå¿èë≈C˛X�

* ä, ΩåPè

X1, · · · , Xn i.i.d. ⇠ X (4.2.3)

(4.2.1)!(4.2.1)⁄(4.2.3)L´É”�øg.

�áN˛�Í˛çIÿéòëû, ∑Ç^ë≈ï˛5L´oN. ~XÔƒ,/´⇥

∆)�uòGπû,<Ç'%�¥Ÿ⌧pX⁄N≠Y˘¸áÍ˛çI,dûoN“å±^

◆ëë≈ï˛(X, Y )ΩŸÈ‹©ŸF (x, y)L´.
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§4.2.2 ⇠��¸≠5⁄{¸ë≈⇠�

1!⇠��¸≠5

�∑ÇloN•ä‰Nƒ⇠û, zgƒ⇠�(J—¥⌦‰N�Í, X~5.2.3�ãq

ØK•, 3ë⇠�X = (X1, X2, X3),Ÿ•0  Xi  10è✓Í, i = 1, 2, 3,ß¥Íiï˛. ⇥

e¥3É”^áe, 2ãnu, du´´ÿåõõ�ë≈œÉ�Kè, •q�ÇÍÿå

U⁄˛òg⌘⌧ò⇠,‰kë≈5. XJ√°gãe�,zgãnu,—y�(Jå¿è

ë≈ï˛(X1, X2, X3)�* ä.

⇠��¸≠5¥`,⇠�Qåw§‰N�Í,qå±w§ë≈C˛(Ωë≈ï˛). 3

⌘§ƒ⇠�ßß¥‰N�Í∂3¢ñƒ⇠cßß⇢w§ë≈C˛. œè3¢ñ‰Nƒ⇠

Éc√{˝�ƒ⇠�(J,êU˝�ßåU✓ä�âå,⇡årßw§òáë≈C˛ßœ

d‚kV«©ŸåÛ"è´OÂÑ, 8�^å��=©i1L´ë≈C˛Ωë≈ï˛,

^⇥�i1L´‰N�* ä.

ÈnÿÛäˆ, ç≠¿⇠�¥ë≈C˛˘ò:, �ÈA^ÛäˆèKÚ⇠�w§‰

N�Íi, ⇥Eÿå⇤¿⇠�¥ë≈C˛(Ωë≈ï˛) ˘ò✓µ. ƒK, ⇠�“¥òÊ

,œ√ŸŒ√5∆åÛ�Íi, √{?1?€⁄O?n. ⇠�Q,¥ë≈C˛(Ωë≈

ï˛), “k©Ÿ�Û, ˘⇠‚�3⁄OÌ‰ØK.

2!{¸ë≈⇠�

ƒ⇠¥çloN•UòΩê™ƒ✓⇠��1è.ƒ⇠�8�¥œL✓⇢�⇠�Èo

N©Ÿ•�,⌦ô�œÉâ—Ì‰, è⌦¶ƒ✓�⇠�UÈ–�áNoN�&E, 7L

�ƒƒ⇠ê{. Å~^�ò´ƒ⇠ê{⌫ä“{¸ë≈ƒ⇠”, ßá¶˜ve✏¸^:

(1) ìL5. oN•�zòáN—k”�≈¨⇢ƒ\⇠�, ˘øõX⇠�•záá

NÜ§� �oN‰kÉ”©Ÿ. œd, ?ò⇠�•�áN—‰kìL5.

(2) ’·5. ⇠�•zòáN✓üoäøÿKèŸßáN✓üoä. ˘øõX, ⇠�

•àáNX1, X2, · · · , Xn ¥Ép’·�ë≈C˛.

d{¸ë≈ƒ⇠º⇢�⇠�(X1, · · · , Xn)°è{¸ë≈⇠�. ^Í∆äÛÚ˘òΩ

¬Q„Xe:

Ω¬ 4.2.2. ⌫kòoNF, X1, · · · , XnèlF•ƒ✓�N˛èn�⇠�, e

(i) X1, · · · , XnÉp’·,
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(ii) X1, · · · , XnÉ”©Ÿ, =”k©ŸF,

K°(X1, · · · , Xn)è{¸ë≈⇠�, kû{°{¸⇠�Ωë≈⇠�.

⌫oNèF, (X1, · · · , Xn)èldoN•ƒ✓�{¸⇠�, KX1, · · · , Xn�È‹©Ÿ

è:

F (x1) · F (x2) · · · ·F (xn) =
n
Y

i=1

F (xi)

eFkó›f,KŸÈ‹ó›è

f(x1) · f(x2) · · · · f(xn) =
n
Y

i=1

f(xi)

e⇠�¥ıë�,~Xlòå+<•ƒ✓ná<,záˇ—Ÿ⌧p⁄N≠. ^ë≈ï

˛(X, Y ) ΩŸ©ŸF (x, y)PoN, (X1, Y1), · · · , (Xn, Yn)“¥l˘òoN•ƒ✓�ò|⇠

�òm, ŸÈ‹©Ÿè

F (x1, y1) · F (x2, y2) · · · ·F (xn, yn) =
n
Y

i=1

F (xi, yi)

eF (x, y)kó›f(x, y),KŸÈ‹ó›è

f(x1, y1) · f(x2, y2) · · · · f(xn, yn) =
n
Y

i=1

f(xi, yi)

w,ßkò£ƒ⇠º⇢�⇠�¥{¸⇠�. �oN•áNÍ�åΩ§ƒ⇠�3oN

•§”'~�⇥û, √ò£ƒ⇠º⇢�⇠�å±Cq@è¥{¸⇠�.

§4.2.3 ⁄O⌧.

§¢òáØK�⁄O⌧., “¥çÔƒTØKû§ƒ⇠��⇠�©Ÿ, è~°èV

«⌧.ΩÍ∆⌧..

du⌧.ê✓˚u⇠��©Ÿ,⇡~r©Ÿ�∂°äè⌧.�∂°.Xe✏~4.2.2•

⇠�©Ÿè�ßå°Ÿè�⌧."œdr⌧.⁄⇠�;óÈXÂ5¥7á�. ⁄O

©€�ù‚¥⇠�, l⁄O˛`, êk5Ω⌦⇠��©Ÿ, ØK‚é˝≤(⌦.

e~wä∑Ç¥N⇠dòá‰NØKÔ·⁄O⌧.�.

~ 4.2.2. è✏Oò‘á�≠˛a,^òeU≤Úß≠E°ng,(JPèX1, · · · , Xn,¶⇠

�X1, · · · , Xn�È‹©Ÿ.
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): áΩ—X1, · · · , Xn�©Ÿ,“vkc°~f@´{¸�é{,Iäò⌦bΩ: (1)bΩ

àg°≠¥’·?1�,=,g°≠(Jÿ…Ÿßg°≠(J�Kè.˘⇠X1, · · · , Xn“

å±@è¥Ép’·�ë≈C˛. (2) bΩàg°≠¥3“É”^á”e?1�, ån)

èzg^”òU≤,zg°≠d”ò<ˆä,Ö±åÇ∏(Xß›!ó›�)—É”.3˘

ábΩe,å@èX1, · · · , Xn¥”©Ÿ�. 3˛„¸ábΩe, X1, · · · , Xn¥ná’·”©

Ÿ�ë≈C˛, =è{¸ë≈⇠�.

è(ΩX1, · · · , Xn�È‹©Ÿ, 3±˛bΩÉe¶—X1�©Ÿ=å. 3d�ƒ°≠

ÿ↵�A5: ˘´ÿ↵òÑdå˛�!*d’·Âä^�ë≈ÿ↵S\�§, �zòá

Â�ä^—È⇥. dV«ÿ•�•%4ÅΩnå�˘´ÿ↵Cq—l�©Ÿ. 2bΩ

U≤vkX⁄ÿ↵,Kå?ò⁄bΩdÿ↵è˛äè0��©Ÿ.å±rX1 (ßå¿è

‘≠a\˛°˛ÿ↵É⁄)�V«©ŸèN(a,�2).œd{¸ë≈⇠�X1, · · · , Xn�È‹©

Ÿè

f(x1, · · · , xn) = (
p

2⇡�)�n exp{�
1

2�2

n
X

i=1

(xi � a)2} (4.2.4)

�~•¶⇠�©Ÿ,⁄\¸´bΩ: (i)◆—⇠�X1, · · · , Xn i.i.d.�bΩ, (ii)�bΩ,

˘ò:ù‚ØK�5ü!V«ÿ�4Ånÿ⁄± ≤�.

3k⌦Ôƒ⁄O⌧.�, Èı5üÿò⇠�ØK, å±8\”ò⌧.e. ~X�

9ˇ˛ÿ↵�ØK, êá~4.2.2•Q„�bΩÿ↵—l�©Ÿ�nd§·, K—å

±^�⌧.(4.2.4). êár˘á⌧.•�⁄OØKÔƒòŸ⌦, “å±)˚Nıÿ”

;í‹Ä•�˘⇠òaØK.

,òê°ß”ò⌧.eå±J—Èıÿ”�⁄OØK. X~4.2.2�N(a,�2)⌧.•,

k⌦⇠�X1, · · · , Xn,ø5Ω©Ÿ(4.2.4)�“k⌦òá⁄O⌧.. 3˘á⌧.eåJ—ò

⌦⁄OØK, X3~4.2.2•, ∑Ç�ØK¥✏O‘≠a. è⌦� U≤�∞›∑Çå±J

—✏O�2�ØK, �,∑ÇÑå±Èa⁄�2J—b⌫u�⁄´m✏OØK��.

§4.2.4 ⁄OÌ‰

loN•ƒ✓òΩå⇥�⇠��Ì‰oN�V«©Ÿ�ê{°è⁄OÌ‰.

Ín⁄O¥X√u⇠�, X˙uoN, Ÿ?÷¥^⇠��Ì‰oN. �⇠�©Ÿ⌘

⌧Æ�û¥ÿ�3?€⁄OÌ‰ØK.

�⇠��©Ÿ/™Æ�, ⇥πkô�ÎÍû, k'ŸÎÍ�Ì‰, °èÎÍ⁄OÌ

‰.
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3,ò⌦ØK•, úπ“áE,ò⌦. ˘aØK•⇠�©Ÿ�/™⌘⌧ô�, k'

Ÿ©Ÿ�⁄OÌ‰ØK°èöÎÍ⁄OÌ‰ØK.

ÎÍ⁄OÌ‰k´´ÿ”�/™: ÃákÎÍ✏O⁄b⌫u�ØK. X~4.2.2•⇠

�©Ÿ(Ω=oN©Ÿ) N(a,�2) •, �a⁄�2ô�û, loN•ƒ✓å⇥èn �⇠�X1,

· · · , Xn, Èa⁄�2�✓ää—✏O,ΩÈ‰Û“a  1”ä—⇢…Ω·˝˘òb⌫�(ÿ.

öÎÍØK•,⁄OÌ‰�Ãá?÷¥œL⇠�ÈoN©Ÿ�/™ä—Ì‰.

du⇠��ë≈5, ⁄OÌ‰�(ÿÿåU100%�(, ⇥∑Çå±â—Ô˛Ì‰

(ß›�çI. X3~4.2.2•, e^X̄ = 1
n

n
P

i=1
Xi✏Oa,å±é—X̄Üa �†↵åuc�

V«, =P (|X̄ � a| > c), äè^X̄Ì‰a�(5�‹nçI.

⁄OÌ‰ù)e✏nê°SN: (1) J—´´�⁄OÌ‰�ê{. (2) Oék'⁄O

Ì‰ê{5U�Í˛çI, Xc„~f•^X̄ ✏ON(a,�2)•�a,^P (|X̄ � a| > c)L´

Ì‰5U�Í˛çI. (3)3òΩ�^á⁄`˚5OKeœÈÅ`�⁄OÌ‰ê{,Ωy

≤,´⁄OÌ‰ê{¥Å`�.

§4.3 ⁄O˛

§4.3.1 ⁄O˛�Ω¬

Ín⁄O�?÷¥œL⇠��Ì‰oN. �⇠�g⌧¥ò⌦,œ√Ÿ�Íi, áÈ

˘⌦Íi?1\Û✓n, Oé—ò⌦k^�˛, ˘“X”è⌦ÑŸ, ∑Çƒkárôs

\Ûó§„,,�|^„�ÑŸ.å±˘⇠n): ˘´d⇠�é—5�˛,r⇠�•Ü§

á)˚�ØKk'�&E8•Â5⌦. ∑Çr˘´˛°è⁄O˛, ŸΩ¬Xe:

Ω¬ 4.3.1. d⇠�é—�˛¥⁄O˛, Ω,⁄O˛¥⇠��ºÍ.

È˘òΩ¬∑ÇäXeA:`≤:

(1) ⁄O˛êÜ⇠�k',ÿUÜô�ÎÍk'. ~XX ⇠ N(a,�2), X1, · · · , Xn¥l

oNX•ƒ✓�i.i.d.⇠�,K
n
P

i=1
Xi⁄

n
P

i=1
X2

i—¥⁄O˛,�a⁄�2�èô�ÎÍû,
n
P

i=1
(Xi�

a)⁄
n
P

i=1
X2

i /�2—ÿ¥⁄O˛.

