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§6.3 �ü�����©�§

������©�§�/ª´

F (x, y, y′, y′′) = 0.

ù�!�ùü«AÏa.����§,ÏL��,§�U
z����§.

6.3.1 Øw¹��¼ê����§

e���§¥Øw¹ y,Kù«�§��¤

F (x, y′, y′′) = 0. (1)

Ú\#�¼ê p = y′,K y′′ = dp
dx
. ù� (1)z�
���§

F

(
x, p,

dp

dx

)
= 0. (2)

eU¦Ñ (2)�ÏÈ© (½Ï)),

p = ϕ(x,C1),
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Kòù�ÏÈ© (½Ï))¥� p�¤ dy
dx
,ù�),�����§:

dy

dx
= ϕ(x,C1).

¦Ñ
ù����§�):

y = ψ(x,C1, C2).

�Ò¦Ñ
 (1)�). ù��{, ¢Sþ´ò�����§, z�ü����

§5)û.
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~ 1 ¦)���§ xy′′ + y′ = 4x (x 6= 0).
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~ 1 ¦)���§ xy′′ + y′ = 4x (x 6= 0).

) ù´Øw¹��¼ê��§. - p = y′,K�§z�

xp′ + p = 4x.

ù´���àg�5�§,�±^IO��{¦). ��{ü/,´òù��

§C/�
d(xp)

dx
= 4x.

u´ xp = 2x2 + C1,=
dy

dx
= 2x +

C1

x
.

È©�,��§�Ï)�

y = x2 + C1 ln |x| + C2,

Ù¥ C1, C2´ (Õá�)~ê. 5¿,·�c¡J�L,���§�ÏÈ© (½

Ï))¥,�¹Xü� (Õá)~ê.
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~ 2 ¦)���§ y′′ =
y′

x
+ x, (x 6= 0).
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~ 2 ¦)���§ y′′ =
y′

x
+ x, (x 6= 0).

) ù´Øw¹��¼ê��§. - p = y′,K�§z�

p′ =
p

x
+ x,

=, (p
x

)′
= 1.

È©�� p
x
= x + C1,=,

y′ = x2 + C1x.

2È©,Ò��

y =
1

3
x3 +

C1

2
x2 + C2.

ÏdT�§�Ï)�

y =
1

3
x3 + C1x

2 + C2.
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6.3.2 Øw¹gCþ��§

e���§¥Øw¹ x,K�§���

F (y, y′, y′′) = 0.

·�E- p = y′,�y3I^é y ��ê5L« y′′:

y′′ =
dp

dx
=
dp

dy
·
dy

dx
= p

dp

dy
.

u´�§���

F

(
y, p, p

dp

dy

)
= 0.

·�r y w¤gCþ,Kù´�����§,�c¡��/aq,¦Ñù��

§�ÏÈ© (½Ï))�,qò¯Kz�
,�����§¦).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 3 ¦)½)¯K 1 + (y′)2 = 2yy′′

y(0) = 1, y′(0) = 0
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 3 ¦)½)¯K 1 + (y′)2 = 2yy′′

y(0) = 1, y′(0) = 0

) ù´Øw¹ x����§. - p = y′,K y′′ = pdp
dy
. �§z�

1 + p2 = 2yp
dp

dy
.

=,
2p

1 + p2
dp =

dy

y
.

È©�

ln(1 + p2) = ln |y| + C0.

Ï� y(0) = 1 > 0,¤± y ØU�K�.Ïd

1 + p2

y
= C1
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Ù¥ C1 ´�~ê. �â^� y(0) = 1, y′(0) = 0�� C1 = 1.Ïd

1 + (y′)2 = y,

=,

±
dy
√
y − 1

= dx.

ü>È©,�

±2
√
y − 1 = x + C2.

2�â y(0) = 1, y′(0) = 0�� C2 = 0.Ïd

±2
√
y − 1 = x.

=,

y =
1

4
x2 + 1.
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~ 4 ¦�§

y′′ − e2y = 0

÷vÐ©^� y(0) = 0, y′(0) = 1�A).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 4 ¦�§

y′′ − e2y = 0

÷vÐ©^� y(0) = 0, y′(0) = 1�A).

) ù´Øw¹ x����§. - p = y′,K y′′ = pdp
dy
. �\�§�,�

p
dp

dy
− e2y = 0.

©lCþ,¿È©,�Ñ
1

2
p2 =

1

2
e2y + C1.

d y(0) = 0, p(0) = y′(0) = 1,� C1 = 0. � p2 = e2y,¤±
dy

dx
= ey.

©lCþ,2È©,�Ñ

−e−y = x + C.

d y(0) = 0,� C = −1,�¤¦A)� 1− e−y = x.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

§6.4 ���5�©�§���nØ

3¢S¯K¥�~���5�©�§´���,§���/ª´

y′′ + p(x)y′ + q(x)y = f(x), (6.1)

�A�àg�§´

y′′ + p(x)y′ + q(x)y = 0, (6.2)

Ù¥ p(x), q(x)9 f(x)Ñ´�½�¼ê.