(2) du⇠�‰k¸≠5,=⇠�Qå±w§‰N�Í,qå±w§ë≈C˛;⁄O

˛¥⇠��ºÍ, œd⁄O˛è‰k¸≠5. œè⁄O˛å¿èë≈C˛(Ωë≈ï

˛), œd‚kV«©ŸåÛ, ˘¥∑Ç|^⁄O˛?1⁄OÌ‰�ù‚.
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(3) 3üoØK•¿^üo⁄O˛,áwØK�5ü. òÑ`5,§J—�⁄O˛A

¥Å–�8•⌦⇠�•Ü§?ÿØKk'�&E, ˘ÿ¥N¥â�.

§4.3.2 eZ~^�⁄O˛

1. ⇠�˛ä: ⌫X1, · · · , Xn¥l,oNX•ƒ✓�⇠�,K°

X̄ =
1
n

n
X

i=1

Xi.

è⇠�˛ä. ß©OáN⌦oN˛ä�&E.

2. ⇠�ê↵: ⌫X1, · · · , Xn¥l,oNX•ƒ✓�⇠�,K°

S2 =
1

n� 1

n
X

i=1

(Xi � X̄)2

è⇠�ê↵,ß©OáNoNê↵�&E.�S°è⇠�IO↵,ßáN⌦oNIO↵�&

E.

3. ⇠�›: ⌫X1, · · · , XnèloNF•ƒ✓�⇠�, K°

ak =
1
n

n
X

i=1

Xk
i , k = 1, 2, · · ·

è⇠�k�⌃:›, AOk = 1û, a1 = X̄=⇠�˛ä. °

mk =
1
n

n
X

i=1

(Xi � X̄)k, k = 2, 3, · · ·

è⇠�k�•%›.

4. gS⁄O˛9Ÿk'⁄O˛: ⌫X1, · · · , XnèloNF•ƒ✓�⇠�, rŸUå

⇥¸✏èX(1)  X(2)  · · ·  X(n),K°(X(1), X(2), · · · , X(n))ègS⁄O˛, (X(1), · · · , X(n))�

?ò‹©è°ègS⁄O˛.

|^gS⁄O˛å±Ω¬e✏⁄O˛:

(1) ⇠�•†Í:

m 1
2

=

8

<

:

X(n+1
2 ) �nè€Í

1
2 [X(n

2 ) + X(n

2 +1)] �nèÛÍ
(4.3.1)

⇠�•†ÍáNoN•†Í�&E. �oN©Ÿ'u,:È°û, È°•%Q¥oN•

†Íq¥oN˛ä, ⇡dûm1/2èáNoN˛ä�&E.

(2) 4ä: X(1)⁄X(n)°è⇠��4⇥ä⁄4åä.4ä⁄O˛3'u/≥ØK⁄·

�¡��⁄O©€•¥~^�⁄O˛.
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§4.4 nå©Ÿ—�2, t, F©Ÿ9�oN⇠�˛ä⁄⇠�ê↵�©Ÿ

U¶—ƒ⇠©Ÿ�(É�Ö‰k{¸Là™�ú/øÿı,òÑ—�J.§3�¥,3

oN©Ÿè�ú/, Nı≠á⁄O˛�ƒ⇠©Ÿå±¶⇢,˘⌦ıÜe°?ÿ�n´

©ŸkóÉ'X. ˘ná©Ÿ3�°AŸ•k≠áA^.

§4.4.1 �2©Ÿ

Ω¬ 4.4.1. ⌫X1, X2, · · · , Xn i.i.d. ⇠ N(0, 1),-X =
n
P

i=1
X2

i ,K°X¥gd›èn��2C˛,

Ÿ©Ÿ°ègd›èn��2©Ÿ, PèX ⇠ �2
n.

⌫ë≈C˛X¥gd›èn��2
ë≈C˛, KŸV«ó›ºÍè

gn(x) =

8

<

:

1

2
n

2 �(n

2 )
x

n

2�1e�
x

2 , x > 0,

0, x  0.
(4.4.1)

5 4.4.1. eP�(↵, �)L´/GÎÍè↵!è›ÎÍè��Gamma©Ÿ, Ÿó›ºÍXe

p(x;↵, �) =

(

�↵

�(↵)x
↵�1e��x, x > 0,

0, x  0.

Kgd›èn��2©ŸÜGamma©Ÿ�'Xè: X =
n
P

i=1
X2

i ⇠ �(n/2, 1/2).∑Çèå±|

^˘ò'Xâ—�2©Ÿ�Ω¬: “eë≈C˛X�V«ó›ºÍè�(n/2, 1/2), K°Xè

—lgd›èn��2©Ÿ”.

�2
n�ó›ºÍgn(x)/GX„4.4.1 .

�2
nó›ºÍ�|†8(=¶ó›ºÍè�gC˛�8‹)è(0,+1),d„4.4.1åÑ

�gd›n�å, �2
n �ó›≠Ç�™uÈ°, n�⇥, ≠Ç�ÿÈ°. �n = 1, 2û≠Ç¥

¸Ne¸™u0. �n � 3û≠Çk¸∏,l0m©k¸N˛,,3òΩ†òà∏ä,,�

¸e¸™ïu0.

eX ⇠ �2
n,PP (X > c) = ↵, Kc = �2

n(↵)°è�2
n©Ÿ�˛˝↵©†Í,X„4.4.2§´.

�↵⁄nâΩûå⌃L¶—�2
n(↵)Éä, X�2

10(0.01) = 23.209, �2
5(0.05) = 12.592�.

�2C˛‰ke✏5ü:
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5 10 15 20 25 30 35 40

0.
05

0.
1

0.
15

0.
2

gn((x))

x

n == 1

n == 4

n == 10
n == 20

„ 4.4.1 �2
n�ó›ºÍgn(x)/G„

αα

χχn
2(αα) x

gn((x))

„ 4.4.2 �2
n�˛˝↵©†Í

(1) ⌫ë≈C˛X ⇠ �2
nKkE(X) = n, V ar(X) = 2n.

(2) ⌫Z1 ⇠ �2
n1

, Z2 ⇠ �2
n2

,ÖZ1⁄Z2’·, KZ1 + Z2 ⇠ �2
n1+n2

.

∑ÇlX2©Ÿ�Ω¬—uâ—òá{¸y≤: dΩ¬Z1 = X2
1 + · · · + X2

n1
, d?

X1, X2, · · · , Xn1 i.i.d. ⇠ N(0, 1),

”nZ2 = X2
n1+1 + · · · + X2

n1+n2
, d?

Xn1+1, Xn1+2, · · · , Xn1+n2 i.i.d. ⇠ N(0, 1),

2dZ1⁄Z2�’·5å�

X1, X2, · · · , Xn1 , Xn1+1, · · · , Xn1+n2 i.i.d. ⇠ N(0, 1).
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œd

Z1 + Z2 = X2
1 + · · · + X2

n1
+ X2

n1+1 + · · · + X2
n1+n2

.

UΩ¬=kZ1 + Z2 ⇠ �2
n1+n2

.

§4.4.2 t©Ÿ

Ω¬ 4.4.2. ⌫ë≈C˛X ⇠ N(0, 1), Y ⇠ �2
n, ÖX⁄Y’·, K°

T =
X

p

Y/n

ègd›èn�tC˛, Ÿ©Ÿ°èkgd›n�t©Ÿ,PèT ⇠ tn.

⌫ë≈C˛T ⇠ tn,KŸó›ºÍè

tn(x) =
�(n+1

2 )
�(n

2 )
p

n⇡

✓

1 +
x2

n

◆�n+1
2

, �1 < x < 1 (4.4.2)

−4 −3 −2 −1 0 1 2 3 4

0.
1

0.
2

0.
3

0.
4

x

tn((x))

N((0,,  1))((t∞∞((x))))
t10((x))

t5((x))

t1((x))

„ 4.4.3 tn�ó›ºÍtn(x)/G„

tn�ó›ºÍÜIO�©ŸN(0, 1)ó›ÈÉq,ßÇ—¥'u⌃:È°,¸∏Ûº

Í,3x = 0?à4å.⇥tn�∏ä$uN(0, 1)�∏ä, tn�ó›ºÍó‹—á'N(0, 1)�

¸˝ó‹oò⌦. X„4.4.3§´. N¥y≤: lim
n!1

tn(x) = '(x),d?'(x)¥N(0, 1)C˛�

ó›ºÍ.

eT ⇠ tn,PP (|T | > c) = ↵,Kc = tn(↵/2)ègd›èn�t©Ÿ�V˝↵©†Í(X

„4.4.4§´). �âΩ↵û, tn(↵), tn(↵/2)�åœL⌃L¶—.~Xt12(0.05) = 1.782, t9(0.025) =

2.262�.
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x

tn((x))

αα 2αα 2

tn(αα 2)−− tn(αα 2)

„ 4.4.4 tn�V˝↵©†Í

t©Ÿ¥=I⁄O∆[W.S. Gosset31908c±)∂StudentuL�ÿ©•J—�,⇡

�<°è“∆)º(Student)©Ÿ” Ω“t©Ÿ”.

tC˛‰ke✏�5ü:

(1)eë≈C˛T ⇠ tn,K�n � 2û, E(T ) = 0. �n � 3û, V ar(T ) = n
n�2 .

(2)�n !1û, tC˛�4Å©ŸèN(0, 1).

§4.4.3 F©Ÿ

Ω¬ 4.4.3. ⌫ë≈C˛X ⇠ �2
m, Y ⇠ �2

n,ÖX⁄Y’·,K°

F =
X/m

Y/n

ègd›©O¥m⁄n�FC˛, Ÿ©Ÿ°ègd›©O¥m⁄n�F©Ÿ,PèF ⇠ Fm,n.

eë≈C˛Z ⇠ Fm,n, KŸó›ºÍè

fm,n(x) =

8

<

:

�(m+n

2 )
�(n

2 )�(m

2 )m
m

2 n
n

2 x
m

2 �1(n + mx)�
m+n

2 , x > 0,

0, Ÿß.
(4.4.3)

gd›èm,n�F©Ÿ�ó›ºÍX„4.4.5 . 5øF©Ÿ�gd›m⁄n¥k^S

�, �m 6= nûeÚgd›m⁄n�^S6⇣òe, ⇢�¥¸áÿ”�F©Ÿ. „4.4.5•

â—⌦Aáÿ”gd›�ó›ºÍ�≠Ç. d„4.4.5 åÑÈâΩm = 10, n✓ÿ”ä

ûfm,n(x)�/G, ∑Çw≠Ç¥†��, n�⇥†��Ó≠.

eF ⇠ Fm,n,PP (F > c) = ↵, Kc = Fm,n(↵)°èF©Ÿ�˛˝↵©†Í(Ñ„4.4.6).

�m, n⁄↵âΩû, å±œL⌃L¶—Fm,n(↵)Éä, ~XF4,10(0.05) = 3.48, F10,15(0.01) =

3.80�. ˘3´m✏O⁄b⌫u�ØK•~~^.
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0 1 2 3 4

0.
2

0.
4

0.
6

0.
8

1

x

Fm,n((x))
F10,∞∞((x))

F10,50((x))

F10,10((x))

F10,4((x))

„ 4.4.5 Fm,n�ó›ºÍfm,n(x)/G„

x

Fm,n((x))

αα

Fm,n((αα))

„ 4.4.6 Fm,n�˛˝↵©†Í

FC˛‰ke✏�5ü:

(1) eZ ⇠ Fm,n,K1
�

Z ⇠ Fn,m.

(2) eT ⇠ tn,KT 2
⇠ F1,n

(3) Fm,n(1� ↵) = 1
�

Fn,m(↵)

±˛5ü•(1)⁄(2)¥w,�, (3)�y≤ÿJ,3â÷ˆäèˆS. cŸ5ü(3)3¶

´m✏O⁄b⌫u�ØKû¨~~^. œè�↵è�⇥�Í,X↵ = 0.05Ω↵ = 0.01,

m, nâΩû,lÆk�F©ŸL˛⌃ÿFm,n(1� 0.05)⁄Fm,n(1� 0.01)Éä, ⇥ßÇ�ä

å|^5ü(3)¶⇢, œèFn,m(0.05)⁄Fn,m(0.01) ¥å±œL⌃F©ŸL¶⇢�.

75



§4.4.4 �oN⇠�˛ä⁄⇠�ê↵�©Ÿ

èêB?ÿ�oN⇠�˛ä⁄⇠�ê↵�©Ÿ,∑Çkâ—�ë≈C˛�Ç5

ºÍ�©Ÿ.

1. �C˛Ç5ºÍ�©Ÿ

⌫ë≈C˛X1, · · · , Xn i.i.d. ⇠ N(a,�2), c1, c2, · · · , cn è~Í, Kk

T =
n
X

k=1

ckXk ⇠ N

✓

a
n
X

k=1

ck,�
2

n
X

k=1

c2
k

◆

AO,�c1 = · · · = cn = 1/n,=T = 1
n

n
P

i=1
Xi = X̄û,k

X̄ ⇠ N(a,�2
�

n).

2. �C˛⇠�˛ä⁄⇠�ê↵�©Ÿ

e„Ωnâ—⌦�C˛⇠�˛ä⁄⇠�ê↵�©Ÿ⁄ßÇ�’·5.

Ωn 4.4.1. ⌫X1, X2, · · · , Xn i.i.d. ⇠ N(a,�2), X̄ = 1
n

n
P

i=1
Xi⁄S2 = 1

n�1

n
P

i=1
(Xi � X̄)2©O

è⇠�˛ä⁄⇠�ê↵,Kk

(1) X̄ ⇠ N(a, 1
n�2);

(2) (n� 1)S2/�2
⇠ �2

n�1;

(3) X̄⁄S2’·.

Ωn�y≤á—∑Ç�á¶, êá¶P4˘ò(ÿ.

§4.4.5 Aá≠áÌÿ

e°AáÌÿ3�oN´m✏O⁄b⌫u�ØK•kX≠áA^.

Ìÿ 4.4.1. ⌫X1, X2, · · · , XnÉp’·É”©Ÿ(i.i.d.) ⇠ N(a,�2), K

T =
p

n(X̄ � a)
S

⇠ tn�1.
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y: d55.4.3å�X̄ ⇠ N(a,�2/n),ÚŸIOz⇢
p

n(X̄�a)/� ⇠ N(0, 1).q(n�1)S2/�2
⇠

�2
n�1, =S2/�2

⇠ �2
n�1/(n� 1), ÖX̄⁄S2’·, UΩ¬k

T =
p

n(X̄ � a)/�
p

S2/�2
=
p

n(X̄ � a)
S

⇠ tn�1.

Ìÿ 4.4.2. ⌫X1, X2, · · · , Xm i.i.d. ⇠ N(a1,�2
1), Y1, Y2, · · · , Yn i.i.d. ⇠ N(a2,�2

2),Öb

Ω�2
1 = �2

2 = �2, ⇠�X1, X2, · · · , Xm ÜY1, Y2, · · · , Yn’·, K

T =
(X̄ � Ȳ )� (a1 � a2)

Sw
·

r

mn

n + m
⇠ tn+m�2,

d?(n + m� 2)S2
w = (m� 1)S2

1 + (n� 1)S2
2 , Ÿ•

S2
1 =

1
m� 1

m
X

i=1

(Xi � X̄)2, S2
2 =

1
n� 1

n
X

j=1

(Yj � Ȳ )2.

y: d55.4.3å�X̄ ⇠ N(a,�2/m), Ȳ ⇠ N(a2,�2/n),⇡kX̄� Ȳ ⇠ N
�

a1�a2, ( 1
m + 1

n)�2
�

=

N
�

a1 � a2,
n+m
mn �2

�

. ÚŸIOz⇢

X̄ � Ȳ � (a1 � a2)
�

r

mn

m + n
⇠ N(0, 1). (4.4.4)

q(m� 1)S2
1/�2

⇠ �2
m�1, (n� 1)S2

2/�2
⇠ �2

n�1, 2|^�2©Ÿ�5üå�

(m� 1)S2
1 + (n� 1)S2

2

�2
⇠ �2

n+m�2. (4.4.5)

2d(4.4.4)⁄(4.4.5)•(X̄, Ȳ ) Ü(S2
1 , S2

2)Ép’·, dΩ¬å�

T =
(X̄ � Ȳ )� (a1 � a2)

�

r

mn

n + m

�

s

(m� 1)S2
1 + (n� 1)S2

2

�2(n + m� 2)

=
(X̄ � Ȳ )� (a1 � a2)

Sw

r

nm

n + m
⇠ tn+m�2.

Ìÿ 4.4.3. ⌫X1, X2, · · · , Xm i.i.d. ⇠ N(a1,�2
1), Y1, Y2, · · · , Yn i.i.d. ⇠ N(a2,�2

2), Ö‹⇠

�X1, X2, · · · , Xm⁄Y1, Y2, · · · , YnÉp’·, K

F =
S2

1

S2
2

·

�2
2

�2
1

⇠ Fm�1,n�1,

d?S2
1⁄S2

2Ω¬XÌÿ4.4.2§„.
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y: d55.4.3å�(m � 1)S2
X/�2

1 ⇠ �2
m�1, (n � 1)S2

Y /�2
2 ⇠ �2

n�1, Ö◆ˆ’·, dF©Ÿ�

Ω¬å�

F =

(m�1)S2
X

�2
1

�

(m� 1)

(n�1)S2
Y

�2
2

�

(n� 1)
=

S2
X

S2
Y

·

�2
2

�2
1

⇠ Fm�1,n�1.

y..
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1 Ÿ ÎÍ✏O

◆∆8�:

1) 4∆)n)›✏O⁄4åq,✏Oê{.

2) n)ò&´mΩ¬.

3) ›∫~Ñ�oN©ŸeÎÍ�:✏O⁄ò&´m�Oé.

⌫kòáoN, ±f(x; ✓1, · · · , ✓k)PŸV«ó›ºÍ(eoN©Ÿ¥ÎY5�), ΩŸ

V«ºÍ(eoN©Ÿèl—.�). èQ„êB∑Ç⁄ò°f(x; ✓1, · · · , ✓k)èoN�V

«ºÍ. ÎÍ✏OØK¥|^loNƒ⇠⇢�&E5✏OoN�,⌦ÎÍΩˆÎÍ

�,⌦ºÍ. òÑbΩoN©Ÿ/™Æ�ßô��==¥òáΩAáÎÍ. |^lo

Nf(x; ✓1, · · · , ✓k)•ƒ✓�ò|⇠�X1, · · · , Xn�ÈÎÍ✓1, · · · , ✓k�ô�ää—✏OΩ✏

OßÇ�,áÆ�ºÍg(✓1, · · · , ✓k).

§5.1 :✏O

⌫oNX�©ŸºÍ/™Æ�, ⇥ß�òáΩıáÎÍèô�, ~XÎÍ✓ô�, ä

‚⇠�X1, · · · , Xn5✏OÎÍ✓, “¥á�E∑��⁄O˛✓̂ = ✓̂(X1, · · · , Xn). �k⌦⇠

�X1, · · · , Xn�ä�,“ì\✓̂ = ✓̂(X1, · · · , Xn)•é—òáä,^5äè✓�✏Oä.è˘⇠

AΩ8���E�⁄O˛✓̂⌫â✓�✏O˛. duÎÍ✓¥Í∂˛�òá:, ^✓̂✏O✓,�

u^òá:�✏O,òá:, §±˘⇠�✏O⌫â:✏O.

¶:✏O�ê{kı´, e°0↵¸´:✏Oê{:

§5.1.1 ›✏Oê{

›ê{Jà19≠V�Karl Pearson. ›ê{¥ƒuò´{¸�“OÜ”géÔ·Â

5�ò´✏Oê{. Ÿƒ�gé¥^⇠�›✏OoN›. dåÍ∆ßXJô�ÎÍ⁄o

N�,á(⌦)›k'Xß∑ÇÈg,�5�Eô�ÎÍ�✏O"

£¡òe±c'u›�P{µ

⇠�k�›: ak =
1
n

n
X

i=1

Xk
i mk =

1
n

n
X

i=1

(Xi � X̄)k
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oNk�›: ↵k = EXk µk = E(X � EX)2

œd3k�›�3�úπeßä‚åÍ∆k

ak
p
�! ↵k, mk

p
�! µk

l�∑Çå±¶^ak,mk©O✏O↵k, µk"0↵Xe: b⌫oNXùπkáô�ÎÍ✓1, · · · , ✓k,

dêß|
8

>

>

<

>

>

:

↵1 = f1(✓1, · · · , ✓k)
...

↵k = fk(✓1, · · · , ✓k)

á)⇢
8

>

>

<

>

>

:

✓1 = g1(↵1, · · · ,↵k)
...

✓k = gk(↵1, · · · ,↵k)

ÚŸ•�oN›^ÉA�⇠�›ìOßK∑Çå±⇢ÎÍ✓1, · · · , ✓k�òá✏O:
8

>

>

<

>

>

:

✓̂1 = g1(a1, · · · , ak)
...

✓̂k = gk(a1, · · · , ak)

eá✏OÎÍ✓1, · · · , ✓k�,ºÍg(✓1, · · · , ✓k), K^g(✓̂1, · · · , ✓̂k)�✏Oß.

˘p∑Ç^�—¥⌃:›↵kß�,èå±¶^•%›µkßΩˆ¸á—¶^"3˘´

úπeßêIárÉA�oN›Ü§⇠�›"∑Ç°˘´✏Oê{è›✏O{ß⇢�

✏O˛°è›✏O˛"›✏Oê{A^�⌃K¥µU^$�›?n�“ÿ^p�›"

›✏O{�`:¥{¸¥1,øÿIáØk�⌫oN¥üo©Ÿ.":¥ß�oNa

.Æ�ûßvkø©|^©ŸJ¯�&E. òÑ|‹e, ›✏O˛ÿ‰kçò5.

~ 5.1.1. ›ïòqM1,è⌦)°—y�V«,y’·≠E�›ïng,^X1, · · · , XnL

´›ï(J. w,dûoNX�©ŸèB(1, p), pèa,��˛. �X1, · · · , Xnè⇠�, K

¶ÎÍp�›✏O˛"

): duEX = pß�⇠�˛äX̄¬ÒoN˛äEX, œdp�òá›✏O˛èp̂ = X̄.

~ 5.1.2. è� ,´�¡§1©Ÿúπ,¶^�©ŸN(a,�2)5äèoNX�©Ÿ.y

3l•ë≈N⌃ná<, =⇠�èX1, · · · , Xn. ¡¶ÎÍa,�2�›✏O˛"
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): du

EX = a, V ar(X) = �2

§±a,�2�òá›✏O˛è

â = X̄, �̂2 = m2 =
1
n

n
X

i=1

(Xi � X̄)2

∑Ç�⌫ES2 = �2ßœdß�2�,òá›✏O˛è�̂2 = S2.

§5.1.2 4åq,✏Oê{

4åq,ê{8cèéA^Å2��:✏Oê{. ˘´ê{¥ƒuXe�w{:

Ω¬ 5.1.1. ⌫oNX kV«ºÍf(x; ✓) = f(x; ✓1, · · · , ✓k)ß̆ pÎÍ✓ = (✓1, · · · ,

✓k) 2 ⇥ß���Ωxûrf(x; ✓)w§è✓�ºÍß°èq,ºÍ, ~PèL(x; ✓)ΩL(✓).

��ΩÎÍ✓ûßf(x; ✓)å±w§¥⇢⇠�* äx�åU5ß̆ ⇠ß�rÎÍ✓w

§Cƒûßè“⇢“3ÿ”�✓äeU* x�åU5å⇥, =L(x; ✓)”∂du∑ÇÆ

≤* ⌦xß§±∑Çáœ¶3=òá✓�äeß¶⇢U* x�åU5L(x; ✓)Åå"

˘á✓�ä=°è✓ 4åq,✏Oä(w˛�ÅkåU�)"∑Çkwòá~f:

~ 5.1.3. l~≥pë≈”M500^~, â–P“�≠#ò\~≥•, ñø©∑‹�2”

M1000^~, (JuyŸ•k72^ëkP“. ¡Ø~≥•åUkı�^~.

): kÚØKòÑz. ⌫≥•kN^~, Ÿ•r^â–P“. ë≈”Ms^, uyx^kP

“. ^˛„&E5✏ON .

^XL´”M�s^~•ëP“~�Í8, K

P (X = x) =
Cs�x

N�rC
x
r

Cs
N

.

8cuy3”M�s^~•kP“�~x^,áœ¶N✓€äû,¶⇢* ˘áØá{X =

x}�åU5Åå. =x¥�Ω�, N¥Cz�, Pp(x;N) = P (X = x). œè

g(N) :=
p(x;N)

p(x;N � 1)
=

(N � s)(N � r)
N(N � r � s + x)

=
N2

�N(s + r) + rs

N2
�N(r + s) + Nx

,

81



�rs > Nxû, g(N) > 1; rs < Nxû, g(N) < 1. §±P (X = x)3N = rs
xNCàÅå, 5

øN êU✓✓Í, ⇡N�ÅåU�✏O=4åq,✏Oè

N̂ =
lrs

x

m

.

Ÿ•d eL´e✓✓, =⇥uTä�Åå✓Í. ÚK8•�Íiì\,

N̂ =
⇠

500⇥ 1000
72

⇡

= 6944.

=~≥•�o�~Íè6694^.

yâ—4åq,✏O�òÑ5Ω¬:

Ω¬ 5.1.2. ⌫X = (X1, · · · , Xn)èl‰kV«ºÍf�oN•ƒ✓�⇠�ß✓èô�ÎÍ

ΩˆÎÍï˛. x = (x1, · · · , xn)è⇠��* ä"e3âΩxû, ä✓̂ = ✓̂(x)˜ve™

L(✓̂) = max
✓2⇥

L(x; ✓)

K°✓̂èÎÍ✓�4åq,✏Oä,�✓̂(X)°èÎÍ✓�4åq,✏O˛"eñ✏ÎÍè✓�

ºÍg(✓)ßKg(✓)�4åq,✏O˛èg(✓̂)"

¶4åq,✏OäÉ�u¶q,ºÍ�Ååä"3{¸⇠��úπe,

L(x; ✓) =
n
Y

i=1

f(xi; ✓)

�rq,ºÍ�ÈÍl(✓) = log L(✓)°èÈÍq,ºÍ(˘¥du3ò⌦úπeß?nÈ

Íq,ºÍçêB)

�q,ºÍÈC˛✓¸Nû, ∑Çå±N¥⇢ŸÅåä:. áÉ�q,ºÍèö

¸NºÍÖÈC˛✓åá©ûß∑Çå±¶Ÿ7:: -

dl(✓)
d✓

= 0 (Ωˆ
dL(✓)

d✓
= 0)

�✓èıëû, 'X✓ = (✓1, · · · , ✓k)û-

@l(✓)
@✓i

= 0 (Ωˆ
@L(✓)
@✓i

= 0) i = 1, · · · , k

,�⌥‰d7:¥ƒ¥Ååä:"
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~ 5.1.4. ⌫X1, · · · , XnèloNX ⇠ N(a,�2)•ƒ✓�⇠�ß¶ÎÍa,�2�4åq,✏

O˛"

): ¥⇢ÈÍq,ºÍè

l(a,�2) = c�
1

2�2

n
X

i=1

(xi � a)2 �
n

2
log(�2)

Ÿ•c¥ÜÎÍ√'�~Í. -
(

@l(a,�2)
@a = 0

@l(a,�2)
@�2 = 0

⇢
8

<

:

a = x̄ = 1
n

Pn
i=1 xi

�2 = 1
n

n
P

i=1
(xi � a)2

N¥�yd7:¥çò�Ååä:ßœd⇢a,�2�4åq,✏O˛:

8

<

:

â = X̄

�̂2 = 1
n

n
P

i=1
(Xi � X̄)2.

kûºÍføÿÈ✓1, · · · , ✓kå◆, $ñf�⌧èÿÎY, ˘û¶◆“v{^, 7L£

⌃©Ω¬.