½n 1 (Ð�¯K)��3��5) XJ¼ê p(x), q(x)3«m I þëY,

x0 ∈ I,Ké?ÛÐ� α, β,Ð�¯Ky′′ + p(x)y′ + q(x)y = f(x)

y(x0) = α, y′(x0) = β

3 x0 ���S�3���) y(x).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

6.4.1 �5àg�§)�(�

éuàg�§ (6.2)éN´�ye¡�(Ø.

½n 2 � y1(x), y2(x) ´�§ (6.2) �), c1, c2 ´?¿~ê, K y1(x) �

y2(x)��5|Ü

y(x) = c1y1(x) + c2y2(x)

�´�§ (6.2)�).

kÚ\¼ê|�5Ã'!�5�'±9 Wronski1�ª�Vg.

½Â 1 � ϕ1(x), ϕ2(x), · · · , ϕm(x) ´«m I þ� m �¼ê. XJ�

3m�Ø��"�~ê c1, c2, · · · , cm ¦�éu«m I S��� x,k

c1ϕ1(x) + c2ϕ2(x) + · · · + cmϕm(x) = 0,

K¡ù m �¼ê3«m I þ´�5�'�, ÄKÒ¡§�3«m I þ´�

5Ã'�.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 5 ¼ê| 1, cos2 x, sin2 x3¢¶þ�5�'.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 5 ¼ê| 1, cos2 x, sin2 x3¢¶þ�5�'.

~ 6 ¼ê| 1, x, x2, · · · , xn 3?¿�Ý�"�«mþ�5Ã'.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 5 ¼ê| 1, cos2 x, sin2 x3¢¶þ�5�'.

~ 6 ¼ê| 1, x, x2, · · · , xn 3?¿�Ý�"�«mþ�5Ã'.

~ 7 � n´g,ê,K n + 1� ngõ�ª

Bn
i (x) =

(
n

i

)
xi(1− x)n−i, i = 0, 1, · · · , n

3 [0, 1]þ�5Ã'.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 5 ¼ê| 1, cos2 x, sin2 x3¢¶þ�5�'.

~ 6 ¼ê| 1, x, x2, · · · , xn 3?¿�Ý�"�«mþ�5Ã'.

~ 7 � n´g,ê,K n + 1� ngõ�ª

Bn
i (x) =

(
n

i

)
xi(1− x)n−i, i = 0, 1, · · · , n

3 [0, 1]þ�5Ã'.

y² � n = 1 �, B1
0(x) = 1 − x, B1

1(x) = x ´�5Ã'�. b�

Bn−1
0 (x), Bn−1

1 (x), · · · , Bn−1
n−1(x)3 [0, 1]þ�5Ã'.

e�3ê a0, a1, · · · , an ¦�
n∑
i=0

aiB
n
i (x) = 0, x ∈ [0, 1]

·��y a0, a1, · · · , an Ñ�".
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Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
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Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i

=

n−1∑
i=0

ai+1

(
n

i + 1

)
xi(1− x)n−1−i
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Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i

=

n−1∑
i=0

ai+1

(
n

i + 1

)
xi(1− x)n−1−i

=

n−1∑
i=0

ai+1

(
n
i+1

)(
n−1
i

) Bn−1
i (x).
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Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i

=

n−1∑
i=0

ai+1

(
n

i + 1

)
xi(1− x)n−1−i

=

n−1∑
i=0

ai+1

(
n
i+1

)(
n−1
i

) Bn−1
i (x).

�âb� Bn−1
0 (x), Bn−1

1 (x), · · · , Bn−1
n−1(x)3 [0, 1]þ�5Ã'.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i

=

n−1∑
i=0

ai+1

(
n

i + 1

)
xi(1− x)n−1−i

=

n−1∑
i=0

ai+1

(
n
i+1

)(
n−1
i

) Bn−1
i (x).

�âb� Bn−1
0 (x), Bn−1

1 (x), · · · , Bn−1
n−1(x)3 [0, 1]þ�5Ã'.Ïdk

12/37

‖J I‖ J I �£ �¶ '4 òÑ



6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i

=

n−1∑
i=0

ai+1

(
n

i + 1

)
xi(1− x)n−1−i

=

n−1∑
i=0

ai+1

(
n
i+1

)(
n−1
i

) Bn−1
i (x).

�âb� Bn−1
0 (x), Bn−1

1 (x), · · · , Bn−1
n−1(x)3 [0, 1]þ�5Ã'.Ïdk

ai+1

(
n
i+1

)(
n−1
i

) = 0, i = 0, 1, · · · , n− 1
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Äk,3þª¥- x = 0,�� a0 = 0.Ïd

0 =

n∑
i=1

ai
Bn
i (x)

x
=

n∑
i=1

ai

(
n

i

)
xi−1(1− x)n−i

=

n−1∑
i=0

ai+1

(
n

i + 1

)
xi(1− x)n−1−i

=

n−1∑
i=0

ai+1

(
n
i+1

)(
n−1
i

) Bn−1
i (x).