~ 5.1.5. ⌫oNX—l[a, b]˛�˛!©Ÿ, a < b, ¶ÎÍa, b�4åq,✏O.

): ¥⇢q,ºÍè

L(a, b) =
1

(b� a)n

n
Y

j=1

I(a  xj  b) =
1

(b� a)n
I(a  x(1)  x(n)  b).

u¥È?€˜v^áa  xj  b�a, b—k

L(a, b) =
1

(b� a)n


1
(x(n) � x(1))n

,

=q,ºÍL(a, b)3a = x(1), b = x(n)û✓Ååä. u¥a, b�4åq,✏O˛èâ =

X(1), b̂ = X(n).
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~ 5.1.6. ⌫X1, · · · , Xnèl‰kXe/™ó›�oN•ƒ✓�⇠�:

f(x; a, b) =

(

1
b exp{�x�a

b } , x > a

0 , x  a

¶ÎÍa, b�4åq,✏O˛.

): ¥⇢q,ºÍè

L(a, b) =
n
Y

i=1

f(xi; a, b) =
1
bn

exp{�
1
b

n
X

i=1

(xi � a)}I(x(1) > a)

3�Ωbûßw,q,ºÍèa�¸NOºÍßœdL(a)�7:èâ = x(1)"2-
@L(a,b)

@b = 0ß

⇢b = 1
n

n
P

i=1
(xi � x(1))ßN¥�yd)¥Ååä:"l�⇢a, b�4åq,✏O˛:

8

<

:

â = X(1)

b̂ = 1
n

n
P

i=1
(Xi �X(1)).

~ 5.1.7. ⌫X1, · · · , XnèlXe©Ÿ•ƒ✓�{¸⇠�ß¶✓�4åq,✏O.

f(x) =
1

x!(2� x)!
[✓x(1� ✓)2�x + ✓2�x(1� ✓)x], x = 0, 1, 2; ✓ 2 (0,

1
2
)

): dK⌫�f(x)èl—.ßŸ©Ÿ∆è

X 0 1 2

P 1
2 [(1� ✓)2 + ✓2] 2✓(1� ✓) 1

2 [(1� ✓)2 + ✓2]

eÜ⇢ld©Ÿ—ußKÿU⇢✓�4åq,✏O�w™Là"èdß∑Ç≠#ÎÍ

zßP⌘ = 2✓(1� ✓). KdK⌫�⌘ < 1/2"K

X 0 1 2

P 1
2(1� ⌘) ⌘ 1

2(1� ⌘)

2Pni = #{X1, · · · , Xn•�ui�áÍ}, i = 0, 1, 2, K⇢q,ºÍè

L(⌘) = (
1
2
(1� ⌘))n0⌘n1(

1
2
(1� ⌘))n2 = (

1
2
(1� ⌘))n�n1⌘n1

¶)ø5ø⌘�˛.=⇢⌘�4åq,✏Oè

⌘̂ = max{
n1

n
,
1
2
}

2d✓ = 1�
p

1�2⌘
2 ⇢✓�4åq,✏Oè

✓̂ =
1�

p

1� 2⌘̂

2
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§5.1.3 :✏O�`˚OK

∑ÇwÈ”òáÎÍßkıáÿ”�✏O˛ßœdßµ¿ÿ”✏O˛�`✓5¥

Iá�ƒ�"

1. √†5

⌫ĝ(X1, · · · , Xn)èñ✏ÎÍºÍg(✓)�òá✏O˛ße

Eĝ(X1, · · · , Xn) = g(✓)

K°ĝ(X1, · · · , Xn)èg(✓)�√†✏O˛"√†5¥Èòá✏O˛�Åƒ��á¶, Ÿ¢

Sø¬“¥√X⁄ÿ↵. œd3kıá✏O˛å¯¿Jûß∑Ç`k�ƒ√†✏O˛"

Èıûˇ∑Ç⇢�✏O˛¥k†,~X�oN�ê↵�2�4åq,✏O˛�̂2 =
1
n

n
P

i=1
(Xi � X̄)2¥k†�, E�̂2 = n�1

n �2. e± n
n�1¶±�̂2, §⇢�✏O˛“¥√†�. ˘

´ê{°è?.

e,òÎÍ�3ıá√†✏Oû,X€5¿J¶^=á✏O˛∫<Çq3√†5�

ƒ:˛O\⌦Èê↵�á¶.

2. k�5

⌫ĝ1(X1, · · · , Xn)⁄ĝ2(X1, · · · , Xn)èñ✏ÎÍºÍg(✓)�¸áÿ”�√†✏O˛ße

È?ø�✓ 2 ⇥,k

V ar(ĝ1(X1, · · · , Xn))  V ar(ĝ2(X1, · · · , Xn))

�Öñ�È,á✓0 2 ⇥¶⇢ÓÇÿ�™§·"K°ĝ1�ĝ2k�"

3. É‹5

⌫oN©Ÿù6uÎÍ✓1, · · · , ✓k, g(✓1, · · · , ✓k)¥ñ✏ÎÍºÍ"⌫X1, · · · , Xnèg

ToN•ƒ✓�⇠�ßT (X1, · · · , Xn)èg(✓1, · · · , ✓k)�òá✏O˛ßXJÈ?ø�✏ >

0⁄✓1, · · · , ✓k�òÉåUä—k

lim
n!1

P✓1,··· ,✓
k

(|T (X1, · · · , Xn)� g(✓1, · · · , ✓k)| � ✏) = 0

∑ÇK°T (X1, · · · , Xn)èg(✓1, · · · , ✓k)�òá(f)É‹✏O˛"

É‹5¥Èòá✏O˛�Åƒ��á¶ßXJòá✏O˛vkÉ‹5ß@o√ÿ⇠

�å⇥ıåß∑ÇèÿUrô�ÎÍ✏O?ø˝Ω�∞›"̆ ´✏O˛w,¥ÿå✓

�"
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›✏O˛¥˜vÉ‹5�ß4åq,✏O˛3ÈòÑ�^áeè¥˜vÉ‹5�"

4. ÏC�5

✏O˛¥⇠�X1, · · · , Xn�ºÍßŸ(É�©ŸòÑÿ¥N¥⇢"⇥¥ßNı/

™ÈE,�⁄O˛(ô7¥⁄)ß�nÈåûßŸ©Ÿ—ÏCu�©Ÿß̆ á5ü°è⁄

O˛�“ÏC�5”"

√†5⁄k�5—¥È�Ω�⇠�å⇥n�Û�ß̆ ´5ü°è✏O˛�“⇥⇠�5

ü”ß�É‹5⁄ÏC�5—¥�ƒ3⇠�å⇥™u√°û�5üß̆ ´5ü°è“å

⇠�5ü”"

~ 5.1.8. ⌫loN
X 0 1 2 3

P ✓/2 ✓ 3✓/2 1� 3✓

ƒ✓�òá{¸⇠�X1, · · · , X10�* äè(0, 3, 1, 1, 0, 2, 0, 0, 3, 0)ß

(1) ¶✓�›✏O˛✓̂M⁄4åq,✏O˛✓̂Lßø¶—✏Oä"

(2) ˛„✏O˛¥ƒè√†�∫eÿ¥ßûä?.

(3) '�?��¸á✏O˛ßç—@áçk�.

dk�5�Ω¬ß∑Çg,¨Ø3òÉåU�√†✏OpßUƒÈ‰kÅ⇥ê↵

�√†✏O˛∫XJ�3˘⇠�✏O˛ß∑Ç°ŸèÅ⇥ê↵√†✏O˛, ç[/å±

Î�ë�"

§5.2 ´m✏O

Èuòáô�˛,<Ç3ˇ˛⁄Oéû,~ÿ±⇢Cqäè˜v,ÑIá✏Oÿ↵,

9á¶�⌫Cqä�∞(ß›(Ω=§¶˝ä§3�âå).aq�,Èuô��ÎÍ✓,ÿ

⌦¶—ß�:✏O✓̂ , ∑ÇÑF"✏O—òáâå, øF"�⌫˘áâåùπÎÍ✓˝

ä⇢å&ß›. ˘⇠�âåœ~±´m/™â—, ”ûÑâ—d´mùπ˝ä⇢å&ß

›. ˘´/™�✏O°è´m✏O.

'Xòá<�c#318-25Ém;�|—3400-600⇤Ém�. ´m✏O�–?¥rå

U�ÿ↵^28�/™L´—5⌦. 'X\✏O�s§|—¥500, ∑ÇÉ&ı�¨k

ÿ↵, ⇥¥ÿ↵kıå? ¸l\J—�500˘áÍiÑâÿ—üo&E, e\â—✏O|
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—¥400-600Ém, K<ÇÉ&\3ä—˘✏Oû, ÆråU—y�ÿ↵�ƒ⌦, ı�

â<Ç±çå�&?a. œd´m✏Oè¥~^�ò´✏Oê™.

y3Å61�ò´´m✏Onÿ¥J. Neyman3˛≠V30cìÔ·Â5�. ¶�n

ÿ�ƒ�VgÈ{¸, èLàêB, ∑Ç6ûbΩoN©Ÿêùπòáô�ÎÍ✓, Öá

✏O�“¥✓�⌧. XJoN©Ÿ•ùπeZ†òÎÍ✓1, · · · , ✓k,�á✏O�¥g(✓1, · · · , ✓k),

Kƒ�Vg⁄ê{ø√ÿ”. ˘3�°�~fpå±w—.

§5.2.1 ò&´m

NeymanÔ·Â5�´m✏Oè⌫ò&´m,i°˛�øg¥: ÈT´mUùπô�

ÎÍ✓åò&€´ß›.b⌫X1, · · · , Xn¥lToN•ƒ✓�⇠�,§¢✓�´m✏O,“

¥áœ¶˜v^á✓(X1, · · · , Xn) < ✓̄(X1, · · · , Xn)�¸á⁄O˛✓⁄✓̄è‡:�´m[✓, ✓̄].

ò�ká⇠�X1, · · · , Xn�ä�,“r✓✏O3´m[✓(X1, · · · , Xn), ✓̄(X1, · · · , Xn)]ÉS. ÿ

Jn),˘pk¸áá¶

• ✓ ±ÈåV«⇢ùπ3´m[✓, ✓̄]S, è“¥`

P✓(✓  ✓  ✓̄) = 1� ↵

¶åUå, =á¶✏O¶˛åÇ.

• ✏O�∞›á¶åUpß'Xá¶´m[✓, ✓̄]á¶åU�·, Ωˆ,´UNy˘áá

¶�Ÿ¶OK"

'X✏Oòá<�c#, X[30,35], ∑Çg,F"˘á<�c#kÈår∫3˘á´m

ÉS, øÖF"˘á´mÿU�. XJ✏O¥[10,90], �,åÇ⌦,⇥¥∞›↵, ^?

ÿå.

⇥˘¸áá¶¥ÉpgÒ�ßœd´m✏O�⌃K¥3Æk�⇠�]�ÅõeßÈ

—ç–�✏Oê{±¶˛JpåÇ5⁄∞›"Neyman J—⌦2ç⇢…�OKµk⇥y

åÇ5ß3dcJe¶åUJp∞›"èdß⁄\XeΩ¬:

Ω¬ 5.2.1. ⌫oN©ŸF (x, ✓)πkòáΩıáô��ÎÍ✓ß✓ 2 ⇥ßÈâΩ�ä↵, (0 <

↵ < 1)ßed⇠�X1, · · · , Xn(Ω�¸á⁄O˛✓̄ = ✓̄(X1, · · · , Xn) ⁄✓ = ✓(X1, · · · , Xn)ß

˜v

P✓(✓  ✓  ✓̄) = 1� ↵ 8 ✓ 2 ⇥

°1� ↵èò&XÍΩò&Y≤ß�°[✓, ✓̄]è✓�ò&Y≤è1� ↵�ò&´m"
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´m✏O“¥3âΩ�ò&Y≤Éeß�œÈk`˚∞›�´m"

òÑß∑Çƒkœ¶ÎÍ✓�òá✏O(ıÍ¥ƒuŸø©⁄O˛�E�)ß,�ƒ

ud✏O˛�EÎÍ✓�ò&´mß0↵Xe:

1. Õ∂C˛{ ⌫ñ✏ÎÍèg(✓)ß

1. ÈòáÜñ✏ÎÍg(✓)k'�⁄O˛TßòÑ¥Ÿòá˚–�:✏O(ıÍ¥œL4

åq,✏O�E)∂

2. ⌫{È—TÜg(✓)�,òºÍS(T, g(✓))�©ŸßŸ©ŸFáÜÎÍ✓√'(S=èÕ∂

C˛);

3. È?€~Ía < bßÿ�™a  S(T, g(✓))  báUL´§�d�/™A  g(✓)  BßŸ

•A,BêÜT, a, bk'�ÜÎÍ√'∂

4. ✓©ŸF�˛↵/2©†Í!↵/2⁄˛(1 � ↵/2)©†Í!1�↵/2ßkF (!↵/2) � F (!1�↵/2) =

1� ↵. œd

P (!1�↵/2  S(T, g(✓))  !↵/2) = 1� ↵

d3∑Ç“å±⇢§¶�ò&´m.

~ 5.2.1. ⌫X1, · · · , Xnèl�oNN(µ,�2)•ƒ✓⇢⇠�ß¶ÎÍµ,�2�1 � ↵ò&´

m"

)µduµ,�2�✏OX̄, S2˜v

T1 =
p

n(X̄ � µ)/S ⇠ tn�1

T2 = (n� 1)S2/�2
⇠ �2

n�1

§±T1, T2“¥∑Ç§áœ¶�Õ∂C˛ßl�¥⇢ÎÍµ,�2�1� ↵ò&´m©Oè



X̄ �

1
p

n
Stn�1(↵/2), X̄ +

1
p

n
Stn�1(↵/2)

�

,



(n� 1)S2

�2
n�1(↵/2)

,
(n� 1)S2

�2
n�1(1� ↵/2)

�

.
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~ 5.2.2. ⌫X1, · · · , Xnèl�oNN(µ1,�2
1)•ƒ✓⇢⇠�ßY1, · · · , Ymèl�oNN(µ2,�2

2)•

ƒ✓⇢⇠�ß¸|⇠�Ép’·"¶ÎÍµ1 � µ2,�2
1/�2

2�1� ↵ò&´m"

)µê{⌘⌧aquc°�~fßd?—.

2. å⇠�{

å⇠�{“¥|^•%4ÅΩnß±Ô·Õ∂C˛"œL±e~f`≤:

~ 5.2.3. ,ØáA3zg¢�•u)�V«—¥pßäng’·�¢�ß±YnPAu)�

gÍ"¶p�1� ↵ò&´m"

)µ⌫n'�åß-q = 1� p,Kd•%4ÅΩn�ßCqk(Yn � np)/
p

npq ⇠ N(0, 1)ßl

�(Yn � np)/
p

npqå±äèÕ∂C˛"d

P (�u↵/2  (Yn � np)/
p

npq  u↵/2) ⇡ 1� ↵ (⇤)

å±�dL´§

P (A  p  B) ⇡ 1� ↵

Ÿ•A,Bèêß

(Yn � np)/
p

npq = u↵/2

�), =

A,B =
n

n + u2
↵/2

2

4p̂ +
u2

↵/2

2n
± u↵/2

s

p̂(1� p̂)
n

+
u2

↵/2

4n2

3

5

A✓K“ßB✓“ßp̂ = Yn/n"

du(*)™ê¥Cq§·ß⇡´m✏Oèê¥Cq§·ß�n�åû‚É�ÿ✏"ç

[�`≤ÎÑë�p203"∑ÇÑå±kbΩê↵¥“Æ�”�ßÅ�2ÚŸ✏Oß⇢X

eWald ò&´mµ

p̂ ± u↵/2

p

p̂(1� p̂)/n.

§5.2.2 ò&.

3¢S•ßkû∑ÇêÈÎÍ✓�ò‡�.Åa,�"'XJÇ�Å$π˛,k≥‘

ü�Åpπ˛��. ˘“Iáœ¶ÎÍ✓�a,��ò&.Å.
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Ω¬ 5.2.2. ⌫oN©ŸF (x, ✓)πkòáô��ÎÍ✓ß✓ 2 ⇥ßÈâΩ�ä↵, (0 < ↵ < a)ß

ed⇠�X1, · · · , Xn(Ω�¸á⁄O˛✓̄ = ✓̄(X1, · · · , Xn) ⁄✓ = ✓(X1, · · · , Xn)ß

1.e

P✓(✓  ✓̄) = 1� ↵ 8 ✓ 2 ⇥

K°✓̄è✓�òáò&XÍè1� ↵�ò&˛."

2.e

P✓(✓ � ✓) = 1� ↵ 8 ✓ 2 ⇥

K°✓è✓�òáò&Y≤è1� ↵�ò&e."

�(�1, ✓̄] ⁄[✓,+1)—°è¥¸>�ò&´m"

œ¶ò&˛!e.�ê{⁄œ¶ò&´m�ê{⌘⌧aq"

§5.2.3 (Ω⇠�å⇥

3±´m�›è∞›OKe, ò&´m�ƒ“�–ßèüoQ∫äèòáòÑ�⌃

Kß∑ÇÆ≤�⌫çı�ˇ˛å±⇢ç∞(�Ì‰"kûˇßÈ∞›¥ká¶�ß$

ñu¥3ˇ˛Éc“J—dá¶ßœdÉA�⇠�å⇥“áØk(Ωe5"∑Ç±Xe

�~f`≤X€(Ω⇠�å⇥ßòÑ�ê{aq"

~ 5.2.4. b⌫,´§©�π˛—l�©ŸN(µ,�2)ß�2Æ�"á¶≤˛π˛µ�(1�↵)ò

&´m��›ÿU�u!"¡(Ωˇ˛⇠�å⇥"

): du�2Æ�ß∑ÇÆ≤�⌫å±ä‚X̄ ⇠ N(µ,�2/n)5�Eµ�95%ò&´m"œd

¥�´m�›è2u↵/2
�p
n
. l�d

2u↵/2
�
p

n
 !

⇢

n �

✓

2u↵/2�

!

◆2

.

'X�� = 0.1,! = 0.05,↵ = 0.05, å±⇢n �
�

2⇥1.96⇥0.1
0.05

�2 = 61.4656. =èàá¶ñ

�Iáˇ˛62g"
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18Ÿ b⌫u�

◆∆8�:

1) n)b⌫u��ò⌦ƒ�Vg: "b⌫!È·b⌫!¸aÜÿ!·˝ç!wÕ5Y

≤!ı�.

2) ∆¨Ú¢SØK=z§b⌫u�ØK5?n.

3) ò⇠�⁄¸⇠��oN˛ä⁄ê↵�b⌫u�.

4) 0-1 ©ŸÎÍ�b⌫u�.

5) [‹`›u�!✏ÈL�’·5⁄‡ò5u�.

§6.1 ƒ�Vg⁄ØK�J{

§6.1.1 "b⌫, È·b⌫, ¸aÜÿ, ·˝ç, wÕ5Y≤, ı�

3ÎÍ✏OØK•,~~3ƒ⇠ckÈô�oNäò⌦bΩ. ~XbΩoNX —l

�©Ÿ, bΩ,á�oN�ê↵èòáÆ�ä��. 3Ín⁄O•, 'uoN©Ÿ

�V«5ü�bΩ°è(⁄O) b⌫. ƒ⇠c§ä—�b⌫¥ƒÜ¢SŒ‹,å±^⇠�

§J¯�&E5u⌃,u⌃�ê{ÜLß°è(⁄O) u�. b⌫u�ØK“¥ÔƒX€

ä‚ƒ⇠�º⇢�⇠�5u�ƒ⇠c§ä—�b⌫. ƒk, dòá~f⁄—ò⌦ƒ�V

g.

~ 6.1.1. ,ÿ�Ç3gƒ6YÇ˛-Cÿ�. 3~)⌫úπe, z¥ÿ��N˛(¸

†: Œ,) X —l�©ŸN(500, 102) (d± �≤�⇢�). ≤Lò„ûmÉ�, k<

˙⇢z¥ÿ��≤˛N˛~⇥490,u¥ƒ✓⌦9¥⇠¨,°⇢ßÇ�≤˛äèx̄ = 492

Œ,. ¡Ød‰Û¥ƒ(? =Ø≤˛z¥ÿ��N˛E¥500Œ,Ñ¥C§490Œ,?

bΩIO↵10 Œ,ÿC.

3˘áØK•,⌫≤Lò„ûm�-Cÿ�N˛X �≤˛äèµ,KdKøå⌫X ⇠

N(µ, 102). Px1, · · · , x9 è✓g˘á�oNX �ò|⇠�*ˇä, Kx̄ = 1
9

P9
i=1 xi =

492. ∑ÇIá3“ÿ�≤˛N˛è500 Œ,”Ü“ÿ�≤˛N˛è490 Œ,”Émä⌥‰,
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=3“µ = 500”⁄“µ = 490”Émä⌥‰. Ín⁄O•, rßÇw§¸áb⌫. S.˛, °

cˆè⌃b⌫Ω"b⌫, PäH0; �ˆ°è⌫Jb⌫ΩÈ·b⌫, PäH1 ΩHa. §¢u

�

H0 : µ = 500 $ H1 : µ = 490.

“¥áä‚⇠�⌥‰ƒæ¥“H0§·”Ñ¥“H1§·”. ‰Û“H0§·”°è⇢…H0;‰Û“H1§

·”°è·˝H0.

e°?ÿX€u�˛„b⌫, =âΩòá⇢…Ωˆ·˝"b⌫�OK. ⌫loN•

ƒ✓òá⇠�X1, · · · , Xn, ∑Çå±^4åq,✏OT = X̄ (°Éèu�⁄O˛) 5✏

Oµ. duT✏Oä⇢Cµ (cŸ¥�⇠�˛�åû),⇡�T �˝Èä⇥�ûˇk|uH1

�ÿ|uH0, dûAT·˝H0. ∑Çå±Øk✓Ωòá~Í⌧ , °Éè⇠.ä, �T �✓

ä⇥uT⇠.äû·˝H0, =⇠�˜v

W = {X̄ < ⌧}

•û·˝H0, °W è·˝ç. =⇠��✓ä·3·˝ç•, “·˝H0, ƒKÿU·˝É.

òá·˝ç“ÈAuòáu�ê{. y3�ØK¥⌧ AT✓ıå? ˘�9¸aÜÿ.

PPPPPPPPPPP˚¸

Ø¢
H0 §· H1 §·

⇢…H0 ÿãÜ 1II aÜÿ

·˝H0 1I aÜÿ ÿãÜ

°“¢S˛H0 §·⇥¥ß⇢·˝”˘áÜÿè1I aÜÿ(Ô˝) , �“¢S˛H0 ÿ§·

⇥¥ß⇢⇢…”˘⇠òaÜÿè1II aÜÿ(�ñ).du∑Ç�ê{¥ƒu*ˇÍ‚,�

*ˇÍ‚¥ëkë≈ÿ↵�, ⇡Jù3â—˚¸�ûˇãÜ, ∑ÇUâ�¥õõãÜ�

V«. òáné�u�AT¶˘¸aÜÿ�V«—⇥, ⇥¥3¢SØK•ÿåU¶˘¸

aÜÿòó/⇥: á4ã1I aÜÿ�V«⇥, AT4⌧ ⇥, �á4ã1II aÜÿ�V«

⇥, K⌧ ÿU⇥. )˚˘ágÒ�òáê{¥3õõIaÜÿ�ƒ:˛, ¶˛�ã1II

aÜÿ (3eò⇥!•∑Ç?ÿX€⌫Ωb⌫û¨J,ATÚ…⇥oÈñ⌫è"b⌫,

⇡ã1IaÜÿ�Ó≠5çå,œd7L¶˛;ùã1IaÜÿ).‰N/,¿Ωòá⇥�

~Í↵,✓⌧ ¶⇢ã1IaÜÿ�V«,=T ⇥u⌧ �V«⇥u↵. °↵èwÕ5Y≤. né

úπe, ⌧ ✓⇢T–˜vPH0(T < ⌧) = ↵. èõõã1I aÜÿ�u), œ~Ú↵ ✓è0.1,
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0.05, 0.01 ��⇥�Í, ‰N✓ä¿¢SIá�Ω, kûˇá¶↵ È⇥, 'X3�9Í

õ⇡áƒœIP�ƒœ'È©€•, ¸á†:u��↵ òÑ¥10�7 ˘⇠�˛?.

y3ÚØKòÑz. ⌫kb⌫u�ØK

H0 : ✓ 2 ⇥0 $ H1 : ✓ 2 ⇥1. (6.1.1)

Ÿ•H0 è"b⌫Ω⌃b⌫ �H1 èÈ·b⌫Ω⌫Jb⌫. �Eòá∑��u�⁄O˛

T = T (X1, · · · , Xn), Ÿ•X1, · · · , Xn èloN•ƒ⇢�òá⇠�. ä‚È·b⌫�/G

�Eòáu��·˝ç W = {T (X1, · · · , Xn) 2 A},Ÿ•Aèòá8‹,œ~¥òá´m.