�âb� Bn−1
0 (x), Bn−1

1 (x), · · · , Bn−1
n−1(x)3 [0, 1]þ�5Ã'.Ïdk

ai+1

(
n
i+1

)(
n−1
i

) = 0, i = 0, 1, · · · , n− 1

=, ai = 0, i = 1, · · · , n. u´ Bn
0 , B

n
1 , · · · , Bn

n ´�5Ã'�.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

du ngõ�ª�N´ n + 1��5�m,�5Ã'�¼ê�ê�õk

n + 1�.Ïd,þ�~fL²z� ngõ�ªÑ�±��/L«�

Bn
0 (x), B

n
1 (x), · · · , B

n
n(x)

��5|Ü, ù«L«¡�õ�ª� Bernstein L«. Bn
k (x), k = 0, 1, · · · , n

¡� BernsteinÄ¼ê.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

du ngõ�ª�N´ n + 1��5�m,�5Ã'�¼ê�ê�õk

n + 1�.Ïd,þ�~fL²z� ngõ�ªÑ�±��/L«�

Bn
0 (x), B

n
1 (x), · · · , B

n
n(x)

��5|Ü, ù«L«¡�õ�ª� Bernstein L«. Bn
k (x), k = 0, 1, · · · , n

¡� BernsteinÄ¼ê.

½Â 2 � y1(x), y2(x)´«m I þ�ü���¼ê. ¡

W (x) =

∣∣∣∣∣y1(x) y2(x)y′1(x) y
′
2(x)

∣∣∣∣∣ = y1(x)y
′
2(x)− y2(x)y

′
1(x)

� y1(x), y2(x)�KdÄ£Wronski¤1�ª.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 3 XJ¼ê y1(x), y2(x) 3«m I þ����5�', @o§��

Wronski1�ªW (x)3 I þð�".
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 3 XJ¼ê y1(x), y2(x) 3«m I þ����5�', @o§��

Wronski1�ªW (x)3 I þð�".

y² � y1(x), y2(x) 3«m I þ����5�', =, �3Ø��"�

~ê c1 Ú c2 ¦�

c1y1(x) + c2y2(x) = 0.

¦��

c1y
′
1(x) + c2y

′
2(x) = 0.

XJ�3 x0 ∈ I ¦�W (x0) 6= 0,@ol�§|

c1y1(x0) + c2y2(x0) = 0,

c1y
′
1(x0) + c2y

′
2(x0) = 0

�±¦)� c1 = c2 = 0, ù� c1, c2 Ø��"gñ. �, é?¿ x ∈ I, k
W (x) = 0.

5¿,ù�½n�_·KØ¤á.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 8 �

y1(x) =

(x− 1)2, 0 6 x 6 1

0, 1 6 x 6 2;
y2(x) =

0, 0 6 x 6 1

(x− 1)2, 1 6 x 6 2;

K y1(x), y2(x)3 [0, 2]þ�5Ã',�W (x) = 0.

¯¢þ,k

y′1(x) =

2(x− 1), 0 6 x 6 1

0, 1 6 x 6 2;
y′2(x) =

0, 0 6 x 6 1

2(x− 1), 1 6 x 6 2;

¤±

W (x) = y1(x)y
′
2(x)− y2(x)y

′
1(x) = 0.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 4 XJ¼ê y1(x), y2(x) ´�§ (6.2) �), �§�� Wronski 1�ª

3«m I þð�",@oùü�¼ê3«m I þ�5�'.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 4 XJ¼ê y1(x), y2(x) ´�§ (6.2) �), �§�� Wronski 1�ª

3«m I þð�",@oùü�¼ê3«m I þ�5�'.

y²3 I S?��: x0.�â^�k

W (x0) =

∣∣∣∣∣y1(x0) y2(x0)

y′1(x0) y
′
2(x0)

∣∣∣∣∣ = 0.

dd��3Ø��"�~ê c1, c2 ÷v

c1y1(x0) + c2y2(x0) = 0,

c1y
′
1(x0) + c2y

′
2(x0) = 0.

� y(x) = c1y1(x) + c2y2(x).�â½n2� y(x)´�§ (6.2)�),�

y(x0) = 0, y′(x0) = 0.

,��¡, ð�"�¼ê�´�§ (6.2) �), �÷vþ¡�Ð©^�. �â

½n1� y(x) ≡ 0, x ∈ I,=, c1y1(x) + c2y2(x) ≡ 0.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

lþ¡ù�½ny²�wÑ:��¼ê y1(x), y2(x)´�§ (6.2)�),@

olW (x)3«mS,�:�",�íÑW (x)3T«mSð�".
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

lþ¡ù�½ny²�wÑ:��¼ê y1(x), y2(x)´�§ (6.2)�),@

olW (x)3«mS,�:�",�íÑW (x)3T«mSð�".