'X·˝çå✓è{T (X1, · · · , Xn) > ⌧},K°⌧ è⇠.ä.XJ"b⌫§·⇥·˝⌦"b

⌫, K°ã⌦1I aÜÿ, XJÈ·b⌫§·⇥⇢…"b⌫, K°ã⌦1II aÜÿ. XÈ

?ø�✓ 2 ⇥0, ã1I aÜÿ�V«P✓(T (X1, · · · , Xn) 2 A) ⇥uΩ�u,á�~Í↵),

K°↵ èwÕ5Y≤. w,wÕ5Y≤ÿ¥çò�, Ø¢˛, XJ↵ ¥òáwÕ5Y≤,

K?øåu↵ �Í—¥wÕ5Y≤. ¢S•œ~Ê^wÕ5Y≤Å⇥�@òá. òáu

� ÈAuòá·˝ç, °�(✓) = P✓ (H0 ⇢·˝) èu��ı�ºÍ. XJu��wÕ5

Y≤è↵,K�✓ 2 ⇥0 û, �(✓)  ↵. ��✓ 2 ⇥1 û,∑ÇF"ı�ä�å�–(˘⇠ã1II

aÜÿ�V«1� �(✓) “�⇥), §±ı�å±äèµdòáu�`✓�OK.

§6.1.2 b⌫u�ØK�J{

3kûˇIágC⌥‰X€Jb⌫u�ØK.3Ô·b⌫u�ØKûk¸á⌃K"

⌃Kò: Ú…⇥o�Èñòè"b⌫. X∑IUÏ±c�i{õ›, ˙S≈'8

v¶ã�, Èıúπeáã<gCy≤√Ç(kÇÌ‰) , ˘Èv¶ãÈÿ|, l�N¥

◆ó⇥Y. y3�i{õ›KobΩv¶ã¥√Ç�, ái{‹Äy≤ŸkÇ(√ÇÌ

‰), ˘⇠âåå/k|u⇥o˙¨�|√, XJáÚ˝�v¶ã-É±{, Ki{‹

Ä7Lkø©�y‚, ˘⇠âå±k�⇥o˙¨�⇡√, Èi{‹Äá¶èCp⌦. q

'XÜÇ)⌫—ò´#Ü, 3˛ΩcáœL†¨ÜÜ¨i+€�u�. w,¶^Ü¨�

æ<¥AT…⇥o�Èñ, ˘ûAT⌫Ωòák|uæ<�∑Käè"b⌫, ˘á∑K

“¥“#Üÿ'S§J�J–”,±¶˛;ùæ<^√�$ñkBä^�#Ü.�,,È·

b⌫“¥“#Ü'S§J�J–’. Úu��wÕ5Y≤↵ ⌫Ω⇢�⇥, ±⇥y"b⌫ÿ

⇢î¥ÌÄ. 3¢SØK•, XJä‚,á‹n�u�ê{uy"b⌫⇢ÌÄ, Kkø

©�nd@è"b⌫ÿ§·�È·b⌫§·,˘¥œè⇡ò"b⌫§·�⇢ÿ‚�V«

ÿ¨áL↵; ,òê°, XJuy"b⌫ô⇢·˝, øÿL≤kø©nd⇢…"b⌫, �
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¥œè"b⌫⇢⇥o⇢�Óó±ñuô⇢·˝.

⌃K◆: XJ\F"“y≤”,á∑K,“✓Éá(ÿΩˆŸ•ò‹©äè"b⌫(a

quáy{). ˘´J{  ¥3¸áb⌫∑K•ÿòŸ=áA…⇥o, dûå±/

^i{õ›p�“XÃ‹, Xfiy”, =eé^⁄Oê{ï<“y≤” òá∑K, KÚ@á

∑KòèÈ·b⌫. 5ø˘p�y≤ÿ¥Í∆˛�ÓÇy≤, �¥#NãÜ�ò´⁄O

Ì‰ê{. ^⁄Oê{y≤òá∑Kÿ¥òáN¥�Øú, §±XJvkv⌦r∫, <

ÇAT;ù^⁄Oê{�y≤òá∑K.

˛„¸⌃K¥⁄ò�: òÑÿAT4…⇥oÈñ�y≤òá∑K.

§6.1.3 u�⁄O˛�¿✓9b⌫u��⁄Ω

œL)â~6.1.15`≤b⌫u��⁄Ω.

~ 6.1.2. (~6.1.1Y) Uƒ3wÕ5Y≤0.05 e@èÿ��≤˛N˛(¢~�490 Œ

,?

): ƒu⁄O˛X̄, ∑ÇÊ^“IOz”L�u�⁄O˛(~˛ä2ÿ±IO↵)

T1 =
p

n(X̄ � 500)
10

±¶T⁄O˛—lIO�©Ÿ, u��·˝çE✓/X{T1 < ⌧1}, ∑Çõõã1I a

Üÿ�V«�u↵, =

P (T1 < ⌧1|✓ = 500) = ↵.

du✓ = 500 ûT1 —lIO�©Ÿ, ¥�˛°'u⌧1 �êß�)è⌧1 = �u↵, Ÿ•uc

�uIO�©Ÿ�˛c ©†Í, =u��·˝çè

{T1 < �u↵}.

y3✓wÕ5Y≤è0.05, K⇠.äu0.05 ⇡ 1.645. ,òê°, ⇠�˛äx̄ = 492, ⇠�

˛n = 9, ⇡u�⁄O˛T1 �*ˇä�u�2.4, ⇥u⇠.ä1.645, =⇠�·3·˝ç•,

l�å±3wÕ5Y≤0.05 e·˝"b⌫, @èÿ��≤˛N˛(¢~�è490 Œ,.

e°✏fiA´~Ñ�b⌫u�ØK:

(1) H0 : ✓ = ✓0 $ H1 : ✓ = ✓1;

(2) H0 : ✓ = ✓0 $ H1 : ✓ 6= ✓0;
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(3) H0 : ✓ = ✓0 $ H1 : ✓ > ✓0ΩˆH0 : ✓  ✓0 $ H1 : ✓ > ✓0

(4) H0 : ✓ = ✓0 $ H1 : ✓ < ✓0ΩˆH0 : ✓ � ✓0 $ H1 : ✓ < ✓0

°(1) è{¸b⌫, (2)èV˝b⌫œèÈ·b⌫¥V˝�, (3) ⁄(4) è¸˝b⌫œ

èÈ·b⌫¥¸˝�. ˘prNÈ·b⌫�⌃œ¥u�ê{(ÈAuòá·˝ç) êã

È·b⌫k'.

e°∑Çâ—u�˛„b⌫�òÑ⁄Ω, ß�ƒ�gé¥: òá–�:✏OAT¥

òá`˚u���Ãáù‚, ⌫ΩwÕ5Y≤è↵.

11 ⁄: ¶—ô�ÎÍ✓ �òá�`�:✏O✓̂ = ✓̂(X1, · · · , Xn), X4åq,✏O.

12 ⁄: ±✓̂ èƒ:, œÈòáu�⁄O˛

T = t(X1, · · · , Xn)

Ö¶⇢�✓ = ✓0 û, T �©ŸÆ�(XN(0, 1), tn, Fm,n) , l�N¥œL⌃LΩOé⇢

˘á©Ÿ�©†Í, ^±äèu��⇠.ä.

13⁄:±u�⁄O˛T èƒ:,ä‚È·b⌫H1 �¢Sø¬,œÈ∑�/G�·˝ç,

ß¥'uT �òáΩ¸áÿ�™), Ÿ•ùπòáΩ¸á⇠.ä.

14 ⁄: �"b⌫§·û, ã1I aÜÿ�V«⇥uΩ�uâΩ�wÕ5Y≤↵, ˘â—

òá'u⇠.ä�êß,)—⇠.ä,ß(Ç)�uT �©†Í,˘⇠=(Ω⌦u��

·˝ç.

15 ⁄: XJâ—⇠�*ˇä, Kåé—u�⁄O˛�⇠�*ˇä, X·3·˝ç•K

å·˝"b⌫, ƒKÿU.

§6.2 ≠áÎÍu�

�!0↵Åƒ��b⌫u�ØK:ò⇠�⁄¸⇠��oN�k'˛ä⁄ê↵�u

�, {¸�å⇠�u�(0-1 ©ŸÎÍ�b⌫u�).

§6.2.1 ò⇠��oN˛ä⁄ê↵�u�

y¢•≤~-√Xda�ØK: b⌫^u,^Â�‹Çcπá¶�›è10 fí,

yk≤ù˚l)⌫Ç[æ ⌦ò1˘⇠�cπ, è⌦u�T1u�⌫¨¥ƒ‹Ç, å±
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l•ƒ✓ò⇥‹©?1ˇ˛u�, œ~cπ��›—lòá�©Ÿ, ˘aØK·uò

⇠��oN�b⌫u�ØK.

òÑ/, ⌫oNX ⇠ N(µ,�2),�1 < µ < 1,�2 > 0; X1, · · · , Xn ¥✓goNX �ò

á⇠�. ✓wÕ5Y≤è↵.

(1) ê↵Æ�û˛ä�u�

k�ƒV˝b⌫, =áu�

H0 : µ = µ0 $ H1 : µ 6= µ0.

duµ �4åq,✏OèX̄, ✓“IOz”��u�⁄O˛

U = u(X1, · · · , Xn) =
p

n
X̄ � µ0

�

5ø�H0 §·û, U ⇠ N(0, 1), |U | AT�⇥, áÉ�|U | �*ˇäu(x1, · · · , xn) �å

û, ÿ|u"b⌫H0 AT·˝É. §±¿·˝ç/X

{|U | > ⌧}.

á¶wÕ5Y≤è↵, =

PH0(|U | > ⌧) = ↵,

)⇢⌧ = u↵/2. u¥u��·˝çè

{|U | > u↵/2}.

=�*ˇä(x1, · · · , xn) ˜vÿ�™

p

n
|x̄� µ0|

�
> u↵/2

û·˝H0.

aq/, u�¸˝b⌫

H0 : µ = µ0 $ H1 : µ > µ0 Ωˆ H0 : µ  µ0 $ H1 : µ > µ0

E,^⁄O˛U , duU åûÿ|uH0, ✓·˝çè

{U > u↵} .
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�u�,òá¸˝b⌫

H0 : µ = µ0 $ H1 : µ < µ0 Ωˆ H0 : µ  µ0 $ H1 : µ < µ0

�·˝çè

{U < �u↵} .

è,∑Ç✓�⇠.äê�ƒ¶u�3µ = µ0 ?�ãI aÜÿ�V«è↵, lu��·˝

ç�/G˛åÜ⇢w—53"b⌫eµ  µ0 (Ωµ � µ0)ûã1IaÜÿ�V«⇥uΩ

�u↵.

±˛náu�⁄°èu u�.

~ 6.2.1. ë≈/lò1cπ•ƒ✓16 q, ˇ⇢ßÇ��›(¸†: fí) Xe:

2.942371 2.988662 3.106234 3.109316 3.118427 3.132254 3.140042 3.170188

2.902562 3.128003 3.146441 2.978240 3.103600 3.003394 3.044384 2.849916

Æ�cπ�›—lIO↵è0.1��©Ÿ,3wÕ5Y≤↵ = 0.01e, Uƒ@è˘1c

π�≤˛�›è3 fí? XwÕ5Y≤è↵ = 0.05 Q?

): ˘¥ê↵Æ�û'u˛äµ �b⌫u�ØK,

H0 : µ = 3 $ H1 : µ 6= 3.

✓u�⁄O˛èU =
p

n(X̄ � 3)/0.1, u��·˝çè|U | > u↵/2. d⇠�é⇢u�⁄O

˛�äèu ⇡ 2.16, XwÕ5Y≤è0.01, K⇠.äèu0.005 ⇡ 2.58, ãu�⁄O˛�ä'

�uyÿU·˝"b⌫, =ÿUÌÄcπ≤˛�›è3 fí�b⌫; �XJwÕ5Y≤

è0.05û,⇠.äèu0.025 = 1.96,dûå±·˝"b⌫,@ècπ≤˛�›ÿ�u3fí.

˘á~f`≤(ÿåUãwÕ5Y≤�¿Jk': wÕ5Y≤�⇥, "b⌫⇢⇥o⇢�

–l�çÿN¥⇢·˝.

(2) ê↵ô�û˛ä�u�

�ƒu�

H0 : µ = µ0 $ µ 6= µ0,

duê↵ô�,å±3ÚX̄ IOz�Lß•^⇠�ê↵S2
ìOoNê↵�2,⇢u�⁄O

˛

T =
p

n
X̄ � µ0

S
.
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du3H0 e, T ⇠ tn�1, u¥·˝ç✓§

{|T | > tn�1(↵/2)} .

du�°èt u�.

aq/å±⇢, ¸á¸˝b⌫�u�·˝ç, ✏uL6.2.1•.

~ 6.2.2. (~6.2.1Y)⌫ê↵ô�,K3Y≤0.01⁄0.05eUƒ@ècπ≤˛�›è3f

í?

): ˘¥ê↵ô�û'u˛äµ �b⌫u�ØK,

H0 : µ = 3 $ H1 : µ 6= 3

✓u�⁄O˛èT =
p

n(X̄ � 3)/S, u��·˝çè|T | > tn�1(↵/2). d⇠�é⇢u�⁄

O˛�ä�è2.21, ÜwÕ5Y≤0.01 ÈA⇠.ät15(0.005) ⇡ 2.95 '�, ÿU·˝"b

⌫, �ÜwÕ5Y≤0.05 ÈA⇠.ät15(0.025) ⇡ 2.13 '�, å±·˝"b⌫, =3wÕ

5Y≤0.01 eÿU·˝cπ≤˛�›è3 fí�bΩ, ⇥3wÕ5Y≤0.05 eå±@è

cπ≤˛�›ÿ�u3 fí, d(ÿÜê↵Æ�ú/òó.