½n 5 (4��úª) XJ y1(x) � y2(x) ´�§ (6.2) �), @o§��

Wronski1�ª�L«�

W (x) = W (x0)e
−
∫ x
x0
p(t) dt

, (6.3)

Ù¥ x0 ´«m I S�:.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

lþ¡ù�½ny²�wÑ:��¼ê y1(x), y2(x)´�§ (6.2)�),@

olW (x)3«mS,�:�",�íÑW (x)3T«mSð�".

½n 5 (4��úª) XJ y1(x) � y2(x) ´�§ (6.2) �), @o§��

Wronski1�ª�L«�

W (x) = W (x0)e
−
∫ x
x0
p(t) dt

, (6.3)

Ù¥ x0 ´«m I S�:.

y² Ï� y1(x)� y2(x)´�§ (6.2)�),¤±k

y′′1 (x) = −p(x)y
′
1(x)− q(x)y1(x)

y′′2 (x) = −p(x)y
′
2(x)− q(x)y2(x).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

dd�

y1(x)y
′′
2 (x)− y

′′
1 (x)y2(x)

= −p(x)
(
y1(x)y

′
2(x)− y

′
1(x)y2(x)

)
= −p(x)W (x).

,��¡,
dW (x)

dx
= y1(x)y

′′
2 (x)− y

′′
1 (x)y2(x).

Ï
,
dW (x)

dx
= −p(x)W (x).

üà¦± e
−
∫ x
x0
p(t) dt ��

d

dx

(
W (x)e

∫ x
x0
p(t) dt

)
= 0.

ù`²

W (x)e
∫ x
x0
p(t) dt

= C

´~ê. - x = x0 �W (x0) = C.y..
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 6 e¼ê y1(x) � y2(x) ´�§ (6.2) ��é�5Ã'), K§��

Wronski1�ª??Ø�".
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 6 e¼ê y1(x) � y2(x) ´�§ (6.2) ��é�5Ã'), K§��

Wronski1�ª??Ø�".

½n 7 e¼ê y1(x)� y2(x)´�§ (6.2)��é�5Ã'),KT�§�

?Û��)�±L«�

y(x) = c1y1(x) + c2y2(x),

Ù¥ c1, c2 �~ê.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 6 e¼ê y1(x) � y2(x) ´�§ (6.2) ��é�5Ã'), K§��

Wronski1�ª??Ø�".

½n 7 e¼ê y1(x)� y2(x)´�§ (6.2)��é�5Ã'),KT�§�

?Û��)�±L«�

y(x) = c1y1(x) + c2y2(x),

Ù¥ c1, c2 �~ê.

y² 3 y1(x) � y2(x) �½Â�S?��: x0. dùü�¼ê��5

Ã'5,�

W (x0) =

∣∣∣∣∣y1(x0) y2(x0)

y′1(x0) y
′
2(x0)

∣∣∣∣∣ 6= 0.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

� y(x)´�§ (6.2)�). lþ¡1�ªØ�"���3~ê c1, c2 ¦�

c1y1(x0) + c2y2(x0) = y(x0)

c1y
′
1(x0) + c2y

′
2(x0) = y′(x0).

Ï�¼ê

ỹ(x) = c1y1(x) + c2y2(x)

�´�§ (6.2)�),�

ỹ(x0) = y(x0), ỹ
′(x0) = y′(x0).

�âÐ�¯K)���5�� ỹ(x) ≡ y(x).=,

y(x) = c1y1(x) + c2y2(x).

y..
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

� y(x)´�§ (6.2)�). lþ¡1�ªØ�"���3~ê c1, c2 ¦�

c1y1(x0) + c2y2(x0) = y(x0)

c1y
′
1(x0) + c2y

′
2(x0) = y′(x0).

Ï�¼ê

ỹ(x) = c1y1(x) + c2y2(x)

�´�§ (6.2)�),�

ỹ(x0) = y(x0), ỹ
′(x0) = y′(x0).

�âÐ�¯K)���5�� ỹ(x) ≡ y(x).=,

y(x) = c1y1(x) + c2y2(x).

y..

�§ (6.2)��é�5Ã')¡���Ä�)|.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 8 (Ä�)|��35) �§ (6.2)=àg�§

y′′ + p(x)y′ + q(x)y = 0,

�Ä�)|´�3�.

21/37

‖J I‖ J I �£ �¶ '4 òÑ



6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

½n 8 (Ä�)|��35) �§ (6.2)=àg�§

y′′ + p(x)y′ + q(x)y = 0,

�Ä�)|´�3�.

y² �ü|ê α1, β1Ú α2, β2¦�

∣∣∣∣∣α1 α2

β1 β2

∣∣∣∣∣ 6= 0,Ke¡ü�Ð�¯K

y′′ + p(x)y′ + q(x)y = 0

y(x0) = α1, y
′(x0) = β1y′′ + p(x)y′ + q(x)y = 0

y(x0) = α2, y
′(x0) = β2

¤��) y1(x) Ú y2(x) 3 x0 ?� Wronski 1�ª W (x0) 6= 0. Ï
 y1(x),

y2(x)�5Ã'.ùÒ`² y1(x)Ú y2(x)�¤
 (6.2)���Ä�)|. y..
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

�,àg�5�§�Ä�)|´�3�, �´¿vkÏ^��{5¦

)Ä�)|. ØLe®²�� y1(x) ´àg�5�§����"), K�^

Liouville úª5¦,��� y1(x) �5Ã'�) y2(x), l
��Ä�)|.

Ï�

W (x) = y1(x)y
′
2(x)− y

′
1(x)y2(x) = W (x0)e

−
∫ x
x0
p(t) dt

,

Ø��W (x0) = 1.lþª�

y1(x)y
′
2(x)− y′1(x)y2(x)
y2
1(x)

=
1

y2
1(x)

e
−
∫ x
x0
p(t) dt

,

=,
d

dx

(
y2(x)

y1(x)

)
=

1

y2
1(x)

e
−
∫ x
x0
p(t) dt

.

È©��

y2(x) = y1(x)

∫
1

y2
1(x)

e
−
∫ x
x0
p(t) dt

dx. (6.4)
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 9 ¦�§ xy′′ − y′ = 0�Ï).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 9 ¦�§ xy′′ − y′ = 0�Ï).

) ´� y1 = 1´T�§���A).�§�L�

y′′ −
1

x
y′ = 0.

P p(x) = − 1
x
.K ∫ x

x0

p(t)dt = − ln
x

x0

.

dúª (6.4)��

y2(x) =
1

2
cx2.

¤± x2 ´��� 1�5Ã'�A).¤¦Ï)�

y(x) = c1 + c2x
2.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

6.4.2 ���5�àg�§)�(�

éu���5�àg�§ (6.1),·�N´�ye¡�)�(�½n.

½n 9 XJ y0(x) ´�àg�§ (6.1) ���A), y1(x), y2(x) ´�A�

àg�§ (6.2)�Ä�)|,@o�§ (6.1)�Ï)´

y(x) = c1y1(x) + c2y2(x) + y0(x).

y² T½n´w,�. ù´Ï��àg�§�?¿ü�)��Ñ´à

g�§�). y..
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

6.4.2 ���5�àg�§)�(�

éu���5�àg�§ (6.1),·�N´�ye¡�)�(�½n.

½n 9 XJ y0(x) ´�àg�§ (6.1) ���A), y1(x), y2(x) ´�A�

àg�§ (6.2)�Ä�)|,@o�§ (6.1)�Ï)´

y(x) = c1y1(x) + c2y2(x) + y0(x).

y² T½n´w,�. ù´Ï��àg�§�?¿ü�)��Ñ´à

g�§�). y..

y3�¯K´: �®²��àg�§���Ä�)|�XÛ¦�àg�

§���A)?
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~êC´{¦A)

� y1(x), y2(x)´àg�§ (6.2)�Ä�)|,¿b��àg�§ (6.1)k

/X

y0(x) = c1(x)y1(x) + c2(x)y2(x)

�A),Ù¥ c1(x)Ú c2(x)´�½¼ê. éþª¦��

y′0(x) = c1(x)y
′
1(x) + c2(x)y

′
2(x) + c

′
1(x)y1(x) + c

′
2(x)y2(x).

�
±�ØÑy c1(x)Ú c2(x)�p��ê,-

c′1(x)y1(x) + c
′
2(x)y2(x) = 0. (6.5)

Ï


y′0(x) = c1(x)y
′
1(x) + c2(x)y

′
2(x).

éd¦�,�

y′′0 (x) = c1(x)y
′′
1 (x) + c2(x)y

′′
2 (x) + c

′
1(x)y

′
1(x) + c

′
2(x)y

′
2(x).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

ò y0(x), y
′
0(x)Ú y′′0 (x)�L�ª�\ (6.1)�

c1(x)
(
y′′1 + p(x)y′1 + q(x)y1

)
+ c2(x)

(
y′′2 + p(x)y′2 + q(x)y2

)
+ c′1(x)y

′
1 + c

′
2(x)y

′
2 = f(x).

du y1, y2 ´ (6.2)�),lþª��

c′1(x)y
′
1(x) + c

′
2(x)y

′
2(x) = f(x). (6.6)

Ï� y1(x), y2(x)� Wronski1�ªW (x) 6= 0,¤±l (6.5)Ú (6.6)�)�

c′1(x) = −
y2(x)f(x)

W (x)
, c′2(x) =

y1(x)f(x)

W (x)
.