(3) ê↵�u�

�ƒb⌫u�ØK

H0 : �2 = �2
0 $ H1 : �2

6= �2
0.

È˛äÆ��ú/, d�2 �4åq,✏O

�̂2 =
1
n

n
X

i=1

(Xi � µ)2

å±�Eu�⁄O˛

�2 =
1
�2

0

n
X

i=1

(Xi � µ)2 =
n�̂2

�2
0

.

3H0 e, �2
⇠ �2

n, �2 �≤˛äèn, �3H1 e, �2 = �2

�2
0

n�̂2

�2 �˛äè�2

�2
0
n 6= n, œd��2

�äLu†ln ûAT·˝H0, u¥·˝ç✓§

�

�2 < �2
n(1� ↵/2) Ωˆ �2 > �2

n(↵/2)
 

.
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È˛äô��ú/, �Eu�⁄O˛

�2 =
(n� 1)S2

�2
0

,

Ÿ•S2 è⇠�ê↵. 3H0 e, �2
⇠ �2

n�1, ·˝ç✓§

�

�2 < �2
n�1(1� ↵/2) Ωˆ �2 > �2

n�1(↵/2)
 

.

Èu¸˝b⌫, å±aq⇢u��·˝ç, ÎwL6.2.1.

˛„u�°è�2 u�.

~ 6.2.3. (~6.2.1Y) 3Y≤0.1 eUƒ@ècπ�IO↵åu0.1 fí?

): ˘¥˛äô�û'uê↵�2 �b⌫u�ØK,

H0 : �2
 0.12

$ H1 : �2 > 0.12.

✓u�⁄O˛è�2 = (n�1)S2

0.12 , u��·˝çè{�2 > �2
n�1(↵)}. d⇠�é⇢u�⁄O˛

�ä�2
⇡ 14.32, ÜwÕ5Y≤0.2 ÈA⇠.ä�2

15(0.1) ⇡ 22.31 '�, ÿU·˝"b⌫, =

3wÕ5Y≤0.1 eå±@ècπ�IO↵⇥u0.1.

L6.2.1 o(⌦k'ò⇠��oN�b⌫u�.

§6.2.2 ¸⇠��oN�ú/

è⌦u�,ù�¥ƒUwÕJpåí⌫˛, å±⌫Oòáë≈¡�: ¿J¸¨^á

ò⇠�¡�´, r¸¡�´à©§eZ⇥¨, òá¡�´�à⇥¨ñù, ,òá¡�´

�à⇥¨ÿñù, Å�⁄O¬§, å±Ê^Xe�u�ê{5u�åí⌫˛↵O, l�

�⌫ù�¥ƒk�.

⌫oNX ⇠ N(µ1,�2
1), Y ⇠ N(µ2,�2

2), �1 < µ1, µ2 < 1,�2
1,�

2
2 > 0; X1, · · · , Xn ¥l

oNX •ƒ✓�òá⇠�, Y1, · · · , Yn ¥loNY •ƒ✓�òá⇠�. ⌫5gÿ”oN

�⇠�Ép’·. e°⌫�ƒk'˛ä↵µ1 � µ2 ⁄ê↵'�2
1/�2

2 �u�. ✓wÕ5Y≤

è↵. fi~`≤.

~ 6.2.4. `Ø¸á‡í¡�´´áåí, ÿ⌦`´ñ�ù , Ÿ¶¡�^á—É”, r

¸á¡�´©O˛©§10 á⁄9 á⇥´⁄O⌫˛(¸†: Zé) , ⇢Í‚Xe

`´ 62 57 65 60 63 58 57 60 60 58
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L 6.2.1 ò⇠��oNN(µ,�2).

u�Èñ u�⁄O˛ ©Ÿ ·˝ç†

µ (�2Æ�) U =
p

n(X̄ � µ0)/� N(0, 1)

8

>

>

<

>

>

:

|U | > u
↵/2

U > u
↵

U < �u
↵

µ (�2 ô�) T =
p

n(X̄ � µ0)/S t
n�1

8

>

>

<

>

>

:

|T | > t
n�1(↵/2)

T > t
n�1(↵)

T < �t
n�1(↵)

�2 (µ Æ�) �2 = 1
�

2
0

P

n

i=1(Xi

� µ)2 �2
n

8

>

>

<

>

>

:

�2 > �2
n

(↵/2)Ωˆ�2 < �2
n

(1� ↵/2)

�2 > �2
n

(↵)

�2 < �2
n

(1� ↵)

�2 (µ ô�) �2 = 1
�

2
0

P

n

i=1(Xi

� X̄)2 �2
n�1

8

>

>

<

>

>

:

�2 > �2
n�1(↵/2)Ωˆ�2 < �2

n�1(1� ↵/2)

�2 > �2
n�1(↵)

�2 < �2
n�1(1� ↵)

†k'˛ä�u�: È·b⌫©Oèµ 6= µ0, µ > µ0 ⁄µ < µ0. k'ê↵�u�: È·b⌫©O

è�2
6= �2

0 , �2 > �2
0 ⁄�2 < �2

0 .

Ø´ 50 59 56 57 58 57 56 55 57

bΩ`Ø¸´•z⇥¨�åí⌫˛©O—lN(µ1,�2), N(µ2,�2), Ÿ•µ1, µ2,�2 ô

�. ¡Ø3wÕ5Y≤↵ = 0.1 e�ùÈåí�⌫˛¥ƒk�?

): �ùÈåí⌫˛k�J�duµ1 > µ2, ⇡ÚŸ⌫èÈ·b⌫, b⌫u�ØK¥

H0 : µ1  µ2 = 0 $ H1 : µ1 > µ2.

�Eƒuµ1 � µ2 �4åq,✏OX̄ � Ȳ �u�⁄O˛

T =
X̄ � Ȳ

Sw

q

1
m + 1

n

.

�H0 §·û, T ⇠ tm+n�2, u¥·˝çè

{T > tm+n�2(↵))} .

d§⇢Í‚é⇢u�⁄O˛T �*ˇäè

t =
x̄� ȳ

sw

q

1
m + 1

n

= 3.23.
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d↵ = 0.1 ⇢⇠.äètm+n�2(↵/2) = t17(0.1) ⇡ 1.33 < 3.23, œd·˝H0, =å±3wÕ

5Y≤0.1 e@è�ùÈåí�⌫˛kwÕ5Kè.

~ 6.2.5. 3~6.2.4•bΩ⌦¸á�oN�ê↵¥É��, =�2
1 = �2

2 = �2. y3∑Ç

ä‚⇠�5u�˘áê↵‡5�b⌫, =áu�

H0 :
�2

1

�2
2

= 1 $ H1 :
�2

1

�2
2

6= 1.

): œè�2
1 ⁄�2

2 �4åq,✏O©O¥

�̂2
1 =

1
m

m
X

i=1

(Xi � X̄)2, �̂2
2 =

1
n

n
X

i=1

(Yi � Ȳ )2.

3✓ = �2
1/�2

2 �4åq,✏O✓̂ = �̂2
1/�̂2

2 �ƒ:˛å±�Eu�⁄O˛

F =
S2

1

S2
2

=
(m� 1)�̂2

1/m

(n� 1)�̂2
2/n

.

5øF •�©f⁄©1©O¥X ⁄Y �⇠�ê↵. �"b⌫§·û, F ⇠ Fm�1,n�1.

u¥·˝çè

{F < Fm�1,n�1(↵/2) Ω F > Fm�1,n�1(1� ↵/2)}.

dÍ‚é⇢u�⁄O˛F �*ˇäf = 1.19, XJ✓wÕ5Y≤↵ = 0.2, @o⇠.ä

èF9,8(0.1) = 2.44, F9,8(0.9) = 1/F8,9(0.1) = 0.41 (XJX ⇠ Fm,n, K1/X ⇠ Fn,m). ¥

Ñ0.41 < 1.19 < 2.44, œdÿU·˝H0, =3wÕ5Y≤0.2 eå±@è˛~•§ä�ê

↵‡5bΩ¥‹n�.

L6.2.2 o(⌦¸⇠��oN�V˝b⌫u�.

§6.2.3 §ÈÍ‚

3˛„¸⇠��oN�b⌫u�•, á¶¸á⇠�¥’·�, ⇥¥vká¶⇠�

˛É�. kòaÍ‚⌫â§ÈÍ‚{(X1, Y1), · · · , (Xn, Yn)}, 'Xòáæ<3^Üc�ˇ

⇢�çI©OèX ⁄Y , KX ÜY o¥òÂ—y�, ÖdußÇ¥”òáN�çI, ⇡

‰kÈå�É'5�˝Èÿ¥’·�, ˘Ü¸⇠��oNk�ü´O. , , ¸⇠�

u�ØKá¶⇠�X1, · · · , Xm ¥”©Ÿ�(Y1, · · · , Yn Ω,),�§ÈÍ‚K√dá¶,�

á¶X1 � Y1, · · · , Xn � Yn ¥”©Ÿ. 'Xæ<å±¥5g¸áÿ”5O!́ x!c#�

�<. áu�^Üc��çIk√wÕ↵O, å±�Eòá#�oNZ = Y � X 9⇠

�Z1 = X1 � Y1, · · · , Zn = Xn � Yn, ÉA�b⌫u�¥ò⇠��! 3¢SØK•, XJu

yk¸á⇠�ÖŸ⇠�˛¥É��,Káu⌃’·5⁄”©Ÿ5,ƒKåU¥§ÈÍ‚.

101



L 6.2.2 ¸⇠��oN�b⌫u�

u�Èñ u�⁄O˛ ©Ÿ ·˝ç†

˛ä(ê↵Æ�) U = X̄�Ȳr
�

2
1

m

+
�

2
2

n

N(0, 1)

8

>

>

<

>

>

:

|U | > u(↵/2)

U > u(↵)

U < �u(↵)

˛ä(ê↵ô�)‡ T = X̄�Ȳ

S

w

p

1
m

+ 1
n

t
m+n�2

8

>

>

<

>

>

:

|T | > t
m+n�2(↵/2)

T > t
m+n�2(↵)

T < �t
m+n�2(↵)

ê↵(˛äÆ�) F =
P

m

i=1(Xi

�µ1)
2
/mP

n

i=1(Xi

�µ2)2/n

F
m,n

8

>

>

<

>

>

:

F > F
m,n

(↵/2)ΩF < 1
F

n,m

(↵/2)

F > F
m,n

(↵)

F < 1
F

n,m

(↵)

ê↵(˛äô�) F = S

2
1

S

2
2

F
m�1,n�1

8

>

>

<

>

>

:

F > F
m�1,n�1(↵/2)ΩF < 1

F

n�1,m�1(↵/2)

F > F
m�1,n�1(↵)

F < 1
F

n�1,m�1(↵)

†k'˛ä�u�: È·b⌫©Oèµ1 6= µ2, µ1 > µ2 ⁄µ1 < µ2. k'ê↵�u�: È·b⌫©O

è�2
1 6= �2

2 , �2
1 > �2

2 ⁄�2
1 < �2

2 .

‡bΩê↵É�

§6.2.4 0-1 ©Ÿ•ô�ÎÍp �b⌫u�

⌫¨�¬û, Iáu�ÿ‹Ç«¥ƒ⇥u,âΩ�òáÍ.

⌫(X1, · · · , Xn) ¥✓goNX �òá⇠�, ToN—l0-1 ©Ÿ, ✓1 �V«èp. ~

Ñ�b⌫kn´:

(1) H0 : p = p0 $ H1 : p 6= p0;

(2) H0 : p = p0 $ H1 : p > p0 ΩH0 : p  p0 $ H1 : p > p0;

(3) H0 : p = p0 $ H1 : p < p0 ΩH0 : p � p0 $ H1 : p < p0.

bΩ⇠�˛n �å, ✓wÕ5Y≤è↵. dup �4åq,✏OèX̄, ✓“IOz”L

�u�⁄O˛

T =
p

n
X̄ � p0

p

p0(1� p0)
,

Ÿ•p0 ⁄p0(1� p0)/n ©OèX̄ 3"b⌫p = p0 e�œ"⁄ê↵, l��H0 §·û, d

•%4ÅΩnCq/kT ⇠ N(0, 1). u¥˛„n´u��·˝ç©Oè

{|T | > u↵/2, {T > u↵} ⁄ {T < �u↵}
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~ 6.2.6. ,Ç⌫¨ÿ‹Ç«œ~è0.5. ÇêF"�⌫⌃�⌫/�UC¥ƒÈ⌫¨�ü

˛u)wÕ�Kè. y3ë≈/l⌃�⌫/UC��⌫¨•ƒ✓⌦80 á⇠¨?1u�,

uyk5 á¥ÿ‹Ç¨. ¡Ø, 3wÕ5Y≤0.1 e, Çêddå±⇢—üo(ÿ?

): oNX ⇠ B(1, p), Ÿ•p ô�. 3wÕ5Y≤↵ = 0.1 e, ⌫¨ü˛√Cz�d

up = 0.05, ⇡∑Çáu�

H0 : p = 0.05 $ H1 : p 6= 0.05.

dux̄ = 5/80 = 0.0625, œdu�⁄O˛T �*ˇä

t =
p

n
x̄� p0

p

p0(1� p0)
= 0.513.

d↵ = 0.10 ⇢⇠.äu0.05 = 1.645. ¥Ñ, |t| < 1.645, œdÿU·˝H0, =3CqwÕ5

Y≤0.10 eå±@è⌃�⌫/�UCÈTÇ⌫¨�ü˛vku)wÕ�Kè.

§6.3 [‹`›u�

c°�b⌫u�ƒ�˛¥3bΩoN¥��^áeâ�,⇥¥˘áb⌫�⌧ÿò

Ω§·, Iá¬8⇠�(X1, · · · , Xn) 5u�ß. òÑ/, u�

H0 : X—l,´©Ÿ

å±Ê^Karl Pearson J—��2 [‹`›u�.

§6.3.1 l—oNú/

(1) nÿ©Ÿÿπô�ÎÍ�ú/

⌫,oNX —lòál—©Ÿ, Öä‚≤�⇢�oN·3aOa1, · · · , ak �nÿ™

«©Oèp1, · · · , pk, ylToNƒ⇢òá⇠�˛èn �⇠�, Ÿ·3aOa1, · · · , ak �*

ˇÍ©Oèn1, · · · , nk. a,��ØK¥u�nÿ™«¥ƒ(, =e°b⌫¥ƒ(:

H0 : P (X 2 a1) = p1, · · · , P (X 2 ak) = pk.

˘aØKêJ"b⌫�ÿJÈ·b⌫, ÉA�u�ê{°è[‹`›u�. w,, 3"

b⌫e, àaO�nÿ™Í©Oènp1, · · · , npk, Únÿ™Í⁄*ˇ™Í✏ueL:
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aO a1 a2 · · · ak

nÿ™Í np1 np2 · · · npk

*ˇ™Í n1 n2 · · · nk

dåÍΩ∆�, 3"b⌫§·û, ni/n ùV«¬Òupi, ⇡nÿ™Ínpi Ü*ˇ™

Íni ⇢C. �u�⁄O˛✓è

�2 =
k
X

i=1

(ni � npi)2

npi
.

{¸/, “¥

�2 =
X (O � E)2

E
,

Ÿ•O è*ˇ™Í, E èœ"™Í.

˘á⁄O˛•zë�©1�¿✓k:˘ƒ, ∑Çå±˘⇠o—/)∫: b⌫ni —

lPoisson©Ÿ,Kni �˛ä⁄ê↵˛ènpi,l�(ni�npi)/
p

npi �4Å©ŸèIO�

©Ÿ,œd�2Cqèká—lgd›è1��2©Ÿ�ë≈C˛É⁄,du
Pk

i=1(ni�npi) =

0, ⇡˘k áë≈C˛˜vòá�Â, l��2 �gd›èk � 1. Ø¢˛, å±ÓÇ/y≤,

3òΩ�^áe, �2 �4Å©Ÿ“¥gd›èk � 1 ��2 ©Ÿ, ⇥Ÿy≤á—�ëß�

á¶âå.

e°â—òá~f5`≤[‹`›u��A^.

~ 6.3.1. k<õEòáπ6 á°��f, ø(°¥˛!�. y⌫Oòá¢�5u�d∑

K: ÎY›ï600 g, uy—y8°�™Í©Oè97, 104, 82, 110, 93, 114. ØUƒ3w

Õ5Y≤0.2 e@è�f¥˛!�?

): TØK⌫O�oN¥òák6áaO�l—oN,P—y8á°�V«©Oèp1, · · · , p6,

K"b⌫å±L´è

H0 : pi = 1/6, i = 1, · · · , 6.

3"b⌫e, nÿ™Í—¥100, ⇡u�⁄O˛�2 �✓äè

(97� 100)2

100
+

(104� 100)2

100
+

(82� 100)2

100
+

(110� 100)2

100
+

(93� 100)2

100
+

(114� 100)2

100
= 6.94,

ãgd›è6� 1 = 5��2 ©Ÿ�˛0.05©†Í�2
5(0.2) ⇡ 7.29'�,ÿU·˝"b⌫,=

å3wÕ5Y≤0.2 e@è�f¥˛!�.
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(2) nÿ©ŸπeZô�ÎÍ�ú/

�nÿoNoπkô��ÎÍû, nÿ™Ínpi òÑèÜ˘⌦ÎÍk', dûAT

^∑��✏OX4åq,✏OìO˘⌦ÎÍ±⇢pi �✏Op̂i, ⇢�⁄O˛Pè

�2 =
k
X

i=1

(ni � np̂i)2

np̂i
.

[‹`›u��J—ˆKarl PearsonÅ–@è3"b⌫e,u�⁄O˛��2 �4Å©Ÿ

E�ugd›èk � 1 ��2 ©Ÿ, R. A. Fisher uygd›AT�uk � 1 ~�✏O�’

·ÎÍ�áÍr, =k � 1� r.

~ 6.3.2. l,<+•ë≈ƒ✓100 á<�…ó, øˇΩ¶Ç3,ƒœ†:?�ƒœ..

b⌫T†:êk¸á�†ƒœA ⁄a, ˘100 áƒœ.•AA, Aa ⁄aa �áÍ©Oè30,

40, 30, KUƒ30.05 �Y≤e@èT+N3d†:?àHardy-Weinberg ≤Ô�?

): ✓"b⌫è

H0 : Hardy-Weinberg ≤Ô�§·.

⌫<+•�†ƒœA �™«èp, KT<+3d†:?àHardy-Weinberg ≤Ô�ç�

¥3<+•3 áƒœ.�™«©OèP (AA) = p2, P (Aa) = 2p(1 � p) ⁄P (aa) = (1 � p)2,

="b⌫å�d/�§

H0 : P (AA) = p2, P (Aa) = 2p(1� p), P (aa) = (1� p)2.

3H0 e, 3áƒœ.�nÿ™Íè100⇥ p̂2, 100⇥ 2⇥ p̂2(1� p̂)⁄100⇥ (1� p̂)2,Ÿ•p̂�

u✏O��†ƒœ™«0.5, ì\�2 ⁄O˛Là™, ⇢⁄O˛�ä�u4. T⁄O˛�ä

åugd›è3 � 1 � 1 = 1 (T–òágdÎÍ⇢✏O) ��2 ©Ÿ˛0.05 ©†Í3.84, ⇡

å30.05 �Y≤e@èôàHardy-Weinberg ≤Ô�.

§6.3.2 ✏ÈL�’·5⁄‡ò5u�

(1) ’·5u�

e°�ƒÈ~^�✏ÈL. ✏ÈL¥ò´U¸á·5äVï©a�L. ~X_Jæ

<å±U§3ö◆(·5A) ⁄¥ƒÅ™k�(·5B) ©a. 8�¥wÿ”ö◆�⇧�¥

ƒÿ”.qX?�åUû⌫ê™(·5A,©¸áY≤: 1Zû⌫Ü<Ûû⌫)⁄⇥�fl∏

uòGπ(·5B,©¸áY≤: ~Ü…~)5©a. ˘¸á~f•¸á·5—êk¸á
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Y≤,ÉA�✏ÈL°è“oÇL”,òÑ/,XJ1òá·5kaáY≤,1◆á·5kb

áY≤, °èa ⇥ b L(Ñ◆·p268) . ¢SA^•, ~Ñ�òáØK¥� ¸á·5¥ƒ

’·. ="b⌫¥

H0 :·5A Ü·5B ’·.

˘¥✏ÈL�’·5u�ØK.

b⌫⇠�˛èn,1(i, j)Ç�™Íènij . Ppij = P (·5A, B ©O?uY≤i, j), ui =

P (·5A kY≤i), vi = P (·5B kY≤j). K"b⌫“¥pij = uivj . Úui ⁄vj w§Î

Í, Ko�’·ÎÍka� 1 + b� 1 = a + b� 2 á. ßÇ�4åq,✏Oè

ûi =
ni·
n

, v̂j =
n·j
n

.

–¥ßÇ�™«(y≤Îw◆·) . Ÿ•ni· =
Pb

j=1 nij , n·j =
Pa

i=1 nij . 3H0 e,1(i, j)

Ç�nÿ™Íènp̂ij = ni·n·j/n, œd3H0 e,
Pa

i=1

Pb
j=1(nij � np̂ij) AT�⇥. ⇡✓u

�⁄O˛è

�2 =
a
X

i=1

b
X

j=1

(nij � ni·n·j/n)2

(ni·n·j/n)
.

3"b⌫e�2 �4Å©Ÿ¥kgd›èk � 1 � r = ab � 1 � (a + b � 2) = (a � 1)(b � 1)

��2 ©Ÿ. ÈuoÇL, gd›è1.

(2) ‡ò5u�

ã✏ÈLk'�,òa≠á�u�¥‡ò5u�,=u�,òá·5A�àáY≤

ÈA�,òá·5B �©Ÿ⌧‹É”, ˘´u�ã’·5u�kX�ü�´O. ’·5

ØK•¸·5—¥ë≈�; �‡ò5ØK•·5A ¥öë≈�, ˘⇠�9�©Ÿ¢S

˛¥^á©Ÿ. è,Xd, §Ê^�u�ê{ã’·5u�⌘⌧ò⇠.

~ 6.3.3. e°L¥`Ø¸ö◆_Jæ<)�úπ. Iáä‚˘⌦Í‚⌥‰¸ö◆�£

⇧�J¥ƒò⇠.

`!Ø¸◆_J�Cœ⇧�

)� k� ‹O

`◆ 150(n11) 88(n12) 238(n1·)

Ø◆ 36(n21) 18(n22) 54(n2·)

‹O 186(n·1) 106(n·2) 292(n)
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): ˘¥òá‡ò5u�ØK. u�⁄O˛�2 �*ˇäè0.1195, ✏✏⇥ugd›è1

��2 ©Ÿ�˛0.05 ©†Í, ⇡å±⇢…"b⌫, =3Y≤0.05 eå±@è¸áö◆�⇧

�√↵O�.

�k,áÇf�™Í�⇥û, XJ#N�{å±‹øÇf¥záÇf�™Ív⌦

å, ¢SØK•ÿ#N‹øÇf(‹ø�î�⌦¢Sø¬), dûå±^Fisher �∞(u

�{.

§6.3.3 ÎYoNú/

⌫(X1, · · · , Xn) ¥✓goNX �òá⇠�, PX �©ŸºÍèF (x), Iáu��@

´©Ÿ•πkr áoNÎÍ✓1, · · · , ✓r. ∑Çá3wÕ5Y≤↵ eu�

H0 : F (x) = F0(x; ✓1, · · · , ✓r),

Ÿ•F0(x; ✓1, · · · , ✓r) L´Iáu��@´©Ÿ�©ŸºÍ. ~X, �∑Çáu�

H0 : X ⇠ N(µ,�2)

û, r = 2, ✓1 = µ, ✓2 = �2.

F0(x;µ,�2) =
ˆ x

�1

1
p

2⇡�2
exp

⇢

�

1
2�2

(t� µ)2
�

dt.

˛„b⌫å±œL∑��l—zoN©Ÿ, Ê^[‹`›{5âu�. ƒkr¢Í

∂©§k áf´m(aj�1, aj ], j = 1, · · · , k, Ÿ•a0 å±✓�1, ak å±✓1. ˘⇠�E⌦

òál—oN, Ÿ✓ä“¥˘k á´m. P

pj = PH0(aj�1 < X  aj) = F0(aj ; ✓1, · · · , ✓r)� F0(aj�1; ✓1, · · · , ✓r), j = 1, · · · , k.

XJH0 §·, KV«pj ATÜÍ‚·3´m(aj�1, aj ] �™«fj = nj/n ⇢C, Ÿ•nj L

´ÉA�™Í. �pi �✓äÿπô�ÎÍû, ✓u�⁄O˛

�2 =
k
X

j=1

(nj � npj)2

npj
,

ƒK✓

�2 =
k
X

j=1

(nj � np̂j)2

np̂j
,
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Ÿ•p̂i ¥Úpi •�ô�ÎÍÜ§∑��✏O�⇢�pi �✏O. ·˝ç✓è

�

�2 > �2
k�r�1(↵)

 

.

XJpi •ÿπô�ÎÍ, Kr = 0.

¶^�2 ?1[‹`›u�ûòÑá¶n � 50, np̂j � 5, j = 1, · · · , k,XJÿ˜v˘á

^á, Å–r,⌦|ä∑�‹ø.

~ 6.3.4. l,ÎYoN•ƒ✓òá⇠�˛è100�⇠�,uy⇠�˛ä⁄⇠�IO↵©

Oè�0.225 ⁄1.282, ·3ÿ”´m�™ÍXeL§´:

´m (�1,�1) [�1,�0.5) [�0.5, 0) [0, 0.5) [0.5, 1) [1,1)

*ˇ™Í 25 10 18 24 10 13

nÿ™Í 27 14 15 14 13 17

åƒ3wÕ5Y≤0.05 e@èToN—l�©Ÿ?

): ⌫nÿ�©Ÿ�˛ä⁄ê↵©Oèµ⁄�2,P1iá´mè(ai�1, ai, i = 1, · · · , 6,K

⇠�·31iáÇf�nÿVÍè100P (ai�1 < X  ai),Ÿ•X ⇠ N(µ,�2). Úµ = �0.225

⁄� = 1.282 ì\⇢✏O�nÿ™Í, ✏u˛L•.

H0 :oN—l�©Ÿ

ddé⇢u�⁄O˛�2 �ä�è9.34, Ügd›è5 ��2 ©Ÿ�˛0.1 ©†Í�2
5(0.1) ⇡

9.24 '�å±·˝"b⌫, =å±3wÕ5Y≤0.1 e@èToNÿ—l�©Ÿ.
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