È©���

c1(x) = −
∫ x

x0

y2(t)f(t)

W (t)
dt, c2(x) =

∫ x

x0

y1(t)f(t)

W (t)
dt.

u´·����àg�§ (6.1)���A)

y0(x) =

∫ x

x0

y1(t)y2(x)− y2(t)y1(x)
W (t)

f(t) dt. (6.7)

26/37

‖J I‖ J I �£ �¶ '4 òÑ



6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

6.4.3 ��~Xêàg�5�©�§

y3·�?Ø��~Xêàg�5�©�§. ù«�§��¤

y′′ + py′ + qy = 0, (6.8)

Ù¥ p, q ´¢~ê. dc�!��£��,�I¦�T�§��éÄ�)|,

K�§�Ï)Ò�Ù
. b��§ (6.8)k/X y(x) = eλx (λ´~ê)�),

òd¼ê�\þ¡��§��,

λ2eλx + λpeλx + qeλx = 0.

Ï


λ2 + pλ + q = 0. (6.9)

dª¡��§ (6.8)�A��§. � λ´A��§���, eλx Ò´�§ (6.8)

��").

±e©n«�/:
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

�/1. eA��§ (6.9) kü�ØÓ�¢� λ1, λ2, K eλ1x, eλ2x ´�§

(6.8)�ü�).N´�y {eλ1x, eλ2x}3 Rþ�5Ã'.¯¢þ,e

c1e
λ1x + c2e

λ2x = 0, (∀ x ∈ R),

¦�,�

c1λ1e
λ1x + c2λ2e

λ2x = 0, (∀ x ∈ R),

òc���§¦± λ2 �~�����§,�

c1(λ2 − λ1)e
λ1x = 0,

Ï
 c1 = 0.?
�� c2 = 0.ùÒ`² {eλ1x, eλ2x}3 Rþ�5Ã',=,§

´�§ (6.8)�Ä�)|. u´ (6.8)�Ï)�

y(x) = c1e
λ1x + c2e

λ2x.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

�/2. eA��§ (6.9)k��¢­� λ,K eλx´�§ (6.8)�). du

λ´A��§�­�,d�k

λ = −
p

2
, q =

p2

4
.

N´�y xeλx �´ (6.8)�),� {eλx, xeλx}�5Ã'.Ï
§´àg�§

(6.8)�Ä�)|. u´ (6.8)�Ï)�

y(x) = c1e
λx + c2xe

λx = (c1 + c2x)e
λx.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

�/2. eA��§ (6.9)k��¢­� λ,K eλx´�§ (6.8)�). du

λ´A��§�­�,d�k

λ = −
p

2
, q =

p2

4
.

N´�y xeλx �´ (6.8)�),� {eλx, xeλx}�5Ã'.Ï
§´àg�§

(6.8)�Ä�)|. u´ (6.8)�Ï)�

y(x) = c1e
λx + c2xe

λx = (c1 + c2x)e
λx.

�/3. eA��§ (6.9)k�éE� λ1 = α + iβ, λ2 = α− iβ,K

eλ1x = (cosβx + i sinβx)eαx, eλ2x = (cosβx− i sinβx)eαx

´ (6.8)��éE¼ê),¤±

eαx cosβx =
eλ1x + eλ2x

2
, eαx sinβx =

eλ1x − eλ2x

2i
´ (6.8)�ü�¢¼ê�5Ã').u´ (6.8)�Ï)�

y(x) = (c1 cosβx + c2 sinβx)e
αx.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 10 ¦)�§ y′′ − 3y′ + 2y = 0.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 10 ¦)�§ y′′ − 3y′ + 2y = 0.

) A��§´ λ2 − 3λ + 2 = 0.§kü�¢� λ1 = 2, λ2 = 1.Ïd¤

¦Ï)� y(x) = c1e
2x + c2e

x.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 10 ¦)�§ y′′ − 3y′ + 2y = 0.

) A��§´ λ2 − 3λ + 2 = 0.§kü�¢� λ1 = 2, λ2 = 1.Ïd¤

¦Ï)� y(x) = c1e
2x + c2e

x.

~ 11 ¦)�§ y′′ + y′ + y = 0.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 10 ¦)�§ y′′ − 3y′ + 2y = 0.

) A��§´ λ2 − 3λ + 2 = 0.§kü�¢� λ1 = 2, λ2 = 1.Ïd¤

¦Ï)� y(x) = c1e
2x + c2e

x.

~ 11 ¦)�§ y′′ + y′ + y = 0.

) A��§´ λ2 + λ + 1 = 0.§k�éE�

λ1 = −
1

2
+

√
3

2
i, λ2 = −

1

2
−
√
3

2
i.

Ïd¤¦�§�Ï)�

y(x) = e−
1
2x

(
c1 cos

√
3

2
x + c2 sin

√
3

2
x

)
.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

6.4.4 ��~Xê�àg�5�©�§

3 (6.4.3) !¥, ·�?Ø
¦��~Xêàg�©�§�Ï)��{.

e¡·�?Ø��~Xê�àg�©�§

y′′ + py′ + qy = f(x), (6.10)

Ù¥ p, q ´~ê. d��nØ��·��I¦ÑT�§���A),,�Ï

Làg�§�Ï), Ò�±òù��§�Ï)L«Ñ5. ¯¢þ, 3c�!

¥,®²?Ø
XÛ|^~êC´{làg�§�Ï)¦�àg�§�A).

�ù��{3¦È©�O���E,.

e¡·�0�é,
A½��àg� f(x), ^�½Xê{¦�§ (6.10)

���A)��{.

?Øn«a.��àg� f(x).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 1: f(x) = Pn(x)´ ngõ�ª. d�©n«�¹:
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 1: f(x) = Pn(x)´ ngõ�ª. d�©n«�¹:

(i)� λ = 0Ø´A��,=Xê q 6= 0�, - (6.10)���A)� ng

õ�ª,=,

y0(x) = Qn(x) = a0 + a1x + · · · + anxn,

Ù¥ a0, a1, · · · , an´�½~ê. ò y0(x)�\ (6.10)�'�ü>õ�ª�X

ê,=�¦� a0, a1, · · · , an,l
¦�A) Qn(x).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 1: f(x) = Pn(x)´ ngõ�ª. d�©n«�¹:

(i)� λ = 0Ø´A��,=Xê q 6= 0�, - (6.10)���A)� ng

õ�ª,=,

y0(x) = Qn(x) = a0 + a1x + · · · + anxn,

Ù¥ a0, a1, · · · , an´�½~ê. ò y0(x)�\ (6.10)�'�ü>õ�ª�X

ê,=�¦� a0, a1, · · · , an,l
¦�A) Qn(x).

(ii)� λ = 0´ü­A��,=Xê q = 0, p 6= 0�, - (6.10)���A

)�~ê�Xê�"� n + 1 gõ�ª, =, y0 = xQn(x), Ù¥ Qn(x) EX

þª, a0, a1, · · · , an ´�½~ê. ò y0(x) �\ (6.10) �'�ü>õ�ª�

Xê,=�¦� a0, a1, · · · , an,l
¦�A) xQn(x).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 1: f(x) = Pn(x)´ ngõ�ª. d�©n«�¹:

(i)� λ = 0Ø´A��,=Xê q 6= 0�, - (6.10)���A)� ng

õ�ª,=,

y0(x) = Qn(x) = a0 + a1x + · · · + anxn,

Ù¥ a0, a1, · · · , an´�½~ê. ò y0(x)�\ (6.10)�'�ü>õ�ª�X

ê,=�¦� a0, a1, · · · , an,l
¦�A) Qn(x).

(ii)� λ = 0´ü­A��,=Xê q = 0, p 6= 0�, - (6.10)���A

)�~ê�Xê�"� n + 1 gõ�ª, =, y0 = xQn(x), Ù¥ Qn(x) EX

þª, a0, a1, · · · , an ´�½~ê. ò y0(x) �\ (6.10) �'�ü>õ�ª�

Xê,=�¦� a0, a1, · · · , an,l
¦�A) xQn(x).

(iii) � λ = 0 ´�­A��, = p = q = 0 �, ��é (6.10) È©üg,

Ò�¦�Ï).
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 2: f(x) = Pn(x)e
αx,ùp α´�"~ê, Pn(x)´ ngõ�ª. d

uù«a.�¼ê��¼êE´ù«a.�¼ê,Ïdßÿkù«a.�A

).��§ (6.10)kA) y0(x) = Q(x)eαx. �ÄC�

y = zeαx,

ò��\ (6.10),�

z′′ + (2α + p)z′ + (α2 + pα + q)z = Pn(x). (6.11)

ù�Òòa. 2��¹=��a. 1��¹. ��©n«�¹?Ø:
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ù�Òòa. 2��¹=��a. 1��¹. ��©n«�¹?Ø:

(i)� αØ´A��,=, α2 + pα + q 6= 0�,- y0(x) = Qn(x)e
αx;
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ò��\ (6.10),�

z′′ + (2α + p)z′ + (α2 + pα + q)z = Pn(x). (6.11)

ù�Òòa. 2��¹=��a. 1��¹. ��©n«�¹?Ø:

(i)� αØ´A��,=, α2 + pα + q 6= 0�,- y0(x) = Qn(x)e
αx;

(ii) � α ´ü­A��, =Xê α2 + pα + q = 0, 2α + p 6= 0 �, -

y0(x) = xQn(x)e
αx;
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αx,ùp α´�"~ê, Pn(x)´ ngõ�ª. d
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ò��\ (6.10),�

z′′ + (2α + p)z′ + (α2 + pα + q)z = Pn(x). (6.11)

ù�Òòa. 2��¹=��a. 1��¹. ��©n«�¹?Ø:

(i)� αØ´A��,=, α2 + pα + q 6= 0�,- y0(x) = Qn(x)e
αx;

(ii) � α ´ü­A��, =Xê α2 + pα + q = 0, 2α + p 6= 0 �, -

y0(x) = xQn(x)e
αx;

(iii) � α ´�­A��, = α2 + pα + q = 0 = 2α + p = 0 �, ��é

(6.11)È©üg,Ò�¦� z,,�Ò��Ï) y = zeαx.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 3: f(x) = Pn(x)e
αx cosβx ½ f(x) = Pn(x)e

αx sinβx. Ú��E

¼ê��àg� f(x) = Pn(x)e
αx+iβx.©ü«�/?Ø:

34/37

‖J I‖ J I �£ �¶ '4 òÑ



6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 3: f(x) = Pn(x)e
αx cosβx ½ f(x) = Pn(x)e

αx sinβx. Ú��E

¼ê��àg� f(x) = Pn(x)e
αx+iβx.©ü«�/?Ø:

(i) � α + iβ Ø´A���, �±b� (6.10) kE¼ê/ª�A)

y0(x) = Qn(x)e
αx+iβx, Ù¥ Qn(x) ´EXê n gõ�ª. ^�½Xê{¦

Ñù«/ª�E�A)�,2©Ñ¢Ü�JÜ.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

a. 3: f(x) = Pn(x)e
αx cosβx ½ f(x) = Pn(x)e

αx sinβx. Ú��E

¼ê��àg� f(x) = Pn(x)e
αx+iβx.©ü«�/?Ø:

(i) � α + iβ Ø´A���, �±b� (6.10) kE¼ê/ª�A)

y0(x) = Qn(x)e
αx+iβx, Ù¥ Qn(x) ´EXê n gõ�ª. ^�½Xê{¦

Ñù«/ª�E�A)�,2©Ñ¢Ü�JÜ.

(ii) � α + iβ ´ü­A���, �±b� (6.10) kE¼ê/ª�A)

y0(x) = xQn(x)e
αx+iβx,Ù¥ Qn(x)´EXê ngõ�ª. ¦Ñù«/ª�

E�A)�,2©Ñ¢Ü�JÜ.

5 1 a. 1Úa. 2�±8�a. 3¥ (β = 0��¹).

5 2 XJ�àg�´õ«a.��5U\, @o�±ò�§©)�õ

��§,©O¦ÑA),,�òù
A)U\����§�A).

5 3 ù«¦A)��{��±í2�p�~Xê�5àg�©�§.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 12 ¦��~Xê�àg�5�©�§

y′′ + y′ − 2y = (x− 2)ex + 4x3 − 8x2 − 12x + 3 (1)

�Ï).

) àg�§ y′′ + y′− 2y = 0�A��� λ1 = 1Ú λ2 = −2. �§ (1)

��àg�� (x− 2)ex � 4x3 − 8x2 − 12x + 3Ú.y�	ü��àg�§:

y′′ + y′ − 2y = (x− 2)ex, (2)

y′′ + y′ − 2y = 4x3 − 8x2 − 12x + 3. (3)

Ï� 1´üA��,¤±�±b� (2)���A)� y1 = x(ax + b)ex.�\

(2)�

2a + 6ax + 3b = x− 2,

'�Xê� a = 1
6
, b = −7

9
.�, (2)���A)� y1 = x(1

6
x− 7

9
)ex.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

2� (3)���A)� y2 = ax3 + bx2 + cx + d,�\ (3),�

(6ax + 2b) + (3ax2 + 2bx + c)− 2(ax3 + bx2 + cx + d)

= 4x3 − 8x2 − 12x + 3.

'�Xê,�

− 2a = 4,

3a− 2b = −8,

6a + 2b− 2c = −12,

2b + c− 2d = 3.

)� a = −2, b = 1, c = 1, d = 0.�, y2 = −2x3 + x2 + x.Ï
�§ (1)��

�A)� y0 = x(1
6
x− 7

9
)ex − 2x3 + x2 + x.u´¤¦�Ï)�

y = c1e
x + c2e

−2x + x

(
1

6
x−

7

9

)
ex − 2x3 + x2 + x.
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6.3.1 6.3.2 6.4.1 4��úª 6.4.2 6.4.3 6.4.4

~ 13 ¦��~Xê�àg�5�©�§

y′′ + y = x cosx, (1)

�Ï).

) éA�A��§� λ2 + 1 = 0,A��� λ1 = i, λ2 = −i.�,àg

�§�Ï)� c1 cosx + c2 sinx.

Ï� i´A��,�� (1)���EA)� y0 = x(ax + b)eix,�\ (1),

�

2a + 4aix + 2bi = x.

'�Xê�� a = −1
4
i, b = 1

4
. Ï
 y0 = x(−1

4
xi + 1

4
)eix. ©ÑÙ¢Ü��

(1)�¢A)� 1
4
(x2 sinx + x cosx).�, (1)�Ï)�

y = c1 cosx + c2 sinx +
1

4
(x2 sinx + x cosx).
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